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N. V. PROKHORENKO (KRUGLOVA)

ON SOME GENERALIZATIONS OF THE RESULTS ABOUT THE

DISTRIBUTION OF THE MAXIMUM OF THE CHENTSOV

RANDOM FIELD ON POLYGONAL LINES

In this paper we compute the probability P
{

supt∈[T1,T2]
(w(t) − h(t)) < 0

}
, where

w(t) is a Wiener process and h is a step-wise linear function. We use it to obtain the

distribution of the maximum of the Chentsov random field on polygonal lines. We

have considerably expanded a class of such polygonal lines in this paper.

1. Introduction

Let w be a Wiener process and let h be a measurable function. The main purpose of
this paper is to find the probability

(1) P

{
sup

t∈[T1,T2]

(w(t)− h(t)) < 0

}
,

for a class of step-wise linear functions h. The probability (1) can not be found in
a simple form for general function h. But for special cases useful results were ob-
tained. For instance, Bachelier considered a case when T1 = 0, h(t) = b. Another
result was obtained by Malmquist for a linear function h. Earlier Doob has solved
the same problem for a limiting case. That is, he found the probability of the form:

P
{

sup[0,∞)(w(t)− at− b) < 0
}

. An integral equation for evaluating the probability (1)

were proposed in [3], [4] for a large class of differentiable functions h. Klesov and Kruglova
[8] expressed probability (1) in terms of n-tuple integral of a function involving exponents
and standard Gaussian density if h is a polygonal line with n changes of the direction
and T1 = 0.

We want to generalize this result for the case of arbitrary T1 ≥ 0. Previously the
probability distribution of functionals of the Wiener process like max were investigated
on intervals like [0, T ] or [0,∞). We will prove more general result. There are few ways of
obtaining this result, using Theorem 2.1 in [8]. In this article the most simple is shown.

We provide an application of this result for finding the distribution of the maximum
of the Chentsov random field and the Chentsov random field with a linear drift on a
polygonal line with n changes of direction. We discover the exact expressions for the
probability distribution of the maximum of the Chentsov random field on polygonal
lines which begin at arbitrary point (x0, y0) and end at point (xn+1, yn+1). Earlier only
polygonal lines which connected points (0, 1) and (1, 0) were considered.

2. Definitions and preliminaries

2.1. The maximum of the Wiener process with a drift. To prove our results the
following lemmas and theorems are needed.
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Theorem 2.1. (Doob’s Transformation Theorem [1]) Let Y (t) be any Gaussian process
with E[Y (t)] = 0, ∀t, and covariance function

(2) R(s, t) = u(s)v(t), s ≤ t.

If the ratio a(t) = u(t)/v(t) is continuous and strictly increasing together with its inverse
a−1(t), then w(t) and Y (a−1(t))/v(a−1(t)) are stochastically equivalent processes.

Lemma 2.1. ([3]) Let T > 0, a ≥ 0, b > 0. Denote

F (T ) = P

{
sup

06t6T
w(t)− at > b

}
.

Then

(3) F (T ) = 1− Φ[(aT + b)T−1/2] + e−2abΦ[(aT − b)T−1/2]

The following Theorem is a generalization of Theorem 1 in [3] to a case when h is a
polygonal line with n changes of the direction.

Theorem 2.2. Let n ≥ 1 and T > 0. Let t0 = 0; tn+1 = T , and let

tj−1 < tj , 1 ≤ j ≤ n+ 1.

Put ∆tj = tj − tj−1, 1 ≤ j ≤ n + 1. Consider two sequences {aj , 1 ≤ j ≤ n + 1} and
{bj , 1 ≤ j ≤ n+ 1} such that

b1 > 0, aj ≥ 0, 1 ≤ j ≤ n, an+1 > 0.

Set

hj(t)
def
= ajt+ bj , 1 ≤ j ≤ n+ 1.

