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TCHEBYCHEFF RATIONAL APPROXIMATION IN THE DISK,
ON THE CIRCLE, AND ON A CLOSED INTERVAL
UDC 517.53

A. A. PEKARSKII

ABSTRACT. Suppose that the function f is analytic in the disk {z: |z] < 1} and
continuous in its closure. Let Ryn(f) denote the best uniform approximation of f
by rational functions of degree at most n. In 1965 Dolzhenko established that if
ERn(f) < oo, then f' belongs to the Hardy space H;. The following converse
of this result is obtained here: if f/ € H,, then Rn(f) = O(1/n). In combination
with results of Peller, Semmes, and the author, this estimate yields, in particular, a
description of the set of functions f with [Z(Z’“"Rz,c (£)9]1/9 < oo, where a > 1
and 0 < ¢ < oo.
Bibliography: 38 titles.

Let ) be a subset of the complex plane C, and let { be its closure. Denote by C((2)
the set of continuous functions on (2, with the norm || f|loo,0 = sup{|f(2)|: z € Q}. If Q
is a domain, then A(() is the set of functions analytic in . The set of rational functions
of degree at most n (n > 0) with poles only in C\2 is denoted by %#,(Q?). We introduce
the best uniform approximation R,(f,Q) = inf{||f ~ r{lec,0: 7 € Fn(Q)} of f by the
set H#,(02). We also introduce the notation D, = {z € C: |2| < 1}, D_ = C\Dy, and
T={¢eC:|{| =1}

Dolzhenko [1] showed that if f € C(T) and Y R.(f,T) < oo, then f is absolutely
continuous on T. He also established that for f absolutely continuous R,(f,T) can
tend to zero arbitrarily slowly, i.e., the result in [1] does not admit a converse (see [2]).
In [3] Dolzhenko considered the analogous problem for functions f € A(D4) N C(Dy).
He showed that if 5" R.(f, D) < oo, then f’ belongs to the Hardy space H;. Thus,
the following problem was posed: what can be said about the behavior of R,(f, D) as
n — oo for functions f € A(D4)NC(D4 ) such that f € H,? In [4] the author established
the estimate R, (f, D;) = O(In® n/n) for such functions. Later [5] the author succeeded
in replacing In®n by Inn. We improve the method in [5] and get the following result: if
feADL)NC(D,) and f' € Hy, then(})

Rn(f’ﬁ+) SC"—IHf'”Ih (n 2 1) (1)

The proof of (1) is based on the use of an atomic decomposition of the space Re H;

introduced by Coifman [6] (see also [7]), the use of rational operators of Jackson type

1980 Mathematics Subject Classification (1985 Rewvision). Primary 41A20, 41A50; Secondary 30C15,
30D55, 41A25.

(})Here and below, c,c1,c2,... denote absolute positive constants, which are generally different in

different places. Similarly, ¢(---),c1(---),c2(---},... denote positive quantities depending only on the
parameters indicated in the parentheses.
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88 A. A. PEKARSKII

constructed by Rusak (8], [9], and the use of an inequality of the author which connects
best rational approximations on Dy and on T [10]. Results in [11] on best rational
approximation in H; are used here to generalize inequality (1) to, for example, the Besov
space Bf/, (a > 1) of functions in the disk D, on the circle T', and on the interval [-1, 1].
The results are definitive improvements of the direct theorems on Tchebycheff rational
approximation due to Brudnyi [12], Peller [13], and the author {11]. In combination
with known inverse theorems of Peller [13], Semmes (14], and the author (15], the results
in this paper give a description of the set of continuous functions whose best rational
approximations tend to zero at the rate of a power.

The main results in this article were announced in [16] and presented at a session of the
All-Union School on Function Theory and Approximations held in Saratov in February
1986.

§1. Lemmas on simple functions

A real-valued function ¢ defined on R will be called a simple function if it is absolutely
continuous, [|¢']|eco,r < 00, and there exists a (finite) interval I(p) such that suppp C
I{p). Since the interval I(p), which we call a support interval for p, is not uniquely
determined, we shall assume below in speaking of simple functions that a certain specific
support interval is given for them. The quantity u(p) = [I{©)] - |¢'lleo,g < o is an
important characteristic of a simple function, where |I(p)| is the length of I(p). The
function identically equal to zero will also be called simple.

LEMMA 1.1. Let f(z) = 34—, oi(x), where the pi are simple functions such that
I(p1) D I(p2) D - D I(pp). Let Y8 _, u(pk) =v. Then for anyn > 6 (n € N) there
ezist simple functions 11, ...,%, (g < n) satisfying the following conditions:

a) |f(z) - ?=1 Y,(z)] < crv/n for z €R,
b) f(z) — I_, ¥;(z) =0 for z € I(pp) UIRNI(101)],
c) 13, u(w;) < cqu.

