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Abstract. This paper is a study of trigonometric series with general mono-
tone coefficients in the class GM(p) with p > 1. Sharp estimates are proved
for the Fourier coefficients of integrable and continuous functions. Also
obtained are optimal results in terms of coefficients for various types of con-
vergence of Fourier series. For 1 < p < oo two-sided estimates are obtained
for the L,-moduli of smoothness of sums of series with GM(p)-coeflicients,
as well as for the (quasi-)norms of such sums in Lebesgue, Lorentz, Besov,
and Sobolev spaces in terms of Fourier coefficients.
Bibliography: 99 titles.

Keywords: functions with general monotone Fourier coefficients; esti-
mates of Fourier coefficients; moduli of smoothness; Lebesgue, Lorentz,

Besov, Sobolev spaces.

Contents

1. Introduction
1.1. Convergence problems
1.2. Estimates of Fourier coefficients and moduli of smoothness
1.3. Fourier coefficients and Lorentz, Besov, and Sobolev spaces
1.4. Structure of the paper
2. Properties of general monotone sequences
2.1. Main notation
2.2. Examples of p-general monotone sequences
2.3. Sum and product of p-general monotone sequences
2.4. Criteria for p-general monotone sequences
2.5. Embeddings of the classes GM(p)
2.6. Equivalence of series with a,, and ajf
2.7. Equivalence of series with a,, and aj,

952
954
955
957
957
958
958
959
960
963
967
969
973

The work on Theorems 2.9, 2.12, 4.1(B), and Lemma 4.6 was conducted by the second
author under a grant of the Russian Science Foundation (project no. 21-11-00131), at the
Lomonosov Moscow State University. The research of the third author was supported by
PID2020-114948GB-100, 2017 SGR 358, and the Severo Ochoa and Maria de Maeztu Program
for Centers and Units of Excellence in R&D (CEX2020-001084-M). This work was also supported
by the Ministry of Education and Science of the Republic of Kazakhstan (grants nos. AP08856479

and AP09260052).

AMS 2020 Mathematics Subject Classification. Primary 42A16, 42A32; Secondary 42A10,

42A20, 46E35.

© 2021 Russian Academy of Sciences (DoM), London Mathematical Society, IOP Publishing

Limited


https://doi.org/10.1070/RM10003

952 A.S. Belov, M.I. Dyachenko, and S. Yu. Tikhonov

3. Estimates of Fourier coefficients 974
3.1. Lemma on a local and a global majorant 974
3.2. Estimates for Fourier coefficients in the general case 975
3.3. Estimates for Fourier coefficients of type GM(p) 978
3.4. Lebesgue inequalities for Fourier coefficients 983
3.5. Approximation by partial sums of Fourier series 984
3.6. Estimates for Fourier coefficients under certain conditions involving

constant signs 985

4. Different types of convergence of series with GM-coefficients 986
4.1. Convergence almost everywhere and uniform convergence 986
4.2. Convergence in the mean 987
4.3. Continuously differentiable functions and the classes GMy(p) 990
4.4. Asymptotic behaviour of series near the origin 992
4.5. Absolute convergence 994
4.6. Convergence in L,, 0 < p <1 996

5. Hardy—Littlewood type inequalities 996
5.1. Inequalities for number sequences 996
5.2. Hardy—Littlewood type theorems 997

6. Order estimates for moduli of smoothness in L,, 1003
6.1. Moduli of smoothness and Fourier coefficients 1003
6.2. Applications to direct and inverse theorems 1006

7. Characterization of function spaces 1007
7.1. Lorentz spaces 1007
7.2. Besov spaces 1009
7.3. Sobolev spaces 1011

Bibliography 1012

1. Introduction

It is well known that monotonicity conditions, either on a signal spectrum or
on a signal itself, are extremely useful in various problems in analysis, in par-
ticular, in the theory of Fourier series. For example, trigonometric series with
monotonic coefficients have been well studied ([4], [99], [9]). Moreover, many of
their properties can be completely characterized in terms of Fourier coefficients.
To illustrate this point, we recall Parseval’s theorem ||f|l2 = ||[{¢n}|l;,, Which
has no analogue in the general case for L,, p # 2. However, in the case of
monotonic coefficients, the corresponding equivalence can be written as follows:

£, = (3, lenlPn?P=2) VP for 1 < p < co. This statement has been known already
since the first half of the last century (the Hardy-Littlewood theorem). Due to
their optimality, results of this type have important applications in Fourier analy-
sis, approximation theory, and functional analysis. In particular, we mention the
Paley—Wiener theorem on integrability of the function conjugate to an odd func-
tion ([67], [98]), Boas’ conjecture on weighted integrability of the Fourier trans-
form ([10], [40], [57], [74]), certain convergence and approximation problems for
trigonometric series and transforms (see, for instance, [99], Chaps. 5 and 12, and
also [25], [48], [9], [11], [12], [15], [45], [46], [50], [54], [58]).
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At the same time, it is clear that the monotonicity condition is rather restrictive.
Fairly recently it was noted that instead of the monotonicity condition for the
coeflicients one can consider regularity conditions of local variations, that is,

2n
Z lak — ag1] < CB, for all n € N,
k=n

where (3, is a suitable majorant (see [89]). Such sequences are called general mono-
tone sequences with majorant 3,, written {a,} € GM(3,). Let us consider some
examples of such majorants.

We note that a maximal majorant is 3, = 2221‘;1 |ax|, that is, in this case
any given sequence lies in the class GM(8,). In particular, this class contains
highly oscillating sequences such as sequences of Rudin—Shapiro type, for example.
A somewhat narrower class—we call it GM(max) —is the class GM(3,,) with the
majorant 3, = max,/y<r<yn |ag| for some vy > 1. This class still contains both
monotonic and lacunary sequences. It is too large for applications, since, for exam-
ple, a criterion for the sums of lacunary series to belong to L, for 1 < p < oo is
given by | fll, < | fll2 < l{cn}li, (see [99]). This is fundamentally different from
the case of series with monotonic coefficients.

A systematic study of suitable majorants and the corresponding function classes
was begun in 2005 (see [87] and [89]). In particular, the class GMS := GM((,)
with 8, = |a,| and a larger class GM(1) := GM(8,) with 8, = % i A
~ > 1, were considered.

In this paper we consider trigonometric series with coefficients in the following
class: for p > 1,

2n—1 1 yn 1/p
GM(p) = {a ={an}nen: an € C, Z lay, —ay41]| < C(n Z |ak|p) } (1.1)

v=n k:n/'y

for some C' > 0 and 7 > 1 depending on a sequence a. Here and further on, we
denote by C' and C; positive constants which may depend on inessential parameters.
Firstly, we note that

GMS € GM(1) € GM(p1) € GM(p2) € GM(max) C {{an}neN: ay € (C}

for 1 < p; < p2. The third embedding here and its optimality will be proved in § 2,
the other embeddings being known. We also note that (J, GM(p) # GM(max).

Secondly, we show that {a,} € GM(p) if and only if {a,} € GM(max) "WM(p),
where

1 - 1/p
M = = . < — D
W) = {o = fanhuer € Clanl < (3 3 ) )

k=n/~y

for some C' > 0 and vy > 1.

The main goal of this paper is to study trigonometric series with coefficients in
the classes GM(p).
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1.1. Convergence problems. Let

ap + Z ap cos(nz) or Z ay, sin(nx) (1.2)
n=1

n=1

be the Fourier expansion of a function f. For a sequence of coefficients tending to
zero we will use the notation

a? = max|ag| forn >1.
k>n

Then {a# 1} ; is a monotonic null sequence and aj* > |a,| for any n > 1. As usual,
for any p € [1,00) and any function f € L,(T) we write

2m 1/p
1 =Wl = (52 [ 50 ar)

For a function f € C(T) we write || f|lw = || fllc(r) = maxier | f(1)].

Let us first discuss various types of convergence of the series (1.2). In this paper
we obtain the following results.

1. (Convergence almost everywhere.) Let {a,} € GM(p) for some p > 1 and let

ER

Then the series (1.2) converge almost everywhere. Moreover, this condition is sharp
(see Theorem 4.1).

2. (Uniform convergence.) Let a € GM(p) for some p > 1. Then the series
ao/2 + Yo, an cos(nz) converges uniformly on [0, 27| if and only if na, = o(1)
and the series ), ay, is convergent. The series Y~ a, sin(nz) converges uniformly
on [0, 2] if and only if na, = o(1).

Similar results are obtained for uniform boundedness of the partial sums of these
series if we replace o(1) with O(1) and convergence of the partial sums of ) a,, with
their boundedness (see Theorem 4.2, and see also [81], [88], [29], [35], [37], [52], [65],
91], [89])-

3. (Convergence in the mean and conditions for belonging to Li.) Let {a,} €
GM(p) for some p > 1 and let

:\w

= logn
Z & lan| < oo.
n

n=1

Then the series of type (1.2) is the Fourier series of a function f € L; and it
converges in the mean, that is, converges in the Li-norm (see Theorem 4.4).
A criterion for convergence in the mean of Fourier series of Li-functions is given
by the condition
|an|logn =o(1) asn — oo

(see Theorem 4.3; see also [5]-[7] and [92]).
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4. (Behaviour near the origin.) In Theorem 4.9 we describe the behaviour of the
Fourier series of an integrable function f with coefficients {a, }52; of type GM(p),
p = 1. The conditions

a,=0(n"%) asn—oo and f(z)=0(x*""') asz—0

are equivalent for 0 < a < 1 in the case of the cosine series and for 0 < a < 2 in
the case of the sine series (see also [14], [36], [38], [43], [44], [75], [76], [91], [89])-

5. (Pointwise convergence and convergence in L,, 0 < p < 1.) Let {a,} €
GM(pog) for some py > 1 and let D7, |a,|/n < co. Then {a,} is a sequence of
bounded variation and the series (1.2) converge on (0, 27) and converge uniformly
on (g,2m — ¢). Moreover, f € L,(T), 0 < p <1 (see Corollary 4.13).

6. (Convergence in Ly, 1 < p < 00.) In Theorem 5.2 we obtain an analogue of
the Hardy—Littlewood theorem. Let (1.2) be the Fourier expansion of a function
f € L; and let the Fourier coefficients {a,} be in GM(pg) for some py > 1. Then

1715 = \ao\“rznp 2(aff)P = Iao|p+zn” *lanl?. (1.3)
n=1 n=1
In particular, if f € L,, then |an\n1/”/ = o(1) as n — oo, where, as usual,

Up+ 1/ = 1 (see also [27], [25], [28], [31], [47], [62], 93], [3], [9], [11], [12],
[32], [33]-[35], [42], [50], [54], [73], [89], [97]). The relations (1.3) are valid for
p = 2 in the case of positive coefficients (or coefficients changing sign a uniformly
bounded number of times on dyadic intervals) {a,}52; € WM(pg) with py > 1 (see
Corollary 5.5).

7. (Absolute convergence.) It is shown in Corollary 4.11 that, for continuous
functions with coefficients {a,}52, € GM(p), p > 1, we get that for any # > 0 and

any a € R
Zn (n|an|)? CZTL E,_(

This estimate supplements the classical results by Bernstein and Szdsz [4], and
moreover it is optimal.

1.2. Estimates of Fourier coefficients and moduli of smoothness. Now
we discuss estimates of the Fourier coefficients from above. In the general case
an estimate of the Fourier coefficients in terms of the function itself has only the
trivial form |a,|, |b,| < || f|lz, (1) We show in Theorem 3.3 that if (1.2) is the Fourier
expansion of a function f € L, and the Fourier coefficients {a, }72; are in GM(p)
with p > 1, then for any positive integer n

w/n a2 [T
wl<at<c( [ If(t)ldt+n2// Il ). (1.4

The same estimate also holds for positive coefficients (or coefficients changing sign
a uniformly bounded number of times on dyadic intervals) {a,}52; € WM(p) with
p = 1 (see Theorem 3.10 and Corollary 3.11).
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Further, for any integrable function we have the Lebesgue type inequality

1
|an|7 |bn| < CEnfl(f)l < Cwﬁ (fan) )

1

where E,(f), is the best approximation of a function f by trigonometric poly-
nomials of degree at most n in the L,(T)-norm, and ws(f,d), is the modulus of
smoothness of f of order 8 > 0 in the L,(T)-norm, that is,

S0 () + -

k=0

wﬁ(fa 6)17 = Sup
[h|<o

p

Theorem 3.4 below enables us to significantly improve this estimate for continu-
ous functions with general monotone coefficients. If (1.2) is the Fourier expansion
of a function f € C(T) with Fourier coefficients {a,,}22,; € GM(p), p > 1, then the
Fourier series of f converges uniformly, and for any ¢ > 0

nla,| < na# < Cn™? max k9E;_1(f)oo, n € N. (1.5)
1<k<n
The same estimate also holds for positive coefficients (or coefficients changing sign
a uniformly bounded number of times on dyadic intervals) {a,}52; € WM(p) with
p > 1 (see Theorem 3.10 and Corollary 3.11).

The estimate (1.5) immediately implies the following improvement of a Lebesgue

type inequality:
nlaa| < Cwg (f, ”)
n

oo
for 3 =1 (see [36]).

A natural question arises about estimates of L,-moduli of smoothness in terms
of Fourier coefficients. In §6, we show that for functions f € L,(T), p € (1, c0),
with Fourier coefficients {a,}22; € GM(po), po = 1, we get that for any 6 > 0

[w/d] oo 1/p
ws(f,8), =< (510[3 Z np72+p[3(aﬁ)p + Z an(af)p>

n=1 n=1+[w/d]
[7/4] o0 1/p

- (5?[3 Z np72+pﬁ|an|p + Z np2anp) ) (1.6)
n=1 n=1+[m /4]

In the case of series with monotone or quasi-monotone coefficients this result is
known (see [47], [1], [2], [70], and see also [41] for some extensions). For the class
GM(1) these equivalences were proved in [28].

We note that such results play an important role in functional analysis, in partic-
ular, for describing various function spaces (see, for instance, [22] and [23]). Such
function classes are, in a way, ‘borderline’ for some smooth spaces (see [24], for
example).

If (1.2) is the Fourier expansion of a function f, then we use the notation

f#(x) = ao + Z af cos(nx) or f#(z) = Z a? sin(nx), (1.7
n=1

n=1

respectively.
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Theorem 1.1. If p € (1,00) and (1.2) is the Fourier expansion of a function
f € L,(T) with coefficients {a,}>>; € GM(po), then ||fl, = |f#|,. Moreover,
ws(f,0)p < wg(f#,8), for B > 0 for any & > 0. In addition, if f € L1(T) and
ve€(l—=p,1),ory € (l—p,1+p) in the case of a sine series, then the following
order relation holds:

"1 D Jt — Fi #(4\|P
| wirepas= [ Zitwra

1.3. Fourier coefficients and Lorentz, Besov, and Sobolev spaces. Let
ao/24>07 | an cos(nz)+by, sin(nx) be the Fourier expansion of a function f € L(T)
with coefficients a = {a,}52; and b = {b,}>2; satisfying the GM(py)-condition,
po > 1. Then the following two-sided estimates hold for the Lorentz space L, 4(T),
the Besov space By (T), and the Sobolev space W (T) (see the definitions in §7),
respectively:
(i) for any 1 < r,s < 0o
1Az, = I F e, =< all,,, + bl , = la® L,

r',s

L F

(ii) forany 0 < 7 < oo and 1 < p < o©

”f”B;iT - ||f#HBg, — Hna+1/p’71/r|an|HlT + Hnaﬂ/p’fl/r‘bn'HlT

< TG [

(iii) for any 7 >0 and 1 < p < 00

1wy = 1wy = 2 lanl ||, + (0" 22 b,

- ||nr+172/pa#”lp + ||nr+172/17b7¥;#”lp.