Assume that

hj(tj) = hj+1(tj), 1 ≤ j ≤ n,

and

hj(tj) > 0, 1 ≤ j ≤ n.

Put

h(t)
def
= b1I{0}(t) +

n+1∑
j=1

hj(t)I(tj−1,tj ](t).

Denote βj = hj(tj−1)− uj−1, 1 ≤ j ≤ n+ 1, where u0 = 0. Then

P

(
sup

0≤t≤T
(w(t)− h(t)) < 0

)

=

∫ h1(t1)

−∞
. . .

∫ hn(tn)

−∞

n∏
j=1

(
1− exp

{
−2βj(hj(tj)− uj))

∆tj

})

×

(
Φ

(
an+1∆tn+1 + βn+1√

∆tn+1

)
− e−2an+1βn+1Φ

(
an+1∆tn+1 − βn+1√

∆tn+1

))

(4) ×
n∏
j=1

ϕ0,∆tj (uj − uj−1)du1 . . . dun.
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2.2. The maximum of tne Chentsov random field on polygonal lines. Let us
consider a two-parameter Chentsov random field X(s, t). Denote D = [0, 1]× [0, 1].

Definition 2.1. Let {X(s, t) : s, t ≥ 0} be a standard Chentsov random field of two pa-
rameters, that is a separable real Gaussian stochastic process such that:

(1) X(0, t) = X(s, 0) = 0 for all s, t ∈ [0, 1];
(2) E[X(s, t)] = 0 for all (s, t) ∈ D;
(3) E[X(s, t)X(s1, t1)] = min{s, s1}min{t, t1} for all (s, t) ∈ D and (s1, t1) ∈ D.

The probability distribution of the supremum of X(s, t) on a class of polygonal lines
with one change of direction were obtained by Paranjape and Park [3]. Also Park and
Skoug [5] found the probability that X(s, t) crosses a barrier of the type ast+ bs+ ct+ d
on the boundary ∂Λ, where Λ = [0, S]×[0, T ] is a rectangle. Later I. Klesov [6] considered
the probability of the form

(5) P (L, g) = P

{
sup
L
X(s, t)− g(s, t) < 0

}
,

where X is a Chentsov random field on D, L is a polygonal line with one change of
direction and g is a linear function on D. Kruglova [7] considered the probability of the
form (5), where g(s, t) = λ and L is a polygonal line with several changes of direction.

Let n ≥ 1. Let the polygonal line L have n points of break Q1, ..., Qn with coordinates
(x1, y1), ..., (xn, yn) respectively and be given by the formula:

(6) L = {(s, t) : t = v(s), s ∈ [0, 1]} ,

where

(7) v(s) = I{0}(s) +

n+1∑
i=1

(
− (yi−1 − yi)s

xi − xi−1
+
xiyi−1 − xi−1yi

xi − xi−1

)
I(xi−1;xi](s).

Let

(8) 0 = x0 < x1 < ... < xn < xn+1 = 1,

(9) 1 = y0 > y1 ≥ ... ≥ yn > yn+1 = 0.

Theorem 2.3. Let {X(s, t) : s, t ≥ 0} be a standard Chentsov random field on the unit
square. Let u0 = 0. Let L be a polygonal line, which has n points of break and which
is given by the formula (6). Let the coordinates of these points satisfy the conditions
(8)-(9). Put ∆i = xi

yi
, i = 0, n. Then for all λ > 0

Pn(λ) = P

{
sup

(s;t)∈L
X (s; t) < λ

}
=

∫ λ
y1

−∞
...

