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The article is devoted to a numerical investigation of the Boussinesq � Lòve
mathematical model. Algorithm for �nding of the numerical solution to the Cauchy �

Dirichlet problem for the Boussinesq � Lòve equation modeling longitudinal oscillations

in a thin elastic rod with regard to transverse inertia was obtained on the basis of a phase

space method and by using a �nite di�erences method. This problem can be reduced to the

Cauchy problem for the Sobolev type equation of the second order, which is not solvable for

arbitrary initial values. The constructed algorithm includes the additional check if initial

data belongs to the phase space. The algorithm is implemented as a program in Matlab.

The results of numerical experiments are obtained both in regular and degenerate cases.

The graphs of obtained solutions are presented in each case.

Keywords: Boussinesq � Lòve equation; Cauchy � Dirichlet problem; �nite di�erences

method; Sobolev type equation; phase space; conditions of data consistency; system of

di�erence equations; the Thomas algorithm.

Introduction

Consider Boussinesq � Lòve equation

(λ−∆)utt = α(λ′ −∆)ut + β(λ′′ −∆)u, 0 < x < π, t > 0 (1)

with initial
u(x, 0) = φ(x), 0 < x < π,
ut(x, 0) = ψ(x), 0 < x < π,

(2)

and boundary
u(0, t) = u(π, t) = 0, t > 0 (3)

conditions. The functions φ, ψ are given, u = u(x, t) is unknown function, ∆ = ∂2

∂x2 is
one-dimensional Laplace operator. Mathematical model (1) � (3) describes longitudinal
oscillations in an elastic rod with inertia [1]. Problem (1) � (3) was studied by
Zamyshlyaeva A.A. [2] and her students [3�5]. Algorithm of numerical solution of problem
(1) � (3) based on modi�ed Galerkin method was constructed in [6].

Mathematical model (1) � (3) can be reduced to the Cauchy problem

u(0) = φ, u̇(0) = ψ (4)

for operator-di�erential equation

Aü = B1u̇+B0u. (5)

If operator A is continuously inversible, then equation (5) is called non-degenerate
or regular. Otherwise, in particular when kerA ̸= {0}, such equation is called a Sobolev
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type equation. It is well-known that the Cauchy problem for Sobolev type equation is
not solvable with arbitrary initial values. In our opinion, the most productive approach
to the study of these equations is the phase space method. Its foundations were laid by
G.A. Sviridyuk and T.G. Sukacheva [7] in the study of semilinear Sobolev type equations
of the �rst order.

Concerning (1) � (3) there were considered [6] three cases depending on parametres
λ, λ′, λ′′. In the cases when λ ̸∈ σ(∆) and (λ ∈ σ(∆)) ∧ (λ = λ′ ̸= λ′′) the phase space of
equation (1) was constructed and this con�rms results [2]. In the case (λ ∈ σ(∆))∧(λ ̸= λ′),
that was eliminated in [2], we have the necessary conditions for the unique solvability of
(1) � (3) in the form of dependence of functions φ(x) and ψ(x), so it is shown that the
phase space in the sense of [2] doesn't exist.

1. Approximate Solution of the Problem

In this investigation we present the approximate solution to (1) � (3) that is constructed
by using a �nite di�erences method. Construct a net over the whole surface of the rectangle
(0, π)× (0, T )

xi = h · i, i = 0, N, h =
π

N
, tj = τ · j, j = 0,M, τ =

T

M
and de�ne the grid function

ui,j = u(xi, tj), i = 0, N, j = 0,M.

Then

ut(xi, tj) =
ui,j+1 − ui,j−1

2τ
, (6)

the second derivative of t:

utt(xi, tj) =
ui,j+1 − 2ui,j + ui,j−1

τ 2
, (7)

the second derivative of x:

uxx(xi, tj) =
ui+1,j − 2ui,j + ui−1,j

h2
, (8)

i = 2, N − 1, j = 2,M − 1.
If we substitute (6) � (8) in to (1) and combine like terms, we get:

