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Analysis of linear differential equations
by methods of the spectral theory

of difference operators and linear relations

A. G. Baskakov

Abstract. Many properties of solutions to linear differential equations
with unbounded operator coefficients (their boundedness, almost period-
icity, stability) are closely connected with the corresponding properties of
the differential operator defining the equation and acting in an appropri-
ate function space. The structure of the spectrum of this operator and
whether it is invertible, correct, and Fredholm depend on the dimension
of the kernel of the operator, the codimension of its range, and the exis-
tence of complemented subspaces. The notion of a state of a linear relation
(multivalued linear operator) is introduced, and is associated with some
properties of the kernel and range. A linear difference operator (difference
relation) is assigned to the differential operator under consideration (or the
corresponding equation), the sets of their states are proved to be the same,
and necessary and sufficient conditions for them to have the Fredholm prop-
erty are found. Criteria for the almost periodicity at infinity of solutions
of differential equations are derived. In the proof of the main results, the
property of exponential dichotomy of a family of evolution operators and
the spectral theory of linear relations are heavily used.
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1. Main concepts and results

We consider a linear differential equation

− dx

dt
+A(t)x = f(t), t ∈ J, (1.1)

where J is an infinite interval of the real line R and A(t) : D(A(t)) ⊂ X → X, t ∈ J,
is a family of closed linear operators in a complex Banach space X. Sometimes we
shall call X the phase space.

We assume that the Cauchy problem with x(s) = x0 ∈ D(A(s)), t > s, t, s ∈ J,
for the homogeneous differential equation

dx

dt
= A(t)x, t ∈ J, (1.2)

is well posed. It gives rise to a family of evolution operators U : ∆J → EndX,
where ∆J = {(t, s) ∈ J × J | s 6 t} and EndX is the Banach algebra of bounded
linear operators in X. Given the family U , we can construct a differential operator

L = LU = − d

dt
+A(t)

acting in a homogeneous space F (J, X) of functions on J taking values in X (see
§ 2). One example here is the Banach space Cb(J, X) of bounded continuous func-
tions on J.

This paper is concerned with existence and uniqueness questions for bounded
solutions of the differential equation (1.1), where f belongs to some homogeneous
function space F (J, X) (for instance, f can be a bounded function). These ques-
tions relate to the geometric (or qualitative) theory of differential equations, which
goes back to Poincaré and Lyapunov.

The existence and uniqueness of bounded solutions are closely connected with the
stability of solutions of differential equations. Starting from Lyapunov’s ideas and
results, Krein observed in [1] and in the later mimeographed notes [2] that many
results of the stability theory for solutions can be obtained with the help of the
theory of operators in Banach spaces. The departure from the very specific theory of
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operators in a finite-dimensional space (matrix analysis) simplifies many proofs and
constructions and makes them more transparent. In this way the general approach
was also good for the classical theory (see the monographs [3] by Demidovich, [4]
by Coppel, and [5] by Hartman). Note that investigations of linear differential
equations are not only important on their own, but also underlie the analysis of
non-linear equations by means of linear approximations.

The monographs by Massera and Schäffer [6] and Dalecki and Krein [7] con-
tain results in the case when the A(t), t ∈ J, are bounded operators in a Banach
space. In connection with applications to parabolic partial differential equations
the authors (of both monographs) pointed out the topical question of investigat-
ing the qualitative properties of solutions to equations with unbounded operator
coefficients: “The authors clearly recognize that the arena of infinite-dimensional
spaces requires the presence of unbounded operators, without which the present
stability theory for systems with an infinite number of degrees of freedom would be
impossible” (see [7]); “. . . we have entirely disregarded any possible extension of the
theory to the case in which the values of A are unbounded operators in X. Such an
extension would certainly be of the greatest interest, especially in view of possible
applications to partial differential equations” (see [6]).

Zhikov [8] (see also [9]) made a significant contribution to the theory of equations
considered here by proving that the condition of the invertibility of the operator
L = −d/dt + A(t) in the space Cb(R, X) is equivalent to the condition of expo-
nential dichotomy for solutions of (1.2). Note also Henry’s monograph [10], where
a geometric theory of semilinear parabolic equations was developed which made
essential use of the invertibility property of the operator L = −d/dt + A(t) in the
Banach space Cb(R, X) under the assumption that the A(t), t ∈ R, are sectorial
operators.

We point out that investigations of the well posedness of the Cauchy prob-
lem for an equation of the form (1.2) anticipated considerably the correspond-
ing investigations in the qualitative theory of equations (1.1), (1.2). The case
when A(t) ≡ A, t ∈ R+ = [0,∞), is a constant operator-valued function cor-
responds to the theory of operator semigroups (see [11] and [12]). The famous
Hille–Phillips–Yosida–Feller–Miyadera theorem (see [11], Theorem 12.3.1 or [12],
Theorem 3.3.8) gives a necessary and sufficient condition for the well posedness of
the Cauchy problem for the differential equation (1.2) in terms of the resolvent
of A : D(A) ⊂ X → X. In [12] the reader can find many examples of partial differ-
ential equations of parabolic type when the corresponding operator is the generator
of a strongly continuous operator semigroup (and hence gives rise to a well-posed
Cauchy problem).

The current state of the problems discussed in this paper is closely connected with
methods in the spectral theory of closed linear operators, linear relations (multival-
ued linear operators), difference operators and relations, and operator semigroups.

The theory of operator semigroups was applied to the geometric theory of differ-
ential equations of the form (1.1), (1.2) in [13]–[17]. The differential operator under
consideration (generated by equation (1.1)) is the generator of a strongly continu-
ous semigroup of difference operators. This opens the door to the use of the theory
of operator semigroups in the qualitative theory of differential equations. The state
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of the corresponding theory up to 1999 was presented in detail by Chicone and
Latushkin in their monograph [18]. In [19] linear difference relations and semi-
groups of such relations were used to investigate differential operators (equations)
in function spaces on a half-axis.

The analysis of the operator L (differential equation (1.1)) and more general
operators generated by a family of evolution operators is carried out with the sig-
nificant use of difference operators and linear difference relations on corresponding
homogeneous spaces of vector sequences. We introduce the notion of the set of
states of a linear relation (operator) for describing certain properties of the kernel
and range of the relation (operator) and thereby revealing the extent to which it
is continuously invertible. In particular, we obtain conditions ensuring the Fred-
holm property of difference operators and relations or differential operators. These
results are closely connected with the asymptotic behaviour of solutions, the stabil-
ity of solutions, and the problem of the existence of bounded solutions to differential
equations (1.1) and (1.2).

Now we give the notions and definitions which we use the most (and which are
sufficient for an understanding of this paper) and state some of the main results.

We make essential use of the concept of linear relation. Thus, in § 3 we give
several notions in the theory of linear relations, notions needed in order to state
many of the results below.

Let X and Y be Banach spaces, let Hom(X ,Y ) be the Banach space of
bounded linear operators from X to Y , and let End X = Hom(X ,X ).

An arbitrary linear subspace A of the Cartesian product X ×Y of X and Y is
called a linear relation between X and Y (a linear relation in X if X = Y ). The
set of linear relations between X and Y will be denoted by LR(X ,Y ) (by LR(X )
if Y = X ). A linear operator A : D(A) ⊂ X → Y is often identified with the
(linear) relation A in LR(X ,Y ) coinciding with the graph of A. The set of closed
linear relations in LR(X ,Y ) is denoted by LRC(X ,Y ).

Any relation A ∈ LR(X ,Y ) has the inverse relation A −1 = {(y, x) ∈ Y ×X |
(x, y) ∈ A } ∈ LR(Y ,X ). A relation LRC(X ,Y ) is said to be continuously
invertible if A −1 ∈ Hom(Y ,X ), which is equivalent to the simultaneous fulfilment
of the following conditions: the kernel Ker A = {x ∈ X | (x, 0) ∈ A } of the
relation A is zero and the range Im A = {y ∈ Y | there exists x ∈ X such that
(x, y) ∈ A } coincides with Y .

Let D(A ) denote the domain of the relation A ∈ LR(X ,Y ), that is, D(A ) =
{x ∈ X | (x, y) ∈ A for some y ∈ Y }. For x ∈ D(A ), we let A x denote the set
{y ∈ Y | (x, y) ∈ A } and we let ∥A x∥ = infy∈A x ∥y∥. If A ∈ LRC(X ,Y ), then
D(A ) is a Banach space with the graph norm ∥x∥A = ∥x∥+ ∥A x∥.

The definitions below are essential for the statements of the main results.

Definition 1.1. Let A ∈ LRC(X ,Y ). Consider the following conditions:
1) Ker A = {0} (that is, A is an injective relation);
2) 1 6 n = dimKer A 6 ∞;
3) Ker A is a complemented subspace of D(A ) (with the graph norm) or of X ;



Analysis of linear differential equations 73

4) Im A = ImA , which is equivalent to the strict positivity of the quantity (the
minimum modulus of the relation A )

γ(A ) = inf
x∈D(A )\Ker A

∥A x∥
dist(x,Ker A )

= inf
(x,y)∈A
x/∈Ker A

∥y∥
dist(x,Ker A )

, (1.3)

where dist(x,Ker A ) = infx0∈Ker A ∥x− x0∥;
5) the relation A is correct (uniformly injective), that is, Ker A = {0} and

γ(A ) > 0;
6) Im A is a closed complemented subspace in Y (in particular, the quantity

(1.3) is positive);
7) Im A is a closed subspace of codimension 1 6 m = codim Im A 6 ∞ in Y ;
8) Im A = Y , that is, A is a surjective relation;
9) A is a continuously invertible relation.

If a relation A meets all the conditions in some set S0 = {i1, . . . , ik} of condi-
tions, where 1 6 i1 < · · · < ik 6 9, then we say that A is in the state S0. We
denote the set of states of A by Stinv(A ).

Definition 1.2. If a relation A ∈ LRC(X ,Y ) is in one of the states {1, 7}, {2, 7},
and {2, 8} with n,m <∞, then it is called a Fredholm or Φ-relation. If A is in one
of the states {1, 7}, {2, 7}, and {2, 8} with only one ofm and n finite, then it is called
a semi-Fredholm relation (Φ+-relation if n < ∞ and Φ−-relation if m <∞). The
integer ind A = dimKer A − codim Im A , where codim ImA = dim(Y / Im A ), is
called the index of the (semi-)Fredholm relation A .

Definition 1.3. A pair E, F of closed subspaces of X is said to be regular if X
is their direct sum: X = E ⊕ F .

Definition 1.4. Let E and F be closed subspaces of a Banach space X . Consider
the following conditions:

1) E ∩ F = {0};
2) 1 6 n = dim(E ∩ F ) 6 ∞;
3) E ∩ F is a complemented subspace of X ;
4) E + F is a closed subspace of X , or equivalently, the quantity

γ(E,F ) = inf
x∈E, x/∈F

dist(x, F )
dist(x,E ∩ F )

(6 1) (1.4)

is positive if E does not lie in F ;
5) E ∩ F = {0} and γ(E,F ) > 0 (a correct pair of subspaces);
6) E + F is a closed complemented subspace in X ;
7) E + F is a closed subspace of codimension 1 6 m 6 ∞ in X ;
8) E + F = X ;
9) X = E ⊕ F .
If a pair E, F of subspaces of X satisfies all the conditions in some set of

conditions S0 = {i1, . . . , ik}, where 1 6 i1 < i2 < · · · < ik 6 9, then we say that
the pair E, F is in the state S0. We denote the set of states of E, F by Streg(E,F ).
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Definition 1.5. If a pair E, F of closed subspaces of a Banach space X is in one of
the states {1, 7}, {2, 7}, or {2, 8} with n,m <∞ (in particular, the quantity in (1.4)
is positive), then E, F is said to be a Fredholm pair. If the pair E, F is in one of the
states {1, 7}, {2, 7}, or {2, 8} with only one of the integers n and m finite, then it is
said to be semi-Fredholm. The number ind(E,F ) = dim(E ∩ F ) − codim(E + F )
is called the index of the (semi-)Fredholm pair E, F .

Remark 1.1. The equality Stinv(A ) = Stinv(B) for A ∈ LRC(X1,Y1) and B ∈
LRC(X2,Y2), where Xk and Yk, k = 1, 2, are Banach spaces, will indicate (in
statements below) that each of the 9 properties in Definition 1.1 above holds (or
does not hold) simultaneously for A and B. The equality Stinv(A ) = Streg(E,F )
for A ∈ LR(X1,X2) and a pair E, F of closed subspaces of a Banach space X
indicates that if some property in Definition 1.1 holds for A , then the property
with the same number in Definition 1.4 holds for the pair of subspaces E, F , and
conversely.

We shall define and investigate differential and difference operators with the use
of a family of evolution operators, which do not necessarily correspond to a differ-
ential equation of the form (1.1).

Let J be a subset of R with the induced topology, and let ∆J = {(t, s) ∈ J2 :
s 6 t} ⊂ R2. A map U : ∆J → EndX is called a (strongly continuous and expo-
nentially bounded) family of (‘forward ’) evolution operators on J if the following
conditions are satisfied:

1) U (t, t) = I is the identity operator for each t ∈ J;
2) U (t, s)U (s, τ) = U (t, τ) for τ 6 s 6 t, s, t, τ ∈ J;
3) for each x ∈ X the map (t, s) 7→ U (t, s)x : ∆J → X is continuous;
4) there exist constants M > 1 and α ∈ R such that

∥U (t, s)∥ 6 Meα(t−s), s 6 t, s, t ∈ J.

The family U : ∆J → EndX is called a family of (‘backward ’) evolution operators
if conditions 1), 3), and 4) in the above definition are fulfilled, while 2) is replaced
by the condition

2′) U (s, τ)U (τ, t) = U (s, t) for all s 6 τ 6 t in J.
If J ⊂ Z, then we say that the family U : ∆J → EndX is discrete. Unless other-

wise stated, in what follows we deal with families of ‘forward’ evolution operators.
Let R−,a = (−∞, a], Ra,+ = [a,∞) and R− = (−∞, 0], R+ = [0,∞).
Families of evolution operators occur in a natural way in connection with the

representation of solutions to the abstract Cauchy problem

x(s) = x0 ∈ D(A(s)), t > s, t, s ∈ J, (1.5)

for the linear differential equation (1.2), where J is one of the sets [a, b], R−,a,
Ra,+, R.

We say that a family of evolution operators U : ∆J → EndX solves the abstract
Cauchy problem (1.2), (1.5) if for each s ∈ J there exists a subspace Xs of D(A(s))
which is dense in X and has the following properties: for each x0 ∈ Xs the function
x(t) = U (t, s)x0, t ∈ J, is differentiable for t > s, x(t) ∈ D(A(t)) for every t ∈ J,
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and equalities (1.5) and (1.2) hold. In this case we also say that the family U
corresponds to the problem (1.5), (1.2).

If f : J → X is a function in the linear space L1
loc(J, X) of locally integrable

Bochner-measurable (classes of) functions defined on J and taking values in X,
then by a (weak) solution of (1.1) (under the condition that the family U on J
solves the Cauchy problem (1.5), (1.2)) we mean an arbitrary continuous function
x : J → X such that

x(t) = U (t, s)x(s)−
∫ t

s

U (t, τ)f(τ) dτ (1.6)

for all s 6 t in J.
We stress that the linear operators under consideration in this paper are con-

structed from an arbitrary family of evolution operators. Nevertheless, we call them
‘differential operators’.

