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Hermite—Padé approximations and
multiple orthogonal polynomial ensembles

A.T. Aptekarev and A. B. J. Kuijlaars

Abstract. This paper is concerned with Hermite—Padé rational approxi-
mants of analytic functions and their connection with multiple orthogonal
polynomial ensembles of random matrices. Results on the analytic theory
of such approximants are discussed, namely, convergence and the distri-
bution of the poles of the rational approximants, and a survey is given of
results on the distribution of the eigenvalues of the corresponding random
matrices and on various regimes of such distributions. An important notion
used to describe and to prove these kinds of results is the equilibrium of
vector potentials with interaction matrices. This notion was introduced by
A.A. Gonchar and E. A. Rakhmanov in 1981.
Bibliography: 91 titles.
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Introduction

We proceed to define a general construction of rational functions with a common
denominator which furnish an approximation of a vector of power series

> fik .
f:(flﬂ"'vfp)a ZZI:J'_I’ 715"'ap' (01)
A vector 0 0
7,1 l, S
Wﬁ:<Pﬁ e, Pﬁp>7 = (ni,...,ny) € NP, (0.2)

of rational functions with the common denominator Pj is called a Hermite—Padé
approximant (of the second kind) with multi-index 7 to the vector f of power series
if

Pz #£0, deg Pz < || :=n1+ - + nyp, (0.3)

[i(2)Pz(2) — Qi,j(2) =t Ra j(2) = O(anl_H> as z > o0, j=1,...,p. (0.4)

This construction was proposed by Hermite [1] in connection with his celebrated
proof of the transcendence of e. For p = 1, the approximants (0.2) are known as
Padé approximants. The relations (0.4) provide |7i| homogeneous linear equations
to determine the |77 |41 coefficients of the polynomial (0.3). When each polynomial
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satisfying (0.4) has degree 77 (and so is uniquely defined up to a multiplicative
constant), the multi-index is said to be normal, and the polynomial Py is normalized
as follows:

Py(z) =2 4. (0.5)

For the special case (see [2]) of Markov functions

f](z):/w’ j:]-a"'7p7

Z—X

with measures j1; supported on the real line, the denominator P; of the Hermite-
Padé approximant (0.2) satisfies the orthogonality relations

/Pﬁ(x)x’“duj(x) =0, k=0,1,...,n;—1, j=1,...,p. (0.6)

The equalities (0.6) are called multiple orthogonality relations, and the polyno-
mial Pz is called a multiple orthogonal polynomial.

Apart from traditional applications to the theory of Diophantine approxima-
tions and the theory of approximations of analytic functions (see [3]-[5]), Hermite—
Padé approximants and multiple orthogonal polynomials have proved useful in the
spectral theory of higher-order non-symmetric difference operators (see [6]-[8]).
Recently a connection was discovered between them and the theory of random
matrices (see [9]-[14]).

A multiple orthogonal polynomial (MOP) ensemble is a probability density func-
tion on R™ of the form

1
gz(xla"wxn) = 7H<xj _wl) detl:gol(xj)]zyjzl _____ n’ (07)
" i>i
where the set {¢1,...,¢n} of functions has the same linear span as the set

{zFwi(z) |k =0,...,n; =1, j=1,...,p}.

The latter MOP ensemble is generated by the p weight functions wq,...,w, and

the multi-index 7@ = (n1,...,np). The average characteristic polynomial
Pat) = | T - o)
j=1

with expectation taken with respect to (0.7) then satisfies the multiple orthogonal-
ity relations (0.6) with respect to the measures du;(z) = w;(x)dz (see [9], [15]).
Important examples of MOP ensembles appear in random matrix theory, and in
the theory of non-intersecting random paths.

In Chapter 1 of this survey we give a historical introduction to the analytic
aspects of Hermite—Padé rational approximations and consider recent developments
in this theory. One of these developments is considered in §1. It is a generaliza-
tion of the Markov theorem to the case when the approximated system of func-
tions is defined by means of directed graphs connected with Markov (real-analytic)
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functions. This statement comes from the fundamental paper [16] of Gonchar,
Rakhmanov, and Sorokin, where a tree graph was considered for the generating
system of functions. The minimization problem for the energy functional is investi-
gated for a vector measure whose components are connected by a given interaction
matrix and supported on a given system of intervals. The weak asymptotics of
the approximants are obtained in terms of the solution of this problem. Here (fol-
lowing [17]) we allow the generating graph to contain undirected cycles, and thus
consider the minimization problem for this case in the class of measures whose
masses are not fixed but allowed to ‘low’ between intervals.

Another problem discussed in Chapter 1 is the asymptotic behaviour of Hermite—
Padé approximants of analytic functions with branch points in the complex plane.
Namely, in § 2 we consider the asymptotic behaviour of Hermite—Padé approximants
(7 = (n,n)) for two functions f; and fo with branch points in A1 = {a1,b1}
and As = {ag,bs}, respectively. Even this simplest ‘complex’ example exhibits
a variety of different asymptotic behaviours, depending on the disposition of the
pairs of branch points in the complex plane (see the detailed analysis in [18]).
We choose for presentation here one generic geometric case of arrangement of the
branch points. For this example the main term of the Hermite-Padé asymptotics
is described by an algebraic function of third order and genus zero. We connect
its Riemann surface with an equilibrium problem for a vector potential, which is
analogous to the equilibrium problem considered in the previous section § 1.

The second part (Chapter 2) of this survey gives an overview of some of the recent
work that has been done on MOP ensembles (0.7). § 3 presents the basic definitions.
A MOP ensemble is a special case of a determinantal point process: a random point
process in which all correlation functions (that is, marginal densities) are given as
determinants of a correlation kernel. In the case of a MOP ensemble this correla-
tion kernel can be expressed as a combination of multiple orthogonal polynomials
of type I and type II. The Riemann—Hilbert problem for multiple orthogonal poly-
nomials [19] is formulated, and by means of the Christoffel-Darboux formula [20]
the correlation kernel is expressed in terms of the solution of the Riemann—Hilbert
problem.

The remaining sections deal with three specific examples of MOP ensembles.
The random matrix model with an external source leads to multiple orthogonal
polynomials with weight functions of the form

w;(x) = ¢~ (V(@)—a52) ji=1,...,p,

where V' is a fixed function and a; < a2 < --- < a, are real numbers that come
from the external source. The Gaussian case V(z) = 22/2 leads to multiple Her-
mite polynomials. We discuss the large-n asymptotics of the Gaussian model with
an external source ([11], [21], [22]) in the case p = 2, and in a situation with a more
general V. In the latter case a crucial role is played by the vector equilibrium
problem for two measures with both an external field and an upper constraint.
Non-intersecting random paths and the two-matrix model are discussed in the final
two sections. For non-intersecting squared Bessel paths and for the two-matrix
model a vector equilibrium problem is given that is relevant for the large-n asymp-
totic behaviour.
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We wish to emphasize that the notion of vector equilibrium problem, which is
a powerful tool for investigating the problems discussed here, was first formulated
by Gonchar and Rakhmanov in 1981 in their pioneering paper [23] (see also the
more general statement in [24]). The authors would like to dedicate this survey to
the 80th birthday of A. A. Gonchar.

Chapter 1

Hermite—Padé approximants

1. Hermite—Padé approximants of Markov-type functions

1.1. Historical remarks. Markov’s paper [2] was devoted to power expansions
of functions

f(z) = Z Z,fil = /R () ; cx = /ka du(z), p>0, (1.1)

zZ—x
k=0

which are Cauchy transforms of positive measures with compact support. In it
Markov considered continued fraction representations

€o

f(z) = . (1.2)

a
1
Z*bo*

a3
Z—bl— :
Z*bg* .

and proved that the convergents 7, (2) to f(z) of (1.2) converge uniformly on com-
pact subsets of the complex plane outside the interval E which supports the mea-

sure:
du(x —
supppy CEER = lim wn(z):/ﬂ, ze€C\E. (1.3)
n— o0 zZ—x
In the theory of rational approximations, functions of the form (1.1) are called
Markov functions (also known as resolvent functions or Weyl functions in the the-
ory of operators). The Markov functions form a class of analytic functions that
are useful for investigating rational approximations, and Markov’s theorem (1.3)
is the starting point for these studies. Rational functions obtained by truncating
the continued fractions (1.2) at finite levels (convergents) are a particular case of
Padé approximants.
The denominator Py of the Hermite-Padé approximant (0.2)—(0.4) to the system
of Markov functions
X dp; (x) ,
fj(z):,uj(z):/ — E;cR, j=1,...,p, (1.4)
E

2=
J

satisfies the orthogonality relations

/Pﬁ(x)xkduj(x):o, k=0,1,....,n;—1, j=1,....p. (1.5)
Ev

J
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Polynomials satisfying the orthogonality relations (1.5) are also known as multiple
orthogonal polynomials.

In contrast to the case of conventional orthogonal polynomials (p = 1), the
orthogonality relations (1.5) with p > 1 do not guarantee that the index n is normal,
and so they do not guarantee the existence of a multiple orthogonal polynomial (0.5)
of degree |7 |. Some general systems of Markov functions are known to have normal
Hermite-Padé approximants. Among these, for example, are the following.

An Angelesco system [23] is defined by

o A (2)Yio,, suppp; CEj: ExNE;j =2, k#j, kj=1,...,p. (1.6)

It is easily ascertained (see (1.5)) that for an Angelesco system the polynomial Py

has n; changes of sign in the interior E; of the interval E;. This forces any arbitrary
multi-index 7 to be normal.
A Nikishin system [26] is defined by means of a family of measures

o:={oj(x)};-,  suppo; CE;,  E;NE;j =2,

supported in the intervals {Ej}:;:l; this family in turn generates the vector of
measures (1 = {p1;(z)}]_; as follows:

dpq (z) = doq(z),

It is also worth noting that all the components of y are supported in one interval:
supp p; C E1. The system of Markov functions {fi;(2)}%_; which corresponds to
the vector p is called a Nikishin system. Thus,

N Apg(2)Yio, suppp; C By, j=1,...,p. (1.7)

The conventional (see [26], [27]) condition for the normality of a multi-index 7 for
the Hermite-Padé approximants to a Nikishin system is as follows:

n <n;+1 fork>j (1.8)

Recently this condition was relaxed. In [28] all the indices @ were shown to be
normal.

The weak asymptotics of Hermite-Padé approximants to Angelesco systems
(that is, the nth-root asymptotics and the limit measures of their distribution
of poles), and therefore the answer to the question of when they converge, were
obtained by Gonchar and Rakhmanov in [23]. We note that the convergence or
divergence of an Angelesco system (1.6) depends on the configuration of the inter-
vals {E; }é-’:l. The strong asymptotics of Hermite—Padé approximants to Angelesco
systems (that is, the asymptotics of the approximants themselves and the determi-
nation of the positions of the individual poles for large |77 |) were obtained in [29].
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The convergence of Hermite-Padé approximants to Nikishin systems (an analogue
of Markov’s theorem (1.3)) for p = 2 was established by Nikishin himself in [26]. In
contrast to Angelesco systems, Hermite-Padé approximants for Nikishin systems
always converge; this was shown in [30] for arbitrary p. The weak (strong) asymp-
totics of Hermite—Padé approximants to Nikishin systems were studied in [31] and
[16] (in [32], respectively).

Generalized Nikishin systems (so-called 4.4 -systems) {ji;(2)}_; of Markov
functions were introduced in [16] through the concept of a tree graph. Without
going into the details of the definition (the process of generating systems of Markov
functions by means of graphs will be discussed in detail further on), we note that
the .4 -systems involve both Angelesco and Nikishin systems, as well as some
mixed systems. For example, for p = 3, here are two such systems: the system

dpq (x) := doq (z), suppo; C Eq,
dpis(z) = d{on, 02) (z) = ( /E d"z(t)) don (x), (1.9)

x—1
dps(2) = o, 05) () = ( / 3 fj_(?) o (2)

with disjoint intervals {E;}7_,, and the system

dpq (x) := doq(z), suppo; C Eq,

dps(x) := doy(x), supp os C Es, (1.10)
dia(o) = dion, ) = ([ 220 ) (o)

with F1 N Ey = @ and E1 N E3 = @. For Hermite-Padé approximants to a 4.4~
system, a condition for a multi-index 7 to be normal (similar to (1.8)) was deter-
mined in [16]. In the same paper the problem of weak asymptotics is solved.

The Hermite-Padé approximants to specific systems of Markov functions con-
nected with graphs having cycles were investigated in [3] in connection with appli-
cations to number theory. In this section, following [17], we describe in more detail
the analytic properties and the asymptotic behaviour of the Hermite-Padé approxi-
mants to general systems of Markov functions connected with graphs having cycles.

1.2. Graphs and the corresponding systems of Markov functions. Let us
consider a directed graph with vertex set ¥ := {A,B,C,...}, #¥ =p+1, and
with edges & :={«, 5,7,...}, #& = m. We suppose that

1) the graph is acyclic (that is, it contains no directed cycles);

2) there is a vertex O such that for each vertex A € ¥ different from O there

is a directed path from O to A.
The vertex O is unique by condition 1).
We denote this graph by
G .=9(v,&,0). (1.11)

Let (A, B) be the set of edges connecting two adjacent vertices A and B.
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The vertex set ¥ can be equipped with a partial order relation as follows: let
A <X B if either A = B or there exists a directed path from A to B. In the latter
case we shall also write A < B.

For a given vertex A € ¢4 let

Ay ={Be?V:3a€(A,B)cé&} and A_:={Be¥:3a€(B,A)CSE}
be the two sets of vertices nearest to A, and let
Esr ={a€(A4,B):BeA;} and &s_:={ae(B,A):BecA_}

be the sets of edges going out of or coming into A. We introduce the following
relations on &

a—f & JAeV: ae€bs_, BEEay;
allf < JABe?: «,0€ (A B);
a—f & JAeV: a,fE€E4 or o, € Eay, but a7 fails to hold.

Following [16], we consider the system of Markov functions generated by the
graph 4. To each edge a of ¥ we assign an interval E, := [aq,bs] of the real
axis R and a positive Borel measure o, with support in E,; that is,

Vae& — Eu:=[aa,bs] CR, 0o 0, >0 ae. on E,. (1.12)

We also assume that if the edges « and 3 have a common vertex, then the corre-
sponding intervals £, and Eg do not overlap, that is,

a—pVB—-avallfVae—f = E,NEg=a. (1.13)

o
Corresponding to each vertex A € ¥ := ¥ \ {O} there is a non-empty set 74 of
paths t4 = (w, ..., 0, a) from the root vertex O to A, that is,

VAV —  Tui={ta}
th =(w,...,.0a): w— —0F-0a wecdbpy, «ESEA.

