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INEQUALITIES OF BERNSTEIN TYPE
FOR DERIVATIVES OF RATIONAL FUNCTIONS,

AND INVERSE THEOREMS OF RATIONAL APPROXIMATION
UDC 517.53

A. A. PEKARSKII

ABSTRACT. Let H, be the Hardy space of functions f that are analytic in the disk |z] < 1
and let J%f be the derivative of f of order a in the sense of Weyl. It is shown, for example,
that if » is a rational function of degree » > 1 with all its poles in the domain |z| > 1, then
1571, < en®lirllyy,. where p € (1.o0], a > 0, 6 = (« + p~H) ™' and ¢ > 0 depends only
on a and p.

Bibliography: 32 titles.

Let X be a quasinormed space of functions that are analytic in the disk |z| < 1, and let
R.(f, X)(fe€ X, n=1,2,...) be the best approximation to f in X by rational fractions
of degree at most n — 1. Dolzhenko {17] showed that if f€ H_and ER,(f, H_ )< o
then f belongs to the Hardy-Sobolev space H;. Under the same conditions on f, Peller
[13] showed that f belongs to the Hardy-Besov space Bj. Since B G H{, Peller’s result is
stronger than Dolzhenko’s. Nevertheless (see [17]) both of these inverse theorems on
rational approximation are best possible in the following sense. For every nonincreasing
sequence of numbers a, (n =1,2,...) that satisfies the condition Y a, = + oo, there
exists an f, € H_ such that R (f4 H, )= O(a,) and [, & H], and consequently
f« & Bj. These results are generalized in the present paper. In particular, we obtain the
best possible sufficient conditions on the rate of decrease of R, (f, H,) (1 < p < o) that
guarantee that f belongs to the Hardy-Sobolev space HY or the Hardy-Besov space B
(a >0, 6 =(a+pH™!. In addition, in contrast to [13], [27] and [28], we prove the
implication ¥ (R, ( f,BMOA))*/* < o0 = f € BY,, (first obtained by Peller [13] for 0 < a
< 1 and then generalized to the case a > 1 in [27], [28] and [31]) without making use of
the connection of R,(f,BMOA) with Hankel operators. The method for solving these
problems uses inequalities of Bernstein type, obtained here, for derivatives of rational
functions.

The main results of this paper were presented without proof in [29]-[32].
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558 A. A. PEKARSKII

§1. On some spaces of functions analytic in a disk

Let S be a rectifiable curve in the complex plane. We denote by L,(S), p € (0, «], the
set of functions f, measurable on S, for which ||f]], ¢ < oo, where we set

» /p
s = (L1l 7 oo,
S
||f‘|w.s=esfsgp|f(2)|, p= o©.

We denote by T, D,, and D _, respectively, the circle |z| = 1, the disk |z] < 1 and the
domain |z| > 1; by A(D ) we denote the set of functions that are analytic in D,. We
denote by H,, 0 < p < oo, the Hardy space 1] of functions in A(D,) for which the
quasinorm

171, = tim 15Co)l,

is finite, where we write for short ||g|, = [|gl|,,7 for g € L,(T'). The indicated limit exists
because of the monotonicity of ||f(-p)||, with respect to p ([1], p. 273). If f € H, and
z € T, we denote by f(z) the nontangential limit of f({) as { — z ([1]}, p. 276). It is
known that [|f1l;; = [I£],-

Let fe A(D+) and let f(k) (k =0,1,...) be the Taylor coefficients of f. If a > 0, the
following functions in A(D ),

() = & Tk—[a]l+1+a)
f(2) EM T(k—[a] +1)

Jof(z) = io (k + 1)°f(k)z*,

fli)z*ted,

where T' is Euler’s gamma function and [a] is the integral part of a, are called the
derivatives of f in the Riemann-Liouville and the Weyl senses, respectively. Evidently, if
a = [ is a positive integer, f(’(z) is the ordinary derivative, and J'f(z) = [(d/dz)z]'f(2).
The function J%f will also be considered for a < 0. In this case it is called the integral of f
of order —a in the sense of Weyl. It is easy to establish (see also [2]) that when a > 0

F(l + a)
T 2w

f(z) = .. pf(f)(l -—)‘1‘?—1—[«1[1;, Zl<p<1, (1)

where the branch of (1 — 7)™~ is chosen so that (1 — 1)™}7® > 0 for 7 € (-00,1). We
denote by H (a € (-0, o), p € (0, ]) the Hardy-Sobolev space ie. the set of
f€ A(D,) w1th finite quasinorm ||f||H., = ||J"‘f||H We denote by B, (a € (-, ),
pe€ (0, ], g€ (0,00 ]) the Hardy-Besov space, i.e. the set of f &€ A(D,) with finite
quasinorm

1 g /9
1|f1|é’;:=(/ A=) NI o)y de) L g% o,

B sup (1 — p)ﬁ NI (- P)“H ) q= .

