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Direct and inverse theorems of rational
approximation in the Bergman space

T.S. Mardvilko and A. A. Pekarskii

Abstract. For positive numbers p and p let A, , denote the Bergman
space of analytic functions in the half-plane II := {z € C: Im z > 0}. For
f € Apu let Ry(f)p,n be the best approximation by rational functions
of degree at most n. Also let @« € R and 7 > 0 be numbers such that
a+p=21-1>0and % + p ¢ N. Then the main result of the paper

TP
claims that the set of functions f € A, , such that

(”aﬂLRn(f)pM)T < o0

W

1
n
n=1

is precisely the Besov space BY of analytic functions in II.
Bibliography: 23 titles.

Keywords: direct and inverse theorems of rational approximation, Bernstein-
type inequalities, Jackson-type inequalities, Bergman spaces, Besov spaces.

§ 1. Introduction. The main results

Let L,(R) denote the space of Lebesgue-measurable complex-valued functions f
on R with finite quasinorm

1/p
s = ([P as) . 0<p<.
We shall also consider L,, ,(IT), the space of complex functions f in the half-plane
MI:={z€C:Imz >0}

which are measurable with respect to the planar Lebesgue measure my and have
a finite quasinorm

1/p
||f||Lp,,‘,<n>=(/H <Imz>w—1|f<z>pdmz<z>) . p>0, u>0.

The subspace of Ly, ,,(II) consisting of the functions analytic in II, the Bergman
space, will be denoted by A, , = A, ,(I). For f € A, we shall set [|f[[a,, =

I fllz,.. -
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For 0 < 7 < 0o and a € R we introduce the Besov space B of analytic functions
f in II such that

Ifllse =1/ aree <00, s=la]+1, (1.1)

where [a] is the integer part of a.. As usual, here f(© = f () for s > 1 is the
sth derivative of f while for s < 0 f(*) is the (—s)th antiderivative of f uniquely
defined by the condition f(*)(z) — 0 as Imz — 4oc0. The functional || - | pa on
B? defines a quasinorm for [a] + 1 < 0, that is, for @ < 0. On the other hand, if
[a] +1 > 1, that is, & > 0, then the functional || - ||p= is a semiquasinorm on B¢
because || f || e = 0if and only if f is an algebraic polynomlal of degree at most [« ]
In §2 we show that for a € [0, 1) the functional || - [|ge also is a quasinorm if we
confine ourselves to the functions f such that f(z) — 0 as Imz — +oo. This is
what we shall suppose throughout; that is, in the definition of the space BY for
a € [0, 1) we assume that f(z) — 0 as Imz — 4o0. It is known that if f € B2,
then in (1.1) we can replace s = [@| + 1 by any s > «; the resulting quasinorms will
be equivalent.

For the spaces B we have the following continuous noncompact embedding (see,
for example, [1] or [2]):

1 1
B2 — B0 fora; —ag=———>0. (1.2)
T To
In particular,
1 1
BY —A,, fora+pu=-—-->0. (1.3)
T P

Here and in what follows X < Y means a continuous embedding of the space X
in the space Y.

Let £2,,n=0,1,2,..., be the set of algebraic polynomials of degree at most n;
and %, = {g 2 p,q € P, q £ 0} be the set of rational functions of degree at

most n. For f € A, , we shall consider the best rational approximation

Ru(f)py :=Ru(f)a,, =f{||f —rlla,, 7€ BN Ap,u}.

It is known that the set of rational functions is dense in A, ,. Hence it follows
from (1.3) that if f € B2, then R,(f)p,, — 0 as n — oo. The central result
of this paper, Theorem 1, includes the direct and inverse theorems of rational
approximation in A, .

Theorem 1. Let p, pu, 7 be positive numbers and o be a real number such that
a+p=1-— % >0 and%—i—ugZN. Then f € Ap , satisfies

o0 1 a .
Z —(n*H Ry, ( (Flpu)” < o0

n=1

3

if and only if f € BY.

The sufficiency part of Theorem 1 (the direct theorem) holds also for % +peN
The necessity can be proved by a method from the paper [3], in which direct
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theorems of rational approximation in Hardy spaces were proved. We can also use
the atomic decomposition of functions in the Bergman space (see [4] and [1]). In
[4] and [1] atomic decomposition is used, in particular, to prove the direct theorem
of rational approximation in the Bloch space. In the sufficiency part of the proof of
Theorem 1 we have also established a Jackson-type inequality, Theorem 2.

Theorem 2. Let a be a real number and p, pu, ™ be positive numbers such that
a—i—,u:%—%>0. If f € BY, then

c
notp

Rn(f)a,, < Iflses  n=1,2,...,

where ¢ > 0 is independent of n and f.

The necessity part of Theorem 1 (the inverse theorem) is proved by Bernstein’s
method of the proof of inverse theorems of approximation theory; in our case it is
based on Theorem 4 stated below. Also for 1 < 7 < co we use the real interpo-
lation method. Theorem 4 is proved with the use of Theorem 3, which also is of
independent interest.

Theorem 3. Let p and p be positive numbers such that % = % + u ¢ N. Then for
€ XnNLy,(II) andn > 1,

(2, < en”(|rllz, .an, c=c(p,p) > 0.

