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Introduction

By the Stefan problem in the wide sense of the word one means at
present the class of mathematical models describing heat, diffusion, or even
thermo-diffusion processes accompanied by phase changes of the medium
and absorption or emission of latent heat. Such processes occur, for
example, in the formation of monocrystals, in several branches of
contemporary metallurgical technology, in the formation and evolution of
the interior structure of the earth and the polar ice as well as in a number
of other fields of science and practice. The most characteristic peculiarity
of these processes, which is the reason why their mathematical models are
non-linear and difficult to analyse, is the "free" boundaries between
different phases which are unknown beforehand (in the case of a homogeneous
medium) or a "multiphase zone" (in a multicomponent medium), both of
which are defined in terms of level surfaces of the functions describing the
thermo-diffusion state of the system.

The first work devoted to this type of problem was the article [302]
published by Lame and Clapeyron in 1831, in which they studied the
solidification of a homogeneous fluid filling a half-space and found at the
temperature of the phase change at the initial moment under the influence
of a constant temperature on the boundary. It was this paper that first
established that the thickness of the solid phase (in a one-phase setting) is
proportional to the square root of time. Almost thirty years passed before
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Franz Neumann, according to Weber [339], considered in unpublished
lectures a two-phase setting in a half-space, when at the initial moment a
homogeneous medium is at a constant temperature greater than that of the
phase change, and cooling is again effected by a constant temperature on
the boundary. However, problems of this type were named after Joseph
Stefan, who published in 1889 four papers ([327] -[330]) devoted to the
study of heat and diffusion processes. In the first of these he considered a
one-phase setting in a half-space, when crystallization of a fluid or melting
of a solid takes place at the temperature of the phase change under the
action of a constant temperature at the boundary. In the same paper he
considered the two-phase "heat stroke" problem when at the initial moment
two half-spaces come in contact with each other that are filled with
different phases at constant temperatures other than that of the phase
change. In these statements apart from the condition of isothermality,
another relation (which is now called the "Stefan condition") is prescribed
on the phase interfaces expressing the law of conservation of energy with
the latent heat taken into account. All these statements are automodelled
and were solved by means of probability integral. The third article is
devoted to the one-phase problem on the freezing of water in a half-space at
the temperature of the phase change under the action of variable temperature
on the boundary. The author gives a formal solution of this problem in the
form of a power series in the space variable, provides approximate solutions
for the description of the evolution of polar ice, writes down a solution of
"running wave" type and in its simplest form considers the statement which
we could now call the "inverse Stefan problem".

There followed a quiet period of about four decades in the study of such
problems. The next decades are characterized by an increasing scientific and
practical interest in a description of phase change processes. This was
furthered by Brillouin's survey [223] (1931) and also, without doubt, by
the importance of technical applications. The main efforts were directed
towards the study of one-dimensional problems and also of problems with
cylindrical or spherical symmetry under conditions that ensure the existence
of automodel solutions; the first attempts were also made (in 1930) to
reduce the relevant problems in the one-dimensional case to integro-
differential equations. (The main results and a bibliography until
approximately the middle 50's can be found in [110], Ch. XI.) At the end
of the 40's existence and uniqueness theorems were obtained (in a short
time) for the one-dimensional Stefan problems by the method of reduction
to integral equations of Volterra type; a beginning was made of the study
of the problems of stability and of the asymptotic behaviour of a free
boundary (as / -*• 0 or t -*• °°); and methods of the approximate and
numerical solution were studied intensively. (A historical survey, the main
results, and a fairly complete bibliography until approximately the middle
60's can be found in [176].)
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The beginning of the contemporary stage of the qualitative study of the
Stefan problem, to which the present survey is mainly devoted, can be dated
back to the end of the 50's and the beginning of the 60's, when new general
methods of the study of linear and non-linear elliptic and parabolic equations
and related problems were created and intensively developed. The work of
Olga Oleinik ([163], [165], and [166] and others), devoted to the study of
discontinuous problems of elliptic and parabolic type, has a direct connection
to the Stefan problem. These new methods were applied to the many-
dimensional quasilinear non-stationary Stefan problem: the concept of a
generalized solution was used, existence and uniqueness theorems of
generalized solutions were established, and the method of "smoothing" of
coefficients in the theory of quasilinear parabolic equations was developed
([164], [108], etc.). And so the many-dimensional Stefan problem, in
particular, the study of qualitative properties of a generalized solution of it,
was made the order of the day, and also the main aims of the qualitative
analysis of the problem were determined for the next decades. An approach
conceputally similar to the discontinuous statement in the example of
diffraction problems was worked out by Olga Ladyzhenskaya (see [128],
Ch. Ill, §13 and Ch. V, §10 and the bibliography there).

The most important circumstance guaranteeing substantial progress in the
analysis of generalized solutions of the many-dimensional Stefan problem at
the beginning of the 70's was the introduction and further development of
new methods created in mathematical physics at that time. We are speaking,
first of all, of the method of variational inequalities, which at the beginning
of the 60's emerged in potential theory and the mechanics of elastic-plastic
media and in the subsequent decade was very intensively developed in its
theoretical as well as practical aspects. The introduction of a new unknown
function enabled Baiocchi [216] in 1971 to reduce a problem with a free
boundary in the theory of filtration to an elliptic variational inequality, and
two years later Duvaut [260] by using a similar substitution reduced the
many-dimensional one-phase non-stationary Stefan problem to a parabolic
variational inequality. Existence and uniqueness theorems for generalized
("weak") solutions were reobtained comparatively simply in this manner,
however, the basic merit of the new approach consisted in that it potentially
contained the tools of further research on the properties of a free boundary.
The next outstanding step was made in 1975 in a paper by Friedman and
Kinderlehrer [276], in which they found, in particular, conditions under
which the free boundary in a cone-phase many-dimensional Stefan problem
can be represented in a polar coordinate system by means of a continuous
function that increases monotonically in the time variable and uniformly
satisfies a Lipschitz condition in the angular variables. Approximately in
these years (1976-1977) outstanding results were obtained mainly in papers
of Caffarelli ([234], [235], [236]) in the study of properties of a free
boundary in general problems "with an obstruction". In 1978 a synthesis
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of these achievements enabled Kinderlehrer and Nirenberg [295] to prove
that the generalized solution of the many-dimensional one-phase non-
stationary Stefan problem constructed by the method of variational
inequalities is in fact the classical solution. A few years later the classical
solubility was also established ([197]-[199]) for the "contact" one-phase
many-dimensional Stefan problem, when the free boundary intersects the
given one. The two-phase problem also admits a variational formulation
[261 ] , [263], and although in this way so far no substantial progress in the
qualitative study of the properties of the unknown boundary has been
achieved, the reduction to "pseudoparabolic" variational inequalities can
serve as a basis for the numerical analysis of many-dimensional Stefan
problems [286], [287].

The beginning of the 80's in the theory of the many-dimensional one-
phase Stefan problem is marked by the appearance of a new general method
based on modern forms of the abstract implicit function theorem. We are
speaking of Nash's theorem [310], which was established at the end of the
50's and that form of it that was obtained in the research of J. Moser [307]
(see also [161], Ch. 6). In the mid-70's in papers of Hormander and
Schaeffer the methods based on this theorem were applied to problems with
an unknown boundary of hydrodynamic and geodesic origin and in 1981 in
a paper of Hanzawa [284] to the many-dimensional Stefan problem. Under
certain compatibility conditions (the order of which rises undoubtedly) this
method makes it possible to establish the theorem on the classical local
solubility in the time variable of the many-dimensional one-phase non-
stationary Stefan problem. In similar terms, but by an entirely different
method, the classical local solubility in the time variable was established
recently [10], [101] also for many-dimensional Stefan problems with
convection.

An entirely new point of view concerning the essence of the Stefan
problem was expressed by Tikhonov and Samarkii [194] (first ed. 1951) at
the beginning of the 50's. The main idea of this approach consists in the
introduction of the notion of "effective" heat capacity, including also the
latent heat of the phase change, concentrated on the phase interfaces. This
makes it possible to write with the use of the Dirac delta-function a single
quasilinear equation for the energy in the entire domain occupied by the heat-
conducting medium, and Stefan's condition is a consequence of this equation.
In this way an effective method of the numerical analysis of the non-stationary
many-dimensional Stefan problem was worked out by means of the process of
smoothing the coefficients of the resulting mathematical model [ 187 ] (see also
[58]). An analogous approach to the Stefan problem was suggested by
Albasiny [215] as the basis of a finite difference method for numerical
analysis. The enthalpic form of the energy equation, based on the indicated
idea also served as a starting point for the qualitative analysis of the many-
dimensional Stefan problems in the papers [164] and [108] already cited.
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At the beginning of the 70's the author of this survey and his collaborators
started a study of the quasistationary formulations of the Stefan problem,
which are important from the applied point of view. In 1973 for their
approximate and numerical analysis they used [115] a variational method
based on the theory of integral functionals with a variable domain of
integration. The attempt made at that time to apply this method to the
theory of permanent periodic waves [72] (see also the augmented English
edition [256]) was applied to a modified statement of the established
regimes of the Stefan problem in cylindrical domains. The questions arising
in this approach of minimizing functionals of the indicated class, were the
object of research in several papers by Bazalii and Shelepov [11] - [ 1 6 ] ; the
problem of an effective construction of a minimizing sequence, based on the
Ritz method, was studied in [89], [111], [154], etc.; a computation of
temperature fields and of crystallization fronts was carried out in [207] and
[208]. The results thus obtained showed that the proposed variational
approach was an effective method of the approximate and numerical analysis
of the many-dimensional quasistationary Stefan problem in both the one-
phase and multiphase settings. In recent years Borodin has shown [43],
[44] that this approach combined with Rothe's method also makes it
possible to obtain the classical solution of many-dimensional non-stationary
two-phase problems globally in the time variable. A few years earlier
another device of this kind, "the method of fibering into isothermals" was
used by Meirmanov [141], [142] to establish the classical solubility (locally
in the time variable) of the many-dimensional non-stationary Stefan problem.

Precise statements and ideas of proof of the majority of the basic results
that exist at present in the theory of the Stefan problem, principally in its
heat exchange interpretation, are contained in the corresponding chapters
and sections of the survey. In conclusion of this brief introduction we wish
to mention that there is an increasing interest in the Stefan problem, its
generalizations and numerous applications, in the past decades. This
stimulates, in particular, the discovery and application of approximate and
numerical methods of the analysis of practically important statements.
There is a long-standing tradition of this at the computing centers of the
Moscow State University ([206], [174], [175], etc.) and the Latvian State
University ([2] , [168], etc). Abroad there have been several international
conferences devoted to this range of problems ([308], [309], [267], etc.);
the material of a similar conference held in the USSR is reflected in the
collection of papers [195]. We also mention the books [62], [132], [120],
etc. devoted to practical methods of solution of the simplest problems of
phase changes and also the survey [119] devoted to the engineering method
of the solution of crystallization problems and the extensive bibliography
there. Modern methods of solving parabolic problems with a free boundary
are contained in [312], where, together with [248], there is also an
extensive bibliography of the Stefan problem.



162 /./. Danilyuk

CHAPTER I

GENERAL STATEMENT OF THE STEFAN PROBLEM AND SOME OF ITS VARIANTS

1.1. Equations of energy and momentum exchange.
We assume that the coefficient of heat conductivity has the structure

(i.i) λ(Γ, ξ, τ)=λ,(7·, 5, Ό - Γ - Σ ^ Γ , &' τ)η σ-7/);

here £ = ( S n ^ W a r e the space variables, τ is the time variable, Τ the
temperature, the λ; (/ = 0, 1, ..., m) are defined and have a certain
smoothness on the closure of the set (-°°, » ) χ ΰ χ (0, T 0), where D is the
domain filled with the medium, τ 0 € (0, °°) is given, the 7} (7 = 1, ..., m)
are the temperatures of the phase changes, and η is the characteristic
function of the positive semi-axis. The heat capacity c and density ρ have
similar representations.

We introduce the notation (Tm+1 = — 00, Γβ = +oo):

(1.2) DJt τ <- {ξ: ξ € D, Tj<T (ξ, τ) < ΤΜ}, τ € (0, τ 0),

D,= υ
0<τ<;0

For a continuous Γ(ξ, τ) these sets are open, DJiT is the part of D occupied
by the phase Φ;· at the moment of time τ. The relatively closed sets

Μ = » < ξ : ξ € Α Γ (ξ, τ) = Γί}. τ 6(0, τ0),

, = U ( Σ Λ , Χ Μ ) (7 = 1 m)
0<τ<τ.

dividing them may have a quite complicated structure, in general.
In the simplest case the coefficients on the right-hand sides of the

representations of the form (1.1) are constants, characteristic for the
corresponding phase Φ ;. For m — 1 the quantities relating to the phase Φχ

(or Φ2) are equipped with a plus (or minus) sign.
_̂  Convection in the liquid (gas) phase are characterized by the velocity field
V{%, τ), which in the laminar case satisfies the Navier-Stokes equations (see,
for example, [122], part II, Ch. II, A):

(1.4) p - ^ = £ + divsn,

where Κ is the vector of mass forces, Π is the viscous stress tensor,
dldi = d/θτ -f V-grad is the substantional derivative. To this we have to
add the equation of continuity

(1.5) Α ΐ Ο 8 Ρ + (ϋν ξΓ = 0

and the equation of state, connecting the pressure p, density p, and
temperature T.
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The general equation of energy exchange has the form (see ibidem, §10)

(1.6) ctp*L-Ap± logp = diViftgradtD+/,

where cv is the heat capacity per constant volume, A is the thermal
equivalent of heat, and / are all possible heat sources.

With a view to simplification, in the planar (or axially symmetric) case,
convection can be described by the equation

(1-7) Ψί.Ε. + Ψε,1.= — ω i n #+. Ψ = 0 o n 0#+.

where φ is the flow function and ω is the given intensity of rotation. In
the most general case the flow function φ is determined from the Navier-
Stokes equations in the Helmholtz form. For ρ = const, within the solid
phase, (1.6) represents the usual equation of heat conductivity, which is
sometimes also used for a fluid medium with "effective" characteristics.

1.2. Boundary conditions.
We assume that 3D is the union of the closures of finitely many sufficiently
smooth (compact or non-compact) manifolds Γ7- (/ = 1, ..., η). The most
general boundary condition describing the interaction of the process inside D

(0)

with an outside medium of temperature Τ can be represented in the form

(1.8) %lX^ + Xza(T-T) = g, (ξ, τ ) 6 Σ Γ,Χ(0, το),
i=l

where η in the outward normal; χ{ and χ 2 are the "indicator" functions
assuming the value 0 or 1 on each Fj, χϊ + χ2> \; α > 0 and g are given
functions of (Τ, ξ, τ). For the corresponding choice of Χι and χ2 we obtain
from (1.8) the condition of Dirichlet, Neumann, or of the third boundary-
value problem, as well as all possible combinations of them. It follows from
experimental results quoted in [136], Ch. I, §1 1, for example, that
a = a - b/T, where a and b are positive constants, quite satisfactorily in the
neighbourhood of the temperature of phase change.

