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Reduction theorems for weighted integral
inequalities on the cone of monotone functions

A. Gogatishvili and V.D. Stepanov

Abstract. This paper surveys results related to the reduction of integral
inequalities involving positive operators in weighted Lebesgue spaces on the
real semi-axis and valid on the cone of monotone functions, to certain more
easily manageable inequalities valid on the cone of non-negative functions.
The case of monotone operators is new. As an application, a complete
characterization for all possible integrability parameters is obtained for
a number of Volterra operators.
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Introduction

Our aim in this paper is to give a survey of weighted integral inequalities in
Lebesgue spaces on cones of monotone functions on the real semi-axis.

Let R :=[0,00). We denote by 9 the space of all Lebesgue-measurable func-
tions on Ry. For 0 < p < oo let

1/p
(/ |f(x)|de) 0<p<oo
£l = Ry

esssup | f(z)], p = 00,
TER

and define the Lebesgue space L, as the set of all f € 9 for which || f||, < oo.

A well-known problem in functional analysis is to find necessary and/or sufficient
conditions for the validity of integral inequalities of the form

q 1/q 1/p
(/ d:c) <c(/ f(w)l”dm) e,
R, R,

1)
for fixed parameters 0 < p,q < oo, where k(z,y) is a jointly measurable kernel,
u(z) and w(x) are locally integrable weight functions, and the constant C' > 0 is
independent of f and is the smallest possible, that is, C' equals the norm ||.%"|| ., L,
of the operator

w(z) / Kz, y) f(y)uly) dy

H @)= i) [ b)) dy @)
+
acting from L, to L.

It is known (see Theorem 2 in [86]) that ||Z||L, ., =0 if 0 < p < 1 and
|# L, L, < oo. Consequently, the study of the inequality (1) and the properties
of the operator .2 L, — L, is restricted to the case 1 < p < 00, 0 < ¢ < 0.
There is an extensive literature devoted to the above boundedness problem for
integral operators and to the study of their general properties (see, for example,
the monographs [38], Chap. 11 in [48], [49], [50], [72], [108]).

It should be noted that for signed kernels k(x,y) the inequality (1) may hold
because the kernel oscillates as it grows unboundedly (see, for example, [46], [108]).
For this reason operators with such kernels are studied in important particular cases.
The successes of the general theory in the last twenty years are mainly connected
with the study of operators (2) with non-negative kernels k(z,y) > 0. In spite of
this essential restriction, a deep and substantive theory has been constructed for
some classes of Volterra operators

Kf(z) = w(z) / " ke, y) f(y)uly) dy (3)

and their duals (see the books [15], [52], [56]). A first step is to find a two-sided
estimate ||K||, .1, = F(k,u,w), where the functional F'(k,u,w) is explicitly ex-
pressed in terms of the kernel and weight functions, and the equivalence constants
depend only on p and ¢. This would enable one to find explicit compactness cri-
teria, and in certain cases to carry out a comprehensive study, including a study
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of the behaviour of characteristic numbers (approximation numbers, entropy num-
bers, and so on). The aims of this programme were achieved, in greater or lesser
generality, for operators with kernels satisfying Oinarov’s condition: there exists
a constant D > 1 independent of x, y, z such that

D 'k(z,y) < k(z,2) + k(z,y) < Dk(z,y), ax>z>y2>0. (4)

Typical examples of such kernels include (z — y)%~! with a > 1, log” (x/y) with
8 =0, (f; h(z) dz)w with v > 0 and h(z) > 0, and various combinations of these.
For brevity we call measurable functions k(x,) > 0 satisfying the condition (4) for
x =2y = 0 Oinarov kernels.

In §1 we give a short survey of the results in this direction.

There has been considerable progress in A-analysis— the circle of problems con-
cerning characterization of boundedness of classical operators acting in weighted
Lorentz spaces—since the beginning of the 1990s. Let us recall the definition of
a Lorentz space. The non-increasing rearrangement f* of a measurable function f
on R” is defined as the function

fH(t) == inf{s > 0: meas{z € R": |f(z)| > s} < t}, teR,.

For a fixed p € (0,00) and a fixed non-negative measurable function v on R, the
Lorentz A-space AP(v) is defined as the set of all measurable functions f on R™
satisfying || f|lar () < 00, where

1 Fllarce) = ( [Tr@ro dt)l/p.

Let M+ denote the cone of all non-negative functions in 9, and let M (respec-
tively, M) denote the cone of all non-increasing (non-decreasing) functions in 9+.
We define

1/p
Lzlv,v = {fesml; | fllpw = </R |f(x)|pv(:c)dz> <oo},

and similarly for L;
get an estimate

, and L} . If for some operator T': AP(v) — A%(w) one can

T @) <[Sfr)@),  t>0,

with a positive operator S, then boundedness of S': L]ﬁyv — L;w implies that of
T: AP(v) — A9(w), with the norm inequality

1Tl ap(v)—paw) < ISN s -
The reverse inequality is usually sought from an analysis of the operator on radial

decreasing functions (see, for example, [23]).
If the two-sided estimate

[Tf)(t) = /OOO k(t, s)u(s)f"(s) ds ()



600 A. Gogatishvili and V.D. Stepanov

holds, where k(¢,s) > 0 and u(s) > 0, then the boundedness of an operator T from
AP(v) to A?(w) is characterized by the inequality

([ raseues) woa)  <cl [Crompma)” ©
0 0 0

for all f € M!. For example, it is known that the Hardy Littlewood maximal

operator
1
M) s | 11wl

where the supremum is taken over all balls B about the point x € R™, satisfies the
two-sided estimate

sy~ g [ s

Therefore, its boundedness from AP(v) to A?(u) is characterized by Hardy’s inequal-
ity

(/000 (115 /Ot f(s) d5> qw(t) dt)l/q < O(/Ooo[f(t)]r’v(t) dt)l/p7 femt. (1)

Similarly, for the Riesz potentials

Iaf(:c)::/nM 0<a<mn,

z -y’

and the Hilbert transform
flz—y)dy

ly|>e Y

HCf(x) == lim

e—0

the following two-sided estimates hold:

@< [ e | Ty de < (LMD, t>0,
0 t

where f(y) = f*(A|y|™), and respectively,

e <ali | @ [T & < ey o,

Thus, their boundedness from A?(v) to A?(w) is also characterized by an inequality
of type (6).

We present another example in which the operator S is non-linear. For v € (0,n)
the fractional maximal operator M, is defined by

M, f(z) = sup | B[/"! / £ ()] dy.
B B

Then -
(M, ) (t) < sup /71 / £7(s) ds, (8)
0

T>t
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and for any function ¢ € 9t} there exists a function f on R™ such that f* = ¢
almost everywhere and

(M, £)*(t) 2 sup /™1 / " (s)ds = S, 1 (1), (9)

T>t
In this case, || M ||ar(v)—nra(w) = ”S’Y”L;,UHL;M
tant role in the theory of embeddings of Sobolev spaces.
An essential part of A-analysis is thus the problem of characterizing (Lllw —
L;w)-inequalities for positive operators, and this is the concern of the present paper.

. The operators M., play an impor-

In passing, we solve the analogous problem for (LzT),v — L;"w)—inequalities.

We mention two more peculiarities. The first is that satisfaction of an inequal-
ity on monotone functions does not guarantee its satisfaction for all non-negative
functions. A simple example of this is the following [1]: assume that the weight

function v(x) is
(2) 0, 1<ax<2,
v(z) =
$—1/27 O<z<l, z2>2.

Then the inequality

(/ ( /f ) )dt)m<C(/Ooo[f(t)}%(t)dt>l/2, femt,

may fail to hold. For example, if f = x(12) (the characteristic function of the
interval (1,2)), then the right-hand side is zero, while the left-hand side is positive.
At the same time, this inequality is satisfied for f € 9. Since v(z) < 27 '/2, it
follows from the classical Hardy inequality (Theorem 327 in [40]) that

(G roas) swa) < ([ (5 [ o) evear) ™
= ( / (e dt)m <22 ( / RO dt)w,

since ff[f Pt=12dt < fo t)dt for f € M.

Thus, the inequality (6) may be satlsﬁed for all f € 9! but fail to hold for
some f € 9MT. Nevertheless, in the one particular case (6) it is possible by using
Halperin’s lemma [39], [102] to guarantee the equivalence of the inequalities.

Theorem 1 [91], [76]. Let 1 < p < 0o and 0 < ¢ < co. Then the inequality

([7([ somwiras) wiwa) " <o [Ciremwa)” o

holds for all f € 9T if it holds for all f € M.

The second peculiarity is that the inequality (6) on all f € 9T is easily reducible
to a two-weighted inequality by the change fu — f. This effect is absent in general
for inequalities on monotone functions. Hence, it is essential that the inequality
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(6) involves three weight functions. In addition, we point out that (L, — L,)-
inequalities on monotone functions make sense for all values of the parameters
0<p, qg< 0.

Almost from the beginning of A-analysis, the method of reduction has been a fun-
damental tool in the study of (Lzlw — L;w)—inequalities. In this approach a given
inequality on monotone functions is reduced to some inequality on non-negative
functions which is more easily characterized than the original one. The Sawyer
duality principle [87], which applies for 0 < p < oo and 1 € ¢ < oo, is one of
the universal tools in the method of reduction for positive linear operators. It is
described in §2.

The main results of our paper are given in § 3, where we propose a new method
of reduction of (L} , — L, )- and (L] , — L/, )-inequalities for positive monotone
operators when 1 < p < oo and 0 < g < 0co. For 0 < p < ¢ < co we also present
a general theorem for monotone operators with an additional restriction, and in the
case 0 < ¢ < p < 1 we solve the problem for the integral Volterra operator (3) and
its dual with a kernel satisfying Oinarov’s condition (4).

Throughout the paper, expressions like 0 - oo are taken to be 0. The notation
A < B means the inequality A < ¢B with a constant ¢ depending only on insignif-
icant parameters. We shall write A ~ B in place of A < B < A or A = cB. We
let Z denote the set of all integers and let xg denote the characteristic function
(indicator) of a subset E of Ry. New quantities are defined using the symbols :=
and =: . We also set p' :=p/(p—1) for 1 < p < o0, p' :=1 for p = o0, p := 0
forp=1,and r:=pq/(p —q) for 0 < ¢ < p < 00. By letters A, B, C with indices
(say, C,C4,...) we denote constants, which may differ in different assertions even
if they have the same indices.

1. Integral operators

Let v and w be non-negative weight functions that are locally integrable on R,
and let k(x,y) be a jointly measurable kernel. Progress in the theory of integral
operators over the last two decades is mainly related to the study of Volterra oper-
ators

Kf(z) :=w(x) /OI k(z,y) f(y)uly) dy, x>0, (1.1)

and inequalities

1K fllg < CllFllp, (1.2)

which are important in the theory of integral and differential equations, spectral
theory, embedding theorems for Sobolev spaces, and so on (see, for example, the
books [10], [15], [52], [56], [64], the papers [3], [4], [118], [16]-[18], [57]-[60], [70],
[71], [80]-[86], [92]-[109], [113], and more).

The study of the operators (1.1) begins with the determination of criteria for
their boundedness on Lebesgue spaces —in other words, necessary and/or sufficient
conditions for inequalities (1.2), with the constant C chosen to be the smallest
possible, that is, to be the norm || K|z, r, of the operator K. Here the quality of
a criterion plays a key role in solving the problem of compactness of the operator K
and in more subtle investigations of the behaviour of its characteristic numbers.
For example, the simplest case k(z,y) = p(z) > 0 was studied in the framework
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of Sturm-Liouville equations in [19], where a criterion for the discreteness of the
spectrum was obtained. This and other cases derive from inequalities of Hardy
(Theorems 327 and 330 in [40]) which have been generalized by many authors
(see, for example, the historical survey [51]). As a typical example (see Theorems
329, 383, and 402 in [40]) we mention the inequality (1.2) involving the Riemann—
Liouville operator

Raf(x) = w(z) / @) uly) dy, z >0, (13)

where o > 0. Here the case 0 < a < 1 differs completely from the case a > 1.
For 0 < o < 1 the boundedness of R,: L, — L, has been characterized only in
special cases of the integrability parameters and weight functions [69], [61], [65],
[79], [86]. The most general criterion was obtained in [61] for 1 < p < g < o0,
but it is difficult to verify. For a > 1 this problem was solved [95]-[98] and it has
been generalized [63], [4], [71], [100], [102], [106], [107], [115] for kernels k(x,y) > 0
satisfying Oinarov’s condition (4).

As in the case of the operators (1.1), an analogous theory is valid for operators

of the form -

K*g(y) = uly) / ke, y)g(o)w(z) de, (1.4)

x
which are dual to the operators (1.1) with respect to the bilinear form (f,g) =
fR+ fg. Where needed, we will also mention results for this class of operators.
For the extreme values p = 1,00 or ¢ = 1,00 of the integrability parameters,
the exact value of the norm [|K||; _ ; is found from the following general theorem
(see [48], Chap. XI, §1.5, Theorem 4).