Theorem 4. Let p and pu be positive numbers such that % +p ¢ N. Then for
o> —U, %:a—i—,u—i—% and T € Zpn N Ap,, n 21,

7l Be < en® |17l c=c(p,p,a) > 0.

The constraint % + 1+ ¢ N is essential in Theorems 3 and 4, as well as in the
necessity part of Theorem 1.

Theorems 1-4 also have analogues in the disc. In the case p + % < 1 analogues
of Theorems 1-4 were earlier obtained by Dyn’kin (see [5]). Also for the disc,
in the special case of u = % and p > 2 the necessity in Theorem 1 together with
Theorems 3 and 4 were established by Misiuk (see [6]) simultaneously with Dyn’kin,
but independently of him. Theorem 3 for p = % and 0 < p < 1 has recently been
proved by the first author (see [7]), who has made in [7] an essential use of some
results and tricks from [8]. This is where the methods used in [7] and this paper
are considerably distinct from the methods of [5] and [6]. Our proofs of Theorems
3 and 4 are based on a further development of the methods of [8] and [7].

The central results of this paper have been announced in [9].

§ 2. The proof of the direct theorem and of the Jackson-type inequality

We agree that ¢, c1,ca, ... will denote positive quantities depending only on the
parameters put in the parentheses. Sometimes the indication of the parameters will
be suppressed.
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In §5 we present several results on the Bergman space A, ,(G) in a domain
G # C. In particular, by Lemma 10, for f € A, ,(II) we have

c(p, 1)
(Im Z)NJFl/P

If(z)] < Ifllay,., 2zl (2.1)
It follows from (2.1) that for f € B2(II) with o < % the condition f(z) — 0 as
Imz — 400 is well posed.

For the proof of the direct theorem and the Jackson-type inequality we shall use
the atomic decomposition for functions in A, , obtained by Koifman and Rochberg
(see [4]). As concerns atomic decompositions and their applications, also see [1]
and [2]. We state the results of [4] and [1] that we require in the convenient form
of Theorems 5 and 6. To do this we introduce the following notation.

For each 0 € (0,1) consider the set .%y of closed squares

Q={z:0"" <Imz < 0;¢f°(1—0) <Rez < (¢+1)0P(1—0)}, where p,q € Z.

Obviously, these squares have disjoint interiors and their union is II. We shall
number the squares in .%; in some way by positive integers: .#y = {Qr}7>,. Let
zk be the centre of the square Q.

Theorem 5. Let § € (0,1), p > 0, u > 0 and assume that

1
x> max{l,} + .
p

Then for any sequence {uy}3>, such that

o0
Z lugl? < oo
k=1

the series
i )%*(er/p)

I
Zuk( T 2k) . zell, (2.2)
k=1 (2 = Zk)”

converges in Ap ;5 furthermore, it converges uniformly and absolutely on compact
subsets of II. The sum f(z) of the series (2.2) satisfies

oo
”f”ip,“ g 1 Z |uk|pa 1 = 61(]9,#, x, 0) > 0.
k=1

Theorem 6. Let p, p and > be as in Theorem 5. Then there exists

00 = 90(}7,/17 %) € (0, 1)
such that for 8 € (6y,1) any function f € Ay, can be represented by a series (2.2)
with coefficients {u}32, satisfying

oo

url” < 2|l fI, . c2=ca(p,p,2¢,60) > 0.
D1
k=1
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In particular, Theorems 5 and 6 imply the embeddings (1.2) and (1.3). With the
help of these theorems we can readily show that for f € A, , the quasinorms || f[ 4, ,
and [|f)]|a, ..., $ € (—p,+00) N Z, are equivalent. Hence replacing s = [a] + 1
in (1.1) by an arbitrary integer s > « we obtain an equivalent quasinorm in the
space BZ.

We shall also require the following Lemmas 1 and 2. Lemma 1 is a fragment of
the proof of Theorem 1.3.1 in [10]. Lemma 2 is a consequence of the inequality

(z+y)? <2’ +4% wherez>0,y>0,0<6<1

Lemma 1. Let 0 < g < 1 and let {a,}52, be a nonincreasing sequence of nonneg-
ative numbers such that > al < co. Then

oo o0 q o0
YY) <o
n=1 k=n n=1

Lemma 2. Assume that 0 < o < f < 0o and let {ar}72, be a sequence of nonneg-
ative numbers such that ) aff < co. Then

£ <)

k=1 k=1

The sufficiency part of Theorem 1 (the direct theorem), as well as Theorem 2
are obvious consequences of Theorem 7.