The corresponding results are obtained in Theorems 7.1, 7.3, and 7.7. Particular
cases of item (i) for the Lorentz space were derived in [11], [12], [24], [30], [42], [73],
and for the Besov space see 28], 3], [41], [70], [64], [65], [73].

1.4. Structure of the paper. In §2, we present several important properties of
general monotone sequences. In particular, we completely describe the class GM(p)
as GM(max) N WM(p), and we show that for a sequence {a,}52,; € GM(py) with
some pg > 1 (in fact, even for WM(py)) we find that for any p, o € (0, 00)

[eS) [eS) o0
D lanPnot =) (et =Y (an)Pn T,
n=1 n=1 n=1

where a} is the non-increasing rearrangement of the sequence {a,}. As usual,
fn =< gn means that C1f, < g, < Csf, for some positive constants C; and Cy
which may depend on inessential parameters.

Further, in §3 we obtain upper estimates of Fourier coefficients: the inequali-
ties (1.4) and (1.5).

In § 4, we derive sharp results on various types of convergence for the series (1.2).
Section 5 is devoted to the proof of an analogue of the Hardy—Littlewood result for
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series with general monotone coefficients (see (1.3) and Theorem 1.1). The rela-
tion (1.6) for L,-moduli of smoothness is proved in § 6. In § 7 we give applications of
the results obtained to approximation theory and functional analysis. In particular,
we characterize Lorentz, Besov, and Sobolev spaces in terms of Fourier coefficients
(proof of the results given in §1.3).

To conclude, we stress that GM(p) is, to a certain extent, the widest possible
class so that one can still develop a meaningful and extensive theory of Fourier
series in the sense that the results noted above can be stated in the form of criteria.
This is not the case for the class GM(max) nor for WM(p).

In this paper we do not aim to give an extensive survey of the literature on
trigonometric series with special coefficients (see [26] and [58], for example). Neither

do we investigate the properties of Fourier transforms of general monotone functions
(see [19], 18], [39]-[41], [39], [57], [63], [74]).

2. Properties of general monotone sequences

First we give the needed definitions.

2.1. Main notation. Henceforth, let v be a natural number and D,p € [1,00).
We say that a sequence of complex numbers a = {a,}>2; is general monotone,
that is, of type GM with parameters v, D, p, and we write a € GM(v, D, p), if it
satisfies the condition

2n+1 2n+u 1/P
Z lar — ag41] < D<2" Z ak|p> for any n > v. (2.1)
k=21 f=2n—v

We say that a sequence a belongs to the class GM(p) if there exist an integer v and
a D € [1,00) such that a € GM(v, D, p). In other words,

GM(p) = |J GM(v,D,p).

v,D>1
If a sequence of complex numbers {ax}72; is bounded, then we set

M, = max |ag| forn>0.
k=2n,..., 271

A sequence of complex numbers a = {a, }22 ; is a sequence of type WM(v, D, p) if
the following condition holds for some integer v and some positive D:

1 j2v ) 1/p . ,
;| <D (= >l for j > 2v. (2.2)
T =iz

We also define

WM(p) = |J WM(v,D,p).
v,D>1
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2.2. Examples of p-general monotone sequences. We start by recalling sev-
eral known extensions of the class M of sequences tending monotonically to zero.
There are two types of such extensions.

The first consists of various quasi-monotone sequences. In [78] and [85], the class
of classical quasi-monotone sequences was defined as follows:

QM = {a = {an}nen: an € Ry and there is a 7 > 0 such that n_Tanl}.

The more general class of O-regularly varying quasi-monotone sequences (see [81],
for example) is given by

ORVQM = {a = {an}nen: an € Ry and there is a sequence

(A1, Aap < CAy, such that i"i}

The second way to generalize monotone sequences is to define so-called rest of
bounded variation sequences:

RBVS = {a = {an}nen: an € C, Z la, — ap41] < C’|an|} (2.3)

v=n

(see [52] and [71]).
The classes QM (or ORVQM) and RBVS are not comparable ([53], [89]).
In [89] one of the authors introduced the class of general monotone sequences:

2n—1
GMS = {a ={an}nen: an € C, Z lay — apt1] < Can}. (2.4)

v=n

It is known [89] that {a,} € GMS if and only if

lak| < Clay,] for any n < k < 2n;
S = lal (2.5)
as| < Ay | + — or any n < V.
g |Aas) < C |an] g f yn<N
s
s=n s=n+1

Here Aas = as — as1+1. The interrelation between the classes ORVQM, RBVS, and
GMS follows from the embeddings

M ¢ ORVQMURBVS ¢ GMS ¢ GM(1) (2.6)

(see [89], p. 725).
We also note that the following class was introduced in [7]. For any integers
ny < ng and any A > 1, the notation

{an}nz,,. € GM(A)

=ni

means that either
m—1
|an, | + Z lak — ags1| < Alap| for anym =mnq,...,ng

k::n1
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or
’ngfl

|an, | + Z lak, — agy1] < Alay,| for any m =nq, ..., ng.
k=m
One can also consider sequences of complex numbers {a,, }22 ; such that there exist
a finitely lacunary sequence of positive integers {N,}22; and an A > 1 such that
forany k=1,2,...
N
{antnln, 41 € GM(A).

2.3. Sum and product of p-general monotone sequences. It is clear that
the sum and product of two general monotone sequences are not necessarily general
monotone, that is, for any pg,p1,p2 > 1 there exist a = {a,}52; € GM(py) and
b={b,}22, € GM(p1) such that {a, +b,}52; & GM(p2) or {a,b,}52,; ¢ GM(p2).
For example, in the first case it suffices to consider the sequences

1

Z if2P<n< 284261 keN,
anp =< n

0 otherwise

and
) _{an if n 28 k€N,

an, otherwise,

while in the second case one can take the same a,, and

1

——a, ifn#2F keN,
b,=<n

an otherwise.

However, under some additional conditions, one can assert that the sum and prod-
uct of two general monotone sequences are also general monotone. For example, if
a,b € GM(p) are non-negative, then {a, + b,}>2; € GM(p).

Property 2.1. For any po,p1 = 1, if a = {an}32; € GM(po), b = {b,}22, €
GM(p1) and for some C1,Coy >0

Cibp < b, <Cobr forany k<n<2k kn>1, (2.7)

then {anb, 152, € GM(py). In particular, {a,n"}>2; € GM(po) for any v € R.
Proof. Indeed, by Theorem 2.5 (see the inequality (2.10)),

271,+1 2n+1 2n+1
D IAarb)| < D brrrAlar)| + > lanA(by))|
k=2n k=2n k=2n
2n+vo 1/po , 2"t 1/p1
|ak|P0 |bk‘1?1
<o ¥ >
k=270 k=271
2n+vo 1/po 2ntvo 1/po
|ak|P0 ‘akbk|po
<D|b2n|< > <p( Y BT g
k=270 k=270
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Remark 2.2. Note that under the condition (2.7) the class of b = {b,,}22; € GM(p1)
coincides with the class of b = {b,}32; € GMS with the additional condition
bn, < Cby, for any n > 1. It is also clear that the condition b,, < Cby, is essential.
For example, let b, = 1 for n < N and = 0 otherwise. Then {b,} € GMS C GM(1),
but the condition b,, < Cbs, is not satisfied. At the same time, if {a,} is given by
ar, = 1/&, for &, < k < 2¢, and zero otherwise, with &, increasing sufficiently fast
(for example, &, = 22"), then {a,b,} ¢ GM(p) for any p.

In the case when b,, = a,,, additional conditions for {a,b,}>2; € GM(p) are not
needed.

Property 2.3. (A) Letp,v > 1 and a = {a,}>2, € GM(p). Then
{anlan[" 1302, € GM(p).

(B) In particular, for a non-negative sequence a = {a,}>2, € GM(p), p > 1, the
sequence {a)}o, is in GM(p) if and only if v > 1.

Proof. (A) Indeed, for v > 1 we get by the mean value theorem that
|arlax|" ™" = appafan 7 < ylAak|(Jar] T+ larsa 7).

Then the inequality (2.10) implies that

2'!L+1 2!L+1
=1 _ -1 <« y— 12 A
2 Jowlanl"™ —cpnlown ™ <, o, " 3 18a
2+ ip o2t (-1)/p 242 py 1/p
|ag|? ag|? a
<on,( 3 > BB Tan (X %)
k=2n—10 k=2n—v1 k=2on—v2

where we used Holder’s inequality in the last step.
(B) From (A) we have {a2}>2, € GM(p) for v > 1. Let 0 < v < 1. Let
cn=2"2"forn=0,1,2,... and put

ar = cp, for 22" <k < 227+,
ar =c, 272" for odd k€[22 T 2202

ap =0 for even k € [227F1 22112y

Note that if v,p > 1 are integers and ~ € (0, 1], then there are constants C; =
Cy(v,p,7v) > 0 and Cy = Ca(v, p,7) > 0 such that for any m

2mty 1/p

C127™ < (2—’" > |ak|w> <027 ™, (2.8)

f=2m—v

Further, we obtain
gm+1

Z lag — ars1] <2

f=2m
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for both even and odd m. Thus, our sequence lies in the class GM(p). At the same
time, for v € (0,1) we have

22n,+2

Z |a’]z ak+1| 22n 2—2n'y 2—21’7/7 2—2n'y 22n(1—'y)

k:22n+1

for any n. This and (2.8) imply that {a]}?>, ¢ GM(p).
Finally, if v < 0, then it is sufficient to take a, =27", n € N. O

It is interesting that for the class GMS of general monotone sequences given
by (2.4), the result is fundamentally different. Namely,
a non-negative sequence a = {a,}or, € GMS satisfies the condition
{a7}22, € GMS if and only if v > 0.
This follows, in particular, from the results of [94]. We give a simple proof of
this fact. For v > 1 we use the mean value theorem. Let v € (0,1). For simplicity
assume that a,, > 0. Then we note that

|Aak|

1—y
ay

[Aag)] <

For a positive integer n let so = n and let s; be the first index in the interval
n < s1 < 2n — 1 such that a}™7 > Qa;V. Next, let so be the first index in the
interval s; < s < 2n — 1 such that ai;” > 2a;2_7, and so on, up to the index
s; < 2n — 1. We have

n i st |Aa \ i st \Aa |
NHIEDS Z d<ey o
=0 1=0

: a
k=n 3 k=s; k=s; Si

Further, using the definition of the class GMS, we establish that the sum on the
right-hand side of the last inequality is less than or equal to

J J
2C Z al. < Cia), Z 277/ (=) < Chal.
=0

i=0
Thus, {a}}°2, € GMS.

Property 2.4. Let pg 2 1, a > 0, and 0 < p < q < oo. If a sequence a =
{an}y2, € GM(po) is such that Z -1 |an PR I < 00, then

(A) a,n®/? — 0,

(B) 2nts |an\qn%*1 < o0,

(C) the relations

Zl |a, [Pt = Zl(az‘f)pna*l = Zl Z MP 2ne (2.9)
n= n= n= n=1

are valid.



Functions with general monotone Fourier coefficients 963

Note that for &« = p = 1 the results in (A) and (C) extend, respectively, the
well-known Abel-Olivier and Cauchy tests for monotonic series. Item (A) with
a =p =1 was proved in [17] for the class GM(1), while (C) was proved in [11] for
the class GMS.

In the general case without the condition of general monotonicity, one can only
claim in (B) that >0 | |a,|9n(@~D4/P < oo,

Proof. Ttem (A) follows immediately from the fact that

o0

Z(a#)pn"‘_l < 00

n=1

(see Theorem 2.9). From (A) it follows that |a,|9n*/P~! = o(|a,[Pn®~') asn — oo,
which gives (B). The first two equivalences in (C) follow from Theorems 2.9 and 2.12
while the last one follows from Lemma 5.1. [J

2.4. Criteria for p-general monotone sequences. The main goal of this sub-
section is to prove the representation GM(p) = GM(max) N WM(p).

Theorem 2.5. A sequence of complex numbers a = {an}52 1 is a sequence of type
GM(v, D, p) if and only if for some D1,Dq and v > 1

2n 1/p
k:gvrwflﬁ)én+l lax| < Dy (2_" Z |akp) for anyn > v (2.10)
k=2n—v
and

on+1

Z lax — ak+1] < Do max lak| for any n = v. (2.11)
k=2n—v,... 2ntv

k=2" e

Note that one can easily construct examples showing that the conditions (2.10)
and (2.11) are independent.

Proof of Theorem 2.5. By the definition of the class GM(v, D, p), the condition
(2.1) is satisfied. Let

M, = max lag| forn >0

and let ¢, € {2",...,2""1} be such that M,, = |a,,|. Then for n > v and any
je{an,... 2ty

2! 2t 1/p
Jag, | = la;| < D lar — a1l <D(2—" 3 |ak|”> .
k=2m k=9on-—v
Hence
1 gn+1 ontv 1/p
0 < gy 3 a4+ D(2 % )
k=2n k=2n—v

2n+1 2n+u

1 1/p 1/p
< p D(27™" p .

k=2n—v




964 A.S. Belov, M.I. Dyachenko, and S. Yu. Tikhonov

Thus, (2.10) holds with the constant D; =D +1 > 1.
From (2.1) we also have the estimate

2n+1

ap — aps1| < D2V/P max agl,
+
Pt k=2n—v . 2n+tv

that is, (2.11) holds with Dy = D2¥/? > 1. In other words, if a sequence a =
{an}22, is of type GM(v, D, p), then the conditions (2.10) and (2.11) hold, where
Dy > 1 and Dy > 1 depend only on the parameters v, D, and p.

To prove the converse statement, suppose that the conditions (2.10) and (2.11)
hold for an integer v and some numbers Dy, Dy € [1,00). Then from (2.10) with
n > 2v we have

max lax| = max M;
k=2n—v . 2ntv j=n—v,...,n+v—1 )
itV 1/P
< Dy max <23 E |ak|p>
j=n—v,...,n+v—1 -
k=2i—v
2n,+2u—1 1/p
N SO
k=2n—2v
This and (2.11) give us that
2n+1 2n+27/ 1/p
E lar, — ag+1] < D2Dy (2” 27" E |ak|p> for any n > 2v,
k=2n k=2n—2v

that is, a € GM(2v, D*,p), where D* = DD, 2%/?. Thus, the conditions (2.10)
and (2.11) mean that the sequence a is general monotone with parameters 2v, D*,
and p. [J

The following analogue of Theorem 2.5 also holds.

Theorem 2.6. A sequence of complex numbers a = {a,}52 4 is of type GM(v, D, p)
if and only if, for some integers vy and vy and some Hy, Hy € [1,00), the conditions

i
JlagP <HY Y agl? forj =2 (2.12)
k=[j2-"1]+1

and

2j

Z lax — ak+1] < Hy max lak| for j > 2" (2.13)

. j2-v2<k<j2v

k=j

are valid.

Proof. Let us carefully analyze the condition (2.10). If j > 2¥, then 2" < j < 2n*!
for some n > v. Hence, it follows from (2.10) that
ontv 1 jov
o P < ME<DP27" N aglP <2DV = > agl
k=2m—v T o111
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In particular, (2.12) holds with v; = v 4+ 1 and H; = D;2Y?. To prove the
converse statement, assume that the condition (2.12) holds for some H; € [1,00)
and an integer vy. Then for n > 1y

gn+l+vy
n . p
2"MP < max  jla;|P < Hy E |ag|P.
]:271 _____ on+1
k=2n—v1

Hence (2.10) is satisfied for v = 14 + 1 and Dy = H;. Thus, the condition (2.10)
holds for some integer v and some D; € [1,00) if and only if (2.12) is satisfied for
some integer 11 and some H; € [1,00).

