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Abstract. This survey considers multiple orthogonal polynomials with
respect to Nikishin systems generated by a pair (o1,02) of measures
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1. Introduction

In a celebrated paper published in 1980, Nikishin [42] introduced a general class of
systems of measures, now called Nikishin systems. Let A, and Ag be two disjoint
bounded intervals of the real line R, and let 0, € #(A,) and o € A (Ap),
where .# (A) denotes the set of all finite Borel measures with constant sign on an
interval A. With o, and og we construct a third measure (o,,0g) given by

d{oa,08)(x) = 75(x) doa(z), og(x) = / . 1_ ; dog(t). (L.1)
Definition 1.1. Take a collection Aj, j =1,...,m, of intervals such that
A;NAL =0, j=1,...,m—1,
and a system of measures (o1, ...,0,) with o; € #Z(A;), 7 =1,...,m. We assume

in addition that for each j the convex hull of the support supp(o;) of o; coincides
with A]‘. Let

s1 =01, S2=/(01,02), ..., Sm=1(01,00,...,0m) =/ (01,{(02,...,0m)).

We call (s1,...,8m) the Nikishin system of measures generated by (o1,...,0m),
and denote it by A (01,...,0m).

This model system was introduced in order to study general properties of
Hermite—Padé approximants and multiple orthogonal polynomials.
We fix

n:=(niy,...,ny,) € 27\ {0},
where 0 is the m-dimensional zero vector. Define P, to be a non-zero polynomial
of degree deg(Py,) < |n| :=ny + -+ + n,y, such that

/:c”Pn(x)dsj(x):O, v=0,...,n; =1, j=1,...,m.

The existence of P, reduces to solving a homogeneous linear system of |n| equa-
tions in the |n| + 1 coefficients of Py, so a non-trivial solution is guaranteed. How-
ever, in contrast with the scalar case m = 1 of standard orthogonal polynomials, the
uniqueness of P, (up to a constant factor) is not a trivial matter (and in general

is not true for systems of arbitrary measures (si,..., Sy )). In connection with this
question it was shown in [42] that for a Nikishin system uniqueness holds, with
deg P, = |n|, for multi-indices of the form (n+1,...,n4+ 1,n,...,n), and it was

stated (without proof) that the same is true when
Ny Z - 2 Ny

Below we assume that P, is monic.

Motivated by the structure of Nikishin systems, Stahl studied their analytic and
algebraic properties (see [9]). In a series of papers [21]-[23]| Driver and Stahl showed,
among other results, that uniqueness remains valid when

n; < ng+ 1, 1<k<j<m.
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The problem for arbitrary multi-indices was definitively solved in [25] (and in [26]
when the generating measures have unbounded and/or touching supports).

A remarkable property of Nikishin orthogonal polynomials is that they not only
satisfy orthogonality relations with respect to several measures but also satisfy the
full system of orthogonality relations with respect to a single (varying with respect
to n) measure. For m = 2 and ny < ny + 1 this was first observed by Andrei
Aleksandrovich Gonchar,! who showed that the function of the second kind

satisfies the orthogonality relations
/m”RnJ(x) doa(z) =0, v=0,...,n2 — 1. (1.2)

From this it follows that R, 1 has exactly ng zeros in C\ Ay, they are all simple,
and they lie in the interior of Ag. If P, 5 denotes the monic polynomial of degree n,
vanishing at these points, then

d
/x”Pn(x) Polg((?) =0, v=0,...,n1+ny— L (1.3)

The study of the asymptotic behavior of multiple orthogonal polynomials is greatly
indebted to Gonchar. In joint papers with Rakhmanov [27]-[29], they introduced
the notion of vector equilibrium problem for describing the asymptotic zero distri-
bution of such polynomials. For a Nikishin system of two measures and n; = ng =n
the result can be stated as follows. Define the normalized zero-counting measure vp
of a polynomial P by

1
VP = deg P Z 2
P(x)=0

where ¢, denotes the Dirac measure with mass 1 at the point x, and each zero of P
is taken with its multiplicity counted, so that the total variation |vp| of vp is 1.
Assume that o; € Reg, j = 1,2 (for the definition of the class Reg of measures,
see [56], Chap. 3). Then there exist unique (positive) measures A\; € #Z(4;),
j=1,2, with |A;] = 2 and |A2| = 1 such that

limvp, = % and limvp,, = Ao, (1.4)

LAt one of the regular Monday seminars at the Steklov Mathematical Institute Gonchar was
reporting on some results in [42], but after a short while he had to leave to attend an impor-
tant meeting. After an hour or so he returned and started his presentation anew, proving (1.2)
and (1.3), and from them he deduced the convergence of the corresponding Hermite-Padé approx-
imants.
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in the vague topology of measures, and A\; and Ay are uniquely determined as the
solution of the vector equilibrium problem

UM () — UAZ(CE) {: wy, x € supp(Ar),

> w1, x € Ay \supp(A1),

(1.5)

2U/\2 (1,) o U)\l ((E) {: w2, € Supp(AQ)a

> we, x € Ag\ supp(Az2),
where w; and wy are some constants, and U* denotes the logarithmic potential
of A (see the definition below). At the time (in the 1980s-90s), this result and its
extensions were well known within a small circle of specialists. With some variations
it appeared for general Nikishin systems in a paper by Stahl [55], and with the
highest degree of generality in a paper by Gonchar, Rakhmanov, and Sorokin [30].
For other extensions and generalizations see [5], [7], [11], [15], [24], [43], [47], [48].

In recent years, Nikishin systems have attracted new attention because this con-
struction has been identified in different models of random matriz theory and mul-
tiple orthogonal polynomial ensembles (see [6], [37], [38]). In some of these mod-
els new ingredients appear in which some of the generating measures turn out to
be discrete and/or have unbounded support. Sorokin has studied the asymptotic
distribution of the zeros for several multiple orthogonal polynomials of this type
(see [53], [54]).

Orthogonal polynomials with respect to discrete measures have the characteris-
tic that between two consecutive mass points there may be at most one zero of the
polynomial. This fact induces a constraint on the equilibrium problem for the log-
arithmic potential whose solution describes the asymptotic zero distribution of the
orthogonal polynomials. This effect was first pointed out by Rakhmanov in [46] (see
also [20] and [41]). A similar situation occurs in the case of multiple orthogonal
polynomials.

The present paper is devoted to the study of multiple orthogonal polynomi-
als with respect to Nikishin systems generated by two measures (o1,02) with
unbounded supports

supp(o1) C Ry :=[0,+00) and supp(oz) C (—0o0,0).

The second measure oy is discrete. To obtain the limiting zero distribution (1.4)
of such multiple orthogonal polynomials we state and solve a Nikishin-type equi-
librium problem which generalizes (1.5) by having an external field acting on R
and a constraint on R_ := (—o00,0]. The main results are stated in §2. In §3 we
review some examples of explicit solutions of the type of equilibrium problems that
we consider. Section 4 contains new results concerning potentials with unbounded
support and scalar equilibrium problems. The last two sections include proofs of
the main results.

There is a long story behind this paper. It began in 2011 while the first author
was visiting Spain in the framework of ‘The Excellence Chair Program’ sponsored
by Universidad Carlos IIT de Madrid and the Bank of Santander. Then essential
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progress on this project was achieved in 2014 when the editorial boards of Sbornik
Mathematics and the Journal of Approximation Theory were preparing the spe-
cial issues [34] and [35] of their journals in memory of H. Stahl (1945-2012) and
A.A. Gonchar (1931-2013). However, we were not able to complete the task in due
time. Finally, the 70th anniversary in 2015 of E. M. Nikishin’s birth and the 30th
anniversary in 2016 of his death motivated the authors to finish the work, which is
dedicated to the memory of these three outstanding analysts.

2. Statement of the main results

Let doi(x) = o (z) dx be a positive, absolutely continuous measure on Ry and
o9 a purely discrete measure with support in (—oco,0) given by

02 = Zﬁk‘ 5tk’ 0 > tk \4 —0Q, ﬂk > O, Z f: < +00. (21)

k>1 k>1

All the moments of oy are assumed to be finite. We note that 75 is integrable with
respect to oq. Let (s1,$2) = A (01,02) be the Nikishin system generated by these
measures. For n = (ny,ny) € Z2 \ {0} we define P, as the monic polynomial of
degree |n| which satisfies

/x”Pn(x) dsj(z) =0, v=0,...,n; =1, j=12 (2.2)

The zeros of P, are simple and lie in the interior of R;. We will restrict our
attention to sequences of multi-indices of the form n = (n,n). In order to simplify
the notation we write P, instead of P,. Thus, deg P, = 2n. Our goal is to
describe the (rescaled) asymptotic zero distribution of the polynomials (P,), n € N,
under appropriate assumptions on the generating measures o;, j =1, 2.

From the properties of Nikishin systems (see [26] and [30]) it is easy to deduce
that there exists a monic polynomial P, 5 with deg P, » = n whose zeros are simple
and contained in the interior of the convex hull of supp(o2), such that

v Pn((E) _ v = n —
/x By doy(z) = 0, =0,...,2n—1, (2.3)

and

[t [ BO A <0, vm0nnot o

In other words, P, and P, » satisfy the full system of orthogonality relations with
respect to varying measures.

Let (dn)nez, , dn > 1, be an increasing sequence of numbers with lim,, d}/" =1,
and let

Qu() = Pl () = Prell). (25)

After the change of variables © — d,x and t — d,t the monic polynomials @,
and @ 2 satisfy the orthogonality relations

@n(2) (dpz)dz =0, v=0,...,2n—1, (2.6)

Qnao(x) '

ml/
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and
,Qualt) [ Q3(@) oi(dyz)do _ o
t Qn(t) Qn.a(z) Tt doa,n(t) =0, v=0,...,n—1, (2.7)
where ;
02,n = Zﬁk&fk,na gk,n = dk . (28)

kE>1

The asymptotic zero distribution of the multiple orthogonal polynomials @,
and @y, 2 is described in terms of an associated vector equilibrium problem that we
now present.

For a closed subset A C R we denote by .# T (A) the class of all finite positive
Borel measures u such that supp(p) C A. We write p € ., (A) if in addition
lu| = c. Let u € A+ (R). Its logarithmic potential and energy are given by

Ur(w) = [log ——duty) and 10)= [ log = duta) du(w). (29

|z -y

respectively, whenever these integrals are well defined.
Assume that pq,ps € 4+ (R) satisfy the conditions

I(p) < 400, /log(l + |z[?) du(z) < +oo. (2.10)

Their mutual energy can be defined as

I(pa, p2) = //logmiydm(a?) dpa(y)-

One can define the potential, energy, and mutual energy of signed measures simi-
larly. In particular, if p; and po satisfy (2.10), then

I(py = p2) = I(pr) + I(p2) — 20 (pa, pra).

Moreover, if p1, pe € #.F(R) (only finiteness of the energy is required), then

I(py — pi2) 2 0, (2.11)

with equality if and only if 41 = po (see Theorem 2.5 in [16], Theorem 4.1 in [52],
and also Lemma 1.1.8 in [50] if the measures have compact support).

Let o be a positive Borel measure with supp(c) = R_ and |o| > 1 such that for
every compact subset K C R_ the function U?!¥ is continuous on C, where olk
denotes the restriction of o to K. We define the class

M(0) = {ji = (1, o)’ € M5 (Re) x M (RO): pp <0}, (212)

where the superscript ! stands for transposition. By ps < 0 we mean that o — g is
a positive measure. Since we have assumed that U°!¥ is continuous on C for every
compact set K, it readily follows that U#2 is continuous on C. Eventually we will
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require that a measure p on R (in particular o) satisfies the following condition:
for any € > 0 there exist 0 < § < 1/2 and Ry > 0 such that

R+ 1
sup / log du(y) < e. (2.13)
|R|>Ro J R—§ IR —yl

Let ¢ be a real-valued continuous function on R satisfying the condition

lim (p(x) — 4log ) = +oo, (2.14)
and let
M (o) == {fi € M(0): p1, po satisty (2.10)},
Jp = (I, (0): i € M (0)),
o0 = 2(10) = T, a) + o) + [ o).
and

W{j(m) =20 (z) — UP2 () + ¢(z), Wz’\(m) = QU™ (x) — Uh(x).

Theorem 2.1. Let o be a (positive) Borel measure with supp(c) =R_ and |o| > 1
such that for every compact subset K C R_ the function U\ is continuous on C.
Let ¢ be a continuous function on Ry which satisfies (2.14). Then the following
statements are equivalent and all have the same unique solution.

(A) There exists a X € M*(c) such that JW(X) =J, > —o0.

(B) There exists a X € M*(o) such that for all 7 € M* (o),

/Wlx d(l/l — )\1) +/W2X d(l/g — /\2) > 0.

(C) There exist X = (A, \2) € M*(0) and constants wy = wy(o,¢) and wy =
wa (o, ) such that

= ) S Supp()\l)v
W™ (z) — U (z) + . 2.15
(@) = U@ +plw) ot o (215)
< y A2) = R—a
2% () — UM ()4 S T E supp(Az) (2.16)
= 1wy, x € supp(oc — Aa).

The constants wy and wy are uniquely determined by (2.15) and (2.16). The
functions UM and U*? are continuous on C and supp()\;) is compact.

