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100 B. O. Muponxkus, B. T Muxaitnos

1. BBenenmue

UccrnenoBanns Mopmeneii oToOpakeHUH, MOCTPOSHHBIX Ha OCHOBE PaBHOBEPO-
SITHBIX CIy4YailHbIX oTOOpaxenwii [1, 4, 14, 15], mpeacTaBisOT 0COOBI UHTEpPEC
IUTA TIPaKTUYECKUX TPWIOKEHHH COBpeMeHHO# kpumnTorpadmm [8—10, 16-18].
Tak, omHOW W3 Hambolee BAXKHBIX 3a]la4, BO3HUKAIOUIMX TPU OMHCAHUH BEPOST-
HOCTHBIX CBOMCTB WUTEPAIMOHHBIX aJTOPUTMOB BEIPAOOTKH MPOW3BOIHBIX KITFOUCH
Ha OCHOBE HEKOTOPOW JONTOBPEMEHHON WH(OpPMAILNU, SBISETCS OIEHKA CTEIIEHU
CKaTHsI MCXOJHOTO KITIOYEBOT0 MHOXKECTBa 4epe3 (PUKCHpOBaHHBIE YWCIIa UTepa-
uuii. B panme ciyuaeB 3HaueHHE yKa3aHHOW XapaKTEPHCTHKHU ITO3BOJSIET OICHUTh
CTOMKOCTh KPHUOTOTPA(UIECCKOTO MPUMHUTHBA OTHOCHTEIHHO METOJa TOTATHHOTO
ompobosanus [12].

Hapsiny ¢ OLICHKOI MOIIHOCTH KJIFOUEBOTO MHOXKECTBA IPAKTUYECKUI UHTEpPEC
TpencTaBseT M oOpaTHas 3ajaqa, 3aKITIOYAroNascs B ONMPEICTCHHH MHOMKECTBA
KITIOueH, BRIpaOOTaHHBIX K MOMEHTY HaOmtoneHus. Takass uHQOpMAIMsS MOXKET OBITh
WCTIOTb30BaHa TPY KOMIIPOMETAIMH TEKYIIETo KIfoJa.

Hacrosimmasi craThst MOCBsIEHa U3yYEHHUIO k-KPaTHBIX UTEpaluii paBHOBEPOST-
HOTO cirydaiiHoro otoOpakenus [3, 11, 19, 20] u mpomomkaeT IMKI HCCIeI0Ba-
HUH, HauatelX B [2, 6, 7]. OOBEKTOM HCCIIEIOBaHUS SIBISETCS 00pa3 MHOXECTBA
{1,...,n} npm neiicTBuM k-KpaTHON WTEpALMU CIyd4ailHOrO OTOOpaKCHHs, pac-
HPEICICHHOTO PaBHOMEPHO Ha MHOXecTBe {1,...,n}.

B pabote cpeay mpodrx MCMOIB3YIOTCS CIEAYIOIINE OTIPEICICHUs AT XapaKTe-
pucTUK Tpada oToOpaxkeHHs (B ONPEISICHUIX OTOOpakeHWe f cuHMTaeTcs IeTep-
MUHHUPOBAHHBIM).

Omnpenenenune 1. BepmmHa x9 € S HazeBaeTcsl yukiuueckol sepuiurol rpada
Gy oroOpaxkenus f, eciu CyllecTByeT Takoe b > 1, uTo

fb(z0) = wo.

MHoXecTBO IUKINYeCKHX BepumH rpada Gy obosnaunm C(Gy).
Buvicomoii ozf(mo) BepuHbl g € S B rpade Gy Ha3bIBAE€TCA PACCTOSHHE OT
ATOU BEPUIMHBI 10 ONMMKaMIIeH UKINISCKON BEPITIHBL:

af(zo) = min{m > 0: f"(xo) € C(Gy)}.

Yepes [(¢(xp) 0603HAYMM ITMHY HUKIAa KOMIOHEHTH rpada Gy, comepkaei
BEPILIUHY I(.