Let us now analyze the condition (2.11). If j > 2, then 2" < j < 2"*! for some
n > v. Hence (2.11) implies that

27 on+1 on+2
Z|ak_ak+1| < Z lar — ary1| + Z lar — apt1]
k=j k=2n fk—on+1
< 2Dy max lak| < 2Ds max lak],
k:Qn—u).“72n+1+u j2_”_1<k7<j 21+v

that is, (2.13) holds for o = v+1 and Hs = 2D5. To prove the converse statement,
assume that the condition (2.13) holds for some Hs € [1,00) and some integer vs.
Then for n > vy and j = 2™

2'7L+1
> Jak — ap41| < Ha max |a|,
o an-vah<antes

that is, (2.11) is satisfied for v = v5 and Dy = H,. Hence, (2.11) holds for some
integer v and some Ds € [1,00) if and only if (2.13) holds for some integer vo and
some Hj € [1,00).

We note that if (2.10) holds for some v = 14 and (2.11) holds for some v = v,
then both (2.10) and (2.11) hold for v = max{vy,v2}. O

Corollary 2.7. A sequence of complex numbers a = {a,}52 4 is of type GM(v, D, p)
if and only if, for some Hy, Hs € [1,00) and some integer vy, the condition

2j 1 j2ra 1/p 2v4
Z|akak+1|<H4(. 3 |ak|p) FHy S (ageal + laysal) (214)
k=j J k=[j2-v4] s=1-2v4

holds for any j > 2¥+.

Proof. If 2" < j < 2"*! for some n > v, then (2.1) implies that

2j 2n+u+1 1/p 2 j2u+1 1/p
> lak — agga| < 2D <2” > |ak|p> < QD(, > ak|p> ,
k=j k=2n-v J k=[j2-v—1]

that is, (2.14) is satisfied.
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On the other hand, by (2.14) with j > 2*4™! one has

Z lar — ak41] < Hy ova/p max lak| + Hs gratl max |a|
j2-va<k<)2va j—2va<k<2j42v4

< Hy2v4/P max lag| + Hs 2" max  |ag]
J2TrA<k ) 2v4 J/2<k<3j

< (Hy ovalP 4 | gvatl) max lag| for any j > 2v4tt,
k=[j 27744 1,..,j 2va+1

Hence (2.13) holds for vy = vy + 1 and Hy = Hy ova/P 4 H; 2¥at1 Therefore, the
condition (2.11) is satisfied for v = vy + 1 and Dy = Hy ova/P 4 Hs 2vatl . Since

max |ak| Z| k| Z|ak—ak+1,
k=j

yeeey

k=j
for j > 2" we have
1 25 1/P
< P
e, o < (m;'ak' )
1 j2re 1/p 274
pin(3 X Jal) ot H X (e e
J k=[j2—¥4]+1 s=1—2v4
1 1/p 2v4
<a+f)(t X dal) 4H X (gl + o,
J k=[j2-v4]+1 s=1-2v4
Thus,
I 1/p
max |ag| < (1+ Hy) ( Z ak|p>
k=j,...,4j J =
k=[j2-v4]+1
2va
+Hs Y (lajps] + lagjis| + lasjrs])-
s=1—2v4

Let n > vq + 1 and let M,, = |ay|, with 2" < ¢ < 2! For j = 2"~1 ... 2" one
has j < ¢ <45 and
ontvatl

2v4

1/p
1
<@tz S lal) 4H X (gl tol ),

k=[2n—1-v4]+1 s=1—2va
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Therefore,
] gntrati 1/p
M, < (1 +H4)<2n_1 > akp>
k=2n—1-va41
" ova on
5
+ o1 11 Z Z (lajts| + lazjts| + asj1s])

s=1—2v4 j=2n-1

2n+1/4+1

2 1/p H5 2u4+1 2" 42v4 1/P
<(1+H4)(2n > |ak|p> +(2n_1)1/p(< > ak|p>

k=2n—1-va41 k=2n—141-2v4

gntlyovs 1/p ont2 4 ovs 1/p
(o) (L2, ) )

k=2741—2v4 k=2n+141-2v4

If n > vy + 2, then this implies the inequality

g 2imH 1/p 9 2 1/p
M, < (1+H4) <2n Z |ak|p) + 3H; gratl <2n Z |ak|P> .
k=2n—1-va41 k=2n—2

Consequently, (2.10) holds for v = vy + 2 and D; = 2Y/P(Hy + 1 + 3H5 2"+ +1).
Finally, (2.10) and (2.11) hold for v = vy + 2, and therefore (2.1) holds for v =
2V4 —|— 4 ‘:l

2.5. Embeddings of the classes GM(p). Let us show that the parameter pg is
essential in the definition (2.1) of general monotone sequences, that is, GM(p1) &
GM(po) for p1 < po.

Theorem 2.8. For any 1 < p1 < pg < oo, every class GM(v, D1, p1) is contained
in some class GM(v, D,pg). Moreover, there exists a non-negative sequence a =
{an S of type GM(4,4,po) such that, for any integer v1 and any Dy € [1,00), the
sequence a does not belong to the class GM(v1, D1, p1).

Proof. 1t is clear that by Holder’s inequality, for 1 < p; < pg < oo we have
GM(v, D,p1) € GM(v, Dy, po), where Dy =2v(1/pi=1/po)p,

To construct a counterexample, we first present an auxiliary construction. Let n
and 7 be natural numbers with 7+ 1 < n. Put A = po/(po — p1). Take the largest
integer [ such that [ < n/2, 1 +2 < n, and M7 <n. Let M >0, 7, = [\*7], and

My = M2t dmed)/po - for fp =0, ... 1. (2.15)
Then M, = M and M, = M2 1/po, Taking any k = 0,...,1, we put a; = M, 14
for j = 2ntk 41 ... 27tk 4 9ntk=Tutr and a; = 0 for j = 2"*F as well as for
any j = 2k 4 ontkomaek o1 2ntkHl D Then the numbers a; are defined

for any j = 2",...,2" "+ and moreover M, = max{a;: j = 2"tk . . ontk+l}
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and a; = 0 for j = 2"** with k = 0,...,1+ 1. From (2.15) with k =0,...,l— 1 we
get that (My1gr1/Myig)P? = 27+k+1 and therefore
gntk+2
n+k+1
VLM = Z ak’.
j:2n+k+1

We set Mn+l+1 = Mn-‘rla a; = Mn-H fOI'j = gntitt + 1a . .’2n+l+1 + 2n+l, and

aj =0 for j =2n il pontly1  2nHH2 a5 well as for any j = 27 +H+2 . 22n+l
Then
2n+l+‘2
n—+1 a4 rPo _ Po
2 Mn+l+1 = g aj
j:2n+l+1

and

2%n l

E aj = E Mn+k 2n+k_7—”+k —+ Mn+l 2n+l.

j=2n k=0

In other words,

22m l
Z “= M(Z ontk—Tnik 9(Tntkt - +Tnt1)/Po 4 ont 2(7'n+1+“'+7'n+1)/;00) ,
j=2n k=0

and agr =0 for k=mn,...,2n.

For definiteness let M be chosen so that

22n

Z aj; = 27",

j=2n

and 7 = [(n + 1)'/2]. We assume that n > 4 and M, = 0 for k =1+2,...,n.

Then M, ) = max{a;: j = 2"k .. 2nth1Y} for k =0,...,n,
2'7L+k+2
2P, < Y Al fork=0,...,n—1, (2.16)
j:2n+k

and Ms, = 0. We note that in this case [ = [,, is the largest integer such that
l, <n/2 and I, < log(n/7)/logA. Then l,, — 400 as n — +oo. Therefore, the
sequence E(n) = {a;: j =2",...,2?" "1} constructed is completely determined by
the number n.

For k=0,...,1 — 1 we have (M, 4 py1/Mypq1)P* = 2P1/P0)Tntkir

Tn+k — Tnt+k+1 (1 - pl) < )\kT — Ak+17’(1 — pl) +1= 17
Po Po

and

Tndk — Tndk+1 (1 - p1> > N — )\k+17(1 - p1> —1=-1.
Do Po
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Therefore,
P1 P1
<Mn+k+1) S 9Ttk —Tnre—1 o0 <Mn+k+1) < QTnth+1=Tnirt1
Mn+]€ Mn+k}

Hence, for k =0,...,l, — 1 the following inequalities hold:

ontk+2 on+k+1
P1 _ ont+l4+k—Tnti4k | P1 n+k—Tnik A fP1 P1
g a; =2 n Mn+k+1>2 n Mn+k— a;
j:2n+k+1 j:2n+k
and
2n+k+2 2n+k+1
P1 __ on+1+k—Tp 14k P contk—Tpyk AP P1
g a; =2 n Mn+k+1<4 2 v Mn+k—4 a; .
j:2n+k+1 j:2n+k
Thus,
2n+k+1 2n+1
> al <aF Yy a =4k M = ab o M 2
j=on+k j=2n
Moreover, if 0 < v < [, then
2n+1/+1
-n P1 v o—7(n)yrp1
2 E a; < 2-4"2 MP (2.17)
Jj=2n

where 7(n) =7 > (n+1)}/2 = 1 — 400 as n — +oo.

After presenting the above construction, we can now build the needed sequence
a = {a,}52 . For this, take any sequence of integers {ns}52; such that n; > 4 and
ns+1 = 2ns+1. For example, one can take ng = 4%, Let {a;: j = 2m=,... 22 F1} =
E(n,) for any s = 1,2,.... For other j put a; = 0. This non-negative sequence
a = {a,}>2, has the property that Z;’;l a; < 1. In view of (2.16), it satisfies
the condition (2.10) with ¥ = 2, D; = 1 and the condition (2.11) with Dy = 2.
Therefore, a € GM(4,4,py). However, due to (2.17), for any integer v; and any
D, € [1,00) the condition (2.10) with n = ns and p; in place of pg fails for suf-
ficiently large s. In other words, the sequence a does not belong to the class
GM(Vl,Dl,pl). O

2.6. Equivalence of series with a,, and af.

Theorem 2.9. Let a null sequence {a,}52, belong to the class WM(v, D,pg) for
some pg = 1. If af = max;>,, |a;| for n > 1, then for p,a € (0,00)

> lanMn Tt <Y (@) ' <O an P! (2.18)
n=1 n=1 n=1

with some positive C = C(a, p, po, v, D).

First we prove the following auxiliary result.
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Lemma 2.10. Let {d;}Y., be a sequence of non-negative numbers such that the
following two conditions hold for some A > 0 and C € (0,1): d; < A for any ¢

and + Zf\il d; > CA. Then at least [NC/2] numbers in this sequence satisfy the
condition d; > AC/2.

Proof. Assume not. Then for

Q:{ZE[LN]QZC&}?}

we have
al AC
< ) . SN =
Zdz \Zdlf > <A+ 5N = CAN,
=1 i€Q 1€[1,N]NZ\Q
a contradiction. O

Proof of Theorem 2.9. Without loss of generality we may assume that the sum on
the right-hand side of (2.18) is finite and v > 2. For any integer k > 0 we define

Ay = max |an], By = max lan,
2k Ln2k+1 -1 2k—v < 2k+tr —1
and
— # o _ L #
Qg = max  a] = max max |a;| = aj,.
2k Cn< 2k —1 2k Kn<2kH1—1 >0

We say that an integer [ > 0 is dominated by an integer » > 0 if » > [ 4+ 2 and
a; = |a;|, where 2" < i < 277! — 1. Here and below, in the case of equality of
several numbers with absolute values equal to a; we take a; to be the one with the
smallest index. The integers not dominated by other integers will be called basic.
The set of basic numbers is denoted by 2. Moreover, the set of basic numbers such
that o, = Ay, is denoted by 5 while the set of basic numbers such that ay = Ak
is denoted by 5. It is clear that

Q=0,UQ.

If r is a basic number and the set @, of integers dominated by r is not empty,
then r € O and Q, = [ko,r — 2] N Z. We note that for any | € Q, and any
n € 24,271 — 1] N Z we have

af =gy = Qg1 == == =

Furthermore, for j € [2771,2" — 1] N Z the equality af = a, holds.
Hence,

ol+1_4 ol+1_q or
DIDSNTIOIRIIND iy SRR e
1€Q, n=2! 1€Q, n=2l =1
2" -1
P _a-—1
< C(a) Z (af)'not, (2.19)

n=27-1



Functions with general monotone Fourier coefficients 971

A number r € Q) such that

> __Br
"7 92(a/p+1)v

A

is said to be good. Otherwise, r is said to be bad. We note that if a number
r € s is good, then r + 1 € € is also good.
Suppose that a good number k is in ;. Then

ap = Ag = |a;|, where ok L 2R 1.

By assumption, {a,} € WM(v, D, pg), which implies that

2kt Po Do Po
_ « A B
9=k E |a |;00 >_—k Tk > _ "k
mZ ppo T Dpo T Dpo 92(a/p+1)vpo
n=2k—v

Taking into account that all the numbers in the sum on the left are less than or
equal to B}° and that the number of terms in this sum is 2kt 2k=v 1 1 which
with regard to order is comparable with 2%, we conclude by Lemma 2.10 that if

BPo
_ k—v ok+v . P k
S = {ne 2N ol > b
then i
ok
S 2 ~
ISk c

where the positive constant C; depends only on p, pg, «, v, and D. But then

2k+u

P k
Z |an|Pna71 > Z |an|Pna71 > ﬂmin{Q(afl)(kfu)v2(a71)(k+u)} 27
CQ C’1
n=2k—v neSk
ok+1_q
>Cy Y (aff)rnl, (2.20)
n=2k

where the positive constants Cy and C3 depend only on p, pg, a, v, and D. At the
same time, if £ — 1 € 9, then

2k_1 2k _1 ok+1_1
> @hmtt=af 3 at < Claal Y nt
n=2k-1 n=2k-1 n=2%k
2k:+y
< Cla,po,v, D) Y an|'n " (2.21)
n=2k-v

Now consider the case when a bad number [y is in 2. Then

By,

Alo < 22(a/pt+l)v °
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We note that B, = A;,, l1 <lp, and [; € Q4. If [; is a good number, then we finish
our construction. Otherwise we have

Bl1 _ Al2
22(a/p+1)u - 22(a/p+1)z/

A, <

and Iy < Iy, Iy € Q7. Continuing this process, we arrive at a finite sequence
lo >0 > 1o >--->1;,, where k,l1,...,l;, € 1, such that [;, is a good number
and the rest are bad. Moreover, I, — [, < 2v and

A
Ao S Papnw

for any r. Thus, any integer ky € 21 generates a finite or infinite sequence kg <
k1 < ko < ---, where all the k; are in 1, the k; are bad numbers for ¢ > 1, and

Aki—l
A, < 92(a/pt1) and  k; — ki1 < 2v,

for i > 1. But since Zn 2k L no~1 < 2k we obtain

oki+1_ oki+1_

2ak:i
P P
S Y Y4 Y w < Ca, Y ST
i1 p=gki i>1 n=2ki—1 i>1
K 22al/i 2kotl g 1
p e} P oa—
< O@)4, 2% rarprmw < Gty D n*7h
i>1 n=2%o
(2.22)
where the positive constant C5 depends only on p, «, and v. Similarly,
oki _q oki+1_ oko+1_
S Y e <Y Y <G, Y e
i21: ki—1€Q2 n=2ki—1 121 n=2ki—1 n=2ko0
(2.23)
Using the inequality (2.19), we obtain
00 00 2k+1 2k;+1
Satynt =Y S (o @Y Y G
n=1 k=0 n=2Fk ke n=2Fk

For simplicity, we denote by €; 1 the set of good numbers in ;. Applying (2.22)
and (2.23), we continue the estimate as follows:

ok+1_1 ok+1_q
<o Y A4 wetpe S o, Y !
keQq 4+ n=2Fk keQa:k+1€Qy n=2Fk
oftv

<C Z Z |an|pna717

k€Q1 + n=2k—v
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where the last inequality follows from (2.19)—(2.21). Finally,

& o0
Z(a#)pna_l < C(p7aap05Da V)Z |an|pna—1. O
n=1 n—=1

Corollary 2.11. Let {a,}52 be a null sequence of type WM(po) for some pg = 1.
Then for any v € (—o0,00) and p € (0, 0)

oo (o)
> 2TME <Y 07 an|P.
n=1 n=1

Proof. Theorem 2.9 implies that

i MMP < cizn(aﬁ)P < ci(a#)p < ci |, [P
n=1 n=1 n=1 n=1

Since the sequence {n(?~1/Pq,}2 | is of type WM(py), application to it of the
previous estimate gives us the desired result. [

2.7. Equivalence of series with a,, and a},.

Theorem 2.12. Let {a,}52, be a null sequence of type WM(pg) for some pg > 1.

