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Пусть H  и X – подгруппы конечной группы G.  Тогда мы говорим, что: H  X-квазиперестановочна (соответственно, 

SX -квазиперестановочна) в G,  если G  содержит такую подгруппу B,  что ( )GG N H B=  и H  X-перестановочна с 
B  и со всеми подгруппами (соответственно, со всеми силовскими подгруппами) V  из B  такими, что ( ) 1H V| |,| | = ;  
H  X-проперестановочна (соответственно, SX -проперестановочна) в G,  если G  содержит такую подгруппу B,  что 

( )GG N H B=  и H  X-перестановочна с B  и со всеми подгруппами (соответственно, со всеми силовскими подгруппа-
ми) из B.  
В данной работе мы анализируем влияние X-квазиперестановочных, SX -квазиперестановочных, X-проперестано-

вочных и SX -проперестановочных подгрупп на строение группы G.  
 
Ключевые слова: конечная группа, X-квазиперестановочная подгруппа, SX -квазиперестановочная подгруппа, X-про-

перестановочная подгруппа, SX -проперестановочная подгруппа, силовская подгруппа, холлова подгруппа, p-разре-
шимая группа, p-сверхразрешимая группа, максимальная подгруппа, насыщенная формация, PST -группа, PT -группа. 
 
Let H  and X be subgroups of a finite group G.  Then we say that H  is: X-quasipermutable (respectively, SX -quasi-

permutable) in G  provided G  has a subgroup B  such that ( )GG N H B=  and H  X-permutes with B  and with all subgroups 

(respectively, with all Sylow subgroups) V  of B  such that ( ) 1H V| |,| | = ;  X-propermutable (respectively, SX -proper-

mutable) in G  provided G  has a subgroup B  such that ( )GG N H B=  and H  X-permutes with B  and with all subgroups 
(respectively, with all Sylow subgroups) of B.   
In this paper we analyze the influence of X-quasipermutable, SX -quasipermutable, X-propermutable and SX -propermutable 
subgroups on the structure of G.  
 
Keywords: finite group, X-quasipermutable subgroup, SX -quasipermutable subgroup, X-propermutable subgroup, SX -pro-
permutable subgroup, Sylow subgroup, Hall subgroup, p-soluble group, p-supersoluble group, maximal subgroup, saturated 
formation, PST -group, PT -group. 

 
 

Introduction  
Throughout this paper, all groups are finite and 

G  always denotes a finite group. Moreover p  is 
always supposed to be a prime and π  is a subset of 
the set P  of all primes; ( )Gπ  denotes the set of all 
primes dividing G| | .  The symbol ( )nπ  denotes the 
set of all primes dividing the number n;  

( ) ( )G Gπ π= | | .  We say that x G∈  is a π -element 
of G  provided ( )xπ π⊆ .  The symbol GN  de-
notes the nilpotent residual of G,  that is, the small-
est normal subgroup of G  with nilpotent quotient.  

Let A,  B  and X  be subgroups of G.  If 
AB BA= ,  then A  is said to permute with B;  if 

x xAB B A= ,   for some x X∈ ,  then A  is said to 
X -permute [1] with B;  if G AB= ,  then B  is 

called a supplement of A  to G.   
A subgroup H  is said to be quasinormal [2] or 

permutable [3] in G  if H  permutes with all sub-
groups of G;  H  is said to be S -permutable, S -
quasinormal, or π -quasinormal [4] in G  if H  
permutes with all Sylow subgroups of G.  In this 
paper we study the following generalizations of 
these concepts.  

МАТЕМАТИКА
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Definition 0.1. Let H  and X  be subgroups of 
G.  Then we say that H  is X -quasipermutable 
(respectively, SX -quasipermutable) in G  provided 
G  has a subgroup B  such that ( )GG N H B=  and 
H  X -permutes with B  and with all subgroups 
(respectively, with all Sylow subgroups) V  of B  
such that ( ) 1H V| |,| | = .   