PROOF. The lemma is obvious for p < 6; therefore, we assume that p > 6. Without
loss of generality it can also be assumed that I{pg) = (—ak,bk), & = 1,...,p, where
ag,by > 1 and a, = b, = 1. For y > 0 we introduce the simple function Ay(z) =
max{0, 1 — |z|/y}, for which I(Ay) = (—y,y) and u(Ay) = 2. Let

ye = min{ag, b},  ©r(z) = k() — K (0)Ay, (2),
fi@) =37 oe(08y(z),  fald) =D ula).
k=1 k=1

Fix some m € N. We show that there exist real numbers hy,...,hn
numbers y; =23 > 22 > -+ > Zm, =yp =1 (M1 < 2(m + 1)) such that:

a') | fi(z) - Z;r;ll hiA; (z)| < (ca/m) Y%, lek(0)] for z € R,

') fi(z) = 372, hiAz, () =0 for z € [~1,1] U [R\(~y1,31)],

¢) S Iyl < X8, lek(0):
Indeed, suppose first that all ©g(0) are nonnegative. Then f;(z) is even, downwards
convex on {0, 00), linear on [0, 1], and equal to zero on {y;,00). Take numbers 23, ..., Zm4+1
(m1 = m 4 1) so that the variation of fi(z) on each of the intervals [z41,2,] (j =
1,...,m) does not exceed (1/m) }_7_, ©x(0). It is geometrically easy to find nonnegative
numbers Ay, ..., hy,4 such that conditions a’)—c’) hold. Obviously, in this case we can
set c3 = 1 in a’). In the general case we introduce the functions

f1+(£l,‘) = Z @k(O)Ayk(z)’ fl—(m) = Z (_Sok(o))Ayk(x)'

©x(0)20 ©x(0)<0

, and positive
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Then fi(z) = fi (z) — f{ (z), and it is necessary to consider each of the functions f; (z)
and f[ (z) separately. Conditions a’)-¢’) hold with my; =2(m + 1) and ¢3 = 2.

We proceed to consider the function f(z). Let us define a continuous function £ (z)
on R by setting £+(+27) = [1 + (-1)]/2 (f = 0,1,2,...) and letting £¥(z) be linear
on the intervals (—1,1),(27,27%!), and (—27+1,~27) ( = 0,1,2,...). Define £~ (z) =
1 - € (z). Then fo(z) = 5 (z) + f5 (z), where

f5@) =) orl)EE ().
k=1

It follows from the condition @, (0) = 0 that the functions ¢, (z)é* () and ¢, (2)¢~ (z)
decompose into sums of the simple functions w,ti(z) (z=1,...,s%) and Vi.i(2) (¢ =
1,...,87), respectively. Here the intervals into which (—a1,b1) is divided by the zeros

of £*(z) and €~ (z) are support intervals for w,':’ i(z) and ¢ ;(z), respectively. It can be
assumed that each system of functions {'q(},':,- f: , and {wk—z};";l for a fixed value of 7 has
one and the same support interval. It is easy to get that

s

D u(vE) <caplor),  k=1,...,p. (2)

=1

We introduce the simple functions

YiE@E) =) vi), i=1,...,s%

k=1
It is not hard to see that

f3(2) =3 _wi(a)

For example, consider the function f;(z). It can be assumed that the ;' are indexed
so that I(¢71) = (—2,2) and p(¥7F) > u(®d) > - > p(vk). We get from (2) that

Ef; ﬂ(’/)?) < c¢4v, and hence
p() < eqv/(i - 1), 1=2,...,st. (3)

For the m € N chosen earlier we set m} = min{m,s*}. Using inequality (3) and the
fact that the intervals I(y]) (: = 1,...,s™) are disjoint, we get that

a") |ff (z) - T; ¥ (z)| < csv/m for z € R,

b") f () = S5 97 (2) = 0 for 2 € [~1,1] U (R\(~a1, 1),

") LT ) < cov.

Obviously, analogous relations hold also for the function f; (z). Thus, Lemma 1.1 follows
from a'}—c') and a'")-c").

LEMMA 1.2. Suppose that the conditions of Lemma 1 hold, p > 2, and 1 < k; <
ky < -+ < kg < p—1 are positive integers. Then for any n € N there exist simple
functions ¢¥1,...,%, (g £ n+6(d+ 1)) satisfying the following conditions:

a) |f(z) — X1¢,(z)] < c1v/n for z € R,
b) f(z) — Sl w;(z) =0 for z € I(p) U (Ui, (k)N (2k,4+1))] U R\ (1],
¢) T u(®;) < cav.
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PROOF. Welet kg = 0 and k441 = p, and, assuming that v # 0 (the lemma is obvious
for v = 0), we introduce for = 1,...,d + 1 the following objeects:(?)

ki ki
fi@= Y. ekl@), wi= Y, wek), ni={un/v]+1
k=k,_;1+1 k=k;_;+1
According to Lemma 1.1, for any ¢ = 1,...,d + 1 there exist simple functions ; ;

(=1,...,q, ¢ <n;+5) satisfying the following conditions:
a,-) |fi(z) — ;’-‘:1 i ;(2)] < e1vifn; < cyv/n for z €R,
) f,((l:) i.l d)'t]( ) =0 for ze[(@ki)U[R\I(wki—1+l)]’
Cz) 1 ,u("/)t _7) < cav;.
It follows from a;)-c;) that ¢;;(z) (i = 1,...,d+ 1, j = 1,...,¢;) are the desired
functions. There are ¢ = Z'f“ g; <n+6(d+1) of them. Lemma 1.2 is proved.