<p<

I/
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Here B is arbitrary, 8 > a. The space B, is independent of 8 [2] and the quasinorms for
different values of B are equivalent. In this connection, we call the quasinorm with
B = a + 1 fundamental, and denote it by || f|| Be., We abbreviate B, to B}

Unlike J°f, the derivative f(** does not have the semigroup property. In fact, the
equality f(a* =) = (f(@))(®) j5 satisfied for every f only in the case when «; and «, are
integers. Lemma 1.1, proved below, lets one avoid this inconvenience.

DEFINITION. Let W be a quasinormed space of elements of A(D ). A sequence {A, }&
is called a multiplier in W if, for each f€ W, we have ||g|l,, < ¢||fll,,» wWhere g(z) =
Y2 X, f(k)z*, with ¢ > 0 and independent of f.

LEMMA 1.1. Let a, B > 0. Then the sequences A, = T'(k + a + B)[T'(k + a)k + 1)#]™*
and p, = Ny} (k =0,1,2,...) are multipliers in the spaces HY and B .

PrROOF. It follows from the definitions of H) and B, that we may restrict our
attention to H}? = H,. Let m be the smallest integer such that m > p' + 1. From the

asymptotic series for the gamma function ({3], p. 339) we obtain
>\k = bO +(k + 1)—1b1 +(k + 1)_2b2 + ... +(k + 1)_mbm +(k + 1)—~m—-ldk’

where by, by, ..., b,, are numbers depending only on « and B, and {d,}¥ is a bounded
sequence. Consequently, if f € H, and g(z) = I A, f(k)z*, then

s = X 61+ T f00k+ )7 et S L )+t @

Moreover, we have (see [4], p. 142) ||fj||Hp < (DS Iy, and (see [2])

fO)l<ea(p)(k+ 1) (k=0,1.2,..).()
Consequently [§(k)| < ¢5(P)IIfllm(k + 1)7% and ¥y, < ¢/l Thus we obtain
lgha, < c5(p)||f||,,p from (2). We can show in a similar way that the sequence {u, }& isa
multiplier in H,,. This completes the proof of Lemma 1.1.

Let X and Y be quasinormed spaces. By an embedding X ¢ Y we shall always
understand a continuous embedding, i.e. if f€ X then f€ Y and || f|ly < cl{f|l x,» Where
¢ > 01is independent of f.

Lemma 1.1 lets us extend various embedding theorems that were proved for the
Riemann-Liouville derivative to the Weyl derivative. For example, we have ({4], p. 142)

HpcHy  (0<py<p <o, pt—pi'=ap—a). 3)
There are the following embeddings between the spaces B, , [2]:

By, C By, (&> a0 py>pp), (4)
Bl C B (41<4). (5)
B, C Broa (e =@y =pi* —pg" >0, py # ). (6)

The following two embeddings [2] reflect the connection between H I and Blf‘:
Hyc B} (2<p< ), (7)
BicH (0<p<2). ®
()By c(a,8,...), c(@.B...). cx(a.B....).... we denote positive numbers, different in different places,

depending only on o, 8,....
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We denote by BMOA the space of analytic functions of bounded mean oscillation [5], i.e
f € BMOA if there exists g € L_(T) such that

2771/ g(g“)df’ z€D,. (9)

The norm in BMOA is defined as follows:

I flsmon = infllg .,
where the lower bound is taken over all g € L_(T) for which (9) holds. Evidently
H,cBMOACH, (0<p< o). (10)
§2. Inequalities of Bernstein type for the derivatives
of rational functions

Surveys of inequalities for the derivatives of rational functions are given by Gonchar [6]
and Rusak [7]. Here we present only the inequalities that are directly related to the subject
of the present paper. The first result in this direction was obtained by Dolzhenko [8], who
showed that a rational function r of degree n > 1 with poles only in D _ satisfies

Il < crnllrllse, . (11)
sy < exn'2Ir |, (12)

For any s € N(?) and p € (0, o] the following generalization of (11) follows from the
results of Sevast’yanov [9]:

L<als oy, (o=(s+p")", e (0,0)). (13)

As was observed in [9), one cannot take £ = 0 in the preceding inequality if 1 /p € N. To
see this, it is enough to consider the function r(z)=(1 +8 —z)™' as & - +0. We
showed in [10] that for p = 0 and any s € N we can take ¢ = 0 in (13). Inequality (12)
was generalized by Danchenko [12], who showed that

Irlise, < cx(et,a,mlirly,  (a€(0,1], pe(l 0], t < (a+p) " g >0). (14)

Another generalization follows from a result of Peller [13] on best rational approximations
for the class By, « € (0,1], in the space BMOA. This is

7z

Our Theorem 2.1 (below) generalizes and strengthens the results quoted above.

r

< co(@)nfrllgpon (0<a<l).