Theorem 1.1. The following equalities hold for the operator (1.1):

121y = esssupu(®)l[Xie,o0) ORC 0l 1< g <00, (1.5)

e, = ( w]wu) [ keautmay

1Kz, -1, = ( [ Jutw) / " b, yule) da

KL, L. = ests>s(§1pw(t)|\)<[0,t](~)k(t, Ju() ||y, 1<p<oo. (1.8)

q 1/q
dm) , 1< g < oo, (1.6)

p 1/p
dy) ) l<p<oo, (1.7)

In order to formulate results on boundedness of operators (1.1) with Oinarov
kernels (4), we shall need the following functionals and quantities:

@)= [ Tl dy W) = [ @),

Ui(w) = [ k(@ y)u@)] dy,  Uple) = /z[k(x P o) dy,

Wily) = [ k(aey)fwle))? dr, - /Oo () [ (@)] da,

A :=max(Ag, Ay),
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where
A i=sup Ag(t) := Sup[Wq(t)]l/q[U(t)}l/p/v
t>0 t>0
A =supAq(t) := Sup[W(t)]l/q[Up(t)]l/p'.
>0 >0
Similarly,

A = max(Ag, A1),

1/q

o = sup () = (U] [P toar)

t>0 t>0
t 1/q
= sup i (0) = supl0, (0] ([ @t d)

>0 >0
of = max (e, A1),

oo 1/p
oty 1= sup (1) = sup[W(1)] /7 ( | W dy> ,

t>0 t>0

>0 >0
B := max(By, B1),

/ 00 , , 1/p'
oA = sup (1) = sup[W (1) /1 ( | e o dy) ;

1/r

Bo— ([ W@ aur)

By ([ a-twior) ",

B := max(Bo, B1),

([ wora( [ wera) /)/
(

/ab[Up(mdi(/at[Up(:s)]q[w(I)]qdx>r/q)1/r;
B := max(%,, $),

aoi= ([T a(-( [T nwr o i) /))/
By = (/OOO[W(t)]—T'/‘Z' d(— (/OOO[Wl(y”p/ () dy) T/Pl)>1/r'

With the use of these functionals we give three alternative criteria for the bound-
edness of operators (1.1) with Oinarov kernels (4) in each of the following two cases
of mutual relationships between the integrability parameters: 1 < p < ¢ < oo and
l<g<p<oo.

Bo

B,
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Theorem 1.2. The following relations hold for an operator (1.1) with kernel k(x,y)
satisfying the condition (4). If 1 < p < ¢ < 0o, then

K|z, -1, A=A~ . (1.9)

If1 < q<p<oo, then
IK|z,~1, *xBxB=~%. (1.10)

The equivalence coefficients in (1.9) and (1.10) depend only on p, q, and the con-
stant D in the condition (4).

Remark 1.1. 1) For 1 < p < ¢ < oo a characterization of the inequality (1.2) in
terms of the condition &/ < oo was obtained in [4] (respectively, in terms of the
condition A < oo in [71], and in terms of the conditions A < oo or A < o
in [106]). Here the kernel k(x,y) was subjected to some additional assumptions of
monotonicity or continuity type, but these assumptions were later removed [58]. In
fact, it can be assumed without loss of generality that k(z,y) is non-increasing in x
and non-decreasing in y, for otherwise one can replace it by the equivalent kernel

ko(x,y) == sup sup k(t,z2)
y<zLe z<t<e

having these properties [58] and the property that k(z,y) < ko(z,y) < D?k(z,y).

2) For 1 < ¢ < p < oo the equivalence (1.10) with the constant B was obtained
in [71] and [106]. The remaining criteria, (1.9) with the constant <7 and (1.10) with
the constants B and 4, were obtained in [115].

3) Compactness criteria for an operator (1.1) with kernel k(x,y) satisfying the
condition (4) were obtained in [106].

4) The components of each of the constants of type A and B in Theorem 1.2 are
in general independent (see, for example, [63], §4 in [97], [115]), and we have the
relations

(i) A <oo<= 4 < o0, (i) Ay <oo<=A; <00,
(i) Ap < 0o = Ay < 00, (iv) Ay <oo= 4 < o0,
(V) @ < oo= Ay < 00, (vi) A <00 = & < 0.

Similarly, for the remaining constants

(i) Bp < oo <= HBy < o0, (i) By < oo <= DB; < o0,
(iii) Bp < 0o = By < 0, (iv) Bi<oo= % < o0,
(v) Py < oco= By < 0, (vi) By < oo = % < .

In each group of relations the reverse implications in (iii)—(vi) may fail to hold in
general.

For 0 < ¢ < 1 < p < oo the following discrete criterion for the inequality (1.2) is
well known [54].

Theorem 1.3 (Theorem 5 in [54]). Let 0 < ¢ < 1 < p < 0o. Then the relation

1KlL,—1, = Bo+ B (1.11)
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holds for an operator (1.1) with kernel k(x,y) satisfying the condition (4), where

B = upZ( [ ot ) . ([ u)/ (112

- up2< [ w)/ () wona wor o) T am

with the supremum taken over all increasing sequences {xr} C Ry, and with the cor-
responding integrals replaced by the suprema of the integrand functions in the case

p=1.

Prokhorov [85] recently found an integral criterion for the inequality (1.2).
Let a := D?+1 and assume that [ w? < oo for all t € (0, 00). Let the function
¢: [0,00) — [0, 00) be defined by

((x) = sup{y € (0,00): /yqu > a/jwq}, v € [0,50)

(here sup@ = 0). We also let (,,,, m € N, denote the superposition of m copies
of .

Theorem 1.4. Let 1 < p< oo and0 < g <p < oco. Assume that the kernel k(z,y)
satisfies the condition (4). Then

1Kz, —r, B+ Cc, (1.14)

where

1/r

Bom ([T wita] [ " o (O i) (1.15)

and

Con (/Ooo(w(x)k:(x,Cz(x))"||x<o,<z<z>>u||2' (/m

Remark 1.2. 1) In the case k(x,y) = 1 we set

o0

(wlk(s o) s ) " dx)l/r.

Hf(z) :== w(x) /0z f(w)u(y) dy, x> 0. (1.16)

The inequality

I1H fllq < Cllflp (1.17)
is known as the generalized Hardy inequality. In this case, A = Ag = Ay, A =
AO = Al, o = % = &th BO ~ Bl, B = BQ = Bl, and & = :@0 = :@1. MOI‘GOVGI‘,
the conclusion of Theorem 1.2 also holds for 0 < ¢ < p, p > 1, and the following
result holds for 0 < ¢ < 1 = p (see [92]):

1—g

Vs, ~ < I [eosggfu(t)]lq‘]( / wwq)qu[wmnqu) BENCRE)
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A similar equivalence also holds for the dual integration operator and for its simplest
modifications.

2) It was recently discovered [21], [77] that in parallel with the aforementioned
criteria there exist families (scales) of equivalent conditions dependent on a contin-
uous parameter and equivalent to the (L, — Lq)-boundedness of the operator H.

3) Various forms of the criteria (1.9) and (1.10) broaden the range of applicability.
For example, by using the constants A and B for the generalized Hardy inequality
one can find a stable functional that characterizes the weighted inequality for the
geometric mean operator [75]. For the Hardy—Steklov operator this problem is
addressed in [114], [74], [116].

2. Duality principles

The converse to Holder’s inequality,

sup fo |f(s)g(s)|ds
rem ([ |f(b)P dt)””

where 1 < p < o0, is known from functional analysis textbooks. This equality, some-
times known as the duality principle in Lebesgue spaces, lets us reduce inequalities
T fllq < C| fl|, with a linear operator 7" to inequalities ||T*g||,» < C||g|lq with the
dual (adjoint) operator T*.

In 1990 Sawyer [87] generalized a result of Arifio and Muckenhoupt [1] charac-
terizing the inequality (7) with 1 < p = ¢ < oo and w = v and discovered the
duality principle for the L,-cone of non-negative non-increasing functions, thereby
making it possible to reduce inequalities of type (6) on 9! to inequalities on the
cone M of non-negative functions, and there are many more criteria available to
characterize the latter inequalities. This provided the impetus for a flourishing
field of research in weighted inequalities on cones of monotone functions (see, for
example, [2], [5]-[14], [20], [22]-[37], [41]-[45], [47], [53], [55], [62], [66]-[68], [73],
[76], [78], [88]-[91], [94], [99], [103], [104], [110], [111], [112], [117], and others).

In the next subsection we present a number of results generalizing to some extent
Sawyer’s original result, and we illustrate the ranges of their applicability by pro-
viding a complete description of Hardy’s inequality of type (7) for all 0 < p, ¢ < co.

= llglly (2.1)

2.1. Sawyer duallty prlnc1ple leen functlons u,w € M locally integrable on
R, we define V(¢ fo s)ds and U(t fo s) ds and assume that V(¢) < oo
and U(t) < oo for all t > 0 We also let V( ) := lim;_,oc V(¢) when this limit
exists, and similarly for U(oo). We shall require the following result.

Proposition 2.1. Let f € M!. Then there erists a sequence {gn} comt of com—
pactly supported functions such that each of the functions fy(x f gn(s

increases with respect to n for any x > 0 and f(z) = hmnﬁOO fl gn(y) dy for
almost all z > 0.

Proof. The functions
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where
f(s)_f(8+1/n)7 SE(Ovn_l/nL
gn(s) =n < f(s), s € (n—1/n,n],
0, s>n,

are easily seen to satisfy all the requirements. [J

Lemma 2.1. Let 0 < p < g < oo. Then

(fooo s) ds)l/q Ut/a(t)

Jpg = = su = .
p,q fGSUIl ( t dt)l/p t>lg Vl/p(t) P,q

(2.2)

Proof. The estimate J,, ; > A, 4 follows if one puts f = x[o, under the supremum

sign. We have A, , = Ai/p/ , and hence the substitution f? — f reduces matters to

the special case 1 = p < ¢ < co. Using Proposition 2.1, the monotone convergence
theorem, and Minkowski’s inequality, we get that

([Tsermea)” = s ([7( [ o) )"

< lim UYa(t)g,(t) dt < Ay, lim/ V() gn(t)dt
n—oo 0

n—oo 0

o) t o) e}
=A14 lim </ v(s) ds) gn(t)dt = A; 4 lim (/ gn(t) dt)v(s) ds
n—oo 0 0 n—oo 0 s

= A1, /OOO f(s)v(s)ds. O

Lemma 2.2. Let 0 < g<p<oo and 1/r:=1/q—1/p. Then

Tpg & ( /O h ( /t h “‘(/S();)lsy/qv(t) dt) L By.. (2.3)

Proof. Since By, = B;?Z 1» the substitution f? — f reduces matters to the special
case 1 = ¢ < p < co. In other words, it suffices to show that

Jp1 A < /0 h ( /t b u‘(;();)is)p,v(t) dt> " By (2.4)

Let f € 9M'. By Holder’s inequality,

[ soueas = [T i ([Cuwa) as
= [ (/ B ) s [ voro ([T 5557 a

< By [ ropety dt)l/p, (25)
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and hence J, 1 < By 1. To prove the reverse inequality, we consider the test function

folt) == </t°° U‘(}S()SC)Z5>1/(I>—1).

Integrating by parts, we get that

[ wtepra= [ “(ngsfs)p/@_”vu) i

_y /0 - ( /t - “‘(/3()8‘§8> 1/(p71)u(t) dt = p/ /0 " fo(hult) dt.