Now we consider the conditions on the sets (1.3). In accordance with
the physical meaning, these are the isothermal sets

(1.9) T& T) = TJ, (ξ, τ) € 2 ;

( 7 = 1 , . . . , » » ) ·

We denote by Vj the (signed) velocity of the motion of Σ,·, τ along the
outward normal n,- to DJ+1. Assuming that Γ(ξ, r) is continuously
differentiable with respect to ξ and τ up to Σ^ and that Σ^ τ is a smooth
manifold, we obtain the formula Vj = — T*/\ grad Τ7* | as a consequence of
(1.9). Let Xj be the latent heat of the phase change per unit volume.
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Balancing the energy in the neighbourhood of a point ξ £ Sj, τ and assuming
that / i n (1.6) is bounded, we obtain "the Stefan condition" (the plus sign
indicates the phase with the higher temperature):

(1.10) λ + ^ 1 - λ - - | ^ = - x ^ = x/7'?/|grad{r
±| on Σ,.τ

(; = 1, . . . , m),

on the right-hand side of which one has to take one of the two signs. In
describing convection by means of effective parameters, the effective
coefficient of heat conductivity λ+ appears in (1.10). There is also a
physical interpretation of (1.10) with a free term ([266], [267], [247],
[338], etc.).

We assume that ρ undergoes a jump in the passage through Σ,·, τ and we
denote by Vn. the normal component of the velocity of the fluid on Σ,· ΐΤ.

From the law of conservation of mass and from the condition of continuity
of the medium we obtain

(1.11) ^-(l-^^-fl-IIjTf/lgradr*! on Σ,.,

(7 = 1, . . . , m ) .

If viscosity is taken into account, then the tangential component of Vt is

additionally equated to zero. Along with the Archimedean body force,
(1.11) causes a natural convection in the liquid phase during crystallization.

Sometimes instead of (1.9) one considers the more general conditions:

(1-12) Γ (ξ, τ) = Τ,(1, τ), (Ι, τ) ζ Σ,

(7 = 1, · · · , " * ) ,

where the 7} are given functions. This is the way the requirement of
"isothermality" looks in compressible media, in the core of the earth, etc.

1.3. The initial data.
We assume that fo(%) is defined on the closure D+ dD and is piecewise
continuous there, and we put

(1.13) Τ (I, O) = fo(E), t£D.

The presence of discontinuities on the right-hand side of (1.13) enables us
to include the phenomenon of "heat stroke", when at the initial moment of
time different phases with non-zero temperature overfall enter in the
interaction. In the most important case Γ0(ξ) undergoes discontinuities only
along the initial position of the phase interfaces. By analogy with (1.2) and
(1.3) we put

' Σ } 0 = 1 m).
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In the general case these sets can have a very complicated structure, in
particular, the Σ λ 0 can be of positive measure. If the Σ ; ι 0 are closed
manifolds or manifolds with boundary and if on the complement to their
union 7Ό(ξ) is continuous, then the Djt 0 are open. Although T(%, r) €Ξ
may cease to be continuous along Σ} as τ -*• + 0, we have

(1.15) dist(2j,T, Σ Λ 0 )->-0 as τ-*- + 0 , Σ Λ o c : 6Σ}

for non-empty Σ λ 0. Under the assumptions made, (1.13) must be satisfied
at all points ξ ζ Z>\ (J Σ;, 0.

We assume that among the phases of the initial state there are liquid or

gaseous phases with velocity distribution F o ( |) . Extending Γβ(ξ) to be
identically zero on the remaining part of D, we put

(1.16) V(l, 0) = V0(E), ttD.

In the case of a viscous medium, in contrast to the ideal case, the right-hand
side of this condition is continuous ο η ΰ + dD.

1.4. Compatibility conditions.
The general Stefan problem reduces to the relations (1.4)-(1.6), (1.8)—(1.10),
(1.13), and (1.16). To guarantee that its solution belongs to a preassigned
function class, some a priori assumptions must be imposed on the initial
data. The "natural" compatibility conditions ("conditions of the order
minus 1") ensure the regularity of the surfaces (1.3), the continuity and
boundedness of Τ(ξ, r) on D χ (0, T0) and the local integrability of λ gradj Τ
on two-dimensional manifolds within the boundaries of D. Such solutions
describe processes of a heat stroke when either the right-hand side of (1.13)
becomes discontinuous or the right- and left-hand sides of (1.8) do not
coincide at the initial moment of time. But if Τ(ξ, τ) on (D+dD) χ [Ο, τ0]
and (1.3) up to the moment τ = 0 must have a certain degree of smoothness,
then the compatibility conditions require, first of all, that the initial data
have the corresponding smoothness, and secondly, that certain relations on
dD and Σ^ ο from (1.14) hold for τ = 0. For the sake of simplicity we
confine ourselves to important special cases.

If we assume that ρ is a known function of T, then (1.6) takes the form
of the convective equation of heat conduction:

(1.17) cp —τ— = divj (Xgradfc T) + /t c — cv-— App'p~2.

In the absence of convection and heat sources and for constant c, p, and λ
we obtain the usual homogeneous equation of heat conduction TT = α 2Δ έ Τ,
a2 = λ/pc. If we also take into account that a = const in (1.8), then for
(1.13) and (1.8) we can write the compatibility condition in the form

(1.18) χ,λ -^ A{T0 (ξ) + χ2αΔΪ [f0 (|) - T] = -Jg-,

; = 0 , 1, . . . , r ; τ = 0,



166 /./. Danilyuk

The number r > 0 is called the order of the compatibility conditions (1.13)
and (1.8). For a general parabolic linear equation of order 2 the compatibility
conditions are given in [128], Ch. IV, §5, and for the non-linear case
(implicitly) in the arguments and results of Ch. V, §7 of the same book.

In passing to the compatibility conditions for (1.9), (1.10), and (1.13),
we assume that Γ(£, τ) and Γ0(ξ) are sufficiently smooth functions on the
closure of their domains of definition. From (1.9) we obtain as τ -»• + 0
that

on Σ λ β ; consequently, the normal to Σ λ o i s defined in terms of
Elinimating Γ* from the equation of heat conduction and then calculating
in (1.10) the limit along Sjas r -*• +0, we obtain a second compatibility
condition of order zero on Σ^,ο. Similar arguments apply to the
differentiated conditions (1.9) and (1.10) along E^and to the heat conduction
equation on both sides of Σ;. In the end we arrive at the conclusion that
the compatibility conditions of any order r, have the form

(1.19) % (ff, «,£?, .... dfrl+2ft) - 0 on Σ,. „

ft-sl, . . . . rj; /«I, . . . , m,

(ft)
where the ·ψ̂  are known elementary functions of the indicated variables. In
the general case, r and rj in (1.18) and (1.19) are distinct. In the one-phase
quasilinear case the relations (1.19) are written out in detail in [142], §3.

1.5. Stationary and quasistationary problems.
In the general form above the Stefan problem has not yet been studied
completely. In the search for simpler statements it can be assumed that the
temperature fields do not depend on three but rather on two or one space
variable ("two-" or "one-dimensional" problem) or that the state has already
been established ("stationary" problem). It can also be assumed that m = 1
and only one of the phases has a non-constant temperature ("one-phase"
problems).

More general than the "stationary" is the so-called "quasistationary" Stefan
problem, which arises in cylindrical domains (of an arbitrary cross-section) if
we assume that the phase interface moves along the generators at a constant
velocity without changing its form, and that the entire phenomenon does
not depend on the time variable in the corresponding moving coordinate
system. The solution of the resulting elliptic problem with an unknown
boundary generates a running wave in an absolute coordinate system
("crystallyzation soliton"). Such statements are important for some
technological procedures (the growing of mono crystals, electrical slag
melting, etc.).
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1.6. Simplified variants.
In the quasistationary case Γ (ξ,, ξ2, ξ, τ) = Γ ^ , ξ,, ξΜ —ν τ), and (1.9) and
(1.10) are equivalent to the following [89]:

(120)

1 f (ξ,, ξ,, ξ,) = Γ, ( ; - l m) on ±)%

where Σ ; is a time-independent surface and the temperature of each phase
satisfies a self-adjoint elliptic equation. If Q*o. from (1.20) is assumed to be
known, then the entire problem becomes self-adjoint (see §4.1). So we
obtain the "simplified" two-phase quasistationary Stefan problem. The
"simplified" one-phase problem is obtained if we regard as known the sum
of 0 subtracted on the left in (1.20) and Qo}. The construction of (ft. and
Q) can be carried out by means of the "zero-th approximation", corresponding
to the vanishing latent heat. The deviation of the solution of the simplified
problems from the exact one can be estimated by means of two
"discrepancies" in the one-phase and a single one in the two-phase version.
The case υ = 0 corresponds to the stationary Stefan problem in the exact
statement.

Sometimes the transversal dimensions of the solid phase can be assumed
to be small ([73] and [78]). The resulting versions of the Stefan problem
can be studied fairly completely (see also [74], [79], [98], [179], [186],
etc.). In multicomponent media, crystallization is accompanied by transport
of the ingredient. The corresponding simplified versions [131], [36] can be
studied qualitatively ([80], [81], and [85]).

1.7. On the inverse Stefan problem.
The heart of the Stefan problem for a medium with given characteristics

is the determination of the operators Σ;(/, f0, x l t χ2, g), which describe
the unknown phase interfaces. The essence of the inverse Stefan problem
consists in the fact that from the given surfaces Σ ; (or some parts of them)
we have to determine the quantities generating them (or some part). The
inverse Stefan problem is ill-posed. In the quasilinear case, for example, it
reduces to a mixed elliptic problem in one of the phases and to an elliptic
problem with Cauchy data on a free boundary in the other phase. So we
arrive at an "optimization" setting [90] with heat (or temperature) flow as
the "control". Under real-life conditions this flow is determined by a
velocity υ, which appears as a numerical parameter of the "control" [96]
(see §3.3). A few years later in [178] the problem of optimal control was
considered in the non-stationary one-phase problem when the deviation is
measured by the L2(i2)-norm and the role of control is played by the
temperature on a given portion of the boundary.
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The statement of inverse problems goes back to Stefan's paper [330] in
which also a solution in the form of a running wave for a half-space was
considered. The next papers were, apparently, [134] and [135], also
devoted to one-dimensional statements. In the recent paper [66] the one-
dimensional quasilinear inverse problem is considered when not the free
boundary, but rather the temperature on a given curve is assumed to be
known. Problems of Stefan type are of theoretical and possibly practical
interest in all possible combinations in the various phases of equations of
elliptic, parabolic, and hyperbolic type.

CHAPTER II

THE ONE-DIMENSIONAL NON-STATIONARY PROBLEM

2.1. Quasilinear one-phase problem.

We consider it in the following statement (Τ = 7*+(|, τ), λ = λ+, / = pc):

(2.1)

We assume that the functions λ, / and g have continuous first and second
derivatives and that

ί 0 < λ°<λ (ξ, τ, Τ) = λ0 (τ) + terms vanishing at ξ = 0;
( " ) Ι /(ξ, τ, Γ ) > / β > 0 , 0 < , & < - * ( τ ) / λ , ( τ ) < β · < + οο;

ίλ(ξ, τ, Τ)Τχ]χ~ία, τ, Τ)ΤΧ, τ > 0 , 0 < ξ < δ ( τ ) ;

λ,(τ)7ι(0, τ) = £(τ), τ > 0 ;

Γ[δ(τ), τ] = 0, τ > 0 , δ(0) = 0,

),T], τ > 0 ,

where b, λ°, f0, g°, and g0 are constants. The Stefan condition (1.10) is
obtained from the last equality of (2.1) for b = 0.

Theorem 2.1 [300]. Let rQ> 0 be given. Under the above hypotheses
(2.1) has one and only one classical solution {Γ(|, τ), 6(τ)} defined for
0 < ξ < δ(τ), 0 < τ < τ0.

The problem in question is equivalent to the integro-operator equation

(2.3) χβ(τ)
ο

6<τ) Τ(η, τ; σ) τ 6(σ) Τ(η,σ;β)

— \ d\] \ /(η, τ, o 0 ) d o 0 + \ da \ dr\ \ /τ (η, σ, σ0) ίίσ0,
0 0 0 0 0

in which Γ(£, τ; δ) is a function satisfying the relations in the first three
lines of (2.1) for the given δ(τ). It is easy to obtain (2.3) from the last
relation in (2.1) if for the elimination of λ[δ(τ), τ, Ο] Γξ[δ(τ), r] we
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integrate the first equality of (2.1) with respect to ξ and use the first line of
(2.2). The solubility of (2.3) can be established by means of the Schauder
fixed point theorem in the space [0, τ0] (an account of [300] is also given
in [176], Ch. VII, §1).

Even earlier (2.1) for b = 0 and constant λ, /, and g was studied by this
method in [265] and the uniqueness in a less general statement was
established in [258].

2.2. The quasilinear multiphase problem.
In the one-dimensional case £ = %r the domain D is the strip
{— οοίζ; 6 m + 1 ^ ξ^Ξ *>ο<[ -H» }· We assume that (1.2) is connected and we
represent (1.3) in the form

(2.4) Σ,: ξ = 6,(τ). (/ = 1 m);

We consider the quasilinear equation

(2.5) cpTx = (λΓξ)ξ + aTx + a0T, (ξ, τ) 6 D}

(/ = 1, . . ., ΐ» + 1),

where a and a0 like λ, c, and ρ have the structure (1.1). We assume that the
coefficients in (2.5) and their first derivatives with respect to Τ satisfy a
Holder condition with respect to (ξ, τ) in Dj, uniformly in
Γ 6 ΐΤ,,Τ,^ϋ = 1, ·•·, m+\) and that

(2.6) Ο < β ο < λ , < : , ρ < β 0 < + ο ο , (ξ, τ, Τ) 6 D Χ [0, τ,].

If D is finite, then conditions of the form (1.8)

(2.7) T(6°m+i, x) = * m + 1 ( t ) , Γ («8, t) = ft(x), τ 6(0, τ 0),

are given, in which gm+1 and g0 are continuous on [0, r0] together with their
first derivatives. The function Γ0(ξ) in (1.13) is continuous on D, and

ί·,(65) = Γ,; 7, ·< Γ0(ξ) < 7Vi, ξ 6 16J, δ?.χ] (/ = 1, . . ., m ) ;

it belongs to Ca*"l6J, 6J.J (/ = 1 m + 1) with

ή(δ5±0)>0 (/ = 1 m)

and in the presence of (2.7) it satisfies the compatibility conditions (of

order zero) * m + 1 (0) = /e(6S,+ 1), *e(0) = / e(6;).
Besides (1.9), conditions of the form (1.10)

(2.8) χ,[6,(χ), τ] - ί — ! = λ - Γ ϊ - λ + Π on Σ^ ( / = ! m),

must be satisfied, in which the κ,/(ξ, τ) satisfy estimates of the form (2.6).
We also assume that the first derivatives of λ, c, p, and v.} with respect to ξ
and r are continuous and uniformly bounded.
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Theorem 2.2 [139]. Under the assumptions made above, the problem (2.5),
(2.7), (1.13), (1.9), and (2.8) has a unique classical solution {T, δ,, . . ., 6 m }
and «jWeCMO, τ 0 ], Γ(ξ, τ) £ WpiDj) Π C2< W Π C 1 , · ^ ) if Dj is finite,
and Γ(ξ, τ) ζ. C^HD,) ftWiDj) if D, is infinite (/ = 1, ..., m).

