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СТАЦИОНАРНЫЕ ХАРАКТЕРИСТИКИ ОБСЛУЖИВАНИЯ
В СИСТЕМЕ GI/MSP/n/∞ С ОБОБЩЕННЫМ

ОБНОВЛЕНИЕМ∗

И. С. Зарядов1, Л. А. Мейханаджян2, Т. А. Милованова3

�−−®â�æ¨ï: ÷�áá¬�âà¨¢�¥âáï á¨áâ¥¬� ®¡á«ã¦¨¢�−¨ï GI/MSP/n/∞ á à¥-
ªãàà¥−â−ë¬ ¢å®¤ïé¨¬ ¯®â®ª®¬, n ¨¤¥−â¨ç−ë¬¨ ¯à¨¡®à�¬¨, ®¡á«ã¦¨¢�−¨¥¬
¬�àª®¢áª®£® â¨¯�, ®ç¥à¥¤ìî −¥®£à�−¨ç¥−−®© ¥¬ª®áâ¨ ¨ ®¡®¡é¥−−ë¬ ®¡−®¢-
«¥−¨¥¬. �¡®¡é¥−−®¥ ®¡−®¢«¥−¨¥, ï¢«ïîé¥¥áï à�§−®¢¨¤−®áâìî ¬¥å�−¨§¬�
�ªâ¨¢−®£® ã¯à�¢«¥−¨ï ®ç¥à¥¤ìî, ¯à¥¤¯®«�£�¥â, çâ® ¢ ¬®¬¥−â ®ª®−ç�−¨ï ®¡-
á«ã¦¨¢�−¨ï ¯®ª¨¤�îé�ï á¨áâ¥¬ã §�ï¢ª� ¬®¦¥â ã¤�«¨âì ¨§ ®ç¥à¥¤¨ −¥ª®â®à®¥
á«ãç�©−®¥ ç¨á«® ®¦¨¤�îé¨å §�ï¢®ª á §�¤�−−ë¬ ¢¥à®ïâ−®áâ−ë¬ à�á¯à¥¤¥«¥-
−¨¥¬. ‘ ¯®¬®éìî ¬¥â®¤� ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢� −�©¤¥−ë áâ�æ¨®−�à−ë¥
à�á¯à¥¤¥«¥−¨ï ®á−®¢−ëå ¯®ª�§�â¥«¥© äã−ªæ¨®−¨à®¢�−¨ï á¨áâ¥¬ë. �®«ãç¥−-
−ë¥ á®®â−®è¥−¨ï ¤�îâ ¢®§¬®¦−®áâì −�¯¨á�−¨ï ¯à®£à�¬¬ à�áç¥â�, ¯®§¢®«ï-
îé¨å ¢ëç¨á«¨âì ª�ª áâ�æ¨®−�à−ë¥ ¢¥à®ïâ−®áâ¨ ç¨á«� §�ï¢®ª ¢ á¨áâ¥¬¥ ¯®
¬®¬¥−â�¬ ¯®áâã¯«¥−¨ï §�ï¢®ª ¨ ¯® ¢à¥¬¥−¨, â�ª ¨ áâ�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥
¢à¥¬¥−¨ ®¦¨¤�−¨ï −�ç�«� ®¡á«ã¦¨¢�−¨ï (¯à¨ ¯àï¬®¬ ¯®àï¤ª¥ ®¡á«ã¦¨¢�−¨ï
¨ ®¡−®¢«¥−¨ï).

Š«îç¥¢ë¥ á«®¢�: á¨áâ¥¬� ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï; ®¡®¡é¥−−®¥ ®¡−®¢«¥−¨¥;
¬�àª®¢áª¨© ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï; ã¯à�¢«¥−¨¥ ®ç¥à¥¤ìî; ¢«®¦¥−−�ï æ¥¯ì
Œ�àª®¢�

DOI: 10.14357/08696527190405

1 Введение

‚ à�¡®â¥ à�áá¬�âà¨¢�¥âáï n-«¨−¥©−�ï á¨áâ¥¬� ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï
(‘Œ�) á ®¤−®© ®ç¥à¥¤ìî −¥®£à�−¨ç¥−−®© ¥¬ª®áâ¨, à¥ªãàà¥−â−ë¬ ¢å®¤ïé¨¬
¯®â®ª®¬ §�ï¢®ª, á¯¥æ¨�«ì−ë¬ ®¡á«ã¦¨¢�−¨¥¬ ¬�àª®¢áª®£® â¨¯� ¨ ¬¥å�−¨§¬®¬
®¡®¡é¥−−®£® ®¡−®¢«¥−¨ï á®£«�á−® [1]. ‘ ¯®¬®éìî ¬¥â®¤� ¢«®¦¥−−®© æ¥¯¨
Œ�àª®¢� −�©¤¥−ë áâ�æ¨®−�à−ë¥ à�á¯à¥¤¥«¥−¨ï ®á−®¢−ëå å�à�ªâ¥à¨áâ¨ª ®¡á«ã-
¦¨¢�−¨ï. �à¨¢¥¤¥−−ë¥ §¤¥áì à¥§ã«ìâ�âë ®¡®¡é�îâ �−�«®£¨ç−ë¥ à¥§ã«ìâ�âë
áâ�â¥© [1{4], ¯®«ãç¥−−ë¥ ¤«ï ®¤−®«¨−¥©−®© á¨áâ¥¬ë G/MSP/1/r ¨ ¬−®£®«¨-
−¥©−ëå á¨áâ¥¬ G/M/n/r á ®¡−®¢«¥−¨¥¬. Šà®¬¥ â®£®, ¯à¥¤«®¦¥−−�ï ¬®¤¥«ì

∗ˆáá«¥¤®¢�−¨¥ ¢ë¯®«−¥−® ¯à¨ ä¨−�−á®¢®© ¯®¤¤¥à¦ª¥ ÷””ˆ (¯à®¥ªâ 19-07-00739).
1÷®áá¨©áª¨© ã−¨¢¥àá¨â¥â ¤àã¦¡ë −�à®¤®¢; ˆ−áâ¨âãâ ¯à®¡«¥¬ ¨−ä®à¬�â¨ª¨ ”¥¤¥à�«ì-

−®£® ¨áá«¥¤®¢�â¥«ìáª®£® æ¥−âà� úˆ−ä®à¬�â¨ª� ¨ ã¯à�¢«¥−¨¥û ÷®áá¨©áª®© �ª�¤¥¬¨¨ −�ãª,
zaryadov-is@rudn.ru

2”¨−�−á®¢ë© ã−¨¢¥àá¨â¥â ¯à¨ �à�¢¨â¥«ìáâ¢¥ ÷”, lamejkhanadzhyan@fa.ru
3÷®áá¨©áª¨© ã−¨¢¥àá¨â¥â ¤àã¦¡ë −�à®¤®¢, milovanova-ta@rudn.ru

50



‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ ®¡á«ã¦¨¢�−¨ï ¢ á¨áâ¥¬¥ GI/MSP/n/∞ á ®¡−®¢«¥−¨¥¬

¯à®æ¥áá� ®¡á«ã¦¨¢�−¨ï ¬®¦¥â à�áá¬�âà¨¢�âìáï ª�ª ®¡®¡é¥−¨¥ (¢ á«ãç�¥ ¨¤¥−-
â¨ç−ëå ¯à¨¡®à®¢) ¬�àª®¢áª®£® ®¡á«ã¦¨¢�−¨ï (Markovian Service Process), ®¡ëç-
−® ¨á¯®«ì§ã¥¬®£® ¯à¨ ®¯¨á�−¨¨ à�¡®âë ¯à¨¡®à®¢ ¢ ‘Œ�, äã−ªæ¨®−¨àãîé¨å
¢ á«ãç�©−®© áà¥¤¥ [5{8].

�â¬¥â¨¬ â�ª¦¥, çâ® ¨−â¥à¥á ª ¬®¤¥«ï¬, ¯®¤®¡−ë¬ â®©, çâ® à�áá¬�âà¨¢�¥âáï
¢ áâ�âì¥, á¢ï§�− á ¯¥àá¯¥ªâ¨¢�¬¨ ¯à¨¬¥−¥−¨ï ¬¥å�−¨§¬� ®¡®¡é¥−−®£® ®¡−®¢«¥−¨ï
¢ ª�ç¥áâ¢¥ �«£®à¨â¬� �ªâ¨¢−®£® ã¯à�¢«¥−¨ï ®ç¥à¥¤ï¬¨ (á¬. ¯®¤à®¡−¥¥ ¢ [9{13]).

