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3anucKM Hay4JHBIX
cemunapos [ITOMUA
Tom 319, 2004 r.

A. JI. CmupHOB

MMPABWJIO JIEMBHUIIA B
AJITEBPANUYECKOM K-TEOPUU

BBEJEHUE

B npenpunre IManvia u apropa [1] BBeaeHBI AaKCMOMBI MUJLA TEO PUIA
KOTOMOJIOTHI airebpandecKnx MHOT000pas3uii, aHAJIOTMYHbIE AKCHUO-
maM CTuHpoaa—DiieHbepra s TOMONTOTUYECKUX TeOPHid (pasyme-
ercs, 6e3 HOPMAaIU3allil KOTOMOJIOTHI TOYKN), 1 COOTBETCTBYIOIINE
aKCHUOMBI JAJA KOJbIEBBIX Teopuii. [Ipu mpoBepke Toro, 4To aiire-
6panyeckas K-Teopus yAOBJIETBOPAET 9TUM aKCHOMAaM, BBIABUIIOCH
cienyoliee 06CTOATENBCTBO: B M3BECTHBIX MCTOYHUKAX HE YIall0Ch
0BHAPYRUTH JOKa3zaTeldbcTBa npasuia Jleibunna (cm. 1.3.1), omm-
CHIBAIOIIET'0 B3aMMo/lelicTBrue yMHOKeHUA ¢ quddepenrmanom. [enn
®TOli CTAThW COCTOUT B TOM, YTOOBI IPUBECTU A0KA3ATEIHCTBO DTOTO
mpaBuiia.

Oupdepentman K(U) — K(X,U), kak m oTHocuTenbHas K-
rpymna K(X,U), seexsennt Tomacornom n TpoGo [2]. OxHako mpw-
BeJleHHbIe B [2] CBeleHU A He O3B0 aBTOPY OAHO3HAYHO MIEHTU-
duimpoBaTh auddepeHIma, u MpUIIIoCh BLIIUCATE €ro ABHOE Olpe-
nenenne. Bojee Toro, mockoJbKy mpoBepka npaBuia Jleibuuia Tpe-
GyeT akKypaTHOW paboTHl ¢ YMHOMKEHMAME, ObIIO pelleHo (MCIob-
3yfA CUMMeTpUUYeCKUAE CITEKTPHI, Kak 0oJiee MpUCIOoCOobIIeHHBIE A Pe-
[IeHNA MYJbTUINWKATUBHEIX MPOGIeM) 3aHOBO HepeonpeaennTs K -
TEOPUIO U CPABHUTH Pe3yibTar ¢ Teopueid u3 [2]. OcHOBHON pe3yib-
TAT CTATHbU, BKIIOYAIONINA Kak pe3yJbTaT CPaBHEHUA, TaK U TIPABUAJIIO
Jleit6runa, cpopmynupoBan B Teopeme 2.1.1.

IInan npoBepku mpapuia Jlefibuuma cocTonT B TOM, YTOOBI ecTe-
CTBEHHBIM 06pa3oM ompeleauTh auddepeHnuans B TepMUHAX T100X0-
AANe MOHOMAAIBHON CTPYKTYpHI. Ilpy ycimoBuu, uTo u yMHOMKEHUA
€CTEeCTBEHHO OMpeeeHbl B T€X Ke TEPMUHAX, CBOMCTBA MX B3aUMO-
AeicTBUA ¢ AU PepeHImaioM He NOJIKHBI BbI3BIBATH TPYIHOCTEN.

Jlns ocylecTBIEHUA BTOTO MJIaHa TPEXK e BCETO CIIENYyeT BIOpaTh

Pa6ora Brmonsena npu noaaepxke POOY (rpant 03-01-00633a).
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KaTeropuio, KOTOpasfd, MOMUMO YI0OHBIX MOMOTOMUYECKUX CPENCTB,
obmanaiia OBl M COOTBETCTBYIOIMMU MY JIbTUMINKATUBHBIMU CBOM-
cTBaMu. B KavecTBe TaKOBOW BhIOpaHa MOMOTOTIMYECKAA KATETOPUI
MOJIETbHOW KATErOPUU CUMMETPUUECKAX CIEKTPOB MYHKTUPOBAHBIX
CUMITIUITAATBHBIX MHOMKECTB.

Cile iy 10IMMiA mar cocTouT B moctTpoeHun K-QyHKTOpa CO 3HAUEHU-
AMU B BBIODAHHOW TOMOTONMYECKOW KAaTErOpPUW, OMUCAHUKA YMHOMKEe-
HUS Ha HeM M onmcaHnu JupdepeHnrasa B TePMUHAX MOHOUIAIb-
HOUM CTPYKTYpbl. CHMMeTPUUYECKNN CHeKTp K-Teopud U COOTBET-
CTBYIOIlEE YMHOMKEHUE OMMCAHBI B cTaThbe ['eliccepa u XeccemabXob-
ra [3], rae, oAHAKO, BMECTO CUMILIAIMAJIBHBIX MHOMKECTB paccMa-
TPUBAIOTCA KOMITAKTHO-TI0POXKIeHHbIe TIpocTpancTBa. duddepenim-
aJl BO3HMKaeT M3 OTOKAeCTBIeHWA crekrpa K(U) ¢ KOHycoM MoOp-
pusma K(X,U) — K(X) u ecrectBeHHOTO U pepeHIaia n3 sToro
KOoHyca B HaACTpoHKY LK (X, U) (BO3MOMKHOCTH TAKOTO OTOKAECTBIIE-
HIA — coJepaTeNbHbIH Gpakr, nokasaHHbid B [2]). IIpyn aToM KOHYC 1
HAACTPOMKA OMpeAENEHb B TEPMUHAX ITPABOTO JEMCTBUA TOMOTOIIH-
YeCKOW KATErOPUN CUMILIUIMAILHBIX MHOKECTB Ha TOMOTOIINYECKOM
KaTErOPUM CUMIIITANMUAIBHBIX CUMMETPUYECKAX CIIEKTPOB.

3aKIIOUYATETLHBIA ITIar TPOBEPKKA CBOWCTB K-Teopum ommpaeTcs
Ha GOopMaJIM3M MOHOMJAJBHBIX MOJIe/IbHBIX KaTero puii, IpeacTaBileH-
HBlli B KHure Xosu [4], u He comepskuT 0cobbix TpyaHocTeit. Il
NpUMeHeHUsT »TOro (GopmaimsMa, OAHAKO, ClleflyeT OTOJIEeCTBUTH
TOMOTOIIMYECKAE TPYMIBI CUMMETPUYECKNX CHEKTPoB K-Teopum ¢
Hom’amMu B TroMoTONMYECKO#R KATErOpUM M yCTAHOBUTH HEODXO AMMBIE
MOHOUMAAJbHBIE W MOJENbHBIE CBOWCTBA UCITONB3YEMBIX KATETOPUA U
dyurTOopoB. OTOMNKIECTBIEHNE ONUPAETCA HA COAEPKATENbHBIN GakKT,
a MMEeHHO Ha TO, YTO KOHCTPYKIWMA BaibaxayseHa MPpUBOIUT TOYTH K
Q-crerrpy (cMm. 3.5.7). HeobxoammMble MOAeNbHBIE U MOHOMIAIBHBIE
CBOMCTBA B OCHOBHOM yCTaHOBJIeHBI B mpernpuaTe XoBu, lumiu un
Cwmura [b], X0TA NPUILIOCH YTOYHUTH PiAA GOPMYIUDPOBOK U MpOBe-
PUTH HEKOTOPBIE YTBEDPHKIACHUA.

ABtop 6aaromapur WM. Ilamnuma 3a momesHble obcyskaennsa m M.
Xo0BU 3a IpenoCTaBiEHHbIE CBENEHUA O MOIENBHBIX KATETOPUAX.

1.IIPEABAPUTEJBbHBIE CBEJIEHUSA

3/1ech HAITOMWHAIOTCA aKCUOMBI JJIA TEOPUM KOTOMOJOTHMA ajire-
6pandecKnXx MHOT0006pa3nii U KONBIEBOU TeOPUM KOTOMOJJIOTUMR, Tep-
BUYHbIE BEPCHUU KOTOPHBIX NpeacTaBieHbl B [1].
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1.1. OcHOBHBIE KATETOPUH.

Tepmun “mHOTO06pasme” MCHOABL3yeTCA A MPOU3BOILHOTO, B
TOM 4YHCJe U 0CO0O0T0, KBA3UIIPOEKTUBHOT'O MHOT'000pasus HaJ PUK-
CUPOBAHHBIM TTI0JIeM k.

Kareropus raaakux KBa3uUIIpoOeKTUBHBIX MHOT00Gpa3nii o6o3Hade-
Ha Sm; crpenku Sm, Kak IPaBUIO, HA3KIBAIOTCA OTOOpPaKEHUAMMA.
Kareropusa rmaakux oTKpbITEIX Hap obosznavaerca SmOp. O6beKTH
SmOp — »ro napw (X,U), rne X — raagkoe MHor006pasue, a U o1-
kpeiTo B X. Mopouamom (X,U) — (Y, V) HasbeBaeTcA 0T06pakeHme
f: X — Y, ana xoroporo f(U) C V. Cunraem, uro Sm C SmOp,
oroskaectBaaa X ¢ (X,0).

Hnsg nmaper P € SmOp nycts Xp u Up ee TepBBIA 1 BTOPOU 9ite-
MEHT, &

jp:Up‘—>Xp u ip:(Xp,@)‘H(Xp,Up) (1)

€CTeCTBEHHbBIE BIIOKCHIA.

Ha wareropum SmQOp mmeeTcs cUMMETpUYECKas MOHOWIATLHAS
crpykrypa: PxQ = (X xY, X xVUUXY) qna P = (X, U),Q = (Y,V);
ee equHUIel apasgerca pt = Spec(k), a U30MopPU3MOM TTEPECTAHOBKN
-t (2, y) — (y,2).

Kareropusa aGesneBbix rpynn oGosHaueHa Ab; ee cTpeslku HasbIBa-
IOTCA OIEPaTOPaMMU.

1.2. Teopuu KOroMOJOTHUI.

[TpuBo AMMBIE HIKE AKCUOMBI JIJIA T€OPUM KOTOMOJIOTHI ajrebpaun-
YeCKUX MHOT000pasnii aHaloTuYHbI akcuoMaM CTuHpoma—Y aiiTxena
IS TOMOJOTUYECKUX Teopwid. EamHcTBeHHas aKCMoOMa, HETPUBU-
aJIbHO TIEPEHOCAINAACA B ajirebpandecKylo NeoOMeTPHUIO, 9TO aKCHO-
Ma BbIpe3aHusa. Heobxoaumas JiA yCHOEINTHOW MOMOTOIMYECKONW Teo-
pur “rubrocTh”’ anrebpamvyecKux MHOTOO0Opasuii obeciieueHa MMeEH-
HO ®TO¥ aKCHOMOUW U 0COBEHHO TeM, YTO WCIIONB3YETCA BTAIBHOE BhI-
pesaHuWe, a He, K IPUMEDPY, BEIPE3aHME IO 3aPUCCKOMY.

1.2.1. Onpenmenenue. Teopus xozomonro2uti cocmoum u3 KOHMPasa-
puanmuozo pynkmopa A : SmOp — Ab u moppusma Pynxmopoe (dud-
pepenyuana) Op : A(Up) — A(P), 04 xomopu 8Wnoanens HUNCEne-
pewucaenusie ceoficmaa.

LA - A
J I} )
o Jlokaausayus: nocaedosameavnocms — A(Up) = A(P) =

A
j
A(Xp) =5 mouna (30ecy ucnoavzosann obosnavenus usz (1), a pe-
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syavmam npumenenud gyuxmopa A obosnaven ¢ nomoupio epr-
Hezo undexca).

e Bupesanue: onepamop A(X,U) — A()?,fj), UHOYYUP 08 AHH BT
MOpPuszmonm e : ()~(, ﬁ) — (X, U), geademed uzoMopPusmon, ecau
e: X — X amanen 6o acer mowkar Z = X — U u undyyupyem
U30MOPPHUIM ZuZ=X-U.

e [omomonuueckad uneapuanmuocms: onepamop A(X) — A(X x
AY), undyyupoeannni npoexyueii X x A — X, geagemes uso-
Mopdusmom.

IIpednonazaemes, wmo A geagemes L-2padyuposanusis Gynkmopon,
a Op — epadyuposannnd onepamop cmenewu (+1). I'pynna A(X,U) mo-
acem obosnavamves Agz(X), ede 7 = X — U, « naspieamsed €020M040-
eugmu X ¢ mocumeagmu 8 7.