Thus, by the equality of the second and last expressions,

o htyuydt e N1
T2 ey ) ([ #nea) =28 o

Remark 2.1. Tt can be shown by examples that the inequalities

1
By < Jpa < Bpa (2.6)

obtained in the proof of Lemma 2.2 are sharp (see [76]).
The following result is a useful alternative variant of Lemma 2.2

Lemma 2.3. Let 0 < g<p<oo and 1/r:=1/q—1/p. Then

> (UM U UM(0)

Jp g = — t)dt ——~ =B, ,. 2.7

o= ([ (7)) 0u) + Trmcey =B 27

Proof. Since B, 4 = B;;Z 1> the substitution f¢ — f reduces matters to the special
case 1 = ¢ < p < oo. In other words, it suffices to show that

00 U(t) ' 1/p’ U(OO)
Jp1 ~ — t)dt ———=B,;. 2.8
() (7)) w00) i =P 2

Restricting the supremum in the expression for J,; to constant functions, we see

that
U(c0)

>
17V p(00)

Similarly, restricting the supremum in the expression for Jp,; to functions of the
form f(s) = [ h, we have

s Jo (" h(t)dt)u(s)ds 2 h(t)U(t) dt
p,1 Z Sup 00 / 0O P 1/p sup 00/ oo P 1/p°
nemrt ([22([7h(t) dt) v(t) dt) nemt ([ [ h(t) dt) v(t) dt)

J, (2.9)

By Hardy’s inequality,

(/Ooo (/too h)pv(t) dt) v < (/Ooo[hV]P[Up—p> l/p_ (2.10)
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Therefore,

Ch(HU(t) dt
Jp,1 > sup pos fo HUE) 7p
nems ([ OV ()P [o(t)] P dt)
and now, by the duality principle for L,-spaces,

s ([ (%;)ﬂ”(ﬂ dt)l/p/. (2.11)

The lower bound J,1 > B, follows from (2.9) and (2.11). To prove the upper
bound, we integrate by parts and write

L5 =L v svet | T

Let f € 9M!. Hence, continuing the chain in (2.5), we get that

" out Tt R N T L P
0 V(so) Jo 2 (s)

By Holder’s inequality, this gives

/ " rut) dt
0

([T (e ([ ([ 255) ) )

By Hardy’s inequality,

and hence

oo fu /°° U” (s)u(s)ds\ /”' L Ul
o <~V ) Ve
Since f € M is arbitrary, we have J, 1 < Bp1. O

Remark 2.2. Lemmas 2.1-2.3 with ¢ = 1 constitute the duality principle for the
cone of decreasing functions. This principle lets us characterize the inequality (6)
with ¢ > 1.

We first formulate the case ¢ = 1.

Theorem 2.1. Let 0 < p < oo and let C be the smallest possible constant in the
imequality

/OOO u(z) /ODO k(z,y)f (y)w(y) dy dz < C(/Ooo[f(x)]pv(x) d:c) 1/,,’ femt
(2.12)
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Then for0 <p <1

C = sup fof w(y) [5° k(z,y)u() da dy7

>0 Vl/p(t) (2.13)

while for 1 < p < oo the following two-sided estimates hold:

©x (/0"" </t bt Viy ))u )dxdy)plv(t) dt>1/p/, (2.14)
C =~ (/Ooo<f(f y) Jo K V(t> Ju( )dxdy> v(t)dt)l/p’

f fo y)u(x )dxdy
R

+

(2.15)

Proof. Just use Lemmas 2.1-2.3 with ¢ = 1. O

For 1 < ¢ < 0o, the inequality (6) on functions in ' reduces to inequalities on
functions in 9MT. The following theorem holds.

Theorem 2.2. Let 0 < p < oo and 1 < g < oo, and let C be the smallest possible
constant in the inequality

N wk(w,y)f(y)w(y)dy qU(x)dfv v
(L ) eria)
< c( /0 S @) Po() dx) T rem (2.16)

Then for0 <p <1

(2 (e bl y)w(y) dy) u(z) dz) "

—_= S 21
o Vi) | =
while for 1 < p < oo the following two-sided estimates hold:
00 ¢ o0 ro0 k(x,y)w(y)d 1/
C ~ sup Uo™ Uo™ Ul %) (o) dt) u(z) dz) 7 (2.18)
gem+ (fo gpv)l/P )
00 / oo 1/
C ~ (Jo (g k@, y)w(y) ) dx) !
V1/p(c0)
v(t) d 1/
+ sup (fo (fo (fo dy)%)qu(x) dz) ! (2.19)
gEf)J?+ (fo gp/u)l/P . .

The proof depends on Lemmas 2.1-2.3 and the duality principle (2.1) for L,,.

Remark 2.3. The formula (2.17) is also valid for 0 < p < g < oo and 0 < p < 1 (see
[99], [104], [53], [66]). Moreover, a sort of dual result holds.
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Theorem 2.3. Let 1 < p < g < co. Then for the smallest possible constant C in
the inequality

(/ooo fqu) : s C(/OOO (/OOO k(z,y)f(y)wly) dy> pv(m) dx) Up, Fem,

(2.20)
the following equality holds:

Ut/a(t) _
(32 (U Rl y)w(y) dy)Po(e) dz) P

C = sup t g (2.21)
>0

Proof. Substituting the test function f; := X0 in the inequality (2.20) and taking
the supremum over ¢ > 0, we get that C' > <7, ,. To prove the reverse inequality
we employ Proposition 2.1. By Minkowski’s inequality,

[y m (]
(G () o) ")
(A ) ) |
e ([ AL ) 0 (o))
o ([rosmra) ("5 sres)”
< g lim < /0 N < /0 bz y)uly) ( /y h gn) dy)pv(x) dx) v

~stpa ([ ([ Momsrut ) oto) dx)l/p. a

Theorem 2.4. Let 0 < p < 1 < g < o0 and ki(xz,y) 2 0,4 = 1,2. Then the
smallest possible constant C in the inequality

(/ow ( / k@) ) dy> @) dx) 1a

< C(/OOO </Ooo ka () f () dy>pv(w) dw)l/p» femt,

is C = A, 4, where

A= s [ [ a) vea) ([ [ i) vwa) "
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Proof. The inequality A, , < C follows by substituting the test function f = xjo,¢-

To prove the reverse inequality, we use the representation f(y f h(s)ds and
twice apply Minkowski’s inequality:

([ (] mewsw) uw i) v

: </°OO (/000 i) (/w ht) dt) dy) u(a) d:c> N

i (/OOO </000 " /ot ki(a,y) dy dt) "u(a) dx) "

< OOO h(t) (/OOO (/Ot (2, y) dy> o) dx) 2

<Ay, Ooo (1) (/OOO (/Ot ka(e.y) dy)f’v(x) dx) v

</OOO </OOO </0t ko (@, y) dy> h(t) dt) pv(x) dx> 1/p

el
e </ </ Fa(@, ) (y)d ) v(z) dm) Up.

The required result now follows from Proposition 2.1. [

SApg

2.2. Hardy’s inequality on monotone functions. Letting k(x,y) = X[0.](¥)
in (6), we obtain the three-weighted Hardy inequality

([t ay) wwrae) <o [Tu@piwas) . femt,
0 0 0

(2.22)
which has numerous applications

Recall the notation U(t) := [ u, V(t) := [} v, W(t) := [; w.

Theorem 2.5. The smallest possible constant C' in the inequality (2.22) satisfies
the following two-sided estimates:

(a) if 1l <p < q<oo,then C = Ay + Ay, where

t 1/q
AO = sup AO(t) 1= sup (/ Uqw) Vﬁl/p(t),
0

t>0 t>0

00 1/q t NP \ VP
Ay :=su / w> (/ () v) ;
! t>g< t 0 14
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(b) f0<g<p<ooandl < p< oo, then C =~ By + By, where

Bo = Bo(p,q) ( / vrle () ( / Uqu/pUq(t)w(t)dt)l/r,
st ([ () (L)) 00)

(c) if 0 < qg<p<1,then C = By+ B, where

=m0 = ([ (e G ([ ) o)

(d) f0<p<g<ooand0<p<1,then C = o, where

A = sup VIR (1) ( /0 Ut (minds, 1w (s) ds) w

t>0

Proof. The assertion (d) follows from (2.17) in view of Remark 2.3.
Since f is monotone, the inequality

(f Oo[fU]‘lw)l/q <o(/ Oo[f]%)l/p, fem

follows from (2.22), and thus in view of Lemmas 2.1 and 2.3, the following lower
estimates hold: Ay < C for 0 < p < ¢ < oo, and

By = </OOO </0t U%) T/qV”"/q(t)v(t) dt> v < C, Ap(0)<C

for 0 < g < p < co. Integration by parts gives

o r/q 1/r
q(fo Uqw) q
By = -_—— — r %A
0 <’I’ VT/p(OO) + pﬂo O(OO) + Ay,

from which the inequality By < C easily follows. We note that for any ¢ > 0

t s r/p r/q
Bg>/ V—’“/P(s)</ Uqw) Ud(s)w(s)ds = = /V /P (s (/ Uqw)
0 0
q t s r/q q r/q q
>fv—r/1’(t)/ d(/ U%) :V""/T’()(/ Ut ) — L,

and hence
By > Ap > AO( ) (2.23)

To prove the remaining claims in the assertion (a) and the assertion (b) for ¢ > 1,
we use Theorems 2.1 and 2.2 and criteria for the validity of Hardy’s inequalities for
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non-negative functions. We now turn to the details. By (2.19),
([ o0 q 1/q
C ~ Ag(c0) + sup (Jo (Jg Wgv/V)+ Uoia:) I 1(/iv/V)) w(z) dz)
geEM+ (fo gpv)
([F q 1/q
~ Ag(c0) + sup (o (o (Ug:o/V)) 17;017(:13) dz)
gem (fo gpv)
b o UG [0/ ) o)
gem+ (fo ")

Consequently, for 1 < p < ¢ < oo we can use criteria for the validity of Hardy’s
inequalities to show that

t 1/q < 1/p’
C =~ Ap(o0) + A —l—sup(/ Uqw> (/ ,) ,
t>0 0 t \%2

whence follow the estimates C' > A; and C' < A+ A;, verifying the assertion (a).
For 1 < ¢ < p < 0o we have, by (2.24) and criteria for Hardy’s inequalities,

omsimsen ([ ([ ([ ) o)

and hence C' > B; and C <« By + B;. For 1 = ¢ < p < co we have by (2.15)

¢~ Ao(co) + (/000 V(1) </OtU(y) </yoo w> dy)plv(t) dt) w
s ([T o) e)”
(8 o)

= Ag(co) + ()7 By + (/Ooo VP (1) (/Ot Uw)plv(t) dt>1/p/.

From this the inequalities C' > B; and C' <« By + B; follow, thereby verifying the
assertion (b) for ¢ > 1.

Let us consider the assertion (b) for 0 < ¢ < 1 < p < co. Note that the lower
estimate C' > By is already established. By Theorem 3.1 below, the inequality
(2.22) is equivalent to the inequality

(/OOO (/0m (/yoo h(z)u(2) dz))qw(a:) da:) v < O(/Ooo hZDVP,Ul—p> mj he

(2.25)

(2.24)

which, in turn, splits into the two Hardy inequalities

</Ooo (/:O h)qU"(w)w(:c) dx)l/q <G (/OOO hpvpvl—p> 1/p7 he o,

(2.26)
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and

00 z q 1/q 00 1/p
</ (/ hU> w(x) dx) < Oy </ thpvlp) , heMmt, (2.27)
0 0 0

and thus C' ~ C;+Cs. From criteria for Hardy’s inequalities it follows that C; < By
and Cy = By, and hence C =~ By + Bjy.

To prove the assertion (c) we shall require the following modification of the
formula (1.18): for 0 < ¢ < 1 the smallest possible constant C' in the inequality

(/Ow(/oxh(y)dy>qw(x)d:v>l/q<C/Ooohv7 heomt,

has the two-sided estimate

o= ([ (esgwits) ([ 0) To0a) T oy

We first examine the case 0 < ¢ < 1 = p. Assume that the inequality (2.22)
holds. Then it also holds, with the same constant C, for all functions f of the form
f(z) = [ h, where h € M T. We therefore have

(/OOO (/OI (/yoo h)“(y) dy>qw(l’) dm) 1/q< C'/OOO (/:O h>v(z) dz, hemt.
Hence,
(/Ooo(/OgchU)qw(fE)dsc)l/q<C/Ooohv7 heomt.

Now C' > %, (1, q) by (2.28). To prove the reverse estimate we use Proposition 2.1,
Lemma 2.3, and the estimates (2.23) and (2.28). It follows that

</000 (/o fu) oo dm) - s (/000 (/0 (/y“ h”) u(y) dy> "w(z) d:v> N
s ([ ([ ) ) " ([ ([ o roms)

< $1(1,q) lim/ h,V + By lim (/ hn)v(x)daj

— (#(1,9) + Bo) / " fo.

Let us now take the case 0 < ¢ < p < 1. The substitution f? — f in (2.22) gives
the equivalent inequality

] x q P/q [e%e]
(/ (/ f”%) w(m)dm) < cp/ fu,  femb (2.29)
0 0 0
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Arguing as in the previous paragraph and using Minkowski’s inequality, we have

([ ors)”

+ By <1, ;) Tim. /OOO (/:O hn>v(:r) da
< (931 (Li) +Bo(1,z>> /OOO fv=(%7(p,q) + B; (p, q))/ooo fo,

thereby establishing the upper estimate C' < By + %;. It remains to prove the
lower estimate C' > %, since it has been shown that C' > By. We use an idea
from [2]. Setting ¥/ (t) := esssup,c(,4(UP(s)/V (s)), we assume first that 7/(0) = 0.
Note that #'(t) is a continuous non-decreasing function. We let

g(t) :=max{2™ ,m e Z: 2™ < ”i/T/”(t)}, Tm = inf{y € [0,00): 2™ < ”I/T/p(y)}.

