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УСЛОВНЫЕ ГРАНИЦЫ СРЕДНИХ МАКСИМУМОВ
СЛУЧАЙНЫХ ВЕЛИЧИН И ИХ ДОСТИЖИМОСТЬ

Д. В. Иванов1

�−−®â�æ¨ï: �à¥¤¬¥â®¬ ¨−â¥à¥á� −�áâ®ïé¥© áâ�âì¨ ï¢«ïîâáï áà¥¤−¨¥ ¬�ªá¨-
¬ã¬ë ¨§ −¥ª®â®à®£® ç¨á«� n á«ãç�©−ëå ¢¥«¨ç¨−. ÷�áá¬�âà¨¢�¥âáï á¨âã�æ¨ï,
ª®£¤� ¢¥«¨ç¨−ë áâ�−¤�àâ¨§®¢�−ë (¨¬¥îâ −ã«¥¢®¥ ¬�â¥¬�â¨ç¥áª®¥ ®¦¨¤�−¨¥
¨ ¥¤¨−¨ç−ãî ¤¨á¯¥àá¨î), −¥§�¢¨á¨¬ë ¨ ®¤¨−�ª®¢® à�á¯à¥¤¥«¥−ë, � â�ª¦¥
¨§¢¥áâ−® §−�ç¥−¨¥ áà¥¤−¥£® ¬�ªá¨¬ã¬� ¨§m −¥§�¢¨á¨¬ëå á«ãç�©−ëå ¢¥«¨ç¨−
á â¥¬ ¦¥ à�á¯à¥¤¥«¥−¨¥¬. ˆáá«¥¤ã¥âáï ¢®¯à®á ¤®áâ¨¦¨¬®áâ¨ ¯à¨ ãª�§�−−ëå
ãá«®¢¨ïå £à�−¨æ áà¥¤−¨å ¬�ªá¨¬ã¬®¢, ¯®«ãç¥−−ëå ¢ à�¡®â�å ¤àã£¨å �¢â®-
à®¢. ‚ á«ãç�ïå, ª®£¤� íâ®â ¢®¯à®á ®áâ�¥âáï ®âªàëâë¬, ¯à®¢¥¤¥−® ãâ®ç−¥−¨¥
£à�−¨æ. ‡�¤�ç� ¬®¦¥â ¨¬¥âì ¯à¨«®¦¥−¨ï ¢ â¥®à¨¨ ¬�áá®¢®£® ®¡á«ã¦¨¢�−¨ï,
áâà�å®¢�−¨¨, ä¨−�−á�å ¨ ¤àã£¨å ®¡«�áâïå.

Š«îç¥¢ë¥ á«®¢�: áà¥¤−¨© ¬�ªá¨¬ã¬; ¤®áâ¨¦¨¬®áâì

DOI: 10.14357/08696527190112

1 Введение

‚ â¥®à¨¨ ¢¥à®ïâ−®áâ¥© ¨ ¥¥ ¯à¨«®¦¥−¨ïå ¨á¯®«ì§ãîâáï à�§«¨ç−ë¥ ç¨á«®¢ë¥
å�à�ªâ¥à¨áâ¨ª¨ á«ãç�©−ëå ¢¥«¨ç¨−. Š −¨¬ ¬®¦−® ®â−¥áâ¨ ¨ áà¥¤−¨¥ ¬�ªá¨¬ã¬ë.
„«ï á«ãç�©−®© ¢¥«¨ç¨−ë X ¯®«®¦¨¬

µn(X) = Emax {X1, . . . ,Xn} ,

£¤¥ X1, . . . ,Xn | −¥§�¢¨á¨¬ë¥ á«ãç�©−ë¥ ª®¯¨¨ X (−�¯à¨¬¥à, áâ�â¨áâ¨ç¥áª�ï
¢ë¡®àª� ¨§ £¥−¥à�«ì−®© á®¢®ªã¯−®áâ¨ á á®®â¢¥âáâ¢ãîé¨¬ à�á¯à¥¤¥«¥−¨¥¬).

‡�¬¥ç�−¨¥ 1. ‚ ¤�«ì−¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢�âì ¡®«¥¥ ª®¬¯�ªâ−®¥ ®¡®§−�ç¥-
−¨¥ µn, ¢ ª®â®à®¬ −¥ ®âà�¦¥−� §�¢¨á¨¬®áâì ®â X1, . . . ,Xn, ¤® â¥å ¯®à ¯®ª� â�ª®¥
á®ªà�é¥−¨¥ ¤®¯ãáâ¨¬® ¢ à�¬ª�å â¥ªãé¥£® ª®−â¥ªáâ� ¨ −¥ ¢ë§ë¢�¥â ¯ãâ�−¨æë.

‘«®¢®á®ç¥â�−¨¥ úáà¥¤−¨© ¬�ªá¨¬ã¬û −¥ ï¢«ï¥âáï è¨à®ª® ã¯®âà¥¡¨â¥«ì−ë¬
¢ à®áá¨©áª®© ¢¥à®ïâ−®áâ−®-áâ�â¨áâ¨ç¥áª®© «¨â¥à�âãà¥, ®¤−�ª® ï¢«ï¥âáï ¢¯®«−¥
âà�¤¨æ¨®−−ë¬, −�¯à¨¬¥à, ¢ ª«¨¬�â®«®£¨¨ [1] ¯à¨ ®¯¨á�−¨¨ ¨§¬¥−ç¨¢®áâ¨ ¬¥â¥®-
à®«®£¨ç¥áª¨å ¢¥«¨ç¨−. ‚ ç�áâ−®áâ¨, ¡¥àãâ ¬�ªá¨¬ã¬ë ¨ ¬¨−¨¬ã¬ë â¥¬¯¥à�âãàë
(§� ¤¥−ì, ¬¥áïæ, £®¤) ¨ §�â¥¬ ãáà¥¤−ïîâ (¯® ¤−ï¬ §� ¬¥áïæ, ¯® £®¤�¬ §� ¢¥áì ¯¥-
à¨®¤ −�¡«î¤¥−¨©). ’�ª¨¬ ®¡à�§®¬ ¯®«ãç�îâáï áà¥¤−¨¥ ¬�ªá¨¬ã¬ë ¨ ¬¨−¨¬ã¬ë
â¥¬¯¥à�âãà. •®âï, ª®−¥ç−®, ¢ íâ¨å á«ãç�ïå −¥«ì§ï áª�§�âì, çâ® á«ãç�©−ë¥ ¢¥«¨-
ç¨−ë −¥§�¢¨á¨¬ë ¨ ®¤¨−�ª®¢® à�á¯à¥¤¥«¥−ë, á¨âã�æ¨ï ¡®«¥¥ á«®¦−�ï. ‘à¥¤−¨¥

1Œ®áª®¢áª¨© £®áã¤�àáâ¢¥−−ë© ã−¨¢¥àá¨â¥â ¨¬. Œ. ‚. ‹®¬®−®á®¢�, ¬¥å�−¨ª®-¬�â¥¬�â¨ç¥áª¨©
ä�ªã«ìâ¥â, ª�ä¥¤à� â¥®à¨¨ ¢¥à®ïâ−®áâ¥©, ashtynbamba@gmail.com
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“á«®¢−ë¥ £à�−¨æë áà¥¤−¨å ¬�ªá¨¬ã¬®¢ á«ãç�©−ëå ¢¥«¨ç¨− ¨ ¨å ¤®áâ¨¦¨¬®áâì

¬�ªá¨¬ã¬ë ¨ ¬¨−¨¬ã¬ë −�àï¤ã á ¤àã£¨¬¨ ¯®ª�§�â¥«ï¬¨ å�à�ªâ¥à¨§ãîâ ª«¨¬�â
¢ ¤�−−®© ¬¥áâ−®áâ¨, çâ® ¬®¦¥â ¡ëâì ¢�¦−® ¤«ï á¥«ìáª®£® å®§ï©áâ¢� ¨ ¤à.

‚ �−£«®ï§ëç−®© ¢¥à®ïâ−®áâ−®© «¨â¥à�âãà¥ ã¯®âà¥¡«ïîâáï ª�ª á«®¢®á®ç¥â�-
−¨ï úexpected maximumû [2{4] ¨«¨ úexpected maximum valueû, â�ª ¨ ¤àã£¨¥
á¨−®−¨¬ë.

‚�¦−®© ®¡«�áâìî ¯à¨«®¦¥−¨ï ¢¢¥¤¥−−®© ¢¥«¨ç¨−ë ï¢«ï¥âáï ä¨−�−á®¢�ï
¬�â¥¬�â¨ª�. „«ï ®æ¥−ª¨ ä¨−�−á®¢ëå à¨áª®¢ áãé¥áâ¢ã¥â æ¥«ë© àï¤ à�§«¨ç−ëå
¬¥à (VaR (value of risk), CVaR (conditional VaR), WVaR (worst-case VaR) ¨ ¤à.).
�á®¡ë© ¨−â¥à¥á ¯à¥¤áâ�¢«ïîâ ¬¥àë, ®¡«�¤�îé¨¥ á¢®©áâ¢�¬¨ ¬®−®â®−−®áâ¨,
áã¡�¤¤¨â¨¢−®áâ¨, ¯®«®¦¨â¥«ì−®© ®¤−®à®¤−®áâ¨ ¨ ¨−¢�à¨�−â−®áâ¨ ®â−®á¨â¥«ì−®
á¤¢¨£� | ª®£¥à¥−â−ë¥ ¬¥àë à¨áª�. �à¨¬¥à ª®£¥à¥−â−®© ¬¥àë à¨áª� | ¬¥à�

MINVaRn(X) = −Emin {X1, . . . ,Xn} ,

ª®â®à�ï ¨§ãç�«�áì ¢ [5{7]. �®−ïâ−®, çâ®MINVaRn(X) = µn(−X). �� ¯à�ªâ¨ª¥
¬®¦−® ¨áá«¥¤®¢�âì ª®«¥¡�−¨ï æ¥− �ªæ¨© ¯®¤®¡−® â¥¬¯¥à�âãà¥, ¡¥àï, −�¯à¨¬¥à,
¬�ªá¨¬ã¬ë ¥¦¥¤−¥¢−ëå ¯�¤¥−¨© æ¥− (®âà¨æ�â¥«ì−ëå «®£�à¨ä¬¨ç¥áª¨å ¯à¨à�-
é¥−¨©) §� −¥¤¥«î ¨ ãáà¥¤−ïï ¯® −¥¤¥«ï¬ ¨ â. ¯.

