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Stabilization of the solution of a two-dimensional
system of Navier—Stokes equations in an
unbounded domain with several exits to infinity

N. A. Khisamutdinova

Abstract. The behaviour as ¢ — oo of the solution of the mixed problem for
the system of Navier—Stokes equations with a Dirichlet condition at the boundary
is studied in an unbounded two-dimensional domain with several exits to infinity.
A class of domains is distinguished in which an estimate characterizing the decay
of solutions in terms of the geometry of the domain is proved for exponentially
decreasing initial velocities. A similar estimate of the solution of the first mixed
problem for the heat equation is sharp in a broad class of domains with several exits
to infinity.
Bibliography: 25 titles.

§ 1. Introduction

In the domain D = (0,00) x ©, where Q is an unbounded subdomain of R?, we
consider the following problem:

u; + (u-V)u=vAu— Vp, divu =0, (1.1)
u|gc€(,m =0, ul,_, = (). (1.2)

Here u(t, z) = (u1,u2) and p(t, z) are the unknown flow velocity and the pressure
and ¢ = (¢1, p2) are the prescribed initial velocities.

Note that in the problems discussed here one can make the change of variables
u=wvv,t=r7/v,p=1r?q bringing (1.1) to a similar system with v = 1.

In the past 10-15 years there have appeared numerous papers devoted to the
research of the behaviour as ¢ — oo of the kinetic energy

l/uQ(t,a:)cla:
2 Ja

(the La-norm) of the flow of a fluid in an unbounded domain. A qualitative answer
to the question of the convergence of the kinetic energy to zero in the case of a
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3-dimensional Cauchy problem was given by Kato [1] (for a strong solution) and
Masuda [2] (for a weak solution). Moreover, the following estimate was established
in [1]. If a solenoidal vector ¢ belongs to the intersection L, (R™)NL,.(R™), r € [1,n],
and its norm ||¢||,, is sufficiently small, then the Cauchy problem (1.1), (1.2) has
a unique strong solution and |[u(t)||le = Ot 7), v = (n/r —n/a)/2, for a > r as
t — oo. Here and throughout,

@,Q = (g/(gvf(m) dm)l/a;

for « =2 and @ = 2 we shall drop the corresponding indices.

An estimate of the rate of decay of the kinetic energy for a weak solution of the n-
dimensional Cauchy problem for the system (1.1) was established in [3] and refined
in [4], [5]. We state here the result of [4]. If a solenoidal vector ¢ belongs to the
intersection Ly (R™)NL,(R™), n > 2, r € [1,2), then the Cauchy problem (1.1), (1.2)
has a weak solution which decreases in the same manner as for the heat equation:
lu®)|| = O™), v = (n/r —n/2)/2. In [5] a similar estimate is proved for an
arbitrary weak solution satisfying the energy inequality

vl

Jlu(t)]* +2V/ IVa(r)|*dr < [[u(s)]*

for s = 0, almost all s > 0, and all t > s. In the case of the problem in the exterior
of a bounded domain results of this kind were obtained for r € (1,2) in [6] (for
n = 3) and [7] (for n > 3).

Thus, the non-linear terms and the pressure involved in the system (1.1) do not
reduce the rate of decay of the flow of the fluid brought about by the heat oper-
ator in the system (1.1). Of course, the adhesion condition at the boundary (1.2)
additionally slows down the flow; however, judging by the above results, this has
no substantial effect on the behaviour of solutions of the exterior problem. On the
other hand, we do not know whether the above results for the exterior problem are
best possible.

The decay of the flow resulting from the adhesion of the fluid to the boundary of
the domain is known to be perceptible in the case of a non-compact boundary.
This is corroborated by the result of [8]. In particular, the following estimates are
established in that paper in the case of rotation domains

Q(f) = {z: 2% + 23 < f*(x3), z3 >0} (1.3)
defined by a non-decreasing function f(r) € C3(0,00) such that

. f(/r‘) ! 1! 11
rlggom<oo, L+ 17+ 1" <ao, 7

WV

1

)

for some ¢ € (0,1). Let r(t), t > 0, be the inverse of the increasing function r f(r),
r > 0. Let u(¢, z) be the strong solution of the 3-dimensional problem (1.1), (1.2)

(o)

in the domain D = (0, 00) x Q(f) with solenoidal initial function ¢ € W3(2),

p(x) =0 for |x| > Ry, (1.4)
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satisfying the smallness condition of [9]. Then there exist positive constants s
and A; such that the following inequalities hold for all z € Q(f) and ¢ > 1:

[u(t, 2)] + [Vp(t)] < A xp(%“)) (L5)

2
)y < Art!2exp (=52,

The constant » here is independent of the initial function ¢.

An estimate of the rate of decay similar to (1.5) was established earlier [10] for
solutions of the first mixed problem for the heat equation. Moreover, for domains
of the form (1.3) and non-negative initial functions it was proved in the same paper
that the estimate is sharp provided that the function f has a regular behaviour in
a certain sense.

Thus, adhesion at the boundary results in the flow slowing down at least at the
same rate as that due to the heat outflow across the boundary in the case of
the first boundary condition for the heat equation.

Note that in papers devoted to the decay of the motion of a rotating fluid
described by linear [11]-[15] or non-linear [16] equations (the Cauchy problem or
the first boundary-value problem in a half-space) their authors study the phenome-
non of the slow-down of the motion of a fluid brought about by its rotation, rather
than by the adhesion condition at the boundary as in the present paper.

The proof of the estimates (1.5) for the solution of the 3-dimensional problem
in [8] is based to a considerable extent on the following result of Heywood. In [9], for
an arbitrary domain  of dimension n = 3 with boundary uniformly of class C> he
proved the estimate sup,.q |u(t,z)| = O(t~/?) as t — oo. (The term “boundary
uniformly of class C?” (see [9]) means the existence of positive constants d and b
such that for an arbitrary point £ € 012, in a local Cartesian system of coordinates,
the intersection 9Q N {|z — &| <d} is the graph of a function with derivatives of the
first three orders bounded by the constant b.) This result is slightly improved in [8]
as follows:

(o)
/ sup |u(t, z)|? dt < oco. (1.6)
0 zeQ

Recall that the unique solubility ‘in the large’ of the problem (1.1), (1.2) in the
class Ly was proved in Ladyzhenskaya’s paper [17]. In a joint work, Lions and
Prodi [18] prove a uniqueness result for the weak solution.

Maremonti [19] established the following relations in the case of solenoidal initial
velocities ¢ € L,(Q2) NL2(9), p € (1,2], for the solution of the problem (1.1), (1.2)
in an arbitrary domain Q C R? with C2-boundary:

)

DO | =

[a()l|z, + /2 Va@®)lw, + @), =0F*) ast—oco, a=

D=

sup |u(z, t)| = O(t~Y/279+¢) foreache >0, o=
€N

h =R
N | —

In the case of a solenoidal initial vector ¢ € L1 (2)NL2(€2) it is easy to derive (1.6)
from the last relation.



394 N. A. Khisamutdinova

The aim of the present paper is to obtain estimates of the form (1.5) in terms of
geometric characteristics of the unbounded domain €2 with several exits to infinity.
This problem has been partially solved in [20], where in the interiors of the parabolas

Qa) ={z e R?: |zy| < af, w1 > 1} (1.7)
the following estimate was proved for a € (0, %)
lu(t, z)| < A; exp(—kt(1=)/(AFa)y,

In the present paper we substantially extend the class of domains in which
one can prove an estimate of the decrease of the flow of the fluid in the prob-
lem (1.1), (1.2) as t — co. In particular, this class contains all parabolas Q(a) with
a € (0,1). By contrast with the 3-dimensional case the proof of our result is not
based on relation (1.6) and does not use Maremonti’s results.