MATEMATHYECKHE BOITPOCHI KPUIITOT PAOUUN
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2. @opMyJIMPOBKH Pe3yJbTATOB

Crnenys [2], paccmorpum MHOXkectBo S = {1,...,n}, m > 2, ¥ BEpOITHOCT-
Hoe mpoctpanctBo (2, F,P), rie aneMeHTapHbIe HCXOIbI 00Pa3yIOT MHOKECTBO

Q={f:5—- 5}

Bcex n'* orobpaxenuin S B cebs, anredpa coObITHI F COCTOMT U3 BCEX IMOIAMHO-
xkecTB ), a BepOATHOCTHas Mepa P sBIsieTCs] paBHOMEPHOIA:

P(f):% VFeq.

Ionoxum
S(ry=A{1,...,r}, tme 1<r<n.

JUitst IpOM3BOJILHOTO Yy € S(7) paccMOTPHUM CIIEAYIOIIEe COOBITHE:

Fy(k)(r) ={y, f(y),-.., fF"(y) € S(r) pasmmumer; fF(y) =r + 1}.

I[J'I?[ MPOMU3BOJIBHOTO M € 1, T OIpE€aCINM BECINYHNHBI

= Y P{AENE}=crpd), ()
=1

1<y1<...<ym<r

e .
P =P{ n FM ()},

r,m
7

[Ipu sTOM CcOOBITHE
A p®
{NFEYw},
i=1
yKa3aHHOE B IpaBoif yactu (1), o3Ha4yaeT, 4To B TeUeHHE NepBbIX k — 1 wTepaunit
otoOpakenne [ He MO3BOJSET 3alMKIMBaThCs oOpa3aM BepmMH 1,...,m W He
BBIBOJMT WX W3 MHOXKecTBa S(r), a Ha k-M mmare oToOpaxkeHHe f HEPeBOAUT HUX
B OfIHy M Ty e BepummHy 7 + 1. W3 (1) nerko BeIBecTH, 4TO
1 C
1 _— & (1) _ ~r
P = B, = . 2)

nm ’ ,m nm

Crnenyromiee yTBepxaAeHHe YI0OHO MPUBECTH HEMOCPEICTBEHHO nepen GopMy-
JIUPOBKON OCHOBHOTO Pe3yJIbTaTa CTaThy.

2018, T. 9, Ne 3, C. 99-108
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Jlemma. [lycmu cryyatinoe omobpasicenue f: S — S umeem pasnomeproe pac-
npeoenenue na §). Tozoa eeruyuivl P,er)“ onpedenenuvie opmynamu (1) u (2),

npu m=1,...,r yooeiemeopsaom coOmHOUleHUIM
- (k—1)
k k—1
PR = arme Py k22, 3)
s=1

20e yucia Qr.m,s OI’lpeaeJl}liOmC}l paeseHcmeamu
m s t m
— s S t t
e = Con(37) 2 G (D (-5)" @

Yepes f#(S), k> 1, o6o3naunm o6pas MHOKecTBa S TIpH 0TOGparkenuu f .

Teopema. [llycmob ciayuaiinoe omoopaxcenue f: S — S umeem pasnomepnoe
pacnpeoenerue Ha §). Toeoa npu mobvix k > 1, xg € S cnpasediuso pagencmeo

n—1n—t n—Il—t

Plroc 19} =3 G+ 23 I S a9

t=1 =1 m=1

(k)

20e senuuunvl B, tm

yooenemsopsitom pagencmay (2).

3. Jloka3arejabcTBa

Jlokaszamenvcmeo nemmoi. Ilycts m = 1. Torga cornacHo (1) nMeeT MecTo paBeH-
CTBO

") = (r=1)(r—2)---(r—k+1)-1  (r—1)p_;

Pr(1 —P{F nk -k

e
(Dr=q(qg=1)--(g—k+1)

— k-5 dakropuanbHas CTENEHb Yuciaa ¢, 4To cooTBeTcTBYyeT (2) U (3).
Ilycte m > 2. [y ciy4aliHOrO paBHOBEPOATHOrO oTtoOpaxkenus f: S — S

coBMecTHOE pacrpezenenue 3HaueHuid f(1),..., f(m) cooTBeTCTBYeT paBHOBEPO-
ATHOW CXE€M€ HE3aBUCHMOTO pa3MEIlEHHd MM 4YacTUIl 0 n s4YehKaMm, 3aHyMepo-
BaHHBIM uMciaamMu 1,...,m,m+1,..., n.

