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GRYGORIY TORBIN

PROBABILITY DISTRIBUTIONS WITH
INDEPENDENT Q-SYMBOLS AND
TRANSFORMATIONS PRESERVING THE
HAUSDORFF DIMENSION

The paper is devoted to the study of connections between fractal
properties of one-dimensional singularly continuous probability mea-
sures and the preservation of the Hausdorff dimension of any subset
of the unit interval under the corresponding distribution function.
Conditions for the distribution function of a random variable with
independent Q— digits to be a transformation preserving the Haus-
dorff dimension (DP-transformation) are studied in details. It is
shown that for a large class of probability measures the distribu-
tion function is a DP-transformation if and only if the corresponding
probability measure is of full Hausdorff dimension.

1. INTRODUCTION

It is well known (see, e.g., [9]) that fractal analysis of singularly contin-
uous probability distributions allows us to study many essential properties
of such distributions. The first stage of such an analysis is the study of met-
ric, topological and fractal properties of the spectrum (topological support)
of the distribution, which leads to the metric-topological classification of
singular measures (see, e.g., [4], [9]). It should be mentioned here that the
determination of the Hausdorff-Besocovitch dimension even for the topolog-
ical support is often a very non-trivial problem (see, e.g., [1],[8], [9],[10]). On
the other hand, the topological support is a rather "rough” characteristic
for a measure with a complicated local structure. For instance, for any pair
of real numbers p; € (0,3) and p, € (0,1),p1 # p2 the distributions of the

following random variables £ and £ are mutually singular and they are
0 (1) o0 +(2)

singular w.r.t. Lebesgue measure, where £0) = Y gg’f—k,f(m = 3 ,531)

=1
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(& ,532)) is a sequence of independent random variables taking the values 0 and
1 with probabilities p;(p) and 1 —p;(1 — ps) correspondingly. Nevertheless,
the topological supports of the above distributions coincide with the unit
interval.

The second level of the fractal analysis of singular measures is the
determination of fractal properties of the density supports and essential
density supports, i.e., of the following sets N, = {z : F'(x) # 0} and
N = {x : F'(r) = +oo}. These sets describe properties of singularly
continuous measures essentially better than the topological support. In
particular, it is known (see, e.g., [6]) that a probability measure yu is sin-
gular if and only if u(Ng°) = 1. In [6] it has been constructed an example
of absolutely continuous probability distribution function such that the set
N;° is everywhere dense of full Hausdorf dimension, which show that usual
derivative is "too sensitive” to describe only essential properties of singular
measures.

The next level in the fractal analysis of a singularly continuous measure
is the investigation of dimensionally minimal supports of the measure. For
a probability measure p one can define the Hausdorff dimension ag(p) of

the measure as follows: ay(p) = . i(nEf) 1{ao(E)}. If u is discrete, then
u(E)=

ap(p) = 0. If p is absolutely continuous, then () = 1; and ag(p) € [0, 1] if
1 is singularly continuous. Main problems of this level are the determination
of the Hausdorff dimension of the measure itself and the study of supports
whose Hausdorff dimension coincides with the Hausdorff dimension of the
measure (see, e.g., [1]).

In the present paper we show how results on the latter level of fractal
analysis of singularly continuous probability measures can be applied to the
study of continuous transformations preserving the Hausdorff dimensions
(DP-transformations) of any subset of real line. The development of a
general theory of DP-transformations is important from theoretical as well
as from applied point of view (see, e.g., [2], [3]). This paper is devoted to
the development of ideas and methods for the investigation of continuous
transformations which were proposed in [2], [3] and [5]. We show that the
problem of the study of continuous DP-transformations of the real line is
equivalent to the the investigation of the DP-properties of strictly increasing
probability distribution functions. Moreover we show that for a large class
of probability measures of the Jessen-Wintner type (see, e.g., [9]) the DP-
property is equivalent to the superfractality of the corresponding probability
measure (i.e., op(p) = 1). The main results of the paper are Theorem 1 and
Theorem 2 which give necessary conditions and sufficient conditions for the
distribution function of a random variable with independent (Q—symbols to
be a DP-transformation. Corollaries after Theorem 2 show that the above
theorems are essential generalizations of results from (2], [3] and [5].
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2. Q—REPRESENTATION OF REAL NUMBERS AND RANDOM VARIABLES
WITH INDEPENDENT Q—SYMBOLS.

Let us recall shortly the notion of the ()-representation of real numbers.
For any s > 1,s € N let N) ; ={0,1,...,s—1}, and let Q = (g0, ¢1, ---, @s—1)
be a stochastlc vector with strlctly posmve coordinates. By using the vector
@, we define the Q- partition of the unit interval [0, 1].

