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СТАЦИОНАРНЫЕ ХАРАКТЕРИСТИКИ ДВУХУЗЛОВОЙ
МАРКОВСКОЙ СИСТЕМЫ МАССОВОГО ОБСЛУЖИВАНИЯ

C ОБОБЩЕННЫМ ОБНОВЛЕНИЕМ∗

Л. А. Мейханаджян1, И. С. Зарядов2, Т. А. Милованова3

�−−®â�æ¨ï: ÷�áá¬�âà¨¢�¥âáï äã−ªæ¨®−¨àãîé�ï ¢ á«ãç�©−®© áà¥¤¥ ¤¢ãåã§-
«®¢�ï á¨áâ¥¬� ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï (‘Œ�), ¢ ª�¦¤®¬ ã§«¥ ª®â®à®© à¥�-
«¨§®¢�− ¬¥å�−¨§¬ ®¡®¡é¥−−®£® ®¡−®¢«¥−¨ï. Š�¦¤ë© ã§¥« ¯à¥¤áâ�¢«ï¥â á®¡®©
®¤−®«¨−¥©−ãî á¨áâ¥¬ã ®¡á«ã¦¨¢�−¨ï ª®−¥ç−®© ¥¬ª®áâ¨, á ¯ã�áá®−®¢áª¨¬
¢å®¤ïé¨¬ ¯®â®ª®¬ ¨ ¢à¥¬¥−�¬¨ ®¡á«ã¦¨¢�−¨ï, ¨¬¥îé¨¬¨ à�á¯à¥¤¥«¥−¨¥
�à«�−£� á à�§«¨ç−ë¬¨ ¤«ï ª�¦¤®£® ã§«� ¯�à�¬¥âà�¬¨. ’®«ìª® ®¡á«ã¦¥−−ë¥
−� ¯¥à¢®¬ ã§«¥ §�ï¢ª¨ ¯®áâã¯�îâ ¢ ®ç¥à¥¤ì ¢â®à®£® ã§«�; ¯®â¥àï−−ë¥ −�
¯¥à¢®¬, � â�ª¦¥ ®¡á«ã¦¥−−ë¥ ¨ ¯®â¥àï−−ë¥ −� ¢â®à®¬ ã§«¥ §�ï¢ª¨ ¯®ª¨¤�îâ
á¨áâ¥¬ã. ‡�ï¢ª� â¥àï¥âáï, ¥á«¨ ®ç¥à¥¤ì ¢ ã§«¥, −� ª®â®àë© ®−� ¯®áâã¯�¥â,
¯®«−®áâìî §�¯®«−¥−�. �à¥¤«®¦¥− ¬�âà¨ç−®-�−�«¨â¨ç¥áª¨© ¬¥â®¤ à�áç¥â�
á®¢¬¥áâ−®£® áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï ç¨á«� §�ï¢®ª ¢ ¯¥à¢®¬ ¨ ¢â®à®¬
ã§«�å ¨ ä�§ ®¡á«ã¦¨¢�−¨ï. �à¥¤áâ�¢«¥−ë ä®à¬ã«ë ¤«ï ¢ëç¨á«¥−¨ï áâ�æ¨®-
−�à−ëå ¢¥à®ïâ−®áâ¥© ¯®â¥àì ¯à¨ ¯àï¬®¬ ¯®àï¤ª¥ ®¡á«ã¦¨¢�−¨ï ¨ ®¡−®¢«¥−¨ï
¢ ª�¦¤®¬ ã§«¥.

Š«îç¥¢ë¥ á«®¢�: á¨áâ¥¬� ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï; æ¥¯®çª� ¯à¨¡®à®¢;
®¡®¡é¥−−®¥ ®¡−®¢«¥−¨¥; ã¯à�¢«¥−¨¥ ®ç¥à¥¤ìî

DOI: 10.14357/08696527200302

1 Введение

ˆ−â¥à¥á ª ‘Œ� á à�§«¨ç−ë¬¨ ¢�à¨�−â�¬¨ ¬¥å�−¨§¬� ®¡−®¢«¥−¨ï á¢ï§�−
á ¯®â¥−æ¨�«ì−ë¬¨ ¢®§¬®¦−®áâï¬¨ ¯à¨¬¥−¥−¨ï ¯®á«¥¤−¥£® ¢ ª�ç¥áâ¢¥ �«£®à¨â-
¬� �ªâ¨¢−®£® ã¯à�¢«¥−¨ï ®ç¥à¥¤ï¬¨ (á¬. ¯®¤à®¡−¥¥ ¢ [1{8]). ‚ ®â«¨ç¨¥ ®â
¯à¥¤ë¤ãé¨å à�¡®â ¯® ¤�−−®© â¥¬�â¨ª¥, ¢ íâ®© áâ�âì¥ ¢¯¥à¢ë¥ à�áá¬�âà¨¢�¥âáï
¬�àª®¢áª�ï ¤¢ãåã§«®¢�ï ‘Œ� ª®−¥ç−®© ¥¬ª®áâ¨, ¢ ª�¦¤®¬ ã§«¥ ª®â®à®© à¥�«¨-
§®¢�− ¬¥å�−¨§¬ ®¡®¡é¥−−®£® ®¡−®¢«¥−¨ï á®£«�á−® [9]. �à¨−ïâ®¥ ¯à¥¤¯®«®¦¥−¨¥
® à�á¯à¥¤¥«¥−¨¨ ¢à¥¬¥−¨ ®¡á«ã¦¨¢�−¨ï ¯®§¢®«ï¥â ®â−¥áâ¨ à�áá¬�âà¨¢�¥¬ãî á¨á-
â¥¬ã ª á¥âï¬ ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï (‘¥Œ�), äã−ªæ¨®−¨àãîé¨¬ ¢ á«ãç�©−®©
áà¥¤¥. ‚ «¨â¥à�âãà¥ ¨¬¥îâáï ¬−®£® à�¡®â, ¢ ª®â®àëå �−�«¨§¨àãîâáï ¯®¤®¡−ë¥

∗ˆáá«¥¤®¢�−¨¥ ¢ë¯®«−¥−® ¯à¨ ä¨−�−á®¢®© ¯®¤¤¥à¦ª¥ ÷””ˆ (¯à®¥ªâ 19-07-00739).
1”¨−�−á®¢ë© ã−¨¢¥àá¨â¥â ¯à¨ �à�¢¨â¥«ìáâ¢¥ ÷”, lamejkhanadzhyan@fa.ru
2÷®áá¨©áª¨© ã−¨¢¥àá¨â¥â ¤àã¦¡ë −�à®¤®¢; ˆ−áâ¨âãâ ¯à®¡«¥¬ ¨−ä®à¬�â¨ª¨ ”¥¤¥à�«ì-

−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª,
zaryadov-is@rudn.ru

3÷®áá¨©áª¨© ã−¨¢¥àá¨â¥â ¤àã¦¡ë −�à®¤®¢, milovanova-ta@rudn.ru
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‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ ¤¢ãåã§«®¢®© ¬�àª®¢áª®© ‘Œ� c ®¡−®¢«¥−¨¥¬

‘¥Œ� (á¬., −�¯à¨¬¥à, [10{12]). �á−®¢−ë¬¨ à¥§ã«ìâ�â�¬¨ íâ®© à�¡®âë ï¢«ïîâáï
à¥ªãàà¥−â−ë¥ ä®à¬ã«ë, ¯®§¢®«ïîé¨¥ à�ááç¨âë¢�âì ®á−®¢−ë¥ áâ�æ¨®−�à−ë¥ å�-
à�ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë. ��«¨ç¨¥ ¬¥å�−¨§¬� ®¡−®¢«¥−¨ï ¢ ã§«�å ‘¥Œ� ¢ë¢®¤¨â
à�áá¬�âà¨¢�¥¬ãî á¨áâ¥¬ã ¨§ ª«�áá� à�§à¥è¨¬ëå ¢ ¬ã«ìâ¨¯«¨ª�â¨¢−®© ä®à¬¥.
�� ®á−®¢¥ ¬�âà¨ç−®-�−�«¨â¨ç¥áª®£® ¬¥â®¤� §¤¥áì ¯à¥¤«®¦¥− �«£®à¨â¬ à�áç¥â�
á®¢¬¥áâ−®£® áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï ç¨á«� §�ï¢®ª ¨ ä�§ë ®¡á«ã¦¨¢�−¨ï
¢ ã§«�å. �â¤¥«ì−®¥ ¢−¨¬�−¨¥ ã¤¥«¥−® áâ�æ¨®−�à−ë¬ ¯®ª�§�â¥«ï¬, á¢ï§�−−ë¬
á ¯®â¥àï¬¨ §�ï¢®ª. �â«¨ç¨â¥«ì−�ï ®á®¡¥−−®áâì à�áá¬®âà¥−−®© á¨áâ¥¬ë | §�¢¨-
á¨¬®áâì ¢¥à®ïâ−®áâ¥© ¯®â¥àì ¯à¨−ïâ®© §�ï¢ª¨ ®â −®¢ëå §�ï¢®ª, ª®â®àë¥ ¬®£ãâ
¯®áâã¯¨âì §� ¢à¥¬ï ¥¥ ¯à¥¡ë¢�−¨ï ¢ á¨áâ¥¬¥. „«ï −�å®¦¤¥−¨ï íâ¨å å�à�ª-
â¥à¨áâ¨ª ¯à¥¤«®¦¥− ¬¥â®¤, ¯®§¢®«ïîé¨©, ¯à¨ ¯àï¬®¬ ¯®àï¤ª¥ ®¡á«ã¦¨¢�−¨ï
¨ ®¡−®¢«¥−¨ï ¢ ª�¦¤®¬ ã§«¥, ¯à®¢®¤¨âì ¯®¤áç¥â à¥ªãàà¥−â−ë¬ ®¡à�§®¬.