The proof is based on the inversion of the operator of differentiation in
(2.8):

t

(2.9) δ,(χ) = δ$+ j {k-XjTildj(o), σ; δ ] - λ ϊ ρ [ δ , ( σ ) σ ; δ]}
ο

7 = 1, . . . , m,
—»· —»·

where δ = (δ ΐ 3 ..., 5m) and Τ(ξ, τ; δ) is the solution of the problem for
given δ ;(τ), on establishing the lower estimate | δ^(τ) — δ^,^τ) | ^ δβ > 0 ,
and on the proof of the inclusions 7\ (ξ, τ) € Η1β·1/16 (Dj)(j = 1, ..., m + 1)
by successive application of the Leray-Schauder principle to the operator on
the right-hand side of (2.9).

In a more general setting the problem is studied in [ 196]. In this paper
the equation of the energy is brought to the form (1.17) where / is assumed
to depend on £, τ, Τ, Τ%, δ;-, and δ̂ ·, the requirement of isometry is stated in
the form (1.12) and the condition (2.10) contains a free term of the form
Φ7(£, τ, Τ, Τξ) οηΣ^. Sufficient conditions for the existence of a classical
solution are stated, the device of "linearization of interfaces" and results on
the solubility of mixed problems for uniformly parabolic second-order
equations are used, and the method of finite differences is justified for the
relevant statement of the Stefan problem.

We also mention the papers [25] -[27] in which Rothe's method for a
quasilinear two-phase Stefan problem is used to prove the existence of a
classical solution and the case is studied when the compatibility conditions
are not necessarily satisfied. In [259] the one-dimensional multiphase
problem with intersecting free boundaries ("the vanishing of phases") is
considered, the monotonicity and stabilization properties of these boundaries
are studied, and an estimate is given for the time of the existence of the
classical solution.

2.3. Piecewise continuous initial temperature ("heat stroke").
The following formulation is considered:

(2.10)

t (ξ, τ) - λ*Γ& (ξ, τ), (ξ, τ)

Τ (Ι, 0) = Γ0(ξ), 16(0, δ/2) U (6/2, οο);

7?(0, τ) = 0, 0 < τ < τ ι ; Τϊ(0, τ) = 0, τ > τ ι ;

Γ [δ (τ), τ] = 2\, Η, ^£)_ = λ-Π-λ + Π on Σ,, 0 < τ < τ ι ,

in which b > 0 is given and Tj G (0, °°) is not known beforehand. The
function Τ0(ξ) is continuous for ξ Φ b/2 and has the finite values fo(b/2 ± 0),
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which are, in general, distinct, and 7Ό(£) > 7\ for £ Ε [0, b/2] and
T4X) < Τι for % > b/2; moreover, the derivative f'o exists and is bounded
for % < b/2.

Theorem 2.3 [84]. a) Under the assumptions made above, the problem
(2.10) is equivalent to a system of three non-linear integral equations for
W±(T), 5(r), and the initial values w±(0) and with them also a, can be
determined from a non-linear system of two transcendental equations.

b) The indicated system, and with it also (2.10), has a unique solution
{w± (τ), δ(τ)} continuous on [0, T] at least for small τ and
fo(b!2 — 0) — fo(b/2 + 0).

c) There is a representation (a± =

d) Let f'o (ξ) < 0, Ι φ b/2, f'e (|) e L(b/2, oo), and let a(0, Tl] be the
maximal segment on which W±(T) and δ(τ) exist and are continuous. Then Tj
is finite and δ(τ{) = 0.

The system equivalent to (2.10) is not a Volterra system, since the norm
of the corresponding operator does not tend to zero as r -• 0. Its solubility
follows from the implicit function theorem in the Banach space C[0, τ] χ
C[0, r ] . The sign of A in (2.11) determines the direction of the process in
the initial period. The interaction of the water and ice with discontinuous
pitcewise constant 7Ό(£) was first considered in Stefan's paper [327]. For
subsequent research on such problems, see [110], Ch. XI.

2.4. Reduction of the Stefan problem to a Cauchy problem.
Suppose that in the space of the variables % = %x, η = ξ2 liquid phase at the
initial moment of time occupies the half-plane ξ > 0, that Γο(0, η) — Γ ΐ5

and that on the axis ξ = 0 a homogeneous (g = 0) condition (1.8) is given
for Χι = χ 2 = 1 • We assume that

(2.12) Σ,: I = δ(η, τ), — ο ο < η < ο ο , τ > 0; 6(η, 0) = 0,

for a sufficiently smooth δ(η, τ). Applying Green's formula and the
formulae for the jumps of the temperature potentials, we obtain the
equation

oo oo

(2.13) κ,δτ (η, τ) + 5 ^ - j άζ J [7· 0 ξ -δ η (η, τ) ΤΛ) χ

[6(η. τ)-1
sr ν r ί·

:, σ) χ

δ(η, τ)-6(ζ, σ)-6,)(η, τ) (η-ζ) ,
Χ (τ—σ)2
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(0)

if Τ = Tx. A similar equation can also be derived in the presence of heat
(0)

sources at the initial period of the two-phase statement for Τ < Tx.

Theorem 2.4 [79]. Under the assumptions made above, the non-stationary
Stefan problem with two space variables is equivalent to the Cauchy
problem (2.12)-(2.13).

A theory of equations of the form (2.13) has not yet been worked out in
general. A substantial simplification occurs when TQ does not depend on η;
such an equation appeared in the mathematical model of hardened slag [73],
[74]. These investigations were later continued in [98], [179], [180],
[182], etc. We also mention [117], [118], [29], etc., which are devoted
to the two-phase one-dimensional Stefan problem on a finite interval with
Neumann boundary values at the ends and conditions of the form (1.12) on
the unknown boundary, in the absence of one of the phases at the time
τ = 0.

CHAPTER III

THE QUASISTATIONARY MANY-DIMENSIONAL PROBLEM

3.1. The one-phase quasistationary problem.
For the sake of simplicity we consider the case of two space variables %x, ξ2-

Let D be the lower semi-infinite strip ξλ e (-R, R), R > 0, ξ2 < 0.
(0)

Introducing the variables χ = S-JR, y = %2/R - υτ, u = (T — Tl)/{T1 — T)~l

and denoting by GY <= G = {(x, y): —1 < χ < 1, y < 0} the domain of
the solid phase, where γ is the phase interface curve, which is symmetric
with respect to χ = 0 with the end-points (±1, 0), we arrive at the following
dimensionless statement of the problem in question:

uxx + uyv -j- (ύυυ = 0 in Gy, ω = Rpcv/λ;

(3.1) ^
10)

u = l, un = xcos(n, y), (x, y)6v, κ = Λχ,ρ/λ" (Γ,-Γ);

u = 0, — 1 < χ < 1 , y=— oo.

For fixed thermophysical and geometric characteristics (3.1) contains two
independent dimensionless parameters, say, the Pekle number ω and the
Nusselt number ω 0 . The conditions on γ express the isothermicity of (1.9)
and the Stefan relation (1.10) for T+ = Tx in the quasistationary phase.

We put u Ξ 1 on G\Gy and consider the function w(x, y), which is
uniquely determined by the relations wy(x, y) = u(x, y), w(x, 0) = 0,
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x G (-1, 1). We introduce the notation

(3.2)

ι), ω, V**» υ) ~ Ι 1 c ~" Ι·**"*"Γ uyVy\ "•·*• "Ί/ "Τ"ΐ"ο 1 cuddy,

Γ

1

u(x, Ο)άχ-\-ω\ \ eavudxdy-{·χ \ \ e™v(u—y)^dx dy,
- 1

where Γ is the vertical portion of the boundary dG, and (u — y)+ is the non-
negative part of (u — y). Let Hi,iU>c(G) be the Hilbert space corresponding to
the bilinear form in (3.2) for ω 0 > 0. The functional l(u) is convex,
bounded, and lower semicontinuous.

Theorem 3.1 [87]. a) If (u, y) is the classical solution o/(3.1), then
w{x, y) satisfies the variational inequality

(3.3) a*-, ·. (w, v-w) + l (v) -l{w)^0 for all ν £ HI ^ (G);

b) for fixed ω and ω0 (3.3) has a unique solution

w(x, y; ω, ω0) 6 #ω,ωο(<?);
c) (3.1) has a classical solution if and only if ω and ω 0 satisfy the

"solubility equation" w(l, 0; ω, ω 0 ) = 0;
d) [100] for every coo > 0 this equation has a unique strictly increasing

solution, ω = ω(ω 0 ) and ω(ω 0 ) -> 0 as ω 0 ~*" + 0 .

Thus, the solution of (3.1) depends on a single real parameter ω ο ·
which determines ω uniquely, that is, the velocity v. Model problems of the
form (3.1) for domains of finite height have been considered earlier in
[38]-[41], [46], [47], and [197],

The one-dimensional two-phase quasistationary problem [17], [82], and
[83] admits a complete study. In the last two papers the statement with a
condition on the upper section is considered, which models heat and mass
transfer simultaneously. Consequences of this are the phenomena of
unsolubility or non-uniqueness of solutions. For a circular cylinder of
radius R < 5 cm there are the inequalities vmiu ^ ν <: P n i a x where for iron
^min = 6.8· 10"4 cm/sec, ι%βχ= 6.5·10"2 cm/sec.

3.2. Boundary properties of a free surface and of a heat flow.
In the quasistationary statements of the Stefan problem (see §1.5) the phase
interfaces intersect a given part of the boundary of the relevant domain.
The behaviour of the free boundary at the points of its intersection with the
given boundary, in particular, the existence and magnitude of the angle
under which they intersect, also determine the properties of the heat flows
in closed domains. A complete study of these questions can be accomplished
under the hypotheses of the preceding section.
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Theorem 3.2 [88]. a) The curve y is symmetric with respect to χ — 0 and
strictly increasing for χ €E (0, 1); consequently, it admits the explicit
representation y — y(x), χ £ (-1, 1); the function y(x) is analytic for
χ Ε (—1, 1) and admits the properties

o, x€(0, I);

lim i/'(i) = y'(l-0)< + oo; y"(x)>0, x6[0, 1);
3C-1-0

b) the heat flow (ux, uy) is bounded in Gy, and uy is continuous on the
closure Gy;

c) //(2ωο/κ) ;> 1, then ux has a discontinuity at (1, 0); but if (2ωο/'κ) < 1,
then for the continuity of ux on Gy it is necessary and sufficient that

(3.5) sin 2 arctg y' (1 - 0) = ̂ - ;

d) the derivative y'(x) satisfies a Holder condition on the closed set

[-1, 1].

The proof of the first three assertions relies on the fact that y(x) is a root
of the equation w(x, y) — y = 0, where w is the solution of (3.3). The last
assertion of Theorem 3.2 (which is not included in [88]) requires an
extension of u(x, y) through Γ and an application of the theory of systems
of singular integral equations. In the derivation of these equations, as in the
proof of b), one uses the integral representation of the heat flow in terms of
its boundary values, deduced without assuming the boundedness of the flow
in Gy.

3.3. The inverse two-phase quasistationary problem (problem of control).
As an example we consider the statement (r, ζ are cylinder coordinates)

(3.6)

u==l, ui — λιι+

ζ = xrj (1 +r | )~· on γ;

u = 0, O ^ r ^ l , z = — o o ,

in which λ = λ+/λ~, ω and ω 0 have the same meaning as in (3.1) and are
piecewise constant; the functions a(r) and b(r) are known, r = r(z) is the
equation of the unknown boundary γ. Experimental and theoretical data
tell us that in real-life statements ν is an affine function of the force of the
exterior stream; therefore, ι; can play the role of "control".

Let / > 0 be the height of the upper phase along r = 1, h +1 the total
depth of this phase, and k the curvature of γ at r = 1. Suppose that γ

^ <l, z<0;

ur-fo)0u = 0, r — i,
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admits the representation

Theorem 3.3 [96]. We assume that the curvatures of all isothermals differ
little from k for r — 1. Then h and I for fixed values of the coefficients of
the terms of the highest degree in (3.7) are single-valued functions of υ and
k with a finite domain of definition of the "boomerang" type in the first
quadrant and the map (v, k) -»• (h, I) is one-sheeted.

The most important consequence of this analysis is that for the solubility
of (3.6) it is necessary that v£ [vmin, p n ) a i ] , k 6 [Amin, fcraaxj, and / Ε [0, l0],
where the right-hand end-points of these intervals are finite, vmtn and /rmjn

are positive, and le an I. By the choice of the values of υ the form of the
liquid phase can be "controlled" by means of the criteria / > 0, h + l < 2.

3.4. Quasistationary problem with convection. _̂ .
Let υ — (0, v) be the vector of transfer velocity, V+ the velocity field in the
liquid phase with respect to a moving coordinate system, F_ = 0 within the
limits of the solid phase, and suppose that the relevant domain G be the
semistrip {—1 < χ < 1, y < 0}. We consider the statement

(3.8)

onb±(V±— '

= 0, — H<y<zO; u*=z(

= 0 in

vx/V 1 -f-y'2 (x) on γ: y = y(x);

x£( — i, 1),

in which b±, ω0, Re, ν, κ, and λ are given and positive, /(») is a Lipschitz
function, h(x) is a known positive function on [-1, 1] belonging to
C 2 + a [—1, 1], h'(-l) = h'(\) = 0, and Η is a given number. Let w± be the
solution of the stationary problem without convection with the same
conditions (3.8) for ν — 0 and suppose that ~H < yo(\) < 0, >Ό(Χ) < 0 for
the free boundary y0: y = yo(x) on [-1, 1 ].

Theorem 3.4 [ 101 ]. Under these hypotheses for sufficiently small ν and Re

(3.8) has a solution, and y(x) 6 C2+a[—1,1], V ζ W\ (G+) f] C 1 + a(5+),

VP 6 Lr(G+) r > 0, u± € C2+« o« G ± \ {(±1, — H)}.

The weak solubility of stationary Stefan problems with convection was
established in [225] - [227] . The classical solubility of the problem with
convection described by an equation of the form (1.7) was established in
[7], [8]. A similar many-dimensional stationary problem is given in [167].
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The paper [105] is devoted to the numerical solution of the Stefan problem
with convection within the framework of the boundary layer.