If z¢'(x) > 0 is increasing on R, then supp(\1) is also connected. If ¢ is
increasing on Ry | then 0 € supp(A1). If

/log(l +y?) do(y) = 400

and o satisfies (2.13), then ws (o, p) = 0.
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Results of this nature (in a more general setting regarding the dimension of the
vector equilibrium problem and the supports of the corresponding measures) may
be seen in [10]. There, the action of constraints on the measures is not consid-
ered, and the external fields, which satisfy restrictions of the form (2.18), act on
all the components of the vector of measures. This implies in turn that all the
components of the equilibrium vector measure have compact support. Neverthe-
less, taking into consideration certain applications, we are especially interested in
allowing the support of the second component of the equilibrium measure to be
unbounded. For this reason, in the proof of Theorem 2.1 (see also Theorem 5.1)
we follow the approach in [32], where results similar to Theorem 2.1, except for
part (C), also appear. It is worth mentioning that when dealing with vector poten-
tials involving measures with overlapping supports, there is in general no reason for
the Euler-Lagrange variational conditions to hold everywhere, even if the interac-
tion matrix? is positive-definite and the external fields are strongly confining (see the
interesting examples in [10]). In our case, the solution is due to the Nikishin-type
structure of the problem and the action of the constraint o satisfying adequate
conditions.

In order to study the contracted zero distribution of the polynomials @, and
Qn,2, we must impose some restrictions on the points £, and the numbers 3
and d,,. These conditions are inspired by similar ones introduced for the study of
the contracted zero distribution of discrete orthogonal polynomials in the scalar
case, as one can see in Theorem 2 of [46], Definition 3.1 of [20], §6 of [41], and
Theorem 7.1 of [40], whose model we follow closely. Below we assume the following
conditions.

(i) There exists a positive continuous function p on R_ such that

|£k+1,n - 5k,n| > @1 k = 0 (fo,n = 0)

(ii)
nlinéo(min{ﬁk: Erm € [-n, O]}) Un _

(iii) There exists a positive Borel measure o with supp(c) = R_ and |o| > 1
such that:

e for every compact subset K C R_, the logarithmic potential U?!¥ of the
restriction of ¢ to K is continuous on C;

/log(l +y?) do(y) = +oo;

o for any € > 0 there exist 0 < § < 1/2 and Ry < 0 such that

R+6 1
sup / log —— do(y) < e,
r<RoJr-s5  [R—Y|

2See §5 for the definition of the interaction matrix relevant in our case.
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and

dn [ pwa( S )@ = i LS fl6) = [f@dot) @)

k>1 k>1

for every continuous function f with compact support in R_.
(iv) There exists a continuous function ¢ on R satisfying

o(z)

gﬂgg 4logx (2.18)
such that for a certain a < 1
nlin;o % log(z®0y(dn)) = —(x) (2.19)
uniformly on each compact subset of Ry, and
g, —OEEA 220

We are now ready to formulate the main result about the zero asymptotics of
the multiple orthogonal polynomials for the Nikishin system in question.

Theorem 2.2. Let the above assumptions ()—(iv) hold, and let X = (A1, As) €
M* (o) be the solution of the extremal problem in Theorem 2.1. Assume that

1
0 ¢ supp(o — Az2), /|y|‘”‘ dra(y) < o0, a> 3 (2.21)

Then N
limvg, = ?1 and limvg,, = o (2.22)

n

in the vague topology of measures. That is, for every bounded continuous functions f
and g on Ry and R_, respectively,

1
lim/deQn = §/fd)\1 and lim/gduQn,Z = /gd)\g.

Although the assumptions of this theorem may seem too restrictive, it encom-
passes many interesting examples. Some of them will be discussed in the next
section. In particular, we will analyze briefly the case of modified Bessel weights
(appearing in the analysis of non-intersecting squared Bessel paths), multiple Her-
mite polynomials (useful in the study of ensembles of random matrices with an
external source), and finally, the multiple Pollaczek polynomials studied previously
in [53], which will be discussed in more detail and for which an alternative method
for explicitly solving the equilibrium problem in Theorem 2.1 will be presented.
These examples satisfy all the assumptions of Theorem 2.2 except the integral con-
dition in (2.21). It remains a difficult unsolved problem to eliminate this condition
from a general theorem like Theorem 2.2.
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Let us finish this section by noting that we can easily translate the results of
Theorems 2.1 and 2.2 to an equivalent setting on the whole real axis R (with sym-
metric measures with respect to the origin). Indeed, let {P,,} be a sequence of
multiple orthogonal polynomials satisfying (2.2) with respect to a Nikishin sys-
tem (2.3)—(2.4) on the semiaxis R,. Define the polynomial sequence {P,} with
polynomials of even degrees by

By(z) = Pn(z?), 'm= g ., n€oN. (2.23)

Then the ]5” are multiple orthogonal polynomials satisfying conditions of the form
(2.2) with respect to what can be seen as a natural generalization of a Nikishin
system: now the first generating measure o7 is supported on the whole real axis R,
while the second generating measure o is a discrete measure on the imaginary axis.
Then for the rescaled polynomials

~ P, (d,z?)
Qn(z) = nd#
n
we have straightforward analogues of Theorems 2.1 and 2.2, but now in terms of the
solution of the following equilibrium problem: there exists a unique pair of measures

(A1, A2) with [\] = 2, |A2] = 1, and Aa(z) < & and unique constants w; and ws
such that
= A R
UM (2) — U () + Gw) 4 - W1 T ESPPO) CR, (2.24)
2 wi, T € Ra
< we, A2) = iR,
Qe () — UM () | S W T ESuDPA) =i (2.25)
> wy, « €supp(d — A2).

The external field and the constraint are related to their analogues in (2.15)-(2.16)
by the formulae
o(x) = p(2*) and &' (z) = 2z0’(2?).

We note that the polynomials @n(x) are multiple orthogonal with respect to the

varying weights s’ (z) := s’ (d,2):

/xké)vn(x) 8 n(2) dx =0, k=0,....m—-1, j=1,2. (2.26)
R

3. Examples of explicit solutions of the equilibrium problem

As already mentioned in the Introduction, in recent years various models from
random matrix theory have been reformulated in terms of multiple orthogonal poly-
nomials corresponding to Nikishin systems of type (2.2)—(2.4). In all these exam-
ples, the generated weights are given by entire functions whose ratio is a mero-
morphic function which can be regarded as the Cauchy transform of a discrete
measure og as in (2.1).
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In this section we discuss three examples of this type of Nikishin systems for
which explicit solutions of the associated equilibrium problems stated in Theo-
rem 2.1 are available. One of them (see § 3.3 below) is analyzed in more detail, along
with a new approach for expressing the density of the equilibrium measure as a jump
of the logarithm of an algebraic function. In this representation, the component of
the equilibrium measure constrained by Lebesgue measure is modelled as the jump
of the logarithm of a negative function. In contrast to the standard approach using
either the underlying differential equations or the recurrence relations of the cor-
responding multiple orthogonal polynomials, we derive this representation directly
from the equilibrium conditions.

3.1. Modified Bessel weights (and non-intersecting squared Bessel paths).
In [17] and [18] multiple orthogonal polynomials {P,} satisfying (2.2) for the
system of weights

(@) = 2220, (V).
S/Q(LE) _ x(u+1)/267w/211j+1(\/§)’

were introduced and studied, where I, is the modified Bessel function with v > —1.
This system has found applications (see [38], [39], [33]) in the description of ensem-
bles of particles following non-intersecting squared Bessel paths (that is, the radial
component of a multidimensional Brownian motion [51]). For these applications one
must take the multiple orthogonal polynomials with respect to varying measures,
depending on n, of the form

sh o (x) = a"2e= oL (\/Cona ),
s’Qn(:c) = x(’”rl)/ze*cl”[(,,“) (\/C’g nm)

Since this system of multiple orthogonal polynomials has been studied in depth, we
just note briefly that the polynomials { P, }, rescaled as in (2.5), have the asymptotic
zero distribution given in (2.22).

The ratio of the two weights in (3.1) is a meromorphic function which has its
poles at the squares of the zeros of the modified Bessel functions, that is, 5 in (2.1)
equals

I’GR+,

(3.1)

th = —Jk 115 keZy,

where j ., is the kth zero of the Bessel function J,. To apply Theorem 2.2 we do
not need to have explicit expressions for the mass points ¢ and the values of the
masses (i for the measure o2, but we will need the asymptotics of the zeros of
the Bessel function (see [1], p. 192):

. v 1 1
]k,u—w(k+2_4)+0(k>, k—>OO, (32)

and for estimating the values of the masses B, we can use the asymptotics of the
modulus M, of the amplitude of the Bessel function J, =: M, cos 8, (see [1], p. 186):

M, (z) = \/Z (1 +o<;)), & — +oo. (3.3)
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Choosing the scaling coeflicient in (2.5) to be d,, = n? for the measure O2m
(see (2.8)), we have & ,, = —(jk.,/n)?. By using (3.2) and (3.3) and the asymptotic

expression
e? 1 T
1,(2) = — 1+O()>, arg z| < —,
0 == (1+0(5; jarg2] <

for the modified Bessel function on the right-hand half-plane (see [1], p. 199) it is
possible to verify that the conditions (i)—(iv) in § 2 are satisfied with

o)~ Vi, a=y

(here f ~ g means that 0 < Cy < |f/g| < Ca < 0o, where C; and Cy do not depend
on z), and
do 1

x
z)=——+vx, x>0, and — = , x<0. 3.4
o) =2 -z == T (3.4)

(The condition (i) follows from the fact that (3.2) implies that lim, . co(§kt1.n —
&k.n) = m; see the proof of Lemma 4.4 in [33].) In § 3.3 below we give more details
verifying some of the limits in the conditions (iii) and (iv) in a similar situation.

The rescaled weak asymptotics of the polynomial sequence {P,,} is described by
means of the extremal problem solved in Theorem 2.1, with the particular choice of
the external field ¢ and the upper constraint o indicated in (3.4). We note that the
example in this subsection and some other relevant examples were also discussed
in [33], providing insight into why such a vector equilibrium problem should appear.

An explicit solution of the equilibrium problem (2.15), (2.16), and (3.4) is known
(see [38] or [6], p. 1188). The measures A;, j = 1,2, are absolutely continuous with
respect to Lebesgue measure, with densities that can be expressed in terms of
solutions of the cubic equation (also known as the spectral curve)

2
H3—2H2+H72:0. (3.5)

Equation (3.5) has three solutions, enumerated so that

Ho() = = +0(=72),

V2 1 ~3/2
V2 o1 _
Hy(z) =1+ 5 —-+0( 3/2)

as z — o0o. Then as shown in [38], A\; and Ay can be written as

1
N (z) = - Im Hy 4 (z), x>0,

i 1 (3.6)
)\/Q(I):%f;hnHl,_;_(x), IE<O7

where the + subindices indicate the boundary values from the upper half-plane.
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3.2. Multiple Hermite polynomials (and random matrices with an exter-
nal source). Another set of multiple orthogonal polynomials was described in [4].
It turns out to be more convenient to deal with the polynomials {@n} defined
by (2.26) with respect to the system of varying weights

1
s;-’n(m):exp{—n<2x2—ajx>}, reR, j=1,...,p.

This system has found applications in the description of ensembles of non-
intersecting Brownian bridges or random matrices with an external source [3], [14].
For the case

p=2 and a1 =-az=a

it was proved in these papers that the zero-counting measures of the rescaled poly-
nomials {@,,} (corresponding to {P,}) have a weak limit A which can be described
by means of the spectral curve

H3 — 2H? + (2 —a*)H + za®> = 0. (3.7)

This equation is due to Pastur [45]. If we enumerate the branches in (3.7) so that
as z — 00

Ho(2) = = — % +0(=2),
Hi(z)=a+ % +0(272),
Hy(z) = —a+ % +0(27?),

then A is an absolutely continuous measure with density

N(z) = %Im Hy 4 (), x €R. (3.8)

A generalization of Pastur’s curve for arbitrary p can be found in [31].

It was remarked in [13] (see also [8]) that the measure A with density in (3.8) coin-
cides with the component A; in the solution of the equilibrium problem (2.24), (2.25)
corresponding to the following external field ¢ and constraint &:

olx) = -5 = alz|, =z €R, do(z) = —|dz|, =z €iR.
m
Indeed, multiple Hermite polynomials are also orthogonal with respect to the
weights

S (@) =81 (@) + 55, () =" a*/2 cosh(nax), z €R,
gg,n(x) = Sll,n(‘r) - SIQ,H(I) = anh(nax)?l(x), z €R.

Since

' N 1 1 1
tanh(naz) = ]\}Enoo k_z:N(na x4 in(k —1/2)/(na) n (k- 1/2)>7
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(51,n,82,n) is a Nikishin system generated by &1, := 51,5, and the discrete measure

T 1
doa ., = lgnOO Z — 5,M, Ein :—na<k2>.

It is clear that

. 2nax
#{k: &pn € [—ix, ix]} ~ [ - };
thus
1 . * N a .
S am k_§7:N Ogpn 7o d0(2) = —ldz|, 2 € R,

and the conditions (ii), (iii) of (the symmetric analogue on the real axis and the
imaginary axis of) Theorem 2.2 are satisfied. Regarding (iv), one can use the fact
that 1
N log(1 4 e~2m®) x>0,
n
_710g81 n( ) =5
2 1 ,
+az — —log(1 + eT2ma®) 1 L0,
n
which leads, in particular, to the uniform convergence

1 - x2
7710g§41 n(I):{(p(lﬁ) = ?7CL|I|, n — oo,
n )

on compact subsets of R. As for (i), it can be derived as in the previous example.
Actually, [13] contains a more general result for the multiple orthogonal polyno-
mials {@Q,} given by (2.26) and corresponding to the system of varying weights

S;’,n(‘r) = exp{fn(V(x) - aja:)}7 T e R? j=12

where V(z) = Zj‘:l v;x% is an even polynomial potential with vy > 0. It was
shown there that the zero-counting measure of the rescaled polynomials {@n} con-
verges (in the vague sense) to the first component A = Ay of the solution to the
equilibrium problem (2.24), (2.25) with the constraint & and the external field @
given by

Flo)=V(z)—alz|, z€R,  d&(z)= % dz|, =z €R. (3.9)

For a detailed proof of the existence and uniqueness of the solution of this equilib-
rium problem, see [32].