LEMMA 1.3. Suppose that f(z) = Y% pi(z), where the oy are simple functions such
that any two intervals I{px) and I{py) with k # k' are either disjoint or imbedded one
in the other. Let 3 5 u(px) = v. Then for any n € N there exist simple functions
¥1,...,%q (g £ n) satisfying the following conditions:

f(z) - )< —nqi forzeR, (4)

u'[\/]-n

q
ZI‘ ¥;) < cqu. (5)
j=1

PROOF. We introduce the function

s0)
Zu -

where xk(z) is the characteristic function of the interval I(pk). We fix some m € N
(m > 2) and denote by (o, &m) the smallest interval containing (% I(x). Note that
f(z) 2 0 for all z € R, () = 0 for z € R\ (&0, &m), and [ 6(z)dz = v. Therefore, there

are points §g < £ < -+ < &m_1 < & such that ff'“ (x)dz=v/m (1=0,...,m—1).
We partition the set {1 ..,p} into subsets G, (s = 1,...,m):

s—1

Gi={k:&€llpr)}, Go={k:&elle)\JG: (s=2,...,m-1),

1=1

m—1
m=1{L2,...,p}\ | G..
s=1

We also introduce the functions
=" pxla). (6)
kEG,

If some set G, is empty, then the corresponding function f,(z) is taken identically equal
to zero. It is not hard to see that

lfmlloor < v/m. (7)

{2)[a) is the integer part of a number a.
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Assume first that G; # @ (7 = 1,...,m — 1). The simple functions ¢ in the decom-
position of fs according to (6) will be denoted by T's; (: = 1,...,ps). As follows from
the construction of the sets Gy and the conditions of the lemma, we can assume that
ITsy) DI(Ts2) D--- D I(Tsp,). Let Iy = I(Ts,1). For each s =1,...,m —1 we define
aset E;, C I, as follows. Let E; = @ if I, does not contain any interval Iy other than
itself. But if such an I exists,(®) then define E as the union of all the intervals Iy~ G I,
satisfying the condition that there is no interval I,» with I« G I,» G I,. Obviously, if
E, # &, then E, is the union of certain disjoint intervals I(yk). The number of such
intervals I(py) is denoted by ds. In the case E, = & we set d2 = 0. It is not hard to see
that

di+do+ - +dm-y <m. (8)

Assume that v # 0 (the lemma is obvious for v = 0), and let
Ps
me = [mus/v] + 1, vy = Z,u(I‘s,i).
i=1

According to Lemma 1.2, there exist simple functions 9 ;(z) (7 =1,...,¢s, gs < ms +
6(ds + 1)) satisfying the following conditions:

as) |fs(x) — Xie; ¥s,5(2)| < c1vs/ms < cyv/m for z € R,

bs) fs(z) = 252, ¥s,5(z) = 0 for = € Es U (R\;),

€s) T0ny w(ths,s) < c2 302y u(Ts) = cav,.
From condition by) and the way of constructing the sets E; and the functions fs; we get
that for a fixed = € R at most one of the numbers f,(z) =32, ¢, ;(z) (s =1,...,m—1)
is nonzero. Therefore, by condition a,),

m—1 Qs
=22 vas(a)
s=1 j=1

i
7

(9)
v
:5 lI’na:)r(n_ Zd}s’j S %— forz € R.
By (7),
Tl & c3v
f=22 2 %] S (10)
s=1 5=1 oo.R.
Also from condition cs) we get
m—1 ¢s
Z Z” ¥s,5) < c2 Z vg < Cav. (11)
s=1 j=1
By (8), the total number of terms in the double sum in (10) is
m—1 m—1
Y a.< ) [ms+6(ds + 1)] < 14m. (12)
8=1 s=1

If some Gy =@ (1 < s <m — 1), then in the above arguments we should consider only
the functions f, with G5 # . But if all the G, are empty for s = 1,...,m — 1, then
(10) -(12) clearly hold, for example, for all g, = 1 and for the simple functions 15 ; equal
identically to zero. Thus, relations (10)-{12) always hold, and they imply Lemma 1.3.

(3)By assumption, only these two cases are possible.
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§2. Lemmas on rational operators of Jackson type

Let 2 (k= 1,...,n) be points in the upper half-plane Il = {z € C: Imz > 0}, i.e.,
zx = ag + 10k, where —oo < ar < 0o and G > 0. We define the Blaschke product

b(:z:)=12[ac_'f’c

r—z
k=1 k

and the rational kernel of Jackson type

b(t) - b(z)|*

g (z,t € R).

olart) =

Let g(z) = fg g9(z,t)dt. Following Rusak [8], [9], we define a rational operator of Jackson
type for a function f integrable on R with respect to the measure (1 + ¢2)~2d¢:

7@ /}; f(t)g(z,t)dt. (13)

Actually, Rusak considered integration with respect to (1 + t?)dt instead of integration
with respect to dt in (13). Obviously, this does not affect the following important prop-
erties, where were established in [8] and [9)]:

a) Dz, f) is a linear operator, and

Dp(z,1) = 1. (14)
b) D (z, f) is a rational function of degree at most 4n — 4.