With any family of evolution operators U : ∆J → EndX, where J is an interval
of R, we can associate the linear operator

Lmax = Lmax,J : D(Lmax) ⊂ L1
loc(J, X) → L1

loc(J, X),

defined as follows. A continuous function x : J → X is in D(Lmax) if there exists
a function f ∈ L1

loc(J, X) such that (1.6) holds for all s 6 t in J. The function
f is uniquely defined, so the definition of the operator Lmax is consistent (the
consistency of the definition of Lmax follows from the fact that the points in J
which are not Lebesgue points of an integrable function form a set of measure
zero).

Let F = F (J, X) be a homogeneous function space (see § 2). Some instances of
homogeneous spaces are given by the Banach spaces

Lp(J, X) for p ∈ [1,∞], Sp(J, X) for p ∈ [1,∞], Cb(J, X)

defined in § 2.
In what follows we let E be a closed linear subspace of X.
Let a ∈ R and let J ∈ {R−,a,Ra,+,R}. In this paper we investigate the operators

L = LU : D(L ) ⊂ F (R, X) → F (R, X),

L a,+
E : D(L a,+

E ) ⊂ F (Ra,+, X) → F (Ra,+, X),

L −,a
E : D(L −,a

E ) ⊂ F (R−,a, X) → F (R−,a, X)

with respective domains

D(L ) = {x ∈ D(Lmax,R) ∩F (R, X) | Lmaxx ∈ F (R, X)},
D(L a,+

E ) = {x ∈ D(Lmax,R) ∩F (Ra,+, X) | x(a) ∈ E,
Lmax,Ra,+x ∈ F (Ra,+, X)},

D(L −,a
E ) = {x ∈ D(Lmax,R−,a

) ∩F (R−,a, X) | x(a) ∈ E,
Lmax,R−,a

x ∈ F (R−,a, X)}.
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Here if x lies in the domain of the corresponding operator, then the value of the
latter on the function x is taken to be f = Lmax,J x, so that the pair (x, f) satis-
fies (1.6). If a = 0, then let

L +
E = L a,+

E and L −
E = L −,a

E .

We note that L and L −,a
E are closed operators, whereas L a,+

E is not necessarily
closed (see [19], Example 5.1).

When a family U solves the Cauchy problem (1.2), (1.5), we shall occasionally
use the notation −d/dt+A(t) for the operators introduced above.

Let J ∈ {R−,R}. Then we have the well-defined semigroup T : R+ → End F of
weighted shift operators of the form

(T (t)x)(s) = U (s, s− t)x(s− t), s ∈ J, x ∈ F , t > 0, (1.7)

in the Banach space F = F (J, X). For J = R and a Hilbert space X such
a semigroup was introduced by Howland [20] in the Hilbert space L2(R, X), in the
case when the operators U (t, s), t, s,∈ R, are unitary. The following two theorems
allow us to use the theory of operator semigroups and difference operators.

Theorem 1.1 [13], [14]. If F (R, X) ∈ {Lp(R, X), p ∈ [1,∞); C0(R, X)}, then the
operator semigroup (1.7) is strongly continuous and has the generator L = LU .

Theorem 1.2. The spectra of the operators T (t) ∈ End F (R, X), t ∈ R+ , are
related by

σ(T (t)) \ {0} = expσ(L )t = {exp(λt);λ ∈ σ(L )}.
For F (R, X) ∈ {Lp(R, X), p ∈ [1,∞); C0(R, X)} Theorem 1.2 was proved in

[13], [14], [16], and [17]. In fact, more general spaces were considered in [13] and [14].
Here and throughout, C0(J, X) denotes the subspace of functions x in Cb(J, X)
such that lim|t|→∞ ∥x(t)∥ = 0. There is no direct analogue of Theorem 1.1 for the
operator L +

E , but in [19] we introduced a semigroup of difference relations on
the Banach space F (R+, X) and proved an analogue of Theorem 1.2.

The application of difference operators in (1.7) and difference relations on the
space F (J, X) to the investigation of the operators L and L +

E meets with dif-
ficulties because the use of the dual space of F (J, X) is problematic. Moreover,
it is difficult to apply the spectral theory of operators to L and L +

E because of
unbounded components of the spectra.

In this paper we study the differential operators under consideration by making
essential use of difference operators and difference relations on homogeneous spaces
of sequences of vectors. Usually, such operators and relations have bounded spec-
tral components, and so for a given spectral component we can construct a Riesz
projection. We can say that difference operators and difference relations play the
same role in the investigation of differential equations on an infinite interval as
the monodromy operator plays in the analysis of differential equations with peri-
odic coefficients.

The notion of a homogeneous sequence space F (Jd, X) is introduced in § 2.
Let Jd be one of the following subsets of the set of integers:

Z, Z−,m = (−∞,m] ∩ Z, Zm,+ = [m,∞) ∩ Z, m ∈ Z,
Z− = {n ∈ Z | n 6 0}, Z+ = {n ∈ Z | n > 0}.
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One example of a homogeneous space is given by the Banach space ℓp(Jd, X),
p ∈ [1,∞], of sequences x : Jd → X such that the following quantity (taken to be
the norm) is finite:

∥x∥p =
( ∑

k∈Jd

∥x(k)∥p

)1/p

, p ∈ [1,∞); ∥x∥∞ = sup
k∈Jd

∥x(k)∥, p = ∞.

We shall occasionally denote a sequence x : N → X by (xn).
Let U : Jd → EndX be a bounded function and E a closed subspace of the

Banach space X.
We shall investigate the linear difference operators

D ∈ End F (Z, X), D−,a
E : D(D−,a

E ) ⊂ F (Z−,a, X) → F (Z−,a, X), a ∈ Z,

and the difference relations Da,+
E ∈ LRC(F (Za,+, X)), a ∈ Z, defined by

(Dx)(n) = x(n)− U(n)x(n− 1), n ∈ Z, x ∈ F (Z, X), (1.8)

(D−,a
E x)(n) = x(n)− U(n)x(n− 1), n 6 a, x ∈ D(D−,a

E ), (1.9)

where D(D−,a
E ) = {x ∈ F (Z−,a, X) | x(a) ∈ E},

Da,+
E = {(x, y) ∈ F (Za,+, X) | y(n) = x(n)− U(n)x(n− 1), n > a+ 1,

y(a) = x(a) + x0 for some x0 ∈ E}. (1.10)

If a = 0, then let D−
E = D−,a

E , D+
E = Da,+

E . Note that in the definition of the
difference relation Da,+

E we can consider the function U as being defined on Za+1,+.
To investigate the operators D and D−,a

E and the relations Da,+
E we shall use

the corresponding discrete families of evolution operators U = Ud = UJd
: ∆Jd

→
EndX defined by

Ud(n,m) = UJd
(n,m) =

{
U(n)U(n− 1) · · ·U(m+ 1), m < n,

I, m = n,
(1.11)

where m,n ∈ Jd ∈ {Z,Z−,a,Za,+}. We shall obtain results for difference operators
and relations without assuming that the family Ud is generated by a family of
evolution operators U : ∆J → EndX with J ∈ {R−,R+,R}.

For the differential and difference operators (difference relations) under consid-
eration we shall investigate the properties listed in Definition 1.1 using the notion
of an exponential dichotomy for a family of evolution operators.

Definition 1.6. Let J be a subset of R with the topology inherited from R. We
say that a family of evolution operators U : ∆J → EndX admits an exponen-
tial dichotomy on a subset Ω of J, if there exist a bounded strongly continuous
projection-valued function P : Ω → EndX and constants M0 > 1 and γ > 0 such
that the following properties hold:

1) U (t, s)P (s) = P (t)U (t, s) for t > s, t, s ∈ Ω;
2) ∥U (t, s)P (s)∥ 6 M0 exp(−γ(t− s)) for s 6 t, s, t ∈ Ω;
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3) for s 6 t, s, t ∈ Ω, the restriction Ut,s : X ′(s) → X ′(t) of the operator U (t, s)
to the range X ′(s) = ImQ(s) of the projection Q(s) = I − P (s) complementary to
P (s) is an isomorphism between the spaces X ′(s) and X ′(t) = ImQ(t) (we set
U (s, t) ∈ EndX equal to U −1

t,s on X ′(t) and to the zero operator on X(t) =
ImP (t) ⊂ X );

4) ∥U (s, t)∥ 6 M0 exp γ(s− t) for all t > s in Ω.
We call the pair of projection-valued functions in this definition a splitting pair

for the family U . If P = 0 or Q = 0, then we say that the trivial exponential
dichotomy holds for U on Ω.

A similar definition of an exponential dichotomy is also given in the case when
U is a family of ‘backward’ evolution operators.

Theorem 1.3. Let L +
E : D(L +

E ) ⊂ F (R+, X) → F (R+, X) be a closed linear
operator in a homogeneous function space F (R+, X). Then

Stinv(L +
E ) = Stinv(D+

E ), (1.12)

where the relation D+
E is considered on the homogeneous sequence space F (Z+, X)

associated with F (R+, X) (see Remark 2.1). In particular, L +
E and D+

E simul-
taneously have (or do not have) the (semi-)Fredholm property, and if they are
(semi-)Fred-holm, then

dim KerL +
E = dimKer D+

E , codim ImL +
E = codim Im D+

E ,

and ind L +
E = indD+

E .
(1.13)

This theorem is proved at the end of § 4. Also there, in Remark 4.1, we clar-
ify property 3) in Definition 1.1 for the operator L +

E . The next theorem is an
immediate consequence of Theorems 1.3 and 1.7–1.9.

Theorem 1.4. The Fredholm property of the operator L +
E and its index are inde-

pendent of the choice of the homogeneous space F (R+, X).

The inclusion Stinv(L +
E ) ⊂ Stinv(D+

E ) was proved in [19], Theorem 5.8. Further-
more, for each of the 9 properties in Definition 1.1, except for property 3) concerning
the kernel being complemented, it was proved in [19] that if the property holds for
D+

E , then it also holds for L +
E .

The analogues of Theorems 1.3 and 1.4 also hold for the operators L −
E and D−

E .

Theorem 1.5. The linear operator L : D(L ) ⊂ F (R, X) → F (R, X) in a homo-
geneous space F (R, X) and the difference operator D ∈ End F (Z, X) in the
homogeneous sequence space F (Z, X) associated with F (R, X) have the same sets
of states:

Stinv(L ) = Stinv(D). (1.14)

In particular, the operators L and D simultaneously have (or do not have) the
(semi-)Fredholm property, and if they are (semi-)Fredholm, then

dim KerL = dimKer D , codim Im L = codim Im D , ind L = indD . (1.15)

Theorem 1.6. The Fredholm property of an operator L and its index are inde-
pendent of the choice of the homogeneous space F (R, X).
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Note that Theorem 1.6 is an immediate consequence of Theorems 1.5, 1.13, 1.15,
and 1.16.

Definition 1.7. Let J be a subset of R containing a sequence (tn) such that
limn→∞ tn = ∞ (or limn→∞ tn = −∞). We say that a family of evolution oper-
ators U : ∆J → EndX is non-singular at +∞ (at −∞) if there exists an a ∈ J
such that the family U admits an exponential dichotomy on the set J ∩ [a,∞) (on
J ∩ (−∞, a]), respectively).

Theorem 1.7. Let U : ∆Z+ → EndX be a family admitting an exponential dicho-
tomy on the set Za,+ (where a ∈ Z+) with splitting pair of projection-valued func-
tions P+, Q+ : Za,+ → EndX . Then

Stinv(D+
E ) = Stinv(N +

a ), (1.16)

where the operator N +
a : E → ImQ+(a) is defined by

N +
a x = Q+(a)U (a, 0)x, x ∈ E. (1.17)

Theorem 1.8. Let U : ∆Ra,+ → EndX be a family of evolution operators admit-
ting an exponential dichotomy on Ra,+ (where a ∈ R+) with splitting pair of
projection-valued functions P+, Q+ : Ra,+ → EndX . Then

Stinv(L +
E ) = Stinv(N +

a ), (1.18)

where the operator N +
a : E → ImQ+(a) is defined by (1.17).

Theorem 1.9. The following conditions are equivalent:
1) the operator L +

E : D(L +
E ) ⊂ F (R+, X) → F (R+, X) is Fredholm;

2) there exists an a ∈ R+ such that the family U admits an exponential dichotomy
on [a,∞) with a splitting pair of projection-valued functions P+, Q+ : [a,∞) →
EndX such that the operator N +

a : E → ImQ+(a) defined by (1.17) is Fredholm.
If condition 2) holds, then

dim KerL +
E = dimKer N +

a , codim Im L +
E = codim Im N +

a ,

and ind L +
E = indN +

a .
(1.19)

Theorem 1.10. Assume that all the operators U (t, s), s < t, s, t ∈ R+ , are
compact and the family of evolution operators U : ∆R+ → EndX is non-singular
at +∞. Then the following conditions are equivalent:

1) the operator L +
E : D(L +

E ) ⊂ F (R+, X) → F (R+, X) is Fredholm;
2) the relation D+

E ∈ LRC(F (Z+, X)) is Fredholm;
3) E is a finite-dimensional subspace of X .

Theorem 1.11. Let U : ∆R+ → X be a family of evolution operators admitting
an exponential dichotomy on R+ with splitting pair of projection-valued functions
P,Q : R+ → EndX . Then

Stinv(L +
E ) = Stinv(D+

E ) = Streg(E, ImP (0)).
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Importantly, if a family of evolution operators U : ∆R+ → EndX is constructed
for the differential equation (1.2) with function A in S1(R+,EndX) and if U is
non-singular at +∞, then it admits an exponential dichotomy on R+. However,
more general families of evolution operators do not have this property. If L +

E

is a Fredholm operator, then the family U is non-singular at +∞, but U does
not necessarily have the property of exponential dichotomy on R+ (on Z+; see
Example 8.6).

Many of the results obtained in this paper for operators D ∈ End F (Z, X) and
L : D(L ) ⊂ F (R, X) → F (R, X) hold under the following assumption.

Assumption 1.1. Let J ∈ {Z,R}. There exist a, b ∈ J, a 6 b, such that the family
of evolution operators U : ∆J → EndX admits an exponential dichotomy on the
sets J−,a = {t ∈ J | t 6 a} and Jb,+ = {t ∈ J | t > b} with splitting pairs of
projection-valued functions P−, Q− : J−,a → EndX and P+, Q+ : Jb,+ → EndX ,
respectively.

Important results on the operator L were obtained by Zhikov [8], who proved
that the operator L is invertible in the space Cb(R, X) if and only if the family U
admits an exponential dichotomy. Subsequently, these results were presented in
the monograph [9]. We note also that [8] and [9] put the use of operator theory
in the analysis of qualitative properties of solutions of differential equations in
a Banach space on a systematic basis.

It follows from the statements of the above results that we shall investigate the
differential and difference operators (and equations) under consideration by making
essential use of the notion of an exponential dichotomy for a family of evolution
operators defining the operator in question. The property of exponential dichotomy
of a family of evolution operators emerges in the most natural fashion when we look
at the continuously invertible difference operator D = DU defined by (1.8). Then
the spectrum σ(K ) of the weighted shift operator K = I −D contains no points
in the unit circle T = {λ ∈ C | |λ| = 1}. Hence σ(K ) = σint ∪ σout, where
σint = {λ ∈ σ(K ) | |λ| < 1}.