Moreover, it was also proved in [13] that the equilibrium problem (2.24), (2.25)
with input data (3.9) always has a unique solution (A1, A2) with |A;] = 2 and
|[A2] = 1, and that the functions

Ho(z):V’(z)—/dAl(S), 2eC\S(),

zZ— S8

Hl(z):ia—k/d)\l(s) —/dA2(8)7 2€C\ (S(M)US(e —Ag)), *Rez>0,

zZ— S8 zZ—S

Hg(z):$a+/M, z€C\ S(oc—\a), +Rez >0,

zZ— S8
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are the three solutions of the equation
H? + pa(2)H? + p1(2)H + po(2) = 0 (3.10)

with polynomial coefficients whose degrees can easily be determined from the degree
of the potential V. However, finding the coefficients of these polynomials explicitly
in the most general situation is a very difficult problem. In [8] (see also [13]) this
was done for a general even quartic potential,

1
V(z) = ix‘l - gacg

in the case when the Riemann surface of (3.10) has genus either 0 or 1. For instance,
when the genus is 1, we have from [8] that

H3 — (22 + b2)H? + 2°H +a*2* = 0,

where a and b belong to the triangular domain on the (a, b)-plane bounded by the
curves

/663 —27b — 6(b2 — 3)3/2

am (D) : 9 >0, be (-2, —\/g),
603 — 27b + 6(b2 — 3)3/2
aM(b) = \/ —19_ ( ) > 0, be (—OO, —\/g),

and the b-axis (a = 0).

3.3. Multiple Pollaczek polynomials. We have come to the main example as
discussed at the end of §2.

The sequence of polynomials studied in [53] is defined by the multiple orthogo-
nality conditions (2.2) on Ry with the measures

s(p) 9 1 de tamh(ryz/2)
d1(@) = S 20 = Cheva) Vo N 1((311)

. 1 TZ . . . .-
Decomposing — tanh > into partial fractions, it is easy to check that
z

tanh(ry/2/2) 4 1 [ doa(x)
NE _wzz+(2k+1)2_/zfx’

k>0

4
02 = ; Z 5—(2k+1)2
k€Z+

where

(cf. (2.1)). Hence, (s1,82) = A (01,02) is a Nikishin system generated by o1 = s1
supported on Ry and the discrete measure oo consisting of equal masses of size 4/7
distributed on (—o00,0). In this case the rescaling (2.5) is done by taking d,, = 4n>.
This yields the measure o2, (see (2.8)) with

2k +1\° 4
fk,nz—( > and O = —

on m
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It is easy to verify that the conditions (i)—(iv) in §2 are satisfied with

dx
P = VI dew)= s e =mE a=g. @12

For example, to derive the expression for o (the condition (iii)), let T € (—o0, 0).
Then

k:(2k+1)2 < 4n?|T dt
hm <§ 5kn >:limﬁ{ 2k +1) il |}:\/|T|: u
0 \ 731 n n r.0] 2¢/[¢]

Since do has no mass points, this is sufficient to prove convergence in the vague
topology (for continuous functions with compact support). We wish to underscore
that the constraint comes purely from the fact that between two mass points of o5 ,,
there is at most one zero of (), 2. Only the positions of the mass points of o5 ,, are
relevant in this property, not their weights, and therefore the constant 4/7 can be
disregarded.

Regarding (2.19) (the condition (iv)), we have

1 1 1 sinh(mny/x)

1
Zlog ——— =
n 08 /28] (4n%z) n 8 NG

At x = 0 we give this function its limiting value log(7n)/n in order to make it con-
tinuous. For the proof of the uniform convergence we make the change of variables
vz =y. Note that

1 sinh(mny) 1 1 — e 2nmy

— log =my + —log
n n 2y

Obviously, for y > 0 the pointwise limit is 7y. On the other hand,

1 — e 2nmy 4 4 Ne—2nTy _ 9
( e >:(n7ry+ Je <0, Y>>0,

2y 492
since the numerator equals 0 at y = 0, and
((4nmy + 2)e Y 2)’ = —8n?nye 2" < 0, y > 0.
Consequently, on any interval [0,7T], T > 0, the function

1 inh
b (x) := - logsm(;ny) -7y

attains its maximum and minimum at the extreme points. We have

lim by (0) = Tim 22T _ o im (1) = 0.

n—oo n—oo n n—oo

Therefore, the uniform convergence follows.
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Obviously, a pair of measures (f dsi, f dsz), where f is any continuous function
such that
0<c < f(x) <eg < o0, reRy,

is associated with the same vector equilibrium problem. Thus, the corresponding
multiple orthogonal polynomials exhibit the same rescaled normalized zero dis-
tribution as those corresponding to (3.11). Other examples can be constructed
by replacing the discrete component of the Nikishin system by a Meixner- or
a Charlier-type measure (see, for example, [41], [54], or [2]). A large two-parameter
class of Meixner—Pollaczek-type multiple orthogonal polynomials was studied in [12]
and [13], and the rescaled logarithmic and ratio asymptotics were given. Our exam-
ple is a confluent case of those analyzed in [12] and [13].

We will also consider the corresponding polynomials transplanted to the whole
real axis for multi-indices of the form (n,n). Using the transformation (2.23), we
obtain a sequence of monic polynomials B, of degree 2n satisfying the orthogonality
relations

~ x dx
vP(z) —" =, =0,...,n—1, 3.13
/Rw (@) sinh(7x) g " ( )
~ dr
UPn 7:07 :O’_._7 —17 3.14
/RCE (z) cosh(mz) Y " (3.14)

known as multiple (or generalized) Pollaczek polynomials (see [53]). In order to
guarantee normality, we will assume in addition that n is even. In this case the
zeros of Jgn are real and simple.

As is done for Nikishin systems (on the real line), it can be deduced that there
exists a monic polynomial P, o with deg P, 2 = n whose zeros are also simple and
contained in iR \ {0} such that

P
/x”~"(x) rdr o o o, (3.15)
R P,o(z) sinh(rz)
and
B, o(t p? d
p P2 ®) w(2) rer dp(t) =0, v=0,...,n—1, (3.16)

R P,(t) Jir Pyo(z) (z —t)sinh(rz)

where 3 is a discrete measure supported on the imaginary axis. Let

Q)= 202w G = Lr2lnz).

The logarithmic (weak) asymptotic behavior of these polynomials was studied by
Sorokin in [53]. Sorokin’s approach is based on the existence of an explicit expres-
sion for the generating function of the polynomials @n (x), to which a weak form
of the Darboux method can be applied. In this way the weak asymptotics of the
polynomials can be deduced from the singularities of the generating function.
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By (3.12), the zero-counting measures of the rescaled polynomials {Qn} (corre-
sponding to {P, }) have a weak limit A, which is the first component (A = A;) of
the solution to the equilibrium problem (2.24), (2.25) with

p(x) =rwlz|, ze€R, and do(z)=]|dz|] on iR (3.17)

in view of (3.12). One of the goals of this section is to obtain A by solving this
equilibrium problem directly.

From electrostatic considerations we expect that supp(A2) = iR, because the
external field created by UM on iR is too weak to make supp(\2) compact. An
alternative argument is that if there were no restrictions on s, then the mea-
sure 25 in (2.25) would coincide with the balayage of A; onto iR. Hence, the upper
constraint forces the balayage measure to redistribute its mass precisely where it
exceeds o in order to attain equilibrium on the rest of iR. This consideration
makes us look for a solution Ag for which there is an equality on supp(c — A2) in
the equilibrium conditions (2.25).

We shall try to find the Cauchy transform of the equilibrium measure Ay,

H(z) = 3 (2) = / @) (3.18)
R T—2Z
If we ‘complexify’ the equilibrium relations (2.24), (2.25) with (3.17), differentiate
them, and take the real parts, then we get that

Re(2X1 () - Xg(w)) _ {—w on R_ Nsupp(A1),

m  on Ry Nsupp(A)

and
Re(2X2(z) — A1(x)) =0 on supp(c — A2).

Using the Riemann—Schwarz symmetry principle, we deduce from the first rela-
tion that the function H can be continued analytically from both sides of the cut
along R_ Nsupp(A;). Thus, H can be lifted to a Riemann surface, where

H(z) =7+ A (2) — Xao(2) = Hy(2) (3.19)

is considered on the next sheet. Similarly, H can be continued analytically from
both sides of the cut along R Nsupp(A;1), so that

H(z) = =7 4+ M (2) — Aa(2) =: Hy(2) (3.20)

is defined on another sheet of the same surface. Let us assume that the complete
Riemann surface

R = {%(i)}?zo, #) = C,

has three sheets. With appropriate cuts we Willﬁhave three branches of H =
{H;};—9, where Hy(z) = —A1(z) is holomorphic in C \ supp(A1), and (3.18)—(3.20)
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give us that, as z — o0,

1
Hﬂ@:w+;+~w (3.21)

1
Hﬂ@:—w+;+~u

We make an ansatz that the function H can be found in the form

H(Q) = Tlogu(c) on #\{C R v() R}, (322

where v is a meromorphic function on the compact three-sheeted Riemann sur-
face Z. Although the explicit form (equation) of the surface Z is not yet known
(but it exists), nevertheless the representation (3.22) and the relations (3.21) enable
us to show that

-1y o0
9
1
W(¢) = Z_i—’—.“’ ¢ — oo, (3.23)
1
i — 4 — 002
Z+2<+ 7( o) ?

where ¢U) denotes the point on Z) whose canonical projection on the plane is
g € C. We try to take 1 as the simplest meromorphic function that maps %
conformally onto C. The inverse of this function is a rational function ¢ = r(¢).
From the main term in the asymptotic expansion (3.23) we have

A n B + C
=1 Y—i P+i’

and the second term gives us that

(=

—1 1
A:_i, BZ?’ and Czi

Thus,
_ Yy +1)
= DT o2
or what is the same, ) )
wu%ﬁ}zgl—%,lzo_ (3.25)

The discriminant of (3.25) is equal to
16¢* — 44¢% — 1.

Therefore, the algebraic function ¢ (¢) has four branch points +e; and +eq, where

. .
er=V22- 10v5 and ey = i\/—22+ 10vV5.
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Taking (3.23) into account, we fix the following sheet structure of #Z (see Fig. 1):

#Y) =T\ ([—e1,0] U [—es, ea]),

7.0 :=C\ [~e1,e1], 2@ . =C\ ([0, e1] U[—e2, e2]).

(3.26)

R

2

Figure 1. Sheet structure of the Riemann surface %.

Therefore, the algebraic function v has the following single-valued meromorphic
branches (in fact, holomorphic since ¥(0) = {0, —1, 00}):
¢1(C) € %(@\ ([_61’ 0] U [_627 62]))7
¥2(¢) € (TN ([0, e1] U [—e2, €2])),

where J7(Q) stands for the class of functions holomorphic (and single-valued) in
a domain 2. From the analysis of the roots of (3.25) it follows that

(iR} = {¢ € Z: ¥(¢) € Ry}, (3.27a)
{[—e2, e2]}V U {[—e2,e2]}® = {¢ € Z: ¥(¢) e R_}. (3.27b)

¥o(¢) € H(C\ [—e1, e1]),

Thus, if we cut our compact Riemann surface # along the set (3.27b) and define
% =2\ ({[—e2, 2]}V U {[~es,€2]}?), (3.28)

then we get that the function H in (3.22) is single-valued and holomorphic in the
open Riemann surface 2. We can now formulate our result about the solution of
the equilibrium problem (2.24), (2.25).

Proposition 3.1. Let
2 ; .
HJ(C):ZIOg’lpJ(C)’ CE‘@U)a J=0,1,2,

where the v; are the solutions of (3.25) satisfying (3.23). Define the absolutely
continuous measures

d\i(z) = N () dz, d2(x) = Ny () |dx|,
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by
1
N(z) == hm |Im Hy(z + ig)|, z €R,
el (3.29)
Ay(x) = —1 + = hm ReHi(z —¢), x € iR =supp(\s2).
T e—0

Then the pair (A1, A2) is the solution of the equilibrium problem (2.24), (2.25) with
the external field and constraint (3.17). More precisely, |[A\1| = 2 and |A2| = 1, and
these measures satisfy

do(z) = |dx|, X <o, and MNy(z)=1 forz € [—eq, e, (3.30)
— = A R
2U>\1 ({E) . U)\Z + 7_[_|x| =w, TE [ 61761] Supp( 1) C K, (331)
z € R\ [—eq,eq],
and
= ) =R\ (—
2 () — UM () 4~ W T ESWR(T = Ao) =R\ (—epe2), (3.32)
<wy, T € (—eq,el).

Before proving Proposition 3.1 we discuss some properties of the primitive func-
tion G defined by

G'=H, (3.33)
which we now consider on the open Riemann surface QZ, that is,
< ~
GQ)= [ H@)dt, (.,(teR (3.34)
Co

The uniformization of #Z defined in (3.24) allows us to integrate (3.34) by parts,
obtaining

e Yy +1)
GO =2, P
= C+ CH(C) + 21og(¥(¢) — 1) — log(v*(¢) + 1), (3.35)

where C' is a constant which depends on (y. According to (3.35), G is multivalued
on Z and has a local analytic extension to the whole of Z (and beyond), with
possible singular points at ( = 0 and { = oo (note that ¢ (o0) = {1,7, —i} by (3.24)).
However, its periods are purely imaginary. Therefore, its real part is a single-valued
harmonic function on Z \ {0, oo},

g:={g; =ReG;};_,,

which is defined up to an additive constant. We fix the constant so that

go(00) + g1(00) + ga2(00) = 0.