_ MATEMATHYECKHE BOIIPOCBHI KPUIITOTPA®GUHN
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Yepez Gyn(r) 0003HaUMM COGBITHE, COCTOSIEE B TOM, 4YTO B pE3yibTa-
Te pa3MeLICHHs BCC 1M YaCTHI[ MONajd B SYCHKH C HOMEPAMH M3 MHOXKECTBA
S(r)\{1,...,m} = {m+1,...,7r}, auepes p(m,n) — ciaydaiiHyl0 BEIHYHHY,
PABHYIO YHCITY 3aHATBIX SUCEK.

Jutst 3uagennii f (1),..., f (m) paccMoTpum monHyro rpymmy coObrtuit Hy =
{u(m,n) =s}, s =1,2,...,m, COOTBETCTBYIOIIHX TOMY, YTO IOCJIC PUMECHE-
HUst 0TOOpakeHUs f K BepIIMHAM 1,...,"m COOTBETCTBYIOIIME 71 TPACKTOPHUH B
rpage Gy CKIEHIIMCh POBHO B S TPAaeKTOpHil (cM. puc. 1).

/1

20—>’f(1):f(2) \
m< Z>'f(3)=f(4)=f(5) b s
s

\;n./.f(m) /

Puc. 1. Ilpumep cknenBanus TpaekTopuii B rpadge Gy

Takum obpaszoM, mo (opmyse MNOTHOH BEPOSTHOCTU TOIYYaeM PEKYppPEHTHOE
COOTHOIIICHHE:!

PR =N P{Gn(r) N {u(m,n)=s}} P* 1. 6)
s=1

[Ipu xaxmom dukcupoBaHHoM s € {1,...,m} NPeACTaBUM BEPOSTHOCTH, CTO-
SIIIYIO TIOJ 3HAKOM CyMMHpPOBaHU B (6), B CICIYIOIIEM BUJIE:

P{Gm(r) N {u(m,n)=s} } = P{u(m,n)=s| G (r)} P{Gm(r)}.

ITpu sToM

P{Gn(n)} = (7)), ™

n

P{u(m,n)=s|Gm(r)} = P{u(m,r—m)=s} =
= P{u(m,r) =5} = Pluo(m, ) =r'~s}, (®)
e v’ =r—m, a po(m,r’) =r"—pu(m,r’) — 4ucio MyCTHIX sYEEK NPU PABHO-

BCPOATHOM pa3MCUICHUU 1M YaCTHUIl 110 r! sdelikam.

2018, T. 9, Ne 3, C. 99-108
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CornacHo opmyniam jist pacmpesenenus Beauaunsl fio(m,r’) (em. [5], dop-
myasl (1) 1 (2) Ha c. 10)

P{uo(m, ') =r'=s} = C}, (;)micz (1-5)" o
t=0

S

U3 (7) — (9) BeiTekaer popmyna
s s\m 5 t\™
P{Gon(r) N {plm,m) = s}} = 2 (2) " D CEED (1-5)
t=0
U3 nee u (6) cnenytor (3) u (4). Jlemma mgokaszana. [l

Loxkazamenvcmeo meopemovi. J{jiss IpOU3BONBHOM BEPIIMHBI Lo € S PacCMOTPHM
coOBITHE

Eiy(wo) = {ap(wo) =t, Bf(wo) =1},
KOTOpOG MOXKET 6I)ITB Hpe,[[CTaBHeHO B BUIC 06’LCHI/IHGHI/I$[ HOHapHO HECOBMCCTHBIX
COOBITHIL:

Eyi(zo) = U {f(zo) =21, .., F T (20) = 2114},

T,
TIe
Ty = {(z1, . me11)
Tly-0y T4l € S\{Q?()}, L4l =Tty ‘{mlv s 7mt+l}| = t+l_]‘}
3,[[60]) U jganee t u l YKa3bIBalOT COOTBETCTBCHHO BBICOTY BCPUIMHBI T W JJIHWHY