∫ λ
yn

−∞

(
1− exp

{
−2λ

(
λ

yn
− un

)})
×

×
n∏
i=1

1− exp

−2
(

λ
yi−1
− ui−1

)(
λ
yi
− ui

)
(∆i −∆i−1)


ϕ0,∆i−∆i−1

(ui − ui−1) du1 . . . dun,

where ϕ0,∆ (u) = e−
u2

2∆√
2π∆

is the density of a zero mean Gaussian random variable with

variance ∆.
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3. Main results

3.1. Wiener process.

Theorem 3.1. Let n ≥ 1 and T1, T2 > 0. Let t0 = T1, tn+1 = T2, and let

tj−1 < tj , 1 ≤ j ≤ n+ 1.

Put ∆tj = tj − tj−1, 1 ≤ j ≤ n+ 1. Consider two sequences {aj , 1 ≤ j ≤ n+ 1}, {bj , 1 ≤
j ≤ n+ 1} such that

b1 > 0, aj ≥ 0, 1 ≤ j ≤ n, an+1 > 0.

Set

hj(t)
def
= ajt+ bj , 1 ≤ j ≤ n+ 1.

Assume that

hj(tj) = hj+1(tj), 1 ≤ j ≤ n,
and

hj(tj) > 0, 1 ≤ j ≤ n.
Put

h(t)
def
= b1I{T1}(t) +

n+1∑
j=1

hj(t)I(tj−1,tj ](t).

Denote β∗j = hj(tj−1)− vj−1, 1 ≤ j ≤ n+ 1, where v0 = 0. Then

P

(
sup

T1≤t≤T2

(w(t)− h(t)) < 0

)

=

∫ h1(t1)

−∞
. . .

∫ hn(tn)

−∞

n∏
j=2

(
1− exp

{−2β∗j β
∗
j+1

∆tj

})

×

(
Φ

(
t1h1(T1)− v1T1√
T1t1(t1 − T1)

)
− e−

2b1β
∗
2

t1 Φ

(
b1∆t1 − T1β

∗
2√

t1T1(t1 − T1)

))

×

(
Φ

(
an+1∆tn+1 + β∗n+1√

∆tn+1

)
− e−2an+1β

∗
n+1Φ

(
an+1∆tn+1 − β∗n+1√

∆tn+1

))

(10) ×
n∏
j=1

ϕ0,∆tj (vj − vj−1)dv1 . . . dvn.

Proof. By the full probability formula

B
def
= P

(
sup

T1≤t≤T2

(w(t)− h(t)) < 0

)

=

∫ h(T1)

−∞
P

(
sup

T1≤t≤T2

(w(t)− h(t)) < 0/w(T1) = u

)
ϕ0,T1

(u)du.

Denote

A(u)
def
= P

(
sup

T1≤t≤T2

(w(t)− h(t)) < 0/w(T1) = u

)
= P

(
sup

T1≤t≤T2

(w(t)− w(T1)− h(t) + u) < 0/w(T1) = u

)
= P

(
sup

0≤t≤T2−T1

(w(t)− h(t+ T1) + u) < 0

)
.
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It is clear that

h(t+ T1)− u = b1I{0}(t) +

n+1∑
j=1

(hj(t) + ajT1 − u))I(tj−1−T1,tj−T1](t).

Using Theorem 2.2:

T = T2 − T1, ti → ti − T1, i = 0, n+ 1,

ai → ai, bi → aiT1 + bi − u, i = 1, n+ 1,

hi(ti)→ hi(ti)− u, i = 1, n+ 1,

β1 −→ b1 + a1T1 − u, βi → βi − u, i = 2, n+ 1,

∆ti → ∆ti, i = 2, n+ 1, ∆t1 = t1 − T1.

After that we get

A(u) =

∫ h1(t1)−u

−∞
. . .

∫ hn(tn)−u

−∞

n∏
j=2

(
1− exp

{
−2(βj − u)(hj(tj)− uj − u))

∆tj

})

×
(

1− exp

{
−2(β1 − u)(h1(t1)− u1 − u))

∆t1

})

×

(
Φ

(
an+1∆tn+1 + βn+1 − u√

∆tn+1

)
− e−2an+1(βn+1−u)Φ

(
an+1∆tn+1 − (βn+1 − u)√

∆tn+1

))

×
n∏
j=1

ϕ0,∆tj (uj − uj−1)du1 . . . dun.