Then
oo oo
>l = > (e
n=1 n=1

for p,a € (0,00).

Remark 2.13. Using the Hardy-Littlewood inequality for rearrangements [8], for
any sequence we have Y o |a,["n®™t <307 (a)’n*! for 0 < a < 1, and we
have the reverse inequality for a > 1.

Proof of Theorem 2.12. Let o > 1 and {an},., € GM(py). Let A = 2" be as in the
definition of WM(py). For any n > 0 we define

]\ak| and B, = lak|.

n= max max
ke[2m,2nt1-1 ke[zn—v,antvil_1]

As above, an integer n is said to be good if either it is sufficiently small or B,, <
C1A,, (here C; does not depend on n). We proved in Theorem 2.9 that if  is the
set of good numbers n, then

) 0o 2ntlog ontl g
Zka—1|ak|p _ Z Z ka—l‘ak‘p <Oy Z Z ka—1|ak|17 =: O Z I,.
k=1 n=0 k=2n neQ k=2m ne)
(2.24)
Note that
I, < AP 2(ntba (2.25)

Moreover, we established that there exist C3, C4 > 0 such that for any n € Q2 there
is a set of integers T,, C [2"¥,2" "] containing at least C32" elements and such
that |ax| > C4A,, for k € T,,.
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It is also clear that any fixed [ is contained in at most 2v + 2 different sets T5,.

Fix some n € Q. Let I(k) be the index of the kth term of the non-increasing
rearrangement of the original sequence. Also, let r,, be the cardinality of 7;,. Then
since a > 1, we obtain

D UK Hakl” > CRAL YUk > CRAR Y gt

keT, keT, g=1
> C5APre > CgAP 27, (2.26)

From (2.25) and (2.26) it follows that

DL<C Y DUk arlP < Cr(2v +2) > U(k)* HaxlP
neQ neQ keT, k=1
This and (2.24) imply that > >7 | a,|['n*"! < C 307 (ar)’'n*! for a > 1.
For @ = 1 the required estimate is trivial, while for 0 < a < 1 it follows from
Remark 2.13.
The reverse inequality follows from Theorem 2.9 and the property a’ < aif for
any n. [

3. Estimates of Fourier coefficients

3.1. Lemma on a local and a global majorant. In this subsection we prove
a lemma which we use in the next two subsections.

Lemma 3.1. Let a sequence a = {ay}32, of complex numbers be bounded and let
M, = maxy_on _ ont1|ag| for n > 0. Let the positive sequence {fB;}72, and the
positive numbers v and K be such that the sequence {k~7F,}3, is non-increasing
while the sequence {k7(1}72, is non-decreasing. Suppose that for some positive
integer m

lag| < KB  forallk=1,...,2™ (3.1)

and for any positive integer n > m satisfying the condition
max My, < 2™ M, (3.2)
m
the estimate
lag| < KBy for all k =27,... 2""! (3.3)

holds. Then
lak| < 27K, forallk=1,2,.... (3.4)

Proof. Let Y;, = maxy—gn__ on+1 By for n > 0. We show that

277Y,, < By < Ypi1 <2VY, for all n > 0. (3.5)

P e TIE

Indeed, if 2" < ¢ < 2™t!, then k78;, < q"Bq for k=2",...,qand k7703, < ¢77 5,
for k =gq,...,2"t!. Therefore,

. . on+1\ 7
e Br < (271) B, and k—qI,I,li)zinHﬁkg( . >5q.
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Thus, Y,, < 274,, which yields the first inequality in (3.5). The second is clear
since fgn+1 < Y,41. Replacing n by n+ 1 in the first inequality in (3.5), we obtain
277Y, 41 < Pan+1 < Y,,. This completes the proof of (3.5).
Now we prove that
M, < KY, foralln>0. (3.6)

For n = 0,...,m — 1, the estimates (3.6) hold due to (3.1). Note that according
to (3.3) the condition (3.2) implies (3.6). Suppose that (3.6) does not hold. Then
there exists a smallest positive integer ng such that M,, > KV, . It follows from
the argument above that ng > m and 2™7M,,, < maXg—=n,—m,...,no+m M. There is
a positive integer 11 such that ng—m <n1 <ng+m, My, = MaXp=ny—m,...,ng+m Mk,
and

M, < M,, forallng—m<n<n;. (3.7)

Since M,,, > 2™YM,,,, we have n; # ng, and using (3.5) for all s = 1,...,m, we
conclude that

Myy—s < KY, _s <2KY,, < 2™ KY,, <2™"M,, < M,,.
Therefore, ny > ng, and by (3.5)
KY,, <2m- MKy, <2™KY,, < 2™ M,, < M,,.

Finally, ng + m > ny > ng, KY,, < 2™ M,, < M,,, and (3.7) holds.

There exists a positive integer ng such that ny —m < no < ny +m, M,, =
MaXk=n, —m,...n1+m Mg, and M, < M,, for all n; —m < n < ng. The fact that
the condition (3.6) does not hold for n = ny implies that (3.2) also does not hold,
that is, M,, > 2™7M,,. In view of (3.7) we have ny + m > ng > n;. Therefore,
by (3.5)

KY,, <2n2"MKY, <2™KY,, <2"M,, < M,,.

Thus, the previous conditions were repeated with nq,ns in place of ng,ny. Repeat-
ing the above construction, we obtain a sequence of positive integers {nj}7>, such
that ng +m > ngy1 > ng and KY,, , < 2™ M, < M,,_ ., for all & > 0. This
leads us to a contradiction with the boundedness of {a}3°,, so (3.6) is proved.

If n > m and 2" < k < 27! then (3.6) together with (3.5) give us that
lax| < M, < KY, < K270, that is, the estimate (3.4) is proved, and with it
Lemma 3.1. O

We note that the idea of the proof of Lemma 3.1 was also used in [36], though
in a slightly different form.

3.2. Estimates for Fourier coefficients in the general case. As usual, for
a function f € Ly(T),

lf) = 5= [ swe

are its Fourier coefficients, and

s

Sn(f,x):% f@+0)Da(t)dt, n

—T

WV
L
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are the partial sums of its Fourier series, where D, (t) is the Dirichlet kernel. For
all integers 0 < ny < no let

s 1 n2

1
Vn17n2(f7x) = ; . f(‘r—i_t)Knth(t) dt = m Z Sn(fax)

n=mni

denote the de la Vallée-Poussin sums, let

1
Knpym(t) = ————— N7 D, (1),
)= s 3 Dult)

n=ni
denote the de la Vallée-Poussin kernel, and let o,(f,z) = Vo n(f,z) denote the

Fejér means. Since

ng n2

k —
Vi (100 = D0 erlf) = D (el +enlf),
k=—no k=ni+1

we have

> |- Y I alnl ¢l

—-n 1
k=ni1+1 1

k=—no
1 T
< |Vai o (f,0)] < ;/ Lf(O] | Ky ns ()] dt (3.8)
and
1
Vi e (f,0)] = 1 |(n2 + 1)on, (f,0) — n10m, —1(f,0)]
ng + 1
= Nng — N1 + 1

ni

|Un2(f? 0)' + |07l1—1(f7 O)' (39)

ng —ny + 1
Note that

Z 1%2]{777“(|Ck(f)|+|c_k(f)|)<k max  |cx(f)] - (n2 —n1).

-n 1 =—n2,...,n
b1 1+ 2 2

It is known that

1 1 o2 ng +ny+1
Knn t <7 - =
KO € 5 + g 3 m= 2

n=ni

for all ¢.

Since for the Fejér kernel we have

sin®((n + 1)t/2) . 1

K n t) = X )
0n(?) 2(n + 1)sin®(t/2)  2(n+ 1)sin?(¢/2)
we get that
| Ky o (8)] = P | |(n2 + 1) Ko,n, () — n1 Ko, —1(1)]
1
<
(ng —ny + 1) 2sin®(t/2)

7.‘.2

<
(TLQ —ny+ 1) 2t2

for all |t] € (0,7].
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Therefore, for any function f € Li(T), from (3.8) we have

> ()]~ (=) _max (1)
1 [ ) 2
< %/O (If @+ f(=1)]) mln{ng +n1+1, (ng—nﬁl)ﬂ} dt. (3.10)

Since |opn(f,0)| < ||flco, it follows from (3.8) and (3.9) that for any f € C(T)

na

ng+np+1
3 c;c(f)’ — (na —”1),,3:_123),(,, . lex ()] < Y

1/ lloc- (3.11)

k=—n2

Lemma 3.2. Let m1 and mo be positive integers with mi; < mso and let a non-
negative integer s be such that mo —mq is even and 2s < mo —mq — 2. Then:

(a) for any f € L1(T)

Z Ck(f)‘ — Sk:;ﬁ?fimg lex ()]
o 1 (7 ) 2
< 5/0 (ILF@OI+ £ (=) mln{Tﬂz —mi+1-s, (s+1)t2} dt;  (3.12)

(b) for any f € C(T)

mao
mog—mqp+1—s

> aln]-s, max fadnl< NG () ()

k=m;

Proof. Let ny = (ma — mq — 25)/2, ng = (mg — my)/2, and ¢ = (ma + mq)/2.
Applying (3.10) and (3.11) to the function f(t)e~%*, we get that

na

> el 5, _mox sl

k=—ng2,...,n2

k=—TL2
2

1 [ . ™
< g [ Qs+ o) mindma - s 1 s b

so that (3.12) is proved. Similarly, the inequality (3.11) implies that

m2

U») —+ ny =+ 1
c —S§ max c {—
Z k(f)' k=mq,..., mo | k(f)| Nng — Ny =+ 1

mo—mp+1—s
s+1

[flloo = [1flloo-

k:ml

The last inequality contains an arbitrary f € C(T), while its left-hand side involves
only the coefficients {cx(f)},2,, - Let us change the coefficients {cx(f) Zl:l:(lml_l)

of f in such a way that ||f||co = Fm;—1(f)oo- Then we get (3.13). O.
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3.3. Estimates for Fourier coefficients of type GM(p). The following two
theorems are the main results of this subsection.

Theorem 3.3. The following estimate holds for a function f € Ly(T) with Fourier
series of the form (1.2) and with coefficients {a,}22, of type GM(v, D, po):

T/n 2 ™
lan| < ot <Cl(/ |f(t)|dt+12/ |f(2t)| dt) (3.14)
0 n= Jx/n t

for all m > 1, where C1 > 0 depends only on v, D, and pg.

Theorem 3.4. For any q > 0 there exists a positive constant Co depending only
on q and the parameters v, D, pgy, such that the following condition holds. If a func-
tion f € C(T) has a Fourier series expansion of the form (1.2) with coefficients
{an}22, of type GM(v, D,py), then the Fourier series of f converges uniformly,
and for any positive integer n

# < Con™? max k7E_1(f)oo, (3.15)

nla,| < na
1<k<n

where Ex_1(f)so is the best approximation of f by trigonometric polynomials of
degree less than k in the space C(T).

Proof of Theorem 3.3. The complex sequence a = {a, }5; is of type GM(v, D, py),
so Theorem 2.5 implies the conditions (2.10) and (2.11).

Let m = 2v. Suppose that the condition (3.2) is satisfied for some n > m and
some y > 0, that is,

2" M, > max My, = max lak]|. (3.16)

k=n—m,...,n+m k=2n—m _ ontm+l

First assume that M, > 0. Note that

2nty 1/po 2ty 1/po
( > akp") < ( > (|Reak|+|1mak)p°)
k=2n—v k=2n-v
2t 1/po 2nty 1/po
< ( Z |Reak|p°> +< Z |Imak|p“> .
k=2n—v k=2n—v
Denote by {bk}ilgi,y any of the sequences {Re ak}ijz:,u or {Im ak}i:g:,u for
which
2nty 1/po 2nty 1/po
(5 o) es( § w)”
k=2n—v k=2n—v

Further, we assume that the first non-zero term of the sequence {bk}i:;,y is

positive, otherwise we can replace by by —b; for all k. Let

1
c = D 9—(v+1)/po (3.17)
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and note that € > 0 depends only on v, Dy, pg and that e < 1/2. Let
E,={ke{2" " ....2""}: |by| = eM,},

and as usual, let |E,| denote the cardinality of the set E,. Then from (2.10),
(3.16), and (3.17) we get that

2n+u

M. Po
n( 7N D b2 D p n+v 2
2 <D1) on,%:,u'bw@ok; |ag|Po + 2" (26 M, )P0

1 M. Po
<(2- 2" M, B, | + = 2n (2
( i+ 52 (52

Thus,
|E,| > 4D3 2", (3.18)

where D3 = (2D 2™7)7P0/8 is a positive constant depending only on v, D1, po,
and . We consider a partition

2"V =g <j1 <t <jp, =2"" 41
such that if I; = {j;_1,...,5i — 1}, then for k € I; we have (—1)'~'b, > 0 and

max |by| >0 foralll=1,...,7,.
kel

Let
L, = {l =1,...,7p: max|bg| > eMn},
kel

and let |L,| denote the cardinality of L,, as usual. For each | € {1,...,7,} we
find a number k(I) € I; such that |by)| = maxgey, |bg|. Consider two successive
elements [; < [y of the set L, arranged in increasing order. If Iy — [; is odd, then
br(1,) and by(,) have opposite signs and

lakay) = ars)| = 1bkay) = beaa)| = bk + [Okas) | = 26 M.
Otherwise, if I — {3 is even, then we call the integer k(l; + 1) additional. Thus,
laky) — ar@+0)] 2 by = Ok+0)| = [0k | + bra,+1)| > My,

and
@k, +1) = Oy | = br@+1) = bra)| = 10k +1)| + 10k | > M.