THEOREM 2.1. Let r be a rational function of degree n > 1 with all its poles in D _; let
a>0, pe(l,o0], and o = (a + p 1YL Then

Irlls < ex(a, p)n®rlln,, (15)
Irlle; < ex(e, p)nfirlla,, (16)
7l < cs(e@)n®lir famons (17)
Irllar,. < cale)n®|irlipmon- (18)

(?)N is the set of positive integers.
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REMARKS. 1) The extremal exponent ¢ = (a + p~')™!

inequality of Brudnyi [22]:

also occurs in the following

“Aﬁyr”o,[o,hkm < C(“» P)("h)a”’“p.[o,l]a

where r is a rational function of degree n with poles outside [0,1], a > 0, & = [a] + 1,
A* r is the kth finite difference of r withstep0 < h < 1/k,and 1 < p < o0.

2) From the embeddings (7) and (8) we obtain that (15) and (16) are equivalent for
6 = 2. For o > 2, (15) is stronger, but (16) is stronger for ¢ < 2. A similar statement holds
for (17) and (18).

In the proof of Theorem 2.1 we shall consistently use the following notation. Let
a,,...,a, belong to D .. We set

n

Bz) =TT 7=55  (a=0).
0(z.5) = 2220

Az B) - i(l_'”*')ﬁ ! (8>0).

io\lz —arl] |z —a
LEMMA 2.1. Ifz € Tandl € N then(?)
20— 1)! ! R , _
B 10200 Pt = =/ T (1) B (2) [ Bi(2) 1] 0
T j=1
PrROOF. For z and { € T we have |d{| = d{/i{ and
{z

5 -
10(5.2)| = 0(8,2) 0%, 2) = WQz(f,z)-
Consequently
2/ - 1)!
IR [ jos. o) Pt (= 218712 1,(2), (19)
where
21— 1)
I(z) = (_27”__)_/; 0¥(¢,2)B(¢)¢ 1 d¢.
Since /,(z) is continuous in D U T, it is enough to calculate it for z € D . Thus we have
I .
I(z)= ¥ C/(-B(2) 1, () (z€D)), (20)
J=~l
where
_Q@r=nr o B!
1) =5 T
By Cauchy’s formula we obtain
L,(2)=[B(2)]* " (=1, (21)

(?) There is a similar assertion in [7] (pp. 115 and 132) for the real axis, with / = 1 and 2.
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If -1 < j < 0, the point { = oo is a zero of order at least 2 of the function

B/($)E M~ =)
Theretore I, (z) =0 (j = -{,...,0). By using (19)-(21), we obtain the conclusion of
Lemma 2.1.
LEmMMA 2.2, Forallz € Tands € N
| B (z2)]< 25 (z,1/5).
PrOOF. We set b,(z) = (z — a,)(1 — @,z)~". Then
! _ . .
|BO(2)|= & —rpr b (2)b00(2) - 00(2), (22)
Jo*J1 7 e
where the summation is over all collections j, jj, ..., j, of nonnegative numbers satisfy-
ing the condition j, + j; + -+ +j, = s. Itis evident that foreveryz € 7,0 < k < n and
1 <j < s wehave
1/s
1 —la,]
z — ak

1 )J. (23)

|z = ayl

b(2) | < 21‘!(

Lemma 2.2 follows from (22) and (23).
LEMMA 2.3. Ifz € Tand a > 0, then
10, 2) fhva < ()N D(2,1/(a + 2)).
Proor. It follows immediately from Lemmas 2.1 and 2.2 that

[l Platl< ¥z 577) (e T.ieN). (24)

Let m be the smallest odd number such that m > a. We introduce p = (m + 1)}(a + 1)7},
g=(m+1)m—a)'and S(z) = {{ € T: Jarg{ — arg z| < AX(z, m™!)}. From (24) and
Holder’s inequality, we obtain

j;(z) !Q({,z)l ldfl<””Iq.S(z)“QHa(‘,Z)“p.S(z) < Cl(m))\“(z, %) (25)

On the other hand,

[ e
T\S(2)

l+a

l+a

a2 el g < elan(z ). (26)

Since A(z, B) does not increase in 8 for fixed z € 7, Lemma 2.3 follows from (25) and
(26).

LemMA 24. Iff€ L(T), pe (1,0 ], a > 0 and

g(2)=fT|Q(§,Z)| () ag,

then ||gll, < ¢(a, p)n°||fl,, where o = (a + p~)7".

1+a

PrOOF. For p = o the necessary inequality follows from Lemma 2.3 and the relation

fT?\(z,B)IdZI<cl(B)n (B > 0). (27)
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Now let p € (1,0) and a =1 — p~'. Then ¢ =1 and consequently, by Lemma 2.3,
Holder’s inequality, and (27),

lelh < [ 10" *C LA 1| < o f 2z,
< (@Il < ex(@)n 1.

Therefore Lemma 2.4 is established in the case under consideration. Now let a be

arbitrary. Choose positive numbers vy, 7,/, and s satisfying the conditions / € (1, p),
[P+ s t=1y+r=aand [t =1 — [/p. Then, by Holder’s inequality,

5 1) 114g1

5(:) <l (L DRI L O S (v () (28)
for every z € T. From Lemma 2.3 and (27) we have
el < cals,y)n. (29)

Using the fact that the lemma has already been established for @ = 1 — p~! (in this case
It=1-(p/)™"), we obtain

¥l < es(2, p)nt =27 £, (30)
Thus we obtain the conclusion of Lemma 2.4 in the case p € (1, 00) and a > 0 from
(28)—(30) and Holder’s inequality.

