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Abstract. This article gives a survey of recent research related to the
Monge-Kantorovich problem. Principle results are presented on the exis-
tence of solutions and their properties both in the Monge optimal trans-
portation problem and the Kantorovich optimal plan problem, along with
results on the connections between both problems and the cases when they
are equivalent. Diverse applications of these problems in non-linear analy-
sis, probability theory, and differential geometry are discussed.
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In this year of the centenary of the birth of Leonid Vital’evich Kantorovich, it is
70 years since the publication of one of his shortest but undoubtedly outstanding
papers [1] (with an even shorter continuation [2]), the ideas of which were fated
to a long life; some of them were developed in the two joint papers [3] and [4]
by Kantorovich and Rubinshtein. As noted by Vershik in [5], “the beauty and
naturalness of the formulation of the problem, the fundamental character of the
main theorem (a criterion for optimality), and finally, the wealth of applications
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(only partly realized, but new ones are being discovered in areas coming to light
only now), all this lets us to rank these papers among the classics of 20th-century
mathematics”.

The aim of our survey is to give an account of the state of the art of research
connected conceptually with the paper [1] as well as with the considerably older
problem of Monge [6], about which Kantorovich learned after the appearance of [1]
(see [2]); interesting materials of a biographical nature are collected in [7] and [8],
and one can expect new publications in this centenary year.

Although there are a number of thorough surveys and monographs devoted to
this subject (see [9]-[17]), it seems reasonable to briefly retell the known history of
its origin and development. In modern terms the Monge problem can be described
as follows (in general form this formulation of the problem is due to Vershik [18]).
We are given two probability spaces (X, <7, ) and (Y, %, v) and a non-negative
measurable function h on X x Y, called a cost function (often denoted by c¢). It
is required to find a map T: X — Y that is measurable with respect to the pair
(o, B) (that is, T~1(B) € & for all B € £), takes the measure y into v, and
minimizes the expression

M1, . T) = My (s 0, T) = /X he, T(x)) p(da)

among all such maps. The condition that u is taken to » means that v coincides with
the image of 4 under the map 7, as given by the formula poT~(B) := u(T~1(B)),
B e A IfsomeT € T(u,v) gives a minimum, then this 7" is called an optimal map
of the measure u to the measure v, or an optimal transportation.

In the interpretation of Monge the problem was concerned with the most eco-
nomical transportation of soil for construction works, that is, both measures were
the standard volumes, the cost function was the usual distance, and the work per-
formed had to be minimized (under the condition that the work of transporting
a mass element AV over a distance Ar is AVAr). By appearance the problem
looks applied, but it is fairly clear that it need not be such, although at the time
the French academicians were often called on to solve genuinely applied problems
of absolutely concrete practical nature (see [19]). Of course, this is not the only
possible ‘economic’ formulation of the transportation problem. One can speak, for
instance, of transporting goods from stores to delivery addresses or in general of
distributing certain resources (a model example in some papers was the delivery of
breads and croissants from bakeries to Parisian cafés), and discrete variants of the
Monge and Kantorovich problems arise in so many modern areas that we do not even
need to invent artificial applications. Gaspard Monge was a very universal scholar
who made significant contributions to descriptive geometry, differential geometry,
engineering, organization of science, and higher education. He was an active par-
ticipant in the French Revolution (as the Naval Minister he signed the decision of
the Court to execute Louis XVI), a comrade-in-arms of Napoleon, a participant in
his Egyptian expedition, and the person who ensured Napoleon’s election to the
Academy of Sciences (in those years, as now, membership in the Academy did not
necessarily require scientific achievements). Among Monge’s students there were
such renowned scientists as Cauchy, Poisson, Meusnier, Carnot (the Carnot cycle
was an invention of his son S. Carnot), Poncelet, and Coriolis. Later, after the fall
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of Napoleon and the French ‘perestroika’; he was expelled from the Academy (by
adroit colleagues who were quick in changing course), but much later the Academy
of Sciences announced prizes for a solution of the optimal mass transfer problem
posed by him for the concrete function h(z,y) = |x — y| (though the very existence
of a solution was tacitly assumed, and the problem was concerned with the study
of some of its geometric properties). The problem was solved by Appel [20], who
received such a prize. However, also his solution did not give a proof of the existence
of an optimal map, but only established certain properties of such a map. Not only
was the existence problem itself not solved, but it was not even precisely formulated
until the 1970s, when it was posed explicitly in modern terms by Vershik in the
paper [18] cited above and when the very important (and now classical in measure
theory) paper [21] of Sudakov appeared and was believed to settle the matter. How-
ever, 20 years later a gap was found in it, which fortunately was eventually filled
(see [9], [22]-]24], and more precise comments below). One can say that it was only
by the beginning of this millennium that the special Monge problem was solved
and also that many related subtleties previously invisible came to be recognized.
Over the last decade research in this area has notably intensified. This increased
activity has been connected both with the consideration of diverse problems arising
with one or another choice of the cost function h and of the class of measures p
and v being transformed, and with the determination of relations between these
kinds of problems and the most diverse directions in non-linear analysis, geometry,
partial differential equations, and stochastic analysis. It is these newly discovered
relations that have attracted so many specialists from so many different areas to
the questions considered here.

However, all this could hardly have been envisaged when in the severe wartime
autumn of 1942 Major L. V. Kantorovich, then head of the department of mathe-
matics at the Higher Technical Engineering College of the Soviet Navy and involved
in applied military projects, submitted his note [1]. By that time he was already
a fairly well-known mathematician who had published several papers in the theory
of functions of real and complex variables, serious investigations in descriptive set
theory, partially ordered vector spaces, and linear problems of functional analysis
closely related to measure theory and integral representations of linear functionals.
The creative work of Kantorovich, especially in the indicated areas, was certainly
influenced by the fact that he was a student of G.M. Fichtenholz, a remarkable
mathematician and teacher, and an eminent expert in the theory of the integral
(see [25] on his works). Another teacher of Kantorovich was V.I. Smirnov. In
[1] Kantorovich formulated a problem very close to Monge’s problem (even with
similar examples of an ‘applied’ nature about the transfer of soil), but with a fun-
damentally important nuance: in the Kantorovich problem instead of searching for
a map T (an ‘optimal transportation’) it is proposed to find just an ‘optimal plan
of transportation’, that is, a probability measure ¢ on (X x Y, & ® £) such that its
projections on X and Y are p and v, respectively, and it minimizes the expression

K(:“’v% U) = Kh(ﬂ7yv U) = /Xxyh(xvy) O'(d.%'dy)

over all probability measures o in the class II(p, v) of probability measures on the
product (X x Y, o/ ® %) that give u and v when projected on X and Y. It should
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be said that the paper [1] was part of a project that Kantorovich began in 1938 and
presented in the booklet [26], which actually became the starting point of modern
linear programming. The transport problem was one of the themes mentioned
there.

Unlike the complicated non-linear Monge problem, the Kantorovich problem is
linear: one is looking for the minimum of a linear functional on a convex set, and
Kantorovich himself considered the case where X and Y are compact metric spaces,
which makes TI(u, ) compact in the weak topology, in which the convergence of
measures v, to a measure v means convergence of the integrals with respect to them
of every bounded continuous function. Of course, the functional o — K(u,v,0)
turns out to be continuous in this topology if the function A is continuous. Thus,
here there are solutions for every continuous function h, and all of them are extreme
points of the compact set II(u,v) (that is, points that are not interior points of
closed intervals with endpoints in II(y, v)). In the general case a solution is a mea-
sure in II(p, ) at which the minimum is attained, and it is called optimal or an
optimal plan. For non-compact spaces the situation is more complicated, but also
here there are many sufficient conditions for the existence of solutions, while the
Monge problem can be unsolvable even for rather simple functions and measures
on compact sets in R™. It should be noted that in [2] Kantorovich called the Monge
problem a special case of his problem and wrote that from a solution of the lat-
ter one can easily get a solution of the former. In the general case this is false,
but if the Monge problem for a continuous cost function has a solution 7', then
the measure o on the graph of T" equal to the image of the measure p under the
map = — (z,T(z)) will be a solution to the Kantorovich problem. We note that
the Kantorovich problem can be viewed as a ‘Monge problem with a multivalued
map’ by representing a plan o in the form o(dz dy) = o®(dy) u(dz) by means of
conditional measures c® on Y (see below), which leads to the search for an opti-
mal map = — ¢ with values in the space of probability measures on Y. In this
picture the existence of a pointwise optimal transportation means the possibility of
choosing Dirac conditional measures ¢”. Here problems involving polymorphisms
arise (see [27]). In some important special cases it is indeed possible to use a solu-
tion to the Kantorovich problem for constructing a solution to the Monge problem,
but in general this is rather rare. Nevertheless, the connection between the prob-
lems of Monge and Kantorovich turns out to be surprisingly close, so the term
‘Monge—Kantorovich problem’ has become generally accepted (we saw the first use
of these words in the title of Levin’s paper [28]). For both problems it is useful to
introduce the quantities

M(/Jv V) = Mh(/J'v V) = inf{Mh(ﬂv v, T) Te T(ILL7 V)}a
where T'(u, v) is the class of all measurable maps taking p to v, and
K(p,v) = Kp(p,v) := inf{Kp(u,v,0): 0 € (u,v)}.

In dealing with a single cost function h we will omit it in the notation, but it will
be important to use the index h when comparing cost functions. In the general
case these infima are not minima, and one has the estimate

K(p,v) < M(p,v).
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Finally, we denote by ®; the set of pairs of functions (p,v), ¢: X — R! and
1¥: Y — R', that are measurable with respect to o7 and 4, respectively, and satisfy
the inequality

o(x) +v(y) <h(z,y), zeX, yeV

For this set Kantorovich considered the so-called dual problem of finding the quan-
tity (with values in [0, +-00])

J(p,v) = Jn(p,v) = Sup{/xsoduﬂL/Yde’ (o, %) €<I>h}.

This problem, inspired by his investigations in linear programming involving dual
problems, plays an important role in our circle of questions. We should say some-
thing about the case when all the quantities involved in some infimum are infinite:
then the infimum is also infinite, of course. Thus, in the Kantorovich problem, the
dual problem, and the Monge problem infinite values are allowed. For example, if
the integral of h is infinite for all o € II(u,v), then we set K(u,v) = +oo, and
every measure in II(u, v) is optimal. Since obviously

/(pdu—i—/wdyg/ hdo
X Y XxY

for all (¢, ) € &, and o € II(p, V), one has the estimate
(1, v) < K v) < M, v).

It turns out that under very broad assumptions these inequalities are actually
equalities, and this will be the main topic of discussion in the first chapter. In
the second chapter we turn to the Monge problem proper, presenting the prin-
cipal results on the existence of its solutions and the properties (in particular,
differential) of these solutions. An essential distinction of the Monge problem is
that the requirements on the function h are considerably stronger here than in
the Kantorovich problem, and these requirements are very restrictive even for nice
measures on the space R?. So far one can state that only the case of the function
h(z,y) = |x —y|? and some sufficiently regular functions with conditions of convex-
ity /concavity type have been thoroughly studied. The last chapter is devoted to
diverse applications and connections of the Monge—Kantorovich problem. There we
discuss various non-linear inequalities and variational problems (isoperimetry, the
logarithmic Sobolev inequality, and so on), geometric flows on finite-dimensional
Riemannian manifolds and gradient flows on infinite-dimensional manifolds of prob-
ability measures, transport equations, infinite-dimensional variants of the Monge
problem, and many other things; finally, we briefly mention some other interest-
ing transformations of measures (certain competitors of optimal maps). Of course,
the length of our survey does not allow us to go into details, so many directions
in contemporary research are merely mentioned, with references (even in the very
thorough monograph [17] by Villani, which is ten times longer than this paper, only
certain selected problems are discussed in detail). But such a sketch of the general
panorama is a goal of our survey, which is closely connected with another important
goal: to attract the attention of our beginning mathematicians to this interesting
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and promising area created 50-70 years ago in the works of Kantorovich and also
in closely related works of others of our outstanding researchers such as A.N. Kol-
mogorov, A.D. Aleksandrov, V. A. Rohlin, A.V. Pogorelov, R.L. Dobrushin, and
Yu. V. Prokhorov.

Notation and terminology. Throughout, #(X) denotes the o-algebra of Borel
sets in a topological space X, that is, the smallest o-algebra containing all open
sets, and Cy(X) denotes the set of all bounded continuous functions on X. We
consider only Hausdorff (separated) spaces. Recall that a Borel measure is a real
countably additive function p on Z(X). Such a function can be uniquely written in
the form p = pu* — p~, where u* and p~ are non-negative Borel measures (called
the positive and negative parts of u) concentrated on disjoint sets; the measure
|p| = pt + p~ is called the total variation of the measure p, and the quantity
||l = |u|(X) is called the variation or the variation norm of u. A Borel measure
u is called a Radon measure if, for every B € #(X) and every € > 0, there exists
a compact set K C B such that |u[(B\ K) <e. A set B € #(X) is called an atom
of p if u(B) > 0 and every set A € #(X) contained in B has measure either 0 or
w(B). The smallest closed set of full measure is called the topological support of
the measure p and is denoted by supp(p). Such a support exists for every Radon
measure on a topological space and also for every Borel measure on a separable
metric space.

Let a A b = min(a,b), and let J, be the Dirac measure at .

In our discussion of certain questions it will be very useful to employ the notion of
a Souslin space, which is a Hausdorff space that is a continuous image of a complete
separable metric space (see [29], Chaps. 6 and 7). On such spaces all Borel measures
are Radon measures. In a complete separable metric space all Borel sets are Souslin
sets, but in uncountable spaces there always exist non-Borel Souslin sets. For the
questions to be discussed an important advantage of Souslin sets compared to Borel
sets is that a continuous and even a Borel image of a Souslin set is a Souslin set (the
image of a Borel set need not be Borel even for an infinitely differentiable function
on the real line).

Many aspects of the Monge—Kantorovich problem are connected with conditional
measures, the construction and effective use of which goes back to the works of
Kolmogorov, Rohlin, and other classics (see Chap. 10 in [29]). Here we ounly point
out that for Souslin spaces X and Y every Radon probability measure p on X x Y
admits conditional measures u*, x € X, on Y, that is, Radon probability measures
such that for every Borel set B € X x Y the function  — pu*(B,), where B, =
{y €Y: (z,y) € B}, is Borel measurable on X and

u(B) = /X 1 (By) px (d),

where px is the image of p under projection on X. The measure p*(dy) is also
denoted by u(dy|z). In particular, letting B = X x C with C € Z(Y), we get that
the function z — p*(C) is Borel measurable. For more general spaces the concept
of conditional measures makes sense, but they do not always exist.

Let #,.(X) denote the space of all (including signed) Radon measures on X, let
AT (X) be the set of non-negative Radon measures, and let £,.(X) be its subset
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consisting of the probability measures. For most of the questions discussed below
one can assume that our discussion concerns complete separable metric spaces, and
on such spaces all Borel measures are Radon, so the notation . (X) and Z(X)
without the index r will be used. In the general case it is useful to consider also
the Baire o-algebra %a(X), which is generated by all the sets of the form {f > 0},
where f € Cp(X); measures defined on it are called Baire measures. It is clear
that Ba(X) C #(X). For all metric spaces this inclusion is an equality, but in the
general case it is strict even for compact spaces. The space of all Baire measures is
denoted by .#,(X), and its subset of probability measures is denoted by &, (X).
This space (hence also .#,.(X)) is equipped with the weak topology generated by
the seminorms

‘/ fdu‘ 1 € Cu(X).

Convergence of a sequence (or a net) of measures in the weak topology is conver-
gence of the integrals of every fixed functlon in Cy(X).

According to the classical Prokhorov theorem, if X is a complete separable met-
ric space, then the following conditions are equivalent for a sequence of probability
measures {u,} on X: 1) each subsequence of it contains a weakly convergent sub-
sequence; 2) it is uniformly tight, that is, for every € > 0 there is a compact set K,
such that u, (X \ K.) < € for all n.

The problems touched upon in this survey have been discussed with many
colleagues. We are particularly indebted to L. Ambrosio, F. Barthe, S. G. Bobkov,
F.-Yu. Wang, A.M. Vershik, A.V. Gasnikov, F. Gotze, P. Catiaux, B. Klartag,
Ph. Clement, A. Colesanti, M. Ledoux, V.L. Levin, R. MacCann, E. Milman,
F. Morgan, M. K. von Renesse, M. Rockner, A.N. Sobolevskii, E. O. Stepanov, and
V. N. Sudakov.

Chapter 1
The Kantorovich problem

1.1. Kantorovich metrics and Kantorovich—Rubinshtein norms

In this section X is a metric space with a metric p. Thus, the classes of Borel and
Baire measures coincide. For part of the results completeness and separability of
the space will be important. It is known (see [29], Chap. 8) that, except for the case
of finite X, the weak topology on the whole space .#,(X) is not metrizable, hence
it is not given by a norm. However, one can define a norm on .#,(X) such that
the generated topology coincides with the weak topology on the set of non-negative
Radon measures (hence also on the set of probability measures). Let us consider
the following Kantorovich-Rubinshtein norm on the space .#,(X):

o =sun [ 7 dus 1 € Lipy (3, sup 7] < 1),

Lip,(X) :={f: X = R', |f(z) — f(y)| < o(x,y) Y,y € X}.

This norm generates the Kantorovich-Rubinshtein metric

do(p, v) = [|pp = vllo-
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Clearly, ||ullo < ||i||- If the space X contains an infinite convergent sequence, then
the norm || - ||o is strictly weaker than the norm || - || (the variation norm). Indeed,
if x,, — x, then the measures d,, converge in the norm || - ||o to the measure J,,
since |f(zn) — f(2)| < o(zp,x) for f € Lip,(X), but ||§; — 0, | = 2 for z,, # =.
In particular, under the indicated condition the space .#,(X) cannot be complete
in the norm || - ||o, since it is complete in variation, and then by a theorem of
Banach the two norms would be equivalent. If o(z,y) > 6 > 0 whenever z # y,
then the norms || - ||o and || - || are equivalent, since in this case f € Lip,(X) if
|f| < 6/2. According to Theorem 1.1.2 stated below, the topology generated by the
norm || - ||o coincides with the weak topology on the set of non-negative m-additive
measures. Below we introduce a modified Kantorovich-Rubinshtein metric. The
following equivalent norm is also frequently used:

il = sup{ /X fdp: f € BLEX), |fle < 1},

where BL(X) is the space of bounded Lipschitz functions on X with the norm

) —
[ fllBL == sup | f(z)] 4 sup “————===.
rzeX T#yY Q(xay)

It is readily seen that BL(X) with this norm is complete. Clearly,

Il < llello < 2llpliBe,

since || f||pr < 2 if f € Lip;(X) and supy |f(z)| < 1.

Remark 1.1.1. The weak convergence of a net {u,} of non-negative measures to
a measure p is equivalent (see [29], Remark 8.3.1) to the equality

tim [ @) alie) = [ f(a) i)

for all bounded Lipschitz functions f on X. In particular, convergence of a net of
non-negative measures in the Kantorovich—-Rubinshtein metric implies weak con-
vergence. However, if X is non-compact, then for some choice of a metric on X
defining the original topology there necessarily exists a sequence of signed measures
tn and a measure p such that the integrals with respect to u, of every bounded
uniformly continuous function f converge to the integral of f with respect to u, but
the measures p, do not converge weakly to p (see Exercise 8.10.89 in [29]). The
original metric does not always possess such a property (for example, in the case
of X = N with the usual metric), but for X = R! the standard metric is suitable:
it suffices to have sequences {x,} and {y,} with x,, # y, and without limit points
such that the distance between x,, and y,, tends to zero.

For any set B C X let B¢ = {x: dist(z, B) < €}.

The following theorem employs yet another technical concept: a Borel measure
w is said to be rT-additive if u(Z,) — 0 for every net of closed sets decreasing to
the empty set. This property is shared by all Radon measures and also by all Borel
measures on separable metric spaces.
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Theorem 1.1.2. The topology generated by the norm || - ||o coincides with the weak
topology on the set M (X) of non-negative T-additive measures. In addition, on
the set 2. (X) of T-additive probability measures the weak topology is given by the
following Lévy—Prokhorov metric:

dp(p,v) =1inf{e > 0: v(B) < u(B°) +¢, p(B) <v(Bf)+e VB e B(X)}.

In particular, if the space X is separable, then the weak topology on the set M} (X)
is generated by the metric do(u,v) = ||u—v||o.
If 2,(X) # Z.(X), then the weak topology on P,(X) is not metrizable.

One should bear in mind that the non-coincidence of &;(X) and Z,(X) is
rather exotic in applications. It is possible only for non-separable X, and in the
case of a complete X it requires some additional set-theoretic assumptions (such as
the existence of measurable cardinals; see, for example, [29], Proposition 7.2.10).
Nevertheless, it is worthwhile to clarify the reason for non-metrizability of the weak
topology on &, (X), since all the metrics considered are defined in any case. The
point is that the set of measures with finite support is dense in &, (X) in the weak
topology (this is true for all spaces). Hence the existence of a metric determining the
weak topology on &, (X) gives countable weakly convergent sequences of discrete
measures for every measure in &, (X), which thereby turns out to be a measure
with separable support (the closure of the union of the atoms of this countable
sequence), and this means 7-additivity (but not always the Radon property if the
space is not complete).

Theorem 1.1.3. For any two Borel probability measures p and v on a metric
space X the following relations hold between the Lévy—Prokhorov metric and the
Kantorovich—Rubinshtein metric:

2dp(p,v)?
ZEPVRY) = vl < i — vllo < 3dp ().
5t dr(p.7) I =visL < [l —vllo < 3dp(p,v)

In addition, ||p — v, < 2dp(p,v). If X is complete, then the space P.(X) =
P (X) is also complete with either of these metrics.

Therefore, for a complete separable metric space X the space of Borel probability
measures on X is complete with respect to these metrics and they determine the
weak topology on it.

It follows from the Prokhorov theorem that any weakly convergent sequence of
signed Borel measures on a complete separable metric space converges in the norm
| - llo, but the converse is not true: ||/n(d1/, — do)|lo — 0, although the measures
V/n(d1/n, — do) do not converge weakly.

Let 2(X) be the set of all Borel probability measures on X for which the
function x — g(x, xo) is integrable for some xg € X (and then for all zy by the tri-
angle inequality). Let us equip &2!(X) with the following modified Kantorovich—
Rubinshtein metric (introduced also by Fortet and Mourier [30] for a general sepa-
rable metric space):

= vl =suw [ rate=): £ im0}
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We remark also that in [31] this norm was introduced on the linear span of Dirac
measures for the study of isometric embeddings of X. Clearly,

[ = vllo < [l —vllg,

since the restriction sup, |f(z)] < 1 is omitted when taking the supremum. In
addition,

I —vlls < / o(w,a) (u+v)(dz) YaeX,

since f(x) can be replaced by f(z) — f(a) in view of the equality p(X) = v(X) and
the inequality | f(z) — f(a)| < o(x,a). If the diameter of X does not exceed 1, then
I — vllo = i1 = v, because [ f(z) — f(a)] <1 for f € Lipy(X).

The quantity || — v||§ is indeed a norm of the measure p — v if we introduce the
linear space .#,(X) of all signed Borel measures o on X such that o(X) = 0 and
the function z — p(z, x¢) is integrable with respect to |o| (an equivalent condition:
Lip,(X) € L'(Jo|)). On the space .#,(X) the indicated formula defines a norm
o+ ||o|l§. We note that every measure o € .#,(X) has the form |o™ || — |0~ ||v,
where p,v € 21(X), p =07 /|0, and v = 67 /|[c~||. The norm || - ||§ can be
extended to the linear space of all bounded Borel measures on X with respect to
which all Lipschitz functions are integrable. To this end we set

lols = lo(X)] +sup{ [ o £ € Liny (X0, fo) = o}

for fixed o € X. If X is separable, then the dual of the space of measures with the
norm || - ||§ is the space Lip(X) of Lipschitz functions.

Proposition 1.1.4. For all p,v € 21(X)

||uu||z;sup{/ fap+ [ gav
X X

e CX)NIMNu), g€ CX)NLNW), )+ gly) < g(a:,w}.

Kantorovich himself introduced the following quantity W (u,v), which is now
called the Kantorovich metric (see [29], vol. 2 and [32] for a proof).

Theorem 1.1.5. Let pu and v be Radon measures in 2*(X). Then

= vls=Waw)i= ot [ ol Mdndy), (1L
)\GH(,U,,V) XxX

and there is a measure A\g € (u,v) at which the value W (u,v) is attained.

If X is bounded, then 21 (X) = £,(X). Note that for every metric space (X, o)
the metric gg := /(0 + 1) (or g1 := min(p, 1)) defines the original topology but is
bounded, and hence the function W in (1.1.1) constructed from gg is a metric for
the weak topology on Z,.(X). If the diameter of X does not exceed 1, then the
embedding X — Z,.(X), x — J,, preserves distances if &,.(X) is equipped with the
metric dy, since dg(dq, ) = 0(a,b) (which is easy to get by taking f(z) = o(x,a)).
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A technical advantage of the modified Kantorovich-Rubinshtein metric ||p — v||§ is
that the embedding X — 92!(X) always preserves distances whatever the diameter
of X: the equality

160 = dbllo = e(a,b)

holds due to the estimate |f(a) — f(b)] < o(a,b) for all f € Lip;(X), and the
supremum is attained at the function f(x) = o(x,a). Therefore, for any complete
separable metric space X we obtain an increasing sequence of complete separable
metric spaces

X = PUX) = PHPX)) = oo

where the element V;, ;1 with index n + 1 has the form 21(V},), the spaces of mea-
sures are equipped with the modified Kantorovich—Rubinshtein metric generated
by the norm | - ||§j, and all the embeddings preserve distances. It is appropriate
to call this chain Vershik’s tower, in honour of Vershik, who introduced it more
than 40 years ago (see [5] and [33], where there are additional references and dis-
cussions). If X is compact, then all levels of Vershik’s tower are compact. In
connection with the isometry of the embedding X — £2(X) we remark that the
Kantorovich-Rubinshtein norm is maximal on the space Vj of finite linear com-
binations ¢ of Dirac measures with ¢(X) = 0 among those norms ¢ for which
q(0z — dy) = o(x,y) (on related interesting problems and results, see [34]).

It is known that a general completely regular Hausdorff space X is homeomorphic
to the subset of Dirac measures in the space Z2,.(X) of Radon probability measures
on X with the weak topology (see [29], §8.9). Compactness of X is equivalent to
compactness of Z,.(X).

Furthermore, metrizability of X is equivalent to metrizability of 42,.(X), and
metrizability of X by a complete metric is equivalent to metrizability of £,.(X) by
a complete metric. Of course, on a metrizable space an incomplete metric can define
the same topology as some complete metric (as in the case of the interval (0,1)).
Unlike the weak topology, which is not connected with metrics, all the metrics
considered by us on #,.(X) depend essentially on the original metric on X.

Similarly, one introduces the LP-metric of Kantorovich (this was done explicitly
in [35]; see also [36], [37], [15], and the references there). The quantity

Wy = ([ XXg<x,y>po<dxdy>)1/p

o€l (p,v)

is a metric (for p > 1) on the space Z?(X) of Radon probability measures p such
that the function x — p(x, zo) belongs to LP(u) for some (and then for all) g € X
(if 0 < p < 1, then W} is a metric). The integrability of o(z,y)? with respect to
o € TI(p, v) follows from the inequality o(x, y)? < 2Po(x, x0)? + 2P 0(y, x0)? and the
assumed integrability of the terms on the right-hand side with respect to p and v,
respectively. The metric W), is called the Kantorovich distance (or the p-distance).
In foreign papers it is often called the Wasserstein distance under the influence of
the celebrated paper [38] of Dobrushin, who efficiently used this metric and believed
that it had been first introduced in the paper [39] of L.N. Vasershtein, who had
indeed used it for p = 1 (see p. 68 of the paper cited). Nevertheless, the historically
wrong name has become firmly established in the foreign literature along with the
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distorted transliteration of the name of the author of [39] (by the way, translated
in time into English with the spelling ‘Vasershtein’ for the author’s name).

It is clear that Wy (u,v) = W,(v, 1), and it is easily verified that W, (s, v) =0
only when p = v (the equality W, (1, ) = 0 is seen from the fact that one can take
o as the image of u on the diagonal under the map = — (x,z)). Unlike for most
metrics used, verification of the triangle inequality for W), is not completely obvious.
Given three measures pi1, po, 13 € PP(X), how can we estimate W, (1, pi3) in terms
of Wy (11, o) + Wy (e, p3)? If 01 2 and o9 3 are optimal plans for the pairs (u1, p2)
and (pe, ps), then it suffices to have a probability measure 7 on X x X x X whose
projection on the product of the first two factors is 01,2 and whose projection on
the product of the last two factors is the measure o3 3. Then the projections of 7
on the first and third factors are puy and ps, whence we get that

1/p
Wy, u3) < (/ o(x1, z3)n(dxy das d$3)>

< (/[Q@lﬂfz) + o(z2, z3)|"n(dzy dzs dl‘s)) v

1/p

< ( / ola1, )P (da: das dajg))l/p—F ( / olara, w3)Pn(day dia dx3)> ,

which coincides with [|o|| v (o, o) + 1|0l L7 (0s5) = Wp(p1, p2) + Wi (p2, p3). However,
the existence of such a measure n requires justification. This is done in the next
lemma.

Lemma 1.1.6. Let X7, Xo, X3 be completely reqular spaces, and let X7 x Xs
and X9 x X3 be equipped with Radon probability measures 012 and o3 with equal
projections on Xo. Then on Xy X X X X3 there is a Radon probability measure n
with the projections o1 2 and 023 on X1 x Xy and X x X3, respectively.

