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Abstract
The paper considers the necessity of constructing exact solutions to the

equations of dynamics of a viscous fluid stratified in terms of several physical
characteristics, with density and viscosity taken as an example. The applica-
tion of the families of exact solutions constructed for stratified fluids to mod-
eling various technological processes dealing with moving viscous fluid media
is discussed. Based on Lin’s exact solutions, linear in some coordinates, a
class of exact solutions to the Navier–Stokes equations is constructed for
viscous multilayer media in a mass force field. The class is then extended to
the case of the arbitrary relation of kinetic force fields to all three Cartesian
coordinates and time. The issues of overdetermination and solvability of the
reduced (based on the families under study) Navier–Stokes equation system
supplemented by the incompressibility equation are discussed. The case of
isobaric shearing flow outside the mass force field is considered in detail as
an illustration. Three approaches to obtaining consistency conditions for the
overdetermined reduced system of motion equations are discussed, and their
interrelation is shown.
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Introduction. When exact solutions to the Navier–Stokes equations are
sought, the main attention is given to homogeneous incompressible fluids with
a constant density [1–12]. These theoretical results describe a very wide class of
hydrodynamic phenomena for various time and spatial scales and enable viscome-
ters and chemical engineering devices to be designed [13–18]. The construction of
mathematical models of film flows [19–23], the analysis of processes in chemical
engineering devices [19,24,25], and the solution of problems in astrophysics, aero-
physics and geophysical hydrodynamics are based on the use of stratified fluids
[26–32].

Multilayer structures in isothermal flows of viscous incompressible fluids arise
from density stratification. Fluid incompressibility means that density is a La-
grangian invariant [32–35]. In other words, the characteristics of velocity field
distribution vary in time and space. The most essential variation of fluid flow at a
constant temperature manifests itself with respect to the vertical (transverse) co-
ordinate. Density stratification along the vertical coordinate affects the dynamics
of large structures and the energy exchange between vortices of different magni-
tudes, and it generates the appearance of internal waves [32,36–39]. Note that the
presence of density gradients with respect to the horizontal (longitudinal) coordi-
nates induces various convections [1,4–7]. Undoubtedly, the density stratification
is determined by a continuous time and coordinate function. However, this depen-
dence may prove unknown, or its value may be obtained rather approximately,
and this may eventually lead to studying ill-defined problems of hydrodynamics
and mathematical physics. In this case, researchers use models of a step density
function; i.e., density and, strictly speaking, the coefficient of dynamic viscosity
are specified for each fluid flow layer. This approach is applied, e.g., to study the
instability of large-scale circulation. The study of hydrodynamic instability is in
this case associated with the substitution of continuous stratification by multilayer
models, two-layer ones being the most widespread [36, 40–44]. Another example
of using two-layer and three-layer fluids is their application to the description of
equatorial flows [31, 32, 45, 46]. The discussion found in [47–58] is based on the
numerical integration of motion equations.

Thus, it seems urgent to construct a class of exact solutions to the Navier–
Stokes problems for describing stratified fluid flows with a step density function.
This paper constructs several families of exact solutions.

1. Problem statement. We consider a flowing fluid consisting of 𝑛 layers
(Fig. 1). Each 𝑖-th layer is characterized by density 𝜌𝑖, dynamic viscosity 𝜂𝑖, and
thickness ℎ𝑖. The motion equations for each layer can then be written in the
invariant form as

𝜌𝑖
𝑑�⃗� (𝑖)

𝑑𝑡
= −∇𝑃 (𝑖) + 𝜂𝑖 M �⃗�

(𝑖) + 𝐹 (𝑖), (1)

∇ · �⃗� (𝑖) = 0. (2)

Here, the velocity vector �⃗� (𝑖) has the coordinates �⃗� (𝑖) =
(︀
𝑉

(𝑖)
𝑥 , 𝑉

(𝑖)
𝑦 , 𝑉

(𝑖)
𝑧

)︀
, and the

mass force vector 𝐹 (𝑖) has the coordinates 𝐹 (𝑖) =
(︀
𝐹

(𝑖)
𝑥 , 𝐹

(𝑖)
𝑦 , 𝐹

(𝑖)
𝑧

)︀
. The differential
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Figure 1. Schematic flow of a stratified fluid

operator 𝑑
𝑑𝑡 = 𝜕

𝜕𝑡 +
(︀
�⃗� (𝑖) · ∇

)︀
. Note that the equation system (1), (2) is closed

since the number of equations in it coincides with the number of required functions
which here are the projections of the velocity vector �⃗� (𝑖) and pressure 𝑃 (𝑖). Note
that the function 𝑃 (𝑖) is introduced for the convenience of the analytical and
numerical integration of the system (1), (2), which consists of the Navier–Stokes
equation (1) and the incompressibility equation (2).

2. The families of exact solutions for describing three-dimensional
flows. To study the properties of stratified fluid flows, it is necessary to have a
store of exact solutions to the Navier–Stokes equations satisfying the incompress-
ibility equation. The exact solution to the system (1), (2) will be sought within
the Lin–Sidorov–Aristov family [1]. For each layer (𝑖 = 1, . . . , 𝑛) the velocity field
is representable as

𝑉 (𝑖)
𝑥 = 𝑈 (𝑖)(𝑧, 𝑡) + 𝑢

(𝑖)
1 (𝑧, 𝑡)𝑥+ 𝑢

(𝑖)
2 (𝑧, 𝑡)𝑦,

𝑉 (𝑖)
𝑦 = 𝑉 (𝑖)(𝑧, 𝑡) + 𝑣

(𝑖)
1 (𝑧, 𝑡)𝑥+ 𝑣

(𝑖)
2 (𝑧, 𝑡)𝑦, (3)

𝑉 (𝑖)
𝑧 = 𝑤(𝑖)(𝑧, 𝑡).