For each chain of paths t 4 of this type there is a corresponding measure p, defined
by Nikishin’s rule as follows:

:u’tA(‘r) = <UW7 s 705’Ga>(gj);

here

dlor, 09 (x) = (/daz(t)>d01(a:), oy dl01,00s o)) = d{or, (0ms 0.

r—t

To a vertex A we also assign the function

=¥ /d‘;tjt) . (1.14)

tA€ETA
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Definition 1.1. The family {fia(z), A € ¥} of functions is called a generalized
Nikishin system (4.4 -system) corresponding to the graph ¢.

Remark 1.1. The concept of a generalized Nikishin system corresponding to
a graph was introduced in [16]. In this paper we discuss a wider class of graphs
than in [16], where only tree graphs characterized by the condition

Y. YAeV = H#E_=1 (1.15)
were considered. Consequently, the class of 4.4 -systems under discussion is larger
than the class of generalized Nikishin systems corresponding to tree graphs in [16].

We give examples of various & .4 -systems. As has already been noted, Angelesco
and Nikishin systems are 4.4 -systems. An Angelesco system is generated by the
tree graph in Fig. 1a,

gl & = éao+ — ﬂ,

and a Nikishin system is generated by the tree graph in Fig 15,

G VAeV = #A =1, #A, <1 — N

Figure 1. Graphs generating Angelesco (Fig. a) and Nikishin systems (Fig. b).

Examples of tree graphs are shown in Fig. 2. The graphs generating the systems
of Markov functions (1.9) and (1.10) are shown in Figs. 2a and 2b, respectively.

Examples of graphs with undirected cycles are shown in Fig. 3 The graph in
Fig. 3a generates a single Markov function supported in several (m) intervals. The
graph in Fig. 3b generates two Markov functions. One of these, ji4, has its support
in the union of three intervals F := E, U Eg U E,, while the other, fig, has its
support in the interval Eg. Also,

dup(z) = dog(z), suppog C Eg,

doy () on E,,

dpia(z) == (/ ‘ff?) dos(x) on Ej,
daf(éx) on E,.
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3
FEs, 03

2 O
Es, 09 Ey o1

a b

Figure 2. The tree graphs generating the systems of Markov functions (1.9)
and (1.10).

El Em «@ @ v
© © B Ep By Es
a b

Figure 3. Graphs with undirected cycles.

Thus, graphs with undirected cycles are useful for representing Markov functions
which have some part of their support in common (more precisely, one support
contains the other), and the ratio of the weights on the common region of support is
again a Markov function on some different interval.

We shall consider Hermite-Padé approximants to the &4 -system (1.14)

fi=Airalz), A7},
which corresponds to the graph 4 (7, &,0) (see (1.11)). We fix a multi-index
ii={na, Ae¥}: na<np+1 if B<A. (1.16)

Then there exists a polynomial Py # 0 of degree deg P; < |71 := ZA 5 A such
€
that

Rﬁ7A = PﬁﬂA—Qﬁ,A ZO(Z_HA_l), z—00, A€ 70/7 (1.17)

where the @5 4 are some polynomials. This definition of Hermite-Padé approxi-
mants

Qii,a °
— A 1.1
[T aey (1.18)
leads to the following orthogonality relations:
Z /Pﬁ(x)xkdutA(x)zo, k=0,....na—1, Ae¥. (1.19)

tA€ETA
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To investigate these approximants, in addition to the functions Rj 4 of the sec-
ond kind it proves useful to consider functions ¥ 4 which are defined by induction
with respect to the partial order on the graph:

nA dga() 2
Us0 =P, => > / . BeV. (1L20)

A€B_ a€(A,B)

In [16] the conventional condition (1.8) for the normality of a multi-index 7@
for a Nikishin system was extended as follows to a generalized Nikishin system
generated by a tree graph (1.15):

na<ng+1, if B<A. (1.21)

It was further shown that the polynomial Pz has |7i| simple zeros on the union
Uaes,. Fa of intervals. Consequently, the indices (1.21) are normal, and hence the
Hermite-Padé approximants are uniquely defined.

For a 4.4/ -system generated by an arbitrary graph ¢ (see (1.11)), the questions
of whether the indices are normal and whether the approximants are unique require
further investigation. It can be shown, however, than under the condition (1.21)
any such Py has at least |7i] — g simple zeros on the union {J,c¢,, Fa, where g is
the cyclomatic number (the number of independent undirected cycles) of ¢, that is,

g=#E —#V +1. (1.22)

Some other conclusions regarding the normality and uniqueness of Hermite-Padé
approximants to arbitrary ¢.4 -systems will be stated below as corollaries to the
asymptotic results.

Let

v={va, A€ ¥}, where vy >0, A€V, ZUA:L and vg <wvy if A< B,
Aey

be a given probability distribution on ¥". We consider a sequence N of multi-indices
o]
i ={na, A € ¥} such that the condition (1.21) holds and

PA . AV (1.23)

In this section we analyze the asymptotic behaviour of P; for i € N.

1.3. Weak asymptotics. By the weak asymptotics we mean the limit distri-
butions of the zeros of the polynomial P; and of the zeros of the functions Wj 4
n (1.20). A way to attack such problems was proposed by Gonchar and Rakhmanov
in [23]. They used an Angelesco system to show that the components of the limit
measure for the distribution of the zeros of P; (with supports in the intervals
{E;}i_, of the system (1.6)) must be components of the extremal measure in the
problem of minimizing the energy functional of a vector measure with some inter-
action matrix of the components of the measure (see below for the details). This
approach was extended in the paper [16] of Gonchar, Rakhmanov, and Sorokin to
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generalized Nikishin systems generated by the tree graphs (1.15). This made it
possible to broaden the class of interaction matrices under consideration. Follow-
ing [17], we adapt this approach to arbitrary 4.4 -systems (1.14). The new fea-
ture here (apart from the fact that, as we said, the class of interaction matrices is
broader) is that the extremal problem of minimizing the energy functional is treated
in the class of vector measures whose components have masses that are not fixed (as
they were before), but are subject to some constraints. A general problem of this
kind will be formulated in § 1.3.1, where we also state Theorem 1.1 on the existence,
uniqueness, and other features of the extremal vector measure. Then in §1.3.2 we
give the interaction matrices and linear relations in the general extremal problem
specific to the masses of the components of the vector measures corresponding to
an arbitrary graph of the form (1.11). Here we also state Theorem 1.2 on the
limit distribution of the zeros of Py and its multiple Cauchy transforms, and give
a corollary on the weak asymptotics of Hermite-Padé approximants.

1.3.1. Equilibrium of the potentials of vector measures with interaction matrices
and linearly related masses. We begin by setting up a general energy minimization
problem for a vector measure subject to some linear restrictions on the masses of
its components. As the initial data for the problem we have: a family

—

E=(Ei,...,E,) €C"

of regular compact sets in the complex plane, a real symmetric non-negative-definite
matrix
% = (ak_])’]:;n;j:l S Rmxm, % 2 07

a real r X m matrix of rank r
G = (ckj)p ey € R, rank 6 = r,
and a non-zero vector
b= (b1,...,b.) €R", b#0.
We assume in addition that the initial data satisfy the conditions
1) a;; > 0, 2) ar; =0 for k#j and ExNE; # @, k,j=1,....m

and that the polytope

{xeRm: > enjmy=b, k=1,...,15 2; >0, sz...,m} (1.25)

Jj=1

is bounded and non-empty.

We require some notation from potential theory. For a compact set K C C let
M(K) be the set of all signed measures of finite variation and M™(K) the set of
all finite positive Borel measures v with support S(v) in K. The function

V”(z):/log i dv(t), z €C, (1.26)
K |z — 1|
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is called the logarithmic potential of a measure v, and the integral

1
I(v1,10) = //KXKlog 1] dvy () dva(t) (1.27)

is called the mutual energy of two measures vy and vo. The total variation (the
mass) of a measure v will be denoted by |v|.

For a finite collection of compact sets E, we define the set MT(E) to be the
direct product of the sets M*(E;) over all j = 1,...,m. Thus, each element p of
the set MT(E ) is a tuple of finite measures 1; with S(u;) C E;.

For a measure 1 € M*(E ) with interaction matrix & the energy functional .J (1)
and the vector potential W# = (W{',... W}) are defined by

Zakﬂ pi, k) and Wi (x Zak VH (2 (1.28)

k.j=1

Finally, we introduce the class of measures with the masses of the components
satisfying the linear relations in

M‘;,b(ﬁ) {M € M+ ch3|ug| = bk7 k= 1 } (1.29)

j=1

(depending on the initial parameters ¥ and b), and we consider the energy mini-
mization problem

{J(“) — i, (1.30)

Be M%b(ﬁ )
We have the following result (see [17]).

Theorem 1.1. 1) There exists a unique measure X, called the extremal measure,
which solves the problem (1.30) (that is, it minimizes the functional (1.28) subject
to the linear relations in (1.29) on the masses of the components).

2a) There exists a tuple of constants (I1,...,l,) such that the extremal measure A
minimaizes the Lagrangian:

L) == J(w) + Y 1k > ckjlp;| — min,
it (1.31)
peMHE).

2b) If a measure \ € M%;’b(ﬁ) solves the problem (1.31) for some set of con-
stants ly, ..., 1., then X is the extremal measure.

3) The extremal measure X is the unique measure in the class (1.29) which sat-
isfies the following equilibrium conditions with restrictions on the equilibrium con-
stants:

):ZaijA"(w){:%k’ S T
j_

> s, T € Ey, (1.32)

(s1,...,5m) €ImET.
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Remark 1.2. It is worth pointing out that the linear relations between the masses
of the components of the vector measures in (1.29) are transformed in Theorem 1.1
into the linear relations between the equilibrium constants (51, ..., 5,) in (1.32).
In other words, if the measures (with the initial data € and b) are allowed to ‘flow’
between the compact sets F1,..., E,,, then this imposes additional restrictions on
the equilibrium constants.

This remark can be illustrated by means of a trivial example. Suppose that
the initial data correspond to an equilibrium measure concentrated on two disjoint
intervals, that is,

<¢;<}}) ¢ =|L1, b=1  ENE=0.

Then it is clear that
ng\(x) = V’\l(x) + V/\z(x) = i, k=1,2, z€ EyUEy;, = 3 = .

We note that the extremal problems (1.30) with linear restrictions on the masses

(first introduced in [18]) play a key role in the study of the asymptotic behaviour of
Hermite-Padé approximants for general classes of analytic functions with branch
points (see [33]).
1.3.2. The equilibrium problem for graphs and the limit distribution of the poles of
the approximants. In the general extremal problem (1.30) we specify the interac-
tion matrices (1.28) and the linear relations in (1.29) for the total masses of the com-
ponents of the vector measures; these components in turn correspond to the limit
measures for the distributions of the poles of the Hermite-Padé approximants and
of the zeros of the functions (1.20) for the system of Markov functions (1.14) as gen-
erated by an arbitrary graph (1.11). From the graph ¢ we construct a symmetric
matrix &/ = (anp) as follows:

2 ifa=porallpl,
Gy =4 1 Haes (1.33)
of -1 ifa—forf—a, '

0 if the edges o and (8 have no common vertices.

The restrictions on the masses of the measures are as follows:

{heM @) ¥ ol ¥ hwl=va acyf s

aEEA_ BEEA

o
where the elements of {vg > 0, A € ¥} with > v4 = 1 are given in (1.23), and
a sum over an empty set of indices is zero by definition.
The matrix &7 is non-negative definite. This follows either from the fact that o7
is the Gram matrix ang = (ea, —€4,, €, —€B, ), where a € (A1, A2), B € (B1, Ba),
and {ea, A € ¥} is the standard basis in RP*1, or from the equality

IETEIED S (D VED SFA R

a,BeE€ AEY Nacéa_ BEEAL
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The remaining conditions on & in the previous subsection are easily verified, as
are the relations in (1.29).

Thus, there is a unique measure A = {\,, @ € &} in the class (1.29) satisfying
the equilibrium relations (1.32), that is,

W (z) := Z AoV (1)
Bes

(1.35)

=3p— x4, x€SA\),
> xp — x4, T € Eq,

where a € (A, B) C &, and {34, A € ¥} is some distribution of constants over the
vertices of the graph. As a result, the equilibrium constants sz, := g — 4 are
subject to g linear relations, and we can take o = 0.

The limit distributions of the zeros of the polynomials P; and of the zeros of
the functions ¥z 4 in (1.20) are represented in terms of the extremal measure A.
Suppose that a € (A, B) and that ¢; 4 is a polynomial whose zeros, counted with
multiplicities, are those of ¥5 4 on the interval F,:

Giia(2) = H (z—z) (by convention, H (z—z):=1). (1.36)

z: Ui a(z)=0, z€E, red

Let 1(g) be the equidistributed discrete measure of mass deg g on the zeros of the

polynomial ¢:
n(q) = Z Oz
z: q(x)=0

We have the following result (see [17]).

Theorem 1.2. For any o € & the limit relations
1
@ 1(gi0) = Aa

hold for i € N (see (1.23)). In particular,

1
[l 1(Pz) = > Aa

aceOy

-1
If we can show that the functions ¥y 4 (Ha€A+ qu,a) have no zeros outside

Uae Eas E,, then we can write asymptotic formulae for W5 4. This condition holds,
for example, if the graph ¢ is a tree. Theorem 1.2 has the following corollary (we
suppose Py to be normalized so that its leading coefficient is 1).

Corollary 1.1. Suppose that W5z a(x) # 0 for x € C\ U,es, ue,, Fa, where
Ae¥, and N C N is some subsequence. Then

[y

im —log [ga(e)| = Y V(@)= Y V(2)- 3,

lim —
neEN ‘n| a€EEA_ (XG(E’A+

zeC\ U E,.

a€EEA_UEAL



1148 A.1. Aptekarev and A.B.J. Kuijlaars

In particular,

[y

im — log |Pz(x)| = — Z Ve (z), xeC\ U E,.

lim —
e |7 |

2

a€fo+ a€fo+

1.4. Proof of Theorem 1.1. 1) We shall need some properties of the energy
functional (for proofs we refer the reader to [34]).

First, the principle of descent holds for the energy functional I(-): if p, — u,
then lim , | I(pn) = I(p).

The functional I(-,-) is a bilinear form on the linear space M(K) of all signed
measures (charges) 6 = 64 — 0_ supported on a compact set K and satisfying
the condition I(d; 4+ d_) < co. The second condition that we require is that this
form be positive definite. More precisely, under the (technical) assumption that
K C {z: 2] < 1} we have I(d) > 0 for any signed measure 6 € M(K), and
moreover, if I1(§) = 0, then § = 0. In other words, I(-,-) defines an inner product
on M(K) by (51,52) = 1(51,(52).

We prove the existence of the extremal measure. The principle of descent also
holds for the functional J(u) =32, ar; I(pk, p?) since it is valid for a;;I(p/) and
the non-diagonal terms are continuous, because EyNE; = @ for ay; # 0 (see (1.24)).

Let p, € My (E) = {p € MT(E): 0 cpjlug| = b, k= 1,...,7} be
a minimizing sequence, that is,

I(pin) — Jo = inf{J(u): p € ML ,(EN)}.