Let €2 be a two-dimensional domain with k exits to infinity located along rays s;,
that is, a domain of the following form:

where the Q, i =1, ..., k, are disjoint unbounded simply connected domains and &02

K3
is a bounded domain, which is not necessarily simply connected. We shall assume
that if the Ox;-axis is directed along a ray s;, then the domain 2 lies in the half-

K3
plane {z; > 0} and the Q" = {a: ez < 7“} are bounded simply connected
K3 K3

domains for r > P;. For a complete statement of the problem (1.1), (1.2) one must
define the flows across the sections S} = {z € Q : 21 = r} of the domains Q. We
K] K]

set them equal to zero:

0
Mas=0, i=1,2,... k
ST al’l
Let \;(r) be the first eigenvalue of the operator —A in the domain Q" with
7
a Neumann condition at the part of the boundary 02 N Q and with a Dirichlet
K]

condition at the remaining part of the boundary:
-1
Ai(r) = inf{/ |Vv|2da:</ v? dm) , veCR(Q U (02)}, r> P
Qr Qr T

Obviously, the functions A;(r), r > P;, are non-increasing.
We shall use numbering such that

lim A;(r) =0, 1=1,2,...,8, (1.8)

r—00
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and lim,_, oo Ai(7) >0, i=s+1,..., k. Here it is possible that s = k. However,
s > 1, since otherwise, as is well known, the solution decreases more rapidly
than e~*t.

For the domain Q = Q U (U Q) we require the inequality

1=s+1

= inf{/Q Vo[ da (/Q o da:)_l, ve 030(9)} > 0. (1.9)

It holds if the intersection 9Q N I is non-empty.
We assume moreover that there exist absolutely continuous non-decreasing pos-
itive functions I;(r), » > 0, ¢ = 1,...,s, such that for » > P; the domains

wi(r) = QT-H‘(T) QT‘H )\ QT satlsfy the Condition D below. It is known that
for each bounded domaln Q w1th Lipschitz boundary the equation

divv=g,  ©€Q geL@. [ gdi0,
Q

has a solution v € W3(Q) satisfying the estimate (see [21] and also [22])

IVvie < di(@)llglle-

Condition D states that the constant d; in this inequality can be taken the same
for each domain w;(r), r > P;:

vaHw,(r) legHw,(rﬁ t=1,...,s. (1.10)

As follows from [22], this condition holds, for instance, if the domains w;(r), r > P;,
are uniformly star-shaped relative to some balls B;. The uniformity means that the
ratios diamw;(r)/ diam B; are bounded by a constant independent of i = 1,...,s
and r > P,. If Q(a) is a domain of the form (1.7) with some « € (0,1), then
obviously, the domains w(r), 7 > P, become uniformly star-shaped for sufficiently
large P if we take I(r) = r®. Hence such a domain satisfies our assumption.

We impose additionally the following regularity conditions on the functions I;.
There exist quantities « € (0,1) and ¢; € (0,1) such that

li(r) _
<q¢® r>p. 1.11
li(gir) (L11)

Roughly speaking, this is a restriction from above on the growth of the functions
li (T)

We define the functions r;(t), t > P;l;(P;), as the inverses of the increasing
functions rl;(r), r > P;. Obviously, r;(¢) is increasing, tends to infinity, and satisfies

the equalities
t_ o m) i)
B(ry(t)  L(ri(t)  t (1.12)
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Assume that there exists § € (0, 1] such that

1-6

r
lim ———— =0. 1.1
rlglo max; li (T) 0 ( 3)

Let ¢ be an initial function in W3(Q) that is a limit of solenoidal functions with
compact support and satisfies the condition

le@)la, <e ™', r=P, i=1,...,s, (1.14)

with some positive constants ¢ and P, where Q, = Q\ Q".
K] K] K]

Theorem 1. Let Q be a two-dimensional domain with boundary uniformly of
class C3 and let I; be functions satisfying (1.11), (1.13), and Condition D; let ¢

be a solenoidal initial function in Wi(Q) satisfying condition (1.14). Then there
exist », Az, and T such that the solution of the problem (1.1), (1.2) satisfies the
following estimates for allz € Q and t > T

x

[u(t, )|+ |Ju(t)]] < A2 exp(—trrliin{)w(n(t)), %2l;2(ri(t))}>, L15)
[Vu@®)|| + |D*u(®)]| + (Vo)

< Ay exp(—t miin{)\i (”}({t) ) %2l;2(ri(t))}>, (1.16)

where Ao depends only on the constants d and b in the definition of a boundary
uniformly in the class C3, ||g||, and |Ve||, and s depends only on q; and o in
inequality (1.11) and on dy in inequality (1.10).

If the domains w;(r) are uniformly star-shaped, then the estimate (1.15) can be
brought to the following form:

lu(t,z)| < Az exp(—%tmiin{li_Q(ri(t))}). (1.17)

For domains with several exits to infinity such that each exit ‘tongue’ is isometric

to a domain of the form (), the estimate of the solution of the heat equation

similar to (1.17) is sharp. For in an individual ‘tongue’ €2 the following estimate is
K3

sharp according to [10]:
|111(t,a:)| < Az exp(—32tl; 2 (r;(1))).
Next, one has the maximum principle u(¢, x) > u(t, ) > 0 for non-negative initial
K]
functions. Hence u(t, ) > max; u(t, z), which demonstrates the sharpness of the

i
estimate of the form (1.17) for solutions of the heat equation.
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§ 2. Existence of a solution and its properties.

As pointed out in the introduction, the existence of a solution ‘in the large’ to
the problem (1.1), (1.2) was proved in [17]. However, we require several additional
differential properties of this solution, which can be more easily proved at the
stage of the construction of Galerkin approximations. Hence we must repeat here
parts of the known proofs in a slightly modified form adapted to our aims.

For an arbitrary domain Q C R? let J*°(Q) be the set of smooth solenoidal
vector-valued functions with compact support v: £ — R? (in what follows we shall

talk about vectors in place of vector-valued functions). Next, let J>°(D?%) be the
set of smooth solenoidal vectors v(t,z): D} — R? in the cylinder D = (a,b) x Q,

div, v = 0. We denote by J(2) the completion of the set J*(Q) in the norm ||v||,
and by J!(Q) the completion of the same set in the norm ||v|| + ||Vv]|, and we
define the space of solenoidal functions Hy(2) to be the completion of J*°(2) in

the norm ||Vu||. We define the space J3'(D?%) as the closure of the set J=°(D?t1)
in the space W3 (DP).
For arbitrary vectors u(z), v(z) we set

2
— 2 _
u-v= U; Vi, u =u-u,
i=1

2 8ui 8vi

Vu: Vv = 9z, Dz,

i,j=1

2
[Diuff =3 >

=1 |a|:2

|Vu|? = Vu: Vu,

2
82’&1'

oz

We use Galerkin’s method to prove the existence of a generalized solution of the

problem (1.1), (1.2) with initial function ¢(z) € J*(Q) satisfying condition (1.4).
Next, having established certain properties of that solution we shall prove the exis-

tence of a solution for an arbitrary initial function ¢ € J*(Q).
A generalized solution of the problem (1.1), (1.2) in DT = (0,T) x 2 is a vector-

valued function u € J%!(DT) satisfying the integral identity
T
/ /(Vu:Vv—u-vt—uku-vxk)dmdtz/(,o-v(O,a:)da: (2.1)
0o Ja Q

for each function v € 3 > (DT,). Here we mean summation over the repeating index
k=1,2.