2 Описание системы

÷�áá¬�âà¨¢�¥âáï n-«¨−¥©−�ï ‘Œ� G/MSP/n/∞ á ®ç¥à¥¤ìî ¡¥áª®−¥ç−®©
¥¬ª®áâ¨ ¨ ®¡®¡é¥−−ë¬ ®¡−®¢«¥−¨¥¬. ‚å®¤ïé¨© ¢ á¨áâ¥¬ã ¯®â®ª §�ï¢®ª ï¢«ï¥âáï
à¥ªãàà¥−â−ë¬, ¯à¨ç¥¬ ¢à¥¬ï ¬¥¦¤ã á®á¥¤−¨¬¨ ¯®áâã¯«¥−¨ï¬¨ §�ï¢®ª ¨¬¥¥â
¯à®¨§¢®«ì−ãî äã−ªæ¨î à�á¯à¥¤¥«¥−¨ï A(x). �ã¤¥¬ ¯à¥¤¯®«�£�âì, çâ® áà¥¤−¥¥
¢à¥¬ï a =

∫∞
0 x dA(x) ¬¥¦¤ã ¯®áâã¯«¥−¨ï¬¨ §�ï¢®ª ª®−¥ç−® ¨, ªà®¬¥ â®£®, â�¬,

£¤¥ à¥çì ¯®©¤¥â ® áâ�æ¨®−�à−®¬ à�á¯à¥¤¥«¥−¨¨ ¯® ¢à¥¬¥−¨, ¡ã¤¥¬ áç¨â�âì, çâ®
à�á¯à¥¤¥«¥−¨¥ A(x) ï¢«ï¥âáï −¥à¥è¥âç�âë¬.

Œ�àª®¢áª¨© ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï §�ï¢®ª ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à�§®¬.
…á«¨ ¢ á¨áâ¥¬¥ −�å®¤¨âáï k §�ï¢®ª, â® ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï ¬®¦¥â −�å®¤¨âìáï
¢ ®¤−®¬ ¨§ lk, 1 ≤ lk < ∞, á®áâ®ï−¨© (ä�§ ®¡á«ã¦¨¢�−¨ï). ’®£¤� ¥á«¨ ä�§�
®¡á«ã¦¨¢�−¨ï à�¢−� i, 1 ≤ i ≤ lk, â® §� ú¬�«®¥û ¢à¥¬ï – á ¢¥à®ïâ−®áâìî

λ
(k)
ij –+ o(–) ä�§� ¨§¬¥−¨âáï −� j-î, 1 ≤ j ≤ lk, ¨ ¢á¥ §�ï¢ª¨ ¡ã¤ãâ ¯à®¤®«¦�âì

®¡á«ã¦¨¢�âìáï, � á ¢¥à®ïâ−®áâìî n
(k)
ij –+ o(–) ä�§� ¨§¬¥−¨âáï −� j-î, 1 ≤ j ≤

≤ lk−1, −® ®¡á«ã¦¨¢�−¨¥ ®¤−®© ¨§ §�ï¢®ª §�ª®−ç¨âáï ¨ ®−� ¯®ª¨−¥â á¨áâ¥¬ã.

Œ�âà¨æë ¨§ í«¥¬¥−â®¢ λ
(k)
ij ¨ n

(k)
ij ¡ã¤¥¬ ®¡®§−�ç�âì ç¥à¥§ ˜k ¨ Nk, k ≥ 1.

Šà®¬¥ â®£®, ¡ã¤¥¬ ¯à¥¤¯®«�£�âì, çâ® lk = l ¯à¨ k ≥ n; â®£¤� ¬�âà¨æë ˜k = ˜
á®¢¯�¤�îâ ¯à¨ k ≥ n, � ¬�âà¨æë Nk = N á®¢¯�¤�îâ ¯à¨ k ≥ n + 1. ��ª®−¥æ,
¡ã¤¥¬ áç¨â�âì, çâ® −� á¢®¡®¤−®¬ ¯¥à¨®¤¥ ä�§� ®¡á«ã¦¨¢�−¨ï −¥ ¨§¬¥−ï¥âáï.
…á«¨ ¢ ¬®¬¥−â ¯®áâã¯«¥−¨ï ®ç¥à¥¤−®© §�ï¢ª¨ ¢ á¨áâ¥¬¥ ¨¬¥¥âáï k, 0 ≤ k ≤ n−1,
¤àã£¨å §�ï¢®ª ¨ ä�§� ®¡á«ã¦¨¢�−¨ï à�¢−� i, 1 ≤ i ≤ lk, â® ¯®á«¥ ¯®áâã¯«¥−¨ï

−®¢®© §�ï¢ª¨ ®−� á ¢¥à®ïâ−®áâìî ω
(k)
ij ¨§¬¥−¨âáï −� j, 1 ≤ j ≤ lk+1. Œ�âà¨æã ¨§

í«¥¬¥−â®¢ ω(k)ij ¡ã¤¥¬ ®¡®§−�ç�âì ç¥à¥§ Ÿk.
�¡®¡é¥−−®¥ ®¡−®¢«¥−¨¥ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à�§®¬ (á¬. â�ª¦¥ [1]).

��å®¤ïé�ïáï −� ¯à¨¡®à¥ §�ï¢ª� ¢ ¬®¬¥−â ®ª®−ç�−¨ï ®¡á«ã¦¨¢�−¨ï ®¤−®¢à¥¬¥−−®
á ãå®¤®¬ ¨§ á¨áâ¥¬ë «¨¡® á ¢¥à®ïâ−®áâìî q(l) ã¤�«ï¥â (úã¡¨¢�¥âû) ¨§ ®ç¥à¥¤¨
à®¢−® l §�ï¢®ª, ¥á«¨ ¢ −¥© −�å®¤¨âáï ¡®«¥¥ l §�ï¢®ª, «¨¡® á ¢¥à®ïâ−®áâìî Q(l) =
=
∑∞

k=l q(k) ¯®«−®áâìî ®¯ãáâ®è�¥â ®ç¥à¥¤ì, ¥á«¨ ¢ −¥© ¡ë«® à®¢−® l §�ï¢®ª.
‚¥à®ïâ−®áâ¨ q(l) −�§ë¢�îâáï ¢¥à®ïâ−®áâï¬¨ ®¡−®¢«¥−¨ï. �ç¥¢¨¤−®, çâ® Q(0) =
=
∑∞

l=0 q(l) = 1, � ¢¥à®ïâ−®áâì â®£®, çâ® §�ª®−ç¨¢è�ï ®¡á«ã¦¨¢�−¨¥ −� ¯à¨¡®à¥
§�ï¢ª� ¯®ª¨−¥â á¨áâ¥¬ã, −¥ ®ª�§ë¢�ï −� −¥¥ −¨ª�ª®£® ¢®§¤¥©áâ¢¨ï, | íâ® q(0).
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ˆ. ‘. ‡�àï¤®¢, ‹. �. Œ¥©å�−�¤¦ï−, ’. �. Œ¨«®¢�−®¢�

�à¥¤¯®«�£�¥âáï, çâ® ¬�âà¨æ� ˜+N ï¢«ï¥âáï −¥à�§«®¦¨¬®©, � ¬�âà¨æ�N |
−¥−ã«¥¢®©. �®«¥¥ â®£®, ¡ã¤¥¬ ¯à¥¤¯®«�£�âì, çâ® ¯à¨ ¨áå®¤−ëå ¯�à�¬¥âà�å
à�áá¬�âà¨¢�¥¬®© ‘Œ� ¢¢¥¤¥−−�ï ¤�«¥¥ ¢«®¦¥−−�ï æ¥¯ì Œ�àª®¢� ¡ã¤¥â −¥-
¯à¨¢®¤¨¬®© ¨ áãé¥áâ¢ã¥â áâ�æ¨®−�à−ë© à¥¦¨¬, −¥®¡å®¤¨¬ë¬ ¨ ¤®áâ�â®ç−ë¬
ãá«®¢¨¥¬ ª®â®à®£® ï¢«ï¥âáï ¢ë¯®«−¥−¨¥ −¥à�¢¥−áâ¢�1:

a−1 < πsN~1

∞
∑

i=0

(i+ 1)q(i) ,

£¤¥ ¢ ¯à�¢®© ç�áâ¨ áâ®¨â áà¥¤−¥¥ ç¨á«® ¯®ª¨¤�îé¨å á¨áâ¥¬ã §� ¥¤¨−¨æã ¢à¥-
¬¥−¨ §�ï¢®ª ¯à¨ ãá«®¢¨¨, çâ® ¢ á¨áâ¥¬¥ −�å®¤¨âáï ¡¥áª®−¥ç−®¥ ç¨á«® §�ï¢®ª
(� ~πs | ¢¥ªâ®à áâ�æ¨®−�à−ëå ¢¥à®ïâ−®áâ¥© ¬�àª®¢áª®£® ¯à®æ¥áá� á ¨−ä¨−¨â¥§¨-
¬�«ì−®© ¬�âà¨æ¥© ˜ +N ). ��ª®−¥æ, ¡ã¤¥¬ áç¨â�âì, çâ® §�ï¢ª¨ ®¡á«ã¦¨¢�îâáï
¨ úã¡¨¢�îâáïû ¢ ¯®àï¤ª¥ ¯®áâã¯«¥−¨ï.