This normalization in turn implies that

90(C) + 91(¢) + g2(¢) =0, ¢eC. (3.36)
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Indeed, go + g1 + g2 is a symmetric function of g which is harmonic on C \ {0, co}.
From (3.24) and (3.35), one sees that the singularity it has at ¢ = 0 is removable.
On the other hand, from (3.21) and (3.34) we see that the branches of ¢ at infinity
have the following behaviour:

—2log [{], ¢ — 00®),
9(¢) =~ ¢ mRe( +log[¢], ¢ — oo, (3.37)
—mRe( +logl¢|, ¢ — 0o,

Therefore, ( = oo is also a removable singularity of go + g1 + g2. Since go + g1 + g
is harmonic in C and equal to zero at oo, it is identically equal to zero.

Proof of Proposition 3.1. We must verify that the measures defined by their densi-
ties in (3.29) satisfy (3.30)—(3.32). In order to identify the potentials of the measures
A1 and Ao, let us change the sheet structure of #. Define

N N g1(2), Rez <0, N g2(z), Rez <0,
96 = g0, g7 := 1(2) g5 = (2) (3.38)
g92(2), Rez>0, q1(z), Rez>0.

On iR, ¢g* is defined by continuity. Note that ¢7 and g; have a harmonic continua-
tion across the interval [—eq, es].

We now see that the function g is superharmonic and that g3 is subharmonic
(as the maximum of two harmonic functions). Therefore, taking into account their
behavior at oo (see (3.37)), we get from the Riesz decomposition theorem for super-
harmonic functions a global representation of the branches of ¢g* in C in the form

96(2) = UM (2) + k1,

95(2) = —U* (2) — v(z) + Ko, (3.39)

where A and A2 are measures supported on [—ey, e1] and iR, respectively, and v(2)
is the superharmonic function

R Rez <0,
w(z) =4 eE (3.40)
—mRez, Rez>0.
As a consequence of (3.36), we also have
gi(2) = —UM(2) + U2 (2) + v(2) — k1 — ka. (3.41)

Using (3.21) and (3.39), we easily verify that
|)\1‘ =2 and |>\2| = ].,

and by the definition of g, (3.29) follows from the Stieltjes—Perron formula applied
to the calculation of the measures.

Since gg(z) = gi(x) for © € [—e1,e1], (3.39) and (3.41) give us the equality
in (3.31) with wy := —2k1 — k2. The fact that gj(x) > gi(z) on R\ [—eq,eq]
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allows us to verify the inequality in (3.31). Similarly, comparing g7 and g5 on iR
and using (3.39), (3.41), and the fact that v(z) = 0 for z € iR (see (3.40)), we
obtain (3.32) with we := 2k + Ka.

Finally, note that the functions ; and 15 have negative limit values on [—ea, €3]
(see (3.27b)). Therefore, it follows from (3.22) that

lim Re Hy(z —¢) = 2m, x € [—eq, €3],
e—0+

and My (z) =1, x € [—ea,e2]. On the rest of the imaginary axis,
7 < lim ReHy(z —¢) < 2w
e—0+
(see also (3.21)). Thus, we obtain (3.30). Note that in applying the Stieltjes—Perron

formula to the second half of (3.29) we took the imaginary part because |dz| =
—idx, x € iR. J

4. Scalar case

4.1. Potentials of measures with unbounded support. In all that follows,
finite positive Borel measures p supported on R and satisfying

/log(l + %) du(y) < 400 (4.1)

will play a central role. It is easy to see that (4.1) is equivalent to
Jarhan) <soe o [ osildut) < o
y|=1

Another important assumption about p which we will use is that for any € > 0
there exist 0 < § < 1/2 and Ry > 0 such that

R+6 1
sup / log — du(y) < e. (4.2)
IRI>RoJrR—s  |R—1Yl

Obviously, if u < p* and p* satisfies (4.2), then p satisfies (4.2). In particular,
a sufficient condition for (4.2) is that there exists an Ry > 0 such that

d“‘R\(*Rg,Ro) g ‘f| dma
where f € Loo(m) and m is Lebesgue measure. We have the following lemma.

Lemma 4.1. Let pu be a finite positive Borel measure on Ry such that U* is con-
tinuous at some point xg € supp(u). Then for any compact set K C C and any
e > 0 there exists a 6 > 0 such that

o+
sup / [log |z — y| | du(y) <e. (4.3)

zeK )
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Suppose that (4.1) and (4.2) hold. Then for any e > 0 there exists an Ry such
that

+o00
sup sup / ‘log |z — y| | du(y) <e (4.4)
R>Ro z€[0,R] JR
and
lim | [log|1— Z’ ‘ dp(y) = 0, (4.5)

where x — oo in any direction in C.

Proof. Let us prove (4.3). Consider the closed disk B = {z: |z — z¢| < 1/2}. For
allz € B

1
0</\log\m—y||du(y)=/ log du(y).
B B |z — y|

Obviously, U5 is continuous at xy. Therefore,

1
log & L (1,

|z — 0]
and z( is not a mass point of ,u‘ p- Consequently, for every ¢ > 0 there exists a ¢
with 0 < d; < 1/2 such that

zo+d1 1 c
O</ log —— du(y) < =
1}07(51 |:'L.0 - yl 2

The potential of the measure u’[ is also continuous at x(, so there exists

dy with 0 < d9 < 1/2 such that

xo—91,20+01]

z0+01 1 zo+01 1 c
[ s duw) - [ g ——dutw) <5 el <
10751 |£L. - y| ngle |‘r0 - y| 2
Using these two inequalities, we get that
z0+61 1
0< / log du(y) < e, x — x| < 2.
.’E()—51 |1' - y|

Fix a compact set K C C and take
K, :K\{SE |£L’—CEO‘ <52}

The distance from K; to xg is positive and z( is not a mass point of i
so there exists 0 < d3 < 7 such that

[xo—d1,0+61]’

zo+03
/ log |z — y| | du(y) <, z € Kj.

0—03

On the other hand,

zo+93 1 zo+01 1
O</ log ——— du(y) g/ log —— du(y) < e, x — xg| < 0.
:L’ofég |.’L' - y| Io*(sl “/L. - y|

The last two relations imply (4.3).
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If 1 has compact support, then the assertions (4.4) and (4.5) are trivial, so in
their proof we restrict our attention to measures with unbounded support in R,.
We will analyze (4.4) by subdividing the real line. Take R > 1.
Assume that © € [0,R — 1]; then y —z > 1 for all y € [R,+00). Using the
monotonicity of the logarithm and (4.1), we find that

“+ o0
0< lim sup /

1
log ‘ dp(y
R—+00 ze0,R-1] /R )

|z —yl

—+o00
= lim sup / log(y - 33) dM(ZU)

R—+00 gejo,R-11 /R
“+oo
< i 1 d =0.
R, [ loe(y)duly)

By the same token,

1
1og‘ du(y) = 0.
|z —y|

+oo
lim  sup /
R—+00 zel0,R) JR+1

Choose a constant ¢ with 0 < § < 1/2. Forz € [R—1,R—4¢] and y € [R, R+1],

lo 1 <lo 1 <lo E
which implies that
’1 L | <logd
og <log =
|z -yl 6
Consequently,
R+1
0< lim sup / log ‘duy <log— lim p([R,R+1]) =0,
R—+00 ye[R—1,R-6] /R |z | ®) § R—too ( D

since p is finite. Similarly,

‘ du(y) = 0.

R+1
lim sup /
R—+00 ze[R—1,R] JR+s |z — vy

Fix € > 0. By (4.2) there exist § with 0 < § < 1/2 and Ry > 0 such that

R+6
sup sup /

log ’ du(y)
R>Ro z€[R-6,R)JR

|z -y

R+
< sup  sup / log du(y) < e.
R>Ry z€[R—6,R) JR y—R

Putting everything together, we immediately get (4.4).
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To prove (4.5) we first restrict ourselves to the limiting case when z € Ry,
and without loss of generality we assume that x > 2. For the moment, fix =.
As a function of y on Ry, the non-negative function }log |1 —y/z| ’ has a vertical
asymptote at y = x and zeros at y € {0,2z}. It is convex on [0,z) and (z,2z] and
concave on [2z,+00). The functions log(1 + y) and log(y — 1) are concave in their
domain of definition. On the interval [0, z] it is easy to verify that

log|1 — =|| = log(1 + y)
if and only if y =0 or y = z — 1. On the interval [z, 2z],

log|l — =|| =log(y — 1)

if and only if y = x+ 1. By the concavity properties of the functions in the specified
intervals and the monotonicity of the logarithm it follows that

< log(1 + ), 0<y<z—1,
log|l — 2| { < log(y —1) <log(l+y), z+1<y<2z, (4.6)
T
= log(x - 1) <log(l+4vy), 2z<y<+oo.
Let N
Ex—[z,—koo)\(x—l,x—kl), 0<a<l

Fix e > 0 and take ¢ with 0 < § < 1/2 such that (4.2) holds. We have

o< fJes=Hl|amn< [ f [

Let us consider these integrals separately.
Y
log (1 - ) ‘ du(y)
x

First,
/2 y % /2
0</ Hdu(y):/
0 T 0
— 0, T — +00.

1 1
10g(1 — 2331_&)‘ < C‘xl—a

Taking (4.6) and (4.1) into account, we get that on E,

o< [
E

Finally, on [z — 1,2 + 1]

log log

1= 2|t

log|1 —

<l

log|1 — % ‘du(y) < / log(1 + y) du(y) — 0, T — 4o00.
>x/2

x

x+1

r+1
1
0< / log|1 — ¥ 'du(y) <z -1,z + 1])10gx+/ log du(y)
x—1 x z—1 |y _$|
1 z+6 1
<p(lz—1,2+1]) <logx + log ) +/ log ——— du(y),
d T—0 ‘y—.’II|
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where the first term tends to zero as x — 400 in view of (4.1), and the second term
is bounded by ¢ for all sufficiently large  in view of (4.2).
Summarizing, we have

LY
X

0< liminf/ log log

T——+00

1-— y’ ’du(y) < limsup/

Hdu(y)<6

for each € > 0. Letting ¢ — 0, we obtain (4.5) in the case when z € Ry.
Now take 0 with 0 < § < 7/2, and define the region

Fp =C\ {z: |arg(x)| < 6}.
Assume that £ — oo with © € Fy. In this case y/x € Fp for all y > 0 and = € Fy.
Consequently, |1 —y/z| > |siné| > 0. Therefore, if |z| > 1, then

Y y'<1+y.

O<|sin9|<‘l—‘§1—|—‘
X X

Thus,

Y

log|1 — x' ‘ < max{—log|sinf|,log(1 +y)}, x>1, yeR,.

A function defined as the maximum of integrable functions is in Li(x). From
Lebesgue’s dominated convergence theorem it follows that

lim
x—o00, r€Fy

Let a, = argx, and assume that  — oo, a, - 0, and

lim sup /
r—00

Then we can find a sufficiently small § with 0 < 6 < 7/2 and a sequence z,, € Fy
with z,, — oo such that
lim sup /

in contrast to what we proved before. Consequently, to prove (4.5) it remains to
show that the assertion is true as x — oo and a, — 0. This case is similar to the
one when x — oo with x € R, so we focus on the main ingredients of the proof.

Without loss of generality we can assume that |z| > 1 and Rex > 2. Let
|1 —y/x| > 1. This implies that y > 2Rez. Then

log
x

1—y‘ ‘du(y)=0~

LY
xr

log

‘ ‘ du(y) > 0.

.

n

log du(y) > 0,

log

1—yH:10g
x

1—1’ < log(1+v), y > 2Reuw. (4.7



416 A.1. Aptekarev, G. Lopez Lagomasino, and A. Martinez-Finkelshtein
Note that
— eiaz _ ﬁ

2 2
= (cos Ay — ) —|—sm Qg
|| Ed

Y
> (COS%—M) cos Qy (1 Rex) .
<

Consequently, when 0 < |1 —y/z| < 1, that is, 0 < y

2Rex, we have

) Y
0>1logll— 2| >1 O1—
og :1:‘ og|(cosa )( Rez)’
and
Y Y
log|l — =] | < |1 )| 1—

< |log|cosa,| |+

log|1 —

Y
Y <y <2Rez. 4.
Roxl I 0<y Rex (4.8)
Analyzing the cases

€[0,Rex—1], ye[Rex+1,2Rez], and y € [2Rez,+0]

separately and reasoning as in the proof of (4.6) (with x replaced by Rex), we get
from (4.7) and (4.8) that

log|1 — < log(1 + y) + log sec ag, yeRL\ (Rex —1,Rex+1). (4.9)

y
T

In the final part of the proof we take

R «

and proceed as in the case when z € R, observing that

lim /log seca, du(y) = lim  logseca, = 0. O
T—00, Ay —0 r—00, a,—0

With the aid of (4.4) we prove a version of the principle of domination for
measures with unbounded support.

Lemma 4.2. Suppose that p and v are finite positive Borel measures supported
on Ry such that |p] = |v| and I(p) < oo, and let (4.1) and (4.2) hold. If supp(u)
is unbounded and supp(v) is compact, then we also suppose that UY is continuous
at some point xo € supp(v). Assume that for some constant ¢ € R

U(z) <U"(z)+¢ p-almost everywhere. (4.10)

Then
Uk(z) <UY(z) + ¢, z e C. (4.11)
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Proof. If the supports of p and v are compact, then the lemma gives the standard
statement of the principle of domination (see, for example, [50], Theorem I1.3.2), so
this result is new when at least one of the two measures has unbounded support. We
will reduce the proof to the case of measures with compact support. We consider in
detail the case when the supports of ;1 and v are both unbounded and then mention
how to proceed when one of them is bounded and the other is unbounded.