If 1X =  and H  is X -quasipermutable (re-
spectively, SX -quasipermutable) in G,  then we say 
that H  is quasipermutable (respectively, S -quasi-
permutable) [5] in G.   

Definition 0.2. Let H  and X  be subgroups of 
G.  Then we say that H  is X -propermutable (re-
spectively, SX -propermutable) in G  provided G  
has a subgroup B  such that ( )GG N H B=  and H  
X -permutes with B  and with all subgroups (re-

spectively, with all Sylow subgroups) of B.   
If 1X =  and H  is X -propermutable (respec-

tively, SX -propermutable) in G,  then we say that 
H  is propermutable [5] (respectively, S -proper-
mutable [6]) in G.   

It is clear that every X -propermutable (respec-
tively, SX -propermutable) subgroup is X -quasi-
permutable (respectively, SX -quasipermutable) and 
the inverse is not true in general. Note, for example, 
that the subgroup 3S  is quasipermutable, S -proper-
mutable and not propermutable in 4S .  If H  is the 
subgroup of order 3  in 3S ,  then H  is S -quasi-
permutable and not quasipermutable in 4S .   

In fact, we meet X -quasipermutable, SX -quasi-
permutable, X -propermutable and SX -propermu-
table subgroups quite often.  

Examples. (1) A subgroup H  of G  is called 
X -semipermutable [1] in G  provided H  X -per-

mutes with all subgroups of some supplement of H  
to G.  Every X -semipermutable subgroup is X -pro-
permutable. In order to prove that the inverse is not 
true in general, consider the following example. Let 
p q r> >  be primes such that qr  divides 1p − .  Let 
P  be a group of order p  and ( )QR Aut P≤ ,  where 
Q  and R  are groups of order q  and r,  respec-
tively. Let ( )G P QR= .�  Then R  is 1 -proper-
mutable but not 1 -semipermutable in G.   

(2) A subgroup H  of G  is called SS -quasi-
normal [7] in G  if H  permutes with all Sylow sub-
groups  of  some supplement of H  in G.  Every 
SS -quasinormal subgroup is S -propermutable. The 
example in (1) shows that the inverse is not true in 
general.  

(3) A subgroup H  of G  is called semipermu-
table (respectively, S -semipermutable) [8] in G  if 
H  permutes with all subgroups (respectively, with 
all Sylow subgroups) V  of G  such that 

( ) 1H V| |, | | = .  Every semipermutable (respectively, 
S -semipermutable) subgroup is quasipermutable 
(respectively, S -quasipermutable). The example in 
(1) shows that the inverse is not true in general.  

(4) If aH p| |=  and ( )H Z G∞≤ ,  then H P≤ ,  
where P  is the Sylow p -subgroup of ( )Z G∞ .  
Therefore, since ( )GG C P/  is a p -group by [9], we 
have ( )G pG N H G=  and pH P G≤ ≤ ,  where pG  is 
a Sylow p -subgroup of G.  Hence H  is S -proper-
mutable in G.   

(5) If G  is metanilpotent, that is ( )G F G/  is 
nilpotent, then for every Hall subgroup H  of G  we 
have ( ) ( )GG N H F G= .  Therefore, in this case, 
every characteristic subgroup of every Hall sub-
group of G  is S -propermutable in G.  In particular, 
every  Hall  subgroup  of  a supersoluble group is 
S -propermutable.  

(6) If M  is a maximal subgroup of a super-
soluble group, then M  is propermutable in G.   

(7) A subgroup H  of G  is called semi-normal 
[10] in G  provided H  X -permutes with all sub-
groups of some supplement of H  to G.   

In last years, many researches (see, for example 
[1], [7], [11]–[30]) deal with some interesting sub-
classes of the classes of all X -quasipermutable, 

SX -quasipermutable, X -propermutable, or SX -
propermutable subgroups. In fact, many results of 
these researches may be developed on the base of 
the concepts in Definitions 0.1 and 0.2. The results 
of this paper are partial illustration of this.  
 