Since #'(t) is continuous and non-decreasing, the quantities 7,,, exist for all m € Z.
It is clear that they are increasing. From their definitions we have

ur (Tm)

Y N'm) __om _ wr/p r/p m+1
Vel () =2" =Y (1) < YIP() <27, t € [Tm, Tmt1)s
g(tm) = 2™, g(s) < 2™ for all s € [0, 7).
Observing that
g(t) = Z 2mX[T,,“T1,L+1)(t) < %T/p(t% (230)
meEZ
we define ;
> (fw)™
ft::/ =L dg(x), 2.31
0= [ e data) (231)

the outer integral being understood in the Stieltjes sense. Thus, f € 9!, and hence
by (2.30),

/Ooofv/ooo</:ow)r/ng(:r) = z/ooog(x)(/:ow)r/pw(x)dx

q o0 oo 7"/10 q
< */ VP (z) (/ w) w(z)de =: =24
™ Jo T T
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On the other hand,

([ /Omfl/p@dU<y>)qw<x>dx)l/q
Ll () o))
(S ()
iy Sra—
= (0L (L @”YW)")“

(e [ o)
([ ([ ) )

The inequality (2.29) with the function f from (2.31) implies that C? %7 >> %fr/q.
Thus, C > %;. Now let us show how to get rid of the restriction #(0) = 0. Let

e > 0 be a small number, and let u.(z) = u(r)x[,00)(z). Hence, the inequal-
ity (2. 29) will be satisfied with u. instead of u and with the same constant C'. Let-
ting U, ( fo ue and ¥z 1= esssup,e(g (UL (s)/V (s)), one clearly has 72(0) = 0.
Let

o= ([ (s Y ([ ) o)

By the preceding argument, %, . < C. The estimate %; < C' now follows by the
monotone convergence theorem. This completes the proof of Theorem 2.5. [J

3. Reduction theorems

In this section we present a new method of reduction of (L}, — Lf,)- and
(L;T),u — L;w)—inequalities for positive monotone operators. In particular, we sub-
stantially supplement some results in [30].

The following conditions will be used below:

(i) T(\f) = ATf for all A > 0 and f € M™;
(ii) Tf(x) < cTg(x) for almost all z € Ry if f(z) < g(x) for almost all z € Ry,
with a constant ¢ > 0 independent of f and g;

(iii) T(f + A1) < ¢(Tf +AT1) for all f € M and A > 0, with a constant ¢ > 0
independent of f and A, where 1 is the constant function 1 on R;.

In §3.1 we obtain reduction theorems for the inequality

(/OOO(Tf(t))qw@) dt)l/q < C(/Ooo(f(t)>pv(t) dt)l/p o)
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on the cones M and M! with 0 < ¢ < oo and 1 < p < 0o (see Theorems 3.1-3.4).
In contrast to the reduction theorems based on the Sawyer duality principle, in this
range of variation of the integrability parameters one can investigate the inequalities
in question for 0 < ¢ < 1 < p < co. In §3.2 we study the case 0 < p < ¢ < ©
under some additional restrictions on a monotone operator.

We do not present a general theory in the remaining most difficult case 0 <
g < p < 1. However, in §§3.3 and 3.4 we give a complete characterization of the
inequalities

([ e a ) <o [Tuomoa) @)
0 T 0

and

(A </ k(z,t)f )dt) w(z) dm)l/q < C</Ooo(f(t))pv(t) dt) e (3.3)

with Oinarov kernels on the cones 9 and M.

3.1. Reduction theorems for monotone operators when 0 < g < oo and
1<p<oo. Weset V(t fo

Theorem 3.1. Let0 < g < oo andl <p < oo, and let T: Mt — IMMT be a positive
operator. Then the condition (3.1) implies the inequality

(/000 (T</:o h)>qw)1/q < C(/OOO hpvpvlp>1/p, hemt.  (34)

If V(c0) = oo and if T is a monotone operator satisfying the conditions (i) and (ii),
then the condition (3.4) is sufficient for the inequality (3.1) to hold on the cone IN'.
Further, if 0 < V(c0) < oo, then a sufficient condition for (3.1) to hold on M is

that both (3.4) and
( /O M(T1)qw)1/q < 0( /O h v) Up (3.5)

hold in the case when T satisfies the conditions (i)—(iii).

Proof. Let 0 < g < c©.

Necessity Assume that a function h € 97T is integrable on [z, c0) for any z > 0.
Then f(x f h € M!, and hence by (3.1), Hardy’s inequality (2.10) with p > 1,
and Fublnl s theorem Wlth p =1 we have

O e 00)
< c</0°° hpvpvl,,) "

whence (3.4) follows.
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Sufficiency. Assuming first that V(co) = oo and f € 9}, we have

o) = L0 o [ ) st

(L) [ovee L)

By (ii) and (3.4) with the function

this gives

00 1/p
< C</ fpv>
0

by Hardy’s inequality (2.10) with p > 1 and Fubini’s theorem with p = 1. Next, if
0 < V(o0) < o0, then

[ xszQ(m)x
1) = [ =y [P0V 0) + 10

<4(/:0‘;3> /OIvaJF‘Wf(ﬂU)

00 1/p
</t u(t) dt (fo fp”) 0
<4 1% =: h+ A1.
Lo v+ S = v
Further, by (i)-(iii), (3.4), (3.5), Hardy’s inequality with p > 1, and Fubini’s theo-
rem with p = 1, we have

(o)< ([ () ()
el([ (L) i) ()"
< c(/ooo f%) g

The case ¢ = oo is treated similarly. [

The following reduction theorem is a useful alternative.
Theorem 3.2. Let 0 < g < o0 and 1 < p < oo, and assume that the operator
T:MT — Mt satisfies the conditions (1) and (ii). Then a sufficient condition for
the inequality (3.1) to hold on the cone M is that

(/OOO (T(V21(;z:) /Oz hV))qw>l/q < C(/OOO h”vl_”>1/p, heMmt. (3.6)
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This condition is necessary if V(oo) = oo. If 0 < V(oo) < oo, then (3.1) is
necessary for (3.6) to hold if the conditions (1)—(iil) and the inequality (3.5) are all
satisfied.

Proof. Let 0 < g < co.
2

Sufficiency. If f € M, then f(z) < V2 (2)

h = 2fv, we get that

([ )™« ([t [ 7)) weoras)
<o [ wr) . o[ fpv)”".

Necessity. Assume first that V(co) = co and that h € 97T is integrable on [0, 7]
for all > 0. Then

V,Zl(x)/Omhvz2/:o%Amhvgz/ﬂcmﬁ?gf/jhvzzﬂmezmi.

By the condition (ii) and the inequality (3.1),

= ([ [ m)) = (l/fm”f”w)w <o(fTr)”
—20(/0 (L Yé?(j;/o hV) v(x)dm) .

If p=1, then

J<<C’/Ooo(/:oU‘Ei)(j;/oshV)v(x)dxC/OOO ”‘ﬁ‘z)(j)s/oshvo/omh.

Now let p > 1. We have

Cou(s)ds [° 1 v > h
2 hV = hV =
LSl w=wmaf ] v
and (3.6) follows by Hardy’s inequality.
Further, if V(o0) € (0, 00), then we write

v1<x>/ "= [Vlw - WgooJ / e é@ov)

*v(s)ds [° %
< 2/30 53)(8) /0 hV + @2(00) =: fi(x) + AL.

We use the property (iii). The preceding arguments give us an estimate of the first

term:
0o 1/q o 1/p
(/ (Tfl)qw> < C(/ hpvl_p) .
0 0

/@ fvV). Using (ii) and (3.6) with
0
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To estimate the second term, we employ the property (i), (3.5), and Holder’s
inequality:

</OOO(T(>\1))qw> 1 Con (/OOO @) v C‘W

) 1/p
co[Twen)"
0

The necessity of (3.6) follows from this.
The case ¢ = oo is treated similarly. [

We consider the inequality

(/OOO(Tf(t))qw(t) dt)l/q < C(/Ooo(f(t))%(t) dt)l/p, fem!, (37

and define Vi (t) := [~ .

Theorem 3.3. Let0 < g < ocoandl <p<oo,andletT: MT — M be a positive
operator. Then the condition (3.7) implies the inequality

(/ooo (T(/O"L h))qw)l/q < C(/Ooo hpv*pul—p>1/p7 hemt.  (38)

If V.(0) = oo and T is a monotone operator satisfying the conditions (i) and (ii),
then (3.8) is sufficient for (3.7) to hold. If 0 < V,(0) < oo and T is a monotone
operator satisfying the conditions (1)-(iii), then (3.7) follows from (3.8) and (3.5).

Theorem 3.4. Let0 < g < oo and 1 < p < 0o, and let the operator T : M+ — MT
satisfy the conditions (i) and (ii). Then a suﬂiczent condition for (3.7) is that

(/0“ (T<V31(x) /:O hV*))qw> " S C(/OOO hpvl"’) Up, hemt. (3.9)

This condition is necessary if Vi (0) = co. If 0 < Vi (0) < oo, then (3.7) is necessary
for (3.9) to hold when the conditions (1)—(iii) and (3.5) are all satisfied.

2. Reduction theorems for quasi-linear operators when 0 < p < q < oo.
Let f € 9!, Then there exists a sequence {z,} C R, such that

22 X0 (@) = D 27" X[0,0,(x)

n: Tp>x

~/[:c ) (Z 2700 (s ) ds =: /[mo) h(s) ds, (3.10)

where d,(s) is the Dirac delta function at ¢t. We note that

<Z2 X[0,2m]( ) 22 "X[0,20) (T r> 0. (3.11)
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Theorem 3.5. Let0 < p < g < oo and let T: IMT — 9T be an operator satisfying
both the conditions (1)—(iii) and the condition

T(Xn: fn> < <;[Tfn]p> v (3.12)

for all f, > 0. Then the inequality (3.1) on the cone M’ is equivalent to any one
of the following conditions:

</000 (/OOO[TX[O,S] (2)]Ph(s) ds) q/pu;(x) dx) p/qg cy /Ooo v, hemt, (3.13)

( /OOO[supTX[o,q(x)f(s)]qw(x)dx)l/q<c?,( I fpv)”p, femt, (314

s>0
S oo 14/P p/q o
</ {sup(TX[QS] (x))p/ h} w(x) dx) < Cf/ LV, heMr, (3.15)
0 s>0 s 0
or
e 1/q
D :=sup (/ [Tx[0,1 (x)]qw(x) dx) VYP(1) < . (3.16)
>0 \Jo

Moreover,

Proof. Tt follows from Proposition 2.1 that (3.14) < (3.15) with C3 = Cy. The
implication (3.14) = (3.16) is obtained by applying (3.14) to the function fi(s) :=
X[0,4)(8), t > 0. A similar argument proves the implication (3.1) = (3.16). From
the properties (i)—(iii) we see that for all s >0

Tf(x) = T(xp.s)() = Txjo,s(x) f(s),

thereby proving the implication (3.1) = (3.14). Let
k(z,s) := [TX[O,S](x)}p and Kh(z) ::/ k(x,s)h(s)ds.
0

Then the inequality (3.13) is equivalent to the boundedness of K: L!, — L¥?, and
hence by Theorem 1.1,
p = K q/p — Dp.
C(2 || || L%/ —>Lw/

We assert that (3.13) = (3.1). By (3.11) and (3.12),
(T17) () (T(Z 2"\ W) (2)
~ T(Z 2", ) () (Z 2" T, (@) "
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We observe that (3.1) is equivalent to the inequality

o0 / [e’e)
(/ (Tf”%)p "< cp/ fo,  femt.
0 0

Using (3.11), we find that

(/ w(Tfl/p)Qw)p/q <(I (;2-"[Tx[o,mn]<x>]p)q/pw<x> dx>p/q

[e%s) o) q/p p/q
= (/ (/ [T'x[0,5)(x)]Ph(s) ds) w(x) dx)
0 0
< C;’/ hV =CEY 27"V (w,) ~ CF Zz—"/ v~ cg/ fo.
0 n n (0,25,] 0

Therefore, C' < Cy, proving (3.17). O
A similar result holds also for the cone of non-decreasing functions.

Theorem 3.6. Let 0 < p < g < oo and let T: Mt — IMT be an operator satis-
fying the conditions (1)—(iii) and the condition (3.12). Then the inequality (3.7) is
equivalent to any one of the following conditions:

(/OOO (/OOO[TX[s,ow(x)}ph(S) dS) q/pw(w) d:c) p/q< cy /Ooohv*, heMm, (3.18)
</0°° {1118 TX[s,oo)(x)f(S)}qw(x) dz)l/q < Cy </OOO f%)l/p7 fe 93117 (3'19)

S s va/p p/q o
(/ [sup(TX[s,oo)(:v))p/ h} w(x) da:) < Cff/ RV, heMmt, (3.20)
0 0 0

s>0

or

e} 1/q
D, =sup( [ Ie@ltuta) de) v <00 21

Moreover,
C= 02 = D* ~ 03 = 04. (3.22)

Next we consider the reverse inequality

(/OOO qu>1/q < C(/()M(Tf)pv)l/p, Femt. (3.23)

Let W.(t) == [ w.