3.5. On model two-phase quasistationary problems.
In the exact setting, the many-dimensional two-phase quasistationary
problem has been studied less completely than the one-phase one. As a
supplement to the results of 3.4 we quote one result on the classical
solubility of the following model problem:

(3.9)

^$(w) = Q in G\X,, β (w) = βο«; + μβ (ιρ);

= 0 for y = 0, w — c2>0 for y = h;

w) = 0 for x=±i,
α (ιυ) Ξ = oc0w -f μα (w) ̂  0;

u> = c,6(0, c2), ι»ή— w^ = X(a:)cos(», y) on

where G = {(x, y): — 1 < χ < 1, 0 < y < Λ}, c1; c 2 ) 0O>
 a o and μ are

numerical parameters; j3(w), a(w) are twice continuously differentiable
functions; λ(χ) is an even function defined on [-1, 1] satisfying a Holder
condition, and λ(1) = 0. Let wo(x, y) be the solution of (3.9) for λ = 0,
μ = 0, and suppose that wOy(x, y) > 0 in G, as is true for β0 = 0.

Theorem 3.5 [3]. Under the hypotheses made above, for every pair
(λ(χ), μ) from some neighbourhood of zero in Ca[0, 1] χ R, 1/2 < a < 1,
(3.9) has a unique classical solution (w, Σ-^αηά the function y(x; λ, μ)
defining the free boundary Σχ belongs to C1 + a[—1, 1] and y'x(0; λ, μ) = 0.

We also mention the article [173] devoted to the problem with a free
boundary for two-dimensional second-order elliptic equations with variable
coefficients. The Stefan condition is understood in a certain weak sense,
and sufficient conditions are stated for a generalized solution from the class
W\ Π C with a Lipschitz phase interface curve. Yet another version of the
model quasistationary two-phase Stefan problem is considered in [42],
where the method of straight lines is used to prove the existence of a
generalized solution from the class W\ Π C with an increasing free boundary
for χ > 0.

CHAPTER IV

THE METHOD OF INTEGRAL FUNCTIONALS WITH A VARIABLE DOMAIN OF
INTEGRATION

4.1. First variation; main lemma.
The variational approach to problems with free boundaries, based on the
method of integral functions with a variable domain of integration, apparently
goes back to [316] (see also [30] Chrs. IV and VII). Applied to stream
and cavitational flows, it was developed in [277], [281], [282], etc., and
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to the theory of steady-state waves in a number of aritcles summarized later
in [72] (see also the enlarged English edition [256]). In this chapter this
method is expounded as applied to thermophysical problems with a free
boundary.

To begin with we consider the simplified one-phase quasistationary
problem (see §1.6). Introducing the dimensionaless coordinates x, y, ζ and
writing S = Σχ, Gs = G_, we arrive at the statement

Xu s (e«>ux)x + (e**u,)e + (e™uz)z = 0 in Ga;

u n + <o0u = 0 on d G a \ S ; w = 0 for z = — o o ;

u = l , | g r a d u | 2 = (>2(:r, y, z; v) on S,
(4.1)

where u is a dimensionless temperature, the parameters ω, ω 0 , and κ have
the same meaning as in (3.1), and u + is uniquely determined by the
following conditions: 1) in the cylinder G it satisfies the equation in (4.1)
for ω = ω + ; 2) on the upper section of SQ (z = 0), it satisfies the
dimensionless condition (1.8); 3) on dG\S0 it satisfies the condition in the
second line of (4.1) for ω 0 — ωί- The triple (u+, u~, S) is an approximate
solution of the two-phase quasistationary Stefan problem; its deviation from
the exact solution can be estimated by the discrepancies sup \ u+ — 1 | and
sup [(uj — ku^)/(u'z -|- λιζ£)] on S. In the two-phase statement only one
discrepancy occurs.

(4.1) is of a variational nature (this property is alien to the original Stefan
problem). We consider the functional

(4.2) J (u, S) = j j e^ [ul + ul + ul + Q") dx dy άζ + ω0 j
cs ocs\

j 2 da,
ocs\s

depending on the pair (u, S). A pair (u, S) is said to be "admissible" if it is
sufficiently smooth and the second condition in the second line and the first
condition in the third line of (4.1) are satisfied. The first variation of the
functional (4.2) has the form

(4.3) 6/ (u, S; δΰ, δ7) = — 2 f ( δΰ Xu dx dy dz +
Cs

<»* [Q2 — |grad u | 2] ηδτ da + 2 j e">* [un ϋ

where 8u is the variation of u for fixed S, br is the variation of the

independent variables, describing the passage from S to a "close" surface, and

π is the outward normal to S. The following lemma is a consequence of (4.3).

Lemma 4.1 (the "main" lemma) [115]. If (u, S) is the classical solution of
(4.1), then it is also a critical point of the functional (4.2) on the indicated
set of admissible pairs, that is, the first variation of (4.3) vanishes. The
converse assertion is also true if S has no points of self-intersection.
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We emphasize that the second condition on S (together with the equality
on dDs\S and the equation in Gs) in (4.1) is "natural" for the variational
problem with respect to (4.2) on the indicated set of admissible pairs. The
two-phase version of the simplified quasistationary Stefan problem also is of
a variational nature [111], [112].

4.2. Passage to a fixed domain (fibering into isothermals).
The map (x, y, z) -*• (x, y, u) takes Gs to a cylinder Δ in the strip 0 < u < 1
with the same cross-section if uz > 0. As the unknown, one can consider
the solution z(x, y, u) of the equation u(x, y, z)~u = 0. Then Gs is
fibered into isothermals, and the value u = 1 corresponds to S. Putting
w(x, y, u) = exp ωζ(χ, y, u), ω > 0, for convenience, instead of (4.2) we
obtain the following functional with a fixed domain of integration:

(4.4) 2L \ u*
βΔ\Γ

where Γ is the upper section u = 1, ds = dsdu and ds is the line element of
the boundary of the cross-section of G. The variables (x, y, u) applied to
(4.1) are similar to (x, y, φ) (ψ is the stream function) used in their time
by von Mises and Friedrichs in theoretical hydrodynamics. The passage
from (4.2) to (4.4) clears the way to an approximate and numerical method
for the construction of the critical pairs {u, S).

Lemma 4,2 [115]. On the set of admissible pairs {u, S), uz > 0 in Gs, the
functional (4.2) admits the representation (4.4). A similar transformation is
valid in the two-phase case [111].

4.3. Second variation; uniqueness problem.
The conditions for the admissibility of w(x, y, u) in (4.4) are as follows:
1) w is defined and positive on Δ, continuous on Δ, and vanishes for u = 0;
2) the first derivatives exist and are piecewise continuous on Δ;

(0)
3) wu(x, y, u) > 0 in Δ. Let w be the admissible function corresponding to

(i)
the classical solution (u, S) of (4.1), w any admissible function, and

(1) (0) (ε) (0)
6w = w — w. Then for all ε £ 10, 1] the function w = w-\- zbw is
admissible and

d i ~ (ε) 2 f Γ ( ε ) ( ε ) ( ε ) ( ε )

(4.5) -jjp- J (w) = — \ \ [(wubwx — wxf>wu)
z+(wu6wy — wyf)wu)

2 +

dxdydu . 2 f n n ,«, ,, dxdy/ ε )

 E

 ( £ )

t .,,dxdydu . 2 f Λ Λ

{wu6w - w6wu)
2} - T i f \- -j· QQ

ΘΔΠ<"=1) wl (*. tf. !)
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It is not hard to show that for Qz> 0 the right-hand side of (4.5) vanishes
only for δνν = 0. We also use the formula

(4.6) J (w) = J (w) -\

Theorem 4.1 [115]. Let QQZ > 0 in G. Then Jiu^) > J{u, S),
for any admissible pair (uu Si) and any function w, respectively.
Consequently, (4.1) for fixed ω and ω0 has at most one classical solution in
the class of functions uz > 0.

In [277] this method of proving the uniqueness theorem was used as
applied to stream flows (Q = const). A generalization of Theorem 4.3 to
two-phase versions was given in [111] and [112].

4.4. The problem of minimization of the functional (4.4).
For simplicity we consider the case of two variables x, y and use an
approach based on the Ritz method. Assuming that Q(x, y) and the
required temperature are even functions of x, we take as a basis the
functions uhx2i. We arrive at the non-linear system of equations

(4.7) J ^ 7 ^ ( 2 2 ah}x»u*)+l = 0, 2 Σ «*,-e»* = 0

for the unknowns ahJ and the Lagrange multiplier λ; in a first approximation,
the number h < 0 is equal to the depth of the isothermal u+ = 1 for χ = 1;
better approximations are found by minimizing the discrepancies. We
assume that 0 < ω, ω0 < A < π2/16, λ0 tan λ0 = ω 0 and

^ (x, » ) < c > · " , Qv (χ, y)^0 in G, c0 > 0,
(4.8) <

0 < c , < ( l -A) cos2V^4, μ ο = — ω/2 + ((α

The function Q(x, >>) constructed according to the method indicated in §4.1
satisfies (4.8).

Theorem 4.2 [91]. a) Under the conditions (4.8) there is a non-empty set
of pairs (ω, ω 0) in the neighbourhood of zero in the first quadrant for
which the non-linear Ritz systems (4.7) have simultaneously unique solutions.

b) // Qv\x, τ— log w(x, 1)1 ^ q(a) for some #(ω) > 0, then under the

conditions in a), the sequence of successive Ritz approximations converges
(0)

to w in the norm of L2(A) and W±{A Π {" >v}), ν G (0, 1), and the traces
on u = 1 converge in L2(~ 1, 1).

c) [153] For u > ν > 0 the convergence is uniform.
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The solubility of the system (4.7) for every approximation was established
earlier in [89] and [113], and the numerical variational approach was
realized in [207] and [208]. The single discrepancy in the two-phase
version does not exceed a few percentage points, which has to be viewed as
practically satisfactory, since the thermophysical parameters determined
experimentally have a larger error. In [90] the variational approach is
applied to the optimization of the Stefan problem. We also mention the
paper [37] devoted to the quasistationary Stefan problem with a free
boundary of small curvature.

4.5. The existence problem for simplified quasistationary Stefan problems.
The method of integral functionals is also effective in the study of existence
problems of classical solutions of the problems under discussion. The
simplest of them, which is considered in [11] (see also [20]), corresponds
to the planar version of (4.1) for ω = 0, Q = const. A more general case
was studied for ω > 0 in [14] . We dwell in more detail on the following
version of the two-phase simplified stationary problem:

(4.9)

To the case Q2 = 0 there corresponds the stationary Stefan problem [12],
[13]. To (4.9) we assign the functional

(4.10) J(u, t)= \\ [|gradu"|2-f Q*(x, y)\dxdy +

*Gv
»[u(l. I/)]

\grnd u+f-dxdy + 2 j dj
n\c v ο υ

r[u(-l,i

y = 0 in Π \ γ , Π = {(χ, y): —1
u = 0 for y = 0; u = c , > 0 on γ, u = c2>ci for y~h\
un + w0(u) = 0 for x = ±i, 0<t/</z;
|gradu+|2— |gradir|2 = ()2(z, y) on γ.

+ }\ \grndu+f-dxdy + 2^dy j λ (s) ω0 (s)rfs +

where Gy is the domain of the solid phase of G~, v(u) is the function
inverse to the solution u(v) of the problem u'(v) = λ(υ), u(0) = 0, and λ is
the coefficient of heat conductivity. The conditions of admissibility are
written in the second line of (4.9). We also mention the article [159],
which is devoted to the existence problem of the two-phase version of (4.1).

Theorem 4.3. a) [15] Suppose that Q(x, y) is even in x, continuously
differentiable in Π, and satisfies the conditions Qx < 0, Qy > 0 for χ > 0;
suppose also that ω ο ( " ) ί 5 continuous, ωο(Ο) = 0 and co0(w) > 0 for u > 0.
Then (4.9) has a solution (u, y) for which u(x, y) is continuous on Π, γ is
symmetric with respect to the y-axis, is Jordan, and increases for χ Ε (0, 1);
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suppose finally that the last relation in (4.9) holds almost everywhere on y,
and the remaining ones hold in the classical sense. The functional (4.10)
attains its smallest value at (u, y) on the indicated class of admissible
elements. If Q(x, y) = 0, then (4.9) has a classical solution (u, 7), uy > 0
in Π, which is unique in this class.

b) [152] Suppose that Q(x, y) is analytic in G = {—1 < χ < 1, y < 0}
and even in x, that Qx < 0, Qy > 0 for χ > 0, and that (4.8) hold. Then
on the set of pairs (ω, ω 0 ) as in Theorem Ail a), the planar one-phase
problem (4.1) has the classical solution (u, 7) (S = 7) for which 7 is even,
analytic at the interior points and increasing for χ Ε (Ο, 1); moreover,
u(x, y) is even in χ and ux < 0, uy > 0 for χ > 0 in Gy. The pair (u, 7) is
a minimum place for the functional (4.2) on the set of pairs (u, 7), u — 1
on 7.

In addition to what has been said we mention the paper [16]. Detailed
proofs of b) were given in [ 154]. All papers cited generalize the methods
worked out in [281] and [282] for axially symmetric cavitational streams.
In [71], [72], and [256], this method is applied to the problem of
permanent waves, and in [33] and [35] and other papers to the study of
interior waves between liquids of different densities. In the above mentioned
investigations of the author and his collaborators the assumptions of [71]
were sharpened in that part which concerns the problem of minimization of
functionals of the form (4.2) (see also [213]).

4.6. The non-stationary two-dimensional two-phase Stefan problem on a
finite time interval.
We assume that the thermophysical parameters of the medium are piecewise
constant and we introduce the dimensionless variables xv x2, t and the
temperature. Let Π+ = {0 < xi < 1, 0 < x2 < b} , Π}. = Π + χ (0, ί0),
b > 0, t0 > 0; let S be the phase interface in the space (x1( x2, t)

(corresponding to Σ} for/ = 1 in (1.3)) and let Ν be the unit normal vector
to S, directed toward the side of higher temperature. The problem is
considered in the following setting:

(4.11)

ui — a2(u)Au = 0 for (χ,, x2,

un = 0 forx, = 0,

u = 0 for x2 = 0, 0 < x, < 1, 0 < t < <„;

u = g > l forx2 = 6, 0<Xj < 1, 0 < t < i0, 9 = const;
2

u = l , 2 (λ""ϊ. — λ+ιιχ) cos (Ν, Xj) + κ cos (TV, t) — 0 on 5;

u (χ,, χ2, 0) = ·ψ(χ,, χ2) in Π+ + 5Ο,
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We assume that So does not decrease on (0, 1) and that ψ(Χι, Xj) satisfies
the relations

( ψ6Η^(Π + )

.12; < ψ = 0 on {

ν -ψ = g on {

on IT\S0;

(4.12j ^ ψ = 0 on { 0 < χ , < 1 , x2 = 0}, ψ = 1 on So,

{ΟκΖ,Χί^. 1, x2 = b).

From (4.11) we easily obtain the identity

\ (a2(u) Vw ν η +"«η — κχ(η] da: di + ω0 \ ur\dx2dt — 0y

t»

where η £ Wl" ' (Π ,̂) and η vanishes for t = t0 and on {0 <Z xx < 1, a:2 = 0} U
U {0 < z, < 1, a:2 = b) and where χ(χ, ί) is the characteristic function of
the solid phase of G~. Applying Rothe's method to (4.13) and passing from
the integral over t to the corresponding sum, we obtain finitely many elliptic
problems with free boundaries, similar to the ones considered earlier, that is,
of a variational nature. We write down the functional arising in the first
step:

(4.14) J (u, S; ψ, 5 0 ) = \ \ fa 2 |Vu| 2 + T - ( U — ψ)ζΊ dx, dx2 +
J J L " J

+ ω0 J u2 dx, + ( ( [a« | Vu+12 + -J- (u - ψ)2] dxt dx2 +

i f 1

\ ~r~(l — u)dXidx->.

