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1. BBEIEHUE

Bce kosbria mpe/imosiararorcs acCONMUMATHBHBIMEU U C HEHYJIEBOM €IUHUIIEH, 8 MOIY/IN — YHATAPHBIMA.

B pabore [20] 0 HenpepbIBHBIX KOJIbIIAX YTyMU PACCMOTPE TPU YCJIOBHsl JIsl KOJIEIl, KOTOPBIM
YZIOBJIETBOPSIIOT CAMOUHBEKTHBHBIE KOJIBIIA. DTH YCIO0BHsl Oblu 0600mensl Ha Moayu B [12, 16, 19].
Monyns M uassiBaercst Cl-modysem (nmu C'S-modysem), ecian Kazkablii MOAMOLYIb Moyst M siB-
JISIETCSI CYIIEeCTBEHHBIM [TOIMOJLYJIEM B HEKOTOPOM IpsiMoM ciiaraemoM M. Momyibs M uasbiBaercss C2-
MOOYAEM, €CITA KAXKIBII TOAMOTYJIb MOyt M, m30MOP(MHBI HEKOTOPOMY IPSIMOMY CJIATAEMOMY MO-
qysst M, cam siBjisiercst npsiMbiM cotaraembiM Mogtyiist M. B [14] Hukosbcon nazsasn C2-Momy/u mpsiMo
nabeKTuBHBIMEA. Mosysib M HasbiBaercs C3-modyaem, ecim sl KayKIbIX MPSMBIX cjaraembix My
u Mo mompynss M, nias KoTopbix Bbinosneno yeaosue My N My = 0, cymma My + My saaBaseTcs mpsiMbIM
ciaaraeMbIM Moyt M.

Monysnbs M uasbiBaercst npamo npoexmushvim (nmm D2-modyaem), ecim Kazkaplil TIOIMOJLYIIb MOJLY-
Jsi M, paxTop-MO/LyJib IO KOTOPOMY H30MOP(MEH HEKOTOPOMY IPSIMOMY CJaraeMomy mojyist M, cam
SIBJIETCs PSIMbIM cytaraembiM Moyt M. Moayns M HazbiBaercss D3-modyaem, ecan Jist KaxKJibIx
npsaMbIX ciraraembix My u Mo mopynsa M, jijas KoTopbIx BbIoJiHEHO yeioBue My + Mo = M, niepece-
aenue M1 N My sBiisiercst npsMbIM ciaaraeMbiM Moyt M. IIpsmo mpoekTuBHbIE MOJTYJIN OBLIT BBEIEHBI
Hukosbconom B [14]. Ilonsirue D3-moysst 6110 BBesieno B [8).

Bakubimu gactHbiMEu ciaydasmu noHaTuil C3-moysist u D3-Mofyist siBJISIFOTCS COOTBETCTBEHHO I10-
astust SSP-monynsg u SIP-momyns. Mogayns M wazeiBaercs SSP-modyaem, eciim cymma JIBYX HPSIMBIX
ciaaraeMbIX MofyJisi M sBjsieTcst npsMbIM ciiaraeMbiM MogyJist M. Momyns M nazwiBaercs SIP-mody-
A€M, €CJTH TIEpeCeUIeHNE JIBYX IPSAMbBIX CJIaraeMbIX MOyt M sBJIsieTcs MPsiMbIM CJiaraeMbIM Moty st M .

Tor dakt, uro N siBisieTcsi MOAMOyIeM (COOTBETCTBEHHO, HPSIMbIM cJiaraeMbiM) Moysst M Gyaem
oboznauath yepes N < M (coorsercrsenno, N <% M). Pagukan /I>keko6eona mpasoro R-mogyiist M
oboznavaercst depes J(M).

B pabore ucnosb3yorest cTaHIapTHbIe MOHATHsI 1 (haKThl TEOPUH KOJIEI| U MOJLyJieil (CM., HalpuMmep,
3,9,22]).

2. D3- u C3-moayiau

Teopema 1. /Jlasa npasoeo R-modysn M caedyrousue ycaosusn sK6USGAEHMHDL:

(1) M sasasemcs C3-modysem;

(2) ecaru ABLP M uANB=0,moM=A,®B=A® By, 20¢c A< A1, B < By;

(3) ecau A, B<* M uANB<® M, mo A+ B <% M;

(4) ecau A,B <® M, AN B =0, mo daa aobozo zomomoppusma f : A® B — M cywecmeyem
2omomoppusm @ : M — M, 0aa K0mopozo KoMmymamusHa Juazpamma

AGB- M

fﬂg/

edei: A® B — M — saooicenue;
(5) ecau dan udemnomenmos w1, T2 € End(M) ewnoaneno ycaosue Ker(mme) <P M, mo svnoamne-
1o maxstce u yeaosue Im(myme) <P M.

Jlokasamesvemeo. DxsuBaientaoct (1) < (2) < (3) nposepsitorcst HenocpeacTBeHHO (cM. |6, mpej-
noxkenne 2.2|). Ummmkarnus (1) = (4) odeBuaHa.

(4) = (1). lIyctrb M = A@A'=BeB', ANB=0,7 : A®B — A, m: A A" — A— ecrecrBennbie
npoekiwn, a ig : A — M, iagp : A® B — M —Bioxkenus. [1o npeanoioXKeHuio CymecTByeT Takoii
romomopdusm ¢ @ M — M, uro pisgp = iam. Torna mpia = 1la, u, caemosarensro, Im(ig) @
Ker(mp) = M. A tak xak B < Ker(my), o A® B <% A® Ker(mp) = M.

(1) = (5). lIycre M = Ker(m) @ Im(m) = Ker(ma) @ Im(mg). Cormacuo [1, lemma 2.2| noskHO
BBIIIOJIHSATHCS PABEHCTBO

Ker(mim2) = Ker(m1) N Im(ms) + Ker(mp) <% M.
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Crenosarensno, Ker(m) N Im(my) <P M, u jis nexkoroporo noamosyiss N 1oydaeM pasjiozkeHue B
npsimyto cymmy Ker(mp) N Im(ma) & N = Ker(m ). Ilo npeanonoxenuio N @ Im(mg) <P M. Tak xax
Ker(m) < N @ Im(m2), TO

N @ Im(my) = Ker(m1) @ (N @ Im(m2)) N Im(m ) = Ker(m;) @ (Ker(m) + Im(mg)) N Im(m).

Taxum obpasom, Im(mime) = (Ker(my) + Im(ms)) N Im(m) <% M.

(5) = (1). lIycte M = A® A = B® B, AN B = 0. Paccmorpum npoeknuu 71 : A @& A' — A,
7o : B® B’ — B'. U3 [1, Lemma 2.2| cienyer, uto Ker(momy) = A’ <% M. Torna npsaMbiM ciaraeMbinM
B M sasasierca u Im(momy) = (A + B) N B’. B wacrnocru, (A + B) N B’ <% B’. A Torna us pasencrsa
A+ B =B® (A+ B)N B nonyaaem, urto A+ B <% M. O

It D3-Mmomyeit mmeeT MeCcTO yTBEPKIEHNE, JTBOWCTBEHHOE IIPEILIIYINE TeopeMe.

Teopema 2. /Jlaa npasozo R-modyaa M caedyroujue ycro8ua sK6UBGAEHMMHDL:

(1) M saeasemcs D3-modyaem;

(2) ecau ABLP M uM=A+B, moM=A,®B=A® By, 2de Ay < A, B; < B;

(3) ecau A, B<* M uA+B<®M, mo AN B <® M;

(4) ecau A, B <® M, A+B = M, mo das mobozo 2omomopdusma f : M — M/(ANB) cywecmeyem
eomomoppusm P : M — M, 0as K0mopozo KoMmMYymMamueHa Juazpamma

M

.
MZ— M/(ANB)

ede e: M — M/(AN B) — ecmecmeermviti anumopdusm;
(5) ecau das udemnomenmos w1, e € End(M) evnoaneno yeaosue Im(myme) <& M, mo evnoans-
emea maxoice yeaosue Ker(mymg) <P M.

