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ÏÐÈÁËÈÆÅÍÈß ÑÎÏÐßÆÅÍÍÛÕ ÔÓÍÊÖÈÉ ×ÀÑÒÈ×ÍÛÌÈ
ÑÓÌÌÀÌÈ ÑÎÏÐßÆÅÍÍÛÕ ÐßÄÎÂ ÔÓÐÜÅ ÏÎ ÎÄÍÎÉ ÑÈÑÒÅÌÅ

ÀËÃÅÁÐÀÈ×ÅÑÊÈÕ ÄÐÎÁÅÉ ×ÅÁÛØÅÂÀ � ÌÀÐÊÎÂÀ

Àííîòàöèÿ. Èññëåäóþòñÿ àïïðîêñèìàòèâíûå ñâîéñòâà ÷àñòè÷íûõ ñóìì ñîïðÿæåííîãî ðÿäà
Ôóðüå ïî îäíîé ñèñòåìå àëãåáðàè÷åñêèõ äðîáåé ×åáûøåâà � Ìàðêîâà. Ïðèâåäåíû îñíîâíûå
ðåçóëüòàòû ðàíåå èçâåñòíûõ ðàáîò î ïðèáëèæåíèÿõ ñîïðÿæåííûõ ôóíêöèé â ïîëèíîìèàëü-
íîì è ðàöèîíàëüíîì ñëó÷àÿõ. Ââîäèòñÿ â ðàññìîòðåíèå îäíà ñèñòåìà àëãåáðàè÷åñêèõ äðîáåé
×åáûøåâà � Ìàðêîâà è ïðîâîäèòñÿ ïîñòðîåíèå ñîïðÿæåííîãî ðàöèîíàëüíîãî ðÿäà Ôóðüå �
×åáûøåâà, ñîîòâåòñòâóþùåãî åé. Íàéäåíî èíòåãðàëüíîå ïðåäñòàâëåíèå ïðèáëèæåíèé ñîïðÿ-
æåííîé ôóíêöèè ÷àñòè÷íûìè ñóììàìè ïîñòðîåííîãî ñîïðÿæåííîãî ðÿäà. Èññëåäóþòñÿ ïðè-
áëèæåíèÿ ôóíêöèè, ñîïðÿæåííîé ê |x|s, 1 < s < 2, íà îòðåçêå [−1, 1] ÷àñòè÷íûìè ñóììàìè
ñîïðÿæåííîãî ðàöèîíàëüíîãî ðÿäà Ôóðüå � ×åáûøåâà. Íàéäåíû èíòåãðàëüíîå ïðåäñòàâëåíèå
ïðèáëèæåíèé, îöåíêè ïðèáëèæåíèé èçó÷àåìûì ìåòîäîì â çàâèñèìîñòè îò ïîëîæåíèÿ òî÷-
êè x íà îòðåçêå, è èõ àñèìïòîòè÷åñêèå âûðàæåíèÿ ïðè n → ∞. Óñòàíîâëåíî îïòèìàëüíîå
çíà÷åíèå ïàðàìåòðà, ïðè êîòîðîì óêëîíåíèÿ ÷àñòè÷íûõ ñóìì ñîïðÿæåííîãî ðàöèîíàëüíîãî
ðÿäà Ôóðüå � ×åáûøåâà îò ôóíêöèè, ñîïðÿæåííîé ê |x|s, 1 < s < 2, íà îòðåçêå [−1, 1] èìåþò
íàèáîëåå âûñîêóþ ñêîðîñòü ñòðåìëåíèÿ ê íóëþ. Êàê ñëåäñòâèå ïîëó÷åííûõ ðåçóëüòàòîâ ïî-
äðîáíî èññëåäîâàíà çàäà÷à î ïðèáëèæåíèÿõ ôóíêöèè, ñîïðÿæåííîé ê |x|s, s > 1, ÷àñòè÷íûìè
ñóììàìè ñîïðÿæåííîãî ðÿäà Ôóðüå ïî ñèñòåìå ìíîãî÷ëåíîâ ×åáûøåâà ïåðâîãî ðîäà.

Êëþ÷åâûå ñëîâà: àëãåáðàè÷åñêàÿ äðîáü ×åáûøåâà � Ìàðêîâà, ñîïðÿæåííàÿ ôóíêöèÿ, ÷àñòè÷-
íàÿ ñóììà ðÿäà Ôóðüå � ×åáûøåâà, òî÷íàÿ îöåíêà, àñèìïòîòè÷åñêèå ìåòîäû.

ÓÄÊ: 517.5
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1. Ââåäåíèå

Â.Ï.Ìîòîðíûé (ñì., íàïðèìåð, [1]�[3]) èçó÷àë çàäà÷ó î íàèëó÷øèõ ïðèáëèæåíèÿõ àëãåá-
ðàè÷åñêèìè ìíîãî÷ëåíàìè ñèíãóëÿðíûõ èíòåãðàëîâ âèäà

Sf (x) =
1

π

1∫
−1

f(t)

t− x
dt√

1− t2
, x ∈ (−1, 1), (1)

ïîíèìàåìûõ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè, ãäå f ïðèíàäëåæèò ðàçëè÷íûì êëàññàì
íåïðåðûâíûõ íà îòðåçêå ôóíêöèé. Íàéäåííûå èì è åãî ñîàâòîðàìè ðåçóëüòàòû áûëè ïîëó-
÷åíû ñ èñïîëüçîâàíèåì ìåòîäîâ ïðîìåæóòî÷íîãî ïðèáëèæåíèÿ, ïðåäëîæåííûõ Í.Ï.Êîðíåé-
÷óêîì è À.È.Ïîëîâèíîé [4]. Ìåæäó òåì ïðåîáðàçîâàíèå Sf (x) ìîæíî ðàññìàòðèâàòü êàê
îäèí èç âàðèàíòîâ îïðåäåëåíèÿ ñîïðÿæåííîé ôóíêöèè ñ ôóíêöèåé f, çàäàííîé íà îòðåçêå

Ïîñòóïèëà â ðåäàêöèþ 01.10.2019, ïîñëå äîðàáîòêè 12.12.2019. Ïðèíÿòà ê ïóáëèêàöèè 18.12.2019.
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[−1, 1]. Ïðè ýòîì ñóïåðïîçèöèÿ Sf (cosx) îïðåäåëåííûì îáðàçîì âûðàæàåòñÿ ÷åðåç ôóíê-
öèþ, òðèãîíîìåòðè÷åñêè ñîïðÿæåííóþ ñ èíäóöèðîâàííîé ôóíêöèåé f(cosx) ([3]).
Çàäà÷à èññëåäîâàíèÿ ïðèáëèæåíèé ôóíêöèé, çàäàâàåìûõ ðÿäàìè, ñîïðÿæåííûìè ê òðè-

ãîíîìåòðè÷åñêîìó ðÿäó Ôóðüå, âåäåò ñâîþ èñòîðèþ ñ íà÷àëà XX â. è çàòðîíóëà èíòåðåñû
òàêèõ ìàòåìàòèêîâ, êàê È.È.Ïðèâàëîâ (ñì., íàïðèìåð, [5], [6]), À.Í.Êîëìîãîðîâ [7], Ì.
Ðèññ (ñì., íàïðèìåð, [8], [9]) è äð. Â äàëüíåéøåì íàìåòèëàñü òåíäåíöèÿ ïîèñêà âçàèìîñâÿ-
çåé ìåæäó íàèëó÷øèìè ïðèáëèæåíèÿìè ôóíêöèé è èõ ñîïðÿæåííûõ (ñì., íàïðèìåð, [10],
[11]). Îòìåòèì, ÷òî èíòåðåñ ê ýòîé çàäà÷å àêòóàëåí è ñðåäè ñîâðåìåííûõ ìàòåìàòèêîâ (ñì.,
íàïðèìåð, [12]).
Àêòóàëüíûì íàïðàâëåíèåì ÿâëÿåòñÿ òàêæå è èçó÷åíèå ìåòîäîâ ïðèáëèæåíèé. Ê. Êåðå-

øè (K. Qureshi) [13] èññëåäîâàë ïðèáëèæåíèÿ ñîïðÿæåííîé ôóíêöèè ñðåäíèìè Íîðëóíäà
(N�orlund) ñîïðÿæåííîãî òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå, êîãäà ñàìà ôóíêöèÿ ïðèíàäëå-
æèò êëàññó Ëèïøèöà. Ïîçæå èçó÷åíèþ êàê ïðèáëèæåíèé, ñîïðÿæåííûõ ôóíêöèé èç äàí-
íîãî êëàññà, òàê è ìåòîäîâ ïðèáëèæåíèé, áûëè ïîñâÿùåíû ðàáîòû ìíîãèõ àâòîðîâ (ñì.
íàïðèìåð, [14]�[16]). Ë.Ï.Ôàëàëååâ [17] ïîëó÷èë àñèìïòîòè÷åñêè òî÷íûå îöåíêè ïðèáëèæå-
íèé ñîïðÿæåííûõ ôóíêöèé íà êëàññàõ lipα, 0 < α ≤ 1, ñðåäíèìè ×åçàðî ñîïðÿæåííîãî
òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå.
Ê íàñòîÿùåìó âðåìåíè ïðèáëèæåíèÿ ñîïðÿæåííûõ ôóíêöèé â ïîëèíîìèàëüíîì ñëó-