3 Стационарные распределения числа заявок в системе

÷�áá¬®âà¨¬ ¯®á«¥¤®¢�â¥«ì−ë¥ ¬®¬¥−âë τn, n ≥ 0, ¯®áâã¯«¥−¨ï §�ï¢®ª ¢ á¨á-
â¥¬ã. �ãáâì ξ(t) | ä�§� ®¡á«ã¦¨¢�−¨ï §�ï¢®ª ¢ ¬®¬¥−â ¢à¥¬¥−¨ t, � ν(t) |
ç¨á«® §�ï¢®ª ¢ á¨áâ¥¬¥ ¢ íâ®â ¬®¬¥−â. �¯à¥¤¥«¨¬ á«ãç�©−ë¥ ¢¥«¨ç¨−ë ξn =
= ξ(τn+0) ¨ νn = ν(τn+0), ª®â®àë¥ §�¤�îâ á®®â¢¥âáâ¢¥−−® ä�§ã ®¡á«ã¦¨¢�−¨ï
¨ ç¨á«® §�ï¢®ª ¢ á¨áâ¥¬¥ −¥¯®áà¥¤áâ¢¥−−® ¯®á«¥ ¬®¬¥−â� ¯®áâã¯«¥−¨ï n-© §�ï¢ª¨.
�®«®¦¨¬ ζn = (ξn, νn). �®á«¥¤®¢�â¥«ì−®áâì {ζn, n ≥ 0} ®¡à�§ã¥â ®¤−®à®¤−ãî
æ¥¯ì Œ�àª®¢�, ª®â®àãî ¡ã¤¥¬ −�§ë¢�âì ¢«®¦¥−−®©. Œ−®¦¥áâ¢® á®áâ®ï−¨© X

¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢� ¨¬¥¥â ¢¨¤:

X = {(1, 1), . . . , (l1, 1)} ∪ {(1, 2), . . . , (l2, 2)} ∪ . . . ,

£¤¥ ¯¥à¢ë© ¨−¤¥ªá ãª�§ë¢�¥â −� ä�§ã ®¡á«ã¦¨¢�−¨ï, � ¢â®à®© | −� ç¨á«® §�ï¢®ª
¢ á¨áâ¥¬¥ −¥¯®áà¥¤áâ¢¥−−® ¯®á«¥ ¬®¬¥−â� ¯®áâã¯«¥−¨ï §�ï¢ª¨.

‚ë¯¨è¥¬ ¬�âà¨æã ¯¥à¥å®¤−ëå ¢¥à®ïâ−®áâ¥© ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢�
{ζn, n ≥ 0}. „«ï íâ®£® á−�ç�«� ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¥ ¬�âà¨æë:

{ Fk(x), k ≥ 0, | ¬�âà¨æ�, í«¥¬¥−â (Fk(x))ij , 1 ≤ i, j ≤ l, ª®â®à®©
¯à¥¤áâ�¢«ï¥â á®¡®© ãá«®¢−ãî ¢¥à®ïâ−®áâì â®£®, çâ® §� ¢à¥¬ï x á¨áâ¥¬ã
¯®ª¨−¥â à®¢−® k §�ï¢®ª ¨ ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï ¯¥à¥©¤¥â −� ä�§ã j ¯à¨
ãá«®¢¨¨, çâ® ¢ −�ç�«ì−ë© ¬®¬¥−â ¢ á¨áâ¥¬¥ (¢¬¥áâ¥ á §�ï¢ª�¬¨ −� ¯à¨¡®à�å)
¡ë«® −¥ ¬¥−¥¥ k + n §�ï¢®ª, ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï −�å®¤¨«áï −� ä�§¥ i ¨ §�
¢à¥¬ï x ¢ á¨áâ¥¬ã −¥ ¯®áâã¯¨«� −®¢�ï §�ï¢ª�;

{ Ak, k ≥ 0, | ¬�âà¨æ�, í«¥¬¥−â (Ak)ij ª®â®à®© ¯à¥¤áâ�¢«ï¥â á®¡®© ãá«®¢−ãî
¢¥à®ïâ−®áâì â®£®, çâ® §� ¢à¥¬ï ¬¥¦¤ã ¯®á«¥¤®¢�â¥«ì−ë¬¨ ¬®¬¥−â�¬¨ ¯®áâã¯-
«¥−¨ï §�ï¢®ª á¨áâ¥¬ã ¯®ª¨−ãâ k §�ï¢®ª ¨ ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï ¯¥à¥©¤¥â −�

1‡¤¥áì ¨ ¤�«¥¥ ~1| ¢¥ªâ®à ¨§ ¥¤¨−¨æ á®®â¢¥âáâ¢ãîé¥© à�§¬¥à−®áâ¨.
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‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ ®¡á«ã¦¨¢�−¨ï ¢ á¨áâ¥¬¥ GI/MSP/n/∞ á ®¡−®¢«¥−¨¥¬

ä�§ã j, ¯à¨ ãá«®¢¨¨, çâ® ¢ −�ç�«ì−ë© ¬®¬¥−â ¢ á¨áâ¥¬¥ ¡ë«® −¥ ¬¥−¥¥ k + n
§�ï¢®ª ¨ ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï −�å®¤¨«áï −� ä�§¥ i.

Œ�âà¨ç−ë¥ äã−ªæ¨¨ Fk(x) ã¤®¢«¥â¢®àïîâ à¥ªãàà¥−â−ë¬ á®®â−®è¥−¨ï¬:

F0(x) = e
˜x ; (1)

Fk(x) =

x
∫

0

k
∑

m=1

Fk−m(y)Nq(m− 1)F0(x− y) dy, k ≥ 1 , (2)

� ¬�âà¨æë Ak à�ááç¨âë¢�îâáï ¯® ä®à¬ã«¥:

Ak =

∞
∫

0

Fk(x) dA(x), k ≥ 0. (3)

‚ë¢®¤ íâ¨å á®®â−®è¥−¨© −¨ç¥¬ −¥ ®â«¨ç�¥âáï ®â ¢ë¢®¤� �−�«®£¨ç−ëå á®®â−®è¥-
−¨© ¤«ï â�ª¨å ‘Œ�, ª�ª, −�¯à¨¬¥à, MAP/G/1/r ¨«¨ SM/MSP/n/r [6, 14].
„«ï ¯®«ãç¥−¨ï à�áç¥â−ëå ä®à¬ã« ¤«ï ¬�âà¨æFk(x) ¨Ak ¬®¦−® ¢®á¯®«ì§®¢�âìáï
¬¥â®¤®¬, ¨§«®¦¥−−ë¬ ¢ [14, ¯. 7.3]. �ãáâì a = max1≤i≤l |˜ii| | ¬�ªá¨¬�«ì−ë©
¯® ¬®¤ã«î í«¥¬¥−â £«�¢−®© ¤¨�£®−�«¨ ¬�âà¨æë ˜. ’®£¤� ¨§ (1) ¨¬¥¥¬ (á¬.,
−�¯à¨¬¥à, [14, á®®â−®è¥−¨¥ (28), á. 350]):

F0(x) = e
−ax

∞
∑

i=0

(ax)i

i!

(

I + a−1˜
)i
.