1 Base lemma   
The first lemma is evident.  
Lemma 1.1. Let A,  B  be subgroups of G  and 

N ,  X  be normal subgroups of G.  Suppose that A  
X -permutes with B.   

(i) AN N/  ( )XN N/ -permutes with BN N/ .  
Hence AX X/  permutes with BX X/ .   

(ii) If ( )GX N A≤ ,  then A  permutes with B.   
Lemma 1.2. Let H G≤  and N ,  X  be normal 

subgroups of G.   
(1) If H  is X -quasipermutable ( SX -quasi-

permutable, respectively) in G  and either H  is a 
Hall subgroup of G  or for every prime p  dividing 

H| |  and for every Sylow p -subgroup pH  of H  

we have pH N ,;  then HN N/  is ( )XN N/ -quasi-
permutable ( ( )SXN N/ -quasipermutable, respec-
tively) in G N/ .    

(2) If H  is X -propermutable ( SX -proper-
mutable, respectively) in G,  then HN N/  is 
( )XN N/ -propermutable ( ( )SXN N/ -propermutable, 
respectively) in G N/ .   
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(3) If H  is S -quasipermutable in G,  ( )Hπ π=  
and G  is π -soluble, then H  permutes with some 
Hall π ′ -subgroup of G.    

(4) If H  is S -quasipermutable in G,  then H  
permutes with some Sylow p -subgroup of G  for 
every prime p  such that ( ) 1p H,| | = .   

(5) If H  is S -propermutable in G,  then H  
permutes with some Sylow p -subgroup of G  for 
every prime p  dividing G| | .   

(6) If H  is S -propermutable in G  and G  is 
π -soluble, then H  permutes with some Hall π -sub-
group of G.    

(7) If H  is S -quasipermutable in G,  then 
( )GG N H N| : ∩ |  is a π -number, where  

( ) ( )N Hπ π π= ∪ .  
(8) Suppose that G  is π -soluble. If H  is a 

Hall π -subgroup of G  and H  is quasipermutable 
( S -quasipermutable, respectively) in G,  then H  is 
propermutable ( S -propermutable, respectively) in G.  

Proof. By hypothesis, there is a subgroup B  
such that ( )GG N H B=  and H  X -permutes with 
B  and with all subgroups (with all Sylow sub-
groups, respectively) L  of B  such that 

( ) 1H L| |,| | = .  
(1) It is clear that 

( )( )G NG N N HN N BN N// = / / .  
Let K N/  be any subgroup (any Sylow subgroup, 
respectively) of BN N/  such that 

( ) 1HN N K N| / |,| / | = .  
Then ( )K K B N= ∩ .  Let 0B  be a minimal supple-
ment of K B N∩ ∩  to K B∩ .  Then 

0 0

( )
( )
K N K B N N

B K B N N N B N N
/ = ∩ / =

= ∩ ∩ / = /
 

and 0 0 0( )K B N B N B B∩ ∩ ∩ = ∩ ≤ Φ .  Therefore  

0( ) ( ) ( )K N K B K B N Bπ π π/ = ∩ / ∩ ∩ = ,  
so 0( ) 1HN N B| / |,| | = .  Suppose that some prime 

0( )p Bπ∈   divides H| |,  and let pH  be a Sylow 

p -subgroup of H .  We shall show that pH N .;  In 
fact, we may suppose that H  is a Hall subgroup of 
G. But in this case, pH  is a Sylow p-subgroup of G. 

Therefore, since 0( ) ( )p B G Nπ π∈ ⊆ / ,  pH N .;  
Hence p  divides HN N| / |,  a contradiction. Thus 

0( ) 1H B| |,| | = ,  so in the case when H  is X -
quasipermutable in G,  H  X -permutes with 0B  
and hence HN N/  ( )XN N/ -permutes with 

0K N B N N/ = /  by Lemma 1.1. Thus HN N/  is 
( )XN N/ -quasipermutable in G N/ .   