Here G^ denotes the domain of the solid phase with the free boundary S,
which is a Jordan curve with end-points on the vertical portions of the
boundary 3Π+. The requirement of admissibility of the pair (u, S) includes
also the relation

u £ W\ (Π+) Π C(n + [J {0 < a-, < 1, χ* = 0} U {0 < χ < 1, x2 = b), u = 0

on the lower base of Π+, u = 1 on S, u - q on the upper base of Π+,
0 < u < 1 on G's U Gj, and 1 < u < i? on the complement.

Theorem 4.4. a) [43] Under the conditions (4.12) there is a pair (u, S) at
which the functional (4.14) attains its smallest value on the indicated set;

moreover, u £ Cp l (Π+), 0 < βχ < 1, u is differentiable on Π + \ 5 , ux < 0,

ux ^ 0 S is a non-decreasing curve, and G~ cz Gj.

b) [43] Under the assumptions (4.11) has a unique solution (u, S) in the
sense of the identity (4.13), u 6 W1·1^,,) f] #δ·6''2(ΪΤ?.)> 0 < δ < 1, the free
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boundary S satisfies a Lipschitz condition and the Stefan condition on it is
satisfied almost everywhere.

c) [44] Suppose that φ satisfies the conditions in (4.11) on the vertical
portions of 3Π+ and a2A\p = f in Gs, and α*Δψ = fin Tl+\.Gsc, where
a_ > a+, 1 € Cx(ff+), / < 0, /*, > 0, /χ, < 0. Then (4.11) has a unique

solution for which the free boundary S is continuously differentiable at
every interior point of it.

This theorem shows that the method of integral functionals with a
variable domain of integration combined with Rothe's method is effective in
the solution of the existence problem of classical solutions even in the case
of non-stationary many-dimensional two-phase Stefan problems on an
arbitrary finite time interval.

CHAPTER V

THE MANY-DIMENSIONAL NON-STATIONARY PROBLEM

5.1. The enthalpic form of the energy equation; generalized solutions (the
method of integral identities).
We introduce the notation

(5.1)

Η(Τ,1,τ)= \ (pe)(e, Ι,
;=ι

Λ (Γ, ξ, τ ) = \ λ(*. ξ, τ) ds, Α, (Τ, ξ, τ ) = \ λ ξ | ( β , Ι, τ) ds

(7 = 1, 2, 3);

fo(T, Ι, τ) = /(Γ, Ι, τ)+ [ (ρε)τ (s, ξ, τ) ds,

where the x} are from (1.10) and / is the constant term in (1.17). The first
function in (5.1) is equal to the enthalpy (heat content) per unit volume
and undergoes the jump Hj in the passage through the phase interface. If
T{%, τ) satisfies (1.17) without convection, then, as simple transformations
show, within each phase Dj

(5-2) Σ~aT~ 2 itT—

in which Γ(ζ, r) is substituted in the functions in (5.1).
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We assume that (Τ, Σ^) is a classical solution of the non-stationary many-
dimensional Stefan problem:

(5.3)
(0)

- Γ ) = * on dDx(0, τ0); Γ (ξ, 0) =
3

on
7 = 1, . . . , τη.

Let F(£, r) be a smooth function defined on Ω = D χ [0, r0] and vanishing
on the upper section τ = τ0 and for (£, T) £ 3£> χ [0, T0] . We multiply
(5.2) by F(£, τ) and then integrate over each phase Dj in (1.2). Using the
Gauss-Ostrogradskii formula, the boundary conditions on Γ(£, τ) and /<"(£, τ),
the Stefan condition, and adding up the resulting equalities, we arrive at the
identity

(5.4) j j J [F,H [Τ (ξ, τ), ξ, τ] + Atf · Λ |Γ (ξ, τ), ξ, τ] +
Q

3

+ FftlT{l, τ), ξ, τ]+ 2 FifiilTd, τ), ξ, τ)}ά-άτ +

(t Ό)Ηlto(l)t I, Ο]ώξ+ j Λ j | £ Λ [iii-il + T·,,, ξ, τ] da = 0
D ο ab

for every function F(£, η) in the indicated class. We assume that λ, ρ, and c
satisfy the conditions of §1.1 and f(T, ξ, τ) = α/(ξ, τ)Γ+δ/(ξ, τ), where
#,(£, τ) and &/(£, r) are bounded measurable functions. Under these
assumptions the last three functions in (5.1) are defined and bounded for
any bounded measurable function Τ = Γ(ξ, r), while to the first function in
(5.1), which is discontinuous as Τ passes through the 7), for Τ = Γ(ξ, r) at
the points Γ(£, τ) = 7} some bounded values are assigned from the interval
[H(Tj- 0, £, r), H(Tj + 0, ξ, τ)] . With these conventions, a bounded
measurable function Γ(ξ, τ) is called a generalized solution of the Stefan
problem if (5.3) holds on the relevant class of functions F{%, τ).

Theorem 5.1 [164]. a) (5.3) has at most one generalized solution if α;·(ξ, r)
and bj{%, r) c?o not depend on j and are smooth functions on D χ [0, r 0 ] ;

b) under the same assumptions a) holds also when the xj depend
smoothly on (ξ, τ), κ/(ξ, τ) ^ κ > 0 , /« /^e class of generalized solutions
whose free boundaries Σ f. Τ(ξ, τ) = Τ j are of measure zero;
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c) we assume that the boundary dD is sufficiently smooth and λ, ρ, and c
are piece-wise constant functions of Τ and λ ζ C2(Q); also, p, c, χ} ζ C*(Q),
7o(£) G C\D), g(l τ) G C\bD χ [0, r0]).

Then (5.3) /z<zs α generalized solution, which can be obtained as the limit
of solutions of a quasilinear equation of the form (5.2) with "smoothed"
functions (5.1). In the case of a single space variable there is uniform
convergence, consequently, the generalized solution is continuous on Ω.

A detailed account is contained in [166] (lecture 4) for a general
parabolic operator with a single space variable. The method goes back to
earlier work of the same author, which is devoted to the analysis of
boundary-value problems for second-order equations of elliptic or parabolic
type with discontinuous coefficients [163]. Somewhat earlier the many-
dimensional multi-phase non-stationary Stefan problem with thermophysical
parameters depending only on the temperature was discussed in [106]. To
begin with, the uniqueness of a generalized solution in the sense of an
identity of the form (5.4) was established by the method of [163], and
then the method of finite differences, as proposed earlier in [215], was used
to prove the existence of a generalized solution for any bounded functions
g(£, τ) and Η[Τ0(ξ)] in (5.3) that are continuous almost everywhere. A
complete exposition of these results was given in [107] and [108].

The papers just mentioned mark the beginning of the contemporary stage
in the study of the Stefan problem, which is devoted mainly to the case of
many space variables. We mention here the paper [269] in which the two-
phase Stefan problem is considered for general parabolic second-order linear
operators X with sufficiently smooth coefficients within each phase. As
above, the generalized solution is sought in the class of bounded measurable
functions satisfying an identity of the form (5.7) with the Laplace operator
replaced by the adjoint operator to the elliptic part of X; in particular,
conditions ensuring the existence and uniqueness of a generalized solution
are stated; under some additional restrictions this solution satisfies an
energy estimate and, consequently, has a finite norm in W2' '(Ω); a
comparison theorem also holds, under the hypotheses of which the
inequalities gy > g, 7\, 0(l) > fo(Q imply that 7\(ξ, τ) > Γ( | , τ) almost
everywhere in Ω. In the same range of ideas and methods the non-
stationary many-dimensional quasilinear two-phase Stefan problem is treated
in the recent paper [311] : existence and uniqueness theorems are proved
for the generalized solution, conditions are given that ensure the continuity
of its dependence on the initial data, a comparison theorem is established,
etc. In the one-dimensional case these results were established in [50].

5.2. Generalized solutions in Sobolev spaces.
(0)

We consider (5.3) under the assumption that / = 0, g = —a.T and the
thermophysical parameters of the medium under the preceding assumptions
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depend only on the temperature. Then (5.3) takes the form

<5.5)
Λ (ξ, τ) = 0 on ό>Ζ)χ(Ο, τ0); Λ ( | , Ο) = Γο(ξ), | 6 #

Λ = Λ ι= I h(s)ds, 2 (At—Λ» ] cos (Ν, ς,ι)—x<cosi

7 = 1, . . . , τη,

where δ(Λ) is an increasing function on [0, °°]; b'(A) = B(A) for

A £ (Λ;-,, A,) (/ -= 1, . . ., πι), Λο = 0;

b(Aj + 0) — b(A, — 0) = —κ, 0" = 1 "Ο;

and 6(0) = 0. If now η(ξ, τ) is an arbitrary element of Wl' ' (Ω) (the
closure of functions of compact support in Ω), then instead of (5.4) we
obtain from (5.5) that

(5.6) j j j {-6(A)iiT + grad iA-grad^}d| iiT = 0 for all η£ W^'1 (Ώ),
a

which must necessarily be satisfied by the classical solutions of the problem
(5.5) (provided that it exists). We supplement the definition of b(A) at the
points Λ;· by arbitrary values in the interval [b(Aj — 0), 6(A; + 0)] and we
take the identity (5.6) and the initial condition in (5.5) as definition of the
generalized solution of (5.5) in the class of bounded functions A from
ο , ,

VPY (Ω) (that vanish on dD χ (0, T0)). This definition in contrast to the
one in §5.1, guarantees for the generalized solution of the Stefan problem
an a priori degree of smoothness of elements in the Sobolev space Wz' '(Ω).

Theorem 5.2 ([128], Ch. V, §9). Suppose that dD ζ Η2+* and that B(A) is

positive and piecewise smooth. Then (5.5) has one and only one generalized

solution in the class of bounded functions from W\,' '(Ω) that vanish on

dD χ (0, r0), provided that the initial distribution 7"o(£). supplemented by

zero on dD χ (0, τ0), is the trace of a function belonging to # 2 + ρ > 1+β/2((?),

j 3 > 0 .

The proof uses a method that was worked out earlier in connection with
the general diffraction problem for parabolic equations (for results and a
bibliography, see [128], Ch. Ill, §13); the uniqueness depends on an
existence theorem for the generalized solution of a certain auxiliary mixed
problem for a parabolic equation with bounded measurable coefficients; the
existence uses the method of smoothing the coefficients.
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0

By choosing (5.6) the η(ζ, τ) from the class C°° (Q)we can verify that the
energy equation in (5.5) can be treated also in the sense of distributions:
we arrive at the following statement: for any element / from the dual space

(5.7)

3

ΤΓ 6 ( Λ ) - Σ ΐ | Γ = /6» τ) in the sense of D' (Ω);

(0)

a(T-T) = g ondDx(0,x0); b(A) (|, 0) = 6 [Λ(Γβ)]

Theorem 5.3 [220]. We assume that 3D consists of two disjoint infinitely
differentiable manifolds and that for m = 1 (the unique critical value of the

(0) (0)

temperature) g!a -f- Τ < Tx for the interior manifold and gla -f- Τ > T^for
the exterior one. Suppose that Τ0(ξ) Φ Τχ almost everywhere and that there

~ ~ (0)

is a function Λ(£ο, τ) G ̂ ( Q ) s«c/2 that A = 6[A(g/a -f T)\ on W χ (0, r0)
Λ(ξ, 0) = b[A(T0(£))] on D. Then (5.7) has a unique solution Λ(£, τ)

2(0, τ0; ^^φ)) /or a«^ /(t r)
The proof is also given in the book [130] (Ch. 2, §3, 3.3). It is based

on the general theory of monotone operators.

5.3. Numerical methods for the analysis of the many-dimensional problem.
The enthalpic form of the energy equation and the smoothing of its
coefficients are used in [187] as a basis for an effective numerical method
of solving many-dimensional non-stationary quasilinear Stefan problems.
Assuming that Τ(ξ, τ) is an infinitely differentiable function of (ξ, τ) and
that gradU i T ) Γ(ξ, τ) φ 0 along Σ ; : 7"(|, τ) - Tj(j - 1, ..., m) and
differentiating the composite function η[Τ(ξ, τ)- 7)] with respect to r in
the sense of distributions, from the first formula in (5.1) we obtain

(5.8) -fcH [T(l, τ), ξ, τ] =

(pc)T (s, ξ, τ) ds+ |(pc) ΙΓ (ξ. τ), ξ, τ] + ]>

where δ ( Γ - 7}) is the Dirac distribution on Σ;·. When we then take the
energy equation in the form (5.2), we derive from this and from (5.1) the
following equation for the temperature:

(5.9) [(pc)(T, ξ, τ)+ S njb(T—Tj)]Tx = di\i(KgradlT) + f.

This leads to the equation of heat conduction in (5.3) inside each phase. As
was shown in [187], under the assumption that the Σ; are smooth and
7X£, r) is piecewise smooth, (5.9) also implies the Stefan condition on Σ;,
where also 7X£, T) = 7}. Consequently, it is sufficient to adjoin to (5.9) the
initial and boundary conditions on Τ (second line in (5.3)). (5.9) has the
following intuitive physical meaning: the terms κ;·δ(Γ = Tj) represent the
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condensed heat capacity on the phase interface, that occurs in the energy
equation additvely along with the usual specific heat capacity pc (per unit
volume).

The smoothing method now consists in replacing the delta-function
δ(Τ- Tj) by an approximately delta-shaped function b(T— Tj, A), where Δ
is the length of the subinterval on which this function is different from zero.
The same result is obtained if in the first formula (5.1) the discontinuous
function η(Τ~ Τ,) is replaced by a smooth η(Τ~ Tj, A) with preservation of
the condition η'(£> Δ) = δ(£, Λ). For simplicity we assume that the
thermophysical parameters depend only on the temperature, and we introduce

m

the "effective" heat capacity (pc)(T) = (pc)(T) + 2 κ,δ(Γ — Th Δ) for

sufficiently small Δ > 0, assuming also that the integral of δ(Τ~ 7), Δ) with
respect to Τ on the set (—°°, °°) is 1 (conservation of enthalpy). The
functions f(T) and λ(Γ) are smoothed similarly. We then apply the finite
difference method of the numerical solution to the resulting mixed problem
for the quasilinear equation of heat conduction. A comparison with exact
model solutions shows that the accuracy of this method is satisfactory.
Another advantage of it is that the process of smoothing is independent of
the number of space variables and the results depend weakly on the specific
choice of δ(ξ, Δ).

Simultaneously and independently, a similar approach was proposed in
[58] to the numerical analysis of the many-dimensional multi-phase non-
stationary quasilinear Stefan problem with a proof of convergence in Z,2(Q).
For the Stefan problem in which the condition (1.9) of isothermality is
replaced by more general conditions of the form (1.12) a numerical method
of analysis was proposed in [189] (see also [53], [54], [60], [175], and
the bibliographies in them).

