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Multiresolution analysis on zero-dimensional
Abelian groups and wavelets bases

S. F. Lukomskii

Abstract. For a locally compact zero-dimensional group (G, +), we build
a multiresolution analysis and put forward an algorithm for constructing
orthogonal wavelet bases. A special case is indicated when a wavelet basis
is generated from a single function through contractions, translations and
exponentiations.
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8 1. Introduction

In recent years there has been considerable interest in the problem of construct-
ing wavelet bases on locally compact zero-dimensional Abelian groups. In [1]-[3]
these questions were examined on the Cantor dyadic group. Protasov and Farkov
[4], [5] gave a characterization of the dyadic compactly supported wavelets on R,
and pointed out an algorithm for their construction. Protasov [6] studied approxi-
mative properties of dyadic wavelets put forward in [4]. Farkov [7], [8] pointed out
a method for constructing compactly supported orthogonal wavelets on a locally
compact Vilenkin group G with a constant generating sequence, and derived neces-
sary and sufficient conditions for a solution of the refinement equation to generate
a multiresolution analysis (MRA in the sequel) of Ly(G). A good deal of studies
was devoted to the construction of an MRA on the group of all p-adic numbers.
Kozyrev [9], [10] found orthonormal p-adic wavelet bases consisting of eigenfunc-
tions of p-adic pseudodifferential operators. Khrennikov, Shelkovich and Skopina
[11]-[13] introduced the concept of a p-adic MRA with orthogonal refinable func-
tion, and described a general scheme for their creation. Riesz bases of wavelets over
the p-adic number field were constructed in [14]. J. Benedetto and R. Benedetto [15]
built wavelet bases on a locally compact Abelian group containing an open sub-
group. The author [16] has put forward a scheme for constructing a Haar system
on a compact zero-dimensional Abelian group. As distinct from previous papers,
the Haar basis of [16] is generated from a single function through contractions,
translations and exponentiations.
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and the Russian Foundation for Basic Research (grant no. 10-01-00097-a).
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We note that the same problem was solved in [8] and [13], namely, to construct
an MRA and use it as a basis for constructing orthonormal bases for L (G) through
contractions and translations of several functions. In [8] this problem was considered
for a Vilenkin group, and in [13], for the p-adic number field. In the present paper
we examine the problem of constructing orthogonal wavelet bases on arbitrary
locally compact zero-dimensional groups for which cosets of neighbouring subgroups
have the same order, which is equal to some prime. To do so, we first construct
an MRA from a given fixed refinable function with compactly supported Fourier
transform. Next we will point out a way for constructing a refinable function
for which the corresponding MRA generates an orthonormal basis consisting of
contractions and translations of some functions. Such a refinable function is built
from an arbitrary vector (Ao, A1,...,Aps-1_1) with complex coordinates satisfying
the single condition: |A\;] = 1 for all j. A special case will be indicated when
an orthonormal basis is generated from a single function through contractions,
translations and exponentiations.

8§ 2. Locally compact zero-dimensional groups, topology and characters

We proceed to give basic notions and facts in the analysis on zero-dimensional
groups. A more detailed account may be found in [17].

A topological group in which the connected component of 0 is 0 is usually
referred to as a zero-dimensional group. If a separable locally compact group
(G,+) is zero-dimensional, then the topology on it can be generated by means
of a descending sequence of subgroups. The converse statement holds for all topo-
logical groups (see [17], Ch. 1, §3). So, for a locally compact group, we are going
to say ‘zero-dimensional group’ instead of saying ‘a group with topology generated
by a sequence of subgroups’.

Let (G,+) be a locally compact zero-dimensional Abelian group with topology
generated by a countable system of open subgroups

DG, D DG 1DG; DG D-DG, D
with
+oo +oo
U Gn=G and [ G.={0}
n=-—0oo n=-—oo
(0 is the null element in the group G). Given any fixed N € Z, the subgroup Gy is
a compact Abelian group with respect to the same operation + under the topology
generated by the system of subgroups

GNDGN+1D"':)GnD~-~.

As each group G, is compact, it follows that each quotient group G,,/Gp+1 is
finite (say, of order p,,). We may always assume that all the p,, are primes, for in
fact, by Sylow’s theorem (see [18]), the chain of subgroups can be refined so that
the quotient groups G,,/Gp+1 will be of prime order. In this case, a base of the
topology is formed by all possible cosets G, + g, g € G.

We further define the numbers (m,,);">° _ as follows:

n=—oo

mg = 1, Mp+1 = My - P
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Clearly, for n > 1,

1

my, = PoP1 - Pn—1; m.,=——"".
P-1p-2-"P-n

The collection of all such cosets G,, + g, n € Z, along with the empty set form
the semiring #". On each coset G,, + g we define a measure p by u(G, + g) =
uGy = 1/m,. Soif n € N and p,, = p, we have uG,, - uG_,, = 1. The measure
can be extended from the semiring J# onto the o-algebra (for example, using the
Carathéodory extension). This gives a translation invariant measure u, which agrees

on the Borel sets with the Haar measure on . Further, let / f(z)du(x) be the
absolutely convergent integral with respect to the measure p.”¢

Given n € Z, consider an element g, € G,, \ Gp4+1 and fix it. Then any =z € G
has a unique representation of the form

+ oo
x = Z CnGns an=0,...,p, — 1, (2.1)

n=—oo

the sum (2.1) containing a finite number of terms with negative subscripts; that is,

+oo
x:Zangn, an=0,...,pp—1, ay #0. (2.2)
n=N

Classical examples of zero-dimensional groups are the Vilenkin groups and p-adic
numbers (see [17], Ch. 1, §2).