This representation for σ(K ) enables us to construct Riesz projections Pint

and Pout = I − Pint for the spectral sets σint and σout so that σ(K | F int) =
σint and σ(K | F out) = σout, where Fint = Im Pint and Fout = Im Pout. It
can also be proved that Pint and Pout are the operators of multiplication by
bounded operator-valued functions, and therefore r(Kint) < 1 (where r( · ) is the
spectral radius and Kint = K | F int is the restriction of K to Fint), the operator
Kout = K | F out has a continuous inverse, and r(K −1

out ) < 1. Elaborating on the
indicated properties (as done in [1], Theorem 6.1), we arrive at the properties 1)–4)
in Definition 1.6 for an exponential dichotomy of the family of evolution operators
Ud defined by (1.11) on the set Z. If a family Ud is the restriction of a family of
evolution operators U : ∆R → EndX to ∆Z, then U also admits an exponential
dichotomy. We see that the following properties are equivalent (see [13] and [14]):

1) the operator D ∈ End F (Z, X) has a continuous inverse;
2) the operator L = LU : D(L ) ⊂ F (R, X) → F (R, X) has a continuous

inverse;
3) the family of evolution operators U : ∆R → EndX admits an exponential

dichotomy on R.
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If the continuous invertibility of the operator D (or L ) is replaced by the
Fredholm property for it, then Assumption 1.1 holds for the family Ud (for U )
in view of Theorem 1.15 (Theorem 1.16, respectively). Example 8.6 gives a fam-
ily of evolution operators U : ∆R → EndX admitting an exponential dichotomy
on R− and [1,∞), but not on R. By Theorems 1.15 and 1.16, if Assumption 1.1
holds, then the Fredholm property of the operators DU and LU depends on the
linear operator

Nb,a : ImQ−(a) → ImQ+(b), Nb,ax = Q+(b)U (b, a)x, x ∈ ImQ−(a). (1.20)

This was defined in [20] and [21], where it was called the node operator. It is
important to look at this operator, since it acts between subspaces of the phase
space X (rather than in F (J, X)). By Theorems 1.12 and 1.13 stated below and
also by their consequence Theorem 1.14, the properties of the operators D and L
are most closely connected with the properties of Nb,a (their sets of states are the
same).

Below we consider the difference operator D ∈ End F (Z, X) defined by (1.8)
and the operator L = LU : D(L ) ⊂ F (R, X) → F (R, X). The operator D is
constructed from a bounded function U : Z → EndX. Below we also use the family
of evolution operators U = Ud : ∆Z → EndX defined by (1.11).

Theorem 1.12. Suppose that Assumption 1.1 holds for the family U = Ud : ∆Z →
EndX . Then

Stinv(D) = Stinv(Nb,a).

In particular, D is (semi-)Fredholm if and only if the node operator Nb,a is. If D
is Fredholm, then

dim KerD = dimKer Nb,a, codim Im D = codim Im Nb,a, ind D = indNb,a.

The next result follows from Theorems 1.5 and 1.12.

Theorem 1.13. Suppose that Assumption 1.1 holds for a family of evolution oper-
ators U : ∆R → EndX . Then

Stinv(L ) = Stinv(Nb,a).

In particular, L is (semi-)Fredholm if and only if the node operator Nb,a is. If L
is (semi-)Fredholm, then

dim KerL = dimKer Nb,a, codim Im L = codim Im Nb,a, ind L = indNb,a.

Corollary 1.1. If the operator D (or L ) is (semi-)Fredholm in some homogeneous
sequence (or function) space, then it is (semi-)Fredholm in any homogeneous space
and its index (as well as the dimension of the kernel and the codimension of the
range) is independent of the particular homogeneous space in which it acts.

Assumption 1.2. The family U : ∆J → EndX , where J ∈ {Z,R}, admits an
exponential dichotomy on the sets

J− = J ∩ R− and J+ = J ∩ R+

with splitting pairs of projection-valued functions P−, Q− : J− → EndX and
P+, Q+ : J+ → EndX , respectively.
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Theorem 1.14. Suppose that Assumption 1.2 holds for a family of evolution
operators U : ∆R → EndX . Then

Stinv(L ) = Streg
(
ImQ−(0), ImP+(0)

)
. (1.21)

In particular, the operator L is (semi-)Fredholm if and only if the subspaces
ImP−(0) and ImQ+(0) form a (semi-)Fredholm pair. If L is a (semi-)Fredholm
operator, then

dim KerL = dim(ImP−(0) ∩ ImQ+(0)),
codim Im L = codim(ImP−(0) + ImQ+(0)),

ind L = ind
(
ImP−(0), ImQ+(0)

)
.

For the operator D we shall establish Theorem 5.4, whose result corresponds
to Theorem 1.14. Equality (1.21) allows us to conclude that the set Stinv(L ) is
independent of the homogeneous space in which L acts. Theorem 1.14 is a direct
consequence of Theorems 1.5 and 5.4.

The first results on the Fredholm property of the ordinary differential operator

L = − d

dt
+A(t) : C1

b (R, X) ⊂ Cb(R, X) → Cb(R, X),

where A ∈ Cb(R,EndX) and dimX <∞, were proved by Mukhamadiev in [22] and
in his D.Sc. Thesis [23]. He obtained results on the Fredholm property of L in terms
of the limiting operators and limiting solutions to the homogeneous equation (1.2).
The first results on the Fredholm property of L (which went unnoticed) were
obtained by Isaenko [24] using the property of exponential dichotomy of a family of
evolution operators. He proved that the operator L is Fredholm if and only if the
family of evolution operators admits an exponential dichotomy on R+ and R−. For
the operator L = −d/dt+A(t) in the Banach space Cb(R,Cn) the same result was
obtained by Palmer [25] and in [26], where L was considered to act in the Hilbert
space L2(R,Cn).

In the following two theorems we give necessary and sufficient conditions for the
Fredholm property of the difference operator D ∈ End F (Z, X) defined by (1.8)
and of the operator L = LU : D(L ) ⊂ F (R, X) → F (R, X).

Theorem 1.15. The operator D ∈ End F (Z, X) is Fredholm if and only if the
family U = Ud : ∆Z → EndX satisfies Assumption 1.1 and the node operator
Nb,a : ImQ−(a) → ImQ+(b) is Fredholm. If these operators are Fredholm, then
their indices coincide, as do the dimensions of their kernels and the codimensions
of their ranges.

Theorem 1.16. The operator L = LU is Fredholm if and only if the family
of evolution operators U : ∆R → EndX satisfies Assumption 1.1 and the node
operator Nb,a : ImQ−(a) → ImQ+(b) is Fredholm.

The fact that the conditions in Theorems 1.15 and 1.16 are sufficient was proved
in [43] and [21]. This also follows from Theorems 1.12 and 1.13.
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The proof that these conditions are necessary was initially given under certain
additional assumptions (see [27] for a reflexive spaceX and [17], where the scheme of
the proof was presented). It was observed in [29] that these additional assumptions
were superfluous.

In [29] the necessity in Theorem 1.16 was proved for the spaces Lp(R, X) with
p ∈ [1,∞) and C0(R, X). For Cb(R, X) Theorem 1.16 is new. The history relating
to the Fredholm property of differential operators was described in greater detail
in [19] and [27]–[29], where examples of Fredholm operators were also discussed.

Corollary 1.2. If D (or L ) is a Fredholm operator in some homogeneous sequence
(function) space, then it is Fredholm in any homogeneous space and its index (as
well as the dimension of its kernel and the codimension of the range) is independent
of the homogeneous space in which it acts.

Theorem 1.17. If a family of evolution operators U : ∆R → EndX satisfies
Assumption 1.1 with Q− = 0 and Q+ = 0 (a trivial dichotomy holds on R−,a

and Rb,+), then the operator L has a continuous inverse.

A similar result holds for the operator D . It is stated in Theorem 5.2. Theo-
rem 1.17 is a consequence of Theorem 5.2 and Theorem 1.5.

Corollary 1.3. For a family of evolution operators U : ∆R → EndX assume that
the limits

lim
t→±∞

U (t, t− 1) = B± ∈ EndX

exist in the uniform operator topology and their spectral radii satisfy r(B±) < 1.
Then the operator L : D(L ) ⊂ F (R, X) → F (R, X) under consideration has
a continuous inverse in any homogeneous space F (R, X).

Corollary 1.4. Let U : ∆R → EndX be a family satisfying the assumptions of
Theorem 1.17 and let B ∈ C0(R,EndX). Then the operator L + B , where B is
the operator of multiplication by the function B in F (R, X), has a continuous
inverse.

Possible applications to partial differential equations were rather thoroughly
described in [8], [9], [19], [14]–[17], [27]–[29]. Applications to the Wiener–Hopf
equations were discussed in [19] and [28]. In § 8 we look at several examples of
operators to which the above results can be applied.

2. Homogeneous function spaces

2.1. Main function spaces. We consider several spaces of vector-valued func-
tions on an interval J ∈ {[a, b], (−∞, a], [a,∞),R} which are most useful for us. All
of them are Banach spaces lying in the linear space L1

loc(J, X) of locally integrable
(Bochner measurable) functions on J taking values in a Banach space X. Here are
some of them:
Lp = Lp(J, X), p ∈ [1,∞], the (Banach) space of functions x ∈ L1

loc(J, X) with
finite quantity

∥x∥p =
(∫

J
∥x(τ)∥p dτ

)1/p

, p ̸= ∞, ∥x∥∞ = ess sup
τ∈J

∥x(τ)∥, p = ∞

(taken to be the norm in the corresponding space);
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Sp = Sp(J, X), p ∈ [1,∞), the Stepanov space of functions x ∈ L1
loc(J, X) with

finite quantity

∥x∥Sp = sup
t∈J

(∫ 1

0

∥x(s+ t)∥p ds

)1/p

if J ∈ {R+,R}, while if J = R−a, then the interval of integration is [a− 1, a], and if
J = Ra,+, then it is [a, a+ 1];
C0 = C0(J, X), the subspace of functions x in Cb(J, X) such that

limt∈J,|t|→∞ ∥x(t)∥ = 0.
We now suppose that Jd is one of the sets Z−, Z+, and Z, with Jd = Z− if

J = R−,a, Jd = Z+ if J = Za,+, and Jd = Z if J = R.
We introduce yet another family of Banach spaces (Wiener amalgam spaces):

Lp,q = Lp,q(J, X), p = 0 or p ∈ [1,∞], q ∈ [1,∞],

where J ∈ {R−,a,Ra,+,R}. The Banach space Lp,q(R, X) consists of the functions
x ∈ L1

loc(R, X) described as follows. We assign to a function x the sequence (xn),
n ∈ Z, where xn(s) = x(s + n) for s ∈ [0, 1] and xn ∈ L1([0, 1], X). A function x
will be put in the space Lp,q(R, X) if xn ∈ Lq([0, 1], X) for n ∈ Z and the sequence
(xn) belongs to ℓp(Z, Lq([0, 1], X)). For p = 0 the sequence (xn) is assumed to
belong to the space c0(Z, Lq([0, 1], X)). The norm of a function x ∈ Lp,q(R, X) is
taken to be

∥x∥p,q =


∥(xn)∥p =

( ∞∑
n=∞

∥xn∥p
q

)1/p

for p ∈ [1,∞), q ∈ [1,∞],

sup
n∈Z

∥(xn)∥q for p ∈ {0,∞}, q ∈ [1,∞].

The spaces Lp,q(J, X) for J ∈ {R−,a,Ra,+} are similarly defined, but for
x ∈ Lp,q(J, X) the sequence (xn) is one-sided. Clearly, Lp,p(J, X) = Lp(J, X)
for p ∈ [1,∞], and the Banach space L∞,q(J, X) coincides with the Stepanov
space Sq(J, X) for q ∈ [1,∞). If X ∈ {R,C}, then we drop the symbol X from the
notation for the spaces. For example, Lp,q(J) = Lp(J, X).

2.2. Homogeneous spaces of functions and sequences. We now axiomatize
the class of function spaces in which the linear operators act that are constructed
from a family of evolution operators U : ∆J → EndX with J ∈ {R−,a,Ra,+, J} and
a ∈ R. Let J(n) denote an interval of the form

J(n) =


[n, n+ 1), n ∈ Z if J = R,
[a+ n, a+ n+ 1), n ∈ Z+ if J = Ra,+,

(a+ n− 1, a+ n], n ∈ Z− if J = R−,a.

Definition 2.1. We call the Banach space F (J) of measurable real functions on J
a homogeneous space of measurable functions if the following conditions hold:

1) F (J) lies in L1
loc(J) = L1

loc(J,R), and
∫ b+1

b

|x(τ)| dτ 6 c∥x∥F(R) for x ∈

F (R), where c > 0 if [b, b+ 1] ⊂ J;
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2) F (J) is a Banach lattice, which means that if ψ ∈ F (J) and ϕ : J → R is
a measurable function such that |ϕ(t)| 6 |ψ(t)| for almost all t ∈ R+, then ϕ ∈ F (J)
and ∥ϕ∥ 6 ∥ψ∥;

3) if J = R, then the shift operators S(t) ∈ End F (J) of the form

(S(t)x)(τ) = x(τ + t), τ, t ∈ J, x ∈ F (J), (2.1)

are defined and bounded, while if J = Ra,+, then the operators of the form (2.1) are
defined and bounded, and for t < 0 in J this also holds for the operators

(S+(t)x)(τ) =

{
x(τ + t) if τ + t > a,

0 if a > τ + t,

and finally, if J = R−,a and t 6 0, then the operators (2.1) are defined and
bounded, and for t > 0 in J this also holds for the operators

(S−(t)x)(τ) =

{
0 if τ + t > a,

x(τ + t) if τ + t 6 a,

furthermore, supt∈R ∥S(t)∥ <∞ and supt>0 ∥S−(t)∥ <∞;
4) the characteristic function χ[b,b+1] of the interval [b, b + 1] (b = 0 if J = R,

b = a if J = Ra,+, and b = −a if J = R−,a) belongs to F (J, X), and for each
x ∈ F (J) the function x̃ : R → R defined by

x̃(t) = ∥χJ(n)x∥S1(J), t ∈ J(n), n ∈ Jd,

belongs to F (J) and ∥x̃∥ 6 ∥x∥.
We consider the linear subspace Fs(J) of functions in the homogeneous space

F (J) which are constant on each interval J(n), n ∈ Jd. Starting from this closed
subspace Fs(J), we define the Banach space Fs(Jd) of real sequences x : Jd → R
such that the function x̃ : J → R defined by the equality x̃(t) = x(n) for t ∈ J(n)
and n ∈ Jd belongs to Fs(J), and we let ∥x∥ = ∥x̃∥F(J). We call this Banach
sequence space F (Jd) the space associated with F (J). By definition it has proper-
ties analogous to those of the homogeneous space F (J).

Definition 2.2. The homogeneous space of measurable vector-valued functions cor-
responding to the homogeneous space F (J) is defined to be the Banach space
F (J, X) of (Bochner) measurable functions x : J → X such that the function
x : J → R with x(t) = ∥x(t)∥ for t ∈ J belongs to F (J), with the norm ∥x∥ =
∥x∥F(J).