‡¤¥áì ¨ ¤�«¥¥ I | ¥¤¨−¨ç−�ï ¬�âà¨æ�, ¯®àï¤®ª ª®â®à®© ®¯à¥¤¥«ï¥âáï ¨§ ª®−â¥ª-
áâ�. Œ�âà¨ç−ë¥ äã−ªæ¨¨ Fk(x), k ≥ 1, ¡ã¤¥¬ ¨áª�âì ¢ ¢¨¤¥

Fk(x) =
k
∑

i=1

“Fi(x)aki, (4)

£¤¥ äã−ªæ¨¨ “Fi(x) ¢ëç¨á«ïîâáï ¯® ä®à¬ã«�¬:

“Fk(x) = e
−ax

∞
∑

i=k

(ax)i

i!
Fki,

Fki =

i−k
∑

j=0

(

I + a−1˜
)j (

a−1N
)

Fk−1,i−j−1, i ≥ k ≥ 1 .
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�®¤áâ�¢«ïï (4) ¢ «¥¢ãî ¨ ¯à�¢ãî ç�áâ¨ (2), ¯®«ãç�¥¬ à¥ªãàà¥−â−ãî ¯à®æ¥¤ãàã
¤«ï à�áç¥â� ª®íää¨æ¨¥−â®¢ aki, k ≥ 1:

ak1 = q(k − 1) , aki =

k+1−i
∑

m=1

q(m− 1)ak−m,i−1, 2 ≤ j ≤ k .

‡�¬¥â¨¬, çâ® à�áç¥â ¬�âà¨ç−ëå ª®íää¨æ¨¥−â®¢ Fki ã¤®¡−® ®áãé¥áâ¢«ïâì à¥ªãà-
à¥−â−ë¬ ®¡à�§®¬ (á¬. [14, á®®â−®è¥−¨¥ (31), á. 350]). ‚¥à−¥¬áï ª ¬�âà¨æ�¬ Ak.
�®¤áâ�¢«ïï ¢ëà�¦¥−¨¥ (4) ¤«ï Fk(x) ¢ (3), ¯®«ãç�¥¬, çâ® ¬�âà¨æë Ak ¬®¦−®
¯à¥¤áâ�¢¨âì ¢ ¢¨¤¥:

A0 =
∞
∑

j=0

F0jαj ; Ak =
k
∑

i=1

aki

∞
∑

j=i

Fijαj, k ≥ 1 ,

£¤¥ αi =
∫∞
0 ((ax)

i/i!)e−ax dA(x)| íªá¯®−¥−æ¨�«ì−ë© ¬®¬¥−â ¯®àï¤ª� i äã−ª-
æ¨¨ à�á¯à¥¤¥«¥−¨ï A(x).

‚¥à−¥¬áï ª ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢�. ‚ ¤�«ì−¥©è¥¬ ¯®âà¥¡ãîâáï á«¥¤ãîé¨¥
¬�âà¨æë:

{ Fkw(x), 0 ≤ w ≤ n− 1, k ≥ w, | ¬�âà¨æ�, í«¥¬¥−â (Fkw(x))ij , 1 ≤ i ≤ lk,
1 ≤ j ≤ lw, ª®â®à®© ¯à¥¤áâ�¢«ï¥â á®¡®© ãá«®¢−ãî ¢¥à®ïâ−®áâì â®£®, çâ® §�
¢à¥¬ï x á¨áâ¥¬ã ¯®ª¨−¥â k − w §�ï¢®ª ¨ ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï ¯¥à¥©¤¥â −�
ä�§ã j ¯à¨ ãá«®¢¨¨, çâ® ¢ −�ç�«ì−ë© ¬®¬¥−â ¢ á¨áâ¥¬¥ (¢¬¥áâ¥ á §�ï¢ª�¬¨
−� ¯à¨¡®à�å) ¡ë«® k §�ï¢®ª, ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï −�å®¤¨«áï −� ä�§¥ i ¨ §�
¢à¥¬ï x ¢ á¨áâ¥¬ã −¥ ¯®áâã¯¨«� −®¢�ï §�ï¢ª�;

{ Akw, 0 ≤ w ≤ n− 1, k ≥ w, | ¬�âà¨æ�, í«¥¬¥−â (Akw)ij ª®â®à®© ¯à¥¤áâ�¢-
«ï¥â á®¡®© ãá«®¢−ãî ¢¥à®ïâ−®áâì â®£®, çâ® §� ¢à¥¬ï ¬¥¦¤ã ¯®áâã¯«¥−¨ï¬¨
§�ï¢®ª á¨áâ¥¬ã ¯®ª¨−¥â k − w §�ï¢®ª ¨ ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï ¯®á«¥ ¯®áâã¯-
«¥−¨ï −®¢®© §�ï¢ª¨ ¯¥à¥©¤¥â −� ä�§ã j, ¯à¨ ãá«®¢¨¨, çâ® ¢ −�ç�«ì−ë© ¬®¬¥−â
¢ á¨áâ¥¬¥ ¡ë«® k §�ï¢®ª ¨ ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï −�å®¤¨«áï −� ä�§¥ i.

Œ�âà¨æë Fkw(x) ¬®¦−® −�©â¨ ¨§ á®®â−®è¥−¨©:

F00(x) = I ;

Fkk(x) = e
˜kx, 1 ≤ k ≤ n− 1 ; (5)

Fkw(x) =

x
∫

0

Fk,w+1(y)Nw+1Fww(x− y) dy ,

0 ≤ w ≤ n− 2 , w + 1 ≤ k ≤ n− 1 ; (6)
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Fk,n−1(x) =

x
∫

0

k−n
∑

m=0

Fm(y)NnQ(k − n−m)Fn−1,n−1(x− y) dy , k ≥ n ; (7)

Fkw(x) =

x
∫

0

Fk,w+1(y)Nw+1Fww(x− y) dy , 0 ≤ w ≤ n− 2 , k ≥ n , (8)

� ¬�âà¨æë Akw | ¨§ á®®â−®è¥−¨ï:

Akw =

∞
∫

0

Fkw(x)Ÿw dA(x), 0 ≤ w ≤ n− 1 , k ≥ w . (9)

�â¬¥â¨¬, çâ® ¤«ï ç¨á«¥−−®£® à�áç¥â� ¬�âà¨æ Fkw(x) ¨ Akw ®¯¨á�−−ë© ¢ëè¥
¬¥â®¤ −¥ ¢á¥£¤� ¯à¨£®¤¥−. �â® á¢ï§�−® á â¥¬, çâ® ¬�ªá¨¬�«ì−ë¥ (¯® ¬®¤ã«î)
¤¨�£®−�«ì−ë¥ í«¥¬¥−âë ¬�âà¨æ ˜k, 1 ≤ k ≤ n − 1, ¬®£ãâ ¡ëâì −¥ à�¢−ë
¬¥¦¤ã á®¡®©. ‚ íâ®¬ á«ãç�¥ (−¥ª®â®àë¬) ¢ëå®¤®¬ ¨§ ¯®«®¦¥−¨ï ¬®¦¥â áâ�âì
¢¥ªâ®à¨§�æ¨ï á®®â−®è¥−¨© (5)|(9). ��¯à¨¬¥à, ¯à¨¬¥−ïï ®¯¥à�â®à ¢¥ªâ®à¨§�æ¨¨
vec ª «¥¢®© ¨ ¯à�¢®© ç�áâ¨ (9) ¨ ¢®á¯®«ì§®¢�¢è¨áì á®®â−®è¥−¨¥¬1 vec(ABC) =
= (CTBT ⊗ I)vec(A) (á¬. [15]), ¯®«ãç¨¬:

vec (Akw) =
(

ŸTw ⊗ I
)

∞
∫

0

vec (Fkw(x)) dA(x).

‚ëç¨á«¥−¨¥ ¢å®¤ïé¨å ¢ ¯®á«¥¤−îî ä®à¬ã«ã ¢¥ªâ®à®¢ vec(Fkw(x)) ¨ ¨−â¥£à�«®¢
¬®¦¥â ¡ëâì íää¥ªâ¨¢−® à¥�«¨§®¢�−® ¢ ¯à®£à�¬¬�å, á¯¥æ¨�«ì−® ¯à¥¤−�§−�ç¥−−ëå
¤«ï ¢¥ªâ®à−ëå ¢ëç¨á«¥−¨©.