Jlokasamesvemeo. xkBuBanenTHOCTH (1) < (2) < (3) HPOBEPSIOTCS HEOCPECTBEHHO € ITOMOIIBIO [21,
upeokerne 3|. Ummmkanus (1) = (4) oueBnana.

(4) = (1). Oycrb M = Ao A =Be B, A+ B=M,m : A®B — A—upoekiust u e : M —
M/(A N B) — ecrecrBennslii summopdusm. 3anaaum orobpaxkenue f : M — M /(AN B) no npasuiy
fla+b)=a+ANB s Becex a € A, b € B. HecsioxKHO 3aMeTUTD, 4TO 9TO KOPPEKTHO OIIPEJIeIeHHBbII
romoMopdusM. B cuity npennosnoxkenust cymiecTByer Takoii romomopdusm ¢ 1 M — M, uro ey = f.
Tak xak Ker(f) = B, 1o

ep(B') = f(B) = f(B& B') = f(M) = A/(AN B).

Takum obpasom, Y(B’) + (AN B) = A. Iokaxewm, aro ¢(B') N (AN B) = 0. Houycrum, uto = €
¥(B") N (AN B). Torga qusa Hekotoporo b € B’ umetor mecro pasercrsa 0 = ex = f(¥'). Ho rorga
b € BN B, asnaanr b = 0. Takum obpasom, nomyuaem pasiokenne A = ¢(B') @ (AN B) u,
crenosarensho, (AN B) <% M.

(1) = (5) Iycrs M = Ker(m1) @ Im(m) = Ker(mz) @ Im(mg). Cormacuo [1, Lemma 2.2| noskuHo
BBIIIOJIHATHCSL PABEHCTBO

Im(ﬂ'lﬂ'g) = (Im(ﬂ'g) + Ker(m)) N Im(ﬂ'l) g@ M.
Torya mist Hekoroporo noamonyinst N < M nosmydaeM pasjiokeHue
Im(m;) = N & (Im(m2) + Ker(m1)) N Im(7y).

CunenoBarenbho, Boinosasiercs pasencrso N + Ker(m) + Im(me) = M. B cuny ycnosust (D3) npsimbiv
ciaraeMbiM M Takke siBistercst u noamoayib (N + Ker(m)) N Im(me) = Ker(mp) N Im(mg). Takum
obpasom, B cuity [1, Lemma 2.2] umeem

Ker(mm2) = Ker(m1) N Im(ms) + Ker(mp) <% M.
(5) = (1). llyctre M = A® A’ = B® B', A+ B = M. Paccmorpum npoeknuu 71 : A @ A — A,

7o : B® B’ — B'. U3 [1, Lemma 2.2| ciemyer, uro Im(mom) = B’ <P M. Torja upsiMbIM ciaraeMbinM
B M sansiercs u Ker(momy) = AN B+ A'. Cinenosarensno, AN B <% M. ]
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ITpennoxkenue 3. Caecdyrouwue Ycaosus sK6USAACHMHDL OAA MOYAS M :

(1) M sasasemcsa SSP-modyaem;

(2) das aobozo pazaoorcerus M = AD B u das a06020 2omomopgusma f : A — B, Im(f) asasemesa
NPAMBIM CAGRACMBM MOOYAA M ;

(3) das aobozo pacwenasrowezo monomoppusma f: A — M maxrozo, umo A — npamoe caazaemoe
modyas M, A+ f(A) asasemea npamoim caazaemovim modyas M,

(4) das mobozo pacwenamowezo snumoppusma f : M — M/A maxoeo, wmo A — npamoe caazaemoe
modyas M, A+ Ker(f) asasemea npamowm caazaemoim modyas M.

Jloxazamenvemeo. Dxsusasentaocts (1) < (2) caegyer us [10, reopema 2.3|. Ummmukamun (1) =
(3), (4) oueBUIHBL

(3) = (1). Ipexnonokum, uro M = A; @ Ay u f : Aj — Ay — R-romomopdusm. Ilycrs T :=
{a1+f(a1) | a1 € A1} —nogmomyns momysst M. Torna M = T'@® As. PacemorpuM Takoit romoMopdusm
Y Ay = M, uro Y(x) = x + f(x). Jlerko Bumers, uT0 1) — pacuiemsiromuii Moromopdusm. 13
upe/rosioxkenust caeayetr, 9to A; +9(A;) = Ay +T — upsimoe caaraemoe momynst M. Tak kak Ay +71 =
Ay @ Im(f), To Im(f) — upsimoe cararaemoe mosyisst Ay, Torga corsacuo (2) = (1) 3akiodaem, 4To
M — SSP-moyh.

(4) = (1) Ipemmomoxum, uro M = A; @& Ay u f : Ay — Ay — R-romomopdusm. Ilycrs
T := {a1 + f(a1) | a1 € A1} —mnonmomryns momynst M. Torma M = T @& As. Pacemorpum Taxoit
romomopdusm ¢ : M — M /T, aro (a; + az) = ag + T juist Becex a1 € Aq, ag € Ag. OueBnyno, 1) —
pacmiensiomuii snumopdusm, n Ker(y) = A;. U3 upegmosoxkenust cienyer, aro Ay + 1T — npsimoe
ciaaraemoe moxynst M. Tak xak A; + T = A; @ Im(f), To Im(f) — upsimoe caraemoe mojyiist As.
Torpa cornacuo (2) = (1) sakiouaem, aro M sisiercs SSP-moysem. O

CaenctBue 4. Caedyrowue Yeaosus sK6USALEHRMHbL OAA Modyas M:

(1) M saeasemcs SSP-modyaem;
(2) Odan aobvix deyxr npamovir caazaemoir Ay u Ag modyas M, ydosaemsoparowux ycrosuro Ay ~ Ag,
cymma Ay + Ao asasemesn npamoim cagzaemoim modyas M.

JlokazaTesbCTBO CAEAYIONIEr0 YTBEPKIACHUST AHAJTOTHIHO JT0KA3aTELCTBY IPEJIOKEHNsT 3.

IIpennoxkenue 5. Cacdyrouue Ycaosus sK6uUSaAEHMHDL OAA MOYAS M :

(1) M saeasemcs SIP-modyaem;

(2) dan arbozo pasrootcenun M = A®B u das abozo omomoppusma | : A — B, Ker(f) seanemes
NPAMBIM CAAG2AEMBM MOOYAA M ;

(3) dan wobozo pacwenasrouezo monomoppusma f: A — M maxoeo, wmo A — npamoe caazaemoe
modyas M, AN f(A) asaaemea npamom caazaemvim modysa M;

(4) dan aobozo pacuwenasrowezo snumopgpusma f : M — M /A maxozo, wmo A — npamoe caazaemoe
modyasn M, ANKer(f) asasemea npamvim caazaemvim modyas M.

CiaencrBue 6. Caedyrouue Yeaosus sKeuUSaseHmuov. 0As Modyas M:

(1) M sasasemcsa SIP-modyaem;
(2) das mobwx maxux deyr npamor caazaemoir Ay u Ay modyas M, wmo Ay ~ As, nepeceuenue
Ay N Ag asasemces npamviM CAGRGEMBIM MOOYAs M .

[Tycts R — kojiblio u {2 — HEKOTOPBIN KJIacCc IpaBbiX R-MOJIyseil, KOTOPhI 3aMKHYT OTHOCHUTEIBHO
n30MOPGPU3MOB U IPSAMBIX cjaraeMbix. lomomopdusm g : M — E npasbix R-momysieit HasbpiBaeTcs -
0bosourot ipaBoro R-monysisi M, ecnmu E € ) u jobast quarpamma

M2 F

/|

El
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rae B’ € Q, moxker ObITh JIONOJIHEHA JO KOMMYTATHBHOM JIMAIDAMMbI

M2 E

| A

El
n ecjin guarpaMma

M2 E

g
h
E
KOMMYTaTUBHA, TO h — aBTOMOpP(U3M.