LEMMA 2.1. Foranyxz € R

3 n
>8W[Zm] , g(z) > 8 Z CErN) +ﬂ2]2

PROOF. We compute g(z) in a way completely analogous to that in Rusak’s paper
[8] (see also [9], pp. 132-136). As a result,

g(z) = S [b~2(z) (b (z))" — 46~ (2)b" (2)].

Consequently,
| [ 8 P 8
=T Pk k
L {4 [Z (z~ak)2+ﬁ;3} 42[(1—ak)2+5;3]3

k=1 k=1
= Bk
) e T AP } '

This proves Lemma 2.1.

LEMMA 2.2. Suppose that —co < a < 0o, § > 0, and ¢ is a simple function such
that I{p) = (a — B,a+ B) and u(p) < 1. Then foranyz € R
43 i, 16 g
z) — 2, (z, < + .
() (z,9)| Yolz) (=) + 2 " g(z) [(z — a)2 + A7
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PROOF. Suppose that &, = {t € R: ]t —z| £1/{/g(z)} and & = R\&;. By (14),

0(z) - Du(z, 0)| /Iso( (t)lo(a t)dt

_m[[z+‘/,;].
If t € &, then |p(z) — ¢(t)] < 1/28%/¢(z), and

1
ztdt<— 2(z).
29 92%(z)

J.. % 77 .o
But if t € &/, then |p(z) — p(t)] < |z — t|/26, and
1 _ 16 _8m
/gzls?ﬂ/g;lz tlg(z, t)dt < /1/ =P g%(z).

Combining these estimates, we find that

o(2) = Da(z, )| < ST

B/ 9(x)

Under the condition that z ¢ [a — 28, a + 20] the estimate (15) can be refined as follows:

(z €R). (15)

a+f3

10(2) — Da(2, )| = |Dn(2, 0)]| < 517) / o0
8 /““’ dt 16 8 (16)
S 0@ oy T2 S s (@0l + P

Lemma 2.2 follows from (15) and (16).

LEMMA 2.3. Suppose that py,...,en are simple functions, and let f = o1+ -+,
and py = u(wr). Then the half-plane II contains at most 2n numbers zy,. .., 2y Such
that the operator Dp,(z,) determined by them satisfies the relation

[f(2) = Dm(z, )l < — Z#k (z €R).

PROOF. Let I(px) = (ax — Bk, ok + Bi), where —oo < oy < oo and fx > 0. Since
the operator Z,(z,) is linear, it can be assumed that ) 7 px = 1. The parameters
zk,; of the desired operator %, (z,-) are determined as follows: zx ; = ay + ¢f, where
k=1,...,nand j = 1,...,[nuk] + 1. Obviously, there are m = Y 7 ([nux] +1) < 2n
such numbers zx ;. Setting &x(z) = [(z — au)? + B2]~*, we get from Lemma 2.2 that for
any r € R

1(2) ~ Dz, )] < \/f;_) kz (o) + [ Z kB2 ().

On the basis of Lemma 2.1 we conclude that for any z € R

Vo(z) > VBrn Y wBebi(z),  gla) 2 8mn Y pibibi(a).
k=1

k=1

Lemma 2.3 is proved.
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REMARK. It can be shown similarly that under the conditions of Lemma 2.3 the
estimate

/(@) ~ Il ) < IV S e @em)
k=1

holds for the Fejér-type operator #,(z, f) also introduced by Rusak in [8] and (9], and
determined by the kernel |b(t) — b(z)|2/|t — z|2.
§3. Approximation in the disk
We introduce the function spaces needed in what follows. Our main object of investi-
gation is the approximation space R, ,(Q) (o > 0, 0 < ¢ < o00) of functions f € C(Q)
with finite quasinorm

) i/q
Iflrg, o) = Iflloo,0 + [Z@kaRzk(ﬂ Q))q] (g # o0), (17)
k=0
1 llre, oo @) = 1flloo, + sup 2R (f,))  (g=00). (18)

Let S be a locally rectifiable curve in C, and let 0 < p < oo. Denote by L,(S) the
Lebesgue space of measurable functions f on S with

1/p
1l = ( /S If(f)l"ldﬂ) <o (0<p<oo),
Ifllco,s =esssup |f(€)| <o  (p=00).
£es

The Hardy space H, = Hp(Dy ) is defined as the set of f € A(D,) with

17z, = i 17 Co)lpr < o0, (19)
The limit in (19) exists because || f(-p)||p,r is monotone in p (see [17], p. 77). For the
definition of the Hardy space H,(D..) in D_ one should consider the functions f € A(D_-)
vanishing at infinity and let p — 1 + 0 instead of p — 1 — 0. It is known (see {17] and
[18]) that the functions f € H, (Hp(D-)) have nontangential boundary values f(£) for
almost all £ € T. Let f® (@ > 0, f € A(D,)) denote the ath derivative of f in
the Riemann-Liouville sense (see [19] and [15]). The Hardy-Sobolev space Hy (o > 0,
0 < p < 00) is defined as the set of f € A(D,) such that