Proof. Let the given spaces be compact. Then on the linear subspace of C(X; X
X9 X X3) consisting of the functions of the form

o(r1, 22, 23) = f(21,72) + g2, 73),
where f e C(X; x Xa), g€ C(Xax X3),

we can define the linear functional

o) = [ oo+ [gdons

The condition of equality of the projections on X5 guarantees that it is well-defined:
if f(xy,22) + g(w2,23) = fo(w1,22) + g(22,23), then f(x1,22) — fo(21,22) does not
depend on z; so has the form (z2), and the measures 012 and o2 3 assign the
same integral to ¢ (z2). The norm of [ equals 1, since [(1) =1 and I(f +¢g) < 1 if
f+ g < 1. The latter is seen from the representation

f(x1,x2) + g(xe, x3) = f(x1,22) + Hiaxg(xzﬂ%) + g(xa, x3) — Hian(xz,xg),
3 3

where f(z1,72) + maxy, g(v2,73) < 1 and g(v2,73) — max,, g(r2, x3) < 0. By the
Hahn—Banach theorem [ extends to a functional on C'(X; x X5 x X3) with unit
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norm, which by the Riesz theorem can be represented as the integral with respect
to some Radon measure v with ||v|| = 1. Since [(1) = 1, v is a probability measure,
and it has the required projections (it suffices to take g = 0, and then f = 0).

In the general case we may assume by the Radon property of the measures that
all three spaces are countable unions of compact sets. Hence, they turn out to
be Borel sets in the Stone-Cech compactifications X1, X, and X3. Applying the
fact proved above to the extensions of the measures o; 2 and g3 to X x Xo
and X, x X3, we obtain a Radon probability measure n on X1 x Xo x X3 with
the required projections. This measure is concentrated on X; x X5 x X3, since
(X1 x X3 x X3) =n(X; x Xo x X3) =1 by our condition on the projections.

We remark that for many spaces (say, Souslin spaces) the required measure can
easily be expressed explicitly via conditional measures:

n(dl’l dl’g dl’g) = 0172(d$1|1’2) 0'2,3(d1'3|1'2) W(dxg),

where 7 is the common projection of 12 and o33 on Xz, and oy 2(-|z2) and
09,3(-|z2) are the corresponding conditional measures, that is, o1 2(dzy dxe) =
o1,2(dx1|z2) m(dxe) and o9 3(dxs drs) = 09 3(dzs|ze) m(dzs). In other words,

/fd??:/ / f(m1,x2,x3)0‘172(d$1|x2)0—2,3(dl’3|l’2)ﬂ-(d$2).
X2 J X3 JX1

For example, if f depends only on x5 and x3, then the first integral gives f(xs,x3),
which gives the integral of f with respect to the measure o2 3. If f does not depend
on z3, then similarly we obtain the integral of f with respect to the measure oy 2,
which means that the required conditions on the projections hold (on connections
with multiplication of polymorphisms, see [27]). O

The metric W, is bounded by the variation as follows (see [16], Proposition 7.10):
W, (p, )P < 287 o( -, w0) (e — V)|, wrve LX), p=1, zoeX. (1.1.2)

We note the following simple fact. Let a sequence of functions 8; € Lip;(X),
0 < 0; < 1, be given such that §;(x) = 1 for all = in the ball B(zg,j) of radius j
with some common centre zg and 0;(z) = 0 if ¢ B(xo,j + 1). It is clear that
for every measure p the measures 6; - 1 converge weakly to u. An analogous fact
is true for the metric W,. Let &;(u) denote the probability measure C,, ;6; - u with
Cpj = (0; - p(X)) " if 0; - u(X) > 0, and let &(n) = p if 0; - u(X) = 0.

Lemma 1.1.7. W,(&;(n), 1) — 0 as j — oo for every measure p € PP(X). More-
over, lim;_, oo sup,, Wp(&; (tbn), ttn) = 0 if pin, o € PP(X) are such that the measures
(1+ o(-,20)P)ptn, converge weakly to the measure (1+ o( -, x0)P)u.

Proof. The first assertion follows at once from (1.1.2). To prove the second one we
have to verify that ||o(-,z0)(&;(1tn) — ptn)|| — 0 as j — oo uniformly with respect
to n. The weak convergence of the indicated measures implies that for any given
d € (0,1/2) there exists an R > 0 such that the integrals of 1 + o(z, zo)P over the
exterior of the ball B(R, ) with respect to all the measures y,, and p are smaller
than §. The integrals over the whole space are bounded by some number C'. We
can consider further only those n for which u,(B(R, o)) > 1 — 0. If j > R, then
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we have 0;(z) =1 for all x € B(R, xg), so the restriction of the measure &;(u,) to
B(R, zo) equals the restriction of the measure C), jun, where 1 < C), ; <1+6. In
addition, &;(un) < 2p,. Hence [|o( -, 20)(&;(n) — tn)|| is bounded by C6 + 34. O

Corollary 1.1.8. The set of measures with bounded support, hence also the set of
measures with finite support, is dense in (P2 (X), Wp).

For p > 1 the metric W), is connected with the weak topology in the following
way.

Theorem 1.1.9. A sequence of measures p, € PP(X) converges to a measure
w € PP(X) in the metric W, precisely when {u,} converges to p weakly and the
equality

n—oo

tin [ ofe,a0)? (o) = [ ofez0)” uldo) (1.13)
X X

is satisfied for some (and then for all) xog € X. This is also equivalent to the
property that the measures (1 + o(x, xo)P)pun converge weakly to (1 + o(x, z0)?)u.

Proof. The weak convergence of the sequence {u,} to p along with (1.1.3) follows
from the weak convergence of the measures v,, = (1 + o(z, 2o)P) i, to the measure
v = (14 o(z,z0)P)u. It also implies the latter, since under the condition v, (X) —
v(X) weak convergence follows from convergence of the integrals of all the functions
f € Cp(X) with bounded support. Let Wp(pn, ) — 0. Then W, ) — 0, and
hence we have weak convergence. Let us verify (1.1.3). The weak convergence
implies, by use of the cut-off functions min(o(x, zo)?, N), that the right-hand side
does not exceed the liminf of the integrals of o(x, 2¢)? with respect to u,. On the
other hand, the inequality o(zo, ) < o(z,y) + o(xo, y) implies that for every ¢ > 1
there is a C' > 0 such that o(z,z0)? < Co(z,y)P + qo(xo,y). Taking a measure
o € Iy, p) with respect to which the integral of o(z, y)? equals Wy (pin, 1)P, and
integrating the previous inequality with respect to it, we obtain the estimate

[ elaa0)” nalde) < CWyianoi +a | oo, z0) utdo)

Since Wy, (tn, ) — 0, we see that the lim sup of the left-hand side of this estimate is
no greater than the product of ¢ and the right-hand side of (1.1.3). Letting ¢ — 1,
we obtain an estimate completing the proof of (1.1.3). Finally, we show that the
weak convergence of the measures v, to v implies the convergence Wp,(p, tir,) — 0.
Lemma 1.1.7 reduces everything to the case of measures vanishing outside some
ball, and hence to the case of a bounded metric. In the latter case our assertion is
true by Theorems 1.1.2 and 1.1.5. I

For p > 1 the metric W), on the simplex of probability measures cannot be the
restriction of a norm on the space of measures due to the lack of convexity on
intervals: already for X = {0,1} we have W, (8o, (1 — t)d + t5;) = t/P. However,
the following is true.

Corollary 1.1.10. The topology generated by the metric W, on FP2(X) is also
given by the norm

Kp(p) = 1+ e(-,20)")pllo,  p € A2(X),
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where the linear space MFP(X) consists of all Radon measures p such that the
function o(-,x0)P is integrable with respect to |p|.

Proof. We know that convergence of sequences in the space ZP(X) with the indi-
cated norm is equivalent to weak convergence after multiplication by 1+ o( -, )P,
which by the previous theorem is equivalent to convergence in the metric W,,. It
should be noted that the norm introduced does not necessarily generate the met-
ric W, on &P(X), it just generates the same topology. O

T

Already in the works of Dobrushin the metric W7 was used for estimating the rate
of convergence to an invariant distribution. An interesting geometric interpretation
is given in [40]. We shall say that a discrete Markov chain M with transition
probabilities P and metric d has Ricci curvature at least & > 0 if W1 (P, Py) <
(1-k)d(z,y), z,y € M, P, = Pé,,P, = Pd,. Many interesting properties can
be derived from this. For example, for any probability measure g on M one has
Wi (uPN,7) < (1—k)NWi(u, 7), where 7 is the invariant distribution, that is, there
is an exponential rate of convergence to the invariant distribution. An analogy with
the Ricci curvature for manifolds is confirmed by many examples (discrete versions
of comparison theorems, Sobolev-type inequalities, and so on).

1.2. Existence of optimal plans

A number of very broad sufficient conditions are known for the existence of solu-
tions of the Kantorovich problem, that is, the existence of measures minimizing the
functional o — K (u,v,0). We present the principal facts. Let us first observe that
in the case of Radon measures p and v on completely regular spaces X and Y the
set II(u, v) turns out to be uniformly tight: for every € > 0 there exists a compact
set K C X x Y such that o((X x Y)\K) < ¢; for K one can take K; x K3, where
the compact sets Ky and K3 are such that u(X \ K1) + v(Y \ K3) < €. In addi-
tion, II(u, v) is closed in the weak topology. Hence, II(u, v) turns out to be weakly
compact (see [29], Theorem 8.6.7). By the linearity of the functional K(u,v, -),
for proving the existence of its minimum on II(y,v) it suffices to have its conti-
nuity on II(u,v) in the weak topology or at least the weak closedness of the sets
{o € II(u,v): K(u,v,0) < c}, that is, its lower semicontinuity. We draw the
reader’s attention to the fact that these conditions are weaker than the correspond-
ing requirements for the whole space of measures. For example, if the function
h is bounded and lower semicontinuous, then we obtain lower semicontinuity for
K(u,v, -). Indeed, it is known (see [29], Corollary 8.2.5) that for every weakly
convergent net of measures o, — o in I(u, v)

liminf/hdaa > /hda.

If the function h > 0 is unbounded but lower semicontinuous, then we obtain the
functional K (u,v, o) on II(k, v) in the form of an increasing sequence of functionals
given by bounded lower semicontinuous functions h,, = min(h, n), whence the lower
semicontinuity of the limit functional follows at once. This gives the next theorem
(we recall that the existence of a solution does not mean that K (u,r) < 00).
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Theorem 1.2.1. For any Radon measures p and v on completely reqular spaces
and any lower semicontinuous function h > 0 the Kantorovich problem has solu-
tions.

It is clear that the condition on A can be somewhat weakened. We actually
need only the lower semicontinuity of the functionals given by the bounded func-
tions min(h,n), and for this, as one can easily verify, it suffices to have the lower
semicontinuity of the function h not on all of X X Y, but on some sequence of
compact sets of the form A; x Bj, where u(A4;) — 1 and v(B;) — 1. The scope
of applicability of this theorem is thereby considerably broadened.

It is well known and easily verified that a function h on a completely regular
space is lower semicontinuous (that is, the sets {h < ¢} are closed) precisely when
h = supyea ha, where hy > 0 are continuous functions and A is an index set, and
if b > 0, then one can find functions with h, > 0; if the space is metrizable, then
one can take A = N. These considerations along with weak compactness reduce
finding K (i, v) to the case of a bounded continuous cost function.

Proposition 1.2.2. For any Radon measures p and v on completely reqular spaces
and any lower semicontinuous function h > 0

Kh(/’(‘a V) = sup Kha (:u? V)7
[0
where ho > 0 are continuous functions such that h = sup,c 4 ho. In addition,

Kn(p,v) = sup Kpan(p,v) = sup Kpoan(p,v).

Proof. Suppose that sup,, Kj,_ (1, v) < Kp(p,v) — 29, where § > 0. Let us pass to
a new collection of continuous functions h,, indexed by finite subsets o C A par-
tially ordered by inclusion, by setting h, = max(hg,,...,hg,) for a = {01,..., Bk}
Then h is the limit of the increasing net {hy} (where hy > hg if @ > 3). For every
Radon measure ¢ > 0 on X X Y with respect to which the function h is integrable,

the equality
/ hdo = lim he do
XxY * JXxY

is satisfied. Tt is first verified for h A N (see [29], Lemma 7.2.6). As shown above,
there is an optimal plan & for the lower semicontinuous function h, and for every
function h,, there is an optimal plan &,,. Using the weak compactness of II(u, v), we
pass to a subnet of {7} that is weakly convergent to some measure o € I(u, v);
we can assume that this is the whole original net. We observe that K, (u,v,00) =
K, (p,v). Indeed, if Kp(p,v,00) > Kp(p,v) + C, where C > 0, then according to
the foregoing there exists a 3 for which Ky, (i, v, 00) > Kp (i, v) +C. Then by the
weak convergence of G, to o and the continuity of hs we obtain the existence
of an a > 0 such that Ky, (u,v,00) = Kn,(it,v,04) > Kp(p,v) + C, which is
impossible. Therefore, K}, (u,v,009) = Kp(p,v), so we may assume that ¢ = og.
Now take 7 such that Kj,_(p,v,00) > Kn(p,v,00) —6. Using the weak convergence
once again, we find a 3 > ~ such that Ky, (u,v,03) > Kp(u,v,00) — 6. Since
K, (p,v,03) > Kp (p,v,05), we arrive at a contradiction, which completes the
proof of the first assertion. The remaining equalities are corollaries of it. [J
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Remark 1.2.3. For any bounded continuous cost function h a completely analogous
argument enables us to obtain K}, (u, v) as the limit of quantities Ky, (ta, Vo), where
the measures u, and v, have finite support. To this end we find a net of such
measures o, on X x Y that are weakly convergent to an optimal plan . Their
projections . and v, on X and Y converge weakly to u and v, respectively. For
them we take optimal plans ¢, and pass to a weakly convergent subnet {7, } whose
weak limit o satisfies the estimate Ky (u,v,00) < K(p,v), since Kj(u,v,00) =
limg, Kp (@, v,04) < limg Kp(p,v,04) = K(u,v). Clearly, og € II(p, ), and hence
Kp(p,v,00) = K(u,v). In the case of metrizable spaces (or spaces with metrizable
compact sets) one can take countable sequences instead of nets.

Optimal plans are described by an interesting property of their supports. Let X
and Y be sets and let ¢ be a function on X x Y.
Definition 1.2.4. A set S C X x Y with 1", c¢(z,y;) < >y (@i, yit1) for all
(1,91),- -+, (Tn,yn) € S, where yn1+1 := y1, is said to be c-cyclically monotone. If
S (@i, yi) < iy e(xi, Yo(s)) for every permutation o of the indices {1,...,n},
then S is said to be c-monotone.

As one can easily verify, these two notions are equivalent.
For functions ¢ on Y and ¢ on X with values in [—o00, +00] we set

V(@) = infle(z,y) —9@)], ¥ (2) =sup[—c(z,y) ), X,

yey
¢ (y) = it [e(z,y) —p(@)], ¢ (y) = Sup [—c(z,y) —p(x)], wyeY

A function p: X — [—00, 4+00) is said to be c-concave if there is a function ¢): Y —
[—00, +00) such that ¢ = ¢°+. This is equivalent to the property that ¢ = @°++.
A function ¢ is said to be c-convex if —¢ is c-concave. One defines c-concavity and
c-convexity of functions on Y similarly.

For a c-concave function ¢ on X its c-superdifferential 0+ C X xY is defined as
the set 9t = {(z,9): p(z) + ¢°* (y) = c(z,y)}. Let 0% p(z) :={y € Y: (2,y) €
9t p}. Similarly, the c-subdifferential of a convex function ¢ on X is the set
0o ={(z,y): p(x) + ¢ (y) = —c(z,y)}.

The inclusion y € 9% p(x) is equivalent to the estimate p(z) — c(x,y) = p(2) —
c(z,y) for all z € X. It is verified directly that the c-superdifferential of any
c-concave function is c-monotone. In [41] an important converse result was obtained.

Theorem 1.2.5. Every c-cyclically monotone set S is contained in the c-superdif-
ferential of some c-concave function.

In the case of the function c(x,y) = (z,y) on R? a set C C RY x R? is
said to be cyclically monotone (without indication of a function) if the inequal-
ity >oi (i, yit1 — yi) < 0 holds for every collection (z1,y1),...,(Zn,yn) € C,
where yp4+1 = y1.

The subdifferential of a convex function ¢ on R? at the point  is defined to be the
set dp(z) ={y: Vz € R, ¢(z) = ¢p(z) + (y, 2 — z)}. The general definition above
comes from this case (but the c-subdifferential is a set in X xY'). A convex function
¢ is differentiable at x precisely when its subdifferential d¢(x) consists of a single
element. In this case dp(x) = {Vp(z)}. The following theorem of Rockafellar is
a classical result in convex analysis, and is generalized by the previous theorem.
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Theorem 1.2.6. Every cyclically monotone set C in R x R? is contained in the
graph of the subdifferential of some convex function .

The function ¢ can be explicitly defined as follows. Fix (xg,y0) € C and let
Qp(x) = sup{(ym,x - xm> +oF <y0; T1 — $o>; (an y0)7 cees ($m, ym) € C}

The following result goes back to [42], and its proof can be found in [10] and [17]
(for Polish spaces, but the general case is similar).

Theorem 1.2.7. Let X and Y be completely regular, let up € Z.(X) and v €
P.(Y), let the function ¢ > 0 be continuous on X X Y, and suppose that there are
finite functions a € L*(u) and b € L*(v) such that c(z,y) < a(z) + b(y). Then for
any m € II(u,v) the following conditions are equivalent: (1) the plan w is optimal,
(ii) the topological support of 7 is c-cyclically monotone, (iii) there is a c-concave
function @ on X such that ot € L'(u) and the topological support of 7 is contained
in 0.

Corollary 1.2.8. Suppose that in the situation of the previous theorem & is an
optimal plan for u and v, and the support of a measure og € Z,.(X xY) is contained
in the support of ¢. Then the measure og is an optimal plan for its projections.

We also mention a result from [43], where the conditions on ¢ were weakened.

Theorem 1.2.9. Let X and Y be complete separable metric spaces and let a func-
tion ¢: X XY — [0,+00] be Borel measurable. Then each finite optimal plan
is concentrated on a c-monotone set. FEvery plan with finite cost concentrated on
a c-cyclically monotone set is optimal if there exist a closed set F' and a u® v-zero
set N such that ¢=!(4+00) = FUN.

The condition in Theorem 1.2.9 embraces functions ¢ that are either finite or
lower semicontinuous, but one cannot do without some kind of conditions on ¢ (see

[43])-

Remark 1.2.10. If X and Y are complete separable metric spaces, the finite func-
tion ¢ > 0 is lower semicontinuous, and K.(u,v) < oo, then there exists a Borel
c-cyclically monotone set I' C X xY with the following property: for every measure
7 € II(p, v), optimality of 7 is equivalent to the equality «(T") = 1.

We mention a convexity property of K (u,v) (see [17], Theorem 4.8). Let X and
Y be complete separable metric spaces, let (T, %, P) be a probability space, and let
t — p; and ¢ — vy be measurable maps to the spaces Z(X) and Z(Y). We define

p= [y P(dt) and v = [ v P(dt).

Theorem 1.2.11. Let the function c be lower semicontinuous and let c(a: y) <
a(z) + b(y), where a € L' (u) and b € L' (v). Then Kc(p,v) < [; Kc(pe, ve) P(dt).

It is worth noting that already Kantorovich himself showed in the case of a com-
pact space and cost function equal to the metric g that an optimal plan 7 is charac-
terized by the existence of a Lipschitz function U for which U(z) — U(y) = o(z,y)
a.e. with respect to 7.

Usually there are no explicit solutions to the Monge and Kantorovich problems
(see [44] on the one-dimensional case, and also [45] on some examples on the plane).
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1.3. The Kantorovich duality

For an arbitrary cost function h and the Kantorovich problem associated with
it the following relationship, called the Kantorovich duality, holds under broad
assumptions. For given probability measures p and v on the spaces (X, o) and
(Y, AB), respectively, consider the so-called dual functional and dual problem

i) = [ pdut [ v Tuv) = sup{u g ): (.)€ D1
The duality theorem asserts that under certain conditions

J(p,v) = K(p,v).

The first case of such an equality goes back to Kantorovich’s paper [1] and the joint
papers [3]| and [4] of Kantorovich and Rubinshtein for compact metric spaces. Later
the class of spaces for which this is true was considerably enlarged. Before turning
to precise formulations, we note that already contained in [3] and [4] is the close
(but not equivalent) problem of finding the infimum (or minimum) Ky(og) of the
functional

Ko(00.1) = /X ) n(dady)

over all non-negative measures 1 on the square (X?2,.27 ® &7) of a measurable space
(X, o) such that the projections 1; and 72 on the first and second factors satisfy
the equality 11 — n2 = gp for a given (signed) measure gg on X with go(X) = 0.
For example, if g9 = 0, then the zero measure gives the zero solution, but if we are
given two different probability measures p and v and g9 = p — v, then the problem
becomes non-trivial. It is known [46] that if h satisfies the triangle inequality (and
only in this case), then Ko(u — v) = K(u, ) under rather broad conditions, but in
the general case there is no such connection. In some aspects this problem is more
complicated, though the methods of investigation of the two problems have much
in common. Let us confine ourselves to the technically simpler problem for K (u, v).

We present the main results involving the equality J(u,v) = K(u,v). In [47] the
following theorem of a very general nature is proved, in which the notion of a perfect
probability measure P on a measurable space (2,.%) is used, that is, a measure
such that for every .#-measurable function f the set f(2) contains a Borel set B
for which P(f~1(B)) = 1. In other words, the set f(£2) is measurable with respect
to Po f~! (on perfect measures see [29], § 7.5). Although there exist measures that
are not perfect, all Radon measures are perfect.

Theorem 1.3.1. If at least one of the measures p and v is perfect, then the equal-
ity K(u,v) = J(u,v) holds for all bounded of @ B-measurable functions h, or
more generally, for all o/ ® B-measurable functions that admit a pointwise esti-
mate h(z,y) < a(z) + b(y) with some functions a € L'(u) and b € L*(v). Hence,
this equality holds if at least one of the two measures is Radon, and the latter is
satisfied if one of the measures is Borel on a complete separable metric space.

In [48] and [49] a probability space (X, <7, ) is called a space with the dual-
ity property if K(u,v) = J(u,v) for every probability space (Y, %,v) and every
bounded measurable function h on X x Y. It seems not to be known whether there
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are probability spaces without this property; as indicated by the authors of the
paper [49], their counterexamples described in [47] and [48] are wrong. Hence, it
follows from the facts proved in these papers that the perfectness of u is necessary
for the stronger property of strong duality, which in addition to the duality property
requires that, for every probability space (Y, %, v), every sub-c-algebra %, C 4,
and every bounded &/ ® %Bp-measurable function h the quantity J(u,v, h) is the
same whether considering h on &/ ® & or on &/ ® %By. It is unclear whether this
technical property is actually stronger.

In some important special cases a proof can be obtained from general results
of convex analysis (the Fenchel-Rockafellar duality). It can be found in [16] along
with a very interesting heuristic derivation of this relationship based on the mini-
max principle (see also [12] on connections between Kantorovich duality and linear
programming). However, even for simple spaces with more complicated cost func-
tions more special considerations are required. Among results of this sort we should
mention the following recent achievement from [50].

Theorem 1.3.2. Let X andY be complete separable metric spaces with Borel prob-
ability measures p and v, respectively, and let h: X x Y — [0, +o0] be Borel mea-
surable and finite p®v-almost everywhere. Suppose also that there exists a measure
in II(w, v) with respect to which h is integrable. Then J(u,v) = K(u,v).

It is clear from the formulation that instead of Borel measures on complete sepa-
rable metric spaces one can take measures on abstract measurable spaces isomorphic
(in the sense of the existence of bimeasurable and measure-preserving one-to-one
maps defined almost everywhere) to such measurable spaces.

Of course, some restrictions on h are needed. For example, in Example 4.1 of
[50] the following situation is considered: X =Y = [0,1], u = v is Lebesgue
measure, h(z,y) = +oo if & <y, h(z,z) = 1, and h(z,y) = 0 if 2 > y. Then
K(p,v) =1 (the transport plan is the normalized Lebesgue measure on the diago-
nal), but J(u,v) = 0. In [51] the following result is proved.

Theorem 1.3.3. Let pn and v be Radon measures. The equality J(p,v) = K(p,v)
holds if either the function h is lower semicontinuous or if h is Borel measurable
and h(z,y) < hi(z) + ha(y) for some hy € L' (u) and hy € L*(v). In the latter
case the quantity J(u,v) is attained on some pair (El,/ﬁg) with hy € LY(p) and
hy € L (v).

In [52] (where in our terminology the function —h is considered) a shorter proof of
the equality J(u,v) = K(u,v) is given in the case of Radon measures on completely
regular spaces and non-negative lower semicontinuous functions h (since —h is being
considered, the paper deals with upper semicontinuity, which is not sufficient in our
case, as Example 2.5 in [51] shows).

Remark 1.3.4. Even in the presence of the equality J(u,v) = K(u,v) the infimum
J(u,v) need not be attained (need not be the minimum), and this does happen
both in the case of a lower semicontinuous h on [0, 1] and p = v equal to Lebesgue
measure, and in the case of absolutely continuous measures p and v on R and
h(z,y) = (x — y)? (see [50], where J(u,v) even equals the integral of ¢(z) + 1(y)
with respect to an optimal plan for some pair (g, ), but these functions do not
belong to L'(x) and L'(v), respectively).
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Remark 1.3.5. Let X and Y be separable metric spaces, let the function h > 0 be
lower semicontinuous, and let Kp(u,v) < oo. For the existence of solutions to the
direct and dual Kantorovich problems and for the equality of their values it suffices
([53], Theorem 3.2) that the integral of h(z,y) with respect to p not be infinite for
v-a.e. y and that the integral of h(x,y) with respect to v not be infinite for p-a.e. x.

It is clear from the duality formula that for functions A of general form any solu-
tion ¢ of the Kantorovich problem is concentrated on a small part of X x Y. For
example, if (, 1) is a solution of the dual problem, then the integral of p(z) —¥(y)
with respect to the measure & coincides with the integral of h(x,y), which implies
that ¢(x) — ¢¥(y) = h(z,y) almost everywhere with respect to . This gives
another explanation of the fact indicated above that any optimal plan is concen-
trated on a cyclically monotone set (see the previous section). In the situation of
Remark 1.2.10 the set I' C X x Y indicated there can be chosen so that the opti-
mality of 7 € II(u, v) is equivalent to the existence of an h-convex function 1 such
that h(z,y) = ¥"(y) —¢(x) 7-a.e., and also equivalent to the existence of functions
p: X — [—00,400) and ¢: Y — [—00, +00) such that ¢(x) + ¥(y) < h(z,y) and
e(@) +¥(y) = h(z,y) m-ae.

Remark 1.3.6. There is another formulation of the dual Kantorovich problem in the
case of completely regular topological spaces X and Y. Namely, instead of the class
®;, of pairs of measurable functions ¢ and v one can consider a more narrow
class ®§ of pairs of bounded continuous functions ¢ and 1 for which ¢(z) — 1 (y) <
h(z,y) for all z € X and y € Y. Then instead of J(u,r) one can consider the
quantity J(u,v), taking the supremum of .J(j,v, p,v) over all pairs in ®¢. It is
clear that @g < ®5. In the general case the inequality is strict, and it is shown
in [46] that the equality @g = &y, is equivalent to the lower semicontinuity of the
function h (see also [15], Theorem 4.6.8).

The total number of papers on the general Kantorovich problem in the topologi-
cal setting and in the setting of general measure theory is too large to be adequately
represented in the bibliography, but we particularly note a series of papers pub-
lished over many years by Levin [28], [46], [54]-[58], where there are additional
references to his works.

Let us turn to the case when X =Y = R" and h(z,y) = |z — y|?/2. We pass
to the functions p(z) = |z|?/2 — u(x) and ¥ (y) = |y|?>/2 — v(y). Then the problem
dual to the Kantorovich problem takes the form of minimization of the functional

ﬂmu%wwaéwmwgﬁwma (@) + () > (7).

The Kantorovich problem itself can be reformulated as a search for a measure m
with given projections at which the maximum is attained for the functional

K)o [ (a,y)mldedy).
XxY
Here the connection is seen between the Kantorovich problem and the Legendre
transform, since it is clear from the formulation of the problem that from the very
beginning we can confine ourselves to functions satisfying the equality ¥ = ¢*,
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ko

where ¢*(y) = sup,((z,y) — ¢(z)). Similarly, ¢ = ¢* = ™. Therefore, the

functional J can be restricted to the set of pairs (¢, ¢*) with a convex function ¢.
In this case the following theorem holds.

Theorem 1.3.7. There is a solution to the dual problem (¢, 1)), where ¢ is convex,
Y =¢*, and p(x)+9*(y) = (x,y), and equality is attained on the topological support
of any measure m giving a solution to the Kantorovich problem.

In Theorem 2.1.3 below we present the principal facts about the dual problem in
this case under the additional assumption that the measure p vanishes on all sets
of Hausdorff dimension at most d — 1 (say, is absolutely continuous). Then it turns
out that the map T' = V is an optimal transportation of i to v, that is, a solution
to the Kantorovich problem also gives a solution to the Monge problem. We see
that here the two problems come together.

Chapter 2

The Monge problem

2.1. Existence and uniqueness of optimal maps

Let us turn to the Monge problem. Suppose that we are given a pair of prob-
ability measures p and v on measurable spaces (X, .o7) and (Y, %), respectively.
A solution to the Monge problem is a map T° € T'(u,v) at which the minimum
M (p,v,T) is attained. Unlike the Kantorovich problem, a solution to the Monge
problem need not exist even in the simplest cases.

Example 2.1.1. (i)Let X =Y = [-1,1], u = 6o, v = 27 1(6_1+61), and h(x,y) =
|z — y|>. Then p cannot be transformed into v at all, but the half-sum of the
Dirac measures at the points (0,—1) and (0,1) serves as the unique solution to
the Kantorovich problem.