PROOF OF (15) AND (17). Let the poles of the rational function r be located, counting
multiplicities, at the points 1/a,,...,1/a,, where a,,...,a, belong to D,. Then the
function r({)B-X($)1 — z/¢) 1"« ~171@ (k € Nand z € D) is an analytic function of
¢ in D_ and has a zero of order at least 2 at oo. Consequently

-l1-a

[r@proi-F) ¢ a=o.

Therefore if we expand the function (1 — B(z)/B({))!** (z€ D, and { € T) in a
Taylor series in B(z)/B({), we obtain from (1)

r(z) = r(lz:l“)f ({)( ﬁgg )1+a(1 - %)_l_aylf[aldg, (31)

From (31) and Lemmas 1.1 and 2.4 we obtain (15). To prove (17) it is enough to observe

that (31) remains valid if we replace r({) by #({) + h(1/¢{) on the right, where h € H,
and h(0) =

LEMMA 2.5. Let r be a rational function of degree n > 1 with all its polesin D_, B> 0
andp € (1, o).
1) There are continuous functions (@) and h(@) of period 2 that satisfy the conditions

A ”p,[(),Zvr] < (B, P)“an,, and A(¢@)=0
”hHI.[o.zﬂ] <n and h(g)=1
[JBr((1 — x)e™) [ < A(¢)(min(x", h(q))))ﬂ, x € (0,1), ¢ € [0,27].
2) There is a continuous function g(@) of period 2= that satisfies the conditions

”8“1,[0.2"] <c(B)n and g(o)>1,

'Jﬂ"((l - x)‘—’iq)) I S”’”Bl\«foA(min(x—1’g(<P)))B, x € (0,1), p € [0,27].
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PRrOOF. It is evident that for x € (0,1) and ¢ € [0,27]
. . def
|8 ((1 = x)e'®) l< m[%xll [T8r(pe™®)| = G (o). (32)
p<(0,

From Lemma 1.1 we find that there is a function f, analytic in D U T, such that
JBr = f® and ||fll4 < ¢i(p)IIr]l 5, Consequently we find from (1) that

Jr(z) = &z;—a)fsmf“)(l N ?)_l_pf‘“‘mdf (z € D\{0}),

where S(z) is the convex curve formed by the circle |{| = 5 and the tangents to it from the
point z/|z|. Hence we obtain

[5((1 = )e) | < X BF(9)xF, Flo) = max [f(O).  (33)
where z = (1 — x)e'. Let us show that the functions
h(@) = es(B. ) IrlmG (@) +1  (v=(8+p™)7).

M) = F(@) + cs(B, p)n~ 2P0 r 17 G} ()

satisfy the requirements of the lemma for suitable choices of the constants ¢;(8, p) and
c4(B, p)- In fact, from (15) together with Theorem (7.36) of [1], p. 278, we obtain

1G 1y 10.2m1 < €5(B, p)nPlir ||,

”F”p,[O,Z'lr] < Ce(P)”r“H,,~

Using (32) and (33), we obtain assertion 1) of Lemma 2.5.
For the proof of assertion 2) we observe that

e = "B [ gy asa/mli-2) T wa (e py),

where s € H, and s(0) = 0. Consequently, instead of (33) we must use the inequality

|JB’((1 — x)e'?) [ < e(B)Ir llgpoax*.
To obtain the analog of (32) we have to use (17). Everything else is obtained as in the
proof of assertion 1) for p = o0.
PROOF OF (16) AND (18). Let 4 and A be the functions from Lemma 2.5 corresponding
to B8 = a + 1. Then we obtain (16) from Lemma 2.5:

”r“;: < '/’Z'n' }\a((p)('/:/h(q)) hU(a+1)xa—1dx + x—ao—ldx)d(p
0

L/h(e)
277 [ ao ag M
<alep) [T X(@)h(@) dp < cxa p)n*lr |1,
Here in obtaining the last inequality we have also applied Holder’s inequality. Similarly
we obtain (18) from Lemma 2.5.

COROLLARY 2.1 (compare (13)). Let >0, p€ (1,0], 6 = (e + p 1), s € (0, 0],
g <€ (0, 00) and

A,(a, p,5.q) = sup( |7, llas I 7).
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where the upper bound is taken over all rational functions r, % O of degree at most n (n > 1).
Then(*)

A4,(a,p,0,9) xn*  (q>0), (34)
A(a, p,o,q) < n’"?"  (g<oq), (35)
A,(a,p,s,q)= +o0 (s>a,qe(0,00]), (36)
A(a,p,s.q)=xn*  (s<o0,q€(0,x)). (37)

PROOF. The upper inequality in (34) follows from (16) and (5). To obtain the lower
inequality in (34) it is enough to consider the function r,(z) = z". The upper inequality in
(35) follows from (16) and (6). To obtain the lower inequality we consider the function