£z = 1f e, + 17l < oo (20)

Let S be the circle T or the interval {—1,1], and let f € Ly(S). Denote by wy, x(-, f) the
kth modulus of smoothness of f in L,(S). The Besov space By (S) (@ > 0,0 < p < o)
is defined as the set of functions f € L,(S) with

1 P 1/p
wi.p(t, dt

lagr =Wl + | [ (2200)" 2 < oo (21)
where k = [a] + 1. The Hardy-Besov space By (D) (By(D-)) is defined as the set of
f € Hp(Dy) (f € Hp(D-)) such that the boundary function f(¢) belongs to By (T'). The
spaces RS, (D) and Bg(D.) will sometimes be denoted by RZ, , and Bg for brevity.
We note that in [11) and [15] we used another equivalent definition of Hy and BY (see
[19] and {22] for more details on this). We have the imbeddings(*)

By CHy (p<2), By>Hy (pz2), (22)
and both imbeddings are strict (see [19] and [22]) for p # 2.

(4)Only continuous imbeddings are considered in this paper.
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If fe Hy, or f€ B;"/ o and a > 1, then the boundary function f(£) is continuous
on T, i.e., the spaces HY), and By, are imbedded in CD;)fora>1.1If fe B;’/a(S),
where o > 1 and S is the circle T or the interval [—1,1], then f coincides almost
everywhere on S with some function in C(S). Thus, we again have that By (8) C C(S)
for a > 1. In the case a € (0, 1) the spaces Hf/a, Bf/a, and Bf‘/a(S) contain essentially
unbounded functions. Therefore, Theorems 3.2 and 4.1 (see below), our main results, do
not hold for o < 1.

To prove the inequalities (1) we also need the Hardy space H;(II) in the half-plane
II={z€C:Imz > 0}. It is defined [18] as the set of f € A(Il) such that

Il oy = sup | £(- +iy)]l1,r < oo
y>0

The functions f € H;(II) have nontangential boundary values f(z) for almost all z € R.

A real-valued function a € Lo(R) is called an atom (see [6] and [7]) if there exists
a (finite) interval J(a) such that suppa C J(a), |laljeo,r < 1/|J(a)|, and, moreover,
Jra(z)dz = 0. If a(z) is an atom, then p(z) = [Z_a(t)dt is a simple function (see §1)
for which I(p) = J(a) and u(p) < 1.

LEMMA 3.1. Suppose that g € H((I1) and g # 0. Then there exist a sequence (finite
or infinite) of atoms ay,aq,... and a sequence of positive numbers Ay, Ag, ... such that:

a) Reg(z) = > Akar(z) for almost all z € R;

b) >k Ak < cllgll e, ()

c) for any k and k' (k # k') the intervals J{ay) and J(ay ) are either disjoint or
itmbedded one in the other.

oo

Lemma 3.1 was obtained by Coifman in [6], where, however, the condition ¢) is missing
in its formulation. This condition is not hard to see from the proof, which is constructive.
There is a simpler proof in [7].

LEMMA 3.2. If f€ A(D4+)NC(Dy), then
Rn(fvT) SRn(f7_D—+) <2R,(f,T), n > 0.

The first inequality is obvious, and the second was obtained in {10].
THEOREM 3.1. If f € H], then

Ru(f,Ds) < e/ e, n21
PROOF. We introduce the auxiliary function g(n) = f[I'(n)] (n e_ﬁ), where z =
I'(n) = (1 +1in)/(n + i) is a linear fractional mapping of the half-plane II onto the disk

D, . It is easy to show that ¢’ € Hy(Il) and ||¢'|| g, (m) = ||f'|l#, (D, )- Therefore, Lemmas
1.3, 2.3, and 3.1 imply that for any m € N there exist r; € %, (R) (7 = 1,2) such that

IReg - r1lloor < cxm™ (|||, s (23)
Im g — 72]lco,r < com™ || f ||, (24)
Making the inverse substitution n = T'~(2) = (1 ~42)/(z — ), we get Theorem 3.1 from
(23) and (24) and Lemma 3.2.
The sharpness of Theorem 3.1 can be judged by the example of the function pn(z) =
2711 /21(n + 1), for which (see [9], p. 167) |l@la, = 1 and R, (pn, Dy ) = 1/2m(n+ 1).
We introduce the following best approximation for a function f € H;:

Ru(f,Hy) = nf{||f = r'l|z,: 7 € Zu(D4)}-



96 A. A. PEKARSKII

LEMMA 3.3. If f € H}, then
Rn(f,Dy) < (¢/n)Rus2(f', Hy), n2>2

PROOF. Let r. € #y,/o(Dy) be such that ||f' — rilla, = Rn/2(f’,H1). Then by
Theorem 3.1

Ru(f,D4) = Rulra + (f = 12)] £ Rnja(re, D) + Rpya(f =14, D)
< (e/mf' = rilla, = (¢/m)Ruya(f', Hy).
Lemma 3.3 is proved.
COROLLARY 3.1. If f € H}, then R,(f,D5) = o(1/n).
The proof follows directly from Lemma 3.3 and Jackson’s theorem.