(i) Let X =Y = [-1,1]2, p = A®6, and v = 271 (A @ 5_1 + A ® 1), let A
be the normalized Lebesgue measure on [—1,1], and let h(x,y) = |z — y|?, where
| - | is the usual norm in R2. Then both measures have no atoms, the Kantorovich
problem has a solution and K (u,v) = 1, but the Monge problem has no solutions
(although it has approximate solutions; see Theorem 2.3.1).

Proof. (i) If a measure o on [—1, 1] has projections y and v, then it is concentrated
on the intersection of the interval {0} x [—1,1] with the union of the intervals
[-1,1] x {—1} and [—1,1] x {1}, that is, is a combination of the Dirac measures at
(0,—1) and (0, 1), whence it is seen that it must be their half-sum. Therefore, here
II(u, v) consists of a single element.

(ii) Here II(p,v) contains many measures, but the quantity K(u,v) is easily
found, since by minimizing the integral of the function |z — y|?> = (¥1 — y1)? +
(2 — y2)? with respect to measures o € II(y,v) we get that the integral of the
first term is 1 due to the fact that x; = 0 o-a.e. and 2 = 1 o-a.e., so that
the minimum equal to 1 is attained precisely when xo = y5 o-a.e. An optimal plan
is the distribution of the random vector (0,7, &,n), where £ and n are independent
random variables such that £ assumes the values —1 and 1 with probabilities 1/2
and 7 has the uniform distribution in [—1, 1]. If we suppose that the Monge problem
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has a solution T' = (71, T), then we get that |T1(z)| = 1 p-a.e., so that the integral
of |z — T(2)]? = (z1 — Ti(2))? + (z2 — T2(z))? with respect to the measure p
is equal to the integral of 1 + (z2 — T(z))? with respect to p. In view of the
equality K (u,v) =1 and Theorem 2.3.1 this means that T>(z) = z2 p-a.e., so that
Ty (z) = £(xo) is either 1 or —1 for a.e. 2. Then the measure poT~! is concentrated
on the union of sets A x {—1} and B x {1}, where A and B are disjoint measurable
sets with AU B = [—1, 1], and therefore it cannot coincide with the measure v. O

We mention a general result on the unique solvability of the Monge problem
(see [17], Theorem 5.28).

Theorem 2.1.2. Let X andY be complete separable metric spaces, let the function
h = 0 be lower semicontinuous, and let Ky (u,v) < co. If for p-a.e. x and for every
h-convex function @ on X the set O"p(z) contains at most one element, then the
Monge problem has a unique solution T, T(z) = 0"(x) p-a.e. for some h-convex
function v, and the image of u under the map x — (x,T(x)) gives a solution to the
Kantorovich problem.

In the rest of this subsection we shall discuss the important particular case when
X =Y =R? and h has the special form h = |z — y|P, p > 1, where |z| is the usual
Euclidean norm. We shall assume that u,v € 2P(R?). It follows that there exists
a solution m,, of the corresponding Kantorovich problem. We recall that a solution
to the Kantorovich problem gives a weaker result than a solution to the original
Monge problem. Nevertheless, it turns out that under rather general conditions
these problems are equivalent. In the case p = 1 the first existence result appeared
in the paper [21] of Sudakov, according to which for any norm || - || on R¢ (not
necessarily generated by an inner product) and any pair of probability measures of
the form y = g, dx, v = g, dx on R? there exists a map T: R? — R? such that
v = poT~1 and the image of the measure y under the map z +— (z,7(x)) € R? x R?
gives a solution to the corresponding Kantorovich problem for h(z,y) = ||l — y||.
In other words, the measure m; on R% x R is concentrated on the graph of the
map T: my = po (z,T(z))~ 1. We shall call T an optimal map for the cost function
h(z,y) = ||z — y||, or an L'-optimal map. Later a gap in Sudakov’s proof was
found which involved very subtle questions in the theory of conditional measures
and non-linear versions of Fubini’s theorem, and which by now has been completely
filled (although a counterexample to one of the intermediate technical assertions has
been constructed). However, it is impressive that this has taken 30 years, including
a rather long period after detection of the gap. There is a whole series of papers
in which different methods are employed to prove the existence of an L'-optimal
map for norms of different types (see [53], [59], [23], [60]-[62], and, finally, a very
recent paper by Champion and De Pascale [24] in which there are no restrictions
on the norm || - ||). All of these applications use very complicated constructions.
The solution T itself has a non-trivial description.

It is simpler to prove the existence of a solution in the case of a so-called quadratic
optimal map, or L?-optimal map, that is, a map T: R? — R? transforming x into
v for the cost function |z — y|?. For such a T' we have the equality

Wi (i, v) = (/Rd T (x) — xzu(dw>>1/2-
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It turns out that such a T exists and has the form T'(z) = Vp(z), where ¢ is some
convex function.

It is surprising that the first general result on the existence of quadratic opti-
mal maps appeared much later than Sudakov’s work about L!-optimal maps, even
though quadratic optimal maps are considerably simpler and have wide applica-
tions in different areas of mathematics. Moreover, quadratic optimal maps actually
arose long ago and were an object of study in geometry as solutions of a certain
non-linear partial differential equation, the so-called Monge—Ampere equation (see
[63], [64]). That equation and related geometric problems were considered in works
of A.D. Aleksandrov, I. Ya. Bakel’'man, Pogorelov, E. Calabi, Sh.-T. Yau, Niren-
berg, and others. It arises, for example, in the classical Minkowski problem. The
reason for the indicated delay is possibly that the quadratic Monge—Kantorovich
problem had no clear physical meaning, while the Kantorovich functional with the
cost function equal to the norm (and not the square of the norm) admitted a phys-
ical interpretation of ‘work’. In any case, the existence of optimal maps under
sufficiently general assumptions was first proved in Brenier’s paper [65], which was
motivated by an analysis of the equations of continuum mechanics. The main
results of this paper are: 1) the existence and uniqueness of optimal maps for
a broad class of measures, 2) a connection between the Monge—Kantorovich trans-
port problem and the Monge—Ampere equation, 3) the polar factorization theorem,
according to which a map h: Q@ — R? of class L? on a domain Q C R? taking
Lebesgue measure into an absolutely continuous measure has the form h = VyoU,
where U: 2 — () preserves Lebesgue measure and v is a convex function. We
present a more general version of Brenier’s result proved by McCann [66].

Theorem 2.1.3. Let yu and v be probability measures on R? and let u(A) = 0 for
every set A of Hausdorff dimension at most d — 1. Then there exists a Borel map
T:R* - R? such that v = poT~' and T = Vi for some convex function . This
map s unique up to its definition on a set of p-measure zero, that is, T1 = T holds
w-a.e. for any two such maps Ty and Ts.

If also v(A) = 0 for every set A of Hausdorff dimension at most d—1, then there
exists an analogous map S for which p = v o S~ and S = Ve*, where ¢*(y) =
sup,cpa{(z,y) —p(x)}. The equalities Vp* o Vp(x) = x and Voo Ve*(y) =y are
satisfied for p-a.e. x and v-a.e. y.

The proof of this theorem is based on the Kantorovich duality theory and tech-
niques of convex analysis. We indicate the main steps of a simplified proof from [66].
The problem of finding the minimum of the functional

m [ o=y m(dsdy)

is equivalent to the problem of finding the maximum of the functional m —
J{z, y) m(dz dy), since

o= vPmia@zdy) = [ 1o utdo) + [ 1o vidy) -2 [ (o) mido dy).
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Example 2.1.4. Let measures y = N1 Zf;l 0y, and v = N1 Zf;l dy, be con-
centrated at N different points z1,..., 2y and y1,...,yn in R% Any transporta-
tion of the measure u to v is given by a permutation ¢ € Sy: (N_1 vazl (5:”) o
Tyl =N Oy, - It is not difficult to show that T, is optimal (minimizes

Zil\il |x; — yo(i)|2) precisely when Z$:1<ya(ik), Tiy — Tyy) <0, where i1 = iy,
for all {i1,...,im} C{1,..., N}, that is, the graph of T, is cyclically monotone.

Corollary 2.1.5. There exists a solution m, of the Kantorovich problem for the
pair of discrete measures yu = N+ Ziil 8p,, v=N"1 Zf\;l 0y, , and it is concen-
trated on a cyclically monotone discrete set of the form {(zi,yq(:))}-

Let ;1 and v be probability measures on R?. Obviously, there exist weakly con-
vergent sequences of discrete measures such that p,, — p and v,, — v. Moreover,
without loss of generality we may assume that each of the measures u, and v, is
uniformly distributed at N(n) atoms. It follows from the above that for every n
there exists a measure m, with corresponding projections u, and v, and concen-
trated on a discrete cyclically monotone set. We note that the family {7, } is weakly
compact by the Prokhorov theorem. It is not difficult to deduce from the properties
of the weak convergence that there is a measure m with projections p and v and
having a cyclically monotone set as its topological support. By Theorem 1.2.6 it is
contained in the graph of the subdifferential of some convex function ¢. It is well
known that any convex function is differentiable almost everywhere with respect to
Lebesgue measure. It is less known that the set of points of non-differentiability of
a convex function has Hausdorff dimension at most d — 1. Suppose that p(A) = 0 if
the Hausdorff dimension of A is at most d — 1. Then it follows that for u-almost all
x the intersection supp(7) N{(z,y): y € R?} C R x R? consists of the unique point
V(x). Tt is not difficult to see that V¢ is the required map. Thus, the existence
of an optimal map follows from Theorem 1.2.6 and Example 2.1.4.

Remark 2.1.6. The uniqueness of the map Vg is a consequence of the following
observation due to Aleksandrov: let @1 and 5 be two convex functions such that
v1(zo) = wa(zo) but Vi (o) # Va(zo). Then V(D) is strictly contained in
Vo (D), where D = {1 > @2} and Vo;(D) = {J,cp Opi(x). The existence of two
optimal maps Vi and Vs contradicts Aleksandrov’s observation, since Vi (D)
and Vs (D) have equal v-measure.

Finally, we note that if the map V¢ is smooth and 1 = g, dx and v = g, dz,
then the following change of variables formula must hold:

0, (Vo) det D2<p = ou.

This equality can be regarded as an equation in . Equations of this form are called
Monge—Ampeére equations. It turns out surprisingly that the change of variables
formula for measures with densities is always true, in a sense. As we have already
noted, the first-order derivatives of a convex function exist almost everywhere. The
second-order derivatives of a convex function can be understood in the generalized
sense, that is, by definition J,, 0., is a generalized function satisfying the equality

(BesBe, 0, 8) = — / Dot B, d
Rd
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for all smooth compactly supported functions . The convexity of ¢ implies that
the functional 0,0, is non-negative, that is, is represented by a measure. By
using convexity it is not difficult to show also that the generalized partial derivative
Oc,0e,; p is also a measure (possibly signed). As is known, there exists a decompo-
sition of the measure 9,,0.;¢ = (0c,0c;P)a dx + (De;0c;¢)sing into an absolutely
continuous part and a singular part. According to the Aleksandrov theorem (see
[67], Theorem 2.3.2) the function (0, 0c;¢), is the limit of the partial difference

1
272[@(:17 + te; +te;) + o(x — te; — te;) — oz + te;) — @z — te;)

—p(x +te;) — oz —te;) + 2¢p()]
for almost all = with respect to Lebesgue measure. This theorem has the following
simplified formulation: every convex function is twice differentiable almost every-
where. Below, the symbol DZp will denote the matrix made up of the functions
(8ei86jg0)a. It turns out that only D2¢ affects the change of variables formula. The
next theorem was proved in [68].

Theorem 2.1.7. The equality 0,(V) det D2 = p,, holds p-almost everywhere.

The Lagrange multiplier method. A non-rigorous but instructive proof of the
fact that T is a gradient can be obtained by deriving the Euler-Lagrange equation
(see [12]). Let T be an arbitrary map taking p to v. A solution of the Monge prob-
lem can be sought as a conditional extremum of the functional [p,(T'(x),z) p(dx)
under the condition that g, (7) det DT = p,,. Let us consider the Lagrange function

/R ((T@).2)0u(w) + M) (0 (T(x)) det DT(x) = 0,,(x)) ) da

The function A plays the role of the Lagrange multiplier (note that ¢, (T) det DT =
o, by the change of variables formula). Since
det(A+eB) =det Adet(I +eA™'B) ~det A- (1 +eTr(A™'B)),

the first variation of the Lagrange function equals

—1 Qp‘ X
[Rd <<w($),$>9p N oy TI‘[DT Dw] + /\<VQV(T)aw> Qy(T)> dz,

where w is a smooth vector field with compact support. Integrating by parts and
using the change of variables formula, we readily see that

/)\-Tr[DT_lDw]gudx:/ MNT™H div(w(T™1)) o, d
Rd

’ A<T1><w<T1>7 Vo >gy dr.

v

== [ (V@ LT e do - [

Rd
Let A = w(T), where u is some function. Again using the change of variables
formula, we get that for any smooth vector field w

/}R (@), 2) — (Vu(T (@), w(@)))u(z) dz = 0.

Therefore, Vu(T(x)) = x, and thus 77! = Vu. Due to the symmetry of the
problem with respect to p and v the analogous assertion is true for the map 7.
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Non-quadratic cost functions. An interesting class of transformations of
measures consists of optimal maps for non-quadratic cost functions. For a cost
function h(z,y) = h(z — y) with h strictly convex, they have the form T'(z) =
x — Vh*(Ve(x)), where ¢ is an h-convex function. The latter means that ¢ has
the form ¢(z) = inf,cga (h(z,y) — ¥ (y)) for some function ¥. For more details see
[16] and [15]. About uniqueness without convexity conditions, see [69].

2.2. Regularity of solutions and a priori estimates

We discuss here the regularity properties of optimal transportations. This means
properties like continuity, Holder continuity, differentiability (ordinary and Sobo-
lev), and growth estimates. The most complete picture exists so far for the quadra-
tic cost function |z — y|? on RY, to which all the results presented in this section
refer. Only at the end do we make a few remarks about other cost functions and
about manifolds.

2.2.1. The maximum principle. We first discuss the non-linear maximum prin-
ciple which was first obtained in the works of Aleksandrov on the geometry of convex
surfaces. It generalizes the classical maximum principle and is an important tool
in the theory of regularity of linear elliptic equations (in non-divergence form), and
also of a broad class of non-linear elliptic equations. Below we give a classical proof,
which, as one can easily see, is based on the idea of transportations of measures.

Definition 2.2.1. The convex envelope of a continuous function f is the function
f« =sup{u < f, uis convex}. The set C\(f) = {z: f(x) = f«(x)} is called the set
of contact points.

The concave envelope is defined similarly.

Definition 2.2.2. The Monge-Ampeére measure associated with a convex function
@ on a convex subset of R? is the measure

o (A) = M(}ejA 04() ).

If the function ¢ is twice continuously differentiable, then
po(A) = / det D?p(x) dz.
A

If det D% > 0, then b, is the pre-image of Lebesgue measure under the map V.

Theorem 2.2.3 (the maximum principle). Let f be a continuous function on a
convex set A. Then for some constant C(d) depending only on the dimension,

sup f(z) < sup f(x) + C(d) diam(A) [ p), (C< (=)™
€A z€0A

In particular, if [ is twice continuously differentiable, then

1/d

sup f <sup f + C(d) diam(A) {/ | det D? f| dx
A dA {z: D2 f(x)<0}
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Proof. Passing to the function g(z) = sup,cg4 f(y) — f(x), we obtain an equivalent
inequality inf,ca g(z) = —C(d)diam(A)[u,, (Cx(g))]*/? for g with the condition
infrepa g(x) 2 0. If m =inf,ca g(x) > 0, then the inequality is trivial. Otherwise
we fix a minimum point z, for the function g. Let us consider the cone in R4+ with
vertex at the point (xg,m) and base 0A C {x: z44; = 0} given by the equation
2g+1 = K(z). Let v € K (') for some point 2’ € A. Consider the hyperplane L
given by the equation 411 = K(z') + (v, x — 2’) and tangent to K at the point z’.
Since the graph of g lies above L on OA and coincides with L at 2/, by moving the
graph of L continuously downwards along the x41-axis we find a point x, in the set
C.(g) of contact points such that v € dg.(x,). Therefore, 0K (A) C 9g.(Cx(g)) and
por(A) < pg, (Ci(g)). Since the function K is homogeneous, we have 0K (A) =
0K (x0). The measure of 0K (zg) is easily estimated from below by the volume of the
d-dimensional ball of radius —m/ diam(A). Hence pg,, (A) > C(d)(—m/ diam(A))d,
which yields the desired assertion. [

Using the parabolic transportation of measures on R4! of the form (¢,z)
((z,Vzu) — u, Vzu), where u(-,-): Q@ =[0,T] x Q — R and Q C R? is a compact

convex set, one can prove the parabolic maximum principle:

1/d
supu < C(d, diam(Q)) (/ |0y - det D2u| dt dx) ,
Q Ty

where I', = {0;u <0, D?*u <0} CQand u=0on ([0,7] x Q) U (T x Q).

2.2.2. Regularity of solutions of the Monge—Ampeére equation. The
Monge-Ampere equation arising in the measure transportation problem is a par-
ticular case of equations of the form

det D*p(z) = f(z, Vip(z)) (2.2.1)

in the class of so-called fully non-linear elliptic equations (see the surveys [70]
and [71]). In [64] there is a description of the special case we are interested in
(the Monge—Ampere equation for the transport problem). The regularity problem
for the Monge-Ampere equation is highly non-trivial. A relatively complete pic-
ture has taken shape over more than 60 years in the works of Aleksandrov, Calabi,
Pogorelov, N. V. Krylov, J. Spruck, L. Caffarelli, Nirenberg, and many others. In
geometry there has been a parallel development in a closely related direction: the
complex Monge-Ampere equation, where Yau, Calabi, and T. Aubin have been
involved. The classical approach to the regularity theory of non-linear equations is
based on differentiation of them and application of the linear theory to the resulting
equations, which are linear with respect to the higher derivatives. An example of
such techniques can be found in § 2.2.3, where we obtain some uniform estimates for
the second derivatives of the potential in the transport problem. We quote Krylov
from [70]: “To prove the existence of solutions of equations like (2.2.1) by the meth-
ods known before 1981 was no easy task. It involved finding a priori estimates
for the solutions and their derivatives up to the third order. A large part of the
work was based on differentiation of (2.2.1) three times and certain extremely clev-
erly organized manipulations invented by Calabi. After 1981 the approach to fully
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non-linear equations changed dramatically.” In the 1980s, in the works of Krylov
and Safonov and also (independently) of L. Evans, general regularity theorems were
proved for elliptic equations defined by non-linear operators of the form F(D?yp),
where F is a uniformly elliptic operator. Unfortunately, the Monge—Ampeére oper-
ator ¢ — det D2 is not uniformly elliptic even on the space of convex functions,
and the Krylov—Safonov—Evans theory is not directly applicable.

Below we use the concept of a solution of the Monge-Ampere equation in the
sense of Aleksandrov. A solution of the equation

det D% = w

in the sense of Aleksandrov is a function ¢ for which the Monge—Ampeére measure
satisfies the equality u, = wdx. We observe that a solution in the sense of Alek-
sandrov with an absolutely continuous right-hand side automatically means the
absence of a singular component of f,, which, generally speaking, may not hold if
we are concerned with an optimal transportation of w dx to Lebesgue measure. In
the case when ¢ is smooth the two concepts of a solution coincide.

2.2.3. The classical approach. Let V® be an optimal transportation of a mea-
sure e~V dx to a measure e~ dzx. By the change of variables formula,

V =W (V®) —logdet D*®.

Let us fix a unit vector e and differentiate this equality along e. To this end we use

the relation

0. det D?®

————— = Tr[(D*®)"'0.D*9).
det g D) o.D7e)

Differentiating this along a vector v and using the fact that 9,(D?®)(D?*®)~! +
D%®9,[(D?*®)71] = 0, we get that

0 log det D*® =

0,0, logdet D*® = Tr[(D*®)~'0,0.D*®] — Tr[(D*®) 10, (D?*®)(D*®) !0, D*®].
Using the change of variables formula again, we find that
.V = (VW (V®), D?® - ¢) — Tr[(D*®) 19, D*®),
0*V = (D*W(V®)D?*® - ¢, D*® - e) + (VW (V®), VO>P)
— Tr[(D*®)~'02 D2®] + Tr[(D*®) 19, D®]. (2.2.2)

Let us represent these relations in a more convenient form. We define a diffusion
operator Lg by the formula Lg f = Tr[D?f - (D?*®)~1] — (Vf, VIV (V®)).

Remark 2.2.4. If the measures pu and v have locally Sobolev densities, then it is
easily verified that

- [y = [ Londu= [0 Lafdn  ne ),
Thus, 0.V = —Lg0.P, where Lg is the generator of the Dirichlet form

Ea(f,m) = /<(D2<I>)‘1Vf, V) dp.
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From (2.2.2),
02V = (D*W (V®)D*® - ¢, D*® - ¢) — Lpd?® + Tr[(D2<I>)_186D2cI>]2. (2.2.3)

Using (2.2.3) and the maximum principle, one can obtain a priori estimates for
the supremum of §2®

Example 2.2.5. Let the function ® € C* be convex, let V® be an optimal trans-
portation of the measure e~V dz with support in a convex set A to Lebesgue measure
on the set B, and let e be a unit vector. Then

z€A TEIA

1/d
sup 02®(x) < sup 92®(z) + C(d) diam(A) (/ (BSV)‘j_evdx) .
A

Proof. By the change of variables formula, det D?® = 1/\(B), and (2.2.3) implies
that 02V = — Tr[(D?*®)~192D?®] + Tr[(D2<I>)_18€D2<I>}2. If 9?D?®(x) < 0, then

OV > Tr[(D*®) ) (~02D%®)] > d - (det((D*®) ' (~02D%®))) /",

By the non-linear maximum principle,

1/d
det(—0?D?®) dm)
T€EA TEOA

sup 92®(x) — sup 02®(z) < C(d) diam(A) </{

92D28<0}

1/d
< C(d) diam(A) ( / det D*® - det[(—92D?®) o (D*®) ] dﬂf)
{92D20<0}
1/d

< C(d) diam(A) ( /A <a§v>ie—de) ,

which completes the proof. [

With the aid of the classical maximum principle for elliptic equations one can
prove the well-known Pogorelov lemma in which the maximum principle is applied
to the function (z,e) — (C — ®)92®(z) on the set S* x {® < C}. As a result
we obtain an estimate of sup, ||[D?®(z)|| on the sublevel set Q = {® < C} by
a quantity depending on V' and its derivatives up to the second order. The following
formulation of Pogorelov’s lemma is borrowed from [72].

Lemma 2.2.6. Let ® € C*(Q), where Q is a bounded domain, ® = 0 on 99,
and det D*® = e~V Then —®(z)||D?*®(x)|| < C(1 + sup,eq [VE(y)|?), where C
depends on d, sup @, and ||V|c2(q).

Thus, by controlling the L>-norm of ||D?®|| one can apply the classical tech-
niques of regularity theory to the differential operator Lg, which will be (locally)
uniformly elliptic. We briefly discuss Calabi’s idea, which made it possible to obtain
deep results about smoothness of solutions of the Monge—Ampere equation. For an
arbitrary smooth convex function ® we introduce a Riemannian metric on R¢ by
gij = ®ij, where ®;; = 0,,0,,; P (below, @ is understood similarly). Let M denote
the manifold obtained. It belongs to the class of the so-called Hessian manifolds,
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which are real analogues of Kéhler manifolds, very popular in differential geometry
and mathematical physics. In obtaining a priori estimates for the Monge—Ampeére
equation det D?® = 1 it is useful to consider the Ricci tensor of this manifold.
Direct calculations give the following result: 4 Ric;; = gﬂgms(q)milq)sjk—q)mikésjl),
where (g*/) is the inverse matrix for (¢;;). Taking into account the Monge-Ampere
equation, we get that 4 Ric;, = gjlgmsq)mil@sjk, whence it follows that the Ricci
tensor of the manifold M is non-negative. Let R denote the scalar curvature (the
contraction of the Ricci tensor) and let Ajps denote the Laplace—Beltrami operator.
The basic estimate obtained by Calabi is as follows.

Theorem 2.2.7. Ay R > C(d)R?.

Using this inequality together with comparison theorems on a Riemannian man-
ifold, one can obtain bounds on the growth of R (that is, on third-order deriva-
tives of ®). Some generalizations of these results to equations of the form e™" =
e~ W(V®) det D2® are obtained in a paper of the second author in preparation, where
it is shown that the Dirichlet form & considered above possesses a non-negative
‘carré du champ’ operator if V' and W are convex.

2.2.4. Regularity in Holder and Sobolev spaces. As already noted, the
regularity theory for the Monge-Ampere equation has a long history and a very
impressive list of publications. The first results in this direction were obtained
by Aleksandrov, who introduced the concept of a solution generalized in the sense
of Aleksandrov, and by Pogorelov, who gave a now well-known example (see [16])
of a non-smooth solution of the Monge—Ampere equation with an infinitely differ-
entiable right-hand side. The reason for this phenomenon is the lack of uniform
convexity of the solution. However, in the presence of uniform convexity it is possi-
ble to prove the regularity of the solution. Further development is connected with
the works of Krylov, Nirenberg, Spruck, N.M. Ivochkina, J. Urbas, N. Trudinger,
Yau, and others. The relative completeness of this theory was achieved in the 1990s
in papers of Caffarelli. The survey [72] gives a concise exposition of many results
that previously had long and cumbersome proofs. We mention two important reg-
ularity results of Caffarelli (see [72], [16], [64]).

Theorem 2.2.8. Let fdx and gdy be probability measures on bounded connected
open sets X andY in R? and let Vo be the corresponding optimal transportation.
If Y is convex and if f and g are bounded and bounded away from zero, then Vo
is Holder of some order. If f and g are Hélder of some order, then the derivative
of Vi is Hélder of some order.

Constructive estimates of Holder norms are obtained in [73]. It was recently
shown in |74] that Vi € W11(X) in the first case in this theorem. The convexity
of Y is important: examples are known of discontinuous optimal transportations of
Lebesgue measure on a ball to Lebesgue measure on a non-convex connected set
with discontinuous V¢ (see Pogorelov’s example in [16]). If Y is not connected,
then Vo must be discontinuous. In [75] the continuity of optimal maps is proved for
the cost function |z —y| under the assumption that the measures u and v are given
by strictly positive continuous densities on disjoint convex compact sets in R2.
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Theorem 2.2.9. Let ) be a convexr set and let ¢ be a solution of the equation
det D2p = f, ploa = 0, in the sense of Aleksandrov, where the function f is
bounded and bounded away from zero. Then for every p > 1 there exists a number
€ > 0 such that if |f — 1| < €, then ¢ € VVlicp(Q)

It is shown in [79] that under a general estimate A < f < A the exponent p
cannot be taken arbitrarily large.

2.2.5. Global estimates and applications. Finite-dimensional techniques of
regularity theory seldom yield a priori estimates independent of dimension or global
estimates. It turns out that for these purposes the classical approach based on dif-
ferentiating the equations is efficient. We present Caffarelli’s contraction theorem.

Theorem 2.2.10. Let T = V® be an optimal transportation of a probability mea-
sure p = e~ Vdx on R? to a probability measure v = e~ Wdx, where V and W are
twice continuously differentiable and D?W > K. Then for every unit vector e

1
sup <I>§e(x) < — sup Vee(a).
rER4 K rER4

In particular, if p is the standard Gaussian measure and K > 1, then T is a
1-Lipschitz map.

The idea of the proof is that Le®Pee () < 0 for a maximum point xg of @ (Lg is
an elliptic operator), and then from (2.2.3) we get that K®2,(2¢) < sup,cra Vee ().
We remark that the original theorem in [77] is somewhat different from this formu-
lation. Caffarelli’s original result is stated below.

Theorem 2.2.11. Let u = e @dx be an arbitrary Gaussian measure. Then for
every measure v = e~ 9 Pdx, where P is a convex function, the corresponding
optimal transportation T is 1-Lipschitz.

This theorem together with the Gaussian isoperimetric inequality (see Chap. 3)
implies the following fact.

Corollary 2.2.12 (Bakry-Ledoux comparison theorem [78]). Any probability mea-
sure p = e~ Wdx with D*W > K satisfies the Gaussian-type isoperimetric inequality
H(AY) > B( (u(A)) + Kh).

The Bakry—Ledoux comparison theorem asserts that isoperimetric properties of
measures of the form p = e Wdz with D?W > K are no worse than the isoperi-
metric properties of the Gaussian measure Cy ge ™ ©/2 The proof follows imme-
diately from the existence of a 1-Lipschitz transportation of the measure y to the
measure Cg, re K 121°/2 and the Gaussian isoperimetric inequality.

Example 2.2.13. It is explained in [79] how the contraction result can imply
the well-known particular case of the so-called correlation inequality v(A N B) >
v(A)v(B), where « is the standard Gaussian measure, if A is an absolutely con-
vex set and B is an ellipsoid centred at the origin. It is not known whether this
inequality is true for general absolutely convex sets B.



818 V.I. Bogachev and A.V. Kolesnikov

A proof of Caffarelli’s theorem can also be obtained by applying the maximum
principle to the difference

D(x + te) + ®(x — te) — 2P(x)

rather than to second-order derivatives. This enables one to deal with non-smooth
potentials. The next result is proved in [80].

Theorem 2.2.14. Let p = v = (27r)*d/2e*|I|2/2 dv and v = e Wdx, where
W(x+y)+W(x—y)—W(x) = 6(y|) for some increasing non-negative function §.
Then |V®(x) — VO(y)| < 86 4|z — y|?).