÷àå äîñòàòî÷íî õîðîøî èññëåäîâàíû, è âî ìíîãèõ ñëó÷àÿõ ïîëó÷åíû îêîí÷àòåëüíûå ðå-
çóëüòàòû. Èçó÷åíèå ìåòîäîâ ðàöèîíàëüíîé àïïðîêñèìàöèè â ïðèáëèæåíèÿõ ñîïðÿæåííûõ
ôóíêöèé íîñèò ýïèçîäè÷åñêèé õàðàêòåð. Â. Í. Ðóñàê è È. Â. Ðûáà÷åíêî [18] íàøëè ñðàâ-
íèòåëüíûå ïîðÿäêîâûå îöåíêè äëÿ ðàöèîíàëüíûõ ïðèáëèæåíèé âçàèìíî ñîïðÿæåííûõ â
ñìûñëå Ãèëüáåðòà ôóíêöèé äåéñòâèòåëüíîé ïåðåìåííîé â ïðîñòðàíñòâå íåïðåðûâíûõ 2π-
ïåðèîäè÷åñêèõ ôóíêöèé. À. À. Ïåêàðñêèì [19] èçó÷åíû ñâÿçè ìåæäó ðàöèîíàëüíûìè è
êóñî÷íî-ïîëèíîìèàëüíûìè ïðèáëèæåíèÿìè ôóíêöèé â ïðîñòðàíñòâàõ Ëåáåãà Lp ïðè 0 <
p <∞, 1/p /∈ N. Àíàëîãè÷íûé ðåçóëüòàò íà îòðåçêå áûë ïîëó÷åí â [12].
Àëãåáðàè÷åñêèå êîñèíóñ-äðîáè ×åáûøåâà � Ìàðêîâà ÿâëÿþòñÿ åñòåñòâåííûì îáîáùåíèåì

ïîëèíîìîâ ×åáûøåâà ïåðâîãî ðîäà è îáëàäàþò ðÿäîì çàìå÷àòåëüíûõ ñâîéñòâ (ñì., íàïðè-
ìåð, [20]). Â [21] àâòîðàìè áûëà ïîñòðîåíà îäíà ñèñòåìà àëãåáðàè÷åñêèõ äðîáåé ×åáûøåâà �
Ìàðêîâà, ÿâëÿþùàÿñÿ îðòîãîíàëüíîé íà îòðåçêå [−1, 1] ïî âåñó, îáîáùàþùåìó êëàññè÷åñêèé
÷åáûøåâñêèé, ïîñòðîåí ñîîòâåòñòâóþùèé ðÿä Ôóðüå è èññëåäîâàíû åãî àïïðîêñèìàòèâíûå
ñâîéñòâà.
Îñíîâíîé öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå àïïðîêñèìàòèâíûõ ñâîéñòâ ÷à-

ñòè÷íûõ ñóìì ñîïðÿæåííîãî ðÿäà Ôóðüå ïî ñèñòåìå àëãåáðàè÷åñêèõ äðîáåé ×åáûøåâà �
Ìàðêîâà â ïðèáëèæåíèÿõ ñîïðÿæåííûõ ôóíêöèé, îïðåäåëÿåìûõ êëàññàìè ñèíãóëÿðíûõ
èíòåãðàëîâ âèäà (1), à òàêæå èññëåäîâàíèå ïðèáëèæåíèé íåêîòîðûõ èíäèâèäóàëüíûõ ñî-
ïðÿæåííûõ ôóíêöèé.
Â ðàáîòå íàéäåíî ïðåäñòàâëåíèå ñîïðÿæåííîé ôóíêöèè, êàê ñóììû ñîïðÿæåííîãî ðÿäà

Ôóðüå ïî ñèñòåìå àëãåáðàè÷åñêèõ äðîáåé ×åáûøåâà � Ìàðêîâà. Ïîëó÷åíî èíòåãðàëüíîå
ïðåäñòàâëåíèå ïðèáëèæåíèé ñîïðÿæåííîé ôóíêöèè ÷àñòè÷íûìè ñóììàìè åå ñîïðÿæåííîãî
ðÿäà. Èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà ÷àñòè÷íûõ ñóìì ñîïðÿæåííîãî ðÿäà â ïðè-
áëèæåíèÿõ ôóíêöèè, ñîïðÿæåííîé ê |x|s, 1 < s < 2, íà îòðåçêå [−1, 1]. Ïîëó÷åíû îöåíêè
ïðèáëèæåíèé ñîïðÿæåííîé ôóíêöèè â çàâèñèìîñòè îò ïîëîæåíèÿ òî÷êè x íà îòðåçêå [−1, 1],
à òàêæå â êàêîì-òî ñìûñëå ðàâíîìåðíàÿ îöåíêà ïðèáëèæåíèé. Íàéäåíî îïòèìàëüíîå çíà÷å-
íèå ïàðàìåòðà, îáåñïå÷èâàþùåå íàèáîëüøóþ ñêîðîñòü ïðèáëèæåíèé. Óñòàíîâëåíî, ÷òî ïðè
ñïåöèàëüíîì âûáîðå ïàðàìåòðà äîñòèãàåòñÿ áîëåå âûñîêàÿ ñêîðîñòü óáûâàíèÿ ïðèáëèæåíèé
â ñðàâíåíèè ñ ïîëèíîìèàëüíûì ñëó÷àåì.
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Íàïîìíèì îñíîâíûå ñâåäåíèÿ î ðÿäàõ Ôóðüå ïî ñèñòåìå àëãåáðàè÷åñêèõ äðîáåé ×åáû-
øåâà � Ìàðêîâà. Êàê èçâåñòíî [22], àëãåáðàè÷åñêàÿ êîñèíóñ-äðîáü ×åáûøåâà � Ìàðêîâà íà
îòðåçêå [−1, 1] ñ äâóìÿ êîìïëåêñíî-ñîïðÿæåííûìè ïàðàìåòðàìè èìååò âèä

Mn(x) = cosn arccos

(
x

√
1 + a2

1 + a2x2

)
, x ∈ [−1, 1], a ≥ 0, n = 0, 1, . . . , (2)

è ïðè a = 0 ïðåäñòàâëÿåò ñîáîé êëàññè÷åñêèé ïîëèíîì ×åáûøåâà ïåðâîãî ðîäà. Ñèñòåìà
àëãåáðàè÷åñêèõ äðîáåé Mn(x), n = 0, 1, . . . , ÿâëÿåòñÿ îðòîãîíàëüíîé íà îòðåçêå [−1, 1] ñ
âåñîì

ρ(x, a) =

√
1 + a2

(1 + a2x2)
√

1− x2
, x ∈ (−1, 1),

ò. å.
1∫
−1

Mn(t)Mm(t)ρ(t, a) dt =


0, m 6= n, m, n = 0, 1, . . . ;

π/2, m = n, m, n = 1, 2, . . . ;

π, m = n = 0.

Ôóíêöèè f(x), ÷åòíîé è àáñîëþòíî ñóììèðóåìîé ñ âåñîì ρ(x, a) íà îòðåçêå [−1, 1], ïîñòàâèì
â ñîîòâåòñòâèå ðÿä Ôóðüå ïî ñèñòåìå àëãåáðàè÷åñêèõ äðîáåé ×åáûøåâà � Ìàðêîâà:

f(x) ∼ c0
2

+

+∞∑
n=1

c2nM2n(x), c2n =
4

π

1∫
0

f(t)M2n(t)ρ(t, a) dt, n = 0, 1, . . . . (3)

Âìåñòå ñ òåì, ñîïðÿæåííîé ôóíêöèåé äëÿ ôóíêöèè f áóäåì íàçûâàòü ñóììó ðÿäà

f̂(x) =

+∞∑
n=1

c2nN2n(x), N2n(x) = sin 2n arccos

(
x

√
1 + a2

1 + a2x2

)
, n = 1, 2, . . . , (4)

c2n îïðåäåëåíà â (3).
Ñïðàâåäëèâà

Tåîðåìà 1. Äëÿ ôóíêöèè f̂(x) èìååò ìåñòî ïðåäñòàâëåíèå

f̂(x) =
2

π
x
√

1− x2
1∫

0

f(t)

t2 − x2
dt√

1− t2
, x ∈ (−1, 1), (5)

ãäå èíòåãðàë ñïðàâà ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè.