Finally, suppose that H  is SX -quasipermu-
table in G.  In this case, 0B  is a p -subgroup of B,  

so for some Sylow p -subgroup pB  of B  we have 

0 pB B≤  and ( ) 1H p| |, = .  Hence  

0 pK N B N N B N N/ = / ≤ / ,  
which implies that pK N B N N/ = / .  But H  X-per-
mutes with pB  by hypothesis, so HN N/  
( )XN N/ -permutes with K N/  by Lemma 1.1. 
Therefore HN N/  is ( )SXN N/ -quasipermutable in 
G N/ .   

(2) See the proof of (1).  
(3) By [31, VI, 4.6], there are Hall π ′ -sub-

groups 1E ,  2E  and E  of ( )GN H ,  B  and G,  re-
spectively, such that 1 2E E E= .  Then H  permutes 
with all Sylow subgroups of 2E  by hypothesis, so  

1 2 1 2 1 2( ) ( ) ( )HE H E E HE E E H E= = = =  

1 2 1 2 1 2( ) ( ) ( )E HE E E H E E H EH= = =  
by [32, A, 1.6].  

(4), (5), (6) See the proof of (3).  
(7) Let p  be a prime such that p π∈ ./  Then by 

(3), there is a Sylow p -subgroup P  of G  such that 
HP PH=  is a subgroup of G.  Hence 
HP N H N∩ = ∩  is a normal subgroup of HP.  
Thus p  does not divide ( )GG N H N| : ∩ | .   

(8) Since G  is π -soluble, B  is π -soluble. 
Hence by [31, VI, 1.7], B B Bπ π ′= ,  where Bπ  is a 
Hall π -subgroup of B  and Bπ ′  is a Hall π ′ -sub-
group of B.  By [31, VI, 4.6], there are Hall π -sub-
groups Nπ ,  Bπ  and Gπ  of ( )GN H ,  B  and G,  
respectively, such that G N Bπ π π= .  But since 
H Nπ≤ ,  Nπ  is a Hall π -subgroup of G.  There-
fore G N B Nπ π π π= = ,  so B Nπ π≤ .  Hence 

( ) ( ) ( )G G GG N H B N H B B N H Bπ π π′ ′= = = ,  so H is 
propermutable (S-propermutable, respectively) in G.  
 

2 Some new characterizations of PST -groups 
and PT -groups  

A group G  is called a PT -group if permuta-
bility is a transitive relation on G,  that is, every 
permutable subgroup of a permutable subgroup of 
G  is permutable in G.  A group G  is called a 
PST -group if S -permutability is a transitive rela-
tion on G.   

As well as T-groups, PT-groups and PST-groups 
possess many interesting properties (see Chapter 2 in 
[33]). The general description of PT -groups and 
PST -groups was first obtained by Zacher [34] and 
Agrawal [35], for the soluble case, and by Robinson 
in [36], for the general case. Nevertheless, in the 
further publications, authors (see for example the 
recent papers [15]–[27]) have found out and de-
scribed many other interesting characterizations of 
soluble PT  and PST -groups. In this section we 
give new characterizations of such groups.  
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Theorem 2.1 (See Theorem A in [5]). Let 
D G= N  and ( )Dπ π= .  Then the following state-
ments are equivalent:  

(i) D  is a Hall subgroup of G  and every Hall 
subgroup of G  is quasipermutable in G.   

(ii) G  is a soluble PST -group.  
(iii) Every subgroup of G  is quasipermutable 

in G.   
(iv) Every π -subgroup of G and some minimal 

supplement of D  in G are quasipermutable in G.   
Theorem 2.2 (See Theorem B in [37]). G  is a 

soluble PST -group if and only if all Hall subgroups 
of G  and all their maximal subgroups are proper-
mutable.  