Assume that supp(u) and supp(v) are unbounded. Fix ¢ > 0. According to (4.4)
there exist Rj(g) and Rz(e) such that u([0, R1]) = ([0, R2]) and

+oo 1 o0 1
max{ sup / log du(y)|, sup / 1ogdu(y)’} <e.
wel0,R1] |/ R, |z —y| we[0,Ra] | Ry |z —y|
(4.12)
We can take Rj(e) and Rz (g) such that
lim Ry(e) = 400 and lim Ry(e) = +o0.
e—0 e—0
Let
i =m(E) = plg gy and v =0(e) = vl g,
Then |u1| = |v1]. Since p1 < p, it follows from (4.10) and (4.12) that
UMt (z) U (z) +c+ 2 p1-almost everywhere.
Note that I(p1) < +00. Using Theorem I1.3.2 from [50], we have
UFt(z) S U (z) + ¢ + 2¢, xz e C. (4.13)

Fix an arbitrary compact set K C C and let M = sup,cx |z|. For all sufficiently
large R

[log|z — y|| = log |z — y| < log(M +y), y>R, zr€ekK,
and from (4.1) it follows that

lim U#(&) = U and  lim U"© =U”
e—0 e—0
uniformly on K. Letting ¢ tend to zero, we get (4.11) from (4.13), and we are done.
When only supp(v) is unbounded, we proceed as before to reduce v to a mea-
sure v; with compact support, but we can leave u as it is because the principle of
domination for logarithmic potentials of measures with compact support only needs
|v1| < |p| to deduce (4.13). If only supp(u) is unbounded, then we take u; as before,
but we must reduce v so that 1| < |p1| (< |p|). In order to achieve this, since
supp(u) is a compact set, we must take away some mass from a neighbourhood of
a point xg € supp(v) where U” is continuous and use (4.3) instead of (4.4). O

Remark 4.3. Lemmas 4.1 and 4.2 are valid for measures supported on the whole
of R. In fact, Lemma 4.2 will be used in the next section for measures supported
on R_.
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4.2. Equilibrium measures with a constraint and an external field. This
question has been considered by several authors (see, for example, [10], [20], [29],
[32], [40], and [46]). Our contribution to the theory consists in studying the corre-
sponding variational problem in cases when the equilibrium measure does not have
compact support. We will state the corresponding results for measures supported
on R_ because this is the setting in which they will be needed in the proof of
Theorem 2.1, but they can be restated for measures supported on R.

In order to deal with measures with unbounded support it is convenient to follow
the approach used in [32]. For arbitrary pq,pus € 41 (R) we define the modified
logarithmic potential and mutual energy as follows:

U (z) = 1Og “ dm y), (4.14)

V1+a22/1+
j(ﬂlaMQ) ::/ 10 |1, I y‘ y

The modified energy of u is then given by
S () = I (p, ).

The new kernel is connected with the inverse stereographic projection from the
ball in R? with centre at (0,0,1/2) and radius 1/2 on the extended complex plane.

Therefore,

|z -yl
(for more details see (2.9)—(2.11) in [32]). Consequently, the modified potential
and mutual energy are uniformly bounded below for all pq, us € .47 (R). When
p1 and po have finite mutual energy and satisfy (4.1), then the modified and the
ordinary energy are related by

i) = T, 2) + 2 [rog(0+-02) @) + 2L [ 1081+ 02) o).

dpa(y) dpsz (). (4.15)

>1 (4.16)

In what follows, o denotes a (positive) Borel measure with supp(c) = R_ and
|| > 1 such that Ul is continuous on C for every compact subset K C R_. Let

M(o) ={pe M R): p<o}, M(0) = {peHo): I(n) < oo}
Lemma 4.4. For any u € # (o) the potential Z* is continuous on C.

Proof. Take any p € # (o). Obviously, Z* is continuous on C \ supp(u), so we
only have to check for continuity on R_. Let g € R_, and take a compact set
K C R_ that contains x( in its interior. Since

gYH = Yrlx 4 gru—nlx

and xo ¢ supp(u — p|k), it follows that % #*~*Ix is continuous at zy. However,
u’K < O"K and U?!x is continuous on C, so (see [20], Lemma 5.2) U#/x and % *lx
are continuous on C and, in particular, at xzg. Thus, Z* is continuous at any
ro € R_. O
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Let ¢ be a real-valued continuous function on R_ such that

liminf ¢*(z) > —o0, o* (z) == ¢(x) —log(1 + z?). (4.17)

r— —0Q

For p € ;" (R_) define

2
“m):=2/lo VIt VI+y,

|z =yl

+¢" () = 2% " (2) + o(x)

and

o (1 2/( RV

|z =y

S (1) +2/¢*(9€) du(x)

If () = 400, then we take Zy-(p) = +00.

The condition (4.17) guarantees that the energy minimization problem for the
functional Zy-(u) is weakly admissible as defined in § 2.1 of [32], and according to
Corollary 2.7 in [32] there exists a unique solution A € /Z{v(o) such that

For (V) = nf{ Fo (): p € (o)}, (4.18)

The measure A is said to be extremal.
For i € (o) we also introduce the characteristic quantity

)+ 6°(2) ) o)

Z, =max{C € R: #"(x) > C holds (¢ — p)-almost everywhere}.

Theorem 4.5. Let ¢ satisfy (4.17) and let o be a positive Borel measure with
supp(c) = R_ and |o| > 1 such that U°I% is continuous on C for every compact
subset K C R_. The following statements are equivalent and concern the same
unique solution. .

(A") There exists an extremal measure \ € (o).

(B’) There exists a A € //?/(o) such that for all v € //7(0)

/W’\d(yf)\)>0

(C") There exist a A € ,/ZU) and a constant w = w(o, P) such that

<w, =z €supp(A),
>w, 1z €supp(oc—A).

W (@) = 2% (x) + p(x) {

The constant vo is uniquely determined and equals % . The extremal measure
satisfies (4.1).

Proof. As mentioned above, the existence of a unique extremal measure follows from
Corollary 2.7 in [32]. The equivalence of (A’) and (B’) follows from the identity

(1) = Foe (N = & Folv— A) + 2s/w v — ),
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valid for all \,v € #(0), where v, =ev+ (1 —€)\, 0 < e <1, and (v — ) is
the energy functional applied to v — A with ¢* = 0.
Assume that A is extremal. From the above identity it follows that

52/0(1/7/\)+25/7/)‘d(1/7)\) > 0.

Dividing by e and letting ¢ — 0, we find that

/WA d(v—\) >0, ve o), (4.19)
so (A’) implies (B’). Taking € = 1, we obtain

I ) = (V) = Folv—A) +2 / W - N).

From Theorem 2.5 in [16], we have #,(r—X\) > 0, with equality if and only if v = .
Therefore, (B’) implies (A’), and the solution of (B’) is unique.
We now prove that any solution to (C’) solves (B’). Let A satisfy (C') and take

v € # (o). Since |A| = |v| =1, it follows that

/wd(u—x):/(w—m)d(y—x).
Define
E,={tcR_:#*t)—w >0} and E_={tcR_: #*t) -1 <0}.

According to (C), A(Ey+) = 0, hence

/(Wk—m)d(y—x):/ (#* —ro)dv > 0.
Ey

Ey

Moreover, (¢ —A)(E_) = 0. Take an increasing sequence of compact sets K,, C E_
such that

lim (0~ M)(K) = (0~ A)(E-).
By Lemma 4.4, #* is continuous on the whole of C, and in particular on K,
and therefore #* — tv is bounded on K,,. From Lebesgue’s monotone convergence
theorem it follows that

/ W —w|d(oc —\) = lim 1g, [# —w|d(c —\) =0,

where 1, is the function which equals 1 on K,, and 0 elsewhere. Consequently,
taking into account that v < o, we obtain

/(V/A—m)d(u—)\):/ (W—m)d(u—aH/ # —ro)d(o — A) >0,

E_
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Putting all these relations together, we obtain
/W)\d(V—A)ZO, VE.//Z(O'),

as claimed. Therefore, (C') has a unique solution. Let us see that (B’) implies (C').
Suppose that A solves (B’) and consider the quantity

Fy = max{C € R: #* > C holds (¢ — \)-almost everywhere}.

Suppose that there exists an xo € supp()\) such that #*(z¢) > v > .Z, for some 7.
By the definition of %, there exists a compact set K7 C supp(c — \) such that

#MNz) <, zeK;, and (0—\)(K;y)>0.

On the other hand, #*(z) is continuous on R_, so there exists a sufficiently small
§ > 0 such that #*(z) > v for |z — x| < §, and by the same token there exists
a compact set Ko with

MKs) >0 and #*z) >~ forxe K.
Obviously, K1 N Ky = @. Choose «, 5 € (0,1) so that
Bloc — N)(K1) = a\(Ks).

Define a signed measure 1 equal to —a\ on Ko, equal to 5(c — ) on K7, and equal
to zero otherwise.

We prove that v:=A+1n € //7(0). Indeed,

(1-a) )\|K U|K2’

14

//\ //\

vk,
| 5U|K m>‘|K1 < U}Kl’

and since supp(v) = supp()), we have

v(supp(v)) = v(supp(N)) = A(supp(N)) — an(Ka) + Blo — N (K1) = 1

The energy of v is bounded since A and (o — )\)| have finite energy. Then

K
[ =3 = [ 97 dn < 500 = N(E2) = a(Kz) =0,

contradicting (B’). Consequently, #*(z) < F for = € supp()\). By definition,
#(x) > .Fx holds (0 — \)-almost everywhere. Since #? is continuous on C, we
have

WNx) > Py, x € supp(o — A).

Thus, A solves (C') with o = .%).
The uniqueness of A and the fact that supp(c — A) Nsupp(\) # & imply that 1
is uniquely determined.
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If the extremal measure A has compact support, then it obviously satisfies (4.1).
Now suppose that supp(\) is unbounded. Using (4.16), we get that

vity? |z
L—y/z| = V1422

Therefore, for all x < —1

1 1
+ ——log2.

1—yja] ~ 2
Using Fatou’s lemma ([49], p. 22), (C), and (4.17), we obtain

2
/log(l +9%)d\(y) = 2/1im inf log 11@ d\(y)

z=—oo 7|1 —y/zl

/log VIty “’ iAW)

log ———

< liminf 2
xTr— —00

< lim inf
r——00, zEsupp(A)

/lgV +ydA()

< w + limsup(2log |z| — ¢(z)) < +o0.

r— —0Q

Thus, in this case (4.1) is also satisfied by A. O

We are ready to return to standard potentials. Define

M (0) = {u € M(0): I(p) < +o0, /10g(1 +y?)duly) < +00}-

Note that .
M*(0) C M (o) C M(0).

According to the last assertion of Theorem 4.5, A € .#* (o). Therefore, under the
assumptions of Theorem 4.5, (4.18) admits the same solution when we minimize
the functional over .#*(c).

Let

To =t (s0): @)} o) =210+ [ @) (o)),

We take Jy (1) = 400 when I(u) = +oo. It is easy to see that

For () =Js(),  pe (o).

Moreover,

WH(z) := 20 (z) + p(x) = 2% (z) + () — /10g(1 +y*)duly), e A (o)
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For p € .4*(o) let
F,, = max{C € R: 2U"(z) + ¢(x) > C holds (¢ — p)-almost everywhere}. (4.20)
Note that
F,=7,- /log(l +y?)duly),  pe.a*(0).
The next result follows from Theorem 4.5.

Corollary 4.6. Under the assumptions of Theorem 4.5, the following statements

are equivalent and have the same unique solution.
(A") There exists a A € M *(0) that is extremal.
(B”) There exists a A € .M *(c) such that for all v € A *(0)

/W’\d(u—)\) > 0.
(C") There exist a X € M#*(0) and a constant w = w(o, P) such that

A,

<w, x € supp(
>w, x € supp(oc— ).

20%(z) + () {

(D) If o also satisfies (4.2), then the solution A of (A”)—(C") satisfies
F\ =max{F,: pe .#*(0)},

and if also

lim z /log <1 - i) d\(y) =0, (4.21)

r——+00

then A is the unique measure that satisfies (D). A sufficient condition
for (4.21) is that

/(—y)“ dA(y) < oo, a> % : (4.22)

The constant w(o, ¢) = F is uniquely determined.

Proof. The equivalence of the statements (A”), (B”), and (C”) and the uniqueness
of the extremal measure for the functional J,(-) is immediate from Theorem 4.5
and the connections with ordinary potentials established above. For (D) we have
assumed that o also satisfies (4.2). Then all the measures in .#* (o) satisfy (4.1)
and (4.2) (see the sentence right after (4.2)).

Note that (C”) implies that F)\ = w(o, ¢). We must show that

F,<Fy forall yue.#*().

Assume that F,, > F) for some p € .#*(c). Following the proof of Theorem 2.1.e
in [20], but using Lemma 4.2 instead of the standard principle of domination, we
get that there exists a ¢ > 0 such that

UMNz) < UHM(x) — ¢, x € C.
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Subtracting log(1/|z|) from both sides and letting x — 400, one obtains the
contradiction 0 < —c. Therefore,

max{F,: p€ .#*(0)} = Fi.

If F\ = F),, then by repeating the scheme in the proof of Theorem 2.1.e in [20], we
arrive at the inequality

UMNz) < UM (x), z € C.

In other words,
Ur=z) >0, z e C.

If supp()\) and supp(p) are compact, then since lim, o, U#~*(x) = 0, this inequal-
ity and the minimum principle for harmonic functions give us that

Urz) =0, x € C\ (supp(A) Usupp(p)), (4.23)

which in turn implies that 4 = X. Note that (4.22) obviously holds when A has
compact support.

Suppose that there exists an xg € C\ R_ with U#~*(xp) = 0. Then by the
minimum principle U*~#(x) = 0 for x € C\ (supp(\) Usupp(x)), since on the whole
boundary (including oo) this harmonic function has limit values > 0. In this case,
as in the compact case, we conclude that u = A.

Assume that UF=*(z) > 0 for z € C\ R_, and define

G MNz) = / log

d(p— A)(y)

r—=y

to be the corresponding complex potential. This analytic function is non-zero
in C\R_. Let
GF 2 (2) == iGF M (=22).