A direct sum of cyclic groups Z(py) of order pg, k € Z, is called a Vilenkin
group. This means that the elements of a Vilenkin group are infinite sequences
z = (z);2° . such that:

1) T :0,...,pk—1;
2) only finitely many of the xj, with negative subscripts are distinct from zero;
3) the group operation + is coordinatewise addition modulo py; that is,

x+y=(zr+ ur), zk +yr = (Tk + yr) mod pg.
The topology on such a group is generated by the chain of subgroups
Gp={zeG:2x=(..,0,0,...,0,2p,Zn41,...), 2, =0,...,p, — 1, v >n}.

It is easy to see that the subgroups G,, form a descending sequence. For g,,, we can
take a sequence containing only zeros except for one at the nth position.

The group Z, of all p-adic numbers (p is a prime) also consists of sequences
r = (xk)z;”ioo, xr = 0,...,p—1 in which only finitely many z; with negative
subscripts are distinct from zero. However, the group operation in Z, is differently
defined. Namely, given elements

z=(..,0,...,0,zn,2N41,...) and y=(...,0,...,0,yn,YN+1,-..) € Zp,

we again add them coordinatewise, but whereas in a Vilenkin group z, + y, =
(T +yn) modp (that is, a 1 is not carried over to the next (n+ 1)th position), the
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corresponding p-adic summation has the property that the 1 occurring as a result
of the addition of z,, + v, is carried over to the next (n + 1)th position. We endow
the group Z, with the topology generated by the same system of subgroups G,, as
for a Vilenkin group. Similarly, as a g,,, we may again take the same sequence.

Let X be the set of characters of a group (G, +); it is itself a group with respect
to multiplication. Also let Gi- = {y € X : Vx € G,, x(z) = 1} be the annihilator
of the group G,,. Each annihilator G- is a group with respect to multiplication,
and the subgroups G+ form an increasing sequence

.CcGt,c---CcGicGic--cGlc-- (2.3)

with
+o0 +oo
U Gr=Xx and () Gy={1},

n=-—0oo n=-—oo

the quotient group G- 1/ G+ having order p,. The group of characters X may be
equipped with the topology using the chain of subgroups (2.3), the family of cosets
G- x, x € X, being taken as a base of the topology. The collection of such cosets,
along with the empty set, forms the semiring 2. Given a coset G; - x, we define
a measure v on it by v(G: - x) = v(GL) = m,, (so that always u(G,)v(GLE) = 1).
The measure v can be extended onto the o-algebra of measurable sets in the stan-
dard way (for example, using Carathéodory’s extension theorem). One then forms

the absolutely convergent integral / F(x) dv(x) with respect to this measure.

X
The value x(g) of the character x at an element g € G will be denoted by (x, g).
The Fourier transform f of an f € Ly(G) is defined as follows

n—-+o0o

o = /G f@)00 D) du(z) = lim /G (@) 00 ) dp(a),

the limit being in the norm of Ly (X). For f € Ly(G), Plancherel’s formula is valid:

o~

f(x) = /X Footez) dv) = tim [ Foo(e ) dv(x):

n—-+oo Gl
n

here the limit also signifies the convergence in the norm of Ly (G).

Endowed with this topology, the group of characters X is a zero-dimensional
locally compact group; there is, however, a dual situation: every element z € G
is a character of the group X, and G,, is the annihilator of the group G;-. Below
(Definition 2.1), we shall consider a dilation operator on a group G. However, we
have been able to define such an operator only in the case when p, = p for any
n € Z. Thus in what follows we shall only consider groups G for which p, = p. The
translation of the argument of a function f by an element g € G will be denoted
by fi,; that is, fi,(z) = f(z +g). As regards the operation +, we additionally
assume that

Pn = Q1gny1 + Qagnia + -+ Qsfnrs; (2.4)

here, aq, as,...,as are fixed numbers. It is worth noting that if pg, = 0, then G
is a Vilenkin group, and if pg,, = gn+1, then G is the p-adic number group.
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Lemma 2.1. If ¢ € Lo(G), then @, (x) = (x, h)@(x)-
Proof. We obtain

() = /G (@ = W0 du(z) = /G @~ h)(ne ~h T h)du(z)

) /G xR0z =B du() = (0 B) /G (@) (7 dpu()

= (6 2)2(x)

using the properties of characters and by the invariance of the integral. The lemma
herewith follows.

We set

n—1
an{qeG: q:Zajgj, N e Z, aj:O,...,p—l}.
j=N

If G is a Vilenkin group, then H,, is a group. This is not so in the general case (for
example, if G is the group of p-adic numbers). However, it is worth noting that H,,
is always a countable set.

Lemma 2.2. Let g,h € Hy. Then

B _J1, g=nh,
L, Bt m v =y = { oy

Proof. We look upon elements x € GG as characters of the group X; let z =z be

Gy
the restrictions of these characters to the group Gé‘. Then

T=a_19-1+a_2g-2+ - +a_ng_n € Ho

(here we take into account that (G-, gx) = 1 for k > 0). Hence Hy is the group of
characters of the compact group Gg, and so the elements of Hy (or, more precisely,
their restrictions to G-) form an orthonormal system in La(Gp ).

Corollary 2.1. The following equality holds: / (x,x)dv(x) = 1g, ().

Go
Lemma 2.3. Let p € Ly(G). Suppose that [o(x)| = 1g4 (x). Then the translations
(o(z = h))nhen, form an orthonormal system in La(G).