‘â�âìï ®à£�−¨§®¢�−� á«¥¤ãîé¨¬ ®¡à�§®¬. ‚ à�§¤. 2 ¤�¥âáï ¯®¤à®¡−®¥ ®¯¨-
á�−¨¥ á¨áâ¥¬ë ¨ ¢¢®¤ïâáï ®á−®¢−ë¥ ®¡®§−�ç¥−¨ï. ‚ à�§¤. 3 ¢−¨¬�−¨¥ ã¤¥«¥−®
−�å®¦¤¥−¨î á®¢¬¥áâ−®£® áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï. Œ¥â®¤ à�áç¥â� áâ�æ¨®-
−�à−ëå ¢¥à®ïâ−®áâ¥© ¯®â¥àì ¨§«®¦¥− ¢ à�§¤. 4. ÷¥§ã«ìâ�âë íâ®£® à�§¤¥«� â�ª¦¥
¯®§¢®«ïîâ à�ááç¨âë¢�âì (¢ â¥à¬¨−�å ¯à¥®¡à�§®¢�−¨©) ¨ áâ�æ¨®−�à−ë¥ à�á¯à¥¤¥-
«¥−¨ï ¢à¥¬¥− ®¦¨¤�−¨ï −�ç�«� ®¡á«ã¦¨¢�−¨ï ¨ ¯à¥¡ë¢�−¨ï §�ï¢ª¨ ¢ á¨áâ¥¬¥.
‚ §�ª«îç¥−¨¨ ªà�âª® ®¡áã¦¤�îâáï ¯¥àá¯¥ªâ¨¢ë ¤�«ì−¥©è¨å ¨áá«¥¤®¢�−¨©.

2 Описание системы

÷�áá¬®âà¨¬ á¨áâ¥¬ã, á®áâ®ïéãî ¨§ ¤¢ãå à�á¯®«®¦¥−−ëå ¤àã£ §� ¤àã£®¬ ®¤−®-
«¨−¥©−ëå ã§«®¢1. “§¥« i, i = 1, 2, ¯à¥¤áâ�¢«ï¥â á®¡®© ‘Œ� M/Eni

/1/(Ni − 1)
ª®−¥ç−®© ¥¬ª®áâ¨, ¢ ª®â®àãî ¯®áâã¯�¥â (¢−¥è−¨© ¯® ®â−®è¥−¨î ª á¨áâ¥¬¥)
¯ã�áá®−®¢áª¨© ¯®â®ª ¨−â¥−á¨¢−®áâ¨ λi, � ¢à¥¬¥−� ®¡á«ã¦¨¢�−¨ï §�ï¢®ª ¨¬¥îâ
à�á¯à¥¤¥«¥−¨¥ �à«�−£� ¯®àï¤ª� ni á ¯�à�¬¥âà®¬ µi. ‡�ï¢ª� â¥àï¥âáï, ¥á«¨
®ç¥à¥¤ì ¢ ã§«¥, −� ª®â®àë© ®−� ¯®áâã¯�¥â, ¯®«−®áâìî §�¯®«−¥−�.

‚ ª�¦¤®¬ ã§«¥ à¥�«¨§®¢�− ¬¥å�−¨§¬ ®¡®¡é¥−−®£® ®¡−®¢«¥−¨ï, ª®â®àë©
à�¡®â�¥â á«¥¤ãîé¨¬ ®¡à�§®¬ [9]. �¡á«ã¦¥−−�ï §�ï¢ª�, §�áâ�¢è�ï ®ç¥à¥¤ì ¢ ã§«¥
¯ãáâ®©, ¯®ª¨¤�¥â ¥£®. …á«¨ ¦¥ ¢ ¬®¬¥−â ®ª®−ç�−¨ï ®¡á«ã¦¨¢�−¨ï §�ï¢ª¨ ¢ ã§«¥ i
¢ ¥£® ®ç¥à¥¤¨ ®ª�§�«®áì n, 1 ≤ n ≤ Ni − 1, §�ï¢®ª, â®

{ á ¢¥à®ïâ−®áâìî q
(i)
0 +Q

(i)
n ®¡á«ã¦¥−−�ï §�ï¢ª� ¯®ª¨¤�¥â ã§¥« i, −¥ ®ª�§ë¢�ï

−� −¥£® −¨ª�ª®£® ¢®§¤¥©áâ¢¨ï;

{ á ¢¥à®ïâ−®áâìî q
(i)
j , 0 < j < n, ®¡á«ã¦¥−−�ï §�ï¢ª� ã¤�«ï¥â ¨§ ®ç¥à¥¤¨ ã§«� i

à®¢−® j §�ï¢®ª, ª®â®àë¥ ¯®ª¨¤�îâ á¨áâ¥¬ã, −¥ ®ª�§ë¢�ï −� −¥¥ ¢ ¤�«ì−¥©è¥¬
−¨ª�ª®£® ¢®§¤¥©áâ¢¨ï.

‡¤¥áì ¨ ¤�«¥¥ {q
(1)
n , 0 ≤ n ≤ N1 − 1} ¨ {q

(2)
n , 0 ≤ n ≤ N2 − 1} | ¢¥à®ïâ−®áâ¨

®¡−®¢«¥−¨ï ¢ ã§«¥ 1 ¨ ã§«¥ 2 á®®â¢¥âáâ¢¥−−®, Q
(i)
n = q

(i)
n + q

(i)
n+1 + · · · + q

(i)
Ni−1

1„«ï ®¯à¥¤¥«¥−−®áâ¨ ¡ã¤¥¬ áç¨â�âì, çâ® §�ï¢ª¨, ®¡á«ã¦¥−−ë¥ ¢ ã§«¥ 1, −�¯à�¢«ïîâáï ¢ ã§¥« 2.
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¨ Q
(i)
0 = 1, i = 1, 2. „�«¥¥ ¯à¥¤¯®«�£�¥âáï, çâ® §�ï¢ª¨ ®¡á«ã¦¨¢�îâáï ¨ ã¤�«ï-

îâáï ¨§ ®ç¥à¥¤¨ ¢ ¯®àï¤ª¥ ¯®áâã¯«¥−¨ï.
„�«¥¥ ¤«ï á®ªà�é¥−¨ï §�¯¨á¨ ¡ã¤¥¬ ¯®«ì§®¢�âìáï á«¥¤ãîé¨¬¨ ®¡®§−�ç¥−¨-

ï¬¨:

1(A) | ¨−¤¨ª�â®à ¬−®¦¥áâ¢� A;

~eij | ¢¥ªâ®à à�§¬¥à� ni, ã ª®â®à®£® ¢á¥ í«¥¬¥−âë à�¢−ë −ã«î, ªà®¬¥ í«¥¬¥−â�
−� j-¬ ¬¥áâ¥;

E
(i)
km | ª¢�¤à�â−�ï ¬�âà¨æ� à�§¬¥à� ni, ¢ ª®â®à®© (k,m)-© í«¥¬¥−â à�¢¥−
¥¤¨−¨æ¥, � ®áâ�«ì−ë¥ à�¢−ë −ã«î;

~1| ¥¤¨−¨ç−ë© ¢¥ªâ®à;

In | ¥¤¨−¨ç−�ï ª¢�¤à�â−�ï ¬�âà¨æ� à�§¬¥à� n.

3 Совместное стационарное распределение

‘ ãç¥â®¬ ¢¥à®ïâ−®áâ−®© ¨−â¥à¯à¥â�æ¨¨ PH-à�á¯à¥¤¥«¥−¨ï äã−ªæ¨®−¨à®-
¢�−¨¥ à�áá¬�âà¨¢�¥¬®© á¨áâ¥¬ë ¬®¦¥â ¡ëâì ®¯¨á�−® ®¤−®à®¤−ë¬ ¬�àª®¢áª¨¬
¯à®æ¥áá®¬ X(t), t ≥ 0, −�¤ ¯à®áâà�−áâ¢®¬ á®áâ®ï−¨©

X = {(0, 0)} ∪ {(i, n, 0), 1 ≤ i ≤ N1, 1 ≤ n ≤ n1} ∪

∪ {(0, j,m), 1 ≤ j ≤ N2, 1 ≤ m ≤ n2} ∪

∪ {(i, n, j,m), 1 ≤ i ≤ N1, 1 ≤ n ≤ n1, 1 ≤ j ≤ N2, 1 ≤ m ≤ n2}.

‡¤¥áì ¤«ï −¥ª®â®à®£® ¬®¬¥−â� ¢à¥¬¥−¨ t:

X(t) = (0, 0), ¥á«¨ ®¡� ã§«� á¢®¡®¤−ë ®â §�ï¢®ª;

X(t) = (i, n, 0) (X(t) = (0, j,m)), ¥á«¨ ¢ ã§«¥ 2 (ã§«¥ 1) −¥â §�ï¢®ª, � ¢ ã§«¥ 1
(ã§«¥ 2) −�å®¤¨âáï i (j) §�ï¢®ª, ¯à¨ç¥¬ ç¨á«® ä�§ ¤® ®ª®−ç�−¨ï (¤�«¥¥ |
¯à®áâ® ä�§�) ®¡á«ã¦¨¢�−¨ï §�ï¢ª¨ −� ¯à¨¡®à¥ à�¢−® n (m);

X(t) = (i, n, j,m), ¥á«¨ ¢ ã§«�å 1 ¨ 2 á®®â¢¥âáâ¢¥−−® i ¨ j §�ï¢®ª, � ®¡á«ã-
¦¨¢�¥¬ë¥ §�ï¢ª¨ ¯à®å®¤ïâ ä�§ë n ¨ m.

�¡®§−�ç¨¬ ç¥à¥§ px = limt→∞ P (X(t) = x) áâ�æ¨®−�à−ãî ¢¥à®ïâ−®áâì á®-
áâ®ï−¨ï x ∈ X. ˆ§ á¤¥«�−−ëå ¢ ¯à¥¤ë¤ãé¥¬ à�§¤¥«¥ ¯à¥¤¯®«®¦¥−¨©, ¤®-
¯®«−¥−−ëå ãá«®¢¨¥¬, çâ® µ1, µ2, n1 ¨ n2 ª®−¥ç−ë, ¢ëâ¥ª�¥â á®®¡é�¥¬®áâì
¢á¥å á®áâ®ï−¨© ¯à®æ¥áá� X(t) ¨, á«¥¤®¢�â¥«ì−®, áãé¥áâ¢®¢�−¨¥ áâ�æ¨®−�à−ëå
¢¥à®ïâ−®áâ¥©.
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‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ ¤¢ãåã§«®¢®© ¬�àª®¢áª®© ‘Œ� c ®¡−®¢«¥−¨¥¬

‚¢¥¤¥¬ ¢¥ªâ®àë:

~p0 = (p0,0, p0,1,1, . . . , p0,1,n2 , p0,2,1, . . . , p0,2,n2, . . . , p0,N2,1, . . . , p0,N2,n2) ;

~pi,n = (pi,n,0, pi,n,1,1, . . . , pi,n,1,n2, pi,n,2,1, . . .

. . . , pi,n,2,n2, . . . , pi,n,N2,1, . . . , pi,n,N2,n2) , 1 ≤ i ≤ N1, 1 ≤ n ≤ n1;

~pi = (~pi,1, . . . , ~pi,n1) , 1 ≤ i ≤ N1;

~p = (~p0, ~p1, . . . , ~pN1).