From these estimates it is easy to get a proof of the concentration inequality
for measures with uniformly convex potentials for the standard norm (see §3.4).
A question of obvious interest is whether it is possible to generalize Caffarelli’s
theorem to manifolds.

In connection with this problem we note that the Bakry—Ledoux comparison the-
orem is a ‘flat’ analogue of the Lévy—Gromov comparison theorem in Riemannian
geometry. Moreover, both theorems are particular cases of comparison theorems
for manifolds with measures. However, unlike in the ‘flat’ case, no transport proof
is presently known for the Lévy—Gromov theorem. Another open problem is this:
how can one estimate the contraction constant if the image-measure is not uni-
formly convex? In particular, let V® be the optimal transportation of the standard
Gaussian measure v to the normalized Lebesgue measure on a convex set K. Is

there an estimate
1070y <

where C is a constant that does not depend on the dimension (for example, C' =
¢ - diam(K) or C' is a universal constant for isotropic convex sets)?

This problem is motivated by the well-known Kannan-Lovasz—Simonovits con-
jecture (KLS-conjecture). We recall that Cheeger’s constant Conig (K) for a convex
body K is defined to be the smallest constant C' for which

/K‘f(ff) /f dy‘ C/ IVf(x)|dz VY feCe(RY).

KLS-Conjecture. There is a universal constant ¢ such that Cconig(K) < ¢ for every
convex set K C R? satisfying the equalities

1 ,
zidr =0, 7/xix»dx:(5£;
/K AME) S

such bodies are said to be isotropic.

It is proved in [80] that sup, | D?*®(z)| < c¢v/ddiam(K), but this does not give
even an estimate Ccopig < ¢-diam(XK). On the other hand, it is known that for esti-
mating Cheeger’s constant it suffices to estimate the L!-norm of A(x) = ||D?®(x)|.
In a paper in preparation by the second author, Calabi’s techniques is employed to

prove that
2
/Adv— </\/Kd7) < ¢ - diam(A).
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Some applications of Calabi’s metric and techniques of K&hler manifolds to so-called
thin-shell estimates for convex sets were obtained in [81].

Let us proceed to global Sobolev estimates. Integrating (2.2.3), one can obtain
global estimates on the second and third derivatives of ®. Indeed, since

/Ve@duz /Vfdu, /Lq><1>eedu=0,

/Vf dﬂ=/<D2W(V<I>)D2<I>~e,D2<I>-6> dM+/TY[(D2‘I’)_1D2<I>e]2dM.

we get that

The second term on the right-hand side is non-negative, and hence if D?W > K -Id,
then

/|86V\2du > K/|Vae<1>|2du.

A more general result is obtained in [82].

Theorem 2.2.15. Suppose that D*W > K -1d with K > 0. Then for every unit
vector e and for p > 1 the estimates

p+1
K92 o) S 1(Vee) 4 lliey,  Kl®ZllLe) < - IV2Nle )
are satisfied. Moreover, for any r > 1 the following inequality holds for the operator

norm | D?®||:
K / D2 du < / D2V 4| di,

where (D2V'), is the positive part of the operator D*V .

As p — 0o we again obtain the estimate K||<I>ee||2m(u) < (Vee) 1l oe (uy from
Caffarelli’s theorem. The estimates in this theorem can be generalized to the Wiener
space (see §3.8 and [83], [84], [82]).

About integral estimates, see [85]. Less is known about general cost functions
(even smooth). In [86] there is an example of a smooth connected compact manifold
in R? and probability measures with smooth positive densities for which the optimal
map (for the usual quadratic cost function on R3) is discontinuous (see also [10],
Example 1.3.7). The situation is not saved even by the non-negative sectional
curvature of the manifold; it turns out that here the major role is played by the
so-called Ma-Trudinger—Wang tensor. About this see [87], [88], [72]. In [89]-[91]
the problem of transportation of part of the mass is studied and an extensive
bibliography is given.

2.3. Connections with the Kantorovich
problem and approximate solutions

As already noted, the Monge problem does not always have a solution even for
very simple spaces, measures, and functions. All the more surprising is the fact that
under rather broad assumptions this problem has approximate solutions, that is,
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transformations T € T'(u, v) for which M (u, v, T) is as close to K (u, ) as we wish.
In other words, the Monge infimum coincides with the Kantorovich minimum. We
give a precise formulation. Lipchius [92] strengthened a result of Pratelli [93] (who
in turn strengthened results of W. Gangbo and L. Ambrosio) and established the
following fact.

Theorem 2.3.1. Let X and Y be completely reqular topological spaces in which
all compact sets are metrizable, let h be a continuous function on X X Y, and
let  and v be Radon probability measures on X and Y, respectively. Let u have
no atoms. Then there exists a Borel map T: X — Y taking p to v for which
M(pu,v,T) < K(pu,v, p ®v). Moreover,

min K(u,v,0)= inf M(u,v,T).
o€ll(p,v) (,U ) TeT (p,v) (u )

It is not known whether the metrizability of compact sets in this theorem can be
omitted if we consider pairs of measures p and v such that p can be transformed
into v. Of course, for general spaces the absence of atoms for the measure y does
not guarantee this. Since some details of the proof were skipped in [92], we give
a detailed justification (borrowed from the Ph.D. dissertation of Lipchius). Let us
introduce some auxiliary notation. If y and v are non-negative Radon measures on
topological spaces X and Y and p(X) = v(Y), then we set

BV
u(X)

Let mx+v and 7wy y denote the projections of a measure v on X x Y onto the factors
X and Y, respectively. The closure of a set A in a topological space will be denoted
by A. Let I be a finite or infinite binary (consisting of Os and 1s) sequence. Then
I). denotes the first k symbols in I if I has at least k symbols, and [(I) denotes the
total number of symbols in a finite sequence of numbers.

The following lemma extends the result proved in [93] in the case of Polish spaces,
to completely regular spaces with metrizable compact sets.

uRy =

Lemma 2.3.2. Let i be a Radon probability measure on a completely regular space
X in which all compact sets are metrizable. Then for every binary sequence I
there exist a Borel set X; in X and a Radon measure py on X with the following
properties:
1) ||ur|l = 2% for every sequence I of length k;
2) 1= pu0)+ Ky and =300y B
) X1 has full pr-measure;
) if I < J, then X; C Xy;
) the set of countable binary sequences for which the intersection ﬂkeNYIk_
contains more than one point is at most countable;
6) 6) if p has no atoms, then for every natural number k the sets Xy with
I(I) =k are open and disjoint, and pur = plx, .

T W

Proof. Any Radon probability measure 1 on a completely regular space X with met-
rizable compact sets is concentrated on a Souslin set (a countable union of metriz-
able compact sets). Hence we can assume without loss of generality that X is
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a completely regular Souslin space. We use the fact that on any completely regular
Souslin space there exists a countable family of continuous functions separating the
points. This means that any completely regular Souslin space can be regarded as
a subset of R> with a stronger topology, that is, we can assume that X is equipped
with a metric ¢ such that g-open sets are open in X. The boundary of any set in
the X-topology belongs to its boundary with respect to the g-topology. Since R*°
is separable, X has a countable family of points x,, such that it can be covered by
balls about these points of arbitrarily small radius with respect to the metric 0. By
induction we construct open sets By, where [ is a finite binary sequence. At the
first step we construct sets By, n € N. For every x,, we choose 7, € [1/2,1] such
that the ball about x,, of radius r,, has p- (hence also X-) boundary of y-measure
zero. Let

Bl :B<2’1,’f’1), Bn:B(zn,rn)\(§1U~-~U§n_1), n22

Then p(By,\By,) =0 and u(lJ B,) = 1. Next we argue by induction: if the B; with
I(I) < n—1 are already defined, then we continue our construction by replacing
X by By, p by pls,, {xn} by an analogous sequence in By, and 1/2 and 1 by 27"
and 2!, respectively, in the first step. Now we construct X; and y; inductively.
We use induction on the length of the binary sequence J. Let Bf := By N X,;. We
assume that Xg = X and pug = p. Suppose that all the sets X; and all the
measures fy with I(J) < n have been constructed. Let [(J) = n. We find a j; such
that
py(B{U---UBJ ) <27 < ps(BfU---UBY).

Let X} :=B{uU---U B _; and X{ = BJJH_1 U BJ-JH_2 U--- . Here we assume that
B{uU.---uB] = @. Then X} and X| are open disjoint sets of measure at most
27"=1 We find a j, such that

—n—1 J
(XOUBllLJ UBJ1j2 ) <27 </“(X0UBIIU “UBj )
Define
2 . 1 J J 2 ._ J
X§=XJuUB/ U---UBJ ., X{=X{UB], JUBl . U

Then X and X7 are open disjoint sets of measure at most 2771, Continuing this
construction, we obtain sets X and X with the same properties. Let X, = |J, X}

and X; = U; X{. We note that the set X, \ (XoU X;) = Ny Bj,....;. contains

at most one point. In addition, ;(X,) = 27! and M(Xl) =27""1 If ;4 has no
atoms or if the intersection is empty, then we let X ;) := Xo and X (1) 1= X1 and
obtain open disjoint sets of measure 27"~'. In this case we let yu(s0) = ps|x,,
and p(g1) = pilx,,,- Otherwise we let

Xy =X ULzl puay = palg, + @77 = pg(X))s.,  i=0,1.

In both cases p1.; = 1(.7,0)+#4(s,1)- Since the new measures are obtained by restricting
the previously constructed measures to measurable sets, and possibly by splitting
up atoms of the old measures, the sets B preserve their properties also for the con-
structed measures. The inductive step is complete. It is seen from the construction



822 V.I. Bogachev and A.V. Kolesnikov

that the constructed sets and measures possess the desired properties. Only the
property 5) requires justification.

By construction, for any two finite binary sequences J and L of equal length there
exists at most one countable binary sequence I with the property that X; NB; # @
and X, N By, # @ for all positive integers k. We denote this sequence by I(.J, L).
Let A= {I(J,L)}, where J and L are finite sequences of equal length. Then A is at
most countable. We show that for all other I € {0,1}" the set (), oy X1, contains
at most one point. To this end it suffices to show that [, .y X7, contains at most
one point, since X, C Xy, _,. For this, in turn, it suffices to show that (, .y X1, C
Bjn, where J" is a sequence of length n € N. Let us prove this by induction. The
sequence of sets Ty, := {m € N: X, NB,, # &} is decreasing. Its intersection cannot
contain more than one point, because otherwise I = I(j,1) € A, where j and [ are
elements in the intersection. Since (), Ty = {m € N: (N, X1,) N By # @} = j, we
have obtained our assertion for n = 1. Passing to B; and replacing the sets B,, in
the definition of T}, by Bj ,,, we complete the inductive step. [

Lemma 2.3.3. Let X and Y be completely reqular topological spaces with metriz-
able compact sets, let h be a continuous function on X X Y and let u and v be
Radon probability measures on X and Y , respectively. Let v be a Radon probability
measure on X XY with mxy = p and wyy = v. If u has no atoms, then for every
€ > 0 there exist sequences of measurable sets A, C X, B, C Y, and X,, C A,
such that

1) SUP (2 1), (22 ,ya)€An x By [P(T1, 1) — h(22,92)| <,
2) (A, X Bp)N (Akak)zgforn;ék,

3) Y(U(A4n x By)) =

4) p(X,NXg) —Oforn;ék:

5) 1(Xn) =v(An x By).

Proof. Since p and v are Radon measures, there exist compact sets K! C X and
K2 C Y such that ,u(X\Kl) <n~!and v(Y\K2) < n=!. We may assume that
K1 C K}, and K2 C KQH The compact sets K} and K2 are metrizable. We
denote their metrics by ol and 2. The compact set K! x K2 2 is metrizable by the
metric

on(z1 X Y1, 22 X yo) == max(op (1, 22), 02 (Y1, Y2))-

The continuous function h is uniformly continuous on the compact set K} x K2.
Let §, > 0 be such that |h(x1,y1) — h(22,y2)| < € if op(z1 X y1, 22 X y2) < §,, and
x1,m2 € KLyl y? € K2. Let us cover K! by finitely many disjoint measurable sets
A% C K} of diameter less than §,,. Passing to the intersection, we may assume that
if AR N A" # @, then AP C A~'. Now let us cover K2 by finitely many disjoint
measurable sets Bl C K2 of diameter less than &,. Then A} x BJ' are disjoint
rectangles (for fixed n) covering K} x K2, and the dispersion of the values of h on
each of them is less than €. Let

Z":(A”ﬂKl)\Ki_l, By = (Bf N K\ K}y,
ni=APNKL g, B} :=BynK2_;.
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Then the disjoint rectangles ZZ x BJ* and A\Z X El" cover the union |J(K} x K?2),
and the dispersion of the values of h on each of them is less than e. We number the
countable collection of rectangles obtained in a consecutive order and denote them
by A, x B,. These rectangles possess the properties 1), 2), 3). By construction
either A, N A, = or A, C A and k < n.

The Souslin set S := |J,, K} has full g-measure. Since p has no atoms, by the
isomorphism theorem the measure space (S, ) is isomorphic to the unit interval
with Lebesgue measure (see [29], Chap. 9). Hence, in every measurable set A C S
for every ¢t < p(A) one can find a measurable subset B with u(B) = t.

We construct an X,, C A, with the properties 4) and 5). Let X{ be a set
in A; such that u(X7) = v(A; x B;1). We find the smallest k; such that pu(Ag, N
Ay) > 0. Let X5,..., X} _| be any sets in Ay, ..., Ay, 1, respectively, for which

w(X3) = (A x By),. ..,,u(Xk1 1) =7(Ag, -1 X Bkl 1). We find a set X} in Ay,
with u(X} ) = v(Ak, X Br,). Let Rf = A1\ (X] UX] ), and let X7 = (X{ \Xk )u
D1}, where D1 C R} and pu(D}) = M(X1 NnX;). Further let

X2 =X}, i=2,..., k.

We find the smallest kg > k1 such that up(Ag, N A4;) > 0 for some i. Let

X,CIJr17 .. Xk2 1 be any sets in Ay, 41,...,Ar,—1, respectively, for which
(X,~C +1) Y(Ag,+1 X Bry+1), - ..,M(sz 1) = Y(Agy—1 ¥ Bk2 1). There is a set
X3, in A, with u(X7)) = 7(Ag, X By,). For j = ki, k — , 1 we let
R?—Aj\< U XZQUUXZSUng),
I: AjCA, 1>]

D} C R}, w(Di)=pn(X;NXg,), Xj=(X]\Xp,)uD;j.

Define C7 = X7 N X, and let X = X7 for i = ky 4 1,...,kp. Continuing this
construction, we obtain sets XJZ:, R;, D;, C’; We have Ré? C Rg» if £ > [, and the
sets D} are pairwise disjoint. The sets C7 are pairwise disjoint for any fixed j.
By construction Y, u(D%) = 37, u(Ci) for every j. For every n we can find the
smallest m such that n < k,,,. Let

Xn<X;7u UDL)\(UC@).

I>m I>m

Then
p(Xn) = p(X7) + > (D)) Zu = u(X]") = v(An x By)
since -, CL, € X U U, DL We now have (X, N Xy) =0 for n # k. O

Proof of Theorem 2.3.1. As observed in the proof of Lemma 2.3.2, we may assume
without loss of generality that X and Y are completely regular Souslin spaces. For
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the proof of the first assertion, (as in [93]) we use the indicated lemma to find the
corresponding Xy, Y7, py, and v;. We construct a sequence

=Y, Ry,
I1€{0,1}k

where ¢ : {0,1}* — {0,1}* is a bijection with the following properties:
1) the sequence K () is non-increasing;
2) pp4+1 extends ¢y, or more precisely, ¢, (1) = (ps(Is)), for 0 < r < s and
Ie€{0,1}°.
The sequence ¢y will be constructed by induction. At the first step we define
1 such that K(v1) < K(u® v). This can be done since

2uRy = (po Wy + 1 W) + (o Wn + p1 Kuyp).

Therefore, K (uXv) = 271 (K (o Xvg + py Mvy) + K (po X vy + 1 Rug)). In the last
formula either the first or the second term does not exceed K (X wv). If this is the
first term, then we let ¢1(0) = 0 and (1) = 1. If it is the second term, then we
let ¢1(0) = 1 and ¢1(1) = 0. Suppose that ¢1,...,pr_1 are already defined. Let
I(I) = k. Then ¢ (I) = (pr—1(Ik—1), ), where x is chosen so that the property 1)
holds. This can always be done. For the proof it suffices to replace p and v in the

first step by pr,_, and vy, (7, ,) and then to use the decompositions

KI,—1 = K(Ix—1,0) + H(Ie—1,1)  Ver_1(Ik—1) = Y(pr—1(Ix-1),0) + Vipp—1(Ix—-1),1)"

Thus, having defined ¢y, we obtain a sequence of Radon measures «; whose pro-
jections on X and Y are g and v. Therefore, these measures are uniformly tight.
By the strengthened Prokhorov theorem the family {v;} is sequentially weakly
compact (see Theorem 8.6.7 in [29]). Hence we can pick a weakly convergent sub-
sequence. Its limit will be denoted by . The projections of v on X and Y are p
and v, and K(v) < K(u ® v). We now prove that the support of « is the graph of
some map. Let us consider the set

7= U %

keN I(I)=k

and the function 1: Z — {0, 1} which maps each z in Z into the unique countable
binary sequence I such that x = (), .y X7,. We note that Z has full g-measure.
Denote by A the set of countable sequences I such that (,cy Y1, contains more
than one point. Then by the property 5) in Lemma 2.3.3 we get that A is at most
countable. Let ¢: {0, 1} — {0,1}" be the extension of all the functions ;. By
the definition of ¢y, ¢ is a bijection. Since p has no atoms, the set X = {z €
Z: @(p(z)) ¢ A} has full p-measure. The set Sy = J{X1 x Y, (1): I € {0,1}*}
has full y,-measure due to the fact that u(X;) = u(Xy). This set S; has full
Yn-measure for all n > k. We show that Sy has full y-measure. Indeed,

Y( X1 x ?w(l)) =~(X1 x 79%([)) > limsup v, (X1 x ?WU))
n—oo
= limsup 7, (X1 x Y) = u(X1) = p(X7)

n—oo

= (X1 xY) 29X x Yy, 1)-
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Let S = (), Sk. Then S is a Borel set in X x Y and 7(S) = 1. For every element
x € X the set {y: (z,y) € S} = 799(#,(,%)) contains at most one point. The set
(X x Y)N S is Borel measurable. Its projection II on X is a Souslin set and

p(XA) = ~((X\ ) x Y) =0,

because v(S) = 1. For every x € II there exists a unique element y € Y with
(x,y) € S, that is, the Souslin set SN (II x Y) is the graph of some map T: IT — Y.
It is known (see Lemma 6.7.1 in [29]) that T is a Borel map from IT to Y. Extending
it to have a constant value on the complement of II, we obtain a Borel map from
X to Y with the required properties. The first assertion of the theorem is proved.

Let us proceed to the second assertion. Let v be a measure on X x Y on which
the minimum is attained. Fix an € > 0. We use Lemma 2.3.3 and take the sets
An, By, and X, indicated there. By the property 3) the rectangles A,, x B, cover
~v-almost all of X x Y. On each of them the dispersion of the values of h is less
than e by the property 1). By the property 4), u(X,) = v(A, x B,) =: m,,. We
introduce the measures 7y, := y|a, xB, and 7, := p|x, ¥ 7y v,. The projections of
the measure 7, are p|x, and my~y,. Let us apply the first assertion of the theorem
to them. We obtain a map t,,: X,, — B, with the property that M (t,) < K(¥n)-
Let T'(x) = ty(z) for x € X,,. Since |J,, X, has full y-measure (this follows from the
properties 3) and 5)), the map T takes p to the measure Y 7wy v, =7y Y, Yo =
myy = v. Since |K(¥,) — K ()| < mpe, we finally get that

M(T) <Y M(t,) <Y KFa) <Y _(K(n) +mne) < K(7) +ev].

The proof of the theorem is complete.

The continuity of the cost function is essential in the theorem proved and cannot
even be replaced by lower semicontinuity. We give an example borrowed from [93].

Proposition 2.3.4. (i) Let X =Y = [0,1] x [—1,1], let u be the linear Lebesgue
measure on the interval Iy = [0,1] x {0}, let v be half of the linear Lebesgue measure
on the union of the intervals Iy = [0,1] x {1} and Iy = [0,1] x {=1}, and let
h(z,y) = 0 if |x —yl| = 1 and h(z,y) = 1 otherwise, that is, h is the indicator
function of the open set U = {(z,y) € [0,1]*: ||x—y| # 1}, which is the complement
of the closed set Z = {(x,y) € X xY: ||z —y| = 1}. Then the Kantorovich
problem and the Monge problem have solutions, but these solutions are different
and K(p,v) =0, M(u,v) = 1. In addition, the Kantorovich problem has a unique
solution.

(i) Let T(x1,22) = (221,1) for 0 < 21 < 1/2 and T(z1,22) = (221 — 1,—1)
for 1/2 < @y < 1. Let h be redefined on the graph of T by setting h = 1/2 there.
Then the assertion in (i) remains valid, but in addition also the Monge problem has
a unique solution.

Proof. (i) A solution to the Kantorovich problem is the measure & equal to half of
the linear Lebesgue measure on the union of the diagonal intervals

Dl - {(3}'1,0,3}1,1): O < T g 1}7 D2 - {(xlv()?xlv_l): O < T g 1}
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Its projections are u and v, and K (u,v, o) = 0, since D and D5 belong to Z. There
are no other measures o in II(y, v) with the same value, since we must have the
equality o(Z) = 1 and also the equalities o(X x ([1UI3)) =1and o(lyp xY) = 1.
In other words, the measure o must be concentrated on the set of points of the
form (x1,0,y1,y2), where |y2| = 1 and (21 — y1)? + 93 = 1, that is, ; = y;. Thus,
o is concentrated on Dy U Do, which, along with the fact that the projection of o
on the first factor coincides with u, implies that o = 7.

Let us turn to the Monge problem. One of its solutions (but not the only
one) is the map T indicated in (ii), for which M (u,v,T) = 1, since there is no
transportation S of u to v yielding a smaller value. To see this, we observe that if
po St =wv, then ||z — S(z)|| # 1 for p-almost all z. Indeed, if z = (21,0) € I
is such that S(z) € I U Iy (u-almost each z is such a point), then the equality
|l — S(z)|| = 1 is possible only if S(z) = (x1,y2), where |ya| = 1. Thus, if the
set E = {x: ||z — S(x)|| = 1} has positive measure, then p-almost every point of
it has the form (z1,0) and is moved either by 1 up or by 1 down. Hence, we may
assume that E C Iy and that every point of E is moved under S by 1 up or down.
This contradicts the fact that v is the image of u: for example, if the set E; of
points in E moved up has positive measure, then v(E; x {1}) = u(E7)/2, although
V(Er) = (S~ By x (1)) > ul(F).

(ii) The previous reasoning applies also to the new function h, but now the
Monge problem also has a unique solution. Indeed, it is seen from these arguments
that if M (p,v,S) < M(p,v,T), then S(x) = T(x) for p-almost all z. O

Using the isomorphism of spaces with atomless Borel measures, one can easily
obtain from this example a case of a cost function h that is the indicator function
of a Borel set in [0,1] x [0,1] such that the Kantorovich and Monge problems on
[0,1] with u and v equal to Lebesgue measure have different unique solutions.

We also give an example illustrating the difference between the cost functions
|z — y| and |x — y|? in the question of uniqueness.

Example 2.3.5. Let X =Y =R, let h(z,y) = |z —y|, let u be a probability mea-
sure on (0, +00) with first moment, and let v be the measure on (—oo, 0) symmetric
to it. Then every measure o € II(u, v) gives a solution to the Kantorovich problem,

[le=slotds) = [z =otdn) =2 /[W) o u(dz),

because ¢ is concentrated on the lower right-hand quadrant. The same value is
given by any map from p to v, and there are many such maps in the general case
(one of them is the reflection).

On the connections between the Monge and Kantorovich problems see also [5],
where there is a remark about reducing the Monge problem to the case of measure-
preserving maps (which makes it a variational problem on the group of automor-
phisms). We remark that already in [18] Vershik posed the problem of minimizing
the integral with respect to p of the length of the curve {T}(x)}o<i<1 in a suitable
class of maps T; for which Ty(x) = x and T} takes p to v.
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Chapter 3
Applications

We now briefly discuss applications of the transport problem to classical inequal-
ities in analysis, probability theory and differential geometry, and also one of
the most important ideas on which many applications are based: the connection
between geodesics in spaces of measures and the Monge-Kantorovich problem. The
following notation will be used below. If y and v are probability measures on (X, &)
and v has a density o with respect to u, that is, v = g - u, then the entropy of v
(or p) with respect to p is defined by the formula

Ent,v = EntHQ:/ olog odu
X

if plogo € L'(u); otherwise we set Ent, v := +oco. By Jensen’s inequality the
entropy is non-negative.

3.1. Isoperimetric inequalities and the Brunn—Minkowski inequality

Here we give a proof proposed by Gromov for the classical isoperimetric inequal-
ity (see [94], Appendix). He found this proof by using triangular maps briefly dis-
cussed in § 3.9. The same reasoning remains valid in the case of optimal maps. It is
known, though, that the isoperimetric inequality follows from the Brunn—Minkowski
inequality, which is discussed below.

Theorem 3.1.1. Let A C R? be a Borel set. Then the following isoperimetric
inequality holds:

_ _ I'(1+d/2)4/4
AN TVA(A) < kg1 (04A), “d:(cw/%)'

Proof. Consider a ball B, = {z: |z| < r} satisfying the condition A(A) = A(B;).
Let T = VW be the optimal transportation taking Ala to A|p,. We apply the
change of variables formula det D2W = 1 on A. By the convexity of W we have
A Wdr < AW, where AW is the Laplacian in the sense of distributions, that is,
a measure. Let \; be the eigenvalues of D2W. By the inequality between the arith-
metic mean and the geometric mean we have A, W = 2?21 N <dAp--- M)V =d.
Thus,
d\(A) < / AW dx < AW(A).
A

Assuming that A has a sufficiently regular boundary and integrating by parts, we
get that the latter quantity equals

/ (VW,na)d#1 <ro?=1(0A).
0A

Here n 4 is the unit normal to JA. The desired inequality follows from the equality
MA) = X\(B,) = 7¥%r?)T(1 +d/2). O
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It is seen from the proof that the inequality becomes an equality when A is
a shift of the ball B,. Thus, the ball has the smallest surface area among sets of
fixed Lebesgue measure.

Remark 3.1.2. Let H; be the d-dimensional Lobachevskii space. We consider the
Poincaré model Hy = R4™! xR with metric g = ygz dy? - - - dy3. Using the optimal
transportation (in the standard ‘Euclidean’ sense), one can prove the isoperimetric
inequality

p1-1 /d( A)

v (9A) > max
Kd

7(d_ 1)V(A) )

where v = y;dl{ydw} dyy - - - dyq is the Riemannian volume and v = y;dﬂ W s
is the corresponding surface measure.

We turn to the Brunn—Minkowski inequality. Relatively recently the following
elegant form of this classical inequality was discovered.

Theorem 3.1.3. Let f, g, and h be non-negative functions in L'(R?) such that
h(Az + (1 = N)y) = fAx)g' = (y) for all z,y € R? and some X\ € [0,1]. Then

/Rdhda:> (/Rdfdx)A(/Rdgdxyx.

Proof. We may assume that || f||1ge)= [gllo1 ey = 1. Let Vipy and Vi, be the
optimal transportations of Lebesgue measure on [0,1]¢ to the measures fdx and
g dz, respectively. The change of variables formula takes the forms

F(Vop)det Dipr =1, g(Vig)det Dipg =1,
Let ¢ = (1—-A)ps+Ap,. By the change of variables formula and the known estimate

for the determinant det((1 — \)M; + AMy) > (det M;)'~*(det M), which is true
for any non-negative symmetric matrices M; and Ms, we have

hdx = / h(V)det D2p dx
R4 [0,1]¢
> /[0 ” h((1 = N)gs + Apg)(det D2 )~ (det D2, ) da
Z /[0 ” FE (V) g (Ve,)(det D2p ;) = (det D2py)* da = 1. O

Applying this inequality to the indicator functions of sets A and B, we obtain
the following form of the Brunn—Minkowski inequality:

AN (1= NA+AB) > [#4A)] [ #4B) .
For an appropriate choice of A this implies the classical Brunn—Minkowski inequality

(AU A+ B)V > [ (A [ (B)] V.
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3.2. Sobolev inequalities and their generalizations

3.2.1. The classical Sobolev inequalities. It is well known that the isoperi-
metric inequality implies the Sobolev inequality. This was observed long ago inde-
pendently in papers of V.G. Maz’ya and also of H. Federer and W. Flemming.
For a linear combination f = 1" | A\;l4, of indicator functions of Borel sets of
bounded perimeter with disjoint boundaries the isoperimetric inequality implies
that || fllpa/a-n < 200 Nillla, || pasa-n < ka0, Ndl T 0A) = wal| VS L
This inequality can be extended to an arbitrary function f € W11 (R9) using
approximation by simple functions in the norm of the space BV of functions of
bounded variation. It implies the Sobolev embeddings W»' C L%/(4=P)  In [95]
a direct transport proof was found for the classical Sobolev inequalities. The proof
automatically yields formulae for the minimizing functions (the functions for which
these inequalities become exact equalities). In addition, interesting duality relations
have been obtained.

Theorem 3.2.1. Let f € WPY(R?) and let p* = dp/(d — p). Then

INFlze 2 1l IVhpllLe,  where  hy(x) = (o, + 2P/ D) 1247,

and o, satisfies the normalization condition ||hy| .« = 1. Equality holds only for
functions of the form f(x) = Chy(x — xo).