Note that Eqs. (3) can be treated as a Taylor series expansion of the velocity
vector components, restricted to only linear terms.

The structure of Eq. (1) suggests that the pressure 𝑃 (𝑖) and some projections
of the mass force vector 𝐹 (𝑖) needs to be treated as quadratic forms of the same
spatial coordinates,

𝑃 (𝑖) = 𝑃
(𝑖)
0 (𝑧, 𝑡) + 𝑃

(𝑖)
1 (𝑧, 𝑡)𝑥+ 𝑃

(𝑖)
2 (𝑧, 𝑡)𝑦 +

+ 𝑃
(𝑖)
11 (𝑧, 𝑡)

𝑥2

2
+ 𝑃

(𝑖)
12 (𝑧, 𝑡)𝑥𝑦 + 𝑃

(𝑖)
22 (𝑧, 𝑡)

𝑦2

2
,

𝐹 (𝑖)
𝑥 = 𝐴

(𝑖)
0 (𝑧, 𝑡) +𝐴

(𝑖)
1 (𝑧, 𝑡)𝑥+𝐴

(𝑖)
2 (𝑧, 𝑡)𝑦,

𝐹 (𝑖)
𝑦 = 𝐵

(𝑖)
0 (𝑧, 𝑡) +𝐵

(𝑖)
1 (𝑧, 𝑡)𝑥+𝐵

(𝑖)
2 (𝑧, 𝑡)𝑦,

(4)
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𝐹 (𝑖)
𝑧 = 𝐶

(𝑖)
0 (𝑧, 𝑡) + 𝐶

(𝑖)
1 (𝑧, 𝑡)𝑥+ 𝐶

(𝑖)
2 (𝑧, 𝑡)𝑦 +

+ 𝐶
(𝑖)
11 (𝑧, 𝑡)

𝑥2

2
+ 𝐶

(𝑖)
12 (𝑧, 𝑡)𝑥𝑦 + 𝐶

(𝑖)
22 (𝑧, 𝑡)

𝑦2

2
.

Substitute the representations (3), (4) in turns into each scalar equation of the
system (1), (2), starting with the projection of the Navier–Stokes equation (1)
onto the 𝑂𝑥 axis:

𝜌𝑖

(︁𝜕𝑉𝑥
𝜕𝑡

+ 𝑉 (𝑖)
𝑥

𝜕𝑉
(𝑖)
𝑥

𝜕𝑥
+ 𝑉 (𝑖)

𝑦

𝜕𝑉
(𝑖)
𝑥

𝜕𝑦
+ 𝑉 (𝑖)

𝑧

𝜕𝑉
(𝑖)
𝑥

𝜕𝑧

)︁
=

= −𝜕𝑃
(𝑖)

𝜕𝑥
+ 𝜂𝑖

(︁ 𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2

)︁
𝑉 (𝑖)
𝑥 + 𝐹 (𝑖)

𝑥 .

Substituting the expressions for velocity, pressure, and mass forces into the latter
equation, we obtain

𝜌𝑖

[︁𝜕(𝑈 (𝑖) + 𝑢
(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦)

𝜕𝑡
+
(︀
𝑈 (𝑖) + 𝑢

(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦

)︀𝜕(𝑈 (𝑖) + 𝑢
(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦)

𝜕𝑥
+

+
(︀
𝑉 (𝑖) + 𝑣

(𝑖)
1 𝑥+ 𝑣

(𝑖)
2 𝑦

)︀𝜕(𝑈 (𝑖) + 𝑢
(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦)

𝜕𝑦
+ 𝑤(𝑖)𝜕(𝑈

(𝑖) + 𝑢
(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦)

𝜕𝑧

]︁
=

= −
𝜕(𝑃

(𝑖)
0 + 𝑃

(𝑖)
1 𝑥+ 𝑃

(𝑖)
2 𝑦 + 𝑃

(𝑖)
11

𝑥2

2 + 𝑃
(𝑖)
12 𝑥𝑦 + 𝑃

(𝑖)
22

𝑦2

2 )

𝜕𝑥
+

+ 𝜂𝑖

(︁ 𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2

)︁(︀
𝑈 (𝑖) + 𝑢

(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦

)︀
+
(︀
𝐴

(𝑖)
0 +𝐴

(𝑖)
1 𝑥+𝐴

(𝑖)
2 𝑦

)︀
.

Then, by calculating the partial derivatives involved in this equation, we can
simplify the latter relationship as follows:

𝜌𝑖

[︁(︁𝜕𝑈 (𝑖)

𝜕𝑡
+
𝜕𝑢

(𝑖)
1

𝜕𝑡
𝑥+

𝜕𝑢
(𝑖)
2

𝜕𝑡
𝑦
)︁
+
(︀
𝑈 (𝑖) + 𝑢

(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦

)︀
𝑢
(𝑖)
1 +

+
(︀
𝑉 (𝑖) + 𝑣

(𝑖)
1 𝑥+ 𝑣

(𝑖)
2 𝑦

)︀
𝑢
(𝑖)
2 + 𝑤(𝑖)

(︁𝜕𝑈 (𝑖)

𝜕𝑧
+
𝜕𝑢

(𝑖)
1

𝜕𝑧
𝑥+

𝜕𝑢
(𝑖)
2

𝜕𝑧
𝑦
)︁]︁

=

= −
(︀
𝑃

(𝑖)
1 + 𝑃

(𝑖)
11 𝑥+ 𝑃

(𝑖)
12 𝑦

)︀
+ 𝜂𝑖

(︁𝜕2𝑈 (𝑖)

𝜕𝑧2
+
𝜕2𝑢

(𝑖)
1

𝜕𝑧2
𝑥+

𝜕2𝑢
(𝑖)
2

𝜕𝑧2
𝑦
)︁
+

+
(︀
𝐴

(𝑖)
0 +𝐴

(𝑖)
1 𝑥+𝐴

(𝑖)
2 𝑦

)︀
.