Remark 2.1. If F (J, X) is the homogeneous space consisting of the functions cor-
responding to the homogeneous space F (J), then it has the corresponding prop-
erties 1)–4) in Definition 2.1. Let F (Jd, X) be the Banach space of sequences
x : Jd → X with the following properties: the sequence x̃(n) = ∥x(n)∥, n ∈ Jd,
belongs to F (Jd) and ∥x∥F(Jd,X) = ∥x∥F(Jd). We can define the Banach space
F (Jd, X) as the set of sequences of functions x : Jd → X such that the func-
tion y : J → X with y(t) = x(n) for t ∈ J(n) and n ∈ Jd belongs to F (J, X).
Let ∥x∥F(Jd,X) = ∥y∥F(J). We call the resulting sequence space the homogeneous
sequence space associated with F (J, X). The pair of spaces F (J, X), F (Jd, X) is
called an associated pair.
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Remark 2.2. The Banach spaces

Sp(J, X), p ∈ [1,∞), and Lp,q(J, X), p = 0 or p ∈ [1,∞], q ∈ [1,∞],

are homogeneous spaces of measurable functions, and the corresponding associated
sequence spaces are ℓ∞(Jd, X) and ℓp(Jd, X) for p ̸= 0, respectively. For p = 0 the
space L0,q(J, X) is associated with c0(Jd, X).

Remark 2.3. It follows immediately from Definition 2.2 that

L1,∞(J, X) ⊂ F (J, X) ⊂ S1(J, X)

for each homogeneous space F (J, X), and

ℓ1(Jd, X) ⊂ F (Jd, X) ⊂ ℓ∞(Jd, X)

for the homogeneous sequence space F (Jd, X) (associated with F (J, X)).

Remark 2.4. If F (R, X) is a homogeneous function space, then for any α ̸= 0 and β
in R the function space Fα,β(R, X) = {y(t) = x(αt + β), t ∈ R | x ∈ F (R, X)}
with the norm ∥y∥ = ∥x∥ is also homogeneous.

In addition to homogeneous spaces of measurable functions we shall consider
the Banach space of bounded continuous functions Cb(J, X) and its subspace
C0(J, X) = {x ∈ Cb(J,X) | lim|t|→∞ ∥x(t)∥ = 0}.

We use the notation F (J, X) both for homogeneous spaces of measurable func-
tions and for Cb(J, X) or C0(J, X). The spaces associated with Cb(J, X) and
C0(J, X) are the sequence spaces ℓ∞(Jd, X) and c0(Jd, X), respectively. In [1] Krein
introduced the notions of a homogeneous space of measurable functions F (R+, X)
and a homogeneous space of vector sequences. Also in [1] he distinguished subspaces
important for the investigation of the operators and relations under consideration,
and obtained estimates for the norms of operators in homogeneous spaces of func-
tions and sequences. By analogy, all these notions and results can be defined and
proved in a natural way for homogeneous spaces of functions and sequences defined
on J ∈ {R−,a,R} and Jd ∈ {Z−,Z}, respectively. We can use the norm estimates
given in [1] in the proofs.

Let F (J, X) be a homogeneous space of measurable functions or one of the
spaces Cb(J, X), C0(J, X). Let Fc(J, X) denote the minimal closed subspace of
F (J, X) containing the functions with compact support in F (J, X). If F (Jd, X)
is a homogeneous sequence space, then Fc(Jd, X) denotes the minimal subspace of
F (Jd, X) containing the finite sequences in F (Jd, X). If F (J, X) = Cb(J, X), then
let Fc(J, X) = C0(J, X).

The homogeneous spaces F = Lp,q(J, X), p = 0, p ∈ [1,∞), q ∈ [1,∞], and
F = Lp(J, X), p ∈ [1,∞), have the property that F = Fc. The space (Sp(J, X))c,
p ∈ [1,∞), coincides with L0,p(J, X), and (L∞(J, X))c = L0,∞(J, X). In addition,
note that (ℓp(Jd, X))c = (ℓp(Jd, X)) for p ∈ [1,∞), and (ℓ∞(Jd, X))c = c0(Jd, X).

3. States of the operator N +
a and

the relation D+
E ; proofs of Theorems 1.7–1.11

Most of the notions and results of the theory of linear relations used here can be
found in [19] and [30] (see also the monographs [31] and [32]). For a linear relation
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A ∈ LR(X ,Y ) the conjugate relation A ∗ ∈ LR(Y ∗,X ∗), is defined by

A ∗ = {(η, ξ) ∈ Y ∗ ×X ∗ | ⟨y, η⟩ = ⟨x, ξ⟩ ∀ (x, y) ∈ A }.

The properties of the conjugate relation used here can be found in [19] and
[30]–[38].

3.1. Kernels and ranges of the operator N +
a and the relation D+

E . In
the first part of this section we consider a discrete family of evolution operators
U = Ud : ∆Z+ → EndX satisfying the following assumption.

Assumption 3.1. There exists an a ∈ Z+ such that the family U admits an expo-
nential dichotomy on the set Za,+ with splitting pair of projection-valued functions
P+, Q+ : Za,+ → EndX .

In what follows we assume without loss of generality that a = 0, that is, we will
look at the relation D+

E . Its kernel has the representation

Ker D+
E = {x ∈ F (Z+, X) | x(n) = U (n, 0)x0, n > 0, x0 ∈ E}.

We also consider the bounded operator Bd : X → F (Z+, X) given by

(Bdx)(n) =

{
U (n, 0)x, 0 6 n 6 a− 1,
U (n, 0)P+(a)x, n > a,

n ∈ Z+, x ∈ X.

Remark 3.1. It follows immediately from the formula for Bd that the sequence Bdx
belongs to the closed subspace Ker D+

E of F (Z+, X) if and only if the vector x ∈ X
lies in the subspace Ker N +

a of X, where the operator N +
a is defined by (1.17).

Remark 3.1 has the following implication.

Lemma 3.1. The operator Bd : X → F (Z+, X) realizes an isomorphism of the
subspaces Ker N +

a and Ker D+
E .

Lemma 3.1 and Remark 3.1 have the following consequence.

Lemma 3.2. If Ker D+
E is a complemented subspace of F (Z+, X) and F0 is

a closed complement of it, that is,

F (Z+, X) = KerD+
E ⊕F0,

then Ker N +
a is a complemented subspace of X and

X = KerN +
a ⊕B−1

d (F0).

In the description of the subspace Im D+
E we shall use the bounded linear oper-

ators Φ0
a,Φa : F (Z+, X) → X defined by the formulae

Φ0
ax = Q+(a)

a−1∑
k=0

U (a, k)x(k) +
∑

k>a+1

U (a, k)Q+(k)x(k),

Φax = Φ0
ax+Q+(a)x(a), x ∈ F (Z+, X).



88 A.G. Baskakov

Lemma 3.3. The following equalities hold for the range Im D+
E of the relation D+

E :

Im D+
E = {z ∈ F (Z+, X) | z(n) = y(n), n ̸= a, and z(a) = ya − Φ0

ay + N +
a x0

for some y ∈ F (Z+, X), ya ∈ ImP+(a), and x0 ∈ E},
Im D+

E = Φ−1
a (Im N +

a ).

3.2. Proofs of Theorems 1.7 and 1.8. The fact that the relation D+
E and

the operator N +
a have the same states (the equalities (1.16)) follows from Lem-

mas 3.1–3.3. Lemma 3.1 shows that the kernels of the relation D+
E and the opera-

tor N +
a have the same dimension. By Lemma 3.3 the subspaces Im D+

E and Im N +
a

have the same codimension in F (Z+, X) and ImQ+(a), respectively.
For the proof of Theorem 1.8 it is sufficient to cite Theorem 1.7, which we have

already proved, and Theorem 1.3, which we will prove (independently) in § 4.

3.3. Proofs of Theorems 1.9–1.11. It follows from Theorem 5.7 in [19] that
the operator L +

E and the relation D+
E have (or do not have) the Fredholm property

simultaneously and their indices coincide. It is easy to see that if D+
E is Fredholm,

then the family U admits an exponential dichotomy on Za,+ for some a ∈ Z+.
By [19], Lemma 6.2, U admits an exponential dichotomy on Ra,+. Equalities (1.19)
follow from equality (1.18) in Theorem 1.8. The proof of Theorem 1.9 is complete.

Theorems 1.10 and 1.11 are immediate consequences of Theorem 1.9.

4. Proofs of Theorems 1.2, 1.3, 1.5

We consider an associated pair of homogeneous spaces F (R, X), F (Z, X) and
the operators L : D(L ) ⊂ F (R, X) → F (R, X),D ∈ End F (Z, X) defined in § 1
(the difference operator D is defined by (1.8)) for a family of evolution operators
U : ∆R → EndX. We shall establish several lemmas and theorems concerning their
kernels and ranges, and these will yield Theorem 1.5. The corresponding results
for the operator L +

E and relation D+
E were proved in [19], § 5. Since the schemes

of the proofs will be the same and some of the results for L and D (and a broad
class of homogeneous spaces) were actually established in [14], some of the proofs
here will be omitted or considerably abridged, and we shall refer to corresponding
results in [14] and [19].

4.1. Proofs of Theorems 1.2 and 1.5. The proof of Theorem 1.2 is similar to
the proof of Theorem 2 in [14]. The boundedness of the operators on F (R, X) was
actually shown in [19], § 2.

The proof of Theorem 1.5 uses the operator B : F (Z, X) → F (R, X) with
(Bx)(s) = −ϕ(s)U (s, n−1)x(n−1) for n ∈ Z and s ∈ [n−1, n] (where ϕ : R → R is
a periodic function with period 1 such that ϕ(s) = 6s(1 − s) for s ∈ [0, 1]), which
realizes an isomorphism of the kernels Ker L and Ker D of the operators L and D .
For the description of the ranges of L and D we can use the bounded operators

B : F (Z, X) → F (R, X), Bx = −ϕBx, x ∈ F (Z, X),
C : F (R, X) → F (Z, X),

(Cy)(n) = −
∫ n

n−1

U (n, τ)y(τ) dτ, n ∈ Z, y ∈ F (R, X).
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They are used to describe the ranges Im L and Im D by the same scheme as in
Lemmas 5.7–5.12 and Theorems 5.1–5.6 of [19], where the operator L +

E and the
relation D+

E were considered. From the analogues of these results we can immedi-
ately deduce Theorem 1.5, that is, the equalities (1.14) and (1.15).

4.2. Proof of Theorem 1.3.

Remark 4.1. The operator L +
E : D(L +

E ) ⊂ F (R+, X) → F (R+, X) in Theo-
rem 1.3 is not necessarily closed (a corresponding example can be found in [19]):
it is closed if and only if its kernel Ker L +

E is closed. In this connection there
arises the problem of interpreting property 3) in Definition 1.1 in the context of
Theorem 1.3. There, in relation to the operator L +

E , this property is understood
as follows: Ker L +

E is a complemented subspace either of F (R+, X) or of D(L +
E )

with the norm

∥x∥ = ∥x(0)∥X + ∥x∥F + ∥L +
E x∥F , x ∈ D(L +

E ) (4.1)

(see [19]).
The space D(L +

E ) with this norm is a Banach space. If F (R+, X) = Cb(R+, X),
then L +

E is a closed operator and the norm (4.1) in D(LE) is equivalent to the
graph norm in D(L +

E ). In the results below we consider the space D(L +
E ) with

the norm (4.1). The subspace Ker L +
E is closed in D(L +

E ) with the norm (4.1).

In the proof of the next result we use the representation for functions in D(L +
E )

obtained in [19] (formula (5.4)). Let λ0 ∈ C be a complex number with Reλ0 > α,
where α ∈ R is taken from the definition of the family of evolution operators
(see § 1). Then the operator L +

{0}−λ0I has a continuous inverse, and each function
x ∈ D(L +

E ) has a representation

x(t) =
(
(L +

{0} − λ0I)−1(L +
E − λ0I)x

)
(t) + e−λ0tU (t, 0)x(0)

= −
∫ t

0

e−λ0(t−τ)U (t, τ)((L +
E − λ0I)x)(τ) dτ + e−λ0tU (t, 0)x(0), t > 0,

(4.2)

where x(0) ∈ E. It follows from (4.2) that this is a consistent definition and the
operator

J+ : D(L +
E ) → F (Z+, X), (J+x)(n) = x(n), n ∈ Z+, x ∈ D(L +

E ),

is bounded.

Theorem 4.1. If Ker D+
E is a complemented subspace of F (Z+, X) and

F (Z+, X) = KerD+
E ⊕F0, (4.3)

where F0 is a closed subspace of F (Z+, X), then Ker L +
E is a complemented sub-

space of D(L +
E ) (with the norm (4.1)) and

D(L +
E ) = KerL +

E ⊕ J−1
+ (F0). (4.4)

Proof. It follows from the definition of J+ that it realizes an isomorphism between
Ker L +

E and Ker D+
E . If y ∈ Ker L +

E ∩J
−1
+ (F0), then J+y ∈ F0 and J+y ∈ Ker D+

E .
Hence y = 0. All this shows that the decomposition (4.4) follows from (4.3). �
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In the next theorem we use the linear operator ΦE : D+
E → D(L +

E ) constructed
in [19], § 5. As shown in Lemma 5.9 in [19],

L +
E ΦE(x0, f) = B+f, (x0, f) ∈ D+

E , (4.5)

where B+ : F (Z+, X) → F (R+, X) is the operator defined in the same way as
B : F (Z, X) → F (R, X).

Theorem 4.2. Let Ker L +
E be a closed complemented subspace of D(L +

E ) with the
norm (4.1) and let

D(L +
E ) = KerL +

E ⊕ F̃ ,

where F̃ is a closed subspace of D(D0
E). Then the Banach space F (Z+, X) has the

direct sum decomposition

F (Z+, X) = Ker D+
E ⊕ F̃d, (4.6)

where

F̃d = P1D
0
E , D0

E = Φ−1
E (F̃ ),

P1 : F (Z+, X)×F (Z+, X) → F (Z+, X), P1(x1, x2) = x1,

(x1, x2) ∈ F (Z+, X)×F (Z+, X).

Proof. Equality (4.5) shows that the operator ΦE : D+
E → D(L +

E ) is continuous.
Since D0

E is a closed subspace of F (Z+, X) ×F (Z+, X), it follows from the def-
inition of P1 that the subspace F̃d is closed. To prove (4.6) it is sufficient to
observe that the domain of the relation D+

E coincides with the whole of F (Z+, X),
and for each pair x0, f ∈ F (Z+, X) we have ΦE(x0, f) ∈ Ker L +

E if and only if
x0 ∈ Ker D+

E . This equivalence follows from the construction of ΦE . �

Proof of Theorem 1.3. The fact that the operator L +
E and the relation D+

E simul-
taneously satisfy the same conditions in Definition 1.1 and, in particular, equalities
(1.12) and (1.13) follow from [19], § 5 and from Theorems 4.1 and 4.2 proved in this
paper. �

5. States of the operator D and the node
operator Nb,a; proof of Theorems 1.15 and 1.12

We consider the difference operator D ∈ End F (Z, X) defined by (1.8) and
constructed from a bounded function U : Z → EndX. The corresponding family of
evolution operators Ud : ∆Z → EndX is defined by (1.11).

Let m ∈ N, m > 2. From D we construct an operator Dm ∈ End F (Z, X). It is
constructed for the function Um : Z → EndX given by Um(n) = U(nm)U(nm− 1)
· · ·U(nm −m + 1) = U (nm, (n − 1)m + 1), n ∈ Z, and U : ∆Z → EndX is the
family of evolution operators of the form (1.11).