Äîêàçàòåëüñòâî. Èç ñîîòíîøåíèÿ (4) ñ ó÷åòîì (3) íàõîäèì

f̂(x) =
2

π

1∫
0

f(t)
+∞∑
n=1

[sin 2n(θ + τ) + sin 2n(θ − τ)] ρ(t, a) dt, (6)

ãäå äëÿ êðàòêîñòè ïîëîæåíî

x

√
1 + a2

1 + a2x2
= cos θ, t

√
1 + a2

1 + a2t2
= cos τ.

Ïðèìåíÿÿ òåïåðü èçâåñòíîå òîæäåñòâî

+∞∑
n=1

sin 2nϕ =
cosϕ

2 sinϕ
, ϕ 6= πk, k ∈ Z,
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ïîëó÷èì

f̂(x) =
1

π

1∫
0

f(t)

[
cos(θ + τ)

sin(θ + τ)
+

cos(θ − τ)

sin(θ − τ)

]
ρ(t, a) dt =

4 sin θ cos θ

π

1∫
0

f(t)

cos 2τ − cos 2θ
ρ(t, a) dt.

Âîçâðàùàÿñü ê ïåðåìåííûì x è t, ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé èç ïîñëåäíåãî ñîîòíî-
øåíèÿ ïðèäåì ê (5). �

Çàìå÷àíèå 1. Èç òåîðåìû 1 ñ ó÷åòîì (3), (4) ñëåäóåò

2

π
x
√

1− x2
1∫

0

1

t2 − x2
dt√

1− t2
= 0, x ∈ (−1, 1). (7)

2. Ïðèáëèæåíèÿ ñîïðÿæåííûõ ôóíêöèé ÷àñòè÷íûìè ñóììàìè ðàöèîíàëüíîãî
ñîïðÿæåííîãî ðÿäà Ôóðüå � ×åáûøåâà

Èçó÷èì ïðèáëèæåíèÿ ñîïðÿæåííîé ôóíêöèè (5) ÷àñòè÷íûìè ñóììàìè ïîðÿäêà 2n ñî-
ïðÿæåííîãî ðÿäà (4):

ŝ2n(f, x) =

n∑
k=1

c2kN2k(x), n = 1, 2, . . . . (8)

Ïîñêîëüêó äëÿ àëãåáðàè÷åñêèõ äðîáåé ×åáûøåâà � Ìàðêîâà ÷åòíîé ñòåïåíè ñïðàâåäëèâî
ïðåäñòàâëåíèå ([22], ëåììà 2)

M2n(x) =
1

2

(
πn(ξ) + πn(ξ)

)
, πn(ξ) =

(
ξ2 + α2

1 + α2ξ2

)n
, α =

√
1 + a2 − 1

a
, α ∈ [0, 1), (9)

ãäå ξ = eiu, x = cosu, ââèäó (2), (4) íåòðóäíî ïîëó÷èòü, ÷òî

N2n(x) =
1

2i

(
πn(ξ)− πn(ξ)

)
, ξ = eiu, x = cosu. (10)

Ñ ó÷åòîì ñêàçàííîãî, ââåäåì îáîçíà÷åíèå

ε̂2n(x, α) = f̂(x)− ŝ2n(f, x), x ∈ [−1, 1]. (11)

Èìååò ìåñòî

Tåîðåìà 2. Äëÿ ïðèáëèæåíèé ôóíêöèè f̂(x) ÷àñòè÷íûìè ñóììàìè ðàöèîíàëüíîãî ñîïðÿ-
æåííîãî ðÿäà Ôóðüå � ×åáûøåâà ŝ2n(f, x) ñïðàâåäëèâî èíòåãðàëüíîå ïðåäñòàâëåíèå

ε̂2n(x, α) =
1

π
√
λ(u)

π/2∫
−π/2

f(cos v)
cos[(2n+ 1)ϕ(u, v)]

sin(v − u)

√
λ(v) dv, (12)

ãäå

ϕ(u, v) =

v∫
u

λ(y) dy, λ(y) =
1− α4

1 + 2α2 cos 2y + α4
, x = cosu, α ∈ [0, 1). (13)

Äîêàçàòåëüñòâî. Ñ ó÷åòîì (4), (8) â (11) ïîëó÷èì

ε̂2n(x, α) =
2

π

1∫
0

f(t)
+∞∑

k=n+1

[sin 2n(θ + τ) + sin 2n(θ − τ)] ρ(t, a) dt,
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ãäå, êàê è ïðåæäå, ïîëîæåíû ñîîòâåòñòâóþùèå çàìåíû ìåæäó t è τ, x è θ. Ó÷èòûâàÿ, ÷òî

+∞∑
k=n+1

sin 2kϕ =
cos(2n+ 1)ϕ

2 sinϕ
, ϕ 6= πk, k ∈ Z,

â ïîñëåäíåì ñîîòíîøåíèè ïðèõîäèì ê âûðàæåíèþ

ε̂2n(x, α) =
1

π

1∫
0

f(t)

[
cos(2n+ 1)(θ + τ)

sin(θ + τ)
+

cos(2n+ 1)(θ − τ)

sin(θ − τ)

]
ρ(t, a) dt =

=
2

π

1∫
0

f(t)D̃2n(t, x)ρ(t, a) dt, (14)

ãäå

D̃2n(t, x) =
M2n+2(t)N2n(x)−N2n+2(x)M2n(t)

M2(t)−M2(x)
, n = 1, 2, . . . , (15)

� ÿäðî Äèðèõëå ÷àñòè÷íîé ñóììû (8) ñîïðÿæåííîãî ðÿäà, ãäå N2n(x) îïðåäåëåíà â (4),
M2n(x) � àëãåáðàè÷åñêàÿ êîñèíóñ-äðîáü ×åáûøåâà � Ìàðêîâà ñòåïåíè 2n. Âûïîëíèâ â (14)
çàìåíó t = cos v, ïîëîæèâ ïðè ýòîì x = cosu, è âîñïîëüçîâàâøèñü ñîîòíîøåíèÿìè (9), (10),
ïîëó÷èì

ε̂2n(x, α) =
1

4iπ

1 + a2x2√
1 + a2

π/2∫
0

f(cos v)

cos2 v − cos2 u
×

×
[
(πn+1(ζ) + πn+1(ζ))(πn(ξ)− πn(ξ))− (πn+1(ξ)− πn+1(ξ))(πn(ζ) + πn(ζ))

]
dv,

ãäå ζ = eiv, ξ = eiu, x = cosu. Ñ ó÷åòîì ÷åòíîñòè ïîäèíòåãðàëüíîãî âûðàæåíèÿ ïî ïåðåìåí-
íîé èíòåãðèðîâàíèÿ, ïîñëåäíåå ñîîòíîøåíèå ïðèâîäèòñÿ ê âèäó

ε̂2n(x, α) = − 1

4iπ

(1 + α2ξ2)(ξ2 + α2)

ξ2(1− α4)
×

×
π/2∫
−π/2

f(cos v)

cos2 v − cos2 u
(1− π1(ξ)π1(ζ))

[
πn(ξ)

πn+1(ζ)
+

πn(ζ)

πn+1(ξ)

]
dv.

È, íàêîíåö, âîñïîëüçîâàâøèñü ôîðìóëîé Ýéëåðà, ñâÿçûâàþùåé êîìïëåêñíóþ ýêñïîíåíòó ñ
òðèãîíîìåòðè÷åñêèìè ôóíêöèÿìè, íàõîäèì

ε̂2n(x, α) =
1

iπ

π/2∫
−π/2

f(cos v)

[
ξ2 + α2

ζ2 + α2

πn(ξ)

πn(ζ)
+

1 + α2ξ2

1 + α2ζ2
πn(ζ)

πn(ξ)

]
ζ2 dv

ζ2 − ξ2
, (16)

ãäå ζ = eiv, ξ = eiu. Òåïåðü, ÷òîáû èç (16) ïðèéòè ê (12) çàìåòèì, ÷òî èç ([22], ñ. 121) ñëåäóåò

exp[inϕ(u, v)] =

√
πn(ζ)

πn(ξ)
.

�
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3. Ïðèáëèæåíèÿ ôóíêöèè, ñîïðÿæåííîé ê |x|s, s ∈ (1, 2), íà îòðåçêå [−1, 1]

Ïðèìåíèì òåîðåìó 2 äëÿ èññëåäîâàíèÿ àïïðîêñèìàòèâíûõ ñâîéñòâ ÷àñòè÷íûõ ñóìì ñî-
ïðÿæåííîãî ðÿäà â ïðèáëèæåíèÿõ èíäèâèäóàëüíûõ ñîïðÿæåííûõ ôóíêöèé.
Ïóñòü íà îòðåçêå [−1, 1] çàäàíà ôóíêöèÿ |x|s. Èç òåîðåìû 1 ñëåäóåò, ÷òî ïðè x ∈ [−1, 1]

ôóíêöèÿ, ñîïðÿæåííàÿ ê |x|s, s > 1, çàäàåòñÿ ñîîòíîøåíèåì

f̂|x|s = − 2

π
x
√

1− x2
1∫

0

ts

t2 − x2
dt√

1− t2
, s > 1,

ãäå èíòåãðàë ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè. Îòñþäà åñòåñòâåííûì â
îöåíêàõ ÿâëÿåòñÿ íàëè÷èå ìíîæèòåëÿ −(2/π)x

√
1− x2.

