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Abstract. This paper gives a short overview of results related to homo-
topy finiteness of DG categories. A general plan is explained for proving
homotopy finiteness of derived categories of coherent sheaves and coherent
matrix factorizations on separated schemes of finite type over a field of
characteristic zero.
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1. Introduction

In this paper we give an overview of results on homotopy finiteness of differential
graded (DG) categories and on smooth categorical compactifications.

According to one of the approaches to non-commutative algebraic geometry,
a non-commutative space is a triangulated DG (or As-) category which admits
a single generator ([19], [27]).

By a theorem of Bondal and Van den Bergh ([5], Theorem 3.1.1) and by results
of Keller [17], for any separated scheme X of finite type over a field k there is a DG
k-algebra A, defined up to a Morita equivalence, such that

D(QCoh(X)) ~ D(A).

Here D(A) is the derived category of (right) DG A-modules. This equivalence
identifies the full subcategories of perfect complexes (which are exactly the compact
objects): Dpers(X) =~ Dperf(A). Let us denote by Perf(X) the DG enhancement
(see [3]) of the triangulated category Dperi(X). The DG category Perf(X) is treated
as a non-commutative space associated with X.

It is known (see [27], Proposition 3.30, and [22], Proposition 3.13) that a scheme
X is smooth (respectively, proper) if and only if the DG category Perf(X) is smooth
(respectively, proper). Thus, these basic geometric properties of X are reflected by
the DG category Perf(X). The notions of smoothness and properness for DG
categories are recalled in § 2.

The situation is quite different for the DG category D?., (X) D Perf(X)—an
enhancement of the derived category of coherent sheaves. Namely, the following
theorem has been proven by Lunts.

Theorem 1.1 ([22], Theorem 6.3). Let X be a separated scheme of finite type over
a perfect field k. Then the DG category D, (X) is smooth.

coh

This is quite surprising: the scheme X can have arbitrary singularities and even
be non-reduced, but the DG category D’ , (X) is always smooth.

coh
The class of smooth DG categories contains some ‘large’ examples. For example,
the field of rational functions k(x1,...,x,) is a smooth DG algebra. It is natural

to try to impose some conditions on a smooth DG category so that it is ‘finitely
presented’ in an appropriate sense.

Toén and Vaquié [36] introduced the class of so-called homotopically finitely
presented (homotopically finite) DG categories.

Definition 1.2 [36]. 1) A DG algebra A is homotopically finite if in the homotopy
category of DG algebras A there is a retract of a free graded algebra k{xy,...,z,)
with differential satisfying the condition

dx; € k(z1,...,2i_1), 1<i<n.

2) A small DG category is homotopically finite if it is Morita equivalent to
a smooth DG algebra which is homotopically finite.

See §2 for a more detailed discussion, in particular for the notion of a retract.
The homotopically finite DG categories play the same role in the Morita homotopy



On the homotopy finiteness of DG categories 433

category of DG categories as the perfect &7-modules play in the derived category of
all o/-modules (where &7 is some small DG category). Also, their analogue in the
homotopy category of CW complexes is the category of so-called finitely dominated
spaces, which are homotopy retracts of finite CW complexes (see [38], [39], and [37]).

The basic facts about homotopically finite DG categories are recalled in § 2. Here
we mention that if a DG category is hfp, then it is smooth. On the other hand, if
a DG category is smooth and proper, then it is homotopically finite.

The main result of [8] is the following theorem.

Theorem 1.3 ([8], Theorem 1.4). Let Y be a separated scheme of finite type over
a field k of characteristic zero. Then the DG category Dé’oh(Y) is homotopically
finite.

The statement of this theorem was previously conjectured by Kontsevich at the
conference at the University of Miami in 2010.

In [8] a similar result is also proved for coherent matrix factorizations [11]. For
any regular function W on Y we have a Z/2-graded DG category D25 (X, W) —an
enhancement of the absolute derived category of coherent matrix factorizations

of W.

Theorem 1.4 ([8], Theorem 1.5). Let Y be a separated scheme of finite type over
a field k of characteristic zero, and let W be a regular function on Y. Then the
7./2-graded DG category D223 (Y, W) is homotopically finite.

coh

There is a particularly nice class of homotopically finite DG categories: those
which admit a so-called smooth categorical compactification. We recall that a DG
quasi-functor F': &/ — % between small DG categories is a DG bimodule Np €
o/-Mod-%, such that for each object X € &/ the DG %-module Np(X,—) is
quasi-isomorphic to a representable module.

Definition 1.5. A smooth categorical compactification of a DG category o is
a DG quasi-functor F': ¥ — &/, where the DG category % is smooth and proper,
the extension of scalars functor F*: Perf(¢) — Perf(/) is a Verdier localization
(up to direct summands), and its kernel is generated by a single object.

The motivation for the term ‘smooth categorical compactification’ is as follows.
Suppose that Y is smooth, and Y D Y is a usual (algebro-geometric) smooth com-
pactification. Then the restriction functor D’ , (Y) — Db, (Y) is a smooth cate-
gorical compactification.

One can show that the existence of a smooth categorical compactification implies
homotopy finiteness (see Corollary 2.9). In the recent paper [9] the author gives
examples of homotopically finite DG categories which do not admit a smooth cat-
egorical compactification.

In [8] the following theorem is proved, which is stronger than Theorems 1.3
and 1.4.

Theorem 1.6 ([8], Theorem 1.8). Let Y be a separated scheme of finite type over
a field k of characteristic zero. Then:

"'Workshop on homological mirror symmetry and related topics (University of Miami, 2010),
Discussion session.
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1) the DG category D%, (Y) has a smooth categorical compactification of the
form Di’oh(?) — Db (Y), where Y is a smooth and proper variety;

2) for any regular function W € O(Y) the D(Z/2-)G category D*™(Y, W) has
a 7,)2-graded smooth categorical compactification Cy — D*P5(X, W), with a semi-
orthogonal decomposition Cyy = (D**(Vi, W1), ..., D*(V,,,W,,)), where each V;

is a k-smooth variety and the morphisms W;: V; — Al are proper.

The general idea of the proof of Theorem 1.6 is motivated by the following
conjecture of Bondal and Orlov.

Conjecture 1.7 [4]. LetY be a variety with rational singularities, andlet f: X —Y
be a resolution of singularities (recall that rationality of singularities means that
Rf.0Ox = Oy). Then the functor Rf,: D° , (X) — Db . (Y) is a localization.

coh coh

If we are able to prove Conjecture 1.7 and also to show that the kernel of the
localization is generated by a single object, then choosing any smooth compactifi-
cation X of X, we get a smooth categorical compactification D’ , (X) of Db, (V).
Unfortunately, we have not been able to prove Conjecture 1.7 in general, but the

technique developed in [§] allows us to prove it in a certain class of cases.

Theorem 1.8 ([8], Theorem 1.10). Suppose that Y has rational singularities,
Z CY is a closed smooth subscheme, and the blow-up X = BlzY 1is smooth, so
that f: X — Y is a resolution of singularities. Let us denote by T = f~1(2)
the exceptional divisor, by p: T — Z the induced morphism, and by j: T — X
the embedding.  Suppose that Rf. I} = I} for n > 1.  Then the functor
Rf.: D’ (X) — Db, (Y) is a localization, and its kernel is generated by the
subcategory j.((p* Dy, (Z))*)-

A more general version of this result is Theorem 7.20. It can be applied, for
example, when Y C A" is a cone over some projective embedding of a smooth
Fano variety, and Z = {0} C Y is the origin.

For an arbitrary scheme Y (separated, of finite type) the idea is to use the
so-called categorical resolution constructed by Kuznetsov and Lunts [21]. It plays
the same role as the derived category of the resolution of rational singularities, and
it exists for any separated scheme of finite type. Surprisingly, in this framework
we are able to prove the analogue of Conjecture 1.7, which allows us to prove
Theorem 1.6. We note that even if Y has rational singularities, we still use the
categorical resolution to obtain the smooth categorical compactification.