The operator Dm is defined by the formula

(Dmx)(x) = x(n)− Um(n)x(n− 1), n ∈ Z, x ∈ F (Z, X).

The family Um of evolution operators corresponding to Um has the form
Um(n, k) = U (mn,mk), k 6 n.

The next theorem is significant for the investigation of the operator D .
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Theorem 5.1. The following equality holds:

Stinv(Dm) = Stinv(D).

Remark 5.1. Let F (Z−, X) be a homogeneous sequence space. Then

F (Z+, X) = {y : Z+ → X | y(k) = x(−k) for some x ∈ F (Z−, X),
k ∈ Z+, with ∥y∥ = ∥x∥F(Z−,X)}

is a homogeneous sequence space.
In a similar way (using a reflection), for a given homogeneous function space

F (R−, X) we define a homogeneous function space F (R+, X). We denote the
isometries (reflections) constructed in the definition of F (Z+, X) and F (R+, X)
by

Vd : F (Z−, X) → F (Z+, X) and V : F (R−, X) → F (R+, X).

Now we consider the difference operator D−
E : D(D−

E ) ⊂ F (Z−, X) → F (Z−, X)
(see formula (1.8)). A direct calculation shows that

D̃+
E = VdD

−
E V −1

d ,

where D̃+
E : D(D̃+

E ) ⊂ F (Z+, X) → F (Z+, X) is the operator

(D̃+
Ex)(n) = x(n)− U(n+ 1)x(n+ 1), n ∈ Z+, x ∈ D(D̃+

E ),

D(D̃+
E ) = {x ∈ F (Z+, X) | x(0) ∈ E}.

Thus, the study of D−
E can be reduced to the study of D̃+

E (these operators are
similar, so that Stinv(D−

E ) = Stinv(D̃+
E )). The converse also holds.

The properties of the relation D+
E (see formula (1.10)) were discussed in [39]–[42].

If F = F (Z, X) = Fc(Z, X), then the dual space F ∗ of F is identified with the
dual′ space F ′ = F ′(Z−, X∗) (here we use Theorem 3.1 in [19]).1

We assume that F = F (Z−, X) = Fc(Z−, X), so that we can identify the dual
space F (Z−, X)∗ and the dual′ space F ′ = F ′(Z−, X∗) (by Theorem 3.1 in [19]).
It follows from the definition of the conjugate relation that (D−

E )∗ ∈ LRC(F ′)
consists of the pairs (η, ξ) ∈ F ′ ×F ′ such that

⟨y, η⟩ =
∑
n60

⟨y(n), η(n)⟩ =
∑
n60

⟨x(n), ξ(n)⟩ = ⟨x, ξ⟩

for all x ∈ F with x(0) ∈ E such that D−
E x = y. Hence (D−

E )∗ can be defined by

(D−
E )∗ = {(η, ξ) ∈ F ′ ×F ′ | ξ(n) = η(n)− U(n+ 1)∗η(n+ 1),

n 6 −1, ξ(0) + η0, η0 ∈ E⊥ = F}.
1Editor’s note. Readers of the English version of [19] may be confused as a result of a question-

able translation there. In the original Russian version of [19], as in the original Russian version
of this paper, the author uses distinct terms to distinguish between the standard dual space and
a certain subspace of that space defined in the context of sequence spaces, which we refer to here
as the dual′ space. Unfortunately, the dual space and this subspace of it are not distinguished in
the terminology of the English version of [19].
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Clearly, D((D−
E )∗) = F ′ and (D−

E )∗0 = {ξ ∈ F ′ | ξ(0) ∈ E⊥, ξ(k) = 0, k 6 −1}.
The operator (D−

X)∗ belongs to End F ′. In the same way we prove that the con-
jugate relation to the operator D̃+

E (which is similar to D−
E ) in Remark 5.3 below

has the form

(D̃+
E )∗ = {(η, ξ) ∈ F ′(Z+, X

∗)×F ′(Z+, X
∗) | ξ(n) = η(n)− U(−n+ 1)∗η(n− 1),

n > 1, ξ(0) = η(0) + η0, η0 ∈ E⊥}.

Remark 5.2. The relations (D−
E )∗ and (D̃+

E )∗ are similar. They are related by the
equality

(D̃+
E )∗ = Ṽd(D−

E )∗Ṽ −1
d ,

where Ṽd : F ′(Z−, X∗) → F ′(Z+, X
∗) is the operator (Ṽdξ)(n) = ξ(−n), n 6 0, ξ ∈

F ′(Z−, X∗). It is important to note that the relation (D̃+
E )∗ ∈ LRC(F ′(Z+, X

∗))
coincides with the relation D+

E⊥
constructed using the function Ũ(n) = U(−n+1)∗,

n ∈ Z+, that is, it belongs to the class of difference relations investigated in § 4
and [19]. Hence we can use the results obtained there.

Thus, for the relation D−
E we have the analogues of all the results obtained in [19]

and in § 3 of the present paper.

5.1. Proof of Theorem 1.15. In [43] (see also [27]) our study of the operator D
used the two difference operators D− = D−,−1

X ∈ End F (Z− \ {0}, X) and D+ =
D+
{0} ∈ End F (Z+, X) defined by the equalities

(D−x)(n) = x(n)− U(n)x(n− 1), n 6 −1, x ∈ F− = F (Z− \ {0}, X),

(D+x)(n) = (D+
{0}x)(n) =

{
x(0), n = 0,
x(n)− U(n)x(n− 1), n > 1, x ∈ F+ = F (Z+, X),

and also the operator

D0 : F− → F+, (D0x)(n) =

{
U(0)x(−1), n = 0,
0, n > 1,

x ∈ F−.

The homogeneous spaces F− and F+ are obtained from F (Z, X) by restricting
the sequences in F (Z, X) to Z− \{0} and Z+, respectively. Thus, F = F (Z, X) =
F−×F+. The spaces F− and F+ can also conveniently be regarded as subspaces
of F , so that F = F− ⊕ F+. In either representation for F the operator D is
given by the matrix (

D− 0
D0 D+

)
. (5.1)

We now use the following lemma from [44] (p. 23) relating to operators with
matrix representation (5.2).

Lemma 5.1. Let X be a Banach space that is a direct sum X1⊕X2 of two closed
subspaces X1 and X2 , and let A ∈ End X be an operator with matrix representation(

A11 0
A21 A22

)
, A11 ∈ End X1, A21 ∈ Hom(X1,X2), A22 ∈ End X2.

(5.2)
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Then A is Fredholm if and only if the following conditions hold:
1) ImA11 is a closed subspace of X1 and codim ImA11 <∞;
2) ImA22 is a closed subspace of X2 and dim KerA22 <∞;
3) X 0

1 = {x ∈ X1 | x ∈ KerA11 and A21x ∈ ImA22} is a finite-dimensional
subspace of X1 ;

4) X 0
2 = ImA22 +A21(KerA11) has finite codimension in X2 .

If properties 1)–4) hold, then

dim KerA = dimKerA22 + dimX 0
1 , codim ImA = codim ImA11 + codim X 0

2 .

Proof of Theorem 1.15. Let D be a Fredholm operator. We look at the space
E = U(0)X0(−1), where X0(−1) = {x(−1) | x ∈ Ker D−}. Note that the subspace
D(Ker D−) ∩F+(Z, X) is closed. It consists of the sequences y ∈ F+(Z, X) that
have the form y(k) = 0, k > 1, y(0) = −U(0)x(−1), x(−1) ∈ X0(−1). Therefore,
E is a closed subspace of X. It follows immediately from the definition of E that

Im D+ + D0(Ker D−) = ImD+
E .

We now see from property 4) in Lemma 5.1 that the range Im D+
E of the relation

D+
E ∈ LRC(F+) has finite codimension in F+.
Next we prove that the kernel Ker D+

E of D+
E is finite dimensional. Let x̃ ∈

Ker D+
E . Then x̃(0) ∈ E and x̃(n) = U (n, 0)x0, n > 0. By the definition of E the

vector x̃(0) has a representation x̃(0) = U(0)x0 with x0 ∈ X0(−1). Hence there
exists a sequence x ∈ F− such that x ∈ Ker D− and x(−1) = x0.

We extend x̃ onto Z− as a sequence y ∈ F (Z, X) by setting y(n) = x̃(n) for
n > 0, and y(n) = x(n) for n 6 −1. It follows from this definition that y ∈ Ker D .
Therefore, dim KerD+

E 6 dim KerD <∞.
Thus we have shown that D+

E is a Fredholm relation. Hence there exists m ∈
Z+ such that the family U admits an exponential dichotomy on Zm,+ with some
splitting pair P+, Q+ : Zm,+ → EndX.

Passing if necessary to a similar operator S(−m)DS(m) defined by means of the
operator-valued function Um(n) = U(n −m) for n ∈ Z (see Remark 5.3 in § 5.2),
we now assume that m = 0.

Let us prove the Fredholm property of the operator D
−,(−1)
F = DF,− defined in

F− by formula (1.9), where E = F = U(0)−1 ImP+(0), with domain

D(DF,−) = {x ∈ F− | x(−1) ∈ U(0)−1(ImP+(0)) = F}.

We consider the subspace F 0
− of F (Z, X) defined by

F 0
− = {x ∈ F (Z, X) | x(k) = 0, k > 1, x(0) ∈ KerQ+(0) = ImP+(0)}.

We claim that Im DF,− = {ỹ ∈ F | ỹ is the restriction of some sequence y in
Im D ∩F 0

−}.
Let y ∈ Im D ∩F 0

−. Then there exists a sequence x ∈ F (Z, X) such that

y(n) = x(n)− U(n)x(n− 1), n 6 0; y(n) = 0, n > 1; y(0) ∈ ImP+(0).

Then P+(0)y(0) = y(0) = P+(0)x(0)−P+(0)U(0)x(−1). It follows from the equal-
ities x(n) = U (n, 0)x(0), n > 0, and the fact that U admits an exponential
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dichotomy on Z+ that x(0) ∈ ImP+(0). Since y(0) ∈ ImP+(0), from the equality
x(0)− y(0) = U(0)x(−1) we get that U(0)x(−1) ∈ ImP+(0), that is, x(−1) ∈ F .

Now let y− ∈ Im DF,−. Then there exists a sequence x− ∈ F− such that
x−(−1) ∈ F and y−(n) = x−(n)− U(n)x−(n− 1), n 6 −1. Let x(n) = x−(n) for
n 6 −1 and x(n) = U(n)x(n − 1) for n > 0. Clearly, Dx = y ∈ F (Z, X), where
the restriction of the sequence to Z− \ {0} is equal to y−.

It follows from the above equality and Remark 5.1 that Im DF,− has finite codi-
mension in F− not exceeding codim Im D .

We now prove that the kernel Ker DF,− of the operator DF,− in question is
finite dimensional. Let x0 ∈ Ker DF,−. Then x0(−1) = U (0, n)x0(n), n 6 −1,
where U(0)x0(−1) ∈ ImP+(0). We consider the sequence x̃0 ∈ F (Z, X) such
that x̃0(n) = x0(n) for n 6 −1 and x̃0(n) = U (n, 0)U(0)x(−1) for n > 0. Since
U(0)x(−1) ∈ ImP+(0), it follows that x̃0 decays exponentially as n → ∞. Hence
x̃0 ∈ F (Z, X). We see from the construction of the sequence that x̃0 ∈ Ker D , so
dim KerDF,− 6 dim KerD <∞ by the above.

Thus we have shown that DF,− is a Fredholm operator. In view of Remark 5.1,
U is a non-singular family on −∞, that is, there exist a, b ∈ Z, a 6 b, such
that U admits an exponential dichotomy on Z−,a and Zb,+ with splitting pairs of
projection-valued functions P−, Q− : Z−,a → EndX and P+, Q+ : Zb,+ → EndX.
In this case it was proved in [43] for the operator D acting in any of the spaces
lp(Z, X) with p ∈ [1,∞] and c0(Z, X) that the node operator Nb,a : ImQ−(a) →
ImQ+(a) defined by (1.20) is Fredholm. The proof in [43] also goes through without
modification for the restriction of D to the subspace Fc(Z, X), which is D-invariant.
The Fredholm property of Nb,a also follows from Theorem 1.12. From [43] and
Theorem 1.12 we see that the conditions of this theorem are sufficient. (This also
follows from Theorem 5.3 below.) �

5.2. Proof of Theorem 1.12. Now (and throughout the rest of this section)
we assume that the family Ud : ∆Z → EndX is non-singular at ±∞, that is, the
following assumption holds.

Assumption 5.1. For some integers a and b with a 6 b the family Ud admits an
exponential dichotomy on Z−,a and Zb,+ with splitting pairs of projection-valued
functions P−, Q− : Z−,a → EndX and P+, Q+ : Zb,+ → EndX .

We consider the node operator

Nb,a : ImQ−(a) → ImQ+(b), Na,bx = Q+(b)U (b, a)x, x ∈ ImQ−(a).

The following remark shows that we can limit ourselves to the case a = −1, b = 0.

Remark 5.3. The operator
(
S(b)DS(−b)x

)
(n) = x(n) − U(n + b)x(n − 1), n ∈ Z,

x ∈ F (Z, X), is similar to D , so

Stinv(D) = Stinv(S(b)DS(−b)).

The family of evolution operators Ub constructed for the functions Ub(n) = U(n+b),
n ∈ Z, b ∈ Z, admits an exponential dichotomy on Z− and Zm,+, where m = b− a,
with splitting pairs P±(n+b), Q±(n+b), n ∈ Z. We now apply Theorem 5.1 to the
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difference operator S(b)DS(−b), and conclude that it (and therefore also the oper-
ator D) has the same set of invertibility states as the operator D̃ ∈ End F (Z, X)
constructed using the functions Ũm(n) = U(mn + b) · · ·U(mn − m + b + 1) =
U (mn+ b,m(n− 1) + b). The corresponding family of evolution operators Ũd has
the form

Ũd(n, k) = Ud((b− a)n+ b, (b− a)k + b), k 6 n, k, n ∈ Z. (5.3)

The family (5.3) admits an exponential dichotomy on Z−,−1 = Z− \ {0} and Z+

with splitting pairs of projection-valued functions

P̃−, Q̃− : Z− \ {0} → EndX, P̃+, Q̃+ : Z+ → EndX,

P̃−(n) = P−((b− a)n+ b), n 6 −1, P̃+(n) = P+((b− a)n+ b), n > 1,

Q̃− = I − P̃−, Q̃+ = I − P̃+.

The node operator defined by the family Ũ : ∆Z → EndX, has the form

Ñ : Im Q̃−(−1) → Im Q̃+(0),

Ñ x = Q̃+(0)Ũd(0,−1)x = Q+(b)Ud(b, a)x = Nb,a, x ∈ ImQ−(a) = Im Q̃−(0),

that is, it coincides with the node operator Nb,a. Thus, Stinv(D) = Stinv(D̃) and
Nb,a = Ñ .