1.2.2. K-teopus. Aarebpandeckas K-Teopusa yKIAABIBAETCA B OIl-
penenenne 1.2.1: nna naper P = (X, U) paccmorpum crekrp K (P) =
K"¥v¢(X on Zp) [2,3.1u 1.5.2], rae Z = X—U, u nonoxum A"(P) =
7_n K(P). Mopousm K(f) onpenenen ¢ momorbio ¢pyHrropa f* [2,
3.14 u 3.16.7]. Ormernm, uro cnerkrp K (P) apaderca (-1)-cBAsHBIM,
7o ectb A K(P) = 0 mna n < 0 [2, 1.5.3]. Tem cambim, A(P) =0
s n > 0.

Kpome toro, masg n < 0 rpymma A”(X) kaHOHHYeCKH M30MOppHA
[2, 3.10] rpynmne Kpuaiena K?H(X), uTO, B YaCTHOCTHU, IOKa3LIBa-
eT TOMOTOTIMYECKYIO MHBapuaHTHOCTh A mms raamkmx X. Broipesa-
Hie BBITekaeT u3 [2, 3.19]. YUro racaerca mudpepeHimana, 1o ero
BBIGOD ABHO He 3adUKCUpoBaH B [2], XoTs cyluecTBOBaHMe J, AIA KO-
TOPOro BepHa JoKaJu3alusd, BoitekaeT us [2, 5.1] u snumopduoctu
wo(ro) @ Ko(X) — Ko(U) mna raagrnx X [6, 8.7]. duddepentman
¢urcupyerca B 2.2.4 u 2.5.

B nanbneiinem 6yner Mcmonb3oBaHa ClleAyIollasd TepMUHOJIOTHA.

1.2.3. Onpenenenne. Hzomopdussm uz meopuy xozomorozull A e me-
opuio xozoMoaozull B — amo usomopdusm epadyuposannsiz gynrmopos
A — B, nepecmanosounndl ¢ dufdepenyuanom.

1.3. KoabneBbie Teopuu.

BBoguMble HUKe KONBIIEBBIE TEOPUU KOTOMOJOTHUN CIeN0Ba0 OB
Ha3bIBATh KOMMYTATWBHBLIMU KOJBIIEBBIMU TeopuaMu. PaccmoTpe-
HEe TOJNBKO KOMMYTATUBHOTO CIyYasa BHI3BAHO *KeJaHWeM YITPOCTUTD
TEKCT.
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1.3.1. Ompeneaenme. Teopus wozomonozufi A nasvieaemes Koabye-
goll, ecau 3adan Mmopdusm epadyupoeannnr ynkmopos (yMuoxncenue)
AP)® A(Q) — AP x Q) (a®@br— alUb), a xandoe mnozoobpasue
X cnabaceno saemenmom (edunuyeti) 1x € A°(X), dynxmopuaasno
zasucquum om X, max, wmo aepuo caedyouiee:

1. wettmpasswocms edunuus: aUly = pita, 1x Ub = pib das awobnz
(X, U), (Y, V), a € A(X,U), b€ A(Y,V), 2de p1 u pa — npoexyuu
XXxYnaXuY;

2. accoyuamuenocms: (aUb)Ue = aU(bUc) dag a € A(P), b € A(Q),

c € A(R);

3. xommymamuenocms: t4(a Ub) = (=1)™b U a dag awbuz a €
AM(P), b € A™(Q), 20et : Q@ X P — P x () — usomopfusm ne-
pecmanosru;

4. npasuao Jetibnuya: OxxglaUy) = (—=1)*a U dgy, Opxy(zUb) =
JprUb dag awéwz P = (X,U), Q@ = (Y,V), a € A"(X), v € A(U),
be AY), y € A(V).

1.3.2. Boemnee 1 BHyTpeHHee YMHOKeHMe. Haamume yMHOMKEHUA
a U b paBHOCMIBHO HAJWYWIO BHyTpeHHero ymHosxkenusa A(X,U) @
A(X, V) — A(X,UNV), sagannoro ¢opmyioii a®@b — ab = A4(aUb),
rae A X — X x X mmaronaib. [Ipu sTom cBolictBa aUb nepemnmcoi-
BalOTCSA OYEBMAHBLIM 06Pa3zoM B COOTBETCTBYIOIIME CBOMCTBA yMHO-
wmennd ab: (1) alx =a=1xa anaa € A(X,U); (2) (ab)e = a(be) nns
mobeix a € A(X,U), be A(X, V), ce A(X,W); (3) d(ax) = (—1)"adzx,
I(za) = (Jx)a nna mobwix (X,U), a € A"(X), © € A(X,U). Bayrpen-
Hee yMHOMKEHME C ®TUMU CBOWCTBaMu ompeaessieT U-yMHOMKEHME 1o
dpopmyie a Ub = pit(a)ps(b), rme py u py — mpoekmau X x Y wa X u
Y.

1.3.3. K-Tteopma. Dror mpumep mnponoinkaer npumep 1.2.2. Bry-
TpeHHee yMHOMxeHMe ykaszaHo B [2, 3.15.4]. Kpome Toro, corsacho
[2, 3.15] K(X) sABidgeTcA “rOMOTONMMYECKMM” KOJBIEBBIM CIIEKTPOM,
npudem [2, 3.15] ykasaHHble YMHOMKEHUA “aCcCONMATUBHBI C TOYHO-
CTBIO IO COTNACOBAHHBIX roMoTormid” [2, 3.15], uTo BiedeT acconu-
aTUBHOCTL K-Teopumu.

g moJHOTO OMMCAHWA TEOPUM OCTANOCH YKa3aTh €IAWHUITHI, &
Takke IMIPOBEPUTH KOMMYTATUBHOCTh YMHOMKEHUA U CONIACOBAHHOCT
0 ¥ yMHOMKEHUSA. DTO cAeJaHo B pasziaeie 2.

B nmambrefiiem 6ymeT MCIONB30BaHa CIEAYIONIAA TEPMUHOIIOTHUA.
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1.3.4. Onpenenenue. Hzomopdusm us3 Koavyeaot meopuy xK020M0.40-
euli A e woavyesywo meoputo B — smo uzomopdusm uz meopuu xoeo-
Monozult A & meopuio B (em. 1.2.3), nepeeodguuil npouseedenue e
npousgedenue u eOUNUYY & eOUHUYY.

2. CBOMCTBA K-TEOPUHU

ITo npuuwnHe, moscHEHHO BO BBEJEHWNN, TeOPUA U3 TpuMepoB 1.2.2
u 1.3.3 amwxe o6osnauaerca K17 . 31ech MOIydeH 0CHOBHON pesyilb-
TaT cratbu (cm. 2.1.1): KTT _reopus ABISETCA KONDIEBOW B CMBICIE
1.3.1, u, B wacTHOCTH, AJA Hee BLITIONHAeTCA mpaBuiio Jlefibaura.

OcHoBHBIE nelicTBUA TIPOUCXOAAT B KaTeropun HSp, T.e. B romo-
TOMUYECKOW KATETOPUN CUMMETPUYECKUX CIIEKTPOB, TOCTPOEHHOM 10
KaTeropuy MyHKTUPOBAHHBIX CHMINIMIMAIBHBIX MHOMKeCTB (cM. 3.5).
Ha HSp samana cTpyKTypa TPUAHTYJIMPOBAHHOW KaTeropmu (CM.
3.5.3) ¢ pyHRTOpPOM CaBHMIa X.

2.1. PopMyampoOBKa pe3yJabTaTa.
OcHOBHOI pe3yabTaT CTATHU MPEACTABIEH CJIeAYIONER TEOPEMOIA.

2.1.1. Teopema. C napamu P,QQ € SmOp u z2aadxum MHo2006pasu-
em X cedsann caecdywouue dannve: epynnut K, (P) (cm. 2.2.2), dynx-
mopuaavno zasucsuwue om P; onepamopw 0% : K,(Up) — Kppi(P)
(em. 2.4.4); ymnoncenue Kp(P) x Ks(Q) — Krps (P X Q) u 2nemenm
1x € Ko(X) (em. 2.3.2). Ymeepacdaemea, wmo smu dannbie npedcma-
8.AA10M CO60T KOABYLEBYID MEOPUID KOZOMOA0ZUT.

Taxace umeromes caedyouue dannvie: epynnoe K11 (P) (cam. 2.2.2),
pynxmopuassno zasucswue om P; onepamopmn Jp KT?T(U) —
KIT(P); ymnoncenue KIT(P)x KI'T(Q) — KX (P x Q) u saemenm
Ilx € KIT(X). Bce amu dannsie, xpome lx u Op, npedcmasaens &
npumepazr 1.2.2 u 1.3.3. Onepamop dp : KX (Up) — (g_{l(P) onpede-
aen xax v o 0 ov~t 20e uzomopduzm v onpedeaen e 2.5. Daemenm
1x onpedeaen xax v-obpaz lx € Ko(X). Ymeepacdaemes, wmo smu
dannvie npedcmasagiom coboll KoABYEBYID MEOPUI KO20MOA02ZU.

Kpome mozo, ymeepucoaemed, wmo KoAbYEAAT MEOPUT KO20MOA02UT
K uzomopdna xoavyesoldl meopuy xo2oMoao2ull KTT ¢ nomowsio uszo-
Mopdusma v.

oka3aTedbCcTBO 5T0# TeOpeMBI PacCCPeNOoTOUEHO 10 PA3HBIM pa3-
JejgaM: yTBepskZeHue mpo K-Teopuio mipoBepeno B 2.2.2 u 2.3.2;
yrBep#&aenue mpo K77 -reoputo momydaerca U3 GpakToB, yIOMAHY THIX
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B mpuMepax 1.2.2 u 1.3.3, m norkazanueix B 2.5 1 2.4.4; yTBep:KAeHnE
06 nmsoMopdusMe IpoBepeHo B 2.5.

2.2. Onopeneaenue K-Tteopuu.
3/mech 3aHOBO MepeonpeneseTcsa K-Teopusa U IJiA BHOBB MTOCTPO-
€HHOW BepCHM TPOBEPAIOTCA BCE CBOWCTBA TEOPUU KOTOMOJOTHIA

(em. 1.2.1).

2.2.1. T'omoTonuueckne manavie g K-reopum. DTU AaHHBIE CO-
CTOAT U3 KoHTpaBapuaHtHoro ¢yurropa K : SmOp — HSp u mop-
¢usma GyurTopos dp : K(Up) — XK(P) co clieayIoMmnuMu CBoiicTBa-
MU

1. moramusarma: tpeyroiabhur K(P) K(—if) K(Xp) K(—jf) K(Up) o

YK (P) BBlIcIEH B TpUaryiupoBatHoii kaTeropun HSp;

2. Boipesanme: crpenka K(X,U) — K(X,U), vHayiwmpoBaHHAA
oTobpaskeHeM € U3 CBoMCTBa BbIpe3aHus ompenenenud 1.2.1
ABJIIAETCA U30MOPHUZMOM;

3. roMoTomnmMuecKad WMHBapUaHTHOCTH: cTpenka K(X) — K(X x
A'), unayuuposannas npoekimeit X x Al — X | apasgercs uzo-
Moppusmom (X MHorooGpasme).

Takwve nanable ToCTpoeHH HIMKe B 2.2.3 1 2.2.4. Ilpu »ToM cBOM-
CTBO IJTOKaJM3alluy TpoBepeHo B 2.2.4, a cBoCTBa BBIpE3aHUA U
rOMOTOIIMYECKOl MHBAPUAHTHOCTU BHITEKAIOT M3 cpaBHeHma K171 -
Teopun u K-teopun (cM. 2.5) W COOTBETCTBYIOMNX CBOWCTB KTT.
Teopun (cMm. 1.2.2).