We apply a similar procedure to all pairs of successive elements in L,,. Further, we
consider all the numbers {k(l): | € L, } together with the additional numbers and

enumerate them in increasing order as k1, ..., k;. Then
T2 |Ly|, 2"V <k <-or <k 2", (3.19)
the signs of non-zero terms by, , ..., by, alternate, and

|akj — akj+1| = |bk,- — bkj+1‘ >eM, forallj=1,...,7—1. (3.20)
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At this point we use the condition (2.11) or, as in the next subsection, a certain
modification of (2.11). Since n > m = 2v, we deduce from (2.11), (3.19), (3.20),
and (3.16) that

T—1 v on—j+1
(= DMy < Z |ak; = ak;pa| < Z Z lar — art1]
j=1 j=l—v k=2n—j
< 2vDy g max lag| < Dam 2™ M, (3.21)

:2n72u7.“72n

and hence
T < G, (3.22)

where the constant G = 1+ Dam2™" /e > 2 depends only on v, Dy, pg, D2, and 7,
but, importantly, not on n. Let N be the smallest positive integer such that

N>m=2v and 2N>@. (3.23)
D3
Note that N depends only on v, Dy, pg, G, and . Assume that
n > N. (3.24)
Then 6C
nzm=2v and 2" > —. (3.25)
Ds

Since |En| = >, [En N Lf, we can find an | € L, such that in view of (3.19),
(3.22), (3.18), and (3.25) we have

|En| > |En| > |En| > 4D3

E.NL| > > = > 2" > 24. 3.26
| L TN N (3:26)

From now on we fix such an [ € L,. If j; — 1 — j;_1 is an even integer, then we set
my = j;—1 and mg = j; — 1. Otherwise, if j;, — 1 — j;_1 is odd, then for j;_1 ¢ E,
we set m; = ji_1 + 1 and mg = j; — 1, and for j; — 1 ¢ E, we set m1 = jj_1
and mq = j; — 2. Thus, mo — my is even, and by (3.26)

|E, N{m,...,ma}| = |E, NI| > 24.

If j;—1—7,_1 is an odd integer and j;_1 € E,, ji;—1 € E,, then weset m; = j;_1+1
and mo = j; — 1. In this case

|E, N {m1,...,ma} =|E, NL|]—12>23.
Thus, we have found numbers

2" i <ma <mp < G — 1< 2
such that my — my is even,

mg—m1—|—1>|Enﬂ{m1,...,m2}|223,
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and by (3.26) and (3.25)

4D, 23D
my—mi+12 |[Enn{my,....mo}| > |E, N —1> 222" — 1> 23 9n,
G 6G
In particular,
20 20D
_ —2>= — 1) > 2",
my — My 23 (mg —my + 1) 6C:
Since (—1)!=1by, > 0 for k = my,...,ma, it follows that
“w < < 23D
STar| = Y bkl = D0 bkl = B0 . ma}eM,, > 6G3 2" M,,.
k=7n1 k=m1 k=m1
Let D.on
eDs
= . 3.27
i [G2m7 ] (8:27)
Next, by (3.16)
2 23e D5 17eDs
_ > 5B gnpr g9, > 2" M,
k_z ar| =5, _max | lar| > =5 § 6G
-

and by (3.27)
2eD32™ D3 2"
2s < s < 3 < mo —mq — 2.

G2my G
Note that we have |ci(f)| = |ax|/2 for all £ > 1 in view of (1.2). Therefore,

S 17eD
Z ck(f)‘ — s, _Dax lex(f)] = 1203 2" M,,.

k:m1

Thus, all the conditions of Lemma 3.2 are satisfied. Note that by (3.27)

ED3 A

1>
StL> Gomy

and
me —mg + 12TV —on—v 4 1 L 27,

Therefore, from (3.12) we have

17 D: 1 (" 2V 2
73 on g, < f/ |f(t)|min{2”+” M}dt,
0

12G - D5 2712
that is,
M, <D 2/Tr|f(1t)| iwd 1,7 Ly (3.28)
< Dy— ming 1, —— , .
n 4o 0 92142

where the positive constant

6G G 2
Dy = 9v
4T 17eDs max{ ' oDy }

depends only on v, D1, pg, G, and .




982 A.S. Belov, M.I. Dyachenko, and S. Yu. Tikhonov

If f € C(T), then we get from (3.13) that
17e D3 2VG 2™

2" M, < ————Fonv_1(f)oo,
12G eDy 7 1)
so that
2" M, < DsEan-v_1(f)sos (3.29)
where the positive constant
126 2"G2™
° " 17eDs  eDs

depends only on v, D1, pg, G, and .

We point out that the estimates (3.28) and (3.29) are valid when the conditions
(3.16) and (3.22)—(3.24) hold, and they are clearly valid if M,, = 0.

Up to this point, the proofs of Theorems 3.3 and 3.4 are the same. Now we focus
specifically on the proof of Theorem 3.3.

Let (1.2) be the Fourier series of a function f € Li(T), ||f|l1 > 0, and let

w/k 2 ™ ) T 2
/%:i<é |ﬂnMH;2LM”g”ﬁ>=WA|ﬂwnm{L;ﬁ}w(xm

for positive integers k. Then B > 0, Bri1 < Bk, and (k + 1)28,41 = k2B for all

k=1,2,.... Assume that v = 2 in (3.16) and further on. It follows from (3.14)
that
1" 2 (™ ,
g <= [ |f@)|dt== [ |ft)|dt <K*Bp forallk=1,2,.... (3.31)
LY —— ™ Jo

In particular,
lar| < 22V3, forallk=1,2,...,2N. (3.32)

If n > N, in other words, if (3.24) holds, then under the condition (3.16) we
have (3.28), that is, M,, < D4B2n. Hence, for k = 2", ..., 2" we have

|lag| < My, < Dafon < Dy(k*27%") By < 4Dy

Thus,
lar] < 4DyBy  for all k > 2V, (3.33)

Let K = max{2*¥ 4D,}. Then (3.32) and (3.33) imply (3.1), and under the
condition (3.2) the condition (3.3) also holds. By Lemma 3.1 the estimate (3.4) is
valid, and hence in light of (3.30) also the estimate (3.14) with C; = 8K /m. The
proof of Theorem 3.3 is complete. O

Proof of Theorem 3.4. Let (1.2) be the Fourier series of a non-constant function
f € C(T) and let
O = E~971 max quj—l(f)oo (334)

1<k

for positive integers k. Then

B >0, kBr=Er_1(f)oo = Ex(f)oo, (k+ 1) By = K918y,
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and

. q
(k4 1) = 1<?3§+1<@> B 1(f)oo < max{kBi, Fe( oo} < kb

for all kK = 1,2,.... Assume that v = ¢+ 1 in the relations (3.16) to (3.29). It
follows from (1.2) that

lak| < 2Ek-1(f)oo < 2kf, forallk=1,2,.... (3.35)

In particular,
lap] <2V T1g, forall k=1,2,...,2V. (3.36)

If n > N, that is, the condition (3.24) holds, then under the condition (3.16) we have
(3.29), that is, 2"tV M, < D5 2v9 2= E,. _(f)eo. Hence, M, < D529 (3.
Thus, for k =27,...,2"+! we have

k| < M, < D520 < D5 279 (k911 2@t )3, < Dyovagitip,

Therefore,
lar| < D5 29913, for all k > 2V, (3.37)

Let K = max{2N*! 2va+ta+1 D1 Then (3.36) and (3.37) imply the inequality (3.1),
and in light of the condition (3.2), (3.3) holds as well. By Lemma 3.1, (3.4) is
valid, which by (3.34) yields (3.15) with Cy = 297 K. Tt follows from (3.15) that
la,,| = o(n™1). Therefore, the Fourier series of a continuous function f converges
uniformly. In particular, it is convergent at x = 0. O

3.4. Lebesgue inequalities for Fourier coefficients.

Corollary 3.5. If (1.2) is the Fourier expansion of a function f € C(T) with
coefficients {an}52, of type GM(p), p = 1, then for all positive integers n

nla,| < nal < Cwg (f, Z) . (3.38)

The estimate (3.38) is a Lebesgue type inequality (for 8 = 1, see [36]).

Proof. By Jackson’s inequality we have

En-1(f)oo < Cpwy (f, Z)

Therefore, we deduce from (3.15) that for ¢ = 8 and any positive integer n

T T
< -p LB — < -z
nla,| < Cagn 1r<nkaé(n wg <f, k:) Cpwg (f, n)’

so that the estimate (3.38) is valid. O
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3.5. Approximation by partial sums of Fourier series. In [51] (see also [99],
Chap. II, § 10) Lebesgue proved that for a function h in the Lipschitz class

Lipa = {f € C(T): w(f,d)c = 0(6")}

one has

I~ SuWllcm = 0 (2E"). (339

na
Here w(f,d)c = supp <5 | f(-+h) — f(-)llc is the modulus of continuity of a func-
tion f in C. Salem and Zygmund [77] showed that the logarithm cannot be sup-
pressed, even if in addition to the condition h € Lipa we assume that h is of
bounded variation. However, they showed that if h € Lip « is of monotone type,
then the logarithmic factor in (3.39) can be omitted.

Theorem 3.6 (sece [77]). Let h be a continuous function of monotone type, that
is, there exists a real number K such that the function h(zx) + Kx is either non-
increasing or non-decreasing on (—oo,00). Let h € Lip a, where 0 < aw < 1. Then

I = Sulle =0 7z ) (3.40)

We show that this estimate still holds for functions in Lip a with coefficients
{an}%o=1 of type GM(Va D,po)~

Corollary 3.7. If (1.2) is the Fourier expansion of a function f € C(T) with coef-
ficients {a, }°2, of type GM(p), p = 1, then the following conditions are equivalent
fora>0:

) lanl =0 251 )

() 17 = 5,(0lle = 0( )
1

(i) £,(f)e =0( 1 )
(iv) f € Lipa, where a < 1 in the case of a sine series and o < 1 in the case of
a cosine series.

Proof. Note that the inequality (3.15) implies that
nlan| < CEy 1 (f)o < C||f = Sua(flle < CE]%

Therefore, for any positive «, we have (i) < (ii) < (iii). By Jackson’s inequality,
(iv) = (ili). The relation (i) = (iv) follows in the same way as the estimates in
Theorem 2.2 of [36]. O

Remark 3.8. 1. For the series
x) = Z k=2 sin(kzx),
k

one has
nlan| < CEn(f)c < |If = Su(f)llc = O(n™)
but f ¢ Lip 1. This shows the sharpness of the conditions of Corollary 3.7.
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2. For monotone coefficients, see [9] and [60]. The result presented gives a sig-
nificant improvement of results in the paper [29].

3. One can obtain similar results for moduli of smoothness of higher order
(see [36]) and for the spaces

Lipa = {f € C(T): w(f,0)c = 0(6*)}.

3.6. Estimates for Fourier coefficients under certain conditions involving
constant signs. Let b = {b,,}>2; be a sequence of real numbers and let ny; < ng be
positive integers. We discard all the zeros from {b, };2, and then group together
all successive numbers with the same sign. We define the number of groups obtained
by SC(n1,n2). Thus, SC(ni,ns) — 1 is the number of sign changes in the sequence

{bn 22:77,1‘
Definition 3.9. For a positive integer &, we say that a sequence b is of type SC¢
(written b € SCy) if

SC(2",2") < ¢ foralln > 0. (3.41)

A sequence a = {a,}72; of complex numbers is said to be of type SC; if the
sequences {Rea,}72; and {Ima,}52, are of type SCe.

Comparing the conditions of type GM and those of type SC¢, we can see that
in the first case we estimate the variation of the sequence {a,} on the intervals
(27,27*+1) and in the second case the variation of the sequence of signs {sgn(ay)}.

The following theorem is a modification of Theorems 3.3 and 3.4.

Theorem 3.10. Assume that (1.2) is the Fourier expansion of a function f € L(T)
with coefficients {a,}52, of type SC¢ for some £ € N and that (2.10) is satisfied.
Then the following assertions hold.

(A) For all positive integers n

w/n 7_‘_2 T ¢
wl<at <ci([Trora [ ), (3.42)
0 T/n

where the constant C1 > 0 depends only on v, Dy, po, and &.

(B) There exists a constant C4 > 0 depending only on a positive number g and on
the parameters v, Dy, po, & such that if f € C(T), then its Fourier series converges
uniformly, and for any positive integer n

nlan| < na? < Chn=1 max K Ek_1(f)oo- (3.43)
Proof. We repeat the part of the proof of Theorem 3.3 from (3.16) up to (3.20).
Since 2" 7Y < ky < -+ < k; < 2" and the signs of the non-zero terms by, , - . ., by,
alternate, we have in light of (3.41) that 7 < SC(2"~%,2""") < 2v¢. Thus, if
G = 2v¢, then the condition (3.22) is satisfied. After that we repeat the proofs of
Theorems 3.3 and 3.4. Finally, we arrive at (3.42) and (3.43) with C] = 8K /7 and
Ch =20t1K. O

Corollary 3.11. If (1.2) is the Fourier expansion of a function f € L(T) with
positive coefficients {an 22, € WM(p), p > 1, then (3.42) holds. If, in addition,
f e C(T), then (3.43) holds.
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4. Different types of convergence of series with GM-coefficients
4.1. Convergence almost everywhere and uniform convergence.

Theorem 4.1. (A) Let {a,} € GM(p) for some p > 1 and let

Z o< (4.1)

Then the series (1.2) converge almost everywhere.
(B) For any decreasing sequence {v,} satisfying the condition

& 2
Yoo (4.2)
n=1 n

there exists a sequence {an} € GM(p) such that |a,| < Cv, and the series (1.2)
diverge almost everywhere.

Proof. (A) We provide arguments for cosine series. Using the Abel transformation,
we have (for ag = 0)

Z 4 cos(nz) Qszx o (5111( ) J:z; Aay, cos(nz)
+ cos< ) Z Aa, sin(nz) + ay sm((N + ;)gc)) . (4.3)

Note that
2k _1 2k _1
an|® < max |ap an,
Aa,|? <2 A
n=2k-1 PTrsns2t n=2k-1
[250] an|? 1/p
<C max |an|< Z ") <C  max |an)?.

k—1 k k—v k+v
2k—1<ng2 (51 /1] n 2k—v <2kt

Since (4.1) implies that Y7 | maxor,cor+1 |an|? < 0o (see Corollary 2.11), we get
that

Z |Aay|® < oo. (4.4)
The representation (4.3) along with Carleson’s theorem and the condition (4.4)

ensure that the series Y7 a, cos(nz) converges almost everywhere.
(B) For any decreasing null sequence {v,} we construct the sequence

Y, n# 2K,
ap =
0, n=2"

Then we have

2m [mv] ‘a ‘p 1/p
Z|Aan|<0(am+am+1)<0< > Z) .

n=[m/v]
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Moreover,
Z ap cos(nx) = Z Y cos(nx) — Z Yo cos(2% ),
n=1 n=1 k=1

where the first series converges everywhere on (0, 27), while the second is almost
2
everywhere divergent due to the fact that Y7, v3, =< > 07, 12 = 0o (see [99]). O

n=1 n

Now we give necessary and sufficient conditions for uniform convergence of series
of the form (1.2) with GM(p)-coefficients.

Theorem 4.2. Let a € GM(p) for some p > 1.

(A) The series ag/2+Y .~ a, cos(nx) converges uniformly on [0, 27] if and only
if na, = o(1) and Y, a, converges.

(A’) The sequence of partial sums of the series ag/2+ Y.~ an cos(nz) is uni-
formly bounded on [0,2x] if and only if na, = O(1) and the sequence of partial
sums of the series ), a, is bounded.

(B) The series Y., ansin(nz) converges uniformly on (0,27 if and only if
na, = o(1).

(B') The sequence of partial sums of > oo | a,sin(nz) is uniformly bounded on

[0,27] if and only if na, = O(1).

The proof follows from results in [29], [34], [88].

4.2. Convergence in the mean. Let f be a 2w-periodic Li-integrable function
and let (1.2) be its Fourier series. As usual, we define the partial sums of the
series (1.2) by S,(f,z) = ao/2 + Y j_, ax cos(kz) or S, (f,z) = Y ;_, axsin(kz),
respectively. We say that the series (1.2) converge in the mean, that is, in the
Li-norm, if || f(x) — Sp(f,2)]l1 = o(1) as n — oc.