‘â�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥ ¯à®æ¥áá� X(t) ï¢«ï¥âáï ¥¤¨−áâ¢¥−−ë¬ à¥è¥−¨-
¥¬ á¨áâ¥¬ë ãà�¢−¥−¨© à�¢−®¢¥á¨ï (‘“÷), ¤«ï ¢ë¯¨áë¢�−¨ï ª®â®à®© ¢®á¯®«ì§ã-
¥¬áï á«¥¤ãîé¨¬ á®®¡à�¦¥−¨¥¬. ‘«¥¤ãï â¥à¬¨−®«®£¨¨ ®¡®¡é¥−−ëå ¯à®æ¥áá®¢
à®¦¤¥−¨ï ¨ £¨¡¥«¨, −�§®¢¥¬ ãà®¢−¥¬ ¯à®æ¥áá� X(t) ç¨á«® §�ï¢®ª ¨ ä�§ã ®¡á«ã-
¦¨¢�−¨ï ¢ ã§«¥ 1, � ä�§®© ¯à®æ¥áá� X(t) | ç¨á«® §�ï¢®ª ¨ ä�§ã ®¡á«ã¦¨¢�−¨ï
¢ ã§«¥ 2. ’®£¤� ¨§ ®¯¨á�−¨ï á¨áâ¥¬ë á«¥¤ã¥â, çâ® ¥á«¨ ãà®¢¥−ì ¯à®æ¥áá� X(t)
¥áâì (i, n), â® ¢®§¬®¦−ë ¯¥à¥å®¤ë «¨¡® á â¥ªãé¥£® ãà®¢−ï −� ãà®¢¥−ì ¢ëè¥
á á®åà�−¥−¨¥¬ ä�§ë (¬�âà¨æã ¨−â¥−á¨¢−®áâ¥© â�ª¨å ¯¥à¥å®¤®¢ ®¡®§−�ç¨¬ ç¥-
à¥§ L(i,n),(k,l)), «¨¡® á â¥ªãé¥£® ãà®¢−ï −� ®¤¨− ¨§ ãà®¢−¥© −¨¦¥ á á®åà�−¥−¨¥¬
ä�§ë (¬�âà¨æã ¨−â¥−á¨¢−®áâ¥© â�ª¨å ¯¥à¥å®¤®¢ ®¡®§−�ç¨¬ ç¥à¥§ N(i,n),(k,l)), «¨¡®
¢−ãâà¨ â¥ªãé¥£® ãà®¢−ï á® á¬¥−®© ä�§ë (¬�âà¨æã ¨−â¥−á¨¢−®áâ¥© â�ª¨å ¯¥à¥-
å®¤®¢ ®¡®§−�ç¨¬ ç¥à¥§ M(i,n),(i,n)). �®áª®«ìªã −� «î¡®¬ ãà®¢−¥ ¯à®æ¥áá� ç¨á«®

¢®§¬®¦−ëå ä�§ à�¢−® 1 + n2N2, â® ¬�âà¨æë L(i,n),(k,l), M(i,n),(k,l) ¨ N(i,n),(i,n)
ï¢«ïîâáï ª¢�¤à�â−ë¬¨ à�§¬¥à� 1 + n2N2. Šà®¬¥ â®£®, ¯®áª®«ìªã ¯à¨ ¯®áâã¯«¥-
−¨¨ §�ï¢ª¨ ¢ ã§¥« ä�§� ®¡á«ã¦¨¢�−¨ï −¥ ¨§¬¥−ï¥âáï, � ¯à¨ ãå®¤¥ ¨§ ã§«� ä�§�
®¡á«ã¦¨¢�−¨ï ¬®¦¥â áâ�âì â®«ìª® n1 (¯à¨ ãá«®¢¨¨, çâ® ¢ ã§«¥ ®áâ�¥âáï å®âï ¡ë
®¤−� §�ï¢ª�), â®

L(i,n),(k,l) = 0 ¯à¨ k 6= i+ 1 ¨«¨ l 6= n ;

M(i,n),(k,l) = 0 ¯à¨ n 6= 1, ¨«¨ l 6= n1, ¨«¨ i ≥ k .

„«ï â®£® çâ®¡ë ¢ë¯¨á�âì ¢¨¤ ®áâ�¢è¨åáï −¥−ã«¥¢ëå ¬�âà¨æ, à�áá¬®âà¨¬ ã§¥« i,
äã−ªæ¨®−¨àãîé¨© ¨§®«¨à®¢�−−® ®â á¨áâ¥¬ë. �à®æ¥áá, ®¯¨áë¢�îé¨© ®¡é¥¥
ç¨á«® §�ï¢®ª ¢ á¨áâ¥¬¥ ¨ ä�§ã ®¡á«ã¦¨¢�−¨ï, ï¢«ï¥âáï ¬�àª®¢áª¨¬; ®¡®§−�ç¨¬

¬�âà¨æã ¨−â¥−á¨¢−®áâ¥© ¯¥à¥å®¤®¢ íâ®£® ¯à®æ¥áá� ç¥à¥§ Q(i). ‘ ¯®¬®éìî
®¡ëç−ëå à�ááã¦¤¥−¨© ¬®¦−® ¯®ª�§�âì, çâ® Q(i) ¯à¥¤áâ�¢¨¬� ¢ ¢¨¤¥ Q(i) =

= �Q(i) + �Q(i), £¤¥

�Q(i) =





















N
(i)
0 L

(i)
0 0 0 · · · 0

0 N
(i)
1 L(i) 0 · · · 0

0 0 N
(i)
2 L(i) · · · 0

0 0 0 N
(i)
3 · · · 0

...
...

...
...

. . . L(i)

0 0 0 0 · · · N
(i)
Ni





















; �Q(i) =





















0 0 0 0 · · · 0

M
(i)
10 0 0 0 · · · 0

0 M
(i)
21 0 0 · · · 0

0 M
(i)
31 M

(i)
32 0 · · · 0

...
...

...
...

. . . 0

0 M
(i)
Ni,1

M
(i)
Ni,2

M
(i)
Ni,3
· · · 0





















,
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� ¬�âà¨æë L
(i)
0 , N

(i)
0 , L(i), M

(i)
kj ¨ N

(i)
k à�ááç¨âë¢�îâáï ¯® ä®à¬ã«�¬:

L(i) = λiIni
; L

(i)
0 = λi~ei,ni

; N
(i)
0 = −L

(i)
0
~1; M

(i)
10 = µi~ei,1;

M
(i)
kj =

{

µi(q
(i)
0 +Q

(i)
j )E

(i)
1,ni

, ¥á«¨ k = j + 1;

µiq
(i)
k−j−1E

(i)
1,ni

¨−�ç¥,

1 ≤ j ≤ Ni − 1, j + 1 ≤ k ≤ Ni;

N
(i)
1 = −L(i) − µiE

(i)
11 +M(i), M(i) = µi

ni
∑

k=2

(

E
(i)
k,k−1 − E

(i)
kk

)

;

N
(i)
k = −L(i) −

k−1
∑

j=1

M
(i)
kjE

(i)
ni,1
+M(i), 2 ≤ k ≤ Ni − 1;

N
(i)
Ni
= −

Ni−1
∑

j=1

M
(i)
Ni,j

E
(i)
ni,1
+M(i).

’¥¯¥àì ¢á¥ £®â®¢® ¤«ï â®£®, çâ®¡ë ¢ë¯¨á�âì ¢¨¤ −¥−ã«¥¢ëå ¬�âà¨æ L(i,n),(k,l),
M(i,n),(k,l) ¨ N(i,n),(i,n). �ãáâì i = 0, â. ¥. ã§¥« 1 á¢®¡®¤¥− ®â §�ï¢®ª. ’®£¤� ¢®§-

¬®¦−ë ¯¥à¥å®¤ë ¯à®æ¥áá�X(t), á¢ï§�−−ë¥ á® á¬¥−®© ä�§ë (®¯¨áë¢�¥¬ë¥ ¬�âà¨-
æ¥© N0,0), ¨ ¯¥à¥å®¤, ¯¥à¥¢®¤ïé¨© ¯à®æ¥áá −� ®¤¨− ãà®¢¥−ì ¢ëè¥ (®¯¨áë¢�¥¬ë©
¬�âà¨æ¥© L0,(1,n1)). ’�ª ª�ª ¯à¨ ¯®áâã¯«¥−¨¨ §�ï¢ª¨ ¢ ã§¥« 1 ä�§� ®¡á«ã¦¨¢�-
−¨ï áâ�−®¢¨âáï n1, � á®áâ®ï−¨¥ ã§«� 2 −¥ ¨§¬¥−ï¥âáï, â® L0,(1,n1) = λ1I1+n2N2.
’�ª ª�ª ¢®§¬®¦−ë¥ ¯¥à¥å®¤ë ¢−ãâà¨ ãà®¢−ï ¨¤¥−â¨ç−ë ¯¥à¥å®¤�¬ ¢ ã§«¥ 2,

à�¡®â�îé¥¬ ¨§®«¨à®¢�−−®, â® N0,0 = Q(2) − λ1I1+n2N2. �ãáâì â¥¯¥àì ¢ ã§«¥ 1
−�å®¤¨âáï ®¤−� §�ï¢ª� ¨ ä�§� ®¡á«ã¦¨¢�−¨ï à�¢−� 1. ’®£¤� ¢®§¬®¦−ë ¯¥à¥å®¤ë
á â¥ªãé¥£® ãà®¢−ï −� ãà®¢−¨ 0 ¨ 2 (®¯¨áë¢�¥¬ë¥ ¬�âà¨æ�¬¨ M(1,1),0 ¨ L(1,1),(2,1)
á®®â¢¥âáâ¢¥−−®), � â�ª¦¥ ¢−ãâà¨ ãà®¢−ï (1, 1) (®¯¨áë¢�¥¬ë¥ ¬�âà¨æ¥© N(1,1),(1,1)).
�®áª®«ìªã ¯à¨ ¯¥à¥å®¤¥ −� ãà®¢¥−ì 0 ç¨á«® §�ï¢®ª ¢ ã§«¥ 2 ã¢¥«¨ç¨¢�¥âáï −�
¥¤¨−¨æã, â®«ìª® ¥á«¨ ¢ ¥£® ®ç¥à¥¤¨ ¨¬¥¥âáï å®âï ¡ë ®¤−® á¢®¡®¤−®¥ ¬¥áâ®, â®
ª¢�¤à�â−�ï ¬�âà¨æ� M(1,1),0 à�§¬¥à� 1 + n2N2 ¨¬¥¥â ¢¨¤:

M(1,1),0 =













0 µ1~e2,n2 0 · · · 0
0 0 µ1In2 · · · 0
0 0 0 · · · 0
...

