Math-Net.Ru

M. O. Korpusov, Blow-up and global solubility in the
classical sense
of the Cauchy problem for a formally hyperbolic equation
with a mnon-coercive source, Ilzvestiya: Mathematics,

2020, Volume 84, Issue 5, 930959
DOI: 10.1070/IM8880

UcnonpzoBanne Obmmepoccuiickoro maremaruaeckoro mopraja Math-Net.Ru mog-
Pa3yMeBaeT, 9TO BbI IPOUUTAJN U COIVIACHBI C ITOJIH30BATEIHLCKIM COTJIAIIECHIEM
http://www.mathnet.ru/rus/agreement

[lapaMeTpsl 3arpPy3KHU:
IP: 3.15.26.184
2 aEBapa 2025 r., 19:27:31




Izvestiya: Mathematics 84:5 930-959 Izvestiya RAN: Ser. Mat. 84:5 119-150
DOLI: https://doi.org/10.1070/IM8880

Blow-up and global solubility in the classical sense
of the Cauchy problem for a formally hyperbolic equation
with a non-coercive source

M. O. Korpusov

Abstract. We consider an abstract Cauchy problem with non-linear ope-
rator coefficients and prove the existence of a unique non-extendable clas-
sical solution. Under certain sufficient close-to-necessary conditions, we
obtain finite-time blow-up conditions and upper and lower bounds for the
blow-up time. Moreover, under certain sufficient close-to-necessary con-
ditions, we obtain a result on the existence of a global-in-time solution
independently of the size of the initial functions.

Keywords: non-linear Sobolev-type equations, blow-up, local solubility,
non-linear capacity, bounds for the blow-up time.

§ 1. Introduction

In the two classical papers [1] and [2]|, published in 1973 and 1974, Levine sug-
gested a new energy method for studying the occurrence of blow-up in two Cauchy
problems for the abstract formally parabolic and formally hyperbolic equations

Puy = —Au+ F(u), u(0) = wo, (1.1)
Puyy = —Au+ F(u), uw(0) = ug, u'(0) = uy, (1.2)

where the operators P and A are linear and the operator F(u) is non-linear.
Blow-up results wee obtained for classical as well as weak solutions. We also men-
tion Straughan’s paper [3].

In 1977 Kalantarov and Ladyzhenskaya published the paper [4], where the energy
method was used to solve the following pair of abstract Cauchy problems:

Pu; = —Au+ B(u) + F(t,u), u(0) = wp, (1.3)
Puy = —Au + B(u) — aPuy + F(t,u), uw(0) = ug, v (0) =y (1.4)

with possibly non-linear operators B(u). The following equation was considered in
the paper [5] by Levine and Serrin, published in 1997:

(P(u))e + A(u) + Q(t, ur) = F(u),  u(0) =ug, u'(0)=ur.  (1.5)
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The following general equation of formally parabolic type was considered in 1998
(see [6]):
Q(t,u,u) + A(t,u) = F(t,u), u(0) = ug. (1.6)

The theme of proving blow-up of solutions of formally hyperbolic equations with
positive energy began to develop at the same time. We mention the papers [7]
and [8] by Pucci and Serrin in this connection. Recent results in this direction can
be found in [9]-[12].

An important advance of the energy method was made in the paper [13] by
Georgiev and Todorova on the first initial-boundary value problem for the equation

gy — A+ aug|ug| ™ = bufulP (1.7)

in a cylinder [0,7] x . The result of Georgiev and Todorova was generalized by
Messaoudi [14], [15] to the case of a non-linear non-local equation

t
uge — Au + / g(t — 8)Au(z, s) ds + |ug|™ 2up = |ulP2u. (1.8)
0

Our paper continues the investigations begun in [16]-[18]. The following abstract
Cauchy problem was considered in [18]:

2u n
ACCZZ? + % (Aoqu]Z_;Aj(u)) JrH}(U) = F}(U), uw(0) = ug, ' (0) =uy, (1.9)

where H'(u) and F'¢(u) are the Fréchet derivatives of non-linear operators. In that
paper, we considered the classical and weak solutions of the Cauchy problem (1.9).
We proved the existence of non-extendable solutions and obtained sufficient con-
ditions for the finite-time blow-up of solutions. To prove finite-time blow-up, we
used our modification (described in [19]) of Levine’s energy method.