ui+1,j+1(−
1

τ 2 · h2
− α

2τ · h2
) + ui,j+1(

λ

τ 2
+

2

τ 2 · h2
+
αλ′

2τ
+

2α

2τ · h2
)+

+ui−1,j+1(−
1

τ 2 · h2
− α

2τ · h2
) + ui+1,j(

2

τ 2 · h2
− β

h2
)+

+ui,j(−
2λ

τ 2
− 4

τ 2 · h2
+ βλ′′ +

2β

h2
) + ui−1,j(

2

τ 2 · h2
− β

h2
)+

+ui+1,j−1(−
1

τ 2 · h2
+

α

2τ · h2
) + ui,j−1(

λ

τ 2
+

2

τ 2 · h2
− αλ′

2τ
− 2α

2τ · h2
)+

+ui−1,j−1(−
1

τ 2 · h2
+

α

2τ · h2
) = 0,

where i = 2, N − 1, j = 2,M − 1. Futher, �x j and solve the resultant system of equations
for (j + 1)-th layer on t by a Thomas algorithm.
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2. Algorithm Description

Describe the algorithm in detail. There is one step for every block of algorithm.
Step 1. After the start of program execution it is necessary to input coe�cients

λ, λ′, λ′′, α, β, functions φ(x) and ψ(x), length of segment for solvability and time interval
t ∈ [0, T ], the number of t and x partitions.

Step 2. Generate searching unknown approximate solution U in loop from 2 to M − 1
and in inner loop from 2 to N − 1 by the �nite di�erences scheme.

Step 3. Conditional test if λ belongs to Laplace operator spectrum, i.e. if λ can be
represented as −k2.

If step 3 has a true value:
Step 4. Conditional test if λ = λ1.
If step 4 has a true value:
Step 5. Conditional test from [6] for initial conditions, i.e. if (u0, φk) = 0 and

(u0, ψk) = 0.
Futher, step 9.
If step 4 has a false value:
Step 6. Conditional test from [6] for initial conditions, i.e. if (u0, φk) = (u0, ψk)/µk,

where µk is a characteristic equation root for Boussinesq - Lòve equation (1).
Futher, step 9.
If step 5 has a false value:
Step 7. In accordance with condition the program generates a message that there are

no solutions.
If step 6 has a false value:
Step 8. In accordance with condition the program generates a message that there are

no solutions.
If step 5 and step 6 have a true value and step 3 has a false value:
Step 9. Generate a system of linear equations in loop from 2 to M − 1.
Step 10. Resultant system is solved by a Thomas algorithm in unknown coe�cients uij.
Step 11. Resultant solution is displayed by a graph.
The block diagram of the program is shown on �g 1.

3. Experimental Examples

Example 1. Consider the mathematical model
(λ−∆)utt = α(∆− λ′)ut + β(∆− λ′′)u,
u(x, 0) = sin(x), ut(x, 0) = sin(x) + sin(2x),
u(0, t) = u(π, t) = 0.

with parametres α = −1, β = −1, λ = 2, λ′ = −1, λ′′ = 3, the amount of steps for
x: N = 40, for t: M = 60. This mathematical model is non-degenerate, therefore the
solution exists. The graph of solution is shown on �g. 2.

Example 2. Consider the mathematical model
(λ−∆)utt = α(∆− λ′)ut + β(∆− λ′′)u,
u(x, 0) = sin(x), ut(x, 0) = sin(x) + sin(2x),
u(0, t) = u(π, t) = 0.
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Start
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of equation (1),         
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the functions φ, ψ

Presentation of the equations in the

form of the finite differences scheme

λ = λk = – k
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λ = λ' 

(φ, φk) = 0
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Formulate a system of linear
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А Thomas algorithm for solution of 
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End
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no no

yes
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Fig. 1. The block diagram of the program
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Fig. 2. The graph of problem solution from example 1

with parametres α = −1, β = −1, λ = −2, λ′ = −1, λ′′ = 3. This mathematical model is
non-degenerate, therefore the solution exists. The graph of solution is shown on �g. 3.

Fig. 3. The graph of problem solution from example 2

Example 3. Consider the mathematical model
(λ−∆)utt = α(∆− λ′)ut + β(∆− λ′′)u,
u(x, 0) = sin(x), ut(x, 0) = sin(x) + sin(2x),
u(0, t) = u(π, t) = 0.

with parametres α = −1, β = −1, λ = −4, λ′ = −1, λ′′ = 3. As λ = λ2 (it is coincide
with the second eigenvalue of Laplace operator), the solution doesn't exist because the
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conditions of consistency[6]:

1

µk

∫ π

0

ψ(x) · φk(x)dx =

∫ π

0

φ(x) · φk(x)dx

doesn't hold. The program gives the message about non-existence of solution shown on
�g. 4.