THEOREM 3.2. The following imbeddings are valid:

R, C H{ CRL . (25)
sot/o C Hija C RS o (a > 1), (26)
RL ,C B} cRL ., (27)

R 1/a = Biya (a>1). (28)

PROOF. The left-hand imbeddings in (25)-(27), as well as the imbedding “C” in
(28), are known ([3], [13]-[15], and [20]). The right-hand imbeddings in (25) and (27)
follow directly from Theorem 3.1 and (22). We get the right-hand imbedding (26). From
Lemma 3.3,

Roe(f,D4) 2 *Rpxr (f', Hy)  (k21) (29)
for a function f € HY), (o > 1). Since f' € H;‘/al, we get from Theorem 4.1 in [11] that
0o 1/2
1/ ey + {Z(z(a_l)kﬁzk(f',fh))?] < C(a)”flllyg/;“ (30)
k=0

The right-hand imbedding in (26) follows from (29) and (30). The imbedding “D” in
(28) is proved similarly. This proves Theorem 3.2.
For s € N and 8 > 0 we introduce the function

a -8
psaﬂ(z) = (ln(s) 1 — z) !

where In¢;y z = In(z) and Ingsy 2 = In(In(,_y) z) for s > 2, the principal branch is taken
for all logarithms, and the positive number a is chosen so that s g(z) is continuous in
D, . For sufficiently large n we have the relations(®)

Rn(‘Pl,ﬁa [Ov 1]) = l/nl+ﬂv (31)
Rn(ps,8,10,1]) < 1/n(Ins_1) n)? (s >2). (32)

The equivalences (31) and (32) were obtained for s = 2 in [23]. The case s > 2 is
handled similarly. We mention that the first nontrivial upper and lower estimates for
Rn(ps,8, [0, 1]) were obtained by Gonchar in [24] and [25]. See also Bulanov’s paper [26)
about a lower estimate of Rn.(¢1,3,(0,1]). It is shown in Example 3.1 that (31) and (32)
are preserved if [0, 1] is replaced by T or by D.

(®)an < bp © an = O(bn)&bn = O(an).
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EXAMPLE 3.1. For sufficiently large n

Rn(‘pl,ﬂ’E%—) = Rn((plﬁvT) = 1/n1+ﬂ’ (33)
Ru(0s,8,D1) < Ru(s,8,T) < 1/n(Ings_1) n)? (s 2 2). (34)
PROOF. It follows from the lower estimate in (31) and (32) and from Lemma 3.2 that
it suffices for us to get an upper estimate for Ry (s g, D+) (s > 1). With this goal we
introduce s g n(2) = ps5((1 — e ™)2) and choose some k € N such that £k > 1+ 3.
From the right-hand imbeddings in (25) and (26) we have
Ru(pap. D) S cxn”liehs = ©hgnllen +eabin ™ el ol (35)
The necessary upper estimate follows from (35). The relations (33) and (34) are proved.
Since s g € B} for any s and 3, (34) and (22) imply that the right-hand imbeddings
in (25) and (27) are sharp in the sense that R}, ., cannot be replaced by R}, , for any
g < 00. The impossibility of an analogous improvement in the left-hand imbeddings in
(25) and (27) follows from results of Dolzhenko [3]. Examples in [11] and [15] give us
that the imbeddings (26) also cannot be improved.
For Lebesgue measurable sets & C D we define the measure

u(é”)=//g(1—!zn'2dzdy (e = 2 +1y).

Denote by Ly 4(D4,p) the Lorentz space of p-measurable functions in D, (see [27],
§5.3).

COROLLARY 3.2. Ifa>1,k>a (k€ N), and 0 < g < 00, then
f € Rgo,q < f(k)(z)(l - ‘z|)k € Ll/a,q(D+a“)'
In particular,
Rn(f,D4) =0(n™%)
s u{zeDy: [fRPR)1—[2))* >t} =0¢" )  ast— +0.

The proof is based on (28) and is analogous to that of Corollary 4.2 in [11].

Let us compare the degree of best rational approximation in C(D,) and the space
BMOA of analytic functions of bounded mean oscillation in D4 (see [13], [18], and [20]).
By definition, an f € A(D.) belongs to BMOA if it is representable as an integral of
Cauchy type with bounded density:

1@ =7%0(e) = 5 [ Lae, (36)

where g € Loo(T) and z € D,. Here we set || f|lsBmoa = inf ||g]|co,7, Where the infimum
runs over all g such that (36) holds. Let R, (f, BMOA) denote the best approximation
of f in BMOA by the set #,(D,), and by R, the approximation space determined
by (17) and (18) when ||f|loc.2 is replaced by ||fllemoa and R,(f, Q) is replaced by
R.(f,BMOA). Obviously, for f € A(D+)NC(Dy)

R,(f,BMOA) < R,(f,D3). (37)

Therefore, (28) implies the imbedding By, C R, /, for @ > 1. By using real interpola-
tion this imbedding can be generalized to @ < 1. The necessary interpolation theorems
are in [27] and [28]. Thus, we have obtained a new proof of a result of Peller [13], [20]:

Ya C B2/, (@ >0). The reverse imbedding also holds (see [20], [13], [14], and [15]).