The proof can be found in [95] and [16]. In [96] the transport method was used
to prove the following inequality for traces on half-spaces:

11l ot o1y < To( DIV f1 Lo (a)-

In [97] optimal inequalities were obtained for traces of Sobolev functions, in partic-
ular, inequalities of the form

1f o= @) < Sp DIV fllLr ) + C, DNl Lo+ (00

where f is a Sobolev function on a domain Q C R? with Lipschitz boundary, and
pt = (d—1)p/(d — p). The maximal value of the constant C(p, Q) is attained for
balls. Generalizations of a number of classical inequalities (Gagliardo—Nirenberg,
Faber—-Krahn, Moser—Trudinger, the Euclidean logarithmic Sobolev inequality) to
the case of traces were obtained in [97]. In [98] Gromov’s method was used to find
some strengthenings of the classical versions of the isoperimetric inequality and
the Brunn—-Minkowski inequality. It should be noted that transport considerations
do not always work well in the manifold case. Nevertheless, in [99]-[101] there are
interesting generalizations of the Brunn—Minkowski inequality as well as the isoperi-
metric and Sobolev inequalities for manifolds, obtained with the aid of the transport
method.

There is an interesting connection between the Kantorovich distance and the
dual Sobolev norm H ~!(u) with respect to a measure y, defined by

Nl -1y = sup{/wpdu; v € CP(R™); / |V<p|2d,u < 1}.
]R'n.
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Let u be a bounded Borel function with zero integral with respect to u, and let
te = b+ eudx. Then

llull -1 = ligﬂ_jgfsflwz(ﬂaue)o

For interesting applications of this fact to convex geometry, see [81].

3.2.2. Logarithmic Sobolev inequalities. There are analogues of Sobolev in-
equalities for probability measures. The best known of them is the logarithmic
Sobolev inequality proved by Gross in [102] for the standard Gaussian measure on
R? with density (27T)_d/2e_|””‘2/2. Namely, for any smooth function f the following
inequality is satisfied:

Ent., f? = /Rd f21ogf2d’y—/Rd f2dy 10g/Rd fPdy < Z/Rd IVf>dy. (3.2.1)

The logarithmic Sobolev inequality is a natural analogue of the classical Sobolev
inequalities. Along with the closely related hypercontractivity property of diffusion
semigroups, it has many applications in mathematical physics, geometry, and prob-
ability theory. There is an extensive literature on this subject (see [103], [16], [17],
[104]). A complete characterization of measures satisfying the logarithmic Sobolev
inequality on the real line is given in [105]. In Perelman’s paper [106] one of the key
steps in the paper was proved with the aid of the logarithmic Sobolev inequality:
monotonicity of the so-called #-functional. At first sight the inequality (3.2.1)
seems to be considerably weaker than the classical Sobolev inequalities, since the
left-hand side contains a much more slowly growing function than in the analo-
gous Sobolev inequality. However, its important advantage is that (3.2.1) does not
depend on the dimension, and this enables one to apply it in the infinite-dimensional
case.

A transport proof of (3.2.1) was first obtained in [79]. Before turning to it we
note that this inequality does not change upon multiplication of f by a constant.
Hence, it suffices to prove (3.2.1) for a function f with unit norm in L?(7). Let us
consider the optimal transportation 7' = V¢ of the measure f2-v to the measure 7.
We shall assume that the function f is sufficiently smooth, bounded, and bounded
away from zero, which imzplies that T is smooth. By the change of variables formula,
F2(x)e #1772 = o= IVe@)I"/2 det D2p(), that is, log f2(z)—|z[2/2 = —|Ve(z)[2/2+
log det D?¢(z). We rewrite the equality obtained in the form

= Ve(@)?

5 — (x, Vy(x) — x) + log det D?*p(x)

log f*(z) =

and integrate it with respect to the measure f2 -+, obtaining

_ 2
[ rog = = [ =R ) o

— [ . Vele) = o) i) + [

log det D% f? d~.
Rd
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Here we integrate by parts:

- /Rd (z,Vo(z) — x>f2(x) ~(dz)
=2 [ (V1(0). Vea) - ) @) 5(do) - [ (Ap - d)fin

For any symmetric d X d matrix A > 0 we have TrA — d — logdet A > 0 (this
inequality is proved by reducing the matrix to diagonal form and using the inequal-
ity xlogz > x — 1). Thus,

[ s < [ [HEETADE ) 42950, 90t - 1(0) a0
R4 Rd

The inequality (3.2.1) now follows from the obvious estimate

Gl
2

As in the case of the Sobolev inequality, there is a stronger isoperimetric inequality
for Gaussian measures:

’y(Ah) > O(d 1 (y(A)) + h), Al = {z € R? |Ja € A:|a—z| < h},

1 ¢ 2
P(x) = \/72?/ et /2 dt.

F2(@) + 2(V f(2), V(o) — 2) f () < 2V f(2)]*.

In differential form it is

(AN —4(4) 1
oA = I T B )

where v (9A) is the surface measure of A for . Tt is readily seen that this inequality
is qualitatively equivalent to the inequality

77 (04) = CF(A)y/—logH(4),  F(A) = min(y(4),1 - y(4)),

where C is a universal constant. The isoperimetric inequality was obtained by
Sudakov and Tsirelson [107] and later by Borell [108]. There are several proofs of
this inequality. The proof in [107] was obtained as a corollary of the Lévy—Gromov
isoperimetric inequality on the sphere. Moreover, the Gaussian measure is one
of the rare examples in which the exact solution of the isoperimetric problem is
known. The sets of minimal surface measure are the half-spaces {x: (h,z) < a}.
No transport proof of the Gaussian isoperimetric inequality is known.

Gaussian measures belong to the important class of probability measures with
interesting analytic and geometric properties that consists of convex (also called
logarithmically concave) measures. Their role in analysis is analogous to the role
played in geometry by manifolds with positive Ricci curvature. For more details on
convex measures, see the book [67]; here we only briefly describe the basic properties
that are important for what follows. A convex (or logarithmically concave) measure
on R? is a probability measure x such that

pAA+ (1= N)B) = p(A)p(B)
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for all non-empty Borel sets A and B and numbers A € [0,1]. According to the
well-known result of Borell, any convex measure is concentrated on some affine
subspace, on which it possesses a density ¢ (with respect to the corresponding
Lebesgue measure) of the form ¢ = e~V where V is a convex function (and any
such measure is convex). The class of convex measures is invariant with respect to
affine maps. As we shall see below, a substantial number of known results connected
with optimal maps and functional inequalities involve convex measures.

There are diverse conditions sufficient for a probability measure p to satisfy the
logarithmic Sobolev inequality. A necessary condition is the Poincaré inequality.

Definition 3.2.2. A probability measure p is said to satisfy the Poincaré inequal-
ity if there exists a Cj, > 0 such that for all smooth functions f

Var,, f = /Rd(f/wfdu)zdm Cfp/wwfﬁdp.

One can verify that the logarithmic Sobolev inequality implies the Poincaré
inequality by applying (3.2.1) to 1 + ¢f and passing to the limit as e — 0.

Another (much less obvious) necessary condition is the existence of a number
€ > 0 such that

/Rd exp(ex?) p(dz) < +oc. (3.2.2)

The following generalization of the Gaussian Sobolev inequality was obtained in
[109], and a transport proof was proposed in [110].

Theorem 3.2.3. Let yu = e~Vdx be a probability measure on R% with a twice
continuously differentiable function V. Suppose that there is a A = 0 such that
D2V > —\1d, the inequality

Ate
/ GXP(2|ZJ - ml2> p(dz) p(dy) < oo
R2d

holds for some € > 0, and p satisfies the Poincaré inequality. Then there exists a
C > 0 such that

Ent, f2 < c/ |V |2 dp.
Rd

Proof. We first prove that there are C7,Cy > 0 such that
Ent, f? < Cl/ \Vf\ZdquCQ/ f2du. (3.2.3)
Rd Rd

Without loss of generality we may assume that f has unit norm in L?(u). Let Vi
be the optimal transportation of the measure f2 - u to the measure p. As in the
case of Gaussian measures, we get that log f2 = V — V(V) + logdet D?¢. The
inequality V(z) — V(y) — (VV(z),z — y) < Az — y|?/2 implies the estimate

Az — Vo(z)[?

log |f(z)?] < (VV(x),z — V() + log det D2p(x) + 5
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Let us integrate the estimate obtained with respect to the measure f2.u = f2.e=Vdx
and perform integration by parts. This gives

/Rd f2log f2du < /Rd(d —Tr D2y + logdet D) f2 du

+ % /R |z — Vip(a)|* f () p(d) + 2/ (Vf(x),z — Vo(a)) f(z) y(dz).

Rd

Employing the inequality for determinants and traces used above along with the
Cauchy inequality, we find that

[ s an< 222 [ oo s@? panrac, [ ViR a. (24
Rd 2 R4 Rd

Further, the definition of optimal maps implies the inequality

AL [ o= Vel s utaa) < 252 Joo ¥ @ R ),

where 7 is any probability measure on R? x R¢ with projections on both factors
equal to u (so that the projection of f2 - on the first factor is f2- ). Let us take
the measure 7 = p ® p. The elementary inequality ab < e* — b+ blogb for a,b > 0
implies that

A+¢/2
2

A+e
2

& — oI (@) < exp( o — y|2) T 8f(x)log |f ()] + C'f ()2,

where § = 6(A,e) < 1. The hypotheses of the theorem give the estimate

A+¢e/2
2

/ |z — V() > f(x)? u(dz) < SEnt, f>+ Co
R4

for some Cy = Cy(g, A). Then (3.2.4) gives us (3.2.3). According to the well-known
inequality of Rothaus [111],

Ent”fQ<Ent“(f_/Rdfd”>2+2/Rd(f_/RdfdM>2d“'

Applying (3.2.3) to f — fRd f du and using the Rothaus inequality and the Poincaré
inequality, we obtain the assertion of the theorem. [J

Remark 3.2.4. (i) The condition that p satisfies the Poincaré inequality can be
omitted in the formulation of the theorem, since it follows from the remaining con-
ditions. The proof of this fact is not very difficult but is rather lengthy (see [110]).

(i) If D2V > X > 0, then the logarithmic Sobolev inequality is automatically
satisfied with the constant A.

Corollary 3.2.5. If the measure p is convex, then a necessary and sufficient con-
dition for (3.2.1) to hold is the existence of an € > 0 such that (3.2.2) holds.

Below we consider some other examples in which analogues of the logarithmic
Sobolev inequality are valid (see also [112]).
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3.2.3. Uniformly convex potentials. Suppose that the potential V' of the

measure 4 = e~V is uniformly convex in the sense that
Viz+y)+Viz) = (VV(z),y) = c(lyl), (3.2.5)
where || - || is some norm (not necessarily Euclidean) and ¢ is some increasing

function. We remark that this condition holds, for example, for functions of the
form V(z) = |z|* with @ > 2. Using the reasoning from the proof of the logarith-
mic Sobolev inequality and Young’s inequality, one can prove that the measure p
satisfies the inequality

\%
Ent, f? < / c* ( ’2f )f2 dp, (3.2.6)
Rd fl
where || - ||« is the dual norm and ¢* is the corresponding convex conjugate function:

c*(t) = sup{ts — c(s)}.
s>0

Inequalities of the form (3.2.6) are called modified Sobolev logarithmic inequalities.
They are generalizations of the classical logarithmic Sobolev inequality to the case
of non-quadratic norms. It is important to single out the following features of
this result: the inequality does not depend on the dimension, and it is preserved
for product measures (tensorization). The latter means the following. Let u; be
a collection of probability measures on R¢ such that

\Y
Ent;mg < /C:<Hg )gdu,
9 1l

Let u = @', ;- It is known (see, for example, [103], Proposition 5.6) that the
entropy has the following remarkable property:

n
Ent, g = Z/Entm gi(T1, .., Tic1, ©, Tig1,-.-) pldx),
i=1

where g; is the function obtained from g by fixing all coordinates except ;. There-

fore,
- va:gz
Ent </ cf(H ) du.
w9 ; el LK

Properties of this kind are important in infinite-dimensional analysis.

In [113] the modified logarithmic Sobolev inequality is extended to general cost
functions by means of transport methods. In [114] the corresponding isoperimetric
inequalities are proved for probability measures and convex bodies with uniform
moduli of convexity.

Some properties of optimal transportations of measures satisfying (3.2.1) were
described in §2.2.5.




The Monge-Kantorovich problem 835

3.2.4. Boundedness from below for the second derivative and integra-
bility. The condition of uniform convexity of the potential is rather restrictive
and can be weakened at the expense of making the constant dependent on the
dimension.

Definition 3.2.6. Let p be a probability measure on a metric space (X, g). The
isoperimetric function of the measure p is defined by

Fu(t) = inf{u™(0A); p(A) = t},

where pt(0A) = liminf;, o+ p({z € X \ 4; o(z, A) < h})/h.

Remark 3.2.7. With the help of transportation of measures it is proved in [110] that
the Bobkov isoperimetric inequality [115] holds for convex measures u:

11(A)log +log u(By) < 2rpt(94),

+ n(A°)log

1
(A°)

where A C R, B, = {z: |z| < r}, A° is the complement of A, and u(A) = u(B,).
We can deduce from this that if the measure satisfies the condition

1
1(A)

/ exp(elz|*) p(dz) < 400, where o> 1, (3.2.7)
Rd
then for sets of small measure we have the isoperimetric inequality

Cp(A)|log p(A)|'~1* < pt(94).

To this end one has to consider transportations of the measures p|a/u(A) and
tlac/pu(A°) to the measure u|p, /u(B;).

By the Gaussian isoperimetric inequality, the standard Gaussian measure - and
the standard norm satisfy the estimate

1
j’Y(t) 2 Ct| 10gt|1/27 te <O7 2:|7

where C' does not depend on the dimension.
It follows from Remark 3.2.7 that the isoperimetric function of a convex measure
p with the condition (3.2.7) satisfies the inequality

—_

F,(t) = Ct|logt]*~Y* for t< <.

[\

More precisely, .#,(t) > C'min(t, 1 — t)|logmin(t, 1 — ¢)|*=*/ for ¢ € (0,1), where
the constant C' generally depends on the dimension.

A rather general form of relation between the isoperimetric function and Sobolev-
type inequalities was obtained in [116] and [110], where the authors consider inequal-

ities of the form
2 f? 2
PR(—b—)du<C [ |VfPdp,
e\ g
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which are called F-inequalities and which, along with the modified logarithmic
Sobolev inequalities, generalize the classical logarithmic Sobolev inequality. They
imply properties like hypercontractivity. There are also other functional inequal-
ities naturally generalizing the logarithmic Sobolev inequality, for example, the
Beckner—Latata—Oleszkiewicz inequality and the super-Poincaré inequality, both
introduced by F.-Y. Wang. The abundance of inequalities is explained by the fact
that the different kinds of them are differently adapted to various desired properties
fully possessed by the logarithmic Sobolev inequality.

3.3. Transport inequalities

The transport inequality for the standard Gaussian measure v was proved by
Talagrand [117]. It is as follows:

1
SWE (1.9 7) < Enty g, (3.3.1)

where g - v is an arbitrary probability measure absolutely continuous with respect
to v for which the right-hand side is finite. This inequality is equivalent to the
estimate

1
3 [ o= Ve@Pan < [ glogan,
Rd Rd

where Vo is the optimal transportation of the measure v to g -v. A corollary of
(3.3.1) and the triangle inequality for W5 is the symmetric inequality

Wof-v,9-7) < /2Ent, f ++/2Ent, g, (3.3.2)

where f and g are probability densities with respect to ~.
For the proof of (3.3.1) we consider the change of variables formula

x2 X 2
2~ logg(Vip(a)) — VADE

+ log det D2p(x).

Writing it as |z — V(z)|2/2 = (2,2 — V(z)) + log g(Ve(z)) + logdet D2p(z),
integrating with respect to the measure =y, and using the now familiar reasoning,
we get that

1
5/ wavso(m)l%(dw)é/ logg(VsO)d’y:/ glog g dy.
R4 R4 R4

The inequality (3.3.1) is proved.
One can prove (see [118]) that if g € LP(y) with p > 1, then there exists a number
e = &(p) > 0 such that

[ explele = Ve@P) 1(dn) <€) [ g7,
Rd

Rd

Below we need a more general version of the Talagrand inequality.
The Fredholm—Carleman determinant of an operator A on R™ is defined by the
formula deto A := etraceI=4) det A.
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Theorem 3.3.1. For any two probability measures of the form u = e¢~Vdx and
v=-e"dx on R? and for the corresponding optimal maps Vo, and VO, taking
p and v to a measure m = e~ Fdx satisfying the condition D*P > K -1d with some
number K > 0, the inequality

Ent,,(“> > %/\V@ﬂ — Vo, |*du — /logdetg[D2<I>,, (D*®,) ] dp
1%

holds if the integrals exist.

The last term on the right-hand side is non-negative. This follows from the
equality

—logdeta[D?*®,, - (D2®,) 1] = —logdety[(D?®,) V2. D*®, - (D*®,,)"/?]

and the fact that the matrix (D2®,)~1/2. D2®, - (D?®,,)~'/? is non-negative.
We give an idea of the proof. By the change of variables formula,

eV =det D2®, - PV rae.

Therefore, —V ((V®,)~ ') = —P + logdet D?*®,, o ((V®,,)~!). Similarly, using the
change of variables formula for v, we get that

~-W((V®,)™ ') =-P(V®, o (VP,) ") +logdet D*®, o (VI,) ).

Letting S = (V<I>#)’1 and subtracting this equality from the previous one, we find
that

(~V4+W)oS=P(Vd,o0S)— P—logdet[D?®,, - (D?®,) ] o 5.
Note that
P(V®, 0 S(z)) - P(z) > %v%(s(m)) —al* + (VP.V,(S(z)) - ).
Therefore,

(-V+W)oS(z) > KIV®,(S(z)) — x|
+(VP,V®,(S(2)) — x) — logdet[D*®, - (D*®,,) '] o S().

Let us integrate the relation obtained with respect to the measure m. By the
integration by parts formula and the equality m = po (V®,)~! we get that

/(VP(x), V®,(S(z)) — z) m(dx)
> /Tr[D2<I>,, oS- (D*®,) ' oSldm—d= /Tr[D2<I>,, (D*®,) Y dp — d.

It is easily seen that the proof of the transport inequality for Gaussian measures
is similar to the proof of the logarithmic Sobolev inequality. In a sense the trans-
port inequality is ‘dual’ to the logarithmic Sobolev inequality. We shall say that
a probability measure p satisfies the transport inequality if

1
3W2(pg- 1) < CEntyg. (3.3.3)
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The logarithmic Sobolev inequality (LSI) and the transport inequality (TI) are
connected in a non-trivial way. According to [119], the LSI implies the TI. We give
a short proof from [120].

Theorem 3.3.2. If a probability measure p satisfies the LS, that is,
But, /<20 [ [V/Pdu  feCR®),
Rd

then W2 (i, g - p) < 2C Ent,, g for any probability measure g - 1.

Proof. For simplicity we suppose that C' = 1. The proof is based on the properties
of the Hopf-Lax semigroup

’U(t,l’) = Qtf(-%') = yienﬂgd |:f(y) + %‘J} - y‘Q .

It is known that v satisfies the Hamilton—Jacobi equation

ov 1 9
E + §|Vv\ =0.

In addition, v(0,z) = f(z). Let g(x, A) = Q1(Af)(x). The Hamilton-Jacobi equa-

dg  |Vag|?
99, Vagl

L
B\ 2 et

tion implies that g = A

M(\) = /R , e dp.

Using the LSI, we get that AM’(X) < M (X\)log M(XA). This implies that M (1) <
eM (0 We note that M'(0) = [ f dp. Thus,

/Rd exp(Q1f) du < exp </Rd fdu). (3.34)

Now let T' = V¢ be the optimal transportation of the measure p to the measure
g - p. Then

Wi ) = [ o= Vel@)l utdo).
As we have noted above, ¢(z) + ¢*(Ve(x)) = (x, Vi(z)) for p-almost all z. From

(
this we have |z — Vo(2)[2/2 = |2|*/2 — ¢(x) + (|z|*/2 — ¢*(x)) o V(). By the
change of variables formula,

33 g-n) = [ (3P = o)) i)+ [ (Gl = o7 (@) Jgte) ).

Without loss of generality ¢ can be chosen in such a way that

1
/wdu:§/ 2 u(d).
R4 R4
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We observe that Qi (|z|?/2 — ¢*)(z) = ¢(x) — |z|*/2. Using the known inequality
ab < e® —b+blogb and (3.3.4), we find that

1 2/2
2W§(u7g-u)<eXp(/ (sa(x)|2 )u(da:)>+/ gloggdu—/ gdp
R4 Rd R4

= / glog g dp.
Rd

The theorem is proved.

The converse assertion (the transport inequality implies the Sobolev inequality)
is false in general; this was an open problem for some time. For some classes of
measures (for example, convex) these inequalities are equivalent. The first coun-
terexample was constructed in [121]. An example of a measure e~V dx on the real
line satisfying the transport inequality but not the logarithmic Sobolev inequal-
ity is given by the potential V(z) = |z|> + 3z2sin’z + |z|®, 2 < B < 5/2. The
proof is based on certain criteria for both inequalities for measures on the real line.
Gozlan [122], [123] gave a nice description of a broad class of measures satisfying
the TI. Necessary and sufficient conditions for the logarithmic Sobolev inequality
are known only in the one-dimensional case (see [105]).

An important property of the Gaussian transport inequality (3.3.1) (and also of
the Gaussian logarithmic Sobolev inequality) is that it is independent of the dimen-
sion. A natural generalization to general convex cost functions c is the inequality

K.(p, f-p) <CEnt, f. (3.3.5)

Inequalities of this type follow, for example, from the modified Sobolev inequalities
(see [103], [120], [124]).
One can show that for any uniformly convex potential V', that is, for

V(e +y) +V(z) = (VV(2),y) = c(lyl),

the measure p = e~V dz and the function c(z,y) = c(||z — y||) satisfy (3.3.5).
In [125] a necessary and sufficient condition is found for the following analogue
of the Talagrand inequality for the cost function |z — y|:

Wi(p,g-p) < /CEnt,g.

It turns out that here it suffices to have an € > 0 such that

/Rd /Rd 17791 p(da) p(dy) < oc.

The transport inequality is close in form to another classical inequality called the
Pinsker—Kullbach—Csiszar inequality. Let p and v = f - u be probability measures
with f > 0. Then

1 , 1 2
slu=vi®=5{ [ If —1ldp) <Ent,f,
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where ||u — v|| is the variation distance between p and v. It turns out that this
inequality can be regarded as the transport inequality for a suitable cost function
(discrete). For more details, see [126].

Below we discuss the result of Gozlan on the equivalence of the transport inequal-
ity and the dimension-free concentration inequality together with connections with
the theory of large deviations. A Sobolev-type inequality equivalent to the con-
centration inequality was recently obtained in [127]. With the aid of this result it
was proved that, like the logarithmic Sobolev inequality, the transport inequality is
preserved by bounded perturbations of the potential. It was also shown there that
for a broad class of cost functions ¢ the inequality

Kq(u,v) < CEnt,v = C/log K du
v
is equivalent to the inequality

el =@ ¢ 1
Entu(e)\ili)\ce du, A€ O,C7

where Q f = infy, (f(y) + Ac(z —y)).

On connections between transport inequalities and other functional inequalities,
the theory of large deviations, information inequalities, and Lyapunov functions,
see [128]-[130] and the survey [131]. Dynamical transport inequalities are consid-
ered in [132].

3.4. Concentration inequalities and large deviations
The following important observation was made by K. Marton. Let the measure
u satisfy (3.3.3), let A C R%, and let pu(A) > 1/2. Consider the optimal map

f th = ——Is4t = ——Tiame. Th > h.
Ve of the measure py (A A to po (AP (Am) en Wa(u, pe)

Moreover,

Wa(p, p2) < Walp, i) + Wa(pz, 1) < /2CEnt, g1 + /2C Ent,, o .

1 1
Since Ent, u; = log —— and Ent, uo = log —————, the inequality obtained
g n(A) ! p((Ar)e)
implies that there exist a,b > 0 such that
((AM) =1 — aeth”. (3.4.1)

This reasoning extends to more general cost functions. One can verify that (3.4.1)
is equivalent to the following inequality for 1-Lipschitz functions: p(x: f(z)—my >
h) < ae~’ for h > 0, where my is the median of f.

The inequality (3.4.1) is called the concentration inequality. Concentration
inequalities arose in the asymptotic theory of convex bodies as a tool for inves-
tigating properties of convex bodies that are independent of the dimension. This
direction has been especially actively developing in the works of V. Milman and his
school (for interesting applications in probability theory, see [103]).
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The following fact follows easily from the Chebyshev inequality: if a measure p
satisfies (3.4.1), then for some ¢ > 0 we have

/ eflel? p(dx) < +o0.
Rd

In particular, we obtain a necessary condition for the LSI and the TI.

In [133], [129], and [123] connections were investigated between optimal maps
and the theory of large deviations. We explain this by the example of a nice result
from [123].

Theorem 3.4.1. A probability measure p on R? satisfies the transport inequality
if and only if it has the dimension-free Gaussian concentration property, that is,
there exist constants a, b, and ro such that for every power u™ of u one has the
inequality

(A" > 1 - be= =m0 wherer > 1y, AC RHY™, u(A) >

DN | =

In one direction the proof is trivial and follows from the property that the trans-
port inequality is preserved under products (tensorization) and the fact that the
transport inequality implies concentration. Suppose now that the concentration
property is satisfied. For every n consider the empirical average L,, = n™' > | §,,,
where {z;} are independent random variables with distribution p. It is known
(Varadarajan’s theorem) that the measures L, converge weakly to u. In addi-
tion, it is known (see §1.1) that convergence in the Kantorovich metric W, is
equivalent to the weak convergence of measures with finite moments of order p
and convergence of these moments. By Sanov’s theorem, the quantity P(L, € A)
for a set A in the space of measures behaves like e (AL as n grows, where
H(A|p) = inf{Ent, (dv/du), v € A}. More precisely, using the techniques of the
theory of large deviations, one can show that

1 dv
N S v
llnﬂ_l)gf - log P(Wy,(Ly, 1) > t) > mf{Ent“<du> W, (v, p) > t}
(see details in [123]). For any fixed z € (R%)" let LZ = n=' 3"  §,,. By Theo-
rem 1.2.11 we have

1 n A ) 1/2 1
Wallt i) = WL < Wt 2) < (3 It =o) = fe -l
=1

Let A = {z : Wa (L%, ) < my}, where m,, is the median of Wa(L,,, ). The estimate
proved implies that A™ C {z: Wa(LZ, u) < my, + r/y/n}. For a random vector
r € (R%)" with independent components with distribution u the concentration
property (which we assume) implies that

r

Pl Wo(LE, 1) > my,
(WLt > ma+ 2

2
> < he—r=ro)”, r>Trg.
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This is equivalent to the estimate P(W2(L%, 1) > u) < bexp(—a(y/n(u—my)—ro)?)
for \/n(u —my,) > ro. The convergence of Wo(L,, 1) to zero in probability implies
the convergence of m,, to zero. Therefore if u > 0, then

1
lim sup - log P(Wa(LE, 1) > u) < —au®.

n—oo

Then by the estimate obtained above we have inf{Ent, (dv/dp) : Wa (v, p) > u} >
u?. Thus, aW$ (u,v) < Ent,,(dv/du), and the theorem is proved.

3.5. The hierarchy of inequalities

The examples considered above reveal a certain regularity. In the class of prob-
ability measures there is the following hierarchy of functional inequalities:

1
1) isoperimetric inequalities .7, (t) > to(t), t < =

2) Sobolev-type inequalities Ent, /* < A (H H)f K

3) transport inequalities We(u, f - 1) < Ap Ent, f
\

4) concentration inequalities u(A™) > 1 —e

4
5) exponential integrability 3¢ > 0: /e“(l‘”‘) p(dx) < oo

—Ace(r)

In some situations the converse implications are also valid. For example, we
have already seen that for convex measures the logarithmic Sobolev inequality and
the corresponding isoperimetric inequality follow from the condition of exponential
integrability 5) for c(z) = |z|?. It turns out that in the convex case all these
inequalities are equivalent. The most general result of this type was obtained in
[134] (see also [135]). Moreover, the constants in these inequalities do not depend
on the dimension.

Theorem 3.5.1. Assume the following conditions for the convex measure p =
e Vdax:
(i) o satisfies the concentration inequality

— (A" < e where p(A) ==, H is some function;

N |

(i) the estimate 2 (r) = a(r) holds for some increasing function a(r): RT — R*
with limy_, o a(t) = 0.

Let Z(t) = min(.#,(t), Z.(1 —t)). Then the isoperimetric inequality ;‘z(t) >
min (cty(log(1/t)), ca) holds with v(t) = t/a~(t), where ¢ is a universal constant
and c,, depends only on «.

This theorem is valid also for a manifold with a measure whose Bakry—Emery
tensor is non-negative (§3.7.4).
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3.6. Geodesics in the space of measures and gradient flows

3.6.1. Geodesics in the Kantorovich metric. Let us consider an optimal
transportation 7' of a probability measure ug to p1 on a metric space (X, 0) with
the cost function h = oP(z,y), p > 1 (for brevity we call such maps p-optimal
maps). The space of Radon probability measures with a finite p-moment, equipped
with the metric W,,, will be denoted by Z?(X).

As we shall see, in physical terms one can imagine a mass transportation in R¢
as a movement of particles with a constant speed T'(z) — x along straight lines:

Ty (1—t)z+tT(z), xR

Thus, To(x) = x and Ty = T. Tt should be said that already Monge himself
regarded his transportations as processes in time and space, in particular, he con-
sidered the trajectories of mass transportations. So far this aspect has not been
present in our discussions at all, since all transformations of measures are associated
with an instantaneous action without any ‘trajectories of displacement’; however,
it is an aspect that can also be important. In spite of its simplicity, the family
of interpolating maps {T}};c[0,1] possesses very deep properties. We introduce an
interpolating family of measures y; = pgoT; . Tt is fruitful and important for appli-
cations (first and foremost, to partial differential equations) to regard the family
{u+} as a geodesic in the space of measures equipped with the Kantorovich metric.
A closely related idea was advanced by V.I. Arnold in his papers on hydrome-
chanics, where the Euler equations were represented as geodesic equations on the
(infinite-dimensional) group of diffeomorphisms equipped with a certain Rieman-
nian metric.