22 = E [+ e =]

for sufficiently small ¢ > 0. We immediately verify (36) by the example of the function
r(z)=(Q + e —z)'as e > +0. To obtain the lower inequality in (37) we consider the
function r,(z) = z". To obtain the upper inequality in (37) we use Lemma 2.5. Let 4 and
A be the functions of Lemma 2.5 corresponding to 8 =s' — p~! > a. Then (with
corresponding changes for ¢ = o0) we have

7 q/s l/q
“,,“;?:< 21/q+1/s(f11/ (/02 ()\(tp)X'B)sdq;) xq(ﬁ—a)—ldx)

asl 1/n | f2n 5 2 VS a1 /4
+214 /(fo (fo (A(@)r*(9)) dqv) x 9B dX)

< cya, p.g.s)n"|7,||n,.
Corollary 2.1 is proved.

Let the rational function r of degree n + m have no poles on T, but » poles in D and
m in D_. Then r(z)=r_(z)+r_(1/z), where r, and r_ are rational functions of
respective degrees n and m with all their poles in D _. It is easy to obtain the following
corollary of Theorem 4.1.

COROLLARY22. Ifa >0, p € (1,0] and 6 = (a + p™ )" then

Ir i llas < cle, p)nlirlls, N7 llse < c(a, p)me|r|lp.
In conclusion, we remark that it would be interesting to extend Theorem 2.1 to the

Smirnov spaces E,. Some special results in this direction were obtained in [11], [14] and
[15].

§3. Inverse theorems on rational approximation
Let f€ H, and n > 1. Let R,(f, H,) denote the best approximation to f in H, by
rational fractions of degree at most n — 1. Following [16], we introduce the approxima-
tion space R; , (a>0, pe (0,00], g€ (0,00]) of functions f€ H, with finite

quasinorm
00 v /g
N llRe, =, +| 2 (2kaR2k(f’Hp)) ., qF o,

k=0
”f"R;m = “f“”,, + . Soup 2kaR2"(fv Hp)
=0,1,...

(*) The symbol a, < b, means that there are constants ¢,, ¢, > 0 such that ¢;b, < a, < ¢35,

ne

n=12....
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We denote by R ,( f, BMOA) the best approximation to f in BMOA by rational fractions
of degree at most n — 1, and the corresponding approximation space by R§ _.

THEOREM 3.1. Leta > 0, p € (1, 0] and 0 = (a + p~1)~\. Then

B3, C By, (38)

R} min2.0) © Hg' (39)
Ry 1/a C© Bt o (40)
Ry min@1/a) © Hijo (41)

REMARK. Some special cases of the embeddings (38)-(41) were obtained earlier by
Dolzhenko [11], [17], Danchenko [12], Peller [13], and the author [10]. These special cases
are corollaries of inequalities of Bernstein type for derivatives of rational functions (see
the survey in §2). An exception is (40), obtained earlier by Peller [13]} for 0 < a« < 1 and
then generalized to the case a > 1 simultaneously and independently by Peller [27],
Semmes [28] and the author [31]. As we noted in the Introduction, our proof differed from
those of Peller and Semmes by not using the connection between best rational approxima-
tions in BMOA and Hankel operators. Peller (see [13] and {27]) also obtained the inverse
of the embedding (40). Embeddings (38), (39), and (41) admit partial inverses [31], and if
1 < p < o0 embedding (38) also admits a complete inverse (see [32]). Proofs of these
results will be given in another paper.

For the proof of Theorem 3.1 we need the following Lemmas 3.1 and 3.2.

LemMa 3.1 (1], p. 20). Let f(x) be a nonnegative function defined for x > 0, and let
r>1lands <r— 1. If f'(x)x® is integrable on (0, 00), then

_/(;w(%/:f(y)dy)rﬁdx < (ﬁ:_l)rfowf'(X)xsdx.

LEMMA 3.2. Ler (A}, and {h,}%, be sequences of nonnegative numbers satisfying the
conditions

h}kzﬂzq (k=0,%1,42,...), Y (hmA) < oo,
k k=-

wherel >m > 0,r>landg > 1. If

y(x)= i }\k(min(hk,x‘l))l (XE[O"”))’

k=-oc

o

then

[T v < e(limgr) X (A,
0

k=-00
PrOOF. We define a function ¢(y) on (0, o) in the following way. If j is a positive
integer and y € (g7, q’] then @(y) equals A, g~/ if h, € (¢’7?,¢’] and equals O when
no h, belongs to (¢’ ',q’]. Since h;,,/h, > q for every k, the interval (¢/7', ¢/}
contains at most one h, and consequently ¢(y) is well defined. It is easy to verify the
inequality

v <al@ [ wa+ ED o HE (x> 0)
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Making an appropriate change of variable in the improper integral, we find from Lemma
3.1 that

foo tpr(x)xmr—ldx < C3(r’q)f°° ( (p(y)y'dy) xU-m=1) g
0 0 0

-} 1 X 1 d et
+c4(r,q)f0 (xfo qo(y)y,_)x dx
< CS(", M,q,[)fw q)r(x)xr({-»m—l)_ldx.
0