Theorem 3.7. Let0 < p < ¢ < oo and let T: M — M™T be an operator satisfying
the conditions (i)—(ili) and the condition

(Z[Tfn]q) . < T<Zn: fn> (3.24)

n
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for any f,, = 0. Then the inequality (3.23) is equivalent to either of the conditions

/oOOhW <G (/OOO(/OOO[TX[O,s] (@)]"h(s) d8>p/qv(x) dx) Q/p, hemt, (3.25)

o0 —-1/p
D= §1>1%) wt/a(t) </0 (T'x[0,4(x)]Pv(x) dm) < o0. (3.26)

Moreover,

CmCy=09. (3.27)

Proof. The implication (3.23) = (3.26) is obvious. We assert that (3.26) = (3.25).
In view of Minkowski’s inequality,

/oC><> s o /OOO (/OOO[TX[O,t] (x)]Pv(x) dx) q/ph(t) dt

<D ( /O (@) ( /0 ~ [x0. (@) h(t) dt)p/q dm) "

Next, (3.23) is equivalent to the inequality

oo 0 a/p
/ fw < c</ (Tfl/q)%) . femh (3.28)
0 0

Using (3.25), (3.10), (3.11), and (3.24), we have

“run [T <an( [T mxoa@ine as) o)
[ (L ) o)

thereby establishing (3.27). O
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Similar considerations allow one to characterize the inequality

(/OOO qu>1/q < C(/()M(Tf)pv)l/p, fem. (3.29)

Theorem 3.8. Let 0 < p < g < oo and let T: Mt — MT be an operator satisfy-
ing the conditions (i)—(iil) and the condition (3.24). Then the inequality (3.29) is
equivalent to either of the conditions

/OOO hW, < C3 (/OOO ([TX[S,OO)(x)}Ph(s) ds> p/qw(x) dm) Q/p7 heamt, (3.30)

or

D, == sup W/(t) ( /0 W[Tx[t,w)(z)]pv(x) dx> o < . (3.31)

t>0

Moreover,

C~Cy,=2,. (3.32)

Remark 3.1. Let T be a linear integral operator

2) = / k(@) f(y) dy (3.33)

with non-negative kernel. Then the condition (3.12) is satisfied for all p € (0, 1], and
so our Theorems 3.5 and 3.6 imply Theorem 4.1 in [97], Theorem 2.1, (a) in [66],
and Theorem 1 in [6]. Similarly, the condition (3.24) holds for all ¢ > 1. Therefore,
we can extend Theorem 4.2 in [97] and Theorem 2.1, (b) in [66] to a wider range
of variation of the integrability parameters by using Theorems 3.7 and 3.8.

3.3. Reduction theorems for Volterra operators when 0 < g < p < 1.

Let u, v, and w be weight functions. We recall that U (¢ fo u, V() := fo
and W (t) := fot w, and we define U(y,x) := fx u. For sunphmty we assume that
0<Ut) <o0,0< V(t) < oo, and 0 < W(t) < oo for all ¢ > 0 and U(c0) =

V(00) = W (00) = 0. Let
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Theorem 3.9. Let 0 < ¢ < p < 1 and let k(z,y) = 0 be a continuous Oinarov
kernel. Then the following conditions are equivalent:

(/ (/ kayf )dy> w(x)dx>1/q<01 (/Ooof%)l/p, Femt,

(3.34)
< </ KP(x,y)h(y) dy + KP(x,x) /;O hy) dy>q/pw(x) dx)p/q
<C

/ nV, hemt, (3.35)

00 oo\ 4/p r/q o
</ < sup K?(z y)/ h) w(x) d:r) < C’g/ RV, heMmt (3.36)
0 O<y<z y 0

</Ooo <0S£IK x y)f(y)>qw(x) d:c)l/qg Cy (/OOO fpv)l/p, Femt, (3.37)

Th41 r/q
B" := sup Z</ Ky, zp)w(y) dy) VTP (1) < o, (3.38)
{or} kez,
Moreover,
Cl ~ CQ ~ Cg = C4 ~ B. (339)

Proof. The theorem is established by the implications (3.35) = (3.34) = (3.37)
< (3.36) = (3.38) = (3.35). The inequality (3.34) is equivalent to the inequality

(/OOO(/Omk(%y)fl/p(y)U(y)dy> w(z d:::) Op/ fo,  femb. (3.40)

Let f(z f h. Then by Minkowski’s inequality,

s (/OO (/m X(z,00) W) E(2, 2)u(2) d2>ph(y) dy)l/p

</ KP(z,y)h(y) dy + K? (2, z) /OO h(y) dy)l/p,

x

and to prove that (3.35) = (3.34) it remains to invoke Proposition 2.1.
Given any f € M!, we have

/ k(e 2)f(2u(z) dz > sup / k(e u(=) dz fly) > sup K(ey) ().
0 0

O<y<z O<y<z

Hence, (3.34) = (3.37). It is clear that (3.37) = (3.36), and the implication (3.36)
= (3.37) is proved by using Proposition 2.1 and Fatou’s theorem.
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Now assume that (3.36) holds, and let {x,} C Ry be an arbitrary increasing
sequence. For any k € Z, there exists a point e € (zg,Tr11) such that V(eg) <
2V (z,). Consider the function

W) = 3 X e (@)

ez Uk

with an arbitrary sequence {ax} C Ry. Substituting this function in the inequality
(3.36), we see that

(Z at/? / ) K9z, z3)w(z) dm)p/q <208 3" anV ().

kEZL keZ

As a result, B <« Cs.

Thus, it remains only to show that (3.38) = (3.35). By Oinarov’s condition (4),
this gives

K () ~ k(z,y) / Cu(z)dzt / "y, 2Ju(z) dz = ke )U () + Ky, y),

and it follows that (3.35) is equivalent to any one of the following three inequalities:

(/OOO (/OT k(z,y)PU(y)Ph(y) dy) Q/pw(x) dx)p/q <Ch /OOOhV, hemt,

(3.41)

(/OOO (/OI K(y,y)"h(y) dy) Q/pw(x) dar)p/q <CY /OOOhV, hemt, (3.42)

([ rom) seamma) " <cp [Tw, e @

By Lai’s theorem (Theorem 5 in [54]), the inequality (3.41) holds if and only if

Tk41 T/q
B} := sup Z(/ E(y, z) w(y) dy) sup  U(y)'V7"/P(y) < o,
{zx} ez YE(TK—1,2k)
Th41 r/q
s ([etd) s R U v < .
{zk} keZ YE(Th—1,Tk)

and hence the inequality (3.42) is equivalent to the property

Tr41 r/q

Bf = sup ) ( / w(y) dy) sup K (y.y)" V" (y) < oo,
{I’V}kEZ yE(Th—1,2k)

By the dual to Theorem 5 in [54], the inequality (3.43) is equivalent to

r/q
Bj := sup (/ K(y,y) w(y )dy) VTP (1) < .
{21} kez
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Let yi € (xx—_1, k) be a point such that

sup  Uy)'V"P(y) = Uly) V="/P ().

YE(Tr—1,Tk)
Further,
Thk+1 r/q
Z( / k(y, o) w(y) dy) sup  U(y)'V P (y)
kez N Tk YE(Tk—1,Tk)

<) (/yjm K (y, yx)"w(y) dy> T/qV’””(yk)

<<Z<

Y2k+2 r/q
/ K(y, yor) w(y) dy) VTP (yay,)

keZ

Consequently, By < B. If y € (zx_1, zx) is such that

sup K (ze, ) UW)"V"P(y) = K (@, y) U (ye)" V"7 (),

yE(Tp—_1,2k)

then

([ wwa) . s E )V

kez N Tk Th—1,Tk)
<3 (

Yk+2 r/q
/ K(y,ym(y)dy) VR ()

kez Yk
Y2k+2 r/q
<> </ K (y, y2r) w(y) dy) VP (ya)
kez N\’ Y2k

Y2k+1
Therefore, By < B. Given a point y € (xg_1,x)) for which

sup  K"(y.y)V""P(y) = K (g, ye)" V""" (i),

YE(Tr—_1,Tk)
we get that
Thot1 r/q
Z</ w(y)dy> sup  K(y,y)"'V""?(y)
keZ \Y Tk yE(Tp—1,Zk)

Yk+2 T/q
/ K(y,ym(y)dy) VR ()

Yk

<<Z<

kEZ

Y2k+3 r/q
+ Z </ K(y, y2r+1)"w(y) dy> VP (yargn) < BT
Y2k+1

Y2k+3 r/q
+ Z(/ K(y, yor+1) w(y) dy) VP (yargn) < BT

629
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<<Z<

Y2k+3 r/q
+ Z(/ K(y, yor+1) w(y) dy) VP (yog) < BT

keZ Y2k+1

Y2k+2 r/q
/ K (y, yar)"w(y) dy) VP (yar)

so that B3 < B. Since K(y,y) < K(y,xx—1) for y € (zr_1,zk), we have By < B.
Now Cy <« B by the above upper estimates. O

The next theorem gives a similar result for the cone of non-decreasing functions.

Theorem 3 10. Let 0 < g < p < 1. For a given continuous Oinarov kernel k(x,y)
let K. ( f k(z,x)u(z)dz. Then the following inequalities are equivalent:

(/Ooo (/; k(y, ) f(y)u(y) dy)qw(x) dx) 1/a <c (/Ooo f%) 1/p7 -
(/ODO (/:O KP(y,2)h(y) dy + KP(z,x) /Om ") dy) Q/pw(x) dx) o/a

<C§/ hV.,  hem*,
0

oo y o\ a/p r/q oo
(/ (supr Y, T )/ h) w(zx) dm) < Cg/ hVy, hemt,
0 y=x 0 0
oo q 1/q L) 1/p
(/ sup K. (y, x )f(y)) w(x) dx) <Cy (/ fpv) , fem,
0 y=>T 0

r/q
B! := sup (/ K(zg, y)w(y )dy) V*_T/p(:rk) < 00

{zr} kez
(here, Vi(t) :== [~ v). Moreover,
01%02%03204%1[5*.

To prove the next theorem we need a fact of independent interest about Oinarov
kernels.

Lemma 3.1. Let a measurable function k(z,y) = 0 on {(z,y): x >y > 0} satisfy
the right-hand inequality in Oinarov’s condition (4). Then there exists an ap €
(0,1) such that, for all a € (0, ap] and any sequence T1 > X = -+ = T,

n—1

[k(ml,:vn)]o‘ < 2Z[k($i,$i+1]a. (344)

i=1

Proof. We set
log 2

D= Jog[D(1 + 2D)]’
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Let us show that (3.44) holds for « = ap. As a result, it will follow from Jensen’s
inequality that (3.44) holds for all a € (0, ap]. We proceed by induction. By (4)
and Jensen’s inequality,

k(a1,23) < D(k(21,@2) + k(x1,23)) < D(K* (21, 22) + K (1, 23)) /.

Hence,
ko‘(xl,xg) g Da(ka(l‘hl’g) + ka(l’l,l'g)).

Since D* < 2 for a = ap, it follows that (3.44) holds with n = 3. Assume that
(3.44) holds for all n = 3,...,k and define

.’I}“ szrl

||M?r

Then either £*(z1,22) < a/2 or k*(zg, xx+1) < a/2. Without loss of generality we
assume that k%(z1,22) < a/2. Let j be the largest natural number such that

J
> k(@i miga) <

i=1

o e

Then j < k and ZJH k*(zi, xi41) > a/2, and thus Zl iro k¥ (zi,wiv1) < a/2. By
the induction assumption,

7
E*(@1,2541) < E (i, i11) < a,

=1

k
k* (242, Trt1) < Z (i, wit1) < a,
and
k*(zj41,2542) < a
Consequently,

k(1 x41) <@V, k(zjpe,apa1) <0/ (@i, 0540) < a'/
Using (4), we see that

(k(z1, mj41) + k(zj41, Thy))
(k(z1,2j41) + D(k(zj41, Tj12) + k(Tj42, Tht1)))
Da'/® +2D?%aY* = D(1 4 2D)a'/.

k(xl,l’k+1) < D
<D
<

As a result, if « = ap, then

E*(x1,xp+1) < D¥(1 4+ 2D)% < 2a,

completing the induction step. [J
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In what follows we will need the well-known relation (see Proposition 2.1 in [35])

Z 2" (Z ) ~ > 2"ags >0, (3.45)

=N n

which holds for any sequence {ay} C Ry.