Proof. Using Plancherel’s formula and Lemma 2.1 gives

/ oz = h)p(@ = g) du(z) = / B n(00B500) dv(x)
G

X

- / 00 RIB00 (0 90300 dv(x) = / TaR) (%, 9) dv(x) = dns.
X G

s
0
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Definition 2.1. We define the map A: G — G by Ax = j;io_oo GnGn_1, Where
z e G, x = ::io_oo GnGn- As any element z € G can be uniquely expanded

as T = Y angn, the map A: G — G is one-to-one onto. It is called a dilation
operator if A(x +y) = Az + Ay for all 7,y € G.

We note that if G is a Vilenkin group (p - g, = 0) or is the group of all p-adic
numbers (p - gn = gnt+1), then A is an additive operator and hence a dilation
operator. Moreover, the operator A is additive if the condition (2.3) is satisfied. Tt
is also clear that AG,, = G,,_1.

Lemma 2.4. Let f € L(G) and let A be a dilation operator. Then
1
[ fas)due) = [ 1) duta). (2.5)
G bJa

Proof. The equality (2.5) will plainly be true if

f@) =A-1g, 14(2).

Therefore (2.5) holds for step functions, and therefore for an f € L(G). The proof
of Lemma 2.4 is complete.

We use the notation f,. i, (z) = f(Az + g) by analogy with fig:

Lemma 2.5. Let ¢ € Ly(G) and let A be a dilation operator. Then
Pa. () =(x, A 1g)p(xA™),

where YA~ is the character defined by xA™!(z) = x(A™ x).

Proof. Using Lemma 2.4 gives

Ba () = /G oAz = )0 ) du(x) = /G oAz~ g) (v, AT A7) dyu()

= %/Gso(x —9)(x, A" 'x) dp(x)
= % /Gso(w —9) (A le — A lg+ A lg) du(x)

_ %m /G o= g) (XA Lz = g) dp(x)

LAY [ o)A T dule) = L AT 0A ),

§ 3. Multiresolution analysis on a locally
compact zero-dimensional group

Our main objective is to construct orthogonal wavelet bases for Lo(G). For this
we shall use a multiresolution analysis on the group G as follows.
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Definition 3.1. A family of closed subspaces V,,, n € Z, is said to be a multireso-
lution analysis (MRA) of Ly(G) if the following axioms are satisfied:
1) V, C Vn+1;
2) Unez Vo = L2(G) and (), Vi = {0};
f(x) eV, < f(Ax) € V41 (A is a dilation operator);
f(x) € Vo = f(x—h) €V for all h € Hy;
there exists a function ¢ € Ly(G) such that the system (¢(z — h))nen, is an
orthonormal basis for V.
The function ¢ occurring in Axiom 5) is called a refinable function.

o D

3
4
S

Using an MRA, we shall build functions ¢, v = 1,...,p — 1, whose contractions
and translations v, (472 — h) form an orthogonal basis for Lo (G). Next we will fol-
low the conventional approach. Let p(x) € L2(G), and suppose that (p(x—h))nem,
is an orthonormal system in Ly (G). For the function ¢ and the dilation operator A,
we define the linear subspaces L; = (span¢(A7z — h))pen, and closed subspaces
V; = Lj. If the subspaces V; form an MRA, then the function ¢ is said to generate
an MRA of Ly(G). We shall look for a function ¢ € Ly(G) that generates an MRA
of Ly(G) as a solution of the refinement equation

p(z) =" crp(Az = h), (3.1)

heH

where H C Hy. We shall assume straight away that H C Hj is a finite set since
the resulting efficient algorithm for constructing wavelet bases will apply only to
finite sets H. If G is a Vilenkin group, then Hy is a group, and so Axioms 1) and 4)
are automatically satisfied. In the general case, Hy is not a group since pg, # 0;
hence additional conditions are required for Axioms 1) and 4) to hold. In [13], for
the case of the p-adic number group, it was proposed to use the condition that
supp @(x) C Gg. If the more stringent condition |p(x)| = 152 (x) is imposed, then
by Lemma 2.3, the system of translations (¢(x —h))pep, is orthonormal. Therefore
we shall look for a function ¢ with |9(x)| = 152 (X)-

Lemma 3.1. If supp @ C G, then the function ¢ is periodic with period g,,.

Proof. For the Fourier transform, we have

By (X) = /G o1y (2)00T) dpa() = /G (@ + g0) 00 2) du()
Y v / 0@+ 9n) 007 T 9n) dpi(@) = (6 ~gm)B00)-
G
1) If x ¢ supp @, then @(x) = 0. Hence o, (z) = p(x) = 0.

2) If x € suppp C G, then x(g,) = 1. It follows that x(—g,) = 1, and so,

Dig,. () =2(x)-
Thus, ¢, (x) = @(x) for all x € G. By Plancherel’s theorem,

D1 (1) = /X By (0006 2) du(x) = /X F00(0 2) dvl(x) = p(x).

Consequently, o(z + g,) = ().
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Corollary 3.1. If supp  C G, then ¢ is periodic with any period gs, s = n.

Corollary 3.2. Suppose that supp $C G- and that ¢ is continuous. Then p(x) =
const on each coset G,, + q.

Lemma 3.2. If |5(x)| = 154 (x), then the system

(p"* (A" = h))nem, (3.2)
is an orthonormal basis for V,,.

Proof. It suffices to show that the system (3.2) is orthonormal. By Lemma 2.3, the
system o(x — h) is an orthonormal basis for V;, and hence

téwm4hwwémdmm:&w, h,q € Ho.