First we prove the existence of a generalized solution in a bounded domain {2 and
then consider the case of an unbounded domain. Then the operator A = PA, where

P: Ly(Q2) — J(9) is the orthogonal projection, has a complete orthonormal system
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(in Ly(Q)) of eigenfunctions a! € J*(Q), I € N. If the domain Q has boundary of
class C?, then a! € W3(Q), I € N ([23], Chapter III, § 17, Theorem 17.1).
We seek approximate solutions in the form

u'(z,t) = Y an(t)al(z),
=1

where the functions ¢, (t) are defined by the conditions

u?,al) — (uPu™,al )+ (u? ,al ) =0, 1=1,2,...,n, 2.2
t k

Tk Tk? Tk

and the initial data
Cl"|t=(): (al,(P), l: 1,2,-..,”. (23)

Here (u,v) is the scalar product in Ly(€?). Equalities (2.2) make up a system of
differential equations of the following form for the c¢;,:

dcln(t) n n
— -t i:zlaliCin(t) — > apein()epn(t) =0, 1=1,2,...,n,  (24)

i,p=1

where the a;; and the aj;;, are constant scalars.

To prove the unique solubility of the system (2.4) under conditions (2.3) we
shall find an a priori estimate holding for all £ > 0. We multiply each equality (2.2)
by the corresponding ¢, (t) and sum over ! ranging from 1 to n. After simple
transformations we obtain

1d

5 a”u"”2 + (ul ,ul ) =0. (2.5)

Tk? T Tk

Integrating this equality with respect to ¢ from ¢y to ¢t we obtain
t
[u™(@)]* + 2/ IVu™(7) ]| dr = [[u"(to) |, (2.6)
to

which for tg = 0 gives us the estimate of the function ||[u”(t)|| by the quantity
[a™(0)[] < llll-

To demonstrate the required properties of the generalized solution we derive
several further inequalities for the Galerkin approximations:

d ~

IV A2 < (w1, (2.7)
[y l? < 2 (ugu™)a, [* + 2] A", (2.8)
[Au"? < 2flup|® + 2| (fu), |17, (2.9)

2
d
yri e R NSRS [ DN (2.10)
k=1
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To obtain (2.7) we multiply each equality (2.2) by the corresponding coefficient \;
and use the formulae Ma! = Aa! = PAa'. Then
(uP, PAa) — (uju™, (Aal),,) + (u? , (Aa'),,) = 0. (2.11)

Tk

In view of the simple relations

(uf, PAal) = (Pu}, Aal) = (u}, Aa') = —(Vu?, Val),
(u? ,(Aa"),,) = —(u? ., ,P?Aa') = —(PAu", PAa),

Tk TrTk?

equalities (2.11) can be written as follows:
—(Vu?, Va') + ((ufu"),,, Aa') — (Au”, Aa') = 0.
Multiplying them by ¢, and summing for ! from 1 to n we obtain
—(Vu}, Vu™) + ((ufu™),,, Au™) — (Au”, Au™) = 0. (2.12)

It is easy to deduce (2.7) from this inequality.
d
Next, we multiply (2.2) by 776 and add the resulting equalities with ! going

from 1 to n; then
(uf,u) — (ugu”, (u)z,) + (uz,, (Uf)z,) = 0.
Integrating by parts we bring this equality to the following form:
(uf, ui) + ((upu")z,, uf) — (Au”, Puj) = 0.
Then
hay [* = —((ufu")ee, uf) + (A", uf)

1 ~ 1
< (Il 1 ?) + 1B 3

This yields inequality (2.8).
It is easy to obtain from (2.12) the equality

(u?, Au,,) + ((ufu™),,, Au™) — (Au”, Au™) = 0.
Hence
[Au"|? = (uf, Au™) + ((upu™)s, , Au™)
1, ~ 1 ~
< JJap|® + ZHAu"H2 + [ (upu™)a, I” + ZHAu"HQ-

This yields inequality (2.9).
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We differentiate (2.2) with respect to t:

(u?bal) - ((Uzu")t)aik) + ((u;k)haick) =0,
. d
multiply the results by pr and sum for [ from 1 to n; then

(ufh, ) = ((ugu)s, (uf)e,) + ((ug, ), (uz,)e) = 0.

Thus,

|

2
1 1
el + VP = (@), (u)a) < 5 3 lga™)l® + 5[ Vap |2,
k=1

1
2

oY

t

which immediately yields (2.10).
We shall bring (2.7)—(2.10) to the following form:

d 3~
IV + S 1A < 2ealp [V + detflpl P Van]t, o (2.13)

5 ~
[ 1 < deallep]l [V [? + S Au™* + et *[| V™|, (2.14)
1Au"|* < 4l[uf|* + 8ealleo| [|Va"l|? + 1663 |0 * V||, (2.15)
d 1
1P+ SIVag]® < 27?1V flug > (2.16)

(Here and in what follows the constants ¢;—c4 depend only on (d,b) and on the
quantities involved in the definition of a boundary uniformly of class C®.) To this
end we shall prove the inequalities

1~

I(uia™)an [* < 2en[oll IV + Z[1Au"|* + detflpl*[[Va[*, - (2.17)
1

(i) ” < 128[l@l Ve [Pl |* + S Va?|? k=12 (2.18)

To prove (2.17) it is sufficient to find an estimate for the expression on the
right-hand side of the inequality

1/2 1/2
fuput = [zt < ([ pyae) ([ )tas)
Q Q Q

An estimate of the first factor is provided by the well-known inequality ([24], Chap-
ter I, § 1, Lemma 1) for functions u € W3(€):

/u4dm<2/u2 dm/ |Vu|?dz. (2.19)
Q Q Q
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This inequality cannot be applied directly to ug, , therefore we consider an extension
w € WI(R"™) of this function such that

w?dr < 02/(u;’k)2 dx,
Q

R

/|me<@/«%f+W@ﬁW%
R™ Q ) ’
Then

/(uZQ“ de < | whde <2 w2dm/ Vw2 dz
Q R™ R™ R™
< 2c3[lug [P (|17 + [ Vag, [7).

Combining this with the above inequalities we obtain

(w12 < 22 [0 |V [2([|Va"]| + [ Vug, |). (2.20)

Let w € Hy(2) and f € J(2) be functions satisfying the identity

/Vw:Vvda:z/f-vda:
Q Q

for all v € J*°(€Q). Then the function f is uniquely determined by w and we can
consider the operator f = Aw. The following inequalities, which are similar to the
ones established in [9] for n = 3, hold in this case:

es(|Aw] + [V wl), (2.21)
ca(|Aw] + [ Vw]). (2.22)

ID*wl|

NN

sup [w(z)|
zEQ

With the help of (2.21) we can give an estimate of |Vu,|| and then (2.20) can
be continued as follows:

(™), |17 < 2e2f[u” || [[V"[*((1 + es)[[ V™| + es[| Au™ )

1 ~
< 2e2(1+ c)[[u” [ [|V"||* + Z[|Au"|[* + 45 (1 + ea)* [u"||*[[Va|%,

which proves (2.17) in view of the inequality ||[u”|| < ||¢|.
For the proof of (2.18) it is sufficient to find an estimate of the expression on the
right-hand side of the relation

1/2 1/2
h&Wstmwm(@mWQ QQWM).