By the definition of ¢(x) we obtain
[ @ )xrm I < e(romg,l) £ (K
0 k=-00
Thus the conclusion of Lemma 3.2 follows from the preceding two inequalities.
The proof of Theorem 3.1 is divided into five cases:
1. Embedding (3.1) for o < 1. Following Bernstein’s classical method, we represent a
function f € R} , in the form

f(z) = a + kfo u(z) (z€D,), (42)

where u, is a rational function of degree at most 2¢*!, with all its poles in D_, that
satisfies

”uk“H,, < 3Rx(f, Hp)’ (43)

and a, is a constant such that |ao| < 2||f |l -
Taking account of the restriction ¢ < 1, we find from (16) and (43) that

o < c(a, Pl fllrs.,-

las

5 <lla,

k=0

2. Embedding (38) for ¢ > 1. We again use (42) and (43), and also suppose that all
u, = 0. Let A, and A, be the continuous functions of period 2# from Lemma 2.5 for u,
and 8 = a + 1. We set

(@) = 2%ho(@) + 2572 (@) + -+ +h, ().

Then, for every @, we have

hZIZ(q;) 22 (9e[0.27]),  |atlhpom <2 (44)

||7‘k“p,(o.2w]< Cl(a’P)Rzk(f, Hp)’ (45)
|75+, ((1 = x)e®) | < A(@)(min(x 7, h2(9))) """ (x € (0,1)).

Therefore we find from Lemma 3.2 that for every ¢ € [0, 2]

fol |71 ((1 = x)e'®) ,ox"_ldx
a i al o (46)
< ¢5(a, p)lay] +c,(a,p)k§0[xk(w>(hz(¢)) J°.
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From Holder’s inequality and (44) and (45) we obtain
2 alo c
L7 o) ()] do < eyl p) (24 R (1, H,))".

Thus the required embedding follows from (46). If some u, = 0 in (42), we have to make
evident modifications in the proof.

3. Embedding (39) for o € (0,2]. This follows from (38) and (8).

4. Embedding (39) for ¢ > 2. This is proved just like (38) for ¢ > 1. Here, along with
Lemmas 2.5 and 3.2, we also have to use the Littlewood-Paley theorem ([4], p. 214)
according to which

| f i/:; < c(a,p)llfl lJa+1f((1 _ x)eiqp)[zxdx
0 6/2,[0,27]

5. Embeddings (40) and (41). These are proved just like the embeddings (38) and (39)
respectively.
Theorem 3.1 is proved.
§4. Embeddings (38)-(41) are best possible
THEOREM 4.1. Leta > 0, p (1,0}, and 0 = (a + p~ )L,
1) Corresponding to every sequence {a,}Y that is nonincreasing and tends to zero, and
satisfies

(6 >2).

o0 .
Z (zkaaZk)mxn(Z,o) = + o0, (47)
k=0
thereisan f € H, such that R, (f, H,) = O(a,) and f & H;.
2) Corresponding to every sequence {a,}T that is nonincreasing and tends to zero, and
satisfies

o}

Y (2%%a,)" = + 0, (48)
k=0

there is an f € H, such that R (f, H,) = O(a,) and f & B;.

Thus, embeddings (38) and (39) cannot be improved. It follows from (10) that, in the
same sense, embeddings (40) and (41) also cannot be improved. Moreover, by a result of
Peller [13], [27], there is actually equality in (40). In addition, since (38) admits an inverse
for 1 < p < oo (see §3), assertion 2) of Theorem 4.1 is of interest only when p = oo. Since
the proof is the same for all p, we take p € (1, oo] for the sake of completeness of
presentation. Assertion 1) for a =1 and p = o0, and 2) for a =} and p = oo in
Theorem 4.1, were obtained previously by Dolzhenko (17].

The proof of Theorem 4.1 is based on the following lemmas, 4.1 and 4.2.

LeMMA 41, If « > 0,0 < g < oo, and if the sequence {b,}¥ is nonincreasing and tends
to zero, and the series

X (2%p,)" (49)
k=0
diverges, then the series
Z (2ka(bk - ka))q (50)
k=0

also diverges.
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PROOF. Suppose that (50) converges. We show that in this case

it : 14
by <l 2 Y 27 (v=5.8=b- b,-ﬂ) (s1)
j=k
for all k=0,1,.... In fact, since b, |0, then b, = 8, + B,,, + --- and since (50)

converges we have, for g<1,

by < i BY <2 (2/7'3)
j=k

-,
Ll\’lg

If g > 1,let ¢’ = q(q — 1)7*, and from Hélder’s inequality we obtain

w V4 o 1/q 0 174
el £ 2] [ @m) cewan( £ emy)”

j=k

Thus we obtain (51) from the preceding two relations. From (51) we obtain

oo

£ on) < oo § 205 (2)°

k=0 k=0 j=k
o0 / o0
= C3(a,q Z Z (2(j+k)wj)q < 04(0"4) Z (2ja(bj - bj+1))q‘
j=0 k= Jj=0

The last inequality contradicts the divergence of (49). This completes the proof of Lemma
4.1.