Fig. 4. Message about non-existence of solution in example 3

Example 4. Consider the mathematical model
(λ−∆)utt = α(∆− λ′)ut + β(∆− λ′′)u,
u(x, 0) = sin(x), ut(x, 0) = sin(x) + sin(2x),
u(0, t) = u(π, t) = 0.

with parametres α = −1, β = −1, λ = −1, λ′ = −1, λ′′ = 3. As λ = λ′ = λ1 (coincide with
the �rst eigenvalue of Laplace operator), then for existence of the solution it is necessary
that initial functions belong to the phase space of equation, i.e. the following conditions
must be satis�ed [6]:∫ π

0

ψ(x) · φk(x)dx = 0 and

∫ π

0

φ(x) · φk(x)dx = 0.

Obviously they is don't hold. The program gives the message about non-existence of
solution shown on �g. 5.

Fig. 5. Message about non-existence of solution in example 4

Example 5. Consider the mathematical model
(λ−∆)utt = α(∆− λ′)ut + β(∆− λ′′)u,

u(x, 0) = sin(3x), ut(x, 0) = sin(2x) + sin(3x),

u(0, t) = u(π, t) = 0,

with parametres α = −1, β = −1, λ = −1, λ′ = −1, λ′′ = 3. As λ = λ′ = λ1 (coincide with
the �rst eigenvalue of Laplace operator), then for existence of the solution it is necessary
that initial functions belong to the phase space of equation, i.e. the following conditions
must be satis�ed [6]:∫ π

0

ψ(x) · φk(x)dx = 0 and

∫ π

0

φ(x) · φk(x)dx = 0

Obviously they hold. The graph of solution is shown on �g. 6.
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Fig. 6. The graph of problem solution from example 5
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×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÎÄÍÎÉ
ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

À.À. Çàìûøëÿåâà, Ñ.Â. Ñóðîâöåâ

Ñòàòüÿ ïîñâÿùåíà ÷èñëåííîìó èññëåäîâàíèþ ìàòåìàòè÷åñêîé ìîäåëè Áóññèíåñêà

� Ëÿâà. Íà îñíîâå ìåòîäà ôàçîâîãî ïðîñòðàíñòâà è ïðèìåíåíèÿ ìåòîäà êîíå÷íûõ ðàç-

íîñòåé ïîñòðîåí àëãîðèòì íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè � Äèðèõëå

äëÿ óðàâíåíèÿ Áóññèíåñêà � Ëÿâà, ìîäåëèðóþùåé ïðîäîëüíûå êîëåáàíèÿ â òîíêîì

óïðóãîì ñòåðæíå ñ ó÷åòîì ïîïåðå÷íîé èíåðöèè. Äàííàÿ çàäà÷à ìîæåò áûòü ðåäóöè-

ðîâàíà ê çàäà÷å Êîøè äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà âòîðîãî ïîðÿäêà, êîòîðàÿ,

êàê èçâåñòíî ðàçðåøèìà íå ïðè âñåõ íà÷àëüíûõ çíà÷åíèÿõ. Ðàçðàáîòàííûé àëãîðèòì

ñîäåðæèò ïðåäâàðèòåëüíóþ ïðîâåðêó ïðèíàäëåæíîñòè íà÷àëüíûõ äàííûõ ôàçîâîìó

ïðîñòðàíñòâó. Àëãîðèòì ðåàëèçîâàí â âèäå ïðîãðàììû â ñðåäå Matlab. Ïðèâåäåíû

ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ â ðåãóëÿðíîì è âûðîæäåííîì ñëó÷àÿõ.

Ïðåäñòàâëåíû ãðàôèêè ïîëó÷åííûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Áóññèíåñêà � Ëÿâà; çàäà÷à Êîøè � Äèðèõëå; ìåòîä

êîíå÷íûõ ðàçíîñòåé; óðàâíåíèå ñîáîëåâñêîãî òèïà; ôàçîâîå ïðîñòðàíñòâî; óñëîâèÿ

ñîãëàñîâàíèÿ; ñèñòåìà ðàçíîñòíûõ óðàâíåíèé; ìåòîä ïðîãîíêè.
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