As follows from this observation, we can assume without loss of generality that
this family U of evolution operators admits an exponential dichotomy on the sets
Z−\{0} and Z+, with splitting pairs P−, Q− : Z−\{0} → EndX and P+, Q+ : Z+ →
EndX and with the node operator

N : ImQ−(−1) → ImQ+(0), N x = Q+(0)U(0)x, x ∈ Q−(−1),

where we take into account that U (0,−1) = U(0).
Precisely these conditions on U , established with the help of the node operator,

were assumed to hold in [43], in the investigation of a difference operator D ∈
End lp(Z, X), p ∈ [1,∞]. Since the proofs of most of the results in [43] also hold
for the operator D in a homogeneous space, we use some of these results in what
follows.

Theorem 5.2. Suppose that Assumption 1.1 with Q± = 0 holds for a family
Ud : ∆Z → EndX . Then the operator D has a continuous inverse.

Proof. By Remark 5.1 above we can limit ourselves to the case a = −1, b = 0. We
represent the matrix (5.1) of the operator D ∈ F (Z, X) as(

D− 0
D0 D+

)
=

(
D− 0
0 I

) (
I 0

D0 I

) (
I 0
0 D+

)
.

In this factorization of D each factor has a continuous inverse operator (by the
conditions Q− = 0 and Q+ = 0). Hence so does D . �
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We consider the linear operator K : Ker N → Ker D defined by

(Kx0)(n) =

{
Ud(n,−1)x0 = Ud(n,−1)Q−(−1)x0, n 6 −1,
Ud(n, 0)U(0)x0, n > 0,

x0 ∈ Ker N .

(5.4)

Theorem 5.3. The operator K is well defined and bounded, and it realizes an
isomorphism between the subspaces Ker N and Ker D .

This is a consequence of Theorem 4 in [43]. Note that if x0 ∈ Ker D , then
because there is an exponential dichotomy for U on Z− \ {0} and Z+, there exist
constants M0 > 0 and q0 ∈ (0, 1) such that ∥x0(n)∥ 6 M0q

|n|
0 , n ∈ Z. Therefore,

the kernel Ker D of the operator is independent of the choice of the homogeneous
space F (Z, X).

Lemma 5.2. Let Ker N ⊂ ImQ−(−1) be a complemented subspace of ImQ−(−1),
and let

ImQ−(−1) = KerN ⊕X1, (5.5)

where X1 is a closed subspace of ImQ−(−1). Then

F (Z, X) = KerD ⊕F1, (5.6)

where F1 = {x ∈ F | x(−1) ∈ X̃1} and X̃1 = X1 ⊕ ImP−(−1).

Proof. It suffices to verify that the representation (5.6) follows from (5.5) and the
representation (5.4) for sequences in Ker D .

We introduce the operator A : F (Z, X) → F (Z, X) by

(A x)(n) =

{
Ud(n,−1)Q−(−1)x(−1), n 6 −1,
Ud(n, 0)P+(0)U(0)Q−(−1)x(−1), n > 0,

x ∈ F (Z, X).

It follows from the definition that A ∈ End F (Z, X) and A 2 = A , that is, A
is a projection. In particular, Im A is a closed subspace of F (Z, X). �

Lemma 5.3. The equality A x = x holds for each x ∈ Ker D .

Proof. Let x ∈ Ker D . Then (5.4) shows that

x(n) =

{
Ud(n,−1)Q−(−1)x0, n 6 −1,
Ud(n, 0)U(0)x0, n > 0,

where x0 ∈ Ker N and

(A x)(n) = Ud(n,−1)Q−(−1)x0, n 6 −1,
(A x)(n) = Ud(n, 0)P+(0)U(0)Q−(−1)x0 = Ud(n, 0)U(0)Q−(−1)x0, n > 0.

Hence A x = x. �
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Assume that F (Z, X) has a decomposition

F (Z, X) = KerD ⊕F1, (5.7)

where F1 is a closed subspace of F (Z, X). Then we see from this decomposition
and Lemma 5.2 that

Im A = KerD ⊕F0. (5.8)

Since A Ker D = KerD , it follows that F0 is a closed subspace of Im A . Let
A0 : Im A → ImQ−(−1) be the operator defined by A0x = x(−1) ∈ ImQ−(−1),
x ∈ Im A . It follows from the representation for Im A that A0 is an isomorphism.
Applying A−1

0 to both sides of (5.8), we obtain

ImQ−(−1) = KerN ⊕A−1
0 (F0). (5.9)

Thus we have proved the following result.

Lemma 5.4. Assume that the kernel of D is complemented in F (Z, X) (the decom-
position (5.7) holds). Then the kernel of the node operator N is complemented in
ImQ−(−1) and (5.9) holds.

Let us return to the matrix representation (5.1) for D with respect to the decom-
position F (Z, X) = F− ⊕F+. It shows that we have the following result (see the
proof of Theorem 1.15 and Theorem 5.1).

Lemma 5.5. The equalities

Im D− = ImD ∩F−,

Im D+ + D0(Ker D−) = ImD+
E , D+

E ∈ LRC(F+)

hold with E = U(0)(ImQ−(−1)). The subspace Im D is closed if and only if the
range Im D+

E of the relation D+
E is closed.

We note that under the assumptions of Lemma 5.5 the relation D+
E is defined

by (1.10), where a = 0 and the subspace E of X is not necessarily closed.

Lemma 5.6. If Im D+
E is a closed subspace of F+ , then the subspace E ⊂ X is

closed.

Proof. Let (xn) be a sequence of vectors in E converging to x0 ∈ X. Then the
sequence x̃n ∈ F+ with x̃n(0) = xn and x̃n(k) = 0 for k > 1 belongs to Im D+

E and
converges to the vector x̃0 ∈ F+ with x̃0(0) = x0 and x̃0(k) = 0 for k > 1. Hence
x̃0 ∈ Im D+

E , so that x0 ∈ E. �

Lemma 5.7. The following equivalence holds:

Im D = ImD ⇔ Im N = ImN .

Proof. Let Im D = Im D . Then it follows from Lemma 5.5 that Im D+
E is a closed

subspace of F+, and E is closed in X by Lemma 5.6. Since the family U admits
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an exponential dichotomy on Z+, it follows from Theorem 1.11 that Stinv(D+
E ) =

Streg(ImP+(0), E). Therefore, the subspace ImP+(0)+E is closed (see property 4)
in Definition 1.4). The fact that Im N is closed follows from the representation of
the subspace ImP+(0) + E in the form

ImP+(0) + E = ImP+(0) + Im(U(0)Q−(−1))
= ImP+(0) + Im(P+(0)U(0)Q−(−1)) + Im N = ImP+(0)⊕ Im N .

(5.10)

Conversely, let Im N = ImN . Then ImP+(0) + E is a closed subspace of
X by the same Theorem 1.11. Hence Im DE = ImDE = ImD ∩ F+. Since
Im D ∩F− = F−, the subspace Im D is closed in F (Z, X). �

Lemma 5.8. If Im D is a closed subspace of F (Z, X) and

F (Z, X) = ImD ⊕ F̃ , (5.11)

where F̃ is a closed subspace, then Im N is a closed complemented subspace of
ImQ+(0).

Proof. That Im N is closed follows from Lemma 5.7. Let P−, P+ be a pair of
projections realizing a decomposition F (Z, X) = F− ⊕ F+, which means that
Im P∓ = F∓. Then

F+ = ImD+
E ⊕P+(F̃ ) (5.12)

by Lemma 5.5 and (5.11), where P+(F̃ ) and Im D+
E are closed subspaces. Since

the family U admits an exponential dichotomy on Z+, it follows from Theorem 1.11
that Stinv(D+

E ) = Streg(E, ImP+(0)). Then (5.12) and property 6) in Definition 1.4
show that E + ImP+(0) is a closed complemented subspace of X (it is closed by
Lemma 5.6). The representation (5.10) for E + ImP+(0) shows that Im N is
complemented in ImQ+(0). �

Lemma 5.9. If Im N is a closed complemented subspace of ImQ+(0), then Im D
is closed and complemented in F (Z, X).

Proof. By Lemma 5.7 the subspace Im D+
E is closed, and therefore E is a closed sub-

space of X. Since Im N is complemented in ImQ+(0), the subspace E + ImP+(0)
is closed and complemented in X by equalities (5.10). Hence Theorem 1.11 gives
us that Im D+

E is complemented in F+, and therefore Im D is complemented in
F (Z, X) by Lemma 5.5. �

Proof of Theorem 1.12. For the kernels of D and Nb,a properties 1)–3) in Defi-
nition 1.1 hold (or do not hold) simultaneously by Theorem 5.1 and Lemmas 5.1
and 5.4. Lemmas 5.7, 5.8, and 5.9 show that the other properties in Definition 1.1
also hold simultaneously for our operators D and Nb,a. �

Theorem 5.4. Suppose that a family of evolution operators Ud : ∆Z → EndX
satisfies Assumption 1.2. Then

Stinv(D) = Streg(ImQ−(0), ImP+(0)).
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The operator D is (semi-)Fredholm if and only if the subspaces ImQ−(0), ImP+(0)
form a (semi-)Fredholm pair. If D is (semi-)Fredholm, then

dim KerD = dim(ImQ−(0) ∩ ImP+(0)),
codim Im L = codim(ImQ−(0) + ImP+(0)),

ind L = ind(ImQ−(0), ImP+(0)).

Proof. We have a = b = 0, so the node operator N has the form

N : ImQ−(0) → ImQ+(0), N x = Q+(0)x, x ∈ ImQ−(0).

All the results in this section which relate to the kernels and ranges of D and N
are valid, therefore

Stinv(D) = Stinv(N ).

It follows directly from the form of N and Definitions 1.1 and 1.4 that
Stinv(N ) = Streg(ImQ−(0), ImP+(0)). �

6. Almost periodicity criteria for solutions of differential equations

When we investigate the differential equation (1.1) with constant operator coef-
ficient A(t) ≡ A : D(A) ⊂ X → X which is the generator of a C0-semigroup
U : R+ → EndX ([11], [12], [45], [46]), methods of harmonic analysis are especially
important.

We give several definitions used in what follows.
Let T : R → End X (where X is a complex Banach space) be a strongly con-

tinuous isometric representation. We treat the Banach space L1(R) = L1(R,C) as
a Banach algebra with convolution of functions as multiplication. The formula

fx =
∫

R
f(τ)T (−τ)x dτ, f ∈ L1(R), x ∈ X,

endows the Banach space X with the structure of a Banach L1(R)-module (see
[46]–[48]). Let f̂ : R → C denote the Fourier transform of a function f ∈ L1(R).

Definition 6.1. The Beurling spectrum of a vector x in X is the set
Λ(x) = {λ0 ∈ R | fx ̸= 0 for any f ∈ L1(R) such that f̂(λ0) ̸= 0} of real numbers.

Below we use some properties of the Beurling spectrum of vectors in X (see [46],
[47] for details).

Definition 6.2. Let λ0 ∈ R. A bounded net of functions (fα) in L1(R) (where α
ranges over a directed set Ω) is called a λ0-net if

1) f̂α(0) = 1 for each α ∈ Ω;
2) lim fα ∗ f = 0 for any f ∈ L1(R) such that f̂(λ0) = 0.
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Here are examples of λ0-nets in the algebra L1(R): gα(t) = fα(t) exp(iλ0t) and
ψα(t) = ϕα(t) exp(iλ0t), α > 0, where the 0-nets (fα) and (ϕα) are defined by

fα(t) =

{
α exp(−αt), t > 0,
0, t < 0,

α > 0, (6.1)

ϕα(t) =

{
(2α)−1, t ∈ [−α, α],
0, t /∈ [−α, α],

α > 0. (6.2)

Here for (fα) the set Ω = (0,∞) is oriented in the descending direction and for
(ϕα) in the ascending direction.

Definition 6.3. A number λ0 in the Beurling spectrum Λ(x0) of a vector x0 ∈ X
is called an ergodic point in the spectrum of x0 if the limit lim fαx exists for some
λ0-net (fα) in L1(R) (and therefore for any λ0-net).

The set of ergodic points of x0 ∈ X is often denoted by Λerg(x0). We call the
set

ΛB(x) = {λ0 ∈ Λerg(x) | lim fαx = x0 ̸= 0
for some λ0-net (fα)}

the Bohr spectrum of x ∈ X . Since this limit is independent of the choice of the
net (fα) in L1(R) (see [47], Chap. II), it follows that

lim
α→∞

2α−1

∫ α

−α

T (s)e−iλsx ds = lim
ε→0

ε

∫ ε−1

0

e−ετT (τ)e−iλτx dτ

= lim
0<ε→0

εR(ε+ iλ, iA)x, (6.3)

where iA : D(A) ⊂ X → X is the generator of the group T : R → End X of
operators under consideration. Note that σ(A) ⊂ R and that the nets used in (6.3)
are defined by (6.1) and (6.2).

Definition 6.4. A vector x ∈ X is called an almost-periodic vector if its orbit
{T (τ)x, τ ∈ R} is precompact in X .

The set of almost-periodic vectors in X is a closed subspace of X , which we
denote below by AP (X ) = AP (X , T ). Notions and results on almost-periodic
vectors can be found in [47] and [48].

If x ∈ AP (X ), then let x ∼
∑

λ∈ΛB(x) xλ denote the Fourier series of the
vector x. The vector xλ, λ ∈ ΛB(x), is defined by xλ = lim fαx for some λ-net
(fα). We remark that the set ΛB(x) is finite or countable and

T (τ)xλ = exp(iλτ)xλ, τ ∈ R, λ ∈ ΛB(x). (6.4)

If X0 is a closed submodule of X which is invariant under the operators T (t),
t ∈ R, then the quotient space X /X0 can also be endowed with a Banach module
structure by means of the representation T̃ (t)x̃ = T̃ (t)x = T (t)x + X0, that is,
fx̃ = f̃x for each x ∈ X . The Beurling spectrum Λ(x̃) of the equivalence class
x̃ = x + X0 containing x will be denoted by Λ(x,X0). If X0 = AP (X ), then we
call Λ(x,X0) the non-almost-periodicity set of the vector x ∈ X .
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Theorem 6.1 [48]. For a vector x ∈ X assume that Λ(x,AP (X )) is finite or
countable. Then x is almost periodic if and only if each limit point of Λ(x,AP (X ))
is ergodic for x. In particular, if Λ(x,AP (X )) has no finite limit points, then
x ∈ AP (X ).

Now let X = Cb,u(R, X)/C0(R, X). Acting on X is the strongly continuous
group of isometric operators

T (t)x̃ = S̃(t)x = S(t)x+ C0(R, X), t ∈ R.

Therefore, using the representation T , we can endow X with the structure of
a Banach L1(R)-module.

This module structure is defined by the formula

ϕx̃ = ϕ̃ ∗ x, (ϕ ∗ x)(t) =
∫

R
ϕ(t− s)x(s) ds, t ∈ R, (6.5)

where ϕ ∈ L1(R), x ∈ Cb,u, and x̃ = x+ C0(R,X).

Remark 6.1. We can extend each x+ ∈ Cb,u(R+, X) to a function x ∈ Cb,u(R, X)
so that limt→−∞ x(t) = 0. Then the (equivalence) class of x̃ ∈ X is independent
of such an extension to R, and thus the Banach space Cb,u(R+, X)/C0(R+, X) is
isometrically embedded in X = Cb,u(R, X)/C0(R, X) as a closed submodule, which
we denote by X+. The group of operators T (t), t ∈ R, is well defined on X+.

Let J be one of the intervals R+ and R.