Note that both the left- and right-hand sides of this equation are linear forms in the
𝑥- and 𝑦-coordinates. Taking into account that these coordinates are independent
parameters and applying the principle of undetermined coefficients, we arrive at
the following partial differential system:

𝜌𝑖

(︁𝜕𝑈 (𝑖)

𝜕𝑡
+ 𝑈 (𝑖)𝑢

(𝑖)
1 + 𝑉 (𝑖)𝑢

(𝑖)
2 + 𝑤(𝑖)𝜕𝑈

(𝑖)

𝜕𝑧

)︁
= −𝑃 (𝑖)

1 + 𝜂𝑖
𝜕2𝑈 (𝑖)

𝜕𝑧2
+𝐴

(𝑖)
0 ,

𝜌𝑖

(︁𝜕𝑢(𝑖)1

𝜕𝑡
+ (𝑢

(𝑖)
1 )2 + 𝑣

(𝑖)
1 𝑢

(𝑖)
2 + 𝑤(𝑖)𝜕𝑢

(𝑖)
1

𝜕𝑧

)︁
= −𝑃 (𝑖)

11 + 𝜂𝑖
𝜕2𝑢

(𝑖)
1

𝜕𝑧2
+𝐴

(𝑖)
1 , (5)
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𝜌𝑖

(︁𝜕𝑢(𝑖)2

𝜕𝑡
+ 𝑢

(𝑖)
2 𝑢

(𝑖)
1 + 𝑣

(𝑖)
2 𝑢

(𝑖)
2 + 𝑤(𝑖)𝜕𝑢

(𝑖)
2

𝜕𝑧

)︁
= −𝑃 (𝑖)

12 + 𝜂𝑖
𝜕2𝑢

(𝑖)
2

𝜕𝑧2
+𝐴

(𝑖)
2 .

The functions involved in the equations of system (5) depend only on the vertical
variable 𝑧 and time 𝑡, with respect to which the differentiation is performed. In
the case of steady-state flows, system (5) becomes an ordinary differential system
preserving nonlinearity and inhomogeneity.

Acting the same way, we obtain the following consequences from the second
and third Navier–Stokes equations (1). Having substituted Eqs. (3) and (4) into
these equations and calculated the corresponding derivatives, we arrive at the
following two equations:

𝜌𝑖

[︁(︁𝜕𝑉 (𝑖)

𝜕𝑡
+
𝜕𝑣

(𝑖)
1

𝜕𝑡
𝑥+

𝜕𝑣
(𝑖)
2

𝜕𝑡
𝑦
)︁
+
(︀
𝑈 (𝑖) + 𝑢

(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦

)︀
𝑣
(𝑖)
1 +

+
(︀
𝑉 (𝑖) + 𝑣

(𝑖)
1 𝑥+ 𝑣

(𝑖)
2 𝑦

)︀
𝑣
(𝑖)
2 + 𝑤(𝑖)

(︁𝜕𝑉 (𝑖)

𝜕𝑧
+
𝜕𝑣

(𝑖)
1

𝜕𝑧
𝑥+

𝜕𝑣
(𝑖)
2

𝜕𝑧
𝑦
)︁]︁

=

= −
(︀
𝑃

(𝑖)
2 + 𝑃

(𝑖)
12 𝑥+ 𝑃

(𝑖)
22 𝑦

)︀
+ 𝜂𝑖

(︁𝜕2𝑉 (𝑖)

𝜕𝑧2
+
𝜕2𝑣

(𝑖)
1

𝜕𝑧2
𝑥+

𝜕2𝑣
(𝑖)
2

𝜕𝑧2
𝑦
)︁
+

+
(︀
𝐵

(𝑖)
0 +𝐵

(𝑖)
1 𝑥+𝐵

(𝑖)
2 𝑦

)︀
,

𝜌𝑖

(︁𝜕𝑤(𝑖)

𝜕𝑡
+ 𝑤(𝑖)𝜕𝑤

(𝑖)

𝜕𝑧

)︁
=

= −
(︁𝜕𝑃 (𝑖)

0

𝜕𝑧
+
𝜕𝑃

(𝑖)
1

𝜕𝑧
𝑥+

𝜕𝑃
(𝑖)
2

𝜕𝑧
𝑦 +

𝜕𝑃
(𝑖)
11

𝜕𝑧

𝑥2

2
+
𝜕𝑃

(𝑖)
12

𝜕𝑧
𝑥𝑦 +

𝜕𝑃
(𝑖)
22

𝜕𝑧

𝑦2

2

)︁
+

+ 𝜂𝑖
𝜕2𝑤(𝑖)

𝜕𝑧2
+
(︁
𝐶

(𝑖)
0 + 𝐶

(𝑖)
1 𝑥+ 𝐶

(𝑖)
2 𝑦 + 𝐶

(𝑖)
11

𝑥2

2
+ 𝐶

(𝑖)
12 𝑥𝑦 + 𝐶

(𝑖)
22

𝑦2

2

)︁
.