This overview is organized as follows.

In § 2 we discuss the notions of homotopy finiteness of DG categories and smooth
categorical compactifications, and also formulate some basic results related to these
notions.

In §3 we recall the Neeman criterion for a functor to be a localization, and we
introduce homological epimorphisms of DG categories (in the terminology of [14]
and [28]), which generalize localizations.

In §4 we recall the notion of gluing DG categories via a bimodule.

In §5 we recall the notions of coderived category and absolute derived category.
We formulate basic results about them for locally Noetherian Abelian categories,
in particular, the statement about compact generation.
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Section 6 is devoted to specific convenient enhancements for derived categories
of coherent sheaves and absolute derived categories of coherent matrix factoriza-
tions. For these enhancements, we have natural DG direct image functors (not just
quasi-functors) for a proper morphism.

In §6.3 we introduce the category of nice ringed spaces. Its objects are pairs
(X, ox), where X is a separated Noetherian scheme and «/x is a coherent sheaf
of Ux-algebras satisfying a certain additional condition. We discuss the (co)derived
categories of (quasi-)coherent sheaves on nice ringed spaces, and functors between
them.

Section 7 is devoted to the proof of Theorem 1.6 (see Theorem 7.23).

2. Homotopy theory of DG algebras and DG categories

For an introduction to DG categories, we refer the reader to [17]. Our basic
reference for model categories is [15]. The references for model structures on DG
algebras and DG categories are [34] and [35]. The notion of homotopy finiteness is
taken from [36]. The references for DG quotients are [6] and [18].

We fix some base field k. We will consider either Z-graded or Z/2-graded DG
categories. The latter can be treated as DG categories over k[u™'], where u has
degree 2. These two cases are parallel for our discussion. If we do not specify
the grading, then we mean that everything holds in both frameworks. We write ®
for ®yx. Also, for a homogeneous element v of a graded vector space V', we denote
by |v] its grading.

All DG modules are assumed to be right modules unless otherwise stated. Given
a small DG category &7, we denote by Mod-«/ the DG category of right DG
modules (it is denoted by Dif &7 in [17], § 1.2). We denote by «7- Mod = Mod -&7°P
the DG category of left @/-modules. We have a fully faithful Yoneda embedding
functor &/ — Mod-&/. For any DG category T' (not necessarily small) the k-linear
category H°(T) has the same objects as T, and the morphisms are given by

HY(T)(X,Y) = H°(T(X,Y)).

It is shown in [17|, Lemma 2.2, that the category H°(Mod-«/) is naturally tri-
angulated. The derived category D(<) is defined to be the Verdier quotient
of H°(Mod-47) by the full triangulated subcategory of acyclic DG modules.

It is also convenient to define the category Z°(T) for any DG category T, simi-
larly to HO(T'). Here for a complex #® of vector spaces we denote the vector space
of closed elements of degree zero by Z°(.%*).

By results in [17], § 3, the full subcategory H°(Acycl(/)) of acyclic DG modules
in H%(Mod-&7) is both left and right admissible. Recall that an «/-module M
is said to be h-projective (respectively, h-injective) if it is in the left (respectively,
right) orthogonal to H°(Acycl(<)). We denote by h-proj(</) C Mod-/ the full
DG subcategory of h-projective o/-modules. In particular, we have an equiva-
lence D(/) ~ H°(h-proj(</)). This allows us to define the left derived functor
LF: D(«/) — D(%) of any exact functor F': H°(Mod-</) — H°(Mod-%) to be
the composition

D(e7) = H(h-proj(«/)) = H°(Mod-%B) — D(%B).
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The tensor product bifunctor
— Qg —: Mod-o& ® o/-Mod — Mod -k

is given by

M®,Q¢NCoker( P M) esX V) NY)L P MX) )),
X, Yeo Xeod

where v(m®@ f@n) =mfn—me fn.

Given small DG categories ./ and &, we denote by «7- Mod -Z the DG category
Mod-(&/°? @ A) of o/-%-bimodules. Then an &7/-%-bimodule N defines a DG
functor

— ®u N: Mod-o/ — Mod-%,

given by
(M ®y N)(X) =M@z N(—, X).

This DG functor induces an exact functor

— @y N: H'(Mod-2/) — H°(Mod-<7).

L
We denote by — @ N: D(&/) — D(A) the left derived functor.
Similarly, for an &7-%-bimodule M and a %#-%-bimodule N, their tensor product
M ®g4 N € of/-Mod-% is given by

Deriving the resulting bifunctor on either side gives the same bi-exact bifunctor
D(? @ B) x D(BPRF) — D(APRYE).

We denote the full DG subcategory of semi-free finitely generated modules by
S Fig(@/) C Mod-o/. That is, a module M is in ¥ F (/) if it has a finite
filtration by DG submodules such that all the subquotients are isomorphic to
shifts of representable DG modules. In particular, all representable «7-modules are
in .7 F (). In fact, S Fie(o/) C h-proj(«/), and the category HO(.S Fiy())
is identified with the full triangulated subcategory of D(<) generated by repre-
sentable modules via shifts and cones (note that the category H®(.¥ Zg, (7)) is not
necessarily Karoubi-closed). We recall that a DG category & is said to be weakly
(respectively, strongly) pre-triangulated if the Yoneda functor o/ — . %, (7) is
a quasi-equivalence (respectively, a DG equivalence). In particular, for a weakly
pre-triangulated DG category, the category H°(«7) is triangulated. By defini-
tion [3], an enhancement of a triangulated category  is a weakly pre-triangulated
DG category 7, together with an exact equivalence HY(&/) ~ T.

We recall that the triangulated subcategory Dye(27) C D(&7) is defined to be
the Karoubi completion of HY(.# %, (7)) inside D(7). In fact, the triangulated
category D(«7) is compactly generated (see [17], §4.2) and the subcategory D(7)¢
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of compact objects coincides with Dpere(2?) (see [32], [25], Lemma 2.2, and [17],
Theorem 5.3).

We denote by dgalg, the category of DG algebras over k. By [16] it has a model
structure, with weak equivalences being quasi-isomorphisms and fibrations being
surjections. This model category is finitely generated in the terminology of [15]. Its
finite-cell objects are as follows.

Definition 2.1 [36]. A finite-cell DG algebra B is a DG algebra which is isomorphic
as a graded algebra to a free algebra of finite type:

B8 2 k(x1,...,2Tn),

and moreover,
d$i€k<$1,...,$i,1>, 1<i<n.

We recall that for a category %, an object X € ¥ is called a retract of an object
Y € ¥ if there exist morphisms f: X — Y and ¢g: Y — X such that gf = idx.

The following definition is due to Toén and Vaquié [36]. It makes sense for all
finitely generated model categories.

Definition 2.2 [36]. A DG algebra A is homotopically finitely presented (homo-
topically finite) if in the homotopy category Ho(dgalg, ) the object A is a retract of
some finite-cell DG algebra B.

We recall the notions of smoothness and properness.

Definition 2.3 [19]. 1) A DG algebra A is smooth over k if the diagonal A-A-bimod-
ule is perfect:
A € Dperi(A® AP).

2) A DG algebra A is proper over k if A € Dpere(k), or in other words, the total
cohomology of A is finite-dimensional.

We have the following implications, which were proved in [36].

Theorem 2.4 [36]. 1) If a DG algebra is homotopically finite over k, then it is
smooth.
2) If a DG algebra is smooth and proper over k, then it is homotopically finite.
3) If DG algebras A and A’ are Morita equivalent and A is hfp, then so is A’.

Part 3) of the above theorem implies that we can talk about homotopy finiteness
of small DG categories. We can also consider the category of small DG categories
dgcat,, and define weak equivalences as Morita equivalences. Tabuada [35] has
constructed the corresponding model structure, which is again finitely generated.
We denote by Hop(dgceaty ) the corresponding homotopy category.

By [34] there is another model structure on dgcat,, with weak equivalences
being quasi-equivalences. We denote by Ho(dgcat, ) the corresponding homotopy
category.