Since the polytope (1.25) is bounded, the masses of the measures in M, b(ﬁ) are
also bounded, and hence the set M%’b(ﬁ) is compact in the weak topology. From

the sequence p,, we choose a convergent subsequence p,, — A € M;b(E_' ), n € A.
On the one hand, J(A) > Jp. On the other hand, Jy > J(A) by semicontinuity.
Thus, A is an extremal measure.

To verify the uniqueness, observe that J(u) is a convex functional, since <7 is
non-negative definite. If A and X were two extremal measures, then (A + \')/2
would also be an extremal measure: J((A+ X)/2) < (J(A) + J(X))/2 = Jo. But
since J(A = X) + J(A+ XN) = 2J(A) + 2J(N), we have J(A — A') = 0, and thus
(A= X))« = 0. Consider the charge v = A= X: v = (v1,...,vy), S(v) C Ek,
k=1,...,m. Since v/ = 0, the relation

— QpRpVi = Z A5V (1.37)
j=1, j#k

holds for all k. In the last sum we have either ay; = 0 or B N E; = @ (see (1.24)).
Hence, the supports of the charges on the right- and left-hand sides of (1.37) are
disjoint, and agrvr = 0. Since axr > 0, we get that v, = 0. As aresult, A = X, and
so the extremal measure is unique. This proves the assertion 1) of Theorem 1.1.

2) In essence, the assertions 2a) and 2b) are just variants of the Kuhn—Tucker
theorem [35]. We proceed to prove that this is indeed the case.
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Let A be the extremal measure. Suppose that J(\) = Jy, and consider the
following set in R™1:

= {(tO,'~'7tr) =t ‘ 3M€M+(E) J(/j,) <t0+<]0;
chj|ﬂj| =bp + g, k= 1,...,7‘},
j=1

It is readily verified that this set is non-empty, convex, and has no common points
with the ray
T = {(wo,0,...,0): wp < O}.

By the finite-dimensional separation theorem, there is a non-zero vector (lo,l1, ...,
l,) € R™*1 such that

1anl ity > sup lowg = 0,

and thus

> it >0 VteE (1.38)
§=0

We assert that {p > 0. Substituting (1,0,...,0) € Z in (1.38) gives us that
lop = 0. Suppose that Iy = 0. Then for any = € RY

T T
Zlk Z CljTj 2 Zlk chj|)\j|.
k=1 J k=1 J

It follows that >3\ Ik 3, ckj|Aj] = 0 and 375 lkcg; = 0 for each j. But this
is possible only when l; = --- = [, = 0, contradicting the assumption that [ # 0.
Hence [y > 0, and thus we can take lo =1.

Suppose now that p € M*(E ) Then

_J0+Zlk(zckj|ﬂj| _bk> =0,
k J

that is, Z(n) = ZL(N).
Conversely, if a measure \ € MZ@C’b(E ) satisfies

L(n) > Z(\) VYpeM(E),
then for every p € M%;’b(E_") we have J(u) > J(\). This proves the assertion 2).
3) We assert that the equilibrium conditions (1.32) are equivalent to the Lagrang-

ian minimization problem (1.31).
Suppose that for some measure \ € M%Z}b(E)

LN < Z(p) YpeMYE), (1.39)
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and consider a charge v*¥) = (0,...,v,...,0) € MT(E ) with only the kth compo-
nent non-zero. Then

LA +evr®) = L(\) =22 a1\, v) +e Y Licjglv| + O(?)
J

J
_€/<2Wk>\ +lecjk) dV+O(€2).
J

Let 1
=g szcjk. (1.40)

We shall show that Wk s, on Ey. Since Wk —ay, V™ * is continuous on Ej, which
is a regular compact set, it suffices to show that Wk > . on Ej outside a subset
of capacity zero. Assume on the contrary that there is an F C Ej with cap F > 0
on which W,g‘ < 1y, and consider a (scalar) positive measure v € M (Ey). Then
LA+ ev®) — £(\) < 0 for sufficiently small ¢ > 0, which contradicts (1.39).
Assume now that W) () > »4 at a point 29 € S(\x). Then since W} is lower semi-
continuous, there is a neighbourhood U (z) in which W} > 3¢,. Also, A(U(zo)) > 0
since xg € S(Ax). We now pick a negative measure v with support in U(zg) and
choose an € > 0 such that Ay + ev is a positive measure. This again contra-
dicts (1.39).

Conversely, assume that the equilibrium relations (1.32) hold. Then the con-
stants ly,...,l. satisfying (1.40) are known. Suppose that Z(n) < Z(A) for
some € MT(E). Then by convexity ZL((1—e)A+ep) < Z(N), and also
(1 — &)X\ +epu € MT(E). Hence, the derivative of .% in the direction y — A at A is
negative, that is,

2Za]k1 gy Mk — >\k JFZI chk |,U'k| |>‘k|)<0
The last inequality holds if and only if

2> aipI(Nope) + Y LY cip(lunl) < L (V). (1.41)
gk 7 k

Integrating the kth equilibrium condition with respect to A\ and summing over k,
we get that .Z()\) = 0. Integrating the kth equilibrium condition with respect to

i, we get that
2> ail (N, k) + D Licik(likl) >
J J

and hence, summing over k, we arrive at a contradiction to (1.41). The proof of
Theorem 1.1 is complete.

1.5. Example. The triangle graph. The Hermite-Padé problem for a system
of functions on arbitrary graphs gives rise to new effects which are not found in tree
graphs. For example, the energy functional may attain its minimum at the bound-
ary of the admissible set of measures, that is, some components of the extremal
measure may be zero.
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Following [17] (see also [36]), we consider the graph on the vertices A, B, O
(O is the least (root) vertex) joined by three edges «, 3, and v (see Fig. 4). To the

Figure 4. The triangle graph.

edges of the graph we assign non-overlapping intervals E,, Eg, and E, of the real
axis. On these intervals we are given positive Borel measures o4, 03, and o, such
that the derivative of the absolutely continuous component o/, for x € & = {a, 8,7}
satisfies o/, > 0 almost everywhere on E,, with respect to Lebesgue measure.

Corresponding to the vertices A and B of the graph there is a generalized system
of Nikishin functions:

fal) = 0a(e) + [ DA, (1.42)
fB(2) = 63(2), (1.43)
where 6, () :/E d;”_(? .

For a fixed diagonal multi-index (n,n), consider the Hermite-Padé approximants
to this system. These are rational functions (Qn, 4/ P, Qn.5/P,) with a common
denominator P, of degree deg P,, < 2n such that, as z — oo,

Rn,A = fAPn - Qn,A = O(z_n_l)a (144)
Rn,B = fBPn - Qn,B = O(Zinil)' (145)

These conditions are equivalent to the following orthogonality relations for j =
0,...,n—1:

/P (z)2? doy(z /P )21 6. () dog(x) = 0, (1.46)
/Pn(m)xj dog(z) = 0. (1.47)

For the function of the second kind R, p this gives the relations

/ R (2)a? do () = — / Po(@)eio, (2)dog(a),  j=0,....mn  (148)
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In fact, in view of the orthogonality relations (1.47) and Fubini’s theorem,

/ Ry p(2)2? do. (x / / Pot)dos(t) 2 do ()
E Eg r—t

2l —t ()t dO’g()
/ EBP (1) . dag ) do (z / /Eﬁ po— do.(z)

:/ dor (@ )Pn(t)tj dog(t) = — | Pu(t)t'6,(t) dog(t). (1.49)
E.

et r—1 Eg

Hence,

/Pn(x)xj doq(z) — /Rn,B(x):rj doy(xz) =0, j=0,....,n—1. (1.50)

Let pp,, be a normalized polynomial (with leading coefficient 1) formed from the
zeros of R, p on E. (if there are no zeros, then we set p, ., = 1), and let m, =
deg pp,y. Then using Cauchy’s integral formula, we get from (1.45) that

 dog(x) .
P, (x)r ———= =0, j=0,....,m,+n—1, 1.51)
/EB ( pn,'y(x) Yy (

and thus
R, (%) _ / P, () dog(x) ' (1.52)
pn,’y(z) (Z - x)pn,"y(x)
Let pp,o and p, g be the polynomials (of degrees m, and mg) formed from the
zeros of P, on the intervals E, and Eg, respectively. Then the conditions (1.50)
and (1.51) imply that my+m., > n—1and mg > m,+n. Hence mqy+mg > 2n—1.
We write the orthogonality relations (1.50) as follows:

j P, (z) doy(x) _/ ijB(ac) do(x)
/Ea pn,a(x)pnﬁ(w)x Pr,a(X) Py (T) E, pn,a(m)pnﬁ(x)x Doy (2)Prcc (@) 0.
(1.53)
Let pn,a, tng, and py,~ be the zero-counting measures associated with the
respective polynomials pp o, Pn,g, and p,. We consider a subsequence A C N
such that these measures have some weak limits: p,.o/n — Ao, tng/n — Ag,
Hn .~/ — Ay. By the Gonchar-Rakhmanov theorem on the weak asymptotics of
polynomials which are orthogonal with respect to a variable weight (see [37], [16]),
and using the orthogonality conditions (1.53) and (1.51) and the representations
(1.52), we obtain the following equilibrium relations for the potentials of the limit
measures:

= 50, 7€ S(\a)
2v)\a + VAB + V)“Y Has z ’ 154
(@) V@) Vi) D (1.54)
= A
2 (2) + V() — V() 4 P T €5 (1.55)
> xng, v € Eg,
- = Ao T ) )\ )
W () + Vo (z) — VAa(g) 4 0 T Ha T s T €S() (1.56)
= iy, x € F,.
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Indeed, (1.55) follows from (1.51), (1.54) follows from (1.53) on the interval E,,
and (1.56) follows from (1.53) on the interval E,. Here we have taken into account
the asymptotics

Fog TP )

— log
n Py (2)

which hold uniformly outside of E3. This asymptotic expression follows from (1.52).
Since there is a unique vector measure (Aq, Ag, Ay) that satisfies these equilibrium
relations and the conditions |Ag| — [A,| =1 and |Ao| 4+ |Ay| = 1, it follows that

% (/Ln,aa ,Un,ﬂv,un,’y) - ()‘(17 Aﬁ) >\’Y) as n — oo.

Formally, two kinds of degenerate solutions of the equilibrium problem are pos-
sible: |[Ao| = 0 and |Ay| = 0. In the first case, (Ag, \,) is an equilibrium measure
with Nikishin interaction matrix, and the inequality V? + V7 > ¢4 + 3, holds
on E,. In the second case, (Aq,Ag) is an equilibrium measure with Angelesco
interaction matrix and V?(z) — V(z) < 3¢5 — 5, holds for z € E,,.

For a Nikishin system the equilibrium potentials can be expressed in terms of
the branches of the algebraic function ®(z), where

1

®p € H(C\ Ep), Do(z) :z_2(1+0(z>> as z — oo, (1.57)
1

®p € A (C\ (E,U Ep)), q)A(z):ch(1+O(>> as z— o0, (1.58)
z
1

oy € H(C\E,), D4(z) :cAz<1+O<Z>> as z— o0, (1.59)

as follows:

VP =log|®ol, (1.60)

VA VT = —log|®p| + 5, (1.61)

VT = —log|®4|+ 25 + 2. (1.62)

Also, VB + V7 > 55 + 3, if and only if |®g| > |®2|. However, it was shown in [32]
that |®a] > |®1] > |®o] for all z € C\ (E, U Eg). Hence such a boundary solution
is not realized.

We now consider the case when the measure A, is identically zero. It is known
that the equilibrium potentials for the Angelesco problem can be expressed in terms
of the branches of the three-valued algebraic function ®(z) as follows:

VY4 VP =log|®ol, (1.63)
V= —log|Pal| + »a, (1.64)
V8 = —log|®p| + 5, (1.65)
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0.3 0.8
0.2
0.4
0.1
0 —_— 0 j=—m—
—0.1
-0.4
—-0.2
-0.3 -0.8

-1 -0.5 0 0.5 1 -4 -3 -2 -1 0 1

Figure 5. Critical trajectories for the Angelesco system: E, = [0, 1];
[-1,-1/2] (Fig. a), Eg = [—4,—2] (Fig. b).

Es =
0.08 1
0.01 0.04:
0 0:
oo —0,04:
—0.08: A

—-04-0.2 0 0.2 04 06 08 1 —4 -3 -2 —1 0 1
a b
Figure 6. Critical trajectories for the Angelesco system: Eo = [0, 1]; Eg =
[~1/2,—1/4] (Fig. a), Es = [-4,—1/2] (Fig. b).
0.06 1
0.04 1 0.1
0.02 1 0.05
0-] 0
—0.02 1 —0.05
—0.04 o1
-0.06 t——————— : : : : : :
-0.2 0 02 04 06 08 1 —4 -3 -2 —1 0 1
a b

Figure 7.  Critical trajectories for the Angelesco system in the case of
collision: E} = [0,1], Eg = [-0.2,-0.0716] (Fig. a); Eo = [0,1], Ej =
[—4,-1/7] (Fig. b).
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where ®p, P4, and ®p are the branches of ®(z) such that

o € #(C\ (ELUE})), @ -2 1+O( )) as z — oo,  (1.66)

=
D€ H(C\EL), = cAz<1 + ( )) asz— oo, (1.67)
bp e H(C\ E), Dp(z) = ch<1 + o(z)> asz— oo (1.68)

Hence, the condition V7~V < 55— s, is equivalent to the inequality |® 4| < |®p].
The curves on which different pairs of branches of the function ® are equal in
absolute value are shown in Figs. 5-7. We now indicate regions in which |®4| <
|®p|. In Figs. 5, 6b, and 7 the measure |\,| is 0 when the interval E, lies in
the region containing the point 1 + 0. In Fig. 6a the measure |\,| is 0 when the
interval E, lies in the complement of the region containing the point —0.5 — 0.