2.2.2. lloctpoenne K-treopun. Ilo manubim n3 2.2.1 nonayyaem Te-
OPUIO KOTOMOJIOTHIA:

K,(P) = Hom(X"S, K(P)). (3)

31ech S — chepuUuecKnii CUMMETPUYECKUHA CITERTD, & Mita n < 0 GyHK-
Top X" cilenyer moHMMAaTh Kak Q77 rae Q — ¢pyHrTop nerenb B HSp
(em. 3.5.3). IIpu srom mnA moctpoenusa dp : K,(Up) — Kp_1(P)
UCTIOb3YETCA OTOMKIECTRICHUE

Hom(Y"~'S, K(P)) = Hom(X"S,SK(P)); f— Xf, (3)

ABJAIONIeeCcA M30MOPPU3IMOM B CHIy OOpaTUMOCTH (QYHKTOpa X

(em. 3.5.3).
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2.2.3. ®ysxkrop K : SmOp — HSp. Ha o6bekrax K-QyHKTOD omnpe-
HejieH PaBEHCTBOM

K(P) = K(Pe(P)), (4)

rae K(Pc(P)) — cummerpudeckuii ciekrp K-teopun (cm. 2.6.3) s
raTeropun Baibaxaysena Pc(P). DTa KaTeropus coCTOUT U3 oTpa-
HUYEHHBEIX KOMIIJIEKCOB KOHEYHOMEPHEIX BEKTOPHBEIX PaCCIOEHWIA Ha,
Xp, ammeanunerx Ha Up, a cTpykTypa BasabaxayseHna TakoBa: Kopac-
CJlOCHUE — DTO TOUIEHHO DPACIIENUMBIA MOHOMODP()U3M, SKBUBAIEHT-
HOCTH — 9T0 KBasuuzoMop¢pusm. Karteropus Pc(P) BBeneHa B [2], riue
OorpaHWYeHHbLIE KOMILIEKCH KOHEUYHOMEDHBLIX BEKTOPHBIX PacciloeHUi
Ha3BIBAIOTCA CTPOTO COBEPIIEHHBIMM KOMITJIEKCAMMU.

Hns onpenenenus K-pyukropa Ha crpeinke [ : P — @ ucnonbay-
erca pyHKTOP o6parHoro obpasa f* :Pc(Q) — Pe(P). Bynyun tou-
HBIM (YHKTOPOM KaTeropuii BaibaxayseHa (KOMILIEKCHE COCTOAT W3
fmoradbHO cBOBomHbIX O-Monyneii 1), f* maaymmpyer HSp-Mopdusm
cummMmeTpudecknx crekrpos K(f) @ K(Q) — K(P). Ormerum, 4to,
xora K(P) m K(f) ompeneiieHbl B (ONOMOTOIMYECKOH) KATETOpPUN
crekTpoB Sp (cM. 3.1), oHM He NpeACTaBAAIOT cOBOA PYHKTOD B BTy
KaTeropuio, a CTAHOBATCH (pYHKTOPOM, TOJIbKO BYAYYM PACCMOTPEH-

HbIMU B HSp. D10 cBA3aHO ¢ TeM, 4To A 0TobpaskeHuin P EN QLR
¢yurTODPHL (9f)* M f*g* maoMopdHE, HO, BoOGIlE NOBODA, HE paB-
HBI, M, TEM CAMBIM, KOMITIO3UIINAA UHAYITUPOBAHHBIX Sp-MOPPU3MOB He
COBIAAeT ¢ MOP(PU3MOM, UHAYITMPOBAHHBIM KoMIosummelt. /L mpo-
Beprm paBerctBa K (gf) = K(f)oK(g) B TOMOTONMYECKOH KaTeropruun
jJocTaTodHo mo mzomMopdusmy (¢f)* ~ f*¢* mocrpouTh roMoTOmMIO
hw (cMm. 3.6.2) meskny K(gf) m K(f)o K(g) v Bocionb30BaThCA TEM,
YTO TOMOTOTIHBIE MOPPU3MBI MO ZETbHON KATErOPUN TAIOT OAWH U TOT
e MOp(H3M roMoTonmMueckoil kateropun [4, 1.2.10 (iii)].

2.2.4. INocrpoenme mudpdepenmuana. Paccmorpum napy P =
(X,U) n oroBpaskenus j = jp u i = ip (cm. 1.1). JIna nocrpoenns
auddepenrmana Jdp B MOCIETOBATENBHOCTH

P k0™ k() 2 sk (P) (5)

gpontoauM (cM. 3.5.5) crpenky K (i) #0 BBLIEIEHHOTO TPEYTOIbHAKA
B HSp

K(P) ™Y k(X)X Cone K(i) & SK(P) (6)
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1 oIlpeaciimM 8]3 C IIOMOINBIO AT PaMMBbI
K(X) —2— Cone k(i) —2— SK(P)
:l lw 61::60@_1 (7)

K(x) 29 g,

rjge oCTaJioCh YKa3aTb ¢ U IIPOBEPUTHL €TI0 O6paTI/IMOCTb. Y un-

teiBasA (cM. 3.5.5), uro roHyc Cone K(§) — Kompenes AnarpaMMBbI
K(P) ol Al1]. & K(P) KO K(X), onpenennm ¢ cOriacoBaHHBIMHU
Mopdusmamm us ee kouros: K (j) : K(X) — K(U) u

h: K(P)ol All]. — K(U). (8)

3neck h — 8T0 B CYNIHOCTH HyJIb-ToOMoTONNA AN (ji)*, a TouHee, h

— CKBO3HO# MopduaMm mocaenoBatembrocTu K (P)@r A[l], + K(P)®

All]. hwi(}f) K(U), roe f:0 — (ji)* — eAMHCTBEHHBI MOPQU3M STUX
pyuETOPOB, AeiicTByIOmMUX U3 Pc(P) B Pe(U). Mopdusm f abns-
eTcs caaboil skBuBasentHocThio, U hw'(f) — ero Hyib-romoronus
(em. 3.6.2). Crpenra ¢ — 910 MOPPU3M CpaBHEHUA or- u ®@- opous-
BeneHuit u3z 3.5.2.

OBpaTuMOCTh ¢ SABJAETCA COAep:KATEIbHBIM (aKTOM, 110 CyIie-
cTBY mokazaHHBIM B [2,5.1 u 5.2]. [aa noctpoenns ¢~ ! ucrnonbsyer-

Cs KOACKApPTOBOCTE KBaApaTa

* — K(U)

u corsacoBaHHble MopduaMbl b @ K (X) — Cone K (i) u * — Cone K(i)
3 ero yraoB. lJs MpoBepKM KOAEKapTOBOCTU TMPUMEHMMBI pPacCy-
s#aenna us [2, 5.1 n 5.2] ¢ ygerom smumopdroctu Ko(X) — Ko(U)
s ranaakux X . Ipu arom BMecTo Teopemsl [2, 1.8], ucnoinb3yroiei
He ompejelieHHoe B [2] MOHATHE KOPACCIOEHHON TOCIEeI0BATEIbHO-
CTH, JIydllle UCIIOJb30BATh HEIOCPEACTBEHHO Teopemy [7, 1.6.4].

HakoHell, oTMETUM KOMMYTATWBHOCTH auarpaMMbl (7): oHa BHI-
TekaeT U3 omnpenenenua ¢ Ha K(X)-vactu Cone K(i). Tem cambiM
TpeyrodbHUK (D) BHIAENEH, Oy IyUn M30MOPQHBIM TpeyroabHuKy (6).
D To moKaszbIBAET CBOWCTBO JoKajam3aimu 3 2.2.1.
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2.3. ¥YMHOKeHUE B K-Teopuu.

Kak u camy K-teoputo, ymHOKeHUsA yHoOHO CTPOWUTH Ha YPOB-
He TOMOTOIMYECKO KaTeropun criekTpoB. Heobxoaumeie 1A »TOTO
JaHHble ommcadbl B 2.3.1 u nmpeabABaeHbl B 2.3.3. Y MHOXKeHNUA HeTIO-
cpencTBenHo B K-rpynmax ykaszaHbl B 2.3.2.

2.3.1. TomoToOnMUEeCcKNEe HAHHBIE IYIA YMHOKEHUA. Y MHOKEHUE B
K-reopun yao6HO IpeACTABUTE C OMOIIBIO Tpoiiku (K, m, o), BKIIO-
yaoleit, momumo kopyurropa K: SmOp — HSp, mopdusm oudyHx-
TOPOB

m: K(P)or K(Q)— K(P x Q) (9)

u cTpenry « S — K(pt), rme S — chepuueckuii certp (cm. 3.3.4),
a @L — ymuomenue wa HSp (cm. 3.5.1). llpu arom mammwie (K, m, a)
JOIKHEI YA0BJIETBOPATH CBOWCTBAM COTJIACOBAHHOCTU CTPYKTYPbI
MoHOUMJaJbHOrO pyHETOpa [4, 4.1.2], 33 MCKIIOUEHUEM TOIO, UTO He
Tpebyetcsa obpatuMocTu m u «. TodHee TOBOPA, HOIKHBI OBITH KOM-
MY TaTUBHLI TPU AMar paMMbI: OHA U3 HUX CpaBHMBAET ABa MEPEX0a
or K(P)ol K(Q)®! K(R) x K(P x @ x R), BTopas cpaBHMBaeT ABa
nepexoma ot S @* K(P) k K(P), TpeTha cpaBHUBaeT ABa Mepexoa
or K(P)®l s x K(P).

Y MHOM¥KEHNE M KOMMYTaTUBHO, €CJIN BHLIOJHEHO CBOMCTBO CAMME-
TpUUecKoi MoHOMAadEHOCTH (27) KodpyHKETOpa K: mot = K(t) om,
rae jepoe t — MepecTaHOBKa CHUMMETpUYeCKol cTpykTypbl HSp, a
npaBoe ¢t — mepecranoBka B SmOp.

2.3.2. Ywmuoxenume B K-rpymmax. Ilpenmonaras, uTo maHHBIE
(K,m,a) n3 2.3.1 ysKe MoCTpoeHEI, MoayvyaeM equHnny lx = p*(a o
ids) € Ko(X), rae p — npoerisa X — pt, U yMHOKEHHE

K (P)x Ky(Q) — Ko (P x Q),

MCTIOB3Y A onpenenenne (2) M MOHOMAANBHBEIN GopmanusM. Tounee
roopd, mycTh ¢ : &S — K(P) — saement K, (P)ub:X°S — K(Q) -
sitemedT K;(Q). TlpousBenenne a U b onpefensercsa Kak KOMITO3UIAA

sres o wrs ol w05 2 g (P) ok K(Q) 2 K(P x Q),

e JeBasd cTpejka ykazaHa B 3.5.4.

Heiitpaabuocth 1x # accolMaTWBHOCTE U-YMHOMKEHUA BHITEKAIOT
13 yKasaHHEIX B 2.3.1 cBoiicTs Tpoiiku (K, m, ), a KOMMYTaTUBHOCTH
m BiedeT cooTHoleHre aUb = "°bUa, rie € — aBTOMOPYUIM TOMKITe-
cTBeHHOTO pyHKTOpa HSP, BOZHUKAIOIINMA, BCIeACTBUE 06paTUMOCTH
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Y8t u3 nepecranoBrn t 1 X @Y — YV @F X qna X =YV = ¥est,
W3zBecTHO, uTO € = —1.

2.3.3. IlocTtpoerne ymuO:keHUA K-cOoekTpoB. [laHHBle o 1 M TIO
cyuecTtBy omucanbl B [3, 6.1]: Bce KoHCTpyKuuMM oTTyna 6e3 Tpy-
[a MEePEHOCATCA B CUMILTUIIMAIBHYIO 06aCTh 3aMeHOW reoMeTprude-
CKOW peann3aliiy Ha AWaroHalbHBIA GpyHETOD (cM. 2.6.1). Tem ca-
MBIM nMeroTca Sp-mMopdusmel o @ S — K(pt) u p 1 K(P)® K(Q) —
K(P x @), nie p MHAYIAPOBAHO TOYHEIM [0 KAaKIAOMY apryMeHTY
eupynarropom Ps(P) x Ps(Q) — Ps(P x @), nepeponammm (F, F') B
FE ® F (1eH30pHOE TPOM3BeAeHNE 00PATHEIX 06pa3on). Jlaa JaHHBIX
(K, p, &) B KaTeropun Sp BCe CBOMCTBA yMHOKEHUA (BRIIOUAA KOMMY-
TATUBHOCTD) 13 2.3.1 BEPHEI ¢ TOYHOCTHIO O TOMOTOINN, YTO MOMKHO
YBUJETH C MTOMOMNIHIO M30MOP(PH3MOB COOTBETCTBYIOIMX (PYHKTOPOB
u ToMoTormii 13 3.6.

[MepeiizeM K TOMOTOTTMYECKOT KATETOPUU U OMPEAEITUM M KOMIIO-
3unmen

m: K(P)@" K(Q) L K(P)@ K(Q) X K(P x Q), (10)

rae q omnpenenero B 3.5.2. Jlanubie (K, m,«) IpeacTaBifgioT coboi
KOMMYTaTUBHOE YMHO¥KeHWe B cMbIcie 2.3.1.