‘à¥¤−¨¥ ¬�ªá¨¬ã¬ë ¬®¦−® ¢áâà¥â¨âì −¥ â®«ìª® ¢ ä¨−�−á®¢®©, −® ¨ ¢ �ªâã-
�à−®© ¬�â¥¬�â¨ª¥. ‚ ¯®á«¥¤−¨¥ ¤¥áïâ¨«¥â¨ï ®á®¡ë© ¨−â¥à¥á ¢ë§ë¢�¥â ¯à¨−æ¨¯
‚�−£� [8,9] ¯®¤áç¥â� áâà�å®¢ëå ¯à¥¬¨©:

Hg(X) =

0
∫

−∞

(g (SX(t))− 1) dt +
+∞
∫

0

g (SX(t)) dt ,

£¤¥ g(u)| â�ª −�§ë¢�¥¬�ï äã−ªæ¨ï ¨áª�¦¥−¨ï; SX(t) = P(X > t)| äã−ªæ¨ï
¢ë¦¨¢�−¨ï ¤«ï áâà�å®¢®£® à¨áª� X. ‚ á«ãç�¥ ¤ã�«ì−®-áâ¥¯¥−−®© äã−ªæ¨¨
¨áª�¦¥−¨ï g(u) = 1 − (1 − u)n ¯®«ãç�¥¬ Hg(X) = µn(X). �à�ªâ¨ç¥áª¨ íâ®
®§−�ç�¥â, çâ® ª®¬¯�−¨ï ®à¨¥−â¨àã¥âáï −� åã¤è¨© ¨§ n ¢®§¬®¦−ëå á«ãç�¥¢
¢ á¬ëá«¥ ®¡ê¥¬� áâà�å®¢ëå ¢ë¯«�â.

�â¬¥â¨¬ â�ª¦¥ ¯à¨«®¦¥−¨ï ¢ §�¤�ç�å −�¤¥¦−®áâ¨ [10]. �ãáâì ¨¬¥¥âáï
®á−®¢−®© í«¥¬¥−â ¨ ®¤¨− ¨«¨ −¥áª®«ìª® à¥§¥à¢−ëå, à�¡®â�îé¨å ¢ ®¤−®¬ à¥¦¨¬¥
á ®á−®¢−ë¬ (−�£àã¦¥−−ë©, ¨«¨ ú£®àïç¨©û, à¥§¥à¢). …á«¨ á¨áâ¥¬� ¢ëå®¤¨â ¨§
áâà®ï, â®«ìª® ª®£¤� ¢á¥ í«¥¬¥−âë ¢ëå®¤ïâ ¨§ áâà®ï, â® ¢à¥¬ï ¥¥ ¡¥§®âª�§−®©
à�¡®âë à�¢−® ¬�ªá¨¬�«ì−®¬ã ¨§ ¢à¥¬¥− ¡¥§®âª�§−®© à�¡®âë í«¥¬¥−â®¢.

ˆ−â¥à¥á−ë¥ ¯à¨«®¦¥−¨ï áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ¢áâà¥ç�îâáï ¨ ¢ â¥®à¨¨ ¬�áá®-
¢®£® ®¡á«ã¦¨¢�−¨ï. ÷�áá¬®âà¨¬ á¨áâ¥¬ã ¨§ n ¯à¨¡®à®¢, ¢ ª®â®àãî ¯®áâã¯�îâ
§�ï¢ª¨. �ç¥à¥¤−�ï ¯®áâã¯¨¢è�ï −� ®¡à�¡®âªã §�ï¢ª� ¤¥«¨âáï −� n ¯®¤§�ï¢®ª,
ª�¦¤�ï ¨§ ª®â®àëå ®¡á«ã¦¨¢�¥âáï ®¤−¨¬ ¨§ ¯à¨¡®à®¢. ‘ãé¥áâ¢ãîâ ¤¢¥ áâ�−¤�àâ-
−ë¥ ¬®¤¥«¨ ®¡à�¡®âª¨ ¯®¤§�ï¢®ª: ¬®¤¥«ì fork-join [11] ¨ ¬®¤¥«ì split-merge [12].

‚ ¬®¤¥«¨ fork-join ª�¦¤�ï ¯®¤§�ï¢ª� Zi §�ï¢ª¨ Z ®â¯à�¢«ï¥âáï ¢ á®®â¢¥â-
áâ¢ãîéãî ®ç¥à¥¤ì à®¢−® ¢ â®â ¬®¬¥−â, ª®£¤� Z ¯®áâã¯¨«� ¢ á¨áâ¥¬ã. �à¨ íâ®¬
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„. ‚. ˆ¢�−®¢

−¥ª®â®àë¥ ¯à¨¡®àë ¬®£ãâ ¢á¥ ¥é¥ ®¡à�¡�âë¢�âì ¯®¤§�ï¢ª¨ ¯à¥¤ë¤ãé¨å §�ï¢®ª,
¯®íâ®¬ã ®âà¥§®ª ¢à¥¬¥−¨, ª®â®àë© ª�¦¤�ï ¯®¤§�ï¢ª� ¯à®¢®¤¨â ¢ á¨áâ¥¬¥, ¤¥«¨â-
áï −� ¤¢¥ ç�áâ¨: ¢à¥¬ï ®¦¨¤�−¨ï (−�å®¦¤¥−¨¥ ¢ ®ç¥à¥¤¨, ¯®ª� ®¡á«ã¦¨¢�îâáï
¯®¤§�ï¢ª¨ ®â ¯à¥¤ë¤ãé¨å §�ï¢®ª) ¨ −¥¯®áà¥¤áâ¢¥−−® ¢à¥¬ï ®¡á«ã¦¨¢�−¨ï. �â®â
áã¬¬�à−ë© ®âà¥§®ª −�§ë¢�¥âáï ¢à¥¬¥−¥¬ ¯à¥¡ë¢�−¨ï ¯®¤§�ï¢ª¨ ¢ á¨áâ¥¬¥ ¨«¨
¢à¥¬¥−¥¬ ®âª«¨ª�. ‡−�ç¨â, ¢à¥¬ï ¯à¥¡ë¢�−¨ï æ¥«®© §�ï¢ª¨ ¢ á¨áâ¥¬¥ | íâ®
¬�ªá¨¬ã¬ ¨§ ¢à¥¬¥− ®âª«¨ª� ¯® ª�¦¤®© ¨§ ¯®¤§�ï¢®ª. ‚®®¡é¥ £®¢®àï, ¢à¥¬¥−�
¯à¥¡ë¢�−¨ï Ti ¯®¤§�ï¢®ª Zi ¢ á¨áâ¥¬¥ −¥ ï¢«ïîâáï −¥§�¢¨á¨¬ë¬¨. �¤−�ª®
®−¨ ï¢«ïîâáï ¯®«®¦¨â¥«ì−® §�¢¨á¨¬ë¬¨ (¨«¨ �áá®æ¨¨à®¢�−−ë¬¨), � ¯®â®¬ã
¬�â¥¬�â¨ç¥áª®¥ ®¦¨¤�−¨¥ ¨å ¬�ªá¨¬ã¬� ®æ¥−¨¢�¥âáï á¢¥àåã áà¥¤−¨¬ ¬�ªá¨-
¬ã¬®¬ −¥§�¢¨á¨¬ëå á«ãç�©−ëå ¢¥«¨ç¨− á â¥¬ ¦¥ à�á¯à¥¤¥«¥−¨¥¬. �®íâ®¬ã
¢�¦−®© å�à�ªâ¥à¨áâ¨ª®© ¬®¤¥«¨ ï¢«ï¥âáï áà¥¤−¨© ¬�ªá¨¬ã¬ ¨§ −¥§�¢¨á¨¬ëå
á«ãç�©−ëå ¢¥«¨ç¨− á à�á¯à¥¤¥«¥−¨ï¬¨ ¢à¥¬¥− ®âª«¨ª� ¯® ª�¦¤®© ¨§ ¯®¤§�-
ï¢®ª.

‚ ¬®¤¥«¨ split-merge ®¡á«ã¦¨¢�−¨¥ ®ç¥à¥¤−®© §�ï¢ª¨ Z −¥ −�ç−¥âáï, ¯®ª�
−¥ ¡ã¤ãâ ®¡à�¡®â�−ë ¢á¥ ¯®¤§�ï¢ª¨ ¯à¥¤ë¤ãé¥© §�ï¢ª¨. ’�ª¨¬ ®¡à�§®¬, ¢à¥¬ï
®¡á«ã¦¨¢�−¨ï æ¥«®© §�ï¢ª¨ ¢ á¨áâ¥¬¥ | íâ® ¬�ªá¨¬ã¬ ¨§ ¢à¥¬¥−T ′

i ®¡á«ã¦¨¢�−¨ï
ª�¦¤®© ¥¥ ¯®¤§�ï¢ª¨, ¯à¨ç¥¬ T ′

i −¥§�¢¨á¨¬ë ¬¥¦¤ã á®¡®©. ‡−�ç¨â, áà¥¤−¥¥ ¢à¥¬ï
®¡á«ã¦¨¢�−¨ï §�ï¢ª¨ | íâ® ¯à®áâ® áà¥¤−¨© ¬�ªá¨¬ã¬ ¢à¥¬¥− ®¡á«ã¦¨¢�−¨ï ¥¥
¯®¤§�ï¢®ª.

�¤¨− ¨§ ïàª¨å ¯à¨¬¥à®¢ ¯à¨¬¥−¥−¨ï ¬®¤¥«¥© fork-join ¨ split-merge | ®¡«�ç-
−ë¥ â¥å−®«®£¨¨. �ãáâì ®¡à�¡®âª� ¤�−−ëå ¯à®¨§¢®¤¨âáï −� ã¤�«¥−−®¬ á¥à¢¥à¥,
¯à¨ç¥¬ ¯à¨¬¥−ï¥âáï ¯�à�««¥«ì−®¥ ¯à®£à�¬¬¨à®¢�−¨¥ ¨ �«£®à¨â¬ à�¡®â�¥â ¢ −¥-
áª®«ìª¨å ¯�à�««¥«ì−ëå ¯®â®ª�å. Ÿá−®, çâ® ¢ ¤�−−®¬ á«ãç�¥ á¨áâ¥¬� ¬®¦¥â
®¯¨áë¢�âìáï ®¤−®© ¨§ íâ¨å ¬®¤¥«¥©. �â¬¥â¨¬ −¥¤�¢−¨¥ à�¡®âë ®â¥ç¥áâ¢¥−−ëå
ãç¥−ëå −� íâã â¥¬ã [13{16].