We have defined an interpolating family of measures using the notion of an
optimal map (which may fail to exist). In the general case an interpolating family
can be defined by means of a linear interpolation of an optimal plan and also by
pe = I oe; !, where IT is a dynamical optimal plan (see Definition 3.6.6). An
interpolating curve is generally not unique. In an arbitrary metric space the length
of a parametric curve y(t), ¢t € [0, 1], is defined as

= /1 [y(#)| dt, 4(t) = lim sup M _
0 e—0 g

Another (equivalent for absolutely continuous curves) definition is

L(V) = sup Z 2 z+1))

n 0= t0<t1< <tn—1 0

In §§3.6.1-3.6.3 we shall be concerned with the special class (LS) of metric spaces
(called Aleksandrov—Busemann spaces or length spaces) in which the following con-
dition is assumed: o(z,y) = infre.s L(y), where I'*Y is the space of continuous
curves with 4(0) =  and v(1) = y. The class of (LS)-spaces contains all smooth
Riemannian manifolds and normed spaces. This class of spaces has proved to be
very natural in problems where geodesics appear. In (LS)-spaces interpolation of
optimal maps can be defined via shifts along geodesics.
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Definition 3.6.1. A curve v: [0,1] — X in an (LS)-space is called a geodesic of
constant speed if

o(v(1),7(s)) = [t = slo(v(0), v(1))-

It is easy to see that any geodesic of constant speed satisfies the equality L(vy) =
0(7(0),7(1)) and is the shortest curve joining o and ;. It turns out that the
interpolating family {y. } is a geodesic of constant speed in the space (27 (X), WP).

Theorem 3.6.2. Let g and py be probability measures on X = R, let T be
a p-optimal map of o to py, and let py = po o Ty, with Ty(z) = (1 — t)x + tT(x).
Then the family of measures {u:} satisfies the equality

Wy, ps) = (t — $)Wp(po, p1).

Proof. The estimate Wp,(pu, pts) < (t — 8)Wp (1o, 1) follows from the optimality of
T and the inequality (valid for any measure p and any maps r; and r3)

Wy (pori, pors) < /|7‘1 —ra|" dp.

For the proof of the latter we note that p o (r1,72)~! is a measure on X x X with
marginals g ory Vand po ry 1. Therefore,

|z1 — x2|pd(uo (7‘1,7‘2)71) = / |r1 — r2|P dp.

W,?(uomuom)s/ .

b's
Now let Wy (1e, pts) < (t — 8)Wp(o, 1) for some pair of points s and t. Since
W (1o, ps) < sWy (o, pa) and Wy (pg, p1) < (1 —=8)Wy (o, 1), the triangle inequal-
ity leads to a contradiction. [

Remark 3.6.3. If X is an (LS)-space, then the space 22(X) of probability measures
is also an (LS)-space (see [136] and [11]).

Remark 3.6.4. The converse is also true: any geodesic of constant speed corresponds
to some optimal plan 7 for the pair of measures (see Theorem 7.22 in [11] and
Theorem 3.6.7 below).

On this subject see also [137], [138], and [139]. A new class of distances is
considered in [140].

3.6.2. The Benamou—Brenier formula. The Benamou—Brenier formula inter-
prets the metric #,(R?) as the Riemannian length on the (infinite-dimensional)
manifold of probability measures 2, (R%). Let v;: R? — R%, ¢ € [0, 1], be a family
of smooth vector fields (a velocity field) and let T} : RY — R? be the family of trans-
formations generated by it according to the equation dT;/dt = v (T}), To(x) = .
Let us consider the family of measures given by

e =poo Ty ' =opdz,  po = oodz.

It is readily verified that u; satisfies the classical continuity equation (the transport
equation)

) .
% +div(o; - vy) = 0. (3.6.1)
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The following formula was obtained in papers of Benamou and Brenier (see [141])
for p = 2:

1
Wy pn) = int [ [ fol? e .
v Jo

where py = o dx satisfies (3.6.1) and the infimum is taken over the vector fields in
some suitable class. The expression obtained resembles the formula for the length
of a geodesic in a Riemannian manifold. We note that the inequality

Wy (1o, 1) < / /\”t|pdﬂt dt

follows from the relations

d p
Wlo ) < [ [Tie) ~alonde < [ [ 57360 dtondo

0
1 1
:// v (Ty) dtd,ugz/ /vfdutdt.
0 0

Equality is formally attained for Ty(z) = (1 — t)x + tTp (the case of geodesics of
constant speed), vy = (To —x) o T, *. A rigorous justification (and formulation) can
be found in [16] (Theorem 8.1) and in [11] (§8.3).

3.6.3. A dynamical mass transport plan. The theorem on geodesics has
a broad generalization to the case of abstract ‘Lagrangian actions’. This is explained
in more detail in [17] (Chap. 7), but below we give a short formulation. A Lagrangian
action is a family of lower semicontinuous functionals 27**: C' — R on some class C
of continuous curves v: [0,1] — X and a family of cost functions ¢®': X x X — R
satisfying the conditions

1) a/ttz 4 gftzts = g7tils 0 <ty <ty <tz <1

2) ¢ (x,y) = inf{F*'(7), v € C, y(s) = x,7(t) =y} forall z,y € X;

3) forally e C

s,t E ti,
% (’Y) - Sup Ci l+1 '7t17'7t1+1)
NeN 0= togtlgtj\r 1 i—0

The class C of curves and the topology on it depend on the concrete problem.
A typical example is the functional

t
A5 (y) = / L(¥r,%r,7)dr, where L(z,v,t) is some Lagrange function.
S

Example 3.6.5. Let X be an (LS)-space and let ¢ be a strictly convex function.
We set

() = / () dt

Jensen’s inequality implies the estimate

e(d(70,11)) < / e(3]) dt



846 V.I. Bogachev and A.V. Kolesnikov

Therefore, the minimum of &/ is attained on a geodesic of constant speed and equals
c(d(z,y)).

It turns out that the theorem on geodesics has a broad generalization to the case
of coercive actions. A Lagrangian action is said to be coercive if
1) infs; inf, &7 > —o0,
2) for all t < s and any two compact sets K and K the set of their minimizing
curves F;;i_} K, starting in K, at the moment s and ending in K; at the
moment t is compact and non-empty.

Definition 3.6.6. Let I' be the set of all curves minimizing the action /. A dyna-
mical optimal plan is a probability measure II on I' such that the measure II o
(eg,e1)t, where e;: I' — X is given by e;(y) = v(¢), is an optimal plan for the
pair [, 1.

The following result ([17], Theorem 7.19) is a broad generalization of Theo-
rem 3.6.2. As shown in [17], Theorem 3.6.2 follows from this result in the case of
a Polish locally compact (LS)-space.

Theorem 3.6.7. Let X be a Polish space and let o/%1 be a coercive Lagrangian
action. Suppose that the cost functions c>t are continuous. Denote by C**(u,v) the
cost of the optimal transportation for the pair p, v. Then the following properties
are equivalent for the curve {1 fo<i<1:

(i) for 0 <t < 1 the measure u; equals the distribution of v(t), where t — ~(t)
is a random curve minimizing the action </ and (vo,7v1) is an optimal plan for the
paar fio, f;

(11) fO’/‘ 1 <to <t3,

Ctl otz (H’h ’ :utz) + C’tz’j53 (th /u'ts) = Otl e (H“tl > itz )’

(iil) the curve {ut} in the space of measures minimizes the action of the coercive
functional

N-1

e (’Y) = b Sup Z Cti’t”l (th ,uti+1) = inf E&/>! (’Y)
NEN 0=to<t1<tn=1 ;o ¥

on the space P(X) of measures. The last infimum is taken in the space of random
curves v: [s,t] = X for which the distribution of v, coincides with pr, s < T < t.

Corollary 3.6.8. Let X be a Polish (LS)-space and let II be a dynamical optimal
mass transportation plan for the cost function dP(x,y), p > 1. Then the curve of
measures iy = Hoe;1 is a geodesic of constant speed between gy and py. Moreover,
each geodesic of constant speed {p} has the form py = Il o e;l for some dynamical
optimal mass transportation plan.

3.6.4. Convex functionals. Functionals convex along geodesics on the space
of measures were considered by McCann [68] in connection with the problems of
uniqueness of solutions to certain variational problems. Convexity of this kind is
called ‘displacement convexity’. These techniques have found broad applications in
both variational problems and probability problems (see Example 3.7.14). A func-
tion f on R™ is said to be A-convex if the function f(z) — A|x|?/2 is convex.



The Monge-Kantorovich problem 847

Definition 3.6.9. A functional .#: PP(X) — (—o0, 0] is said to be A-convex if
for any pair of measures g, 1 € Wp(X) the function ¢ — () is A-convex, where
{p+} is an arbitrary interpolating family of measures in ?(X).

We give examples of convex functionals on the space Z2(X).

Example 3.6.10. A generalized entropy functional: for a given function F' let

- [ Flo)da

if 4 = pdz and /( ) = oo otherwise. If the function t — t?F(¢t~%) is convex and
decreasing, then .# is a convex functional on 2P (R%).

The idea of the proof is to use the change of variables formula. Omitting regu-

larity issues, we assume that the change of variables formula o.(7}) = o/ det DT}
holds for the interpolating map 7T;. Then

ﬁ(,ut):/F(gt)d:/F(gt(Tt))detDTtd:c

_ / F<det DTt) det DT, da. (3.6.2)

We now observe that the matrix (1—¢)I+¢DT; is diagonalized and has non-negative
values on the diagonal. It is not difficult to obtain from this that the function

t s det((1 - t)I +tDT;)

is concave on [0,1]. Then by the conditions imposed on F' the function t —
F(o0/ det DT}) det DT} turns out to be convex. Therefore,

F(det DTt> det DT; < (1 —¢)F(00) + tF(01).

Integrating the inequality obtained, we arrive at the required result.
The following functions satisfy the hypotheses in Example 3.6.10:

F(t) =tlogt, F(t)= s™, m>=1-—

Example 3.6.11 (potential energy). For a function V satisfying the condition
V(z) > —a — b|z|P, take the functional

W,u)z/Vd,u.
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If V is a A-convex function, then 7 is a A-convex functional on 22(R9). This
follows from the relations

Vi) = [ V(L= 000 +411(2) pol)
</ ((1 S OV(@) + V(D) — L Dl - Tt<x>|2) o (de)

A
< (1—t)/VdN0+t/VdM1 —§t(1—t)W22(M07M1)

= (L 0 o) 19 ) = S1(L — )W (o, o).

This result is valid for p < 2, A > 0 and for p > 2, A < 0 (see [11], §9.3).

Corollary 3.6.12. Let v = e~ Vdx be a convex measure. Then the relative entropy
Ent, (1) is a convex functional on Z2P(R?).

Proof. This follows from the representation of the relative entropy Ent, (odz) as
the sum of two convex functionals: the integral of plog ¢ with respect to Lebesgue
measure and the integral of V' with respect to the measure p. O

Example 3.6.13 (interaction energy). Any lower semicontinuous function W(x1,
k) (RY)* — R defines the following functional on &2 (R9):

W (n) = W dp.
(Re)*

If the function W is convex, then % is a convex functional on 2?(R%). This is
seen from the fact that # is the restriction of the potential interaction functional

e [wan fe 2wy,
to the subset of product measures.
The following result is proved in [68].
Theorem 3.6.14. For any strictly convex functions V. and W the functional
1
F = [V@do+ [Vaue g [ W =) ) )
R
POSsesses a unique minimum point.

The ‘displacement convexity’ of sets is defined naturally. It was recently shown
in [142] that this property does not hold for the set of measures in 2%(R%) vanishing
on all sets of non-differentiability of convex functions on R?.

3.6.5. Additional properties of the space &P. We mention some properties
of the space ZP(X) important for what follows, with references to some papers
where they are discussed.
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1) A formula for differentiating Ws (see [11], Theorem 8.4.7):

W3 (e, 0) = /X2<Ut(m2)7xl — x2) Ye(day dxo),

N =
S

where o is a fixed measure, yu; is an absolutely continuous curve in Po(X),

0
FT div(v - pe) =0,
and ~y; is an optimal transport plan between u; and 0. The functional W3 is not
convex on Z2(R9).
2) #2(X) is an (LS)-space if X is (Theorem 3.6.7).
3) ‘The parallelogram inequality’ (see [11]) for &2%(R"):

Walpy 72, 0%) = (1= t)W3 (', 1) + W5 (1%, 1) — (1 = )W3 (', 1),
where p} 2 is the interpolation of the measures p; and po. This inequality implies
that 22(R?) is a space of non-negative curvature. More generally, the space
PP(M), where M is a smooth manifold, has non-negative Aleksandrov curvature
if (and only if) M has non-negative sectional curvature (see [143], [136]).

4) In [144] some geometric quantities (the connection, the Riemannian tensor)
were calculated on the space Z2.

3.6.6. Subdifferentials. Subdifferentials for convex functions ®: 22(X) — R
are studied in the book [11]. Below we present the basic concepts and results. Let
2(®) denote the set of points  where ®(z) < oo. For v € 2(®P) the absolute value
of the metric gradient is defined by

|0®|(v) = ligljgp w )

If a measure p is regular (for example, has a density), then for every measure
v there exists an optimal transportation T of p to v. The following definition
of a subdifferential for a regular measure agrees well with the classical notion of
a subdifferential for functions on a Hilbert space.

Definition 3.6.15. Let u € 2(|0®]). A vector field ¢ € L?(u; RY) belongs to the
subdifferential 0 if

B(v) - B(r) > / (), T(x) — ) p(dz) + o(Wa(, v))

Rd
for the optimal transportation 7" of u to v.

A minimal selection of the subdifferential 0® is a vector £ € ® with minimal
norm || - ||z, gay- The concept of a subdifferential can be extended to the case
of a non-regular measure if in place of optimal transportations we use optimal
transport plans (see [11], §10.3).
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Example 3.6.16. For the formal calculation of subdifferentials we employ (3.6.2),
assuming that all the calculated objects are smooth:

F (1) = /F(det((l — tg)(} - tD2¢)> det((1 —t)I + tD?¢) dx.

d
Taking into account that 7 det((1—¢)I +tD?%p) = Ap — d, we easily get that

li=o

97w = / (Fleo) — eoF"(e0))(Ap — d) da.

t=0
Let Lr(00) = 00F’(00) — F(00). Integrating by parts, we find that

t=0 N /<VLF(Q($)) , V() — $>Q(m) de.

o(z)

d

@y(ﬂt)

In the same way one also obtains a formula for subdifferentials of the potential
energy and interaction energy functionals:

%v(u) - / (VV (), Veola) — ) 0o() dz,
L0, = JUOW < u(o), Vola) - )on(a) da

A rigorous justification of these formulae is rather involved technically. The
following result is proved in [11], Theorem 10.4.13.

Theorem 3.6.17. Consider the functional
1
@(u):/F(g)dx+/Vdu+§/Wdu><du, = odx,

on PP(RY), where ®(u) = oo if u has no density. Suppose that the function
F:[0,00) — R is conve, differentiable, and superlinear, the function t — t4F(t=%)
is convexr and decreasing, there is an o > d/(d + p) such that

F(0) =0, limiglfF(s)s_o‘ > —00,
and also the doubling condition is satisfied: there exists a number C' > 0 such that
Fa+b) <C(l+F(a)+ F(b)).

In addition, let V: RY — (—o00, +00) be a lower semicontinuous \-convex function,
let 2(V) have a non-empty interior 0, and let W: R? — [0,+00) be a conver
differentiable even function satisfying the doubling condition. Under these condi-
tions the measure p = odx belongs to D(|0¢|) precisely when Lp(p) € VVlicl(Q)7
Lp =sF'(s) — F(s), and

ow = VLp(0) + oVV + o(VIW) x o

for some w € L(u;RY). In this case the vector w is the minimal selection in O®(p).
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3.6.7. Gradient flows. Otto’s calculus. A gradient flow in R? is a solution
X (t) of the equation dX (t)/dt = —VE(X (t)), where E is some potential. We note
that dE(X (t))/dt = —|VE(X(t))|?>. The first part of the book [11] is devoted to
the concept of a gradient flow on a metric space. A gradient flow can be defined in
some sense as a ‘curve of minimal descent’. A gradient flow on a metric space X
satisfies the equation

d 1 1

——EB(X@1) =z X'+ |0EX (1))

SE(X(1) = 51X/ (0 + S 0B(X (1),

where |X’(t)] is the metric derivative of the curve X (¢). It turns out that many
equations of mathematical physics admit descriptions in the form of gradient flows

of some functionals on the space 22(X).

Example 3.6.18. Consider the equation dp/dt — diV(VLF(g)) = 0 with respect
to the function g: (¢,2) — o:(z). For F(s) = slogs we obtain the heat equation
0p/0t = Ap. If v = =V Lp(p)/o, then we obtain the transport equation dp/dt +
div(p - v) = 0. It is natural to interpret v as the velocity of the curve t — g¢(-).
By Theorem 3.6.17 the function VLg()/0 serves as the (sub)differential of the
functional #. Therefore, the original equation is a gradient flow and (formally)
v=-VZForve-0%.

Gradient flows connected with functionals on the space 92%(X) have an interest-
ing geometric interpretation proposed by Otto [145] (see also [146]). He introduced
a formal Riemannian structure on £22(X) such that W5 becomes a Riemannian
metric on the ‘manifold’ of measures. We remark, however, that in many cases the
Otto calculus so far remains a heuristic approach requiring a rigorous justification.

We recall that by the Benamou—Brenier formula,

1
meoﬁM//Wmm%mm¢
0 R4

where the infimum is taken over all g; and v; with 9t|t:0 = po and Qt|t:1 =0
satisfying the transport equation dg; /0t + div(g;v;) = 0. The minimum is attained
on the curve {p;} satisfying the equations

o(z) = gt((l -tz + tha(x)) det((l -t + tD2§0(l')), % + div(gpv) = 0,

where vi(1) = Vo(S;(x)) — Se(z), Se(x) = (1 — ) + tVp)~L(z), and Vo is
the optimal transportation of pg to py. Otto introduced the following differential
structure on #2?(X), which we consider for X = R?. The tangent space T Z2?%(R?)
at the point g dx consists of all measures with densities of the form — div(gv), where
v is a vector field. We define the inner product (a Riemannian metric) on 7922 (R9)

as follows:
/ (v1,v2)0dzx.
X

Let us consider the entropy functional Ent: g dx — fRdQlog odzx from this point of
view. Differentiating it along a geodesic ¢ — pg o Tt_l, we get that

O Ent o4
ot

t:(): _/X o(Ap —d)dx = / (Vo, V) da,

X
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where 1 (z) = p(x) —|z|?/2. We note that 8Qt/8t’t:0+div(vw~go) = 0. Therefore,
the ‘gradient’ of the functional Ent satisfies the equalities

<VEnt(g),aait> OZ/X<VQ,V1/)>dx=/X<VQQ,V1/)>de,
t—

and V Ent(p) is identified with the function — div (gvg) = —Ayp. The correspond-
o

__ OEnt g
‘0 ot

do
ot
measure v = e~V dx. We set 1 = f - v = pdx. Considering in the same manner the
relative entropy

ing gradient flow is given by the heat equation Ap. Let us fix a probability

Entyu:/ flogfdyz/ QlOdeJE+/ Vodz,
X b'e b'e

we get that the corresponding gradient flow satisfies the equation

do :
i Ap+div(p- VV).

Below we give some other examples of gradient flows.

Example 3.6.19. The porous media equation:

1 m 9% _Aom
E(p) m—1/"¢ dz, E*AQ-

0
The non-linear diffusion equation: a—i) — ALp(p) =0.
The McKean—Vlasov equation:

B =5 [ W - ye(@ew)dedy.  F = div(eV(e = TW)).

The quantum drift-diffusion equation (see [147]):

|V ol|? do . ( Aﬁ)
E(p)= [ ——dv, — +4div(oV—% ) =0.
(1) / . 5t 0 7

The Kantorovich metric (under the name ‘the Vasershtein metric’) was applied
to such equations already by Dobrushin [148], and among more recent papers we
mention [149], [132], [150]. Estimates of solutions of the heat equation connected
with the metric W), can be found in [151].

3.6.8. Applications to equations of mathematical physics. A rigorous jus-
tification of the heuristic manipulations above can be given in different ways.
One possible way is a formalization of the notion of a Riemannian structure and
the Otto differential calculus. The situation is greatly complicated by the fact that
the objects considered are not smooth. Below we present some results from the
book [11], where the main emphasis is on work with curves in the space of measures
and a formalization of the notion of a subdifferential. It turns out that in many
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cases (including the A-convex case) to show the existence/uniqueness/regularity
of the gradient flow it suffices to consider the inclusion v € —0.% instead of the
equality v = —V.Z.

Let X be a Hilbert space.

Theorem 3.6.20 (|11], Theorem 8.3.1). Any absolutely continuous curve {u;} has
a tangent vector ve: Ouy /0 + div(ve - uy) = 0, where the equality is understood in
the weak sense.

Definition 3.6.21. A curve {u,} € ACY (RT; 2P(X)) is called a gradient flow
for the functional @ if j,(v;) € —0®(p,) for t > 0, where j,(v) = |v[P~20 is the dual
map.

The next theorem is of considerable importance since it enables one to apply the
‘metric’ theory of gradient flows to gradient flows in Z?(X).

Theorem 3.6.22 [11]. For A-convex functionals the notion of a gradient flow in
PP(X) coincides with the notion of a gradient flow in the metric space PP (X).

Approximations by minimizing motions are used to prove the existence of a gra-
dient flow. This is based on the following simple observation. Suppose for simplicity
that 1 is a lower semicontinuous functional on a Hilbert space and v minimizes the
functional

1
w— P(w) + E\w —al?.
Then —(v — a)/t € 9Y(v). An analogue of this for 22 is the following fact.

Lemma 3.6.23. Let v minimize the functional v — ®(v) + WZ(v, )/ (2t) and let
T be the optimal transportation of v to . Then (T —x)/T € 0P(v).

Let us now split the real line into intervals of length 7 > 0. Let MY = po and
let Mt be the minimum point of the functional

1 .
po @) + W3 (p, M7 ).

If M+ is a sufficiently nice measure, then for the optimal map T of Mn»+!
to M the field —(z — T"(z))/7 belongs to O®(M"T!). Intuitively this means
that (x — T™(x))/T gives an approximation of the velocity v of the limiting (as
7 — 0) curve {u:} to which the discrete broken lines u] : t — M must converge,
where nT < t < (n+ 1)7. The velocity vector v must satisfy the inclusion v €
—0®. The scheme described does work in the case of A-convex functionals. The
following theorem is a corollary of Theorem 11.2.1 in [11], where among other things
important estimates are proved for the approximations themselves, and diverse
variational formulations of the problem are given.

Theorem 3.6.24. If X is a Hilbert space and ® is a A-convex functional, then as
T — 0 the discrete broken lines {u]} converge locally uniformly in the metric Wo
to the unique gradient flow {u} of the functional ®.
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Uniqueness of the gradient flow {y:} is proved in the following way. Since —v; €
0P (), by the definition of a differential

®(0) = @(ut) + /X2 (vi(w2), 21 — w2) Ve (dwy dap) + %Wg(ﬂt, o),

where 7, is an optimal plan for the pair p;, . Using the equality

1d
5 WRs0) = [ (owa). s = ) (o ),
t X2
we get that
1d_, A,
572 (e, 0) + W2 (1, 0) < @(0) — D (pe).

In particular, for two different gradient flows u} and u?,

d
i3 g 1) < =AW (g p17)-

Therefore, W2 (u}, u?) < e MWE(ud, u2), whence uniqueness follows.

3.6.9. The Riemannian volume on 2. In the paper [152] of von Renesse and
Sturm the concept of the Riemannian volume on 97%(X) was introduced, where
X = [0, 1]. Heuristically, the measure

Pﬁ — e—BEnt,,,u . PO

was defined, where v is some fixed measure and P, is the ‘uniform distribution’
on Z2(X). We employ the natural isomorphism between measures and monotone
functions on [0, 1]. For every probability measure p on [0, 1] we find a non-decreasing
function &, mapping Lebesgue measure on [0,1] to . Then

1 1 1
Ent,\,u:/ gloggda::/ logg(fﬂ(t))dt:—/ log &, (t) dt.
0 0 0

By using this, one can construct a measure ()3 on the space of monotone functions.
This measure () is determined by its finite-dimensional projections

Qﬁ(fl €dry,...,EN € de)

N+1
1 Ti — Tj—
7 exp(ﬂ E log Lot — ti1)>qN(x1, Ce TN (3.6.3)
BN i=1

ti —ti—1
Here 2o =0,2n41 =1,and gy (21, ..., zy) is a distribution on Xy = {(x1,...,2N) €
[0,1]V:0 < 21 < --- < oy < 1}. Under the requirement of certain invariance

properties and the consistency of the conditional distributions, the measure gy is
uniquely determined by the formula

dry---dry
.%'1(,@2 —xl)--~($N —Z‘Nfl)(l —.Z‘N) ’

gn(x1,...,xN) = cN
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We note that gy defines a o-finite measure. Nevertheless, for a suitably chosen
constant the equality (3.6.3) defines a probability measure. The existence of Qg fol-
lows from Kolmogorov’s theorem. Taking into account the correspondence between
measures and functions, we obtain a measure Pz on #?(X). This measure has the
following two properties.

1) Its support consists of purely singular measures.

2) It is quasi-invariant with respect to transformations of the following form: let
h be a C2-diffeomorphism of [0,1] with h(0) = 0, and define an action of it on
measures by p + o h~!; then the Radon-Nikodym density is

dPy(jio h™Y) ( / , 1 WIOW )
——=——~ —exp| B [ logh'(s)dy | ———— H L
dP, "0) - K h(D)|/|I
M 0 W) W, L DI
where gaps(u) denotes the set of closed intervals of maximal length I = [I_, 1]
with u(I) = 0.

3.7. Geometric applications

3.7.1. Classical problems of differential geometry. The Monge-Ampere
equation has been actively studied in connection with a number of problems in
differential geometry. This includes the problem of the existence of a surface of
given Gaussian curvature. A function (z) is to be found such that the Gaussian
curvature of its graph at the point z coincides with a given function K (z). The
problem reduces to solving the Monge-Ampere equation

det D*p(x) = K ()(1 + |Vip(a)[?) 272,

The classical Minkowski problem consists in constructing a convex polyhedron hav-
ing given normals ny, ..., ng, and given areas of the corresponding faces Sy, ..., Sk.
In the continuous case we have to find a convex surface whose curvature at a point
with normal n equals a given function K(n). It turns out that a solution exists

under the condition
n

Sd—1 K(Il)

Substantial contributions to the solution of the Minkowski problem are due to
Minkowski, Aleksandrov, Lewy, Calabi, Nirenberg, Pogorelov, Sh.-Yu. Cheng, and
Yau (see [72]). As an example of applications of transport techniques we briefly
discuss the problem of Aleksandrov and its transport solution. For an arbitrary
convex surface ' C R? we consider its generalized normal map to the sphere S%1:
F 5z N(x), where N(z) is the set of all normals to support planes of F' at the
point z. Suppose that the origin of coordinates is interior to F. Then F can be
parameterized by means of a radial function: F > r(z) = o(x)z, z € S¥~1. We
define a multivalued map ar: S41 — S9! by ap(z) = N(r(z)). The measure
pr is defined by

d#=1 = 0.

e (A) = %ﬂd—l( U aF(:v)>,

r€A

and is called the integral Gaussian curvature of F. Aleksandrov’s problem (posed
and solved by him [153]) is this: for a given measure y find a convex surface F' such
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that © = pp. The following conditions are necessary and sufficient for the existence
of a solution to Aleksandrov’s problem (necessity is easily verified):
1) p(S971) = a1 (597,
2) p(Se=1\ A) > s#11(A*) for every spherically convex set A C S9! where
A*={y e 841 (z,9) <0, x € A}.
An interesting transport solution of this problem was found in [154]. We define
the support function A by the formula

h(y) = sup o(z)(z,y), ye s,
zegd—1

The radial function and the support function are connected by duality relations in
terms of the Legendre transform (in this form also called the Young transform):

1/e(x) = sup{(z,y)/h(y) | y € S4~*}. Thus, h(y)/e(z) > (z,y), or
log h(y) — log o(x) = log(z, y). (3.7.1)

Exact equality is attained for y € N(r(z)). The duality theorem suggests that
the pair (logh, —log p) is a solution to the following optimal problem (dual to the
Monge-Kantorovich problem): find the minimum of the functional

/ loghds?—1 — / log o du
gd—1 gd—1

among functions (log h, — log o) satisfying (3.7.1), Indeed, it is proved in [154] that
a solution to this problem gives a solution to Aleksandrov’s problem (the required
surface can be uniquely reconstructed from either of the given functions h, g). The
corresponding Monge-Kantorovich problem has the following form: for c¢(z,y) =
log(x,y) find the maximum of the functional

/ c(x,y)dm(z,y) with m, =21 m, =p,
Gd—1x gd—1

where c¢(z,y) = —oo if (z,y) < 0. Analytically the problem reduces to a Monge—
Ampere type equation on the sphere.