’�ª¨¬ ®¡à�§®¬, ¬�âà¨æ� P ¯¥à¥å®¤−ëå ¢¥à®ïâ−®áâ¥© ¢«®¦¥−−®© æ¥¯¨ Œ�à-
ª®¢� ¢ ãª�§�−−ëå ®¡®§−�ç¥−¨ïå ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

P =





















A10 A11 0 · · · 0 0 0 · · ·
A20 A21 A22 · · · 0 0 0 · · ·

...
...

...
. . .

...
...

...
. . .

An−1,0 An−1,1 An−1,2 · · · An−1,n−1 0 0 · · ·
An0 An1 An2 · · · An,n−1 A0 0 · · ·
An+1,0 An+1,1 An+1,2 · · · An+1,n−1 A1 A0 · · ·

...
...

...
. . .

...
...

...
. . .





















.

�¡®§−�ç¨¬ ç¥à¥§ πik áâ�æ¨®−�à−ãî ¯® ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢� ¢¥à®ïâ−®áâì
â®£®, çâ® ¢ á¨áâ¥¬¥ ¨¬¥¥âáï k §�ï¢®ª ¨ ä�§� ®¡á«ã¦¨¢�−¨ï à�¢−� i, ¨ ¯®«®¦¨¬

1��¯®¬−¨¬, çâ® §¤¥áì ⊗ | á¨¬¢®« Šà®−¥ª¥à�, � I | ¥¤¨−¨ç−�ï ª¢�¤à�â−�ï ¬�âà¨æ�, à�§¬¥à
ª®â®à®© à�¢¥− ç¨á«ã áâà®ª ¬�âà¨æë A.
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~π = (~π1, ~π2, . . . ), ~πk = (π1k, . . . , πlk ,k). „«ï ~π á¯à�¢¥¤«¨¢� á¨áâ¥¬� ãà�¢−¥−¨©
à�¢−®¢¥á¨ï (‘“÷) ~π = ~πP . ‘âàãªâãà� ¬�âà¨æë P ¯®§¢®«ï¥â ¨á¯®«ì§®¢�âì ¤«ï
à¥è¥−¨ï ‘“÷ ®¤¨− ¨§ ¬−®¦¥áâ¢� ¨§¢¥áâ−ëå ¬¥â®¤®¢ à�áç¥â� áâ�æ¨®−�à−®£® à�á-
¯à¥¤¥«¥−¨ï ®ç¥à¥¤¨ ¢ ‘Œ� â¨¯�G/M/1 (á¬., −�¯à¨¬¥à, [16,17]) ¨, ¢ ç�áâ−®áâ¨,
¬¥â®¤ë, ¯à¥¤«®¦¥−−ë¥ ¢ [6, à�§¤. 3] ¨ [2, à�§¤. 2]. ‚ªà�âæ¥ ®áâ�−®¢¨¬áï −� ®¡é¥¬
�«£®à¨â¬¥ à�áç¥â� ¢¥ªâ®à®¢ ~πk. �� ¯¥à¢®¬ è�£¥ −�å®¤¨âáï à¥è¥−¨¥ ãà�¢−¥−¨ï
G =

∑∞
k=0G

kAk ¢ ª«�áá¥ ¬�âà¨æ, ¢á¥ á®¡áâ¢¥−−ë¥ §−�ç¥−¨ï ª®â®àëå ¯® ¬®¤ã«î
¬¥−ìè¥ ¥¤¨−¨æë. ‘®£«�á−® [16] ¯à¨ ¢ë¯®«−¥−¨¨ ãá«®¢¨ï áãé¥áâ¢®¢�−¨ï áâ�æ¨-
®−�à−®£® à¥¦¨¬� â�ª®¥ à¥è¥−¨¥ áãé¥áâ¢ã¥â ¨ ¥¤¨−áâ¢¥−−®. �� á«¥¤ãîé¥¬ è�£¥
à¥è�¥âáï á¨áâ¥¬� «¨−¥©−ëå ãà�¢−¥−¨©1

~π1 =

n−1
∑

w=1

~πwAw0 + ~πnA
∗
0 ; (10)

~πk =
n−1
∑

w=k−1

~πwAw,k−1 + ~πnA
∗
k−1, 2 ≤ k ≤ n , (11)

£¤¥

A∗k =
∞
∑

w=n

Gw−nAwk, 0 ≤ k ≤ n− 1 ,

á â®ç−®áâìî ¤® ª®−áâ�−âë, ª®â®à�ï −�å®¤¨âáï ¨§ ãá«®¢¨ï −®à¬¨à®¢ª¨

n−1
∑

k=1

~πk
~1 + ~πn(I −G)−1~1 = 1 .

„«ï à¥è¥−¨ï (10){(11) ã¤®¡−®, −�¯à¨¬¥à, ¢®á¯®«ì§®¢�âìáï ¬¥â®¤®¬ ¨áª«îç¥-
−¨ï á®áâ®ï−¨© (á¬., −�¯à¨¬¥à, [2, à�§¤. 2] ¨«¨ [18]). ��ª®−¥æ, −� âà¥âì¥¬ è�£¥
à�ááç¨âë¢�îâáï ¢¥à®ïâ−®áâ¨ ~πk = ~πnG

k−n, k ≥ n+ 1.
‡−�ï áâ�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥ ¢«®¦¥−−®© æ¥¯¨ Œ�àª®¢�, ã¦¥ ¬®¦−®

®¯à¥¤¥«¨âì àï¤ ¤àã£¨å áâ�æ¨®−�à−ëå å�à�ªâ¥à¨áâ¨ª ®ç¥à¥¤¨. ��¯à¨¬¥à, ¢¢®¤ï
®¡®§−�ç¥−¨¥ ~π−k = (π

−
1k, . . . , π

−
lk+1,k

), k ≥ 0, £¤¥ π−ik | áâ�æ¨®−�à−�ï ¢¥à®ïâ-
−®áâì â®£®, çâ® ¯®áâã¯�îé�ï ¢ á¨áâ¥¬ã §�ï¢ª� §�áâ�−¥â ¢ −¥© k ¤àã£¨å §�ï¢®ª
¨ ¬�àª®¢áª¨© ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï ¯®á«¥ ¥¥ ¯®áâã¯«¥−¨ï ®ª�¦¥âáï −� ä�§¥ i,
−¥¬¥¤«¥−−® ¬®¦¥¬ §�¯¨á�âì ~π−k = ~πk+1.

1ˆ§¢¥áâ−® (á¬., −�¯à¨¬¥à, [6, á. 92]), çâ® ¤«ï â®£®, çâ®¡ë íâ� á¨áâ¥¬� ãà�¢−¥−¨© ¨¬¥«� à¥è¥−¨¥,
¤®áâ�â®ç−®, çâ®¡ë

∑n−1
k=0 A∗

k
~1 = ~1. ‚ á¯à�¢¥¤«¨¢®áâ¨ ¯®á«¥¤−¥£® à�¢¥−áâ¢� ¬®¦−® ã¡¥¤¨âìáï

−¥¯®áà¥¤áâ¢¥−−®© ¯à®¢¥àª®©. „¥©áâ¢¨â¥«ì−®, ¨−â¥£à¨àãï (9) ¯® ç�áâï¬, ¯®«ãç�¥¬
∑n−1