...
...

. . . µ1In2
0 0 0 · · · µ1In2













. (1)

’�ª ª�ª ¢ ã§«¥ 1 ¯® ¯à¥¤¯®«®¦¥−¨î −�å®¤¨âáï ®¤−� §�ï¢ª�, â® ¯à¨ ¯®áâã¯«¥−¨¨
−®¢®© §�ï¢ª¨ ä�§� ®¡á«ã¦¨¢�−¨ï ¢ ã§«¥ 1 ¨ á®áâ®ï−¨¥ ã§«� 2 −¥ ¨§¬¥−ïâáï. �®-
íâ®¬ã L(1,1),(2,1) = λ1I1+n2N2. ‚®§¬®¦−ë¥ ¯¥à¥å®¤ë ¢−ãâà¨ ãà®¢−ï ¨¤¥−â¨ç−ë
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¯¥à¥å®¤�¬ ¢ ã§«¥ 2, à�¡®â�îé¥¬ ¨§®«¨à®¢�−−®, ¨ ¯®íâ®¬ã N(1,1),(1,1) = Q(2) −
− (λ1 + µ1)I1+n2N2. �−�«®£¨ç−ë¬ ®¡à�§®¬ −�å®¤ïâáï ¨ ¢á¥ ®áâ�«ì−ë¥ ¬�âà¨æë;
¢ ®¡é¥¬ á«ãç�¥ ä®à¬ã«ë ¤«ï ¨å à�áç¥â� ¨¬¥îâ ¢¨¤1:

N0,0 = Q(2) − λ1I1+n2N2 , L0,(1,n1) = L(i,n),(i+1,n) = λ1I1+n2N2;

M(i,1),(j,n1) =

{

(q
(1)
0 +Q

(1)
j )M(1,1),0, ¥á«¨ i = j + 1;

q
(1)
i−j−1M(1,1),0 ¨−�ç¥,

1 ≤ j ≤ N1 − 1, j + 1 ≤ i ≤ N1;

N(1,n),(1,n) = Q(2) − (λ1 + µ1)I1+n2N2 , 1 ≤ n ≤ n1;

N(i,n+1),(i,n) = µ1I1+n2N2 , 1 ≤ n ≤ n1 − 1, 1 ≤ i ≤ N1;

N(i,n),(i,n) = Q(2) − λ1I1+n2N2 −
i−1
∑

j=1

diag
(

M(i,n),(j,n1)
~1
)

,

1 ≤ n ≤ n1, 2 ≤ i ≤ N1.

�¥ ¢ë¯¨áë¢�ï ¬�âà¨æã Q ¨−â¥−á¨¢−®áâ¥© ¯¥à¥å®¤®¢ ¯à®æ¥áá� X(t), áà�§ã
§�¯¨è¥¬ ‘“÷2:

~p0N0,0 + ~p1,1M(1,1),0 = ~0 ; (2)

~p1,nN(1,n),(1,n) + ~p1,n+1N(1,n+1),(1,n) = ~0, 1 ≤ n ≤ n1 − 1 ; (3)

~p0L0,(1,n1) + ~p1,n1N(1,n1),(1,n1) +

N1
∑

i=2

~pi,1M(i,1),(1,n1) =
~0 ; (4)

~pi−1,nL(i−1,n),(i,n) + ~pi,nN(i,n),(i,n) + ~pi,n+1N(i,n+1),(i,n) = ~0,

2 ≤ i ≤ N1, 1 ≤ n ≤ n1 − 1 ; (5)

~pi−1,n1L(i−1,n1),(i,n1) + ~pi,n1N(i,n1),(i,n1) +

N1
∑

j=i+1

~pj,1M(j,1),(i,n1) =
~0 ,

2 ≤ i ≤ N1 − 1 ; (6)

~pN1−1,n1L(N1−1,n1),(N1,n1) + ~pN1,n1N(N1,n1),(N1,n1) =
~0 (7)

1‡¤¥áì, ª�ª ®¡ëç−®, diag (~x) ®¡®§−�ç�¥â ¤¨�£®−�«ì−ãî ¬�âà¨æã, á®áâ�¢«¥−−ãî ¨§ í«¥¬¥−â®¢
¢¥ªâ®à� ~x.

2„«ï á®ªà�é¥−¨ï §�¯¨á¨ §¤¥áì ¨ ¤�«¥¥ ¨á¯®«ì§ã¥âáï á®£«�è¥−¨¥
∑

−1
i=0 = 0.
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á ãá«®¢¨¥¬ −®à¬¨à®¢ª¨

~p0~1 +

N1
∑

i=1

n1
∑

n=1

~pi,n~1 = 1.

‘âàãªâãà� ¬�âà¨æë Q ¯®§¢®«ï¥â ¨á¯®«ì§®¢�âì ¤«ï à¥è¥−¨ï ‘“÷ ®¤¨− ¨§ ¬−®-
¦¥áâ¢� ¨§¢¥áâ−ëå ¬¥â®¤®¢ à�áç¥â� áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï ®ç¥à¥¤¥© ¢ ‘Œ�
ª®−¥ç−®© ¥¬ª®áâ¨ á à�á¯à¥¤¥«¥−¨ï¬¨ ä�§®¢®£® â¨¯� ¨ ¬�âà¨æ¥© ¨−â¥−á¨¢−®áâ¥©
â¨¯�G/M/1 (á¬., −�¯à¨¬¥à, [12,13]). �¤−�ª® ¬�âà¨æ� N0,0 ¨ ¬�âà¨æë N(i,n),(i,n)
¯à¨ ¢á¥å i ¨ n ®¡«�¤�îâ á¢®©áâ¢®¬ áâà®£®£® ¤¨�£®−�«ì−®£® ¯à¥®¡«�¤�−¨ï ¨ ¯®-
íâ®¬ã ï¢«ïîâáï −¥¢ëà®¦¤¥−−ë¬¨1. �â® ®¡áâ®ïâ¥«ìáâ¢® ¯®§¢®«ï¥â ã¯à®áâ¨âì
à¥è�¥¬ãî á¨áâ¥¬ã ãà�¢−¥−¨© (2){(7), ¯®−¨§¨¢ ¥¥ ¯®àï¤®ª á (N1(n1 − 1) + 1)(1 +
+n2N2) ¤® N1(1 + n2N2). ‚¢®¤ï ®¡®§−�ç¥−¨¥ Hi,n = N(i,n+1),(i,n)[N(i,n),(i,n)]

−1,
¨§ (2), (7) ¨ (3) −�å®¤¨¬:

~p0 = −~p1,1M(1,1),0[N0,0]
−1, (8)

~p1,n = −~p1,n+1N(1,n+1),(1,n)[N(1,n),(1,n)]
−1 = (−1)n1−n~p1,n1H1,n1−1 . . .H1,n =

= ~p1,n1

n
∏

j=n1−1

H1,j(−1)
n1−n, 1 ≤ n ≤ n1 − 1. (9)

‚¢®¤ï ¥é¥ ®¤−® ®¡®§−�ç¥−¨¥ Ki,n = L(i−1,n),(i,n)[N(i,n),(i,n)]
−1, ¨§ (5) ¯®«ãç�-

¥¬ ¯ãâ¥¬ ¯®á«¥¤®¢�â¥«ì−ëå ¨â¥à�æ¨© á®®â−®è¥−¨ï:

~pi,n = −~pi−1,nKi,n − ~pi,n+1Hi,n = ~pi,n1

n
∏

j=n1−1

Hi,j(−1)
n1−n − ~pi−1,nKi,n −

−

n1−1
∑

j=n+1

~pi−1,jKi,j

n
∏

m=j−1

Hi,j(−1)
n1−j, 1 ≤ n ≤ n1 − 1. (10)

’�ª¨¬ ®¡à�§®¬, ¢¬¥áâ® ¨áå®¤−®© á¨áâ¥¬ë ãà�¢−¥−¨© (2){(7) ¤®áâ�â®ç−® à�á-
á¬®âà¥âì á¨áâ¥¬ã ãà�¢−¥−¨© (4), (6) ¨ (7), ¢ ª®â®à®© ¢¬¥áâ® ¢¥ªâ®à®¢ ¢¥à®-
ïâ−®áâ¥© ~p0 ¨ ~pi,1 ¯®¤áâ�¢«¥−ë ¨å ¯à¥¤áâ�¢«¥−¨ï ¨§ (8){(10). „«ï à¥è¥−¨ï
á¨áâ¥¬ë (4), (6) ¨ (7) ã¤®¡−® ¨á¯®«ì§®¢�âì ¬¥â®¤ ¨áª«îç¥−¨ï á®áâ®ï−¨© (á¬.,

1�¥¢ëà®¦¤¥−−®áâì ãª�§�−−ëå ¬�âà¨æ ¬®¦−® ®¡®á−®¢�âì ¨ ¯®-¤àã£®¬ã (á¬., −�¯à¨¬¥à, [14]).

Œ�âà¨æ� Q(2) ï¢«ï¥âáï ¬�âà¨æ¥© ¨−â¥−á¨¢−®áâ¥© ¯¥à¥å®¤®¢ ®¤−®à®¤−®£® ¬�àª®¢áª®£® ¯à®-
æ¥áá� ¨, á«¥¤®¢�â¥«ì−®, ¯®«ããáâ®©ç¨¢�. ‘®¡áâ¢¥−−ë¥ ç¨á«� ¬�âà¨æë N(i,n),(i,n) ï¢«ïîâáï

áã¬¬®© á®¡áâ¢¥−−ëå ç¨á¥« ¯®«ããáâ®©ç¨¢®© ¬�âà¨æë Q(2) ¨ ãáâ®©ç¨¢®© ¬�âà¨æë −λ1I1+n2N2 −

−
∑i−1

j=1 diag (M(i,n),(j,n1)
~1). �®íâ®¬ã ¬�âà¨æ� N(i,n),(i,n) ãáâ®©ç¨¢� ¨, ¢ ç�áâ−®áâ¨, −¥¢ëà®¦¤¥−-

−�. �â¨ ¦¥ à�ááã¦¤¥−¨ï ¯à¨¬¥−¨¬ë ¨ ¤«ï ¬�âà¨æë N0,0.
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−�¯à¨¬¥à, [15, à�§¤. 2] ¨ [13,16]). �®á«¥ ¯®«ãç¥−¨ï à¥è¥−¨ï −¥®¡å®¤¨¬® ¯®áç¨-
â�âì ®áâ�¢è¨¥áï −¥¨§¢¥áâ−ë¬¨ ¢¥à®ïâ−®áâ¨ ¯® ä®à¬ã«�¬ (8){(10) ¨ ®áãé¥áâ¢¨âì
¯¥à¥−®à¬¨à®¢ªã.