By equating the coefficients of identical powers of the variables 𝑥 and 𝑦 in these
equations, as well as their various nonlinear combinations, we arrive at the fol-
lowing relationships:

𝜌𝑖

(︁𝜕𝑉 (𝑖)

𝜕𝑡
+ 𝑉 (𝑖)𝑣

(𝑖)
1 + 𝑉 (𝑖)𝑣

(𝑖)
2 + 𝑤(𝑖)𝜕𝑉

(𝑖)

𝜕𝑧

)︁
= −𝑃 (𝑖)

2 + 𝜂𝑖
𝜕2𝑉 (𝑖)

𝜕𝑧2
+𝐵

(𝑖)
0 ,

𝜌𝑖

(︁𝜕𝑣(𝑖)1

𝜕𝑡
+ 𝑢

(𝑖)
1 𝑣

(𝑖)
1 + 𝑣

(𝑖)
1 𝑣

(𝑖)
2 + 𝑤(𝑖)𝜕𝑣

(𝑖)
1

𝜕𝑧

)︁
= −𝑃 (𝑖)

12 + 𝜂𝑖
𝜕2𝑣

(𝑖)
1

𝜕𝑧2
+𝐵

(𝑖)
1 ,

𝜌𝑖

(︁𝜕𝑣(𝑖)2

𝜕𝑡
+ 𝑢

(𝑖)
2 𝑣

(𝑖)
1 + (𝑣

(𝑖)
2 )2 + 𝑤(𝑖)𝜕𝑣

(𝑖)
2

𝜕𝑧

)︁
= −𝑃 (𝑖)

22 + 𝜂𝑖
𝜕2𝑣

(𝑖)
2

𝜕𝑧2
+𝐵

(𝑖)
2 ,

𝜌𝑖

(︁𝜕𝑤(𝑖)

𝜕𝑡
+ 𝑤(𝑖)𝜕𝑤

(𝑖)

𝜕𝑧

)︁
= −𝜕𝑃

(𝑖)
0

𝜕𝑧
+ 𝜂𝑖

𝜕2𝑤(𝑖)

𝜕𝑧2
+ 𝐶

(𝑖)
0 ;

(6)

𝜕𝑃
(𝑖)
1

𝜕𝑧
= 𝐶

(𝑖)
1 ,

𝜕𝑃
(𝑖)
2

𝜕𝑧
= 𝐶

(𝑖)
2 ,

𝜕𝑃
(𝑖)
11

𝜕𝑧
= 𝐶

(𝑖)
11 ,

𝜕𝑃
(𝑖)
12

𝜕𝑧
= 𝐶

(𝑖)
12 ,

𝜕𝑃
(𝑖)
22

𝜕𝑧
= 𝐶

(𝑖)
22 .

(7)
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Consideration of Eqs. (3) and (4) in the incompressibility equation (2) results in
the following conditions:

𝑢
(𝑖)
1 + 𝑣

(𝑖)
2 +

𝜕𝑤(𝑖)

𝜕𝑧
= 0. (8)

System (5)–(8) contains thirteen equations with respect to thirteen coefficients in
Eqs. (3) and (4) for the velocity field and the pressure field in the 𝑖-th layer under
study. Thus, the reduced system (5)–(8) inherits nonlinearity and closedness from
system (1), (2).

Besides, in view of system (7), the linear and nonlinear terms in the represen-
tation of pressure in Eq. (4) can be considered unknown functions uniquely deter-
mined from the boundary condition for pressure and the boundary conditions at
the layer boundaries. The constant term in Eqs. (4) (background pressure 𝑃 (𝑖)

0 ) is
determined by the integration of the first equation in system (7) after the vertical
velocity 𝑤(𝑖) is found.

The formulae in system (5)–(8) determine the class of exact solutions to the
Navier–Stokes equations with the linear dependence of velocities on the spatial
coordinates 𝑥 and 𝑦. These variables are often referred to as horizontal in applied
research. Recall that the pressure field (4) is a quadratic form. Exact solutions to
the Navier–Stokes equations for the velocity field quadratically dependent on two
spatial variables were presented in [59] as

𝑉𝑥 = 𝑈1(𝑧, 𝑡) + 𝑥𝑈2(𝑧, 𝑡) + 𝑦𝑈3(𝑧, 𝑡) +
𝑥2

2
𝑈4(𝑧, 𝑡) + 𝑥𝑦𝑈5(𝑧, 𝑡) +

𝑦2

2
𝑈6(𝑧, 𝑡),

𝑉𝑦 = 𝑉1(𝑧, 𝑡) + 𝑥𝑉2(𝑧, 𝑡) + 𝑦𝑉3(𝑧, 𝑡) +
𝑥2

2
𝑉4(𝑧, 𝑡) + 𝑥𝑦𝑉5(𝑧, 𝑡) +

𝑦2

2
𝑉6(𝑧, 𝑡),

𝑉𝑧 =𝑊1 + 𝑥𝑊2 + 𝑦𝑊3.

In this case, the pressure field and the mass force field are described by a polyno-
mial relationship as