So by Lemma 2.4,
. . 1 . . 1
[ era = nypare = g duta) = — [ ole = hpte @) du(e) = - G
G pTJa p

Lemma 3.3. Suppose that supp @ C G and o(z) satisfies equation (3.1). Then
V; C Vjyr for any j € Z.

Proof. By the definition of ¢,

p(z — o) ZChSD (z = qo) — h)
heH

for any qo € Hy. Since pgn, = Q1gni1 + -+ + QsGnys, it follows that

Ago+h=0b_sgo+b_sgs+ - +b_ymg-m+a_19-14+a2go2+---+b_ng-n
- ﬂs—lgs—l + 55—295—2 + e + BOQO + T + ﬁ—mg—ma
m = max(M, N), p;j=0,...,p—1L

By Corollary 3.1, p(z + g;) = ¢(x) for all j > 0. Hence

o(Az = Ago — h) = p(Az = (B_19-1 + B_2g—2+ -+ Bomg—m)) = p(Az - q),
qE< Ho.

Consequently,

o= q0) = Y cnp(Az = qn),  qn € Ho.
heH

This means that Lo C L1, and hence Vo C Vi. Then it is clear that V; C V1, for
any j € Z.

Lemma 3.4. Let ¢ € L2(G) be a solution of the equation (3.1). Suppose that
P00 =16 (). Then Ujez Vi = La(G) if and only if

Jsuppa(- A7) = x.
JEZL
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Proof. 1) We claim that UJ cz Vi is translation invariant. First, we prove that V; is
invariant under translations by h € H;. In fact, let f € L;. Then

> Bup(A(z = hy)),
hjEHj
and hence, for h € Hj,
Fa =)= 3 Bup(Alz = AT, = ATh).
thHj
Since A7h, Ajhj € Hy, it follows that
Ah=a_19-1+a_2g9- 2+ +a_ng-n,
Ajhj =b_191 + b_2g o +- 4 b_Ng-N

Hence A7h; + A’h € H,_q, and since ¢ is periodic with any period gi, k > 0, we
have f(z —h) € L;. Now let f € V; = L;. Then there exists a sequence (f,)
such that f, € L; and |[f, — f|l2 — 0. The subspace L; being invariant under
translations by h, € H; implies that f,,(- 4+ h) € L;. Hence

/ux+h ~ fule £ B du(a) /u (@) da(z) = || — ful2 — 0

by the invariance of the integral. This means that f(- 4+ h) € V;. We have thus
proved that V; is invariant under translations by h € H;.

We now proceed to prove that U icz Vj is invariant under any translations. First
suppose that f € U]GZ V. Slnce V C VJH, there exists a jl € Z such that f €V

for j > ji. By the above, f(- + h;) € V; for hj € Hj, j > ji. Given an arbitrary
h € G, we have h = Z;;Ofk arg;. Consider the sequence h; deﬁned by

hj =a—kg—k fapp19- k1 +-F aj-195-1-
It is clear that h; — h as j — +oo. Since h; € Hj, it follows that f(z+h;) € V; for
all j > ji, and hence f(z +hy) € U,z Vo for all j > j;. Further, since f € Ly (G),
IFC-+h) = f( +hy)ll2 — 0

that is, (- +h) € U;ez Vi-
Now suppose that f € UJGZ Vj. Then there exists a sequence f,, € UJGZ V; such
that || f — full2 — 0. By what has just been proved, f, (- +h) € UjeZ Vj. Therefore,

1£C-+R) = fu(- + B2 = I = fall2 = 0;

that is, f(- +h) € U;cz V-

2) We now proceed to prove the assertion of the lemma. We set Y = U ez V.
Since Y is invariant under any translations by h € G, an application of Wiener’s
theorem shows that Y = Lo(X7), where X7 C X. Also since

~

V=1L1(G) <= Y =LyX),
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we have
Y =1L, (G) <~ X=X
modulo null sets. Therefore it suffices to show that
X=X = U supp §(- A7) = X.
JEZ
We set p;(z) = p(Alx), Xo = Ujez supp @;; we claim that Xo = X; modulo null

sets. Since ¢; € Vj, we have supp@; C X, because ¢; € Y and Y consists of
functions defined on X;. Hence

Xo = U supp @; C Xi.
JET
It will be shown that X; \ Xy is a null set. Given an f € Vj, we have
f=limfa,  fo= > dup(Aiz = h),
h€Hy

where f,, is a finite sum. Hence, for all y € X7 \ Xo,

= Y du [ ol 1T dite)

heHy

Zd (x, A~ Jh/ 0(AV(xz ~ A7) (x,z — A=Ih) du(x)
he€Hy

= 3 AT [ paa)0ca) dute) = 0

heHy

that is, f, () = 0 for all x € X, \ Xo. As a result, f(x) =0 a.e. on X7 \ X for
f € V; and so throughout f € Y. This means that Lo(Xy) = Lo(X7), and hence
v(X1 \ Xo) = 0. But supp $; = supp @(- A7), so it follows that

J supp@(- A7) = [ supp &, = Xo.
JEZ JEZL
Since X D X D X, it is found that X = X; modulo null sets. This means that

Xo = X modulo null sets. This is equivalent to saying that UjEZ suppp(- A7) =X
modulo null sets. The proof of Lemma 3.4 is complete.

Remark. See [19; Appendix A8] for the formulation and proof of Wiener’s theorem
for Ly(R™). Only slight modifications are required for a zero-dimensional group.

Corollary 3.1. Let ¢ € Lo(G) be a solution of the equation (3.1). Suppose that
6001 =1gs (X). Then Ujez Vi = La2(G).