We note that GH=* is analytic and non-zero in the upper half-plane Imz > 0.
Moreover,

Im G (2) = ReGH A (=2%) = UF N (—2%) >0, Tmz >0,

Therefore, GH=* takes the upper half-plane into itself. From this we get an integral
representation for GH=*(z).
Indeed, from Theorem A.2 in [36] we know that

GFANz) = K + Bz + /R ( ! ! )dp(t), (4.24)

t—z 1+¢2

where k € R, § > 0, and p is a positive Borel measure on R such that

1
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Similarly, from Theorem A.3 in [36] it follows that

~ 1 t
log GH2) = / ——— | f(t) dt, 4.25
s =+ [ (- i )0 (4.25)
where v € R and f is an integrable function on R such that 0 < f(¢) < 1 almost
everywhere. Let us simplify these representations a bit. B

If z = iu with w > 0, then it follows from the definition of G#~* that

G i) =i [ log o dln = ()~ [ arg - )

u? =y
= z'/log \u271—y| d(p — N (y) = iU*=(u?) (4.26)

takes purely imaginary values. By the symmetry principle, GH= is symmetric with
respect to the imaginary axis, that is, for Im z > 0,

ImG* Mz) =ImG* M=2) and ReG* Mz)=—ReG' (—2z). (4.27)
In particular,
arg G A(z) = m — arg G* N (—2), Imz > 0. (4.28)

Actually, GH=2 can be extended continuously to R from the upper half plane, and
therefore the last relation implies that

arg(é“*’\(t))_s_ =7 — arg(é“*’\(—t)) teR. (4.29)

+’

By the Stieltjes inversion formula, the first relation in (4.27) implies that the
measure p is symmetric with respect to the origin: dp(t) = dp(—t). Therefore, (4.24)
can be transformed as follows:

~ 0 >/ 1 t

0 2z
=K+ﬂ2+[mmdp(t)

Taking z = iu in this representation, we obtain a purely imaginary number (see
(4.26)). Comparing both sides, we see that x = 0. Dividing by u and letting « tend
to 0o, we now get that § = 0. Consequently,

~ 0 z
GF2Mz) =iGF A (=2%) = [ t227 dp(t).

— 2

2

Changing variables —2%? = x and —t? = y, we obtain

0
G (z) = / 2VT ), weC\R, (4.30)

—co ¥ T Y
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where we fix the branch of the square root by setting v/1 = 1 and dp(y) = dp(\/—¥ ).
Note that [(1+ [y|)~* dp(y) < oc.
Take 2 > 0 and N > 0. From (4.30) we have

0
\/EG“’A(x)>/ 22 i5y), weC\R_.

-NT Y

Assume that /z G#~*(x) < M for all sufficiently large 2. Taking limsup as  — oo,
we see that p([—N,0]) < M/2. If this held for all N > 0, then we could conclude
that p is bounded, with total mass < M/2. Then if lim, ., o vz G**(z) = 0,
we would get that p is the zero measure and (4.30) would become the identity
GH=x) =0 for x € C\ R_, implying that u = A, as we want.

For = > 0 we have

0 < VG Mz) = Ve U z)

—va( fos(1-2)ar- ) < va [1og(1- ) arm).

Therefore, lim,_. 4o, /Z G*~*(x) = 0 under the condition (4.21).
On the other hand, if (4.22) holds, then we can assume that for 1/2 < o < 1

ogﬁ/log<1 >d>\ f/log(l)adA(y)
< e (2] o< 2

Consequently, (4.22) is a sufficient condition for (4.21).

Let 7 denote the distribution function of the measure f(t)dt (see (4.25)). By
the Stieltjes inversion formula,

1 [ <
7(t2) = 7(t1) = lim — | arg GH At +ie)dt,  t <ty
ty

From (4.28) and (4.29) it follows that for oo < t; < t3 <0
tz ~
7(t2) — 7(t1) = lim — arg GP A (t + ig) dt
e—0 1T t
1 to . 1 t2 ~
= f/ amg(G”_)‘(t))Jr dt =ty —t] — 7/ arg(G“_k(—t)L_ dt

s t1 ™ t1

oyt — i/_tl arg (G (1)), dt =t — t1 — [r(—t1) — ()]

Consequently,
ft) = =1-f(-1) (4.31)

almost everywhere on R.
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From (4.25) and (4.31) we get that

logé“’\(z):'y+/0 (1 ! )f(t)dt

\t—z 1422

+/O°O(t_12—“ft2)<1—f<—t>>dt

0 e’}
1 1 24 14tz dt
7+/Oo(t—z+t+z 1+t2>f() +/0 t—z 1+12
tF(t)  dt /°° 14tz dt
+
0

0
= 2(1 2 - .
7 A +Z)/,Oot2—z21+t2 t—2 1+¢2

Integrating the function (1 + tz)log(t)/(t — z) with respect to ¢ over the closed
contour consisting of the circles {¢: [t| = R} and {¢: |t| = ¢} and the positively
oriented interval [, R], where the branch of the logarithm in C\ Ry such that
log(—1) = im is taken, and using the residue theorem, we find that

C1+tz dt )
/0 P 1+t2:z7r—logz, z€ C\R,.

Therefore,

O tf(t) dt
2 — 22 14127

log GH 2 (z) = 7+z'7r—logz+2(1—|—z2)/ Imz >0, (4.32)

— 00
or what is the same,

O tf(t) at
12— 22 1+12°

log GH=*(—2?) :7—1—% —logz+2(1+22)/ Imz > 0.

— 00

2

After the change of variables —22 = z and —t? = y this becomes

logG“_)‘(x)zw—log\/ﬂ?+<1—;> /O T f(—\/W)dy’ xreC\R_,

R S {1]

where /1 =1 and log1 = 0. Evaluating at « = 1, it follows that v = log G*~*(1).
Therefore,

M(ll)/o v JCVIDdy o\

Gr=2(1) v) ) wx—y 14yl

log

For x > 1 the right-hand side is positive, hence,
VTGP M) > GPA(1) for all z > 1,

which contradicts (4.21) unless G*~*(1) = 0, which we know means that p = .
Let us look at some other properties of extremal measures.
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Corollary 4.7. Suppose that the assumptions of Theorem 4.5 hold. Then the
following assertions hold.

(a) If iminf, , . ¢*(x) = +o0, then supp(\) is compact.

(b) If supp(X) is unbounded and A satisfies (4.2), then

liminf ¢*(z) < w(o, ¢).

Tr— —00

(¢) If [log(1+ y?)do(y) = 400, then supp(c — N) is unbounded.
(d) If supp(o — A) is unbounded and X\ satisfies (4.2), then

lim inf o (z) = w(o, ¢).

r——o00, xESupp(c—A)

(e) If supp(o — ) and supp(A) are unbounded, then X satisfies (4.2) and the limit
lim, o ¢™(2) exists and equals w(o, @).

(f) If ¢(z) is decreasing on R_, then 0 € supp(\).

(g) If x¢'(x) is decreasing on R_, then supp(A) is connected.

(h) If the function ¢p(z) = —U"(x), where 7 € 45 (Ry), has compact support
and the potential U™ (x) is continuous at x = 0, then supp(A) = R_. If supp(c — \)
is unbounded and X\ satisfies (4.2), then w(o, ¢) = 0.

Proof. (a) According to (C')

2/10 \/1+x2\/1+y

|z -yl

y) +¢"(z) <w(o,¢), = €supp(A).

If supp()) is unbounded, then

lim sup ¢*(z) < 1.
z——00, xEsupp(A)

Therefore, if liminf,_._ ., ¢*(x) = 400, then we get a contradiction. Thus, (a)
holds.
(b) According to (C")

1
W (z) = 2/logm

If supp(\) is unbounded and ) satisfies (4.2), then it follows from (4.5) that

N 1+ 22
dA\(y) + ¢ (z) + log —

< w, x € supp(\).

liminf ¢*(z) < lim inf ¢ () < w.

T——00 z——00, x€supp(A)

Therefore, (b) is valid.
(c) Suppose that supp(oc — A) is a compact set K. Then

/\’R,\K = U’R,\K'

However, [log(1l+ y?)d\(y) < 400, and thus [log(l + y?)do(y) < +oo. This
contradiction implies (c).
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(d) From (C”) we see that

Ay 1 N 1+ 22
W (z) _2/10g7|1—y/x| dA\(y) + ¢* (z) + log

= > w, x € supp(o — A).
Thus, if supp(c — A) is unbounded and X satisfies (4.2), then letting  — —oo with
x € supp(c — A), we obtain (d) from (4.5).

(e) is a direct consequence of (b) and (d).

(f) For z € R\ supp(})

@) =- [ DY) d (@0 @)) = / ydA) (4.33)

T—y (z —y)?

If ¢ decreases on R_ and 0 ¢ supp(A), then the first of these formulae implies that
W(x) decreases immediately to the right of supp(\), but this contradicts (C"), so
(f) follows.

(g) If x¢' () is decreasing, then x(W?*(x))’ is decreasing on any connected com-
ponent of R_ \ supp(A) by the second formula in (4.33). From this it follows that
(WA(z)) cannot change sign from plus to minus on any such connected compo-
nent. Suppose that supp()\) is disconnected. Then there exist x1,z2 € supp(A2)
with 25 < 0 such that (z1,22) Nsupp(A2) = @. According to (C”), (W*(x))
changes sign from plus to minus on (21, z2); thus, supp(A) must be connected and
we obtain (g).

(h) Finally, it is easy to check that ¢ = —% 7 is decreasing on R_ and z¢'(z) is
decreasing on R_; therefore, according to (f) and (g), supp(A) is a closed interval
in R_ which contains # = 0. Suppose that supp(A) is bounded. Then W*(z) is
subharmonic in C \ supp(\) and continuous on supp()\), and by the second part
of (C")

WA () = xli)moc WNz) =0 > w.
However, W*(z) < w for x € supp()), as asserted in the first part of (C”). From the
maximum principle for subharmonic functions it follows that 2U*(z) = U™ (z) for
x € C\ supp(A), which is impossible. Therefore, supp(A\) = R_. If A satisfies (4.2)
and supp(o — A) is unbounded, then we get from (e) that w(o, ¢) = 0. O

Remark 4.8. In Corollary 4.7 we assumed more than once that A satisfies (4.2).
One way to ensure this condition is to impose it on the constraint ¢. However,
it is possible that X\ satisfies (4.2) but o does not (for example, when supp(}) is
compact, see part (a) of the corollary). In connection with (h), note that supp(c—2\)
is unbounded when

/log(l +yH)do(y) = +o0

(see part (c)).

Remark 4.9. We wish to call attention to the case when o = 400, which corresponds
to an equilibrium problem with no constraint. This case was considered in [27]. In
this situation, one cannot rely on o to guarantee that A satisfies (4.2) or to imply
the continuity of . Nevertheless, if liminf ¢* = +o0o, then we can assert that A
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has compact support, which in turn trivially implies (4.2) for A, and the continuity
of %* follows from (C') since 2% * is equal to the continuous function rw — ¢
on supp(\).

5. Proof of Theorem 2.1

In this section we use again the notions of modified potential (4.14) and modified
energy (4.15) introduced in §4.2.
Let ¢ be a continuous function on R satisfying

lim inf (2¢(z) — 3log(1 + z%)) > —cc. (5.1)
x——+00

This assumption is much weaker than (2.18). Let

o (2) = p(z) — glog(1+m2), o = ( g ‘21>, and [ i= ("6)

For ji = (u1,p2)t € M(0) (see the definition in (2.12)), we introduce the vector
function

Wiz) = (W (), W () = / log
and the functional
S [ pydi= [0F + o ydm s [#fa 62)

(when either . (1) = 400 or & (u2) = +00, we take Z,«(fi) = 4+00). Thus,

m‘/1+y2d@{

|z -yl

fi(y) + f(x)

I () = 2T (1) — I (i, pi2) + 5 (1)) + / (2 — 3log(1 + 22)) dus.

The condition (5.1) and the fact that < is positive-definite guarantee that the cor-
responding vector equilibrium problem is weakly admissible as defined in Assump-
tion 2.1 of [32]. In particular (see Corollary 2.7 in [32] and the sentence that
follows it), this gives us that

S = inf{ Zp (f): i € M(0)} > —o00.
Let

M(o) = { i € M(0): (1) < 00, I (z) < 00},
M* (o) ={ i € M(0): p1, po satisfy (2.10)}.

A vector measure X € ﬁ(a) is said to be extremal if

—00 < Fpr(N) = Fpr < +00. (5.3)
In the case i € MM*(0) it is easy to check that

o) =2 (1) = TG )+ T) + [ o) =5 1,3,

The next theorem complements results in [32] in our context.
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Theorem 5.1. Let ¢ satisfy (5.1) and let o be a positive Borel measure with

supp(o) = R_ and |o| > 1 such that U°'% is continuous on C for any compact

subset K C R_. The following statements are equivalent and concern the same

unique solution. N

(A") There exists an extremal measure X € M(c).

(B") There exists a X € ﬁ(a) such that for all UV € ﬁ(a) the following inner
product is non-negative:

/Wx«d(ﬁfX) ::/Wlxd(ul—)\1)+/“//2Xd(y2—/\2) > 0.

(C") There exist X = (A1, \2) € {)JVY(G) and constants w, = 1o1(0, ) and Wy =
wa (0o, @) such that
X = A
(C73) W) = 2™ (@) = W () + pla) {0 €SP,
2 m17 T € R+7
<o, x € supp(Aa),

(C" i) WP (x) = 2922 (x) — U™ (2) {

The constants v, and 1y are uniquely determined, and %> and %> are
continuous on C.

>y, 2z €supp(o — Az2).

Proof. This is similar to the proof of Theorem 4.5, so we will be brief. As shown
in Theorem 2.6 of [32], the functional #Z,- is lower semicontinuous and strictly
convex on M(o), and this ensures the existence of a unique solution of the extremal
problem (5.3) (see Corollary 2.7 in [32]). By the definition of the functional, the
extremal measure must belong to ﬁ(a).