Theorem 7. Let p, u, 7 be positive numbers and o a real number such that
1 1
atp=—-—->0. (2.3)
T P

If f € B, then

1
Z —(n R (Fpu)” < el fl5e ¢ =c(p,pu,m,0) > 0. (2.4)

3

Proof. We set s = max{0, [o] + 1}, where [o] is the integer part of a. Next we take
» € N such that s > 1+p+s+ %. Obviously, we also have 3 > max{1, %} +s5s—a

Since f € B2, it follows that ) e A: s_o. By Theorem 6, for some 6; € (0,1)
the function f () can be represented by a series

e w—(s—a)—1/7

Imz
(s ) k
£ E TEEAL , z eIl (2.5)

(Here the {21}, are the centres of the corresponding squares {Qr}72, in Fy,.)
Furthermore, the coefficients uy, of (2.5) satisfy

Z url” < el fPa, . < callflBe- (2.6)
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We shall assume that the squares @, are ordered so that {|ug|}%2 ; is a nonincreasing
sequence.
From (2.1) we see that

IF(2)] < (Iz)iigaﬂﬁanB ) z eIl

It follows from this and Theorem 5 that we can integrate (2.5) termwise s times
along the vertical rays [z, z 4+ ic0), z € II. In view of (2.3),

Im Zk (% S) (IL+1/p)
_quk =z , z €1, (2.7)

Py |
1)s e,

Since p > 7, from (2.6) and Lemma 2 we obtain that > |ug|P is convergent.
Hence by Theorem 5 the series (2.7) converges in A, ,. For n € N let r,(z) = 0 for
n < »x — s and

where b = (—

I (3¢=s)—(u+1/p)
rn(2) =0 Z uk( mz(;;)_ ERE forn > »x —s.
1<k<n/(sx—s) k

Obviously, 7, € Z, N Ap,, and therefore Ry, (f)p,. < ||f —7nlla,,. For an estimate
of the last quasinorm we use Theorem 5. This yields

o< es( Y |ukp)1/p. 28)

k>n/(x—s)
Now let ar = |ujp/(e—s))+1|, ¥ = 1,2,.... The sequence {ay}3, is nonnegative,
nonincreasing and
oo
> af < coll fllpa (2.9)

k=1

by (2.6). It also follows from (2.8) that

1/p

R (f)pu < 7 (g Iak|P> : (2.10)

By (2.3) we have 7 <1, so we deduce (2.4) from Lemma 1 and relations (2.9)

and (2.10):

o] 1 T/p

o) 00
S0 ) <o (33 lont) < e03 ok < ol
n=1 k=n

3

The proof is complete.
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§ 3. Comparing the quasinorms of a rational function
with respect to the linear and planar measures

Here we prove Theorem 3. We require the Hardy space H, = Hp(II) in the
half-plane II. By definition (see [11]) an analytic function f in II belongs to Hp,
0<p<oo,if

1fll#, == sup [f(- +iy)llL,@ < oo
y>0

As is known, if f € Hp, then for almost all € R a limit lim f(z) =: f(z) exists
for z € II approaching z along paths nontangential to R, and we have || f|mz, =
I fllz,®)- For f € H, we also point out the inequality

) fl,.  zel (3.1)

Results similar to the conditional Lemma 3 below can also be found in [8] and [7].

Lemma 3. Let p, p and X\ be positive numbers such that % =u+ % Assume that
for somep=p; <1
Pl < crp, p)n|Ir(|a,, (32)

for each function r € %, N Apu, n 2 1, which has real coefficients and no poles
outside R. Then for all p=Fkpi, k € N, and all r € %, N L, ,(I1), n > 1,

Ir[lzy®) < calp, ) |I7llL,.,. ) (3.3)
with some constant ca(p, ) in place of c1(p, p).

Proof. We start with the case k = 1. Let r € #,, N L, ,(II) be a rational function
with some poles outside R. Let b4 and b_ be the Blaschke products with poles
coinciding (with multiplicities) with the poles of r in the half-planes Imz > 0
and Imz < 0, respectively. For example, if » has no poles in Imz < 0 then we
set b_(z) = 1. Obviously, r cannot have a pole at co. For each fixed { € T,
T := {¢ :|¢| = 1}, all the poles of the rational function

r(z,0) = r(2) (b4 (2) = Cb-(2)) ™"

lie in R; its degree coincides with that of r. It is easy to verify (or see [12], Theo-
rem 1.7 and [7], Lemma 1) that

J(p.2) = / 1b4(2) — b ()| (|

is a bounded function in C, so that J(p,z) < w(p) for z € C with positive w(p)
depending only on p = p; € (0,1). Using Fubini’s theorem we obtain

/;(/H(Im)p“”‘<Zv<>l”dmz<z>) dc|

_ /H(Imz)p“_1|7“(2’)|pt](p> z)dma(z) < w(p)llrlli,,,“(n)-
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Hence there exists (o € T such that the function rq(z) := r(z, (o) satisfies

me@

olla < alrle, . ) = (52

We set r1(z) = Rerg(z) and ro(z) =Imrg(x), « € R. Then for the r;, j = 1,2, we
have
Irilla,, <cs@®lrlle,, q- (3.4)

By assumption the r; satisfy (3.2). In view of (3.2), (3.4) and the obvious inequality
|b4(z) — Cob—(x)] < 2, z € R, we obtain

175 (b4 = Cob Ly < 2ljlloa@ < 2e1(p, )n”74la,,,
< 2a(p, wesp)n”|Irlle, . on,  F=1,2. (3.5)

Since r = (rq 4 ir2) (b4 — (ob—) and 0 < A < 1, by (3.5) inequality (3.3) holds for
each r € %, N Ly, (IT) with the constant ca(p, p) = 21/2¢; (p, p)es(p) in place of
c1(p, p).