So

B =

∫ a1T1+b1

−∞
ϕ0,T1

(u)A(u)du.

After the changing the variables in this integral

vj = uj + u, j = 1, n,

and using the fact that

hj(tj)− vj = hj+1(tj)− vj = β∗j+1, j = 1, n,

we get:

B =

∫ h1(t1)

−∞
. . .

∫ hn(tn)

−∞

n∏
j=2

(
1− exp

{−2β∗j β
∗
j+1

∆tj

})

×

(
Φ

(
an+1∆tn+1 + β∗n+1√

∆tn+1

)
− e−2an+1β

∗
n+1Φ

(
an+1∆tn+1 − β∗n+1√

∆tn+1

))

×
n∏
j=2

ϕ0,∆tj (vj − vj−1)dv1 . . . dvn

×
∫ a1T1+b1

−∞
ϕ0,T1(u)ϕ0,t1−T1(v1 − u)

(
1− exp

{
−2(β1 − u)β∗2

∆t1

})
du.

The computation of the last integral reduces to the statement of Theorem. �
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3.2. The maximum of the Chentsov random field with linear drift. Let us gen-
eralize Theorem 2.3. Denote fi = G

yi
+ Exi

yi
+ F , i = 0, n, where E,F > 0 and G ≥ 0.

Theorem 3.2. Let {X(s, t) : s, t ≥ 0} be a standard Chentsov random field on the unit
square and g(s, t) = Es+Ft+G. Let L be a polygonal line, which has n points of break
Q1, ..., Qn with coordinates (x1, y1), ..., (xn, yn) and which is given by the formula (6).
Let the coordinates of these points satisfy the conditions (8)-(9). Put ∆i = xi

yi
, i = 0, n.

Let u0 = 0. Then

Pn(g) = P

{
sup

(s;t)∈L
(X (s; t)− g(s, t)) < 0

}
=

=

∫ f1

−∞
...

∫ fn

−∞

(
1− exp

{
−2(G+ E)

(
G+ Exn

yn
+ F − un

)})
×

×
n∏
i=1

(
1− exp

{
−2(fi−1 − ui−1)(fi − ui)

(∆i −∆i−1)

})
ϕ0,∆i−∆i−1

(ui − ui−1) du1 . . . dun,

where ϕ0,∆ (u) = e−
u2

2∆√
2π∆

is the density of a zero mean Gaussian random variable with

variance ∆.

Proof. Using the notations of Theorem 2.3 we can write

v(s) = I0(s) +

n+1∑
i=1

(
−s(yi−1 − yi)

xi − xi−1
+
xiyi−1 − xi−1yi

xi − xi−1

)
I(xi−1;xi](s).

Let us denote the restriction of the function g(s, t) to L by gL(s). Then gL(s) = Es +
Fv(s) +G. Denote a(s) = s

v(s) . We can rewrite a(s) in an explicit form:

a(s) =

n∑
i=1

s

− s(yi−1−yi)
xi−xi−1

+ xiyi−1−xi−1yi
xi−xi−1

I[xi−1,xi)(s) +
(1− xn)s

(1− s)yn
I[xn,1)(s).

For a(s) the inverse will be the function:

a−1(s) =

n∑
i=1

s(xiyi−1 − xi−1yi)

s(yi−1 − yi) + xi − xi−1
I[∆i−1,∆i)(s) +

syn
syn + 1− xn

I[∆n,∞)(s).