Definition 6.5. A function x ∈ Cb,u(J, X) is said to be almost periodic at infinity
(at ∞) if x̃ ∈ AP (X ) (x̃ ∈ AP (X+) if x ∈ Cb,u(R+, X)). The set of functions in
Cb,u(J, X) which are almost periodic at infinity will be denoted by AP∞(J, X).

Definition 6.6. A function x ∈ Cb,u(J, X) is slowly varying at infinity (at ∞) if
S(t)x− x ∈ C0(J, X) for each t ∈ J.

The set of functions in Cb,u(J, X) slowly varying at ∞, which we denote by
Csℓ,∞(J, X), is a closed subspace. One example of a function in Csℓ,∞(R,C) is
x(t) = sin ln(1 + t2), t ∈ R.

From the definition of the Beurling spectrum of a vector and Definition 6.6 we
obtain the following result.

Lemma 6.1. A function x ∈ Cb,u(J, X) is slowly varying at infinity if and only if
one of the following two equivalent conditions is fulfilled: 1) Λ(x̃) = {0}; 2) fx̃ =
f̂(0)x̃ for each f ∈ L1(R), where x̃ is the class in X containing x.

We note that the subspace Csℓ,∞(R+, X) coincides with the set of functions in
Cb,u(R+, X) which are stationary at infinity (see the definition in [7], Chap. III, § 6).

Definition 6.7. Let x ∈ AP∞(J, X) and let

x̃ ∼
∑
n>1

yn, ΛB(x̃) = {λ1, λ2, . . . }, Λ(yn) = {λn},



102 A.G. Baskakov

be a Fourier series of a class x̃ ∈ AP (X ). Then the series

x ∼
∑
n>1

xn, (6.6)

where xn is a representative of the class yn ∈ AP (X ), is called a Fourier series
of x.

We note that for a function x ∈ AP∞(J, X) its Fourier series (6.6) is not unique.
It follows from (6.5) and Lemma 6.1 that each function xn, n > 1, has a represen-
tation xn(t) = x0

n(t) exp(iλnt), t ∈ R, where x0
n ∈ Csℓ,∞(J, X).

Hence the following result holds (here we use Theorem 3.67 in [47]).

Theorem 6.2. A function x ∈ Cb,u(J, X) is almost periodic at ∞ if and only
if for each ϵ > 0 there exist functions x1, . . . , xn ∈ Cb,u(J, X) representable as
xk(t) = x0

k(t) exp(iλkt), t ∈ R, with λk ∈ R and x0
k ∈ Csℓ,∞(R, X) such that

sup
t∈J

∥∥∥∥x(t)− n∑
k=1

x0
k(t) exp(iλkt)

∥∥∥∥ < ϵ.

We pass to the differential equation (1.1) with function f ∈ AP∞(J, X) and con-
stant operator coefficient A(t) ≡ A, t ∈ J, which is the generator of a C0-semigroup
U : R+ → EndX. By a bounded (weak) solution of this equation we mean a func-
tion x ∈ Cb(J, X) satisfying

x(t) = U(t− s)x(s)−
∫ t

s

U(t− τ)f(τ) dτ, t, s ∈ J, s 6 t, (6.7)

so that x ∈ D(L ) with L = −d/dt + A if J = R, and x ∈ D(L +
X ) if J = R+. It

follows from (6.7) that x ∈ Cb,u(J, X). Consequently, the subspace Cb,u(J, X) is
invariant under the operator L (if J = R) or L +

X (if J = R+). In what follows we
take the restrictions of these operators to Cb,u(J, X), denoting them by the same
symbols L and LX .

Theorem 6.3. For each solution x0∈ Cb,u(J, X) of the differential equation (1.1)
with f ∈ AP∞(J, X),

Λ(x̃0, AP∞(J, X)) ⊂ σ(A) ∩ iR. (6.8)

The function x0 is almost periodic at infinity if σ(A)∩ iR is finite or countable and
each limit point of the set Λ(x̃0, AP∞(J, X)) is ergodic for the class x0 +C0(J, X).
In particular, x0 ∈ AP∞(J, X) if the set σ(A) ∩ iR has no finite limit points.

Proof. First let J = R. We choose λ0 ∈ R such that λ0 > α, where α is the number
in the definition of the family of evolution operators (see § 1). Then the oper-
ator L − λ0I has a continuous inverse, and this inverse B = (L − λ0I)−1 ∈
EndCb,u(R, X) has a representation Bx = G0 ∗ x, x ∈ Cb,u(R, X), where G0(τ) =
U(τ) exp(−λ0τ) for τ > 0 and G0(τ) = 0 for τ < 0. Thus, B commutes with the
convolution operators:

B(ϕ ∗ x) = ϕ ∗Bx, ϕ ∈ L1(R), x ∈ Cb,u(R, X).
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Therefore, L has the same property. In particular, ϕ ∗ x0 ∈ D(L ) and

L (ϕ ∗ x0) = ϕ ∗ f ∈ AP∞(R, X) (6.9)

for each ϕ ∈ L1(R). Let iµ /∈ σ(A) ∩ iR, where µ0 ∈ R. Then the resolvent of A is
defined in a neighbourhood iV0 ⊂ iR of the point iµ0. Let [µ0 − δ, µ0 + δ0] ⊂ V0,
where δ0 > 0. We take an infinitely differentiable function ϕ̂0 : R → C such that
ϕ̂0(µ0) ̸= 0 and supp ϕ̂0 ⊂ [µ0 − δ, µ0 + δ]. It is the Fourier transform of some
ϕ0 ∈ L1(R), and the function

F̂ (λ) =

{
ϕ̂0(λ)R(iλ,A), λ ∈ [µ0 − δ, µ0 + δ],
0, λ /∈ [µ0 − δ, µ0 + δ],

is the transform of some integrable function F : R → EndX. Then from (6.9) we
obtain

F ∗L (ϕ ∗ x0) = ϕ0 ∗ x0 = F ∗ ϕ ∗ f ∈ AP∞(R, X).

Therefore, it follows from the definition of the non-almost-periodicity set that
µ0 /∈ Λ(x̃0, AP∞(R, X)).

Thus, we have proved (6.8) for functions on R.
Now let J = R+, so that L +

X x0 = f . We take a continuously differentiable
function ϕ : R → R such that suppϕ ⊂ [1,∞) and ϕ ≡ 1 on [2,∞). In what
follows, ϕx0 will be a function vanishing on R− and equal to the product of ϕ
and x0 on R+. Then ϕx0 ∈ D(L ) and L (ϕx0) = ϕ̇x0 +ϕf , where ϕf is set equal
to zero on R−. We have thus reduced the case J = R+ to the previous case. �

Theorem 6.4. Let U : R+ → EndX be a uniformly bounded semigroup, let σ(A)∩
iR be a finite or countable set, and let x0 ∈ X . The function x : R+ → X , x(t) =
U(t)x0 , is almost periodic at infinity if the limit lim0<ϵ→0 ϵR(ϵ+ iλ0, A)x0 exists at
each limit point iλ0 of the set σ(A) ∩ iR.

Proof. This follows from Theorems 6.3 and 6.2, with gα(t) = fα(t) exp(iλ0t), α > 0,
as the λ0-net, where (fα) is the net in (6.1). �

Theorem 6.5. Let U be a uniformly bounded semigroup and let σ(A)∩iR be a finite
or countable set. Then U is strongly stable if and only if one of the following
conditions is fulfilled:

1) lim0<ϵ→0 ϵR(iλ0+ϵ, A)x0 = 0 for each vector x0 ∈ X and any iλ0 ∈ σ(A)∩iR;
2) the conjugate operator A∗ has no eigenvalues in iR.

Proof. This result, obtained in [49] and [50], is a consequence of the ergodic theorem
stating that conditions 1) and 2) are equivalent (see, for instance, Theorem 2.2.6
in [47]). �

7. Comments on the main notions and some of the results in §§ 2–6

First we point out several additional results. In [51]–[58] the authors investi-
gated difference and differential inclusions and gave a description of the spectra of
differential and difference operators in weighted spaces (see [54]–[58]). Estimates
for the norm of the inverse operator of L = Lu and applications to the proof of
the Gearhart–Prüss theorem were presented in [59]–[72]. The method of similar
operators was applied to the splitting of differential operators in [73]–[80].
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7.1. On the choice of spaces and terminology. The spaces Lp,q =Lp,q(R,C),
1 6 p, q 6 ∞, were first considered in [81], where they were called ‘amalgams’
of Lq and ℓp (and denoted by (Lq, ℓp)). The idea of such spaces was proposed
by Wiener in the following cases: the spaces L2,1 and L∞,2 were defined in [82]
and the spaces L1,∞ and L∞,1 were defined in [83]. For this reason authors often
call them Wiener amalgam spaces. The space Sp(R,C), p ∈ [1,∞), which is iso-
morphic to L∞,p(R,C), was used by Stepanov [84] in his definition of the space
of almost-periodic functions AP (Sp). The paper [85] contains several interesting
results on harmonic analysis in the spaces Lp,q and investigates their dual spaces.

If X is a Hilbert space, then the Hilbert space L2(R, X) = L2 can be quite useful.
For instance, if L = −d/dt+A : D(L ) ⊂ L2 → L2, then Theorem 10.2 in [59] gives
the precise value of the norm of L −1, which enabled us in [59], § 10 to give explicit
estimates for the quantities ∥L −1∥p in all the spaces Lp(R, X) and Sp(R, X) with
p ∈ [1,∞].

The first result on the equivalence of the property of continuous invertibility
for an ordinary differential operator L = −d/dt + A(t) : D(L ) ⊂ L2(R,Cn) →
L2(R,Cn) with A ∈ Cb(R,End Cn) to the property of exponential dichotomy for
the family of evolution operators U : ∆R → End Cn constructed for A (for the
differential equation (1.2)) was obtained in [26] (see also [86]).

In [87] the differential equation (1.1) was considered in general function spaces
like the homogeneous space F (R+, X). If X is a non-reflexive Banach space, then
Lp(R, X)∗, p ∈ [1,∞), is not isomorphic to the space Lq(R, X∗) with q−1 +p−1 = 1
(see [88]). Hence there is a problem regarding the use of conjugate operators for
the analysis of the differential operators in question.

The use of difference operators and relations made it possible to apply the
machinery of conjugate operators and relations. In [10] Henry used a family of
difference operators to study a differential operator. In [89] a (single) difference
operator D ∈ End F (Z, X) was used to investigate the correctness of the operator
L = Lu : D(L ) ⊂ F (R, X) → F (R, X) ∈ {Cb(R, X), Sp(R, X)}.

In almost all the author’s papers cited, starting with [90], [13], and [14], the
analysis of differential operators was carried out with the help of corresponding
difference operators and difference relations (see also [91], [27], [29], [92], [54]–[58]).
The spectral theory of linear relations was used in the process. Difference relations
were first used in [19], where we introduced the relation D+

E ∈ LRC(F (Z+, X)) to
investigate the operator L +

E ∈ LRC(F (R+, X)).
It should be pointed out that in the proof of Theorem 1.15, which is based on

the representation (8.1), we make essential use of the relation D+
E for a suitable

subspace E and of the difference operator DF,−, whose domain is not dense if
F ̸= X.

Definitions 1.1–1.5 were significant for the statements of the central results in
this paper. The first of these definitions, in a very similar form, was given in [19]
and the monographs [31] (Definition III.6.1) and [34].

We remark further that the spectral theory of linear relations is also used in
solvability problems and the construction of solutions to the Cauchy problem with
x(0) = x0 for the differential equation

Fẋ(t) = Gx(t), t > 0,
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where F,G ∈ Hom(X ,Y ) (X and Y are Banach spaces) with KerF ̸= {0}. It
was shown in [30] that the Cauchy problem for this equation is solvable if and only
if the Cauchy problem with x(0) = x0 is solvable for the differential inclusion

ẋ(t) ∈ A x(t), t ∈ R+,

where A = F−1G is a linear relation on X .

7.2. Comments on the central results. Most properties of the operator L +
E

and the relation D+
E in Theorem 1.3 (see equality (1.12)) were established in [19].

In Theorems 4.1 and 4.2 we establish properties not proved in [19].
Theorems 1.7–1.11 contain some of our central results in this paper. Results very

close to these were presented in [19], but they were obtained under an additional
assumption. For a reflexive space X and for invertible operators U (t, τ), τ < t,
τ , t ∈ R+, the statement of Theorem 1.9 was obtained in [27] for the operators
L +
{0} and L +

X . Theorems 1.7–1.11 are particularly important when the family
of evolution operators (the ‘coefficients’ of the differential operator) is stationary
at +∞. Theorems 1.7–1.10 can be used for substantiation of the finite section
method [93]–[95].

Theorems 1.12–1.16 are among our most important results in this paper. In the
proofs of Theorems 1.12 and 1.13 we make essential use of the results obtained for
the operator D−

E and the relation D+
E .

In [96] Didenko considered the spectral theory of differential operators in function
spaces on a finite interval.

We remark finally that the state of the theory discussed here up to the year 1999
was described in [18]. That monograph gave details of the history of this theory,
and for the theory of differential operators presented the first results obtained with
the use of difference operators (the results in the present author’s paper [14] were
expounded). The notion of a function slowly varying at infinity defined on a locally
compact Abelian group was introduced in the paper [98].

8. Examples

Example 8.1. Let A : J → EndX, where J ∈ {R+,R}, be in the Stepanov space
S1(J,EndX). Then (see [7]) there exists a family of evolution operators U : J×J →
EndX solving the Cauchy problem (1.2), (1.5) and representable as U (t, s) =
U(t)U(s)−1, s, t ∈ J, where the operator-valued function U : J → EndX (the
Cauchy function) solves (for almost all t ∈ J) the operator differential equation

Ẋ̇ +A(t)X = 0, t ∈ J, X(0) = I.

The results in this paper include the corresponding results from [6] and [7], but some
of them are new, for example, results of the analysis of the operator LE : D(LE) ⊂
F (R+, X) → F (R+, X) (the operators L{0} and LX were treated in [6] and [7]).
Since the operators U(t), t ∈ J, have continuous inverses, an exponential dichotomy
for the family U on some infinite interval (−∞, a] or [b,∞) implies an exponential
dichotomy for U on any interval of the corresponding form (−∞, a′] with a′ > a
or [b′,∞) with b′ < b, respectively. Thus, in studying the operator L = −d/dt +
A(t) : D(L ) ⊂ F (R+, X) → F (R+, X) under the assumption of an exponential
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dichotomy for the family U : R×R → EndX on the intervals (−∞, 0] and [0,∞) it
is natural to turn to Theorem 1.14. In particular, this theorem yields the following
result of Pliss [97], which is often used in the theory of dynamical systems (we state
it using the terminology of our paper).

Theorem 8.1. Let dimX <∞ and let U : R×R → EndX be a family admitting
an exponential dichotomy on R− and R+ with splitting pairs P±, Q± : R± → EndX
of projection-valued functions such that ImQ−(0) + ImP+(0) = X . Then the oper-
ator L = −d/dt+A(t) : D(L ) ⊂ Cb(R, X) → Cb(R, X) is surjective.