Tomomopdusm g : £ — M upasbix R-mojysieit HasbiBaeTcst §2-naxpuimuem npaBoro R-momyiist M,
eciu E € ) u mobast tuarpamma

g
E—M
Tg/
El
e E, € Q, MOZKeT ObITh JOITIOJIHEHa 10 KOMMyTaTI/IBHOfI AruarpaMMbl
g
E—M
/
h g
E/
n ecjin juarpaMma
g
E—M
\\
g
E

KOMMYTaTUBHA, TO h — aBTOMOpdU3M.

IIpenmoxkenne 7. Caedyrouwjue Yycao8us IK6UBAACHMHYL OAf Koavya R:

(1) R — ®kaaccudecku noaynpocmoe Koavlo;

(2) xaosrcdwi npasvit R-modyav umeem D3-nakpoimue;

(3) xaosrcdwi 2-nopoostcdentvti npaswl R-modyav umeem D3-naxpwmue;
(4) xaosrcowi npasvit R-modyav umeem D3-o60r0uky;

(5) Kaosrcdwi 2-nopoostcdernnoti npasvil R-modyav umeem D3-o060a0uky.

Jlokasamensvemeo. Umumkanuu (1) = (2) = (3) oueBuHbIL.

(3) = (1). Iycrb S — upocroit npassiii R-moyis. [lycrs ¢ : R — S — suumopdusm. Cornacto (3),
M = Rp & S umeer D3-nakpoitue. Pacemorpum romomopdusm o @ C — M, tioe C — D3-moyiib,
KOTOpBI siByisiercst D3-nakpoiruem mogyiist M. Ilycrs ¢ S — M u 10 @ Rp — M — BkJIoueHus
st Beex ¢ = 1,2, 3amerum, uro S u R — D3-mojynu, u cymecTByoT Takue romoMopdusmbr Gy :
S — C,Bs : Rp — C, uro af; = ;. dcuo, aro idyr = 11 § 1o = a(f1 @ B2). U3 sroro cienyer, uro
M wuzomopden npsimomy ciaraemomy B C'; cienosaresbuo, M — D3-momyns. Torga Ker(p) — npsimoe
ciaraemoe Mouyist Rp, coracuo |21, npejoxkenne 4]. Takum o6pasom, S — HPOEKTUBHBIH MOJLYJIb.
CaenoBaresibHO, R — MOIyIpocToe KOJIbIIO.

Unmmmkarn (1) = (4) = (5) ovueBuaHbL

(5) = (1). [Tycrs S — npocroii npasetii R-momyus. [lycrs ¢ @ Rp — S — snumopdusm. Cornacto (5),
M = Rpr ® S umeer D3-06osouky ¢ : M — E, tine E— D3-momynb. Ilockonbky S u R — D3-momyiu,
CYIIECTBYIOT Takue romomopdusmbr f1 : £ — S, fo : B — R, aro fit = mj, tne my : M — S n
mo : M — R — ecrecrBennbie npoeknuu. CyinecTByer Takoit ¢ : B — M, aro m;¢p = f; misi Becex ¢ = 1, 2.
Torma ¢v = idys; ciretoBaTesibHO, ¢ — paciienisionmii MoroMopduam. Takum obpazom, M uzomopden
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upsiMmomy cjaraemMomy B E. 3naunt, S@® R — rakxke D3-momynb. Mbl 3akiouaem, uro Ker(p) — npsimoe
cinaraemoe B Rp. Torma S — mpoekTuBHBI MOmy/ab. Takum obpazom, R — KIacCHYeCcKd IOJIyIIPOCTOE
KOJIBIIO. ]

CaencrBue 8. Cuedyroujue Ycaosus KEUSAAEHMHBL 04 KOAbUQ R:

(1) R — kaaccunecku noaynpocmoe Koavyo;

(2) R asasemcsa SIP-modysem u kaorcovti R-modyav umeem SIP-nakpoimue;

(3) Rpr asasemca SIP-modysem u kaotcowd 2-nopostcdenmvili npasoili R-modyav umeem SIP-naxpoi-
mue;

(4) Rp asasemcsa SIP-modyasem u xaostcovdi R-modyao umeem SIP-o60r0wky;

(5) Rp asasemces SIP-modyaem u kaotcowvid 2-nopootcdenmoiti npasviti R-modyas umeem SIP-o060a0u-

KYy.
Kosbio R nazbiBaeTcs mpaBbiM V -K0AbUOM, €CJin JIFOOOH IPOCTO MpaBbiil R-MO/Iy/Ib HHbHEKTHBEH.

Ipeamoxkenne 9. Caedyrouwue Ycro8us IK6UBGACHMHDL O KoAvya R:

(1) R —npasoe V-xoavuyo;

(2) Kasrcowi Konewno xonoposcdennuit npaswviii R-modysv umeem C3-o6osouky;
(3) xaosrcdwii kKoneuno xonopoosrcdennuil npasoti R-modyasv umeem C3-naxpumue.

Aokasamesvemeo. Umiumkarnuu (1) = (2), (3) oueBrHbL

(2) = (1). Ilycte N — npousBosbHbI npocToii Momtyib. [Ipenmonoxknm, aro ¢ : M = N & E(N) —
E — C3-06om0uka, tiae E— C3-momayib. Ilockosnbky N u E(N)— C3-Mo/ysnu, TO CyIIECTBYIOT TaKue
fi:E—= N, fo : E — E(N), uro fit = m;, tne mp : M — N; u my : M — E(N)— upoekuumu.
CymecTByer Takoit romomopdusm ¢ : E — M, aro m;¢ = f; mist Beex @ = 1,2. Torma ¢ = idyy;
CJIeJIOBATEIILHO, L — paciienisonmii Monomopdusm. Takum obpazom, N @ E(N) uzomopden upsimomy
caaraemomy B E. Suauur, N @ E(N) — rakxke C3-mozyib. Torma Hec10:KHO 3aMeTUTh, 9T0 N — 1psiMoe
caaraemoe B F(N). Torga monyns N unbekrusen. Takum obpasom, R — npasoe V-KoJblo.

(3) = (1). HokazarespcrBo anamorudno uMiukamu (3) = (1) u3 gokasaTenbeTBa IpPe/IoXKeHnst 7.

AHAJIOTUIHBIM 00PA30M ITOJIyYaeM TaKKe CJEYIONIN Pe3yJIbTAT.

Ilpennoxkenue 10. Caedyrowjue ycaosus IK6UBAACHMHDYL 04 Koavua R:

(1) R —mnemeposo cnpasa npasoe V -Kkoivuo;

(2) waotcowii npasvili R-modyav ¢ cywecmeentvim yokoaem umeem C3-06040uKy;
(3) ®aotcowiii npasviii R-modyav ¢ cywecmeentvim yokoaem umeem C3-naxpumue.

3. A-C2- u A-D2-moaynun

IIycte M — npasbrit R-monymns u A — Kjace npaBbix R-Mofysieil, KOTOpPbIil 3aMKHYT OTHOCHUTEJIBHO
uzoMopdubIx 06pazos. Cuenyst [13,18], mis Moaysst M BBeeM Cile/IyIonye yCJaoBus:
A-C2: nns xaxxgoro N € A, eecmm X <P M, N<MuN=2X,10 N <% M;
A-C3: nna xaxkaeix My, Mo € A, ecma My, My <¥ M u My N My =0, To My + My <% M.
Tak>ke pacCMOTPUM CJICAYIOIIUE yCJIOBHSL:
A-SSP: jura kaxaeix My, Mo € A, ecrm My, My <® M, To My + My <% M;
A-SIP: jyist Kaxkbix npsiMbix caaraembix My, Mo monynss M, ecou M /My, M /M,y € A, o My N
My <® M;
A-D2: nyst kaxxzgoro nogmomyiast N momynst M, ecan daxrop-monyins M /N uzomopden mpsimomy
ciaraemomy mogyiss M u M/N € A, o N <% M;
A-D3: jist KazkapIx npsimMbix caaraeMbix My, My momymnst M, ecoim M /My, M /My € A n My + My =
M, ro My N My g@ M.
Monynb M naseiBaercst A-SIP-monysem (coorsercrsenno, A-SSP, A-C2, A-C3, A-D2, A-D3-mosmy-
JieM), ecyin OH yjosJierBopsier yesosuio A-SIP (coorsercrsenno, A-SSP, A-C2; A-C3, A-D2, A-D3).
Crenyompye nBa yTBEpXKICHHA JOKA3BIBAIOTCS HEIIOCPEICTBEHHO.
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Jlemma 11. ITyemo A — xaace npasox R-modyaeti, Komopoili 3aMEHYM OMHOCUMEADLHO U3OMOPPH-
Houx 06pasos. Tozda umerom mecmo caedyroujue Yymeeparcoerus:

(1) waorcowii A-C2-modyav asasemes A-C3-modyaem;

(2) waotcowii A-D2-modyav seasemes A-D3-modysem;

(3) waotcdoe npsamoe caazaemoe 6 A-SIP-modyre (coomeememsenno, A-SSP, A-C2, A-C3, A-D2
u A-D3-modyae) marotce aeasemes A-SIP-modyaem (coomsememeenno, A-SSP, A-C2, A-C3,
A-D2 u A-D3).

Eciu M, N —upassle R-monyim u f € Homp(M, N), o uepes (f) Gyjaem 0603HAYATH IOIAMOJLYIIb
mouyist M @ N suga {m + f(m) | m € M}.

Jlemma 12. ITyemo M = X &Y — pasaooicernue npagozo R-modyas M u f 1 A — Y — 2omomop-
Pusm npasvir R-modyset, 2de A < X. Toeda A®Y = (f) &Y uKer(f) =X N (f).

IMpeamoxenne 13. [Tycmsv M — npaswili R-modyan, womopwuiti asasemea A-D3-modyrem, u A —
Kaace npasvix R-modyaet, 3aMEHYMbIL 0OMHOCUMENDHO USOMOPHHHLL 00Pa306 U NPAMYLL CAALAEMVLT.
Ecou M = My ® My u f : My — M — 2omomopdusm, y xomopozo im(f) < My u im(f) € A, mo
Ker(f) — npamoe caaeaemoe modyas M;.

Jlokasameavemeo. Mycrs M’ := My @ im(f). Torma M’ — upsimoe ciaraemoe M u, ciienoBaTe/bHO,
M' — A-D3-moznysb. Torga coracho emme 12 nveer mecro pasercreo M/ = My @im(f) = (f)@im(f).
Hecsoxuo samerurs, uro M'/My, M'/{f) € Au M’ = My + (f). Tak xax M’ — A-D3-moxyib, T0
(fy N My = Ker(f) — upsimoe caaraemoe M. O

Teopema 14 (cum. [4, npemoxenue 2.7|). I[Tyemo M — npaswii R-modyav u A — xaace npasvixr R-
MOQYAETL, KOMOPLIT 3AMKHYM OMHOCUMEALHO USOMOPPHOIT 00pa308 U NPAMBT crazaemouit. Eeau kasrc-
Oviti paxmop-modyav modysa M asasemces A-unsexmueHsim, mo CACOYIOUUE YCAOBUS IKEUBAAECHTIHDL:

(1) M — A-SIP-modyav;

(2) M — A-D3-modyav;

(3) M — A-D2-modyav;

(4) dan mobozo pasaoocenus M = My @& My us yeaosus My € A caedyem, wmo y kadrcdozo 20mo-

mopguama f: My — My a0po aeasaemcesa npamovim cagzaemvim mooyss My;

n

(5) ecau X1, ..., X, — npamuve crazaemvie modyan M uw M/ X1, M/ Xa,...,M/X,, € A, mo | X; —
i=1

(2
npamoe caazaemoe moodyas M.

Jlokasameavemeo. (2) = (1). Ilycrs M, Mj;—rakue upsivble ciaraemble Mojyist M, dro
M /My, M/M, € A. Torna M = M, @ M. Bes orpannuenust o6IHOCT MOXKHO cuuTaTh, ato Mo ¢ My,
My ¢ M. I3 npeanonoxkenus cieyer, aro m(Ma) — npsimoe caaraemoe M. Torma M{ = m(Ma)® M.
Tak kak Kaacc A 3aMKHYT OTHOCHTENIBHO NPSAMBIX caaraembix, o M{ € A. Jlerko BHAeTh, 4TO
My + M| —nupsimoe caaraemoe monyast M, M/(My + M{) € A u My + M{ + My = M. Torua
My N My = (My + M{') N My — upsimoe caiaraemoe M.

Nnvmmmkarus (3) = (2) caemyer n3 jgemMmbr 11,

(1) = (4). Hpennonoxkum, aro M = My & Mo, rine My € A, u 3anan romomopdusm f : My — M.
Orciona caenyer, aro M = My & My = (f) & M. Ormerum, aro M /My, M/(f) € A. Cornacuo (1),
(fYNM; = Ker(f) — npsimoe ciaraemoe momyiist M. Takum obpasom, Ker(f) — npsimoe ciiaraemoe M.

(4) = (3). Ilycrs My, My — rakue nogmomynun B M, uro M = M} & A, M/Ms = Au A € A.
Pacemorpum npoekiun w1 : My @ A — My u wg @ My @& A — A. CornacHo npeosioxkenuto mo(Ma) —
upsimoe cytaraemoe moayist A. Cienosarensuo, A = mo(Msy) @ B j1j1si HEKOTOPOro mojMoysisi B mo-
nynst A. Iyers p : M — M /Ms — kanonndeckuii romomopdusm u ¢ : M /My — A — uzomopdusm.
Pacemorpum romomopdusm f = ¢ o (pla,) : M1 — A. dcno, uaro Ker(f) = My N My. B cuny (4),
Ker(f) = My N My —upsimoe ciaraemoe momyist My. s wekoroporo moamomyss Ni momysst My
umeer Mecto pasioxenne M; = Ny @ (My N Ms). Tak kak My + Me = My @ mo(My) u Ny N M = 0,
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TO

M:Ml@ﬂ'g(Mg)@B:(Ml-i-Mz)@B:
= [N1 @ (My N M) + Ma] ® B = (N1 + M3) @ B= (N1 & M) ® B.

(1) = (5). Horaxem wuupyknueii mo n. Ilpu m = 2 cupaBeIMBOCTL yTBEDXKIEHUS CJIEJLY-
er u3 onpenenenns: A-SIP-momyneit. Ilpemmosoxkum, 9ro yTBepKiAeHue BepHo npu n = k. Ilycrs
X1,..., Xp41 —upsivble caaraembie Moyt M u M/Xq,...,M/Xy1 € A. Moxuo npeicrasurs M

k
B Buge M = (| X; & N s nekoroporo nommoiynst N B8 M. Bes orpanundenusi OGIIHOCTH MOXKHO

=1

k
canrarb aro (| X; € Xpy1. Hyers f @ M — M/Xj 11 — ecrecrsennstit romomopdusm. Torga mo-
i=1

k k
ayinb () X/ <( N XZ-) N Xk+1) ABJIAETCA A-MHBEKTUBHBIM U, CJIEJI0BATEIbHO, M30MOPQEH IPAMOMY
=1 i=1
k E+1

cnaraemomy B M /X1 € A. Cienosarensro, (| X;/ (| X; usomopden npsimomy ciaraemomy B M u
i=1 i=1

k+1 k k+1
M/( N X,@N) - <ﬂXiEBN>/( N X,@N) €A
i=1 i=1 i=1
k+1
Tak kax (1) u (3) sxBuBaszenTHsl, T0 (| X; & N sBiseTCst UPSMBIM cIaraeMbIM Moyt M u, cieo-
i=1
k+1
BarebHO, (| X; TAKkKe SIBJIAETCS IPAMBIM CJIaraeMbiM MOyt M. g

=1

Caencteue 15. [ITycmv M — unsexmustuiil npasoviti R-modyav nad HacaedcmeerHovim cnpasa Kosb-
yom R. Tozda caedyrougue ycaosus pasHocusbHvL:

(1) M asasemca D2-modyrem;
(2) M asasemca D3-modyrem;
(3) M asanemca SIP-modyaem.