“¯®¬ï−¥¬ §¤¥áì â¥å−®«®£¨î ¢¨àâã�«¨§�æ¨¨ ¤�−−ëå RAID (Redundant Array
of Inexpensive Disks, Redundant Array of Independent Disks) [17], ª®â®à�ï ®¡ê-
¥¤¨−ï¥â −¥áª®«ìª® ¦¥áâª¨å ¤¨áª®¢ ¢ ®¤¨− «®£¨ç¥áª¨© í«¥¬¥−â ¤«ï ¯®¢ëè¥−¨ï
−�¤¥¦−®áâ¨ ¨ ¯à®¨§¢®¤¨â¥«ì−®áâ¨. �� ¡�§®¢®¬ ãà®¢−¥ RAID 1 ¨¬¥¥âáï ¬�á-
á¨¢ ¨§ ¤¢ãå ¨«¨ ¡®«¥¥ ¤¨áª®¢, ï¢«ïîé¨åáï ¯®«−ë¬¨ ª®¯¨ï¬¨ (§¥àª�«�¬¨) ¤àã£
¤àã£�. ‡�¯¨áì −� ¤¨áª¨ ¯à®¨áå®¤¨â ¯�à�««¥«ì−®, ®¤−®â¨¯−ë¬ ®¡à�§®¬. �à¨
çâ¥−¨¨ ¨−ä®à¬�æ¨î ¬®¦−® ¡à�âì ¯® ç�áâï¬ á à�§−ëå ¤¨áª®¢ ¯�à�««¥«ì−®, çâ®
ãáª®àï¥â ¯à®æ¥áá. ‘¨áâ¥¬� ¨¬¥¥â ¢ëá®ªãî −�¤¥¦−®áâì ¨ à�¡®â�¥â ¤® â¥å ¯®à,
¯®ª� äã−ªæ¨®−¨àã¥â å®âï ¡ë ®¤¨− ¤¨áª ¢ ¬�áá¨¢¥. ’�ª¨¬ ®¡à�§®¬, §¤¥áì ¨¬¥¥â
¬¥áâ® á®ç¥â�−¨¥ −�¤¥¦−®áâ−®© áå¥¬ë á à¥§¥à¢¨à®¢�−¨¥¬ ¨ á¨áâ¥¬ë ¬�áá®¢®£®
®¡á«ã¦¨¢�−¨ï á à�§¤¥«¥−¨¥¬ §�ï¢®ª. �−�«®£¨ç−ë¥ â¥å−®«®£¨¨ ¬®¦−® ¯à¨¬¥−ïâì
¨ ¯à¨ åà�−¥−¨¨ ¨−ä®à¬�æ¨¨ −� −¥áª®«ìª¨å á¥à¢¥à�å, ¢ ¨−â¥à−¥â¥ (§¥àª�«ì−ë¥
á�©âë ¨ ¡�§ë ¤�−−ëå) ¨ ¤à.

’�ª¨¬ ®¡à�§®¬, áâ�−®¢¨âáï ïá−®, çâ® ¢¢¥¤¥−−ë© ®¡ê¥ªâ (áà¥¤−¨¥ ¬�ªá¨¬ã¬ë)
¯à¥¤áâ�¢«ï¥â ¢ëá®ª¨© −�ãç−ë© ¨−â¥à¥á.

�à¨ à¥è¥−¨¨ §�¤�ç¨ ãáâ�−®¢«¥−¨ï £à�−¨æ ¤«ï µn á ª®−¥ç−ë¬¨ áà¥¤−¨¬
¨ ¤¨á¯¥àá¨¥© ¡¥§ ®£à�−¨ç¥−¨ï ®¡é−®áâ¨ ¬®¦−® à�áá¬�âà¨¢�âì á«ãç�© −ã«¥¢®£®
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“á«®¢−ë¥ £à�−¨æë áà¥¤−¨å ¬�ªá¨¬ã¬®¢ á«ãç�©−ëå ¢¥«¨ç¨− ¨ ¨å ¤®áâ¨¦¨¬®áâì

áà¥¤−¥£® ¨ ¥¤¨−¨ç−®© ¤¨á¯¥àá¨¨. „¥©áâ¢¨â¥«ì−®, ¯ãáâì EX = a, DX = σ2.
�¯à¥¤¥«¨¬ X∗ = (X − a)/σ. ’®£¤� ¤«ï «î¡®£® n > 1 ¢¥à−®

µn(X) = a+ σµn(X
∗)

¨ ¯® £à�−¨æ�¬ µn(X
∗) ¬®¦−® ®¤−®§−�ç−® ®¯à¥¤¥«¨âì £à�−¨æë µn(X).

ˆ§ãç¥−¨¥ £à�−¨æ áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ¨¬¥¥â ¤�¢−îî ¨áâ®à¨î. …é¥ ¢ à�¡®-
â�å [18,19] ¤«ï áâ�−¤�àâ¨§®¢�−−ëå á«ãç�©−ëå ¢¥«¨ç¨− ¡ë«® ¯®«ãç¥−® −¥à�¢¥−-
áâ¢®

0 < µn(X) 6
n− 1√
2n− 1

. (1)

�â¬¥â¨¬, çâ® ¤«ï ¢ëç¨á«¥−¨ï ¨ ®æ¥−®ªµn ¯à¨ ¡®«ìè¨ån¬®¦−® ¨á¯®«ì§®¢�âì
�á¨¬¯â®â¨ç¥áª¨© ¯®¤å®¤, ª®â®àë© ®¡áã¦¤�¥âáï, −�¯à¨¬¥à, ¢ [11, 20]. �¤−�ª®
¯à¨ −¥¡®«ìè¨å n ®− −¥ à�¡®â�¥â.

‚ [21] ¡ë«¨ −�©¤¥−ë £à�−¨æë ¯à¨ ãá«®¢¨ïå EX = 0, E|X|p = 1, p >
> 1. ‚ ®¡®¨å á«ãç�ïå ¢¥àå−¨¥ £à�−¨æë ®ª�§�«¨áì ¤®áâ¨¦¨¬ë¬¨. „�«ì−¥©è¨¥
à¥§ã«ìâ�âë ¡ë«¨ ¯à¥¤áâ�¢«¥−ë â¥¬ ¦¥ �¢â®à®¬ ¢ [2].

Œ®¦−® ã¯®¬ï−ãâì ¨ ¤àã£¨¥, ¡®«¥¥ á®¢à¥¬¥−−ë¥ à�¡®âë −� ¡«¨§ªãî â¥¬�â¨-
ªã. ‚ ç�áâ−®áâ¨, à¥§ã«ìâ�â [22] ® â®ç−®© ¢¥àå−¥© £à�−¨æ¥ áà¥¤−¥£® ¬�ªá¨¬ã¬�
−�¡®à�, ¢®®¡é¥ £®¢®àï, à�§−®à�á¯à¥¤¥«¥−−ëå ¨ §�¢¨á¨¬ëå á«ãç�©−ëå ¢¥«¨ç¨−
X1, . . . ,Xn á ¨§¢¥áâ−ë¬¨ ¬�â¥¬�â¨ç¥áª¨¬¨ ®¦¨¤�−¨ï¬¨ EXi ¨ ¤¨á¯¥àá¨ï¬¨
DXi, à�¡®âã [3] ® £à�−¨æ�å áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ª®àà¥«¨à®¢�−−ëå −®à¬�«ì−ëå
á«ãç�©−ëå ¢¥«¨ç¨−, � â�ª¦¥ à�¡®âë [23, 24] ® £à�−¨æ�å áà¥¤−¨å ¯®àï¤ª®¢ëå
áâ�â¨áâ¨ª ¯à¨ áâ�à¥îé¨å à�á¯à¥¤¥«¥−¨ïå.

‚ à�¡®â¥ [25] ¯à¨¢¥¤¥−� ¢¥àå−ïï £à�−¨æ� ¤«ï µn ¯à¨ ¡®«¥¥ á¨«ì−ëå ®£à�−¨-
ç¥−¨ïå: ªà®¬¥ ãá«®¢¨© EX = 0 ¨ DX = 1 ¯à¥¤¯®«�£�¥âáï, çâ® ¨§¢¥áâ−ë µm

¨ µp, £¤¥ m, p > 1. ‚ íâ®¬ á«ãç�¥ á¯à�¢¥¤«¨¢®:

µn 6 (n − 1)
√

1

2n− 1 − τ ,

£¤¥

τ =

(

m− 1
m+ n− 1 µp −

p− 1
p+ n− 1 µm

)2
/

(

(m− 1)2
2m− 1 µ2p +

+
(p− 1)2
2p− 1 µ2m − 2(m− 1)(p − 1)

m+ p− 1 µpµm

)

.

‡�¬¥â¨¬, çâ® ¯à¨ p = 1 ¨ µ1 = 0 §�¤�ç� á¢®¤¨âáï ª á«ãç�î ¨§¢¥áâ−®£®
áà¥¤−¥£® ¬�ªá¨¬ã¬� ¯® ®¤−®© ¢ë¡®àª¥, � −¥ ¯® ¤¢ã¬, −® ¯à¨¢¥¤¥−−�ï ä®à¬ã«�
¢ íâ®¬ á«ãç�¥, ª á®¦�«¥−¨î, −¥¯à¨¬¥−¨¬�. ƒà�−¨æë µn ¯à¨ â�ª¨å ®£à�−¨ç¥−¨ïå
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−¥§�¢¨á¨¬® ®â [25] ¡ë«¨ ¯®«ãç¥−ë ¢ [26]. �à¨¬¥ç�â¥«ì−®, çâ® ¢ íâ®¬ á«ãç�¥
−�©¤¥−� −¥ â®«ìª® ¢¥àå−ïï £à�−¨æ�, −® ¨ −¨¦−ïï.

ˆâ�ª, á®£«�á−® [26], ¯à¨ n > m ¨¬¥¥¬:

µn 6
n− 1

(m− 1)(n +m− 1)



(2m− 1)µm +

+
n−m

2n− 1

√

(2n − 1)(2m − 1)
(

(m− 1)2
2m− 1 − µ2m

)



 ;

µn > max







µm,
n− 1

(m− 1)(n +m− 1)



(2m− 1)µm −

− n−m

2n− 1

√

(2n− 1)(2m − 1)
(

(m− 1)2
2m− 1 − µ2m

)











.

�à¨ n < m ¨¬¥¥¬:

µn 6 min







µm,
n− 1

(m− 1)(n +m− 1)



(2m− 1)µm +

+
m− n

2n− 1

√

(2n− 1)(2m − 1)
(

(m− 1)2
2m− 1 − µ2m

)











;

µn > max







0,
n− 1

(m− 1)(n +m− 1)



(2m− 1)µm −

− m− n

2n− 1

√

(2n− 1)(2m − 1)
(

(m− 1)2
2m− 1 − µ2m

)











.

�®«¥¥ â®£®, ¢ [26] ¯®ª�§�−®, çâ® ¯à¨ m = 2 ªà¨¢®«¨−¥©−ãî £à�−¨æã ¨§
¢¥àå−¥© ®æ¥−ª¨ µn ¬®¦−® ç�áâ¨ç−® §�¬¥−¨âì ¯àï¬®«¨−¥©−®©:

µn 6 min

{

(n− 1)µ2,
n− 1
n+ 1

(

3µ2 +
n− 2
2n − 1

√

3(2n − 1)
(

1

3
− µ22

)

)}

.