I step. We divide [0, 1] from the left to the right into s closed intervals
A, A2 A% with [A9] = ¢. We call the A®" ”first rank intervals”.

I step.We divide (from the left to the right) each of the closed first
rank interval AQ into s closed intervals, called second rank intervals, whose
lengths are in the following proportion : qo : qp : ... : q(s—1).

n-th step. We divide (from the left to the rlght) each of the closed (n-

1)-th rank interval Agm 4., into s closed intervals of the n-th rank, whose
lengths are in the same proportion : qo : q1 : ... : qs—1)-

It is easy to see that |Am2 il =i iy @i, = 0 (n — 00), and
the sequence of imbedded closed intervals AQ D Agw D..D Agm D
has a unique common point z.

Conversely, if a point x is not an end-point of any closed interval of the
above partition, then for the point x there is a unique sequence of imbedded

intervals ASI(I) D Aan(x)QQ(x) D..D Aan(:c)...an(z’) D ... containing the point
x.

Symbolically we write

L= Aan(w)ag(x)...an(m)...' (1)
(1) is called the @Q-representation of x. If a point z is an end-point of some
closed interval of the above partition, then x has two ()-representations.

Actually, this representation can also be thought as the representation,
which generates by the dynamical system on the unit interval with the
following transformation 7' (see, e.g., [11] for details):

k—1

1 Z qi

T(z) = —x — =2
qk dk

for x € [Z Qi @ + Z q;), with Zqz = 0.

For the convenlence of a reader we give one more explanation of the
@-representation: the cylinders of this representation are images of usual
s-adic cylinders under the distribution function F of the random variable
v with independent identically distributed s-adic digits, i.e.,

Zka

S
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where 1, are independent identically distributed random variables taking
the values 0,1, ..., s — 1 with probabilities qo, q1, ..., gs—1 correspondingly.

Let {nx} be a sequence of independent random variables taking the val-
ues 0,1,...,s — 1 with probabilities poy, pix, ..., p(s—1)x correspondingly, and
let us consider the random variable &:

5 Am N2--Mk-- (2)

¢ is said to be a random variable with independent ()-digits. The cor-
responding probability measure pe can be obtained in the following way.
Let Q. = {0,1,...,s — 1}, Fr = 2%. We define a discrete measure v, on
the Fy, by vi.(i) = pa, @ € N?_,, and consider the infinite product of prob-
ability spaces: (Q,F,v) = szl(Qk, F,vx) and the bimeasurable mapping
f: Q2 —[0,1], defined for any element w = (w1, ws, ..., wg, ...) € £ as follows:

FWw) =A%, o (3)

For any Borel subset £ C [0, 1] we define the image measure v* by the follow-
ing relation: v*(E) = v(f~Y(F)), where f7Y(E) ={w: weQ, f(w)e E}.
The measure v* coincides with the probability measure f.

If pg. = p; Vk € N,i € N? | (i.e., £ is a random variable with indepen-
dent identically distributed Q- dlglts), then the measure i is the self-similar
measure associated with the list (So, ..., Ss_1, Po, ---, Ps—1), Where S; is a sim-
ilarity with the ratio ¢;, and the list (Sp,...,Ss_1) satisfies the open set
condition. More precisely, p¢ is the unique Borel probability measure on
[0,1] such that pe = 2570 pi- e o S; ', (see, e.g., [8] for details). If we define
discrete measures v, in the following way: vy (i) = ¢;, i € N° |, k € N, then
the measure v* coincides with Lebesgue measure on [0, 1].

The distribution of the random variable £ is of pure type. In [10] it has
been proved that it is of the discrete type iff

H max piy, > 0; (4)
k=1

it is of absolutely continuous type iff

00 s—1
Z(Zl—@ )<oo; (5)
k=1 \i=0 4

it is of singularly continuous type iff the infinite product (4) and series
(5) diverge. It is not hard to see that in this situation the singularity plays

a "generic” role.
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3. DP-TRANSFORMATIONS WITH INDEPENDENT ()-SYMBOLS

A transformation f of R (in the sense of a bijective mapping of R™ into
itself) is said to be transformation preserving the Hausdorff dimension (DP-
transformation for short), if for any subset £ C R" and its image E' = f(E)
the following condition holds

Oé(](E) = Oé(](E/>.