Caencteue 16. [fycmov P — xsasunpoexmuehoviti modysv. Eeau X1, ..., X, — npamovie crazaemote
n

modyan P u P/Xq,..., P/ X, —noaynpocmue modysu, mo (| X; —npamoe caazaemoe modyssn P.
i=1
Teopema 17 (cwm. [4, npemgioxkenue 2.13]). ITyemv M — npaswi R-modyav u A — mmoorcecmso
noomodyaeti modyas M, Komopoe 3aMKHYMO OMHOCUMEALHO USOMOPPHHIL 00pA306 U NPAMBIT CAA-
eaemoir. Ecau xasicowti nodmodyss modyass M sasasemcs A-npoexmuchvim, mo cAeOYIOUUe YCA0GUS.
IKGUGCANEHTIHDL:

(1) M sasasemcsa A-SSP-modyaem;

(2) M sasasemca A-C3-modyaem;

(3) das 06020 pasroscenus M = Ay @ As us yeaosus Ay € A caedyem, wmo y kastcdozo 2omo-
mopusma f: Ay — Ao 00pa3 AGAAEMNCA NPAMBIM CAAGLAEMBIM MOOYAS Ao,

Aoxasamesvemeo. mkanus (1) = (2) oueBuHa.

(2) = (3). lIycrp f : Ay — Ay — R-romomopdusm u Ay € A. CorylacHO NpPEJIIIOIOKEHUIO J1JIst
HEKOTOPOro moAMOysisi B momysst Ay cymecrByer pasioxenne A1 = Ker(f) @ B . Torma B @ Ay —
npsimoe ciaraemoe B M. TTockonbKy Kazkioe mpsimoe ciaaraemoe B A-C3-mouyie takxke sigysiercst A-C3-
mogyiieM, 10 B @ As — A-C3-momyis. Ilycrs g = f|p : B — As. Torga g siBisiercss MOHOMOPDHU3MOM
u Im(g) = Im(f). Herpyano Buzers, uto B & Az = (g) & Az, (9) N B =0 u (9) ~ B. 3amernm, 4ro
B, {g) € A. Tak kak B @ Ay ynosyierBopsier ycjoBuio 1. (2), ro B @ (g) — npsimoe ciaraemoe B B @ As.
ITockoseky B @ (g) = B @ Im(g), To Im(f) siBistercst npsimbiM coiaraeMbiM B Ag.

(3) = (1). Hycrs N u K — takue upsimbie ciaraembie Mogyist M, aro N, K € A. Torna M = N& N’
u M = K& K’ nna nekoropuix N', K < M. Paccmorpum Kanonudeckue npoekiun g : K & K — K
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unn : N®N — N Ilycrs A = mni(ni(N)). Torna A = (N+ K)N (N + K')NN' n A— upsivoe
cnaraemoe B M B cuiy (3). CremoBaresibHo, uMeer Mecto passoxkenue M = A @ L st HEKOTOPOTo
oMoyt L < M. OueBujiHO, 9T0

(N+EK)N[(N+K')n(N'nL)] =o0.

Caenosarensio, NN = A& (N'NL)u M =(N®A)d(N'NL). Tak kak ASK N+ Ku A< N+ K/,
TO UMEIOT MECTO DABEHCTBA

N+K=NaA)+[(N+K)N(N'NL)], N+K =(Na&A)+[N+K)n{N'NL)].
Torna
M=N+K+K=NaA)+[(N+K)NnN'NL)]+[(N+K)Nn(N'NL)] <
S(N+K)+ [(N+K)n(N'nL).
Taxum o6pasom, M = (N + K) @ [(N+ K')n(N'NL)]. O

Teopema 18 (cwm. [4, npeggioxkenue 2.14]). ITyemv M — npaswi R-modyav u A — kaacc apmuno-
661 NPasulr R-modyaet, Komopuili 3aMKHYM OMHOCUMEALHO USOMOPPHULL 006PA306 U NPAMBIT CAG-
eaemuix. Ecau xascowtd nodmodysv modyss M asasemces A-npoekmushvim, mo cAeOyouue yeaosus
PAGHOCUNDHDL:

(i) M asasemesa A-C3-modyaem;
(i) M asasemca A-C2-modyaem;

n
(i) ecau Xi,..., X, —npamove caazaemvie modyas M u Xi,...,X, € A, mo > X; —npamoe
caazaemoe modyas M. =1

Jlokazamenvemso. (1) = (2). Ilycrs My — noamomyib momysst M, u30MOPGHBINA TPSIMOMY CJIAraeMo-
my Mo monyns M, u My € A. Torna M = My @ M. Eciu My C Ma, 10 13 apTHHOBOCTH MOLyJist Mo
u m3oMmopduzma My = My cinenyer, aro My = Ms. Ilycrs My Q My u w: My @ M} — M} — npoex-
us. CoryacHo IpenoIosKeHnIO Ker(ﬂ'| M, ) — upsmoe ciaaraemoe B M. Torma My = My N My & Ny.
Tak kak Ny = w(My) u My = My, To cymecrsyer uzomopbusm ¢ : N/ — w(My), tne N’ — npsimoe
caaraemoe Mouyis Mo, Tak kak (@) € A u (¢) N My = 0, 0 My + (¢p) = My @ w(M;) = My ® Ny —
npsimoe cytaraemoe moxuyiast M. CienoearesibHo, N1 — HeHyJieBoe IipsiMoe cyiaraemoe B M. ZcHo, aro
MiNMsy € Au MiNMs uzomopden npsimomy ciiaraemomy M. Eciu MyNMs He siBJIsSIETCSI TIPSIMBIM CJ1a-
raeMbIM MOy it M, TO, UCIOJIBb3YsT PACCyXKIEHUsI, AHAJOTUIHBIE PACCY2KICHUSIM, IIPUBEICHHBIM BBIIIIE,
MOXKHO NOKa3aTh, 910 M1 N My = No & Nj, rae Ny — nenyseoe npsimoe ciaaraemoe M, Nb — mommo-
ayns M, nzomopdubrit npsmomy caaraemomy M u No, NJ € A. Tak kax mo60it Moayns u3 Kiaacca A
APTUHOB, MPOJOJIKUB IIPUBEIEHHBIE BBIIE PACCYK/IEHUS, JjIs HEKOTOPOTO k MOJIydaeM Pas3/ioKeHue
My = N1 ® ... D N, tue N; — upsamoe ciaaraemoe M u N; € A nast moboro i. Tak kak M — A-C3-
MOy, TO N1 @ No @ ... & Nj aBisiercst IpsIMbIM CJiaraeMbiM Moyt M.

Umnmkarmst (2) = (1) caenyer us . (1) semmbr 11. Umumkanus (3) = (1) oyeBuHa.

Ummmmkamuio (1) = (3) mokaxkem uniaykiueii mo n. Ilpu n = 2 copaBeimBocTb yTBEPIKICHUs
cienyer u3 teopeMbl 17. IIpennonoxkum, 4ro yrepxkaenne BepHo Jyst n = k. [lycrs Xy, ..., Xg1q1 —
upsimple ciiaraembie B M u Xq,..., Xpy1 € A. Torma mis mekoroporo mogamomyiss N w3 M umeem

k k
M = (Z Xi) @ N. Ilycrs 7 : <Z XZ-> @ N — N —ecrecrBennasi npoekiust. Tak kak 7(Xgi1)
i=1 i=1

k
siBstercst A-poeKTuBHbIM, TO Xj 1 = (( > Xi> N Xk+1) @ S, rue S —noxmonyns M. Tak kak (1)
=1

u (2) sxkBuBaseHTHBI, TO T(X)41) ecTb npsiMoe ciiaraemoe B M wu, cienosarensno, N = m(Xp1) & T,
k+1 k k
rae T — nogmoynb 8 M. Torma Y X; = ( > Xi) Om(Xpr1) u M = < > Xi> D 7(Xgy1) ®T. Takum
k+1
obpazom, > X; sIBJISI€TCS IPSAMBIM cyiaraeMbiM M. O
i=1
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Caencteue 19. [lycmv M — apmunos nacaedcmeennvild modyas. Tozda caedyrouue yeaosus pas-
HOCUNDHDL:

(1) M sasasemcsa C2-modysem;
(2) M sasasemcs C3-modysem;
(3) M saeasemcsa SSP-modyaem.