�®âà¥¡−®áâì ¢ ®æ¥−ª¥ ®¤−¨å áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ¯® ¤àã£¨¬ ¬®¦¥â ¢®§−¨ª�âì
¢ à�§«¨ç−ëå ãª�§�−−ëå ¢ëè¥ ¯à¨«®¦¥−¨ïå.
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“á«®¢−ë¥ £à�−¨æë áà¥¤−¨å ¬�ªá¨¬ã¬®¢ á«ãç�©−ëå ¢¥«¨ç¨− ¨ ¨å ¤®áâ¨¦¨¬®áâì

…á«¨ à¥çì ¨¤¥â ® áâà�å®¢ëå ¨«¨ ä¨−�−á®¢ëå à¨áª�å (á«ãç�©−ëå ¢¥«¨ç¨−�å
¯®â¥àì), ª®â®àë¥ à�−¥¥ ®æ¥−¨¢�«¨áì ¯® ®¤−®© á¨áâ¥¬¥ (áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ám),
� ¯«�−¨àã¥âáï ¯¥à¥©â¨ −� −®¢ãî (áà¥¤−¨å ¬�ªá¨¬ã¬®¢ á n), â® ¢®§−¨ª�¥â ¢®¯à®á,
ª�ª á¨«ì−® ®â íâ®£® ¨§¬¥−ïâáï áâà�å®¢ë¥ ¯à¥¬¨¨ ¨«¨ ä¨−�−á®¢ë¥ à¥è¥−¨ï.
Œ®¦−® «¨ ãâ¢¥à¦¤�âì, çâ® ª�ª¨¥-â® à¨áª¨, áç¨â�¢è¨¥áï à�−¥¥ ¡®«¥¥ ¢ëá®ª¨¬¨,
ç¥¬ ª�ª¨¥-â® ¤àã£¨¥, ¯®-¯à¥¦−¥¬ã ¡ã¤ãâ áç¨â�âìáï ¡®«ìè¨¬¨ ¨«¨ ¨å ¯®àï¤®ª
¬®¦¥â ¨§¬¥−¨âìáï? �ª�§ë¢�¥âáï, ¬®¦¥â ¡ëâì ¯®-à�§−®¬ã ¢ §�¢¨á¨¬®áâ¨ ®â
á®®â−®è¥−¨ï áà¥¤−¨å ¬�ªá¨¬ã¬®¢.

�à¨¬¥−¨â¥«ì−® ª −�¤¥¦−®áâ−ë¬ áå¥¬�¬ á à¥§¥à¢¨à®¢�−¨¥¬ ®æ¥−ª¨ áà¥¤−¨å
¬�ªá¨¬ã¬®¢ ¬®£ãâ ¡ëâì ¯®«¥§−ë ¢ á«ãç�¥, ¥á«¨ ¨¬¥¥âáï áâ�â¨áâ¨ª� ¯® áà¥¤−¥¬ã
¢à¥¬¥−¨ à�¡®âë á¨áâ¥¬ á ¨§¢¥áâ−ë¬ ç¨á«®¬ à¥§¥à¢−ëå í«¥¬¥−â®¢, íâ® ç¨á«®
á®¡¨à�îâáï ¨§¬¥−¨âì ¨ −ã¦−® ®æ¥−¨âì ¢®§¬®¦−ë© íää¥ªâ.

�−�«®£¨ç−® ¢ ¬®¤¥«ïå á à�§¤¥«¥−¨¥¬ §�ï¢®ª à¥çì ¬®¦¥â ¨¤â¨ ®¡ ¨§¬¥−¥−¨¨
ç¨á«� ¯®¤§�ï¢®ª, −� ª®â®àë¥ à�§¤¥«ï¥âáï §�ï¢ª�, ¯à¨ á®åà�−¥−¨¨ à�á¯à¥¤¥«¥-
−¨ï ¢à¥¬¥−¨ ®¡á«ã¦¨¢�−¨ï. ’�ª®¥ ¢®§¬®¦−®, ¥á«¨ à¥çì ¨¤¥â ® ¤ã¡«¨à®¢�−¨¨
®¤−®â¨¯−ëå ®¯¥à�æ¨© (−�¯à¨¬¥à, ¢ â¥å−®«®£¨¨ RAID).

‘ ®¤−®© áâ®à®−ë, ®æ¥−ª¨ áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ¬®£ãâ ¯®ª�§�âìáï £àã¡ë¬¨,
−®, á ¤àã£®© áâ®à®−ë, ®−¨ −¥ âà¥¡ã¥â §−�−¨ï â®ç−®£® à�á¯à¥¤¥«¥−¨ï á«ãç�©−ëå
¢¥«¨ç¨− ¨«¨ ¤�¦¥ ª«�áá� à�á¯à¥¤¥«¥−¨ï, � ®¯¨à�îâáï «¨èì −� ¬®¬¥−â−ë¥
å�à�ªâ¥à¨áâ¨ª¨. ‚ íâ®¬ á¬ëá«¥ ¨å ¬®¦−® áà�¢−¨âì á −¥à�¢¥−áâ¢®¬ —¥¡ëè¥¢�
¨ ¥£® à�§−®®¡à�§−ë¬¨ �−�«®£�¬¨, ¨§¢¥áâ−ë¬¨ ¢ â¥®à¨¨ ¢¥à®ïâ−®áâ¥©.

‘â®¨â, ®¤−�ª®, ®â¬¥â¨âì, çâ® �¢â®àë à�¡®â [25, 26] −¥ ª�á�«¨áì ¢®¯à®á�
¤®áâ¨¦¨¬®áâ¨ £à�−¨æ ¨ ¨å â®ç−®áâ¨. ��áâ®ïé�ï à�¡®â� ¯à¨§¢�−� ¯® ¢®§¬®¦−®áâ¨
¢®á¯®«−¨âì íâ®â ¯à®¡¥«.

„�«¥¥ ¡ã¤¥¬ à�áá¬�âà¨¢�âì á«ãç�©−ë¥ ¢¥«¨ç¨−ë X á EX = 0, DX = 1
¨ ¨§¢¥áâ−ë¬ áà¥¤−¨¬ ¬�ªá¨¬ã¬®¬ µm. �®¯à®¡ã¥¬ ®¯à¥¤¥«¨âì, ¢ ª�ª¨å ¯à¥¤¥«�å
¬®¦¥â ¨§¬¥−ïâìáïµn ¯à¨ à�§«¨ç−ëåµm. �¡®§−�ç¨¬ â®ç−ãî ¢¥àå−îî £à�−¨æãµn

¯à¨ §�¤�−−ëå ãá«®¢¨ïå ç¥à¥§ µn, � â®ç−ãî −¨¦−îî | ç¥à¥§ µ
n
. �ã¤¥¬

â�ª¦¥ ®¡®§−�ç�âì ç¥à¥§ x(F ) äã−ªæ¨î, ®¡à�â−ãî ª äã−ªæ¨¨ à�á¯à¥¤¥«¥−¨ï F
á«ãç�©−®© ¢¥«¨ç¨−ë. �®«¥¥ â®ç−®,

x(u) = inf {t : F (t) > u} .

’®£¤�

µk(X) =

1
∫

0

x(F ) dF k =

1
∫

0

kF k−1x(F ) dF ;

1
∫

0

x(F ) dF = 0 ;

1
∫

0

x2(F ) dF = 1 .































(2)

��áâ®ïé�ï áâ�âìï ¯à®¤®«¦�¥â ¨áá«¥¤®¢�−¨¥ £à�−¨æ áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ¯à¨
§�¤�−−ëå ãá«®¢¨ïå. ‚ ç�áâ−®áâ¨, ¯à¨¢¥¤¥−ë ¨ ¤®ª�§�−ë ãá«®¢¨ï ¤®áâ¨¦¨¬®áâ¨
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£à�−¨æ, ¯®«ãç¥−−ëå ¢ [26]. ‚ á«ãç�¥, ª®£¤� íâ¨ ãá«®¢¨ï −¥ ¢ë¯®«−ïîâáï,
¯à¥¤«®¦¥− ¯®¤å®¤ ª ãâ®ç−¥−¨î £à�−¨æ, � ¨¬¥−−®: ®æ¥−ª� á−¨§ã ¤«ï ¢¥àå−¥©
£à�−¨æë ¨ ®æ¥−ª� á¢¥àåã ¤«ï −¨¦−¥© £à�−¨æë.

2 Достижимость границ

‚ á¨«ã (2) §�¤�ç� −� íªáâà¥¬ã¬ëµn ¯à¨ ¨§¢¥áâ−®¬ µm, −ã«¥¢®¬ áà¥¤−¥¬ ¨ ¥¤¨-
−¨ç−®© ¤¨á¯¥àá¨¨ ¬®¦¥â à�áá¬�âà¨¢�âìáï ª�ª §�¤�ç� ¢�à¨�æ¨®−−®£® ¨áç¨á«¥−¨ï
®â−®á¨â¥«ì−® äã−ªæ¨¨ x(F ) ¨ à¥è�âìáï ¬¥â®¤®¬ ¬−®¦¨â¥«¥© ‹�£à�−¦�.

‘®£«�á−® à¥§ã«ìâ�âã [26] íªáâà¥¬�«¨ ¤«ï µn ¨¬¥îâ ¢¨¤:

x(F ) = a
(

1− nFn−1
)

+ b
(

1−mFm−1
)

, (3)

£¤¥ «¨¡®

a = − n+m− 1
(n− 1)(m− 1)

√

(2n− 1)(2m − 1)
(n−m)2

(

(m− 1)2
2m− 1 − µ2m

)

; (4)

b =
2m− 1
(m− 1)2

(

−µm +

√

(2n− 1)(2m − 1)
(n−m)2

(

(m− 1)2
2m− 1 − µ2m

)

)

, (5)

«¨¡®

a =
n+m− 1

(n− 1)(m− 1)

√

(2n − 1)(2m− 1)
(n−m)2

(

(m− 1)2
2m− 1 − µ2m

)

; (6)

b =
2m− 1
(m− 1)2

(

−µm −
√

(2n− 1)(2m − 1)
(n−m)2

(

(m− 1)2
2m− 1 − µ2m

)

)

. (7)

‘®®â¢¥âáâ¢ãîé¨¥ ¢¥àå−¥¥ ¨ −¨¦−¥¥ §−�ç¥−¨ï µn §�¯¨áë¢�îâáï á«¥¤ãîé¨¬ ®¡à�-
§®¬:

µn = −a(n− 1)2
2n− 1 −b(n− 1)(m − 1)

n+m− 1 =
n− 1

(m− 1)(n +m− 1)



(2m− 1)µm ±

± |n−m|
√

2m− 1
2n− 1

(

(m− 1)2
2m− 1 − µ2m

)



 . (8)

‚�¦−® ®â¬¥â¨âì, çâ® ¯®«ãç¥−−®¥ ¢ëà�¦¥−¨¥ (8) | ¤¥©áâ¢¨â¥«ì−® ¢¥àå−ïï
(−¨¦−ïï) £à�−ì ¤«ï áà¥¤−¥£® ¬�ªá¨¬ã¬� ¨§ n ¢¥«¨ç¨−, â. ¥. £«®¡�«ì−ë© íªáâà¥-
¬ã¬. �â® â�ª¦¥ ¡ë«® ¯®ª�§�−® ¢ [26] á ¯®¬®éìî −¥à�¢¥−áâ¢� Š®è¨{�ã−ïª®¢áª®-
£®. �¤−�ª® ¬¥â®¤ ‹�£à�−¦� ¯à¨¬¥−ï¥âáï ¡¥§ ãç¥â� ¢¥à®ïâ−®áâ−®£® á¬ëá«�, â�ª
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“á«®¢−ë¥ £à�−¨æë áà¥¤−¨å ¬�ªá¨¬ã¬®¢ á«ãç�©−ëå ¢¥«¨ç¨− ¨ ¨å ¤®áâ¨¦¨¬®áâì

çâ® ¢ëà�¦¥−¨¥ (3) −¥®¡ï§�â¥«ì−® §�¤�¥â ¢¥à®ïâ−®áâ−®¥ à�á¯à¥¤¥«¥−¨¥: ¤«ï íâ®£®
−¥®¡å®¤¨¬®, çâ®¡ë äã−ªæ¨ï x(F ) −¥ ã¡ë¢�«� ¯® F . ‚ëïá−¨¬, ª®£¤� íâ® â�ª.