𝑃 = 𝑃1(𝑧, 𝑡) + 𝑥𝑃2(𝑧, 𝑡) + 𝑦𝑃3(𝑧, 𝑡) +
𝑥2

2
𝑃4(𝑧, 𝑡) + 𝑥𝑦𝑃5(𝑧, 𝑡) +

+
𝑦2

2
𝑃6(𝑧, 𝑡) +

𝑥3

6
𝑃7(𝑧, 𝑡) +

𝑥2𝑦

2
𝑃8(𝑧, 𝑡) +

𝑥𝑦2

2
𝑃9(𝑧, 𝑡) +

𝑦3

6
𝑃10(𝑧, 𝑡) +

+
𝑥4

24
𝑃11(𝑧, 𝑡) +

𝑥3𝑦

6
𝑃12(𝑧, 𝑡) +

𝑥2𝑦2

4
𝑃13(𝑧, 𝑡) +

𝑥𝑦3

6
𝑃14(𝑧, 𝑡) +

𝑦4

24
𝑃15(𝑧, 𝑡),

𝐴 = 𝐴1(𝑧, 𝑡) + 𝑥𝐴2(𝑧, 𝑡) + 𝑦𝐴3(𝑧, 𝑡) +
𝑥2

2
𝐴4(𝑧, 𝑡) + 𝑥𝑦𝐴5(𝑧, 𝑡) +

𝑦2

2
𝐴6(𝑧, 𝑡) +

+
𝑥3

6
𝐴7(𝑧, 𝑡) +

𝑥2𝑦

2
𝐴8(𝑧, 𝑡) +

𝑥𝑦2

2
𝐴9(𝑧, 𝑡) +

𝑦3

6
𝐴10(𝑧, 𝑡),

𝐵 = 𝐵1(𝑧, 𝑡) + 𝑥𝐵2(𝑧, 𝑡) + 𝑦𝐵3(𝑧, 𝑡) +
𝑥2

2
𝐵4(𝑧, 𝑡) + 𝑥𝑦𝐵5(𝑧, 𝑡) +

𝑦2

2
𝐵6(𝑧, 𝑡) +

+
𝑥3

6
𝐵7(𝑧, 𝑡) +

𝑥2𝑦

2
𝐵8(𝑧, 𝑡) +

𝑥𝑦2

2
𝐵9(𝑧, 𝑡) +

𝑦3

6
𝐵10(𝑧, 𝑡),
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𝐶 = 𝐶1(𝑧, 𝑡) + 𝑥𝐶2(𝑧, 𝑡) + 𝑦𝐶3(𝑧, 𝑡) +
𝑥2

2
𝐶4(𝑧, 𝑡) + 𝑥𝑦𝐶5(𝑧, 𝑡) +

𝑦2

2
𝐶6(𝑧, 𝑡) +

+
𝑥3

6
𝐶7(𝑧, 𝑡) +

𝑥2𝑦

2
𝐶8(𝑧, 𝑡) +

𝑥𝑦2

2
𝐶9(𝑧, 𝑡) +

𝑦3

6
𝐶10(𝑧, 𝑡) +

+
𝑥4

24
𝐶11(𝑧, 𝑡) +

𝑥3𝑦

6
𝐶12(𝑧, 𝑡) +

𝑥2𝑦2

4
𝐶13(𝑧, 𝑡) +

𝑥𝑦3

6
𝐶14(𝑧, 𝑡) +

𝑦4

24
𝐶15(𝑧, 𝑡).

The equation system describing the unknown functions consists of thirty-eight
equations for the determination of thirty unknown functions [59]. Thus, there is
great arbitrariness in the construction of exact solutions to the Navier–Stokes
equations. The route of finding “excess” equations when obtaining a partial dif-
ferential system of the heat-conduction type was shown in [59].

By analogy, other solutions with an arbitrary dependence of the velocity field
on the horizontal coordinates can be constructed. System (1), (2) is linear in this
case; therefore, the following exact solution is valid:

𝑉𝑥 =
𝑛∑︁

𝑘=0

𝑈𝑘, 𝑉𝑦 =
𝑛∑︁

𝑘=0

𝑉𝑘, 𝑉𝑧 =
𝑛−1∑︁
𝑘=0

𝑊𝑘,

𝐴 =
𝑛2−𝑛∑︁
𝑘=0

𝐴𝑘, 𝐵 =
𝑛2−𝑛∑︁
𝑘=0

𝐵𝑘, 𝐶 =
𝑛2−𝑛+1∑︁

𝑘=0

𝐶𝑘, 𝑃 =
𝑛2−𝑛+1∑︁

𝑘=0

𝑃𝑘.

Here, the forms 𝑈𝑘, 𝑉𝑘, 𝑊𝑘, 𝐴𝑘, 𝐵𝑘, 𝐶𝑘, and 𝑃𝑘 are determined by the expressions

𝑈𝑘 =
1

𝑘!

𝑘∑︁
𝑖=0

𝐶𝑖
𝑘𝑈𝑖(𝑘−𝑖) (𝑧; 𝑡)𝑥

𝑖𝑦𝑘−𝑖, 𝑉𝑘 =
1

𝑘!

𝑘∑︁
𝑖=0

𝐶𝑖
𝑘𝑉𝑖(𝑘−𝑖) (𝑧; 𝑡)𝑥

𝑖𝑦𝑘−𝑖,

𝑊𝑘 =
1

𝑘!

𝑘∑︁
𝑖=0

𝐶𝑖
𝑘𝑊𝑖(𝑘−𝑖) (𝑧; 𝑡)𝑥

𝑖𝑦𝑘−𝑖, 𝐴𝑘 =
1

𝑘!

𝑘∑︁
𝑖=0

𝐶𝑖
𝑘𝐴𝑖(𝑘−𝑖) (𝑧; 𝑡)𝑥

𝑖𝑦𝑘−𝑖,

𝐵𝑘 =
1

𝑘!

𝑘∑︁
𝑖=0

𝐶𝑖
𝑘𝐵𝑖(𝑘−𝑖) (𝑧; 𝑡)𝑥

𝑖𝑦𝑘−𝑖, 𝐶𝑘 =
1

𝑘!

𝑘∑︁
𝑖=0

𝐶𝑖
𝑘𝐶𝑖(𝑘−𝑖) (𝑧; 𝑡)𝑥

𝑖𝑦𝑘−𝑖,

𝑃𝑘 =
1

𝑘!