2. Hermite—Padé approximants
for functions with complex branch points

2.1. Historical remarks. The analytic theory of Hermite—Padé approximants for
the complex case was initiated by Nuttall. In the two pioneering papers [38] and [39]
from 1981 he obtained some asymptotic formulae for Hermite-Padé approximants
to functions with separated complex branch points [38] (a complex analogue of an
Angelesco system) and to functions meromorphic on the same Riemann surface [39]
(that is, functions with the same set of branch points, like a Nikishin system for
the real case). In [38] the results were verified by some heuristic considerations and
numerical experiments, but [39] contains rigorous proofs of theorems. In his funda-
mental paper [40] from 1984, Nuttall tried to formulate a general conjecture about
the asymptotic behaviour as n — oo of the diagonal @ = (n,n,...,n) Hermite-Padé
polynomials. At the basis of his conjecture lies a (p + 1)-sheeted Riemann surface
which depends on the set of p functions which are being approximated. He showed
how to determine this Riemann surface for some special classes of functions, but
the general case was left as an open problem. Nevertheless, assuming the existence
of the appropriate Riemann surface R, he conjectured that the strong asymptotics
can be described by solutions of a certain boundary-value problem on R. For the
main term of the asymptotics one would have

|P7(2)[Y™ — |@71(z)] = exp(—Re G(z)),  n— o, (2.1)
where G is an Abelian integral of the third kind with logarithmic poles at co(®)

(£=0,1,...,p) with residues

G(z) = {_mng +0(1), z— 00, (2.2)

logz + 0(1), z—o00d), j=1,...,p,

and elsewhere G is analytic in the local variable. If the genus of %R is greater than
zero, then an additional condition is imposed on G: all its periods are purely
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imaginary. Such a function is unique up to an additive constant, and RG(z)
is a single-valued function on R (see, for example, [41]). Another important
single-valued function on R is the derivative h(z) of the Abelian integral G(z).
We single out the following branches of h at infinity:

2
ho(z):—f—f—...,
hz) = G'(2): lz z — 00. (2.3)
h](z):;_'_? jzla"'ap7

The function & is a rational function on its Riemann surface fR.

We note that the condition genus(9R) = 0 implies single-valuedness of the func-
tion @ in (2.1), therefore ® is a rational function on R that is uniquely determined
(up to a multiplicative normalization) on R by its divisor.

In the paper [18] there is a study of the asymptotic behaviour of the diagonal
Hermite—Padé approximants (7 = (n,n)) for two functions f; and fo with branch
points at the points in A; = {a1,b;} and As = {ag,bs}, respectively (such that
A1\ Ay # @ and Ay \ A; # @). Here we present some of the results from [18]
in order to show peculiarities and new features of the analytic properties of the
Hermite-Padé approximants for functions with complex branch points.

We say that

fi € Z(C\4y),  Aj={a;,b}, (2.4)

if the Laurent expansion (0.1)) is convergent in a neighbourhood of infinity and has
an analytic continuation along any path in C\ A; and the function f; has branch
points of algebraic or logarithmic character in A;. A typical example is the function

fi(z) =log S

zZ— bj '
For the situation under consideration (p = 2 and 7 = (n,n)) we use the notation

i =Tn, Pr= Py, Qg):Q(j) Rg‘ij):Rf(zj)a J=12

n
and we assume that Py is monic.

2.2. Geometry of the problem. Asymptotic properties of Hermite—Padé approx-
imants such as the limit distribution of their poles and the structure of the domains
of convergence are strongly dependent on the positions of the branch points of the
functions being approximated. In [18] various classes of arrangements of the points
in

A = {al,bl;ag,bg} (25)

were considered in detail. In this survey we take one of these classes with a
rather general and rich structure. The Hermite-Padé asymptotics for this class
are described with the help of algebraic functions of third order with quadratic
branches only at the points ay, b1, as, by, that is, by the Riemann—Hurwitz for-
mula, we mean algebraic curves of third order and genus 0. To describe this class,
we need to introduce some auxiliary notions.
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A key role in the classification of possible geometric cases is played by the
algebraic function h (see (2.3)), which satisfies the equation

Pi(z2)
I4(2)
where TIy(2) = (z — a1)(z — b1)(2 — a2)(z — by) and the unknown parameters of

the monic polynomials P; and P, are not yet known. The discriminant 2 of the
equation (2.6) is

=0, (2.6)

7 > 3 2
971’[2(,2)’ 9 =Py — 114 P;.
The condition that h does not have a branch point at infinity gives us a linear
relation between the unknown coefficients of the polynomials P; and P,. The other
two algebraic relations (which are non-linear) must ensure —in our case— that h
has genus zero. Hence, the discriminant 2 has zeros of even multiplicity, so that
(2.5) are the only branch points of h. This gives us two algebraic equations for the
unknown parameters of P; and P,. In the paper [42] a rational uniformization of
the algebraic curve h(z) of genus 0 was obtained which made it possible to find P;
and P.

2.2.1. The function ® and the contour I". Since the algebraic function h has genus
zero, the exponential of the Abelian integral

®— exp( / h(2) dz) 2.7)

is also an algebraic function with the same Riemann surface as h.
It is clear that for a suitable normalization the function ® satisfies the equation

®3(2) + q1(2)®%(2) + q2(2)®(2) + qo = 0, (2.8)

where the ¢; are polynomials of degree < j (j = 0,1,2). In the paper [42] an
explicit procedure for finding the coefficients {g;} is presented.

The function ® is defined in (2.7) up to a multiplicative constant. In what
follows we often choose a normalization such that the product of all three branches
of ® equals 1:

DOoP Dy = 1. (2.9)

Therefore (see (2.3) and (2.7)), the three branches of the normalized function @
behave at infinity as follows:

@J(Z)_Ci+ ’ j:1a27
g z — 00, (2.10)
@O(Z)Z@JF"',

where
CiCCy = 1.

From the equation for ® we can obtain a parametrization of the curve

I ={z: |®;(2)] = |Pr(z)| for some 0 < j < k < 2} (2.11)
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in terms of the function
J(v,2) = 1° + A(2)v? + B(2)v + C(2), (2.12)
where

Az) = 3q0 — q1(2)q2(2)

3

q0
B(2) = 9043 (2) + g5 (2) q53QOQ1(Z)Q2(Z) +3q3 7 (2.13)
() = 2q047 (2) — i (2)a3(2) + 2(](183(2) — 4001 (2)a2(2) + ¢ ’

and qo,q1,q2 are the coefficients of the equation (2.8) for ®. Thus, we have the
following result.

Proposition 2.1 (see [18]). The set I' given in (2.11) for the function ® in (2.7)
can be described as

= {z: J(v,2) =+ A(z)v* + B(2)v + C(2) = 0 for some v € [-2,2]}, (2.14)
where A, B, and C' are given in (2.13).

2.2.2. Structure of I'. Here we shall use the global structure of I' to define the

geometric cases I and II. Since the polynomial J(v,z) in (2.12) has degree 6 in

the variable z, the contour I' consists of six trajectories z;(v) parametrized by
€ [-2,2]. When v = 2 we have

H4(Z) [ClPl(z) + 02]2

@

J(2,2) = —

with some constants C7 and C5. These trajectories start from the points a1, b1, as,
bs and two trajectories start from the point

Here we assume that « is different from a;,b;, j = 1,2. See [18] regarding the
case when o coincides with one of the points aj,b;, j = 1,2. We denote these
trajectories by

Yars Vor> Vazs Voor Yarr Yas (2.15)

and then we extend them continuously with respect to v to values less than 2 (see
Fig. 8). When v = —2 we have

[QO - Q1(Z)(12(Z)]2

J(_sz) = q2
0

= const(z — f1)%(z — f2)%(z — f3)% (2.16)

These six trajectories therefore meet pairwise at the points 31, 82, 03, which are the
zeros of the function ¢o — ¢q1¢2 (see Fig. 9).

Now we are ready to describe those configurations of the branch points in A
which will be a subject of our analysis in this survey.
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I . Ps

) C.l = T bo o ° bo
. N
a1 a1 aq 1

~»
*by *by

Figure 8. Start (v = 2) of Figure 9. Finish (v = —2)
the trajectories of T'. of the trajectories of I".

Definition 2.1. We say that the set of points {a1,b1, as,ba} belongs to the geo-

metric cases I or II,
A= {al,bl,ag,bg} e Tull, (217)

if the set I' in (2.11) has the following structure:

1) the algebraic function z(v) defined by the equation J(v,z) = 0 (see (2.12))
has no branch points on (—2,2), so that by analytic continuation the trajec-
tories (2.15) are defined globally on [—2, 2],

Yay (V)a Yoy (V)a Yaz (V)a Voo (V)a Yo (V)a Yoo (V)7 VE [_Qa 2]7
2) when v = —2 we have
Va1 (_2) = Vo, (_2), ’Vaz(_2) = ’sz(_2)~
For A € TUII we can now define two arcs in C,
Vi = ’Ya_,»,b_,» - ’Yaj U ’ij; ,7 = 17 2, (218)
each connecting a; and b;, j = 1,2, and a closed analytic curve
Yo = Ya; UVas-

Definition 2.2. Given A € TUII, we say that (see Figs. 10 and 11)
].) AEIlf"}/l 072:6;
2) A e€llif 41 and 2 have two points of intersection,

v Nye = {c1,ca}.

In the case II we assume that the branch points a;, b; and the intersection points
c; are arranged as shown in Fig. 11. That is, if we follow the curve v; starting at
a; (j =1,2) then we first meet ¢; and then c,.

In what follows here we shall concentrate on the geometric case II, regarding the
case I as a degeneration of it (see the details in [18]).
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az 72 a2
C1
A’/Q 7{1
Yo
C2
» “ b2 b2
Figure 10. Global trajecto- Figure 11. Global trajecto-
ries, case . ries, case II.

2.2.3. Riemann surface for the case II. Definition of the global branches for the
algebraic functions h and ®. In the case IT we have 71 Ny2 = {c¢1,c2}. We assume
that the points aj, b;, and c¢; are arranged as shown in Fig. 11. We use 7, ¢, to
denote the part of the arc v; between a; and c;, and similarly for 4y, .,. Then in
the case II we let

~ i E, = "2 \ 527
A=Y e; UV, cos =1,2, ~ 2.19
J Yaj,er Y Vbjeas J {E2 =1\ AL ( )
The arcs E7 and Fs form the boundary of a lens-shaped domain G:

Note that the real-analytic curve 7, has to pass through the points c1, co and that
it divides the domain G into two parts (otherwise it would contradict the maximum
principle for harmonic functions). Let

A1 =7 NG. (2.21)
Finally, we define
Aji=AjUAs, Ag:=ATUAy=AjUA 5 UA,. (2.22)
Definition 2.3. For a set of points A € II the corresponding Riemann surface
R(A) :=Ro UR; UNRy
is formed by gluing the sheets

{ml :=C\ (A, U Ey),

Ry :=C\ (A UE) =C\ 7 (2.23)

of the cut complex plane to the sheet
Ro:=C\ Ag=C\ (A UAy),
and then gluing the sheets 2 and Ry together along F; (see Fig. 12).



Hermite-Padé approximations 1161

mo al lb?fj/’—ll as
/‘

] O— C1
Ry

e ® (10

Ro <
b,

Figure 12. Riemann surface for case II.

Remark 2.1. 1. The so-defined structure of sheets of a Riemann surface possesses
a certain non-symmetry with respect to the pairs {a1, b1} and {aq,bs}. We can also
consider a dual structure of sheets for fR:

Ro := C\ Ay, Ry :=C\ (Ay U Ey), R :=C\ .

2. Although all three sheets are glued together at the points ¢; and cs, it can
easily be checked that these are not branch points of fR.

3. Note that the sheet R; is a disconnected set (see (2.23)). It consists of two
components: the domain G; bounded by E; and A o,

0G1 = F1 U A1$27

and the domain C \ (G U Aq).

The structure of the sheets (2.23) gives the global branches of the functions h
and ®:

ho, @9 € H(C\ Ay),
hi,® € H(C\ (A, UGY)) UH(Gy), (2.24)
ha, ®; € H(C\ (A U EY)).
More precisely, in the domains
C\Ap, C\(AUG), C\(A;UEY
the branches
(ho,®0), (h1,®1), (h2,®2)

are respectively the result of analytic continuation of (2.3) and (2.10) from the point
at infinity, and the branch (hy, ®1) in G is the result of analytic continuation of
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(ho, ®o) across Aq o or of (hg, ®2) across Ej. The three branches ®;, j = 0,1, 2,
also determine a number of regions in the complex plane:

Qjre = {2z €C:[0;(2)] < |Pi(2)] < |Pe(2)]}, g k0 =0,1,2. (2.25)

We also define the sets
Qe ={z€C:[9(2)] < |Pr(2)]}, 4, k=0,1,2. (2.26)
Using the continuity of the global branches of ® along 71, 2, and 7, and using

the maximum principle, we obtain a partition of C by I' into the domains §2; 1 ¢, as
shown in Fig. 13.

ay

Qo.1,2

Ya

by

Figure 13. Partition of C by I' into regions €2; .. The case II.

Proposition 2.2. If A € II then the contour T' defined in (2.11), (2.12) has the
following structure:

I' = F071 @] F072 U F1,2a
Lo == {21 [@o(2)] = [P1(2)[} = Au,

Loz = {21 [®o(2)| = [@2(2)]} = A,
[ioi={z: [@1(2)] = [P2(2)|} = By U E2 U (7a \ A1),

and for the domains Q; ¢ (see Fig. 13),

{890,172 = Yo U &1 U F1 U FEs, (2 27)

021 = (Ya \A1,2) U 82 U FEs.

See the proof of Proposition 2.2 and the proof of the following Theorem 2.1
n [18].
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Theorem 2.1. Let A € 1I.
1) The jump of hy on Ag produces a positive measure A of total mass 2,

1

5= (ho(§) = ho—(§)) d§ = dX(), €€ Ao,

and \ has two component measures A1 and Xg supported on A1 and 82,

\ A1 oon Aq,
N Ao on 32,

and with densities

 €) Lo mfe)
ety VT Ve aew

mi € H(Al) M H(Alyg), mo € H(zg)

A(E) =

2) The jump of h1 on Ey produces a positive measure i1,

1
o (h14(8) — h1—(§)) d€ =: dp1(£), £ € E,
and py € H(E).
3) The total masses of these measures are connected by the relations

M+ el =2, M| = || =1

Thus, the Riemann surface for the case II produces a system of three positive
measures

supp A1 = Ay, ~
- =8 A+ Pl =2,
{2, 1}, supp A2 = Ag, Al + Aol
_ Al =[] = 1.
supp u1 = En,

If we consider the dual Riemann surface (see Remark 2.1, item 1), then we arrive
at a dual system of three positive measures

supp A2 = Ay, ~
~ - ~ ol 4+ || = 2,
{Xa2, A1, pats supp A1 = A, el + Al (2.28)
B [Aa| = |p2| =1,
supp pz = Eo,

and we have ~ N
A+ X=X+ A = A

2.3. Weak asymptotics, convergence, vector potential equilibrium prob-
lems. In this subsection we formulate corollaries from the strong asymptotics of
the Hermite-Padé polynomials, obtained in [18] and relating to the weak asymp-
totics of the poles of the Hermite-Padé approximants and their convergence.
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2.3.1. Weak convergence. We start with the weak limit of the counting measures
vp, that assign equal mass 1/(2n) to the poles of the Hermite-Padé approximants.
Again we concentrate on the geometric case II. The results relating to the case I can
be regarded as a degeneration of the stated results. The details and other geometric
configurations can be found in [18].

Theorem 2.2. Suppose that A corresponds to the case 11. Then the poles of the
Hermite-Padé approzimants (0.2)—-(0.4) for the functions in (2.4) have a weak limit

| >

, n — o0, (2.29)

E3
vp, —

where the limit measure X is defined in Theorem 2.1.
We now state a result about the finite zeros of the functions of the second kind

in (0.4). These zeros represent extra interpolation points. We use the notation
Vp() for the counting measures with equal mass 1/n at the finite zeros of R%J ).