Theorem 4.3. A series
ap + Z ap cos(nz) or Z ay, sin(ne) (4.5)
n=1 n=1

with coefficients {a,} € GM(p) for some p = 1 converges in the mean if and only
if it is the Fourier series of some f € L1(T) and

|an|logn — 0 asn — oo. (4.6)
Proof. Sufficiency. For a series of the form (4.5), assume that (4.6) holds. Let

Sp(x) be the partial sums of (4.5) and let D,,(x) be the Dirichlet kernel (or the
conjugate Dirichlet kernel). Then

2n—1
> ak — appa| =0 !
logn

k=n
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and for 1 <n < m < 2n we have

[Sm(z) = Sp—1(x)|l1 =

> ar(Di(x) — Dp_s())
k=n

1

S Aak(Di(#) — Dy 1(2)) + am(Don (&) — D1 ()
k=n

1

m—1
< Z |Aay| HDk(m) - anl(x)Hl + |am| HDm(m) - D"*1($>H1

k=n
m—1
<2 Dl (3 18an] +lan)
k=n
2n—1
< 2max || Dg|| Z|Aa | + max |a,|| < Clogn-o L =o(1)
= k<2n kllL i k n<m<2n m = & logn '
=n

Hence,
max_ ||Sm — Sn—1ll1 = o(1),

1I<nE<m<2n

and the Fourier series (4.5) converges in the mean (see [5], [7]).

Necessity. Assume that the series (4.5) converges in the mean. Then it is a Fourier

series and
n | | B n
Z Bl =0 1+ logn

k=1
(see [5]). For n > 1 let
Up = (Z |ak> (1+1logn)

k=1
and

Wy, = Max V.

k<n
We have w,, = o(n) and w,, < wp4+1. For n > 1 let
wy,

Enp = IMax — .
" s k

Then ¢, = 0(1), en > €ny1, and nep > wy = v, Thus, (04 1)en1 = wngr = Wy,
and therefore

w n+ 1) n+1)e
Ep = max{snﬂ, nn} < max{z—:wrh ( n) nH} < ( n) ntl

Hence, ne, < (n+ 1)ep41. Let

1
ﬁn_gnl—i—logn'
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Note that g, > 8,41 and
n(1 + logn)f < (n+ 1)(1 +log (1 + 1)1,
Since (1 +1log(n+1)) < (1+1/n)(1 + logn),
n?B, < (n+ 1)2ﬁn+1.

For any positive integer n > v such that

22 M, > max M (4.7)
k=n—v,...,n+v
we have
2n+u p071 2n+u
narp j2 2
M < D" Y Japl < max M) Y a
k=2n—v f=2n—v
1

< (22uMn>p0_1UJ2n+u

(see (2.10)). Thus,

1
"M, < (22 wgngy —— ————
n<(27) Wan 1+ (n+v)log2
2v\po—1 2n+u 2v\po—1 2n+u
< (2%) Eontv < (27) Eont1

1+ (n+v)log2 = 1+ (n+v)log2’

We then conclude that
21/

M, < 92vypo—1o_ %
( ) Eanitt 1 +log2n+1’

which implies that |ax| < K16 for all k = 27,...,2"*! where K; = 22/(Po—1) 2v,
Let

and K = max{Kj, Ko}. Then for m = v and v = 2 all the conditions in Lemma 3.1
are satisfied and
lag| < 4Kp, forallk=1,2,....

Hence,
(1+1logk)lag| < 4Ke, forallk=1,2,...
and g, = o(1). O
Further, we obtain sufficient conditions for (4.5) to be the Fourier series of an

integrable function and to converge in the mean.

Theorem 4.4. If

o0

1
> 5 Jay| < o0,
n

n=1
then a series of the form (4.5) with coefficients {a,} € GM(p) for some p > 1 is
the Fourier series of some f € L1 and converges in the mean.
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Proof. First, we show that

oo oo 1
YoM, <CY Oi” lan| < 0. (4.8)

n=1 n=1

Indeed, Corollary 2.11 implies that

oo o0
Z M, < CZn_1|an\.
n=1 n=1

Applying this inequality to the sequence {(1 4+ logn)a,}>2,; € GM(p), we
obtain (4.8).
Then nM,, — 0 as n — oo. Hence, the condition (4.6) holds, and

ilog( )| Aay,| < CZnM +CZ Z (n+k)Mpyr < C’ZnM
n=1

n=m k=—m

1+logn
<C —|a,| < oo.
>l

n=1

Thus, the series (4.5) is the Fourier series of some f € Ly (see [4]) and converges in
the mean according to Theorem (4.3). O

4.3. Continuously differentiable functions and the classes GMg(p). In
order to study the derivatives of the sums of series with coeflicients of special type
we consider subclasses of GM(p).

Definition 4.5. Let k be a positive integer, let p € [1,00), and let a = {a,}22,
be a sequence such that a,, — 0 as n — co. We say that a € GM(p) if there exist
a C >0 and a v > 2 such that for all m

2m [mv] |an P 1/p
an1|man|<c< > 7’;) :

n=[m/v]
where Ala, = a, — a,1 and AFa, = A*a, — Ara, | for k> 2
Lemma 4.6. Let k > 2,p € [1,00), and a € GMg(p). Then a € GMy_1(p).

Proof. Assume that m is large enough that all the integer intervals below are
non-degenerate. Let

An = max |[AFla,|=|A ta,, |
m<n<2m
and let
B,,= min AFlg,= Akilanz if Akilam >0,
m<n<2m
_ k=1, _ Ak-—1 .
B, = max A" ‘a,=A"""a,, otherwise.

m<n<2m
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Since the cases are symmetric, we assume for definiteness that A¥~1a,, >0 and
ny < no. If B,, < Am/Q, then

2m ngo—1 A
Z |A*a,| > Z |AFa,| > |Ak*1an1 — Akflam‘ >,
n=m

2
n=mni
Therefore,
2m 2m
Z n* 2 AF 1 a, | < 2m(2m)F 2 A, < 2FPmbt Z |AFa,|
2m [mv] |CL ‘p 1/p
<2k an_1|Akan|<Cl(k)< P ) :
n
n=m n:[m/y]

Now assume that B,, > A,,/2. Suppose that A¥~2a,, > mA,,/4. Then for
n € [m,m + [m/8]

But if A*~2a,, < mA,,/4, then for n € [2m — [m/8],2m)]

n—1
A,
AF2q, = AF 2, — T:ZmAkfla,« < mT — By (n—m)
<m7Ame 77m<mAm77mAm <7mAm
4 ™8 4 16 8

Thus, there is an integer interval in [m, 2m] of length at least m/8 on which all
|AF=2q,,| are > mA,,/8 and all these differences have the same sign.

Suppose that for some integer j € [1, k — 2] we have already proved the existence
of an integer interval [n1,ns] C [m,2m] of length at least m/r; such that |Ala,| >
mF=I=1A,,/q; for n € [n1,n»] and all these differences have the same sign. Assume
for definiteness that they are all positive. Moreover, increasing r; if necessary, we
can make ny — ny divisible by 4. Let A/ ta(,, 1n,y2 > 0 (the negative case is
similar). Then for n € [(n1 + 3n2)/4, n2]

Aj_lan < _w

4q;r;
that is, taking r;_; = 4r; and q;_1 = 4q;7;, we see that there is an integer interval
of length at least m/r;_1 in [m,2m] on which all |A7=ta,| are > m*=7A,,/q;_1
and all these differences have the same sign.

Repeating the same argument k — 1 times, we establish that there exists an
integer interval J in [m, 2m] of length at least m/r¢ on which all the numbers |a,|
are > m*~1A,,/qo. Furthermore, one can see from the proof that ry and gy depend
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only on k. But then

[mv] |a |p 1/p ‘a |P 1/p
( > ) > (Z - ) > Clk p)m* ™ A
neJ

n=[m/v]

2m

> Cilkyp) Y nh2AF g, O

n=m

For a function f(z) ~ ao/2+ Y ., a, cos(nz) it is well known that in order to
have f, f/,..., f*=Y € C(T) it is sufficient that > o n*~!a,| < co. We show
that for GMy(p)-coeflicients this condition can be relaxed significantly.

Theorem 4.7. Let k > 2 be an integer, let p € [1,00), and let a € GMy(p), with

Z |T (4.9)

Then the series ag/2 + Y .o, an cos(nt) converges on (0,27), and its sum f(t) is
(k — 1) times continuously differentiable on this interval.

Proof. By Lemma 4.6, for 1 < s <k

) < 1 2m < 1 my |a |p 1/p
U IAEE) SE D SIS DET U DI
n=1 m=1 m n=m m=1 m n=[m/v] n
< 4 2m | |p 1/p
<C — =
<o (30 T en
m=1 n=m
In view of Corollary 2.11 the conditions
0o 2m 1/p 00
1 ‘an‘p maXménSQm ‘an‘
IFTONT S RETNIDE e
m=1 n=m m=1

and (4.9) are equivalent. Finally, the assertion of the theorem follows from
[66] and [96]. O

Remark 4.8. The condition a € GMg(p) without (4.9) does not ensure even the
convergence of the series Y~ | a,, cos(nz). Namely, for any p > 1 and any integer
k > 2, there exists a sequence a € GMy(p) such that the series Y~ | a, cos(nz)
diverges almost everywhere. Indeed, we can consider the function in part (B) of
Theorem 4.1 for sufficiently convex +,.

4.4. Asymptotic behaviour of series near the origin. First we formulate
several basic results on the asymptotic behaviour of trigonometric series. Salem
([4], [75], [76]) proved the following result on trigonometric series with convex coef-
ficients:

o0
1

g a(n) sin(nz) (/x) as x — 0+
x

n=1
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if a(t) is convex, a(t) — 0 as t — oo, and ta(t) is increasing (see also [69] and the
references therein). Here and below, &, < v, if C1&, < v, < C¢, and &, ~ v, if
&n/vn — 1asn — oo.

Hardy (see [43] and [99], Vol. 1, Chap. V, §2) proved the following result: if
O0<a<l,a, 2 aps1 = --- and a, — 0, then

n“a, - A>0 asn— oo

if and only if
oo
: T a—1
= Z an cos(nx) ~ Asm<2>F(1 —a)z as x — 0+ (4.10)
or

x) = Z ap sin(nx) ~ Acos(?)l“(l —a)z* ! asx — 04, (4.11)

Later, Heywood [44] extended the last statement to 1 < o < 2 in the case of sine
series. Boas noted (see [9], p.5, Theorem 8) that if 0 < a < 1, ap = any1 = -,
and a,, — 0, then

a, =0(n"*) = f(2)=0@""") <= g(z)=0@""")

These results were extended to more general majorants and classes of sequences
in [14] and [91], Theorem 5.4 (see also [38] for similar results for sine series). In [36]
these results were obtained for the class GM(1). The goal of this subsection is to
prove analogues of these results for trigonometric series with GM(p)-coeflicients,
p = 1, that are not necessarily non-negative.

Let 8 > 0 and let ¢ be a majorant in the class ®, that is, ¢ is a non-negative
non-decreasing function on [0, 1] such that ¢(0) = 0. We define the Bari-Stechkin
conditions for the majorant ¢:

| e =0t asu—o (B)
u / Q d? = O(p(u)) asu— 0. (Bg)

P

Theorem 4.9. Let (1.2) be the Fourier series of an f € Ly(T) with coefficients

{an}nZ, of type GM(p), p > 1.
(A) If o € @ N BN By, then the conditions

0w =0(o(2)) wn - 12

z) = g:lan cos(nz) = o(””) sz — 0 (4.13)

and

are equivalent.
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(B) If ¢ € ® N BN By, then the condition (4.12) and the condition

flz) = ;an sin(nz) = 0<‘p(”“")> asx — 0 (4.14)

X

are equivalent.

Remark 4.10. The examples

>, cos(nz 1 > sin(nz 1
f(x):z 7(1 ) Nlogg and g(x):z 7(12 ) leog;
n=1 n=1

show that the conditions ¢ € B; and ¢ € By are optimal.
We point out that estimates of the form (4.10) and (4.11) do not hold even for
series with GMS-coefficients [89].

Proof of Theorem 4.9. Take £ := 1 in the case of sine series, and £ := 0 in the
case of cosine series. Using the Abel transformation (see (5.8)) and (2.13), for
x € [r27""1 727" we have

2" —1

1 o0
@) < € (Jaol +27¢ 3 Klanl + 3 3 lax — ava)
k=1 k=2m
2" —1 00
- 1 1 o(1/k) p()
< ng ol = it <o

k=0 k=2m

where in the last inequality we have used the conditions on ¢.
Conversely, for any ¢ € & N BN By, Theorem 3.3 implies that

wnooodt 1 [T dt 1
nl < t) —+ — t) = | < — . (I
ml<o( e [ enf)<c(3)

4.5. Absolute convergence. Theorems 3.4 and 3.10 provide sufficient conditions
for estimates of type (3.15) to hold. Thus, it is of interest to obtain some corollaries
of this estimate.

Corollary 4.11. If (1.2) is the Fourier series of a function f € C(T) with coef-
ficients {an}52 of type GM(v, D, po), po = 1, then for any 0 > 0 and any o € R
there exists a positive constant Cg a.v,D,p, Such that

Z ”a(n|an|)0 < Co,a,p0 Z ”aEn—l(f)go- (4.15)
n=1

n=1
Moreover, if a > —1, then the inequality above is sharp, that is,
o0 o0 o0
S 0B ()% = 30t (af)? < 3 0o ta, ), (4.16)
n=1 n=1 n=1

where the constants depend only on v, D, pgy, 0, and «.
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Remark 4.12. (i) In particular, (4.15) implies that

o0

[e%s) ) P o
Zan|a<CeZ(E"1n<f)°°> and Z|an|<02%_
n=t n=1 n=1 1

Note that the last two inequalities complement the classical results of Bernstein
and Szédsz [4] that establish the following estimate in the general case:

oo (oo}
En1(f)5
D lanl” < Cp Y- =g (4.17)
n=1 n=1

which holds only for 0 < 6 < 2

(ii) We point out that (4.15) holds for any function f € C(T) with Fourier series
of the form (1.2). Moreover, for any positive ¢ there exists a positive constant C,
such that for any positive integer n

< -1 q . .
nlan| < Cqn max k Ep—1(f)oo (4.18)

Proof of Corollary 4.11. By Theorem 3.4, the estimate (3.15) holds. Let ¢ =
max{(a + 2)/6,1}. Then ¢ > 1 and g > « + 2. It follows from (3.15) that
for N > 0 and 2V < n < 2V*! we have

V@D g, | < n*Ya,| < Oy max  max kY Ep 1(f)eo
O<]<N 21 <2711

C Og;aXN 2(J+1)qE21 1(f)

Thus, for all N >0

N
(2Nt )0 < Cg o%iXN(Q(J+ V1B _1(f)oo)? < Cg Z 2(j+1)q0E3171(f)oo~
3=0

Hence, using the fact that g — a > 2, we get that

oo 2N+l

Sl = 35w
N=0 n=2N
)

g Z 2N 2N(a—9q) (2(N+1)(q+1)MN)9

N=0
0

<’ Z o(g+1)0 2(j+1)q9Egj_1(f)oo Z 9N (a—0q+1)

q

o 271
<2C§2<2q+1>9(E9 +293 " 3" nED( 2na9q>

Jj=1 n=2Ji—-1

<407 2000y T By (f) o,

n=1

that is, we have (4.15) with Cp o = 4CY 20321,
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To prove (4.16) we note that the estimate E,_1(f)s < D pe,, lax| for all n >
(we can assume that ag = 0) implies that

oo 2mtlig
Zna+9|a |9 < CZ”QEZ ) CZ 2n(a+1)( Z Z |ak|)

m=n k=2m
< CZ 2ﬂ<a+1>< > zmMm> < CZ gn(at0+D) prf,
n=0 m=n n=0

where in the last estimate we have used Hardy’s inequality with # > 0. From
Lemma 5.1 and Theorem 2.9 we obtain (4.16). OJ

4.6. Convergence in Ly, 0 < p < 1. Note that for {a,} € GM(po), po > 1
the conditions

9

< 14 | > 1 2m la |po 1/po
n n
E — < d E — E —_— < 4.19
n=1 n = m=1 m <n_m n ) >~ ( )

are equivalent (by Corollary 2.11) and they ensure that the sequence {a,} is of
bounded variation. In particular, we have the following result.