We say that a subgroup H  is completely prop-
ermutable in G  provided H  is propermutable in 
any subgroup of G  containing H .   

Let us note, in passing, that in the group 
3 3G C S= × ,  where 3C  is a group of order 3  and 3S  

is the symmetric group of degree 3,  every Hall sub-
group is propermutable but G  is not a PST -group 
since GN  is not a Hall subgroup of G.  It is also 
clear that every semipermutable subgroup is com-
pletely propermutable. A Sylow 2 -subgroup of the 
group G  is not semipermutable.  

Theorem 2.3 (See Theorem C in [37]). A solu-
ble G  of odd order is a PT -group if and only if all 
Hall subgroups and all subnormal subgroups of G  
are completely propermutable.  

Recall that G  is called an Iwasawa group pro-
vided all subgroups of G  are permutable. We will 
say that G  is a generalized Iwasawa group if every 
subgroup of G  is completely propermutable in G.   

In fact, in view of [33, 2.1.12], Theorem 2.3 is 
a corollary of the following  

Theorem 2.4. All Hall subgroups and all sub-
normal subgroups of G  are completely propermu-
table in G  if and only if G  is a soluble PST -group 
whose Sylow 2 -subgroups are generalized Iwasawa 
groups and every Sylow p -subgroup of G,  where 
p  is odd, is Iwasawa.   

 
3 Groups with Hall propermutable or qua-

sipermutable subgroups  
The proofs of results in Section 2 are based on 

many quasipermutability and propermutability prop-
erties on nilpotent subgroups. Some of them we dis-
cuss in the given and in the next sections.  

A subgroup S  of G  is called a Gaschütz sub-
group of G  (L.A. Shemetkov [38, IV, 15.3]) if S  is 
supersoluble and for any subgroups K H≤  of G,  
where S K≤ ,  the number H K| : |  is not prime.  

Every Hall subgroup of every supersoluble 
group is S -propermutable (see Example (5)). This 
observation makes natural the following questions:  

Question 3.1. What is the structure of G  under 
the hypothesis that every Hall subgroup of G  is 
propermutable or, at least, quasipermutable in G?   

Question 3.2. What is the structure of G  under 
the hypothesis that some Hall subgroup of G  is 
propermutable or, at least, quasipermutable in G?   

We have proved the following results in this 
line researches.  

Theorem 3.3 (See Theorem B in [5]). The fol-
lowing statements are equivalent:  

(I) G  is soluble, and if S  is a Gaschütz sub-
group of G,  then every Hall subgroup H  of G  
satisfying ( ) ( )H Sπ π⊆  is quasipermutable in G.   

(II) G  is supersoluble and the following hold:   
(a) G DC= ,  where D G= N  is an abelian 

complemented subgroup of G  and C  is a Carter 
subgroup of G;   

(b) D C∩  is normal in G  and 
( ) 1p D D C,| / ∩ | =  

for all prime divisors p  of G| |  satisfying 
( 1 ) 1p G− ,| | = .  

(c) For any non-empty set π  of primes, every 
π -element of any Carter subgroup of G  induces a 
power automorphism on the Hall π ′ -subgroup of D.  

(III) Every Hall subgroup of G  is quasipermu-
table in G.   

Theorem 3.4 (See Theorem A in [37]). Every 
Hall subgroup of G  is propermutable in G  if and 
only if G  is a supersoluble group such that D G= N  
is an abelian complemented subgroup of G,  for any 
non-empty set π  of primes, every π -element of G  
induces a power automorphism on the Hall π ′ -
subgroup of D  and D  is a p′ -group for all primes 
p  satisfying ( 1 ) 1p G− ,| | = .   