Definition 2.5. A DG category £ is called a finite-cell category if:
i) 2 has a finite number of objects;
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ii) the graded category #%" is freely generated by a finite number of morphisms

f17"'7f71,;

Homotopically finite DG categories are defined in the same way.

Definition 2.6. A small DG category & is homotopically finite if in the homotopy
category Hoys(dgcat, ) the object &7 is a retract of a finite-cell DG category.

By [36], Corollary 2.12, a DG category is homotopically finite if and only if it is
Morita equivalent to a homotopically finite DG algebra.

Remark 2.7. The notions of smoothness and properness make sense for all small
DG categories, and statements 1) and 2) of Theorem 2.4 are also true for small DG
categories.

The following result holds.

Proposition 2.8 ([8], Proposition 2.8). Let € be a small DG category which is hfp,
and let E € Ob(€) be an object. Then the DG quotient € /E is also homotopically
finite.

In the Introduction we defined the notion of a smooth categorical compactifica-
tion (Definition 1.5). We have the following corollary.

Corollary 2.9. Assume that a small DG category </ has a smooth categorical
compactification (see Definition 1.5). Then of is homotopically finite.

Proof. Indeed, this follows directly from Proposition 2.8 and Theorem 2.4. [

3. Homological epimorphisms and localizations

We recall the following result of Neeman on the localizations of compactly gener-
ated triangulated categories. If .7 is a compactly generated triangulated category,
then .7¢ C 7 denotes the full triangulated subcategory of compact objects.

Theorem 3.1 [26]. Let 7 and .¥ be compactly generated triangulated categories,
and let F': T — % be an exact functor commuting with small direct sums and
preserving compact objects. The following are equivalent:

(i) the induced functor F¢: T°¢ — % is a localization up to direct summands
(that is, it is a localization onto its image, and the Karoubi completion of the image
coincides with /°);

(i) the functor F: T — % is a localization, and its kernel is generated (as
a localizing subcategory) by its intersection with T°.

We will restrict ourselves to triangulated categories with a DG enhancement.
We need to specify our notation.

Notational convention. For a DG functor ®: &/ — % between small DG cate-
gories we denote by ®,: D(#A) — D() the restriction of scalars functor. Its left
adjoint, the extension of scalars, is denoted by ®*: D(&/) — D(%). We denote
by Iy € o/-Mod-« the diagonal bimodule given by I, (X,Y) = &/(Y, X). When
it does not lead to confusion, we also denote this bimodule by &7, as well as its
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various restrictions of scalars. For example, the extension of scalars functor above
can be written as .
(I)*(—) = — Ry A.
The following notion of a homological epimorphism is a straightforward general-

ization of the corresponding notions from [14] (the case of associative rings) and [28]
(the case of DG algebras).

Definition 3.2. A DG functor ®: & — % between small DG categories is a homo-
logical epimorphism if the extension of scalars functor

o*: D(o/) — D(A)
is a localization.

Remark 3.3. An exact functor F': .7 — .¥ between (not necessarily small) trian-
gulated categories is a localization if the induced functor F: 7 /ker(F) — .7 is
an equivalence, which is in general hard to verify (for example, Conjecture 1.7
is a statement of this kind). However, if we assume moreover that the functor F
has a left (respectively, right) adjoint G, then the condition on F to be a localization
is equivalent to the condition on G to be fully faithful.

The property of a functor to be a homological epimorphism has several reformu-
lations.

Proposition 3.4 ([8], Proposition 3.4). Let ®: & — B be a DG functor between
small DG categories. The following are equivalent:

(i) @ is a homological epimorphism;

(ii) the restriction of scalars functor ®.: D(B) — D() is fully faithful,

(iii) for any X,Y € Ob(A) the natural (composition) morphism

L
B(0(-),Y) @u B(X,®(-)) = B(X,Y)
is an isomorphism in D(k);
(iv) the natural morphism
L
PBRy B=(PRDPP) Iy — Iz (3.1)
is an isomorphism in D(AB @ B°P).

Corollary 3.5. If ®: o/ — % is a homological epimorphism and </ is smooth,
then A is also smooth.

Proof. By the definition of smoothness, the bimodule I, € D(& ® &7°P) is perfect.
The extension of scalars functor always preserves perfect complexes. Hence, condi-
tion (iv) in Proposition 3.4 implies that Iz € D(# ® %°P) is also perfect, and thus
A is smooth. O

We note that the properties of being a homological epimorphism and of being
quasi-fully-faithful are dual to each other (see [8], Proposition 3.6). We recall that
a DG functor ¢: & — £ is said to be quasi-fully-faithful if the morphisms

B(X,Y): /(X.Y) - B@(X),8(Y)), X.Yed,

are quasi-isomorphisms.
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Definition 3.6. We call a DG functor ®: &/ — % between small DG categories
a localization if the functor ®*: Dpeys(27) — Dpere(#) is a Verdier localization up
to direct summands.

Theorem 3.1 directly implies the following.

Corollary 3.7. Let &: o/ — A be a functor between small DG categories. The
following are equivalent:
(i) @ is a localization;
(ii) @ 4s a homological epimorphism and the kernel of ®*: D(&/) — D(A) is
generated (as a localizing subcategory) by its intersection with Dpeyr(2).

We finish this section by mentioning a situation when a homological epimorphism
is automatically a localization.

Lemma 3.8. For a commutative square

o .

cll czl

€ 2, 9
of DG functors, let F1 and Fy be quasi-fully-faithful, let G1 be a localization, let
G be a homological epimorphism, and let the induced functor Go: B)Fy (/) —

D] F5(€) be a Morita equivalence. Then Gy is a localization. Moreover, there is an
identification of subcategories

ker(G3: Dpert(#B) — Dpert(2)) = Fy (ker(GY: Dpert () — Dpert(%)))-

Proof. By Corollary 3.7, we only need to show that ker(G3: D(#) — D(2)) is
identified with Fy (ker(G5: D(«/) — D(¥))). Let

pri: B — B/F1 () and pry: D — D/F(F)
denote the projection DG functors. We have semi-orthogonal decompositions

D(#) = (pry. D(B/Fi(/)), F; D(e/)) and D(Z) = (pra, D(9/Fo(€)), F; D(%)).

(3.2)
The functor G3: D(#) — D(Z) is compatible with the semi-orthogonal decompo-
sitions (3.2), and it induces the functors G, and G} on the components. By our
assumptions, the functor G, is an equivalence. It follows that ker(Gj: D(#) —
D(2)) is contained in Fy(D(«7)). O

4. Gluing of DG categories

First we recall the notion of gluing, following the notation of [27].

Definition 4.1. Let & and % be small DG categories, and let M € D(« ® %°P)
be a bimodule.
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1) Define the DG category € = &7 |y & as follows. First, Ob(«/ |y HB) =
Ob(«7) U Ob(%). The complexes of morphisms are defined by

o (X,Y) for X|Y € o
B(X,Y) for X\Y € %
M(X,)Y) for X e &/, Y € %,
0 for X e B, Y € o.

C(X,Y) =

The composition in & |_j; A is given by the compositions in &/ and £ and by the
bimodule structure on M.

2) The DG category & By A is defined as follows. Its objects are triples
(X,Y, 1), where X € Ob(«/), Y € Ob(%), and u € M°(X,Y) is a cocycle of
degree zero. The graded k-modules of morphisms are defined by

Hom((X,Y, ), (XY, 1)) = o/ (X, X") & B(YV,Y') & M(X,Y")[-1].
The differential is given by the formula
d(f1, f2, f12) = (d(fl),d(fQ), —d(f12) — fap Jr,u/fl)-

The composition is given by

(f1, f2, f12) © (91,92, 912) = (f1 © g1, f2 © g2, f1201 + (—1)|f2‘f2912)~
These two versions of gluing are related to each other as follows.

Proposition 4.2. 1) There is a natural fully faithful DG functor
Q: A Gy B — S Frg(A |t B), (X,Y, 1) — Cone(hx £ hy).