Theorem 2.3. Consider R for the functions (2.4). For A € 11
VRsLJ') _*) Hjs ] = ]-7 23 (230)

where the limit measures py and po are defined in Theorem 2.1 and in (2.28).

The next theorem describes the nth-root asymptotics of the error term

) )
PR ) S B

and the convergence of the Hermite-Padé approximants (0.2)—(0.4).

Theorem 2.4. Consider the Hermite—Padé approximants for the functions (2.4).
If A €11, then (uniformly on compact subsets of the indicated sets)

dy _

—| on (C\ Ax)\ G,
d _ D
|f1—7r£3“/“’0 on C\(AWUEY), |fo—a@Mm o 2
(pl q)O

on G \ ALQ,

1
and therefore
79 — f; on T\ A, j=12

We recall that the definition of the branches of the algebraic function ® and the
domains of divergence 2;, j = 1,2, of the Hermite-Padé approximants are given
in (2.26), (2.7), and (2.24).
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2.3.2. Vector equilibrium problem. In concluding this section we state a universal
vector equilibrium problem for the logarithmic potentials of the measures A =
A1+ A2, p1, p2. These measures were introduced in Theorem 2.1 for the description
of the weak limits of the poles and of the extra interpolation points.

Theorem 2.5. Let f1 and fo be the functions in (2.4) and let A € TUIL. Then the
following statements hold.
I. a) There exist piecewise analytic arcs A1 and Ay off which fi1 and fo are

holomorphic, B
fi€e HC\Ay),  j=12

and a piecewise analytic contour E bounding a domain containing their intersection

A172 =A1N Ay (ALQ =g=FE= @)

b) There exists a triple of measures (A1, Ay, 1) with supports (here S(u) :=
supp /1)

SM)C Ay, SO)CAyi=Ay\Ars,  S(um)CE

and with total masses satisfying

M|+ Xe| =2,
|)\1| - |M1| =1

¢) The triple of measures ()q,Xg,,tLl) satisfies the following equilibrium relations
with some constants k1 and Ka:

U, = VM 4 VX2 —_ym =K1 on S(A\1),
> K1 on Ay,

Up = VN 42V 4 Vi {: Rz on S(2), (2.31)
> Ko on Ag,

Uy = VM 4 e oym = P2 =k on Shin),
>kKe—K1 on E.

——

d) The supports of the measures (A1, Xg, w1) satisfy the following symmetry rela-
tions:

oU, o,
% = on_ on S(}\l),

oU,  dU, ~

% = on_ on S()\Q), (232)
oUs  OUs

an_‘r - on_ on S(/J’l)v

where 8/0ny denote the normal derivatives on the corresponding contours.

II. There is also a dual problem for the triple (Ao, Xl, o) which is obtained from
the problem 1.a)-1.d) by interchanging the indices 1 and 2.
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II1. The equilibrium measures ()\1,X2, 1) and ()\g,xl, o) are related as follows:

A=A +do=Xd—+A, SO\ CAy:=A;UA,,
poi=pa + pe, S(p1) U S(u2) = E,
V‘u|E = VA1’2|E, )\172 = )\|A1,2'

IV. The measure \/2 is the weak limit (2.29) of the poles of the Hermite—Padé
approximants of the functions fi and fo, and the measures p1 and pe are the weak
limits (2.30) of the extra interpolation points.

The proof of Theorem 2.5 (including generalizations for other geometric config-
urations) is given in [18].
In the case I we have A; » = & and therefore £ = &,

Ajigj, Aj:/\j’ ,uj:(), S()\j):A]‘, j:1,2,

and in the systems of equilibrium and symmetry relations (2.31)—(2.32) only the
first two relations are needed, which are the equilibrium relations for an Angelesco
system (1.6) in the complex plane. In the case II the contours for the equilibrium
problems are defined in (2.19)-(2.22). In this case (see Theorem 2.1) there are
no degeneracies of the components in the equilibrium problem (2.31) and the dual
problem.

The equilibrium relations (1.54) coincide with the equilibrium relations (1.54)—
(1.56) from the previous section. This shows their universal character.

Chapter 2

Multiple orthogonal polynomial ensembles

3. Definitions, determinantal formulae

3.1. Orthogonal polynomial ensembles. The polynomials characterized by
the multiple orthogonality conditions (1.5) appear in a natural way in certain mod-
els of random matrices and non-intersecting paths. This was first observed in [9]
for the Hermitian random matrix model with an external source.

The connection between orthogonal polynomials and random matrix theory is
much older. It was developed by Mehta and Gaudin first for Gaussian ensembles
[43] and then extended to more general invariant ensembles (see [44]-[51]). Here
the setup is the following. On the space of n x n Hermitian matrices M one defines
a probability measure of the form

1 ,
= e~ VM) qprp, (3.1)

where V': R — R U {oo} is a function such that

V(z)

lim ———— = 400,
o= Tog(1 + [2])
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for example, a polynomial of even degree with positive leading coefficient,

n n—1 n
dk[ledMﬁIlILdReMﬁdhnN@
1= =1 5=

is the Lebesgue measure on the set of algebraically independent entries of M, and
7, = /efﬂWM) M

is a normalization constant making (3.1) a probability measure. The joint probabil-
ity density for the eigenvalues x1, . .., x, of the matrix M taken randomly according
to (3.1) is equal to

1 .
Py, an) = — [[(@5 —z)* [ eV, (3.2)
i<y j=1

where Z,, is another normalization constant (see [44], [45]).
Let (pr)72, be the sequence of orthogonal polynomials with weight e V(@) on
the real line and let

Knl,y) = Ve V@ V@ 3 pe(e)pely) (33)
k=0

be the reproducing kernel (also known as the orthogonal polynomial kernel, or the
Christoffel-Darboux kernel). Then (3.2) can be rewritten as a determinant

1 n
P(1,...,2n) = = det [ K, (z;, mj)]m,:l (3.4)
and for each k = 1,...,n the k-point correlation function
n!
P(x1, ..., xp) dTpsy - day (3.5)

R(xy,...,25) = ——

(1 ) (n— k) Jon-s
(which is, up to a constant factor, also equal to the marginal density) is the k x k
determinant

R(zy,...,x1) = det [ Ky (24, 2;)] (3.6)

ij=1,k

with the same kernel (3.3). The formula (3.6) is characteristic of a determinantal
point process with correlation kernel K, .

Another connection of the unitary ensemble (3.1) with orthogonal polynomials
is that the average characteristic polynomial

P, (z) = E[det(zI — M)]
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is equal to the monic orthogonal polynomial of degree n:

/ Pn(x)xke_"v(’”) dx =0, k=0,1,....,.n—1,
so that p,(x) = v, Py (z) with 7, the leading coeflicient of the orthonormal poly-
nomial p,. See [52], [49], [53], [54] for more information on unitary ensembles and
other models from random matrix theory.

3.2. Multiple orthogonal polynomial ensembles. A multiple orthogonal
polynomial (MOP) ensemble is a generalization of the probability density func-
tion (3.2). We note that (3.2) is a product of two determinants. Indeed, by the
familiar formula for the Vandermonde determinant we have

H("Tj — ;) = det [xj‘il]i,jzl,...,n'

i<j
Putting w(z) = e~V (*) we can then write the OP ensemble (3.2) as

1 i— i—
zZ. det [:vj 1} ig=1...mn det l:xj 1“’(%‘)] iyj=1,eym’

Definition 3.1 [55]. A multiple orthogonal polynomial ensemble is a probability
density function on R™ of the form

1 i—1

P(x1,...,op) = Z det [sc; ]i,jzl _____ ,, det [‘pi(mi)]z‘,j:l,...,n’ (3.8)

for certain functions ¢1, ..., ¢, : R — R whose linear span is equal to
span{kaj(x)|k:0,...,nj71, jzl,...,p}, (3.9)
for p functions wy,...,w,: R — R and positive integers ny,...,n, with n = ny +
---+n,. We say that the MOP ensemble (3.8) is generated by the weight functions

wi, ..., wp, and the multi-index @ = (nq,...,np).

The weight functions ws,...,w, and multi-index @ = (ni,...,n,) generate

a MOP ensemble if and only if

det [xé-_l] i=1.m det [cpi(xj)}i,jzl,...,n >0 for every choice of (z1,...,z,) € R",

’

or

det[xé-fl]mzl,wn det [(pi(xj)]i,jzl _____ ,, <0 for every choice of (1,...,2,) € R™,

and in addition
Z,, = / det [a:;:_l]i’j:l’wn det [@i(xj)]i,jzl,“.,n dxy ---dr, € R\ {0}. (3.10)

By the continuum version of the Cauchy—Binet theorem (see, for example, [56]), we
get from (3.9) that

Zy = det[/n 7o (2) dx] : (3.11)

ij=1,...n
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By using elementary column operations on the determinant we can replace the
functions ¢; in (3.11) by the functions in (3.9). Then the expression (3.11) for Z,
turns into a block Hankel determinant

Zn = Cp det [Hl Hp]

with p rectangular blocks, where

H; = [/ 22, (x) da

—00 i=1,...,n, k=1,...,n;

is of size n x n; and contains moments of the weight w;.

Any probability density function of the form (3.8) can be regarded as a multiple
orthogonal polynomial ensemble, simply by taking p = n, w; = ¢;, and n; =1
for 5 = 1,...,n. However, the main interest in this situation is when p is small
compared to n.

3.3. Determinantal point process. A multiple orthogonal polynomial ensem-
ble is a determinantal point process. That is, there is a kernel K, such that (3.8)
can be written as

1
P(x1,...,Tn) = ] det [ Ky (2, xj)]i,jzl,‘..,n’ (3.12)
and for every k=1,...,n,
n!
R(.’L‘l, ce ,J,‘k,) = m - t@(l‘l, ce ,xn) d$k+1 e dxn
= det [Kn(xz,xj)} ij=1,.. k" (313)

Thus, the formulae (3.4)—(3.6) continue to hold for the MOP ensemble (3.8). The
kernel can be written as a double sum

Kn(z,y) =Y >[4, 2 o), (3.14)

i=1 j=1

where [A;l]ji denotes the (j,4)th entry of the inverse of the matrix

A, = [/xi_lgaj(x) da:]
iG=1l,m

(see also [57], [58]). Note that Z, = n!det A, by (3.11). Since Z, # 0, the
matrix 4, is invertible, and the kernel (3.14) is well defined.

The formulae (3.12)—(3.14) are special cases of more general formulae for biortho-
gonal ensembles [57], where instead of (3.8) one has a probability density function
that is a product of two general determinants

1
7 det [fi(xj)]i,jzl,...,n det [gi(z;)] ig=1,...,n" (3.15)

n

We will not go into this more general situation here.
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In the orthogonal polynomial case we can rewrite the kernel (3.3) by means of
the Christoffel-Darboux formula in terms of the orthogonal polynomials of degrees
n and n — 1 only:

Ko () = \/mﬁilljn(x)f’n-l(y) — Bua(@)Paly)
=y
This is very useful in the computation of asymptotics. Indeed, in the large-n limit
one would need only the orthogonal polynomials of large degree in order to find the
behaviour of K,, as n — oo.

There is also a Christoffel-Darboux formula for the kernel (3.14) of a MOP
ensemble. It was found first in [9] for the case p = 2 and later in [20] for p > 2.
To describe this we recall that the multiple orthogonal polynomial Py (see (1.5)) is
a monic polynomial of degree n = |fi| = nq + --- + n, and is characterized by the
conditions

/ Pi(z)z*wi(z)de =0, k=0,....,n;—1, j=1,...,p. (3.16)

— 00

In the context of a MOP ensemble (3.8), Py is uniquely determined, and can be
expressed as the ‘average characteristic polynomial’

n
Ps(z) = E[H(z—xj)} (3.17)
j=1
with respect to the ensemble (3.8). Thus,

Pi(2) = Zin /]R H(z —xj) H(xj —z;)det [‘pi(miﬂi,j:l,...,n dxy -+ -dxy,, (3.18)

n j=1 i<j

which is an n-fold integral representation of Pg.

The polynomials Py are also called multiple orthogonal polynomials of type II.
There is a dual notion of multiple orthogonal polynomials of type I. The MOPs of
type I are polynomials Az ; for j =1,...,p, where

deg Az ; <n; —1, (3.19)

such that the function (linear form)

Qn(z) = An j(2)w;(x) (3.20)

j=1

satisfies the orthogonality conditions

0 fork=0,...,]7]—2
k ) ) )
i(r)dr = 3.21
/x Qale) d {1 for k = |ii| — 1. (3:21)

Again, in the situation of a MOP ensemble (3.8) the MOPs of type I and the form
(3.20) are uniquely determined. In addition, Q7 satisfies the equality

Z%dz:E{ﬁ(z—%)l}, 2 €C\R,
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which means that the Cauchy transform of @5 is the average of the reciprocal of
the characteristic polynomial of a random point set x1,...,z, from the ensemble
(3.8) (see also [59] and [15]).

The polynomial P; and the linear forms Q)5 appear in the Christoffel-Darboux
formula for the correlation kernel (3.14), together with the analogous objects with
neighbouring multi-indices @ + €; (j = 1,...,p), where & = (J; j)i=1,..p is the
p-dimensional vector with 1 at the jth position and 0 elsewhere. We assume that
all these multi-indices are normal, so that the polynomials and linear forms exist.
We also write

hi ;= /Pﬁ(x)x”fwj(x) dz, ji=1,...,p, (3.22)
which will be non-zero under our assumptions.

Theorem 3.1 [20], [60]. Assume that the multi-indices 7i and 7l + €; are normal.
Then the correlation kernel (3.14) of a MOP ensemble generated by p weights
wi, ..., wp and multi-index @ = (n1,...,np) can be written as

P
(z = y)Kn(,y) = )= P (@)Qur () (323)
j=1 €

For p = 1 the formula (3.23) reduces to the Christoffel-Darboux formula for
orthogonal polynomials. For an extension to multiple orthogonal polynomials of
mixed type, see [61], [62], and [15].

Before giving the proof of (3.23) we first discuss the Riemann—Hilbert problem
for multiple orthogonal polynomials, which also gives a natural reformulation of
(3.23).

3.4. Riemann—Hilbert problem. The Riemann—Hilbert problem for orthogo-
nal polynomials was first formulated by Fokas, Its, and Kitaev [63]. Its extension
to multiple orthogonal polynomials is due to Van Assche, Geronimo, and Kuijlaars
[19].