𝑘∑︁
𝑖=0

𝐶𝑖
𝑘𝑃𝑖(𝑘−𝑖) (𝑧; 𝑡)𝑥

𝑖𝑦𝑘−𝑖,

(9)

where 𝐶𝑖
𝑘 is the number of combinations without repetition. Note that, if the

crawling (slow) flow of a viscous incompressible fluid is considered, the exact
solution is transformed as follows:

𝑉𝑥 =
𝑛∑︁

𝑘=0

𝑈𝑘, 𝑉𝑦 =
𝑛∑︁

𝑘=0

𝑉𝑘, 𝑉𝑧 =
𝑛−1∑︁
𝑘=0

𝑊𝑘,

𝐴 =
𝑛+1∑︁
𝑘=0

𝐴𝑘, 𝐵 =
𝑛+1∑︁
𝑘=0

𝐵𝑘, 𝐶 =
𝑛+1∑︁
𝑘=0

𝐶𝑘, 𝑃 =
𝑛+1∑︁
𝑘=0

𝑃𝑘.
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3. Exact solutions for shearing flows. Let us now consider shearing flows
outside the mass force field, i.e., an important particular case of isothermal flows
of stratified fluids defined by Eqs. (3)–(8). Assume further that 𝑉 (𝑖)

𝑧 = 0, 𝑃 (𝑖) = 0,
𝐹 (𝑖) = 0. System (5)–(8) then becomes

𝜕𝑢1
(𝑖)

𝜕𝑡
+ (𝑢1

(𝑖))2 + 𝑣1
(𝑖)𝑢2

(𝑖) = 𝜈𝑖
𝜕2𝑢1

(𝑖)

𝜕𝑧2
,

𝜕𝑢2
(𝑖)

𝜕𝑡
+ 𝑢2

(𝑖)(𝑢1
(𝑖) + 𝑣2

(𝑖)) = 𝜈𝑖
𝜕2𝑢2

(𝑖)

𝜕𝑧2
,

𝜕𝑣1
(𝑖)

𝜕𝑡
+ (𝑢1

(𝑖) + 𝑣2
(𝑖))𝑣1

(𝑖) = 𝜈𝑖
𝜕2𝑣1

(𝑖)

𝜕𝑧2
,

𝜕𝑣2
(𝑖)

𝜕𝑡
+ 𝑢2

(𝑖)𝑣1
(𝑖) + (𝑣2

(𝑖))
2
= 𝜈𝑖

𝜕2𝑣2
(𝑖)

𝜕𝑧2
,

𝑢1
(𝑖) + 𝑣2

(𝑖) = 0;

(10)

𝜕𝑈 (𝑖)

𝜕𝑡
+ 𝑈 (𝑖)𝑢1

(𝑖) + 𝑉 (𝑖)𝑢2 = 𝜈𝑖
𝜕2𝑈 (𝑖)

𝜕𝑧2
,

𝜕𝑉 (𝑖)

𝜕𝑡
+ 𝑈 (𝑖)𝑣1

(𝑖) + 𝑉 (𝑖)𝑣2
(𝑖) = 𝜈𝑖

𝜕2𝑉 (𝑖)

𝜕𝑧2
.

(11)

Here 𝜈𝑖 = 𝜂𝑖/𝜌𝑖 is the kinematic viscosity of the 𝑖-th layer.
These flows are of interest due to the fact that the equations of system (10),

(11) enable one to study the balance of convective and viscous forces. This is why
incompressible fluid flows under constant pressure arouse great interest when they
occur in large currents [1].

The slope of isobaric surfaces relative to isopotential (sea-level) surfaces gener-
ates gradient flows in the global ocean. In a rotating fluid, the Coriolis force makes
the gradient flow deviate from the direction of gradient pressure, the direction of
this deviation being different in different hemispheres. Thus, we have something
like the geostrophic wind studied in meteorology [60]. The study of these flows is
necessitated by practical considerations.

Note that changing to shearing flows, on the one hand, facilitates the problem
due to a reduced number of unknown functions to be determined and, on the other
hand, complicates it since the system of constitutive relations (10), (11) becomes
overdetermined. The overdetermination lies in system (10). If the latter system is
solved, i.e. if a nontrivial simultaneous solution is found, a single integration of
the equations in system (11) will yield the homogeneous components of Eq. (1)
for the velocity field.

Let us now discuss three ways of deriving consistency conditions for construct-
ing exact solutions to the Navier–Stokes equations (1) and the incompressibility
equation (2).

Approach I is the most general [2]. It allows us to obtain consistency conditions
without reference to the solution structure (without using Eqs. (3) and (4). We
write the Navier–Stokes equation (1) for isobaric shearing flows in the coordinate
form as

𝜕𝑉𝑥
(𝑖)

𝜕𝑡
+ 𝑉𝑥

(𝑖)𝜕𝑉𝑥
(𝑖)

𝜕𝑥
+ 𝑉𝑦

(𝑖)𝜕𝑉𝑥
(𝑖)

𝜕𝑦
= 𝜈𝑖

(︁𝜕2𝑉𝑥(𝑖)
𝜕𝑥2

+
𝜕2𝑉𝑥

(𝑖)

𝜕𝑦2
+
𝜕2𝑉𝑥

(𝑖)

𝜕𝑧2

)︁
, (12)
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𝜕𝑉𝑦
(𝑖)

𝜕𝑡
+ 𝑉𝑥

(𝑖)𝜕𝑉𝑦
(𝑖)

𝜕𝑥
+ 𝑉𝑦

(𝑖)𝜕𝑉𝑦
(𝑖)

𝜕𝑦
= 𝜈𝑖

(︁𝜕2𝑉𝑦(𝑖)
𝜕𝑥2

+
𝜕2𝑉𝑦

(𝑖)

𝜕𝑦2
+
𝜕2𝑉𝑦

(𝑖)

𝜕𝑧2

)︁
. (13)

Equations (12) and (13) close with the continuity equation

𝜕𝑉𝑥
(𝑖)

𝜕𝑥
+
𝜕𝑉𝑦

(𝑖)

𝜕𝑦
= 0. (14)

We now differentiate Eqs. (12) and (13) with respect to the variables 𝑥 and 𝑦,
respectively, and stratify the obtained expressions. Some simple transformations
and the use of the incompressibility equation (14) result in the following relation-
ship (consistency condition):

𝜕𝑉𝑥
(𝑖)