The functions a(·) and v(·) satisfy the conditions of Doob’s transformation Theorem [1].
Let us denote the restriction of the Chentsov random field X (s; t) to L by XL(s). Thus,

X∗(s) =

n+1∑
i=1

(
s(yi−1 − yi) + xi − xi−1

xiyi−1 − xi−1yi

)
XL

(
s(xiyi−1 − xi−1yi)

s(yi−1 − yi) + xi − xi−1

)

×I[∆i−1,∆i)(s) +

(
s+

1− xn
yn

)
XL

(
syn

syn + 1− xn

)
.

and w(s) are stochastically equivalent processes. So

Pn(g) = P

{
sup

(s;t)∈L
(X (s; t)− g(s, t)) < 0

}

= P

{
sup
s∈[0,1]

(X (s; v(s))− gL(s)) < 0

}
=

= P

{
sup
s∈[0,1]

(XL(s)− gL(s)) < 0

}
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= P

{
sup

s∈[0,∞)

(
XL

(
a−1(s)

)
− gL(a−1(s))

)
< 0

}
=

= P

(⋂
s>0

{
XL

(
a−1(s)

)
v (a−1(s))

− gL(a−1(s))

v (a−1(s))
< 0

})
=

= P

{
sup

s∈(0,∞)

(
XL

(
a−1(s)

)
v (a−1(s))

− gL(a−1(s))

v (a−1(s))

)
< 0

}
=

= P

{
sup

s∈(0,∞)

(
w(s)− gL(a−1(s))

v (a−1(s))

)
< 0

}
=

= P

{
w(s) < F +

G(xi − xi−1)

xiyi−1 − xi−1yi
+ s

(
G(yi−1 − yi)
xiyi−1 − xi−1yi

+ E

)
;

s ∈ (∆i−1; ∆i] , i = 1, n;w(s) <
G(1− xn)

yn
+ F + s(G+ E), s > ∆n

}
Using Theorem 2.2:

ai =
G(yi−1 − yi)
xiyi−1 − xi−1yi

+ E, i = 1, n,

bi =
G(xi−1 − xi)
xiyi−1 − xi−1yi

+ F, i = 1, n,

βi = fi−1 − ui−1, i = 1, n, βn+1 = F − un +
G+ Exn

yn
,

an+1 = G+ E, bn+1 =
G(1− xn)

yn
+ F,

and passing to the limit as T →∞ we get:

Pn(g) = P

{
sup

(s;t)∈L
(X (s; t)− g(s, t)) < 0

}
=

∫ f1

−∞
...

∫ fn

−∞

(
1− exp

{
−2(G+ E)

(
G+ Exn

yn
+ F − un

)})
×

×
n∏
i=1

(
1− exp

{
−2(fi−1 − ui−1)(fi − ui)

(∆i −∆i−1)

})
ϕ0,∆i−∆i−1

(ui − ui−1) du1 . . . dun.

�

Example 3.1. Let a polygonal line have one change of direction and be given by the
formula:

(11) L =

{
(s, t)|t = I0(s) +

(
−s(1− y1)

x1
+ 1

)
I(0;x1] +

(
y1(1− s)

1− x1

)
I(x1;1]

}
.

And let g(s, t) = s+ t. We need to find the probability:

P

{
sup

(s,t)∈L
X(s, t)− g(s, t) < 0

}
.

Therefore by Theorem 3.2 with E = F = 1 and G = 0:

P

{
sup

(s,t)∈L
X(s, t)− g(s, t) < 0

}
=

∫ x1
y1

−∞
ϕ0,∆1

(u1)×

×
(

1− exp

{
−2

(
x1

y1
+ 1− u1

)})1− exp

−2
(
x1

y1
+ 1− u1

)
∆1


 =
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= Φ
(√

∆1

)
− Φ (−∆1) e−

1
2∆1 − Φ

(
∆1 − 2

∆1

)
e−

2
∆1 + Φ

(
−∆1 − 2

∆1

)
.

3.3. The maximum of the Chentsov random field on the broadest class of
polygonal lines. Let us consider a polygonal line L with n changes of direction, which
begins at point (x0, y0) and ends at point (xn+1, yn+1).