2.4. BaanmoneticTeue mudPpepeHnmuana U yMHOKCHU.
Mycts P = (X,U) € SmOp, a Y € Sm. Ilpasuno JleiiGuuia
(em. 1.3.1) cmeayer (cMm. 2.4.4) U3 KOMMYTATHBHOCTH AWALDaMMBI

K(Y)ol KU) 222%2 ky) ek K(P) ok S,
m] [mex (1)

Oy xp

K(Y xU) K(Y x P)et st

r/le TOPU30HTANLHBIE CTPEJKN UCIOMb3yIoT pasercTBo LA = A@L St
(em. 3.5.3). Tlo onpenenennto auddepertmana (7) 810 CBOANTCA K
KOMMY TATUBHOCTH JMATPaMMBbI

L L
K)ol KU) 2222 k)@l ConeK(ip) ~2 2. K(v) ol K(P)@F s!

l b l

YXP R (Y x Pyelt S,
(12)

rae bp n byxp — 70 Mopduam b u3 (6) mma map Pu Y x P, a

CTpeJiKa ¥ yKa3aHa HILKE.

Ky xU) —%— Cone K (iyxp)
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2.4.1. Hoctpoenune 7. Iloapsysace 3.5.6, oromaectum K (V) ok
Cone K (ip) ¢ rormycom Cone(K (Y )@l ip) u onpenemam v moppusmom
auar paMMbl KOTIpeesa, OlpenelIAIero 3TOT KOHYC, B AUAr PaMMY,
onpenensomyo koayc Cone K(iyxp). DT0T MoppU3M Moiydaercs
IpUMeHEHEM YMHOMKEHUA M B KayKIOW BePIIUHE.

2.4.2. KomMmyTratuBHOCTS deBoro kBanpara u3 (12). Kommyrarus-
HoCTh Ha “ocHoBanuu” Komyca Cone( K (Y)®Lip) ceomrea (mo ompe-
JAENEeHNIo ) K GYHKTOPUATBHOCTH YMHOKEHUA M. KoMMyTaTUBHOCTE
Ha “KoHycHoii” wactu, To ecth Ha K(Y)®l K(P)® All]., cBomurca
(Mo OMpelesIeHnIoO ¢ 1 ¥) K €CTECTBEHHOCTH B3aWMOIEHCTBUA HY JIb-
TOMOTONMY M YMHOMKEHW, T.€. K KOMMYTaTUBHOCTH KBaApaTa

K(Y)ol K@U) 2255 g(v) ol K(P) ol AL,
ml lm@j‘l (13)

K(Y xU) —2— K xP)ol Al
rae h — romoronua u3 (8). KoMMyTaTHBHOCTH ®TOT0 KBaApaTa CBO-
JMM, UCIOJb3Yd CIabylo MOHOUAAILHOCTH PYHKTODPA JIOKAIU3AIUK
(eMm. 3.5.2), kK KOMMYTaTUBHOCTH KBajapaTa (45) B roMoTonmmueckoit
KaTeropun. BoT HeobXoamMmble anf mocTpoenna (45) mauvbre: A =
Ps(Y), C = Ps(P), D = Ps(U), C = Ps(Y x P), D = Ps(Y x U),
p=@, Fy=0, Fo=0, F1 =5, F1 = (Y xj)(Y xj*), f=0, f=0,
o =0, p1 : A® (7 C) — j3 i3 (A® C) — maomopdhuam 3amMeHbI Gasbl.

2.4.3. KomMmyTaTuBHOCTEL IpaBoro kBagpara u3 (12). Ha “komyc-
Hoit” uacTu kouyca Cone(K (Y)@Lip), r.e. ma K(YV)o! K(P)ol A[l].,
KOMMYTaTUBHOCTH CjelyeT 13 (YHKTOpHUaIbHOCTH ©F  mpuMeHeHHOM
K yMHOskenuio m u npoeknun Afl], — ST,

Ha “ocuoanmmu” Cone(K (Y) @ ip), To ects ma K(Y) @f K(X),
KOMMYTaTUBHOCTH o4eBUAHA (06e KOMITO3UIMN PABHBI HYJIO 3a CUET
TOPH30HTANBHBIX CTPEJIOK).

2.4.4. BoBon mpaBuia JleiiGHuna m3 koMmMmyratusHOcTH (11).
[Mopa yraszath, uro muddepentman dp n3 2.2.4 ABAAETCA TPaBBIM
audepeHIraIoM. DTO O3HAYAET, UTO

8y><p(aUu) =aUdpu (14)

ainAg mobbix a € K(Y), v € K(U). HelictButenbHo, B cuiy 7Z-
rpaiyMpoOBaHHOCTM MOKHO CUMTaTh ¢ WU U OJHODOIHBIMMU: @ €
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Hom(X" S, K(Y)), v € Hom(X*S, K(U)). PaccmaTpuBas KOMIIO3UIIO
(cMm. ompenenenue ymuoskenusa 2.3.2) mMoppmsma LTS — ¥rS @k

a®Lu

Y5 TST K(Y)el K(U) ¢ asyma obxonavu muarpammbr (11), momy-
YaeM B TOYHOCTH cooTHoIeHue (14).

Omnpenenum, HaKkoHel, TOT AuddepeHma, Aas KOTOPOro BHIIOJ-
HAeTcA npasuno Jleibunia us 1.3.1 (neBriii anddepentmad), moao-
KUB

dp(u) = (=1)°p(u), u€ K,(U). (15)
Nz (14) monyuaem
Oy plaUu) = (=1)aUdbsu, (16)

rjge r — CpaJyupoBKa ¢. BOCIOJb30BABIIMCHL KOMMYTaTHUBHOCTEIO
yMHOMKeHUA (cM. 2.3.2), MoaydnM oTCIona

3lexy(uUa) zﬁjlpuUa. (17)

TToACHUM MPUYKHBI BBEAEHNA UCKOMOTO (JeBoro) mudpepeHimana
¢ MOMOIIIbIO npaBoro: B [4] xopoino onmcaHo npaBoe geiictBue S, Ha
Sp u HamcTpo#iKa ompeneseHa B ero tepmunax. [lig mpsamoro ompe-
JeJIeHUsA JeBoro nuddepeHmaia MOKHO BEIMACATH aHAJIOTMIHEIE Je-
BbIE CTPYKTYPBI, UTO PA3YMHO HJIA CJAy4asd HEKOMMY TATUBHOT'O YMHO-
wenma. Omnako K-yMHOMkeHME KOMMYTATUBHO, W aBTOP MPEANOYest
BOCTIOJIb30BATHCA DTUM.

2.5. Cpasrenmue ¢ teopueii Tomacora—Tpobo.

B [2] He yrazaHo, Kakad U3 MHOTOUYMCIIEHHBIX (M Gojlee MK MeHee
9KBMBAJIEHTHBIX ) BEPCUI TOHATHA CIIEKTpa MMeeTCA B BUAY. Bynem
cunrtath, uro KT (P) = KN (Pc(P)), rae kateropusa Pe(P) co cTpyk-
Typoii Bamnbaxaysena omucana B 2.2.3, a CIeKTp KtN(C) KaTeropumn
Baasaxaysena C onwmcan B 2.6.2.

YxraxeM n3oMoppU3M QYHKTOPOB

v:K,(P)— KIT(P), (18)
COTJIACOBAaHHBIA C YMHOMKEHNEM. DTO MO3BOJUT ABHO ONPEAEINTEL J B
npumepe 1.2.2 u emunmer 1x € K77 (X) B mpumepe 1.3.3.

IIpAMo W3 ompedeNeHWii BUAHO, UTO (GYHKTOD 3abLIBAHUA CHM-
MeTPUYECKO CTPYKTYPE Sp — Spl' mepeBoanMT CcUMMeTpudecKuii
crexkrp K(P) B Hecummerpudecknit criektp KV (Pe(P)) (2.6.1). Tem
cambim T, K(P) = 7, K (Pc(P)), Tax ¥ak obe UPYNTEI OMpeaeieHbl
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KaK KOIlpejell MOKOMIIOHEHTHBIX T'oMoTonuueckux rpynm [5;, 3.1.9],
a 7, K(P) = Hom(X"S, K(P)) (3mech paccMarpuBaioTca Mopdhus-
MBI KaTeropun HSp) (cm. 3.5.7). YuureiBad 0TOXKIECTBIEHUE TOMO-
TOMUYECKUX TPYIIT CUMIIUIAAIBLHOTO U TOMOJIOTUYECKOTO CIIEKTPOB
T KN (Pe(P)) = m KN (Pe(P)) (2.6.4), momyuaem usoMopdpusm v.

Ywmuoskenue B [2, 3.15] yrazano He ¢ GoJblieli cTEIEHbIO Ope ae-
JIEHHOCTHW, YeM KaTeropusa CIekTpoB. TeM He MeHee UMEIONAACA IPU
BBEJICHUM YMHOMKEHUA CChlKa Ha [T, Hwke 1.5.3], npuBesa k npearo-
ToskeHMIo, UTo Ha K2-Teopun yMHOMeHNe 33,0aH0 CAeAYIOmuM o6pa-
30M.

Cornacno [7, 1.5] mpoctpanctBo |N.wS"C| roMoTonINYeCKNA 9KBU-
BaJIeHTHO TpocTpaHcTBY metedab oT |[N.wS"tC| mpu n > 1. Tem
caMbIM OTOOpaskeHWe W3 WHAYKTWBHOW CHUCTEMBI, OIIpenelAIen
K2(P),

Tran(|NwS™C|) — KZ(P), C="Pc(P) (19)

ABJAeTCA M3oMopdmaMom pu n > 1. [losToMy nma ompemeneHuUA
yMHOKeHusi Ha KZ-rpynmax gocratouno miasas D = Pe(Q) u & =
Pe(P x Q) onpenennTh cliapuBaHue

Trp1(|NwS.C|) X ms41(|]N.wS.D]) — 7Tr+s+2(|N.wS,25|). (20)

Burounwrii dpyarrop C x D — £ (2.3.3) unayuupyer [7, 1.5] cma-
puUBaHUe

INwS.C|® |[NwSD| — |NwS*&|, (21)

KOTOpOe 1 olpenenser ymHoxkenue (20).

VIMeHHO ¢ 9TMM yMHOMKEHMEM M CPaBHUBACTCA YMHOMKEHWE W3
2.3.2. YrBepsknaerca, uyro anfa a € K. (P) u b € K;(Q) npousBenenue
aUb nepexonut npu nzoMoppusMe CpaBHEHUA V B [IPOU3BEJIEHUE Va
u vbh, onpenenerHoe ¢ momorbio (20) u (19).

DTo CBOAMTCA K KOMMYTaTUBHOCTU AMATPaMMbl

Tog1 (KPy) X 7ag1 (KQ1) ——— m(KP) x 75(KQ) ——— K, (P) x K+(Q),

| | (22)

7TT+S+21((P X Q)2 _— 7TT+SI((P X Q) _— IX”T+S(P X Q),

rJe TepBhle (TOPU30HTAIBHBIE) CTPEIKA — MOP(OU3MBI MHIYKTUBHBIX
CUCTeM, BTOpPbIE CTPENKW 3aJaHbl C ITOMOMILIO M30MOPOUIMOB U3
3.5.7, a BepIWKaibHBIE CTpeNKM — yMHokeHue (20) M yMHOKeHHE
u3 2.3.2. IlpoBepka KOMMYTATUBHOCTU 2TOU AWATPAMMBI OMYIEHA.
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2.6. Cuekrpsl K-teopum rareropuu Basgpnxaysena.

31ech GUKCUpYeTCH MOHATUE ClleKTpa K-Teopun miisd KaTeropuu
Banwaxaysena C. Tounee rosops, ¢ kaTeropueit C CBA3AHLI YeThI-
pe crnexrpa: K(C), K(C), K¥(C) u KN(C), rme t — npusnar Toro,
YTO KOMITOHEHTEI CITEKTpa — TOMOJOTMUYECKMe MPOCTpaHcTBa (a He
CUMILTAIIAAIBHBIE MHOMKECTBA), a N yKasblBaeT Ha TO, YTO 2TO HE
CUMMETPUYECKUIA CIIEKTP.