We put .
x) :/ k(z,x)u(z) dz

Theorem 3.11. Let 0 < g < p < 1 and let the kernel k(x,y) > 0 satisfy Oinarov’s
condition (4). Then the following assertions are equivalent:

</O°° </:O k(y, =) f(y)u(y) dy> qw(x) dx)l/q e (/OOO fpv)l/p’ fem!,

(3.46)

(/OOO (/:O Ui (y x)h(y) dy) q/pw(x) dw>p/q & /OOO hV,  heM, (3.47)

(f Oo(supUk<y,x>f<y>)"w<x>dx)l/q<cg( Ia fpv)””, femt, (348

yzx
) o\ 4/p p/a S

(/ (sup U,f(y,x)/ h) w(x) dm) < C’ff/ LV, hemt, (3.49)

0 y=z y 0

Th+4+1 r/q
B" := sup Z(/ Ul(zrt1,y)w(y) dy) VTP (2h41) < 00. (3.50)
{zr} kez
Moreover,

Cl ~ CQ ~ C3 = C4 ~ B. (351)

Proof. The theorem will be established by the implications
(3.50) = (3.47) = (3.46) = (3.48) & (3.49) = (3.50).

We begin by proving that (3.50) = (3.47). Let {x,} C Ry be a sequence such that
2" = Z" w. Setting A, := [, Tp11), We have

vi= [T vtanman) u P ) e~ S [ vt osp
B Z o (i /A UK (9, 2n)hly ~ zﬂ: 2" (; /A UL (y, zi)h(y) dy) "

)dy)
+22"( > k(i) /Z</:u)ph(y)dy>q/p

1=n+1
+ Z2n(

oo

A
a/p
Z Up(xi, z /A h(y)dy> .

i=n+1
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By (3.45) and Lemma 3.1 with & = min{ap, p}, this gives
a/p
Ty ([, vt )

P a/p

ey(y (zk ) ([ ) )

[e%e) i—1 q/p

+Z2n< Z (Z Uk :L'J+1,£Cj > / h dy)
Ay

i=n+1

i=n-+1
oo i—1 q/p
n i=n+2 “j=n+1 Aj A
= I14+II4+1II41V.

Estimation of the sum 1. We have

/ UL (y, ) h(y) dy = / U (g, 1)V (0)h(y)V (y) dy
Ay,

An

< [swp VeV )] [ 0V = UV ) [0V
yEA, A, ANS

for some y, € A,. By Holder’s inequality,

q/p
I< ZTUZ(yn,xn)V_q/”(yn)(/A hV)

n

‘ q/r oo q/p oo a/p
<(Z2"'/qU,§(yn,mn)V_T/p(yn)> (/0 hV) :B‘f(/o hV) .

n

Further,

r/q

w) UL (s 2a) V"7 (31)
n—1

r/q

W)L de) V)
Yn r/q
[ @) V)
y

Y2k r/q
/ w(ac)U,g(ygk,x)dx> V_T/p(ygk)

Y2k+1 r/q
+ Z</ w(z)Uy (Y241, ) dﬂ?) VP (yangn).

Y2k —1
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If z), := yor and 2, := yop41, then by the definition of B”,

me ([ vt ) yrte(a

+Z(/ )U (2, @ )dx)r/qV_r/p( L) < B

Thus,

00 q/p
I < B? (/ hV) .
0

Estimation of the sums II and IV. By Minkowski’s inequality and (3.45),

Zw(zk (Z/ (/ ) )dy>a/p)q/a

j=n 1=j+1

w5 [ ([ 0s)”

i=n—+1

y P a/p
ZQ E9( xnﬂ,xn)(/ (/ u) h(y) dy) =:Jy.
Tn41 Tn41

Hence,

IV:zn:TL( f: ( i k(a:j,xn)/Aj u)p/A h(y)dy)q/p

1=n+2 “j=n+1

In view of Lemma 3.1 with « € (0, p), this gives

1/«
k(xj, xn) (Zk Thi1, Tk > .

By Minkowski’s inequality,

§ k(xj, 2n) /A u < Z (fka(mﬂ,mk))l/a/A u

j=n+1 j=n+1 “k=n J

i a\ 1/«
<Zk Thtl, Tk (/ u) ) .
Tr+1

(3.52)
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Again by Minkowski’s inequality,

1v<<;2n(2 (Zk S (/ )>//Ah)/

i=n-+2

P a/p\ 4/a
<Sr(Seea(S ([ ) [0)7)"
n k=n i=k+2 Y Trk+1 i

Further,

S e S [ o

< / ( / u)ph@) ay.

Therefore, according to (3.45),

e} ') a/p Q/a
IV < 22"(2 K (s, o) (/ (/ ) h(y) dy) )
n k=n Thk+1 Thk+1
v a/p
~ ZQ"k:q(xn+1,xn (/ </ ) ) =: Jy.
n Tn41 Tn41

Thus,
I+1V <« Jy.
Let 1 € Z. We set
A= {m €Z:2'< Z 2"k xpt1,Tn) < 2”1} (3.53)
n<m

and define & := J, A;, C Z, where A;, # @ and A; = @ for i & {ir}. Next we
define

n;, =inf A

+ . — —
ins My, i=sup Ag; Zp =Ty, Zp = Tt

We have n;, < n; <mn;,,. Assume for simplicity that card J,{ir} = Ro. We have

+

iy, oo y p q/p
n=% 5 it ([ ([ «)nwar)
Tn41 Tn+4+1

k n=ng,
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By Jensen’s inequality and (3.45),

oo ([ (o) o5 [ ()
~ zk: 2k (g: /+ (/y u)ph(y) dy) Q/p
eSS )
(S (L) rm)”
e EE(
g ([ () e S L)
< ;2 LK?E;M ( /y u>pv1(y)} a/p < /+ W>q/p
e ([ () e

Further, by Hélder’s inequality,

. yo\T" qa/r oo a/p
Jo,1 < 22“”/‘1 sup w| VP(y) hV
2k <Y<Zk+1 2k 0

k

00 q/p
= Bg (/ hV) .
0

Let z? € [2k, 2k+1] be such that

M

0

Y T i r
sup (/ u) VTP (y) = (/ u) VTP,
2k <Y<zZg41 2K 2k

. 2\
Bj = 222”/‘7 </ u) VTP,
e

k

Then

According to (3.53),

LIRS Z 2"k xpp1,Tn) = Z 2"k xpq1, ) + Z 2"k xpp1, Tn)
n<ng, Ny o SN<Njy N<Niy_,
<D 2 (@ng, ) + 22T

Mo SN<M
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Thus,
2k <2 Y 2K (g, ), (3.54)
Mg _ 2\1'L<7l7,k
and hence
r/q zg T
B; < Z< Z Z”kq(zm_l,xn)) (/ u) VﬁT/p(zg).
Mgy o SN<ng, 2k
We have
Tn
> M)~ Y K [
nik72<n<mk ’I’Lik72<7l<’ﬂik Tn—1
Ty Zk
< Y[ Hemwewd< [ K dy
iy, <n<ng, Y Tn-1 zp—2—1
2k
<[ Ky = o
Zk—3
Next,

0 0

([ =([ sl [ o) )

Since zp_3 > z2_4, it follows that

B; < Z(/ (/ k(z,y)u z>qdy)r/qv—r/p(zg)_

We use the conventional approach and twice split the sum ), into the sum of sums
Y k—on T 2k—ang1 to show that By < B.
Now let us prove the upper estimate for Jy 2. We have

Zk41 q [e'e] q/p
e ([ ()
Zk+1

Given j € Z, we define

. ) Zett o \ 4 )
B; = {m €Z:2 <Y 2 (/ u) < 2J+1}. (3.56)
Zk

k<m
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We set A :=J, Bj, C Z, where Bj, # @ and B; = & for j & {ji}. Also, let
lj, = inf Bj,, l;-; = sup B, ; Yk = 21, y,j = zl;k.

We assume for simplicity that card J, {jr} = No.

In our setting, I;, < lj <lji-

By Hoélder’s inequality,

i Zor1 \ 4 0o a/p ] oo\ 4/P
b ([ (L) < ()
: P Zk Zh41 : Yj
+

J

k
y q/p q/r 00 q/p
< ZQ’“V“’“’(%)(/ hV) < (Z ri/qv—r/p(yk)) (/ hV)
k Yk k 0

o] a/p
=: BY (/ hV) :
0

Zk+1 q
According to (3.56), 27 < 2 Z 2 (/ u> . Hence,
Lj_a<k<l; “7Zk
Zk+1 a\ 7/4q
B} <<Z< >, 2 (/ U) ) VP (y;).
J lj72<k<lj 2k

By (3.54) and (3.55), this gives

B} < Z( > / </Zk+1 z,y)u(z) dz>q'“’(y) dy>r/qu/p(yj)

_2<k<;

( > | (/ >u<z>dz)qw@)dy)r/qv-?'/p(yj)

<k<l;
Yj Yj q r/q
< Z( [ ([ ) win) v,
7 Yj—s8 Yy
whence the estimate B3 < B follows.

Estimation of the sum III. We have p € (0, 1], and thus by Jensen’s inequality and
(3.45),

o0 /
IIT < ZQ"(Z ZUk Tjp1, T / h)qp

1=n+1j=n

/
_ZQn(ZUk Tjt1,T5 / h>qp
Tj+1
00 /
NZQn xn-l—laxn)(/ h>qp:: J1.

n+1
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Given k € Z, we define

G = {m ez <Y o (/A k(2 2n)u(2) dz>q < 2k+1}.

n<m n

As before, we assume for simplicity that the G are non-empty, and we define
A, = inf Gy, /\$ =sup G < Ag41.
One has

VEDIEDY 2”</A"k(z,xn)u(z)dz)q</milh)q <<22k</m+lh)q/p

Eoxp<n<nf

gZQk(Z/ it h) ng(/%kﬂ >qp
k =k Y TX; Zx

k

. Tapiq a/p i ‘ a/r s poo a/p
<2 V“””(m)(/ﬂ hV) < (Zz ’“/qv—”f)(mk)) (/0 hV)
k k

00 q/p
= BZ </ hV) .
0

Since
ok « (/ k(z,zn)u(z) dz )
Ak— 2<7l<>\k
~ Z / y) dy (/ k(z,zn)u(z) dz )
Ao <n<Ak
q
< Z / (/ k(z,y)u(z) dz) w(y) dy
Akp—2<n<Ag
mAk q
<[ ([ ) wi
TAp_3 Yy
we see that

B < Z(/x (/: k(2 y)u(z) dz)q (y )dy>v /P & B

This completes the proof of the implication (3.50) = (3.47).

The implication (3.47) = (3.46) follows from Minkowski’s inequality.

The implications (3.46) = (3.48) = (3.49) are easy.

To prove the last implication (3.49) = (3.50), we take an arbitrary increasing
sequence {z;} C Ry and let g5, € (zg, zr41) be such that V(eg) < 2V (zy). Let

Ak—3

W)=Y —% X(xk,am(w),

% Er — Tk V(l‘k)
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where {a} C [0,00) and )", aj < co. It follows that

o ak ok 2 di arV(er) a
| W=D IV [ V< <22 an

k
Writing
o= [ o[ weomra) [7a] " vtora
5 [ ([ s ]t
Xk:/x (/ k(z, x)u(z) dz) w(z) do /x,m h,
we have
[ % vt vity
Hence,

k

= Z bkaZ{fl .
k
Then by (3.49)
p
(Z bw%ﬁ) < Cf Z Ak41
k

for all {ax} C R;. Consequently,

p/r
(Z b;/q> < CP,
k

which is equivalent to B < Cy. This completes the proof of Theorem 3.11. [J

The next theorem is concerned with the important case of Theorem 3.11 when
k(z,y) = 1 and a criterion can be given in an integral form. This setting was
studied by Goldman [33], [34]. We will obtain a criterion in a different form and give
a simpler proof. Let p(x) := W (4W( ), where W=1(t) := inf{s > 0: W(s) =t}
is the inverse function of W (¢ fo
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Theorem 3.12. Let 0 < ¢ < p < 1. Then the following conditions are equivalent:

(/OO </:o f“>q () > ( fp”) ,  femt (3.57)
([ vwomwa) dac)p/q
(/0‘” (352 Uity @ OO h) w(z) dm) Cp/ hV,  hem’, (3.59)

o] q 1/q [e’e} 1/p
(/ supU Y, T f(y)) w(zx) d > <Cy (/ fpv> , femb, (3.60)
0 y=x 0

C” hV, heMmt, (3.58)

(/ ( sup  UP(y, )/ ) dx) C’p hV, hemt,
0 \z<y<e(a) y
(3.61)
oo q 1/q 00 1/p
([ vosm) waar) - <co [Tm) " et
0 r<y<p(z 0
(3.62)
oo ga(:r a/p oo a/p p/a
(L1 rwamma) svewn( [ n) uea)
0 ez
<cr / B (3.63)
0
for all h € M,
Th+4+1 r/q
B" := sup Z(/ Ul zgy1,y)w(y) dy) VP (2141) < o0, (3.64)
{zr} kez
B: + B2 < o0, (3.65)
where
710::/ sup U (y,z)V /P (y) WP (z)w(x) de, (3.66)
0  z<y<e()

e’} T r/p
By [ ([ w)ready) V@)U et 0 de. (507
Moreover,
Cl%02%03204%05%06%07%B%B1+B2. (368)