A justification of the method of smoothing (in the space C) in the theory
of mixed problems for quasilinear equations of heat conduction with
piecewise smooth coefficients is contained in [80] (see also [81]; a detailed
account is given in [86]). Here conditions are stated under which in the
many-dimensional case, the solution of the problem with smoothed
coefficients converges in the uniform metric to the unique solution of the
original problem, and the latter solution has a piecewise continuous Holder
gradient with respect to the space variable % for almost all values of r.

5.4. The method of parabolic variational inequalities.
We consider the one-phase non-stationary Stefan problem in a domain D
whose boundary is the union of three parts ΓΊ, Γ2, Γ"3, where ΓΊ Π Γ 3 = 0
and mes ΓΊ > 0. We assume that the thermophysical parameters of the
medium are constant, that 7Ί — 0 on ΓΊ, that (1.8) holds for Χι = χ 2 = 1

<o> (0) ,

that g ΞΞ= —aT or that Τ = Τ on Γ 2 : the homogeneous Neumann condition
(Xi = 1> X2 = 0' S = 0) and the Dirichelt's zero condition (T = 0) on Γ'3.
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We also assume that the initial temperature distribution is identically zero
(Xo(£) = 0). The temperature field Γ(£, τ) in the liquid phase
•Ci = {(Ι, τ): T(l, τ) > 0} is non-trivial if a > 0. Now we introduce the
notation:

(5.10)

u (Ι, τ) = J Τ (ξ, σ) χΟι (ξ, σ) da, (ξ, τ) £ Ω = D χ (0, τ0);
ο

in D, y = 0 on

(0)
Kt (τ) = {ν (ξ, τ) 6 W\ (D), ν = Ττ on rj, D > 0 on I)}

for all τ 6 (0, τ0).

It is not hard to verify that w(£, r) satisfies the relations

(5.11)

(0) (0)

— Γτ) = 0 or U = 7'T on un = 0 on Γ̂ ;

Μ ( ξ , 0 ) = 0 ο η Ο ; u = 0, gradsu = 0 on Σ^
u (ξ, τ) £ Κ or #, (τ) for all τ € (0, τ0); u (ξ, τ) κ 0 outside Du

which are equivalent to the Stefan problem in question.

Theorem 5.4 [ 2 6 0 ] . a) // (Τ, Σ χ ) is the classical solution of the one-phase

non-stationary Stefan problem, then the function «(ξ, r ) in (5.10) satisfies

the relations (5.11);

b) every such solution of (5.11) satisfies the variational inequality

(5.12)
T, v —

( 0 )

T -xl(X\ v-u))Ll(D) for all ν

« ( I , x) € AT /o / · a / / τ 6 ( 0 , τ 0 ) ; » ( ξ , 0 ) = 0, ξ£Ζ>;

o/\ respectively, the inequality

(5.13) (u t, u —u)r, f ( D )+a*(gradEu, grad5 (y — u ) ) L t ( D ) >

> ( —Xj/X+, y — «^.(

/ o / - a / / i ; 6 i f , ( τ ) ; u (Ι, τ ) 6 ^ , ( τ ) f o r a l l τ € ( 0 , τ 0 ) ; u (I, 0 ) = 0 , Ι ζ Ο

c) f/jere κ o«e and only one solution ua of (5.12) in the class

uax ζ L 2(0, τ 0 , W\ ψ)) Π Lx(0, τ 0 ; W\ (D)), where

\ (D) = {»

d)

( 5 · 1 4 )

, » = 0 on T's);

0 < u a , (ξ, τ)<ΐ/«,(|, τ)<//τ /or all
0<ι/β 1(ξ, τ ) < # /or α//χ6(0, χο),
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where //(£) is uniquely determined as the solution of the stationary problem
(0)

ΑξΗ = 0 inD, Η = Τ on Γ\, Ηη = 0 on Γ'2> and Η = 0 on Γ 3 ;
e) there is one and only one solution of (5.13) in the class

Ο, τ 0 ; W\ (£>)), u , 6 £,(0, το; ΐ η (D)); if a-* +°°
ο

ua -> w strongly in L2(0, τ 0; W,1 (£)) and weafc/y zn L2(0, τ0; irj (β)),
u a T -*- uT* weakly in L^D X (0, τ0)).

The introduction of a new unknown by the first formula in (5.10) goes
back to [217], which is devoted to the problem with a free boundary in the
theory of filtration. The proof of Theorem 5.4 is based on the penalty
method ([130], Ch. 3, § §5, 6). The estimates (5.14) are proved by
application of the maximum principle, and then d) is used in the proof.
A detailed proof can be found in the book [103] (Appendix, §3). The
solutions of the variational inequalities (5.12) and (5.13) obtained in
Theorem 5.4 are taken as generalized ("weak") solutions of the original
Stefan problem.

The two-phase non-stationary Stefan problems also admit a generalized
statement in terms of certain variational inequalities [261], [263]. However,
these inequalities belong to a class for which a theory has not yet been
worked out. In the quasilinear case the reduction to a variational inequality
in the one-phase Stefan problem was realized in [279]. An evolution
problem of the form (5.3) for an elliptic energy equation (c = 0) is also
studied [247]. In conclusion we mention the recent paper [338], which is
devoted to the degenerate quasilinear many-dimensional two-phase non-
stationary Stefan problem; to begin with, under certain minimal assumptions
on the enthalpy and the remaining initial data the existence of a generalized
solution in the class T, H(T) G L«,(0, r0; L2{D)) is established by the
smoothing method (the thermophysical parameters of the medium depend
only on the temperature) and then also in the class of weak solutions cases
are studied when the latent heat of crystallization vanishes identically or the
specific heat capacity can vanish (c(T) > 0).

5.5. Improving smoothness; the classical nature of generalized solutions.
Under certain additional restrictions on the initial data the generalized
solutions of the Stefan problem constructed above have an increased
smoothness, in particular, properties of a classical solution. For a one-phase
Stefan problem in the case of η > 2 space arguments the classical character
of generalized solutions was established step-by-step by overcoming
substantial mathematical difficulties.

In this direction we mention first of all the paper [276] in which the
method of variational inequalities similar to the one developed in the
preceding subsection was used to establish existence and uniqueness
theorems for generalized solutions and to prescribe additional conditions
that guarantee a certain original degree of smoothness of the free boundary.
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It is assumed that the boundary dD of the domain D consists of two smooth
components: a closed manifold Γ\ and the boundary Γ2 of a ball of
sufficiently large radius R. At the initial moment of time the non-trivial
(liquid) phase D± occupies the domain Dlt 0 = {ξ: ξ ζ D, Γο(|) > 0), m = 1,
7\ = 0, of positive measure, bounded by ΓΊ and a manifold Sj that is
smooth and disjoint from ΓΊ (see the notation (1.14)). We assume that
(1.8) holds on T t χ [0, r0] for X l = 0, χ 2 = 1 and g(£, τ) G C 2(I\ χ [0, r 0 ]) ,

while 7Ό(ξ) 6 £ 2(#ι. 0) is positive on Z>,, 0 Ν Σ 1 ρ Ο. (In Theorem 5.4 we had
Γο(ξ) Ξ ο, g(£, r) = 0.) The same substitution as in (5.10) reduces the
Stefan problem in question to the following:

(uT — aJAsw)(i; — u)^tf(v — u) a.e. in Ω;

for all veWl(D), v^0 in D, / = 2Γβχι>1 ΐ §-κ, ( 1 - X D , , β)/λ+;

ι* (ξ, x) = ̂  = -i- J*(6, σ)ώσ + Γτ on Γ,χ[0, τ,],
ο

u(|, τ ) = 0 on Γ2;

(5.15)

In contrast to (5.12) and (5.13), here the inequality for «(ξ, τ) is written in
pointwise form. A solution of (5.15) in one class or another of
Lp(0, τ 0; Wl(D)) is called a generalized solution of the original non-
stationary one-phase Stefan problem. Such solutions were constructed
([276], §2) by the penalty method for an appropriate choice of the penalty
function βε, namely: βε(ί) £ C°° (R 1), βΕ(<) = Ofor t > ξ > 0, βε (0) = — 1 ,
βε (t) > 0, βε ( ί ) < 0 for t £ (— oo, ε). Then in § §3-4 of this paper some
preliminary smoothness properties of the temperature and the free boundary
are established. Before giving the exaxt statements we introduce some

definitions and notation. Let I\ ζ H2% g£, τ) ζ Η^Η^ x 10, tol),

Γ0(ξ) 6 #2+P(Z>) and let u($, τ) be a solution of (5.15) with a bounded non-
negative derivative wT(0 < uT < K), where the bound Κ depends only on the
upper bounds of I / I and Ι ψ I. Applying the Schauder estimates to
T(£, r) = uT(£, T) near Γ\ x [0, τ0] (see, for example, [128], Ch. IV, §5),
we obtain the inequality | ATiT | ^ Q, where Αγι is the tangential component
of the Laplace operator on ΓΧ and the constant Q depends only on the
norms of the initial data in the indicated spaces. Suppose that ΓΛ is star-like
with respect to the origin and that ρ = r(6) is its representation in polar
coordinates.

Theorem 5.5 [276]. a) (5.15) has a unique solution u{%, τ) satisfying the
relations u G Lx(0, τ 0; Wj(D)), 1 < ρ < °° uT G Lx(0, r0; Ζ , . φ ) ) ,
0 < uT(%, T) < Κ a.e. in Ω = D x (0, 70), where Κ depends only on the
upper bounds of I f\ and Ι φ I. // ut denotes the classical solution of the
problem with penalty, then uc ->• u weakly in ΐν'ρ(Ώ,), 1 < ρ < °° weakly in
Wp(D), 1 < ρ < °°, for all τ € (0, r0), and consequently, uniformly in Ω and
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also ueli -+ ul{ uniformly in D for all τ € (Ο, τ0). // Ζ),(τ) = {ξ: u(E, τ) > 0},

then A O ) C D^r') for τ < τ, where τ, τ <E [0, τ 0 ] , and all the ΰχ(τ) are
contained inside a ball of sufficiently large radius with boundary sphere Γ2;
finally, u(%, r) = 0 and grad? w(& τ) = 0 on Σ, = 5£>χ Π Ω, awe? m Ζ^ the
equation in (5.11) is satisfied near Σν

b) Let 7Ό(£) = 0 on Σχ, 0. 77ze« the function T{£, r) = uT(%, r) satisfies
the energy inequality, that is,

(5.16) S J u | | . (ξ, x) dS+ J j »?x (δ,
"ai D

where C does not depend on τ £ (0, r0).
c) >ls before, suppose that f^X) > 0 m D l i 0 and fo(£) = 0 on Σχ, 0

(0)

7O(i) = Ψτ(Ε, 0) = r + *β, ο)/α, ξ e r l t

and

(5.17) (ρ*Γ 0 (ξ) ρ <0 in Ζ?1ιΟ) ψ , ( | , τ ) - ψ τ ( ξ , 0) - /-«(Θ) (?τ > 0

ο« Γ, χ (0, τ0),

where (ρ, θ) are polar coordinates. Then the free boundary Σ 1 ι Τ = Sj Χ {τ}
admits the representation ρ = ρ\θ, τ), 0 < r < r0, ZVJ w/?/c/z p*(0, r) is a
Lipschitz function in θ (with a Lipschitz constant independent of τ) and
continuous in r; moreover, up < 0 in D^.

d) A function u(l τ) G L2(0, T 0; W\(D)) satisfies (5.15) if and only if
Τ(ζ, τ) = wr(£, r) satisfies the corresponding integral identity of the form
(5.4).

When Π is the sphere ρ = r > 0, the second inequality in (5.17) is
replaced by the more precise ψτ(ξ, τ) — ψτ(ξ, 0) — Γ-Μψ(ς, τ) > 0 on
Γ\ χ (0, τ0), where A is the spherical component of the Laplace operator.
These conditions mean that the heat-generating surface Γ\ must be
"sufficiently planar" with respect to the growth of ι//(£, τ) in τ. Combined
with the first condition in (5.17), they guarantee that (p2up)p > 0 on
I\ χ (0, r0) (in the three-dimensional case) and consequently, u < 0 in Z>t.
See also [274], Ch. 1, §9.

The next step on the way to establishing the classical nature of a
generalized solution was made in [235] under the additional assumption
that

(5.18) supvrai Κ,ξ ;(ξ, τ ) | < + οο

(the elliptic case is studied in [234] and complete proofs are given in [236];
see also [274], Ch. 2, §9).
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Theorem 5.6 [235]. Suppose that in some neighbourhood W C D^ of
(ξ, τ) 6 2 X the function u(%, τ) in Theorem 5.5, a) also satisfies the local
condition (5.18). If at a point ξ0 € Σ1Λ<> f\dW, Σ1ιΧ = 2^ χ {τ}, the
complementary set of (Q\Dj) Χ {τ} has positive Lebesgue density, then in
some neighbourhood of (£0, τ0) the free boundary Σλ is a smooth surface in
Ω, and all second derivatives of w(£, r) are continuous up to the indicated
neighbourhood on Σν

Under the hypotheses of this theorem, the generalized solution in
Theorem 5.5, a) is locally a classical solution of the one-phase many-
dimensional non-stationary Stefan problem. But under the hypotheses of
Theorem 5.5, c) every point of the surface Σι, τ has positive Lebesgue
density with respect to the complement, since p*(0, τ) satisfies a Lipschitz
condition in 0, consequently, Theorem 5.6 is applicable globally to the
entire free surface Σν

The final step in the positive solution of the problem under consideration
was made in [295]. Here to begin with (§1) a sketch of a proof of (5.18)
is given by means of a method of the paper [221], next it is proved that a
similar estimate holds for the second derivatives «^(ξ, τ)(§2) and then by
using an elliptic analogue of Theorem 5.6 in [234] and some other results
the assertion of Theorem 5.6 is proved for the function w(£, r) in
Theorem 5.5. Before stating rigorously this and other results of [295] we
recall that a function a(£, T) £ C°° is analytic in if and belongs to the second
Jevret class in r if

I dtldlldUd^ | < CMzi+M (2; + I a |)1, α = a, + a 2 + a,,

where Μ and C are positive constants.

Theorem 5.7 [295]. a) Let «(£, r) be α function satisfying the first three
assertions of Theorem 5.5 for κ ι(ξ, τ) 6 C°° (Ω). (The estimate (5.18) is a
consequence of them.) Then in the domain Ω = D χ (0, r0) the free
boundary Σχ is a Cl-manifold, ul{ (ξ, τ) 6 C\D1 U Σχ) (i = 1, 2, 3), and
the function gi representing Σ 1 > τ = Σι Χ {τ} locally has a positive derivative
with respect to τ (ΣΧΐ τ is strictly increasing in τ); the pair (u, Σι) is a
classical solution of the one-phase Stefan problem.

b) Under the same assumptions, u(l, τ) 6 C°° (Di [j Σ χ). // κχ(ξ, τ) is
analytic in ξ and belongs to the second Jevret class, then so do ίν(ξ, r) and
8i(t T) in some neighbourhood of every point of D^ (J Σν

c) Let Γι be a sphere of fixed radius and let ψ(ξ, τ) > 0 be analytic on
Fj χ (0, r0). Then the free boundary Σ1 is an analytic hypersurface in Ω.