We assume that the weight functions wy,...,w, are sufficiently smooth (for
example, C'-smoothness will do) and that a multi-index 7 = (nq,...,n,) is given.
Then the Riemann—Hilbert problem asks for a (p + 1) x (p + 1) matrix-valued
function

Y- C\R_)CP*H (p+1)

satisfying the following conditions:
(i) Y is analytic in C\ R;
(ii) Y(2) has limit values Y () and Y_(z) as z — 2 € R from the upper and
lower half-planes, respectively, and these limit values satisfy the equality

L owi(z) walz) - wp(z)
0 1 0 0
Yi(z)=Y_(x) |V 0 1 0 , z € R;

o
o
—_
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(iii) as z — oo, we have

z" 0 0 0

0 z=m 0 0
Y(2)= (I +0O(E"1H) [0 0 ™ 0

0 0 0 7

The Riemann—Hilbert problem has a unique solution if and only if the MOP Py
of degree n = |ii| satisfying (3.16) is uniquely determined. If the MOPs P;_¢; also
exist, then the unique solution of the Riemann-Hilbert problem is given by

1 [ Ps(z)wy(z)
P S\ Tp)
n( ) 2m/ x—z du
_ 2 - (2) /Pn & (@)wp(z)
n—eip
Y(z) = hii— 1 hii— rT—z . (3.24)
2mi L P
_hi Pig(s) - = / p(f)“’p(x) dw
—Ep,p —€p,p x z

It is easy to see that the inverse transpose matrix

satisfies the following Riemann-Hilbert problem:
(i) X is analytic in C\ R;
(ii) X has limit values X (z) and X_(z) for = € R that satisfy the equality

1 0 0 0
—wi(z) 1 0 0
Xo(@)=X_(z) | ~w2(@) O 1 - 0)  geRr
—wp(z) 0 O 1
(iii) as z — oo we have

z7" 0 0 0
0 =" 0 0
X(2) = (L +0G) | O ;
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The unique solution of this Riemann—Hilbert problem involves MOPs of type I
and appears as follows:

Cji(i) d 2miAna(z) - 2mi Az 5 (2)
fite (&
5 Qz%g(c)dx hiiArrea(z) - haiAaie p(2)
X(z)=| ha fire, (T 3.25
(2) 277712 Qz%i)dx hioAnre, 1(2) - hiaoAnre, p(2) (3.25)
Qitv, (2)
omi po—— dr  hg An-i-ep, (2) -+ ha An-l-ep,p( z)
Comparing (3.23), (3.24), and (3.25), we then see that
12
j=1
1
1 . 0
=5 0 wily) -~ w@) Y WYa(x)| . |, (326)
0

which is a convenient way to rewrite the Christoffel-Darboux kernel (3.23).

3.5. Proof of Theorem 3.1. We prove Theorem 3.1 in the form (3.26). The
proof we give is modelled after the proof in [62].

The kernel K, in (3.14) is the kernel of a (non-orthogonal) projection operator
onto a space of polynomials. That is, if we also use the same K,, to denote the

operator
/ K (2, 9)9(y) dy,

then K,g = g for polynomials g of degree < n — 1. The kernel (null-space) of the
operator K, consists of all g such that [ ¢;(x)g(z)dz =0 for every j =1,...,n.

The proof reduces to establishing the same facts for the operator defined by the
right-hand side of (3.26). Thus, if L, (z,y) denotes the right-hand side of (3.26)
and

(Lng)(x) = / Lo, 1)9(y) dy.

then we prove that
(a) L,g =g if g is a polynomial of degree < n — 1,
(b) Lng = 0if g is such that

[ est@ta)daz =0

for every j =1,...,n.
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Proof. (a) If g is a polynomial of degree < n — 1, then by (3.26) 1
_ olz 0
(Lng)(x) = <217m / g(yg)c_z() (0 wy(y) - wp(y)) Y_:l(y) dy> Y, (z) :
1 0
T 1 0
2D [0 w) o ww) I eve | |
0
(3.27)

Since Y1 = X! we have by (3.25) that the entries of Y ~! in rows 2 up to p are
multiple orthogonal polynomials of type I. The entries in the row vector

(0 wily) - wp(y) Y (w)
are linear forms as in (3.20), since
2miQa(y), k=1,

hik-1Qite, ,(y), k=2,...,p+1
(3.28)

(0 wi(y) - wp(y))Yil(y)]k{

9(y) — g(x)

x
first term on the right-hand sideyof (3.27) is then 0 because of (3.28) and the type-I
multiple orthogonality conditions (3.21).

What remains is the second term on the right-hand side of (3.27), for which we
get from (3.28) and (3.25) that

For each x we get that is a polynomial in y of degree < n — 2. The

p+1

(Log)(@) = g(2) / (Qﬁ@ml(x) I i R <x>) i
k=2

ZXk1+ Wi () = g(x),

where the last equality follows because X = Y ~t. This proves part (a).
(b) If g is such that [ ¢;(y)g(y) dy = 0 for every j =1,...,n, then

1
1) — V(g 0
L)@ = (g [ 900 0wl - w) =y Yy |
1 0
0
o [0 0 i) )Y @Y | |2
0
(3.29)

where the second term on the right-hand side clearly vanishes. Since X = Y ¢,
we see from (3.24) and (3.19) that for £ = 1,...,p the entries in row k + 1 of
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Yy - Yy (@)
r—=y
row vector

are polynomials in y of degrees < ng — 1. Thus, all entries in the

w ey Y ) Y (@)
(0 wi(y) (1Y) pr—

are in the linear span of the functions (3.9), which by the definition of a MOP ensem-
ble is equal to the linear span of the functions ¢1, ..., ¢,. Since [ ¢;(y)g(y)dy =0
for every j =1,...,n, we then find that L, g = 0, which proves part (b).

4. Random matrix model with an external source

The Hermitian random matrix model with an external source is a generaliza-
tion of the unitary random matrix model (3.1) in which the unitary invariance is
discarded. This model was introduced and first analyzed in the physics papers
[64]- [66]. Let us consider a potential V' of the form (3.1) and a fixed n x n Her-
mitian matrix A. Then the random matrix model with an external source is given
by the probability measure

Zief T (V(M)-AM) gar (4.1)

on the space of n x n Hermitian matrices M. Because of the unitary invariance
of dM and of the trace, the measure (4.1) depends only on the eigenvalues of the
external source A, and we can assume without loss of generality that A is a diagonal
matrix, say

A = diag(ay, ..., an),
with a; e Rfori=1,...,n.

4.1. External source model as a MOP ensemble. A spectral decomposition
of the Hermitian matrix M (see [9])

M=UXU1, X = diag(z1,...,2n),

where U is unitary and z1,...,x, are the eigenvalues of M, can be viewed as
a change of variables. The Jacobian of this change of variables is proportional
to [[;5i(z; — 7;)?, which means that (4.1) gives rise to the following probability
density function on the eigenvalues of M (after averaging over the eigenvectors):

1 _
= 1_[(307 —x;)? H e~V @) / AUXUT g, (4.2)
Zn Jj>i Jj=1 Un)

where dU is the Haar measure on the unitary group U(n). The integral in (4.2)
can be evaluated explicitly using the Harish Chandra/Itzkyson—Zuber formula [67]

n-l det [e®i®s] .
AUXU™?! . i,j=1,...,n
e dU = ( j!) ) (4.3)
/U(n) jl;[o Hj>i(aj - a;) Hj>i(:cj — )

which is valid in case all the a; and all the x; are mutually distinct. In case some of
the a; (or some of the ;) coincide, one should take an appropriate limit of (4.3).
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Inserting (4.3) into (4.2), one finds a probability density function
1 n

m H(J}J — .’L‘i) det [eamj]i,jzl,...,n H e—V(mj) (4.4)

7>t j=1

Q(xl,...,xn):

with a new constant

Z,(@) = 2([13') [Tt — @)

J>i

that depends on the eigenvalues a; of the external source. Note that (4.4) is of the
form (3.8) with the functions o;(z) = e~(V(#)=@i#) Tt is valid when all the a; are
mutually distinct.

Now suppose that not all the a; are distinct, and in fact suppose that a;,...,ap,
are the mutually distinct eigenvalues of A and that a; appears with multiplicity
n; as an eigenvalue of A. Then by taking the confluent limit of (4.4) we arrive at
a multiple orthogonal polynomial ensemble (3.8) generated by the p weight functions

wji(z) = e~ (Vz)=a;o) ji=1,...,p, (4.5)

and the multi-index (nq,...,n,).

4.2. Large-n asymptotics. To understand the large-n asymptotics of the ran-
dom matrix model with an external source (4.1), it is important to first recall the
large-n asymptotics of the standard random matrix model (3.1) (without an exter-
nal source). For interesting large-n behaviour it is appropriate to replace V by
nV, which creates an asymptotic balance between the repulsion of the eigenvalues
and the confining potential. Then the orthogonal polynomials appearing in the
correlation kernel (3.3) become dependent on n. We write py, ,, for the orthonormal
polynomial of degree k with respect to the weight e~V (*). The correlation kernel
(3.3) is then

n—1
Kn(z,y) = Ve V@e VW) N " pr o (@) prn (y). (4.6)
k=0

The large-n limit can now be considered in the global (macroscopic) or local
(microscopic) regimes. The global regime deals with the limit of the global eigen-
value distribution. The mean density of the eigenvalues is

1
pn(z) = — Ky (2, 2),
n
and the limit of p,(z) as n — oo is of interest. The limit indeed exists, and the
limit density is characterized by the classical equilibrium problem from logarithmic
potential theory with external fields [68]: minimize

[0 dut@ dnto) + [ V() duto) (4.7)

lz -yl
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over all probability measures g on R. There is a unique minimizer p* which has
a density with respect to Lebesgue measure (provided that V is a C2-function),
and ) g

lim — K, (z,2) = p(x) := a

n—oo 1 dr

(4.8)

The local regime deals with the behaviour of eigenvalues on a small scale where
one can distinguish the individual eigenvalues. A main characteristic of random
matrices is the universality of the asymptotic behaviour of the eigenvalues in the
large-n limit. That is, it does not depend on the potential V. In terms of the cor-
relation kernel (4.5) this universality is expressed by the limit

lim

. x . Y _ sin m(x —y)
iy o (20 2y %0 ) (*9)

m(r—y) ’

which holds for every xo such that p(xg) > 0. The right-hand side of (4.9) is known
as the sine kernel (see, for instance, [45] and [49]).

At edge points of the support of p* one has a limit that is different from (4.9).
We consider a typical case when z is a right endpoint and the density p of u* goes
to zero like a square root, that is,

c

plx) = - (2o — x)1/2(1 +0o(1)) as z — w,

where ¢ > 0. In this case

)

. x y Ai(z) Al () — AT (x) Ai(y)
nlLH;o (en)2/ K, (xo + (n)? 73 o + (cn)2/3) = r—y
(4.10)
where Ai is the Airy function, which is the unique solution of the Airy differential
equation y”(x) = zy(z) that behaves like

2,.3/2

Ai(x) 3T (14 0@@™?)  as @ — 4o

1
=—7¢€
27 xi/4

Our aim is to extend the above results to a random matrix model with an external
source and to more general multiple orthogonal polynomial ensembles. Here one
takes p > 2 fixed and weights wy, ..., w, that may vary with n. For each n one has
a multi-index @ = (n1,...,n,) with n = ||, and as n — oo one typically assumes

the existence of the limits n
lim = =r;. (4.11)
n

Then, depending on the situation, one would like to express the global regime (4.8)
in terms of a measure p* supplying a minimum in some equilibrium problem such
as (4.7). In the local regime one would like to recover the sine kernel (4.9) and
the Airy kernel (4.10) as local scaling limits of the correlation kernel at typical
points xg. At special points one would like to identify new kinds of asymptotic
behaviour that can be expressed in terms of various limit kernels.

The results in this direction are by no means definitive. In the rest of this
section we report on some progress for the random matrix model with an exter-
nal source, and in the remaining sections we present results on other models that
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give rise to multiple orthogonal polynomials. A main tool for obtaining the asymp-
totics is the Deift/Zhou steepest-descent method for Riemann—Hilbert problems
as applied to the Riemann—Hilbert problem for multiple orthogonal polynomials.
The Riemann—Hilbert problem is posed for matrices of size 3 x 3 or larger, which
leads to a number of interesting new features in the asymptotic analysis when com-
pared to the problem for 2 x 2 Riemann-Hilbert problems. However, we will not
discuss this any further in the present paper.

4.3. Gaussian model with an external source. In order to observe interesting
large-n asymptotic behaviour in the random matrix model with an external source,
we replace V by nV and A by nA in (4.1), that is, we consider the model

ZL e Tr(VIM)=AM) gpr. (4.12)

The Gaussian case V (z) = 22/2 corresponds to the weights

w](x) :ein(%l,Ziajz), -j = 17"'7p7 (4'13)
which are Gaussian weights centered at a;. The MOPs for these weights are known
as multiple Hermite polynomials, and they have many special properties, such as
explicit differential equations and recurrence coefficients [69]. The Gaussian case
with a very special external source

A:diag(a,...,m—a,...,—a), (4.14)
—_— —
n/2 n/2

where a > 0 is a fixed parameter and n is even, was analyzed in the three papers
[21], [11], [22]. Let K, (x,y; a) denote the correlation kernel for the eigenvalues of the
MOP ensemble corresponding to the random matrix model (4.12) with V (x) = 22 /2
and the external source (4.14).

The global regime is governed by the algebraic equation (Pastur equation [70])

€ — 224+ (1-ad®)E+a’2=0, (4.15)

which gives an algebraic function £(z) defined on a three-sheeted Riemann surface.
The branch points of (4.15) are £z;(a) and +2z5(a), where

(8a* + 2002 — 1 + (8a2 4 1)3/2) "/
z1(a) = ,
24v/2a
()= Bal+ N —1- @2+ 1)3/2)1/2
zZ2la) =
2 2\/5@

The branch point z;(a) is always real and positive. For a > 1 the branch point
z9(a) is also real and positive, with 0 < 29(a) < z1(a). For a = 1 we have z3(a) = 0,
and zo(a) is purely imaginary for 0 < a < 1. The structure of the sheets of the
Riemann surface is shown in Fig. 14 for the three casesa > 1,a=1,and 0 < a < 1.
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& 3 13
63 63 53

Figure 14. The structure of the Riemann surface for the equation (4.15)
for the values a > 1 (left), @ = 1 (middle), and a < 1 (right). In all cases
the eigenvalues of M accumulate on the interval(s) of the first sheet with
a density given by (4.16).

There is a solution &;(z) of (4.15) satisfying the condition
1
&1(z5a) = 2 — 2 +0(z7%) as z —

and possessing an analytic continuation to the first sheet of the Riemann surface.
The limit mean density of the eigenvalues in all cases is given by

nlLIr;o % Ky (z,x;a) = p(z;a) %Im &1,4(x;a), xz €R, (4.16)
where &1 4 (x; a) denotes the limit value of £ (z;a) as z — x € R with Imz > 0.

In the local regime one finds the sine kernel (4.9) at points zo € (—21(a), z1(a))
if 0 < a < 1, and at points zg € (—21(a), —22(a))U(22(a), 21(a)) if a > 1. The Airy
kernel limit (4.10) (appropriately modified in case of a left endpoint) is valid at the
branch points xg = +21(a) (in all cases) and at xg = £25(a) in the case a > 1.