k=0 A∗

k
~1 =

=
∑

∞

j=0 q(j)
∑j

i=0GiUNn
~1, £¤¥ U =

∑

∞

k=0GkTk. “ç¨âë¢�ï, çâ® G~1 =
∑

∞

k=0GkAk
~1 = ~1 −

−UN~1+
∑

∞

i=0Gi+1UNq(i)~1, ¬�âà¨æ� G −¥¢ëà®¦¤¥−� ¨ Nn
~1 = N~1, ¯à®áâë¬ ¯¥à¥ã¯®àï¤®ç¥−¨¥¬

á«�£�¥¬ëå ¯à¨å®¤¨¬ ª ¨áª®¬®¬ã à�¢¥−áâ¢ã.
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„«ï −�å®¦¤¥−¨ï áâ�æ¨®−�à−ëå ¢¥à®ïâ−®áâ¥© á®áâ®ï−¨© ¯® ¢à¥¬¥−¨ ¢¢¥¤¥¬
¬�âà¨æë Tk, k ≥ 0, ¨ Tkw, 0 ≤ w ≤ n − 1, k ≥ w. �«¥¬¥−â (Tk)ij, 1 ≤ i, j ≤ l,
¬�âà¨æë Tk ¯à¥¤áâ�¢«ï¥â á®¡®© áà¥¤−¥¥ ¢à¥¬ï, ¯à®¢¥¤¥−−®¥ −� ¨−â¥à¢�«¥ ¬¥¦¤ã
á®á¥¤−¨¬¨ ¬®¬¥−â�¬¨ ¯®áâã¯«¥−¨ï §�ï¢®ª á¨áâ¥¬®© ¢ á®áâ®ï−¨¨ (j,M − k) ¯à¨
ãá«®¢¨¨, çâ® ¯®á«¥ ¯®áâã¯«¥−¨ï ¯¥à¢®© §�ï¢ª¨ ¢ á¨áâ¥¬¥ ®ª�§�«®áì M , M > k,
§�ï¢®ª ¨ ä�§� ®¡á«ã¦¨¢�−¨ï ¡ë«� i. �«¥¬¥−â (Tkw)ij, 1 ≤ i ≤ lw, 0 ≤ j ≤ lw,
¬�âà¨æë Tkw ¥áâì áà¥¤−¥¥ ¢à¥¬ï, ¯à®¢¥¤¥−−®¥ −� ¨−â¥à¢�«¥ ¬¥¦¤ã á®á¥¤−¨¬¨
¬®¬¥−â�¬¨ ¯®áâã¯«¥−¨ï §�ï¢®ª á¨áâ¥¬®© ¢ á®áâ®ï−¨¨ (j, w) ¯à¨ ãá«®¢¨¨, çâ®
¯®á«¥ ¯®áâã¯«¥−¨ï ¯¥à¢®© §�ï¢ª¨ ¢ á¨áâ¥¬¥ ®ª�§�«®áì k, k ≥ w, §�ï¢®ª ¨ ä�§�
®¡á«ã¦¨¢�−¨ï ¡ë«� i. Œ�âà¨æë Tk ¨ Tkw ®¯à¥¤¥«ïîâáï á®®â−®è¥−¨ï¬¨:

Tk =

∞
∫

0

(1−A(x))Fk(x) dx ; Tkw =

∞
∫

0

(1−A(x))Fkw(x) dx .

“¡¥¤¨âìáï ¢ íâ®¬ ¬®¦−®, ¯à¨¬¥−ïï à�ááã¦¤¥−¨ï, �−�«®£¨ç−ë¥ â¥¬, çâ® ¯à¨¢¥-
¤¥−ë ¢ [19, á. 285]. ˆá¯®«ì§ãï à¥§ã«ìâ�âë â¥®à¨¨ ¯®«ã¬�àª®¢áª¨å ¯à®æ¥áá®¢,
¯®«ãç�¥¬ ¤«ï ¢¥ªâ®à®¢ ~pk, k ≥ 0, áâ�æ¨®−�à−ëå ¢¥à®ïâ−®áâ¥© á®áâ®ï−¨© ¯®
¢à¥¬¥−¨ ä®à¬ã«ë:

~p0 =
1

a

∞
∑

w=1

~πwTw0 ; (12)

~pk =























1

a

∞
∑

w=k

~πwTwk , 1 ≤ k ≤ n− 1 ;

1

a

∞
∑

w=k

~πwTw−k , k ≥ n .

(13)

‡�¬¥â¨¬, çâ® ä®à¬ã«ë (12) ¨ (13) ¬®¦−® ¯®«ãç¨âì ¨ ¨§ à¥§ã«ìâ�â®¢ â¥®à¨¨
¯à®æ¥áá®¢ ¢®ááâ�−®¢«¥−¨ï (á¬., −�¯à¨¬¥à, [14, á. 328]).

4 Стационарные распределения времен ожидания и пребывания
обслуженной заявки в системе

‚ë¯¨è¥¬ ¢ â¥à¬¨−�å ¯à¥®¡à�§®¢�−¨ï ‹�¯«�á�{‘â¨«âì¥á� (�‹‘) −¥ª®â®àë¥
áâ�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨, á¢ï§�−−ë¥ á ¢à¥¬¥−¥¬ ®¦¨¤�−¨ï −�ç�«� ®¡á«ã-
¦¨¢�−¨ï ¨ ¢à¥¬¥−¥¬ ¯à¥¡ë¢�−¨ï §�ï¢ª¨ ¢ á¨áâ¥¬¥.

�¡®§−�ç¨¬ ç¥à¥§ Uk(x), k ≥ 1, ¬�âà¨æã, í«¥¬¥−â (Uk(x))i,j, 1 ≤ i, j ≤ l,
ª®â®à®© ¥áâì ¢¥à®ïâ−®áâì â®£®, çâ® ¯®áâã¯¨¢è�ï ¢ á¨áâ¥¬ã §�ï¢ª� ¯¥à¥©¤¥â ¨§
®ç¥à¥¤¨ −� ®¡á«ã¦¨¢�−¨¥ §� ¢à¥¬ï x ¨ ¯à®æ¥áá ®¡á«ã¦¨¢�−¨ï ¯¥à¥©¤¥â −� ä�§ã j,
¯à¨ ãá«®¢¨¨, çâ® ®−� ¢ ¬®¬¥−â ¯®áâã¯«¥−¨ï §�áâ�«� ¢ á¨áâ¥¬¥ n + k − 1 ¤àã£¨å
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§�ï¢®ª ¨ ä�§� ®¡á«ã¦¨¢�−¨ï ¡ë«� i, � ç¥à¥§ “Uk(s) =
∫∞
0 e−sx dUk(x) | �‹‘

¬�âà¨æë Uk(x). ’®£¤�

“Uk(s) =

k
∑

i=1

(sI − ˜)−1Nq(i− 1) “Uk−i(s) , k ≥ 1 ,

£¤¥ ¤«ï á®ªà�é¥−¨ï §�¯¨á¨ ¨á¯®«ì§ã¥âáï á®£«�è¥−¨¥ “U0(s) ≡ I. ’®£¤� �‹‘
“Wserv(s) áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ïWserv(x) ¯à¥¡ë¢�−¨ï ¢ ®ç¥à¥¤¨ ¯®¯�¢è¥©

−� ®¡á«ã¦¨¢�−¨¥ §�ï¢ª¨ ¯à¨¬¥â ¢¨¤:

“Wserv(s) =
1

1− ploss

(

n−1
∑

k=0

~π−k
~1 +

∞
∑

k=n

~π−k
“Uk−n+1(s)~1

)

, (14)

£¤¥ ploss | áâ�æ¨®−�à−�ï ¢¥à®ïâ−®áâì â®£®, çâ® ¯®áâã¯¨¢è�ï ¢ á¨áâ¥¬ã §�ï¢ª� −¥
¯®¯�¤¥â −� ®¡á«ã¦¨¢�−¨¥ (â. ¥. ¡ã¤¥â ¯®â¥àï−�), ª®â®à�ï à�¢−�

ploss =

∞
∑

k=n

γ(k − n+ 1)~π−k
~1 ,

� γ(k), k ≥ 1, | áâ�æ¨®−�à−�ï ¢¥à®ïâ−®áâì â®£®, çâ® §�ï¢ª�, −�å®¤ïé�ïáï
¢ ®ç¥à¥¤¨ −� k-¬ ¬¥áâ¥, ¡ã¤¥â úã¡¨â�û (ª�ª®©-«¨¡®) ®¡á«ã¦¥−−®© §�ï¢ª®©. „«ï
à�áá¬�âà¨¢�¥¬®© á¨áâ¥¬ë ®−� ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

γ(k) =

k
∑

m=1

γm(k) ,

£¤¥

γ1(k) = Q(k), k ≥ 1; γm(k) =
k−m
∑

i=0

q(i)γm−1(k − 1− i), 2 ≤ m ≤ k, k ≥ 2,

¨ á®¢¯�¤¥â á ¢¥à®ïâ−®áâìî γ(k) ¢ [1, á. 136].
�¥à¥©¤¥¬ ª −�å®¦¤¥−¨î áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï ¢à¥¬¥−¨ ¯à¥¡ë¢�−¨ï