ITosAcHMM TPUYMHEI pacCMOTPEHMA 3TUX CHeKTpoB. CuMMeTpu-
decknit cumnamimanabieii crektp K (C) HambGoiee ymaobeH Kak s
My JIbTUIIAKATUBHBIX 337a4 (B CUJIY €ro CUMMETDUYHOCTH), Tak U
JULA TOMOTOTIMYECKUX 3aau (KOHCTPYKRIMKM KOHYca ¥ HAACTPOWKM 10
CYIIECTBY CUMILIMIAANBHB). HecuMMeTpUYecKuii TOMOIOrNYeCKuMii
crekrp K¥(C) meobxomum nia cpasrenns ¢ Teopueii [2]. Cummerpu-
decknit Tonogorudeckuii criekrp K4 (C) XopoIlr TeM, UTO KakK OH, Tak 1
YMHOMEHUsA 1A Hero fABHO onmcanbl B [3]. HakoHer, HecumMeTpude-
crmit cummmmaabhbii crektp KV (C) — oTo ecTecTBeHHBIA MOCTHUE
meskay K(C) u K¥(C). lepeiinem ¥ onmucaHuIo »TUX CTIEKTPOB.

2.6.1. Cmexrp KV (C). Cummmvmuanbueiit cnexktp KV (C) nexur B
kateropuu Sp'' [5, 1.2.1], T.e. B KaTeropum CHEKTPOB, MOCTPOEHHOM
110 KATErOPUM CUMILIUIMAILHBIX MHOKeCTB S, . OH Mmogydaercsa 3ame-
HOW TeOMETPUYECKON peain3allii B MCXOAHOW KOHCTpYKImKU Baiba-
XxayseHa Ha JAMaroHAJbHBIA GyHETOp D., mpeBpammaiomuii (IyHKTH-
pOBaHHBIE) TOIUCUMILIAIMAILHBIE MHOKECTBA B (IIYHKTHPOBAHHBIE )
CUMITITUIIAATbHEIE.

Hna 6onee TouHOTO ommcanna HamoMHUM [7, ¢. 330], uro S.-KoHC-
Tpykiua Bankaxay3seHna mo n-cUMILIUIIAAIBHON KaTeropun Baibaxa-
yaeHa & crpout (n+ 1)-cuMIIMIMAIRHY O KaTeropnio BajbaxayseHa
S.€. Onpenenum n-oe mpoctpancTso crekrpa KV (C) kak

KN(C), = D.NwS"C € S., (23)

rae S"C = S.(S.(...5.C))), a N — ¢pyHKTOD HepBa, MpeBpaINAIONNi
MYHKTUPOBAHHBIE Ni- CUMILIUANMAIbHBIE KATETOPUM B ITYHKTUPOBAHHbBIE
n-CUMIIHAIMAILHBIE MHOKecTBa. B wactHocTH, K (C)o = N.wC.

Hns onpeneneHus CTPYKTYPHBIX MOPOU3MOB CIIEKTPA

St e KN(C)p — KN (C)pyr (24)
paccMOTpUM Mop(QU3M (1 + n)—CI/IMHJII/IL[I/IaJIbeIX KaTeropui

[1] x wS"C — wS.(S™C), (25)
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OIMCHIBAEMEI Tak (He(OpPMAIBHO JeBaA 9acTh — HTO 1-0CTOB IPaBOA
gactu [7, c¢. 329]): o6vexr X x Y ormpaBum B Z, rae Z;; = Y,
ecmn X; # X; u Z;; =0, ecim X; = X;. Tar rax Mopduzm (25)
mocJie lepexoa K HepBaM Ipolyckaerca depes ST = A[1]/6A[l], To
npuMeHeHre D. gaeT cTpyKTYypHBIE MOp(OU3MHEL (24).

2.6.2. Cmerkrp K;'(C). Tomonormueckmii crextp K;¥(C) nesxmur B
KaTeropuy CIIEKTPOB, IIOCTPOEHHOM M0 KaTeropuy IyHKTHPOBaHHBIX
KOMITAKTHO-TIO P 03K AEHHBIX TIPOCTPAHCTB 7. DTa KaTeropus CIeKTpoB
ykaszana B [, 6.2.1] u o6o3HaueHa Sp?—*.

Crerxrp KV (C) ctpourca Touno Tak e, kak u crexrp K™ (C) 3a
VICKJITOUEHNEM TOTO, UTO BMeCTO AMATOHAJILHOrO (YHKTOpA WCIOIb-
3yercsa (pYHKTOD TeoMeTpUdYecKol peasusarwmu |- |, mpesparmatomuii
IMyHKTUPOBaHHEIE MOJIMCUMILININAILHEIE MHOMKECTBA B IyHKTUPOBaH-
HEIE KOMIIAKTHO-TIO P O3k IeHHbBIE [IPOCTPaHCTBA..

Tounee rosopa, Ki¥(C), = |[NwS™C| € T., a cTpykTypHEIE MOp-
dusmmbr crierrpa S; @ KNV (C)y, — KN (C)ny1 momyaatores us (25) me-
pPexXooM K HepBaM, FeOMETPUUECKIM peajM3alldAM M YIeTOM pas U
HaBcerja sapukcupoBaHHoro usomopusma |St| ~ S (rme S — es-
RJIM0BA OKPYRHOCTE u3 [5, 6.2]).

2.6.3. Cmerkrpot K:(C) m K(C). Cummerpuuecknii cuertp K;(C)-
Teopum B Kareropum Spy, ykaszad B [3, 6.1]. 3aecy Spr, — rarero-
PUA CUMMETPUYECKUX CITEKTPOB, MOCTPOEHHAA [T0 KATETr0 PUM ITYHKTH-
POBAHHBIX KOMITAKTHO-TIO PO AEHHBIX TOTOJOTMYECKUX TPOCTPAHCTB.
Dra KaTeropusd ykasana B [b, 6.2.2] u ofo3nayeHa Tam Sp? .
“
CuMnauimaibHadg BEPCUA 9TOTO CIEKTPa

K(C) eSp

HNPUHALICHKUT KaTETOPUN CUMILIAIMAJBLHBIX CUMMETPUUECKAX CIIEK-
tpoB (cM. 3.1) m mosydaerca mpu 3aMeHe B KOHCTpykimm [3, 6.1]
reoMeTpUYECKO peasM3zalvv Ha AUMATOHAJNLHEI (QpyHETOD D)., Tpe-
BpAIMaIoNuii (MyHKTUPOBAHHbIE) IMOJUCUMILIUITMAIbHBIE MHOKECTBA
B (IMyHKTMpPOBAHHbIE) CUMINIMIIMAJIbLHBIE. TeM CaMbIM €ro n-Tad KOM-
MIOHEHTa — BTO

K(C), = D.NwS.C?,

rae @ = {1,...,n}, nomcuMmaMIMagbHadg KaTeropus wS.C? ommcana
B [3, 6.1], a meiictBue ¥, ma D N wS.C® mpoucxommt u3 mAeiicTBus

Ha (.
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2.6.4. Cpasmemme K(C) m KV (C). Cummmummamnbubii criekTp
KN(C) Mo3BoJiAeT BooOIMe un36eKaATh WMCIONAH30BAHUA TOMOJOTH-
YeCcKOoTo CHEKTpa KtN(C). lleticTBUuTENnBHO, Teopema Ditnenbepra—
Bumb6epa mossoaser otoxmectsuth KV (C)| u KN(C), rae | - |
Sp" — Sp. — QyHETOP TeoMeTpuUecKoil peasmsalymy, 3a1aHHBIA 0~
koMmronentHo. OTcloma, B CBOIO o4Yepenb, BO3HUKAET OTOKIECTBIE-
mue 7,(KY(C)) ~ m,(KN(C)), mockombKy roMoTomMueckme TpyTi-
LI CUMILIAIMAIILHOTO MHOMKECTBa OIpedeseHEl Kak TOMOTOMYECKIE
TPYIIILI €70 TEOMETPUYECKON Peasu3aliiu.

3. UCTTOAB3YEMBIE TOMOTOITUYECKUE CTPYKTYPBI

3.1. OcHOBHBIE KATETOPUM.
ITorpebytoTca ciemyiomue KaTeTopUn:

® S* — KaTeropus MNyHKTUPOBaHHBIX CUMIIJIUINAJBHBIX MHOMKECTB]

® Sp — KaTeropms CUMMETPUYECKUX CIIEKTPOB, IMOCTPpOEHHAas IIO
KaTeropn MNMYHKTWMPOBAaHHBIX CUMIIJIUINAJBLHBIX MHOMKECTB [5,

1.2.9].

3.2. MonenbHbBIE CTPYKTYPHL.

3aech QUKCUPYIOTCA MozeibHble cTpykryphl [4, 1.1] Ha karero-
pusx S, u Sp.

Has S, MopenbHas cTpykTypa onucana B [b, 3.4.4], nua Sp — B [5,
3.4.4]. Hockoubky TpeboBaHuiA K MOAebHOU KaTeropun [5, 3.2.3] me-
Hee wecTKue, 9eM B [4] (He Tpebyerca Hu BEIGOpa, HA CYNIECTBOBAHUA
pyHETOPHMATBHON (akTopU3almn), TO cieayeT yGeanTbedA, 410 Sp
MOKeT OblTh cHabkeHa Takoil cTpykrypoit. Hunsa Sp nanuume GyHk-
TOPUANBHON (aKTOpU3AIMA 110 CYIIEeCTBY AoKaszaHo B [5, 3.4.6;3.4.8].
XoTaA GyHKTOPUAILHOCTEL U He 3afdBileHa B POPMYJIMPOBKAaX, OHa fAC-
Ha M3 JOKa3aTelbCTBa, KOTOpOoe omupaercda Ha Jgemmy [b, 3.2.11],
MUCIIOJIb3YEMYIO JJIA MOCTPoeHus GaKTopPU3AIAA.

3.3. 3aMKHYTbHIE MOHOUOAJNBHBIE CTPYKTYPBI.

3/ech PUKCUPYIOTCA CIAeAYIONMe CTPYKTY Phl:

® CTPYKTypa 3aMEHYTOW CUMMETPUYECKON MOHOWIAJIHLHON KaTe-

ropun Ha Sy;

® CTPYKTypa 3aMKHYTOro mpaBoro S,-moayisd Ha Sp;

® CTDPYKTypa 3aMKHYTOU cUMMeTpuyecko#t S,-anrebpor Ha Sp.

ITpu sTom ucnoabsyercs repmutoaorus us [4, 4.1]. Ilpousse aenue
BO BceX caydasax obosHaudaeTcA X @Y (X0TA B HEKOTODBIX MCTOYHU-
KaX OHO Mo)keT ofosHauaThca X AY).
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3.3.1. TepMuHOJIOrTUECKUEe NpeNyNpEKICHUA. BhipajkeHne BUIa
X1 ® - ®X,, AA MOHOMJAJBHBIX CTPYKTYD (KaTeropwii, Moayieil u
T.J.) TOHUMAaeTCA KaK Pe3ynbTaT GpUKCHPOBAHHOW PacCTaHOBKU CKO-
60K; pe3yabTaT WHOW PACCTAHOBKU OTOAECTBIAETCA C 9TUM HEAB-
HBIM KCIIOJb30BaHNEM COOTBETCTBYIONMX M30MOP(PM3MOB accoliua-
TUBHOCTH (M30MOD(PU3IMBI TIEPECTAHOBRN, IPOUCXOJAIIAE U3 “CUMMe-
TPUYECKOW UYaCTU JAHHBIX CHMMETPUUYECKAX MOHOMIAAIIBHBIX CTPYK-
TYp BCerJa yKa3aHbl ABHO).

[Mpu paBore ¢ 3aMKHYTBIMU MOHOWAAJIbBHBIMUA CTPYKTYDPaMM WC-
nomb3ytorea samensl Homy(X,Y) = Hom(X,Y) u Hom,(X,Y) = YX
[4, mmxe 4.1.14]; B cuMMeTpUYeCKHX CIydaax camTaeTcd, uro Y X =
Hom(X,Y), a usomopdusmel conpsskennoctu ¢ : Hom(X @ Y, Z) =
Hom(Y, Hom(X, Z)) u ¢, : Hom(Y ® X, Z) = Hom(Y, Hom(X, Z)) cBa-
3aHBI C TIOMOIIBIO TTepecTaHOBKM X @Y — YV ® X u3 cuMMeTpudecKoi
CTPYKTY PHI.

3.3.2. 3aMEHyTas1 CUMMETPUUYECKAT MOHOMIOAJILHAI CTPYKTYpa
Ha S.. DTa cTpykrypa cranmaprtHa [5, 1.1]; ee eaunnma — sto S =

A[0]y. Yrounmm obosmauenna: ST = A[1]/0A[1], S" =St © - @ St.

3.3.3. Crpykrypa 3aMKHYTOTrO S,.-MOmyna Ha Sp. CTpyETypa 3a-
MEHyTOTO (mpaBoro) S.-monyns Ha Sp ommcana B [5, 1.3]. B uwacrt-
HOCTH, JJisA cUMMeTpuyeckux crektpoB X,Y € Sp u K € 8, omnpene-
nent1 X @ K € 8p, XX € 8p, Hom(X,Y) € S..