A new phenomenon in this model is the phase transition at a = 1. In the global
regime we get by (4.16) that

plx;1) = g lz['? +O0(x) as x — 0. (4.17)

The different exponent 1/3 in the limit mean density also indicates a different local
behaviour at « = 0. This is indeed the case, and one has the following double
scaling limit [64], [71], [22] as described in the next theorem.

Theorem 4.1. For every fized b € R

1 x Y b Pe
374 Kn<n3/4 eyl 2\/ﬁ> = K"°(2,y;b), (4.18)

where KT is the Pearcey kernel

K7 (2, i b) = p(x)q" (y) — p’(ﬂﬁ)t]’(yi tg”(x)Q(y) — bp(x)aly). (4.19)
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Imz >

Rez

Figure 15. The contour X in the definition (4.20) of ¢(y).

with

1 [ , 1 .
p(x) = %[m emist st isT g g q(y) = %/Ee%t%r%t?“ty dt.  (4.20)

The contour X3 consists of the four rays argy = +n /4, £37 /4, with the orientation
shown in Fig. 15.

The functions (4.20) are known as Pearcey integrals. They are solutions of the
third-order differential equations

P (x) = xp(x) +0p'(x),  ¢"(v) = —ya(y) +bq (), (4.21)

respectively. Brézin and Hikami [64] also gave the double-integral representation

1 ieo 1 b 1 b ds dt
KP(z,y;b) = —— st o S ys+ = Pt 4.22
(z,y;b) )2 /2/—100 exp{ 15 +23 ys+4 > +z ; (4.22)

for the Pearcey kernel (4.19).

4.4. Non-Gaussian model with an external source. A steepest-descent anal-
ysis in the Gaussian random matrix model with an external source was carried out
in [21], [11], [22] on the basis of the algebraic equation (4.15). In the case of
a higher-degree polynomial potential V in (4.12) and an external source (4.14) one
still expects the existence of a third-order algebraic equation (spectral curve) that
could be used in the asymptotic analysis. The corresponding Riemann surface could
be of higher genus, and it seems to be very difficult to write it explicitly in general.
See [72], however, for the quartic model V(z) = x%/4 and sufficiently large a.

An alternative approach was developed in [14] (see also [12] and [13]), where
the algebraic equation follows indirectly from a vector equilibrium problem for two
measures. This approach works for the case of a random matrix model with an
external source (4.12) when the potential is an even polynomial

d
V(z) = Zvjx%, vg > 0, (4.23)
j=1
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and the external source has the form (4.14) with @ > 0. The vector equilibrium
problem in [14] requires minimizing the following energy functional, which is a gen-
eralization of (4.7):

/ / log —— dul ) dpa (y / / log T—— duz( ) dp2(y)
/ / log = dis () dpaly) + / (V(2) - alel) dpus (o). (4.24)

The energy functional (4.24) involves two measures p; and peo, and it is assumed
that

(a) w1 and pg have finite logarithmic energy,

(b) w1 is a measure on R with total mass 1,

(¢) po is a measure on iR with total mass 1/2 and satisfies the constraint

po < o, (4.25)
where ¢ is the mesure on ‘R with constant density

do a
— = — R. 4.26
i z€i (4.26)

A notable feature is the appearance of an upper constraint o on the measure po
(see (4.25)), while an external field V(x) — a|x| acts on pi. Equilibrium problems
with an upper constraint first appeared in the context of orthogonal polynomi-
als with discrete orthogonality (see [73]-[75]). The interaction between pq and s
in (4.24) is of Nikishin type [34]. A vector potential equilibrium problem for three
measures equivalent to (4.24)—(4.26) was considered in [12] and [13]. It is analogous
to the equilibrium problems in §§1 and 2 (with the same interaction matrix and
the same relations for the total masses of the measures, but with the addition of
external fields determined by the external source potential V(z) = x?/4 — tz?/2).

Theorem 4.2. The above energy functional has a unique minimizer (pf, us) among
all vectors of measures (u1, ua2) satisfying the above conditions (a), (b), (¢). The
minimizer has the following properties.

(i) The support of ui is bounded and is a finite union of closed intervals,

N

S(u7) = Ulag, byl (4.27)

j=1

(ii) The support of ps is the full imaginary azis and there exists a ¢ = 0 such
that
S(o — ps) = (—ioco, —ic] U [ic, i00). (4.28)
(iil) pi has a density p with respect to Lebesque measure. In reqular cases (to be
explained below) p is the limit mean density of the eigenvalues of the random
matriz M in the external source model (4.12) as n — oo, that is,

p(x) = lim lKn(x,:n),

n—oo N

where K, is the correlation kernel for the eigenvalues in (4.12).
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The convergence in part (iii) has been proved only for regular cases, although it
is believed to be true in general.

Regularity is described in terms of variational conditions associated with the
vector equilibrium problem. There is a constant ¢ such that

VM (2) = VF2(z) — V() +alz| — ¢,  x € S(ub), (4.29)
VI (z) = VH2(z) — V(x) +alz| — €,  zeR\S(ul), (4.30)

where V# denotes the logarithmic potential of p (see (1.26)). We say that p} is
regular if the density of ;] is positive on the interior of each interval [a;, b;] in S(u})
and vanishes like a square root at each endpoint, and if there is strict inequality in
the variational condition (4.30). We say that u3 is regular if ¢ > 0 (see (4.28)), or
if ¢ = 0 and there is strict inequality in (4.25), that is,

dpz(2) _ a

The usual scaling limits for the local regime, that is, the sine kernel (4.9) at inte-
rior points xg of S(u7) and the Airy kernel (4.10) at points z¢ € {a1,b1,...,an,bn},
are also obtained as a result of the analysis in [14].

Figure 16. Riemann surface Figure 17. Riemann surface
for Case I, when S(o—pu3) = for Case II, when 0 € S(u1)N
iR. S(o — p3).

A main tool in the analysis in [14] is a three-sheeted Riemann surface constructed
from the solution of the vector equilibrium problem as follows. The supports S(u})
and S(o — pb) are used to define the three sheets

Ry =C\ S(ui),
Py = T\ (S(ui) U S(o — p3), (4.31)
M3 =C\ S(o — p3),
which are then glued together along the cuts S(uj) and S(o — p3) in the usual
crosswise manner to produce a compact Riemann surface fR. In a regular case 0

can belong to at most one of the cuts S(uf) or S(o — u3), and we can distinguish
the following three cases.
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Case I: 0¢& S(u3) and 0 € S(o — p3).
Case ITI: 0¢ S(u]) and 0 & S(o — u3).
Case III: 0 € S(uj) and 0 & S(o — pu3).
The first two cases are illustrated in Figs. 16 and 17.
In all three cases we define

f2)=v'() - [ LA, e,

z—s
dus s

&(z):j:aJr/ Hi(s) —/ MQ(S), z €Ry, *Rez>0, (4.32)
zZ—s z—s

E3(z)=$a+/d5i(i), z€NR3, E*Rez>0,

and it turns out that these functions can be continued analytically to meromorphic
functions on the full compact Riemann surface whose only pole is at infinity on the
first sheet. This is a consequence of the variational conditions associated with
the vector equilibrium problem. The three functions £; are then the three solutions
of an algebraic equation

&+ p2(2)€ + p1(2)€ + po(2) =0

with polynomial coefficients. This is how one obtains the spectral curve from the
vector equilibrium problem. In the case of the external source potential V(z) =
xt/4 — tx? /2 explicit expressions for the coefficients of the equation of the spectral
curve were obtained in [12].

The remaining part of the proof of Theorem 4.2 consists of a steepest-descent
analysis of a Riemann—Hilbert problem for multiple orthogonal polynomials analo-
gous to the problem in §3.4, in the present case of size 3 x 3:

(i) Y:C\ R — C3*3 is analytic;

1 e—n(V(:c)—aac) e—n(V(m)+ax)
(i) Yi(x)=Y_(z) | O 1 0 for x € R;
0 0 1
z" 0 0

(il) Y(z) = (Is+0(="H)[ 0 =22 0 |]asz— .
0 0 2
This analysis consists of a sequence of explicit transformations ¥ — X — T —
S — R leading to a Riemann—Hilbert problem for a function R that is normalized
at infinity (namely, R(z) = I+ O(1/z) as z — o0) and has a jump tending to the
identity matrix as n — oco. As a consequence, we get that R(z) — I uniformly with
respect to z as n — oo. The steps in the steepest-descent analysis are too involved
to reproduce here.
The transitions between the three cases represent non-regular behaviour. For
the case of a general even quartic potential
1 t
V() =~ a* — 2 2?
it is possible to describe the transitions between the cases explicitly. This gives the
phase diagram in Fig. 18, which is taken from [14] (see also [13]).
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el Case I: two intervals, genus 0
5 RN
..
-
] ..
Case III: one interval, genus 0
Case II: two intervals, genus 1
i A A A
-2 -1 0 1 2 3 4 t

Figure 18. Phase diagram for the quartic potential x*/4 — t2®/2 . The
solid curve corresponds to the Painlevé II transition. The dotted curve
corresponds to the Pearcey transition.

The transition from Case I to Case III is of the Pearcey type, which we already
encountered in the Gaussian case. It leads to a double scaling limit involving
the Pearcey kernel as in (4.18). The transition from Case III to Case II is of
a different nature. Here also a gap in the support of pj closes, but now it also
corresponds to a change in the genus of the Riemann surface. This transition
is similar to the closing (or opening) of a gap in the one-matrix model, which is
known to be described by a family of kernels involving Lax-pair solutions associated
with the Hastings—McLeod solution of the Painlevé IT equation (see [76], [77]). Also,
the transition from Case I to Case II is of Painlevé II type, although now the
opening of a gap is in the support of o — p3 on the imaginary axis. This affects
only the (non-physical) second and third sheets, and therefore does not lead to any
special critical behaviour in the local asymptotics of the eigenvalues.

5. Non-intersecting paths

FEigenvalues of random matrices can give rise to determinantal point processes
which may reduce to MOP ensembles, as we have seen. Non-intersecting path
ensembles are another major source for determinantal point processes. In very
special cases these also reduce to MOP ensembles.

5.1. Non-intersecting Brownian motions. The setup for non-intersecting path
ensembles is the following. Consider a one-dimensional diffusion process. This is
a strong Markov process on the real line with continuous sample paths. We consider
n independent copies with given starting positions a; < as < --- < a, at time ¢t = 0.
A remarkable formula of Karlin and McGregor [78] then says that the probability
density of the event of finding the paths at the positions z1,...,z, at time ¢t > 0
without any two of them having intersected in the time interval [0, ¢] is proportional
to the determinant

det [pt(ai,xj)] 1 <Xy < 00 < Ty (5.1)

i,j=1,...n’

where p;(a,x) denotes the transition probability density of the diffusion process.
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The determinant (5.1) does not itself lead to a determinantal point process.
However, this does happen if we also prescribe certain ending positions at some
later time. Indeed, if we consider n independent copies with given starting positions
a; < --- < a, and given ending positions b; < --- < b, at a time T' > 0, then the
event of finding the paths at prescribed points at a time ¢ € (0,7) without any two
of them having intersected in the time interval [0, 7] has a probability density that
is proportional to the product of two determinants:

det [pt(ai,xj)]m:l ..... ,, det [pT,t(xj,bi)LJ:l ____ . (5.2)
This is in fact a consequence of the strong Markov property.
Put otherwise, if we condition on the event that the paths do not intersect in
the full time interval [0, 7], then the probability density function for the positions
at time ¢ € (0,7T) is equal to

1
Z det [pt(aiv x])} i,j=1,....n det [pT—t(xj7 bi)]i,j:L...,n (53)

with a certain normalization constant Z,,. The expression (5.3) is invariant under
permutations of the z;, and therefore by symmetrization we can also view (5.3) as
a probability density function on the whole of R™ (with a different normalization
constant), which is what we typically prefer to do.

The probability density function (5.3) is indeed a determinantal point process,
more precisely, a biorthogonal ensemble (cf. (3.15), and see [57]). Only in excep-
tional cases does it reduce to the expression (3.8) for a MOP ensemble. The primary
example in which there is a reduction to a MOP ensemble is the case of a Brownian
motion (actually, Brownian bridges) with the transition probability density

exp{—(x;ty)Q}, t> 0. (5.4)

1
pe(z,y) = ot

In the fully confluent case when a; — 0 and b; — 0 for all ¢, the probability density
function (5.3) has a limit which can be expressed as

1 " T
7z, U @ ‘fﬂzjr_{exp{‘w—ﬂx?}

" 1gji<k<n

with a different constant Z,,. This is the same as the probability density function
(3.2) for the eigenvalues of a unitary invariant random matrix ensemble with poten-

T
tial V(z) = mm? This is the Gaussian Unitary Ensemble (GUE), up to

a scaling factor.

If we again let b; — 0 for all ¢ in (5.3) but take p different starting values
ai,...,ap with n; of the paths starting at a;, then (5.3)-(5.4) turns into a MOP
ensemble with weights

T a; .
w](aj)zexp{—wt)xQ—l—tjw}, j:177p, (55)
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L

0 0.25 0.5 0.75 1

Figure 19. Non-intersecting Brownian bridges starting at two different
values and ending at 0. At any time ¢ € (0, 1) the positions of the paths have
the same distribution as the eigenvalues of an n xn Gaussian random matrix
with an external source. The distribution is a MOP with two Gaussian
weights of the form (5.5).

and multi-index (n1,...,np). These weights are, up to a scaling factor, equal to the
weights in (4.13) arising from the Gaussian matrix model with an external source.
The conclusion is that the eigenvalues in this random matrix model can also be
viewed as the positions of n non-intersecting Brownian motions with p starting
positions and a single ending point.

See Fig. 19 for an illustration with p = 2 starting points and 7" = 1. From
the figure one sees that a limit shape is likely to appear in the large-n limit (after
appropriate rescaling of the variance of the Brownian motion). This is indeed the
case. There is a limiting heart-shaped region that contains the paths as n — oo.
For small time ¢ the paths stay in two separate groups. This corresponds to large
values of a in the external source model. At a certain critical time the two groups
come together and they continue as one group until the end. The transition at the
critical time is of the Pearcey type as discussed in Theorem 4.1 in the context of
the random matrix model with an external source.

5.2. Non-intersecting squared Bessel paths. The squared Bessel process is
another one-dimensional diffusion process which in the confluent case gives rise
to a MOP ensemble. The squared Bessel process is a Markov process on [0, 00)
depending on a parameter « > —1 and with transition probability density

1 /2
Pz y) = (L) ewrw/eng (V) x>0, y=0,
2t \ x t (5 6)

Y

Y /e >0
2o HT(a+1) ° : y=u

p{?(0,y) =
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where I, denotes the modified Bessel function of the first kind of order . Here the
probability of a transition from z to y is greater for y — x > 0 than for y — z < 0,
and for = 0 no transitions to y < 0 are allowed.