‡−�ï á®¢¬¥áâ−®¥ áâ�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥, ¬®¦−® ã¦¥ ®¯à¥¤¥«¨âì −¥ª®-
â®àë¥ áâ�æ¨®−�à−ë¥ ¢¥à®ïâ−®áâ−ë¥ å�à�ªâ¥à¨áâ¨ª¨, á¢ï§�−−ë¥ á ç¨á«®¬ §�ï¢®ª
¢ ã§«�å á¨áâ¥¬ë. ‚ ç�áâ−®áâ¨, áà¥¤−¨¥ ç¨á«� N (1) ¨ N (2) §�ï¢®ª á®®â¢¥âáâ¢¥−−®
¢ ã§«¥ 1 ¨ ã§«¥ 2 à�¢−ë:

N (1) =

N1
∑

i=1

n1
∑

n=1

i~pi,n~1 ; N (2) =

N2
∑

j=1

n2
∑

m=1

jp0,j,m +

N1
∑

i=1

N2
∑

j=1

n1
∑

n=1

n2
∑

m=1

jpi,n,j,m .

‘«®¦−¥¥ ®¡áâ®¨â ¤¥«® á® áâ�æ¨®−�à−ë¬¨ å�à�ªâ¥à¨áâ¨ª�¬¨, á¢ï§�−−ë¬¨
á ¯®â¥àï¬¨ §�ï¢®ª, −�å®¦¤¥−¨î ª®â®àëå ¯®á¢ïé¥− á«¥¤ãîé¨© à�§¤¥«.

4 Стационарные вероятности потерь

�¡®§−�ç¨¬ ç¥à¥§ π(i) áâ�æ¨®−�à−ãî ¢¥à®ïâ−®áâì â®£®, çâ® ¯à¨−ïâ�ï ¢ ã§¥« i
§�ï¢ª� i-£® ¯®â®ª� ¡ã¤¥â ¯®â¥àï−�. ��å®¦¤¥−¨¥ π(i) á¢ï§�−® á ®¯à¥¤¥«¥−−ë¬¨
âàã¤−®áâï¬¨, ª®â®àë¥ ¢ë§¢�−ë ¤¢ã¬ï ®¡áâ®ïâ¥«ìáâ¢�¬¨. �¥à¢®¥ | ¨§-§� ¨á¯®«ì-
§®¢�−¨ï ¢ ã§«�å ¬¥å�−¨§¬� ®¡−®¢«¥−¨ï ¯à¨−ïâë¥ ¢ ã§¥« §�ï¢ª¨ ¬®£ãâ ¯®ª¨¤�âì
®ç¥à¥¤¨ −¥®¡á«ã¦¥−−ë¬¨. ‚â®à®¥ | −� ¢¥à®ïâ−®áâì ¯®â¥à¨ ¢ë¤¥«¥−−®© §�ï¢ª¨
¢«¨ï¥â −¥ â®«ìª® ç¨á«® §�ï¢®ª ¢ ã§«�å, ª®â®àë¥ ®−� §�áâ�«� ¯à¨ ¯®áâã¯«¥−¨¨,
−® â�ª¦¥ ¨ ¢®§¬®¦−ë¥ ¯®á«¥¤ãîé¨¥ ¯®áâã¯«¥−¨ï ¤® ¬®¬¥−â�, ª®£¤� ¢ë¤¥«¥−−�ï
§�ï¢ª� §�−ï«� ¯à¨¡®à ã§«� 2.

‡�¬¥â¨¬, çâ® ¯à¨−ïâ�ï ¢ ã§¥« 1 §�ï¢ª� ¬®¦¥â ¡ëâì ¯®â¥àï−� «¨¡® ¢® ¢à¥¬ï
®¦¨¤�−¨ï −�ç�«� ®¡á«ã¦¨¢�−¨ï ¢ ã§«¥ 1, «¨¡® ¯à¨ ¯¥à¥å®¤¥ ¢ ã§¥« 2, «¨¡®
¯à¥¡ë¢�ï ¢ ®ç¥à¥¤¨ ã§«� 2. �®íâ®¬ã ¢¬¥áâ® π(1) ã¤®¡−¥¥ ¨áª�âì ¤®¯®«−¨â¥«ì−ãî
ª −¥© ¢¥à®ïâ−®áâì â®£®, çâ® ¯à¨−ïâ�ï ¢ ã§¥« 1 §�ï¢ª� ¡ã¤¥â ®¡á«ã¦¥−� ¢ ã§«¥ 1
¨ ¢ ã§«¥ 2.

‚áî¤ã ¢ ¤�«ì−¥©è¥¬ ¤«ï á®ªà�é¥−¨ï §�¯¨á¨ ¡ã¤¥¬ £®¢®à¨âì, çâ® ¥á«¨ ¢ ã§«¥ i
−�å®¤¨âáï n §�ï¢®ª ¨ ä�§� ®¡á«ã¦¨¢�−¨ï à�¢−� m ¨ l = (n − 1)ni +m, â® ®−
−�å®¤¨âáï ¢ á®áâ®ï−¨¨ l. �ç¥¢¨¤−®, çâ® 1 ≤ l ≤ 1+niNi. �¯à¥¤¥«¨¬ á«¥¤ãîé¨¥
¬�âà¨æë: Pn(j, i,m), j ≥ 0, i ≥ 1, 0 ≤ i + j ≤ N1, 1 ≤ m ≤ n1, 0 ≤ n ≤
≤ N1 − 1, | ¬�âà¨æ�, í«¥¬¥−â [Pn(j, i,m)]kl, 1 ≤ k, l ≤ 1 + n2N2, ª®â®à®©
¯à¥¤áâ�¢«ï¥â á®¡®© ãá«®¢−ãî ¢¥à®ïâ−®áâì â®£®, çâ® ¢ë¤¥«¥−−�ï §�ï¢ª� ¡ã¤¥â
®¡á«ã¦¥−� ¢ ã§«¥ 1, ¯®¯�¤¥â ¢ ®ç¥à¥¤ì ã§«� 2 ¨ ¢ ¬®¬¥−â ¯¥à¥å®¤� ¢ ã§¥« 2 ®−�
®ª�¦¥âáï ¢ á®áâ®ï−¨¨ l, ¢ ã§«¥ 1 ®áâ�−¥âáï n ¤àã£¨å §�ï¢®ª, ¯à¨ ãá«®¢¨¨, çâ®
¯¥à¥¤1 ¢ë¤¥«¥−−®© §�ï¢ª®© −�å®¤¨âáï i − 1 ¤àã£¨å §�ï¢®ª, ä�§� ®¡á«ã¦¨¢�−¨ï
§�ï¢ª¨ −� ¯à¨¡®à¥ à�¢−�m, §� ¢ë¤¥«¥−−®© §�ï¢ª®© ¢ ®ç¥à¥¤¨ −�å®¤¨âáï j §�ï¢®ª,
� ã§¥« 2 −�å®¤¨âáï ¢ á®áâ®ï−¨¨ k.

1‘«ãç�© i = 1 ®§−�ç�¥â, çâ® ¢ë¤¥«¥−−�ï §�ï¢ª� −�å®¤¨âáï −� ¯à¨¡®à¥.
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Œ�âà¨æë Pn(j, i,m) ã¤®¢«¥â¢®àïîâ à¥ªãàà¥−â−ë¬ á®®â−®è¥−¨ï¬, ¤«ï ¢ë-
¯¨áë¢�−¨ï ª®â®àëå −¥®¡å®¤¨¬® ¯à¥¤¢�à¨â¥«ì−® −�©â¨ ¬�âà¨æã ¢¥à®ïâ−®áâ¥©
¯¥à¥å®¤®¢ ¯à®æ¥áá� X(t). „«ï íâ®£® ¢®á¯®«ì§ã¥¬áï ¢«®¦¥−−®© æ¥¯ìî Œ�àª®¢�,
¯®à®¦¤¥−−®© ¬®¬¥−â�¬¨ ¨§¬¥−¥−¨© á®áâ®ï−¨© ã§«� 1 ¨«¨ ã§«� 2. �à¥¤¯®«®¦¨¬,
çâ® ¯à®æ¥áá X(t) −�å®¤¨âáï −� ãà®¢−¥ (i, n), â. ¥. ¢ ã§«¥ 1 −�å®¤ïâáï i, 1 ≤ i ≤
≤ N1, §�ï¢®ª ¨ ä�§� ®¡á«ã¦¨¢�−¨ï à�¢−� n. Œ�âà¨æ� N∗

(i,n),(i,n) ¯¥à¥å®¤−ëå

¢¥à®ïâ−®áâ¥© ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢�, á¢ï§�−−ëå á ¯®áâã¯«¥−¨¥¬ −®¢®© §�ï¢ª¨
¨ ®ª®−ç�−¨¥¬ ®¡á«ã¦¨¢�−¨ï ¢ ã§«¥ 2, á®áâ®¨â ¨§ í«¥¬¥−â®¢:

[N∗
(i,n),(i,n)]kl =







0, ¥á«¨ k = l;
[N(i,n),(i,n)]kl

−[N(i,n),(i,n)]kk
¨−�ç¥,

1 ≤ k, l ≤ 1 + n2N2.

�«¥¬¥−âë ¬�âà¨æ N∗
(i,n),(i,n−1) ¨ L∗

(i+1,n),(i,n) ¢¥à®ïâ−®áâ¥© ¯¥à¥å®¤®¢ ¢«®¦¥−−®©

æ¥¯¨ Œ�àª®¢�, á¢ï§�−−ëå á ¨§¬¥−¥−¨¥¬ ä�§ë ®¡á«ã¦¨¢�−¨ï ¨ ¯®áâã¯«¥−¨¥¬
−®¢®© §�ï¢ª¨ ¢ ã§¥« 1, à�ááç¨âë¢�îâáï ¯® ä®à¬ã«�¬:

[

N∗
(i,n),(i,n−1)

]

kl
=
[N(i,n),(i,n−1)]kl

−[N(i,n),(i,n−1)]kk
;

[

L∗
(i+1,n),(i,n)

]

kl
=
[L(i+1,n),(i,n)]kl

−[N(i,n),(i,n)]kk
,

1 ≤ k, l ≤ 1 + n2N2.