Proof. The condition |5(x)| = 14 (x) implies that supp (- ATy = Gj-, and now,

since
1 _
Ues =

JEZ

it remains to apply Lemma 3.4.
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Lemma 3.5. Let ¢ € Lo(G) and let (p(z — h))nhen, be an orthonormal system.
Then (;., V; = {0}.

Proof. Suppose that f € Lo(G). Then, for j > 0, using the equality

/f w—féfw

and taking into account the orthonormality of (p(x — h))nem,, gives

JEZL

2 2

p(A~Tz = h)du(z)

/fA’ oo = h)du(z)

hEH he€Hy

<wmﬂ@=4um@%mm=;éum&wmﬂoaw~+m
(3.3)

The system (p//%p(A7z = h))pen, being an orthonormal basis for V; implies that,
for f €V},

o 12
|ﬂbz<2ﬂﬁmmﬂﬂ'4MV> | (3.4)

hE€H,
Let f € (Njez Vj- Then, from (3.3) and (3.4) it follows that [|f|l2 = 0; that is,
f=0a.e.

Lemma 3.6. Suppose that suppp C Gy . Then the condition f € Vy implies that
f(- —y) € Vi for g € Hy; that is, Aziom 4) holds.

Proof. Let g,h € Hp and let
g=a-1g-1+a2go+t---+anNg-n, h=b_1g1+bog ot +b-Ng-nN
Then
g+h = (ugs+as1ge-1+- - Faogo) + (@-19-1+ 292+ - Fa_ng-n) =F+D,
where h € Hy.
Since suppp C Gg, it follows that ¢ is periodic with any period gi, 7 = 0.
Therefore, taking into consideration that h € Hg, we obtain
D aplw=g=n) =Y colx=h),
heHy TLGHO
and so Axiom 4) holds.
Lemma 3.7. Let ¢ € Ly(G). Then [ €V, if and only if f(Ax) € V4.

This immediately follows from the equality
2

du(z)

2

du(z).

/ ‘f (Ax) chga(A”Ax ~h)

h€H,
1 /
p G

fl@) =Y enp(A"x = h)
Combining Lemmas 3.3-3.7 gives us the following result.

heHy
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Theorem 3.1. Let ¢ € Ly(G) be a solution of equation (3.1). Suppose that
[8(X)| =1g2 (x). Then ¢ generates an MRA of La(G).

§ 4. Refinement equation and its solutions

Given a fixed s > 1, we set

HY ={a g 1+asg ot —Fa g s:a;=0,...,p—1},

and consider the following refinement equation

> Bup(Az = h). (4.1)

heH{"

From this equation for the Fourier transform ¢ we have

0= 6 / (Az = AA7) (@) dp(a)
heH{
= X A0ATH | el dua)
heH{"
= 3 ACAT [ p(Aa) i AT AT dita)
hEH()
= ACATH [ (o)l AT dia) = mo()Z0AT).
heH”
where

DY e ATh) (4.2)

hEH(s)

Hence the refinement equation can be written in terms of the Fourier transform as
follows:

P00 = mo(x)P(xA™). (4.3)

The function mg(x) is called a mask for equation (4.1). Knowing a mask, it is
possible to recover the Fourier transform ¢ from the value of $(1). Another name
for a ‘mask’ is a ‘symbol’.

Lemma 4.1. Let p €Ls(G) be a solution of the refinement equation (4.1). Suppose
that @(x) is continuous at the point xo = 1 and that (1) #0. Then

1) T moea™). (4.4)
k=0

Proof. By repeated application of the equality

(x) = mo(x)p(xA™),



Multiresolution analysis on zero-dimensional Abelian groups 681

we have, for a positive integer N,
Hmo XATF)B(xA™N ).

The result stated now follows since YA ™V"1 — yg = 1 as N — +oc0 and § is
continuous.

The converse is also true.

Lemma 4.2. Let $ be given by (4.4), and let mo(1) = 1. Then

2(x) = mo(X)P(xA™).

Also, if x € GE, .1, 1 >0, then
D) [[mo(xA™); (4.5)

in particular, for | = 0 (that is, when x € G+ ) we have §(x) = 1.
Proof. Putting yA~! for x in (4.4) we obtain

XA = 3(1) [T mo(xA™* ).
k=0

Multiplying both sides by mg(x) and taking into account (4.4) gives (4.3).

Let x € G£s+l+1v 1 > 0. We need to verify equality (4.5). Since x € G£s+l+17 we
have x(G_s1141) = 1. In view of A=1(G,,) = G, 41, this gives yA~ "1 (G_,) = 1.
If he HSY ¢ G_,, then

(XA ATTh) = (xA " h) =1,

and so

mo(xA™! pZﬁhAlAlh Zﬁh—mo

heHS? heH( )
But the condition x € GJ‘SHJr1 implies that xy € GJ;SHH for j > [, whence
mo(xA™7) =1 for j > I. Hence,

oo

HmoxAJ H (XA] HmoxA]

if ye G, and [ > 0. For | =0, this entails $(x) = §(1) for x € GE,, ;.