Çàìå÷àíèå 2. Êàê èçâåñòíî ([23], Ò. 5, ñ. 74) ñîïðÿæåííîé ê ôóíêöèè îäíîãî ïåðåìåííîãî
fs(x) = (1/s)|x|s, 1 < s <∞, áóäåò ôóíêöèÿ fp(y) = (1/p)|y|p, 1/s+ 1/p = 1. Îòñþäà òàêæå
çàêëþ÷àåì, ÷òî â íàøåì ñëó÷àå s > 1.

Ââåäåì îáîçíà÷åíèå

ε̂2n(|x|s, x, α) = f̂|x|s − ŝ2n(|x|s, x), x ∈ [−1, 1].

Ñïðàâåäëèâà

Tåîðåìà 3. Ïðè 1 < s < 2 äëÿ âåëè÷èíû ε̂2n(|x|s, x, α), x ∈ [−1, 1], èìååò ìåñòî ïðåä-

ñòàâëåíèå

ε̂2n(|x|s, x, α) =
(−1)n+1

2s−2π
sin

πs

2

1∫
0

(1− t2)st1−s

1− α2t2

√
1 + 2α2 cos 2u+ α4

1 + 2t2 cos 2u+ t4
χn(t) sinψn(x, t, α) dt,

(17)

ãäå

ψn(x, t, α) = arg
(1 + α2ξ2)πn(ξ)

t2 + ξ2
, χn(t) =

(
t2 − α2

1− α2t2

)n
, x = cosu, n = 1, 2, . . . . (18)

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ôîðìóëîé (16). Áóäåì ïîëàãàòü, ÷òî x ∈ (0, 1). Ó÷èòûâàÿ,
÷òî

1

iπ

π/2∫
−π/2

[
ξ2 + α2

ζ2 + α2

πn(ξ)

πn(ζ)
+

1 + α2ξ2

1 + α2ζ2
πn(ζ)

πn(ξ)

]
ζ2 dv

ζ2 − ξ2
= 0,

íàõîäèì

ε̂2n(|x|s, x, α) =
1

iπ

π/2∫
−π/2

(coss u− coss v)

[
ξ2 + α2

ζ2 + α2

πn(ξ)

πn(ζ)
+

1 + α2ξ2

1 + α2ζ2
πn(ζ)

πn(ξ)

]
ζ2 dv

ζ2 − ξ2
.

Âûïîëíèâ çàìåíó ïåðåìåííîãî ïî ôîðìóëå ζ = eiv, ïîëîæèâ ïðè ýòîì ξ = eiu, èìååì

ε̂2n(|x|s, x, α) =
1

π2sξs

∫
C

(ξ2 + 1)sζs − (ζ2 + 1)sξs

ζ2 − ξ2
ζ1−s

[
1 + α2ξ2

1 + α2ζ2
πn(ζ)

πn(ξ)
+
ξ2 + α2

ζ2 + α2

πn(ξ)

πn(ζ)

]
dζ,

ãäå C =
{
ζ : ζ = eiv, −π/2 ≤ v ≤ π/2

}
. Äðóãèìè ñëîâàìè, C � ïðàâàÿ ïîëóîêðóæíîñòü

åäèíè÷íîé îêðóæíîñòè, îáõîäèìàÿ â ïîëîæèòåëüíîì íàïðàâëåíèè. Îòìåòèì òàêæå, ÷òî
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ïîäèíòåãðàëüíàÿ ôóíêöèÿ èìååò òî÷êó âåòâëåíèÿ ζ = 0. Èíòåãðàë ñïðàâà ðàçîáüåì íà äâà
èíòåãðàëà:

ε̂2n(|x|s, x, α) =
1

π2sξs

[
(1 + α2ξ2)πn(ξ)I1(u, n) + (ξ2 + α2)πn(ξ)I2(u, n)

]
, (19)

ãäå

I1(u, n) =

∫
C

(ξ2 + 1)sζs − (ζ2 + 1)sξs

ζ2 − ξ2
ζ1−sπn(ζ)

dζ

1 + α2ζ2
,

I2(u, n) =

∫
C

(ξ2 + 1)sζs − (ζ2 + 1)sξs

ζ2 − ξ2
ζ1−sπn(ζ)

dζ

ζ2 + α2
.

Îòìåòèì, ÷òî äëÿ èíòåãðàëîâ I1(u, n) è I2(u, n) òî÷êà ζ = ξ ÿâëÿåòñÿ íóëåì êàê ÷èñëèòåëÿ,
òàê è çíàìåíàòåëÿ ïîäèíòåãðàëüíûõ âûðàæåíèé, ñëåäîâàòåëüíî, íå áóäåò îñîáîé. ×òîáû
èçáåæàòü íåîïðåäåëåííîñòè ïîëîæèì ξ = ρeiu, ρ < 1. Äðóãèìè ñëîâàìè, ïîìåñòèì òî÷êó ξ
âíóòðü åäèíè÷íîãî êðóãà. Î÷åâèäíî, ÷òîáû âïîñëåäñòâèè ïðèéòè ê îêîí÷àòåëüíîìó ðåçóëü-
òàòó ñëåäóåò ρ→ 1.
Áóäåì èññëåäîâàòü êàæäûé èç èíòåãðàëîâ â îòäåëüíîñòè. Ðàññìîòðèì èíòåãðàë I1(u, n).

Ó÷èòûâàÿ óñëîâèÿ íà ïàðàìåòð s, åãî ïîäèíòåãðàëüíàÿ ôóíêöèÿ

ϕ1(ζ, ξ) =
(ξ2 + 1)sζs − (ζ2 + 1)sξs

(1 + α2ζ2)(ζ2 − ξ2)
ζ1−sπn(ζ)

ÿâëÿåòñÿ àíàëèòè÷åñêîé â îáëàñòè D = {ζ : |ζ| < 1,Reζ > 0} . Ïðèìåíÿÿ èíòåãðàëüíóþ òåî-
ðåìó Êîøè ê êîíòóðó, ñîñòîÿùåìó èç C, Cδ =

{
ζ : ζ = δeiϕ,−π/2 ≤ ϕ ≤ π/2

}
� ïîëóîêðóæ-

íîñòè äîñòàòî÷íî ìàëîãî ðàäèóñà δ, îãèáàþùåé òî÷êó ζ = 0 ïî ÷àñîâîé ñòðåëêå è îòðåçêà
ìíèìîé îñè îò òî÷êè i äî −i ñ èçúÿòûì äèàìåòðîì ïîëóîêðóæíîñòè Cδ, íàõîäèì

I1(u, n) +

 iδ∫
i

+

∫
Cδ

+

−i∫
−iδ

ϕ1(ζ, ξ) dζ = 0,

ãäå ïåðâûé è òðåòèé èíòåãðàëû â ñêîáêàõ áåðóòñÿ ïî ñîîòâåòñòâóþùèì îòðåçêàì ìíèìîé
îñè.
Èññëåäóåì èíòåãðàë ïî ïîëóîêðóæíîñòè Cδ. Âûïîëíèâ çàìåíó ζ = δeiϕ, ïîëó÷èì∫

Cδ

ϕ1(ζ, ξ)dζ =

−π/2∫
π/2

(ξ2 + 1)
s
(δeiϕ)

s −
(

(δeiϕ)
2

+ 1
)s
ξs

((δeiϕ)2 − ξ2)(1 + α2(δeiϕ)2)
(δeiϕ)

1−s
πn(δeiϕ)iδeiϕdϕ.

Ïåðåõîäÿ â ïîñëåäíåì ñîîòíîøåíèè ê ïðåäåëó ïðè δ → 0, áóäåì èìåòü∫
Cδ

ϕ1(ζ, ξ)dζ ∼ −
2iα2n

2− s

(
δ

ξ

)2−s
sin

πs

2
, δ → 0.