Corollary 4.13. If {a,}32, € GM(po), po = 1, and Y.~ |an|/n < oo, then
feLy(T),pe(0,1), and

o0 2m ‘ak|:00 1/po
Ir-sinlp<e 3 (R

m=n/vy k=m

This result follows from [4], Chap. X, §5.

5. Hardy—Littlewood type inequalities
5.1. Inequalities for number sequences.

Lemma 5.1. If a sequence of complex numbers {a,}52, tends to zero, then for all
a >0 and p € (0,00) the estimates

o0 o0

D oameMp <Y 2m(ad, )P < 2 Zn Ya)P (5.1)
n=0 n=0
and -
Zn”‘ 1 <2%) 2"(ad. )P < Cpa Z 2ne \MP (5.2)
n=0 n=0

hold, where the posztwe constant Cp o depends only on p and a.

Proof. Since M,, < azn7 the first inequality in (5.1) is obvious. The inequalities

on

= na( # \p #\p - na+1 (ak#)p
Sty <ty S §
n=0 n=0

k=2n—141

00 2 #\p 0o
+ 2a+1 Z Z xS (az) < 2a+1 Z ka—l(ak#)p
k=1

n=0 k=2n-141
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imply the second inequality in (5.1). Conversely, (5.2) follows from the inequalities

2n+l 1

f: Lol (ak#)p < io: 2(n+1)a Z 2—n <2 Z 2na
k=1 n=0 k=9on
and - -
Z 2na(“2n) Z 2ne ( Z Mk) < Cpa Z 2" MY,
n=0 n=0

where the last estimate is a Corollary of Hardy’s inequality. [

5.2. Hardy-Littlewood type theorems. Theorems 3.4 and 3.10 provide suffi-
cient conditions for an estimate of the form (3.14). Therefore, it is of interest to
obtain some corollaries of this result.

Theorem 5.2. Suppose that a sequence of complex numbers {a,}22, is of type
GM(v, D, py), tends to zero, and for some p € (1,00) and v € (1 —p, 1) satisfies the
condition

an_2+7|an|p < 0. (5.3)
n=1
Then the cosine series in (1.2) is the Fourier series of its sum f € Ly(T), which is
such that

/07T ! [f()|P dt < o0, (5.4)

and the order estimate
e 1 oo oo
| @ = jaop + 32 w0 @) < ool + Yo e (559
n=1 n=1

holds, where the corresponding positive constants depend only on p, v, and the
parameters v, D, and pg.

Proof. From (2.11) we obtain

2n+1
> lak — axs1| < Daal, .,
k=2n
for all n > v. Hence,
o0
Z ‘ak*ak-&-l‘ D2 Z a2]7
k=2n j=n—v
and by Hardy’s inequality
00 oo p o'} oo P
Z 2n(p—1+v)( Z |ag — ak+1|) < D12J Z 2n(p—1+7)< afj)
n=v k=27 n=v j=n—v

Cpovy Z 2n(p=147) (a;t ).
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Applying Lemma 5.1 to the last sum, we arrive at the estimate

%) 00 p >
Z 2n(p1+"/)( Z lag — ak+1l) <C Z np72+v(aff)1’, (5.6)
n=v n=1

k=2m

where, here and below, a positive constant C depends only on p, 7, and on the
parameters v, D, and pg. Since the series (5.3) converges,

o0

Z |y, — any1] < 0. (5.7)

n=1

Therefore, the series (1.2) converge everywhere on (0,27) to a function f(x). It is
well known that if z € [727"71 727"], n > 0, then

2" —1
|f(@)] < laol + Z |lax| + — Z lag — ap41 (5.8)
T p=an
and
n—1 P P 0o p
@ <3 (laop + (X 200) + S (X o -awl) ).
k=0 fe=2mn

Hence, it follows that
n—1 p
1 k
/0 SO dt <37 Z/z . 1t7+P 1<a°|p+<k§2 Mk)

T p
p< Z ak—ak+1> >dt
k=2n

[e'e] n—1 p
<3Py moTnmlovtelia Ty oMy <|a0|P + ( > 2’“Mk>
k=0

n=0

o p
+2np+p< Z lax _ak+1|> )

k=2n

oo n P
< Cpy y 2n ) <a0|” + <Z 2kMk> )
n=0 k=0
e} o) P
+C, Z on(v+p=1) < Z lax — @k+1|> )

n=0 k=2m

From Hardy’s inequality and Lemma 5.1 we get the estimates

o0 n P o0 o0
S (3 280) € G ST <€y 3wty
n=0 k=0

n=0 n=1
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and
v—1 o0 P v—1 2Y —1 P
Z 2n(p+v—1)< Z lag — ak+1|> < op-1 Z 2n(p+v—1)< Z (lax| + |ak+1)>
n=0 k=2n n=0 k=2n
v—1 [e'e) P
+ 217*1 Z 2n("/+p71) ( Z ‘ak _ ak+1|>
n=0 k=27
< Cp,%,,(a? Cpw < Z lax — CLk-l-1|)
k=2v

This and (5.6) imply that

P o0
Z on(y+p— 1)( Z lax — ak+1|) <C Z np—2+7(a#)l).
n=1

k=2m

Then

/0” t% [f @) dt < C(|a0|p + i np_2+7(a#)p>. (5.9)

n=1

We now prove a lower bound for the weighted L,-norm of f. First, we note that it

follows from
™ s 1 1/p
[Tsona < con( [ Firora) <o
0 0

that f € Li(T), and the series (1.2) is the Fourier series of its sum f. Since

2 T
<= )| dt,
ol < 2 [ 150
@l < Cpr [ Ir01

Further, we show that if (1.2) is the Fourier series of a function f € Li(T)
with coefficients {a,}>2; of type GM(v, D, pp), then for any p € (1,00) and v €

oo

S a, P < Zn‘” O/

n=1

we have

(5.10)

where the positive constant C' does not depend on f.
Let

m/n 2 ™ t 4 . 2

for positive integers n. Then B,4+1 < B, and (n + 1)28,41 = n?3, for all
positive integers k. In light of (3.14), we have |a,| < C10,, and therefore
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# = maxg>y |ak| < C16, for all n > 1. For any positive integer n, if
€ [r/(n+1),7/n], then

s 471'2
. . + +
n®+0/rg, < / If(t)mm{n(p AR W”mlmz}‘“

7T P+7)/p 492 7o+7)/p
</ |f(t)min{7T ur }dt.
0

v@+)/p 7 2 ye+y)/p

From this,

Dty 2 - m/n (p+7)/p )
— < t
o nn+1) //(n+1 (U(p+7)/p / [F@)]
” 4oy we+v)/p p

Consequently,

e p+v)/p Ao VP P
P+ 3P -
Zln Kiwe 2n2 </ (U(P+’Y /p/ |f(t |dt+/ £®)] 12 /P dt) dv
n
p—1 (p+7)/p
S2 /0 <(U(p+’y)/p / f(t |dt>

g 4o 7r7/p

% nP~ 2+vﬁp<7r(p+v)/ 17( /|f |dt) dv
n=1
+4P7rp+7/ (/ v|f(t)dt) dv.
0 vy v

But by virtue of Hardy’s inequalities

/ ( /If |dt) dv < (Hp—ly/oﬂlf( )P do
/0” 017 (/U “lf()|dt) i < (m%>p4ﬂ;f(u)|Pdv,

This immediately gives us the inequality (5.10), because

Then

and

2m

n=1

The order estimate (5.5) follows from (5.9) and (5.10), and Theorem 5.2 is proved. O
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For odd functions the Hardy-Littlewood theorem holds for a wider class of
weights.

Theorem 5.3. Suppose that a sequence of complex numbers {a,}2, is of type
GM(v, D, py), tends to zero, and for some p € (1,00) and v € (1 —p,1+p) satisfies
the condition (5.3). Then the sine series in (1.2) is the Fourier series of its sum
f € Li(T), which is such that (5.4) is valid, and the order estimate

™ 1 oo [ee}
/ LR < Y g < 3 w2 af (5.11)
0 n=1 n=1

holds, where the corresponding positive constants depend only on p, 7y, and the
parameters v, D, and pg.

Proof. Using for z € [727 "~ 727 "], n > 0, the estimate

2" —1 [
— ™
@I <727 3 Klowl + 2 3 Jaw —akra

in place of (5.8), we repeat the proof of Theorem 5.2. In this case we have

n—1 p ) 00 P
sor <2 (22 a0 ) + (L - ol )

k=0 k=2

Therefore,

™ 1 o0
/ = fOPdt < N PR A
0

n=0
n—1

p 0 p
x (<27r 2" Z 22’“Mk) + 2”P+P< Z lax — ak+1|) )

k=0 k=2n

p
QQkMk>

n

<c,. i on(v—1) (2n 3
n=0

k=0

0 [es} D
+C,s Z 2n(’Y+P—1)( Z |ag — ak+1|) )

n=0 k=2n

We note that the condition (5.7) holds. Hardy’s inequality and Lemma 5.1 imply
that

o0 n p oo oo
Z on(y—1-p) (Z 22kMk> <Cpsy Z oty =1 ppp Cp Z P2 (a# )P
n=0 k=0

n=0 n=1

Hence,
s 1 o0 B
| Flrpd< oy oy,
n=1

The rest of the proof of Theorem 5.3 is similar to that of Theorem 5.2. [J
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From Lemma 5.1 and Theorems 5.2 and 5.3 for v = 0 we obtain the following
result.

Corollary 5.4. Suppose that a sequence of complex numbers {a,}52, is of type
GM(v, D, py), tends to zero, and for some p € (1,00) satisfies the condition

oo

> P Planl? < o (5.12)

n=1

Then (5.7) holds, and the series (1.2) is the Fourier series of its sum f € L,(T).
Moreover, the order estimate

o0 o0 (o ]
I£IIE = Jaol” + an72|an|p = |ag|” + an%(a#)p = |ag|? + Zzn(pfl)Mﬁ
n=1 n=1 n=0
holds, where the positive constants depend only on p and the parameters v, D,
and pg.

Proof. 1t is sufficient to put @« = p — 1 in Lemma 5.1 and to apply Theorems 5.2
and 5.3 with v = 0 and Theorem 2.9 with « = 0. O

Interestingly, for sequences with rare sign changes the Hardy—Littlewood theorem
for p > 2 is also valid under the condition of weak monotonicity.

Corollary 5.5. Let {a,}52; be a null sequence of type SC¢ for some £ € N (see
Definition 3.9) and such that the condition (2.10) with po = 1 and the condition

o0
nP~?|a,|P < oo with p € [2,00)
1

n=
hold. Then the series (1.2) is the Fourier series of its sum f € L,(T) and

oo
15 = laol? + D nP~2|an|?.

n=1

In particular, this relation is valid for p > 2, for positive sequences {a,}2, €
WM(pO)a Po = 1.

Proof. An upper bound follows from the Hardy—Littlewood inequality in the gen-
eral case without additional conditions on {a,}. To get a lower bound, we use
the inequality (3.42) in Theorem 3.10 and follow the method used in the proof of
Theorem 5.2 with o = 0. [J

We remark that Corollary 5.5 was proved in [62] under more restrictive assump-
tions than WM(pg), po = 1, but without the condition SC¢. As the following
result shows, for p > 2 the condition of positivity or the more general condition
{an} € SC¢ is fundamental in the previous corollary.

Remark 5.6. There exists a continuous function f(z) =",
{an}22, € WM(pp) for any pg > 1. Then for any p > 2

L)
Z np_2|an|p = 0.
n=1

ap sin(nx) such that
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Indeed, it is sufficient to consider the series

22 n/2p =2 Z e’ (5.13)

—=on—1

where {e;}7° ), ex = £1, k > 0, is a Rudin-Shapiro sequence (see [72|, Theorem 1,
and [79]).

Using the well-known estimate | Zivzo e’ < 5y/N +1 for all t € [0,27] and
N =0,1,..., we get that

ZQ n/2 —2 Z 8kezkt

n=1 k=2n—1

<CZn

It is clear that for a, = 27"/?n~2¢;, the sequence {|ay|} is non-increasing with
respect to k. Therefore, {ax}52; € WM(py) for any pp > 1. On the other hand,

an 2|a = Zg—npﬂ —2p Z kP2 = 22”(”/2_1)71_21’:00.

n=1 k=2n—1 n=1

6. Order estimates for moduli of smoothness in L,

6.1. Moduli of smoothness and Fourier coefficients. The next lemma is
a well-known result on realization of the K-functional [80], [21]. For completeness
we present a simple proof of this result.

Lemma 6.1. Assume that (1.2) is the Fourier expansion of a function f € L,(T),
€ (1,00). Then for any positive integer 3 and any 6 > 0

27
ws(f,8)8 = /0

where the corresponding constants depend only on p and (3.

Z min{(nd)?, 7°}a,, cos(nz)| dz, (6.1)

n=1

Proof. Let 6 > 0 and N = [r/d], and define

N
Sn(x) =ag+ Y _ancos(nz),  fn(z) = f(z) - Sn(x),
ws(x) = Z a, min{(nd)?, 7} cos(nx),
ol . nh A w3
gn(z) = Zla <2sm 2) cos(nx + 2),

AP f(x :Zﬁ: <) x+(ﬂ—k)h)_gN(z+ﬁ2h>+AffN(:1;).
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Since the L,(T)-norms of all the partial sums of the function gy do not exceed
Cpllgn||p and the function sin(nh/2)/(nh/2) is non-increasing for n = 1,..., N and
lies in the interval [2/7, 1], applying the Abel transformation gives us that

Cp 518 11p101% < Nlgnllp < Coll S, 1017,

where
S’(ﬁ) Zan cos(mc—l—).

It is also well known that || fn ||, < Cp pws(f,d),. Thus,

1AL fllo < gl + 221w llo < Coll S 1587 + 27 fnllp < Copsllslp-

Similarly,
g llp < 1A% Fllp +2° 0 £xllp < Cppws (£ 8)p-

This implies that
1S 1 1h1® + 11 £y < Cpaws(f, 0)p-

Taking h = 0, we arrive at the estimate

leslly < 1S1,8° + 72 fnllp < Cpopws(f,8)p-

These inequalities immediately imply (6.1). O
Corollary 5.4 implies the following result for the transformed series.

Theorem 6.2. Assume that a sequence of complex numbers {a,}52, is of type
GM(v, D, py), tends to zero, and for some p € (1,00) satisfies the condition (5.12).
If a sequence of complex numbers {152, satisfies the condition GMS and

vl < Klyza|  for alln > 1, (6.2)

then the series
ao + Z Yy, cOS(NT) Z Yy Sin(nx) (6.3)
n=1

is the Fourier series of its sum f, € Ly(T), and

115 = laol” + >~ 02 manl? = laol” + ) 2"® V) (|y2n | M, )7, (6.4)

n=1 n=0

where the positive constants depend only on p, K, and the parameters v, D, and pg.
Moreover, if > p_, 2K~ |y, |P < C 2P~V |ygu|P| then

o0
LA = Jaol” + Y nP 2|y P (af ). (6.5)

n=1
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Remark 6.3. Note that {7,}°2; can be taken as a positive non-decreasing sequence
satisfying the condition

Yo < K7, foralln > 1. (6.6)
In this case, the relations (6.4) and (6.5) hold.