3.3.4. CTpykTypa 3aMKHYTOU cCAMMeTpUUYecKou S,.-anreOGpbl Ha
Sp. s cTpykTypbl Sp Kak 3aMEHYTOW CUMMETPUYECKON S,-anred-
pel HyskHBI [4, 4.1.9; 4.1.14 v HuwKe] 3aMKHY Tasd CUMMETpUUYECKAA MO-
HOWAAJIbHAA CTPYKTYpa Ha Sp M 3aMKHY ThIif MOHOUIAILHBIA GYHKTOP
t: 8 — Sp, ABIAAOMUACA CUMMETPUYECKNM.

CuMmMeTpudecKkas MOHOMZAJbHAA CTPYKTypa Ha Sp yka3aHa B
[5, 2.2]; ee eaumnunia — »10 chepuueckmii cuexrp S. Jlud ykasa-
HUA 3aMEHYTOW CTPYKTYPBI B CHUJY CHUMMETPUYHOCTH HOCTATOUYHO
(em. 3.3.1) yrazate Hom(X,Y) n usoMop(pusM CONpAKEHHOCTH

Hom(X @Y, Z) = Hom(Y, Hom(X, 7))

910 capenano B [5, 2.2.9; 2.2.10].
Hna ykazanus ¢ Hago 3agath [4, 4.1.5, 4.1.2] Tpoiiry (F,m,a). B
kauecTtBe F' Bo3bMeM (QyHKTOD co-HaacTpoiiku [5, 1.2.4]:

8. — Sp, (26)
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B KauecTBe o — TOAeCTBeHHbI Moppusm L°S% = S, Ocrasoch BBe-
ctu m : F(K)® F(L) — F(K ® L) n 1poBepnTh CUMMETPHUYHOCTh,
T.e. KOMMYTaTUBHOCTE JUALPaMMEIL

F(K)® F(L) —"— F(K® L)
tl lF(t) (27)
F(L)o F(K) —2— F(LoK),
rje t — u30MopPU3M IePECTAHOBKA CUMMETPUYECKUX MOHOU AATLHBIX
cTtpykTyp. Tak Kak cymecTBoBaHmre “ecTeCTBEHHBIX 1M JIAIIH 3aABJ6-
Ho B [B, 2.2.6(1)]), To mpuaeTcA ux NpeabABUTH (6e3 TOro TPYIHO
TOBOPUTH 0 KOMMYTaTUBHOCTH (27)).

Tak rak F(K) ® F(L) — roupenen muarpammbl FI(K)® F(L)

F(K)®S®F(L) g (K)®F(L) [5, c. 16] (rme ® — npousseaeHne co-

OTBETCTBYIOIIMX CHUMMETPUIECKUX MTocTenoBaTenpHocTei [5, 2.1]), a
M — CTPYKTYPHBIA MOpOU3M S-MO YA, IPOUCXOJAINNNA U3 CTPYKTY-
PBI COOTBETCTBYIOIIETO CUMMETPUUECKOTO CIIEKTPA), TO JOCTATOUHO
[OCTPOUTDL COrJIACOBAHHBIE MODPUIMBI U3 ee KOHIOB. loab3ysch [5,
2.1.14], onsa sToro mocTaTodHo ykKaszaTh (X, X X, )-9KBUBapHUAHTHLIE
orobpamkenua SPQKQS1QL — SPT1QK®L, rae aelicTBue Ipynub Ha
MpaBoif YacTh ompeesieHo CTaHAAP THRIM BIOKEHNeM Xp X Yy C Xp,.
Kak mmns jgeBoro, Tak u i MpaBoOro KOHIIA AWATPAMMbBI ®TO OJIHO U
TO e oTobpaskeHne: 5, QkQ s, — (sp@8,) k@1, Jlerro npoepurs
(Tarke ncnonbsys [5, 2.1.14]), 910 Tak onpeneaeHHBIE MOP(OU3MBI 13
KOHIIOB AMArpaMMBbl COTJIACOBAHBI M, TEM CAMBIM ITOJYYUTH OTIpee-
JIeHWe M U3 CTPYKTYPbl CUMMETPUYECKOT'0 MOHOUAATIBLHOI'O (YHKTO-
pa i. Takke J€rko NMpOBEPUTH KOMMYTATWBHOCTEL (27), MMeA B BU-
oy, 9To B Sp U B KATETOPUN CUMMETPUUECKUAX TT0CITIEA0BATETBHOCTER
HeRy) =pp(y@a), e x QY€ X, @Y, a pyp € Tpy, NepecTaBi-
€T, COXPaHAA MOPAMOK, HAYAJIbHBIE P UMCEN C ¢ 3aKIIOYNTENHLHBIMU
uncaamu [5, ke 2.1.4]. Tem caMbIM onucaHue CTPYKTY Dbl CUMMe-
Tpuyeckoil S.-airebpsr Ha Sp 3aBepINEHO.

Ocranoch AOTOMHATL MOHOMIANBHEIR QyHETOD i = (F,m,«) 10
3aMKHYTOTO MOHOMAalbHOTO ¢pyHKTOpa [4, 4.1.14] (F,m, o, U, ), e
S« «— Sp : U — ¢yHKTOpP, CONUpssKeHHBLIR crpaBa K F1 = X a ¢ —
M30MOPGU3M COPSKEHHOCTH

m@1
—

Hom(X*®° K, X) = Hom(K, UX).
Homxomar U(X) = Xo [5, 2.2.5] mw o(f) = fo.
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3.3.5. BzammogmelicTBue CTPYKTYp Si-aiareOpbl m mpaBoro S,-
monyaa. Ha rareropum Sp mmMeeTcs cTPYKTyPa 3aMKHYTOIO MPaBo-
ro S,-Momyisa u3 3.3.3 U CTPYKTYpa 3aMKHYTOTO TIPABOT0 S,-MO Iy,
moJiydeHHasa ocaabiieHneM CTPYKTYPHI 3aMKHYTOW CUMMeTpudecKoi
S.-anrebprr u3 3.3.4. YTBepKIaeTCHA, 9YTO BTU ABE CTPYKTYPHI U30-
MOpP(}HBI (& He TONBKO DKBUBAJIEHTHH] ), T.€. UIMeeTCA M30MOp(p13M Ou-
$YHKTOPOB

XOIS®K — X 0 K. (28)
DroT uzoMoppusM ykazan B [, Huwke 2.2.5].

3.4. BzaumopeiicTBMe MOHOUIAJILHBIX ¥ MOAECIbLHBEIX CTPYKTYP.-

Temepb paccMOTPUM B3aUMOAEHCTBAUE MOHOWIAJIBHBIX CTPYKTYP
u3 3.3 U MOJEeNbHBIX CTPYKTYDP W3 3.2: OHU COTJIaCOBaHBLI, HO 2TOMY
YTBEDRACHUIO CJIEAYET MPUAATH CMBICI.

Bo-miepBhix, MonenbHBIE CTPYKTYPhI Ha KaTeropusax 8., Sp yBa-
*aeMbl MOHOUAAJbHBIMUY CTPYKTY PaMU, T.e. MOHOMAAJbLHEL [4, 4.2.6].
HOna S, »1o nokazano B [4, 4.2.10], xna Sp — B [5, 5.3.8].

Bo-BTophIX, cilenyeT MpOBEPUTH, UTO MOJIeJbHBIE CTPYKTYPHI yBa-
KAIOTCA HE TOJNBKO MOHOMIAJBHBIMU CTPYKTYPaMHM HAa CaMHX Ka-
Teropusx, HO MW COOTBETCTBYIOMMUMU GyHKTOpamu. TouHee roBoOpH,
VTBEDPEAAETCA CIEAYIONIEE

1) cTpykTypa 3aMEHyTOro HpaBoro S.-Moayid Ha Sp ABIAeTCA
CTPYKTY poii ipaBoii S,-MomenbHoli kKaTeropuu Ha Sp [4, 4.2.18];

2) cTpYKTypa 3aMKHyTOW cuMMeTpudeckoil S.-anrebper Ha Sp
ABIAETCA CTPYKTYPOR CHUMMETPUYECKOH MOHOWMIANBHON -
MoeNbHOM KaTeropun [4, 4.2.20].

TlepBBIi MYHKT CBOANTCA (B CUIIY KOPACCIOEHHOCTH €IWMHUIBI B
S.) K TpoBepKe TOTO, YTo yMHOMkeHMe @ : Sp X S, — Sp aABnfAercA
budynrropom Keuusena [4, 4.2.1]. Unbivu cioBamu, ciepyer yGe-
IUThCA, uTo “mpomsBenenne” flg KopaccaoeHnid — CHOBa KOPacCio-
eHre (IpUyueM TPUBHAJBHOE, eciiu 6o f, 1160 g TPUBUAIBHO). DTO
CBOJMTCA KO BTOPOMY IIYHKTY € y4eToM m3omoppusma (28).

Bropoii nyHKT cBOAMTCA K MPOBEPKE TOTO, UTOo L°° — 9TO MOHO-
uaanabHeli Gyurrop Keuinena [4, 4.2.16], a B cuiy KopaccioeHHO-
cTU eauHMIBI S, K TOMY, 4TO OH ABJAerca pyHrTopoM Kpuiiena [4,
1.3.1], m.e. coxpanser Kopaccioenus (nposepero B [5, 3.4.2(3)]) n
TpUBHAJBbHbBIE Kopaccioerna (cuenyer us [5, 3.1.8]).
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3.5. CTPYKTYpPBI HA TOMOTONNYECKNX KATETOPUAX.

Mo genrHble cTpYKTYPH Sy, Sp (cM. 3.2) Mo3BOIAIOT paCCMOTPETH
romotonuyueckue xateropun HS,, HSp. Kamnasa U3 HUX UMeeT Te Ke
00’ bEKTHI, UTO U MCXOIHAA MOJelibHAA KaTeropusa. KpoMe Toro, nMme-
ercA QyHKTOp (NOKANM3allMKM) M3 MCXOAHON MOMENbHOW KaTeropun
B €e FOMOTONUYECKYIO KATEropuio. DToT GYHKTOP TOMNKIECTBEHEH HA
ob6bertax. [lepeiineM Kk omcaHWIo AOTOMHUTETLHBIX CTPYKTY P Ha TO-
MOTOINMYECKUX KaTEropusx.

3.5.1. T'omoTOomMueckne 3aMKHYTHIE MOHOMIAJNLHBIE CTPYKTY-
poi. CorytlacoBaHHOCTH MOJIENBHBIX M MOHOUZAIBHBIX CTPYKTYP I1O-
3BOJIAET IEPEHECTU MOoCiieJHNE B TOMOTONIMYECKHNE KATEropuu U IIo-
JIYUUTh:

® CTPYKTYpPYy 3aMKHYTOW CHMMMETpPHUUYECKONH MOHOMAAJLHOMN KaTe-
ropum Ha HS,;

® CTPYKTYpPY 3aMEHyToro mpaBoro HS.-monymna na HSp;

® CTDPYKTYDPY 3aMEHYTO#W cummeTpudeckoit HS.-anrebpor Ha HSp.

Bce »10 noayuaercs aBroMarthuecku npumeHeruem [4, 4.3.4].
Y MHOMeHre Bo BCeX ciydasx obosHauaercsa ©F.

Monounanbhuelii pyukrop HS, — HSp U3 CTPYKTYpHI COOTBET-
cTByIOIIel anrebprl obosHavaerca L°° BMecto LY (ieBblii mpo-
mspoaHbliA [4, 1.3.6]), Tak Kak KOPACCIOEHHOCTb BCeX 06BEKTOB Sy
BiledeT paBeHcTBO LY = Ho(X*). MubiMK cioBamm, LX™° — ennn-
CTBeHHOe pacrpocTpaHeHne L Ha Bce Mopdusmbl HS..