We show that inequality (37) can be reversed for “sufficiently smooth functions”.
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COROLLARY 3.3. If f € BMOA and

Y Ri(f,BMOA) < oo, (38)

k=0

then f € C(Dy), and for any n > 1
Ra(f, D)< = Y Ru(f,BMOA). (39)

k>n/2

The proof is by the standard method with use of Theorem 3.1 and the inequality (see
[20] and [13]) ||*’|l&#, < cn||rllBMOA, Where r € %, (D) and n > 1.

The sharpness of inequality (39) can be judged by the example of the function @, g(2),
for which we obtained (33) and (34) earlier. For sufficiently large n we also have the
equivalences

R.(¢1,3,BMOA) < 1/n1t?, (40)

Rn(@a,g, BMOA) = l/n 111(1) n--- ln(s_g)(ln(s_l) n)l"'ﬁ (S > 2). (41)

The assertions (40) and (41) were obtained in [11] for s = 2, and the case s > 2 is handled
similarly.

REMARKS. 1. We can show that if (38) does not hold, then f & C(D4) in general.
2. Relation (39), in combination with a result of Peller in [13] and [20] (B, C RZ, /,,

a > 0), also leads to the imbedding Bf, C Roo,1/a (o> 1) in (38).
§4. Approximation on the circle and on a closed interval

Together with the integral # *g¢(z) defined by (36), we also introduce for a g € L(T)
the integral % ~g(z) obtained from (36) by replacing 2 € Dy by 2 € D_. For £ € T
let Z*g(€) denote the nontangential boundary values of Z *g(z). As is known [17],
g(&) = F tg(€) + F ~g(€) for almost all £ € T. We also define the conjugate function

é(f)=—-/Tng(”1¢ n (€€T),

where the integral is understood in the sense of the Cauchy principal value. It is known
(17] that §(&) exists almost everywhere on T and

§(&) = i Z *g(&) + 17 " g(€) +¢4(0),
where

3(0) = (1/27) /T o(€)lde].

LEMMA 4.1 ([13], [20]). The operators Z+, % ~, and ~ act continuously from
By (T) (a > 0) into BYo(D4), By (D-), and By, (T), respectively.

LEMMA 4.2 ([13], (29]). I f(z) € By, [-1.1] (a > 0), then g(€) = f[(£+&)/2) €
Bf/a(T), and this mapping is continuous.
THEOREM 4.1. Suppose that S is the circle T or the interval [—1,1]. Then
R3,1(8) € BY(S) C Ry, 0(S), (42)
R, l/a(S) Bi/a(S)  (a>1). (43)

PROOF. The left-hand imbedding in (42) is known, as is the imbedding “C” in (43)
(see [13]-[15], [20], and [29]). The right-hand imbedding in (42) and the imbedding “2”
in (43) follow from Theorem 3.2 and Lemmas 4.1 and 4.2. Theorem 4.1 is proved.
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THEOREM 4.2. If the functions f and f are absolutely continuous on T, then for
anyn>1

Ru(f,T) 2 en™ (1 s, + 1) hr)-

The proof follows immediately from Theorem 3.1 and the properties given above for
an integral of Cauchy type and for conjugate functions.

REMARK. Sevast’yanov [35] pointed out the advisability of studying best rational
approximations of the functions in Theorem 4.2. As is clear from Lemma 3.2, Theorems
3.1 and 4.2 are equivalent.

COROLLARY 4.1. Suppose that f € C(T) and that the function f(€®) is even and
convex on [0,2n]. Then f € C(T), and for anyn > 1

R.(f,T) <en™ Y f|l1 7, (44)
Ro(f,T) < en Y[ flir. (45)

PROOF. We introduce the function A¢(z) = max{0,1 — |z|/t}, where z € [—m, 7]
and ¢t > 0. It is not hard to show (see also [30], Chapter II, §1), that there exists a
nondecreasing function h(t) on [0, ] satisfying the conditions A(r) — h(0) = 3||f|l1,7 and

[y = f(~1) + /0 " A@)dh(t)  (z € ma)).

We get (44) and (45) from Theorem 4.2 (or Theorem 4.1 and Lemma 4.1) and the last
relation.
We remark that (44) is an obvious consequence of Theorem 5.1 in [31], while (45) is
new. Relation (44) can be obtained similarly in the nonperiodic case (see [31] and [32]).
For z > 0 we introduce the function ®g(z) = zlnz for £ > 1, ®g(z) =0 for z < 1.
Denote by L (T) the corresponding Orlicz space [33] of functions on T.