Ïîñëåäíåå îçíà÷àåò, ÷òî ïðè 1 < s < 2 èíòåãðàë ïî ïîëóîêðóæíîñòè Cδ ïðè ñòÿãèâàíèè
ðàäèóñà δ â òî÷êó ñòðåìèòñÿ ê íóëþ. Òàêèì îáðàçîì, ïðè 1 < s < 2 è δ → 0 íàõîäèì

I1(u, n) =

 0∫
−i

+

i∫
0

 (ξ2 + 1)sζs − (ζ2 + 1)sξs

(1 + α2ζ2)(ζ2 − ξ2)
ζ1−sπn(ζ) dζ.
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Â èíòåãðàëàõ ñïðàâà ïîëîæèì ζ = it. Òîãäà

I1(u, n) = (−1)n+1i2−s

 0∫
−1

+

1∫
0

 (ξ2 + 1)sists − (1− t2)sξs

(1− α2t2)(t2 + ξ2)
t1−sχn(t) dt,

ãäå χn(t) îïðåäåëåíà â ôîðìóëèðîâêå òåîðåìû.
Âûïîëíèâ â ïåðâîì èíòåãðàëå ñïðàâà çàìåíó t ∼ −t è ïðîèçâåäÿ íåîáõîäèìûå ïðåîáðà-

çîâàíèÿ, îêîí÷àòåëüíî ïîëó÷èì

I1(u, n) = (−1)n2iξs cos
π(1− s)

2

1∫
0

(1− t2)st1−s

(1− α2t2)(t2 + ξ2)
χn(t) dt. (20)

Ðàññìîòðèì òåïåðü èíòåãðàë I2(u, n). Åãî ïîäèíòåãðàëüíàÿ ôóíêöèÿ

ϕ2(ζ, ξ) =
(ξ2 + 1)sζs − (ζ2 + 1)sξs

(ζ2 + α2)(ζ2 − ξ2)
ζ1−sπn(ζ)

â óñëîâèÿõ íà ïàðàìåòð s ÿâëÿåòñÿ àíàëèòè÷åñêîé â îáëàñòè D = {ζ : |ζ| > 1,Reζ > 0} , à
íà áåñêîíå÷íîñòè èìååò íóëü ïîðÿäêà âûøå åäèíèöû. Ïðèìåíÿÿ ðàññóæäåíèÿ, àíàëîãè÷íûå
èññëåäóåìîìó âûøå ñëó÷àþ, íàõîäèì i∫

+i∞

+

−i∞∫
−i

ϕ2(ζ, ξ) dζ − I2(u, n) = 0,

ãäå ïåðâûé è òðåòèé èíòåãðàëû âçÿòû âäîëü ñîîòâåòñòâóþùèõ ëó÷åé ìíèìîé îñè. Ñëåäî-
âàòåëüíî,

I2(u, n) =

 i∫
+i∞

+

−i∞∫
−i

 (ξ2 + 1)sζs − (ζ2 + 1)sξs

(ζ2 + α2)(ζ2 − ξ2)
ζ1−sπn(ζ) dζ.

Â èíòåãðàëàõ ñïðàâà âûïîëíèì çàìåíó ζ ∼ ζ−1. Òîãäà

I2(u, n) =

 0∫
−i

+

i∫
0

 (ξ2 + 1)sζs − (ζ2 + 1)sξs

(1 + α2ζ2)(1− ξ2ζ2)
ζ1−sπn(ζ) dζ.

Âûïîëíèâ â ïåðâîì èíòåãðàëå åùå îäíó çàìåíó ζ ∼ −ζ, à çàòåì ïîëîæèâ ζ = it, ïîëó÷èì

I2(u, n) = (−1)n+12iξs cos
π(1− s)

2

1∫
0

(1− t2)st1−s

(1− α2t2)(1 + t2ξ2)
χn(t) dt. (21)

Èç (20), (21) â (19) ïðèõîäèì ê ñîîòíîøåíèþ

ε̂2n(|x|s, x, α) =
(−1)ni

2s−1π
sin

πs

2

1∫
0

(1− t2)st1−s

1− α2t2

[
1 + ξ2α2

ξ2 + t2
πn(ξ)− ξ2 + α2

1 + t2ξ2
πn(ξ)

]
χn(t) dt. (22)

Çàìåòèì òåïåðü, ÷òî âûðàæåíèÿ, ñòîÿùèå â êâàäðàòíûõ ñêîáêàõ ÿâëÿþòñÿ âçàèìíî êîì-
ïëåêñíî ñîïðÿæåííûìè, à çíà÷èò, èõ ðàçíîñòü ÿâëÿåòñÿ ìíèìîé ÷àñòüþ ñîîòâåòñòâóþùåãî
ñëàãàåìîãî. Íàïðèìåð,

1 + ξ2α2

t2 + ξ2
πn(ξ) =

√
1 + 2α2 cos 2u+ α4

1 + 2t2 cos 2u+ t4
exp

[
i

(
arg

1 + ξ2α2

t2 + ξ2
− n arg

ξ2 + α2

1 + α2ξ2

)]
.
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Îòñþäà èç (22) ïðèõîäèì ê (17). Äëÿ èññëåäîâàíèÿ âûðàæåíèÿ (16) ìû ïîëàãàëè, ÷òî
x ∈ (0, 1). Èç ñâîéñòâ ÷åòíîñòè ôóíêöèè |x|s è âûðàæåíèÿ ε̂2n(x, α) ñëåäóåò, ÷òî ïðåäñòàâ-
ëåíèå (17) ñïðàâåäëèâî òàêæå è ïðè x ∈ (−1, 0). Ñïðàâåäëèâîñòü âûðàæåíèÿ (17) â òî÷êå
x = 0, à òàêæå íà êîíöàõ îòðåçêà î÷åâèäíà. �

4. Îöåíêè ïðèáëèæåíèé ôóíêöèè, ñîïðÿæåííîé ê |x|s, 1 < s < 2

Ïîòî÷å÷íóþ îöåíêó ïðèáëèæåíèé ôóíêöèè, ñîïðÿæåííîé ê |x|s, 1 < s < 2, à òàêæå â
íåêîòîðîì ñìûñëå ðàâíîìåðíóþ ïî x, x ∈ [−1, 1], îïèñûâàåò

Tåîðåìà 4. Ïðè 1 < s < 2 äëÿ âåëè÷èíû ε̂2n(|x|s, x, α), x ∈ [−1, 1], ñïðàâåäëèâû îöåíêè

|ε̂2n(|x|s, x, α)| ≤ |x|
√

1− x2
2s−3π

sin
πs

2

1∫
0

(1− t2)st1−s

(1− α2t2)
√

1 + 2t2 cos 2u+ t4
×

×
[

1− α2t2√
1 + 2t2 cos 2u+ t4

+
n(1− α4)√

1 + 2α2 cos 2u+ α4

]
|χn(t)| dt, (23)

|ε̂2n(|x|s, x, α)| ≤ ε̂2n(|x|s, α), (24)

ãäå

ε̂2n(|x|s, α) =
|x|
√

1− x2
2s−3π

sin
πs

2
[I3(n, s, α) + I4(n, s, α)] , (25)

I3(n, s, α) =

1∫
0

(1− t2)s−2t1−s|χn(t)| dt,

I4(n, s, α) = (1 + α2)n

1∫
0

(1− t2)s−1t1−s

1− α2t2
|χn(t)| dt,

χn(t) èç (18). Îöåíêè (23) è (24) òî÷íû, ðàâåíñòâî äîñòèãàåòñÿ ïðè x = 0, à òàêæå íà

êîíöàõ îòðåçêà.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðåäñòàâëåíèå (17). Î÷åâèäíî,

|ε̂2n(|x|s, x, α)| ≤ 1

2s−2π
sin

πs

2

1∫
0

(1− t2)st1−s

1− α2t2

√
1 + 2α2 cos 2u+ α4

1 + 2t2 cos 2u+ t4
| sinψn(x, t, α)||χn(t)| dt,

(26)
ãäå ψn(x, t, α) èç (18). Îöåíèì âåëè÷èíó | sinψn(x, t, α)| :∣∣∣∣sin(arg

1 + α2ξ2

t2 + ξ2
− narg

ξ2 + α2

1 + α2ξ2

)∣∣∣∣ =

=

∣∣∣∣sin arg
1 + α2ξ2

t2 + ξ2
cosnarg

ξ2 + α2

1 + α2ξ2
− cos arg

1 + α2ξ2

t2 + ξ2
sinnarg

ξ2 + α2

1 + α2ξ2

∣∣∣∣ .
Ïðèìåíÿÿ ê ïîñëåäíåìó ñîîòíîøåíèþ õîðîøî èçâåñòíûå ôîðìóëû

cos arg z =
1

2|z|
(z + z), sin arg z =

1

2i|z|
(z − z),
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à òàêæå èçâåñòíîå íåðàâåíñòâî | sinnt| ≤ n| sin t|, íåòðóäíî ïîëó÷èòü, ÷òî

| sinψn(x, t, α)| ≤ | sin 2u|√
1 + 2α2 cos 2u+ α4

(
1− α2t2√

1 + 2t2 cos 2u+ t4
+

n(1− α4)√
1 + 2α2 cos 2u+ α4

)
.