C ydetrom sTOoro m3 3.3.5 aBTOMATWYECKUA MOJTYUAETCA M30MOP-
¢u3M 6UPYHETOPOB

X' s®K — X o' K. (29)

3.5.2. Casp ©F- u @-ymmosxkenuit. /as m060if MoHOMAIBLHOI
MoaedbHOW KaTeropun C UMeeTCA eCTeCTBEHHOE Tpeobpa3oBaHue U3
HOBBIX @F-mpouwsBeneHnii B crapele ©-IpoU3BeJCHUA, T.€. UMEETCH
€CTECTBEHHBIA MOPQU3M (B TOMOTONMYECKON KATETOPUHN):

X1 0F Xy 0t X,
| (30)
X1® Xy ® Xy

WMuevu cnoamm, nokanusaimsa C — Ho(C) — caabo MoHOMIAIH-
HBI QYHKTOp, T.e. yJIOBJIETBOPSET BCEM CBOMCTBAM MOHOWJIAJIBHOIO
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¢yurTOpa [4, 4.1.2] 3a ucrmoyeHrem Toro, 4ro mMoppusm F(X) ®
F(Y) — F(X ®Y) He o6a3aH ObITh m3oMopdusMoM. Jlas mocTpo-
emms (30) wmamomuum [4, 4.3], uro @L-ymHOMKeHMEe — MpOU3BOMHEIA
pymrTOp o ® [4, 1.3.2] m Tem campiv X @F Y = QX ® QY, rue
() — GYHKTOD KOPACCIOEHHON 3aMeHBI U3 CTPYKTY Dbl (YHKTOPUAIb-
HOU (paKTOpPU3AIUK MOJCILHON KaTeropuu. D1a GaKkTopU3alni 1aeT
Mopduamhl ¢; : QX; — X;, u (30) onpenerner Kak ¢ @ « -+ @ ¢pn.

AHaJorMuHas CUTYallUAd UMEeT MeCTO U AJid J6oro “GudyHKTo-
pa” Kpunaena @ : C x D — £ [4, 4.2.1] u ero npoussoasoro “éu-
dpynrropa” @ : Ho(C) x Ho(D) — Ho(&) [4, 4.3.1], T.e. mmeeTca
ecTecTBEHHOE TIpeobpa3oBaHue U3 HOBHIX ©F-mpousBenenuii B cra-
phle @-iponsBenenns. B yacTHOCTH, Takoe Mpeobpa3oBaHnue UMeeTCs
JUISL CTPYKTYPHI MPpaBoro S,-Moayss Ha Sp.

3.5.3. Tpumaurynamuu. 31ech ykasbiBaeTcsa TpuaHryasamus HSp B
cmbicae [4, 7.1.1], uro mo3BoJAET MONYYUTH U TPUAHTYJIAIUIO B
CTaHIapPTHOM CMBICe. [/l »Toro HaIo0 BBECTH TPEITPUAHTY AN
[4, 6.5.2] u npoBeputh crabuabHoctb Sp, T.e. “o6paruMocTb” Ha-
crpoiiku B HSp.

[Mpenrpuanrynanmsa Ha TOMOTOIIMYECKOR KATENrOPUK BO3HUKAET aB-
TomMaTudecku [4, 3ameuanue Huxe 6.5.2] U3 MyHKTUPOBAHHON MO-
JMENBbHOW CTPYKTYPHI Ha MCXOIHON (JLOTOMOTOIMYECKOH) KaTETOPUM.
Onuako MoHOMmadbHAA S,-MoOIedbHAA CTPYKTypa Ha AOTOMOTOIM-
Yeckoii katTeropuu mnospodsier [4, 6.6.4] 3aMeHUTH B 9TOM HpeaTpu-
auryaammmn HS . -neiictBre “Mo1eIbHOIO NPOUCKOMKAEHUA  M30MODPd-
HBIM eMy HS.-nelicTBUeM, TPOUCXOMANAM HU3 MOHOUAATBHOW 8-
MOIENBbHOW CTPYKTYPHI (HMOJHATH HAeWCTBUE Ha JTOTOMOTOINYECKAN
ypoBeHb). B wacTHoCTH, IpW CCHIKAX Ha [4] moapasyMeBaeTcs, YTo
Ipy YIOMUHAHUM TaM AeHACTBUA “MOAEIBHOTO HPOUCXOMKAEHAA OHO
3aMeHAeTCA NelicTBUEM “MOHOMAAIBHOTO MPOUCXOKIAEHUA .

B uacTHOCTH, HaACcTpoiika 3amana kak LX = X @F S| a ¢ynrTop
nerenb kak QY = RHom(S'Y) [4, 6.1.1]. Dro conpsskennble (yHK-
TOPBI, ¥ TeM CaMbIM MMeeTcs MophusaM GyHKTOpoB 7 : X — QX X.
Jlns 3aBepiieHUA TPUAHTYIANNKA OCTANOCH yOEAUTHCA, UTO § — U30-
MopduaM. D1o ciexyer us [5, 3.1.14(3)] ¢ ydgerom ciexyronmx o6-
CTOATENBCTB: (&) MOKHO cUMTaTh, 9470 X KoQUOpPaHTEH, Tak KaK I0-
CTATOYHO NMPOBEPUTH U30MOPPUUHOCTEL { Ha M30OMOpPHOM eMy QX
tem cambim X @F ST = X ® S! (S! wopaccmoena [5, c. 26]); (b)
nycTh Y — CUMMETPUYECKUN CIEKTP, MOJYYeHHbIH u3 LX MOKOMITIO-
HEHTHBIM MIPUMeHEHUEM DPAaCCIOEHHOUW 3aMeHBbl B MOJIEJBbHOW KaTero-
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pun S,, Torga Y, — KoMmIekc KamHa, 1 mMeeTca ypoBHeBas caabas
®KBHUBaJeHTHOCTh LX — Y (3Hauut, 970 cTabuipHasd SKBUBAaJIEHT-
HOCTH W M30MOP(U3M B TOMOTONMYECKOH KaTeropun). Kpome Toro,
IpAMO M3 ONpeneiieHnsa CTabUILHBIX PacCIOeHU WM KOPacCiloeHumi
caenyer, uto »1o paccioenue. Tem cambim QXX = Hom(S1Y).

3.5.4. HancTpoilka cpepudeckoro cuexkrpa u @r. Ilna onpeneie-
HUA YMHOXKEHUA B K -Tpynnax TpebyeTcsa KaHOHMUYECKUH M30MopPU3M

YSelyis - urtsg, (31)

I35 er0 TOCTPOEHUA PACCMOTPUM M30MOphu3M ¥ : L®° 5" @F ¥> g
0057 | ARIAIOMMIICA KOMIIO3UINEH yMHOMKEHUA U3 CTPYKTY PRI L,
Kak MoHomgaJgbHoro ¢GyHktopa HS. — HSp (cMm. 3.5.1), u oto-
saecteienna S™H = S7 ® ¢ = S @l S*. Usomopdusm (31) mo-
JydaeTca U3 4 ¢ HOMOMIBIO oToaecTBiIeHna L°S% ~ %45 D1o oTo-
WEAeCTBIIeHNE (M30MOPQU3M) ToiydaeTca U3 nsomopdusma (29) s

X=SuK=25%

3.5.5 Brimeaennbie TpeyroabHukn. Ham morpebyercs BblaeieH-
HOCTb HEKOTODPBIX TpeyroibHukoB B HSp, T.e. [4, 7.1.6] kopaccio-
€HHOCTh HEKOTOPHIX MOCIeN0BATEIbHOCTEN. Y TBEPHKAAETCH, UTO I
aboit Sp-crpenku f: A — B mociie1oBaTeNbHOCTD

AL B2 Cone(f) & At St (32)
Kopaccioena, rie koryc Cone(f) — Kompeaen U3 JuarpaMMBbl
A # B

all lb (33)

Aol All], ——— Cone(f),

a 0, — »1o @*-npoumssenenue A u crpenru A[0]; — A[l]., mepeso-
asmeit 0 B 1. Crpeska J ompefeieHa COracOBAHHBIMU CTPeIKaMU
Aot (Al — SY) u B — .

MosicHrM »T0: KOPACCIOEHHOCTEH — CBOWCTBO MOCIIEN0BATENBHOCTH
A — B — (', cHAGKEHHOR AOMOIHUTENbHON cTpyKTYpoii [4, 6.2.6].
g aamMTUBHBIX KATErOpPUA ®Ta AOMOJHUTENbHAA CTPYKTYyPa CBO-
aurcs [4, 7.1.3] k crpeare €' — Y A. Tlockoabky HSp anaurusHa [4,
7.1.2] BcamencrBue crabunabHocT Sp (cM. 3.5.3), TO MOMKHO TOBOPUTH
0 KOPaCCilOeHHOCTHU TocienoBaTenbaocTed Buga A — B — C' — Y A.



IIPABUJIO JEMBHUILIA B AJITEBPAMYECKOW K-TEOPHU 287

Ina Toro 4roBHl y6eanThCA B KopaccioeHHocTH (32), HaI0 mpo-
BEPUTDH, YTO 5Ta MOCIEA0BATENLHOCTb N30MOp(HA CTAHAAPTHON KO-
PaCCI0EHHON MOCIeq0BaATENBHOCTH

AL B o) & osa, (34)

rae A kopaccioeH, f — kopaccioenne, a ro-cioii C(f) onpenenen
Kak KoTpezen

4 1

| Jo (39

x* —— C(f),

a Jf yrasan B [4, 6.2.1] rak yacTs KomeficTBus A Ha C(f).

Crayajla TpoBepPMM KODPACCIOeHHOCTH (32) B ciydae, Korma
cektp A wopaccmoen, a f kopaccioenue. JlJ 9TOTO CPaBHUM ee
¢ (34) ¢ moMomBIO JMATPAMMEI

4L g M oy Y oxa

S I R N S

A—1 B " Cone(f) —2— 34,

rae i : Cone(f) — C(f) onpeneneH coriiacoBaHHEIMU CTPENKAMM W3
muarpaMMEl Konpenesa (33), ompenenstomeii kouyc: py @ B — C(f)
u A @ A[l], — *. MosknO TTpoBepuUTh (MCTIOL3YA MOHOMAATHLHOCTE
npefictBua Sy ), 4To i — ciabad SKBUBAJEHTHOCTD, a MPABBIA KBAAPAT
B (36) rommyTartuBen. Takum obpaszom (32) kKopaccnoeHa, Oyaydun
‘HSp-mzomopdHoii BepxHeii cTpore B (36).

B ofmiem cayuae, mpuMeHsas GYHKTOP KOPaccIoeHHol 3aMeHBl, o~
JAyUMM AUarpaMMy

A4 —L B ' Cone(f) — ¥~ 34

T T o

04— B " Cone(i) —%— x4,

rjige ¢ — MopQM3M KopacciloeHHOW 3aMeHbl. Tem cambiM, QA Ko-
paccioeH, a ¢ — TpuBuaJbHoe paccaoenme. Crektp B’ m crpen-
KM ¢, p BO3HMKAIOT U3 (QYHKTOpHalbHO!l (akTopmsanum MopdusMa
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fq : QA — B. Tem cambIM, { — KopaccjoeHre, a p — TPUBUAILHOE
paccioenne. HuKHAA cTpoKa KopacciioeHa BBUAY KOPacCI0EHHOCTH
QA wu i. Eqmacreennas crpeinka Cone(i) — Cone(f), memaroman ana-
rpaMMy KOMMYTaTUBHOMH, 510 HSp-uzoMoppusm (T.K. TAKOBBI ¢ U p).
Nrak, crpoku HSp-u3oMop(PHBEL U BEPXHAA KOPACCIOECHA.

3.5.6. Konyc u ®'. las nammerx X Lyuzs rateropun HSp
clleAyIolaa AMarpaMMa JaeT W30Mop(QU3M BepHel W HUKHER CTPOK

b a
Zoly 22 Cone(Z @b f) =L Z ol X ol St

:l l l: (38)

Ly 187 L 10" L L gl
Z@"Y —=— Z@" Cone(f) —— Zo" X @" S,
rae by, bigry, 5, O1gr yEasansl B (32); ¢ ompesesieHo cOrTacoBaH-
HBIMJ MO D (QU3MaMy M3 IMar paMMbI Konpeaeda (35), onpenenatomnero
KoHyc, a uMenHo @l -mpomssenemmavu 17 u mopusmon B Cone(f) u3
ero onpegenerna. O6paTUMOCTL ¢ CIEAyeT U3 BBLACTEHHOCTH Tpe-
yrompauka (32) u Tounoctu @ [4, 6.5.1(1)].

3.5.7. TomoTonmueckne rpynnel kak Hom B romoTonmueckou ka-
Teropun. lus cpaBHenuss K-teopum us [2], onpeneseHHol B Tep-
MMUHAX FOMOTONWYECKUX TPYIIl CIIEKTPoB, ¢ K-Teopueit 3 2.2, onpe-
JeJleHHOI B TepMuUHaX MopduaMoB kaTeropun HSp, HAI0 yMeTb 0TO-
EAECTBIATE Ty (X ) 1 Hom (X" S, X) o Menbineit mepe ana X = K(P).