A group G  is said to be π -separable if every 
chief factor of G  is either a π -group or a π ′ -group. 
Every π -separable group G  has a series  

0 0 1

1

1 ( ) ( ) ( )
( ) ( ) ( )t t

P G M G P G
M G P G M G G
= ≤ < <

< < < ≤ =
 

such that  
( ) ( ) ( ( ))i i iM G P G O G P Gπ ′/ = /  

( 0 1i … t= , , , ) and  

1( ) ( ) ( ( ))i i iP G M G O G M Gπ+ / = /  
( 1i … t= , , ).  

The number t  is called the π -length of G  and 
denoted by ( )l Gπ  (see [39, p. 249]).  

Theorem 3.5 (See Theorem 3.1 in [5]). Let H  
be a Hall subgroup of G  and ( )Hπ π= .  Suppose 
that H  is quasipermutable in G.  

(I) If p q>  for all primes p  and q  such that 
p π∈  and q  divides ( )GG N H| : |,  then H  is 

normal in G.   
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(II) If H  is supersoluble, then G  is π -soluble.  
(III) If G  is π -separable, then the following 

holds:  
(i) ( )H O Gπ′ ≤ .  If, in addition, ( )GN H  is nil-

potent, then ( )G H O Gπ′∩ ≤ .   
(ii) ( ) 2l Gπ ≤  and ( ) 2l Gπ ′ ≤ .    
(iii) If for some prime p π ′∈  a Hall π ′ -sub-

group E  of G  is p -supersoluble, then G  is p -su-
persoluble.   

Corollary 3.6 (See [13, Theorem]). Let P  be a 
Sylow p -subgroup of G.  If P  is semi-normal in 
G,  then the following statements hold:   

(i) G  is p -soluble and ( )pP O G′ ≤ .   
(ii) ( ) 2pl G ≤ .    
(iii) If for some prime q p′∈  a Hall p′ -sub-

group of G  is q -supersoluble, then G  is q -super-
soluble.   

Corollary 3.7 (See [40, Theorem]). If a Sylow 
p -subgroup P  of G,  where p  is the largest prime 

dividing G| |,  is semi-normal in G,  then P  is nor-
mal in G.   

Theorem 3.8 (See Theorem E in [37]). If every 
Sylow subgroup P  of G  is propermutable in its 
normal closure GP ,  then G  is supersoluble.  

Corollary 3.9 (See [40, Theorem 5]). If every 
Sylow subgroup of G  is semi-normal in G,  then G  
is supersoluble.  

Theorem 3.10 (See Theorem F in [37]). Let 
( )X F G=  be the Fitting subgroup of G  and H  a 

Hall X -propermutable subgroup of G.  If p q>  for 
all primes p  and q  such that p  divides H| |  and 
q  divides G H| : |,  then H  is normal in G.    

Theorem 5.4 in [1] is equivalent to the follow-
ing special case of Theorem 3.10.  

Corollary 3.11. Let ( )X F G=  be the Fitting 
subgroup of G  and H  a Hall X -semipermutable 
subgroup of G.  If p q>  for all primes p  and q  
such that p  divides H| |  and q  divides G H| : |,  
then H  is normal in G.    
 

4 Groups with S -quasipermutable maximal 
subgroups of Sylow subgroups  

Let F  be a class of groups. If 1∈ ,F  then we 
write GF  to denote the intersection of all normal 
subgroups N  of G  with G N/ ∈ .F  The class F  is 
said to be a formation if either = ∅F  or 1∈F  and 
every homomorphic image of G G/ F  belongs to F  
for any group G.  The formation F  is said to be 
saturated if G∈ F  whenever ( )G G/ Φ ∈ .F  A sub-
group H  of G  is said to be an F -covering sub-
group of G  provided H ∈ F  and E E H= F  for any 

subgroup E  of G  containing H .  By the Gaschütz 
theorem [31, VI, 9.5.4 and 9.5.6], for any saturated 
formation ,F  every soluble group G  has an F -co-
vering subgroup and any two F -covering subgroups 
of G  are conjugate.  