Proof of Theorem 6.2. Taking into account Property 2.1, we see that the sequence
{man}, is of type GM(v, D, po). We note that if {v, }52, satisfies the conditions
GMS and (6.2), then 7, =< v for all n and k& with k& < n < 2k. Hence, by
Theorem 5.2,

o0 o0
N —2 - -2
551 = faol? + 3" m7 2 anl? = faol” + 37~ max ]

n=1 n=1
By Lemma 5.1 we have
I£508 =< laolP +> 2" max |yearl’ < |aol” + Y 2PV (|yan | My)P.

n n+1
0 2nLk<2 0

An upper bound in (6.5) follows from (6.4). Conversely,
Z nP 2|y P (a?)P = Z 2P~ |y [P (0 )P < Z 2UP=Y) |y |P Z M?.
n=1 n=0
Using the conditions on 7, we see that the right-hand side sum does not exceed
oo
CY 2 VP M = ||, ]l5. O
n=0

Theorem 6.4. Assume that p € (1,00) and (1.2) is the Fourier erpansion of
a function f € Ly(T) with coefficients {a,}52, of type GM(v, D,py). Then for
any positive integer 8 and any 6 > 0

[7/4] 0o 1/p
wmf,a)px(épﬂznp2+W<a#>p+ 3 nﬂ(a#)p) 6.7)
n—1 n=11+{r/d]

[x/9] o0 1/p
- (5175 an72+p[3|an|p+ Z np2anp> , (6.8)

n=1 n=1+[r /]

where the corresponding constants depend only on p, 3, v, D, and py.

Proof. Let 6 > 0 and N = [r/é]. For n > 1 we put
Yn = min{(nd)?, 7°}.

Then
Yon = min{(2"6)%, 7P} < 2849n—1  for all n > 1,



1006 A.S. Belov, M.I. Dyachenko, and S. Yu. Tikhonov

that is, the condition (6.6) holds for K
get that

2m
/0

that is, by (6.1) the relations (6.7) and (6.8) hold. O

20 Therefore, from Remark 6.3 we

oo

Z an min{(nd)?, 7} cos(nx)

n=1

p o o

da = Y w2 a3 R,

n=1 n=1

Proof of Theorem 1.1. A non-increasing sequence of non-negative numbers is
a sequence of type GM(1,2%/70 pg). Therefore, we also have the relations (5.5),
(5.11), and (6.7), where instead of f one can take f#, and the right-hand sides of
these relations remain the same. This immediately implies Theorem 1.1. [J

6.2. Applications to direct and inverse theorems. The following direct and
inverse theorems are well known in approximation theory (see [20], p.210):

1 . Tl—1 7 1/T< 1
w(Zwenrmm,) sa(s )

v=0
1 n 1/q
s Xervremn,)

v=0

(6.9)

where f € L,(T),1 <p < oo,l,n €N, ¢ =min{2,p}, 7 = max{2,p}, and E, (f), is
the best approximation of f in L, by trigonometric polynomials of degree n. Note
that the inequalities (6.9) are equivalent (see [16]) to the relations

1 1/
" (/ u—TZ—1wlr+1(f7 w), du) Swi(f,t)y
t 1 l/q
<t (/t u_ql_lwlqﬂ(f,u)pdu) )

The next theorem gives a more precise connection between the moduli of smooth-
ness wi(f,t), and wi+1(f,t)p, as well as the relationship between the modulus of
smoothness w;(f,t), and the best approximation Ej(f), for a function f with gen-
eral monotone Fourier coefficients.

Theorem 6.5. Let 1 < p < co. Assume that (1.2) is the Fourier expansion of
a function f € L1(T) with coefficients {an}52, of type GM(v, D,po) with py > 1.

Then
1 1/p
_ du
wi(f,t)p =<t </ u lpwinﬂ(f, u)p o )
t

[1/1] 1/p 1
xtl(Z(kJrl)“’lEg(f)p) , 0<t<—.

2
k=0

Theorem 6.5 follows immediately from the relations ws(f,d), < ws(f#,d), and
the corresponding results for series with monotone coefficients (see [41]).
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7. Characterization of function spaces

7.1. Lorentz spaces. For a measurable function f on [0,27] we define its non-
increasing rearrangement f* by

@) =inf{o: p{x € [0,27]: |f(z)| > o} < ¢},

where (1 is the Lebesgue measure on [0, 27]. For 0 < 7, s < oo we define the Lorentz
space L, ;(T) as the set of measurable functions for which the functional

2 1/s
(/ (tl/”/Sf*(t))Sdt> for 0 <r < oo, 0<s< oo,

sup tl/rf*(t) for 0 <r < o0, § =00,
te(0,27]

I fllz,. :

is finite.
We define the weighted Lebesgue space L, (T) with weight w(r,s)(t) =

t1/7=1/% as the set of measurable functions f for which the functional

27 1/s
0 / ‘tl/r—l/sf(t)‘sdt) for 0 < r < oo, 0< s < o0,
f 0

Ls

w(r,s)

esssup t'/7|f(t)| for 0 < r < o0, s =00,
t€[0,27]

is finite.
Let {a’}5°, be the non-increasing rearrangement of a sequence {|a,|}22 ;. For
0 < 7,5 < 0o we define the discrete Lorentz space as follows: a € I, if [|a||;, , < oo,

where 1/
(Z(nl/r_l/sa;i)‘g) , 0<r, s < oo,
lalli,., =

n=0
supn'/Ta’, s = o0.
neN
The discrete spaces l;i)(T 5) are defined similarly with a¥ in place of |a,]|.

Note that || f]|z,, = ”f”L'Z,(T» o= If|lz.. Moreover, Hardy’s inequality for rear-
rangements 7
2 27
| r@@lde< [ @ (r.)
0 0
(see [8], p.44) implies that
1Fle, > s, fors<r
and
Ifllz... < If1les for s > r.

w(r,s)

For an integrable function f with Fourier series

% 4 Z (an cos(nz) + by, sin(m:)) (7.2)

n=1
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the following fundamental results of Pitt and Hardy-Littlewood—Paley are well
known (see [68] and [82]):

lallz,, . + bl , < 1]

rl,s

Ly «(T) (7.3)

and
+ bl

w(r!,s)

S A

Ls

w(r,s)

&l

w(r!,s)

(T) (7.4)

for

l<r<s<r.

The main result of this subsection is the following Hardy-Littlewood—Sagher
type theorem for functions with general monotone coefficients.

Theorem 7.1. Assume that (7.2) is the Fourier expansion of a function f € L(T)
with coefficients {an}52; and {b,}52 of type GM(v, D,po) with pg > 1. Then for
arbitrary 1 < r,s < oo

I£llz... = llalle,, , + bl , = 2%, , +[b*],, (7.5)

s = s s = # s # s
Alee, = lalis 410l =l ¥, (76)
If e, = I =< e < 7 e (7.7)

w(r,s) w(r,s)

where, as in (1.7), f#(x) = ag + >pe (af cos(nz) + b7 sin(nz)).

Proof. Tt suffices to consider the case of a cosine series, that is, when b, = 0. The
equivalence || f]| s = ||a||;s = ||a® n (7.6) follows from Theorem 5.3

w(r,s) w(r!,s)
with s = p and v = 1 —s/r. Further, for the same s and v we note that the relation
Il < || f#] Ls,.,, follows from Theorem 1.1. The equivalences

w(r,s)

s

w(r! s

=[£Iz

w(r,s)

2% 1z, , = lla* |

s w(r’,s)

=1 f*lz,..

can be obtained from Sagher’s well-known results for functions with monotone
coefficients [73].

Furthermore, Theorem 2.12 implies that ||al|; , = |lal|;

s w(r!,s)’

To complete the proof it is sufficient to show that

I£Ilz,.. = la*

1

w(r’,s) :

By Theorem 3.3,
T - 2
ol <ot <0 [ (mnfs. Z4) 17001 (73)
0 nt

which, by (7.1), implies that

- 2
lan| < a? < c/o (min{l,;}) £ (t) dt. (7.9)

Then the lower bound C|f||.,, > [a¥
(5.10) with the help of Hardy’s inequalities for averages.

15, can be obtained as in the proof of
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The reverse estimate is obtained as follows. We have

)., <C (22 e [ e )

2—n—1
00 s 1/s
o(Erer(or s () (S o))
n=0 k=2n

where we have applied the estimate (5.8). Further, the proof of the estimate
Ifllz,. < o actually repeats the proof of (5.9). O

7.2. Besov spaces.

Definition 7.2. Let 1 < p < co and 7, > 0. The Besov space By (T) is the set
of functions f € L,(T) such that

1 : Td 1/7
I fllBs, = Iflle, +flBg. =l flz, + (/0 <wl(fat)p> :) <%

where [ > «.

It is well known that the space By’ (T) does not depend on the choice of [. By
Lip(a, p) we denote the Lipschitz class

Lip(a,p) == {f € L,(T) s @1(£.6), = 0(3*)},  0<a<l.
Note that Lip(a,p) = B}

Theorem 7.3. Let 0 < 7 < 00, a >0, and 1 <p < co. Assume that (7.2) is the
Fourier expansion of a function f € Li(T) with coefficients {an}5>; and {by}22,
of type GM(v, D, pg) with po > 1. Then the following conditions are equivalent:
() f e B, (T);
(i) f* e By, (T):
oo

(iii) z:nO”'J”'_T/”_l(afiﬁ +07) <00 if 0 < T < 00,

n=1
supnaﬂ*l/p(af’f +b#) < 00 if T =0
o
(iv) ZnaTJrT*T/p*l(mn\ +bn])” <00 if 0 < T <00,
n=1
supn®t1=VP(|a,| + |by|) < 0o if T = 0.
n

Remark 7.4. (i) In the case 1 < p < 0o Theorem 7.3 is well known for series with
monotone coefficients (see [3], [70], [73] and, for some generalizations, see [41],
Theorem 7.3, [28], [55], [56], [83]). For series with quasi-monotone coefficients,
see [64] and [65]. In the case of continuous functions (p = o0), see [36], [60], [91], [90].

(ii) The relation (i) < (iv) is closely related to the following well-known result
for general trigonometric series (see [4], [48], [65]):

00 1/7
(an-”p—lqau + |bn|>f) < Clfls;.. (7.10)

n=1
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where 1 < p <2,0< 7 <p, and @ > 0 (see also (4.17)). From Theorem 7.3 it
is clear that for series with p-general monotone coefficients, firstly, the inequality
(7.10) is valid for all values of the parameters, and secondly, the reverse inequality is
also true.

Proof of Theorem 7.3. Assume first that 7 < oo. In the case 1 < p < oo the
relations (i) < (ii) < (iii) follow from the equivalence wg(f,d), =< ws(f*,d),
and (6.7). Theorem 2.9 implies that (iv) < (iii).

Consider the case p = co. By the well-known characterization of Besov spaces
in terms of best approximations [61] and the relation (4.16), Corollary 4.11 implies
(o, 7 > 0) that

) 1/7
1l = Il + (anlEn_1<f>go>

n=1

[e's) /T o) 1/7
X(Zn“””m%b#)f) (Z B (0] + b |>> ,

n=1 n=1

that is, (i) & (iil) < (iv).
Now let 7 = co. For 1 < p < oo it is clear that the condition |a,| + [by| <
Cn~2~1+1/P implies that

1 ad v\ P 1/p
Wi <f,n) = <Zyp2<min{l,n}) (|al,|—|-|by|)l7> <COn~°,
p v=1

that is, f € By . To prove the converse result, we use the relation (6.7) and the

monotonicity of a# and b7.
For p = oo, we use the estimate (3.38) with ¢ = « (see Corollary 3.5) and get
that

1 wigl+1(f5 W0 a1 wi(f, %) oo

lan|+bn| < Cn™*" max ————— xn max —2 =2 L COnTL
1/n<u<gl u* 1/n<u<l u
If |an|+|bn] < Cn=*71, then using the inverse inequalities in approximation theory,

we deduce that

a(f7) <O B (e < Ot v = S0
[e%s) v=1

v=1
Cn™ Y v (lan] +ba) <7 O
v=1 n=v

Theorems 7.1 and 7.3 immediately yield the following result.

Corollary 7.5. Under the conditions of Theorem 7.1, if 1 < p < r, then
0 _ _
B, (T) = Ly s(T), 0=-—-—-, 1<s<oo. (7.11)

In particular, BY ,(T) = Ly(T), 0 =1/p—1/s > 0.
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Note that these embeddings do not only show the sharpness of the known embed-
dings [95]

BYP7YN(T) — L, o(T), p<r, and BYP7Y*(T)— Ly(T), p<s,

but they also describe a class of functions where the corresponding spaces coincide.
Such classes of ‘boundary’ functions are extremely useful in functional analysis (see,
for example, [22]-[24]).

Moreover, a comparison of Theorem 7.3, (iv), with Theorems 5.2 and 5.3, enables
one to obtain a criterion for a function to belong to a Besov space with low smooth-
ness in terms of the integrability of this function with a weight.

Corollary 7.6. If {a,}22, € GM(v,D,po), po = 1, and p € (1,00), then

feBy,(T) <= /wa(t)vgdt<oo

top
for a < 1/p in the case of even functions and for aw < 14 1/p in the case of odd
functions.

Note also that Theorem 5.2 enables us to obtain an analogue of Theorem 7.3 for
Calderén spaces [13]:

M(Lp; E) = {f € Ly : || fllp + llwn(f; )pllz < 00}

For example, we define the Besov—Nikolskii class BN;’E () as follows:

4 T
BNy () = {f € Ly: (/0 (“W) %
1 - "
+5ﬂf/5 (W) 0?) < C(p(é)}’

where 0 < 0, «,3 < 0o, @ < [, and ¢ is a continuous almost increasing function on
(0,1) satisfying the condition ¢(2§) < C¢(d). This is a more general space than

a Besov space [86]. Under the conditions of Theorem 7.3 we get that f € BNZ‘f (p)
if and only if

) , v BT 1/7 1
(ZW“/” >r—1(mm{1,}) <|af|+|bf|>f) <C<p(>-
n n

v=1

In particular, this extends results in [49], [55], [56], [84], [86].
One can also obtain necessary and sufficient conditions for a function to belong
to Besov spaces with logarithmic smoothness Bf,;g(']l‘) (see [23]) or to the Lipschitz

space Lipz(f‘[b)('ﬂ‘) (see [22]).

7.3. Sobolev spaces. As usual, we define the Sobolev space W]’;(’]l') as follows:

||f||W;(T) = fllz,m + ”f(r)”Lp(T) < 0.

It is easy to extend this definition to the case of positive smoothness > 0. Prop-
erty 2.1 and Remark 6.3 immediately yield the following result.
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Theorem 7.7. Let r > 0 and 1 < p < oo. Assume that (7.2) is the Fourier
expansion of a function f € Li(T) with coefficients {an}5>, and {b,}52, of type
GM(v, D,pg) with pg > 1. Then

0 1/p
I hegen = 1w = a2+ )

n=1

By Theorems 7.7 and 7.3, we see that for r > 0
By ,(T) = W;(T), 1<p<oo.
As in the case of the embedding (7.11), this result sharpens the known embeddings

B;Z,min{2,p} (T) — W;(T) — ;,max{Q,p}(T>7 1< p <0

(see [95], for instance).
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