Moreover, ® is a Morita equivalence.
2) If both </ and % are weakly (respectively, strongly) pre-triangulated, then ®
is a quasi-equivalence (respectively, a DG equivalence).

Proof. Straightforward checking. [

Remark 4.3. Tt follows from 1) in Proposition 4.2 that for any DG functor
F:d |y B — €, where € is strongly pre-triangulated, we have a natural DG
functor

F'i o ®y B — €, where F'(X,Y, ) = Cone(F(u): F(X)— F(Y))

(the DG functor F’ is well defined up to a canonical DG isomorphism). Below we
use this observation implicitly.

We give the following definition.

Definition 4.4. A semi-orthogonal decomposition of a DG category £ is a pair of
DG functors Fy: &/, — % and Fy: oo, — 2 such that F; and Fy are quasi-fully-
faithful and the triangulated category Dperf(#) has a semi-orthogonal decomposi-
tion

Dperf(%) = <F1*Dperf(42{1)a F;Dperf(%»-
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If these conditions are satisfied, then we write B = (Fy(#), Fa(24)). We also
write & = (A, o) if the DG functors F; and F; are either clear from the context
or are irrelevant.

We will use the following special case of the gluing construction.

Definition 4.5. Suppose that we are given a pair of DG functors between small
DG categories

PEARELN )
Take the %-.o7-bimodule
L
M= B Qu A,

where the derived tensor product is computed via bar resolution. We put

ML(%)%ZZMLM% and %@(%)%ZZﬂCBM,@.

5. Exotic derived categories

In this section we recall the notions of absolute derived and coderived categories.
Exotic derived categories were introduced by Positselski ([29], [30]). The case of
a locally Noetherian Abelian category was also studied earlier by Krause [20].

Definition 5.1. Let % be an exact category with exact small coproducts. Denote
by K (%) the homotopy category of complexes of objects in 4. Define the full
subcategory of co-acyclic complexes co-Acycl(%) C K(€) to be the localizing sub-
category generated by the totalizations of short exact sequences of complexes. Then
the coderived category is defined as the quotient

D (%) := K(¥€)/ co-Acycl(%).

Here by a ‘totalization’ of a short exact sequence of complexes we mean the
sum-total complex of the corresponding bicomplex (in this bicomplex the non-zero
columns are given by the terms of the short exact sequence, and they are placed
in degrees —1, 0, and 1). A localizing subcategory of a triangulated category with
small coproducts (that is, a cocomplete category) is by definition a full triangulated
subcategory which is closed under small coproducts.

Note that an acyclic complex bounded below is always co-acyclic, hence we have
a natural functor

D*(€) — D(%).

We will be mostly interested in locally Noetherian Abelian categories ([12], [13]).
Recall that an Abelian category € is locally Noetherian if it has exact directed
colimits (AB5), and a (small) generating set of Noetherian objects. For such a cat-
egory € we denote by €5 C € the full (essentially small) subcategory of Noetherian
objects. Also, we denote by D? (¢) C Db(%) the subcategory of complexes with
bounded Noetherian cohomology.

The basic example of a locally Noetherian category is the category € = QCoh(X)
of quasi-coherent sheaves on a Noetherian scheme X. In this case ¢y = Coh(X).
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Theorem 5.2. Let € be a locally Noetherian Abelian category. Then the following
statements hold.
1) There is a semi-orthogonal decomposition

K(€) = (K (Inj(%)), co-Acycl(¥),

where K (Inj(%)) is the homotopy category of complexes with injective components.
2) The functor DT (€) — D(¥) is fully faithful.
3) The category D°(€) is compactly generated, and the subcategory of compact
objects coincides with the essential image of the composition

DY(%) — DT (€) — D(%).

Proof. The statement 1) is proved in [30], § 3.7, in a different but analogous context.
It also follows from [31], Corollary A.6.2, after reversion of arrows.

The statement 2) is proved in [31], Lemma A.1.2, (a).

The statement 3) follows from 1) and [20], Proposition 2.3. O

We will use the following terminology borrowed from [7], § 2.

Definition 5.3. 1) A Z,-category is a pair (¢, W), where € is a category and
W id¢ — ide is a natural transformation.

2) A Z,-functor between Z.-categories (41, W) and (%2, W) is a functor
F: % — €5 such that (Ws)px) = F((W1)x) for any object X € 4.

We will say that a Z,-category (%,W) is additive (respectively, Abelian,
exact, . .. ) if the underlying category % is additive (respectively, Abelian, exact, ... ),
and similarly for Z,-functors.

Definition 5.4. Let (¢, W) be an additive Z,-category. A matrix factorization is
a pair (F,d), where F = F° @ F°% is a 7Z/2-graded object in ¢ and §: F — F
is an odd morphism such that 62 = Wp.

The matrix factorizations form a Z/2-graded DG category which we denote by
MFq, (¢, W). This DG category is strongly pre-triangulated. Let K (%€, W) be its
homotopy category.

Suppose that % is moreover Abelian. If ¥ is small, then we define the triangu-
lated subcategory Acycl(W) C K(€,W) of absolutely acyclic matrix factorizations
to be the subcategory generated by the totalizations of short exact sequences of
matrix factorizations. The absolute derived category is defined as the quotient

D¥s(€ W) := K(€, W)/ Acycl(W).

Remark 5.5. Note that by the definition of the category D**(%, W), it has a nat-
ural DG enhancement given by the DG quotient MF a4 (%", W)/ Acycly, (W), where
Acycly, (W) is the full DG subcategory of absolutely acyclic matrix factorizations.

If € has exact small coproducts, then we define the subcategory co-Acycl(W) C
K(%,W) to be the localizing subcategory generated by totalizations of short exact
sequences. In this case the coderived category is defined as the quotient

K(€,W)/co-Acycl(W).



444 A.1. Efimov

Theorem 5.6. Let (¢, W) be a locally Noetherian Abelian Z. -category. Then the
following statements hold.
1) There is a semi-orthogonal decomposition

K(€,W) = (K(Inj(¥), W), co-Acycl(W)),

where K(Inj(€), W) is the homotopy category of matriz factorizations with injective
components.

2) The category D (€, W) is compactly generated, and the subcategory of com-
pact objects is the Karoubi completion of the essential image of the functor

D*(6p, W) — D®(¢, W),

which is fully faithful.

Proof. The statement 1) is proved in [30], § 3.7, in a different but analogous context.
The statement 2) is proved in the same way as Proposition 1.5, (d) in [11]. O

In the special case when ¥ = QCoh X for some Noetherian separated scheme
X and W is given by multiplication by a regular function on X, we write
D (QCoh(X,W)) or just D(X, W) instead of D(QCoh X, W). We also write
Dbs(Coh (X, W)) or D255(X, W) instead of D***(Coh X, W).

coh

6. Coherent sheaves and coherent matrix factorizations

6.1. Coherent sheaves. Fix some base field k. Let X be a separated Noethe-
rian scheme over k. Recall that the category QCoh(X) is locally Noetherian and
Coh(X) C QCoh(X) is exactly its subcategory of Noetherian objects. Hence, by 3)
in Theorem 5.2 the triangulated category DY, (X) is exactly the subcategory of
compact objects in the coderived category D(X) := D°°(QCoh(X)).

We will need the following enhancement of D°°(X). Denote by Flasque(X) C
QCoh(X) the subcategory of all flasque quasi-coherent sheaves. It is closed under
small coproducts, extensions, and cokernels of injections. It contains the category
of injective acyclic quasi-coherent sheaves: Inj(X) C Flasque(X). It follows that
one has the semi-orthogonal decomposition

K (Flasque(X)) = (K (Inj(X)), co-Acycl(Flasque(X))).
Therefore, we have
D (X) = K (Flasque(X))/ co-Acycl(Flasque(X)).

Let us denote by Com(«?) the DG category of (unbounded) complexes of objects
in &, where & is any additive k-linear category. Then one has a natural DG
enhancement of D (X):

D (X) = Ho(Com(Flasque(X))/ Com®**(Flasque(X))).