¢ á¨áâ¥¬¥ ®¡á«ã¦¥−−®© §�ï¢ª¨. ‚¢¥¤¥¬ ¬�âà¨æë “Vk(s, y), k ≥ 1, y ≥ 0. �«¥-
¬¥−â ( “Vk(s, y))ij ¬�âà¨æë “Vk(s, y) ¥áâì �‹‘ ¢à¥¬¥−¨ ¯à¥¡ë¢�−¨ï §�ï¢ª¨ −�
®¡á«ã¦¨¢�−¨¨ ¨ ¢¥à®ïâ−®áâì â®£®, çâ® ¢ ¬®¬¥−â ¥¥ ãå®¤� ¨§ á¨áâ¥¬ë ä�§� ®¡á«ã-
¦¨¢�−¨ï à�¢−� j ¯à¨ ãá«®¢¨¨, çâ® áà�§ã ¯®á«¥ ¥¥ ¯®áâã¯«¥−¨ï −� ®¡á«ã¦¨¢�−¨¥
§�−ïâë¬¨ ®ª�§�«¨áì min(k, n) ¯à¨¡®à®¢, ¢ ®ç¥à¥¤¨ ¡ë«® max(0, k − n) §�ï¢®ª,
¢à¥¬ï ¤® ¯à¨å®¤� á«¥¤ãîé¥© §�ï¢ª¨ ¡ë«® à�¢−® y ¨ ä�§� ®¡á«ã¦¨¢�−¨ï ¡ë«�
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à�¢−� i. “ç¨âë¢�ï, çâ® ¢á¥ ¯à¨¡®àë ¯à¥¤¯®«�£�îâáï ®¤¨−�ª®¢ë¬¨ ¨, â�ª¨¬ ®¡à�-
§®¬, ¯à¨ ®ª®−ç�−¨¨ ®¡á«ã¦¨¢�−¨ï à�¢−®¢¥à®ïâ−® ¬®¦¥â ®á¢®¡®¤¨âìáï «î¡®© ¨§
(§�−ïâëå) ¯à¨¡®à®¢, ¯® á¢®©áâ¢�¬ �‹‘ ¨¬¥¥¬:

“Vk(s, y) =

=







































































































e−(sI−˜k)y “Vk+1(s) +

+

y
∫

0

e−(sI−˜k)uNk

(

1

k
+
k − 1

k
“Vk−1(s, y − u)

)

du, 1 ≤ k ≤ n− 1 ;

y
∫

0

e−(sI−˜)uNn

(

1

n
+
n− 1

n
“Vn−1(s, y − u)

)

du+ e−(sI−˜)y “Vn+1(s) ,

k = n ;

e−(sI−˜)y “Vk+1(s) +

y
∫

0

e−(sI−˜)uN





1

n
+

+
n− 1

n





k−n−1
∑

j=0

q(j) “Vk−1−j(s, y − u) +Q(k − n) “Vn−1(s, y − u)







 du ,

k ≥ n+ 1 ,

£¤¥

“Vk(s) =

∞
∫

0

“Vk(s, y) dA(y) .

’®£¤� §�ï¢ª�, ¯®áâã¯�îé�ï ¢ á¨áâ¥¬ã, ª®£¤� §�−ïâ® k, 0 ≤ k ≤ n − 1,
¯à¨¡®à®¢ −¥¬¥¤«¥−−® áâ�−®¢¨âáï −� ®¡á«ã¦¨¢�−¨ï ¨ �‹‘ ¢à¥¬¥−¨ ¥¥ ¯à¥¡ë¢�−¨ï
¢ á¨áâ¥¬¥ (á ãç¥â®¬ á¬¥− ä�§ ®¡á«ã¦¨¢�−¨ï) à�¢−® “Vk+1(s). ‡�ï¢ª�, §�áâ�îé�ï
¯à¨ ¯®áâã¯«¥−¨¨ k, k ≥ n, §�ï¢®ª ¢ á¨áâ¥¬¥, ®¦¨¤�¥â −¥ª®â®à®¥ ¢à¥¬ï ¢ ®ç¥à¥¤¨,
ª®â®à®¥ (á ãç¥â®¬ á¬¥− ä�§ ®¡á«ã¦¨¢�−¨ï) á ¢¥à®ïâ−®áâìî dUk−n+1(x) à�¢−® x.
�à¨ íâ®¬ ¢ ¬®¬¥−â ¯®áâã¯«¥−¨ï §�ï¢ª¨ −� ®¡á«ã¦¨¢�−¨¥ ¢ á¨áâ¥¬¥ ®ª�¦¥âáï m
§�ï¢®ª ¢ ®ç¥à¥¤¨ ¨ ¢à¥¬ï ¤® ¯à¨å®¤� á«¥¤ãîé¥© §�ï¢ª¨ ¡ã¤¥â à�¢−® y á ¯«®â−®áâìî
¢¥à®ïâ−®áâ¨ am(x, y):

a0(x, y) = A
∗1(x+ y) ; am(x, y) =

x
∫

0

A∗m(u)A∗1(x− u+ y) du, m ≥ 1 ,

£¤¥ A∗1(x) ®¯à¥¤¥«ïîâáï à¥ªãàà¥−â−® ¯® ä®à¬ã«�¬

A∗1(x) = A′(x); A∗m(x) =

x
∫

0

A∗(m−1)(x− u)A∗1(u) du .
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’�ª¨¬ ®¡à�§®¬, �‹‘ “Vserv(s) áâ�æ¨®−�à−®£® à�á¯à¥¤¥«¥−¨ï Vserv(x) ¢à¥¬¥−¨
¯à¥¡ë¢�−¨ï ¢ á¨áâ¥¬¥ ¯®¯�¢è¥© −� ®¡á«ã¦¨¢�−¨¥ §�ï¢ª¨ ¨¬¥¥â ¢¨¤:

“Vserv(s) =
1

1− ploss





n−1
∑

k=0

~π−k
“Vk+1(s)~1 +

+

∞
∑

k=n

~π−k

∞
∫

0

e−sx dUk−n+1(x)

∞
∫

0

∞
∑

m=0

am(x, y) “Vn+m(s, y)~1 dy



 . (15)

5 Заключение

�à¨ −¥ª®â®àëå ¤®¯®«−¨â¥«ì−ëå ®£à�−¨ç¥−¨ïå1 −� A(x) ¡®«ìèãî ç�áâì
¢ëà�¦¥−¨© ¤«ï ¬�âà¨æ ¬®¦−® ã¯à®áâ¨âì ¨ ¯®«ãç¨âì ¢ ï¢−®¬ ¢¨¤¥.

„¨ää¥à¥−æ¨àãï ¢ëà�¦¥−¨ï (14) ¨ (15) −¥®¡å®¤¨¬®¥ ç¨á«® à�§, ¬®¦−® ¯®«ã-
ç¨âì ¬®¬¥−âë «î¡ëå ¯®àï¤ª®¢ ¢à¥¬¥−¨ ®¦¨¤�−¨ï −�ç�«� ®¡á«ã¦¨¢�−¨ï ¨ ¢à¥-
¬¥−¨ ¯à¥¡ë¢�−¨ï ¢ á¨áâ¥¬¥ (®¡á«ã¦¥−−®©) §�ï¢ª¨. „«ï −�å®¦¤¥−¨ï áà¥¤−¨å
§−�ç¥−¨© −�¨¡®«¥¥ ¯®¤å®¤¨â ä®à¬ã«� ‹¨ââ«�. „«ï ¤àã£¨å ¬®¬¥−â®¢ (14) ¥é¥
£®¤¨âáï ¤«ï ¯à�ªâ¨ç¥áª¨å à�áç¥â®¢, � (15) ã¦¥ áâ�−®¢¨âáï ¥¤¢� «¨ ¯à¨£®¤−®©.
‚ á¢ï§¨ á íâ¨¬ ¯à¥¤áâ�¢«ï¥âáï ¨−â¥à¥á−ë¬ ¨áá«¥¤®¢�âì á¯¥æ¨�«ì−ë¥ á«ãç�¨ ¢å®¤-
−®£® ¯®â®ª� (¨ ¯à®æ¥áá� ®¡á«ã¦¨¢�−¨ï), ª®£¤� (15) ¯à¨®¡à¥â�¥â ¡®«¥¥ ¯à®áâ®©
¢¨¤.