We now consider n non-intersecting squared Bessel paths with starting positions
0<a; <- < ap and ending positions 0 < b; < --- < b, at time T > 0. At any
intermediate time ¢ € (0,T) we have the probability density function (5.3) for the
positions at time ¢. This will reduce to a MOP ensemble if we let b; — 0 for all 4
(or alternatively if a; — 0 for all 7).

In the fully confluent limit where a; — a > 0 and b; — 0 for all ¢ and j, the
probability density function (5.3) takes the form of a MOP ensemble (3.8) with
weight functions

SR N VY A
)

T
w2(gg) — x(a+1)/2 eXp{Qt(T'_t)z}IoH_l< n

and multi-index (n1,n2), where n; = [n/2] and ny = |n/2] (see [79]). In the limit
as @ — 0 this further reduces to an orthogonal polynomial ensemble on [0, c0) with
a Laguerre weight.

After appropriate time rescaling

(5.7)

t— — T S

on’ 2n

the squared Bessel paths fill out a domain in the tx plane that was described
explicitly in [79]. See Fig. 20 for an illustration. There is a critical time t* such
that for ¢ < t* the paths stay away from the wall (the hard edge) at 0, while for
t > t* the smallest paths come close to the wall as n — oo.

At any time ¢ € (0,1) the paths have a limit mean distribution that is charac-
terized by the following vector equilibrium problem (see [79]), which is of a similar
nature to the one for the external source model (see (4.24)—(4.26)). The vector
equilibrium measure must minimize

// log —— d,u1 ) dpa(y // log —— d,uz( ) dp2(y)

/ / log 1 dyn o) daly) + / (t(lx_ 5 2 ) dn@) 69

among all vectors of measures (p1, p2) satisfying
(a) 1 and po have finite logarithmic energy,
(b) p1 is a measure on [0, 00) with total mass 1,
(c) po is a measure on (—oo, 0] with total mass 1/2 and satisfying the constraint

:u’2 g 07 (59)

where o is the measure on (—o0, 0] with density

dﬁ \[||1/2

dx: 7t

z < 0. (5.10)
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X T T T T

0 0.2 04 06 0.8 ¢

Figure 20. 50 non-intersecting squared Bessel paths starting at a = 1 and
ending at b = 0. The solid curves denote the boundary of the domain that
is filled by the squared Bessel paths as n — oo.

There is a unique minimizer (uf,u3), and pj corresponds to the limit mean
density of paths at time ¢. The measures p7, j = 1,2, are absolutely continuous
with respect to Lebesgue measure, with densities that can be expressed in terms of
solutions of the cubic equation (spectral curve)

2z z 1 a 1
iy @ (mase sy B)S mamE st 6

The equation (5.11) has three solutions which we choose such that

&(2) = L Vo 1 +0(z73/?), (5.12)

1 Va1 ~3/2
t(l—t)+tz1/2 2z OE="")

€3(2) =

as z — 0o. Then p} and p3 are given by

dpt 1
= —Im& (), >0,

Lo (5.13)
iy _ 4o Lye (@), 2<0

de dr 2+D '

The transition at the critical time t* can be seen in the behaviour of the measures
wi and ph as follows. For ¢ < ¢* one has S(u}) = [p,¢] with 0 < p < ¢ < o0, and
S(o — ps) = (—00,0], while for ¢t > t* one has S(uj) = [0,q], and S(o — u3) =
(=00, —p] with p > 0. This means that the constraint (5.9) is active only for ¢ > t*.
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The local behaviour at the critical time ¢* was studied recently in [80]. See also
[81] for a study of the case of non-intersecting squared Bessel paths with positive
starting and ending positions.

6. The two-matrix model

The two-matrix model is another model from random matrix theory that gives
rise to MOP ensembles. We discuss this model in the final section of this survey.

6.1. Definitions. The Hermitian two-matrix model is a probability measure of
the form

ZLQXP{—TLTI‘(V(Ml) +W(M2) —TMlMQ)}dMl CU\427 (61)

defined on the space of pairs (M;, M3) of n x n Hermitian matrices. The number
7 € R\ {0} is known as the coupling constant. There are two potentials V' and W
in (6.1), which typically are assumed to be polynomials of even degree with positive
leading coefficients, so that (6.1) is indeed a probability measure.

The two-matrix model (6.1) with polynomial potentials V' and W was introduced
in [67], [82] as a model for quantum gravity and string theory. In this context the
interest is in the double scaling limit for critical potentials. It is generally believed
that the two-matrix model is able to describe all (p, ¢) conformal minimal models,
whereas the one-matrix model is limited to (p,2) minimal models.

The eigenvalues of the matrices M7 and M in the two-matrix model give a deter-
minantal point process with correlation kernels expressible in terms of so-called
biorthogonal polynomials. These are two families {py.n(7)}72, and {q..(y)}520
of monic polynomials, with py, of degree k and ¢, of degree I, satisfying the
condition

/jo /:’O Phn(T)qn(y) exp{—n(V (z) + W(y) — Tzy)} do dy = hi,nék,l- (6.2)

Ercolani and McLaughlin [83] showed that these polynomials are uniquely charac-
terized by (6.2) and that they have simple and real zeros. Quite recently it was
shown that the zeros interlace [84]. The correlation kernels are expressed in terms
of these biorthogonal polynomials and their transformed functions

Quale) = expf-nv ()} [ 7 gin ) exp{n(W(y) — o)} dy.

Penly) = exp{-nW ()} [ " pin(z) exp{—n(V(x) — rzy)} da
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as follows:

n—1
1
K (21, 22) = ZhQ—pk,ml)Qk,n(zz),

Z h2 Dk, n Qk n(y>
e (6.3)

K (9. Zhi Pion(9)Qun(@) — exp{—n(V () + W(y) ~ 7)),

n—1

n 1
K3 (y1,90) = Z 7 Py (Y1) qh,n (y2)-
k» n

Then the joint probability density function for the eigenvalues z1, ..., z, of M; and
the eigenvalues 1, . .., y, of My is given by

«@($1,--~,$mylw-~,yn)

1 (Kﬁl) (xivxj))ijl (ng) (xivyj))jj—l

S e )
()2 \ (K5 i)y (K55 (o))

and the marginal densities take the form

// '@(-/Ela"'7xn7y1a"'7yn)dxk+1"'dxndyl+l"'dyn

n—k+n—I times
n k n k.l

= DT det i v (6.4)

(n!) (K5 o))y (K5 (i) oy

(see [85]-[87]). In particular, by taking I = 0, so that we average over all eigenvalues
of My, we find that the eigenvalues of M; give a determinantal point process (3.12)
with kernel Kﬁl).

The biorthogonal polynomials characterized by (6.2) can be viewed as multiple
orthogonal polynomials in the case of polynomial potentials V' and W (see [10]).
Indeed, if degW = p + 1, then p, , is a multiple orthogonal polynomial for the p
weights

Wjp(z) =e "V / ¥ exp{—n(W(y) — ray)tdy, j=0,...,p—1, (6.5)

and the diagonal multi-index 77 = (n/p,n/p,...,n/p), provided that n is a multiple
of p. If n is not a multiple of p, say n = r modulo p with 1 < r < p — 1, then the
multi-index is

i=([n/pl,....In/pl, [n/pl,-...n/p])-

r times p—r times
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Note that for odd j the weight (6.5) is not necessarily non-negative on R. This
does not play a role, however, since the MOPs with respect to the weights (6.5) are
uniquely determined (by the result in [83]), and therefore the algebraic properties
discussed in §3 continue to hold. Thus, the weight functions (6.5) with the indi-
cated multi-index 7 generate a MOP ensemble (3.8) which coincides with the joint
distribution of the eigenvalues of M; (after averaging over those of Ms). Also, the
MOPs are characterized by a Riemann-Hilbert problem of size (p+1) x (p+1) as in
§3.4. This Riemann-Hilbert problem was given in a different, but equivalent, form
in [88]. The correlation kernel K 1(?) is expressed as before in terms of the solution
of the Riemann-Hilbert problem by the formula (3.26).

6.2. The two-matrix model with quartic potential. If W is a quadratic
polynomial, then the kernel KSL) is essentially the correlation kernel (3.3) of an
OP ensemble. In this case the two-matrix model reduces again to the one-matrix
model (if one considers only M7).

The case of a quartic polynomial potential W was considered in the recent
papers [89]-[91]. In [89] the Deift-Zhou steepest-descent method was applied to
the Riemann—Hilbert problem for the case when
L 4

Y

W(y) = 1

while V' is a general even polynomial. This made possible a precise asymptotic
analysis of the kernel K :E;L) as n — 00, leading in particular to the local univer-
sality results common in random matrix theory and involving the sine and Airy
kernels. The paper [89] was restricted to the genus-zero case, but this restriction
was removed in [91], which deals with higher genus. The genus here refers to an
underlying Riemann surface (spectral curve) determined in [89] by means of a vec-
tor equilibrium problem in a way similar to what was discussed in §4.4 for the
matrix model with an external source.

The analysis was extended in [90] to the case of the more general even quartic
potential

1 «
W(y) = 1 y'+ By T (6.6)

with a € R. Here we summarize some of the results.
The main tool in [90] is a vector equilibrium problem for three measures. It
requires minimizing the energy functional

Z / / log (=1 dij (=) dys; (v Z / / log 11 di;(x) dpj 1 (4)
+/V1(1:) dps () +/V3(:E) dpus (), (6.7)

where V7 and V3 are certain external fields (to be discussed below), among all
vectors of measures (1, i2, 3) satisfying the following conditions:

(a) the measures have finite logarithmic energy;

(b) w1 is a measure on R with total mass 1;

(¢) po is a measure on iR with total mass 2/3;
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(d) ps is a measure on R with total mass 1/3;

(e) p2 < o, where o is a certain measure on the imaginary axis (see also below).

The external fields V7 and V3 and the upper constraint o are explicit in the case
a = 01in (6.6). Their description in the case of general « is somewhat involved. We
shall go through it here for ae < 0, which is the case of a double-well potential W.
See [90] for a discussion of all cases.

Thus, assume that o < 0. We also assume without loss of generality that 7 > 0.
The external field V7 acting on p; is defined by

Vi(z) =V(z) + ISIIEIHEI(W(S) — T15). (6.8)

The minimum is attained at a value s = s;(z) € R for which W'(s) = 7z, that is,
s3 +as =T (6.9)

For av < 0 there can be more than one real solution of (6.9). The relevant value is
the one that has the same sign as z (since 7 > 0). It is uniquely determined, except
for the case x = 0.

For o < 0 the external field V3(x) vanishes identically outside of the interval

(—z* (), 2*(cx)), where
)\ 32
(o) = 2 (3) . (6.10)

For z € (—z*(a),2*(a)) the equation (6.9) has three real solutions s; = s1(),
s2 = sa(x), s3 = s3(x), which we assume to be ordered so that

Wi(s1) — Tasy < W(se) — Tase < W(s3) — Tass.
Then the external field V3 acting on us is defined by

Vi(z) = (W(s3(x)) — Tass(x)) — (W(s2(z)) — Tasz(x)) for z € (—2*(a),2"(a)),
(6.11)
and V3(x) = 0 elsewhere. Thus, V3(z) is the difference between the local maximum
and the other local minimum of the map s — W (s) = Tas, which minimum actually
exists if and only if x € (—x* (), 2*(a)).
The measure o acting as a constraint on po is supported on the whole imaginary
axis if & < 0. In this case the saddle point equation

s +as =7z, with z € R, (6.12)

has one solution on the imaginary axis, one solution s(z) in the right half-plane,

and its reflection —s(z) in the imaginary axis. The measure o is then defined by

dﬁz(;) = %Res(z), 2 € R, (6.13)

where s(z) is the solution of (6.12) with positive real part.
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The following result from [90] is analogous to Theorem 4.2.

Theorem 6.1. There is a unique minimizer (uy, ps, ps) in the above vector equi-
librium problem, and it satisfies the following conditions.
(i) The support of uf is bounded and consists of a finite union of intervals:

N
S(ui) = U [a;, bj]. (6.14)

(i1) The support of ph coincides with the support of o, and there exists a ca > 0
such that
S(o — p3) = (—ioco, —ica) U [icg, 100). (6.15)

(iii) There exists a constant cz > 0 such that
S(u3) = (—00, —c3] U [es, 00). (6.16)

(iv) pf has a density p with respect to Lebesque measure. In reqular cases p is
the limit mean density of the eigenvalues of the random matriz My in the
2-matrix model as n — oo, that 1s,

e
p(z) = lim fKil)(x,a:).
n—oo N

The regular cases are the same as in part (iii) of Theorem 4.2. In a regular case
S(py) and S(o — p3) are disjoint, as are S(o — p3) and S(p%). These sets are then
used as cuts to define a Riemann surface & with four sheets

Ry =T\ S()),
Mo = C\ (S(u7) U S(a — p3)),
N3 =C\ (S(0 — p3) US(n3)),
Ry =T\ 5(15)

(6.17)

that are glued together in the usual crosswise manner. Then as was the case for
the external source model (see (4.32)), we see that the function

"

&(z)=V(z) - / d:li(z), z € Ry, (6.18)

has a meromorphic continuation to the whole Riemann surface SR, with poles only

at the points at infinity. In fact, there is a simple pole at the point at infinity that

is common to the second, third, and fourth sheets, which was not the case in (4.32).

These facts are the main ingredients for the steepest-descent analysis of the 4 x 4
matrix-valued Riemann—-Hilbert problem.

Finally, we discuss the phase diagram for the case when V (z) = 22/2 and W (y) =
y*/4+ ay?/2 (see [84], [90]). In this case the model depends on the two parameters
a € Rand 7 > 0. Cases with either S(uf)NS(c—pud) # @ or S(u5)NS(c—us) # @
are not regular. These cases correspond to changes in the sheet structure of the
Riemann surface, and in some cases to a change in its genus.
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The four regions correspond to the following cases:

Case I: 0 € S(uj), 0 S(o— p3), and 0 € S(uj).
Case IT: 0 & S(uj), 0 & S(o— pb), and 0 € S(ui).
Case IIT: 0 ¢ S(ut), 0 € S(o — ub), and 0 & S(u3)
Case IV: 0€ S(u3), 0¢ S(o — p3), and 0 & S(u3).

There is also a fifth possible case, which, however, does not occur if V(z) = 22/2:

Case V: 0¢ S(ui), 0¢ S(0 — p3), and 0 & S(p3).

The transitions from one case to another correspond to the opening or closing
of a gap in one (or more) of the supports. The transitions are generically of the
Pearcey or Painlevé II type (see [90]). All four cases come together at the special
point («,7) = (—1,1). This is a multi-critical case in which new local behaviour
can be expected, and it is currently being investigated.

(1
2]

3]

(4]

5]

(6]

(7]

18]
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