The set-theoretic issues are resolved in the same way as in Appendix A of [23].



On the homotopy finiteness of DG categories 445

Further, for a morphism f: X — Y of Noetherian separated k-schemes one has
a natural DG functor

f«: Com(Flasque(X)) — Com(Flasque(Y)),

which takes Com“*¢(Flasque(X)) to Com“(Flasque(Y)). Hence we have a nat-
ural DG functor

f«: Com(Flasque(X))/ Com® ¢ (Flasque(X))
— Com(Flasque(Y))/ Com®°(Flasque(Y)).

Now let ®°(X) := Com?,, (Flasque(X)) € Com(Flasque(X)) be a full DG sub-
category consisting of complexes which are isomorphic to an object of D’(Coh(X))
in D(X). As in Appendix A of [23], we may assume that these DG categories are
small, and we have well-defined pushforward DG functors f.: D*(X') — D*(X) for
any proper morphism f: X’ — X. We clearly have

D¢on(X) = Ho(D"(X)).
Moreover, we have natural isomorphisms of DG functors (fg). & f.g. for compos-
able proper morphisms f and g.

We recall some results on the triangulated category Dgoh(X ) and the DG cate-
gory D°(X).

Definition 6.1 ([5] and [33]). Let 7 be a small triangulated category and E € &
an object. Take the recursively defined sequence {7, },>0 of full subcategories
of 7, where
e 9 consists of direct summands of finite direct sums of shifts of E;
o 41 consists of direct summands of objects F' such that there exists an
exact triangle

F' - F—F"— F'[1],

with F¥ € Z,, and F" € 5.
Then E is called a strong generator if 7, = 7 for n > 0.

Theorem 6.2 [33]. If a scheme X is separated of finite type over a field k, then
the triangulated category D, (X) has a strong generator.

coh

In the case of perfect fields there is a stronger result by Lunts.

Theorem 6.3 [22]. Let X be a separated scheme of finite type over a perfect field k.
Then the DG category D°(X) is smooth.

Our main result on derived categories of coherent sheaves (Theorem 1.3) is
stronger than Theorem 6.3, but it requires the assumption that the base field has
characteristic zero.
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6.2. Coherent matrix factorizations. For matrix factorizations the general
picture looks roughly similar. By Theorem 5.6 the (Z/2-graded) category of coher-
ent matrix factorizations D253 (X, W) is (up to direct summands) the subcategory
of compact objects in D (X, W).

For the derived functors between the (absolute derived and coderived) categories
of matrix factorizations there are two approaches: the technique in Appendix A
of [8] and the approach in [1]. They yield the same result (see [1], the proof of
Proposition 2.22 and Remark 4.4). Below we freely use these derived functors just
as for the usual derived categories of (quasi-)coherent sheaves.

As above, we can construct a system of enhancements D*P5(X, W) of the tri-
angulated categories D25 (X, W). Namely, one has a (Z/2)-graded DG category
Flasque(X, W) C QCoh(X,W) of flasque matrix factorizations, and its full DG
subcategory

Flasque(X, W)#¢ C Flasque(X, W)

of co-acyclic flasque matrix factorizations. This gives us a natural enhancement of

D (QCoh(X, W)):
D (QCoh(X,W)) = Ho(Flasque(X, W)/ Flasque(X, W),

Again, for any morphism f: X — Y and any function W on Y we have a natural
DG functor

fw: Flasque(X, f*W)/ Flasque(X, f*W)eoa¢
— Flasque(Y, W)/ Flasque(Y, W)¢2€.

Further, we have a full DG subcategory Flasque(X, W)eon C Flasque(X, W)
consisting of matrix factorizations which are in the essential image of the inclusion
D2Ps(X, W) C D(QCoh(X,W)). Putting

D5 (X, W) := Flasque(X, W)con/ Flasque(X, W)<oac,

we have

DS(X, W) = Ho(D™(X, W)).

coh

By Proposition A.4 in [8], for any proper morphism f: X — Y and any func-
tion W on Y the functor f.: D(X, f*W) — D®(Y,W) takes D>5(X, f*W))
to Dabs(Y, W).

As in the previous subsection, we may (and will) assume that all the DG cat-
egories D*P%(X, W) are small, and for any proper morphism f: X — Y and any
function W on Y one has the DG functor f.: D5(X, f*W) — D3(Y, W). Again,
we have natural isomorphisms of DG functors (fg). = fig«.

For completeness, we formulate the analogues of Theorems 6.2 and 6.3 which

were proved in [8].

Theorem 6.4 ([8], Theorem 7.5). Let X be a separated scheme of finite type over
a field k, and let W € O(X) be a regular function. Then the triangulated category
DbS(X W) has a strong generator.

coh
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Theorem 6.5 ([8], Theorem 7.7). Let X be a separated scheme of finite type over
a perfect field k, and let W: X — Al be a reqular function. Denote by t the coor-
dinate on A'. Assume that the scheme (X Xy k(t))rea has a smooth stratification
over k(t) (this holds automatically if k has characteristic zero).

Then the DG category DP5(X, W) is smooth as a Z/2-graded DG category.

Our main result on the absolute derived categories of coherent matrix factoriza-
tions (Theorem 1.4) is stronger than Theorem 6.5 but again requires the assumption
of zero characteristic.

6.3. Nice ringed spaces. In this subsection we define the category of nice ringed
spaces, and we discuss coherent sheaves and matrix factorizations on them.

Definition 6.6. 1) A nice ringed space over k is a pair (S, 2s) consisting of
a Noetherian separated k-scheme S and a coherent sheaf s of (unital) &s-algebras
with the following property:
e there exists a coherent sheaf of nilpotent two-sided ideals I C @75 such that
there is an isomorphism of &g-algebras

5275'/] = @ﬁs/Ji,
i=1

where J; C O are some coherent sheaves of ideals.
2) A morphism of nice ringed spaces from (S, .2Zs) to (S’, “Zs/) is a pair (f, ),
where f: S — S’ is a morphism of schemes and ¢: f*oy — @ is a (possibly
non-unital) morphism of &g-algebras.

The composition of morphisms is defined in the natural way. Each Noetherian
separated k-scheme S can be considered as a nice ringed space (S, Os).

For a nice ringed space (5, %) denote by QCoh(Zs) (respectively, Coh(%s))
the Abelian category of right </s-modules which are €s-quasi-coherent (respec-
tively, Os-coherent). We denote by Mod -5 the category of all sheaves of right
2s-modules.

Proposition 6.7 ([8], Proposition 7.9). Let (S, %) be a nice ringed space.

1) The Abelian category QCoh(<s) is locally Noetherian, and the Noetherian
objects in it form the subcategory Coh(<fs). In particular, it has enough injective
objects.

2) The Abelian category Mod -Zs is locally Noetherian.

3) An object I € QCoh(s) is injective in the category QCoh(s) if and only
if it is injective in the category Mod -oZs. In particular, in this case the restriction
A to any open subscheme U C S is injective in QCoh((%s)|vr).

For a morphism (f, ¢): (X, &/x) — (Y, 2% ) of nice ringed spaces we have a direct
image functor (f,¢).: QCoh(«/x) — QCoh(&4 ), which is left exact and com-
mutes with small coproducts. More precisely, for # € QCoh(«x) we first take the
f«(#x)-module f,(%#) and then put

(f,0)(F) = [(F) - ¥(1),
where 1 oy — f.(ox) corresponds to ¢ by adjunction.
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Proposition 6.8. Let (f,¢): (X, ox) — (Y, %) be a morphism of nice ringed
spaces. Suppose that the morphism f: X — Y is proper. Then the functor
(f,®)«: D°(QCoh(x)) — D°(QCoh(wA)) takes Db, (x) to D, ().

coh

Proof. By 3) in Proposition 6.7 each injective quasi-coherent o/x-module is a flasque
sheaf. It follows that for any .# € D% |, (/x) we have R(f, ¢).(F) = Rf.(F)¥(1),
where ¢: oy — f.ox is as above. But the restriction of scalars of Rf.(.%) (from
f+9/x to Oy) is in DY, (Y) (since f is proper). Hence we have R(f,¢).(F) €

b coh
Dcoh ('Q{Y ) .