From the countable stability of the Hausdorff dimension it follows that
a transformation f is a DP-transformation on R! if and only if f preserves
the Hausdorff dimension of all subsets of any interval (a,b). So, to study
the DP-transformations of R! it is sufficient to study DP-transformations
of intervals. Without loss of generality we shall consider the unit segment.
It is easy to see that a continuous function f is a transformation of [0, 1]
if and only if it is either a strictly increasing distribution function (in the
sense of probability theory) F' on [0, 1] or it is of the form 1 — F.

Our main aim in this Section is to find conditions for the distribu-
tion functions of random variables with independent ()-symbols to be DP-
transformations.

The following theorems are the main results of this paper and they are
essential generalizations of results from [2], [3] and [5].

s—1 s—1
Let hy = — >~ pix Inpy,, and let b, = — > pyIng;.
i=0 i=0
Theorem 1. Let infp;; > 0. If
Z7J

hi+hy+ ...+ hy
lig A2 (6)
n— by + by + ...+ b,
then the distribution function Fy of a random variable § with independent Q-
symbols preserves the Hausdorff dimension of any subset of the unit interval.

Proof. Tt is not hard to prove (see, e.g., [12]) that for any two probability
vectors ? = (p07p17"'7ps—1) and ? = (QO7QI7”'7QS—1) with q; > O,VZ S
N? | the following condition holds:

T2 TR o/ A SRR (7)
and the equality holds if and only if p; = ¢;, Vi € N?_ ;. Therefore,
B = = In(pf - PR ) < b= —In(gf™ - g g0, (8)
and condition (6) is equivalent to the existence of the following limit:

h1+h2+...~|—hn:1' ()

li
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Let € be an arbitrary positive number such that ¢ < ming; and let us
(2

consider the following sets:

T+k:{j: JEN, j<k, Ipy—al<e, Vi€N3—1}7

g,

T—k:{j; JEN, j <k, |py—aql>c¢ forsomeieNg_l}.

&,

Now we need the following lemma, which describes "how dense” the sets

+ .
17y 1s.
il

Lemma. If condition (6) holds, then lim ITZ*’“ =1.
k—o0

T+
Proof. Suppose, contrary to our claim, that ]}Lrgo | Zk‘ # 1. Since | T;fk <K,
the latter assumption is equivalent to the existence of a sequence {k,} such

that hm @ = a9 < 1. From inequalities (8) and (7) it follows that for

n—>OO

any ¢ > 0 there exists a positive constant oy = do(e) such that h; < (1—580)b;
for any j € T_;. Therefore,

$ Y hi+ X hy X b+ (1—=8) X b > b
=7 et JET, €T, JET., JET,
K k S k =1-0—;

> b > b > b > b
= ]:1 ]:1 ]:1

Let pj = (Poj; P1js - P(s—1);) and 7 = (In qio,ln qil,...,ln q%l) Since b; =
p; - T, we conclude that

1
bj S| ]7; | |< L- Zln qZ 2 S dl(SaQOa"'7qS—l)-

Since | 7 |= const, all coordinates of the vector 7 are strictly positive
and all coordinates of the vector p; are non-negative, from b; = p; - 7 it
follows that there exists a positive constant dy = do(s, qo, ..., ¢s—1) such that
bj > dy,Vj € N. So, 0 < dyp <b; <dj <o0,Vje€ N, and, therefore, there
exist constants C; € [do, d1] and D,y € [dy, dy] such that

k
Z bj :| Tsjk | 'C&k; ij =k- De,k'
JET, J=1
Hence,
kn
h; 2 b _

PN [Tt | Cotn | o] T, |
Z bj bj n e,kn 1 n
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Therefore,
it het o+ Iy . dodo | T2, | dodo
1=1 - <] 1——— =) =1——(1- 1
S Sy A L R R g 1w <1

which is impossible. Let Aan ).k (2) be the cylinder of the Q-representation

containing the point z, let ;1 = p¢, and let A be the Lebesgue measure.
Let Pmin = 12fnga Qmin = IIlZIIl 4is Qmaxz = Hl?X qi, and let

Ni(xa k‘i) = #{] 1] < ]{J,Oéj(fﬂ) = i};