The equivalence of (A”") and (B"") comes from the identity

I o (Be) = F o () = %) + 2¢ / WA d(— X,

valid for any X, 7 € ﬁ(a) and 0 < ¢ < 1, where 7. = e + (1 — £)X and oV — X)
is the energy functional applied to 7 — X with ¢* = 0. To prove that (B") = (A o)
we also use the fact that #o(V — X) > 0, with equality if and only if 7 = X (sce
Proposition 3.5 in [32] and Theorem 2.5 in [16]).

If X = (A1, A2)! satisfies (C”) and 77 = (11, 1)" € M(0), then from (C.i) we
have

/%Xd(Vl —)\1) = /Wlxdyl —/Wlxd/\l >t —to; =0.
On the other hand, [Az| = |v2] = 1, and therefore

/“// d(ve — o) = /(W —12) d(vy — A2).

To show that this integral is also > 0, one uses the same arguments as in proving
that (C') = (B’), now with

EL={teR_: #)t) —twy >0} and E_ = {t € R_: #(t) — vy < 0}.
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Putting these relations together, we obtain
/V/X~d(ﬁ— =0,  veMo).

Consequently, (C"") implies (B"”).
Assume that A = (A1, \2)" solves (B"), and let

1 -
o = 5/7/3&1.

We prove that

#MNx) = w;  quasi-everywhere on R, (5.4)

where ‘quasi-everywhere’ means everywhere except on a set of capacity zero. If this
were not so, then there would exist a compact subset K; C Ry with cap(K7) > 0

such that Vﬂlx(x) < to; for z € K;. Then taking
v1 € My (Ry), supp(vi) C K1, and vy = Ag,

we would get that
/V/X~d(z7—X) = /Wﬁd(yl — A1) < 2w — 210y = 0,
which contradicts (B”"). Let us now prove that
%X(a:) < tog, 2 € supp(\1).

To the contrary, assume that there exists an x¢ € supp(A1) such that V/IX (x0) > 1.
By the lower semicontinuity of #;* on R, (#*2 is continuous by Lemma 4.4
and ¢ is continuous by assumption), it follows that there exists a 6 > 0 such

that %X(x) > wy for |z — z0| < 4. For
Ky = supp(A1) N{z: [z — 0| < 6}

we have A1 (K3) > 0 and
2w, = / %X d\+ V/IX dA1 > 11 (A1 (supp(M)\K2)+ A1 (K2)) = 2wy,
supp(A1)\ K2 Ko

a contradiction. By reasoning as in Theorem 5.4.1 of [44] it follows from (5.4) that
7/5 > w; on the whole of R;. Hence, (C".i) holds. We have also shown that
™ is continuous on the whole of C, because it is equal to the continuous function
(rog — o + % *2)/2 on supp(\1).

For the proof of (C".ii) take

g := sup{to € R: %X > to holds (6 — Ag)-almost everywhere}.
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If there exists an xo € supp(Az) such that %X(mo) > tuy, then by proceeding as in
the scalar case we can construct a signed measure 7 of total mass 1 supported on
a compact subset of R_ such that 7 := (A1, Aa + 1) € M(c) and

/V/X-d(ﬁ—X):/%an<O,

which contradicts (B”). By the continuity of %X on C, the inequality in the second
part of (C".ii) holds for all = € supp(c — A2). Thus, (C"') is proved.
From the uniqueness of A and the fact that

supp(c — A2) Nsupp(A2) # 9,
it readily follows that mw; and t, are uniquely determined. [J

Corollary 5.2. Under the assumptions of Theorem 5.1, let X be extremal. Then
supp(A2) is connected and 0 € supp(A2). If x¢'(x) is an increasing function on Ry,
then supp(A1) is connected. If ¢ is increasing on Ry, then 0 € supp(A1). If

lim (p(z) —4logz) = +o0, (5.5)

r——400
then supp(A1) is a compact set, supp(A2) = R_, and A1 and A2 satisfy (4.1).

Proof. Note that for any bounded measure p on the real line (%A(:z:))/ = (U* (x))/,
and thus

(#(27(@)) = (U @)') for all x € R\ supp().

Arguing as in Corollary 4.7 (see (f) and (g)), one proves that supp(Az) is con-
nected and 0 € supp(A2). Similarly, one proves that supp(\;) is connected and
0 € supp(A1) when z¢’ and ¢ are increasing, respectively.

The first relation in (C'”.i) of Theorem 5.1 can be rewritten as follows:

VIt a2 /1+y2 V14 y?
2/log =] di(y) — logmd)\g(y)

+p(x) —2log(l +a®) =1y, € supp(Mr).

If > 1, then /14 y2/|z —y| < 1 for y € R_, and by using (4.16) we get from
the previous equality that

(p(l‘) - 210g(1 + '1:2) < 0y, T € Supp(A1)7 Tz 1.

Consequently, supp(\1) must be a compact set when(5.5) holds. The condition (4.1)
follows immediately for A;.
Now assume that supp(As2) is also compact. Then Ay satisfies (4.1) and

lim #5(z) = / log(1+ %) dAaly) ~ / log(1 + %) dAu (y).

r—00
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In particular, taking the limit as © — —oo along R_ in the second part of (C.ii),
we have

Jlog(1 457 ahatw) - 5 [ 1og(1+ 9 dha(y) > o,

According to the first part of (C'.ii), % (z) < tvy on supp(A2). However, %X
is subharmonic in C \ supp()2) and continuous on C. By the maximum principle
for subharmonic function this means that %X = toy on C, which is false. Therefore,
supp(A2) = R_, as claimed.

In order to prove that Ao satisfies (4.1) we use (C"”.ii) and argue as in Theorem 4.5
for proving that A satisfies (4.1). O

Proof of Theorem 2.1. Under the present assumptions, we know from the last asser-
tion of Corollary 5.2 that .
A€M (o) C M(o).

The combined statements of Theorem 5.1 and Corollary 5.2 give all but the last
assertion of Theorem 2.1. Taking into account that

QUM — Y p o =2UM —UM 4+ p+C, and 2% — U™ =20 —UM + (s,

where

1

Clz/log(1+y dM\(y i/logl—i—y ) dAa(y),
1

ng/log( ) dXa(y i/log 1+ %) dr(y),

we get that
wi(o,p) =wi(0,9) —C1 and w0, p) = wa(0,¢) — Ca.

If [log(1 + y?)do(z) = 400, then by combining the arguments employed in the
proof of (¢) and (h) in Corollary 4.7 we find that wa(c,¢) =0. O

6. Proof of Theorem 2.2

The sequences of zero-counting measures (I/Qn) and (VQW), n € Zy, of
the polynomials @, and Q,» belong to .#;" (R,) and .#, (R_), respectively.
By the Banach—Alaoglu theorem there exists a sequence of indices A C Z; and
positive measures A7 and A5 with |[Aj| < 1 and |A3| < 1 such that

li = A} d 1l = A3 1
lim g, =X and limrg, , =; (6.1)

in the vague topology of the space of measures. That is, for any continuous functions
f and g with compact support on R and R_, respectively,

hm/fdan /fd/\* and hm/gdyQV12 :/gd/\;. (6.2)
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It easily follows that (6.2) also holds for any f € 65(R.) and g € €(R_) (the class
of continuous functions on the indicated sets with zero limit at infinity).

In principle, it may occur that [A}] < 1 or |Aj| < 1, but we will show that
this is not the case under our assumptions. Moreover, we will show that (2A}, A3)
is in 9M*(o) and solves the problem (C) in Theorem 2.1. After this is done, it
follows from uniqueness that all the convergent subsequences have the same limit
satisfying (6.1), and the corresponding measures are precisely A\;/2 and Ao, where
(A1, A2) is the solution in Theorem 2.1. Then since the limit measures in (6.1)
have mass 1, it follows from Theorems 6.21 and 6.22 in [19] that (6.2) holds for all
bounded continuous functions f and g on Ry and R_, respectively, which amounts

0 (2.22).

We begin by showing that A3 < ¢. Indeed, between two consecutive mass points
of the discrete measure o3 ,, there can be at most one zero of @, 2. For —oco < T} <
T5 < 0 it follows from (2.17) that

limsup/ dvg, hm ( ) n) —/ do.
n [T1,Tz) Oz noN Ty Ty) Z & [T1,Tz]

k>1

On the other hand, since U°!¥ is continuous on C for any compact subset K of R_,
it follows that o has no mass points, and therefore

limsupvg, ,({T}) =0=0({T}) forany T'e R_.
n

These facts and the second part of (6.2) imply that \j < o, whence Z A3 is contin-
uous on C by Lemma 4.4. Moreover, A} satisfies (4.2) since o satisfies it (see the
assumption (iii) in §2).

Our next goal is to deduce the variational relations. To this end, we use the
theorem on p. 124 of [29].

We start with R;. From (2.6) it follows that for any monic polynomials @ with
degQ = 2n

|Qn ()] , 1Q(x)[? ; dx
= C,x%s| (d,x —t —Crhz%s (dpx)— ,
G O i) 52 < [ ol O )
where
C, = H W1+ xi)k .
Qn,2(2n,x)=0

Therefore, in this class @, is the monic polynomial of degree 2n that minimizes the
Lo-norm with respect to the varying weight

Cpz®sy(dyz) do

|Qn,2<x)‘ x .

Since a < 1, the measure dz/z* is locally integrable on R.
We have

vity

1 |Qna(2)| §
—1 ’ d
og ] Q.. (Y);

=— /1
n Ch g

gn(T) :=
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/ 2
ﬂefgo(

and log | | R_) for any = > 0. From (6.2),
r—=y
|Qua(@)\? / 1+y? e
liy - tog (19220 s L i) =120 63

pointwise on (0, +00). On the other hand, if 0 < z < 2’ < +00, then

‘/log F \/7 Qn,z(y)‘ = /10g i_;j

d Qn2(y) Og | /I _ |

’_ d ’_
/log(l+$x_yx) dvg, ,(y) < (:c'f:c)/ V0,2 () <z x’

x—y T

which means that the family of functions (g,), n € N, is equicontinuous on com-
pact subsets of (0,+00). Therefore, (6.3) holds uniformly on each compact subset
of (0,400). Let us show that indeed (6.3) holds uniformly on each compact sub-
set of Ry := [0,400). It remains to show that this is true, for example, on the
interval [0,1/2].

Take § € (0,1/2) and x € [0,1/2]. Then

2
et

log
|z —

V1+ .
‘ / log Y- Y y N5 (y) —
ly|=6

|z — ly|>6 |z =yl

VIty?r o, V1+y?
‘ / log ~——- dAz(y)’ + log ~————dvq, ,(y)
wi<s |z —yl wi<s |z =yl
1+ y . 1+ 92
\ / og Y2 axs) - [ 108 Y g L)
ly|>6 |z —yl ly|=6 |z -y

v/ 1
+/ log v’ dr5(y) + / log—duQn2 )‘—Hog\/l—i-é?.
y|<o |y| ly|<8 |yl

We consider the terms on the last line. Fix ¢ > 0. Since % *2 is continuous on C

1492

(in particular at = 0), log is integrable with respect to A5 and 0 is not

a mass point of A\5. Consequently, for all sufficiently small ¢ it follows that

1
[ e T -
y|<d

E.
lyl

Obviously, log v/1 + 2 < ¢ for all sufficiently small 4.
We show that the same is true for the middle term. Between two mass points
of og., there is at most one zero of @), 2, and therefore

1/n
1 1
log — dvg., (y)' = —|log |Tn,k|| < log( |§n,k|> :
‘/Iyléé [yl o2 " H H

[Zn,k|<O [€n,k|<6
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Let
p =min{p(x): z € [-6,0]} (>0),
where p(z) is the function that appears in the condition (i) in §2. According to (i),

kp (6.4)

= |§k:7n - gkfl,n| + -+ ‘51 n|
Let £,, be the number of points & ,, in [—4,0]:
by, = gk,n S [—(5, 0]

By (2.17), lim,,— 00 £ /n = o([—0,0]). The condition (i) also implies that £,, < nd/p,
hence lim,, £/" = 1. By (6.4),

1/n 1/n Ln/n
p2p  lup P n
1> ( H |€n,k|> > (n s > = <n) (en!)l/ .

[€n,k|<S

Consequently, by Stirling’s formula,

1 p ln/n / ln/m
/ 1ogduQn2<y>\ < 1og( lim () () e;/@”)(ﬁ(l))””)\
wi<s Yl : n—oo\ € n

o([—5,0]) log '0‘7[_6570]‘ —0 asd— 0. (6.5)

lim sup

n—oo

Therefore, we can fix a 6 € (0,1/2) such that
V1+y? 5
log Y————dX\;(y log — dvq, ,(y)| +log V1462 < 3e.
yI<s [yl lvl<s Iy\

For such a ¢ it is easy to show that

lim lo er - +y

1
i g ~———dvg, / log ~—— d\3(y)
neA lyl=6 |.’L' — y| Q 2 ly|>6 |(E — 2

uniformly with respect to z € [0,1/2]. Putting all this together, we find that for
any € > 0 there exists an ng such that if n > ng, n € A, then

‘/mg mdmy) g VIO

|z -yl |z —yl

and the left-hand side is independent of = € [0,1/2]. Thus, (6.3) holds uniformly
on any compact subset of Ry, as we wanted to prove.