As in §6.1, we define a small DG category ©°(&/x), which is an enhancement
of Dgoh(%X) for any nice ringed space (X, @/x). Moreover, for any proper morphism
f: (X, x) — (Y, o) we have a DG functor f,: D°(x) — Db(A ), and (fg). =
fegs-

Now let (S, %) be a ringed space and let W € &(S) be a regular function.
We regard W also as a central section of @7 (that is, for any open subset U C S
the element W)y € «/5(U) lies in the centre of the algebra </5(U)). Then by
Theorem 5.6 the category D2b3(o/x, W) = D*$(Coh(a/x,W)) is (up to direct

summands) the subcategory of compact objects in D (QCoh(ax, W)).

Proposition 6.9. Let f: (X, o/x) — (Y, 2% ) be a morphism of nice ringed spaces
and let W € O(Y) be a regular function. Suppose that the morphism f: X — Y is
proper. Then the functor

fe: D*(QCoh(&x, f*W)) — D*(QCoh(a, W)

takes D8(ax , W) to D255 (aty , W).

coh

Proof. This follows from Proposition A.4 in [8] and Propositions 6.7 and 6.8. [
Asin § 6.2, we define a Z/2-graded small DG category D% (ox, W) for each nice

coh
ringed space (X, oy ) and each W € &(X). For any proper morphism f: (X, @/x) —
(Y, o) and any W € 0(Y) we have a DG functor D% (o, f*W) — D35 (o, W),

coh coh
and (fg)« = figs.

7. Smooth categorical compactifications of geometric categories

In this section we construct smooth categorical compactifications (see Defini-
tion 1.5) for derived categories of coherent sheaves and absolute derived categories
of coherent matrix factorizations.

7.1. Auslander-type construction: coherent sheaves. The construction we
present in this subsection is due to Kuznetsov and Lunts [21].

Let S be a Noetherian scheme, let 7 C &g be a sheaf of ideals, and let n > 0
be an integer such that 77 = 0. Starting with such a triple (S, 7,n), we define
a coherent sheaf of Og-algebras:

A =dls=Asrn= @ iy,  diji=rm0I0
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The multiplication
iy Qegs Hij — ik

is induced by the multiplication in &g. We denote by
e, =1€ o = ﬁs/Tn_H_i

the orthogonal idempotents such that e; +---+ e, = 14.
Let Sp C S be the subscheme defined by the ideal 7, so that S..q € Sp C S.
Proposition 7.1. The pair (S, o5+ ) is a nice ringed space.

Below we will say that (S, 4/) is obtained from the triple (S,7g,n) by the
Auslander-type construction.
We have a morphism of nice ringed spaces

ps - (Sa %S) - Su

which is the identity on S, and the map g — s is f+— f - e3.
Also, for each 1 < k < n we denote by i: Sy — (S, &5) the natural morphism
which is given by the inclusion Sy < S and the projection

’Q{S - %S/<ela-"7ek7176k+17"'7€n> = ﬁSO'

Proposition 7.2 ([8], Proposition 8.2). The exact functor pg,: Coh(efs) — Coh(S)
is a localization of Abelian categories, and its kernel is generated (as a Serre sub-
category) by the subcategories ig.«(Coh Sp), 2 < k < n.

In particular, the DG functor pg.: Db(s) — DY(S) is a localization, and its
kernel is generated by ix.(D°(Sp)), 2 < k < n.

Suppose that n > 1. Denote by S’ C S the subscheme defined by the ideal 771,
Applying the Auslander-type construction to the triple (S’,7,n — 1), we get a nice
ringed space (S’, @s/). Note that <7 is identified with the (non-unital) subalgebra
(1 —e1)@s(1 —e1) C #s. Hence we have a natural morphism

e: (S, 9s) — (S, As).
Proposition 7.3. The functors
i1.: D(So) — D(ts) and e*: DY(As) — DO(s)
are quasi-fully-faithful, and they give a semi-orthogonal decomposition
D°(s) 1= (i1.(D°(S0)), €* (D (s1)))-
Induction yields a semi-orthogonal decomposition
D (efs) = (D°(S0), -, D"(S0)),

where the number of copies is n.

Proof. This is proved in [21], Proposition 5.14 and Corollary 5.15. O
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Proposition 7.4. Suppose that Sy is smooth and proper over k. Then the DG
category D(els) is smooth and proper.

Proof. This is proved in [21], Theorem 5.20 and Proposition 5.17. O

By definition, a morphism of triples f: (T,7r,n) — (S,7s,n) is a morphism
f: T — S such that f~!(r5) C 77. It induces a natural morphism of nice ringed
spaces f: (T, 9r) — (S, %s).

Proposition 7.5 ([8], Proposition 8.5). Let f: (T,mr,n) — (S,7s,n) be a mor-
phism of triples. Then:

1) psf = fpr;

2) fix =irfo for L <k < n;

3) the functor f,: DP(aty) — D(ols) is compatible with the semi-orthogonal
decompositions

Db (etp) = (DY(Ty), ..., D(Ty)) and D°(es) = (D°(Sp),...,D%(Sy)).

Moreover, all the induced functors on the semi-orthogonal components are isomor-
phic to fo.

7.2. Auslander-type construction: coherent matrix factorizations. Now
let (S, 7,mn) be a triple as above, let (S, 2/5) be the corresponding nice ringed space,
and let W € €(S) be a regular function on S. Denote by Wy (respectively, W)
the pullback of W on Sy (respectively, S).

Proposition 7.6 ([8], Proposition 8.6). The DG functor
psw: D (ols, W) — D*PS(S, W)
is a localization, and its kernel is generated by ij.(D*(Sp, Ws,)), 2 < k < n.
Proof. This follows from Proposition 7.2 and [8], Proposition A.6. O
Proposition 7.7 ([8], Proposition 8.7). The functors
i1s: DP5(So, Wy) — D5 (ete, W)  and e*: DP5(Sy, W) — D25 (g, W)
are quasi-fully-faithful, and give a semi-orthogonal decomposition
D3 (s, W) 1= (i1, (D (S0, W), (D (s, W'))).
Induction yields a semi-orthogonal decomposition
D3 (g, W) = (D**(S0, Wa), - . ., D (S0, Wo)),

where the number of copies is n.

Proposition 7.8 ([8], Proposition 8.8). Suppose that Sy is smooth and the mor-
phism Wy: Sg — Al is proper. Then the Z/2-graded DG category D" (els, W) is
smooth and proper.
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Proposition 7.9. Let f: (T,7r,n) — (S,75,n) be a morphism of triples and let
f: (T, o) — (S, ds) be the corresponding morphism of nice ringed spaces. Let W
be a regular function on S.

Then the functor f.: D*S(efp, f*W) — DS(als, W) is compatible with the

semi-orthogonal decompositions
D (e, fW) = (D(To, fsWo), ..., D(Tv, fsWo))

and
DS (ofg, W) = (D2P5(So, Wo), ..., D5(Sy, Wp)).

Moreover, all the induced functors on the semi-orthogonal components are isomor-
phic to fox.

Proof. This is completely analogous to the proof of 3) in Proposition 7.5. O

7.3. Categorical blow-ups: coherent sheaves. Let f: X — Y be a proper
morphism of Noetherian separated schemes. The following definition is taken
from [21].

Definition 7.10 ([21], Definition 6.1). Let f: X — Y be a proper morphism.
A closed subscheme S C Y is called a non-rational locus of Y with respect to f if
the natural morphism

IS — Rf*If—1(S)

is an isomorphism in DY, (V).

Proposition 7.11 ([21], Lemma 6.3). Let f: X — Y be the blow-up of a sheaf of
ideals I on Y. Then for m sufficiently large the closed subscheme of Y defined by
the ideal I™ is a non-rational locus of Y with respect to f.