Now we show that (3.3) holds for the exponents p = py = kp1, k = 2,3,....
Let r € %, N Ly ,(I1). Then r* € %, N Ly, 1, (I1) and therefore, by the case k = 1
already considered,

1 1
1) 2., &) < c2(pr, k) (nk) ™ ("2, ., m)s o T (3.6)

Next we set i =u+ k%n and observe that

k
I oy = I1L,, @ I ey, e = 1715, -
Thus, (3.6) yields the required inequality
Irllz,, ®) < calpre, wn*(Irllz,, .cm

with the constant ¢4 (pg, 1) = k*ca(p1, k). The proof is complete.

Now we follow the pattern used in [8] and [7]. To do this we introduce further
notation. Let n and [ be positive integers such that n > [ 4+ 1. We shall denote the
set of functions r € %, with real coefficients and poles only on R such that each
pole has multiplicity at most [ and

r(z) =0(z""1) asz— o

by %.,.

Let ITY,,, m > 2, 1 > 1, denote the set of piecewise-polynomial functions ¢ on R,
with compact support, of degree at most [ — 1 and with m free nodes. Namely,
¢ € TIY,, if there exist m points (nodes of p) —00 < @1 < Tg < -+ < Ty, < +00
such that ©|(z, z,,,) € P11, k=1,2,...,m—1, and p(z) = 0 for 2 € R\ [21, 2.
The quantities p(zx), k = 1,2,...,m, can be arbitrary. For convenience we assume
that 11} = {0}.
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Lemma 4 (see [8]). If 1 € %, then there exists a real-valued function ¢ € TI., ,
m < n, such that

I t)dt
T(z):w/R(t(p—(i)l“’ z € C\ supp .

This ¢ has nodes at poles of r.
Lemma 5 (see [8]). For 1 < ¢ < oo, and k € N, let A = (k+ %)71 and let € T1Y,
and 1 t)dt
f(z):f/&, 2 eIl
mJrp t—2

Then f*) € Hy and

||f(k)||HA < C(k7Qal) . mk ’ H‘PHLQ(R)'

We shall also use the Bergman and Smirnov spaces A, ,(G) and E,(G) in
a bounded domain G with boundary dG which is a rectifiable Jordan curve. We
give the definitions of these spaces and some relevant inequalities in §5. Using the
method of the proof of Theorem 10 we can also establish the following well-known
embedding. Let p, ¢ and p be positive numbers such that

1 1
u+-—-—="1€eN, p<q. (3.7)
P q

If f is analytic in II, f(z) — 0 as Imz — +oo and f) € A, ,(IT), then f € H,(II)
and we have

1£1le, < e, )1 f - (3-8)

Let l € N, € > 0, let f be an analytic function in IT and f(z) = O((Im z)~'~¢) as
Im z — oo. Then we denote the /th antiderivative of f determined by the condition
fED(2) — 0 as Imz — oo by f(=V. At the beginning of §2 we showed that f(~9
is well defined for f € A, , in the case when p + % > [. It follows from (3.1) that

f(’l) is well defined for f € H, in the case when % > .

Lemma 6. Let p, q, p and l be as in (3.7) and let f € A, ,(II). Then fCY € H,
and for each k € N there exists ¢ € 11}, such that

B c
[ Tm f-0 — Yl @ < klj”f”f\p,w

where the positive ¢ is independent of f and k.

Proof. By (3.8), for k =1 we can set ¥y = 0. Now we assume that k > 2 and f #Z 0.
It follows from (3.8) that there exist x1, 2 € R, 21 < x, such that

_ 1
1F 0N by @\ (1)) < m||f||Ap,u~ (3.9)

Next we can find zo,x3,...,05-1, 1 < X3 < 23 < -+ < Tp_1 < Tk, such that

[ oy tip am) < 7 [ qmap P dme). (60

J
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where D C II is the square with side (z1,xy) and D; C D is the square with side
Jj = (zj,z541), 7 =1,2,...,k — 1. Let A; C D; be the equilateral triangle with
base J;. From Lemma 12 and (3.10) we obtain the following relation:

C1

1A%, a,) < T (Im 2)PP= 1 £(2) [P dma(2). (3.11)
D

Let p;(z) be the (1—1)th order Taylor polynomial of f(~9 at A;. Using Theorem 10
with Remark 2 and also relation (3.11) we obtain

- C2
1P = pillzger) < 7 llag - (3.12)

Now we define a function ¢ € I} by setting ¢(z) = Imp;(z) for z € J;,
j=12...;k—1, and ¢¥(x) =0 for x € R\ [z1,x}]. This is the required function;
indeed, from (3.9) and (3.12) we obtain

|| Im f( ) — 7//||L (R) kq/p 1 ”f”q Ay, H(H) kq(l—u) “quAp,u(H)'

The proof is complete.