��ª®−¥æ, ¯à¨ n = 1 −¥®¡å®¤¨¬® ¤®¯®«−¨â¥«ì−® à�ááç¨â�âì ¬�âà¨æë M∗
(i,1),(j,n1)

,

1 ≤ j ≤ i − 1, ¯¥à¥å®¤−ëå ¢¥à®ïâ−®áâ¥© ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢�, á¢ï§�−−ë¥
á ®ª®−ç�−¨¥¬ ®¡á«ã¦¨¢�−¨ï §�ï¢ª¨ ¢ ã§«¥ 1. ˆå í«¥¬¥−âë ¨¬¥îâ ¢¨¤:

[

M∗
(i,1),(j,n1)

]

kl
=
[M(i,1),(j,n1)]kl

−[N(i,1),(i,1)]kk
, 1 ≤ j ≤ i− 1, 1 ≤ k, l ≤ 1 + n2N2. (11)

�−�«®£¨ç−ë¬ ®¡à�§®¬ ®¯à¥¤¥«ïîâáï ¨ ¯¥à¥å®¤−ë¥ ¬�âà¨æë N∗
(0,0), L∗

0,(1,n1)

¨ M∗
(1,1),0.

‡�¬¥â¨¬, çâ® ¢ë¤¥«¥−−�ï §�ï¢ª� ¢ ¬®¬¥−â ®ª®−ç�−¨ï ®¡á«ã¦¨¢�−¨ï ¢ ã§«¥ 1
¬®¦¥â §�áâ�âì ®ç¥à¥¤ì ¢ ã§«e 2 ¯®«−®áâìî §�¯®«−¥−−®© ¨, §−�ç¨â, ¡ã¤¥â ¯®â¥àï−�.
“ç¨âë¢�ï (1), ¢¥à®ïâ−®áâ¨ â�ª¨å ¯¥à¥å®¤®¢ §�¤�îâáï í«¥¬¥−â�¬¨ [M∗

(i,1),(j,n1)
]kl

¨ [M∗
(1,1),0]kl ¯à¨ N2(n2 − 1) + 1 ≤ k, l ≤ 1 + n2N2, ¨, §−�ç¨â, ¯à¨ à�áç¥â¥

¢¥à®ïâ−®áâ¨ 1− π(1) −¥®¡å®¤¨¬® ¯®«®¦¨âì ¤«ï 1 ≤ j ≤ N1 − 1, j + 1 ≤ i ≤ N1:

[

M∗
(1,1),0

]

kl
=

[

M∗
(i,1),(j,n1)

]

kl
= 0 ; N2(n2 − 1) + 1 ≤ k, l ≤ 1 + n2N2 . (12)
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�à¨ à�áç¥â¥ ¦¥ áâ�æ¨®−�à−®© ¢¥à®ïâ−®áâ¨ â®£®, çâ® ¯à¨−ïâ�ï ¢ ã§¥« 1 §�ï¢ª�
−¥ ¡ã¤¥â ¯®â¥àï−� ¯à¨ ®¦¨¤�−¨¨ ¢ ã§«¥ 1, −® ¡ã¤¥â ¯®â¥àï−� ¯à¨ ¯®áâã¯«¥−¨¨
¢ ã§¥« 2, −¥®¡å®¤¨¬® ¯®«®¦¨âì ¤«ï 1 ≤ j ≤ N1 − 1, j + 1 ≤ i ≤ N1:

[

M∗
(1,1),0

]

kl
=

[

M∗
(i,1),(j,n1)

]

kl
= 0 , 1 ≤ k, l ≤ N2 (n2 − 1) .

‚®á¯®«ì§®¢�¢è¨áì â¥¯¥àì ä®à¬ã«®© ¯®«−®© ¢¥à®ïâ−®áâ¨, ¯®«ãç�¥¬ á«¥¤ã-
îé¨¥ à¥ªãàà¥−â−ë¥ á®®â−®è¥−¨ï ¤«ï à�áç¥â� ¬�âà¨æ Pn(j, i,m):

Pn(j, i,m) = N∗
(i+j,m),(i+j,m−1)Pn(j, i,m − 1) + N∗

(i+j,m),(i+j,m)Pn(j, i,m) +

+1(j<n)L
∗
(i+j,m),(i+j+1,m)Pn(j+1, i,m), 1 ≤ i ≤ N1, 0 ≤ j ≤ n, 2 ≤ m ≤ n1;

Pn(j, i, 1) =

=

i+j−1
∑

k=j+1

M∗
(i+j,1),(k,n1)

Pn(j, i − (i+ j − k), n1) + N∗
(i+j,1),(i+j,1)Pn(j, i, 1) +

+ 1(j<n)L
∗
(i+j,1),(i+j+1,1)Pn(j + 1, i, 1), 2 ≤ i ≤ N1, 0 ≤ j ≤ n ;

Pn(j, 1, 1) =



























1(j=n)M
∗
(j+1,1),(j,n1)

+ N∗
(j+1,1),(j+1,1)Pn(j, 1, 1) +

+ 1(j<n)L
∗
(i+j,1),(i+j+1,1)Pn(j + 1, i, 1),

¥á«¨ 0 ≤ j ≤ n, n > 0 ;

M∗
(1,1),0 + N∗

(1,1),(1,1)P0(0, 1, 1), ¥á«¨ j = n = 0 ;

0 ¨−�ç¥.

��¯®¬−¨¬, çâ® 1(A) ®¡®§−�ç�¥â ¨−¤¨ª�â®à ¬−®¦¥áâ¢� A. ‡�¬¥â¨¬, çâ® ¬�â-
à¨æë I − N∗

(i,m),(i,m) ¯à¨ «î¡ëå i ¨ m ®¡«�¤�îâ á¢®©áâ¢®¬ áâà®£®£® ¤¨�£®-

−�«ì−®£® ¯à¥®¡«�¤�−¨ï ¨ ¯®íâ®¬ã ï¢«ïîâáï −¥¢ëà®¦¤¥−−ë¬¨. ’�ª¨¬ ®¡à�§®¬,
¬�âà¨æë P0(0, i,m) à�ááç¨âë¢�îâáï ¯®á«¥¤®¢�â¥«ì−®, −�ç¨−�ï á P0(0, 1, 1), ¯®
ä®à¬ã«�¬:

P0(0, i,m) =
(

I1+n2N2 − N∗
(i,m),(i,m)

)−1
N∗
(i,m),(i,m−1)P0(0, i,m − 1),

1 ≤ i ≤ N1, 2 ≤ m ≤ n1; (13)

P0(0, i, 1) =
(

I1+n2N2 − N∗
(i,1),(i,1)

)−1
i−1
∑

k=1

M∗
(i,1),(k,n1)

P0(0, k, n1),

2 ≤ i ≤ N1; (14)

P0(0, 1, 1) =
(

I1+n2N2 − N∗
(1,1),(1,1)

)−1
M∗
(1,1),0. (15)
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�−�«®£¨ç−ë¬ ®¡à�§®¬ ¬®£ãâ ¡ëâì ¯à¥®¡à�§®¢�−ë á®®â−®è¥−¨ï ¤«ï à�áç¥â� ¬�â-
à¨æ Pn(j, i,m) ¯à¨ 1 ≤ n ≤ N1 − 1. ˆ¬¥¥¬:

Pn(j, i,m) =

=
(

I1+n2N2 − N∗
(i+j,m),(i+j,m)

)−1 (

N∗
(i+j,m),(i+j,m−1)Pn(j, i,m − 1) +

+ 1(j<n)L
∗
(i+j,m),(i+j+1,m)Pn(j + 1, i,m)

)

,

1 ≤ i ≤ N1, 0 ≤ j ≤ n, 2 ≤ m ≤ n1; (16)

Pn(j, i, 1) =

=
(

I1+n2N2 − N∗
(i+j,1),(i+j,1)

)−1





i+j−1
∑

k=j+1

M∗
(i+j,1),(k,n1)

Pn(j, k − j, n1) +

+ 1(j<n)L
∗
(i+j,1),(i+j+1,1)Pn(j + 1, i, 1)

)

, 2 ≤ i ≤ N1, 0 ≤ j ≤ n, (17)

Pn(j, 1, 1) =
(

I1+n2N2 − N∗
(j+1,1),(j+1,1)

)−1 (

1(j=n)M
∗
(j+1,1),(j,n1)

+

+ 1(j<n)L
∗
(i+j,1),(i+j+1,1)Pn(j + 1, i, 1)

)

, 0 ≤ j ≤ n. (18)

�á¥¢¤®ª®¤ ®¡é¥£® �«£®à¨â¬� à�áç¥â� ¬�âà¨æ Pn(j, i,m):

for 1 ≤ i ≤ N1
÷�ááç¨â�âì P0(0, i, 1) ¯® (14) ¨ (15)
for 2 ≤ m ≤ n1

÷�ááç¨â�âì P0(0, i,m) ¯® (13)
end for

end for
for 1 ≤ n ≤ N1 − 1

for 1 ≤ i ≤ N1
j = n
while j ≥ 0

÷�ááç¨â�âì Pn(j, i, 1) ¯® (17) ¨ (18)
for 2 ≤ m ≤ n1

÷�ááç¨â�âì Pn(j, i,m) ¯® (16)
end for
j = j − 1

end while
end for

end for
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÷�ááç¨â�¢ Pn(j, i,m) ¯à¨ ãá«®¢¨¨ (11), ¬®¦−® −�©â¨ ¢¥à®ïâ−®áâì â®£®, çâ®
§�ï¢ª� ¯¥à¢®£® ¯®â®ª� −¥ ¡ã¤¥â ¯®â¥àï−� ¢ ã§«¥ 1 (−¨ ¯à¨ ¯®áâã¯«¥−¨¨, −¨ ¯à¨
®¦¨¤�−¨¨ ®¡á«ã¦¨¢�−¨ï) ¨ ¯®¯�¤¥â ¢ ®ç¥à¥¤ì ã§«� 2:

N1−1
∑

n=0

~p0Pn(0, 1, n1)~1 +

N1−1
∑

m=1

n1
∑

j=1

N1−1
∑

n=0

~pmjPn(0,m, j)~1. (19)

�® íâ®© ¦¥ ä®à¬ã«¥, −® á ãç¥â®¬ §�¬¥−ë ãá«®¢¨ï (11) −� (12), à�ááç¨âë¢�¥âáï
¨ ¢¥à®ïâ−®áâì â®£®, çâ® §�ï¢ª� ¯¥à¢®£® ¯®â®ª� −¥ ¡ã¤¥â ¯®â¥àï−� ¢ ã§«¥ 1, −®
¡ã¤¥â ¯®â¥àï−� −� ¢å®¤¥ ¢ ã§¥« 2. ‚ áã¬¬¥ íâ¨ ¤¢¥ ¢¥à®ïâ−®áâ¨ ¤�îâ ¢¥à®ïâ−®áâì

1− π
(1)
1 â®£®, çâ® §�ï¢ª� ¯¥à¢®£® ¯®â®ª� −¥ ¡ã¤¥â ¯®â¥àï−� ¢ ã§«¥ 1.