Let S be a non-rational locus of Y with respect to a proper morphism f: X — Y.
Let T := f~1(S) C X, and denote by i: S — Y and j: T — X the closed embed-
dings and by p: T' — S the morphism induced by f. We have a commutative
diagram

DY(X) —L— DYT)

f*l p*l (7.1)
of DG functors.
We put
Deon(X, 5) 1= D*(X) B(or(ry) D'(5)

(as in Definition 4.5). By 1) in Lemma 5.6 of [8] this commutative diagram induces
a natural DG functor
Tw: Deon(X,8) — D(Y).

Similarly, we have the DG category

Deon,r(X, S) = DH(X) Orov(ry) D°(S)



452 A.1. Efimov
and a DG functor
7ot Doon,r(X, ) — DY(Y),
which we denote by the same symbol. We have a commutative diagram
-@COh,T(Xv S) E— coh(X7 S)
- | - (7.2)
DYY) —— DY)
of DG functors.
Clearly, the horizontal arrows in (7.2) are quasi-fully-faithful DG functors.
Proposition 7.12 ([8], Proposition 8.12). The DG functors

To: Deon(X,8) = DY) and 7.: Deonr(X,S) — DL(Y)

are homological epimorphisms.
By 1) in Lemma 5.7 of [8] we have a DG quasi-functor
®: D(T) — Deon,r(X, 5).
Moreover, the composition m,®: D°(T) — D4(Y) is zero in Ho(dgcat,).
Our main result in this subsection reduces to the following statement.

Theorem 7.13 ([8], Theorem 8.13). In the above notation, suppose that all the
infinitesimal neighbourhoods S, C' Y, n > 1, are non-rational loci of Y with respect
to f. Then the DG functor

Ts: Deon, 7 (X, S) — @b(S)

is a localization, and its kernel is generated by the image of the DG quasi-functor
®: DYT) = Deon7(X, S).
2) Suppose that, moreover, the morphism f is an isomorphism outside S. Then
the DG functor
T Deon(X, S) — ’Db(Y)

is a localization, and again the kernel of m, is generated by the image of the com-
position ®: D(T) — Deon1(X,S) — Peon(X, 9).

The proof of Theorem 7.13 consists of several steps.
Lemma 7.14. Part 2) of Theorem 7.13 follows from part 1).

Proof. Note that we have quasi-equivalences
Deon(X,8) ) Deonr(X,8) = DY(X\T) and DO(Y)/D°(S) = DP(Y'\ S).

By the assumption of part 2) of Theorem 7.13, the pushforward D°(X \ T) —
DP(Y'\ 9) is a quasi-equivalence. The assertion is obtained from a direct application
of Lemma 3.8 to the commutative square (7.2). O
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Lemma 7.15 ([8], Lemma 8.15). Let Q be a Noetherian separated scheme and let
Z C Q be a closed subscheme. Then the natural DG functor

colim,, ©°(Z,) — ©%(Q)

is a quasi-equivalence.

Denote by im.n: Sm — Sny tn: Sn = Y, Jman: T — Ty, and j,: T, — X the
natural inclusions. Also, denote by p,: T,, — S, the natural projections. For any
0 < m < n we have a commutative diagram

T, Jm.n T, in_ x

mloml ]

S, g iy

Let
Dy, = coh(Tn75)~

We have natural DG functors Jy, n: Py — %, and J,,: 9, — 2. Also, we have
the functors P,: 9,, — Db(Sn) defined in the same way as the functors =, above.
Moreover, all these DG functors fit into the commutative diagrams

J’VYL n
-@m _— @n L) COh7T(X7 S)

P’"l P"J ml
DY(Sm) = D(S,) —— DY)
Corollary 7.16 ([8], Corollary 8.16). The natural DG functor
colim, D, = Zeon,7(X,5)

is a quasi-equivalence.

Since by our assumption, S is a non-rational locus of S,, with respect to
pn: T, — S,, we have by Proposition 7.12 that the DG functor P,: %,, — D°(S,,)
is a homological epimorphism.

As above, we have the DG quasi-functors ®,,: ®°(T') — %, n > 1. Furthermore,

Inn®m =0, and J,P, =2 in Ho(dgcaty).
Lemma 7.17. Suppose that all the DG functors
P.: 2, — D°(S,)
are localizations, and the kernel of P, is generated by ®,,(D*(T)). Then the functor
Tt Deon,r (X, 5) — @goh,s(y)

is also a localization and its kernel is generated by ®(D*(T)).
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Proof. Indeed, by assumption the DG functor
Py D4/ ®,(D(T)) — D°(S,)
is a quasi-equivalence. Hence the DG functor
Deon,r (X, 8)/®(D"(T)) = (colimy, Zr,)/®(D°(T))
= colim,, (Z,,/®,(D°(T))) — colim, D°(S,,) = D4(Y)

is a quasi-equivalence (because the DG quotient commutes with colimits, which is
seen from the explicit construction in [6], §3.1). O

Hence, to finish the proof of the theorem we need to show that the DG func-
tors P, are localizations with prescribed kernels. Let us start with the functor P;.

Lemma 7.18. The DG quasi-functor ®;: D°(T) — 2 is quasi-fully-faithful, there
is a semi-orthogonal decomposition

(1] = (D&n(S), @1(Deon(T)),

and the functor [Py] is the left semi-orthogonal projection onto Db, (S). In partic-
ular, the DG functor P is a localization, and its kernel is generated by ®1(D*(T)).

Proof. This is a direct application of Lemma 5.10 in [8], with & = D%(T), & =
D(S), and F = m,. O

The following lemma is the key technical point in the proof of Theorem 7.13.
Its proof is quite involved technically and uses the Auslander-type construction,
although this construction is not mentioned in the formulation.

Lemma 7.19 ([8], Lemma 8.19). Let g: U — V be a proper morphism of Noethe-
rian separated schemes, and let Z C V be a mon-rational locus of V' with respect
to g. Suppose also that U’ (respectively, V') is a square-zero thickening of U (respec-
tively, V'), and that the diagram

U ——U
Ll
Vv 2

commutes. Assume that Z is also a mon-rational locus of V' with respect to ¢ .
Then there is a commutative square

@COh(Ua Z) L) coh(U/;Z)

‘| °l
oh(V) s DYV

of DG functors. If the DG functor G is a localization, then the DG functor G’ is
also a localization, and its kernel is generated by Jy (ker G).
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Proof of Theorem 7.13. By Lemmas 7.18 and 7.19 we get by induction that each
DG functor P,: Zeon(Ty,S) — D°(S,) is a localization, and ker P, is gener-
ated by Jy ,®1(D%(T)) = ®,(D°(T)). Therefore, by Lemma 7.17 the DG func-
tor i Zeonr(X,9) — DY(Y) is also a localization, and ®(D(T)) generates its
kernel. This proves part 1) of the theorem.

By Lemma 7.14 part 1) implies part 2). O

We also formulate here a result analogous to Theorem 7.13 but technically sim-
pler to prove.

Theorem 7.20. 1) Let f: X — Y be a proper morphism such that Rf.Ox = Oy .
Assume that there is a subscheme S C'Y such that all its infinitesimal neighbour-
hoods Sy, n > 1, are non-rational loci of Y with respect to f. Again, there is
a Cartesian square

X;T

]

Y «—— 8§

Assume that the functor Rp,: DY, (T) — Db, (S) is a localization. Then the func-

tor Rfy: Dgoh’T(X) — Dé’o}lﬁ(Y) is also a localization, and ker(Rf.) is generated
by j«(ker(Rp.)).

2) Suppose that, moreover, the morphism f is an isomorphism outside S. Then

the functor Rf.: D’ (X) — D% (YY) is a localization, and ker(Rf,) is generated

coh coh

by j.(ker(Rp.)).

Proof. By analogy with Lemma 7.14, we reduce part 2) to part 1).