Let

(12) 0 < x0 < x1 < ... < xn < xn+1 < 1,

(13) 1 > y0 ≥ y1 ≥ ... ≥ yn ≥ yn+1 > 0.

Theorem 3.3. Let {X(s, t) : s, t ≥ 0} be a standard Chentsov random field on the unit
square. Let u0 = 0. Let L be a polygonal line, which has n points of break Q1, ..., Qn with
coordinates (x1, y1),..., (xn, yn), starts at point (x0, y0) and ends at point (xn+1, yn+1).
Let the coordinates of these points satisfy the conditions (12)-(13). Then for all λ > 0

Pn(λ) = P

{
sup

(s;t)∈L
X (s; t) < λ

}
=

∫ λ
y1

−∞
...

∫ λ
yn

−∞

n∏
i=1

ϕ0,∆i−∆i−1
(ui − ui−1)×

×

(
Φ

(
λ
x0
− u1y1

x1√
1/∆0 − 1/∆1

)
− exp

{
−2λ(x1 − x0)(λ− u1y1)

x1(x1y0 − x0y1)

}
Φ

(
λ
x0
− 2λ

x1
+ u1y1

x1√
1/∆0 − 1/∆1

))

×

(
Φ

(
λ

yn+1
− un√

∆n+1 −∆n

)
− exp

{
−2λ(yn − yn+1)(λ− unyn)

yn(xn+1yn − xnyn+1)

}
Φ

(
λ

yn+1
− 2λ

yn
+ un√

∆n+1 −∆n

))

×
n∏
i=2

1− exp

−2
(

λ
yi−1
− ui−1

)(
λ
yi
− ui

)
(∆i −∆i−1)


 du1 . . . dun,

where ϕ0,∆ (u) = e−
u2

2∆√
2π∆

.

Proof. Let us follow the line of the proof of the previous Theorem. Let the restriction
of the Chentsov random field X (s; t) to L be denoted as XL(s). Then the covariance
function of this process is:

cov [XL(s1), XL(s2)] = s1v(s2), 0 < s1 ≤ s2 ≤ 1,

where

v(s) =

n+1∑
i=1

(
−s(yi−1 − yi)

xi − xi−1
+
xiyi−1 − xi−1yi

xi − xi−1

)
I(xi−1;xi](s).

Function a(s) = s
v(s) , s ∈ (x0, xn+1), is continuous and strictly increasing with inverse:

a−1(s) =

n+1∑
i=1

s(xiyi−1 − xi−1yi)

s(yi−1 − yi) + xi − xi−1
I[∆i−1,∆i).

Process

X∗(s) =

n+1∑
i=1

(
s(yi−1 − yi) + xi − xi−1

xiyi−1 − xi−1yi

)
XL

(
s(xiyi−1 − xi−1yi)

s(yi−1 − yi) + xi − xi−1

)
I[∆i−1,∆i)(s)

and w(s) are stochastically equivalent processes. Thus,

Pn(λ) = P

{
sup

(s;t)∈L
X (s; t) < λ

}
= P

{
sup

s∈[x0,xn+1]

X (s; v(s)) < λ

}
=

= P

{
sup

s∈[x0,xn+1]

XL(s) < λ

}
= P

{
sup

s∈[∆0,∆n+1]

XL

(
a−1(s)

)
< λ

}
=
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= P

{
sup

s∈[∆0,∆n+1]

(
w(s)− λ

v (a−1(s))

)
< 0

}
=

= P

{
w(s) <

λ(xi − xi−1)

xiyi−1 − xi−1yi
+

λs(yi−1 − yi)
xiyi−1 − xi−1yi

, s ∈ (∆i−1; ∆i] , i = 1, n+ 1

}
.