Proof. We note first that (3.60) < (3.64) comes from Theorem 4.4 in [110]. The
implication (3.60) = (3.59) is obvious, and the implication (3.59) = (3.60) follows
from Proposition 2.1 and Fatou’s theorem. For any function f € 9!,

[e'e) Yy
/ fuzsup | fuzsupUly,x)f(y).

yzzJx y=z
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Therefore, (3.57) = (3.60). The inequality (3.57) is equivalent to the following:

e o / [e%S) 1/
</O </x fl/pu>qw)p ! < Cf(/o fU) p, fe DI (369)

If f(z f h, then by Minkowski’s inequality,

/I Cpm= [ ( | h) ey < ( | vwonw dy) "

and now (3.58) = (3.57) follows by Proposition 2.1.
We assert that (3.59) = (3.58). To this end, we let AP/9 and B?/? denote the
left-hand sides of (3.58) and (3.59), respectively. Assuming that (3.59) holds, we

have
A=y /. ([ vwamwan) " (e de
<y (), oot an) "
A ( 3

Using Jensen’s inequality and (3.45), we conclude that

zz,zn/ h(y dy) =: A + As. (3.70)

1=n+1

oo

Ag = ;2"< > (lzjl U(%H»%‘))Z)/Ai h(y) dy>q/p

i=n+1 “j=

< Z2”<Up(xn+hxn)/; h(y)dy)q/p. (3.71)

n+1

Similarly, for the constant B,

B = / h <§1;1;Up(y, 2) /y h h)q/pw(:c)dx

0o a/p 0o
_Z/ (supU” (y,x )/ h) w(x dx~Z2"(supU(y,xn / h
y>x y n YTy
0\ 4/p o
= ZZ <sup sup UP (y,xn)/ h> 22 (sup sup UP(y, x; / h>
izn yeEA, y izn yeAN; y
oo\ 4/P o
+ 2" sup UP(xz4,x / h) 2”<su UP(y,x / h)
Z (z>n$1 ( ! n) T; Z yGAp y " y

00 q/p
—|—ZQ"( sup U? (a:z,a:n)/ h) =: B; + Bs.

izn+1
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If (3.59) holds, then

00 q/p
B, < Cg (/ hV) , i=1,2. (3.72)
0
By (3.71),

) q/p
Ay € By < Cf (/ hv) . (3.73)
0

By Holder’s inequality,
q/p
22"(/ y,mvl(y)h(y)wy)dy)

22 (sup U7( y,xn)V_l(y)>q/p(/A hv)m

yEA, n

s (Z 2m/q( sup U”(y,xn)V‘l(y))T/p)Q/r <Z /A ) hv)m

n YyEAR n

00 q/p
=:D? </ hV> .
0

From (3.72),

Tn41 q/p o] q/p
ZQ”( sup UP (y,xn)/ h) < 04 (/ hV) . (3.74)
Y 0

YyEA,

Let H,: Li;[A,] — L*®[A,] be an operator of the form

Tn+1
Hyh(y) = Up(y,a:n)/ h.
Yy
Then by Theorem 1.1,

dn = [Hallzt A, )—ro(a,) = sup UP(y,2,)V " (y).
YyEA,,

Let h,, € L{,[A,] be a function such that

In+1
sup Up(y,xn)/ / h,V.
yEA,
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It now follows from (3.74) that

z, a/p
22" (SupyeAn UP(y,a) [, h)

Ci> su
3 h;g (fooo hV) alp
zneq o \9/P
5, 28 (supyen, UP (g, ) [ 1)
= sup

h=3" anhn (Zn o, fAn hV) a/p

/
5, 2 (an [y, bV)""
> sup -

7 = D9,
h=3%", anhn (Zn a, fA hV)q P

Hence, D <« C3 and

00 q/p 00 q/p
Ay < D </ hV) < C’g </ hV> .
0 0

This together with (3.73) shows that (3.59) = (3.58).
To prove the remaining equivalences we observe that

Cs <03, 7 <0y Cg<Cy Cg=C5<Cr.

(3.75)

Therefore, if we show that Co < Cj, then it is clear that Cy ~ C5 ~ Cy =~ Cy.

According to what was shown above,

s} o) q/p
A= (/ UP(y,xm(y)dy) w(w)d ~ Ay + A,
0 x
and

S qa/p
A2 < Z 2an(l‘Tl+1; xn) (/ h) .
n Tn+1

We have p(z,-1) = Tn+1, and hence

o) q/p S q/p
Uq(In+1,In) (/ h’) = sup Uq(yazn) (/ h>
Tl T SYSTnt1 Tn+1

oo q/p 00
< sup Uy, ) (/ h> = sup Uy, xn (/ h)
T SYSTrt1 y Inﬁygw(mn—l) Y

oo\ 4/P
< sup Uy, z) (/ h> ) T € (Tp_1,Tn).
Yy

z<y<p(x)
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Consequently,

we ([ wrenmen(f 1)
v

QZ/H { sup U” (y,x h)] w(z) dz

z<y<p(z
oo q/p oo q/p
</ [ sup  UP(y, )(/ h)] w(x) dx \Cg(/ hV) .
0 Le<y<p() Yy 0

Since z,—1 < z < p, we have 2,11 = (1) < (), and therefore

sup  UP(y,x) (/ h) > sup  UP(y,x) (/ h>,
z<y<p(z) y Tn YLP(Tn—1) y
oo Tn41
s v [Tn) = s v ([0).
Ty SYSTrtl Yy T SYSTrtl Yy

This together with the preceding estimate shows that

Tyl q/p oo q/p
Z 2" sup  Uy,x,) </ h> < Y </ hV> . (3.76)
n Tn SYSTr41 y y

By the same argument as after the inequality (3.74),

oo a/p
A< C§</ hV) .
Yy
Therefore, Cy < Cs.

Our next assertion is that
Cy < B; + Bas. (3.77)

oo q/p
A < D? (/ hV) ,
y

From (3.75) we know that

where ;
r/p
Zzn”q(mp Uy, 2V ()
YyEA,
We have
r/p
= [ (s vy w)
YyEA,,

<X [ wree( s veave) e

x§y§zn+1

< Z /An_1 WT/p(ﬂC)U)(ﬂC)( sup Up(y7x)V_1(y)>r/p de < B,  (3.78)

z<y<p(e)
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00 q/p
A< B'f (/ hV) .
y

and hence

Further,

) a/p
Ay K Z(/ U)) Uq(mn-‘rlaxn) </ h)
n A1 Tn42

+) 2T (w1, 20) (/OO h) "

JANSE]

) Z/A (@)U (p(z).2) (/:) ") "
+Zn:2"Uq(xn+1,xn)V—Q/p(mn+1)( /°° W) a/p

N—
< [Tttt / Z) h) " (o) ds

q/r 00
+ (Z QM/qUT(xnﬂ,QTn)V_T/p(J?nH)) (/o hV)

n

q/p

Using Remark 1.2 and (3.78), we find that

) q/p oo q/p
Ay < Bj (/ hV) + B{ </ hv> ,
0 0

thereby proving (3.77).
By (3.63),

Tt [ n q/pw(x)d:c p/qgcg T
0 o(x) 0

This together with Remark 1.2 gives By <« (4. Since C5 =~ (g, our assertion will
follow if we can show that B; < Cs. We have

Bl <> 2"/ sup  U(y,x)V P (y)

n Ingygip(wn+l)
=Y 2" sup Uy, )V P (y)

Tn SYSTn3

2
= Z Z 2(Bk+i)r/q sup U (y, 23144)V "/P(y).

i—0 & T3k+i SYST3(k+1)+i
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Further, by the estimate (3.76) and the analogous expansion, this gives

Z 2% ( Sup UP(y, T3k+4) /
k Yy

T3 (k4+1)+1i Q/P
h

T3k+i SYST3(k+1)+i

oo q/p
< Cg(/ hV) , i=0,1,2,
0

and hence, as in the proof of the estimate D <« Cj,

Z 23kr/q sup U (y, x3k+i)V*T/p(y) < C§.

T3k4+i SYST3(k41)+i
This proves the estimate By < C5 and completes the proof of Theorem 3.12. [J

The following result is a symmetric variant of Theorem 3.12. Let ¢(z) :=

W1 (4W,(z)), where W 1(¢) := inf{s > 0: W.(s) = t}.

Theorem 3.13. Let 0 < g < p < 1. Then the following conditions are equivalent:
0o x q 1/q . oo 1/p
[ )" v oo
0
q/p p/a _ poo
U" (z,y)h(y) dy) w(zx) dac) 0’2’/ hVs, hemt,

y q/p
sup UP(z, y/ h) w(x) x) 03/ hVs, hemt,
0<y<z 0

(y))qw@c) dx) e ( /0 f%)l/p, feo,

y \9/P
Sup UP(x y)/ h) w(m)dw) <Ch / hVi, hemt,
0

q Ve 1/p
Ul )f(y)> w(x)dz) \06</0 f”) . fem,

P(z)<y<e

( [ v >dy)m " Uq(:c,%b(x))( / e h)””}w o dx>”/q
C

/hV

for all h € M,

.—/\/\{\/\/\
&Z
NT
8
Q
&
<

//\

. Tr41 T/q 770/
B s ([ vautan) v ) <o
T

{2} ez
El +§2 < 00,
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where

o]
=3
i
S—
8
)
o)
ko)
d
3
8
NS
S~—
<
q
~
bS]
—~
NS
S—
=S
~
3
oS
g
—
oS
s
8

_ oS} 0o r/p )
B = / ( l U‘f(y,w(y))dy) VP ) ()0 0))
0
Moreover,
61 %62 %63 :64 %65 %66%67 Q‘JE
Remark 3.2. Theorem 3.13 supplements [44].

3.4. Further results and comments. First we present a complete characteri-
zation of the inequality (3.34).

Theorem 3.14. Let 0 < ¢,p < oo and let k(z,y) = 0 be a measurable kernel.
Then the inequality (3.34) with the best constant Cy holds for all f € M if and

only if:
(i) 0<p<1andp<q<oo,and in this case

oo 1/q
C;=Cy:= sup (/ K9z, min(x, y))w(y) dy> VYP(z) < oo;

z€(0,00)

(ii) g =1 < p < 00, and in this case C = Cs5, where

Cy = (/OOO (/f </y°o k(2 y)w(2) dz) V=1 (y)uly) dy) plv(x) da:) R

If k(z,y) is an Oinarov kernel, then:
(i) 0 < ¢ < p < 1 and k(z,y) is continuous, and in this case

Th41 r/q 1/r
crx o= (sw X ([ Kauta) Vi) <o

{on} kez

(iv) 1 < p < ¢ < 00, and in this case C1 = C5 + Cg + Cy, where

1/q
‘= sup (/ Ki(y,y))w )dy) VYP(2) < o0,

z€(0,00)

o= sup WY (/ K a:yv”()()dy)l/pmo,

z€(0,00)

Crim s ([T w o <>dy)1/q( I UP’<y>vp’<y>v<y>dy>1/pl<oo;

z€(0,00)
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(v) 1 < g <p< oo, and in this case C1 = Cs + Cg + C1p, where
x r/p 1/r
o= ([T [ Kwutnay) K@@y @dn) <o,
0 0

evi= ([ mtont a) .
1/r

([0 v ey ) O @V @) de) < oo,
(/ )
1/r

Cui= ([T W@t (K @y o) ay) " i) <o

(vi) 0 < g <1< p<oo,and in this case C; =~ Cs + C11 + C12 < 00, where

Th+1 r/q T , , r/p'\ 1/r
Ci1 = (S“P Z(/ w) </ K? (zg, y)V P (y)v(y) dy) > < o0,
{on} ez \Vox @1

Cra = (sup Z( | e ) dy) B

(o1} ez, k
Tk , , r/p'\ 1/7
([T vevrrma) ) <
T

k—1

Proof. The assertion (i) follows from [66] and (ii) from Theorem 2.5. The asser-
tion (iii) is Theorem 3.9. The assertions (iv) and (v) are obtained from Theorem 7
in [78], and (vi) can be derived using Theorems 3.1 and 1.3. In view of Theorem 1.4
we can replace the constants C11 and Cio by the integral ones. [

For the extreme cases p = 0o and ¢ = oo we have the following results.