Ni(e, o, k) =#{j : j < k,o(z) = 1,5 € T}

Then for any « € [0,1], for any k € N, and for any & < £gu, we have:

k
_lnu(Aan(x),,,ak(x)) = _(IH[H paj(w)j]) = —( Z lnpaj(m)j+ Z hlpaj(m)j)
j=1

jET;k jET:k
1 s—1 1
- Z In + Z( Z In
jGT;k pOlJ(CC)] =0 aj(x):i, JGT:]C paJ(I)]
1 s—1 1
<> lm—+>( > In —) =
e, P @ ey, O
s—1 1
:|Ta_k |ln +ZN,'(€,[E,]€)1I1 =
’ min i=0 q;, — ¢

min i=0

1 = 1
=T, |In + > Ni(e,z, k) (lna +In(1+ ” E_ €)> <

_ 1 1 €
<|T_;|In + > Ni(e,z,k) [In— + <

min i=0 q; q — &
s—1 1 s—1 2¢
<|T_;|In + > Nile,z,k)In =+ > Ni(e,z,k)— <
min i=0 ) i=0 %
s—1 1 s—1 2e
<|T_;|In + > Ni(e,z, k) In—+ > Ny(e,z, k) =
min i=0 i i=0 dmin
= 1 2¢
=T, |In + ZNi(&:,x, k)In —+ | T;Fk |
min i=0 4q; min
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Therefore, for any = € [0, 1] and for any e < %qmm we have

ln (A9

o1 (z).. Oék(v’v)) <
. Q =
e In )\(A ak(z’))
s—1
| Tg k | ln Pmin + Z (6 ..'L' k) ln + | | dmin
< khm =0
_IH[H Goyy ()]
7j=1
|T_ i<87ka>lni+ |Te—|,—k | Grmin
- khm s—1 S
—00 1
; N;(z,k)In -
In ——l—
P LA LT AL AT
;O Ni(z, k) In -
< 1+ 1 | Ejk | pmnz | | szn — 1+ 28
k—o0 k1n Gmin - 1IN
qmafE qmal
On the other hand we have: —In pu(AY

L(@)-on (@) =

k
~(I[]T Pa;@il) = =( > Wpay@yi+ D Mpay@);)
Jj=1 JET, jeT:k

:Zhl

. — pa €T
JETe,k J( )

+Z Z In L

=0

A%

oj(@)=i, jert, Pes@)

1 s—1 1
> Z In +Z Z In +
jers,  Pmar =0 \o,@)=i, jerr, H#TE
s—1 1
In + Ni(e, 2, k) In
=| T, ek | o ; ( ) q +¢

1 = 1
+ > Ni(e,z, k) (111 —+1In(1 —
pmam

15
)E
i=0 q; q +¢
1 s—1
>| T,

1
Tp | In —i—ZNi(g,x,k)(ln__ 3 )Z
pmam

:| Te_,k | In

i=0 g% g tE
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s—1 1 s—1
> T [ In + > Ni(e,z, k) ln——ZNsmk)
max i=0 4q; i=0 i
s—1 1 s—1
>|To | In + > Ni(g,z, k) In—~—= > N; 5xk:)
max i=0 ) i=0 min
s—1 c
=| T | In +ZN€xk)1n——| el
mazx i=0 ) min

Therefore, for any x € [0, 1] and for any € < g, we have:

Q
In M(Aal (m)ak(m))

lim 3 >
|Tak|ln——|—ZN(e,x,k‘)1n——| |qmm
> lim - =
k—oo
— In] .1;[1 Qo (I)]
| T k|ln—+ZN(€zk)ln— | T |qmm
= lim =
hoo z Ny(z, k)In L
i=0 @
T
— 1 + ]_im | 57k s_l | | qm'Ln Z
k—o0
Z; Ni(x, k)In 2 -
T_ ln L_
Z 1 + hm | &,k | Pmin 1| | dmin — 1 _ € :
oo kln — Qmin 10 —
dmin dmin
So, for any x € [0, 1] and for any e < %qmm we have:
Q
1 € < 1HM(A$(1» . (a:)) <
1 —_—
Amin * In qmﬁ k—>oo In )\(A ozk(z))
Q
"HmlnA(AQ akm) Gmin * In 222
Therefore, for any x € [0, 1] the following condition holds:
In u(A®
1( o (). ak(:p)) 1 (10)

lim
k=00 hl)\(AQ (z) ak(m))
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Finally, from formula (10) and from Billingsley’s theorem ([7], p.142),
we have for all £ C [0,1] :

ax(B) =1-a,(E),

where a)(£) and o, (E) are the Hausdorff-Billingsley dimensions with re-
spect to measures A and yu correspondingly (see, e.g., [7] or [12] for details).