3.7.2. The Monge—Kantorovich problem on a Riemannian manifold.
Existence and uniqueness. The Monge-Kantorovich problem generalizes
naturally to Riemannian manifolds. A solution to this problem was obtained by
McCann in [155]. Below we present the basic elements of his construction. On this
subject, see [10], [156]-[158], [86], [88], and [72]. Let (M, g) be a smooth (of class
C3) compact connected Riemannian manifold. Let T, M denote the tangent space
at the point x € M. The distance d(z,y) between points x,y € M is defined as

dlay) = inf [ \fos0) 747 dt,

where the infimum is taken over all possible curves 7, , joining x and y. A geodesic
is a curve ¢t — ~(t) satisfying the condition V53 = 0, where ¥ € T M, is the
velocity vector of the curve and V is the covariant derivative. The exponential
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map exp,: IT'M, — M is defined as the map TM, > v — y, where y is the
endpoint of the geodesic with starting point at x and initial tangent vector v. The
Monge problem for a quadratic functional has the following natural setting. Given
two probability measures ;¢ and v having densities g, and g, with respect to the
Riemannian volume dz, one has to find the minimum of the functional

M, T) = / Rz, T(@) p(dz), T € T(uv).
M

In the rest of this subsection c(z,y) = d?(x,y). As in the flat case, let us consider
the operation of convex conjugation ¢ (y) = inf,eps (c(x, y) — <p(x)) It is natural
to expect that the optimal transportation will take the form T'(z) = exp,(—Ve(z)),
where exp,,(v) is the exponential map at a point x and the potential ¢ satisfies the
condition ¢ = ¢. We note that for R? this would give T'(x) = z — V¢(z), and not
T(x) = x + Vp(x) as we had above. As in the Euclidean case, the corresponding
Kantorovich problem on the space of measures has the dual formulation J(p, ) —
sup, where the functional J is considered on pairs of continuous functions ¢,
satisfying the condition ¢(x) + ¥ (y) < d?(z,y). The results of the duality theory
fully extend to the case of a Riemannian manifold. In particular, we obtain the
existence of the potential ¢. Then it is proved that ¢ = ¢ and ¢ = ¢°. The
main problem now is to prove that the corresponding map gives the desired mass
transport. The following lemma (Rademacher’s theorem on manifolds) is proved in
[155].

Lemma 3.7.1. Any Lipschitz function ¢ on a manifold M is differentiable at all
points in M except for a set of measure zero (with respect to the Riemannian vol-
ume).

Remark 3.7.2. By representing the potential ¢ as the result of the operation of
conjugation one can prove that ¢ is a Lipschitz function.

The principal complication is the non-differentiability of the Riemannian metric
d(z,y) (for example, at conjugate points where uniqueness of a connecting geodesic
is lost). It is intuitively clear (although it requires a non-trivial justification) that
d(z,y) is a smooth function for y in a small neighbourhood of . In the general
case (see details in [155]) the squared distance f(y) = d?(z,y) is superdifferentiable,
that is, there exists a vector p € T'M,, such that for all v € TM,

Flexp,(v) < f(2) + g% (z)p'v? + of|v]).

Subdifferentiability is defined similarly. Using the local differentiability of d(x,y)
and the triangle inequality, one can show the superdifferentiability of the function
y +— d(x,y) and the superdifferentiability of d?(z,y). It follows from Remark 3.7.2
and a version of Rademacher’s theorem that V¢ exists p-almost everywhere. More-
over, the following important fact follows from the definitions of the operation
of conjugation and the superdifferentiability of the function c¢(z,y) (see details in
[155]).

Lemma 3.7.3. The inequality p(z) + ¢°(y) < c(x,y) holds for all x,y € M. If x
is a point of differentiability of the function ¢, then the equality

o(x) + ¢°(y) = c(z,y)
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holds precisely when y = exp,(—V). In this case [Vo(x)| = d(z,y).

Proof. The inequality follows directly from the definition. Let x be a point of
differentiability of ¢. If ¢(z) + ¢°(y) = c(x,y) for some point y € M, then for all
zeM

c(z,y) — ¢(2) = ¢°(y) = c(z,y) — (x) — ().
Let z = exp,(v), v € TM,, and f(z) = ¢(z,y). Then

f(2) = f(@) —p(z) + p(2) = f(z) — p(z) + p(x) + 9(Vp(z),v) + o(|v]).

Therefore, Vo(x) belongs to the subgradient of f at the point z. On the other
hand, by classical results in differential geometry (the Hopf-Rinow theorem) there
is a minimal geodesic joining y and x and having initial tangent vector v. One can
deduce from this that f is superdifferentiable at x and v belongs to its superdifferen-
tial at z. It follows that f is differentiable at z and y = exp,(—Vp(x)), v = Vp(z).
The first part of the assertion is proved.

Now for the proof of the second part it suffices to show that the equality p(z) +
©°(y) = c(z,y) is attained at least at one point. Since p = ¢, Remark 3.7.2 implies
that the function ¢° is Lipschitz. Hence in the equality ¢°°(z) = inf,cm (c(z, y) —
@C(y)) the infimum is attained at some point (since M is compact and f is contin-
uous). O

Theorem 3.7.4. The image of 1 with respect to T(x) = exp,(—Vp(z)) is v.

Proof. Let f € Cy(M). We prove that the integral of f with respect to v equals the
integral of f o T with respect to u. For e € (—1,1) we consider the perturbations

Ye(y) = P(y) +eh(y) and p-(z) = (Ye)*(x) = infyen (c(z,y) —P(y) —h(y)). Let
the function ¢ be differentiable at the point 2. Then the minimum of ¢(z, y) — ¥ (y)
is attained at a unique point ¢(z) by Lemma 3.7.3. For small £ the minimum of
c(x,y) — P(y) — eh(y) is attained at a nearby point y. = t(z) + o(1). Thus, for all
yeM

c(x, 1)) — p(t(x)) — ef(t-(2)) < pe(2) < e(z,y) = (y) —ef(y)-

Take y = t(x). Then ¢.(z) = @(x) — ef(t(x)) + o(e), and the estimate o(e) <
esupgey | f(x)] holds. Since € — J(ge, 1) has a maximum at ¢ = 0, we have

J ey Ve) — e
lim (‘Pw)e (. ¥) /fdy+11m Z ‘pdu /fdu+/f ) dp =0

e—0

by the dominated convergence theorem. [
The following uniqueness theorem holds [155].

Theorem 3.7.5. The map T = exp,(Vy) minimizes the functional M(u,v,S)
among all maps S € T(u,v), and up to equivalence it is the unique minimizing
map.
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3.7.3. The Monge—Kantorovich problem on a Riemannian manifold.
Change of variables, the Ricci tensor, and geometric inequalities. As in
the flat case, any optimal map T on a Riemannian manifold is almost everywhere
differentiable. Here the situation is more complicated due to the fact that T is the
composition of two maps, namely, the gradient of a function and the exponential
map TM, > v — exp,(v), and the latter map may not be differentiable for
all v € TM, in general. For any x € M we define the set cut(z) C M (the
cut locus) as the set of points y for which there exists the shortest geodesic
t — exp(tv) for ¢ € [0,1] joining x and y, but any such geodesic is not the
shortest path for t € [0,1+¢). It is well known that the exponential map
v — exp,(v) is differentiable for all v satisfying the condition exp(v) ¢ cut(z).
Obviously, |v| = d(x,exp,(v)) for all v such that exp(tv) does not intersect cut(x)
for 0 <t < 1. If z ¢ cut(z), then y = exp,(—V.[d?(y,7)]/2). The following
change of variables formula was obtained in [99]. As in the flat case, a Hessian
means a Hessian in the sense of Aleksandrov (more precisely, its generalization to
manifolds).

Theorem 3.7.6. Let p = fdx and v = gdx be probability measures with compact
support, where dx is the Riemannian volume. Let T(x) = exp,(—Vp(z)) be the
optimal map of ju to v for the ‘quadratic’ cost function d*(z,y). Then there exists
a Borel set K of full measure p such that (i) the function ¢ has a Hessian Hess, ¢
at every point x € K and T(x) ¢ cut(x), (ii) f(z) = g(T(x)) det[Y (H — Hess, ¢)]

for x € K, where Y = d(exp,)_vy(z) and H = (1/2) Hess dQ(x,y)’y:T(m).

In applications of optimal transportation, an important role is played by the
interpolating family of maps T; which in the flat case is defined by T;(z) = (1—t)z+
tT(x). By analogy, for manifolds we set

Ti(x) = exp, (—tVep(x)).

This family of maps is closely connected with the important concept of Jacobi

fields. We recall that a Jacobi field J(t) is a vector field obtained by variation of
d

a family of geodesics: J(t) := d—’ys(t) , where [0,1] 3 ¢ — v,(t) is a geodesic for
$ s=0

each s. As is known from Riemannian geometry, an arbitrary Jacobi field satisfies

the equation

V2 () T (8) + Rog (4(1), J(£))3(2) = 0, (3.7.2)
where R,: TM, x TM, x TM, — TM, is the Riemann tensor at the point =z,

d
A(t) = i(t), and VZ.( 1) is the second covariant derivative along .

dt v
It is convenient to write differential equations along geodesics in a moving ortho-
normal basis. Let us fix an orthonormal basis {ei(0),...,e,(0)} in Ty )M and

consider its parallel displacement along . Let Y (¢) be the coordinates of J(t) in
the basis {e1(t),...,en(t)}. The equation (3.7.2) will be written as Y/ + RY = 0,
where R = R(t) is some symmetric matrix whose trace gives the value of the
Ricci tensor on the vector 4. We observe that for any vector vg € T'M,, the field
t — A(t)(zo)vo := dx(Tt)|$:movo = dy(exp, (—tp(x)))|z=z,v0, Where dgc(Tt)|w:I0
is the differential of the map x — Ti(x) at g, is a Jacobi field. The change of
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variables formula for the family of interpolating measures takes the form gg(x) =
0:(Tyx) det A(t), where g9 = f, 01 = g, and A; is the unique Jacobi tensor field
determined by A(0) = I, A’(0) = — Hess ¢ along the geodesic exp(—tVp).

Let us see how one can employ this technique to obtain a generalization of the
Brunn—Minkowski inequality to manifolds. For two points z and y we set

Zi(z,y) = {z € M; d(z,z) = td(x,y), d(z,y) = (1 —t)d(x,y)}.

If these two points are joined by a unique geodesic, then Z;(x,y) is a single point.
The Ricci curvature tensor will be denoted by Ric.

Theorem 3.7.7. Let ;1 = e~Vdx be a probability measure on M. Suppose that
for some A € R the Bakry—Emery tensor of the manifold M satisfies the inequality
Ric+HessV > A. Let f, g, and h be non-negative functions such that

h(Z) > ef)\s(lfs)d2(ac,y)/2flfs(x)gs(y)

for all z,y € M, s €[0,1], and z € Zs(x,y). Then

foraes () (fome)

We explain the idea of the proof. Let gs be the density of the measure po T !,
where T; was defined before (3.7.2). Let (s) be the geodesic starting at the point x
(which is omitted in the notation) with the velocity —V(z). As in Theorem 3.1.3,
it suffices to prove the inequality h(y(s))exp(=V (v(s))) = 0s(7(s)) (because the
integral of the right-hand side equals 1 by the change of variables formula). Let
Y(t) = —logdet d(1;)). By the change of variables formula,

F(7(0)e™VOO) = o (y(s))e ) = g(y(1))e VW),

Our assumption about the function h implies that

h(y(s))e™V D) > £175(4(0))g* (v(1)) exp (—V(’Y(S)) - %/\8(1 — S)dQ(v(O)w(l)))

By the above equations the logarithm of the right-hand side divided by os(y(s))
equals

(1 =8)V(7(0)) +sV(7(1)) = V(7(s)) + s9(1) = 9(s) = %AS(l = 5)d*(7(0),7(1))-

Let a(t) := V(y(t))+(t). Taking into account that ¢(0) = 0, we get that it suffices
to prove the estimate (1 — s)a(0) + sa (1) — a(s) = As(1 — s)d?(y(0),7v(1))/2. Note
that o’ (t) = Hess V(v(t))(¥(t),¥(t)) + ¥"(t). If we prove the estimate ¥"'(t) >
Ricy ) (7(t),7(t)), then by the condition on the Bakry-Emery tensor we obtain
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the inequality o/ (t) > A|%(t)|?, which implies the desired relation. The required
estimate is indeed true. Its proof is based on methods developed in Riemannian
geometry for proving comparison theorems. Let us pass to a moving orthogonal
basis and use the fact that A(¢t) = d.(7:) is a solution to the equation A”(t) +
R(t)A(t) = 0. By the symmetry of the initial conditions the symmetry of A is
preserved. Let B = A’A~!. Differentiating the determinant, we find that ¢’ =
—Tr B and ¢ = — Tr B’. By differentiating B* — B and using the symmetry of R
it is not difficult to show that (B* — B)' = 0, and therefore B is symmetric. Hence

1/)// = _TrB = Tr B> +TrR > (TI‘dB)2 +TrR > (TI‘dB)Q +TrR
2
_ % + Ric(v(£) (1), 4(t)),

as required.

We also mention some results from [99]. The volume distortion coefficient is
defined as follows: vy (z,y) = lim, o Z(x, B, (y))/ vol(By-(y)). The volume distor-
tion coeflicient has to do with how ‘curved’ the manifold is. For a Euclidean space,
vy = 0. Now let

Sk(t):Sin\(};ft) it k>0, sk(t):m\l%ft) it k<0,

Theorem 3.7.8. If Ric > (d — 1)k on a d-dimensional manifold M, then

Sk(td(x, y))

vz, y) =2 | =———2= .
> (S

FEquality is attained for the model spaces of constant sectional curvature (the sphere

S R?, and the Lobachevskii space H?).

On this subject, see also [159].

3.7.4. Spaces of non-negative curvature. Many analytic and geometric prop-
erties of manifolds can be expressed in terms of the Ricci tensor. Particularly
many interesting results are known about manifolds for which the Ricci tensor is
bounded from below by a constant tensor: Ric > K (another form of this estimate
is Ric > K - g, where g is the metric tensor on M). We mention the best known
results.

1. The Bishop—Gromov comparison theorem. If x € M, then the volume of
the ball about x with radius r is growing no faster than the volume of the ball
in the model space of constant sectional curvature K. The model spaces are the
sphere of curvature K if K > 0, R? if K = 0, and the Lobachevskii space of
curvature K if K < 0.

2. The Bonnet—Myers compactness theorem. If K > 0, then the diameter of M

does not exceed m/(d —1)/K .
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3. The Lévy—Gromov isoperimetric inequality. If K > 0, then

vH(04) _  pt(0B)
V(A)(d—l)/d = M(B)(d_l)/d ’

where A C M, v is the Riemannian volume on M, v is the surface measure on M,
B C S is a ball in the Riemannian metric on the model sphere S, and p and
ut are analogous measures on S. It is assumed that v(A)/v(M) = u(B)/u(S).
The Lévy—Gromov inequality is closely connected with the Gaussian isoperimetric
inequality, which can be regarded as an ‘infinite-dimensional version’ of the latter.

This list of interesting results in this area is far from being complete. One
could also mention sharp Sobolev inequalities, Lee—Yau type inequalities, Harnack
inequalities, gradient estimates and estimates of heat kernels, and various topo-
logical results for spaces of non-negative curvature. Also closely related is the
Bakry—Emery theorem, which implies the logarithmic Sobolev inequality. The key
analytic object in this result is the Bakry—Emery tensor Hess V' + Ric. It turns out
that this tensor is responsible for many analytic properties of manifolds. The idea
of studying the geometry of manifolds by equipping them with probability measures
and considering measure-preserving isometries was proposed by Gromov [160], who
called this object a ‘metric measure space’. A collection consisting of a space,
a metric and a measure on it was called ‘a metric triple’ by Vershik [161], [162].
This topic is presented in detail in the book [17] (see also [163]-[165], [40]), so we
confine ourselves to a brief exposition of the principle concepts and formulations of
the main results. These results are based on the concept of convexity of suitable
energy functionals on the space of measures with the Kantorovich metric. The term
‘displacement convexity’ is common in the literature. Remembering that the inter-
polation of measures by means of optimal transportations defines geodesics in the
space of measures, one can also speak of the geodesic convexity. The Otto calculus
is used as a formal technique for working with convex functionals. We have already
discussed calculating gradients of such functionals. The next formula (see [17]) is
understood heuristically (in the framework of the same Otto calculus). Let dx be
the Riemannian volume, let the functional .# be given by the formula

F(u) = / F(o)dv, p=odv, v=c Vdxz,
M

and let v = V f be the vector field defining the curve ¢+ div(V f - o) = 0. Then by
direct calculations one verifies the following formula.

Theorem 3.7.9. The Hessian on the space 22(R%) has the form
Hess, #(Vf,V[) = /[||D2f||ify + (Hess V + Ric)(V f, Vf)]p(g) dv

+ / (Lf)?pa(o) dv = / To(f)ple) dv + / (Lf)?ps (o) dv,
Lf=Af—(VV,Vf), plo)=0F'(0)—F(o), p2(0)=00'(0)—plo)

The expression (the iteration of the diffusion operator L)

ru() = (54E) - v
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is called the ‘carré du champ itéré’ operator. The non-trivial and very useful equal-
ity
Lo(f) = |D*fl% .5 + (Hess V + Ric)(V £,V )

is called the (generalized) Bochner formula. For V' = 0 it takes the form
1 .
§A|Vf\2 = (VF,VASf) + | D*f|% 5 + Ric(Vf, V). (3.7.3)

The Bakry-Emery tensor is defined by R, = Ric+HessV. Let us now con-
sider the modified (depending on the dimension) Bakry—Emery tensor

VvV e vV

Ry, = Ric+HessV — N_d

N >d.

It is straightforward to verify the inequality

+ RN,M(va vf)

Finally, together with the formula for a Hessian it implies the important estimate

Hess, 7 > /RN,M(Vf, V)ple)dv + /(Lf)2 [pg(g) + pj(vg)} dv.
In particular, the convexity property of the corresponding functionals can be for-
mally deduced from this inequality.

Example 3.7.10. If R, > 0, then Hess, Z#(Vf,Vf) > 0 for F(p) = plogo. If
Ry, >0, then Hess, Z(Vf,Vf) =0 for F(o) = —N(o'~V/N — ).

Definition 3.7.11. Let V be a twice continuously differentiable function on a
smooth Riemannian manifold M with metric o, and let v = eVdxz. We shall
say that the space (M, p,v) belongs to the class CD(K, N), where K € R and
N € [n,o0), if Ry, > K.

The case N = n makes sense for a constant V. In this case we set Ry, = Ric
by definition.

Example 3.7.12. The following examples of measures on R with the standard
metric give model examples of spaces in CD(K, N):

1) M = (—nvN-1/2K),nv/N-1/(2K)), K > 0, 1 < N < o0, v =

cosV 1 (\/K/(N — 1) z) du,

Q) M=R,K<0,1<N<oo,v= costhl( —K/(N —1)z) d,

3) M =(0,+0), K=0,1< N < oo, v=2a"N"1du,

4) K>0,N=o00,v= e Ke*/2 gy,

The principle lying at the basis of analytic theorems for metric measure spaces

and comparison theorems in Riemannian geometry says: the analytic properties of
the spaces in CD(K, N) are no worse than those of the corresponding model spaces.
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Remark 3.7.13 (the tangent formalism). The techniques for proving analytic rela-
tions based on the concept of geodesic convexity of functionals give far-reaching
generalizations of many of the above results for R? to the case of Riemannian man-
ifolds. The following elementary relation is used here: if D2F > K, then

Kt(1—1t)
2

F(y) > F(@) + (F()y — o)~ oy —

Flta + (1 - t)y) < tF(z) + (1 - )F(y) - w-yl,  0<t<,

(3.7.4)
generalized to functionals on 22 in the proper way.

Example 3.7.14 (The Sobolev inequality and the tangent formalism). Let K > 0,
N = o0, and let T = I+V¢ be the optimal transportation of i to v on R?. Consider
the standard interpolation by means of a geodesic between v and p = pdv in the
space of measures. We make use of the convexity of the entropy functional, where
F (o) = plog o and p(p) = o (see Theorem 3.7.9). Using (3.7.4) and the formula

v = [(TED o) hotw) s

we have K
/QlOdeV < —/(VQ, V) dv — 5W22(/17V)7

which we know in the flat case, and which has the logarithmic Sobolev inequality
as a corollary. In the same manner the standard Sobolev inequalities on R¢ follow
from the convexity of the functional given by the integral of —o' =1/,

In particular, in this way we obtain the Bakry—Emery theorem [166].

Theorem 3.7.15. Let M be a Riemannian manifold with a probability measure
pu = e~Vdx, where dx is the Riemannian volume. If Ry, = K with K > 0, then

2
the logarithmic Sobolev inequality Ent,, f* < ?/ |V f1? du holds.
M

There are different characterizations of (CD(K, N)-spaces (see [143], [136]). We
give the principal results, following [17].

Theorem 3.7.16. A smooth manifold M with a measure v = e~ Vdx, where V €
C?(M), belongs to the class CD(K, N) precisely when the functional

is convez for F(o) = —N(o'~YN — 0), or for F(o) = ologp if N = +oo.

This theorem lets us define the class of CD(K, N)-spaces in the weak sense as
the limits of CD(K, N)-spaces in the topology of Gromov—Hausdorff convergence.
Such a limit is a metric measure space, but may fail to be a smooth manifold.
In particular, one can define spaces with Ricci curvature bounded from below as
the (LS)-spaces for which the corresponding functional is convex on the space of
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measures with the Kantorovich metric. There are also various ‘local’ characteristics
of CD(K, N)-spaces. We have already seen in Theorems 3.7.7 and 3.7.8 that in
work with volumes, geometric inequalities, and the change of variables formula
the distortion coefficients for shifts along geodesics arise in a natural way. Due to
their variational nature these coefficients are solutions to the Jacobi equation. Its
solutions can be estimated by standard methods. For the proof of the following
fact, see [17].

Theorem 3.7.17. Let K > 0 and N < co. Any weak CD(K, N)-space satisfies
the inequality diam(suppv) < my/(N —1)/K .

3.7.5. Geometric flows: flows of Gaussian curvature and parabolic equa-
tions. In this subsection we consider the so-called Gauss transportations of mea-
sures, which is a class of close-to-optimal maps of measures. The general form of
a Gauss transportation is T' = V¢ /|Vp|, where ¢ is a function (a potential) with
convex sets A; = {¢ < t}. For a broad class of measures the existence of such
maps is established in [167]. The name ‘Gauss’ is due to the fact that this object
is closely connected with Gauss (spherical or normal) maps of surfaces, and also
with Gaussian curvature flows. Let us consider a simple example. Let v: S — R?
be a diffeomorphic embedding of the circle in the plane, that is, 7(S!) is a smooth
closed contour without self-intersections bounding a simply connected area. Let
v¢: ST — R? be the family of curves given by the equations

o= wls) = —K () -nlls),

where K(v:(s)) and n(vy:(s)) are the curvature and the outer normal of the curve
at the corresponding point. In other words, 7; is a flow of curves starting at v and
moving with velocity K in the direction of the normal (that is, inwards if K > 0
and outwards if K < 0). In the literature this object is called a ‘curve shortening
flow’ and is the simplest example of geometric flows, which include mean curvature
flows and Gaussian curvature flows and also Ricci flows. It is readily seen that the
area of the domain A; enclosed by ~; is changing at the constant rate

d

—H*A) =~ | Kda#' = —2m.

dt -
The latter equality holds by the Gauss—Bonnet theorem. It is not difficult to prove
that the length of the contour dA; is changing according to the formula

iffl(aAt) =— | K*dxn'.

dt -
The formula for the variation of the area shows that as time goes on, the curves
must shrink to some set of measure zero. This is indeed so. Moreover, it is known
that even if the initial curve « is non-convex (that is, the set Ay is not convex),
the curves become convex in finite time. Convexity is then further preserved, and
the sets A; are embedded one in another: Ay, C Ay if t2 > t1. In the course of
time the set A; becomes more and more ‘round’, which means that the curvature
of 7, is distributed more and more uniformly on the curve. Finally, the curves are
shrinking to a point. Flows of manifolds constitute a natural generalization of this
construction. Let M C R? be a d — 1-dimensional surface in R?. A geometric flow is
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a family of embeddings M; C R? with My = M that are moving in the direction of
the normal n with some velocity F: @(s) = —F(x)-n(z). If F is the mean curvature
H, then one speaks of a mean curvature flow. If F' is the Gaussian curvature K,
then one speaks of a Gaussian curvature flow. Unlike in the one-dimensional case,
both these and other flows can be much less regular. In the multidimensional case
a discontinuity may appear in finite time and a connected manifold may split into
parts. However, if the initial surface is convex, then both types of flows preserve
convexity, and the surface will shrink to a point in finite time. In the case of mean
curvature flows this was proved in [168] and in the case of Gaussian curvature flows
it was proved in [169].

We explain a connection between curvature flows and transportations of mea-
sures. Let {7y} be a flow of one-dimensional curves in the plane and let v = 7
be a smooth convex curve. As we know, all other curves 7; remain convex and
the flow exists for some finite time 7j. Let ¢ be the function equal to Ty — t on
~v¢. What is the image of Lebesgue measure under the map T' = ¢V /|Vp|? We
observe that T" = ¢ - n, where n is the normal to ;. Let v be a tangent vector
to ¢, so that (n,v) is an orthonormal basis. We differentiate T in this basis. Since
@ is constant on ~;, we find that 0,7 = O, -n+ ¢ - Oyn and 9,T = ¢ - Iyn.
We note that 9,n = Kv (the Frenet formula) and 9, = |V|. Therefore, we get
that det DT = K¢|Vy|. By the change of variables formula, Lebesgue measure is
taken to the measure ¢ dx under the action of T', where o(pVo/|Vo|)K¢|Ve| = 1.
The level sets {z: p(z) = Ty — t} of the function ¢ change with the velocity
1/|Vg|. Since we are dealing with the curvature flow, K|Vy| = 1. Therefore,
0(eV/|Vpl) = 1/p, that is, the image of Lebesgue measure with respect to the
map T is the measure v = dz/|z|. In the general case the following theorem is true.

Theorem 3.7.18. Let A C R¢ be a compact convex set and let y = podx be
a probability measure on A equivalent to the restriction of Lebesgue measure. Let
v = g1 dx be a probability measure on B, = {x: |z| < r} equivalent to the restriction
of Lebesgue measure. Then there exist a Borel map T: A — B, and a continuous
function ¢: A — [0,r] with convex sets A, = {¢ < s} such that v = puo T~ and
T = ¢ -n almost everywhere with respect to S, where n = n(x) is the unit outer
normal vector to the boundary of the sublevel set {y: p(y) < p(z)}.

If the function ¢ is smooth, then the level sets of ¢ move according to the fol-
lowing equation of the Gaussian curvature flow:

[ ——sd_lgl(sn) x)-n(x
(s) = ' O PK () (),

where £(0) € 0A is an arbitrary initial point. If the set A is strictly convex, then
r.

#loa

The proof is based on optimal transportation techniques. As a corollary we
obtain a transport proof of the existence of the Gauss flow for strictly convex
surfaces (see details in [167]). We note that by a change of coordinates the equation
of the Gaussian curvature flow reduces (at least locally) to the Monge-Ampere
parabolic equation

Opu(t, ) det D2u(t, x) = f(t,x), u(0,2) = ug, (t,z) € RY x RL,
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The function u is assumed to be convex in x and increasing in ¢. This equation
can be rewritten in a ‘transport’ form. The map T': (t,z) — ((x, Vzu) — u, Vu)
serves as a ‘parabolic’ transportation. In addition, det DT = Oyudet D?u. For
a development of this theme (the change of variables formula, connections with
the parabolic Monge-Ampere equation, and the parabolic maximum principle), see
[170]. On parabolic optimal equations, see also [171].

3.7.6. Geometric flows: Ricci flows. Let M be a smooth n-dimensional Rie-
mannian manifold with metric g. The evolution of g defined by the equation
0g/0t = —2Ric(g) is called the Ricci flow. Ricci flows became a main tool in
the proof by G. Ya. Perelman of the Poincaré conjecture. In the first approxima-
tion the Ricci flow is a non-linear analogue of the heat semigroup and acts on the
manifold as an ‘averaging’. Nevertheless, the hope that under the action of the Ricci
flow the manifold will shrink to a space of constant curvature is not realized. It
turns out that singularities of the manifold may arise. In order to prevent this,
one has to complicate the procedure and control various analytic characteristics,
for example, constants in Sobolev-type inequalities on the manifold. Among other
things this is done by the method of introducing various functionals such as the
entropy or energy functionals, which turn out to be monotone under the action
of the Ricci flow. As we have seen, for two gradient flows p; and p? of a convex
functional the Kantorovich distance ¢ — Wa(ui, p?) is a non-increasing function.
In particular, monotonicity holds for the diffusion with generator A — VV -V for
a convex function V. It turns out that a suitable generalization of this property to
Ricci flows implies the monotonicity of certain functionals as proved by Perelman.
Let us consider an example from [172]. We introduce the ‘reverse’ time 7 = b — ¢
and consider the non-linear ‘adjoint’ heat equation

ou 1
E = Ag(T)’U, - *Ru,

2

where R = Tr(Ric) is the scalar curvature, Agy(7y is the Laplace-Beltrami operator
in the metric g(7), and u(z, 0) us a non-negative function with [, u(z,0)dvoly = 1,
where vol; is the Riemannian volume corresponding to the metric g(t). Differenti-
ating the corresponding quantities with respect to t and using the above equations,
one can see that v, = u(7, x) vol, is a probability measure for all 7. Here the for-
mula dvol, /dr = 27! Tr(dg(r)/dr) voly(,y for the volume evolution is used. The
flow of measures constructed in this way will be called a ‘diffusion’. Moreover, the
integral

/ f(z,t) v (do)

is constant if f is a solution of the heat equation 0y f(x,t) = Ay f(z,1).
Let us now consider two diffusions v/} and v2. Tt is proved in [172] (see also [173])

that the functions 7 — W™ (11 12) and 7 — WZ™ (11, 12) are decreasing (this
generalizes the monotonicity property of the standard Kantorovich distance with
respect to the Brownian diffusion in the flat case). The proof for W; is based on
the following observations.