Proof of Theorem 3. By Lemma 3 it is sufficient to establish Theorem 3 for p € (0, 1)
such that p+ % ¢ N and a rational function r € %, N A, ,(II) with real coefficients
and no poles outside R. We can readily see that such r belong to %!, with [ = [qu%].
In view of our assumptions, we can find ¢ € (1, +00) such that ,u+% =1+ %. Using
Lemma 4 we see that there exists a real function ¢ € an, m < n, such that

Pz = 1 /R (1) @ Lem (3.13)

i t—z

By M. Riesz’s theorem r(=0 € H,(II). Obviously, Im (=Y (z) is the Poisson integral
of ¢ in TI. Hence Im (=) (z) = p(z) at all points = € R except for the poles of r
(the nodes of ¢).
Consider the least positive integer v such that 2¥ > m. By Lemma 6, for each
5=0,1,2,...,v — 1 there exists a real function 15 € II,. such that
c1
I = WsllL,m) < @y 2lrlia, . an- (3.14)

We set o5 = s — 51, s = 1,2,...,v, and also set 1, = ¢. Recall that ¢y = 0.
Obviously, ¢, € lesJrl and

p=pr1+ert+-+o, (3.15)

on R. From (3.14) we also see that
C2
3.16
||SOS||L (25) || HAPM ) ( )

Now we can find a lower bound for ||7||z, ). Indeed, by (3.13) and (3.15)

_ “ ps(t) dt A
P12 = I am = 1O < 7/ RIVLE

s=1
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We continue the estimate using Lemma 5 for & = [ and inequality (3.16). Then we
obtain

v 25+1 13N

v
I711Z, ey < 32 S P, L = eallrlh, o @M
s=1
< 05( )/\“H I, am < con™ (7%, -
The proof is complete.

§ 4. Bernstein-type inequalities for the quasinorms of derivatives
of rational functions and the proof of the inverse theorem

Several special cases of Theorem 8 below were considered in [5]-[7].

Theorem 8. Let p and i be positive numbers such that p + % ¢ N, s € N and
tT=p+s+ % Ifre Z,N Ay, (IT), then
1P, < elp, s )0 2|7 a, .-

Proof. Since r € Ap ,,, it follows that r() e Ap 45 and

Py < s, 41

(see §2). Tt is also obvious that r(*) is a rational function of degree at most (s41)n.
It remains to apply Theorem 3 with z + s in place of u to 7*) and to use inequal-
ity (4.1).

We order the squares in %/, (see §2) by numbering them: .7 /5 = {Qr}72,.
Let d(Qg) (in accordance with §5.1) be the length of the diagonal of Q.

Lemma 7. Let f € Hy(II), 0 < p < co. Then the quantities

5k(f7p) = d(Qk)l/p”fHC(Qk)) k:172a3a"'a

form an infinitesimal sequence. Moreover, if the squares Qy in #1 /5 are ordered so
that the above sequence is monincreasing, then

or(f,p) < k(l/z))HfHHp, k=1,2,3,....

For a disc Lemma 7 can be found in [13], [5] and [14]. In a half-plane its proof
is similar.

Proof of Theorem 4. Let s = max{1,[o] + 1}, + = p+ s+ %, and also let

ok = 0 (r® N = d(Q) M e,  k=1,2,3,....

From inequality (4.1) and Lemma 11 we obtain

o0
S <alr, -

k=1
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Hence {05 }72, is an infinitesimal sequence and we can assume that the squares Qg
in .7, /o are numbered so that this sequence is nonincreasing. Then

2
(Sk < WHTHAP,M, k= 1,2,37... . (42)

Using Theorem 8 and Lemma 7 we also find

nHts
5k :CSW”THAPM” k= 1,2,3,... . (43)

From (4.2) and (4.3) we obtain

o0

Dok <ean™ |,
k=1

Applying Lemma 11 again we see that the last inequality is tantamount to the
statement of Theorem 4.

In the necessity part of the proof of Theorem 1 (the inverse theorem) we shall
use the method of real interpolation. For necessary information the reader can
consult [10].

For 6 € (0,1) and 0 < g < oo let (-, )g,4 denote the Peetre interpolation functor.

Now we introduce the approximation space Eﬁqﬁ , 8 >0, ¢ > 0, of functions
f € A, ,(II) which have a finite quasinorm

o

1 1/q
g = |32 40 RalD7]

k=1

In our notation for Eﬁg we drop p and p because we fix these parameters throughout
this section.

Lemma 8. For 0 < By < 31 < oo and 0 <0 <1let f=(1—-0)5+ 061 and let
4,90,q1 € (0,00). Then
(R, R )0.q = 2]

907
This is a special case of Theorem 7.1.8 in [10].

Lemma 9. Forl <71y <1 <0, a0<%,a1<%,a07§a1 and 0 <6 <1 let

1 1-—
a=(1-60ay+0a; and —= 0—&—2.
T T0 1

Then (B2°, B2t )gr = BY.

T0 ?

Lemma 9 is a special case of Theorem 6.4.5 in [10]. The reader should not be
confused by the fact that [10] treats Besov spaces from a different standpoint from
our paper.

Proof of Theorem 1. Necessity. Following our notation we must prove that

otk <, Bo, (4.4)
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Using Theorem 4 and Bernstein’s method of the proof of inverse theorems of
approximation theory we can easily see that
a+ «@
mmin/f{r,l} — BZ. (4.5)
The embeddings (4.4) and (4.5) coincide for 0 < 7 < 1.