LIMKJIA, Ha MTOIX0/IC K KOTOPOMY JICKHUT Z(.
O4eBUIHO, YTO

{z0€ 15(8)} = {mo e C(G 1)} U tL:JI Ht {{z0€ 15 ()} N Epy(z0)},  (10)

re, HanoMHuM, C(G pr) — MHOKECTBO LIIMKIMYECKUX BepInH rpada G k.
B cumy HecoBMeCTHOCTH COOBITHH, YKa3aHHBIX B mpaBoi dactu (10), u paBeH-
ctea C(Gyr) = C(Gy) nomydyaem

n—1n—t

PlzoefH(9)} =P{aocC(Gp}+ > Y P{{zocfH(S)}nEri(xo)}. (11)

t=1 I=1
st mepBoro ciaraemoro B (11) BeIMOTHEHO paBeHCTBO (CM., Hanpumep, [15])

P{z0€C(Gy)} —Z%. (12)
=1

MATEMATHYECKHE BOITPOCHI KPUIITOT PAOUUN
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Tenepb BHIYKMCIMM BEPOSTHOCTH, CTOAIIME O] 3HAKAMU CyMMHPOBAHUsS B TIpa-
Boit wactu (11). Ilpu dukcupoBanubix 3HaueHusx t€{1,...,n—1},l€{l,...,n—t}
HUMeEeT MECTO COOTHOIICHHUE

{:Bo € fk(S)} NE(xg) =

= U U {FP,(8") f(zo)=a1,..., [ (x0) =2e11}, (13)
Ty, yeS’
rme S’ = S\{[L‘o,l‘l, ce.y@pyg—1} ¥ s mpousBoisHoro M C S
:z:o,y = {y, f( )y fE Y (y) € M pasmimansr; f5( )=m0}.
U3 mecoBMecTHOCTH cobbItHii {f(x0) = z1,. .., f1(20) = 244}, BXOmAIIHX

B MpaBylo yacTh paBeHcTBa (13), momyuyaem, uTo

P{{zo € f*(5)} NE(z0)} =

—ZP{U{Fé’gy i Fao)=ar, o S @) =aen )} (14)

3aMeTuM, 9TO BCe cllaraeMbie CyMMEI B (14) ogrHakoBEI IO BemuanHe. PaccMo-
TPHUM ClIaraéMoe, B KOTOPOM

(@1, Te) =v =
=Mn—-t—Il+2,n—t—1+3,...,n—1+1,...,n,n—1+1) € T};.

Justwero S'={1,...,7}, r =n—t—1, u £o=r+1. YMHOKHM 3TO claraeMoe Ha
obmiee umcino craraeMbix |13 ;| = (n—1)¢4;—1 ¥ BOCIONBb3yeMcsl HE3aBHCHMOCTBIO
B COBOKYITHOCTH ClIy4ailHbIX BennuuH f(z), x €S :

P{{moEfk(S)} N Et,l(mo)} =

= (n_1>t+l71 P{ U ﬁm(lg,)y(sl)} P{(f(xO)v e '7.ft+l(:r0)):v} =

yeS’
R (k) _
= P U Ry}
(n— Deri (k)
W i p g g ()L (15)
i+ {yes(r) y }

2018, T. 9, Ne 3, C. 99-108
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ITo hopmyne BrTFOUCHUSA-HCKITIOUCHIS (M, Harpumep, [13])

p{ U FPm} = Y (mB, (16)

k
a BEIIMYUHBI B,(,,L onpenensitorces cootHomeHueM (1). Takum obpazom, u3 (15),

(16) cnenyer, uTo

r

P{{a0 € FH(S)} N Byglag)} = "L S oyl )

m=1

IoncraBus (17) u (12) B (11), monydnm nckomoe Boipaxenue (5).
Teopema noka3zaHa. O

3ameuanne 1. Teopema Mo3BOJNSAET BBIYUCIUTD CpEHEE 3HAYCHHE MOIIHOCTH MHO-
ecTBa S TpH JAeHcTBHM oToOpaxcenns fF. Tak xak

15| =D H{zoe£H(9)},

€S

TO B CHJIy paBHOIIpaBuUs Bcex xg € S

E[f*(S)|=E) H{zocf*(9)} =nP{zock(S)}.