Lemma 4.3. Assume that the hypotheses of Lemma 4.2 are satisfied by ¢. Then @
is constant on each of the cosets of the subgroup Gfsﬂ
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Proof. Let xy € G+ I >1. We write G+ as a union of cosets:
X s+14+10 s+14+1
p—1 p—1
1 _ 1 Q541 Q541
Gopiy1 = |_| T |_| GZor— g o

a_s+1=0 a_s+1=0

By Lemma 4.2, the following holds on each of the cosets:

-1
-~ 1 —s —s ~ —s —s —J
@(G—s—i-lrgsgil e 7nc—ys-',--*l—l) - 90(1) H mO(GJ—_S—&-lrgngl T T(is—‘:l—lA J)
=0

-1
Dl 1 —s —s R
=2 [T D0 sn(GE iy i A7),
P ionen

0

Since h € G_g, we have A™7~'h € G_4, 11, and hence (G{Sﬂ, A=i=1p) = 1. This
gives

-~y L 541 Q541
SD(G75+1T75+1 e r—s+l )

-1
A 1 —s —s ;
= 90(1)7 H E ﬁh(risﬁl "'TTSJZL,A_J_lh) = const.
P i hen
0

Theorem 4.1. Let  be given by (4.4), and let (1) =1. Suppose that |my(Gg)|=1
and mo(GE \ G&) = 0. Then [300)| = 162 (x).

Proof. 1) By Lemma 4.2,

P0x) = mo(x)P(xA™").

If mo(G1 \ Gg) = 0, we find immediately that 3(G7 \ Gg-) = 0. If x € G5 \ Gt
then YA~ € Gi \ Gg, and so $(xA~!) = 0, implying $(x) = 0. Proceeding by
induction, we obtain supp @ C Gp-.

2) Suppose that |mo(Gg)| = 1. By Lemma 4.2,

-1
() =2(1) [[moxA™),
=0

provided that x € GfS_HH. We put [ = s — 1. Then x € G, and so

500 = 3(1) [ mo(xA™).
j=0

Since x € G, we have yA™ € ij C Gg, and hence |p(x)| = |p(1)| = 1.
Theorem 4.2. Let ¢ be given by (4.4), and let (1) = 1. Suppose that |p(x)| =
15+ (x). Then

mo(Gy \ Gg) =0,  |mo(Gy)|=1.
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Proof. First of all we note that it follows from the condition |P(x)| = 151 (x) that
¢ is the Fourier transform of some function ¢ € Ly(G). Further, since

20 (x) = (x, MP(x),

we have

PP, (x) dv(x)

/Gsp(x)mdﬂ(m):/x
- [ 1etor uu>tégamﬁuwmwm.

Using Lemma 4.3 with [ = s — 1 this gives

z)o(z —h 3(x)|? v
| st }j Zj/’ e PO GGR) ()

a_sp1= a_1=0 —9+1T—S+1 Ty

S S ﬂﬂagﬁ~mﬁwﬁéL o COR ).

+
a_1=0 a_s41=0 Tet1Tos41 T

If x € GE r® %" and h € H(()S_l), then (x,h) = (r®.30" 71 h).
Hence

/wmwu4hmmm
G

p—1 p—1 1
= > o Y BGPTSR,
a71:(] a,5+1:() p

Consider (4.6) with

he H(gsfl) ={a_19-1 Fa_og_o+---F O si10—st1}-

In this case relations (4.6) may be looked upon as a system of linear equations in

the unknowns |(GE, ,r® 75 - r%1")|? with coefficients
b (pO—et o ) . .
e = (rgf - rsy a1 Facago + o F asy1g-st).

This is a system of order p*~!'. We claim that det(b; ) # 0.
Consider the characters
Ko = P
of the group G'_,,1. On each coset Gy + hj (where h; = a_19-1 +a_sg_o+ -+
a_s411g—s+1), Whose union is G_441, the character xj remains constant and equal

to (ro i rd 2%t hy). Since the characters xj are orthogonal on the

group G_g41, it follows that the columns of the matrix (b, %) = (Xk, hj)gs,;o_l are
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orthogonal. This forces the matrix < to be unitary. Consequently,

1 b

system (4.6) has a unique solution, which is

B(GL 2y i =1

We claim that |mo(Gg)| = 1. We write the equality (4.5) of Lemma 4.2 for [ = 1
as follows:

P(x) =mo(x), XE€GL,, —s+2<0.

Since |§(Gy)| = 1 and G+, C Gy, it follows that [mo(G+,,,)| = 1. Assuming
that —s + 3 < 0, we write equality (4 5) for I = 2 as follows:

P00 =mo(x)mo(xA™"),  x € G s (4.7)

If x € GE, 5\ G, 5, then YA~ € G, and hence [mo(xA™")| = 1. Now since
|P(x)| = 1 for x € G£,, 5, the equality (4.7) yields |mo(G*,5\G*,,,)| = 1. Hence
Imo(GL,,5)| = 1. A continuation of this process, with the use of equality (4.5) with
[ = 3,s—1, shows that |m0(G0 )| = 1. Writing (4.5) with [ = s, and taking into
account the inclusion supp @ C Gy, it is found that mo(G7 \ GJ-) =0.

This completes the proof of Theorem 4.2.

8§ 5. Construction of wavelet bases

As usual, W,, stands for the orthogonal complement of V,, in V,,41; that is,
Vg1 =V, @ W, and V,, LW, (n € Z, and ® denotes the direct sum).
It is readily seen that
1) feW, < f(Ax) € Wyi1;
2) W, LWy, for k # n;
3) QW,, = LQ(G), n € 7.
From Lemmas 4.1-4.3 and Theorems 4.1, 4.2 we derive an algorithm for con-
structing wavelet bases.