…á«¨ ¯®¤áâ�¢¨âì ¢ëà�¦¥−¨ï ¤«ï a ¨ b ¢ (8), â® áâ�−¥â ¯®−ïâ−®, çâ® ¢¥àå−ïï
£à�−ì ¯®«ãç�¥âáï, ª®£¤� a ¨ b §�¤�îâáï ä®à¬ã«�¬¨ (4) ¨ (5), � −¨¦−ïï | ª®£¤�
®−¨ §�¤�îâáï ä®à¬ã«�¬¨ (6) ¨ (7). ‘¯à�¢¥¤«¨¢ë á«¥¤ãîé¨¥ â¥®à¥¬ë.

’¥®à¥¬� 1. �ãáâì m < n. ’®£¤� ¥á«¨

µm ∈
[

(m− 1)
√
2n− 1

(n+m− 1) ,
m− 1√
2m− 1

]

,

â®

µn =
n− 1

(m− 1)(n +m− 1)



(2m− 1)µm +

+
n−m

2n − 1

√

(2n− 1)(2m − 1)
(

(m− 1)2
2m− 1 − µ2m

)



 .

…á«¨ ¦¥

µm∈
[

(m− 1)(n + 2m− 1)
√
2n− 1

√

(2m− 1)(n +m− 1)(1 + 2m2 − 3m− 3n+ 6mn+ 2n2)
,
m− 1√
2m− 1

]

,

â®

µ
n
=

n− 1
(m− 1)(n +m− 1)



(2m− 1)µm −

− n−m

2n − 1

√

(2n− 1)(2m − 1)
(

(m− 1)2
2m− 1 − µ2m

)



 .

„ ® ª � § � â ¥ « ì á â ¢ ® . Š®«ì áª®à® x(F ) | ¬−®£®ç«¥−, íâ� äã−ªæ¨ï ï¢«ï¥âáï
¢áî¤ã ¤¨ää¥à¥−æ¨àã¥¬®©. ‚ë¯¨è¥¬ ãá«®¢¨¥ −¥®âà¨æ�â¥«ì−®áâ¨ ¥¥ ¯à®¨§¢®¤-
−®©:

x′(F ) = −an(n− 1)Fn−2 − bm(m− 1)Fm−2 =

= −Fm−2
(

an(n− 1)Fn−m + bm(m− 1)
)

> 0 .
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”ã−ªæ¨ï an(n− 1)Fn−m + bm(m− 1) ¬®−®â®−−� ¯® F ¯à¨ F ∈ [0, 1]. �®íâ®¬ã
¤«ï â®£®, çâ®¡ë x′(F ) > 0 −� [0, 1], −¥®¡å®¤¨¬® ¨ ¤®áâ�â®ç−®, çâ®¡ë

an(n− 1) + bm(m− 1) 6 0 ;

bm(m− 1) 6 0 .

Š�ª ã¦¥ ¡ë«® ®â¬¥ç¥−®, ¢¥«¨ç¨−¥ µn á®®â¢¥âáâ¢ãîâ a ¨ b, §�¤�¢�¥¬ë¥
ä®à¬ã«�¬¨ (4) ¨ (5). �®¤áâ�¢¨¢ ¢ëà�¦¥−¨ï (4) ¨ (5), ¯®«ãç¨¬ á¨áâ¥¬ã −¥à�¢¥−áâ¢
−� µm:

mµm(1− 2m)− (n+ 2m− 1)
√

(2n− 1) (1 +m2 + µ2m − 2m (1 + µ2m))
m− 1 6 0;

m(2m− 1)
m− 1

(

−µm +

√

(2n− 1)(2m − 1)
(n−m)2

(

(m− 1)2
2m− 1 − µ2m

)

)

6 0.

‡�¬¥â¨¬, çâ® ¢ á¨«ã â®£®, çâ® n > m > 1 ¨ µm > 0, ¯¥à¢®¥ −¥à�¢¥−áâ¢® ¢¥à−®
¢á¥£¤�. ‚â®à®¥ ¦¥ −¥à�¢¥−áâ¢® íª¢¨¢�«¥−â−®

µm >

√

(2n − 1)(2m− 1)
(n−m)2

(

(m− 1)2
2m− 1 − µ2m

)

.

÷�§à¥è¨¢ ¥£®, ¯®«ãç¨¬ ¨áª®¬ë© ¤¨�¯�§®− ¤«ï µm, á®®â¢¥âáâ¢ãîé¨© ¢¥àå−¥©
£à�−¨æ¥.

—â® ª�á�¥âáï −¨¦−¥© £à�−¨æë µ
n
, â® ¥© á®®â¢¥âáâ¢ãîâ a ¨ b, §�¤�¢�¥¬ë¥

ä®à¬ã«�¬¨ (6) ¨ (7). �®¤áâ�¢¨¬ ¢ëà�¦¥−¨ï (6) ¨ (7) ¢ á¨áâ¥¬ã ¨ ¯®«ãç¨¬ −®¢ãî
á¨áâ¥¬ã −¥à�¢¥−áâ¢ −� µm:

mµm(1− 2m) + (n+ 2m− 1)
√

(2n− 1) (1 +m2 + µ2m − 2m(1 + µ2m))
m− 1 6 0 ;

m(2m− 1)
m− 1

(

−µm −
√

(2n − 1)(2m − 1)
(n −m)2

(

(m− 1)2
2m− 1 − µ2m

)

)

6 0 .

‡�¬¥â¨¬, çâ® ¢ á¨«ã â®£®, çâ® n > m > 1 ¨ µm > 0, ¢â®à®¥ −¥à�¢¥−áâ¢® ¢¥à−®
¢á¥£¤�. �¥à¢®¥ ¦¥ −¥à�¢¥−áâ¢® íª¢¨¢�«¥−â−®

m(2m− 1)
n+ 2m− 1µm >

√

(2n − 1) (1 +m2 + µ2m − 2m(1 + µ2m)) .

÷�§à¥è¨¢ ¥£®, ¯®«ãç¨¬ ¨áª®¬ë© ¤¨�¯�§®− ¤«ï µm, á®®â¢¥âáâ¢ãîé¨© −¨¦−¥©
£à�−¨æ¥. ’¥®à¥¬� ¤®ª�§�−�. �
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’¥®à¥¬� 2. …á«¨ m > n ¨

µm∈
[

(m− 1)(n + 2m− 1)
√
2n− 1

√

(2m− 1)(n +m− 1)(1 + 2m2 − 3m− 3n+ 6mn+ 2n2)
,
m− 1√
2m− 1

]

,

â®

µn =
n− 1

(m− 1)(n +m− 1)



(2m− 1)µm +

+
m− n

2n − 1

√

(2n− 1)(2m − 1)
(

(m− 1)2
2m− 1 − µ2m

)



 .

�¨¦−ïï ¦¥ £à�−¨æ�

µ
n
=

n− 1
(m− 1)(n +m− 1)



(2m− 1)µm −

− m− n

2n− 1

√

(2n − 1)(2m− 1)
(

(m− 1)2
2m− 1 − µ2m

)





¤®áâ¨£�¥âáï «¨èì ¤«ï ¬�ªá¨¬�«ì−®£® §−�ç¥−¨ï

µm =
m− 1√
2m− 1

.

„ ® ª � § � â ¥ « ì á â ¢ ® . Š®«ì áª®à® x(F ) | ¬−®£®ç«¥−, íâ� äã−ªæ¨ï ï¢«ï¥âáï
¢áî¤ã ¤¨ää¥à¥−æ¨àã¥¬®©. ‚ë¯¨è¥¬ ãá«®¢¨¥ −¥®âà¨æ�â¥«ì−®áâ¨ ¥¥ ¯à®¨§¢®¤-
−®©:

x′(F ) = −an(n− 1)Fn−2 − bm(m− 1)Fm−2 =

= −Fn−2
(

an(n− 1) + bm(m− 1)Fm−n
)

.

”ã−ªæ¨ï an(n− 1) + bm(m− 1)Fm−n ¬®−®â®−−� ¯® F ¯à¨ F ∈ [0, 1]. �®íâ®¬ã
¤«ï â®£®, çâ®¡ë x′(F ) > 0 −� [0, 1], −¥®¡å®¤¨¬® ¨ ¤®áâ�â®ç−®, çâ®¡ë

an(n− 1) + bm(m− 1) 6 0 ;

an(n− 1) 6 0 .
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’�¡«¨æ� 1 �®à®£®¢ë¥ §−�ç¥−¨ï ¤«ï ¢¥àå−¨å £à�−¨æ (µ
n
)

m
n

3 4 5

2

√
5

4
≈ 0,559

√
7

5
≈ 0,529 0, 5

3 |

√
7

3
≈ 0,882 6

7
≈ 0,857

’�¡«¨æ� 2 �®à®£®¢ë¥ §−�ç¥−¨ï ¤«ï −¨¦−¨å £à�−¨æ (µ
n

)

m
n

3 4 5

2

√
5

4
≈ 0,559 7

√

7

1065
≈ 0,568 4

7
≈ 0, 571

3 | 3

√

7

85
≈ 0,861 4√

21
≈ 0,873

„�«ì−¥©è¥¥ ¤®ª�§�â¥«ìáâ¢® ¯®¢â®àï¥â è�£¨ ¤®ª�§�â¥«ìáâ¢� â¥®à¥¬ë 1, � ¨¬¥−−®:
¤«ï ¯®«ãç¥−¨ï ¤¨�¯�§®−� µm ¤«ï ¤®áâ¨¦¨¬®áâ¨ ¢¥àå−¥© £à�−¨æë à�§à¥è¨¬
á¨áâ¥¬ã, ¯®¤áâ�¢¨¢ ¢ëà�¦¥−¨ï (4) ¨ (5) ¤«ï a ¨ b. „«ï ¯®«ãç¥−¨ï ¤¨�¯�§®−� µm

¤«ï ¤®áâ¨¦¨¬®áâ¨ −¨¦−¥© £à�−¨æë à�§à¥è¨¬ á¨áâ¥¬ã, ¯®¤áâ�¢¨¢ ¢ëà�¦¥−¨ï (6)
¨ (7) ¤«ï a ¨ b. ’¥®à¥¬� ¤®ª�§�−�. �

�â¬¥â¨¬, çâ® ¯à�¢ë¥ ª®−æë ¯à®¬¥¦ãâª®¢ µm, −� ª®â®àëå ¤®áâ¨£�îâáï
£à�−¨æë, á®¢¯�¤�îâ á ¢¥àå−¥© ®æ¥−ª®© µm, ¯®«ãç¥−−®© ¢ [18,19]. ’�ª¨¬ ®¡à�§®¬,
¯à¨ ¢áïª®¬ m áãé¥áâ¢ãîâ ¯®à®£®¢ë¥ §−�ç¥−¨ï �µm (¤«ï ¢¥àå−¥© £à�−¨æë) ¨ �µm

(¤«ï −¨¦−¥© £à�−¨æë) â�ª¨¥, çâ® ¤«ï ¢á¥å µm, ¯à¥¢®áå®¤ïé¨å ¨«¨ à�¢−ëå �µm

(�µm), ¬®¦−® £®¢®à¨âì ® ¤®áâ¨¦¨¬®áâ¨ ¢¥àå−¥© (−¨¦−¥©) £à�−¨æë, ¯®«ãç¥−−®©
¢ [26].