Example 8.2. Consider equation (1.1) with X = L2(Ω,C) and Ω a bounded
domain with smooth boundary in Rn. The family of linear differential operators

A(t) : Hm
0 (Ω) ∩H2m(Ω) ⊂ L2(Ω) → L2(Ω), t ∈ J ∈ {R−,R+}

(where Hm
0 (Ω) and H2m(Ω) are Sobolev spaces, m > 1; see [5]) is defined in terms

of the family of differential expressions

(ℓty)(n) =
∑

|α|62m

aα(t, u)(Dαy)(u), t > 0,

and the Dirichlet problem on the boundary ∂Ω of Ω. The functions aα : R+×Ω → C,
where |α| 6 2m, belong to the space Cb(R+, C

k(Ω)) with k ∈ N sufficiently large
and are Lipschitz continuous with respect to the first variable. Moreover, assume
that the family of differential expressions ℓt, t > 0, is uniformly elliptic.

It follows from our assumptions that the elliptic operators A(t), t ∈ J, are the
generators of analytic operator semigroups. Furthermore, the hypotheses of the
Sobolevski–Tanabe theorem hold, and therefore the Cauchy problem on J is well
posed and there exists a family of evolution operators U : ∆J → EndL2 enabling
the Cauchy problem to be solved. Thus the operator L +

E = −d/dt + A(t) is
defined in any homogeneous function space F (R+, X), and we can apply the results
obtained here to this operator.

We note also that all the operators U (t, s), s < t, s, t ∈ J, are compact. Suppose
that Assumption 1.1 holds for the family U . Then ImQ−(a) and ImQ+(b) are
finite-dimensional subspaces of L2(Ω), and therefore L = −d/dt+ A(t) : D(L ) ⊂
F (R, X) → F (R, X) is a Fredholm operator if J = R.

Example 8.3. Let A : D(A) ⊂ X → X be the generator of a strongly continuous
operator semigroup U : R+ → EndX. We consider the differential equation (1.2) for
t ∈ J ∈ {R+,R}. The corresponding family of evolution operators U : ∆J → EndX
has the form

U (t, s) = T (t− s), s 6 t, s, t ∈ J.

By Theorem 1.5 the differential operator

L = − d

dt
−A : D(L ) ⊂ F (R, X) → F (R, X)

has a continuous inverse if and only if the difference operator D ∈ End F (Z, X)
with (Dx)(n) = x(n)−T (1)x(n−1) for n ∈ Z and x ∈ F (Z, X) has one. It follows
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from the results in [30] that D has a continuous inverse if and only if the following
condition holds (this is called the hyperbolicity condition for the semigroup U):

σ(U(1)) ∩ T = ∅, (8.1)

where T = {λ ∈ C | |λ| = 1} is the unit circle. This condition shows that

σ(A) ∩ iR = ∅, sup
λ∈R

∥R(iλ,A)∥ <∞. (8.2)

The conditions in (8.2) do not necessarily mean that (8.1) holds. However, if X
is a Hilbert space, then it follows from the Gearhart–Prüss theorem (see [60], [61],
and [59]) that (8.1) must hold. From (8.1) we deduce the representation

σ(U(1)) = σint ∪ σout,

where σint = {λ ∈ σ(U(1)) | |λ| < 1}. Let Pint and Pout be the Riesz projections
constructed for the spectral sets σint and σout, respectively. Then X = Xint⊕Xout,
where Xint = ImPint and Xout = ImPout. The subspace Xint is said to be stable,
while Xout is said to be unstable.

If L = −d/dt+A : D(L ) ⊂ F (R, X) → F (R, X) is a Fredholm operator, then
the family U admits an exponential dichotomy on R+ by Theorem 1.16. Then it
follows from [19], Theorem 10.1 that the operator semigroup U is hyperbolic, that
is, (8.1) holds, and therefore L has a continuous inverse.

Example 8.4 (Petrovskii-correct systems of differential equations). Let p(ξ) =
(pkj)m

k,j=1, ξ ∈ Rn, n ∈ N, be a matrix with polynomial entries pkj : Rn → C,
pkj(ξ) =

∑
|α|6Nkj

aαξ
α. Here α ∈ Nn

+ and aα ∈ C are quantities depending
on k and j. In the Hilbert space the operator A = p(i∂), ∂ = (∂1, . . . , ∂n),
i2 = −1, is defined in terms of the Fourier transformation F as A = F−1p( · )F .
It is an operator with matrix coefficients and has symbol p. We say that A is
Petrovskii-correct if for some ω ∈ R the spectrum σ(p(ξ)) of the matrix p(ξ) satis-
fies σ(p(ξ)) ⊂ {λ ∈ C | Reλ 6 ω} for all ξ ∈ Rn. In this case A generates a strongly
continuous operator semigroup T : R+ → EndL2(Rn) and has domain D(A) equal
to the Sobolev space WN

2 (Rn) of order N . This is a hyperbolic semigroup (the
operator T (1) has the property σ(T (1)) ∩ T = ∅) when the sets σ(p(ξ)), ξ ∈ Rn,
are uniformly bounded away from iR. Then the family U (t, s) = T (t − s), s 6 t,
s, t ∈ R+, admits an exponential dichotomy on R+. In this case the stable and
unstable subspaces are infinite dimensional if they are non-zero.

Example 8.5. Let S : Lp(R+, X) → Lp(R+, X) = Lp be the Wiener–Hopf opera-
tor

(Sx)(t) = x(t)−
∫ ∞

0

K (t− s)x(s) ds, t ∈ R+, x ∈ Lp,

with integrable kernel K : R → EndX having the symbol

W (λ) = I −
∫

R
eiλtK (t) dt = I −NR(λ,A)M, λ ∈ R, (8.3)
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where iA : D(A) ⊂ Y → Y (here Y is an auxiliary Banach space) is the generator
of a C0 operator semigroup T : R+ → EndY satisfying σ(T (1)) ∩ T = ∅ (so that
σ(A) ∩ R = ∅). The linear operators M : X → Y and N : Y → X are bounded.
In particular, for X = Cm it was proved in [34], § XIII.4 that if the symbol W
is a rational function, then such a representation holds for some operators A ∈
End Cn, M : Cm → Cn, and N : Cn → Cm, where n ∈ N is some integer. Taking
an appropriate Banach space X, we can represent any function W = I − K̂ which
is holomorphic in some domain Cα = {λ ∈ C | | Imλ| < α} in the form (8.3) with
Y = C. One can easily show (for X = Cn see [34], Lemma 18.5.1) that S can be
represented in the form S = I+iÑL −1

E M̃ , where M̃ : Lp(R+, X) → Lp(R+, Y ) and
Ñ : Lp(R+, Y ) → Lp(R+, X) are the operators of multiplication by the operators M
and N , respectively, and

L +
E = − d

dt
+ iA : D(L +

E ) ⊂ Lp(R+, Y ) → Lp(R+, Y ), E = ImPout,

where Pout is the Riesz projection constructed for the spectral set σout = {λ ∈
σ(T (1)) | |λ| > 1} of the operator T (1). This representation enables one to establish
the following theorem (for X = Cn see [34], Theorem 18.5.3).

Theorem 8.2. Let L̃ +
E = L +

E −MN =−d/dt+A−MN : D(L +
E ) ⊂ Lp(R+, X) →

Lp(R+, X), p ∈ [1,∞]. Then

KerS = N(Ker L̃ +
E ), ImS = M−1(Im L̃ +

E )

and S is a Fredholm operator if and only if L̃ +
E is Fredholm. Moreover, these

operators have the same index. In particular, S is invertible if and only if L̃ +
E is,

and in this case S−1 = (I − iÑL̃ −1
E )M̃ .

We can now ask a natural question: does the Fredholm property of the operator
L = LU (or D) in some space F = Fc imply an exponential dichotomy for the
family U ? The following example answers this question in the negative.

Example 8.6. Let A0 : D(A0) ⊂ X → X be the generator of a C0 operator
semigroup T0 : R+ → EndX such that T0(1) is a Fredholm operator and
KerT0(1)∗ ̸= {0}. We look at the function A(t) = A0 for t ∈ [0, 1), A(t) = (ln 2)I
for t ∈ [1,∞) and the differential operator L +

X = −d/dt + A(t) in some
homogeneous function space F = F (R+, X) such that F = Fc. Then
U (1, 0) = T0(1) and U (n, n− 1) = 2I for n > 2, and the corresponding difference
relation D+

X ∈ LRC(F (Z+, X)) is defined by

D+
X = {(x, y) ∈ F (Z+, X) | y(n) = x(n)− 2x(n− 1), n > 2,

y(1) = x(1)− T0(1)x(0)}.
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The family U admits the trivial exponential dichotomy on the set N with P = 0
and Q = I, so we have the representations

Ker D+
X = {x ∈ F (Z+, X) | x(0) ∈ KerT0(1), x(k) = 0, k > 1},

Im D+
X = {f ∈ F (Z+, X) | f(1) ∈ ImT0(1)} = Im D+

X ,

Ker D∗
X = {ξ ∈ F ′(Z+, X) | ξ(0) = 0, ξ(1) ∈ KerT0(1)∗,

ξ(n) = 2−n+1ξ(1), n > 2} ≠ {0}.

Thus, D+
X is a Fredholm relation, and it follows from [19], Lemma 8.7 that the

family U does not admit an exponential dichotomy on Z+. It follows from [19],
Lemma 6.2 that the family of evolution operators U : ∆R → EndX of the form

U (t, s) =


e2(t−s)I, 1 6 s 6 t <∞,

T0(t− s), 0 6 s 6 t 6 1,
I, s 6 t 6 0,

extended to ∆R in the natural way (we keep the notation U for the extensions),
admits an exponential dichotomy on R− and [1,∞). However, it does not have this
property on [0,∞). In this case the corresponding splitting pairs P−, Q− : R− →
EndX and P+, Q+ : R+ → EndX are P− = I, Q− ≡ 0 and P+ ≡ 0, Q+ ≡ I.
Hence the node operator

N1,0 : ImQ−(0) = {0} → ImQ+(1) = X

is zero. Thus, the family of evolution operators U : ∆R → EndX we have
constructed corresponds to the differential operator L = −d/dt + A(t) : D(L ) ⊂
F (R, X) → F (R, X) with A(t) = 0 for t > 1. Since N1,0 is semi-Fredholm,
so is LU (by Theorem 1.13). The operator N1,0 is injective, and hence
LU : D(LU ) ⊂ F (R, X) → F (R, X) is an injective operator.

Example 8.7. Let T : R+ → EndX be a bounded C0-semigroup with generator
A such that σ(A) ∩ iR = {iλ1, . . . , iλn} is a finite set. From the results in § 6 we
obtain the following theorem.

Theorem 8.3. The semigroup T has the representation

T (t) =
n∑

k=1

Bk(t)eiλkt +B0(t), t > 0, (8.4)

where the Bk ∈ Cb,u(R+,EndX) are operator-valued functions slowly varying
at infinity, and B0 : R+ → EndX is a strongly continuous function such that
limt→∞B0(t)x = 0 for each x ∈ X .

We note that the functions Bk, k = 1, . . . , n, in (8.4) can be taken to extend
to C as entire functions of an (arbitrarily small) exponential type such that
limt→∞ ∥B′k(t)∥ = 0, k = 1, . . . , n. This possibility is ensured by Lemma 6.1.

An analogue of Theorem 8.3 holds when σ(A)∩iR is a countable set without limit
points in iR. It should be stressed that the quantities iλ1, . . . , iλn in the hypothesis
of the theorem do not necessarily belong to different connected components of σ(A).
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[27] Yu. Latushkin and Yu. Tomilov, “Fredholm differential operators with unbounded
coefficients”, J. Differential Equations 208:2 (2005), 388–429.

[28] А. Г. Баскаков, “Об дифференциальных и разностных фредгольмовых
операторах”, Докл. РАН 416:2 (2007), 156–160; English transl., A.G. Baskakov,
“Fredholm differential and difference operators”, Dokl. Math. 76:2 (2007), 669–672.

http://mi.mathnet.ru/eng/mzm1780
http://mi.mathnet.ru/eng/mzm1780
http://dx.doi.org/10.1007/BF02307207
http://dx.doi.org/10.1007/BF02307207
http://dx.doi.org/10.1007/BF02307207
http://dx.doi.org/10.1006/jfan.1995.1007
http://dx.doi.org/10.1006/jfan.1995.1007
http://dx.doi.org/10.1007/BF02574098
http://dx.doi.org/10.1007/BF02574098
http://dx.doi.org/10.1007/BF02574098
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0970.47027
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0970.47027
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0970.47027
http://mi.mathnet.ru/eng/im2643
http://mi.mathnet.ru/eng/im2643
http://mi.mathnet.ru/eng/im2643
http://mi.mathnet.ru/eng/im2643
http://dx.doi.org/10.1070/IM2009v073n02ABEH002445
http://dx.doi.org/10.1070/IM2009v073n02ABEH002445
http://dx.doi.org/10.1070/IM2009v073n02ABEH002445
http://dx.doi.org/10.1007/BF01351346
http://dx.doi.org/10.1007/BF01351346
http://mi.mathnet.ru/eng/dan2149
http://mi.mathnet.ru/eng/dan2149
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 1198.47063
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 1198.47063
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 1198.47063
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0313.34013
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0313.34013
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0313.34013
http://www.ams.org/mathscinet-getitem?mr=0755186
http://www.ams.org/mathscinet-getitem?mr=0755186
http://www.ams.org/mathscinet-getitem?mr=0755186
http://www.ams.org/mathscinet-getitem?mr=0755186
http://dx.doi.org/10.1016/0022-0396(84)90082-2
http://dx.doi.org/10.1016/0022-0396(84)90082-2
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0766.47021
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0766.47021
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0766.47021
http://dx.doi.org/10.1016/j.jde.2003.10.018
http://dx.doi.org/10.1016/j.jde.2003.10.018
http://mi.mathnet.ru/eng/dan555
http://mi.mathnet.ru/eng/dan555
http://dx.doi.org/10.1134/S1064562407050080
http://dx.doi.org/10.1134/S1064562407050080


112 A.G. Baskakov

[29] Yu. Latushkin, A. Pogan, and R. Schnaubelt, “Dichotomy and Fredholm properties
of evolution equations”, J. Operator Theory 58:2 (2007), 387–414.

[30] А. Г. Баскаков, К.И. Чернышов, “Спектральный анализ линейных отношений
и вырожденные полугруппы операторов”, Матем. сб. 193:11 (2002), 3–42;
English transl., A.G. Baskakov, K. I. Chernyshov, “Spectral analysis of linear
relations and degenerate operator semigroups”, Sb. Math. 193:11-12 (2002),
1573–1610.

[31] R. Cross, Multivalued linear operators, Monogr. Textbooks Pure Appl. Math.,
vol. 213, Marcel Dekker, Inc., New York 1998, x+335 pp.

[32] A. Favini and A. Yagi, Degenerate differential equations in Banach spaces, Monogr.
Textbooks Pure Appl. Math., vol. 215, Marcel Dekker, Inc., New York 1999,
xii+313 pp.

[33] A. E. Taylor, Introduction to functional analysis, John Wiley & Sons, Inc.,
New York; Chapman & Hall, Ltd., London 1958, xvi+423 pp.

[34] S. Goldberg, Unbounded linear operators: Theory and applications, McGraw-Hill
Book Co., New York–Toronto–London 1966, viii+199 pp.

[35] W. Rudin, Functional analysis, McGraw-Hill Ser. Higher Math., New York–
Düsseldorf–Johannesburg 1973, xiii+397 pp.

[36] T. Kato, Perturbation theory for linear operators, Grundlehren Math. Wiss.,
vol. 132, Springer-Verlag, New York 1966, xix+592 pp.
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