Now let 7 > 1. We find —pp < a9 < a1 < oo and 0 < 6 < 1 such that
a= (1—0)ag+0a; and % = a1+u+% < 1. Then we also have % = ao+,u+z% <1
and
1-6 0

+—.
70 T1

1
a+p=(1-0)(ao+p)+0(ar +p), o=

By (45)a
R+ <y Bos, s=0,1.
Hence
(R R (B9 B o

It remains to use Lemmas 8 and 9. The proof of Theorem 1 is complete.

Remark 1. The constraint 1% + p € N in Theorem 3 is essential, as we see in the
example of rational functions of degree 21,

re(2) = [(z +1)(z + i) 7, l::}%—FuEN,

depending on the parameter ¢ € (0, %] Easy calculations (the case y = 5 was
considered in [7]) show that for € € (0, 1]

1 1/p+p 1 1/p
”TEHLX(]R) = (log 6) s ”TEHAP,;L(H) = (log 6) .

Since [|7<||z, (r) grows much more rapidly than |[r.|l4, ) as € — +0, Theorem 3
fails for Il] +peN.
In a similar way we can show that the constraint }% + 1 € N is essential in

Theorems 4 and 8 as well. Hence the condition % + 1 € N is essential also for the
necessity in Theorem 1.

8§ 5. Appendix. Several results on Bergman and Smirnov spaces

The aim of this section is to prove auxiliary results on the Bergman and Smirnov
spaces. We used these results in our proofs of the central results of this paper. We
establish Theorems 9 and 10 below in greater generality than required for the proof
of Theorem 3 since they are of independent interest.

5.1. The Bergman space in a domain and a Whitney-type decomposition.
Let G C C be a domain distinct from C; G the boundary of G; G = G U dG the
closure of G; and let p(z,0G) be the distance from the point z to the boundary
0G. In §1, for positive p and p we introduced the Lebesgue spaces L, ,,(II) and
the Bergman spaces A, ,(II). In a similar way we define the Lebesgue spaces
Ly, = Ly,(G) and the Bergman spaces A, , = Ay ,(G) in G. Here Im z must be
replaced by p(z, 0G).
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Lemma 10. If f € A, ,,(G), then

[1/1145..

oGy 2SO

|f(2)] < c(p, s, 1)

The proof leans on the fact that |f(z)|P is a subharmonic function (see, for
instance, Proposition 1.1 in [12]).

Using Lemma 10 we can prove in particular that A, ,(G) is a complete space.
If G is a Jordan domain with rectifiable boundary, then it follows from Theorem 1
in [15] that the set of algebraic polynomials is dense in A, ,(G).

Let K and T be subsets of C and p(K,T') the distance between K and T, so that
p(K,T) =inf{|z —&|: z € K, £ € T'}. Let d(K) and do(K) denote the diameters
of the smallest closed disc containing K and of the largest open disc lying in K,
respectively.

Let G be a domain distinct from C. A family 2 of simply connected closed
domains @ with piecewise smooth boundaries is called a Whitney-type decomposi-
tion of G if it satisfies the following conditions:

(i) two domains in £ can meet only at boundary points;

(ii) the union of all the domains in 2 is G;

(iii) there exist constants ¢; and ¢ such that for each domain Q C &

c1p(Q,0G) < do(Q) < d(Q) < 2p(Q, IG). (5.1)

One example of such a partitioning of G is provided by Whitney squares (see
[16], Ch. VI) with ¢; = *2 and ¢; = 1. If G =TI, then the family %y, 0 < 6 < 1,

constructed in §2 is a Whitney-type decomposition with ¢; = é —1 and ¢ =

Va(h - 1).
If K is a compact subset of C, then let C(K) denote the set of continuous
complex-valued functions on K. For f € C(K) we set || f|lcx) = max.cx |f(2)].

Lemma 11. Let p and p be positive numbers and let f € Ay, ,(G). Then

esllfl%,, < D @@ fllo@)” < el fI%

Qe

pou’

where ¢ and ¢4 depend on p, p and the constants ¢1 and co in (5.1).

The proof (similarly to the case of Lemma 10) leans on the fact that |f(2)|P is
subharmonic. For a disc Lemma 11 was proved in [17].

Lemma 12. Let p, a and p be positive numbers, D the open square with vertices
at 0, a, ia and a + ia and let A C D be the equilateral triangle with base (0,a). If
f is an analytic function in D and (Im z)P*~1|f(2)|P is integrable in D, then

/ o2, O f(2)|P dima(2) < c(p, 1) / (Im 2P f(2) P dma(z).  (5.2)
A D

Proof. Since p(z,0A) < Imz for z € A, inequality (5.2) holds for pp > 1 with
¢(p,p) = 1. Thus we assume in what follows that pu < 1. For convenience we
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shall consider a = 2 because the general case reduces to this after a change of the
variable of integration in (5.2).

Let zo be the centre of the triangle A and Ag the triangle with vertices at zg, 0
and 2; let A = A\ Ag and let A} and A_ be the right and left halves of A cut by
the line z = 1.