For use below, we introduce the notation

Bn,j=77/j (HEN,Z"—1<j<2n+1_2)’

2:14—172
Gn,j= {z:l_2§2n<lzi<l’argz=ﬁn~j}’ Gn= U Gn.j'
j=2"-1

LEMMA 4.2. Let a > 0, p € (1,00] and 6 = (a + p~ 1)L, Then for every n € N there is a
rational function ¢, of degree 2" that satisfies the conditions

1) ”‘Pn”h' c(a, p),
2) H(P,(,G)HGG > 2"%;(a, p),
3) 19 .0, < 1 (n % m).

PROOF. We set

g+l

@, (2) =27"/P81 1P Z ¢, ,(2).
=2"-1

(pn.j(z)z(zn,j—z)_la zn‘jz(l +6)€iﬂ"~/ (6>O)

It is easily shown that

iim 8447l I, = (ﬁr(’%—l) /r(2))”, (52)

8= +0 2

sl_l.n+10 5 VPH M

-+ a)(o - %)l/a. (53)
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In (52) the right-hand side is to be taken to be 1 for p = c0; to obtain (53) we need to use
the equality
P2) =T + a)(1 - zz’14)_l_uz“171"],

n,j n.j n,j

which follows from (1). The functions ¢, and ¢{* tend uniformly to zero as 8 — +0,
outside an arbitrarily small neighborhood of G,. Hence it follows from (52) and (53) that
¢, satisfies conditions 1)-3) for sufficiently small & > 0. This completes the proof of
Lemma 4.2.

The proof of Theorem 4.1 is divided into four cases.

1) Assertion 1) for o < 2. As the required function we take

f(2) = ki pewel2),

where p, = a,«+1 — ay-+2 and the @, are the rational fractions from Lemma 4.2. From
condition 1) of Lemma 4.2 we obtain

o0
Z Pi®Px
k=j

Ru(f, Hp) < < ¢y(a, p)aym

Hy

for every n € N, and consequently R, (f, H,) = O(a,) as n — co. On the other hand, for
arbitrary n € N we have from conditions 2) and 3) of Lemma 4.2.

[

o0

2 Pis 2 cz(a,p)[(z""‘ ) = a;2’"].
k=1
k#n

I7“lec. > 2 pollc. -

0.G,
Setting G = U G,, we obtain ||f(?||, ; = + oo from Lemma 4.1 and (47), and conse-
quently, by Carleson’s embedding theorem ([18], pp. 195-198), f(® & H,. The proof of

this part of the theorem is completed by applying Lemma 1.1.
2. Assertion 1 for ¢ > 2. As the required function we take

f(z)= Z szzk (pi= a1 ~ az*”)- (54)
k=1

Evidently R,(f, H,) = O(a,). On the other hand, for every p € (0,1) we have, by
Holder’s inequality and Parseval’s equality,

© ~-1/2
175 (o ) lo.r > (2'”)1/"_1/2( kE (pki’-""‘pzk)z) :
=1
Consequently, we obtain f & HZ by letting p — 1 — 0 and using Lemma 4.1 and (47).
3. Assertion 2) for o < 2. This follows from assertion 1) and (8).
4. Assertion 2) for o > 2. We show that the function (54) is the required function. In
fact, let p,=1-2"", n €N, and p € [p,,p,.,)- Then, by Holder’s inequality and
Parseval’s theorem,

fozwlf"“f(we“”)rwv > (2w)1'2/°(f02”|J"”f(pe"’)|2dtp)°

> ¢y(a, p)(2"*Vp,)".

/2
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By (48) we find from Lemma 4.1 that
4 i Pn+1 20 o : a a—1
Iflse > X [ do [ 195 (pe®) | (1~ o) "dp = +oo.
n=1 "Pn 0

This completes the proof of Theorem 4.1.
§5. Degree of rational approximation and smoothness of functions

We denote by w,(8,f), (k€N, >0, f€ L,(T)) the kth order modulus of
smoothness of f, i.e.

k

T (D) Terf (e

v=0

wk(s’f)p = Sup
h<8

p.[0,27)
THEOREM 5.1. Let a > 0, p € (1, 0] and 6 = (a + p~1)"}, and let k be the smallest

positive integer such that k > a.
1) Iff € H, then for everyn € N

L @@ )0 < clap) T (27 Relf.Hy)" (55)
D Iffe BM:;A then for every n € N
)":0 (270, (27", fija) " < ef@) io(zm“Rzn-(f, BMOA))*.  (56)
COROLLAI::S.L If l is the smallest positive intege; such that | > a, then for every § € (0, 3]
/0
w6 Desclard| T @ema(ra)] )

Osm<log,(1/8)

To obtain (57) we observe that for « € N we have / = k and it suffices to suppress the
terms with m = 0,1,...,n — 1 on the left-hand side of (55). However, if a € N, then
! = k — 1 and by Marchaud’s inequality (see, for example, [19]) the left-hand side of (55)
majorizes ¢,(a, p)2"w, (27", f),)°.