COROLLARY 4.2 [31]. If f is absolutely continuous on T and f' € Ly (T), then for
anyn > 1
R, (f,T) < cn—lnf,”L;O(T)'

The proof follows immediately from Theorem 4.2 and the theorem of Zygmund on
conjugate functions [18].
Grigoryan (34] proved that if
oo

Z (/,T) < o0, (46)

then f € C(T). Sevast’yanov [35] constructed examples which imply that if (46) does
not hold, then f & C(T) in general. Theorem 4.3 below gives an analogue, for rational
approximations, of an inequality of Stechkin [36] connecting best polynomlal approxima-
tions of a function and its conjugate.

THEOREM 4.3. Suppose that f € C(T) and condition (46) holds. Then for any
n>2

Ri(J.T)< = 3 Ru(.T).

k>n/2

The proof is by a standard method with the use of Theorem 4.2 along with the
inequalities ||r']|;.7 < enljr|loo,r and ||(F)'||1,7 < cnf7|lco,7, where 7 € FZpn(T) and n > 1.
The first of these inequalities is due to Dolzhenko {1], and the second to Rusak [9], [35].
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The sharpness of Theorem 4.3 can be judged by the following example.
EXAMPLE 4.1. For any s € N and § > 0 there exists an f, 3 € C(T) such that

fs,g € C(T) and, for sufficiently large n,

Rn(f1,6,T) = Rn(f1,6,T) < 1/n**P, (47)
Rn(fs,ﬂa T) = l/n 1n(l) n--- ]n(s~2) n(ln(s—l) n)1+ﬁ (8 > 2)7 (48)
Ru(f1,5,T) =< 1/n(lns_yn)® (s 22). (49)

PROOF. The constructions are based on the functions ¢, 5 in §3. Let f15(§) =
©1,5(€), € €T. Since p1 5 C C(D+)NA(Dy), it follows that f; s = —ify 3+ const, and
hence (47) follows from (33). In the case s > 2 we introduce functions ry, € Hor(Dy)
which satisfy the conditions ||¢s,s —7k|[BMOA = Rak (s, BMOA). Fix some sufficiently
large kyp. We have that w5 = uy + ug + usz + -+, where uy = rg,, Ug = Thkg41 — Tkgs
Ug = Tko4+2 — Tko+1 and so on. According to (41), |lujllamoa < eAs(27F50), where A (n)
is the right-hand side of (41). Since u; € Fysrro (D4), it follows [37] that there is a
v; € Hps+ro (D) such that the function w; = u; + v; satisfies the condition

[wslloo.r = llu;llBMoA < Ag(27FF0). (50)

We show that fy 3 = wy + wg + --- is the desired function. Indeed, (50} implies that
fs,5 € C(T) and that the upper estimate in (48) is valid. To obtain the lower estimate
in (48), note that Z'* f, 3 = v, g + const and R, (fs,8,T) = Rn(ps,3, BMOA) > cAs(n)
by (41). Thus, (48) is proved. The upper estimate in (49) follows from Theorem 4.3 and
the upper estimate in (48). It remains to get the lower estimate in (49). For this, note
that f;,[; =1fs3 — 21ps g + const, and hence

Ru(fs.5:T) > 2Ron (05,6, T) — Rn(f5.5,T).

The lower estimate in (49) is obtained from the last inequality, relation (34), and the
upper estimate in (48). This proves (47)-(49).

COROLLARY 4.3. Suppose that o > 1 and 0 < g < co. Then the following conditions
are equivalent:

a) f € RS, (T),

b) f € RS, (T), B

¢) #tfe R (Dy) and Z~ f € R, ,(D-).

Recall that a description of Rgqu(ﬁ_;) is given in Corollary 3.2. The space Rgo’q(b_)
admits an analogous description. Thus, Corollaries 3.2 and 4.3 give a description of the
space Ry, (7).

Let (-, )g,q be the Peetre interpolation functor [27]. One application of the results
obtained is given in Corollary 4.4.

COROLLARY 4.4 (cf. [13], [20] and [28]). Suppose that S is the circle T or the
interval [-1,1], s> 1,0< 0 <1, and @ =0s > 1. Then

(C(S), BY/s(8))0,1/a = Biyo(S).
The proof follows immediately from Theorem 4.1 and the equalities (see [27], Chapter
7)
(C(8), Bo,1/5(S)8,1/a = R 1/4(S)-

In conclusion we note that it is possible to give a “real” description of the spaces
R, ,(T) and R, ,[—1,1] for o > 1. This description is based on the idea of an atomic
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decomposition of the spaces A 170 and Bf‘/a. It is also possible to introduce a character-
istic, analogous to moduli of smoothness in polynomial approximation, which connects
smoothness of functions and the degree of Tchebycheff rational approximation. Such a
characteristic was introduced for the spaces L, (1 < p < o0) in [4] and [16]. We propose
to consider these questions separately. We remark also that by using the Faber transfor-
mation method ([13], [21], and [29]) it is possible to generalize Theorem 3.2 for Lipschitz
domains (38].
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