Obviously, p(z,0A) =Im z for z € Ay, so to prove (5.2) it is sufficient to verify
that

/ P2, O £ ()P dima(2) < 1 (py ) / (Im 2P ()P dma(2). (5.3)
At D

For example, we prove (5.3) for A_. We represent the triangle A_ \ {0} as
the union of closed trapezia Tj with bases on the lines =z = %%1 and x = 2%,
k=1,2,3,..., and with lateral sides lying on the lateral sides of A_. Using the
same method as in the proof of Lemma 11 we readily verify that
S AT gy < calp) [ @R dmalz). (5.4)
k=1 D
It is an immediate consequence of (5.4) that (5.3) for A_. This proves the lemma.

5.2. Quasiconformal reflection. Here we shall assume that G is a bounded
simply connected domain with boundary G which is a Lavrent’ev curve, that is,
a rectifiable Jordan curve such that for any points &1, & € G we have

T (&1, 62)] < |61 — &2, (5.5)

where > > 1 is a constant and |T'(&1,&2)| is the length of T'(£;, &2), the shortest of
the two arcs of 0G with end-points at & and &s.

We present the required facts from the theory of quasiconformal mappings (see
[18], [19]). We shall assume that 0 € G. Let * denote a quasiconformal involution
of C such that: £** = ¢ for all £ € C, 0* = oo, £* = £ for € = OG. Such a map * is
not unique; we can choose it so that

(i) for each neighbourhood U C G of 0 the map & — &* takes C\ (U UU™)

quasiconformally into itself;

(ii) the map £ — &* is continuously differentiable in C \ (0 U dG) and for all

£e C\ (UUU*UIG) we have

* * 1
‘85 < e, 02<‘3£ < —,
6€ a§ C2
where ¢; and co depend only on s in (5.5) and the neighbourhood U C G

of 0.

Note that for each D C C we set D* = {¢* : ¢ € D}. In what follows we assume
that we have picked the map * satisfying conditions (i) and (ii). For example, if G
is the disc [¢| < 1, then £* = %

We shall use a partitioning 2 = {Q;}%2, of the domain G into Whitney-type
domains Q, in which Qo = {¢ € G : |¢] < $p(0,0G)}. Such a partitioning is easy
to construct with the use of Whitney squares.

It follows from the properties of the map * listed above and relations (5.1)
that the infinitesimal sequences p(Qy, 9G), p(Q%,0G), d(Qy), d(Q3), do(Qyk) and
do(Q%), where k =1,2,3,..., all have the same order.
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5.3. The integral representation. Here we assume that the domain G and the
map * are as described in §5.2. We look at the closed curves

r={e 16 = gen0.00) .

s =0,1, and let 2y and Q7 be the closed two-connected domains lying between the
curves I'g and I'; and between I'; and OG, respectively. Let Q = Q¢ UQ;. Consider
a smooth function n: Q — [0,1] such that n(§) = 1 for £ € Q; and n(§) = 0 for
& €Ty Its existence can readily be demonstrated using averaging in the sense of
Steklov. Then the image of Q under the map 6(¢) := £* - n(€) coincides with G,
and we have 6(§) = £* for £ € ;.

Theorem 9. Let f be an analytic function in G, f*) € A; ((G), s €N, and

)
F0) 4

Tia(2) = Tsa(z,f) = k!

k=0
Then for z € G

10 =Toale) = =gy [ 1000 € - gy 2 )

o E-z

This is proved in the same way as Lemma 2.3 in [20]. The only difference is that
the density of the algebraic polynomials in the Smirnov space Ey /(s41) (G) was used
in that lemma, while here we use the fact that they are dense in A; 5(G).

The next lemma is well known (see, for instance, [21] or [20]).

Lemma 13. Let G be a domain satisfying the above conditions and 3 > 0. Then
for each £ € C\ 0G

/ |dz| . c
oG € — 2P 7 p(€,0G)7”

where the positive ¢ depends only on (3 and the constant s in condition (5.5).

5.4. The Smirnov space. For a rectifiable curve I' in C and 0 < p < oo let
L,(T") denote the Lebesgue space of measurable complex-valued functions f on T’
with finite quasinorm

1/p
1Az, = 1flle,m) = (/F ()P IdZ|> :

Let G = G4 be a simply connected bounded domain with boundary dG that is
a rectifiable Jordan curve; let G_ := C\ G. For 0 < p < oo let E;[ = E,(G+) be
the Smirnov space of analytic functions in G4 (for the definition and properties of
EF see [22] and [23]). If G is a disc in |z| < 1, then Ef coincides with the Hardy
bpace H. Many properties of H also hold for EE. In particular, if f € E, then
for almost all £ € 0G there ex1sts a limit lim f(z ) : f(€) as z in Gy converges
to £ along paths nontangential to 9G. Correspondmgly7 we view functions in Ej + as
defined in G4+ and almost everywhere on 0G. The quasinorm of f € Ei is deﬁned
by [|fll = = [Ifllz,(oc)- Note that f(co) =0 for f € E .

The next Lemma 14 follows from David’s theorem (see, for example, [21]) on
singular integrals of Cauchy type.
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Lemma 14. Let G be a domain with boundary OG which is a Lavrent’ev curve
and let g € L,(0G), 1 < u < oco. Then there exists a unique pair of functions
g+ € Ey(G1) such that g = g+ + g a.e. on 9G and ||g+| g+ < c|lgl|z., where the
positive ¢ depends only on u and the constant » in (5.5).