The infinite differentiability of the free boundary in the one-dimensional
case was established earlier in [232] and [321], and its analyticity in the
case of one space variable was proved in [272]. For the one-dimensional
Stefan problem, as stated in [73], the analyticity of the free boundary was
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established in [181] by the method of extending integral equations
equivalent to the original problem to the domain of complex values of the
time variable. An account of the main results of this subsection in the one-
dimensional case can be found in the book [298], Ch. VIII.

5.6. The one-phase quasilinear contact problem; the pseudoparabolic
inequality.
Let D denote a cylindrical domain in the variables £ = (%x, £2> •·-, £nX
η > 2, situated in the layer 0 < £„ < +1 and let Γ\ and Γ3 be the lower and
upper bases of D, respectively; let Γ2 = dD\{T1 [) Ts). We consider the
following setting:

(5.19)

c (Τ) ρ (Τ) - g — div6 [λ (Τ) grad5 Τ) = 0 in £>,;

T = T0-t-g(l, x)/a on dDt f) {dD χ (Ο, τ0)};

Γ (Ι, Ο) = Γ#(ξ), ξ 6 Α . ο!
η

T = TU λ" Σ r5jcos(A\ ξ,) + κ, cos (Ν, τ) = 0 on Σ,,Σ

in
t 0;

in which Ν has the same meaning as in (4.11). Let

Κ € W\ (D), To < 7·0 (ξ) < Γ, in />,. ο. Τ (I) = Tt ii

g£L2(0, τ0; Wi/Z (dD)), gi£L2(0, το;

(5.20)

for τ = 0, ledD; λ, c, p6C(R),

p, c^C2<C"f"°°» cn c2 = const.

Let go(l-, τ) be a harmonic function in % € D taking values T0+g(%, τ)/a on
3D for 0 < r < T0, and let

(5.21)

ι

f = B[Q (f0)) + (xou o - 1 ) κ,λ"1 (Γ,)/ ( λ (*) ds,
"ο

w = Fi (Τ) (ξ, τ) = j {£„ (χ, η) - Q [Τ (ξ, η)]} di\,
ο

Ts=T{ in

K = {veLt(0, ν , W\(D)): v^go-i a.e. in Ω}.
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Here the last but one formula plays the role of a change of the unknown in
(5.10). If (7\ Zj) is a sufficiently smooth solution of (5.19), then w satisfies
the variational pseudoparabolic inequality

(5.22) ^

for all ν ζ Κ; wt£K, w (x, 0) = 0.

Theorem 5.8 [ 197]. a) // (Γ, Σ) is a classical solution of (5.19), then w in
(5.21) is a solution of the pseudoparabolic inequality (5.22);

b) under the assumptions (5.20), the variational inequality (5.22) has one
and only one solution w; to it there corresponds a generalized solution
(7\ Σι) of (5.19), where Τ =•- F? («<), D, = {(£, τ) ξ Ω, Γ < Τ,}, Τ G W&Sl),
Τ = TQ+g/oc and Τ = T0for τ = 0 in the sense of the theory of traces, and
Z>! is measurable (a brief account is also given in [199]);

c) we assume that in addition to the assumptions (5.20) the following are
also satisfied: η = 2, the initial poistion ΣΧ ι 0 of the free boundary Σχ in
D+ = D Π {̂ ι > 0} is an increasing Cl-curve not intersecting the lower or
upper base of D; f0 G Wl(D+), Tlx < 0, Γξ2 > 0 a.e. in D+;
g € -MO, τ0; W\ (Γ2)), gx g Ζ.2(Γ2 Χ (0, τ0)), where Γ2 is the vertical portion
of the boundary dD; the integral of (gz — g^i^on (0, r) is non-positive a.e.
on Γ2 x (0, T 0); Τ = T0+g/oc on Γ2 and f0 = 0 on the lower base of Γν

Then (5.19) with coefficients λ, ρ, and c independent of T, has a unique
classical solution, and Τ £ C°° (Dj U Σι), Τ and ~Lxare analytic in ξ and belong
to the second Jevret class in τ.

Analogous results have been obtained for the case when instead of the
Dirichlet conditions boundary-value conditions of the second and third kind
are considered. The difference of c) from the corresponding assertions of
the preceding sections consists in the fact that another geometry of D is
considered and the free boundary intersects a fixed part of the boundary,
b) can be proved by the method of regularization and is an improvement of
the corresponding result in [280]. We also mention that similar results are
contained in [197] also for the case when the coefficients of the differential
equations depend on the point ξ £ ΰ (see §6.2). An analogous problem for
the linear equation of heat conduction was considered earlier in [198].

5.7. The implicit function method.
In [284] this method was used to prove the classical solubility of the one-
phase many-dimensional non-stationary Stefan problem in the following
setting:

= 0, (ξ, τ) € />»;

(5.23)
on Tj Χ [Ο, τ0];

Φ ρ τ — (X + /x 1 )grad l J.grad^ p = 0 on Σ,.
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As in §5.5, we assume that the boundary dDlt0 of the initial domain of
disposition of the solid phase Dlt 0 consists of two connected disjoint
manifolds ΓΊ and Γ2; Γ 1 ; Γ2 Ε C°°. Under certain conditions on f0 and g

the free boundary Σ χ is diffeomorphic to ΓΊ χ [Ο, τ0] for sufficiently small
τ0 > 0 and can therefore be described by a distance function ρ of Γ2 in the
space of the variables £. Correspondingly, the domain D\ C Ω is diffeomorphic
to Dlt 0 X (0, τ 0). A sufficiently narrow strip No around Γ2 admits a local
coordinate system of class C°° according to the rule ξ -*• (ω( | ) , λ(£)), where
ω(£) Ε Γ2 is the projection of £ onto Γ2 along the normal « ω and λ(£) is the
distance from Γ2 along ηω. Now the function Φ ρ ( | , r) in the Stefan
condition (5.23) can be defined as follows: Φο(£, τ) — λ(£)-ρ[ω(£), τ],

where ρ £ C°° (Γ2 χ [0, τ 0]). Consequently,

% = {(Ι, τ) 6 Wo Χ 10, τ 0 ] : Φ ρ (ξ, τ) = 0},

and the solution of (5.23) is a pair (p, 7).
Let C^ (D) — /Γ" (/?) be the ordinary Holder space (see, for example,

[128], Ch. I, §1). We also consider the weighted Holder space
C<r> (D X [0, τ0]), r > 0, whose elements have derivatives d£<??/ (ξ, τ) ζ
ξ C (D Χ 10, τ0]) for la l+2a < [r] ([/·] is the integral part of r) and have
finite norm I / |(r>; to define it for any integer / > 0 we denote by </)«) the
sum of the norms of the derivatives of order let 1+ 2a — i in C(D χ [0, r 0 ])
and (for / > 1) the Holder constants of order 1/2 with respect to r of the
derivatives of order ΙαΙ+2α = / - 1; if r is not an integer, then </)r denotes
the sum of the Holder constants of order r— [r] in ξ and of order (r- [r] )/2
in τ of the derivatives of order ΙαΙ+2α = [r] and the Holder constants of
order (/•- [r]+ l)/2 in r of the derivatives of order \a\+2a - [r]~ \. Now
for an integer r > 0 we set | / | ( r ) equal to the sum of the </)(i) for
i = 0, 1, ..., r and in the case of a non-integral r > 0 we also add the
number </>(r). The spaces C ( r )on manifolds in (ξ, r) are defined by means of
partitioning the boundary and the local coordinates.

Theorem 5.9 [284]. Let r0 = n 0 + ε0, no> 7 an integer, and ε0 £ (0, 1).

We assume that: a ) / 0 6 C ( r o + 4 3 ) (flj. 0 ) , g € C(ro+39) (Ι\ χ [0, τ0]); b) on Tj

the pair {f0, To -f gla) satisfies the compatibility conditions (1.18) of the
heat equation for Xi = 0, χ 2 = 1 up to the order [{ro+ 39)/2]; c) fo(£) > Tx

on Dlt 0; T0+g/a > Tx on Γλ χ [0, τ 0 ] ; λ+, α, G (0, °°); d) Τ£ξ) satisfies
the compatibility conditions (1.19) up to the order [(ro+ 39)/2] — 1.

Then for sufficiently small r 0 > 0 there is a pair (ρ, Τ), ρ 6
e C<r«> (Γ8 X [0, τ0]), p&, 0) = 0, Τ € C<r»> (DJJhat is the solution of (5.23).

The idea of the technically quite complicated proof is simple. For a
given ρ there is a unique solution of (5.23) without the last condition. This
solution Tp can be obtained by standard methods, for example, those in
[128], if as a preliminary we rewrite the problem in the cylindrical domain
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Dlt β Χ [Ο, τ 0 ] , using the function p(£, r). The substitution of Tp and the
formula for Φ ρ indicated above in the left-hand side of the Stefan problem
(5.23), generate an operator F(p), and the problem itself reduces to the
equation F(p) = 0. An analysis of the solubility of this equation is given in
[310] on the basis the implicit function theorem, more precisely, on its
version in [307]. Theorem 5.9 gives apparently excessive sufficient
conditions for the existence of the (unique) classical solution of (5.23)
locally in r up to τ = 0; that is, in particular, it answers the question left
open in §5.5 on the behaviour of the free boundary as τ ->· +0.

5.8. The non-stationary many-dimensional Stefan problem with convection.
Suppose that the boundary bD of the domain O C R 3 consists of two
connected manifolds Γ and Γο of class Hi+a, 0 < a < 1, and that Γ lies
inside the domain with the boundary Γο. Let ω = ( ω ΐ 5 ω 2 ) be any point

of Γο, | (ω) the corresponding point of R3, and w(co)the inward unit normal

to Γο. Let 7 0 be a positive number such that the surfaces

{ξ = ξ(ω) ± 2η(ω)γ, 0 < γ < γ 0} do not have points of self-intersection

and do not intersect Γο. We denote by η(ω, r) a function in

β-2+α. <2+α)/2 (Γο χ (θ, τ 0 )) , such that η(ω, 0) = 0, Ιτ?(ω, τ) Κ γ 0 . Finally,

let Ωη, t be the domain bounded by the planes τ = 0, r = r 0 and the surfaces

Γ χ [0, r 0 ] , Γ X [0, τ β ], Γη, τ < = {(ξ, τ): | = ! ( ω ) + η(ω)η(ω, τ)}.

^.For simplicity we consider the one-phase problem: we look for functions

Vfo T)< P(£> r ) . T(\£, τ) and η(ω, τ) defined on Ωη, τ ο and Γη, ,,, respectively,
satisfying the conditions

3

(5.24)

Τ (Ι, 0) = 2·0(ξ), = b(l, τ) on Γ χ ( 0 , τ 0 ) ; T = Th

on Γη> x0;

, d i v f = 0 in Ωη > τ,;

V (ξ, 0) = Vo (ξ), Ι € A V = 0 on [Γ χ (0, το)] U Γη> „;

3

, τ ) - λ = 0 on Γ
Λ = 1 η > τ ,,

where Ar — Ν(α>, τ) is the normal to Γη, τ ο directed towards the interior of

Ωη, τ , , Ρ is the exposure, and V is the velocity of the convective motion. We

assume that_X(r) G H3(Hl), }\T) G H\Kl), b{\, τ) ζ Η2+α·1+α/2,

F o 6 Hi+a0), Τ, £ H"«(D), also b(£, r)>bo> 0, λ(Τ) ξ. [ν, ν 1 ] ,

ν = const > 0, | ΤΟη |Ξ^ α 0 > 0 on Γο, and that the compatibility conditions
up to the first order are satisfied (see §1.4).
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Theorem 5.10 [10]. There is a sufficiently small number

τ 0 = τ ο(ω ο, ν, | To |<s+«>, | F o |<3+«\ | b |<2+«>,.D

such that (5.24) has a solution with the properties

η 6 # 2 + ° · <2+α>/2(Γ0 Χ [Ο, τ 0]), η Τ ζ Η1*"- <1+β>'2 (Γο Χ [Ο, τ0]),

j 6 / ρ + α . (ϋ+α)/2(Ωη( τ ο ) , ν Ρ 6 Η», Ρ/2 (ο η , τ ο ) , ν e zr2*».<2+*>/2 (Ωη> τ β ) ,

0<β<α<1.

The proof of this theorem relies on the Schauder fixed point theorem.
As in [284], as a preliminary we reduce the problem to an equivalent one
in a fixed domain D χ [0, r 0 ] ; then for a given Γ (ξ, τ) we construct the
temperature field Γ(ξ, r) by the method of [6]; finally, the inverse of the
hydrodynamical part of (5.24) is constructed by devices developed in the
theory of Navier-Stokes systems. As a result, we obtain the classical
solubility of the one-phase Stefan problem with convection locally in the
time variable. The case of the two-phase problem is treated similarly.

The classical local solubility of the many-dimensional problem without
convection in the time variable was established in [141] (proofs are given in
[142]). The approach suggested here is based on the parabolic regularization
of the Stefan condition and fibration into isothermal surfaces (see §4.2).
We mention the paper [147], which is devoted to the one-phase many-
dimensional Stefan problem with constant thermophysical parameters in the
absence of the heat-carrying part of the boundary. The original problem is
reformulated in terms of distinctive "Lagrange variables", the linearization
of the problem is studied, etc.