‚ â�¡«. 1 ¨ 2 ¯à¥¤áâ�¢«¥−ë ¯®à®£®¢ë¥ §−�ç¥−¨ï ¤«ï ¤®áâ¨¦¨¬®áâ¨ ¢¥àå−¥©
¨ −¨¦−¥© £à�−¨æ ¯à¨ m ∈ {2, 3}, n ∈ {3, 4, 5}. ‚ ç�áâ−®áâ¨, ¯à¨ m = 2 ¨ n = 3
¯®à®£®¢ë¥ §−�ç¥−¨ï ¤«ï ¢¥àå−¥© ¨ −¨¦−¥© £à�−¨æ á®¢¯�¤�îâ ¨ à�¢−ë

√
5/4,

®¤−�ª® ¢ ®¡é¥¬ á«ãç�¥ íâ® −¥ â�ª.

3 Уточнение границ

�âªàëâë¬ ®áâ�¥âáï ¢®¯à®á ® â®¬, çâ® ¯à®¨áå®¤¨â, ¥á«¨ ãá«®¢¨ï â¥®à¥¬ −¥
¢ë¯®«−ïîâáï. �¯â¨¬�«ì−®¥ à¥è¥−¨¥ x(F ), ¯®«ãç¥−−®¥ ¬¥â®¤®¬ ¢�à¨�æ¨®−−®£®
¨áç¨á«¥−¨ï, ¨¬¥¥â ¢¨¤ ¬−®£®ç«¥−� (3) −� ®âà¥§ª¥ [0, 1], ª®â®àë©, ª á®¦�«¥−¨î,
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¬®¦¥â ª�ª ¢®§à�áâ�âì, â�ª ¨ ã¡ë¢�âì, â®£¤� ª�ª ¢¥à®ïâ−®áâ−ë© á¬ëá« ¨¬¥¥â
â®«ìª® ¢®§à�áâ�îé�ï ¢¥â¢ì. ‚ á¢ï§¨ á íâ¨¬ ¤«ï ¯®«ãç¥−¨ï ¤�«ì−¥©è¨å ®æ¥−®ª
¯à¥¤«�£�¥âáï §�¬¥−¨âì ã¡ë¢�îéãî ç�áâì ª®−áâ�−â®©.

��§®¢¥¬ ¡�§®¢®© á«ãç�©−ãî ¢¥«¨ç¨−ã X0, ¯à¨−¨¬�îéãî §−�ç¥−¨ï ®â 0 ¤® 1.
’®£¤� ¤«ï ¥¥ ®¡à�â−®© äã−ªæ¨¨ à�á¯à¥¤¥«¥−¨ï á¯à�¢¥¤«¨¢®

x0(0) = 0 ; x0(1) = 1 .

�¯à¥¤¥«¨¬

X =
X0 −EX0√
DX0

, (9)

â®£¤� á«ãç�©−�ï ¢¥«¨ç¨−� X ¯à¨−¨¬�¥â §−�ç¥−¨ï −� −¥ª®â®à®¬ ª®−¥ç−®¬ ®âà¥§ª¥
¨ EX = 0, DX = 1. �® ¢¥à−® ¨ ®¡à�â−®¥: «î¡�ï á«ãç�©−�ï ¢¥«¨ç¨−� X,
¯à¨−¨¬�îé�ï §−�ç¥−¨ï −� −¥ª®â®à®¬ ª®−¥ç−®¬ ®âà¥§ª¥ ¨ â�ª�ï, çâ® EX = 0,
DX = 1, ¯à¥¤áâ�¢¨¬� ¢ ¢¨¤¥ (9) á −¥ª®â®à®© ¡�§®¢®© á«ãç�©−®© ¢¥«¨ç¨−®© X0,
¯à¨ íâ®¬

µn(X) =
µn(X

0)−EX0√
DX0

. (10)

�®íâ®¬ã ã¤®¡−® ¨áá«¥¤®¢�âì ¡�§®¢ë¥ á«ãç�©−ë¥ ¢¥«¨ç¨−ë, � ¯®â®¬ ¯¥à¥áç¨âë-
¢�âì ¤«ï −¨å áà¥¤−¨¥ ¬�ªá¨¬ã¬ë ¯® ä®à¬ã«¥ (10).

„�«¥¥ ¡ã¤¥¬ à�áá¬�âà¨¢�âì á«ãç�©m < n. „®ª�¦¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥−¨¥.

’¥®à¥¬� 3. I. �ãáâì

α(a,m, n) = −a2(m+n)(m− 1)(n − 1)(n −m)2 − 2am+2nn(n− 1)(n −m) +

+ 2a2m+nm(m− 1)(n −m)− 2a
m+nmn(m− 1)(n − 1)

m+ n− 1 +

+
a2nn2(m− 1)(n − 1)

2m− 1 +
a2mm2(m− 1)(n − 1)

2n− 1 +

+
2a2(m+n)−1m2n2(n−m)2(2m+ 2n − 3)

(2m− 1)(2n − 1)(m+ n− 1) ;

β(a,m, n) =

=

√

(m− 1)(n − 1)
α(a,m, n)

sgn
{

am+1(m− 1)− an+1(n− 1) + am+n(n−m)
}

,

£¤¥ äã−ªæ¨ï sgn(·) ®¡®§−�ç�¥â §−�ª. Šà®¬¥ â®£®, ¯ãáâì
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�µ(a,m, n, k) =
β(a,m, n)

(k +m− 1)(k + n− 1)
(

amm(k − 1)(k +m− 1)−

− ann(k − 1)(k + n− 1) + am+n(n−m)(k +m− 1)(k + n− 1)−
− ak+m+n−1mn(n−m)

)

.

’®£¤� ¯à¨ µm = �µ(a,m, n,m) á¯à�¢¥¤«¨¢®

µn > �µ(a,m, n, n) .

II. �ãáâì

δ(a,m, n) = 1− a−
(

a(m− 1)(n − 1)
mn

− 1
)2

+

+
a
(

5 +m(2m− 7)− 7n+ 6mn+ 2n2
)

(2m− 1)(2n − 1)(m+ n− 1) ;

�µ(a,m, n, k) =
(m− 1)(n− 1)
√

δ(a,m, n)

(

a

mn
− ak

(k +m− 1)(k + n− 1)

)

.

’®£¤� ¯à¨ µm = �µ(a,m, n,m) á¯à�¢¥¤«¨¢®

µ
n

6 �µ(a,m, n, n) .

„ ® ª � § � â ¥ « ì á â ¢ ® . ‘®£«�á−® (3) íªáâà¥¬�«¨ §�¤�ç¨ ‹�£à�−¦� ¨¬¥îâ ¢¨¤
¬−®£®ç«¥−®¢:

ϕ(F ) = c0 + c1F
m−1 + c2F

n−1,

ª®â®àë¥, ¢®®¡é¥ £®¢®àï, −¥®¡ï§�â¥«ì−® −¥ ã¡ë¢�îâ −� ®âà¥§ª¥ [0, 1]. �®á¬®âà¨¬
−� íâ¨ ¬−®£®ç«¥−ë ¯®¡«¨¦¥. �ã¤¥¬ áç¨â�âì, çâ® c2 6= 0.

ˆ¬¥¥¬:

ϕ′(F ) = c1(m− 1)Fm−2 + c2(n− 1)Fn−2 =

= Fm−2
(

c1(m− 1) + c2(n− 1)Fn−m
)

; (11)

ϕ′′(F ) = c1(m− 1)(m− 2)Fm−3 + c2(n− 1)(n − 2)Fn−3 =

= Fm−3
(

c1(m− 1)(m − 2) + c2(n− 1)(n − 2)Fn−m
)

. (12)

ˆ§ (11) á«¥¤ã¥â, çâ® ã äã−ªæ¨¨ ϕ(F ) ¬®¦¥â ¡ëâì «¨èì ®¤−� â®çª� «®ª�«ì−®£®
íªáâà¥¬ã¬� F0 > 0: «¨¡® ¬�ªá¨¬ã¬, «¨¡® ¬¨−¨¬ã¬. ÷�¢¥−áâ¢® (12), ¢ á¢®î
®ç¥à¥¤ì, ®§−�ç�¥â, çâ® ã äã−ªæ¨¨ ϕ(F ) −� ¯®«®¦¨â¥«ì−®© ¯®«ã®á¨ ¥áâì «¨èì
®¤−� â®çª� ¯¥à¥£¨¡�, ¯à¨ç¥¬ ®−� −¥ á®¢¯�¤�¥â á «®ª�«ì−ë¬ íªáâà¥¬ã¬®¬.

÷�áá¬®âà¨¬ ¤¢� ª«�áá� ¢á¯®¬®£�â¥«ì−ëå ¡�§®¢ëå äã−ªæ¨©.
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�¥à¢ë© ª«�áá ®å¢�âë¢�¥â â¥ á¨âã�æ¨¨, ª®£¤� ã ¡�§®¢®© äã−ªæ¨¨ ϕ(F ) «®-
ª�«ì−ë© ¬¨−¨¬ã¬ ¢ â®çª¥ F = a ∈ (0, 1):

(A) :







ϕ1(a) = 0 ;

ϕ′
1(a) = 0 ;

ϕ1(1) = 1 .