402 N. A. Khisamutdinova

The estimate of the first factor is provided by (2.19). Note that u} has trace zero
at the boundary 92, therefore the same inequality can be applied to this function.
Thus,

fupat P < (4 [ @ ae [ (9 dw)m (4 [arpae | <Vu?>2da:)1/2

H‘PH [Vu”| Hut I Vag],

which yields (2.18). Using formulae (2.17) and (2.18) it is now easy to deduce
inequalities (2.13)—(2.16) from (2.7)—(2.10).
We now prove the estimate

IVu" ()] < Alllell, [Vell)  for allt € [0, 00). (2.23)
Applying the inequality
2c1]lep|| I Vun|® < [V + o] Va"|*

to the right-hand side of (2.13) we obtain
d n||2 31X n|2 n|2 2 2 n|l4
S IV l” + 2l Au®[Z < [[Va|= + Seilof [ Va™||™. (2.24)

Dropping the second term on the left-hand side and dividing the inequality by
[[Vu"||? we integrate the result with respect to t from y to ¢:

t
I [Vu" ], < ¢ -y sl [ |vatar sy >0
Y

We now use (2.6) for the estimate of the second term on the right-hand side of the
last inequality. We obtain

5
IV O < [Va )P esp(t - -+ Sl ). (2.25)
After that, we integrate the result again, with respect to y from §y to t:
2 ! 2 5 on 14
IO —00) < [ [9a @) esp(t—y-+ Gellel? ) dy
0
5 2 4 ! noy2
<exp|t—do+ eille] : [Vu™(y)|” dy.
0
We use inequality (2.6) for an estimate of the integral. Then we obtain

nep |2 1 5o 14 n 2
< _ — > 0. .
([Va™(@t)]]” < 30— 00) exp|t—do + QCIHQOH [[u™(d0)]%, t >4 (2.26)
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From (2.25) with y = 0 we also deduce the inequality
n(ey |2 2 S 2y 14
IVu™(@1° < Vel exp{ t + Seillel” ). (2.27)

The estimate (2.23) for t € [0, 1] now follows from (2.27) and for ¢ > 1 from (2.26)
with dp = ¢ — 1 and (2.6).

In what follows we approximate the unbounded domain 2 with boundary uni-
formly of class C? by a sequence of bounded domains €,,, U, Qm = Q, each with
boundary of class C® with constants d and b independent of m. If condition (1.4)
holds, then we can select €2,,, such that ,, O supp ¢. In this case the solution of the
problem (1.1), (1.2) in the domain € can be obtained as the weak limit (in appro-
priate spaces) of a subsequence u™ of the solutions in the bounded domains €,
with the same initial function ¢. Each solution u” can in its turn be obtained as
the limit as n — oo of a subsequence of the Galerkin approximations u”". (Earlier
we dropped the index m for compactness.)

We claim that the generalized solution of the problem (1.1), (1.2) has the fol-
lowing properties:

w, € L2(0, 00; 3(Q)), (2.28)
D?u € L*(0, 00; Ly(Q)), (2.29)
Vu; € L?(g,00; Ly(Q)) for each € > 0. (2.30)

First, we establish these properties for the Galerkin approximations. We shall
prove the following estimate

/ | Au™||? dt < co. (2.31)
0

To this end we integrate (2.24) with respect to time from ¢ to co. Using (2.23) we
obtain

3

oo [ee]
Ve lP + 5 [ 1w < [ eI+ selelPa)dt
t t

Hence inequality (2.6) yields

3 [ ~ n
Z/t A |2 dt < es[u(1)|2 + | Vun(2)])% (2.32)

Here and in what follows the constants cs—c; can depend only on (d,b), [l¢|,
and |Vel|. Now, applying (2.6) and (2.23) we deduce (2.31). Inequalities (2.21),
(2.31), and (2.6) give us (2.29).

From (2.14) we obtain

5 ~
[l [* < [IVa”|* + 12¢3lop *[| V" |* + [l Au™| 2. (2.33)
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Integrating with respect to time from 0 to ¢ and applying (2.23) and (2.6) we see
that

t t t t
5 ~
[ raziar < [veiar s i2diePa [ (varar+ 3 [ jAuwar
0 0 0 0
L2 200, 114 5 % Xny2
< sllelP +6clel*a+ 2 [ |Eur?ar
0

Hence it follows by (2.31) that

u; € L*(0, 00; La(Q)). (2.34)
We now claim that (2.28) holds. We obtain the solution of the problem (1.1), (1.2)
as a weak limit of the Galerkin approximations u™" constructed for the sequence of
bounded domains 2, C 2. Each Galerkin approximation satisfies (2.28). After the

weak limit transition property (2.28) still holds for the limit function, the solution.
We claim that

o0
[ v <. (289
€

where the constant ¢4 depends only on ¢, (d, b), ||¢]|, and ||Ve||. In fact, from (2.16)
we obtain the differential inequality

d
I < 27 a7 .

It shows that
t
a0 < |u?<to>|2exp(27|so|2 / |Vu"|2df). (2.36)
0

In view of (2.6), we have

laf )11 < eslluf (o)ll*, ¢ > to. (2.37)
Integrating this inequality with respect to tg € [0, ] and using (2.34) we see that

P <<, t>e (2.39)
We now integrate (2.16) with respect to 7 from € to ¢, which shows that
2, 1/ 2 T 2 2
[[ug (&) + 5/ [Vu]|”dr < 2%l¢]| / [Va"[|*[[ug[|” dr + u ()]
1> 1>

t
< 27H¢H2A/ [ || d7 + [[u (2)]]-
€

Hence, using (2.34) and (2.38) we obtain (2.35) and (2.30).
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Theorem. Let Q be a domain with boundary uniformly of class C® and let ¢ lie
in JY(Q). Then the solution of the problem (1.1), (1.2) satisfies the inequalities

IVa(D)]? < b Ju(t), T>t+1, (2.39)

| D*u(T)| < ballu()], T>t+2, (2.40)
IVp(D)|P < bsllu(t)]2, T>t+2, (2.41)

(T, z)| < ballu(t)], ze€Q, T>t+2, (2.42)

in whicht > 0. Here the constants bi—by can depend only on (d,b), |||, and | Vel||.