Let 12
fula) = 5o g(CQ((”)) |

From (6.3) and (2.19),

log dvq, ,(y )‘ < 4e,

. 1/2 .
lim —— 10g<|Qn’2( ”m)) = L) - @)

neA 2n Cpzsy(dy 4
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uniformly on each compact subset of Ry. In particular, for any closed interval
A CRy

1 N
lim min f,(z) = min Z(w(w) - U (x)). (6.6)
For z > 1 and y < 0 we have log+/1+ y2?/(z —y) < 0, and therefore it follows
from (2.18) and (2.20) that
— Qs -
1iminfu >1 and lim inf Jnl2) > 1. (6.7)
z——+00 4log x neA, z—+oo loga

The relations (6.6) and (6.7) say that a) and b) in § 3 of [29] are satisfied. There-
fore, it follows from the lemma and the theorem in [29] that A} is the unique
probability measure on R} which solves the extremal problem

* 1 * = w*a T € Supp()‘T%
UM (z) + = (o(x) — %2 (z ! 6.8
(@) + ol — i) S 2o (6:5)
for some constant wj, and (recall that deg@,, = 2n)
) |Qn($)|2 , )1/(4”) .
lim = C, s (d,x) dz =e "1, 6.9
iy (/ o ot 0 (69

The arguments employed in [29] to prove the main theorem let us conclude that for
any € > 0 there exists an R > 0 such that

R 2 1/(4n)
o |Qn ()] ; ) —wi—
lim inf ————Cp s (dpx) dx >e V178, 6.10
neA </ Quafa)] 1) (610

The first part of (6.7) guarantees that supp(A}) is a compact subset of [0, +00).
This is shown in [27] (see also Theorem 1.3.1 in [50], or even Corollary 4.7, (a),
applied to measures supported on R ). We note that (6.8) and the continuity of ¢
and %2 on R, imply that %1 is continuous on supp(A*), and thus on the whole
of C. Using the compactness of supp(A]), we get that

I(\) < 400 and /1og(1+y2)dA§(y) < .

We now obtain variational relations on R_. The varying discrete measure with
respect to which the @, 2 are orthogonal (see (2.7) and (2.8)) can be written in the
form

ﬁknn k n
Z Qg e

where

‘Qn(ﬁr)P Cnsll(dnx) dx 2
nk = and D, = 1+ ..
Tk / Qua@)] 1-2/6n, [T i+v

Qn(yn,k)z()



On Nikishin systems with discrete components 439

Since Z @ < 400 and lim,, d}/" =1, we have
k=1 t

o ﬂk 1/n
lim =1.
(X )

By (6.9),

1imsup7771/,? e, (6.11)
neA ’

On the other hand, in view of (6.10) for any £ > 0 we can choose an R > 0 such
that

R 2 Cns)(dpo) dz 1/n .
1. . f l/n 2 1 . f / ‘Qn(x” no1\Wn 2 —4w1—45. 612
Hea ok Z R ( o 1Qna(z)] 1— Rdn/t: ¢ (6.12)

From (6.11) and (6.12) it follows that

/n _

HH]I\ 17711 e = eI uniformly with respect to k. (6.13)
ne ?
/T 1 o2
Since log % € % (R4) for any x < 0, arguing as we did for the sequence
r—y
of polynomials (@ 2), we conclude that
/n
. |Qn($)| ' —oq M
1 = (@) .14
lim ( D, e (6.14)

uniformly on any compact subset of (—o0,0). Let
o(x) := 4w} — UM (x).

Using (6.13) and (6.14), we find that

1/n
iy (kD ) —(Exn)

lim | ———— —e kon) = () 6.15
”€A<|Qn(£k,n)| ( )

uniformly on any compact subset K € (—o00,0) and for k such that &, € K.

Let A € .4* (o) be the extremal solution in Corollary 4.6 with ¢ as in Theorem 2.2
and with the external field ¢(z) := 4w} —% 21 (z). In Theorem 2.2 we assumed that
0 ¢ supp(o — A2), and here we will also assume that 0 ¢ supp(c — \). We will show
that A3 = A by using suitably modified versions of some results in [20] (Lemmas 5.3,
5.5, and 3.2). There the corresponding A had compact support, while in our case
the support is R_. More precisely, applying Corollaries 4.6 and 4.7, (c) and (h), it
follows that there exist a A € .#*(o) and a constant

w=w(o,6) = duj ~ [ log(1+ ) Xj(v)
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such that
< w, € A)=R_,
2 (a) + () { S TSP (6.16)
=w, x € supp(oc—A),
and supp(o — ) is unbounded.
Let U
= ﬁknn k D,
Qnz2ll2.n = ( Qn2(&kn)l? : )
We show that
lim sup |, DT < emled)r2, (6.17)

For this, we follow the approach in Lemma 5.3 of [20].
Fix € > 0, and let w = w(o, ¢). Choose A D supp(c — A) to be the union of
finitely many closed intervals such that for z € A

2UMNz) — %% (z) > w—e

and 0 < A(A) < 1. The existence of such a set is guaranteed because, according
o (4.5) and Lemma 4.4,

lim (207 (2) + 6(2)) = w(o, ¢) = 4w — / log(1 + 42) dX: (y) (6.18)

r—00

as x — oo in any direction, and in particular as x — —oo. Moreover, we have
R_ \ supp(c — A\) # @ because |A| = 1 < |o|, and since 0 ¢ supp(c — A), we can
take A such that 0 € R_\ A.
Let 1
A= )“R_\A and o = n Zéﬁk,n‘R_\A'
k>1

The set R_\ A is compact, and we get from (2.17) that lim,cs 6, = A in the vague
topology. In particular,

m
lim —= =\R_\A 1
lim = AR\ A) < 1,

where m,, is the number of points & ,, that lie in R_ \ A. Therefore, there exists
an ng such that m,, <n for n > ng, n € A.

Let P, be a monic polynomial of degree n whose zeros consist of the m,, points
&kn € RO\ A and n — m,, points in A chosen so that lim,cp vp, = A in the vague
topology. It is sufficient to discretize A on A. Since A € .#*(c) and log(1 + y?) is
positive and decreasing in R_, we can also ensure that

lim [ 1og(1 +1%) v, () = [ log(1+ 1) dA(w) (6.19)

For n > ng, n € A, we have

ualls < 1P < (3 IR e o De )T
EhncA €kl 1Qn(Ehn)l

(Z o) / e (2077 (6) ~ 22 60) + Thogn ) |,




On Nikishin systems with discrete components 441

where &, is a point &, € A for which

1
2 (60) = 2% " (60) + ~ l0g 1

1
— min (2UVP7L (fk,n) - 2%”@71 (gk,n) + E log 7]n,k>7

Er,n€A

and 7, is the corresponding point 7, .
Let £ € A be a limit point of the sequence (&,), n € A; that is,

lim &, = ¢ (#0) for some A" C A.
nen’

Then by (6.15) and (6.19) together with the principle of descent,

neA

lim inf <2U”P" (€n) — 2%V (£,) + %log nn> > 2UMN€) + 6(€) = w(o, ¢) —e.

Consequently,

hm sup HQn 2”2/” < e~ w(od)+e

Letting € — 0, we obtain (6.17).
Using the scheme employed in [20] to prove Lemmas 3.2 and 5.5, we now prove
that
lim inf || Qs A (6.20)

where
Fy; = max{C € R: 202 (z) + ¢(2) = C holds (o — \})-almost everywhere}.

Let zg € supp(oc — A5) \ {0}. Fix an ¢ with 0 < & < 1/2 small enough that
[0 — e, 20+ €] C (—00,0). Let A, = (xg —&,20+¢). Now choose § with 0 < d <&
and let As := (xo — d, 29 + §). Choose M > 0 such that —M < xg —e — 1. Define
the polynomials

Q@) = ] G-wr) Q@)= [ (@)

Yn,k EA Yn, & E[—M,0]\A
B Qn2
Q= —arom
QL)

Since g € supp(oc — A3), we have ¢ := (0 — A3)(As) > 0. Let ¢, be the number
of zeros of @y, 2 in As and let m,, be the number of mass points & ,, in As. Then
lim;, o0 (M, — £,)/m = q. Since the intervals

(€k7n +&k—1n Sknt fk+1,n)

2 ’ 2

around the mass point ¢ ,, are disjoint for all sufficiently large n, there exists at
least one interval containing no zeros of @), 2 whose corresponding mass point is
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in As. Denote this mass point by & and its adjacent mass points by §§L1) and 5&2).
Using again the fact that there is at most one zero of @), » between two mass points
of 03,5, we now find that

e M 1ex _ D)\ 1/n 1/n

&h#Ek,n €A

1 1/n 2/n
§hFEk,n€AL

Let p, be the number of &, > & in A, and let ¢, be the number of &, < &
in A.. Using (2.17), we have lim,_,oo (prn + ¢n)/n = 0(A¢). Let

=inf{p(x): x € A }.

The previous inequalities and the assumption (i) in § 2 imply that

1/n 2pn /0 2qn /1
b= (3) (2) T e (2) T

1 1/" p 2(pn+qn)/n 2/n
> () (4) S

where r,, denotes the integer part of (p,+¢n)/2. From this, using Stirling’s formula,
we easily deduce that

20(A:)
lim inf QL (€)1 > (”C’;A)> . (6.21)
n—00 ’ e
Note that the right-hand side tends to 1 as ¢ — 0.
We have
n ﬂknnk Dn L/m
1@l = ( Quaten 2
ginn D, \M"
> (1Qna(&h))? = ———
(1@natei T ey
P 1/n
2 nnn Dn
Q(l) gn Q(Q) (&n) d *> ’ (6.22)
= el e

where 3 and 7} are the values of 8, and 7, corresponding to &, = &, respec-

tively. In the last inequality we omitted Qf)% because all its zeros are at a distance
greater than 1 from £ . Let us find a lower bound for

@) a2 205 Dh )1/”
(Q“(f”)' EREAGIAR

. LN
Since v, 2y converges vaguely to A3 n € A, the potential U “».2 converges

Q) |[—M,O]\AE’
uniformly on As to U 2li=mona: € A, and the potential U*2l1-2.01 is continuous
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on R_ (and in particular, at xo; recall that £ € Ay), for a given £ we can find §
with 0 < § < € such that

liminf [Q{7)(61) %" > exp{—2U 3101 (o) — 2¢}. (6.23)
Also, because of the continuity of ¢ and (6.15), § can be chosen so that
‘d)(LE) - ¢(I0)| <kg, S 653

and for all sufficiently large n € A and k with &, € A;
1/n
’( n.k Dn ) e blERn)

(so (6.24) holds, in particular, for & and 7n’). Since & € Ay, it follows that
lim,, o [€5|/™ = 1.
On the other hand, by the assumption (i) in §2, if &, € (xo — 0,29 + §), then

<e (6.24)

TL|(E(] — (S|
p*

k< ,  where p* =inf{p(z): z € [xg — §,0]} > 0,

which together with the assumption (i) in § 2 implies that liminf, . [35]*/™ > 1.
Using (6.21)—(6.24), we get that for all sufficiently small ¢ > 0 and sufficiently

large M >0

. Ag 20(Ac) .
;/n > <W‘()> exp{—20*2l-2.01 (2:0) — p(20) — 4e}. (6.25)

lim inf
A 1Qn.2 2e

Now (6.17) and (6.25) imply that

po(Ae)

20210001 (0) + p(x0) + 4e — 20(A.) log 9

> w(o, ¢) > —oc. (6.26)

Suppose that [log(l + y?)dA\5(y) = oco. In this case it is easy to prove that
UAzli=m0 (24) tends to —oco as M — +o0, which contradicts (6.26). Consequently,
[log(1+y?)d\5(y) < co. In this case U2 is well defined on the whole of C and is
continuous on R_, and moreover,
lim UA2l-20(z) = U2 (2)

M —o0
uniformly on any compact subset of C. Letting M — oo and ¢ — 0, we get
from (6.26) that

202 (x0) + ¢(z0) = w(a, ¢) = Fi.

This holds for every xo € supp(c — A3) \ {0}, and by continuity also at 0 if this is
an accumulation point of supp(c — A3). Consequently, Fy; > Fx. From (D”) in
Corollary 4.6 we conclude that F\ = w(c,¢) = F;, therefore,

. 2/n —Fy\x
lim |Qn 23/ = ¢4, (6.27)

and A = A\j according to the uniqueness statement in that part of Corollary 4.6.
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Since
/(1 +y?)dX\i(y) < 400 and /(1 +42) d\3(y) < 400,
we can rewrite (6.8) and (6.16) in terms of U, U*2, and ¢ as follows:

1
= dwt 1 / log(1 + %) dX\3(y), @ € supp(A}),

2N () — U (2) + () 2
> dui + 2/log<1+y JdAs(y), @€ Ry,

<0, zesupp(rs) =R,
=0, z €supp(o—\5).

202 (z) — UMM (z) {

Therefore, the pair (2A7, A3) satisfies (2.15) and (2.16) in part (C) of Theorem 2.1.
This means that (2A, A3) = (A1, A2) is the extremal solution in Theorem 2.1, and
the extremal constants are

1
wy = 4wi + 5 /log(l +y%)dX2(y) and wy = 0.

In particular, |A| = |\5| = 1 and, as explained in the beginning of the proof, (2.22)
follows from (6.1). With this we conclude the proof of Theorem 2.2.

Remark 6.1. From (6.9) and (6.27) we also have

2 1/n
hm( ||Sni<)|>|cnsi<dnx>dx) = and lim [ Quallyy = e,
(6.28)

1
where F); = 4w} — B /log(l +4%) dM(y) (see (6.18)). A direct computation gives

Qat) [ Qh(x) of(dnz)de v

2/n __ 1/n
1@ualln = (D) r| [ 2 [ D DB i,

Therefore, using (6.28), we could establish that

2 1/n
512((33) oi(dpx)dz| =e ™ (6.29)
and
2 2 o! 1/n
il [ G2 | oy P ] = a0)
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where w; is the corresponding equilibrium constant in (2.15) (here wy = 0), if we
could prove that

and

1
lim cLm = exp{Q/log(l +v?) d)\g(y)}

1
li}LIlDTIL/n = exp{2 /log(l + yz) d)\l(y)}-

In order to do this, it is necessary to obtain some bound on the rate of growth of
the largest zeros of the polynomials @,, and @y 2.
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