Ïîäñòàâèâ íàéäåííóþ îöåíêó â (26), äîêàæåì ïåðâîå óòâåðæäåíèå òåîðåìû 4.
Äëÿ äîêàçàòåëüñòâà âòîðîãî óòâåðæäåíèÿ äîñòàòî÷íî çàìåòèòü, ÷òî ïîäèíòåãðàëüíîå âû-

ðàæåíèå â (23) äîñòèãàåò ñâîåãî ìàêñèìàëüíîãî çíà÷åíèÿ ïðè u = π/2, ÷òî ñîîòâåòñòâóåò
çíà÷åíèþ x = 0, îòêóäà íåìåäëåííî ñëåäóåò îöåíêà (24).
Òî÷íîñòü îöåíîê (23) è (24) ïðè x = 0, à òàêæå íà êîíöàõ îòðåçêà ïðîâåðÿåòñÿ íåïîñðåä-

ñòâåííî, åñëè ó÷åñòü, ÷òî ïðèáëèæåíèÿ ε̂2n(|x|s, x, α) â ýòèõ òî÷êàõ îáðàùàþòñÿ â íóëü. �

Çàìå÷àíèå 3. Îãðàíè÷åíèÿ íà ïàðàìåòð s, 1 < s < 2, ñëåäóþò èç óñëîâèé ñóùåñòâîâàíèÿ
èíòåãðàëîâ, íàõîäÿùèõñÿ â ïðàâîé ÷àñòè îöåíêè (25). Äåéñòâèòåëüíî, ïðè 1 < s < 2 èíòå-
ãðàëû I3(n, s, α) è I4(n, s, α) ñóùåñòâóþò, õîòü êàê è íåñîáñòâåííûå. Ïðè s ≥ 2 óêàçàííûå
èíòåãðàëû ðàñõîäÿòñÿ.

Ðàññìîòðèì òåïåðü ïîëèíîìèàëüíûé ñëó÷àé. Â ñîîòíîøåíèè (17) ïîëîæèì α = 0 è îáî-
çíà÷èì ÷åðåç ε̂2n(|x|s, x, 0) = ε̂2n(|x|s, x) ïðèáëèæåíèÿ ôóíêöèè, ñîïðÿæåííîé ê |x|s íà îò-
ðåçêå [−1, 1] ÷àñòè÷íûìè ñóììàìè ñîïðÿæåííîãî ðÿäà Ôóðüå ïî ñèñòåìå ìíîãî÷ëåíîâ ×å-
áûøåâà ïåðâîãî ðîäà. Òîãäà èç òåîðåìû 3 íàõîäèì

ε̂2n(|x|s, x) =
(−1)n

2s−2π
sin

πs

2

1∫
0

(1− t2)st2n+1−s
√

1 + 2t2 cos 2u+ t4
sin
(
arg(t2 + ξ2) + 2nu

)
dt, x = cosu,

� èíòåãðàëüíîå ïðåäñòàâëåíèå ïðèáëèæåíèé. Èíòåãðàë ñïðàâà, î÷åâèäíî, ñóùåñòâóåò äëÿ
ëþáîãî s > 1 ïðè âûïîëíåíèè óñëîâèÿ n + 1 > s/2. Äðóãèìè ñëîâàìè, â ïîëèíîìèàëü-
íîì ñëó÷àå, îãðàíè÷åíèÿ íà ïàðàìåòð s, 1 < s < 2, ìîãóò áûòü ñíÿòû â ïðåäïîëîæåíèè
äîñòàòî÷íî áîëüøîãî çíà÷åíèèÿ n.

Ñëåäñòâèå 1 (ïîëèíîìèàëüíûé ñëó÷àé). Ïðè s > 1 äëÿ ïðèáëèæåíèé ε̂2n(|x|s, x) ñïðàâåä-
ëèâû îöåíêè

|ε̂2n(|x|s, x)| ≤ |x|
√

1− x2
2s−3π

∣∣∣sin πs
2

∣∣∣ 1∫
0

(1− t2)st2n+1−s
[
1 + n

√
1 + 2t2 cos 2u+ t4

]
1 + 2t2 cos 2u+ t4

dt, (27)

|ε̂2n(|x|s, x)| ≤ |x|
√

1− x2
2s−3π

∣∣∣sin πs
2

∣∣∣ [I1(n, s) + I2(n, s)] , n+ 1 >
s

2
, (28)

ãäå

I1(n, s) =

1∫
0

(1− t2)s−2t2n+1−s dt, I2(n, s) = n

1∫
0

(1− t2)s−1t2n+1−s dt.

Îöåíêè (27), (28) òî÷íû. Ðàâåíñòâî äîñòèãàåòñÿ ïðè x = 0, à òàêæå íà êîíöàõ îòðåçêà.

Äîêàçàòåëüñòâî. Äëÿ ïîëó÷åíèÿ îöåíîê (27), (28) è äîêàçàòåëüñòâà èõ òî÷íîñòè äîñòàòî÷-
íî ïîâòîðèòü ðàññóæäåíèÿ, èñïîëüçóåìûå â òåîðåìå 4 ïðè α = 0. �
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5. Àñèìïòîòèêà ìàæîðàíòû ðàâíîìåðíûõ ïðèáëèæåíèé

Èññëåäóåì àñèìïòîòè÷åñêîå ïîâåäåíèå âåëè÷èíû (25) ïðè n → ∞. Ñ ýòîé öåëüþ â èí-
òåãðàëàõ I3(n, s, α), I4(n, s, α) âûïîëíèì çàìåíó ïåðåìåííîãî èíòåãðèðîâàíèÿ ïî ôîðìóëå

t2 = (1− u)/(1 + u), dt = −du/((1 + u)
√

1− u2). Òîãäà

I3(n, s, α) = 2s−2
1∫

0

us−2

(1− u2)s/2

∣∣∣∣β − uβ + u

∣∣∣∣n du,
I4(n, s, α) = n2s−1

1∫
0

us−1

(1− u2)s/2

∣∣∣∣u− ββ + u

∣∣∣∣n du

β + u
, β =

1− α2

1 + α2
.

Ñïðàâåäëèâà

Tåîðåìà 5. Ïðè 1 < s < 2 è n → ∞ äëÿ âåëè÷èíû ε̂2n(|x|s, α) èìååò ìåñòî àñèìïòîòè-

÷åñêîå ðàâåíñòâî

ε̂2n(|x|s, α) ∼ 2

π
|x|
√

1− x2 sin
πs

2

[
sΓ(s− 1)

(
β

2n

)s−1
+
C(s, β)(βn)s/2

β

(
1− β
1 + β

)n]
, (29)

ãäå

C(s, β) = Γ
(

1− s

2

) (1− β2)1−s/2

1 + β
, 1 < s < 2,

� íåêîòîðàÿ êîíñòàíòà, çàâèñÿùàÿ îò s, β è íå çàâèñÿùàÿ îò n, Γ(s) � ãàììà-ôóíêöèÿ

Ýéëåðà.

Äîêàçàòåëüñòâî. Èçó÷èì àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè n → ∞ êàæäîãî èç èíòåãðàëîâ
èç ïðàâîé ÷àñòè (25) ïî îòäåëüíîñòè. Ñ ýòîé öåëüþ âîñïîëüçóåìñÿ ìåòîäîì Ëàïëàñà [24] �
[26]. Äîêàçàòåëüñòâó òåîðåìû ïðåäïîøëåì äâå ëåììû. Òàê äëÿ èíòåãðàëà I3(n, s, α) èìååò
ìåñòî

Ëåììà 1. Ïðè n→∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

I3(n, s, α) ∼ 2s−2

[(
β

2n

)s−1
Γ(s− 1) +

1

2
Γ
(

1− s

2

)(1− β2

βn

)1−s/2(
1− β
1 + β

)n]
. (30)

Äîêàçàòåëüñòâî. Èíòåãðàë I3(n, s, α) ðàçîáüåì íà äâà èíòåãðàëà ïî ïðîìåæóòêàì [0, β] è
[β, 1] :

I5(n, s, α) =

β∫
0

us−2

(1− u2)s/2

(
β − u
β + u

)n
du,

I6(n, s, α) =

1∫
β

us−2

(1− u2)s/2

(
u− β
β + u

)n
du.

Ïåðåïèøåì èíòåãðàë I5(n, s, α) â âèäå

I5(n, s, α) =

β∫
0

us−2

(1− u2)s/2
eS(u) du, S(u) = ln

β − u
β + u

.
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Ôóíêöèÿ S(u) ìîíîòîííî óáûâàåò ïðè 0 < u < β, ïîñêîëüêó S
′
(u) < 0 è, çíà÷èò, äîñòèãàåò

ñâîåãî ìàêñèìàëüíîãî çíà÷åíèÿ ïðè u = 0. Èñïîëüçóÿ ðàçëîæåíèÿ S(u) = −2u/β + o(u) è

us−2

(1− u2)s/2
∼ us−2,

ñïðàâåäëèâûå ïðè u→ 0, ïðè ïðîèçâîëüíî ìàëîì ε > 0 è n→∞ íàõîäèì

I5(n, s, α) ∼
ε∫

0

us−2e−2un/β du, n→∞.