Theorem 3.15. Let 0 < p < oo and let k(z,y) = 0 be a measurable kernel. Then
the inequality

esssup < | enswu dy) wiz) < C ( I f%) T as)

z€(0,00)

holds for all f € M if and only if:
(i) 0 < p < 1, and in this case

C= sup (esssup K(x,min(w,y))w(y))vfl/p(x) < 00
z€(0,00) ‘y€(0,00)

(i) 1 < p < 00, and in this case

¢ = esssupu(s)( [ ([ Hemumy—o) dy>p,v<t> ) 7

s€(0,00)
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Theorem 3.16. Let || - | x be an arbitrary quasi-norm on M' and let k(z,y) > 0
be a measurable kernel on {(x,y): x >y > 0}. Then the inequality

[ seniwa| <cir.
holds for all f € ML if and only if

< 0.

o

/”” k(z,y) dy
0

eSS SUP, ¢ (g,y) V(2)

‘ X

To state the next theorem we need the following notation:

Vila) = / wk(y, >V“((;) O, (3.81)

V2 (3.82)

Theorem 3.17. Let 0 < g, p < o0 and let k(z,y) = 0 be an Oinarov kernel. Then

the inequality (3.46) holds for all f € M with the best constant Cy if and only if:
(i) 0<p<1andp<q<oo,and in this case

x 1/q
C;=Cy:= sup (/ Ul(z, y)w(y) dy) VP(2) < oo
0

z€(0,00)

(ii) 0 < ¢ < p < 1, and in this case

$k+1 T/q 1/T
crxcui= (s X ([ vt pet ) V) <o

{zr} kez

(iii) 1 < p < ¢ < 00, and in this case C; = Ay + As + As, where

o0 1/q
Ay := sup (/ quw) [V ()17

z€(0,00)

00 1/p
As = sup Wl/q( )(/ (V)P v) )
z€(0,00) x

1/q oo , 1/p’
sup (/ k9(x, s)w(s)ds ) (/ (V)P v)
z€(0,00) T

+ sup Wl/q(;z:)< /m kp’(s,x)(vvl)z"(s)u(s)ds)W;

z€(0,00)

D
w
i
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(iv) 1 < g < p < 00, and in this case Cy =~ By + Bs + Bs, where

o ([ () () omcrs)”
1/r

By = (/OOO WP (z) (/;o(vvk)p’v)r/plw(x) da:) :
(/0“ (/oqu(x’ syu(s) ds) B ( /I Oo(vvl)”'v> " (V(2)Vi(z))P v(x) dx)

N ( /O T wle() ( / T (5, 2) (V(s)Va(s))" 0(s) ds) T/q,w(a:) da:) 1/T;

1/r

B3I

(v) g =1< p< oo, and in this case C1 = C7, where

= </ooo VF (@u(a) da (/; uég)(;)y /Oy k(y, s)w(s) ds)p,)l/pl

forp>1 and

forp=1;
(vi) 0 < g <1< p<o0,and in this case C1 ~ By + By + By, where

’

pe=sn(S(f ) N ([ ¥ s o) " >1/T

k k—1

ran( S o 5)

k

([ wemey s i) /) "

k—1

Proof. The assertion (i) comes from [66], and the assertion (ii) is Theorem 3.11.
Using Theorem 3.1 with ¢ = 1 < p < oo, we reduce (3.46) to the inequality

/ooo h(s)V (s) (/OO ‘jf;(?;) (/Oy k(y, z)w(z) dw) dy> <c (/ODO h%l—p)”{

(3.83)
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h € M*. The assertion (v) now follows from Theorem 1.1. From the decomposition

[

—~

Y, x) ;g(?y)) /Oy h(2)V(z)dzdy

= /; h(z)V(z )dz/oo k(y,x) 2(y /:k /: h(2)V(z)dzdy

:/0 h(z dz/ Ky, ) (8 / h(z / k(y,x)‘f%) dydz

%/0 h(zo)OV(z)dz/ k(y, y) | +/Ooh / k(y,z)‘%g) dydz
+ z
/I H Vz?y d

it follows in the remaining cases that the inequality (3.46) reduces by Theorem 3.1
to a characterization of the following three inequalities on the cone 9™:

(/OOO <Vk(x) /Ow hV> qw(az) dx) v < Cy; (/OOO h%lp> W, (3.84)
([ RV, qw(x) dx v < Cyn h hPy!=P Up, (3.85)
([ (L ) werae) < cua 7o)
([ k(s, )V (s)Vi(s)h(s) ds qw(m) dx v < Cys h hPy'~P 1/P7
0 T 0

(3.86)

where Vi, and V; are defined by (3.81) and (3.82), respectively. Using Theorem 1.2
and results in [92], we deduce that Cy1 ~ A; for 1 < p < ¢ < o0 and Cy1 ~ By
for 0 < ¢ < p < ooand p > 1. Similarly, Cyo = Ay for 1 < p < ¢ < oo and
Cyo = By for 0 < ¢ < p < oo and p > 1. By Theorem 1.2 again, Cy 3 ~ A3 for
l<p<g<ooand Cy3 = B3 for 1 < ¢ < p < co. Theorem 1.3 implies that
Ciza~=Byfor0<g<l<p<oo O

In the special case k(y, ) = 1 we have, in addition to Theorem 3.12, the following
entirely integral characterization of the inequality (3.57).

Corollary 3.1. Let0 < q,p < oo. Then the inequality (3.57) with the best constant

Cy holds for all f € M if and only if:
(i) 0 < g <p=1, and in this case C1 ~ By + By, where

oo o'} q/(1-q) (1-q)/q
By = (/ Va/(1=a) () (/ quw) Vi(z)w(z) da:) )
0 T

00 /(1—q) (1-q)/q
B = ( / [ sup V(t)vl(t)}q qu/(lq)(x)w(x)dz> ;
0

t€(x,00)
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(i) 1 < p < ¢ < 00, and in this case Cy = A1 9+ Az, where

%) 1/q
A= sup ( / Vf’w) V(@)

z€(0,00)

oo 1/p'
A= sup Wl/q(x) (/ (V)P v) ;

z€(0,00)

(i) 1 < ¢ < p < o0, and in this case C1 ~ By g + Ba o, where

Bro= ([ ([ viw) " W@ Ve (e i) "

iv) g =1<p< o0, and in this case Cy = C7o, where
q p ) 05

Cr0 = (/OOO V7 (2)v(@) dx(/:o W(?‘J/);«‘((yy)) dy)p/)l/”/

when p > 1, and with the usual modification for p = 1;
(v) 0<¢g<1<p<oo,andin this case C1 ~ By g+ Bay.

To state the results dual to the two previous results, we introduce the following
notation:

Vi = [ ke Vi) = [

Theorem 3.18. Let 0 < g, p < o0 and let k(z,y) = 0 be an Oinarov kernel. Then
the inequality

(/Ooo (/; k(z,y)f(y)u(y) dy> qw(x) dx)l/q < (/Ooo fpz;)l/p

with the best constant €1 holds for all f € M if and only if:
(i) 0<p<1andp<q<oo,and in this case

S 1/q
G=tam s )( [ttt ay) V) <
€ (0,00 x
(ii) 0 < ¢ < p < 1, and in this case
1/r

i~ = (s ([ Wi ) T/qv*”%k)) <o

{zr} kez \ox
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(iii) 1 < p < ¢ < 00, and in this case € ~ o + oo + o3, where

x 1/q
= sup (/ [Vk*]q“’> [V ()] 2P
z€(0,00) 0
L x , 1/p
G = sup W*/q(x)</ (V*Vk*)pv> ,
z€(0,00) 0

) 1/q z , 1/p’
of3 = sup </ ki (s, z)w(s) ds) (/ (VLV)P ’U)
z€(0,00) T 0

L osup W) ( / " (@ ) (V) (9)0(s) ds) "

z€(0,00)
(iv) 1 < g < p < o0, and in this case €1 ~ P + B2 + B3, where

1/r

s (/000 (/ijw) " W ) dx) |
FAVACEEE ds)r/quoz(‘wfV’“)T/q/(m(x)vl*w)p/v(x) d:v)lﬁ

(Wi ([ @ @y as)  wd)
([ vl ) wtoras)

933:

v) g=1<p< oo, and in this case 61 = where
(v) g=1<p < oo, and in thi % = Cr, wh

7 = (/OOO VP (2)v(z) dz (/0:lc “‘ég)(j)y /y°° Es,)w(s) dS)P’>1/p’

forp>1 and

e o[ i)

for p=1;
(vi) 0 < g <1< p<oo,and in this case €1 ~ B + Bo + By, where

mm(S([ ) N ([ F o o st as) ! ) v

Tk k k— C ke

4 sup (Z ([ ¥ s ds)r/q ([ wevrere ds)r/p,)l/r.

Tk k—1 k

In the case k(y,z) = 1 we have, in addition to Theorem 3.13, the following
entirely integral characterization of the inequality (3.79).
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Corollary 3.2. Let 0 < g, p < co. Then the inequality

(/000 (/Om fyuly) dy) qw(x) dx) Ha <cio (/000 fpv) 1/p

with the best constant C  holds for all f € M if and only if:
(i) 0 <g<p=1, and in this case Cf y = By o + B3, where

sio = ([ v ( [Cvi) " ) i) e

0

:|<1/(1—Q)

0 (1-a)/q
Bro= ([ [sw viovre]" W )
0

t€(0,z)
(ii) 1 <p < g < o0, and in this case Cf y = A7 o+ A5, where

z 1/q
Ao = sw ([r1m) pwpns
0

z€(0,00)

x 1/p
A= sup Wi/%)( / <wv1*>pv) ;
’ z€(0,00) 0

(iii) 1 < ¢ <p < o0, and in this case CT o ~ Bi o + B3 o, where

B ([ ([ i) " V@ V() i) "

B;, = (/OOO Wi/P(z) (/OI(V*VI*V/U) r/p/w(a:) dx)l/r;

(iv) ¢ = 1 < p < 00, and in this case C§ q = C7, where

Cio = (/OOO V¥ (2)v(x) dx(/oz W)p/>l/p’

for p > 1, and with the usual modification for p =1;
(v) 0 <g<1<p<oo,and in this case C{ n ~ Bj  + B3 .

Let k(z,y) > 0 be an Oinarov kernel. One of the curious applications of reduction
theorems (in the backward direction!) consists in finding an integral criterion for
the inequalities

(/OOO (/0 k(z,y)h(y) dy>qw(:r) dx)l/q < c(/om hp(,)”p, hewtt, (387
and
(/000 (/:0 k(y, z)h(y) dy)qw(x) dm)l/q < C(/OC>O hpa>1/p, hemt,

(3.88)
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for 0 < g <1< p< oo when
x
k(z,y) = / u(s)ds =: U(z,y).
Y

Note that the answer here is much simpler than that provided by Theorems 1.3
and 1.4. We will give the solution for (3.88); similar arguments apply for (3.87).
We set

= [S(@)] Plo(@)]' 77,

S(x) ::/ 017”/, 1< p<oo, Vo () 1=
h 2=y,

Volo) = | Ces Viole)i= |

Corollary 3.3. Let 0 < ¢ <1 < p < oco. Then the inequality

</0°° (/:O Uy, )h(y) dy) qw(x) dm) . < C(/OOO hpg) Up, he o,

(3.89)
holds if and only if:
(i) 0 < ¢g<1<p<oo,and in this case C = By11 + Bs 1, where

s ([([ ) " (S@I I 1, o) ) "

(ii) 0 < ¢ < 1 =p, and in this case C' = By 3 + Ba g, where

pa= ([ v ow( [ Wie) " @) i) o

} q/(1-q)

Bys = < /0 [ sup Vi (t)Vio(t) Wq/(lq)(x)w(x)dx)(l_q)/q.

te(x,00)
Proof. We begin with (i). Note that
Vo(z) = /Om[s(y)]_p[U(y)]l_p/ dy = ([S(2)]'™" — [S(0)]'77)
and
Vo ()] [vg ()] = ([S(2)]' 77 = [S(0)]' )P [S()]"P Vo(z) < o(x).

By Theorem 3.1, the inequality

([7(] vt ay) i ac) e ([ vz e
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is equivalent to the inequality

(/OOO (/:O u(y)f(y) dy) qw(x) da:)l/q <Oy (/Ooo fpva>1/p7 Femt, (3.91)

which is characterized by Corollary 3.1, so that

CQR'JBLl*{“BQJ, 0<q<1<p<00,
Cy = B12 + Baps, 0<g<l=p

As a result,

C<<Blyl+Bg71, 0<g<l<p<o;
C<<B1’2+B2’27 0<g<1l=np.

To prove the reverse inequalities we assume that (3.89) holds with a constant C €

(0,00). Then (3.89) holds with the same constant C also for o. := o + ¢ and

ws = wx(s,1/5) instead of o and w, respectively, where ¢ > 0 and 0 € (0,1). For

these weight functions S(0) = oo, and thus BEf < C, where BE‘S < oo is the

constant B with the modified weights. By the Lebesgue dommated convergence

theorem, limgs_.q (lim5_>0 Bi’f) = B; ;, from which the reverse inequality follows.
Case (ii) is treated similarly. O
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