Theorem 4.1 (See Theorem C in [5]). Let F  be 
a saturated formation containing all nilpotent 
groups. Suppose that G  is soluble and let 

( ) ( )C Gπ π π= ∩ ,F  where C  is an F -covering 
subgroup of G.  If every maximal subgroup of every 
Sylow p -subgroup of G  is S -quasipermutable in 
G  for all p π∈ ,  then GF  is a Hall subgroup of G.   

Theorem 4.2 (See Theorem D in [5]). Let F  be 
a saturated formation containing all supersoluble 
groups and ( ( ))F Gπ π ∗= .F  If 1G ≠ ,F  then for 
some  p π∈  some maximal subgroup of a Sylow 
p -subgroup of G  is not S -quasipermutable in G.   

In this theorem ( )F G∗ F  denotes the general-
ized Fitting subgroup of G ,F  that is, the product of 
all normal quasinilpotent subgroups of G .F   

The proofs of Theorems 4.1 and 4.2 consists of 
many steps and the following result is one of the 
main stages of it.  

Theorem 4.3 (See Proposition in [5]). Let E  
be a normal subgroup of G  and P  a Sylow p -
subgroup of E  such that P p| |> .    

(i) If every member V  of some fixed ( )PϕM  is 
S -quasipermutable in G,  then E  is p -super-
soluble.   

(ii) If every maximal subgroup of P  is S -qua-
sipermutable in G,  then every chief factor of G  
between E  and ( )pO E′  is cyclic.   

(iii) If every maximal subgroup of every Sylow 
subgroup of E  is S -quasipermutable in G,  then 
every chief factor of G  below E  is cyclic.   

In this theorem we write ( )Gϕ ,M  by analogy 
with [7], to denote a set of maximal subgroups of G  
such that ( )GΦ  coincides with the intersection of all 
subgroups in ( )Gϕ .M   

Finally, consider some applications of Theo-
rem 4.3. 

Lemma 4.4 (See Lemma 5.4 in [5]). Let E  be 
a normal subgroup of G  and P  a Sylow p -sub-
group of E  such that ( 1 ) 1p G− ,| | = .  If either P  is 
cyclic or G  is p -supersoluble, then E  is p -nilpo-
tent and ( ) ( ( ))p pE O E Z G O E′ ′∞/ ≤ / .    

The following lemma is well-known (see for 
example Lemma 2.1.6 in [33]).  

Lemma 4.5. If G  is p -supersoluble and 
( ) 1pO G′ = ,  then p  is the largest prime dividing 
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G| |,  G  is supersoluble and ( ) ( )pF G O G=  is a 
Sylow p -subgroup of G.   

From Theorem 4.3 and Lemma 4.4 we get  
Corollary 4.6 (See Theorem 1.1 in [7]). Let P  

be a Sylow p -subgroup of G,  where p  is the 
smallest prime dividing G| | .  If every number V  of 
some fixed ( )PϕM  is SS -quasinormal in G,  then 
G  is p -nilpotent.   

Corollary 4.7. Let P  be a Sylow p -subgroup 
of G.  If ( )GN P  is p -nilpotent and every number 
V  of some fixed ( )PϕM  is S -quasipermutable in 
G,  then G  is p -nilpotent.   

Proof. If P p| |= ,  then G  is p -nilpotent by 
Burnside’s theorem [31, IV, 2.6]. Otherwise, G  is 
p -supersoluble by Theorem 4.3. The hypothesis 

holds for ( )pG O G′/  by Lemma 1.2, so in the case, 
where ( ) 1pO G′ ≠ ,  ( )pG O G′/  is p -nilpotent by 
induction. Hence G  is p -nilpotent. Therefore we 
may assume that ( ) 1pO G′ = .  But then, by Lemma 
4.5, P  is normal in G.  Hence G  is p -nilpotent by 
hypothesis.  