Teopema 20 (cwm. [4, npemgioxkenune 2.7|). ITycmv M — npaswi R-modyav u A — kaace npasvir R-
MOOY.netl, KOmopbviti 3aMKEHYM OMHOCUMENLHO USOMOPPHOLT 00pasos u npambir crazaemuvix. Ecau xaorc-
ol arxmop-modysv modyas M seasemes A-npoexmuetoim, mo CACOYIOUUE YCAOBUA IKEUBANCHIMHDL:

(1) M asanemca A-SSP-modyaem;
(2) M asasemca A-C3-modysem;
(3) dan mobozo pasaosrcenus M = A; @ As us yeaosus Ay € A caedyem, wmo y kaoscdozo 20mo-
mopuama f: Ay — Ag 00pa3 AGAAEMCA NPAMBIM CAGLAEMBIM MOOYAS Ao;
(4) M asasemca A-C2-modysem;
n
(5) ecau X1,..., X, — npamoie caazaemoie modyaa M u Xq,..., X, € A, mo > X; — npamoe caa-
i=1
eaemoe modyas M.

Jlokasamenvemeo. miuukanus (1) = (2) oueBuHa.

Hokazarenbcreo nMiumkanuii (2) = (3) = (1) aHagornvHo joKa3aTejbCTBy TeopeMbl 17.

Nmiumukarus (4) = (2) coemyer u3 semmsr 11(1).

(3) = (4). IIycrb 0 : A — B —usomopdusm, A € A— npsimoe craraemoe momyns M u B < M.
[Tokaxkem, uro B siBjsieTcst IpsiMbIM cjiaraeMbIiM Mogyiist M. Vmeer mecto paBercrBo M = A DT s
Hekoroporo noamoyist T uz M. Tak kak moxynbs A/A N B uzomopden dbakrop-moyio Momysst M,
T0 A N B—upsamoe caaraemoe A. Torma A = (AN B) @ C' mis wekoroporo mnoamonyist C us A.
CnenoBarensuo, M = (ANB) & (C & T). fdcno, uro

An[(CeT)nB]=0, B=(AnB)a |[(C®T)NB|.

[ycrs H := o~ 1((C ®T)N B). Torna H —noamomnys A, HN[(C @& T)N B] = 0 u cymecrsyeT Taxoii
noamonyins H' 8 H, uro A = H & H'. Bamernm, uto M = H & (H' @ T). PaceMoTpuM mpOeKnuio
n:He(H &T)— H &T. Torna

Hae[(Co»T)NB)=Ho(C®T)NB).

B cury (3) o6pas romomopdusma 7| (cerynpoo|n : H — H'@T asnsercs upsvbiv ciaraembim H' ST
Torna H'©T = 7|(cer)npo(H)® K s nomvonyns K 8 H'@T. Torna H'@T = n((CeT)NB)S K.
CrenoBaresibHO,

M=Hon(CoT)NB)aK=Ho[(CoT)NB] oK.
ITo 3aKOHY MOJY/ISIPHOCTH HMEeM
CoT=[CaT)nB]la[(HaK)N(CoT).
Takum 06pasoM,
M=(AnB)s [(CaT)NB]|a[(HaK)N(CaT)=Ba [(HaK)N(CaT).

mvnmkarust (1) = (5) oueBngna. Vmmmkanus (1) = (5) jgoKa3biBaeTCs aHAJOIMYHO UMILIUKAIMN
(1) = (3) u3 Teopemsr 18. O

Caneacrsue 21. I[lycmov () — xeasuunsexmuehbill mModyav. Fceau X1, ..., X, — nosynpocmovie nps-

n
Mmole caazaemvie mooyaa Q, mo Y X; — npamoe caazaemoe modysa Q.
i=1
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4. TIPOCTO MPAMO MMPOEKTUBHBIE MOAVYJIN U ITPOCTO INPAMO NMHBEKTHUBHBIE MO/VJ/IN

Eciu A — kiiace Bcex IPOCTHIX (COOTBETCTBEHHO, MOJIYIIPOCTHIX) paBbix R-moiysei, o A-D2-mo-
JLyJIN HA3BIBAIOTCsT nPocmo (COOTBETCTBEHHO, NOAYNPOCTNO) NPAMO NPOEKMUSHOLMU MOOYAAMU.
Crenyrolee yrBepKieHNe HEIIOCPEICTBEHHO CJIeJlyeT U3 TeopeMbl 14

Teopema 22. Caedyroujue ycaosusa sK6UBGACHMHBL 0AH Modyaa M:

(1) M — noaynpocmo npamo npoekmuervlli mooyav;
(2) ecau A, B —npamvie caazaemvie modyass M u M/A, M/B — noaynpocmue modyau, mo A N
B <% M,
(3) ecau A, B — npamuvie caazaemvie modyan M, M/A, M /B — noaynpocmoie modyau u A+B = M,
mo AN B — npamoe caazaemoe modyas M;
(4) ecau X1, ..., X, — npamovie caazaemvie modyas M u M/Xy, ..., M/X, — noaynpocmoie modyau,
n

mo (| X; — npamoe caazaemoe modyas M.
i=1

Teopema 23 (cum. [11, npemyoxenue 2.1|). Caedyrowue ycaosua sxeusarernmmuvs 0as modyas M:

(1) M — npocmo npamo npoexmueHbili mModyan;
(2) ecau A, B — npamvie caazaemvie modyas M u M /A, M /B — npocmuie modyau, mo ANB <% M,
(3) ecau Xq,..., X, —npamovie caazaemvie modyas M u M/ Xy, ..., M/X, — npocmoie modyau, mo

n
N X; — npamoe caazaemoe modyas M;
i=1
(4) dan 06020 pasnosicerus M = My @ My, 2de My — npocmoti modyas, A0po 6CAK020 20MOMOD-
dusma f: M1 — Mo asassemes npamvim caazaemovim modyas M,

(5) ecau M/A — xoneuno noposicdenrwiti noaynpocmoti modyav u MJ/A = B <% M, mo A <% M.

Joxasamesvcmeo. Dxsusanentnoctu (1) & (2) < (3) & (4) cremyior n3 Teopemst 14. Vmnmkarmst
(5) = (1) oueBugna.
(1) = (5). Umeer mecro pasmoxenne M/A = My/A® - - & M,/A monyns M/A, tne M;/A—

OPOCTON MOJYJIb JiJIst Kaxkaoro i. fcuo, aro M; N ( > M;) = A nna xaxjoro @ = 1,...,n. s
J#i
KasKJIOrO [IOJIMHOXKECTBA, {41, ...,i,—1} MHOXKecTBa [ := {1,...,n} umeer mecto uzomMopdusm

M/(Mll +Mi2 +oe +Min—1) = Mk/A

Jutst vekoroporo k € I\ {i1,...,in—1}. Torma daxrop-momyns M/(M; + --- + M;, ) nsomopden
IPOCTOMY IpsiMoMy cJiaraemomy mogyiist M. Crenosarenbho, cornacuo (1), My, +---+M;, |, — upsimoe
ciaraemoe M. HerpyaHo 3aMeTHTh, 9TO MMEET MECTO PABEHCTBO

A= ﬂ (Mi1+"'+Min—1)'
{’il,...;in,l}cf

Torma cornacuo 1. (3) umeem A <% M. O

Ecim A — kjtacc Bcex TPOCTBIX (COOTBETCTBEHHO, MOJIYIIPOCTBIX) HpaBbix R-mopyseii, o A-C2-mo-
JLyJTH HA3bIBAIOTCS NPocmo (COOTBETCTBEHHO, NOAYNPOCMO) NPAMO UHBEKMUSHUMU MOOYAAMU.
Crenyroiiiee yTBEPKIEHIE HEIOCPEJCTBEHHO ciiejiyeT u3 TeopeMbr 20.