‚â®à®© ª«�áá á®®â¢¥âáâ¢ã¥â ¡�§®¢ë¬ äã−ªæ¨ï¬ ϕ(F ) á «®ª�«ì−ë¬ ¬�ªá¨¬ã-
¬®¬ ¢ â®çª¥ F = a ∈ (0, 1):

(B) :







ϕ2(0) = 0 ;

ϕ2(a) = 1 ;

ϕ′
2(a) = 0 .

‚ ®¡¥¨å á¨âã�æ¨ïå ¨§ á¨áâ¥¬ë ãá«®¢¨© ¬®¦−® ¢ë¢¥áâ¨ ä®à¬ã«ë ¤«ï ª®íä-
ä¨æ¨¥−â®¢ c0, c1 ¨ cn−1. ’�ª, ¢ á«ãç�¥ (A) ¯®«ãç�¥¬, çâ®

ϕ1(a,m, n, F ) =
am+n(n −m)− (n− 1)an+1Fm−1 + (m− 1)am+1Fn−1

(m− 1)am+1 − (n− 1)an+1 + am+n(n−m)
,

� ¢ á«ãç�¥ (B)|

ϕ2(a,m, n, F ) =
(n− 1)Fm−1

(n−m)am−1 −
(m− 1)Fn−1

(n−m)an−1 .

ˆ§«®¦¥−−ë¥ à�ááã¦¤¥−¨ï ¯®¡ã¦¤�îâ à�áá¬®âà¥âì ¤¢� ª«�áá� ¢¥à®ïâ−®áâ−ëå
à�á¯à¥¤¥«¥−¨©, §�¤�¢�¥¬ëå ®¡à�â−ë¬¨ äã−ªæ¨ï¬¨ à�á¯à¥¤¥«¥−¨ï.

‚¥àå−ïï £à�−¨æ�. „«ï ¯¥à¢®£® ª«�áá� á«ãç�©−ëå ¢¥«¨ç¨−, ãâ®ç−ïîé¥£®
¢¥àå−îî £à�−¨æã µn, ¨¬¥¥¬

(A) : x01(a,m, n, F ) =

{

0, 0 6 F 6 a ;

ϕ1(a,m, n, F ), a 6 F 6 1 .

„«ï −�£«ï¤−®áâ¨ ¯à¥¤áâ�¢¨¬ £à�ä¨ª¨ (à¨á. 1) ®¡à�â−®© äã−ªæ¨¨ à�á¯à¥¤¥-
«¥−¨ï á«ãç�©−®© ¢¥«¨ç¨−ë X1 ¤«ï (m,n, a) = (2, 3, 0,5) ¨ (m,n, a) = (2, 4, 0,5).
�ã−ªâ¨à®¬ ®â¬¥ç¥−® ¯à®¤®«¦¥−¨¥ äã−ªæ¨¨ ϕ1(a,m, n, F ) â�¬, £¤¥ ®−� §�¬¥−¥−�
−ã«¥¬.

„«ï á«ãç�©−®© ¢¥«¨ç¨−ë á íâ¨¬ ¢¥à®ïâ−®áâ−ë¬ à�á¯à¥¤¥«¥−¨¥¬ á¯à�¢¥¤«¨¢®

EX01 (a,m, n) =

1
∫

0

x01(a,m, n, F ) dF =

1
∫

a

ϕ1(a,m, n, F ) dF =

=
mn(n−m)(1− a)am+n− n(n− 1)an+1(1− am) +m(m− 1)am+1(1− an)

mn((m− 1)am+1 − (n− 1)an+1 + am+n(n−m))
;
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÷¨á. 1 ƒà�ä¨ª¨ ®¡à�â−®© äã−ªæ¨¨ à�á¯à¥¤¥«¥−¨ï á«ãç�©−®© ¢¥«¨ç¨−ë X1 ¤«ï
(m,n, a) = (2, 3, 0,5) (�) ¨ (m,n, a) = (2, 4, 0,5) (¡)

DX01 (a,m, n) =

1
∫

0

(

x01(a,m, n, F )
)2
dF −

(

EX01 (a,m, n)
)2
=

=

1
∫

a

(ϕ1(a,m, n, F ))
2 dF −

(

EX01 (a,m, n)
)2
=

=
(m− 1)(n − 1)α(a,m, n)

(

mn(am(m− 1) + an(1− n+ am−1(n−m)))
)2 ;

µk

(

X01 (a,m, n)
)

=

1
∫

0

kF k−1x01(a,m, n, F ) dF =

1
∫

a

kF k−1ϕ1(a,m, n, F ) dF =

= k

(

− an+1(n− 1)
k +m− 1 +

am+1(m− 1)
k + n− 1 − ak+m+n(m− 1)(n − 1)(n −m)

k(k +m− 1)(k + n− 1) +

+
am+n(n−m)

k

)/

(

(m− 1)am+1 − (n− 1)an+1 + am+n(n−m)
)

.

�® ¯®ª� à�áá¬®âà¥−� «¨èì ¡�§®¢�ï á«ãç�©−�ï ¢¥«¨ç¨−� X01 . �¨ª�ª¨å ®£à�-
−¨ç¥−¨© −� ¬�â¥¬�â¨ç¥áª®¥ ®¦¨¤�−¨¥ ¨ ¤¨á¯¥àá¨î −¥ −�ª«�¤ë¢�¥âáï, ¢ â® ¢à¥¬ï
ª�ª ¨áå®¤−�ï §�¤�ç� áä®à¬ã«¨à®¢�−� ¤«ï áâ�−¤�àâ¨§®¢�−−ëå ¢¥«¨ç¨−. ÷�áá¬®â-

à¨¬ á«ãç�©−ãî ¢¥«¨ç¨−ã X1 = (X
0
1 −EX01 )/

√

DX01 . �−� áâ�−¤�àâ¨§®¢�−�,
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� áà¥¤−¨¥ ¬�ªá¨¬ã¬ë ¤«ï −¥¥ ¯®«ãç�îâáï ¨§ áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ¤«ï X01 â¥¬ ¦¥
«¨−¥©−ë¬ ¯à¥®¡à�§®¢�−¨¥¬, çâ® ¨ á�¬� X1 ¯®«ãç�¥âáï ¨§ X01 :

µk (X1(a,m, n)) =
µk

(

X01 (a,m, n)
)

−EX01 (a,m, n)
√

DX01 (a,m, n)
.

‚ëç¨á«¨¢ §−�ç¥−¨¥ íâ®£® ¢ëà�¦¥−¨ï, ¯®«ãç¨¬ ¢ â®ç−®áâ¨ ®æ¥−ªã ¤«ï ¢¥àå−¥©
£à�−¨æë ¨§ ãá«®¢¨ï â¥®à¥¬ë, � ¨¬¥−−®:

µm (X1(a,m, n)) = �µ(a,m, n,m) ;

µn (X1(a,m, n)) = �µ(a,m, n, n) .

’�ª¨¬ ®¡à�§®¬, ¯à¥¤êï¢«¥−� á«ãç�©−�ï ¢¥«¨ç¨−� X1 á µm(X1) ¨§ ãá«®-
¢¨ï â¥®à¥¬ë, ¤«ï ª®â®à®© §−�ç¥−¨¥ µn(X1) á®¢¯�¤�¥â á ®æ¥−ª®© ¤«ï ¢¥àå−¥©
£à�−¨æë µn(X1). �®á«¥¤−¥¥ ¤®ª�§ë¢�¥â ç�áâì I â¥®à¥¬ë.

�¨¦−ïï £à�−¨æ�. „«ï á«ãç�©−ëå ¢¥«¨ç¨− ¨§ ¢â®à®£® ª«�áá� ¢ á¢®î ®ç¥à¥¤ì
á¯à�¢¥¤«¨¢®

(B) : x02(a,m, n, F ) =

{

ϕ2(a,m, n, F ), 0 6 F 6 a ;

1, a 6 F 6 1 .

„«ï −�£«ï¤−®áâ¨ ¯à¥¤áâ�¢¨¬ £à�ä¨ª¨ (à¨á. 2) ®¡à�â−®© äã−ªæ¨¨ à�á¯à¥¤¥-
«¥−¨ï á«ãç�©−®© ¢¥«¨ç¨−ë X2 ¤«ï (m,n, a) = (2, 3, 0,5) ¨ (m,n, a) = (2, 4, 0,5).
�ã−ªâ¨à®¬ ®â¬¥ç¥−® ¯à®¤®«¦¥−¨¥ äã−ªæ¨¨ ϕ2(a,m, n, F ) â�¬, £¤¥ ®−� §�¬¥−¥−�
¥¤¨−¨æ¥©.

÷¨á. 2 ƒà�ä¨ª¨ ®¡à�â−®© äã−ªæ¨¨ à�á¯à¥¤¥«¥−¨ï á«ãç�©−®© ¢¥«¨ç¨−ë X2 ¤«ï
(m,n, a) = (2, 3, 0,5) (�) ¨ (m,n, a) = (2, 4, 0,5) (¡)
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„«ï á«ãç�©−®© ¢¥«¨ç¨−ë á íâ¨¬ ¢¥à®ïâ−®áâ−ë¬ à�á¯à¥¤¥«¥−¨¥¬ á¯à�¢¥¤«¨¢®:

EX02 (a,m, n) =

1
∫

0

x02(a,m, n, F ) dF =

=

a
∫

0

ϕ2(a,m, n, F ) dF + 1− a = 1 +
a(m+ n−mn− 1)

mn
;

DX02 (a,m, n) =

1
∫

0

(

x02(a,m, n, F )
)2
dF −

(

EX02 (a,m, n)
)2
=

= 1− a+

a
∫

0

(

ϕ02(a,m, n, F )
)2
dF −

(

EX02 (a,m, n)
)2
= δ(a,m, n) ;

µk

(

X02 (a,m, n)
)

=

1
∫

0

kF k−1x02(a,m, n) dF =

=

a
∫

0

kF k−1ϕ2(a,m, n) + 1− ak = 1− ak(m− 1)(n − 1)
(k +m− 1)(k + n− 1) .

÷�áá¬®âà¨¬ â¥¯¥àì á«ãç�©−ãî ¢¥«¨ç¨−ã X2 = (X
0
2 −EX02 )/

√

DX02 . �−�
áâ�−¤�àâ¨§®¢�−�, � áà¥¤−¨¥ ¬�ªá¨¬ã¬ë ¤«ï −¥¥ ¯®«ãç�îâáï ¨§ áà¥¤−¨å ¬�ªá¨-
¬ã¬®¢ ¤«ï X02 â¥¬ ¦¥ «¨−¥©−ë¬ ¯à¥®¡à�§®¢�−¨¥¬, çâ® ¨ á�¬� X2 ¯®«ãç�¥âáï
¨§ X02 :

µk (X2(a,m, n)) =
µk

(

X02 (a,m, n)
)

−EX02 (a,m, n)
√

DX02 (a,m, n)
=

=
(m− 1)(n − 1)
√

δ(a,m, n)

(

a

mn
− ak

(k +m− 1)(k + n− 1)

)

= �µ(a,m, n, k) .