‚ §�ª«îç¥−¨¥ â�ª¦¥ ®â¬¥â¨¬, çâ® ¯®«ãç¥−−ë¥ ¢ à�¡®â¥ à¥§ã«ìâ�âë ¤®áâ�-
â®ç−ë ¤«ï −�å®¦¤¥−¨ï á¯¥æ¨�«ì−ëå ¯®ª�§�â¥«¥© ª�ç¥áâ¢� ã¯à�¢«¥−¨ï ®ç¥à¥¤ìî
(−�¯à¨¬¥à, à�á¯à¥¤¥«¥−¨¥ ç¨á«� ¯®á«¥¤®¢�â¥«ì−ëå ¯®â¥àì) ¨, â�ª¨¬ ®¡à�§®¬,
®¡¥á¯¥ç¨¢�îâ ¢®§¬®¦−®áâì áà�¢−¥−¨ï ¬¥å�−¨§¬� ®¡−®¢«¥−¨ï á ¤àã£¨¬¨ ¨§¢¥áâ-
−ë¬¨ ¬¥å�−¨§¬�¬¨ �ªâ¨¢−®£® ã¯à�¢«¥−¨ï ®ç¥à¥¤ï¬¨.

Литература

1. ‡�àï¤®¢ ˆ. ‘. ‘¨áâ¥¬� ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï GI/M/n/∞ á ®¡®¡é¥−−ë¬ ®¡−®¢-
«¥−¨¥¬ // �¢â®¬�â¨ª� ¨ â¥«¥¬¥å�−¨ª�, 2010. ‚ë¯. 4. ‘. 130{139.

2. �®ç�à®¢ �. �., „'�¯¨ç¥ —., �¥ç¨−ª¨− �. ‚., ‘�«¥à−® ‘. ‘â�æ¨®−�à−ë¥ å�à�ªâ¥-
à¨áâ¨ª¨ á¨áâ¥¬ë ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï G/MSP/1/r // �¢â®¬�â¨ª� ¨ â¥«¥¬¥å�-
−¨ª�, 2003. ü 2. ‘. 127{143.

3. �®ç�à®¢ �. �., ‡�àï¤®¢ ˆ. ‘. ‘â�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥ ¢¥à®ïâ−®áâ¥© ¢ á¨áâ¥¬�å
¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï á ®¡−®¢«¥−¨¥¬ // ‚¥áâ−¨ª ÷“„�. ‘¥à. Œ�â¥¬�â¨ª�.
ˆ−ä®à¬�â¨ª�. ”¨§¨ª�, 2007. ü 1-2. ‘. 15{25.

4. ‡�àï¤®¢ ˆ. ‘. ‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ ®¡á«ã¦¨¢�−¨ï ¢ á¨áâ¥¬¥ G/M/n/r
á ®¡®¡é¥−−ë¬ ®¡−®¢«¥−¨¥¬ // ‚¥áâ−¨ª ÷“„�. ‘¥à. Œ�â¥¬�â¨ª�. ˆ−ä®à¬�â¨ª�.
”¨§¨ª�, 2008. ü 2. ‘. 3{9.

1�â®, −�¯à¨¬¥à, á«ãç�©, ª®£¤� A(x) ¨¬¥¥â ¤à®¡−®-à�æ¨®−�«ì−®¥ �‹‘.

60 ‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 29 −®¬¥à 4 2019



‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ ®¡á«ã¦¨¢�−¨ï ¢ á¨áâ¥¬¥ GI/MSP/n/∞ á ®¡−®¢«¥−¨¥¬

5. �®ç�à®¢ �. �. ‘â�æ¨®−�à−®¥ à�á¯à¥¤¥«¥−¨¥ ª®−¥ç−®© ®ç¥à¥¤¨ á à¥ªãàà¥−â−ë¬
¯®â®ª®¬ ¨ ¬�àª®¢áª¨¬ ®¡á«ã¦¨¢�−¨¥¬ // �¢â®¬�â¨ª� ¨ â¥«¥¬¥å�−¨ª�, 1996. ü 9.
‘. 66{78.

6. �¥ç¨−ª¨− �. ‚., —�¯«ë£¨− ‚. ‚. ‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë ¬�áá®¢®£®
®¡á«ã¦¨¢�−¨ï G/MSP/n/r // ‚¥áâ−¨ª ÷“„�. C¥à. �à¨ª«�¤−�ï ¬�â¥¬�â¨ª�
¨ ¨−ä®à¬�â¨ª�, 2003. ü 1. ‘. 119{143.

7. �¥ç¨−ª¨− �. ‚., —�¯«ë£¨− ‚. ‚. ‘â�æ¨®−�à−ë¥ å�à�ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë ¬�áá®¢®£®
®¡á«ã¦¨¢�−¨ïSM/MSP/n/r// �¢â®¬�â¨ª� ¨ â¥«¥¬¥å�−¨ª�, 2004. ü 9. ‘. 85{100.

8. —�¯«ë£¨− ‚. ‚. ‘¨áâ¥¬� ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï G/MSP/n/r á ¯®â®ª®¬ ®âà¨æ�-
â¥«ì−ëå §�ï¢®ª // ˆ−ä®à¬�æ¨®−−ë¥ ¯à®æ¥ááë, 2005. ’. 5. ü 1. ‘. 1{19.

9. Chydzinski A., Chrost L. Analysis of AQM queues with queue size based packet
dropping // Int. J. Appl. Math. Comp., 2011. Vol. 21. Iss. 3. P. 567{577. doi:
10.2478/v10006-011-0045-7.

10. Zaryadov I. S., Razumchik R. V., Milovanova T. A. Stationary waiting time distri-
bution in G/M/n/r with random renovation policy // Comm. Comp. Inf. Sc., 2016.
Vol. 678. P. 418{429. doi: 10.1007/978-3-319-51917-331.

11. Chydzinski A., Mrozowski P. Queues with dropping functions and general arrival
processes // PLoS ONE, 2016. Vol. 11. Iss. 3. Art. ID: e0150702. doi: 10.1371/
journal.pone.0150702.

12. Konovalov M., Razumchik R. Comparison of two active queue management schemes
through the M/D/1/N queue // ˆ−ä®à¬�â¨ª� ¨ ¥ñ ¯à¨¬¥−¥−¨ï, 2018. ’. 12.
‚ë¯. 4. ‘. 9{15. doi: 10.14357/19922264180402.

13. Zaryadov I., Bogdanova E., Milovanova T., Matushenko S., Pyatkina D. Stationary
characteristics of the GI/M/1 queue with general renovation and feedback // 10th
Congress (International) on Ultra Modern Telecommunications and Control Systems
and Workshops, 2018. P. 1{6. doi: 10.1109/icumt.2018.8631244.

14. �®ç�à®¢ �. �., �¥ç¨−ª¨− �. ‚. ’¥®à¨ï ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï. | M.: ÷“„�,
1995. 529 á.

15. Steeb W. H., Hardy Y. Matrix calculus and Kronecker product: A practical approach
to linear and multilinear algebra. | River Edge, NJ, USA: World Scientific, 2011.
324 p.

16. Neuts M. F. Matrix-geometric solutions in stochastic models. An algorithmic ap-
proach. | Baltimore{London: The Johns Hopkins University Press, 1981. 332 p.

17. Latouche G., Ramaswami V. Introduction to matrix analytic methods in stochastic
modeling. | ASA-SIAM ser. on statistics and applied probability. | Philadelphia,
PA, USA: SIAM, 2000. 348 p.

18. �¥ç¨−ª¨− �. ‚., ÷�§ã¬ç¨ª ÷. ‚. ‘¨áâ¥¬ë ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï ¢ ¤¨áªà¥â−®¬
¢à¥¬¥−¨. | M.: ”¨§¬�â«¨â, 2018. 432 á.

19. Bocharov P. P., D'Apice C., Pechinkin A. V., Salerno S. Queueing theory. |
Utrecht, Boston: VSP, 2004. 446 p.

�®áâã¯¨«� ¢ à¥¤�ªæ¨î 01.09.19

‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 29 −®¬¥à 4 2019 61



I. S. Zaryadov, L. A. Meykhanadzhyan, and T. A. Milovanova

STATIONARY CHARACTERISTICS OF THEGI/MSP/n/∞ QUEUE
WITH GENERAL RENOVATION

I. S. Zaryadov1,2, L. A. Meykhanadzhyan3, and T. A. Milovanova1

1Peoples' Friendship University of Russia (RUDN University), Peoples' Friendship
University of Russia (RUDN University), 6 Miklukho-Maklaya Str., Moscow
117198, Russian Federation
2Institute of Informatics Problems, Federal Research Center \Computer Sciences
and Control" of the Russian Academy of Sciences; 44-2 Vavilov Str., Moscow
119133, Russian Federation
3Financial University under the Government of the Russian Federation,
49 Leningradsky Prosp., Moscow 125993, Russian Federation
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available), with a given probability distribution. Using embedded Markov chain
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