‚¢¥¤¥¬ ¢¥ªâ®àë ~p ∗
i,n, 1 ≤ i ≤ N1 − 1, 1 ≤ n ≤ n1, ¨ ~p ∗

0 . �«¥¬¥−â [~p ∗
i,n]l,

1 ≤ l ≤ 1 + n2N2, ¥áâì ¡¥§ãá«®¢−�ï ¢¥à®ïâ−®áâì â®£®, çâ® −¥ ¯®â¥àï−−�ï ¢ ã§«¥ 1
§�ï¢ª� ¯®áâã¯¨â ¢ ®ç¥à¥¤ì ã§«� 2 ¨ ¢ ¬®¬¥−â ¥¥ ¯¥à¥å®¤� ¢ ã§¥« 2 ¥£® á®áâ®ï−¨¥
¡ã¤¥â l, � ¢ ã§«¥ 1 ¡ã¤¥â −�å®¤¨âìáï i ¤àã£¨å §�ï¢®ª ¨ ä�§� ®¡á«ã¦¨¢�−¨ï n (¯à¨
i ≥ 1); �−�«®£¨ç−® ®¯à¥¤¥«ï¥âáï ¨ í«¥¬¥−â [~p ∗

0 ]l. ˆ¬¥¥¬:

~p ∗
0 = ~p0P0(0, 1, n1) +

N1−1
∑

m=1

n1
∑

j=1

~pijP0(0,m+ 1, j) ;

~p ∗
i,n =











~p0Pi(0, 1, n1) +

N1−1
∑

m=1

n1
∑

j=1

~pmjPi(0,m + 1, j), n = n1 ;

~0, 1 ≤ n ≤ n1 − 1 ,

1 ≤ i ≤ N1 − 1 ;

~p ∗
N1,n

= ~0 , 1 ≤ n ≤ n1.

‡�ï¢ª� ¯¥à¢®£® ¯®â®ª�, ®¡á«ã¦¨¢�−¨¥ ª®â®à®© â®«ìª® çâ® §�ª®−ç¨«®áì ¢ ã§«¥ 1,
¯®áâã¯�¥â ¢ ã§¥« 2 ¨ ¬®¦¥â §�áâ�âì ¢ −¥¬ −¥ ¡®«¥¥ N2 §�ï¢®ª, ¨ ¯à¨ íâ®¬ ª�¦¤®¬ã
á®áâ®ï−¨î ã§«� 2 á®®â¢¥âáâ¢ã¥â ®¤−® ¨§ 1 + n1N1 á®áâ®ï−¨© ã§«� 1. ‚¢¥¤¥¬
¢¥ªâ®àë ~p+j,m, 1 ≤ j ≤ N2, 1 ≤ m ≤ n2, ¨ ~p+0 . �«¥¬¥−â [~p+j,m]l, 1 ≤ l ≤ 1 +
+ n2N2, ¥áâì ¡¥§ãá«®¢−�ï ¢¥à®ïâ−®áâì â®£®, çâ® −¥ ¯®â¥àï−−�ï ¢ ã§«¥ 1 §�ï¢ª�
¯®áâã¯¨â ¢ ®ç¥à¥¤ì ã§«� 2 ¨ ¢ ¬®¬¥−â ¥¥ ¯¥à¥å®¤� ¢ ã§«¥ 2 ¡ã¤¥â j ¤àã£¨å §�ï¢®ª
¨ ä�§� ®¡á«ã¦¨¢�−¨ï m (¯à¨ j ≥ 1), � ã§¥« 1 ¡ã¤¥â −�å®¤¨âìáï ¢ á®áâ®ï−¨¨ l,
1 ≤ l ≤ 1 + n1N1; �−�«®£¨ç−® ®¯à¥¤¥«ï¥âáï ¨ í«¥¬¥−â [~p+0 ]l. ˆáª®¬ë¥ ¢¥ªâ®àë
¬®£ãâ ¡ëâì á®áâ�¢«¥−ë ¨§ í«¥¬¥−â®¢ ¢¥ªâ®à®¢ ~p ∗

i,n, −�©¤¥−−ëå ¢ëè¥, ¨ ¨¬¥îâ
¢¨¤:

~p+0 =
(

[~p ∗
0 ]1, [~p

∗
1,1]1, . . . , [~p

∗
1,n1]1, . . . , [~p

∗
N1−1,1]1, . . .

. . . , [~p ∗
N1−1,n1 ]1, [~p

∗
N1,1]1, . . . , [~p

∗
N1,n1

]1
)

;
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~p+j,m =
(

[~p ∗
0 ]1+m+(j−1)n2 , [~p

∗
1,1]1+m+(j−1)n2 , . . . , [~p

∗
1,n1 ]1+m+(j−1)n2 , . . .

. . . , [~p ∗
N1−1,1]1+m+(j−1)n2 , . . . , [~p

∗
N1−1,n1 ]1+m+(j−1)n2 ,

[~p ∗
N1,1]1+m+(j−1)n2 , . . . , [~p

∗
N1,n1

]1+m+(j−1)n2
)

.

„«ï −�å®¦¤¥−¨ï ¢¥à®ïâ−®áâ¨ â®£®, çâ® ¯à¨−ïâ�ï ¢ ã§¥« 2 §�ï¢ª� −¥ ¡ã¤¥â
¯®â¥àï−�, −¥®¡å®¤¨¬® ¤¥©áâ¢®¢�âì â�ª¨¬ ¦¥ ®¡à�§®¬, ª�ª ¨ ¯à¨ −�å®¦¤¥−¨¨
¢¥à®ïâ−®áâ¨ ¯®â¥à¨ ¯à¨−ïâ®© §�ï¢ª¨ ¢ ã§«¥ 1 (á¬. (19)). „àã£¨¬¨ á«®¢�¬¨,

−¥®¡å®¤¨¬® −�©â¨ ¬�âà¨æë “Pn(j, i,m), j ≥ 0, i ≥ 1, 0 ≤ i + j ≤ N2, 1 ≤ m ≤

≤ n2, 0 ≤ n ≤ N2 − 1, í«¥¬¥−â [“Pn(j, i,m)]kl, 1 ≤ k, l ≤ 1 + n1N1, ª®â®àëå
¯à¥¤áâ�¢«ï¥â á®¡®© ãá«®¢−ãî ¢¥à®ïâ−®áâì â®£®, çâ® ¯à¨−ïâ�ï ¢ ã§¥« 2 §�ï¢ª� ¡ã¤¥â
®¡á«ã¦¥−� ¨ ¢ ¬®¬¥−â ®ª®−ç�−¨ï ®¡á«ã¦¨¢�−¨ï ã§¥« 1 ®ª�¦¥âáï ¢ á®áâ®ï−¨¨ l,
¢ ã§«¥ 2 ®áâ�−¥âáï n ¤àã£¨å §�ï¢®ª, ¯à¨ ãá«®¢¨¨ çâ® ¯¥à¥¤ ¢ë¤¥«¥−−®© §�ï¢ª®©
¢ ã§«¥ 2 −�å®¤¨âáï i − 1 ¤àã£¨å §�ï¢®ª, ä�§� ®¡á«ã¦¨¢�−¨ï §�ï¢ª¨ −� ¯à¨¡®à¥
à�¢−�m, §� ¢ë¤¥«¥−−®© §�ï¢ª®© ¢ ®ç¥à¥¤¨ −�å®¤¨âáï j §�ï¢®ª, � ã§¥« 1 −�å®¤¨âáï
¢ á®áâ®ï−¨¨ k.

�®áª®«ìªã ®¡á«ã¦¥−−ë¥ §�ï¢ª¨ ¢ ã§«¥ 1 ¯®áâã¯�îâ ¢ ã§¥« 2, â® ¤«ï à�áç¥â�

¬�âà¨æ “Pn(j, i,m) −¥®¡å®¤¨¬® ¯à¥¤¢�à¨â¥«ì−® ¨§¬¥−¨âì ¬�âà¨æë ¨−â¥−á¨¢−®-
áâ¥© ¯¥à¥å®¤®¢. �®¢ë¥ ¬�âà¨æë ¨−â¥−á¨¢−®áâ¥© (á−�¡¦¥−−ë¥ á¢¥àåã á¨¬¢®«®¬
â¨«ì¤�) ¨¬¥îâ ¢¨¤:

“N0,0 = �Q
(1) − λ2In1N1+1 − diag

(

�Q(1)~1
)

;

“L(i,n),(j,m) = λ2In1N1+1 +
�Q(1);

“M(1,1),0 = µ2In1N1+1;

“M(i,1),(j,n1) =

{

(q
(2)
0 +Q

(2)
j )
“M(1,1),0, ¥á«¨ i = j + 1;

q
(2)
i−j−1

“M(1,1),0 ¨−�ç¥,

1 ≤ j ≤ N2 − 1, j + 1 ≤ i ≤ N2;

“N(1,n),(1,n) = �Q
(1) − (λ2 + µ2) In1N1+1 − diag

(

�Q(1)~1
)

, 1 ≤ n ≤ n2;

“N(i,n+1),(i,n) = µ2In1N1+1, 1 ≤ n ≤ n2 − 1, 1 ≤ i ≤ N2;

“N(i,1),(i,1) = �Q
(1) − λ2In1N1+1 − diag

(

�Q(1)~1
)

−

i−1
∑

j=1

diag
(

“M(i,1),(j,n1)
~1
)

,

2 ≤ i ≤ N2.