Proof. We start with the proof of relations (2.39)—(2.42) for the Galerkin approxi-
mations under the assumption that the initial function ¢ satisfies condition (1.4).
From (2.26) for dp = ¢ — 1 we obtain the inequality

V" @) < byt 1)), t>1.
Since ||u™(t)||? is a non-increasing function, it follows that
IV @) < baflu™(t = DI < baflu(s =D, t>s>1

This immediately yields (2.39).
Because ||u™(t)| is a non-increasing function, it follows from (2.32) and (2.39)
that

ey ~
/ |Au™(t)[|?dt < by|u™(t —1)||, t=>1. (2.43)
t
Here the constant by (as well as the constants [ below) can depend only on

(d,b), llll, and [[Vepl|.
We integrate (2.33) to obtain

(o) (o) 5 -
[ ias< [T (1vatie e el va s JiA?) s
t t

Applying (2.23), (2.43), and (2.6) to the last inequality we obtain

o o 5 o -
[ haipas< [ v zdiePayas+ 5 [ 1B
t t t
~ 5o ~
<Balu @ + Fhlu - P < Bt - DI (240

We replace t by ¢ + 1 in (2.37) and integrate with respect to t9 € [t,¢ + 1]. In
combination with (2.44) this yields

t+1 _
la (¢ + DI” < 66/ [ ()]* ds < ballu™(E = D7, t>1.
t

In particular, B
[uf @) < baflu™(t-2)]%,  t=2. (2.45)
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Using now relations (2.15), (2.23), and (2.39) it is easy to conclude that
1Au" ()7 < 4fluy |+ bs | Var|[* < 4laf|* + b u" (¢ — 1]
We apply (2.45) to this inequality:
1A (@)]* < 4baf[u™ (¢ = 2)[1* + bs|[u™ (¢ - 1)
Since ||u™(t)|| is a non-increasing function, this yields (2.40).
We shall prove that inequalities (2.39) and (2.40), established so far for the

Galerkin approximations u™, hold also for the solution of the problem (1.1), (1.2).
We fix t > 0 and select a subsequence u™ such that there exists a limit

R
Tlim [ (1) = L.

Using equalities (2.6) for the Galerkin approximations u™ and a similar identity for
the solution u we shall show that L < |Ju(t)||. In fact,

n—oo

t
i (@) = i (") -2 [ Va7 ar )

t
< llel* - 2/0 IVa()|*dr = [u(®)]*.

Here we used the weak convergence of the subsequence u” to the function u in the

space L(0,t;J1(£2,,)) as n — oo. It is known that the norm of the limit function

NGRS

has the estimate

t
lim [ [|Vu"|*dr.
n—oo J0

First, we prove inequality (2.39) for the solution u™ in the bounded domain ,,.
Assume that it fails on a subset E of [t + 1, 00) of positive measure. Then

/E|\Vum(s)|\2ds> Hum(t)HQ/Ebl ds. (2.46)

On the other hand, integrating inequality (2.39) for the Galerkin approximations
we obtain

/ [V ()12 ds < [ju™n (6)])2 / by ds.
E E

Passing to the limit as n — oo we obtain

/ IVun(s)|2ds < lim [ [[Vumn(s)]? ds < L? / by ds,
E E

n—oo

which contradicts (2.46). Hence inequality (2.39) holds for u™ for almost all T' > t.
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In a perfectly similar fashion one carries out the transition as m — oo in inequal-
ity (2.39) from the functions u™ to the solution of (1.1), (1.2). Finally, let ¢ be
a sequence of functions in J*°(Q2) convergent to ¢. Then for the corresponding
solutions u’ of the problem (1.1), (1.2) we have energy identity (2.6), properties
(2.28)—(2.30), and the estimates (2.39)—(2.42). Hence among the functions u’ we
can select a subsequence weakly convergent in the appropriate spaces. It is easy to
see that its limit is a solution of the problem (1.1), (1.2) with initial function ¢,
and the above properties and inequalities hold also for this solution.

The proof of inequality (2.40) is carried out in a similar fashion to (2.39).

Since ||Au|| = ||PAu|| < ||D?ul|, inequality (2.42) is a consequence of (2.40)
and (2.22).

It is known that a solution with properties (2.28)—(2.30) is also a solution almost
everywhere [24]. To prove (2.41) we observe that

[a(T) - Va(T)|| < max|u(T, z)| [Va(T)] < baby?[[u(®)]?
<baby | lu@®)],  T>t+2. (2.47)
Next, from (1.1) we obtain the equality
I9(T)] < (1 - P)(vAu—u- V).
Inequality (2.41) is now a consequence of (2.40) and (2.47). The proof is complete.
§ 3. Behaviour of the solution at infinity

In this section we prove Theorem 1 for solenoidal initial functions ¢ in W1(Q)
with condition (1.4), and after that establish the result of Theorem 1 also for

solenoidal initial functions ¢ in W3(Q) with condition (1.14).

3.1. Behaviour of the solution as |z| — co. First of all, it is easy to see
from (2.42) that the solution u of the problem (1.1), (1.2) belongs to the space
Lo (£2) for each ¢ > 0.

We claim that the following estimate holds for each € € (0, 1):

¢
/ u(r)[|%, 0 dr < Cr + Cat®. (3.1)
0

Here the constant C depends only on (d,b), ||¢||, and &, and C; depends only on
(d,b), |lell, [Vell. We use Sobolev’s inequality [25]

v(2)| < Cx(|lvllx + | D*Vllx), (3.2)

which holds in each cone K for the function v € W3 (K); the point x is the vertex
of the cone. Since the boundary of Q is uniformly of class C3, each point = € € is
a vertex of a small cone lying in 2, the same for all points x. The size of this cone
depends on the constants (d,b). By (3.2) we obtain

t t t
/ |u(T,m)|2dT<20§(/ HuH%(dT—i—QCIQ(/ |D?ul? dr. (3.3)
0 0 0
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By Holder’s inequality,

et = [ wtaes ([ na) ([ wrar) " = oo, 60

For the function u € W3(£) in the two-dimensional case we have the inequality
([23], Chapter II, § 3, inequality (3.1))

- 1
[ull2pe < xalVuall®full=e,  o=1- p’ (3.5)

where x1 depends only on p € [1,00). We shall find an estimate of the integral on
the right-hand side of (3.3) by applying to it (3.4), (3.5), and after that Holder’s
inequality and (2.6):

t t t
/0 Ju(r)[% dr < Cs(E, p) / |3, dr < C4(K,p) / |Vul2e]ul2~2¢ dr

t
<Culi el [ [vuledr
0

t 1/p t L 4
<05</ 1pdT> (/ |Vu|2‘-"5d7'> < Cytt/P. (3.6)
0 0

The constant Cg depends only on K, ||¢||, and p. Hence, applying (3.6) and (2.29)
to (3.3) we obtain (3.1) with e = 1/p.

Theorem 2. Let i be one of the integers 1,2, ...,s. Let Q be a domain with bound-
ary uniformly of class C3, let I; be a function satisfying (1.11) and Condition D,

and assume that the initial function ¢ in J1(Q) satisfies the condition
p=0 forzecQfr. (3.7)
K3

Then there exist positive quantities I'; > 1, v;, and Az such that the following
inequality holds for all t > 0 for the solution of the problem (1.1), (1.2):

J

i

t it 2vR R

2 2 i i 0

u“(t,r)dx < tA exp(/ u(r dT+———>,R>—, 3.8

o ( ) 3 0 H ( )HOO,Q l%(R) lz(R) q12 ( )

where Ry is sufficiently large. The constant I'; depends only on q; and « in inequal-

ity (1.11), while ~; also depends on dy in inequality (1.10); As depends only on
(d,b), |lell, and ||Vel, but not on Ry.

Since R/l;(R) — o0 as R — oo, the estimate (3.8) characterizes the decrease of
the solution as x1 — 0o in the domain €.