ToES

3ameuanme 2. B ciyuae Korjga BeIWuMHA k TPEBBIIIAET MAKCHMAIIBHYIO ITHHY
noaxoxaa B rpadpe G k> YTO 32BEJIOMO BBIIOJIHSCTCS NPH k > n— 1, umeer MecTO

pasencteo fF(9) = C(Gy).

Omnpenenenne 2. Bepmuna xo € S Brpade Gy HasbBaeTCs ucsueli 6epUILHOI,
€CIIM He CyIIEeCTByeT Takoro y € S, uro f(y) = xp.

W3 onpezenenus 2 clemyeT, YTO MHOXKECTBO BHCAYMX BepiuuH rpaga Gy co-
BITaJIa€T C MHOXXECTBOM BEPIIIHMH, HE UMEIOIINX TPO0OPa3HI.

Hepes T'px 00603HAYMM MHOXKECTBO BUCAYMX BepumH B rpape Grr, k € N.
MmuoxectBo T’y uccnenosanock, Hanpumep, B [14].

Paccmotpum ciryqait k > 2. Halimem BepoATHOCTH IOTIAJaHUS CIyYaiflHOW Bep-
umHel rpada Gpr B MHOKECTBO Ty

MATEMATHYECKHE BOITPOCHI KPUIITOT PAOUUN
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3amerum, uTo JyIst Jitoboro orodpaxkenus f: S — S
S=fHS)UTs, fHS)NTH = 2.
[TosTOMy AJst IPOU3BOIBHOTO g € S CIPaBELIMBO COOTHOIICHNE
P{zoeTyr} =1—P{zoc f*(S)},
T03BOJIsIIONIEE IPUMEHUTD TeopeMy s Bbiuncienus P{xo € Tyr}.

CaeacrBue. [lycmov cayuaiinoe omoopasicenue f: S — S umeem pagnomeprnoe
pacnpedenenue Ha ). Toeda npu mobwix k > 1, xg € S cnpasednuso pasencmeo

"~ (n):

=1
n—1n—t (n . 1) i n—Il—t )
rl—
o Z Z nr+l Z (_1)manlft,m’

t=1 [=1 m=1

(k)

o l—t.m YOOGIEmMEopsaiom pasencmey (2).

20e genuyunvl B

3ameuanue 3. AHAJOTMYHO 3aMEUaHUIO | MMOIydaeM, 4ToO

E }Tfk‘ = nP{JIo S Tfk} =n— nP{moEfk(S)}.

3ameuyanne 4. Ilpu k& > n — 1 mMHOKecTBY Ty NPHHAIEKAT BCES BEPLIMHBI
rpadga Gy, nexamue Ha IOAXOAAaX K LUKIIAM.

3ameuanue 5. [lonydeHHbIE B HACTOSIIEH CTaTbe Pe3yJbTaThl MOT'YT HalTH CBOE
NPUMEHEHHE HE TOJBKO MPH ONHMCAHUU CBOHCTB KPUNTOIpapUYECKUX PHUMUTHBOB,
WMEIOIINX UTEPAMOHHYIO CTPYKTYPY (Xo1I-(DyHKINHU, TEHepaTOphl KITIOYEH, JaT9H-
KH{ TICEBIOCTYYaiHbIX MTOCIEA0BATEIbHOCTEH), HO U MIPY PELCHUH 3a/1audl aHaJIu3a
KadecTBa ICEBIOCITyYaiHBIX MOCIeI0BaTeIbHOCTEH, BhIpabaThIBaeMbIX Ha OCHOBE
HEKOTOPOT0 MUTEPALIMOHHOTO MPeoO0pa3oBaHHUs.

ABtopsl npu3HatenbHel A. M. 3yOKoBy 3a MHTEpec K paboTe u IoiIe3HbIe 3aMe-
YaHUS.

2018, T. 9, Ne 3, C. 99-108
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