In Lemma 15 we use a construction described in §5.2. This lemma follows from
Lemma 2.1 in [20] and properties of the domains Qj and @, k =0,1,2,....

Lemma 15. Let h € E,(G_), 0 < u < 00, and

o = ||h||C(QE§)7 Ok = (d(QZ))l/uHh”C(QZ% k=1,2,3,....

Then

(i) do < 1 (G, u)Ihll -

(i) {0k}p2, is an infinitesimal sequence and if the Qg, k = 1,2,3,..., are
ordered so that this sequence is nonincreasing, then

co(G,u
5k<%”g“E;’ k:1,2737"~~

5.5. The embedding theorem. Now everything is ready for the proof of Theo-
rem 10 used in the proof of Theorem 3, one of the central results of this paper.

Theorem 10. Let p, ¢ and p be positive numbers such that

1 1
0<p<qg<oo, uw+-—-=1€N
p q

and let G be a simply connected bounded domain whose boundary is a Lavrent’ev
curve. If f is an analytic function in G and f € Ap (G), then f e Ey(G).
Furthermore, if f(z0) = f'(z0) = --- = f "V (29) = 0 at a point zy € G, then

Iflle, < cllfPlla,.., (5.6)

where the positive ¢ is independent of f.

Remark 2. An analysis of the proof of Theorem 10 below demonstrates that if zg
is the centre of the largest disc inscribed in G (or one of the centres if there are
several such discs), then we can assume that the constant in (5.6) depends only on
P, q, 1 and the constant » in (5.5).

Proof of Theorem 10. We shall assume without loss of generality that 0 € G and
zp = 0. Since the set of algebraic polynomials is dense in E, and A, ,, it is
sufficient to prove (5.6) for any algebraic polynomial f such that f(0) = f/(0) =
<o = fU=1(0) = 0. For f satisfying these constraints the inclusions f € E, and
fo e Ap. . are obvious. We shall use Theorem 9 and the sets Qx, kK =0,1,2,...,
in §5.2.

First we look at the case 1 < ¢ < co. Let ¢’ be the conjugate exponent of g:
%+% = 1. By the duality (L;(0G))" = Ly (0G) there exists a function g € Ly (0G)
such that [|g||r,, =1 and

1715 = 1200, = /8 Il (5.7)
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By Lemma 14 there exist functions g+ € E,(G+) such that ||gi||Eqi < ¢; and
g =g+ +g_ ae. ondG. Since fgy € E1(G4), it follows by the generalized Cauchy

theorem (see [22] and [23]) that / f(2)g+(2) dz = 0. Hence in view of (5.7),
oG

111, = /3 (2o

From this equality, Theorem 9 for s = [, Fubini’s theorem and Cauchy’s integral
formula we obtain

-1 99(€)

Iz, =5 [ 1O0@0- € 0@ amafe). 69

Now we use Lemma 15 for h = g_ and v = ¢’. We assume that the domains
{Qr}72, are ordered so that the sequence {dx}%2, is nonincreasing. Since the
relations hold uniformly in £ € Q and k =1,2,3,..., we see from (5.8) that

1f11E, < er(@d@0) U Vlleqo + 2 D (@)™ Ple@u - k7

Note that it follows from the condition [ + % =u+ % and Lemma 10 that the first
term on the right-hand side of the last inequality has the estimate cs||f()]|, ..
Hence to complete the discussion of the case 1 < ¢ < oo it is sufficient to verify the
inequality

Z Qk H+1/p”fl)||C(Qk) k™ 4 <C4Hfl)||Ap I (5.9)
k=1

For 0 < p <1 < ¢ < o0 it follows from Lemmas 2 and 11, Whlle if 1 < p < g < oo,
then we apply Holder’s inequality with exponents p and p’, p + 1; = 1, to the
left-hand side of (5.9) and use Lemma 11 again.

Now we consider the case 0 < ¢ < 1. Let v = [é] + 1. Then for z € G we have

N " [ _preyyitr1908) _dma(€)
1) =~y [, 10— sy E IS o

To deduce (5.10) for z € G, we must apply Theorem 9 to f(=*) (that is, to the vth
antiderivative of f) and s = [ 4+ v, and then differentiate v times the resulting
integral representation for f(=*). Then equality (5.6) for z € G follows from the
continuity of f in G and the fact that the integrand on the right-hand side of (5.10)
is uniformly bounded in z € G and £ € Q.

We pick points &y € Qo and & € Q, k =1,2,... . Then we see from (5.10) that
for z € G
- 1
Z)| < ¢ Z(d(Qk))l+V+1Hf(l)”C(Qk) ’ W (5.11)
k=0

From the construction of the sets @k and the choice of the & we obtain

d(Qr) = p(&k,0G) for k=1,2,3,....
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Hence bearing in mind that 0 < ¢ < 1 and ¢(v + 1) > 1 and using (5.11) and
Lemma 13 we obtain

/aGu )7 |dz] < cﬁz Q)" Y9 D ou)1. (5.12)

Since 0 < p < ¢, with the help of Lemmas 2 and 11 we deduce (5.6) from (5.12).
Now the proof of Theorem 10 is complete.
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