Takoro oTokIECTBIEHUA HE MOMKET OBITH JUIA BCEX CIEKTPOB X,
rak kKak Hom(X"S, X) BeLIepsEUBaeT cilabble SKBUBAIEHTHOCTH Sp, a
7 (X) mer [5, 3.1.10].

TeMm He MeHee TaKoe OTOMKIECTBIEHWE WUMEETCA IJIA CIEKTPOB,
“6unskux” K PACCIOEHHBIM, T.e. MOJYCTAOUIbLHBIX CIIEKTPOB [5,
5.6.1]. TonycTabuiabHOCTL 03HAYAET, YTO PACCIOeHHAA 3aMeHa X —
RX w3 MomenbHOU CTPYKTYPH Ha Sp ABIAETCA CTABUIBHONW TOMOTO-
IIAYECKON 9KBUBAJEHTHOCTHIO, T.e. UHAYLMPYET U30MOP(PU3M IOMO-
TONMUYECKUX TPYIII.

ODToT pe3yibTAT NPUMEHUM K CUMMeTpudecknM ciiekrpam K (P),
JULA KOTOPBIX M0JIy cCTabUIbHOCTh BhiTekaeT [5, 5.6.4, 1. 2] us ux kBa-
supacciaoennocty [3, 2.1, 6.1] (meno B ToM, YTO KOHCTpYKIUA Baib -
XxayseHa JaeT MouTh {2-CIEKTp).

lnsa awboro crnexktpa X WMeeTCA IMEMOYKAa PABEHCTB W M30MOD-
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$U3MOB

HSp(X"S, X) =HSp(X*S", X) =

=HSpS(LY* 5", X) B 1S, (S", RU(X)) = (39)
=HS.(S",(RX)o) = 1 ((RX)o) = mn(RX).

Hna nonxycrabuabhoro X, kK ToMy ke, mp(RX) = mp(X).

TMosacuuM mocnenoBatenbHoCTh (39). IlepBoe paBeHCTBO — cie-
ctBue oroskaectBienus (X"S), = ST @ @ St @ S" = (¥*°S"),; BTo-
pOe pPaBEHCTBO — CIENCTBUE OTOMKIECTBIEHUA L™ ¢ €ro JIEBBIM MIPO-
n3BoAHBIM (cM. 3.5.1; »T0 cileacTBrE KOPACCIOEHHOCT CUMILININ-
AJIbHBIX MHOMKECTB); R¢ — M30oMOpPU3M COMPAKEHHOCTH CTPYKTY PEI
3aMKHy 10 HS -anrebper Ha HSp (3.5.1); RU — mpaBbIii TPOU3BOI-
HBIA oT ¢pyHKTOpa U 1Y — Yy (9T0 mpaBblii CONpAKEHHBIH Kk L°°) 13
3.3.4. IlepBoe paBeHCTBO TpeTbell CTPOKA — PE3YIALTAT BHIUUCIEHUA
(IpAMO TIo OTpeneNeHIIO ) TPou3Bo gHOTO pyHKTOpa RU: 3mech RX —
paccioennas 3ameHa i X. Bropoe paBeHCTBO TpeThell CTPOKU —
clleACTBUE 9KBUBAJEHTHOCTH NOMOTOTIMYECKOM KATETOPUM CUMIIITAITH-
JLHBIX MHOMKECTB U KOMIIAKTHO-TIO P OMKIEHHBIX TOMOIOTUUECKAX ITPO-
CTPAHCTB. 3aKIIOUYATEIbHOE PABEHCTBO — CJeACTBUE Toro, uto RX,
OyAyuM paccioeHHBIM, ABJjsieTcs {I-crekTpom [5, BHU3Y cTp. 38].

3.6. Mop¢usmsel pyHKTOPDOB ¥ TOMOTOIMH.

Mycrs C u D — kareropun, Fy, F1 : C — D — dyHKTOPEHL, a F) EN -
ux Mop¢usm. Ussectro, uto f maet romorormio h! : NCx A[l] — ND
Mexay mopdusmamu NIy u NI, roe N — ¢yarTop HepBa. s ms-
yueHus B3auMogeiictus h/ ¢ pasiIuUHBIMU CTPYKTYpaMy HAIIOMHMIM
ee KOHCTPYKITHIO.

3.6.1. Fomoronuu h/ u hi. Mopduam [ maer dyurrop C X [1] ER D,
rae [1] o6osHauaer rareropmio 0 — 1; FI(X x 0) = Fy(X), F(X x
1) = F1(X), a F(ex —) = fo Fy(yp). Tem campiM nmeerca Mophu3M
cuMIIMIATLHLIX MEOKecTB N F 1 NC x A[l] — ND. D10 u ecth h'.

Ecan wateropun C w D TyHKTUDPOBaHBI (BBLAEIEH (QWHAIBHO-
WHAIMAJIBHEIR 06bekT), a Fy, F] yBasawoT »Ty CIPYKIYDPY, TO
hi(+ x A[l]) = * (x obosmauaer oTmeueHHble Toukm). Tem ca-
MBIM MOP(U3M [yHKTHpPOBAHHEIX (YHKTOPOB f AaeT roMoTommio hi :
N.C®A[l]; — ND, riae @ — npousBeieHne u3 cTPYRTYphI 3.3.2 (T.e.
smash-tipousBenenue).



290 A. JI. CMMPHOB

3.6.2. Tomoromua hw'. Ilycts C u D — kareropuu Bambaxaysena.
Ona F;, yBaKaoIyx Ty CTPYKTYPY (T.€. TOYHEIX), UMEIOTCA MOD-
¢puaMBl cuMMeTpudecknx crekrpos K-teopun K(F;) : K(C) — K(D)
(2.6.3). Tlpeanonaras, uro u [ yBarkaeT cTpYKTypy BaibaxayseHa
(aBnsercA cnaboil ®KBUBAIEHTHOCTRIO ), YKaKeM TOMOTONNIO MERHIY
K(Fy) m K(I):

hw! - K(C) ® A[l]y — K(D), (40)

rie ® — IpOM3BeeHUE M3 CTPYKTYPHI TpaBoro S.-Moayisa Ha Sp (cm.

Otmerum, uto hw! sBIseTCA NEBOi rOMOTONMER Me Iy K(Fy) n
K(F1) B cmpicie [4, 1.2.4(3)]. DTo nerko ciiedyer M3 COTIacoBaH-
HOCTH MOJENbHOW CTPYKTYypbl Sp M NMpaBoro AeWcTBUA Si, WHLIMU
clloBaMM, M3 TOTo, 4To Sp ABAAETCA NMpaBoii S.-MOAeTBLHON KaTero-
pueii (cm. 3.4).

Bamammm hw'| yrazas mopomsmbr hwl : K(C), ® Allly —
K(D),, cornacoBaHHbIE CO CTPYKTYPOH CHMMETPUUYECKUX CIEKTPOB.
Mo ompenenernuio, K(C), = D.NwS.C?, rne Q = {1,...,n}. lomu-
cUMILTMIMAIbHAA KaTeropusa wS.CY comocraBifger KamaIoMy CTaH-
mapTHOMY n-cummuiekcy A kateropuio wS.CP(A). Mopdusm f ma-
eT Mop(puaM PYHKTODPOB wS.FZ»Q(A) c wS C9A) — wSDR(A), obo-
snagaemblii f(A). Tem cambiM ¢ A cBAzaHa TOMOTOIMA hf:(A) :
NwS.C?A)@A[l]y — N.SD?(A). CemeiicTBo roMoTOTMi R{A) co-
rIacoBaHO CO CTPYKTYPOM IMOMMCUMILIMIMAILHOTO MHOMKECTBA U JAa-
erT MOP(QU3M N-CUMITIUIAAIBLHBIX MHOMKECTB

NwSC9 x All]y — NwSD?, (41)

rje Npou3BeAeHNE N-CUMILIAINAJILHOI0 MHOMKECTBA Ha, CHMILIMIMA-
AJIbHOE OTIPEeJIeTEHO TOKOMITOHEHTHO (KOMITOHEHTBI COOTBETCTBYIOT
CTAHAAPTHBIM 7-TOIUCUMILTEKCaM). 110ab3yACh OTOMIECTBIEHHEM
D.X x DY = D.(X xY) u romorormeii (41), momydaem roMoTonnio

hw! : D.NwS C?® A[l]y — D N.SDY(A). (42)

CorsacoBaHHOCTH CO CTPYKTYPOH CUMMETPUYECKOTO CIIEKTPA OUe-
Buana. Hampumep, neiicrue ¥, na D.N.wS.C? npoucxommur us neii-
cTBUA Ha @) U yBaskaerca hw; .

3.6.3. Hyan-romoronua. B ycioBusax 3.6.2 mpeamosoxmuM mOTIO -
HUTeNAbHO, 4T0 Fjy mepeBoauT C B * M3 MYHKTUPOBAHHOW CTPYKTYPHI
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D. Toraa hw/ mpurmmaer oaHO M To e 3HAUCHWE HA JIEBOM KOHITE
Af1] (8% : [0] — [1]) u ormeuennoii Touke A[l]ly. Tem cambiM oHa
npomyckaerca gepes A[l], u maeT Hyab-roMOTOTHIO

hw®(f) : K(C) ® A[l], — K(D). (43)

3.6.4. Hyab-romoTonua U yMHO:XkeHUA. B ycaoBuax 3.6.3 mpen-
IIOJIOMUM IOIOJHNATEBHO, YTO UMEIOTCA Kareropuu Basbaxaysena
A, C D GYHETOPHI FO,F1 C— D Mop(bI/BM $YHKTOPOB f Fo — F
n ymHORKeHUA (GudyHrToph!) p: A x € — Cu p:AxD— D. IIpen-
MTOJIOKUM TaKKe, YTO AUArPaAMMBI

AxD 2 gxe

T s

D — C
“IIOYTM KOMMYTATWBHEI , T.e. pa3Hble 006X0AbI Jal0T M30MOp(QHbLIE
¢yurTopbl. OGO3HAUYMM COOTBETCTBYIONIME MOPPU3MBI (PYHKTOPOB
Kak p; @ p(l x Fy) — Fipu. Kpome Toro, morpebyeM coriacoBaHHOCTD
f, [ c ymHOReHMEM, T.€. KOMMYTATUBHOCTL AAATPaAMMEI

1
a1 x Fy) 200 1% )

o | [

ﬁo/,t # ﬁlj,t

[peamnonosumM, kpome Toro, uro Iy, f U p yBasKaloT CTPYKLYpY
Basbaxayseta. D1o o3Hadaer, uTo Iy Toutwl, f ciabas SKBUBaJeHT-
HOCTB, & [ YAOBIETBOpAeT yciiopuaM (cpasBuu ¢ [3, c¢. 40]): miusd Bes-
kux C € C, A € A pyurropsr u(C,*) u pu(*, A) COXpaHAIOT *, KOpac-
clloenus u ciaabble >KBUBaJEeHTHOCTH; A BCAKOR Maphkl KOPaccioe-
it A — A, € — C' moppmsm p(A', C) ©puqa,c) p(A', C) — p(A',C")
ABaserca kopacciaoenueMm. Cueays 2.3.3 u [3, ¢. 40], noaxyumm ymHo-
MKEHUA M M AMarpaMMmy B KaTeropum Sp:

K(A) o K(D) 220 4y o K(C) @ All]

ml lm (45)
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Y BepKAA€TCA, UYTO OHA KOMMYTATHUBHA B KaTeropum HSp.
[Monw3ysck Tem, 4TO T'OMOTOIIHBIE MOP()U3MBI MOJENBHON KaTe-

ropuM JaI0T OAWH M TOT e MOP(PU3M I'OMOTOIMYECKONH KaTEropun

[4, 1.2.10], mocTaTouyHo MOCTPOUTH COOTBETCTBYIOULYIO [OMOTOIUIO

KA K(D)® Al @ A[l], — K(D). OrpaanuuMca yKazaHUEM, YTO
oHa cTpoutca anasoruuno romororuu hw?(f) (em. 3.6.3).
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Smirnov A. L. Leibniz formula in algebraic K-theory.

The paper can be considered as an addendum to a paper of Thoma-
son and Throbaugh where K-theory of algebraic varieties is equipped
with relative K-groups. It is proved that this enriched K-theory satis-
fies the Panin—Smirnov axioms for ring cohomology theories of algebraic
varieties. In particular it is proved that the Leibnitz formula, describing
an interaction between a multiplication and a differential, holds in this
case. A language of symmetric spectra and of monoidal model categories
1s used.
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