𝜕𝑥

𝜕𝑉𝑦
(𝑖)

𝜕𝑦
=
𝜕𝑉𝑥

(𝑖)

𝜕𝑦

𝜕𝑉𝑦
(𝑖)

𝜕𝑥
. (15)

Approach II to the derivation of the consistency condition for the overde-
termined system (12)–(14) is also general (i.e. not tied to the selected solution
structure) and based on the use of the stream function and Eq. (15) [2]. Let us
now consider the scalar stream function 𝜓(𝑖) = 𝜓(𝑖) (𝑥, 𝑦, 𝑧, 𝑡) has the following
property:

𝑉𝑥
(𝑖) =

𝜕𝜓(𝑖)

𝜕𝑦
, 𝑉𝑦

(𝑖) = −𝜕𝜓
(𝑖)

𝜕𝑥
. (16)

Note that, substituting Eqs. (16) into the incompressibility equation (14), due to
the commutativity of the derivatives with respect to the spatial variables 𝑥, 𝑦, we
arrive at a correct identity.

The expressions of Eqs. (16) are also substituted into the consistency condi-
tion (15),

𝜕

𝜕𝑥

(︁𝜕𝜓(𝑖)

𝜕𝑦

)︁ 𝜕

𝜕𝑦

(︁
−𝜕𝜓

(𝑖)

𝜕𝑥

)︁
=

𝜕

𝜕𝑦

(︁𝜕𝜓(𝑖)

𝜕𝑦

)︁ 𝜕

𝜕𝑥

(︁
−𝜕𝜓

(𝑖)

𝜕𝑥

)︁
.

Again, due to the commutativity of the derivatives, the consistency condition (15)
acquires the form of the homogeneous Monge–Ampère equation(︁𝜕2𝜓(𝑖)

𝜕𝑥𝜕𝑦

)︁2

=
𝜕2𝜓(𝑖)

𝜕𝑥2
𝜕2𝜓(𝑖)

𝜕𝑦2
. (17)

Approach III appeals to the structure of the exact solution (3). We decrease the
number of unknowns in system (10), express the spatial acceleration 𝑣(𝑖)2 = −𝑢(𝑖)1

from the equation 𝑢
(𝑖)
1 + 𝑣

(𝑖)
2 = 0 in system (10) and substitute it into the other

equations of this system. Some simple transformations result in the following
system:

𝜕𝑢1
(𝑖)

𝜕𝑡
+ (𝑢1

(𝑖))
2
+ 𝑣1

(𝑖)𝑢2
(𝑖) = 𝜈𝑖

𝜕2𝑢1
(𝑖)

𝜕𝑧2
,

𝜕𝑢1
(𝑖)

𝜕𝑡
−
(︀
𝑢2

(𝑖)𝑣1
(𝑖) + (𝑢1

(𝑖))
2)︀

= 𝜈𝑖
𝜕2𝑢1

(𝑖)

𝜕𝑧2
,

𝜕𝑢2
(𝑖)

𝜕𝑡
= 𝜈𝑖

𝜕2𝑢2
(𝑖)

𝜕𝑧2
,

𝜕𝑣1
(𝑖)

𝜕𝑡
= 𝜈𝑖

𝜕2𝑣1
(𝑖)

𝜕𝑧2
.

(18)
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The comparison of the first two equations in system (18) infers that

(𝑢1
(𝑖))

2
+ 𝑣1

(𝑖)𝑢2
(𝑖) = 0. (19)

The algebraic condition (19) is the consistency condition for the nontrivial solu-
tions of the overdetermined system (10). In view of Eq. (19), we rewrite Eqs. (18)
in the operator form as

𝐿(𝑖)𝑢1
(𝑖) = 0 = −𝐿(𝑖)𝑣2

(𝑖), 𝐿(𝑖)𝑢2
(𝑖) = 0, 𝐿(𝑖)𝑣1

(𝑖) = 0. (20)

Here, the linear operator 𝐿(𝑖) is determined by the expression 𝐿(𝑖) = 𝜕
𝜕𝑡 − 𝜈𝑖

𝜕2

𝜕𝑧2
.

The solution of system (20) can be written as

𝑢
(𝑖)
1 = 𝑢(𝑖)(𝑧, 𝑡) cos𝜗(𝑖) sin𝜗(𝑖), 𝑢

(𝑖)
2 = 𝑢(𝑖)(𝑧, 𝑡) cos2 𝜗(𝑖),

𝑣
(𝑖)
1 = −𝑢(𝑖)(𝑧, 𝑡) sin2 𝜗(𝑖), 𝑣

(𝑖)
2 = −𝑢(𝑖)(𝑧, 𝑡) cos𝜗(𝑖) sin𝜗(𝑖).

(21)

The angle 𝜗(𝑖) is an arbitrary constant, and the function 𝑢(𝑖) = 𝑢(𝑖)(𝑧, 𝑡) satisfies
the linear operator equation of the heat-conduction type

𝐿(𝑖)𝑢 = 0.

Note that, if the flow under study is steady-state, the linear operator 𝐿(𝑖) de-
generates simply into the operation of double differentiation with respect to the
variable 𝑧, and the function 𝑢 in the general solution (21) becomes simply a 𝑧-
linear function with constant coefficients.

Additionally, note that the consistency condition (19) for class (3) can be
easily obtained from Eq. (17). To do this, it would suffice to find the form of the
stream function 𝜓(𝑖) for class (3) from Eqs. (16),

𝜕𝜓(𝑖)

𝜕𝑦
= 𝑉 (𝑖)

𝑥 = 𝑈 (𝑖) + 𝑢
(𝑖)
1 𝑥+ 𝑢

(𝑖)
2 𝑦,

𝜕𝜓(𝑖)

𝜕𝑥
= −𝑉 (𝑖)

𝑦 = −
(︀
𝑉 (𝑖) + 𝑣

(𝑖)
1 𝑥+ 𝑣

(𝑖)
2 𝑦

)︀
.