Step 1. Build a function mg(x) which is constant on the cosets of G-, as follows.
We write the equality

Z On(x, A= 1h) (5.1)
heH( *)
as a system of linear equations. To do so, we assign the number
j=a_1+asp+-+a_gpt, 0<j<pt -1,
to the element
h=a_19-1+a_ogo+ - +a_sg_, € H.
Since the function mg(x) is constant on any coset of the subgroup G, that is,

on the sets

a_ a_g «
GJ_&—&-IT—SITT s*+_52 e r 117,0060 C GJ_



Multiresolution analysis on zero-dimensional Abelian groups 685
we can pick a character xj in each of these cosets, where
k=oa_g41+agop+ -+ a1p® 4+ agp®”

Then (5.1) can be written as the system

L
72 Xk, A71hy),  k=0,...,p° -1, (5.2)
7=0

E

in the unknowns (3;. We consider the characters x; on the subgroup G_s;, on
which they are orthogonal. Since A~1h; all lie in G_1, it follows that the matrix
p~*%(Xk, A71h;j) is umtary7 and so the system (5.2) has a unique solution for each
finite sequence (mO(Xk))k 0 .

Step 2. Take mo(xx) so that |mg(xx)| =1 for k =0,...,p> 1 — 1 and mo(xx) =0
for k= p*1 ... p*—1. Solving the system (5.2) yields 3;. Thus, we have
constructed a function mg(x) that is constant on cosets to GX_,; and such that
Imo(Gg)| = 1 and mo(G1 \ Gg) = 0. It is worth noting that the numbers mg(x%)

for k=0,...,p° ' — 1 are just the \; of which we spoke in the introduction.
Step 3. We set ¢(1) = 1 and build @(x) using (4.4). By Theorem 4.1, |@(x)| =
152 (x), and hence the function ¢ generates an MRA.

Step 4. We set my(x) = mo(xrg"), l = 1,...,p — 1. Clearly, m(x) may be writ-
ten as

ml(X): Z ﬂh XTO 7 Z ﬁh T() 5 1h)(X A= 1h)
heH{" heH{"
=Y BT AT, (5.3)
heH{"

where B,(ll) = Bu(ry', A=1h). Tt is also easily checked that |m;(Ggrf)| = 1 and
|mi(Ggry)| = 0 for v # L.

Step 5. Consider the functions

Z ﬂ(l) )7 17p71'

heH{®

Theorem 5.1. The functions 1(x — h), where | = 1,...,p—1, h € Hy, form an
orthonormal basis for Wy.

Proof. a) We claim that (o(- —g™M), (- —g@)) = 0 for any ¢V, ¢® € Hy. Since

.-n0) = OB, Par—g() = }D (G AT B(A™),
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it follows that

(6 =gl =92 = [ ola = gV)ile = g®) du(o)
G
-3 B /G oo~ g0)p(Ax = Ag™ = h) du(w)

heH{®

:1 30 5 MY S(vA-T (2) A dy
phe%s)ﬂh /Xw(x)(x,g ) 2(xA 1) (x, ¢ (x, ) dv ()

= [ S00FAT e g®)E Y B oA dvl)
X hEH()

= X@(X)G(XA”)%Q(”)(X L gP)ymy(x) dv(x) =0

because supp @(x) = Gg- and m;(Gg) =0,1=1,...,p — 1. Similarly,
(Wi(- = g™, vu(- —9?)) =0
fork#1, kil=1,...,p—1.

b) We verify that (¢;(- — g™), (- — g®)) =0, provided that ¢V, ¢® € Hy
and g™ # ¢®)_ First of all we note that it follows from the equality

0= /G oz - gY@~ g®) du(z) = /X 5 -y @ () dv(x)
- / (9300 (x 9®NB00 dv(x) = / (g™ (6 ¢?) dv()
X GL

0

that the elements g € Hy form an orthogonal system on Gg, and hence on the
cosets Ggrh, 1 =1,...,p— 1. Therefore it follows from the equahty

|t =gyl =g dute) = [ TeaD)es®) o)

that the system of translates (v;(z — g))gem, is orthogonal on G (with fixed
l=1,...,p—1). Consequently, the linear span of the system

(1(x = h)—15=T. her,

is orthogonal to Vp, and so the system (¢/(- — h)) is orthonormal.
¢) We claim that any function f € Wy can be expanded uniquely in a series

in (¢ (x — 9))gemy 1=Tp—1- First we note that 1@( )= %cﬁ(xA‘l)ml(X). In fact,

B0 /wl \0oa) dule /25 (Az = h)(x,2) dpu(z)

heHS
:Zﬁ/Ax—)( Zﬁ OCATTP(A™
heH{® heH{®
fcpr ) S B0 ATTH) = % XA~ ymi(x)- (5.4)

heHS®
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Further, if f € V; and

f=>" anp(Az = h), (5.5)
heH,
then
Foo = S @ozta™) (5.6)
where
Q) = > an(x, A~Th) € Ly(GY); (5.7)
heHy

the series in the last equality converges in the norm of Ly(G7). The converse is

~

also true: if f() is given by (5.6) and Q(x) is as in (5.7), then f is the sum of the
series (5.5).
We take u(z) € Wy, and verify that u is the sum of the series in the system

(Y (z - h))zzm, heHo*

Suppose that v(z) € Vp. Then f :=v(z) + u(x) € Vo ® Wy = V1, and hence

f= Z anp(Az = h).

hE€Hy

Then (see (5.3)—(5.5))

i) = %Q(x)@(xA‘l) - %lecf ()B(A™Y) = }3@@0 3 () 2B(xA)
=0

=~ Q()mo(x) mo()B(XA™) + > QUx)mi(x) —B(xA™ )ymu(x)
— =1
—o :"Z;L(X)
p—1
= QMR + 3 QMmO (). (5.8)
=1
The last equality implies that
F@) =" bl =h)+ > 3" b (x = ). (5.9)
heH, I=1 he Ho

We proceed to prove that this is indeed so.
The functions Q(x) lie in Ly(G7) C La(Gg ), and the function mg(x) is bounded
on Gy . Therefore %Q(X)mo(X) € Ly(Gy), and hence