From Corollary 4.7 we get  
Corollary 4.8 (See Theorem 1.2 in [7]). Let P  

be a Sylow p -subgroup of G.  If ( )GN P  is p -nil-
potent and every number V  of some fixed ( )PϕM  
is SS -quasinormal in G,  then G  is p -nilpotent.   

Corollary 4.9. Let P  be a Sylow p -subgroup 
of G.  If G  is p -soluble and every number V  of 
some fixed ( )PϕM  is S -quasipermutable in G,  
then G  is p -supersoluble.   

Proof. In the case, when P p| |= ,  this directly 
follows from the p -solubility of G.  If P p| |> ,  this 
corollary follows from Theorem 4.3.  

The next fact follows from Corollary 4.9.  
Corollary 4.10 (See Theorem 1.3 in [7]). Let 

P  be a Sylow p -subgroup of G.  If G  is p -soluble 
and  every  number  V  of some fixed ( )PϕM  is 
SS -quasinormal in G,  then G  is p -supersoluble.   

Corollary 4.11. If, for every prime p  dividing 
G| |  and ( )pP Syl G∈ ,  every number V  of some 

fixed ( )PϕM  is S -quasipermutable in G,  then G  
is supersoluble.   

Proof. Let p  be the smallest prime dividing 
G| | .  Then G  is p -nilpotent by Corollary 4.6, so 

G  is soluble by Feit-Thompson’s theorem. Hence 
G  is supersoluble by Corollary 4.9.  

From Corollary 4.11 we get  
Corollary 4.12 (See Theorem 1.4 in [7]). If, for 

every prime p  dividing G| |  and ( )pP Syl G∈ ,  

every number V  of some fixed ( )PϕM  is SS -qua-
sinormal in G,  then G  is supersoluble.   

A chief factor H K/  of G  is called F -central 
in G  provided ( ) ( ( ))GH K G C H K/ / / ∈ .� F  The 
symbol ( )Z GF  denotes the product of all normal 
subgroups E  of G  such that every chief factor of 
G  below E  is F -central.  

Lemma 4.13 (See Theorem B in [41]). Let F  
be any formation and E  a normal subgroup of G.  
If ( ) ( )F E Z G∗ ≤ ,F  then ( )E Z G≤ .F    

Corollary 4.14 Let F  be a saturated formation 
containing all supersoluble groups and X E≤  
normal subgroups of G  such that G E/ ∈ .F  Sup-
pose that every maximal subgroup of any non-cyclic 
Sylow subgroup of X  is S -quasipermutable in G.  
If either X E=  or ( )X F E∗= ,  then G∈ .F    

The following results are special cases of Cor-
ollary 4.14.  

Corollary 4.15 (See Theorem 1.5 in [7]). Let 
F  be a saturated formation containing all super-
soluble groups and E  a normal subgroup of G  
such that G E/ ∈ .F  Suppose that every maximal 
subgroup of every non-cyclic Sylow subgroup of E  
is SS -quasinormal in G.  Then G∈ .F    

Corollary 4.16 (See Theorem 3.2 in [11]). Let 
E  be a normal subgroup of G  such that G E/  is 
supersoluble. Suppose that every maximal subgroup 
of every Sylow subgroup of ( )F E∗  is SS -quasi-
normal in G.  Then G  is supersoluble.   

Corollary 4.17 (See Theorem 3.3 in [11]). Let 
F  be a saturated formation containing all super-
soluble groups and E  a normal subgroup of G  
such that G E/ ∈ .F  Suppose that every maximal 
subgroup  of every Sylow subgroup of ( )F E∗  is 
SS -quasinormal in G.  Then G∈ .F    

Corollary 4.18 (See Theorem 3.2 in [42]). Let 
F  be a saturated formation containing all super-
soluble groups and E  a normal subgroup of G  
such that G E/ ∈ .F  If all maximal subgroups of 

( )F E∗  are S -permutable in G,  then G∈ .F    
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