Teopema 24. Caedyrujue ycaosus pasHocusvoHbL 0as modyas M:

(1) M — noaynpocmo npamo unsekmusHvil Mo0yav;

(2) ecau A, B — noaynpocmuie npamvie caazaemvie mooysa M, mo A+ B <% M;

(3) ecau A, B — noaynpocmuie npamvie caazaemvie mooysa M u AN B =0, mo A+ B <% M,
(4)

n
4) ecau X1,..., X, — noaynpocmoie npamuvie caazaemvie modyas M u Xy,..., X, € A, mo > X; —
i=1
npamoe caazaemoe modyas M,
(5) das ar0bo20 pasnoscenus M = Ay @ Ag, 2de A1 — noaynpocmoti modyav, Yy KaHcdo2o 20MOMOP-

Pusma [ : A1 — Ag 06pas ABAAEMCA NPAMBIM CAGRAEMBIM MOOYAA As.
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Teopema 25 (cum. |7, npemioxenue 2.1|). Caedyrowue ycaosua pasrocusvrv, 0as modyas M:

(1) M —npocmo npamo unsekmueroLl Mooyav;

(2) ecau A, B — npocmuie npamvie caazaemvie mooyaa M, mo A+ B <P M,

(3) das 6cAKUT KOMEUHONOPOHCIEHHBLT NOAYNPOCTHT NoOMOOYaet A, B modyas M u3 ycarosud
A= B, B<® M credyem, wmo A <% M;

(4) Oas A006BLT KOHEUHONOPOAHCOEHHBIT NOAYNPOCTIVT NPAMUT caazaemur A, B modyrs M evinoa-
neno ycaosue A+ B <P M.

Aoxasamenvcmeso. DxsuBarentaoctu (1) < (2) < (3) caemyior u3z teopemsr 20. Vmnymkanus (4) =
(1) oueBunna.

(2) = (4). Jocrarouno nokazars, 9ro eciu M, ..., M, —upocrble npsivble ciaraemble Moyist M,
T0 M1 + ...+ M, —upsimoe ciraraemoe M. DTO MOKHO IIOKA3aTh € HOMOIIBIO CTAHIAPTHBIX PACCy K-
JeHHUI, UCIO/Ib3ys MATEMATHIECKYIO MHIYKITUIO. O

[Ipasbiit R-moaysib M HazbiBaercst V -modyaem, eciim KaXKJblil IpocToii npaBbiii R-mojtyib M-uHb-
ektued. Kosbiio R HazbiBaeTcs npasvim V -xoavyom, ecaiu Rp — V-momyas. CorsacHo Teopeme Karr-
JIAHCKOT'O KOMMYTATHBHOE KOJILIIO R SBJIsIeTCS PETYJIsIpDHBIM, B TOYHOCTU TOrAa, Korna R — V-kombIo.

IIycts M — npasbrit R-moynb. [IpaBerit Momynb Ha KoabiioM R nHaspiBaeTcsa M -TIUKITIECKUM, €CITN
OH m30MOpQEH HEKOTOPOMY (PaKTOP-MOIY/II0 MOy st M.

Jlemma 26. [lycmo F' — pezyaaproit npaswili R-modysv. Ecau A — koHewHo noporcdennvith mavill
noomodyas garmop-modysn F/Ey, mo A @ F/Fy — F-yukauueckut mMooysv.

Jlokasamensvcmeo. st HEKOTOPBIX 3J1€MEHTOB f1,..., [y, € F umeer mecro paseHcrso (fiR + ...+
fmR+ Fy)/Fy = A. Tak kak F' — peryusipablii MoiyJib, To coryiacto |3, 11.1] umeem f1R+...+ f,R =
7(F), rne 7 € Endg(F) n 72 = 7. TlockombKy A — MasbIit oamMomtyb Moyt F/Fy, To

F/FO == ((1 —7T)F+F0)/F0.

Torpa cymecrsytor snumopdusmer f : w(F) — A, fo: (1 —7)(F) — F/Fy. CienoBaresibHO, MOJLYJIb
A @ (F/Fy) siBnsiercst F-IUKITIECKAM. O

Teopema 27. /Jlaa peeyaaprozo npacozo R-modyas F caedyrowue yeaosus pasHocusbHbL:

(1) F asanemcsa V-modyaem;
(2) raorcovdi F--yuriuveckuts mooysd AGAAECTNCA NPOCTNO NPAMO UHBEKIMUGHIM.

Joxasamesvemeo. mmmnkanus (1) = (2) oueBuHa.

(2) = (1). lIycrs S € o(F') — npocroit Mmonyinb n Ep(S) — nnbekrnBHas 060s10uKa MO/t S B Ka-
reropun o(F). IIpennonoxum, aro Ep(S) # S. Tak kak monyns Epr(S) nopoxknaercss moayueM F, To
cymecrByer Takoit romomopdusm f : F — Ep(S), uro f(F) # S. Torga S — MaJiblii HojaMoLyJib MOy~
s f(F), n u3 upenpitymmeit semmsl Boitekaer, uro S & f(F') — F-nukinaeckuit. Tak kak, oueBmIHO,

Mozysb S @ f(F) He sIBJIsieTCsl IPOCTO IPSIMO MHBEKTUBHBIM, TO HOJIyYaeM IPOTUBOPEUNe C YCIOBUEM
. (2). O

CaencrBue 28 (cM. |7, reopema 4.4]). Jlas peeyasapnozo xosvua R caedyrowue ycaosus pasro-
CUNDHDL:

(1) R asasemca npasvm V-Koavuom;
(2) nad xoavyom R xascovli yuksuveckuts npasvili MOOYAb AGAACMCA NPOCTNO NPAMO UHBEKMUG-
HOLM.

IIpenmoxkenne 29. ITycms A — xaace npasvix R-modyaet, 3aMKEHYmMbtG 0MHOCUMEABHO USOMOD-
Pu3mos u npamux caceaemouix. Ecau ecaxut npasoti R-modyas A-unsexmusen, mo caedyrouwue yceao-
BUA IKGUBAAECHMHDL:

(1) sce modyau us A unsexmueHot;
(2) xaorcowi npasvit R-modyav aeasemesn A-C2-modyaem;
(3) xaorcowi npasvit R-modyav aeasemesn A-C3-modyaem.
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Jlokasamenvemeo. Umumkanuu (1) = (2) = (3) oueBuHbIL.
(3) = (1). IIpenmonoxum, aro A € A. Torna A ® E(A) ssasiercss A-C3-mozysiem. Takum obpazom,
A — upsivoe ciaraemoe B E(A) u, cienoBarenbHo, MOJyb A HHbEKTUBEH. O

CaencrBue 30 (cMm. |7, npemnoxenue 4.1]). Caedyrowue ycaosus sxeusarenmmuv, 0ia koavuya R:

(1) R sasasemcea V-korvyom;
(2) xaotcdvidi npaswvili R-mo0yav A6AAEMCA NPOCTNO NPAMO UNHBEKMUBHOM MOOYAEM.

IMpeamoxenne 31. [Tycmv A — xaace npasvix R-modyaeti, 3aMEHYymMbil 0OMHOCUMEABHO USOMOP-
Pusmos u npamux caczaemouix. Ecau ece npasvie R-modysu A-npoexmuetv, mo ciedyroujue Yycaosus
IKBUBANEHMHDL:

(1) sce modyau us A npoexmusnol;
(2) xaosrcowi npasvit R-modyav asasemesn A-D2-modyaem;
(3) xaorcowi npasviti R-modyav asasemesn A-D3-modyaem.

Jlokasamenvemeo. Umiumkanuu (1) = (2) = (3) oueBuHbIL.