Â ïîñëåäíåì èíòåãðàëå âûïîëíèì çàìåíó ïåðåìåííîãî ïî ôîðìóëå 2un/β ∼ u :

I5(n, s, α) ∼
(
β

2n

)s−1 2nε/β∫
0

us−2e−u du, n→∞.

Ïåðåõîäÿ òåïåðü â èíòåãðàëå ê ïðåäåëó ïðè n→∞, è ó÷èòûâàÿ ïðè ýòîì, ÷òî

Γ(s− 1) =

+∞∫
0

us−2e−u du, s > 1,

ïðèõîäèì ê àñèìïòîòè÷åñêîìó ðàâåíñòâó

I5(n, s, α) ∼
(
β

2n

)s−1
Γ(s− 1), n→∞. (31)

Çàéìåìñÿ èíòåãðàëîì I6(n, s, α). Âûïîëíèâ çàìåíó ïåðåìåííîãî ïî ôîðìóëå u = cos θ, ïî-
ëó÷èì

I6(n, s, α) =

arccosβ∫
0

coss−2 θ sin1−s θ exp[nS(θ)] dθ, S(θ) = ln
cos θ − β
cos θ + β

.

Ôóíêöèÿ S(θ) óáûâàåò íà ïðîìåæóòêå 0 < u < arccosβ, ïîñêîëüêó S
′
(θ) < 0, à çíà÷èò,

äîñòèãàåò ìàêñèìàëüíîãî çíà÷åíèÿ ïðè θ = 0. Ó÷èòûâàÿ ðàçëîæåíèÿ

S(θ) = ln
1− β
1 + β

− β

1− β2
θ2 + o(θ2), θ → 0,

à òàêæå coss−2 θ sin1−s θ ∼ θ1−s, ñïðàâåäëèâûå ïðè θ → 0, ïðè ïðîèçâîëüíî ìàëîì ε > 0 è
n→∞ íàõîäèì

I6(n, s, α) ∼
(

1− β
1 + β

)n ε∫
0

θ1−s exp

(
− βnθ2

1− β2

)
dθ, n→∞.

Â ïîñëåäíåì èíòåãðàëå âûïîëíèì çàìåíó ïåðåìåííîãî βnθ2/(1− β2) ∼ θ2 :

I6(n, s, α) ∼
(

1− β
1 + β

)n(1− β2

βn

)1−s/2 ϕ(n,ε)∫
0

θ1−se−θ
2
dθ, n→∞,
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ãäå ϕ(n, ε) =
√
nβ/(1− β2)ε→ +∞ ïðè n→∞. Ó÷èòûâàÿ, ÷òî

+∞∫
0

θ1−se−θ
2
dθ = −s

4
Γ
(
−s

2

)
=

1

2
Γ
(

1− s

2

)
,

èç ïîñëåäíåãî àñèìïòîòè÷åñêîãî ðàâåíñòâà íàõîäèì

I6(n, s, α) ∼ 1

2
Γ
(

1− s

2

)(1− β2

βn

)1−s/2(
1− β
1 + β

)n
, n→∞. (32)

Îáúåäèíÿÿ (31), (32), ïîëó÷èì ñîîòíîøåíèå (30). �

Äëÿ èíòåãðàëà I4(n, s, α) èìååò ìåñòî

Ëåììà 2. Ïðè n→∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

I4(n, s, α) ∼ n2s−1

[
1

β

(
β

2n

)s
Γ(s) +

1

2(1 + β)
Γ
(

1− s

2

)(1− β2

βn

)1−s/2(
1− β
1 + β

)n]
. (33)

Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó àñèìïòîòè÷åñêîãî ðàâåíñòâà (30)
â ëåììå 1. �

Îáúåäèíÿÿ (30) è (33), ïîëó÷èì

ε̂2n(|x|s, α) ∼ 2

π
|x|
√

1− x2 sin
πs

2
×

×

([(
β

2n

)s−1
Γ(s− 1) +

1

2

(
1− β2

βn

)1−s/2
Γ
(

1− s

2

)(1− β
1 + β

)n]
+

+ 2n

[
1

β

(
β

2n

)s
Γ(s) +

1

2(1 + β)

(
1− β2

βn

)1−s/2
Γ
(

1− s

2

)(1− β
1 + β

)n])
.

Ïðèìåíÿÿ ê ïîñëåäíåìó ñîîòíîøåíèþ èçâåñòíîå òîæäåñòâî Γ(s) = (s − 1)Γ(s − 1), s > 1,
ïðèäåì ê (29). �

Ñëåäñòâèå 2 (ïîëèíîìèàëüíûé ñëó÷àé). Ïðè s > 1 è n→∞ äëÿ ïðèáëèæåíèé ôóíêöèè,
ñîïðÿæåííîé ê |x|s íà îòðåçêå [−1, 1] ÷àñòè÷íûìè ñóììàìè ïîëèíîìèàëüíîãî ñîïðÿæåííîãî
ðÿäà Ôóðüå � ×åáûøåâà, ñïðàâåäëèâà îöåíêà

|ε̂2n(|x|s, x)| ≤ 2

π
|x|
√

1− x2
∣∣∣sin πs

2

∣∣∣ sΓ(s− 1)

(2n)s−1
, x = cosu, s > 1, n→∞, (34)

ãäå Γ(s− 1) � ãàììà-ôóíêöèÿ Ýéëåðà.

Äîêàçàòåëüñòâî ñëåäóåò íåïîñðåäñòâåííî èç îöåíêè (29) ïðè β = 1, ÷òî ñîîòâåòñòâóåò
çíà÷åíèþ α = 0, ñ ó÷åòîì âûïîëíåíèÿ óñëîâèÿ n+ 1 > s/2, îòìå÷åííîãî â ñëåäñòâèè 1. �

6. Ïîðÿäêîâàÿ îöåíêà óêëîíåíèé

Â ïðåäûäóùåì ðàçäåëå áûëî íàéäåíî àñèìïòîòè÷åñêîå âûðàæåíèå äëÿ ìàæîðàíòû óêëî-
íåíèé ÷àñòè÷íûõ ñóìì ñîïðÿæåííîãî ðÿäà îò ôóíêöèè, ñîïðÿæåííîé ê |x|s, 1 < s < 2,
x ∈ [−1, 1]. Ïðåäñòàâëÿåò èíòåðåñ ìèíèìèçèðîâàòü ïðàâóþ ÷àñòü ñîîòíîøåíèÿ (29) ïîñðåä-
ñòâîì âûáîðà îïòèìàëüíîãî äëÿ ýòîé çàäà÷è ïàðàìåòðà β = β∗, äðóãèìè ñëîâàìè, èñêàòü
îöåíêó íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ ôóíêöèè, ñîïðÿæåííîé ê |x|s, 1 < s < 2.
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Ïîëîæèì
ε̂2n(|x|s) = inf

0≤α<1
ε̂2n(|x|s, α).

Äëÿ ðåàëèçàöèè ïîñòàâëåííîé çàäà÷è âîñïîëüçóåìñÿ ìåòîäîì, ïðåäëîæåííûì â [27].

Tåîðåìà 6. Ñïðàâåäëèâî ñîîòíîøåíèå

ε̂2n(|x|s) ∼ 2

π
|x|
√

1− x2 sin
πs

2
sΓ(s− 1)

(
s− 1

2

)s−1( lnn

n2

)s−1
, n→∞. (35)

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî ïîêàæåì, ÷òî ïðè çàäàííîì 1 < s < 2 ñóùåñòâóåò òàêîå
çíà÷åíèå α, ÷òî äëÿ ïðèáëèæåíèé ε̂2n(|x|s, α) ôóíêöèè, ñîïðÿæåííîé ê |x|s íà îòðåçêå [−1, 1]
÷àñòè÷íûìè ñóììàìè ñîïðÿæåííîãî ðÿäà (8), àñèìïòîòèêà â ñîîòíîøåíèè (35) äîñòèæèìà.
Äëÿ ýòîãî ïðè èçâåñòíîì s, 1 < s < 2, ïîëîæèì

β∗ =
(s− 1/2) lnn

n
, n = 1, 2, . . . . (36)

Ïðè β = β∗ è n→∞ â (29) íàõîäèì

C(s, β∗)→ Γ
(

1− s

2

)
, n→∞.