The Hausdorff-Billingsley dimension with respect to the Lebesgue mea-
sure coincides with the classical Hausdorff dimension: a)(F) = a¢(F),VE C
[0,1]. From ig_f Dij = Pmin > 0 and from Theorem 1 of the paper [1] it follows

that the Hausdorff-Billingsley dimension of an arbitrary subset £ C [0, 1]
with respect to the measure p coincides with the Hausdorff dimension of
the set E' = F¢(E) : a,(E) = ap(Fe(E)).
So, F¢ is a DP-transformation on the unit interval.
Remark. The condition inf p;; > 0 plays an essential role in the theorem
Z7]

1. The following example shows that there exists a random variable & with
independent @-adic digits such that condition (11) holds but the distribu-
tion function F; does not preserve the Hausdorft dimension.

o0
Example. Let s =3 and ¢ = ¢1 = ¢ = %, ie., &= > & Let py =

5. D2k = 5 — pok, and let

(L i k#£3" neN;
POk =9 7= if k=3" neN.

It is easy to see that h; =1In3 for j # 3 0 < h; < In3 for j = 3%, and
b; =1In3 for any j € N.
Let L(k) ={i:i=3"i<k,ne N}, and [(k) =| L(k) |. Then

(k—Uk)In3+ ¥ hy

hi+hy+...+h
i DAt e €Lk

Fooo D1+ 0o+ ...+ b Tmoo kIn3

because @ — 0 as k — oo.

Let us consider the set T'(Q) =

:{:B: x:;%; ak:()ifk’:?)”;Osz{O,l,Q}ifk:;éB",neN}.

The set T(Q) is the topological support of a specially constructed ran-
dom variable £* with independent Q-digits (¢f = ¢f = ¢ = %; Dok =
1 if k=3", py=pi=ps =3 if k#3%). From Theorem 2
of the paper [1] it follows that the Hausdorff dimension of the set T'(Q) is
equal to 1.
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Ifx e iT7 then
Q N
lim ln)\(Aal(I)W(I)---ak(z’)) = lim In <3> =
k—oo In ,U(Agl(z)ag(z’),_,ak(x) k—o00 1Il(pa1 (@)1 Das(@)2 " - pak(;p)k>
klnl
= klim 03 _o.

I(k)
(k—1(k))Int+ > 79}
j=1

Therefore, a,(T(Q)) = 0- ax(T(Q)) which is equivalent to the condition
ao(Fe(T(Q))) = 0, and we conclude that F¢ does not preserve the Hausdorff
dimension. Moreover, Fg transforms the superfractal set 7(Q)) into the
anomalously fractal set T'(Q) = F¢(T(Q)).

The following theorem gives us general necessary conditions for the dis-
tribution function F¢ to be a DP-transformation.

Theorem 2. If the distribution function Fe of a random variable £ with
independent QQ-symbols preserves the Hausdorff dimension of any subset of
the unit interval, then

hi+ by + ...+ hy
i L (11)

|
A% by + by + . + by
Proof. Let A¢ be the set of all possible "supports” of the distribution of
the random variable ¢, ie. A = {E: E € B, uE) = 1}. The
number ap(§) = Elgg {ap(E)} is said to be the Hausdorff dimension of the
¢

probability distribution £ and a set M with ag(M) = ap(§) is said to be
the minimal dimensional support of the measure pe. Generally speaking,
the Hausdorff dimension of a probability distribution is less or equal to the
Hausdorff dimension of the topological support (minimal closed support)
of the distribution. Usually, the fractal analysis of minimal dimensional
supports is a rather nontrivial problem.

In [1] an explicit formula for the determination of the Hausdorff dimen-
sion of probability distributions with independent QQ*—symbols has been
found (under the restriction iinjf ¢;; > 0). If we put ¢;; = ¢;, Vi € N?_,, then

the above mentioned formula gives us the exact value for the Hausdorff
dimension of our probability distributions £ with independent )-symbols:

ao(€) = lim hi+hy+ ...+ h,
0 mbl—Fbg—{——an
If ap(§) < 1, then there exists a support E such that such that ay(&) <

ap(E) < 1. Since pe(E) = 1, we conclude that ag(F¢(E)) = 1 # ap(E),
which contradicts the assumption of the theorem.
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Corollary 1. Let infp;; = p > 0. Then the distribution function F¢ of a
Z7]

random variable & with independent QQ-symbols is a DP-transformation of
[0,1] if and only if
. hi+ho+...+h,
lim =1,
n—oo by + by + ... + b,

e., if and only if the Hausdorff dimension of the measure pg is equal to 1.

Corollary 2. If ¢; = s ',Vi € N2, (i.e. & is a random variable with
independent s-adic dzgzts) cmd mf pij = p > 0, then the distribution function

F¢ is a DP-transformation if cmd only if

. hi+hy+ ...+ h,
lim

n—00 nlns

Corollary 3. If klim pi = i, (Vi € NU ), then the distribution function

F¢ is a DP-transformation of the unit interval.
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