K3
We carry out the proof of the theorem with the use of Lemmas 1 and 2 below.
We set

M(t) = gsclelg u’(t, z), g(t,r) = M(t) + 2(r) "
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In view of (3.1), we have the simple inequality

t
/ g(1,r)dr < C1 4 Cot® + (3.9)
0

2t
F(r)
We select a system of coordinates such that the Ox;-axis is directed along the ray s;
and define a cut-off function n(z) with support in Q, by the equality
K3

n(z) = 5(%)

where £(r) is a continuous function vanishing for r < 0, equal to 1 for » > 1, and

linear in the remaining interval. Then the gradient of n has its support in Q:‘Hi(r)
K]
and 5 )
n
— = . 3.10
8331 li (T) ( )

Moreover, for r > P;, in view of the monotonicity of /;, we have the inequality

on 1 -7, 1
_ 20 / >
o = nm T Em 2 ey

x € w;(r). (3.11)

We introduce our notation:
t
0(t) = exp(—/ M (1) dT)
0

H(t,r) = 0(2) (/Qn|Vu(t,a:)|2dm+/0t/Qnuf dmdr). (3.12)

i

and

We can point out the inequality
H(t,r)<bs, t>0, r>F (3.13)

which follows from (2.23) and (2.28), in which b5 depends only on (d,b), ||,
and Vel

Lemma 1. Under the assumptions of Theorem 2 there exists B > 1 such that the
following inequality holds for all t > 0 and r > max{Ry, P;}:

H(t,r) < —pli(r) (Hr(t,r) + /Otg(T, r)H,(1,7) dT). (3.14)

Here the subscript r denotes the derivative; the constant 3 depends only on dy in
inequality (1.10).

Proof. Let F be the set of t > 0 such the u(¢,z) € J(2). By property (2.28) the
measure of its complement (0, 00) \ F' is zero. We fix ¢t € F.
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Since u(z,t) is a generalized solution satisfying (2.29), it is a solution of the
system (1.1) almost everywhere. We consider the scalar product of the Navier—
Stokes equation and the function nu; and integrate over €2, which yields

K3

/ u?ndx + / (u-V)u-nu,de = / Au- (nug) dz — / Vp-nuidz.  (3.15)
) ) ) )

We process the integral on the right-hand side using (3.10):

—/ Au- (nug) dz = / Vu: V(nu)dz
Q Q

Ou; On;

2
:/QnVu:Vutdm—l—/Q;( )8331 s dx

2 =1

i

2
Ou; 1

= : d =2 .

/QnVu Vu, m+/w,¢(r).z(u])taw1 ) dx

Jj=1

i

We can now bring (3.15) to the following form:

/ufnda:—i—/nVu:Vutdm:—/(u-V)u-nutdm
Q Q Q

i i i

2

_ /w1(r) (Z( j)t%“i' ﬁ ~ p(us -vm) dz. (3.16)

j=1

We shall find estimates of the terms on the right-hand side:

/(u-V)u-nutdm S/ g(u2|Vu|2+ut2) dmg/ g(M(t)|Vu|2+ut2) dz.
Q Q &

Next,

2
1/|Vul?
E dm‘ S/ —( + |u 2) dz. 3.17
/w,(r) 8331 i w;(r) 2 l%(?‘) | tl ( )

For the estimate of the remaining integral we shall prove that / (u:Vn)dz = 0.

wi(r)
Since u(t, ) € J(Q), it is sufficient to prove this equality for the vectors v € J> ().
By Gauss’s divergence theorem,

Oz/ divvdmz/ v-ndSZ/ vlds—/ vy ds.
Q2 89:? T1="72 T1="1

Lr
11
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Hence, taking the section x; = r5 outside the support of v we obtain

/ vy ds = / v1ds =0 for each r; > 0.
Tr1=71 T1=T2

We have thus proved that

r+1; (1)
/ vldmz/ drl/ v1ds = 0.
wi(r) T T1="1
Consequently,

1 1
v-Vn dmz/ v-( ,O>d:v= / v dx = 0. 3.18
/UJq‘, (r) ( ) w;(r) Li (T) l; (T) w;(r) ! ( )

Thus there exists a vector w € Wi(w;(r)) such that divw = (u; - V) and, in
view of (1.10),

dy
|‘vw|‘w¢(r) leutvnqu(r) I, ( )Hutqu(r)
Friedrichs’s inequality enables us to prove the estimate

HWqu(r) OHutqu(r)

Here the constant C' differs from d; by an absolute coefficient.
Now, for the remaining integral on the right-hand side of (3.16) we can write the
following chain of relations:

/ p(u; - Vn)dz| = / pdivwdzx| =
wi(r) wi(r)

/ (uy — Au+ (u- V)u)wdz
wi(r)

/ Vp-wdx
wi(r)

/()((ut—l-(u-V)u)-W—i-Vu:Vw)dm

2 2
/ <|ut| +|2 V)ul +w2+|VuIVW|> dz
1 2
/ (5 (st mrrvae) ot s 5 (G +wwie)) ) e

1 2
( (ut + M(t )Vu2> +C%u? + 5 (% + d%uf)) dz.
(r) i\’

We substitute the estimates so obtained in (3.16):

/ufnd:v—i—/nVu:Vutdmg/ Q(M(t)|Vu|2+ut2)da:
Q Q Q2

Vul? 1 , )
M
+/W11(r)<li2(7“) 3 ®)[Vul® + puy | do
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Hence

d
/ufnd:v—i— a/n|Vu|2dm
Q Q

2 2
< /g;M(t)nlvul2dm+/UJi(r)<<lz-2(7“) +M(t)>|Vu|2+ﬁut> dz.

In view of the inequality nV¢ = 0, for r > Ry we have / n|Vu(0, z)|?dx = 0.
Q

Hence integration with respect to ¢ over the interval (0, T) pfoduces the inequality

T T
/ /nufdmdt—i—/n|Vu(T,m)|2dm</ /nM(t)|Vu|2dmdt+h(T), (3.19)
o Jo ) o Jo

i

where we use the notation

h(T) :hl(T)—i—hg(T):/OT/w g(t,r)|Vu|2da:dt+B/0T/w u? dz dt.

i(r) i(r)

By (3.19), for the function
T
A(T) = / / M (8)|Vul? da dt
0o Jo

we obtain the differential inequality

2 = M(T) /Q n|Va(T, 2)[2 de < M(T)(2(T) + h(T)).

i

On solving it we see that
T T
AT) < / exp ( / M(r) dT> M)h(t) dt
0 ¢
T T
= / M (t)(h1(t) + ha(t)) exp (/ M (1) dT) dt. (3.20)
0 ¢
Integration by parts yields easily the equality
T T T T
/ M (t)hy(t) exp (/ M(T) dT) dt = —h1(T) + / Ry (t) exp/ M(7)dr dt.
0 ¢ 0 ¢
Combining it with (3.20) and substituting in (3.19) we see that

T
/ /nutzdmdt+/n|Vu(T,m)|2dm
o Jo Q

< /0 %(M(t)hg(t) + 1y (2)) dt + ha(T).
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Multiplying by 8(T) and using the notation (3.12) we obtain

T
H(T,r) < BO(T) / / u? du dt
0 wi(r)

T t
0 M 2ded 2dx ) d
+/0 (t)< (t)ﬁ/O /w(r)ut z t+/w(r)g(t,r)|vu| a:) t

T
< BO(T) / u?dxdr
0 wi(r)
T

t
2 2
—|—/0 0(t)g(t,r) (B/O /M(r) u; dde—i—/w(r)|Vu| dm) dt. (3.21)

Relation (3.11) now gives us the inequality

I t
_W)M > 0(t) / |Vu|2dm +/ / uf dxdt).
or wi(r) 0 Juwi(r)

Hence the assertion of the Lemma is a consequence of (3.21).