Òîãäà ïðè n→∞

ε̂2n(|x|s, α∗) =
2

π
|x|
√

1− x2 sin
πs

2
sΓ(s− 1)

(
s− 1

2

)s−1( lnn

n2

)s−1
+ o

((
lnn

n2

)s−1)
,

ãäå α∗ =
√

(1− β∗)/(1 + β∗).
Ïîêàæåì, ÷òî íàéäåííîå çíà÷åíèå β∗ äåéñòâèòåëüíî äîñòàâëÿåò èíôèíèìóì ôóíêöèè

ε̂2n(|x|s, α) ïðè n→∞. Çàôèêñèðóåì δ > 0. Ñ îäíîé ñòîðîíû, ïðè

β+ =
(1 + δ)(s− 1/2) lnn

n
è äîñòàòî÷íî áîëüøèõ n èìååì

ε̂2n(|x|s, α+) = (1 + δ)
2

π
|x|
√

1− x2 sin
πs

2
sΓ(s− 1)

(
s− 1

2

)s−1( lnn

n2

)s−1
+

+O

(
1

n2(s−1)+δ(2s−1) ln1−s/2 n

)
> ε̂2n(|x|s, α∗). (37)

Ñ äðóãîé ñòîðîíû, ïðè

β− =
(1− δ)(s− 1/2) lnn

n
îöåíèì âòîðîå ñëàãàåìîå â ñîîòíîøåíèè äëÿ ε̂2n(|x|s, α). Ïîëó÷èì

C(s)

((1− δ)(s− 1/2) lnn)1−s/2n2(s−1)−δ(2s−1)
≥ nδ(2s−1) C(s)

((s− 1/2) lnn)1−s/2n2(s−1)

ïðè äîñòàòî÷íî áîëüøîì n. Îäíàêî,

lim
n→∞

ε̂2n(|x|s, α∗)

nδ(2s−1)
C(s)

((s− 1/2) lnn)1−s/2n2(s−1)

=

=
2

π
|x|
√

1− x2 sin
πs

2

[
C1(s) lim

n→∞

lns/2 n

nδ(2s−1)
+ C2(s) lim

n→∞

1

nδ(2s−1)

]
= 0,
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ãäå C1(s), C2(s) � íåêîòîðûå âåëè÷èíû, çàâèñÿùèå îò s ïðè n → ∞. Íà ýòîì îñíîâàíèè
çàêëþ÷àåì

ε̂2n(|x|s, α∗) = o

(
nδ(2s−1)

C(s)

((s− 1/2) lnn)1−s/2n2(s−1)

)
, n→∞.

Ýòî, â ñâîþ î÷åðåäü, îçíà÷àåò, ÷òî ïðè äîñòàòî÷íî áîëüøèõ n

ε̂2n(|x|s, α−) > ε̂2n(|x|s, α∗). (38)

Òàêèì îáðàçîì, âòîðîå ñëàãàåìîå â ε̂2n(|x|s, α−) äîñòàòî÷íî âåëèêî ïðè n → ∞. Èç íåðà-
âåíñòâ (37), (38) èìååì

inf
0≤α<1

ε̂2n(|x|s, α) = ε̂2n(|x|s, α∗) =

=
2

π
|x|
√

1− x2 sin
πs

2
sΓ(s− 1)

(
s− 1

2

)s−1( lnn

n2

)s−1
, n→∞,

îòêóäà ñëåäóåò (35). �

Èç òåîðåìû 6 ñëåäóåò, ÷òî äëÿ çàäàííîãî 1 < s < 2 ìîæíî ïîäîáðàòü òàêîå çíà÷åíèå
ïàðàìåòðà α∗, ÷òî äëÿ ïðèáëèæåíèé ôóíêöèè, ñîïðÿæåííîé ê ôóíêöèè |x|s, 1 < s < 2, íà
îòðåçêå [−1, 1] ÷àñòè÷íûìè ñóììàìè ñîïðÿæåííîãî ðàöèîíàëüíîãî ðÿäà Ôóðüå � ×åáûøåâà,
ñïðàâåäëèâà îöåíêà

|ε̂2n(|x|s, α∗, x)| ≤ 2

π
|x|
√

1− x2 sin
πs

2
sΓ(s− 1)

(
s− 1

2

)s−1( lnn

n2

)s−1
, n→∞.

Ïðè÷åì çíà÷åíèå ïàðàìåòðà, îáåñïå÷èâàþùåãî íàèáîëüøóþ ñêîðîñòü ïðèáëèæåíèé îïðå-
äåëÿåòñÿ ñîîòíîøåíèåì (36).
Èíòåðåñíî ñðàâíèòü ïîñëåäíþþ îöåíêó ñ îöåíêîé (34). Â òî âðåìÿ, êàê ÷àñòè÷íûå ñóììû

ïîëèíîìèàëüíîãî ñîïðÿæåííîãî ðÿäà Ôóðüå � ×åáûøåâà îáåñïå÷èâàþò ñêîðîñòü óáûâàíèÿ
ïðèáëèæåíèé èññëåäóåìîé ôóíêöèè ïîðÿäêà O(1/ns−1), â ðàöèîíàëüíîì ñëó÷àå ïðè ñïåöè-
àëüíîì âûáîðå ïàðàìåòðà ñêîðîñòü ìîæíî óâåëè÷èòü äî O((lnn/n2)s−1). Òàêèì îáðàçîì,
ðàöèîíàëüíûå ñîïðÿæåííûå ðÿäû Ôóðüå � ×åáûøåâà ïðèáëèæàþò ôóíêöèþ, ñîïðÿæåííóþ
ê |x|s, 1 < s < 2, çíà÷èòåëüíî ëó÷øå, ÷åì ïîëèíîìèàëüíûå.

Çàêëþ÷åíèå

Èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà ÷àñòè÷íûõ ñóìì ñîïðÿæåííîãî ðÿäà Ôóðüå ïî
ñèñòåìå àëãåáðàè÷åñêèõ äðîáåé ×åáûøåâà � Ìàðêîâà (8) â ïðèáëèæåíèÿõ ñîïðÿæåííûõ
ôóíêöèé (4) (ñì., òàêæå (5)) íà îòðåçêå [�1,1]. Íàéäåíî èíòåãðàëüíîå ïðåäñòàâëåíèå ïðè-
áëèæåíèé (ñì. (12)). Èçó÷åíû ïðèáëèæåíèÿ ôóíêöèè, ñîïðÿæåííîé ê |x|s, 1 < s < 2, íà
îòðåçêå [−1, 1] èññëåäóåìûì ìåòîäîì. Ïîëó÷åíî èíòåãðàëüíîå ïðåäñòàâëåíèå ïðèáëèæåíèé
(ñì. (17)), òî÷íàÿ èõ îöåíêà â çàâèñèìîñòè îò ïîëîæåíèÿ òî÷êè íà îòðåçêå (ñì. (23)), ðàâ-
íîìåðíàÿ â íåêîòîðîì ñìûñëå îöåíêà (ñì. (24)) è àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå åå ìà-
æîðàíòû ïðè n → ∞ (ñì. (29)). Óñòàíîâëåíî îïòèìàëüíîå çíà÷åíèå ïàðàìåòðà (ñì. (36)),
îáåñïå÷èâàþùåå íàèáîëüøóþ ñêîðîñòü óáûâàíèÿ ìàæîðàíòû ðàâíîìåðíîé îöåíêè ïðèáëè-
æåíèé ÷àñòè÷íûìè ñóììàìè ñîïðÿæåííîãî ðàöèîíàëüíîãî ðÿäà Ôóðüå � ×åáûøåâà èññëå-
äóåìîé ôóíêöèè (òåîðåìà 6). Ïîêàçàíî, ÷òî â äàííîì ñëó÷àå ñêîðîñòü ïðèáëèæåíèé ÿâëÿ-
åòñÿ çíà÷èòåëüíî âûøå â ñðàâíåíèè ñ ïîëèíîìèàëüíûì ñëó÷àåì, ÷òî îòðàæàåò îñîáåííîñòè
ðàöèîíàëüíîé àïïðîêñèìàöèè.
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Y.A.Rovba and P.G.Patseika

Approximations of conjugate functions by partial sums of conjugate Fourier series with

respect to a certain system of Chebyshev-Markov algebraic fractions

Abstract. We investigate approximative properties of partial sums of conjugate Fourier series with
respect to one system of Chebyshev – Markov algebraic fractions. The main results of previously
known works on approximations of conjugate functions in polynomial and rational cases are pre-
sented. One system of algebraic fractions Chebyshev – Markov is introduced and the construction
of the conjugate rational Fourier – Chebyshev series corresponding to it is carried out. An integral
representation of the conjugate function approximations by partial sums of the constructed conju-
gate series is found. The approximation of functions conjugate to |x|s, 1 < s < 2, on the interval
[−1, 1] by partial sums of conjugate rational Fourier – Chebyshev series is studied. The integral
representation of approximations, estimates of approximations by the studied method depending
on the position of the point x on the interval, and their asymptotic expressions for n → ∞ are
found. The optimal value of the parameter at which the deviation of partial sums of the conjugate
rational Fourier – Chebyshev series from the conjugate function |x|s, 1 < s < 2, on the interval
[−1, 1] have the highest rate of tendency to zero is established. As a consequence of the results
obtained, the problem of approximations of a function conjugate to |x|s, s > 1, by partial sums
of the conjugate Fourier series on the Chebyshev polynomial system of the first kind is studied in
detail.

Keywords: Chebyshev – Markov algebraic fraction, conjugate function, partial sum of the Fourier –
Chebyshev series, exact estimate, asymptotic method.
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