1) The Lipschitz constant of a function f satisfying the heat equation Oy f =
Ay f is non-increasing along ¢. This can be seen by applying the Bochner for-

mula (3.7.3) to ¢g(t) and f and computing 8|Vf|§(t)/8t. Taking into account that
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d d
@A(t)*1 = —A(t)*laA(t)A(t)’1 for any differentiable matrix function, we get
that

0 0, ;i
S IVI1E = 57067 fifo,) = = IV 134 + 2V S, VAS)
= V413, + AIVF[? = 2/ Hess(f)|*  2Rie(V £, V).

Therefore (in the metric g(t)), 9|V f|?/0t = A|V f|? — 2| Hess(f)|> < A|Vf|2. The
desired property follows by the maximum principle.
2) We have the duality relation

ng(r)(yi, yz) = max{/godyi — /LpdV?_ : @ is a 1-Lipschitz function}.

If now ¢ is a solution of the dual Monge-Kantorovich problem for the metric g,
then, letting ¢, = —Ay(;)p, we obtain a family of 1-Lipschitz functions for which

the quantity
[eant= [oa

is preserved. This immediately implies the monotonicity of W;. A more general
result was obtained in [174], [173]. A natural object connected with Ricci flows is
the so-called Perelman .Z-length

20)= | C VARG + (O dr,

where 7 is some curve in M (for each moment 7 its own Riemannian metric is
involved); see [175]. The indicated .Z-functional determines a Riemannian ‘met-
ric’ on M X [71, 7o) (this functional does not completely correspond to the classical
concept of length, since . may be negative). P. Topping considered an Z-optimal
transportation of probability measures and the corresponding Kantorovich ‘dis-
tance’. It turns out that on the space of measures there is a functional © con-
structed as a certain ‘renormalized’ Kantorovich .Z-distance and possessing mono-
tonicity along the flow of diffusions. From the monotonicity of this functional one
can derive (by a suitable limit procedure) both the result of McCann and Topping
in [172] and the monotonicity of the so-called # -entropy introduced by Perelman in
his proof of the Poincaré conjecture.

3.7.7. Transport networks. The theory of optimal transport networks is an
interesting and in a sense alternative branch of the theory of optimal transporta-
tion. Unlike the familiar regular solutions to the Monge—Kantorovich problem, the
behaviour of solutions to problems in the theory of transport networks is com-
pletely different. Visually these solutions can be represented as discrete collections
of one-dimensional branching objects similar to trees or blood vessels. The cost of
transportation can be easily defined on discrete objects. For example, suppose that
for a discrete set of vertices (terminals) we are given flows between ¢ terminals.
The total cost of transportation equals ), ¢fA; for some constants 0 < o < 1
(\; is the edge length). For formulating the problem in the continuous case we
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recall that the Monge-Kantorovich problem admits a formulation in the language
of dynamical optimal plans, that is, measures on the space of curves. Similarly, an
optimal transport network is defined as a measure P on the space §2 of Lipschitz
curves v: [0,+00) — R? with given projections P o 7r51 (‘the irrigating measure’)
and Pom ! (‘the irrigated measure’) that minimizes Gilbert’s functional

o) = [ [ ol ol aapa)

Here 0 < a < 1 and the quantity |y(w,t)|p, called the multiplicity, is defined as
P({~: there is a ¢ for which v(¢) = z}). When oo = 1 we obtain the classical Monge
problem. For more details on this, see [176], [177].

3.8. Infinite-dimensional Monge—Kantorovich problems

3.8.1. Existence of optimal maps on the Wiener space. In this subsection
we discuss analysis on an infinite-dimensional locally convex space X equipped with
a Radon Gaussian measure .

Definition 3.8.1. A Radon probability measure v on a locally convex space X is
said to be Gaussian if its one-dimensional image v o f~! is a Gaussian measure
for all f € X*. If all the measures yo f~! are symmetric, then v is said to be
symmetric or centred.

Below we shall assume for simplicity (if is not explicitly stated otherwise) that
X = R*> (the countable power of the real line), and by an infinite-dimensional
Gaussian measure we shall mean the countable product v = @)=, 7; of the standard
Gaussian measures on the real line. According to the well-known Tsirelson theorem,
every centred Radon Gaussian measure not concentrated on a finite-dimensional
subspace is isomorphic to v via a measurable linear map, so the results discussed
below are valid for the whole class of these measures. The general theory of Gaussian
measures is presented in detail in the book [104]. Below we briefly discuss some
particular features of analysis on a space with a Gaussian measure. Unlike in the
finite-dimensional case, the measure -, obtained from the measure v by a shift by
some vector h € H, that is, y,(A4) = v(A — h), need not be absolutely continuous
with respect to . Let us consider this question for the countable product v =
Qi v Let h = (h;) € R™®. A formal computation of the Radon-Nikodym
density gives the expression

dyn, ( - 1 & 2)
2 E hix; — = hi ). 3.8.1
= ; 5 ; (3.8.1)

This makes sense if Y .o, h? < oo, that is, h € [2. Indeed, the coordinate func-
tions x; are independent standard Gaussian random variables on the space R> with
the measure . Since |[Smtn — Smll72(,) = S h2, where S, = 30 (x, hy),
the series Y ;- h;z; converges in L?(v) for h € 2. Moreover, one has convergence
y-a.e., since {S,} is a martingale with sup,, ES? < co. This implies the equiv-
alence of the measures v, and « for h € [2. But if h ¢ [?, then the measures
~ and 7, are mutually singular, since one can find an element k € [? for which
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>0 knhn = +00, and then the set K of sequences (x,,) for which the series of
terms kj,x,, converges has y-measure 1, but (K +h) N K = @.

Definition 3.8.2. The space H = {h € X : v, ~ v} is called the Cameron-Martin
space of the measure +.

It is clear from what has been said that 7, ~ 7 (that is, the measures are
equivalent: each of them is absolutely continuous with respect to the other) for all
h € H, and for all other h the measures v and ~y;, are mutually singular. The space
H is linear and has measure zero with respect to -~y if it is infinite-dimensional.

We recall that the Wiener process {w;}+cjo,1], wo = 0, gives a measure on the
space of paths on [0,1]. In a special way it can be restricted to the space of
continuous paths, which gives the Wiener measure P on the space C[0, 1] of conti-
nuous functions.

Example 3.8.3. For the countable product v of standard Gaussian measures we
have H = [2. For PV the Cameron-Martin space is the Sobolev class

Wyt = {h: h is absolutely continuous, h(0) = 0, ' € L?[0,1]}.

Every vector h in the Cameron-Martin space defines a so-called measurable
linear functional h on X. For v = [];2, 7, this is h(z) = Y ;= hiz;. In the case of
the measure P" this is the stochastic integral

1
wH/ B (t) dw,
0

of the deterministic function h’. Thus, to _the vector h there corresponds a random
variable (a measurable linear functional) h on the space with a Gaussian measure.
The space H is equipped with a natural norm by the equality

B2, = [l = /X P2 dy,

with which H becomes a separable Hilbert space.

Analysis on the space X with the Gaussian measure 7y is closely related to the
Cameron—Martin space. In a certain sense, naturally differentiable functions are
differentiable only along the Cameron-Martin space. With this understanding of
differentiation, it is possible to construct analogues of Sobolev spaces on the Wiener
space. For defining these Sobolev spaces let us introduce some notation. As before,
it is convenient to assume that X = R* and = = (;). Let L?(v, H) denote the
Hilbert space of H-valued y-measurable maps v with finite norm

vl L2y, m) = (/X DIE3] 'y(dx)>1/2.

The Hilbert—Schmidt norm of a symmetric operator A on H is defined by the
formula ||A]|» = (Zfil(Aei7Aei)H)l/2, where {e;} is an orthogonal basis in H.
The o-algebra generated by the coordinate functions x1, ..., z, is denoted by .%#,.
The space .# Cg° of smooth cylindrical functions consists of all functions of the form
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((z1,...,2,), where ¢ € C£°(R"™) for some n. The Sobolev class W2 («y) consists
of all functions f € L?(y) having a generalized gradient Vg f € L?(y, H) along H
determined by the equality

/X Onip f by = — /X (Vo) g oy + /X ofhdy

for all h € H and ¢ € FE°, where Opp(z) = lim;_o(¢(z + th) — ¢(z))/t. The
Sobolev class W?2:2(v) consists of the functions that are twice H-differentiable in
the generalized sense and have finite norm

1/2
|f||wz,zm—< / Pdy+ / Ve £ oy + / ||sz|3de) .
X X X

The matrix elements O, 0, f of the operator D2 f are defined via the integration
by parts formula.

Finite-dimensional results independent of the dimension (the logarithmic Sobolev
inequality and so on) are automatically true on the infinite-dimensional space if in
place of the usual Euclidean norm we take the norm on the Cameron—Martin space.
For example, the logarithmic Sobolev inequality takes the form

[ 1o —f—dv <2 [ 1Vaff o,
||f||L2w)

The Radon—Nikodym density d~yp,/dy in the case of an abstract Gaussian measure
has the form p )
Yh ~ 2
— =E( h(z) — =|h .
o = () - i )

In the case v = @)=, 7; this is the formula (3.8.1). In the case of PV we arrive at
the classical Cameron-Martin formula

dP}Yvi 1/ 11/2
(WWE(Ah@MW2A|h@ﬁ.

For Gaussian measures it is useful to consider non-linear shifts along the Cameron—
Martin space of the form

T(z) =z + F(z), (3.8.2)

where F'is a map with values in H. Under rather broad assumptions it is possible to
prove for maps of this form that the measure v o7 ! is absolutely continuous with
respect to v and to write explicitly the change of variables formula. For example,
such maps can be defined by solutions to stochastic differential equations, and the
corresponding ‘change of variables formula’ is called Girsanov’s formula. For quite
a long time it was an open question (discussed in particular in [178]) as to which
measures of the form v = g - v are images of v under maps of the form (3.8.2). An
answer was obtained in [179].

Theorem 3.8.4. FEvery probability measure of the form v = g - is representable
in the form v =~y o T where T(x) =z + F(z), F: X — H.
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The map T was constructed with the aid of triangular maps, and an analogue
of the transport inequality for triangular maps was essentially used; such maps
are discussed in the last section. However, the question is open as to whether
a map T of the form (3.8.2) can itself always be chosen to be triangular. As
we shall see, non-linear shifts along the Cameron—Martin space arise also in the
Monge-Kantorovich problem for | - |%, which was first studied by Feyel and Ustiinel
[180], [181]. In this situation, the problem is to minimize the functional

Ko (v,m) = / @~y dm,  meT(u,v).
XxX

Let

WQ(:U’vy): \/KHO’C’U)'

Letting Kpg(u,v) = inf{Kg(u,v,m) : m € II(u,v)} and introducing the finite-
dimensional continuous functions hy(z,y) = Y"1, |#; — y;|?, we note that

Kpy(p,v) =sup Kgn(fin, Vn), (3.8.3)

where Ky ,, corresponds to the finite-dimensional cost function h,,, and pu, and v,
are the projections of u and v on R™. This follows from the monotone convergence
theorem and the facts that h, T h and the integral of the function h,, with respect
to the measure o equals the integral with respect to the projection of o on R™ x R™.

A substantial novelty in this situation is that here we have a much more narrow
class of measures m on which Kpy(u,v,m) assumes finite values. Partly this is
connected with the fact that h(z,y) = +o00 almost everywhere with respect to y®+.
We have not encountered this phenomenon in the previous sections. Of course,
if we deal with measures concentrated on H, then all these troubles disappear,
but the whole substantive part of the case attached to the measure ~ will also
disappear with them. We stress that this concerns both measures and not just u.
For example, if u = v and the measure v is concentrated on H (even if it is the
Dirac measure at the origin), then we have Kp(u,v, m) = +oo for all m € U(u,v)
since otherwise writing m in the form m(dxdy) = m¥(dz)v(dy), we get for v-a.e.
y € H that the measure m? must also be concentrated on H (if |z — y|g < oo,
then « € H), and hence v(H) = 1, which is false. If the quantity K (u,v) is finite,
then the general reasoning about the existence of the corresponding solution to the
Kantorovich problem remains valid due to the fact that the lower semicontinuity
of the functional m — Ky (i, v, m) is preserved here.

We consider another example: v is the image of v under the homothety = +— 2z.
Then Kg (Yn,Vn) = n, since the map Tx = 2z taking v, to v, is a gradient, and
hence by the uniqueness theorem it serves as the optimal transportation of ~,, to v,
for the cost function h,, and then Ky n(Vn,Vn) = M(Vn,vn,T) is the integral of
|z — 2z|% = |z|% with respect to the measure 7, and equals n.

Thus, we have to impose certain additional conditions on the measure v. A com-
mon (but not the only possible) situation arises if both measures p and v are abso-
lutely continuous with respect to v (but even this still does not guarantee that
Kp(p,v) < 00). An effectively verifiable sufficient (but by no means necessary)
condition is the following.
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Proposition 3.8.5. Let u = o, -y and v = p, -7y be probability measures such that
Ent, 4 < 00 and Ent, v < oco. Then

Ky (p,v) = Wi (u,v) < 4Ent, u+ 4 Ent., v. (3.8.4)

Proof. This follows from (3.8.3) and the finite-dimensional Talagrand inequality
(3.3.2), since Ent, pu = sup,, Ent., p, and similarly for v. The last facts follow
from the fact that the Radon—-Nikodym densities o, = dpy, /dv,, considered on the
space R* with the measure v, form a martingale with respect to the o-algebras
generated by the projections on R™, and it converges y-a.e. to o = du/dy. O

We note that by Jensen’s inequality for the conditional expectations the quanti-
ties Ent,, pt, are increasing and do not exceed Ent., u.

Without Talagrand’s inequality it is not even obvious that Ky (v,v) < oo for
the measure v = 7/v(A), where A is a set with y(A) > 0. Thus, here it is rare to
find explicitly at least one measure o € II(p, v) with K(u,v,0) < .

Of course, in addition to being an analogue of the Kantorovich problem the
problem here is also an analogue of the Monge problem of minimizing the functional

/X & — T() % ()

over maps 1" taking the measure p to the measure v, where 7' must necessarily be
of the form (3.8.2). Consider a pair of probability measures u = g, -7, v = g, - 7.
We are interested in the question of whether one can map p to v by a map of the
form (3.8.2) minimizing the indicated functional. It turns out that this is possible,
and under broad assumptions F' must in a certain sense be a gradient along H. We
remark that even for the identity map T'(x) = x the equality z = Vg|z|% /2 is not
meaningful in the infinite-dimensional space, since the Cameron—Martin space has
measure zero. Therefore, one cannot expect that T itself will be a gradient along H.
A situation arises that is similar to the situation on manifolds. One should look for
a solution of the form

T(z) =z + Vuf(x),

where f is a so-called 1-convex function (see [182]). A function f is said to be
l-convex if the map h — F,(h) := f(z + h) + |h|?/2 from H to L°(y) (with its
natural ordering) is convex, that is, given h,k € H and « € [0, 1], one has

F.(ah+ (1 —a)k) < aF.(h)+ (1 — a)F,(k) for y-a.e. x,

where the corresponding measure-zero set may depend on h, k, and «. One can
show that, given an orthonormal basis {e;} in H, for every fixed ¢ there is a version
of f such that the functions t — f(x + te;) + t?/2 are convex. Hence, the partial
derivatives 9., f exist almost everywhere. We define Vi f(z) as > 00, 0, f - €;
if this series converges in H. Finite-dimensional 1-convex functions are (up to
modifications) functions of the form o(x) — |2|?/2, where ¢ is convex. It should be
noted that typically in such problems partial derivatives are defined in the Sobolev
sense (see [104]).
We now give a result of Feyel and Ustiinel [180].
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Theorem 3.8.6. Let u = g, -7 and v = g, -y be probability measures such that
Enty pu < 0o and Enty v < oo. Suppose additionally that p satisfies the Poincaré
inequality (for instance, u = =), that is, there exists a C > 0 such that

2
/(f/fd,u) du<071/|VHf|2du forall fe FE>.

Then there exists a map T(x) = x + F(x) such that v =poT~ and F =V f €
H, where f is a 1-convex function. The map T is unique up to u-equivalence, is
a unique solution to the Monge problem, and generates a unique solution to the
Kantorovich problem.

Proof. As indicated above, the Kantorovich problem described for the functional
Ky and the pair u, v has a solution. Moreover, Wa(u,v) < oo by (3.8.4). We
assume further that X = R° and + is the countable power of the standard Gaussian
measure. Then H = [?, so in the notation for the norm and gradient we omit the
index H. Denote by m and 7, some solutions to the Kantorovich problem for the
pairs u, v and py,, v, respectively. Since the projection of the measure 7 on R x R™
has the marginals p,, and v,, we obtain the obvious inequality

Waun 1) < [ 32 fos = il el dy) < Waloa).
=1

Similarly, Wa(tim, Vm) < Walin, vn) if m < n. It follows from this and the above
inequalities that lim, .o Wa(pin, vn) = Wa(u,v). Let ®,(z), ¥, (y) be a solution
to the dual Kantorovich problem for ji,, vy, and let ¢, (z) = ®,(z) — ||?/2 and
Yn(y) = ¥, (y) — |y|?/2. We observe that

1
Fn(x»y) = (Pn(l') + 1/’71(2/) + §|(E - y|2 > 07

and exact equality is attained m,-a.e. It is clear that

/ﬂmwmmmzmmw—mwwmeo

Therefore, F,, — 0 in L'(m). Hence the sequence {F,} is uniformly integrable.
Since p satisfies the Poincaré inequality, this inequality holds for the projections
tn (with the same constant). By the Poincaré inequality,

1 c ?

Subtracting constants, we pass to the case [ ¢, du, = 0. The estimate obtained
gives the uniform integrability of the sequence {¢,,} with respect to the measure p.
Hence, the sequence {1} is uniformly integrable with respect to the measure v.
One can thus assume that the sequences {¢,} and {¢,} are uniformly integrable
with respect to the measure 7. By a well-known result, for some subsequence of
indices {nx} sequences {¢),} and {1/} of convex combinations of the functions @,
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and 1), converge m-almost everywhere and in L!(7) to some functions ¢ and ),
respectively. Let us set

¢ = limsup ¢/, ¢ = limsup ¢,

everywhere (and not just where they converge). We have ¢(z)+(y)+|z—y[?/2 > 0,
and the equality is satisfied m-a.e. Fix an h € H. The equality |z +h — y|?> =
|z — y|? + 2(h,x — y) + |h|? implies that ¢(z + h) — p(z) = —(h,z —y) — |h|*/2
m-a.e. The latter means that y = z + Vo(z) for p-a.e. x, and T(x) = 2 + V() is
the desired map. We now observe that every L!(7)-limit ¢ of convex combinations
of the functions ,, will satisfy the equality Vo(z) = y — x m-a.e. It follows that
V(z) = Vp(z) for p-a.e. z. If now 7 is some other solution to the Kantorovich
problem, then it is also concentrated on the graph of Vi, where ¢ is any limit point
of our finite-dimensional approximations. It follows that we have obtained a unique
solution to both the Kantorovich problem and the Monge problem. [J

Remark 3.8.7. It is not difficult to prove that the map T'(z) = x+V(z) is invertible
and T~1(y) = S(y) for v-a.e. y and that S(y) = y + V)(z) is also an optimal map.

The paper [180] contains a formulation (with a proof that is not completely clear
to us) of a more general result on the existence of an optimal map between a pair
of measures with a finite Kantorovich distance. In [183] an alternative proof of the
existence of a transportation of a measure f -+ to the measure v was proposed,
based on the inequality (3.3.1). Using this inequality in the case when m = 7,
w=f+v,and v = g - 7y, we obtain the inequality

1
Ent, v = /glog g dy > 3 / VO, — VO, |?fdy. (3.8.5)

From (3.8.5) one can readily deduce the existence of an optimal map 7" of a measure
f -~ with Ent, f < oo to the measure v. Indeed, the finite-dimensional optimal
transportations T, mapping f, -~y to -y, where f, = Ef n f, satisfy the inequality

m 1
[totogZ iy = 5 [1vay, —vay, Pha

From the fact that
lim fnlog f—m dvy =0,
n,m— oo fn
it is easy to show that the sequence {V®y, } converges f-y-a.e. This implies the exis-
tence of the desired map. Moreover, this proof can be extended to broader classes
of measures; in particular, it can be used to construct examples of optimal trans-
portations of mutually singular infinite-dimensional measures (see Theorem 3.8.8).

In the recent paper [184] the existence of an optimal map was established between
any two probability measures absolutely continuous with respect to ~.

The question of which pairs of measures (mutually singular in general) possess
optimal transportations is undoubtedly a central issue in the infinite-dimensional
Monge—Kantorovich theory. A weaker version of a solution to this problem is
given in the next theorem, which we state without proof (it is based on the esti-
mate (3.8.5)). In this theorem T is obtained as a limit (almost everywhere) of
finite-dimensional optimal maps.
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Theorem 3.8.8. Let u be a probability measure on R*. Suppose that the finite-
dimensional projections p, = o P, 1 = g, dv have the property that
lim sup e(n,m) =0,
m— 00 n>m
where e(n,m) = infren, . Ent,.,, xr (dpin/d(pm % 7)), and My, ) is the space of
probability measures on the subspace L., ,, generated by {em+1,...,en}. Then there

is a map T of u to v almost everywhere equal to the limit of the finite-dimensional
optimal maps.

The hypothesis of the theorem is satisfied for any measure p having finite entropy
with respect to some product measure.

3.8.2. The change of variables formula. Under some restrictions on the mea-
sures, it becomes possible to prove an infinite-dimensional change of variables for-
mula for optimal maps. Let v be the standard Gaussian measure on R*> as above.
Let T(z) = x4+ V(x) be the optimal transportation of the measure g -+ to 7, and
let S(z) = T71(x) = = + V() be the inverse map. A formal expression for the
change of variables formula takes the form

1
g = dena(1+ D0)E( Lo - 1P

where D? is the second derivative,

Lo(w) = Mpla) — (@, Vo(a)) = div, (Vi) (@)

is the Ornstein—Uhlenbeck operator, and dets is the Fredholm—Carleman determi-
nant defined by the formula dets (I4+-K) =[], (1+k;)e~ %, where K is a symmetric
Hilbert—Schmidt operator with eigenvalues k;. In the class W?-2(y) one can intro-
duce the operator £ as the generator of the Ornstein—Uhlenbeck semigroup in
LP(~) or one can define .Zf as a limit in LP(y) of the functions .Zf,, for some
functions f, € FE° convergent to f in WP2(vy).

For the inverse map T~ 1(z) = x + Vi(z) the change of variables formula takes
the form

g(x + Vio(z)) deto (I + D*(z))E <$w - ;|w|2) =1 (3.8.6)

In the general case the question as to which maps satisfy the change of variables
formula is non-trivial (see [104], [67], and [178]). In our case one can make use of
a special form of T'. The equality (3.8.6) was obtained in [180] under the assumption
that g - v is uniformly convex, that is, —D?logg + 1 > £1d for some € > 0. As
shown in [185], under the assumption that Ent, g < co and g > ¢ > 0 one has

1
g = detg(I + Dg@)E<$a<P - 2V90|2>’

where D2¢ and %, ¢ are the absolutely continuous parts of D?p and £y, respec-
tively. Similarly, under the assumptions that Ent,., é < oo and g < ¢ one has

g(z + V(z)) deto (I + Dgw(x))E(,gm - V;”') =1.
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The next theorem is proved in [84].

Theorem 3.8.9. Suppose that 1,g := [ @ dy < 0o. Then D?¢ belongs to .
g-v-a.e., [|[|D*0|%p0gdy < oo, Lo € L'(g- ), and the change of variables
formula g = det(1+ D?*@)E(Lp — |V|?/2) holds g - v-a.e.

In this theorem £ is understood in the sense of integration by parts, but under
the additional condition that 1/g € L"(v) for some r > 1 one has the inclusion ¢ €
W2r/(47):2(~) 5o that L exists in the sense of W?2"/(147):2(5). In [84] there are
some other results on the regularity of ¢ (see also §2.2.5). A natural problem in this
area is the regularity of the optimal map (solved partially in Theorem 3.8.9). Let
be a Gaussian measure on an infinite-dimensional space, and let T'(x) = z 4+ V()
be the optimal transportation of a probability measure f-7 to a probability measure
g - 7. It is of interest to find a priori Sobolev estimates for ¢ in the general case.

The Kantorovich metric connected with the Wiener space is studied also in [186].
Optimal transportations on configuration spaces are considered in [187].

3.9. Some other types of transformations of measures

3.9.1. Triangular maps. Suppose that we are given a finite or countable number
of spaces X and let X =[], Xp. Amap T = (T1,T5,...): X — X is said to be
triangular if Ty (x) = Ty (21, ..., x;,) for all k. If X = R! for all k, then a triangular
map is said to be increasing if all the functions xy — Ty (z1,...,z)) are increas-
ing. Similarly, one defines increasing triangular maps on subsets of R*°. We note
that no monotonicity in other variables is required. Triangular maps appeared in
the 1950s (M. Rosenblatt, H. Knothe; see references in [17]). Later, Gromov used
triangular maps for deriving the classical isoperimetric inequality (see §3.1). Basic
properties of triangular maps are presented in [29], §10.10 (vii) and [67], §10.7.
The word ‘triangular’ in this name is explained by the fact that the derivative
of a differentiable triangular map on R" is given by a triangular matrix. In spite of
their rather special form, triangular maps possess rich possibilities for transform-
ing measures. In the one-dimensional case Lebesgue measure A on (0,1) can be
taken to an arbitrary probability measure v on (0,1) by an increasing function T
by using the distribution function F, of the measure v (if F, is strictly increas-
ing, then T'= F,!). It follows from this that any atomless probability measure
i on the real line can be taken to any probability measure on the real line (if u
has a positive density, then this transformation can be found as a non-decreasing
function). We show how to construct a triangular map on the plane transforming
an absolutely continuous probability measure u to a probability measure v. Let uq
and vy, denote the projections of the measures p and v on the first coordinate line,
and consider the one-dimensional map T; taking u; to 1. Let p** and v** denote
the conditional probability measures on the second coordinate line, z; € R!. For
p1-almost every x; the measure p®' has a density. Hence, it can be taken to the
measure p11(@1) by a function x4 +— To(x1,x2), which can be made to be increasing
in the case of a positive density. It is clear that T' := (13,7%) is a triangular map
which is increasing if the density of u is positive. One can prove directly that it
takes p to v. The construction is continued inductively by using one-dimensional
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conditional measures on the last coordinate line. Therefore, for any pair of abso-
lutely continuous probability measures on R™ one can construct a triangular map 7'
transforming one of the measures into the other. A more general fact can be proved
in a completely analogous way.

Theorem 3.9.1. Let X = Hf;l X, , where X, are Souslin spaces. Let i be a Borel
probability measure on X such that for all n its projections on H?Zl X; and its con-
ditional measures on X,, have no atoms. Then for every Borel probability measure v
on X there is a triangular Borel map T: X — X such that poT ' = v.

If X,, = R for all n and the projections of u on all the spaces R™ have positive
densities, then this triangular map can be made to be increasing. The latter property
uniquely defines it up to p-equivalence, and it is called the canonical triangular map.

Triangular maps are almost never optimal (except for the one-dimensional case);
this is already seen from the fact that the Jacobi matrix of a triangular map is
triangular and for an optimal map it is symmetric, which can occur simultaneously
only for diagonal matrices. Nevertheless, many properties of increasing triangular
maps are close to properties of optimal transportations. For example, it is proved
in [188] that the following transport inequality holds. A measure e~V dz on R" is
said to be convex with constant C > 0 if V" > C - Id.

Theorem 3.9.2. Suppose that a Borel probability measure pn on X = R is uni-
formly convex with constant C > 0, that is, its projections on all the spaces R™ are
convex with a constant C' > 0, and let H = 12. If v < p is a probability measure
such that f = dv/du satisfies flog f € L*(u), then the canonical triangular map
T, has the property that

2
2
/X Ty ) — af, i) < 2 /X Flog f dy.

About probabilistic applications of triangular maps see [188], [189]. In [190]
triangular maps are represented in the form of limits of solutions of the Monge
problem with specially chosen cost functions.

3.9.2. Moser transformations, semigroups, and transport equations.
Some maps transforming a given pre-image measure to a given image measure can
be constructed by means of the classical Liouville theorem on change of volume.
The idea of such constructions goes back to Moser’s paper [191] on diffeomorphisms
of manifolds with measures. For example, in [192] the following construction
was realized. Let us consider the semigroup P; = e** generated by the elliptic
operator L = A — (VV,V) =e" div(e™" - V), and the flow of probability measures
vy = P(e=W*V) . u. It is obvious that u is an invariant measure for P;, vy = v,
and v, = . We write an equation for vy:

%yt =LP(e™V V) p=div[VP(e " TV) e7V] = div[Vieg P(e V) - 14].
By Liouville’s theorem, if X (¢) is the solution of the equation dX (t)/dt = b(X (t))
with X (0) = I, where b is smooth, then the image g; dx of Lebesgue measure with
respect to the diffeomorphism X (t) satisfies the equation 9g;/0t = div(g; - b).
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The corresponding flow of diffeomorphisms is given by the equation dS/dt =
~Vlog P,(e="W*V) 0 S; with Sy = Id, where v; and S; are related by the equality
Vi = VO St_l. In particular, the limiting map S = lim;_. o, St takes v to p.

For results on evolution equations and results related to optimal transportations,
see [193]. On connections with Young measures, see [194]. On the Monge and Kan-
torovich problems with several measures, see [195] and [15]. Differential forms on
the space of probability measures are considered in [196]. The flow of publications
on the questions considered above is very intensive; the bibliography below covers
considerably less than half of it.
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