We also mention the papers [25 1 ] and [317], which are devoted to non-
stationary Stefan problems in a "finely grained" medium (the statement
dates back to [305]). In these papers ε-approximations (for a fixed ε) of a
periodic "grain" are considered and then problems of the passage to the
corresponding limit situation as ε -*• 0 are studied. A one-phase one-
dimensional Stefan type problem has also been considered for a hyperbolic
equation (see [319], 437-450). In conclusion we mention the papers [55]
and [56] in which results concerning the classical solubility of a many-
dimensional multi-phase Stefan problem are announced. The proofs in [57]
are not convincing.
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CHAPTER VI

STABILITY AND STABILIZATION. OPEN QUESTIONS

6.1. Instability and Lp-stabilization of temperature.
Let D be a domain in the space of the variables £ = (£ ΐ 5 ..., £„), η > 2,
bounded by disjoint manifolds Γχ and Γ2 of class C2*a, a > 0. We consider
the following statement of the Stefan problem:

η η

(6.1)
(S, T)6£>y, 7 = 1, 2;

ξ, τ)/ο on Γ,, i = l o r 2 ; Τ (ξ, 0) = Γ( | ) , ξ € # ;

«7 1

ξ " ί

φ 5 Λ -α«Π ί

φ Ε Λ ) = κ ι φ

ί on Σ,,

where Φ(£, τ) > 0 in £>2, Φ(£, τ) < 0 in Du and Φ(£, r) = 0 on Σ χ . We
assume that: a) the functions atk, Viaih, V2aih, bt, Vs&, i>/5 and c' are
continuous in D~, c'(^) < 0, and that the matrix aik satisfies the condition
of uniform ellipticity with constants μι and μ2; b) T0+g/a > yi > 7\ on
Γχ χ [0, τ 0 ] , ro+_g/a < 72 < 7\ on Γ̂  χ [0, τ 0 ] , Τι, 7 2 = const;

c) 7o(|) > 7Ί in δ 1 ι β , 7o(£) < 7Ί in />i.o» a n d T<j£) = T, only on Σ,. 0; thus,
(-1)'7Ό(£) > 7 3 > 7\, 73 = const in some δ-neighbourhood of Γ,· (/ = 1 or 2);
d) TffX) G C(D) Π W\(D), and there is a function ψ(ξ, τ) that is Holder
continuous together with ν^ψ, ν |ψ and ·ψτ in the closed domain Ω,
Ω = D χ (0, T0), and ψ = r o +g/a on dD χ [0, r0] and ψ = fo(£) in the
indicated δ-neighbourhood of the boundary dD. In the relevant case
H(T) = as(T — Tm+l) for Tm+1 < Τ < 7, and //(Γ) = ο^Γ — Γ Λ + 1 ) + κα

for T> Tx. The generalized solution of (6.1) is defined by menas of an
identity of the form (5.4) with Δ ε replaced by the operator adjoint to the
right-hand side of the first equation in (6.1). We denote by Μ the set of
pairs (g, T) satisfying the conditions listed above with fixed constants
7i> 72' 73' ̂  and A > max l7Ol+max \g\. Next, we denote by g«,(£) a
function from C2+a(dD) that is positive on Γ\ and negative on Γ2, and we
consider the function vv(£) defined by the conditions

(6.2) 2 α ί , ( ξ ) _ | ! | _ + 2 b^D-^ + cd, w)w = 0 inD,
i,h=i i=i

» = f-(i) for IZdD,

where c{%, w) = C!(£) for w < Γχ and c(£, w) = C2($) for w > Γ Ρ
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Theorem 6.1 [269]. a) Under the assumptions made above there is a
constant Β depending only on the class M, the constants a1, a 1, x l t μ1, μ,, τ 0

and the least upper bounds of the norms of the coefficients of (6.1) such
that

(6.3)

2e

0 D

j j
0<2ε<τ0,

where (g, f0) and (g, To) are arbitrary elements of Μ and Τ and Τ are the
corresponding generalized solutions of (6.1), ε is fixed;

b) we assume in addition that the assumptions made earlier are satisfied
up to T0 = °° and that c\x) = 0 (/ = 1 or 2) and g(£, r) are bounded on
dD x [0, °°) together with their first derivatives and the Holder constant of

, τ) with respect to the argument £ £ dD;

00

(6.4) N=\ \ Ite-
dDε dD

then

J
ο SD

(6.5) | Γ (|, x)-j
Ό b

2e

j
0 D

where β has the same properties as in a);
c) for η > 2 and ρ < 2n\(n - 2) Lp-stabilization holds:

(6.6) [ | Γ (|, T)-w(l)\pdl-+0 as t-*oo,
b

and for η = 1 the convergence Τ(ζ, τ) -»• νν(ξ) as τ ^>- °° is uniform in ξ £ ΰ .

In particular, Τ can be a classical solution of (6.1) (under certain
conditions from the preceding chapter) and then (6.3) gives estimates for the
deviation from its generalized solution Τ corresponding to the approximate
initial data. These estimates also imply the uniqueness of generalized
solutions and if g does not depend on r(g = #=«,), then, by (6.5), Τ(ζ, r) = w(£)
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identically, (£, τ) e Z> χ (0, r0). Theorem 6.1 admits generalizations to the
case of a quasilinear energy equation for a multi-phase problem in domains
with an aribtrary number of boundary manifolds Γ,, and to more general
boundary conditions of the form (1.8), etc. ([269], §6, see also [274],
Ch. 5, §10). When the results of §3.5 are taken into account, it seems
plausible that Theorem 6.1 also holds when there is a separate energy
equation in each phase. We also mention that in [311] the Z2

- C o ntinuous
dependence of the generalized solution on the initial data is also established
for a general quasilinear two-phase Stefan problem with a non-linear
boundary condition within the framework of being L2-well-posed in the
sense of Hadamard.

6.2. W^-stabilization of temperature and mes-stabilization of the phase in a
one-phase contact problem.
Let D be the same domain as in §5.6. We consider the setting

- O in

(6.7)

= T0 on I\x [0, τ0], T = T0 + g(l, τ)/α on Γ 2χ [Ο, τβ], or
— Τ0] = 0 οηΓ,,2Χ[0, το], AViT-n = 0

on 5Anr s X[0, τ0];

= TU Σ AuThcoB(N, , T) = 0 on Σ,,

Here A is a given uniformly positive definite symmetric matrix. We assume
that

(6.8)

Το (ξ) 6 W\ (D), T0<T (ξ) < Tt in Dit 0, To (l·) B Tt in D\Dt, 0;

on Γ,υΓ2; g(l, τ)ζΣ2(0, το; i^|/2(dZ))),

ΙαίΓ,-Γο), ί(ξ, 0) = 0 οηΓ,ΠΓ,;

Β, τ)/ο for τ = 0, ξ^Γ2, Γ0(|) = 7Ό forS€r l t

and we introduce the notation

(6.9)

w (ξ, τ) = - J Τ (ξ; σ) da, ν [Ι, τ) = ιν (ξ, τ)/τ;
ο

(Αζ, ν) = j ^V|Z· W d| + j ο (Ι) 21; ds for all ζ, ν £ W\ (D);
D dD
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Κ = W\(D) in the case of Dirichlet conditions or

z = — 7 > on Γ,, z = — 7\τ on Γ3,

τ

= - 7 > — i - { *(ξ, σ) do on Γ2} ,
ο

where α(£) Ξ 0 in the first case and c?(£) = a ( | ) on Γ, U Γ2, α(£) Ξ ο on Γ3

in the second case.

Theorem 6.2 [197]. a) // (T, ZJis a classical solution of (6.7), then
w(0) = 0 and

(6.10) (wx, z — w)LtlD)+(Aw, z

for all

almost everywhere on (0, T 0); under conditions (6.8) this inequality has one
and only one solution W{T) Ε K, W(0) = 0, which is, by definition, a
generalized solution of (6.7);

b) the generalized solution of (6.7) has the following properties:
T{t τ) € LUD x (0, T0)), To < T{t τ) < Ά almost everywhere, and the
domain Dt T occupied by the solid phase is monotone expanding (generally
speaking, in the wide sense of the word) as τ increases;

c) in the case of a boundary condition of the third kind the generalized
solution (Τ, Σι) of (6.7) has the properties

(6.11) mos(Z>\Z>!lt) = 0(T-»), J-i- j Τ (I, a) da-To\\ = 0 ( O ;
ο *

d) suppose that Γ«,(£) is a solution of the Dirichlet problem

(6.12) divs U ( | ) gracis 7Όο1 = 0 in D, T^ = To+ gx(l) on dD,

and that
τ

(6.13)v(T) = | ^ j ^ E , a ) ( i a - ^ | | n f 2 ( a D r 0 as

Then
τ

(6.14) \\± \ T{1, σ;Λ-Γ.(ξ)|| ==0(τ
ο 2

if g°°(%) ^ - Γ ι + 6? almost everywhere on 3D for some constant d > 0, then

(6.15) mes (ΰΧΖ),. T) = 0(χ'2 + ν2(τ)).

We also mention that w(£, r) satisfies the energy equation in (6.7) almost
everywhere in Z)l5 and in the case of heat exchange also the conditions in
the third line of (6.7) almost everywhere on dD χ (Ο, r0). Moreover, a
sufficient condition for (6.13) is that g(£, r) -• ag^) in W\'z (<9Z?) as τ -+ °°.
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6.3. Stabilization of temperature and of a free boundary in the uniform
metric.
Suppose again that the geometry of D is the same as in §5.6. We consider
the setting (in the dimensionless case):

(6.16)

y(u)ut — Axu + a(u)=0 in Dt<^Dx(0, oo)) ( i = l or 2);

u (x, 0) = u0 (χ), χ 6T); un (x, <) = 0 on Γ2 x [0, oo);

u(x',0,*) = /,(x\ t), i*', «) € Γ, X [0, oo); u(* ' , l ,/) = /,(*',«),

(χ', ί ) € Γ 3 χ [ 0 , oo);,

0 < u ( x , ί ) < 1 on S , \ 2 l t u(x, i) > 1 on Ζ72\Σ,;

ΐν,φΙ1 on Σ,: χη = φ(χ\ ί)·

We assume that OL(U) and γ(«) are continuously differentiable functions of
Μ G [0, °°) and that uo(x) and /}(*', t) (i = 1 or 2) are continuous and
satisfy the compatibility conditions guaranteeing the existence of a classical
solution of (6.16) for t € [0, «>), and that

(6.17)

0 < u 0 ( x ) < l in £,,„, u o ( x ) > l in ί> 2 , 0 \Σ,, ο ;

,ΧΙΟ, oo); /2(x', ί ) > 1 ,

(χ', ί ) € Γ 3 χ ί 0 , oo);

, α(0) = 0, λ > 0 ;

/, (τ', ί) -*- 0, /2 (χ', ί) -»• ρ > 1 as ί ->· ο», uniformly in x'.

We also consider the corresponding one-dimensional stationary problem:

), i);
υ(0} = 0. i)(i\ = n. (Xlix^i on if)

(6.18)

vxx-a(v) = 0, x€(0, 1),
ι;(0) = 0, P(l) = p, 0<y
0 > 1 Ha ( V 1];

ρ

on [0,

and we write Uoo(x) = v(xn), Σ1ιΟο'- κ,, = hp.

Theorem 6.3 [24]. a) The stationary problem (6.18) has one and only one
solution (v, hp); if (u, Ej) is a classical solution of (6.16), then it tends to
(iico, Σ1ιΟο). uniformly in χ and x', respectively, as /->·<»;

b) suppose that for some constants A > 0, μ > 0

| A(x', t) | < Ae-*, | /2(x', t) — ρ

there are positive constants B, B'', t1, y'

0.

1 ' j
I»

c) α similar statement holds if e~v-1 is replaced by (i -f ί)~μ.
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Earlier studies dealt with the process of exit of a non-stationary solution
to a quasistationary regime [17] and also with the case of a general one-
dimensional quasilinear problem [18], [22]. Closely related problems were
treated in [19], [21], and [23]. We also mention the papers [28] and
[29], in which the problem of the stabilization in the uniform metric of the
solution of a one-dimensional Stefan problem was studied on a finite interval
0 < χ < / when Neumann conditions are prescribed at the end-points and
the conditions of isothermality have the form (1.12) with a right-hand side
independent of τ.

In the case of infinite domains D the free boundary may move away to
infinity. Such a one-dimensional problem concerning the freezing of soil
was already considered in Stefan's paper [329]. For general one-phase
problems in the half-space χ > 0 for the equation of heat conduction with a
Neumann condition at the end-point χ = 0, the asymptotic behaviour of the
free boundary was described in [200], Ch. VIII, §3 (see also [269], §7).
In [69] conditions are investigated for the free boundary to move to
infinity for a general linear one-dimensional parabolic equation on the entire
axis. The situation can change if not the temperature, but rather the heat
flow has positive values at infinity ([73], [98], [ 180], etc.).

The stability and stabilization in the neighbourhood of a stationary
solution in Holder spaces are considered in [5], [144].

6.4. Stability of the Stefan problem with convection.
We consider a two-phase problem with spherical symmetry, when D is the
layer Ro< r < R, Στ can be represented by spherical coordinates (r, ψ, θ) in
the form r = ψ(φ, θ, τ) Ε (Ro, R), and (1.8) reduces to the spedification of
constant temperatures Tb < 7\, TH > 7\ for r = Ro and r — R, respectively.
We take the energy equation in the liquid phase in the form (1.17) with
constants p, c, and λ and / = 0, and in the solid phase in the form of the
homogeneous equation of heat conduction. Convection is described by (1.5)

and the system (1.4) with the right-hand side {—V/> + pIV"' + vAV]},
where w = —gr is the potential created by the relevant heat-conducting mass.
On the unknown boundary Σα the conditions (1.9) of isothermality and
Stefan's condition (1.10) must be satisfied and also the condition of

adhesion for r = R and the vanishing of the tangential components of Σ χ on

V. For the unknown Γ*, V, ρ, and 2lt τ , the corresponding initial data are
also prescribed. Here only on the right-hand side of the equations of
motion V"> we put ρ = ρ(Γ + ) Ξ ρ+[\ -α(Τ+- 7Ί)], where a = const is the
coefficient of expansion, and in all remaining cases ρ = p+.

The problem in question has a spherically symmetric stationary solution
in the absence of mixing in the liquid phase. The original problem can be
linearized in the neighbourhood of this solution; from the resulting linear
problem the time r can be eliminated by means of the exponential function.
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The spectral problem thus obtained can then be studied by the method of
separation of variables. As a result of this analysis, the following assertion
is obtained.

Theorem 6.4 [99]. Let p+ = p~. Then the spectrum of the corresponding
spectral problem is located inside the left half-plane; in other words, the
original non-stationary Stefan problem with convection is stable in the linear
approximation as τ -*• °°.

Stability in the planar case and in the case of cylindrical symmetry was
considered in [126] and [127].

6.5. Some unsolved problems.
1. To develop a general theory of an integro-differential equation of the
form (2.13) and, by the same token, to give an analysis of the corresponding
Cauchy problem equivalent to the non-stationary Stefan problem.

2. To study many-dimensional "piecewise continuous" statements where
the initial data are not continuous (see §2.3) and the boundary of the
relevant domain is not smooth. So far in this direction only simplified
formulations (the model of "fine hell") have been studied ([78], [79], etc.).

3. To give a complete analysis of many-dimensional statements of the
inverse Stefan problem (see §§1.7 and 3.3) and to work out methods for
approximate and numerical solutions.

4. To study the boundary properties of the phase interfaces in the many-
dimensional non-stationary contact Stefan problems (compare with §3.2).

5. In the statement of the Stefan problem, to take account of both
forced and natural convection caused by the Archemedean forces, the
dependence of the density of the medium on the phase ("contraction"), etc.

6. To lay the foundations of a calculus of variations "in the large" for
many-dimensional integral functionals of the form (4.2) with a variable
domain of integration (on the two-dimensional case, see [72], [256]) and
to work out methods of search for their critical points.

7. To study problems of Stefan type with all possible combinations of
equations of elliptic, parabolic, and hyperbolic types in the various phases
(see §1.5 and [319], 437).

8. To study stability and stabilization problems of solutions of the
Stefan problem in many-dimensional statements in Holder function spaces,
among them cases when a solution does not exist or is not unique in the
limit case (§3.1, [82]).

9. To find methods of numerical and approximate solutions of many-
dimensional Stefan problems in cases when the existence of a classical
solution has been established.

10. The mathematical modelling of processes of phase change during
simultaneous heat and mass exchanges goes beyond the scope of this survey.
However, we mention it here as a problem of great theoretical and practical
significance.
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