The proof of part 1) follows essentially the same steps as for part 1) in Theo-
rem 7.13, but it simplifies considerably because we do not need to consider gluings.
Thus, instead of Zeon(X,S) we have D°(X), and instead of Zeon(Th,S) we have
D°(T,,). Lemma 7.18 is not needed in this context because we have already assumed
that Rp, is a localization. In the key technical step, Lemma 7.19, we assume that
the morphisms g and ¢’ satisfy Rg.0y = Oy and Rg.Oy: = Oy, and we take
DO(U) (respectively, D°(U’)) instead of Zeon(U, Z) (respectively, Zeon(U’, Z)). All
the other arguments are the same. [

7.4. Categorical blow-ups: matrix factorizations. As above, suppose that S
is a non-rational locus of Y with respect to a proper morphism f: X — Y. Again
we have T := f~1(S) C X, and we denote by i: S — Y and j: T — X the closed
embeddings and by p: T — S the morphism induced by f.

We fix a regular function W € &(Y"), and we denote by Wx € 0(X), Ws € €(S),
Wrp € 0(T), and so on, the pullbacks of W under the natural morphisms.

We have a commutative diagram

@abs (X, WX) (J_* @abs(T, WT)

f*l p*l

@abs(}/7 W) (Z_* 53&bs(57 WS)
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of DG functors. Let

Deon(X, 8, W) := D (X, W) B(pavs(1,wy)) D*(S, Ws).
Again, we have a natural DG functor

Tt Deon(X, S, W) — DP5(Y, W).
Similarly, we have the DG category

Deon,1(X, S, W) := DF*(X, Wx) Grpavs(r,wy)) D*°(S, Ws)

and the DG functor
Tt Deon,r(X, S, W) — DY (Y, W),

which we denote by the same letter. There is a commutative diagram

gcoh,T(Xa Sv W) — coh(X7 57 W)

ml ml (7.3)
DYV, W) —— DY, W)

of DG functors, and the horizontal arrows in (7.3) are quasi-fully-faithful.

Proposition 7.21 ([8], Proposition 8.23). The DG functors
Tt Deon(X, 8, W) = D (Y, W) and 7.: Deon (X, S, W) — DL(Y)
are homological epimorphisms.
Again we have a quasi-functor
®: D*(T, Wr) = Deonr(X, S, W),
and the composition m,®: D(T) — D4(Y) is zero in Ho(dgcat,).
Our main result in this subsection reduces to the following statement.

Theorem 7.22 ([8], Theorem 8.24). 1) In the above notation, suppose that all

infinitesimal neighbourhoods S, C' Y, n > 1, are non-rational loci of Y with respect
to f. Then the DG functor

Tat Doon,r(X, S, W) — D (Y, W)
is a localization, and its kernel is generated by the image of the quasi-functor
®: DT, Wr) — Zeon(X, S, W).

2) Suppose that, moreover, the morphism f is an isomorphism outside S. Then
the DG functor
Tw: Deon(X, S, W) — DP5(Y, W)
is a localization, and again the kernel of m, is generated by the image of the com-
position
®: DT, Wr) = Deon (X, 8, W) — Deon(X, S, W).

The proof essentially follows the same plan as the proof of Theorem 7.13 (see § 8.4
in [8]).
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7.5. The construction of a smooth categorical compactification. In this
subsection we sketch the proof of the following theorem.

Theorem 7.23. Let Y be a smooth separated scheme of finite type over a field k
of characteristic zero. Then:

1) the DG category ©°(Y') has a smooth categorical compactification of the form
i)b(f/) — DY), where Y is a smooth and proper variety;

2) for any regular function W € O(Y) the D(Z/2-)G category ®**5(Y, W) has
a 7./2-graded smooth categorical compactification Cyy — D*P5(X, W) with a semi-
orthogonal decomposition

Cw = (D*P5(V1, W), ..., D% (V,, Win)),
where each V; is a k-smooth variety, and the morphisms W;: V; — Ai are smooth.

Sketch of the proof. 1) First, we may assume that the scheme Y is proper. Indeed, if
Y is not proper, then by the Nagata theorem [24] we can take some compactification
Y C Y, so that the restriction DG functor ®°(Y) — D*(Y) is a localization, and
the kernel ’Db?\y(?) is generated by a single object. Thus, Y can be replaced by Y.

From now on, we assume that Y is proper. By Theorem 4.15 in [27], it is
sufficient to construct a smooth categorical compactification C' — D°(Y’) such that
C has a semi-orthogonal decomposition C' = (D°(X}),...,D%(X,,)), where each
X, is a smooth and proper variety. We will obtain the DG category C by the
same construction as the Kuznetsov—Lunts categorical resolution [21], with a slight
restriction on the choice of the integer parameters (see below). Also, our description
is a bit different because we are dealing with derived categories of coherent sheaves
instead of perfect complexes.

By Theorem 1.6 in [2]| there is a sequence of blow-ups with smooth centres

Yn_)Ynfl_)"'_)Yl_’Y

such that (Y},)rea is smooth. We proceed by induction on n.

The base of induction is n» = 0. In this case Yieq is smooth and proper.
Take the nilpotent radical .# C Oy and assume that .#' = 0. Applying the
Auslander-type construction to the triple (Y, .#,0), we get a nice ringed space
(Y, o#y) with a morphism py: (Y, o) — Y. By Proposition 7.2 the DG func-
tor py.: DP(eh ) — DU(Y) is a localization, and the kernel is generated by a single
object. By Proposition 7.4 the DG category D°(.#%) is smooth and proper, and by
Proposition 7.3 it has a semi-orthogonal decomposition

gb(%y) = <©b(}/red)a s 7©b(}/red)>’

where the number of components is [. This proves the induction base.

Now assume that the assertion has been proved for some n. We prove it for
n + 1. Assume that the first blow-up f: X =Y; — Y has a smooth centre Z C Y.
By Proposition 7.11 there is an [ > 0 such that for all £ > [ the infinitesimal
neighbourhood Zj, of Z is a non-rational locus of Y with respect to f. Asin §7.3
we have a DG category Zcon(X, Z;), and by Theorem 7.13 the DG functor

Tk * gcoh(Xa Zl) - Db(Y)
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is a localization, and ker(m,) is generated by a single object.

We would like to modify the DG category Zeon(X, Z;). Let D := f~1(Z). Then
D, = f~1(Z;). Take the nice ringed spaces (D;, @p,) and (Z;, o/z,) associated to
the triples (Dy, Ip,l) and (Z;, Iz,1), respectively. We have a commutative diagram

X L p 2 (D, )
| al a
Y 70 B (2, )

Let
Deon( X, 7,) = D(X) Cov(arp,)) D (Hz,)-

By 1) in Lemma 5.8 of [8] we have the DG functor
p(Xa Zl) : @COh(Xv 'Q{Zl) - COh(X7 Zl)v

and by 2) in the same lemma together with Proposition 7.2 the functor p(X, Z;) is
a localization, with its kernel generated by a single object. Hence the composition

T =m0 p(X, Z1): Deon( X, Hz,) — DO(Y)

is also a localization, with its kernel generated by a single object.
By the induction hypothesis, there is a smooth categorical compactification
7l C' — D¥(X), with a semi-orthogonal decomposition

Cl = <©b(X1)a s 7©b(Xm )>

One can define a smooth and proper DG category C' as a suitable gluing of D°(.7y,)
and C’, and then construct the desired localization C' — D°(Y) (the details are
contained in the proof of Theorem 8.31 in [8]). This completes the induction step,
and with it the proof of part 1) of the theorem.

Part 2) is proved in a completely analogous way. We first reduce to the case
when the morphism W:Y — A! is proper, and then proceed as in the proof of
part 1).

Theorem 7.23 is proved. [J

Remark 7.24. In the proof of Theorem 7.23 we chose a parameter £ > 0 such that
the subscheme Z) C Y is a non-rational locus of Y with respect to f: X — Y, and
so are all the infinitesimal neighbourhoods Z; with [ > k. In the construction of
a categorical resolution in [21] it is only needed that Zj is a non-rational locus.
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