(22)

The independent integration of Eqs. (22) yields the following expressions:

𝜓(𝑖) = 𝑈 (𝑖)𝑦 + 𝑥𝑦𝑢
(𝑖)
1 + 𝑦2

2 𝑢
(𝑖)
2 +Ψ

(𝑖)
1 (𝑥, 𝑧),

𝜓(𝑖) = −𝑉 (𝑖)𝑥− 𝑥𝑦𝑣
(𝑖)
2 − 𝑥2

2 𝑣
(𝑖)
1 +Ψ

(𝑖)
2 (𝑦, 𝑧).

Equating these relationships and taking into account the relation 𝑢1 = −𝑣2 be-
tween the velocity gradients 𝑉𝑥 and 𝑉𝑦, we arrive at a quadratic (in terms of the
variables 𝑥, 𝑦) representation with the coefficients determined by the 𝑧, 𝑡 depen-
dences of an arbitrary form

𝜓(𝑖) = 𝑈 (𝑖)𝑦 + 𝑥𝑦𝑢
(𝑖)
1 +

𝑦2

2
𝑢
(𝑖)
2 − 𝑉 (𝑖)𝑥− 𝑥2

2
𝑣
(𝑖)
1 =

= 𝑈 (𝑖)𝑦 − 𝑥𝑦𝑣
(𝑖)
2 +

𝑦2

2
𝑢
(𝑖)
2 − 𝑉 (𝑖)𝑥− 𝑥2

2
𝑣
(𝑖)
1 . (23)
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Then, Eq. (23) is substituted into the consistency condition (17),

(𝑢1
(𝑖))

2
= (−𝑣1(𝑖))𝑢2(𝑖).

This expression coincides with the consistency condition (19) obtained from
absolutely different reasonings. Note that the operator equations (20) are solved
by standard methods, e.g., by variable separation. After finding their solution
and satisfying the consistency condition (19), the nonlinear equations (11) are
integrated.

The class of exact solutions (3) for system (10), (11) can be extended similarly
to the results reported in [2]. It can be easily shown that the velocity field

𝑉 (𝑖)
𝑥 =

𝑛∑︁
𝑘=0

𝑈
(𝑖)
𝑘 (𝑧, 𝑡)

𝑦𝑘

𝑘!
, 𝑉 (𝑖)

𝑦 = 𝑉 (𝑖)(𝑧, 𝑡)

satisfies the reduced Navier–Stokes equation system and the incompressibility
equation (system (10), (11)). By rotational transformation of the coordinates and
velocities

𝑥→ 𝑥 cos𝜙− 𝑦 sin𝜙, 𝑦 → 𝑥 sin𝜙+ 𝑦 cos𝜙,

𝑉 (𝑖)
𝑥 → 𝑉 (𝑖)

𝑥 cos𝜙− 𝑉 (𝑖)
𝑦 sin𝜙, 𝑉 (𝑖)

𝑦 → 𝑉 (𝑖)
𝑥 sin𝜙+ 𝑉 (𝑖)

𝑦 cos𝜙,

we obtain a family of exact solutions of the form (9) with a nonlinear dependence
on two coordinates.

Conclusion. The paper discusses a family of exact solutions to the Navier–
Stokes equations for describing flows of stratified viscous fluids in various force
fields. The reported solutions are based on the known Lin–Sidorov–Aristov fam-
ily of exact solutions, and they enable us to take into account the difference of
the physical characteristics of the stratified fluid layers (viscosity, density) from
the geometrical ones (thickness). An algorithm for a subsequent extension of the
family to the case of arbitrary dependence of the velocity field on the horizontal
coordinates has been shown.

A particular case of the family has been separately discussed, namely, the class
of solutions for describing shearing isothermal flows of stratified fluids outside
the mass force field. It has been demonstrated that the reduced overdetermined
Navier–Stokes equation system has a simultaneous solution determined by the in-
tegration of a system of operator equations like the nonstationary heat conduction
equation.

Besides, the paper has shown the transformation undergone by the discussed
families of exact solutions when the coordinate system is rotated. This is a key
issue, e.g., in the description of stratified fluid flow in an inclined layer, where
gravitation affects the flow structure in all three orthogonal directions determined
by the magnitude of the flow surface slope.
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Точные решения уравнений Навье–Стокса для описания
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Аннотация
Статья посвящена рассмотрению вопросов необходимости построе-

ния точных решений для уравнений динамики вязкой жидкости, страти-
фицированной по нескольким физическим характеристикам (на приме-
ре плотности и вязкости). Обсуждаются вопросы применения семейств
точных решений, построенных для многослойных жидкостей, при моде-
лировании различных технологических процессов, имеющих дело с дви-
жущимися вязкими жидкими средами. В работе на основе точных ре-
шений Линя, линейных по части координат, построен класс точных ре-
шений уравнений Навье–Стокса для вязких многослойных сред в поле
массовых сил. Далее производится обобщение приведенного класса на
случай произвольной зависимости кинетико-силовых полей от всех трех
декартовых координат и времени. Обсуждаются вопросы переопреде-
ленности и разрешимости редуцированной (на основе данных семейств)
системы уравнений Навье–Стокса, дополненных уравнением несжимае-
мости. В качестве наглядной иллюстрации подробно разбирается случай
изобарических сдвиговых течений вне поля массовых сил. Обсуждают-
ся три подхода к получению условий совместности переопределенной
редуцированной системы уравнений движения, показывается их взаи-
мосвязь.

Ключевые слова: уравнения Навье–Стокса, точное решение, много-
слойная жидкость, поле массовых сил, переопределенная приведенная
система.
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