�¥à¥å®¤ï ®â íâ¨å −®¢ëå ¬�âà¨æ ¨−â¥−á¨¢−®áâ¥© ª ¬�âà¨æ�¬ ¢¥à®ïâ−®áâ¥© ¯®
�−�«®£¨¨ á â¥¬, ª�ª íâ® ¡ë«® á¤¥«�−® ¢ëè¥, ¨ ¢®á¯®«ì§®¢�¢è¨áì ¯á¥¢¤®ª®¤®¬
�«£®à¨â¬� (á¬. á. 24), §�¬¥−ïï ¢ −¥¬ n1 ¨ N1 á®®â¢¥âáâ¢¥−−® −� n2 ¨ N2,
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‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ ¤¢ãåã§«®¢®© ¬�àª®¢áª®© ‘Œ� c ®¡−®¢«¥−¨¥¬

à�ááç¨âë¢�îâáï ¬�âà¨æë “Pn(j, i,m). ‡�¬¥ç�ï, çâ® §�ï¢ª� ¯¥à¢®£® ¯®â®ª�,
¯®áâã¯¨¢è�ï ¢ ã§¥« 2 ¨ §�áâ�¢è�ï ¥£® á¢®¡®¤−ë¬ ®â §�ï¢®ª (çâ® ¯à®¨áå®¤¨â

á ¢¥à®ïâ−®áâìî ~p+0 ~1) −¥ ¡ã¤¥â ¯®â¥àï−�, ¯®«ãç�¥¬ ¯® ä®à¬ã«¥ ¯®«−®© ¢¥à®ïâ−®áâ¨
®ª®−ç�â¥«ì−®¥ ¢ëà�¦¥−¨¥ ¤«ï ¢¥à®ïâ−®áâ¨ ¯®â¥à¨ §�ï¢ª¨ ¯¥à¢®£® ¯®â®ª�:

1− π(1) = ~p+0
~1 +

N2−1
∑

j=1

n2
∑

m=1

N2−1
∑

n=0

~p+j,m
“Pn(0, j + 1,m)~1 . (20)

�â� ¦¥ ä®à¬ã«� ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢�−� ¤«ï −�å®¦¤¥−¨¨ ¢¥à®ïâ−®áâ¨ ¯®â¥à¨
§�ï¢ª¨ ¢â®à®£® ¯®â®ª�. �¤−�ª® ¢ íâ®¬ á«ãç�¥ ¢¥ªâ®àë ~p+0 ¨ ~p+j,m −¥®¡å®¤¨¬®
¨§¬¥−¨âì, ¯®áª®«ìªã §�ï¢ª� ¢â®à®£® ¯®â®ª� ¯®áâã¯�¥â ¨ ®¡á«ã¦¨¢�¥âáï â®«ìª®
¢ ã§«¥ 2. ’�ª ª�ª ¯® á¢®©áâ¢ã PASTA (Poisson Arrival See Time Average) ¯ã�á-
á®−®¢áª®£® ¯®â®ª� ¢ áâ�æ¨®−�à−®¬ à¥¦¨¬¥ ¯®áâã¯�îé�ï §�ï¢ª� §�áâ�¥â á¨áâ¥¬ã

¢ á®áâ®ï−¨¨ x ∈ X á ¢¥à®ïâ−®áâìî px, â® ¯à¨ ¨á¯®«ì§®¢�−¨¨ (20) ¤«ï à�áç¥â� π(2)

¢¥ªâ®àë ~p+0 ¨ ~p+j,m −¥®¡å®¤¨¬® §�¤�âì á«¥¤ãîé¨¬ ®¡à�§®¬:

~p+0 = (p0,0, p1,1,0, . . . , p1,n1,0, p2,1,0, . . . , p2,n1,0, . . . , pN1,1,0, . . . , pN1,n1,0) ;

~p+j,m = (p0,j,m, p1,j,m, . . . , p1,n1,j,m, p2,1,j,m, . . . , p2,n1,j,m, . . .

. . . , pN1,1,j,m, . . . , pN1,n1,j,m) , 1 ≤ j ≤ N2, 1 ≤ m ≤ n2.

5 Заключение

‡�¬¥â¨¬, çâ® ¯à¥¤«®¦¥−−ë¥ à�ááã¦¤¥−¨ï ¤«ï á®áâ�¢«¥−¨ï ‘“÷, ®ª�§�¢è¨¥-
áï ã¤®¡−ë¬¨ ¤«ï ¤¢ãåã§«®¢®© á¨áâ¥¬ë, ®¡®¡é�îâáï ¥áâ¥áâ¢¥−−ë¬ ®¡à�§®¬ ¨ −�
n-ã§«®¢ë¥ á¨áâ¥¬ë. �® á ¤®¡�¢«¥−¨¥¬ ª�¦¤®£® ã§«� ¯à®¡«¥¬� à�§¬¥à−®áâ¨ ¢áâ�¥â
¢á¥ ®áâà¥¥. �®-¢¨¤¨¬®¬ã, ¤«ï n-ã§«®¢ëå á¨áâ¥¬ (n ≥ 3) â�ª®¥ ¯àï¬®¥ ®¡®¡-
é¥−¨¥ −¥ ¬®¦¥â ¯à¨¢¥áâ¨ ª ¯à¨£®¤−ë¬ ¤«ï à�áç¥â®¢ à¥§ã«ìâ�â�¬. „�«ì−¥©è¨¥
¨áá«¥¤®¢�−¨ï ¬®£ãâ ¡ëâì −�¯à�¢«¥−ë −� ¯®¨áª ¨ à�§à�¡®âªã ¡®«¥¥ íää¥ªâ¨¢−ëå
¬¥â®¤®¢ à�áç¥â� áâ�æ¨®−�à−ëå ¯®ª�§�â¥«¥© ª�ç¥áâ¢� ‘¥Œ� á ®¡®¡é¥−−ë¬ ®¡-
−®¢«¥−¨¥¬, çâ® ¬®¦¥â ¯®âà¥¡®¢�âì ¢¢¥¤¥−¨ï ¤®¯®«−¨â¥«ì−ëå ãá«®¢¨© −� à¥¦¨¬
äã−ªæ¨®−¨à®¢�−¨ï ã§«®¢ (−�¯à¨¬¥à, à¥¦¨¬ ¢ëá®ª®© §�£àã§ª¨).

‘ª�¦¥¬ −¥áª®«ìª® á«®¢ ® à�áç¥â¥ ¢à¥¬¥−−‚ëå å�à�ªâ¥à¨áâ¨ª ¯®áâã¯�îé¨å
¢ á¨áâ¥¬ã §�ï¢®ª. ‚ á¢ï§¨ á −�«¨ç¨¥¬ ¢ ã§«�å ¬¥å�−¨§¬� ®¡−®¢«¥−¨ï ¤«ï à�á-
ç¥â� à�á¯à¥¤¥«¥−¨ï ¢à¥¬¥−¨ ¯à¥¡ë¢�−¨ï §�ï¢ª¨ ¢ á¨áâ¥¬¥ áâ�−¤�àâ−ë¥ ¬¥â®¤ë
à�áç¥â� ¢à¥¬¥−¨ ¤® ¯®£«®é¥−¨ï ¢ æ¥¯¨ Œ�àª®¢� á ª®−¥ç−ë¬ ç¨á«®¬ á®áâ®ï−¨©
¬�«®¯à¨£®¤−ë. ‚ ¯à¨−æ¨¯¥, ¢®á¯®«ì§®¢�¢è¨áì à¥§ã«ìâ�â�¬¨ à�§¤. 4, íâ¨ à�á-
¯à¥¤¥«¥−¨ï ¬®£ãâ ¡ëâì −�©¤¥−ë ¢ â¥à¬¨−�å ¯à¥®¡à�§®¢�−¨ï ‹�¯«�á�{‘â¨«âì¥á�,
â�ª ª�ª ¢à¥¬¥−� ¬¥¦¤ã ¯¥à¥å®¤�¬¨ ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢� ¨¬¥îâ íªá¯®−¥−-
æ¨�«ì−®¥ à�á¯à¥¤¥«¥−¨¥ (å®âì ¨ á à�§−ë¬¨ ¯�à�¬¥âà�¬¨). ‘¯à�¢¥¤«¨¢®áâ¨ à�¤¨
−¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ¨§ (13){(18) ¢¨¤−®, çâ® ¤�¦¥ ¤«ï ¤¢ãåã§«®¢®© á¨áâ¥¬ë
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‹. �. Œ¥©å�−�¤¦ï−, ˆ. ‘. ‡�àï¤®¢, ’. �. Œ¨«®¢�−®¢�

íâ®â ¯®¤å®¤ ¯à¥¤áâ�¢«ï¥â á®¡®© áª®à¥¥ â¥®à¥â¨ç¥áª¨© ¨−â¥à¥á. �® −¥ª®â®àë¬
¢ëå®¤®¬ ¨§ ¯®«®¦¥−¨ï á«ã¦¨â ä®à¬ã«� ‹¨ââ«�. ��ª®−¥æ, ®â¬¥â¨¬, çâ® ¤«ï
¡®«¥¥ ¯®¤à®¡−®£® áà�¢−¥−¨ï ¬¥å�−¨§¬� ®¡−®¢«¥−¨ï á ¤àã£¨¬¨ ¨§¢¥áâ−ë¬¨ ¬¥-
å�−¨§¬�¬¨ �ªâ¨¢−®£® ã¯à�¢«¥−¨ï ®ç¥à¥¤ï¬¨ −¥®¡å®¤¨¬® ã¬¥âì ¢ëç¨á«ïâì ¨ àï¤
¤àã£¨å, á¯¥æ¨�«ì−ëå ¯®ª�§�â¥«¥© ª�ç¥áâ¢�, ª�ª, −�¯à¨¬¥à, ¬®¬¥−âë ç¨á«� ¯®-
á«¥¤®¢�â¥«ì−ëå ¯®â¥àì. �â� §�¤�ç�, âà¥¡ãîé�ï ®â¤¥«ì−®£® ¨áá«¥¤®¢�−¨ï, â�ª¦¥
¯à¥¤áâ�¢«ï¥â −¥á®¬−¥−−ë© ¨−â¥à¥á.
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STATIONARY CHARACTERISTICS
OF THE TWO-NODE MARKOVIAN TANDEM QUEUEING SYSTEM

WITH GENERAL RENOVATION
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Abstract: Consideration is given to the Markovian tandem queueing system with
two finite-capacity heterogeneous nodes, say node 1 and node 2. The output of
node 1 is the input into node 2. Each node is a single-server queue with a Poisson
incoming flow of customers and service times having Erlang distribution. The
service discipline is FIFO (first in, first out). General renovation is implemented
in each node which implies that upon a service completion, a customer may
remove a random number of customers from the queue (if any is available), with
a given probability distribution; removed customers leave the system. Using
the matrix-geometric technique, one derives the joint stationary distribution of
the nodes' states. A recursive algorithm for computation of the stationary loss
probabilities under the head-of-the-queue renovation is also proposed.
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