Using Theorem 3.1: ti = ∆i = xi
yi
, i = 0, n+ 1,

ai =
λ(yi−1 − yi)

xiyi−1 − xi−1yi
, i = 1, n+ 1,

bi =
λ(xi − xi−1)

xiyi−1 − xi−1yi
, i = 1, n+ 1,

we complete the proof. �

Let L be a polygonal line, which has n points of break Q1, ..., Qn with coordinates
(x1, y1),..., (xn, yn) respectively and which is given by the formula:

L =

{
(s, t) : t = pI{0}(s) +

+

n+1∑
i=1

(
−s(yi−1 − yi)

xi − xi−1
+
xiyi−1 − xi−1yi

xi − xi−1

)
I(xi−1;xi](s), s ∈ [0, 1]

}
.

Let

(14) 0 = x0 < x1 < ... < xn < xn+1 = q,

(15) p = y0 ≥ y1 ≥ ... ≥ yn > yn+1 = 0.

Corollary 3.1. Let {X(s, t) : s, t ≥ 0} be a standard Chentsov random field on the unit
square. Let u0 = 0. Let L be a polygonal line, which has n points of break Q1, ..., Qn with
coordinates (x1, y1),..., (xn, yn). Let the coordinates of these points satisfy the conditions
(14)-(15). Denote ∆i = xi

yi
, i = 1, n. Then for all λ > 0

Pn(λ) = P

{
sup

(s;t)∈L
X (s; t) < λ

}
=

∫ λ
y1

−∞
...

∫ λ
yn

−∞

n∏
i=1

ϕ0,∆i−∆i−1
(ui − ui−1)×

×
(

1− exp

{
−2λ

q

(
λ

yn
− un

)})

×
n∏
i=1

1− exp

−2
(

λ
yi−1
− ui−1

)(
λ
yi
− ui

)
(∆i −∆i−1)


 du1 . . . dun,

where ϕ0,∆ (u) = e−
u2

2∆√
2π∆

.

Proof. Using Theorem 3.1 xn+1 = q, y0 = p and passing to the limit as x0 → 0 we get:

lim
x0→0

Φ

 λ
x0
− u1y1

x1√
p
x0
− y1

x1

 = 1,

lim
x0→0

Φ

 λ
x0
− 2λ

x1
+ u1y1

x1√
p
x0
− y1

x1

 = 1.
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So

lim
x0→0

(
Φ

(
λ
x0
− u1y1

x1√
1/∆0 − 1/∆1

)
− exp

{
−2λ(x1 − x0)(λ− u1y1)

x1(x1y0 − x0y1)

}
Φ

(
λ
x0
− 2λ

x1
+ u1y1

x1√
1/∆0 − 1/∆1

))

= 1− exp

{
−2λ(λ− u1y1)

px1

}
.

Passing to the limit as yn+1 → 0 we get:

lim
yn+1→0

Φ

 λ
yn+1

− un√
q

yn+1
− xn

yn

 = 1,

lim
yn+1→0

Φ

 λ
yn+1

− 2λ
yn

+ un√
q

yn+1
− xn

yn

 = 1.

So

lim
yn+1→0

(
Φ

(
λ

yn+1
− un√

∆n+1 −∆n

)
−

− exp

{
−2λ(yn − yn+1)(λ− unyn)

yn(xn+1yn − xnyn+1)

}
Φ

(
λ

yn+1
− 2λ

yn
+ un√

∆n+1 −∆n

))
=

=

(
1− exp

{
−2λ

q

(
λ

yn
− un

)})
.