(3) = (1). Iycrs A € A. Cymecrsyer smavopdusm ¢ : RY — A, Torma M = RY) @ A spnsiercs
A-D3-momynem. Tax xax (@) @ A = RU @ A u (p) + RD = M, 1o (p) N RY — upsmoe craraemoe
mogyist M. Taxum oGpasom, A msomopden npsimomy ciaaraemomy B RU) u, ciemosaressno, Mopyns A
ITPOEKTUBEH. ]

CaencrBue 32 (cum. [11, reopema 3.4]). Caedyrowue ycaosus sxsusarenmms, ot koavuya R:

(1) R ABasemCA KAGCCUNECKU NOAYNPOCTIOIM KOALUOM;
(2) xaosrcdwi npasviti R-modyav asaaemes npocmo npamo npoeKmueHsM MOOYAEM.

[Tycts manb! Kogbia R u S, oumonysin g Mg u g Ng u 6umotysibHbIe roMoMOpdu3Mel ¢ : M®gN — R
unYy: NogM — S. Jnam € M un € N nonoxxum mn = @(m ®@n) u nm = (n ® m). Torua
ecim jgist Beex m,m’ € M u n,n’ € N Bomonnstorcs Toxaecrsa (mn)m’ = m(nm’) u (nm)n’ =

r om
n(mn’), To muokecTBO K Marpui Buja <n S), rner € R, me M,n¢e& N, s €S, orHocuTeILHO

€CTECTBEHHBIX OIepaIluii MATPUIHOIO CJOYKEHUSI W YMHOXKEHUsI 00pa3yeT KOJIbI0, KOTOPOe HA3bIBAIOT
KOADUOM POPMANOHLL MAMPUY,

[Mycrs manst Mmoaynun Ar m Bg u takue romomopdusmbl mojyieit f: AQpM — Bsung: BRg N —
Apg, 41O

g(fla®@m)@n) = a(mn), f(g(b©n)®m)=blnm),

nsiBeex a € A,b € B,m € M, n € N. Torga muoxkectso nap (A, B) ctaHOBUTCS IIpaBbIM K -MOJLyJIeM.
Herpyuuo Bujers (cuM. Hanpumep, [2]), aro Bce npasble K-MOJysin MOI'YT GbITH [IPEJICTABJIEHBI B TAKOM
BHJIE.
R M
N S
Mu uneajamu caena, T.e. uaeansl MN < R u NM < S HUJILIIOTEHTHHI.
[Tycrs pan npassiit K-monyias (A, B) k. Beegem oboznauenmst

Ly={acA|laM =0}, Lp={be B|bN =0}

,Haﬂee 6y,£(61VI apejamnoJiararb, 9To K= — KOJIBIIO (bOpMa,JH)HbIX MaTpull C HUJIBIIOTEHTHDBI-

JIemma 33. [Tycmv K — K0avuo PopMAsbHBIT MAMPUY, € HUADTOTMEHMHbLMY UOCAAAMU CAE0,
(A, B)g — npasviti K-modyav u (A’ B") — ez20 nodmodyaw. Ilodmodyaw (A’ B') saeasemcs npocmuim
npamoim caazaemoim K-modyas (A, B) kg mozda u moavko mozda, £020a 6binosHAEMCA 00HO U3 caedy-
0WUT 06YT YCAOGUTL:

(1) (A,B") = (A,0), 2de A’ < Lg — npocmoti nodmodysv, u CYWeCmsyem makoe pasioHcenue

A®C=A, wymo BN < C;
(2) (A,B") = (0,B’), 2de B" < Lp — npocmoti nodmodyab, u Cyuwecmeyem maxoe pasioHcenue
B'®D =B, wmo AM < D.
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Jloxasamenavcmeo. Ilyers (A’') B') — npocroit mopmonyns (A, B) k. Ecom 0 # A’, 1o 0 # (A, A M) <
(A’, B'), a snaunr, (A, B") = (A', A M). Eciu A’M # 0, To mo/ry9aeM CJIeIyoIyio MenouKy PABEHCTB:

(A',B") = (A", AM) = (AMN,AM)=(AMN,AMNM)=-.. =
= (A'(MN)YE, A'(MNYEM) = - =0,

KOTOPasi BBIMIOIHSIETCS B CHIy HUJIbIOTeHTHOCTH Hieasia M N. Takum obpaszom, Jiro00it TpocToil mo/I-
monyitb (A, B) g umeer sug 6o (A’,0), mu6o (0, B'), tne A’ < A u B’ < B — npocTble TOAMOLYIHN.
B wacrnocru, A’ < La, B’ < Lp.

[Ipeanonoxum, uro (A’,0) saBisiercs PoCTBIM NpsAMbIM ctaraeMbiM Mouyns (A, B) k. Torga mus
nekoroporo C' < A JIOJIZKHO UMETh MECTO PA3JIOXKEHHE

(4,0)® (C, B) = (A, B).
Tak kak (C, B) siBastercst moamomyieM (A, B)k, o BN < C. O

Teopema 34. ITycmv K — k04510 GOpMArbHOIT MAMPUY, € HUABTLOMEHMHBLMU UICAAAMU CAEIA.
s npasozo K-modyan (A, B) g caedyrougue ycaosusa IK6USAACHINHDL:

(1) (A, B) — noaynpocmo npamo npoexmushuili Mooy,

(2) (a) ecau daa noomodyset Ai, As < A, ydosaemeopsowux ycaosuro BN < Ay N Az, umeem
mecmo pasaooicerue A1BCT = A = As®Cy, 2de Cp, Cy < Lo — noaynpocmuvie nodmodyau,
mo cywecmeyem u pazaoscerue A = (A1 N Ay) @ C, 2de C < Ly;

(b) ecau das noomodyaet By, By < B, ydosaemeoparowuz yeaosuro AM < By N By, ume-
em mecmo pasaosicenue By ® D1 = B = By @ Do, 2de D1,Ds < Lp — noaynpocmuie
noomodyau, mo cywecmeyem u pazaoxcenue B = (B1 N By) @ D, 2de D < Lp.

Jlokasamenvemeo. miuukanus (1) = (2) oueBuHa.

(2) = (1). Hycrs (A1, B1) @ (C1,D1) = (A, B) = (Aa, B2) ® (Ca, D), e nogmonynu (Cp, D) u
(Cq, D) nosynpocrsl. Tak Kak KayKJblil U3 HUX sIBJISIETCSl CyMMOI IIPOCTBIX IIOJMO/IYJIeH, TO B CUILY
aemmbl 33 3akmouaem, uro C1,Cy < Ly, Dy, Dy < Lp noayupoctsl. B cuiy ycsosuii (2a) u (2b)
HOJTy 9aeM

(A,B) = (AlﬂAg,BlﬂBg)EB(C,D). O]

R
0 S
(A, B)k caedyrowgue ycrosus sK6USANEHMHDL:

Caeacrsue 35. [lycmv K = < ) — KOADUO POPMANLHOT mampuy,. s npasozo K -modyasn

(1) (A, B) —npocmo (noaynpocmo) npamo npoexmusHvil modysv;

(2)  (a) ecau das nodmodyaet Ay, Ay < A umeem mecmo pazaoocenue Ay & C1 = A = Ay @ Co,
20e C1,Cy < Ly — (npocmoie) noaynpocmuie nodmodyau, mo Cyuecmeyem u pasiorncerue
A:(AlﬂAQ)@C, 2de C' < Ly;

(b) ecau nodmodyau By, Bs < B, obaadarouwyue mem ceoticmeom, wmo AM < By N By u
daxmop-modyau B/By u B/Bs npocmu (noaynpocmo.), evidessromes 6 6ude npamols
CAGRAEMBLT 6 B, Mo NpAMbBIM CAAZAEMbBIM TAKIHCE ACAAECMCA U UT nepecenenue By N Bsy.

B wacmnocmu, ecau AM < J(Bg), mo ycaosue (2b) npespawaemcs 6 npocmo (noaynpocmo) npamo
npoexmueHocmv modyan B.
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