Lemma 2. Under the assumptions of Theorem 2 let 3 > 1 be the quantity in
Lemma 1. Then there exists a constant Az such that for all ro > max{Ro, P;},
t > 0 the solution of the problem (1.1), (1.2) satisfies the inequality

2t " dp t )
< 7 _r > .
H(t,r) < As exp(lg(ro) /TO 131 (0) —|—/0 lu(®)]5.0 dT), r>=ro, (3.22)

with As dependent only on (d,b), ||¢l|, and [|[Ve|.

Proof. We fix rg > max{ Ry, P;} and let y(¢) be the solution of the Cauchy problem
" = pli(r), r(0) = ro. We set h(t,{) = H(t,y(¢)). The function g(t,r) is non-
increasing in r. Hence fixing r = ry we can write inequality (3.14) as follows:

t
h(t7 C) < _hC(t7 C) - /0 g(T7 TO)hC(T7 C) dT7 C > 0.

Integrating this inequality with respect to { we see that

o) t
/4 h(t, p) dp < h(t,() —|—/0 g(1,ro)h(7, ) d, ¢=0. (3.23)

Repeating the integration and using induction on n we obtain the inequality

/0‘” (;‘"_—;! ht, Q) dC < ;0 CL(G7h)(t,0), (3.24)

where G is the integral operator

(Gh)(t,¢) = / o(r,ro)h(7, ¢) dr

and the C,J; are binomial coefficients.
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Since & is a non-negative function non-increasing in the second variable, we can

write
/Cc " Mh(t, p) dp>/< (g)n_lh(t,o dp = (g)nh(t,g). (3.25)

/2 ¢/2

The binomial coefficients have the estimate 2™, and taking b5 in (3.13) for an
estimate of h we see that the right-hand side of (3.24) does not exceed

t
2"bs exp (/ g(1,70) dT) .
0

From (3.25) and the last estimate we obtain
1 n ¢ ,n-—1
¢ Wt ¢) < / p" " h(t, p) dp
(n—1)1\2 ¢/2 (n=1)!

oo sn—1 t
</0 % <2nb5exp</0 g(T,ro)dT>.

h(t,¢) < (%)n(n —1)12"b5 exp (/Otg(f, ro) dT>.

Using now Stirling’s formula we derive a consequence of inequality (3.24):

h(t,¢) < bs (%)n%!exp (/Otg(f, ro) dT> <k (‘é—’;‘)neprOtg(T, ro) dT>.

Weset n=[(/4] > (/4 —1:

Hence

t
h(t,¢) SkleXp</0 M(T)dT+l2?—;0)+1—§>, ¢>0.

Returning to the variable r we arrive at (3.22). The proof of Lemma 2 is complete.

We claim that for r larger than some quantity D; we have the inequality
L+ 1i(r) <r(¢; ' =1), r=>Di (3.26)
In fact, let n be a positive integer such that ¢; P; < ¢!'r < P;. Then by (1.11),

-
q:P;

Li(r) < q; "li(gi'r) < ( )ali(Pi) = Cyr. (3.27)

This yields (3.26) since « € (0,1).
We shall deduce from (3.22) the required inequality

T T wR T
w(t,z)dedt < A exp( h—— +2/ u(t Zo dT) 3.28
/ /w 2(t,2) s pig iy *2), mOIadr) 29
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for R > max{Ry, P;, D;}/q? and all T > 0. To this end we set R = ro/q? and
r = ¢;R. From (3.26) we conclude that R > 1+1;(r)+7ror R—1 > r+1;(r). Then
n(z,r) =1 for 1 > R — 1, therefore by (3.12) we obtain

/OT /Qw uy(t,z)dzdt < H(T,r) exp(/OT M(t) dt). (3.29)

Since the functions {;(r) are non-decreasing, it follows by (1.11) that

T dp R
liT > galiR, / =Y s r >Pi-
o) =@t | TG 2 Tnmy "

Combining now (3.29) and (3.22) we obtain the estimate (3.28).

Proof of Theorem 2. We now proceed directly to the proof of Theorem 2. We can
assume without loss of generality that Ry > max{P;, D;}. In view of the initial
condition and the Newton—Leibniz formula, the inequalities

t
mmm</
0

hold for almost all z € Q% . Hence by the Cauchy—Schwarz-Bunyakovski inequality
K3

J

i

Ou; (T, x)

dr, =12,
ot EA

oo
R—1

t
u2(t,m)da:<t// u? dx dr, R>Ro+1.
0 JOF

Then (3.8) is seen to be a simple consequence of (3.28).

3.2. Proof of Theorem 1. First, we carry out the proof for an initial function
satisfying condition (3.7) fori = 1,2, ..., s. It is technically more convenient to con-
sider, in place of the function r;(t) defined in the introduction, the functions R;(t)
defined by the equalities

t= ;—;iRili(Ri). (3.30)
Note that r;(t)<R;(t) for v;<2T; and R;(t)<2L';r;(t)/7;. Let se=min;<.{7;/(2T;)}.
Then we can write R;(t) < r;(t)/s and A\;(R;(t)) = Ai(ri(t)/5); the second inequal-
ity holds because A; is non-increasing. Obviously,

t t
)~ ERD)
On the other hand, by (1.12) and (3.30) we obtain

7 —

Brit) t RIER()

t r2(t) - R2(t) 412t

Thus,
t t t

ER®) S Bii() S A2B(Ra(@)

(3.31)
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We shall now show that
tl—E

for sufficiently small positive e. By (3.27) we obtain t = r;(t)l;(r;(t)) < Cir; T*(t),

and therefore
£\ Y/t
(T — .
> ()

e i) (/CP 0t

Hence by (1.12),

7

Blrir) 11+ i1

This immediately shows the existence of £ > 0 suitable for (3.32). We fix one such e.
We choose a large number T such that the following inequalities hold for all
t>T:

maX{R(), Pi7 Dz}

Ri(t) > q2 , t > Ri(t),
min A; (Ri(t)) < p, (3.33)
It .
m > Cot®. (334)

Here the constant Ry is as in condition (3.7), w is as in (1.9), and C5 is as in (3.1).
We fix arbitrary t > T.
Using (3.1) and our choice of T' we can write inequality (3.8) as follows:

I R;
2 <TA e ? — 29 v
/Oo u(r,z)de <1 4exp<027' +li2(Ri) o li(Ri)>
PR —1
2Tt R;
<tA — 2
4exp<li2(Rz‘) ! li(Rz')>

for each 7 < t. Here and in what follows R; = R;(t). Note that by (3.30),

or;t R;
= . 3.35
ER) R (333)
Hence
2 Ri -
/ u’(r,z)dr < tAy exp(—%-l—> =¢; foreach T <t (3.36)
2%, 1 i(Ri)

Here A4 (as well as A5 below) depends only on (d, b), |||, and || Ve||. We consider
the function £(r) equal to 1 for r < R—1, to 0 for » > R and linear on the remaining
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interval; then for an appropriate function v.€ W1(Q) we have

Ai(R;) /QR » vi(x) dr < Ni(R;) €2(z1)v? () dx

QR
3

S/ |V(&v)|?dz < 2/ §2|Vv|2dm+2/ v dx
Qi QR Qi

i Ri—1

2/ Vv2de 426, 7€ (0,). (3.37)
Q

Using (3.36), (3.37), (3.33), (1.9) and identity (2.6) for the solution u, we obtain
a differential inequality for the absolutely continuous function E(7) = ||u(r)||*:

2
mln)\ ( Zé) / (r,z da:—i—Z)\ /QR_lu(T,a:)da:
/|Vu|2dm+22/|Vu|2dm+225 2(|[Vu(r H2+2Z5
:226¢—iE(7’) T €[0,t].
P dr ’ ’

For the increasing function E(7) we have the estimate

E(t) < (1 + ) 2(5 + E(0 exp(—tmiin)\i(Ri)). (3.38)

min; A (

Since the width of the domain Q" is at most r, we can conclude from Friedrichs’s

K]
inequality that A\;(r) > r=2. By our choice of T we obtain R;(t) < t, therefore
Xi(R;i(t)) = t~2. Inequality (3.38) now assumes the following form:

S
E(t) < (1+2t%)> 6 + E(0) exp(—t min \i(R;)).
i=1 ‘
Taking account of (3.35) and the notation (3.36) we obtain

—oT;t
max; l% (Rz)

In view of relations (3.34), (3.31), and I'; > 1 we can write this as follows:

lu(t)|| < Asexp (—tmiin{)\i (”—9) : %2l;2(ri(t))}>. (3.39)

Hence it follows by (2.42) that (1.15) holds for ¢ > T for the solutions of the

lu(®)] < s(1 4 2t%)tAy exp( ) + E(0) exp(—t miin Ai(Ri)).

problem (1.1), (1.2) with initial function ¢ in JI(Q) satisfying condition (3.7) for
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i=1,2,...,s. Note that the pressure and the derivatives of u also satisfy estimates
of the kind (1.16) in view of inequalities (2.41) and (2.40).

We now prove the theorem for the initial function ¢ satisfying condition (1.14).
For the proof we select sufficiently large r and represent the function ¢ as a sum
of solenoidal functions: ¢ = ¢1 + >_;_, ¥, such that ¢q(z) =0 for z € |J]_; S}?",

leillws @) < Asllelwi ), %l < Age?@°, where Ag depends only on di. To
this end we fix an integer ¢ in the set {1,2,...,s} and construct the function ;.
Let rf be a quantity such that »} + ;(r}) = r and n(z,r) = £((x1 — r})/L(r])).
Then the vector n(x)p(x) fails to be solenoidal only in the domain w;(r}), and we
have

divne = (¢-Vn),  x€wi(r).
Using relation (1.14) it is easy to establish a relation of the form (3.18) for the

function (¢ - Vn). Hence there exists a vector w;(z,r) € Wi(w;(r})) such that
divw; = (¢ - Vn) and

di
IVWllw sy < dilleVnllw sy < 775 1Pl ) (3.40)
Li(ry)
Using Friedrichs’s inequality we obtain the estimate
1Willwsrg) < dallpllusiryy < duexp(—c(rf)?). (3.41)

It remains to set ¥;(z,r) = n(x, r)e(x) — w;(z,r) and use inequality (3.26), which
shows that r =7 +1(r]) < 7f/q.

We shall now prove that ; € J1(Q), i = 1,2,...,s. It is well known that
in a bounded domain with Lipschitz boundary each solenoidal function from the
space W1 belongs also to the space J1(Q2). Thus, if the domain 2 is unbounded, but
the solenoidal function v € W1 has bounded support, then v also belongs to the
space J1(Q). Moreover, it follows from inequalities (3.40), (3.41) that w;(z, R) — 0

as R — oo in the space W3(Q). Hence 1;(z, R) — 0 as R — oo in W3(Q). The
vectors ; (x, r)—;(x, R) are solenoidal and have bounded supports, therefore they

belong to the space J!(Q). The function );(x,r), which is their limit as R — oo,
also belongs to this space. Since the initial function is the limit of solenoidal
functions with compact support, it belongs to J'(2). Hence (7 also lies in the
space J*(Q).

Let u(t, z) be a solution of the problem (1.1), (1.2) with initial function ¢ sat-
isfying condition (1.14) and let ul(¢,x) be the solution of (1.1), (1.2) with initial
function 1. We claim that the quantity |u — u?| is small.

We subtract from identity (2.1) for u the same identity for u'. In the resulting
equality we set

& — u—ul=v for0<t <ty
1o for t > tq,



Stabilization of the solution of a two-dimensional system of Navier—Stokes equations 419
which yields
t1
/ / (vtv + Vg, Vo, — (upv + vkul)vmk) dx dt = 0.
0 Q

We can transform this equality to the form

1 L t1 t1
§Hv(m,t)|\2|g +/ HVVHQClt—/ /vkulvmk dz dt =0, (3.42)
0 0o Jo

bearing in mind that divu = 0 ([24], Chapter VI, §1, equality (5)). We now set
o(t) = |Vul(t)|| and find an estimate of the last integral in (3.42):

1/2
/vkulvmk dx /vku;kvdm < (/ |Vu1|2dm/v4dm>
Q Q Q Q

1/2 1/2
<V20(t) (Z/ v dm) < ﬁa(t)Z(Q/ v dm/ Vo3 dm)
—Ja 5 Q Q
<20@)|vIHVVI < 2 @Iv]* + V2.

Next, we substitute it in (3.42):

1 h 1g h
SIveniP+ [ IvviPae< 5 Y el + [ @ OIvIE - Ivvi e
i=1
Hence ¢
HV(t1)H2 < Ass exp(—c(r mjnqi)‘s) + 2/ UQ(t)HVHQ dt.
g 0
Denoting the right-hand side by y(¢1) we can write the last inequality as follows:

dy(t1)
dt1

< 20%(t)y(ty).

This yields
y(t) < y(0)e? Jo " (M,

From the identity of the kind (2.6) for u! we deduce the estimate

t
[ @ar <lieul? < aslel?,
0

where we can set A7y = 2 for sufficiently large r.
Hence we can write

y(t) < As exp(—c(r min qi)‘s) )
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We fix t > T. Then for r = min;{r;(t)¢?} condition (3.7) holds with Ry = r,
therefore we can find an estimate of the norm [[u'|| with the help of (3.39):

(@) < [[ut] + [lu—u|

< 2|/ || exp (—tmiin{)\i (Ti}({t)),z?lﬁ(n(t))})

+ Ag exp(—c(min 3 minr; (t))‘s) .
K] K]

Let ¢ = cmin; qf"s. Note that both min; r;(t) and max; I;(r;(t)) are attained for the
same index j because t = r;l;(r;). Hence

L—Eminr‘ﬁ :7%% —or :7%2”(0 o
w2 @) O = wy T = famy T

() <

The last inequality is a consequence of (1.13) with sufficiently large ¢. This brings
us to the result of Theorem 1.

Consider now the case when the domains w;(r) are uniformly star-shaped. We
fix some 3. It follows from the definition of uniform star-shapedness that

diamw; (r) < d diam B; < dl;(r),

where the constant d is independent of i = 1,2,...,k and r > P;. Hence we have
Friedrichs’s inequality

/ qumgcplf(r)/ |Vu|?dz

for u € C$°(). Covering the domain QF by domains of the form w;(r) we see that
K]

/ qua;gJQlf(R)/ |Vul|? dz.
QR QR

Hence the estimates \;(R) > CT_QZIQ(R) must hold. By (1.15) this yields (1.17).
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