Using this results we get the statement of the corollary. �

Example 3.2. Let us compute the probability of the type:

P

{
sup

(s,t)∈L
X(s, t) < λ

}
= P1(λ),

considered in Theorem 3.3, in the case n = 1.
Using the result of this Theorem we can write:

(16) P1(λ) =

∫ λ
y1

−∞

(
Φ

(
λ
x0
− u1y1

x1√
1/∆0 − 1/∆1

)
−

− exp

{
−2λ(x1 − x0)(λ− u1y1)

x1(x1y0 − x0y1)

}
Φ

(
λ
x0
− 2λ

x1
+ u1y1

x1√
1/∆0 − 1/∆1

))
×

× ϕ0,∆1
(u1)

(
Φ

(
λ
y2
− u1

√
∆2 −∆1

)
−

− exp

{
−2λ(y1 − y2)(λ− u1y1)

y1(x2y1 − x1y2)

}
Φ

(
λ
y2
− 2λ

y1
+ u1

√
∆2 −∆1

))
du1.

It will be interesting to consider some limiting case of this probability. Passing to the
limit in (16) as y0 → 1, x0 → 0, x2 → 1 and y2 → 0 we get:

lim
x0 → 0,
y0 → 1

Φ

(
λ
x0
− u1y1

x1√
1/∆0 − 1/∆1

)
= 1,
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lim
x0 → 0,
y0 → 1

Φ

(
λ
x0
− 2λ

x1
+ u1y1

x1√
1/∆0 − 1/∆1

)
= 1,

lim
x2 → 1,
y2 → 0

Φ

(
λ
y2
− u1

√
∆2 −∆1

)
= 1,

lim
x2 → 1,
y2 → 0

Φ

(
λ
y2
− 2λ

y1
+ u1

√
∆2 −∆1

)
= 1.

So

lim
(x0, y0)→ (0, 1),
(x2, y2)→ (1, 0)

P1(λ) = Φ

(
λ

√
x1y1

)
−

− exp

{
−2λ2

x1
(1− y1)

}
Φ

(
λ(1− 2y1)
√
x1y1

)
− exp

{
−2λ2

y1
(1− x1)

}
Φ

(
λ(1− 2x1)
√
x1y1

)
+

+ exp

{
2λ2

x1y1
(x1 + y1)(x1 + y1 − 1)

}
Φ

(
λ(1− 2x1 − 2y1)

√
x1y1

)
.

This result agree with statement of Theorem 2 in [3].

Conclusion

In this paper we have obtained an expression for the probability of Wiener process
crossing stepwise linear barriers. We have applied this result to the derivation of the
distribution of the maximum of the Chentsov random field and, also, of the Chentsov
random field with a linear drift on a polygonal line. We have expanded a class of polygonal
lines on which it is possible to find the exact distribution of the maximum of the Chentsov
random field.

References

1. J. L. Doob, Heuristic approach to Kolmogorov-Smirnov theorems, Ann. Math. Statist. 20

(1949), 393–403.
2. S. Malmquist, On certain confidence contours for distribution functions, Ann. Math. Statist.

25 (1954), 523–533.

3. S. R. Paranjape and C. Park, Distribution of the supremum of the two-parameter Yeh-Wiener
process on the boundary, J. Appl. Probab. 10 (1973), no. 4, 875–880.

4. C. Park and F. J. Schuurmann, Evaluations of barrier-crossing probabilities of Wiener paths,

J. Appl. Prob. 13 (1976), 267–275.
5. C. Park and D. L. Skoug, Distribution estimates of barrier-crossing probabilities of the Yeh-

Wiener process, Pacific J. Math. 78 (1978), no. 2, 455–466.
6. I. I. Klesov, On the probability of attainment of a curvilinear level by a Wiener field, Probab.

and Math. Statist. 51 (1995), 63–67.
7. N. V. Kruglova, Distribution of the maximum of the Chentsov random field, Theor. Stoch.

Proc. 14(30) (2008), no. 1, 76–81.

8. O. I. Klesov and N. V. Kruglova, The distribution of a functional of the Wiener process and

its application to the Brownian sheet, Statistics 45 (2011), no. 1, 19–26.

National Technical University of Ukraine ”KPI”, Department of Higher Mathematics No
1, Pr. Peremohy 37, 02056 Kiev, Ukraine

E-mail address: natahak@ukr.net