~ QUm0 = 3 bR,

heHg
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because by Lemma 2.2 the restrictions of the elements h € Hy to Gg form an
orthonormal basis for Lo(Gg). It follows that the function % Q(x)mo(x)p(x) is the
Fourier transform of

= Z brno(x —h

heHy
Consider the functions Q(x)m;(x)¥;(x). Since the Q(x) lie in Ly(Gi) and
mi(x) = mo(xry') is bounded on Ggr!, mi(Gf \ Ggrh) = 0, it is found that
QU)mi(x) € La(Garh), and hence Q(x)mi(x) € La(Ggrl). We look upon ele-
ments h € Hy as functions on (Ggr}). Since the restrictions of the elements h € Hy
to G form an orthonormal basis for Ly(Gg), it follows that the elements h(xrg ")
form an orthonormal basis for Lo(Ggr}).

Therefore, for each I =1,...,p— 1:

i) QLOmu(x) = Zb“)(ro, Cerghoh), S P b b < oo

h€Hg h€Hg

i) UD(z) = 3" b vz =~ h) € La(G);

hEHo

i) T4 (x) = %()QU)mu(x)-
Hence (5.8) gives (5.9).
By the uniqueness of the representation of f as f = v+ u, v € Vi, u € Wy, it

follows that
5 e

=1 he€Hy

This means that the system v;(z — h) forms a basis for Wj.
The proof of Theorem 5.1 is complete.

Step 6. Since the subspaces (V;) ez form an MRA of Ly(G), it follows that the
functions
(A" — h), l=1,p—1, ne€eZ he Hy,

form a complete orthogonal system in Lo (G).

FEzxample. Let s = 1. Then the mask mg is as follows:

Z On(x, A~ 1h)

heH“)

it is also constant on cosets of the subgroup Gg. We choose mg(x) so that
|mo(Gg)| =1 and mg(x) = 0 for x € G \ Gi. Then (5.2) becomes
Zﬁ] Xk, A=1h;) (5.10)

In this case h; = jg_1, A~ h; = jgo,xr =78, j,k =0,...,p— 1, so equality (5.10)

assumes the form
1 L
6) == Zﬁj(ro,go)k']~
p =0
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Letting mo(rf) =0,k =1,...,p — 1, mo(1) = 1, we arrive at the system

(1) ao,0 a1 .- Gop—1 go
1 a a e ap— 1
_ 1,0 1,1 1,p—1 . , (5.11)
: \/23 .............................. :
0 @p-1,0 Qp-1,1 .- Qp—1,p—1 Bp—1
where 1
kg = —=(r0, 90).

The matrix (ag, ;) being unitary, the system (5.11) has a unique solution fy = 51 =
-+ = 3,1 = 1. We use the formulae

ﬁj(l) = ﬁj(ral)jgo) = (T07go)jl7 l= 17p - 17

to calculate the coefficients ﬂj(-l), and set

p—1

di(x) =D (ro, 90)" oAz = jgo))-

Jj=0

It remains to find the function ¢. We set (1) = 1. Since
P0x) = 3(1) [ mo(xA™™),
k=0

it follows that $(Gp) = 1 and B(x) = 0 for x ¢ Gg. Hence by Corollary 2.1,

1, z € Gy,

o) = [ Eotun) vt = [ 0 G

Go

(x; ) dv(x) = {

Putting ¢(x) in the expression for 1;, gives
() = rh(x)1g, (x), Il=1,...,p—1.

Thus we have constructed an orthonormal basis, which is generated from a single
function ro(x)1g,(z) through contractions, translations and exponentiations.

The resulting functions v; are complex-valued. We indicate a method of obtain-
ing an orthonormal basis consisting of real functions. To do so, we note that the
function ro(z) is constant on the cosets Gy + jgo, j = 1,...,p— 1, and takes
values from the set of pth roots of unity. It is no restriction to assume that
ro(G1 + jgo) = €2™/P. Hence

. 5 9 2
Ui(G1 + jgo) = e2™IlP = cos %jl + isin %jl.

Direct calculations show that each of the functions Re;(x) is orthogonal to the
functions Im v, (x) form = 1,...,p — 1 and to the functions Re ¢, () for m #1 and
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m # p—1. Similarly, any function Im;(z) is orthogonal to the functions Re 1), (x)

and to the Im,,(x) for m # | and m # p — L.
,Yp—1(x)) it is possible to construct 4(P=1)/2 gystems of real func-

(1/)1(:7])37/)2(33), .

Therefore from one system

tions (zpij),wéj), c I()j_)l), j=1,...,42=1/2 some of which can be the same.
For p = 2, this gives one function
1, x € Gy,
Y1 (z) = '
-1, ze€ Go \ G1.

This is the classical Haar function.

For p = 3, we obtain four systems, of which only two are different:

\/57 I'EGM
! €G+
- =, X 1 90,
1
Py =1 V2
——, zeG+ 290,
\/Q 1 90
0, ZE%G(),

the other two being symmetric to these,

\/57 IEGGl,
! €Gy+
-, X 1 90,
2
Pay=1 V2
——, x € Gy +2g0,
\/Q 1 90
0, IE¢G0,

0, J)GGl,
5 re€G+ag
1 5 1 05
NOER R
3 .
- 57 I€G1+290,
0, (E¢G0,
0, QL‘EGl,
3 .
-1/ Gi+g
2 \/>7 S 1 05
)= V2
3 .
57 $€G1+290,
07 $¢G0

In the case when G is the p-adic number field, these systems were obtained in [13].
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