In view of Corollary 2.2, inequalities (55) and (57) remain valid if we suppose that
f€ L,(T) and R,.(f, H,) is replaced by Ryn(f, L,(T)), the best approximation to f in
L,(T) by rational fractions of degree 2™ — 1.

An inequality of the type of (57) was obtained by Dolzhenko [20] for @ =1 and
p = oo; by Sevast’yanov [21] for @ € (0,1) and p = cc; and finally by Brudnyi [22] for
a>1-pl, pell, o], and with k instead of /.

For the proof of Theorem 5.1 we require the following two lemmas.

LEMMA 5.1. Let p € (0, 0], s = min(l, p), k € Nand f € B} ,. Then for every § € (0,1]
s o 1/s
wi(8.0)p < ) 1 17410 ), 1 = ) o)
PrOOF. For every z € D, we have f(z) = f,(z) + f,(z), where
k
A = T aE0((1-7)s) A =A(2) - Al
v=0

From Lemma 1.1 and a result of Storozhenko [23] we obtain, since ||g(p -)ll, is
nondecreasing with respect to p (g € H,),

wk(s’f2)p < C1(k,P)8k“ka2“Hp < Cz(k’P)Sk”ka('(l - 8/k)) "H,,- (58)
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From the properties of finite differences ([24), p. 157) we have, foreveryz € D ,,

5/k 5/k 8/ k
| fi(2)]| < Zk/ d’lf diy - f f(k)((l —( ++ +tk))z)dtk
0 0

< fff ’f(k)((l'—(tl+tz+"‘+fk))2)’dtldlz"'dtk

[ SN 1y >0
AR PR SERRIE S AR )
= 1O -0 a (59)
(k=1 '
If p € [1, o] we find from (59) that
1
”fl”p = ( 1)! / ”f(k) 1 - t))“]-]p[kgldt. (60)

Therefore we obtain the necessary inequality for p € [1, o] from (58), (60), and Lemma
1.1. For p € (0, 1) we introduce

F(z)=  max. | f < (rz) .

We find from (59) that
G < 1= 07 £ 7 R e

<elkp) [ Fr(p2)(1 = )" dp. (61)

Using the fact that ||F(-p)|l, < c,( I f“(-p)li, for every p € (0,1) ([1], p. 278), we
obtain the conclusion of Lemma 5.1 for p € (0,1) from (58), (60) and Lemma 1.1. This
completes the proof of Lemma 5.1.

LEMMA 5.2, Let a > 0, p € (0, ] and q € (0, o), and let k be the smallest positive
integer such that k > a. Then a function f € H,, belongs to class B, if and only if
o 1/q

Wilas, =l fllm, +| T @0 2™ 1),)7) < . (62)

m=1

Here the quasinorm (62) is equivalent to the quasinorm || f|| B,

REMARKS. 1) With a corresponding definition of || f||. ~the conclusion of the lemma
remains valid for g = o0 !

2) The lemma is well known for p € [1, 0] and g € [1, o] (see, for example, [25]).

3) For the proof of Theorem 5.1 we need only the necessity for p = q.

PrOOF OF LemmA 5.2. For j € N we introduce p, = NI — 279y )|al. From
Lemma 5.1 we obtain

o0

1/s
wk(z_ f)p cl(k P)( Z ( kj.“{,’)s) 5 s=min(1,p).

j=m

As in the proof of Lemma 4.1, we obtain

(270, (27", £),)" < ca(a pg)210 T (276 )y = a2,

_/=I71
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Consequently ||fll5:, < cs(e, p,@)||fllpg,, since By, C H, for a > 0. The reverse in-
equality follows from a result of Storozhenko [26]:

1790 )y, < calp k)1 = 0) 01 =0, 1), (3<p<1)

and Lemma 1.1. This completes the proof of Lemma 5.2.
PrROOF OF THEOREM 5.1. Let f€ H,, 1 < p < o0, and let r, be a rational function of
degree 2" — 1 for which || f — i, < 2R,.(f, H,). From (38) and Lemma 5.2 we obtain

Inllsr < cxla Plinlleg., (> 0.0 = (a+p7)7). (63)
Evidently, R,,(r,, f)=0for j > n, and
Ryi(ry H,) = Ry(f=(f=1,). H,) < Ro(f, H,) + |1 f = 1,lln, < 3Ry (/. H,)
for j =0,1,..., n — 1. On the other hand, for every j € N,
w0 (270.1,) =0 27 f = (= 1))y = 2V (27, ), — w0 (27, f = 1)
> 2%, (270, f), — 2R, (f. H,).

Consequently, from (63) we obtain

n

Z (2”'0(‘%(2""»f)a)‘j < Cz(a’l’)”f“p + C3(a,p) i (zmaRz'"(fv Hp))o

m=1 m=0

Now if in the preceding inequality we replace f(z) by f(z) — f(0) and use the inequality
I£(z) - f(O)HH cs(P)R; (f H)

we obtain (55). Inequality (56) is proved similarly. This completes the proof of Theorem
5.1.

Grodno Received 13 /MAY /83
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