’�ª¨¬ ®¡à�§®¬, ª�ª ¨ ¢ á«ãç�¥ ¢¥àå−¥© £à�−¨æë, ¯à¥¤êï¢«¥−� á«ãç�©−�ï
¢¥«¨ç¨−� X2 á µm(X2) ¨§ ãá«®¢¨ï â¥®à¥¬ë, ¤«ï ª®â®à®© §−�ç¥−¨¥ µn(X2)
á®¢¯�¤�¥â á ®æ¥−ª®© ¤«ï −¨¦−¥© £à�−¨æë µn(X2). ’¥®à¥¬� ¤®ª�§�−�. �

‚ [26] ¡ë«® ¯®¬¨¬® ¢á¥£® ¯à®ç¥£® ¯à¨¢¥¤¥−® ãâ®ç−¥−¨¥ £à�−¨æ µn ¤«ï á«ãç�ï
m = 2. ’�ª, ¢ ¤®¯®«−¥−¨¥ ª ®£à�−¨ç¥−¨î á¢¥àåã ®ª�§ë¢�¥âáï, çâ®

µn 6 (n− 1)µ2 .
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’�¡«¨æ� 3 ‡−�ç¥−¨ï áà¥¤−¨å ¬�ªá¨¬ã¬®¢

÷�á¯à¥¤¥«¥−¨ï
n

2 3 4 5

÷�¢−®¬¥à−®¥
1√
3
≈ 0,577

√
3

2
≈ 0,866 3

√
3

5
≈ 1,039 2√

3
≈ 1,155

�®ª�§�â¥«ì−®¥ 0,5
5

6
≈ 0, 833 13

12
≈ 1, 083 77

60
≈ 1, 283

ƒ�ãáá®¢áª®¥ 0,564 0,846 1,029 1,163

ƒà�−¨æ� (1)
1√
3
≈ 0,577 2√

5
≈ 0,894 3√

7
≈ 1,134 4

3
≈ 1,333

Šà®¬¥ â®£®, ®ç¥¢¨¤−®, çâ® ¯à¨ n > m á¯à�¢¥¤«¨¢®

µn > µm . (13)

�¡®¡é¥−¨¥ «¨−¥©−ëå ®æ¥−®ª µn ç¥à¥§ µm ¤«ï «î¡ëå 2 6 m < n á«¥¤ã¥â ¨§
−¥à�¢¥−áâ¢� (11), ¯®«ãç¥−−®£® ¢ [27]:

µn 6
n− 1
m− 1 µm . (14)

‚ â�¡«. 3 ¯à¥¤áâ�¢«¥−ë §−�ç¥−¨ï áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ¤«ï áâ�−¤�àâ¨§®¢�−−ëå
á«ãç�©−ëå ¢¥«¨ç¨−, ¨¬¥îé¨å ª«�áá¨ç¥áª¨¥ à�á¯à¥¤¥«¥−¨ï ¢¥à®ïâ−®áâ¨: à�¢−®-
¬¥à−®¥, ¯®ª�§�â¥«ì−®¥ ¨ −®à¬�«ì−®¥. �¢â®à®¬ ¡ë«¨ ¯®«ãç¥−ë ®¡é¨¥ ä®à¬ã«ë
(¤«ï áâ�−¤�àâ¨§®¢�−−ëå á«ãç�©−ëå ¢¥«¨ç¨−) ¤«ï à�¢−®¬¥à−®£® à�á¯à¥¤¥«¥−¨ï:

µn(ξ) =
√
3
n− 1
n+ 1

¨ ¤«ï ¯®ª�§�â¥«ì−®£® à�á¯à¥¤¥«¥−¨ï:

µn(η) =

n
∑

k=2

1

k
.

„«ï áâ�−¤�àâ−®£® −®à¬�«ì−®£® à�á¯à¥¤¥«¥−¨ï §−�ç¥−¨ï áà¥¤−¨å ¬�ªá¨¬ã¬®¢
¡ë«¨ ¢§ïâë ¨§ áãé¥áâ¢ãîé¥© â�¡«¨æë [28, á. 169].

�®áâà®¨¬ á®¢¬¥áâ−ë¥ £à�ä¨ª¨ £à�−¨æ µn ¨§ [26] ¨ ªà¨¢ëå, ãâ®ç−ïîé¨å
íâ¨ £à�−¨æë, ¯®«ãç¥−−ëå ¢ −�áâ®ïé¥© áâ�âì¥. �� à¨á. 3{5 ¯ã−ªâ¨à−®© «¨−¨¥©
®â¬¥ç¥−ë £à�−¨æë (8), (14), (13), � ¦¨à−®© | ¬−®¦¥áâ¢® ¯�à (µm, µn) ¤«ï
à�á¯à¥¤¥«¥−¨© X1 ¨ X2 (â. ¥. ¢¥àå−ïï ªà¨¢�ï ®£à�−¨ç¨¢�¥â µn á−¨§ã, � −¨¦−ïï
®£à�−¨ç¨¢�¥â µ

n
á¢¥àåã).
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÷¨á. 4 ‡�¢¨á¨¬®áâ¨ µ4 (�) ¨ µ5 (¡) ®â µ3

÷¨á. 3 ‡�¢¨á¨¬®áâ¨ µ3 (�), µ4 (¡) ¨ µ5 (¢)
®â µ2

÷¨á. 5 ‡�¢¨á¨¬®áâì µ5 ®â µ4

158 ‘ˆ‘’…Œ› ˆ ‘÷…„‘’‚� ˆ�”�÷Œ�’ˆŠˆ â®¬ 29 −®¬¥à 1 2019



“á«®¢−ë¥ £à�−¨æë áà¥¤−¨å ¬�ªá¨¬ã¬®¢ á«ãç�©−ëå ¢¥«¨ç¨− ¨ ¨å ¤®áâ¨¦¨¬®áâì

’�ª, ¥á«¨ −� à¨áã−ª¥ ®âà�¦¥−� §�¢¨á¨¬®áâì µn = µn(µm), â® ¢¥àå−ïï ¦¨à-
−�ï «¨−¨ï áâà®¨âáï ª�ª ¯�à�¬¥âà¨ç¥áª¨© £à�ä¨ª (�µ(a,m, n,m), �µ(a,m, n, n)),
� −¨¦−ïï | ª�ª ¯�à�¬¥âà¨ç¥áª¨© £à�ä¨ª (�µ(a,m, n,m), �µ(a,m, n,m)).

Šà®¬¥ â®£®, ¢−ãâà¨ ®¡«�áâ¨ −� ª�¦¤®¬ à¨áã−ª¥ ®â¬¥ç¥−ë âà¨ â®çª¨. ’®çª�,
®¡®§−�ç¥−−�ï âà¥ã£®«ì−¨ª®¬, á®®â¢¥âáâ¢ã¥â à�¢−®¬¥à−®¬ã à�á¯à¥¤¥«¥−¨î, ªàã-
£®¬ | ¯®ª�§�â¥«ì−®¬ã, � §¢¥§¤®© | áâ�−¤�àâ−®¬ã −®à¬�«ì−®¬ã. �®¬¨¬® ¢á¥£®
¯à®ç¥£® £à�ä¨ª¨ ¯®ª�§ë¢�îâ, çâ® à�áá¬®âà¥−−ë¥ ª«�áá¨ç¥áª¨¥ à�á¯à¥¤¥«¥−¨ï
«¨¡® à�á¯®«�£�îâáï ¤®áâ�â®ç−® £«ã¡®ª® ¢ ®¡«�áâ¨, ¢ ¯à¥¤¥«�å ª®â®à®© ¬¥−ïîâ-
áï áà¥¤−¨¥ ¬�ªá¨¬ã¬ë, ¨ −¥ ¤�îâ −®¢®© ¨−ä®à¬�æ¨¨ ® £à�−¨æ�å, «¨¡® ¨¬¥îâ
¡®«ìè®¥ µm, ª�ª, −�¯à¨¬¥à, à�¢−®¬¥à−®¥ à�á¯à¥¤¥«¥−¨¥, ¨ «¥¦�â ¢ ®¡«�áâ¨
¤®áâ¨¦¨¬®áâ¨ £à�−¨æë, ¯®«ãç¥−−®© ¢ [26].

4 Заключение

„�−−�ï áâ�âìï ¯à®¤®«¦�¥â ¨áá«¥¤®¢�−¨¥ £à�−¨æ áà¥¤−¨å ¬�ªá¨¬ã¬®¢ ¨§ n
áâ�−¤�àâ¨§®¢�−−ëå −¥§�¢¨á¨¬ëå ®¤¨−�ª®¢® à�á¯à¥¤¥«¥−−ëå á«ãç�©−ëå ¢¥«¨ç¨−
¯à¨ ¨§¢¥áâ−®¬ áà¥¤−¥¬ ¬�ªá¨¬ã¬¥ ¨§ −¥ª®â®à®£® ç¨á«� −¥§�¢¨á¨¬ëå á«ãç�©−ëå
¢¥«¨ç¨− m â®£® ¦¥ à�á¯à¥¤¥«¥−¨ï. �¢â®à®¬ ¡ë«® ¯®ª�§�−®, çâ® ¯à¨ ¡®«ìè¨å µm

¨§¢¥áâ−ë¥ ¢¥àå−ïï ¨ −¨¦−ïï £à�−¨æë, ¯®«ãç¥−−ë¥ ¬¥â®¤®¬ ¢�à¨�æ¨®−−®£® ¨á-
ç¨á«¥−¨ï [26], â®ç−ë. Šà®¬¥ â®£®, ¯à¥¤«®¦¥−� í¢à¨áâ¨ª� ¤«ï íää¥ªâ¨¢−®£®
à�áè¨à¥−¨ï ®¡«�áâ¨ ¤®áâ¨¦¨¬ëå §−�ç¥−¨© áà¥¤−¥£® ¬�ªá¨¬ã¬� µn. „«ï «î¡ëå
m < n ¯®«ãç¥−ë ¯�à�¬¥âà¨ç¥áª¨¥ ä®à¬ã«ë, ®æ¥−¨¢�îé¨¥ ¢¥àå−îî £à�−¨æã µn

á−¨§ã, � −¨¦−îî | á¢¥àåã.

�¢â®à ¢ëà�¦�¥â ®£à®¬−ãî ¡«�£®¤�à−®áâì �. ‚. ‹¥¡¥¤¥¢ã §� ¨¤¥¨, §�¬¥ç�−¨ï
¨ ¯à¥¤«®¦¥−¨ï.
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Abstract: The subject of this article is the expected maxima of an arbitrary
number n of independent and identically distrubuted random variables. Proba-
bility distributions with zero mean and variance of 1 and with given value of the
expected maximum of m independent random variables of this distribution are
taken into consideration. The question of reachability of the boundaries obtained
by other authors is investigated. In the cases of failure to derive the answer to
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