In the present paper we consider an abstract Cauchy problem of the form

> l d
C#Q(Aou—k;Aj(u)) + Lu = aF(u), uw(0) = ug, u'(0)=wy, (1.10)
where the operators Ay and L are linear while the operators A;(u) and F'(u) are
non-linear. Notice that the equation (1.10) contains a non-coercive source

d

SF (),

which considerably complicates the task of finding sufficient conditions for blow-up
in the Cauchy problem (1.10). We shall prove the existence of a classical non-
extendable (in time) solution of (1.10) under certain conditions on the operator
coefficients. We shall obtain sufficient conditions for the finite-time blow-up of solu-
tions, upper and lower bounds for the blow-up time, and sufficient conditions for
the existence of a global solution of the problem for arbitrary initial data (not
necessarily small).
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Note that we have already considered a number of concrete examples of equations
in the abstract form (1.10) and in more complicated forms. For example, the
following equation arises in the blow-up instability theory of semiconductors [19]:

0? 6|u|p H? 0? 0?
Au — A =0 A= —+—+ —

gz (Au—eu) +Aut =5 =0, 022 "o T o
The following equations were suggested in [20] for a study of self-oscillations in
systems with distributed parameters on the basis of a tunnel diode with non-linear
characteristics:

P9 _ 20t 0 0 _ 9(¢3—¢) B>0 >0 (1.12)

o2 08962 ot? 9x2 7 ’ _— ’ '
09 _ 20% 0 ¢ 8 (98 (96\T _
a2~ ox2 Vo2 922 T Totax \or  \ oz o

p>1. (1.11)

g>0, v>0,
(1.13)

where ¢ = ¢(x,t) is the electric field potential (see also [21] and [22]). In [23]
we obtained conditions for the occurrence of blow—up in the first boundary-value
problems on an interval for the equations (1.12) and (1.13). In [24] we obtained
rather delicate a priori bounds for solutions of the Cauchy problems for equations
of Khokhlov—Zabolotskaya type:

0%u 0%u? 0? 0?

vl Ay u= TER Ay, = 97 + 5.2 (1.14)
?u  0%u  9*u?

o2~ 9z o2’ (1.15)
0? e? 0%u?
Btz( —eu) + Au = 5 o (1.16)

These bounds enable one to obtain sufficient conditions for the finite-time blow-up
of classical solutions along with an instantaneous blow-up result (see also [25]-[35]).
Our derivation of a priori bounds uses the non-linear capacity method of Pokho-
zhaev and Mitidieri presented in [36].

§ 2. Conditions on the operator coefficients

Consider Banach spaces Vg, V;, Wy, where j =1,...,n and i = 1,2, with norms

- tlos M1l 1+

respectively. Let V", V", W;* be the conjugate Banach spaces with respect to the
duality brackets

and with norms

1 llos 1115, - 13
respectively. Assume that Vg, V;, W; are reflexive and separable for j = 1,...,n
and i = 1,2. Assume also that

Ag: Vo — V5, A Vy =V Ly: Wy — WY, F: Wy — W3,
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Conditions Ag. (i) The operator Ag: Vy — V' is linear, continuous and symmet-
ric. We have
lAoull§ < Mpllullp for all u e Vj.

(ii) The operator Ay is coercive and we have
(Agu,u)o = mollul|z  for all wu € V.

Remark 2.1. Tt follows from (i) and (ii) that the quantity (Agu, u}}/2 is an equiva-
lent norm on Vj.

Conditions A. (i) The operator A;: V; — V* is monotone and continuous.
(ii) The operator A; is Fréchet differentiable. Its Fréchet derivative

Gr(w): V= Z2(V3, V)

is a continuous symmetric monotone non-negative definite operator for every fixed
u € Vj and A%;(0) = 0.
(ili) The operator A; is positive homogeneous:

Aj(ru) =P Aj(u) for p;>2, r>=0, ueV;.
(iv) The following upper and lower bounds hold:

. —1 :
14; )7 < Mllull7~ (Aj(u),w); > myllully,  Mj,m; > 0.

Remark 2.2. Tt follows from (iv) that the quantity (Aj(u),u>;/ Piis an equivalent
norm on V.

Conditions F. (i) The operator F': Wy — Wy is boundedly Lipschitz continuous,
that is, we have

|F(u1) — F(ug)|2 < p(R)|ur — ugle  for all wuy,us € W,

where R = max{|ui|2, |uz]2} and g = p(R) is a non-decreasing function bounded
on every compact set.
(ii) The operator F' is positive homogeneous, that is,

F(ru) = r'T9F(u) for ¢>0, r>0, ucWs,.
(iii) The operator F' has a symmetric Fréchet derivative
Fi(-): Wy — L (Wa, W3).
(iv) The operator F satisfies the upper bound
|F(u)|3 < Muldt forall we W,

Conditions L. (i) The operator L: W; — W7 is linear, continuous and symmetric.
We have
|Lul; < Dyluly for all w e Why;

(ii) The operator L; is coercive and we have

(Lyu,u)y > dy|ul? for all e Wi.
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Remark 2.3. Tt follows from (i) and (ii) that the quantity (L;u, u)}/2 is an equivalent
norm on Wi.

We now consider the Banach spaces Vg, V;, W;, where j =1,...,nandi=1,2.
Let H be a separable Hilbert space identified with its conjugate. Assume that the
following conditions hold.

Conditions H. We have chains of dense continuous embeddings
ds ds ds ds .
VWwCV;CHCV/CVy for j=1,....n,
ds ds ds wds i
V0CWiCHCWiCVO for i=1,2.
Note that the following properties hold in view of the conditions H:

(fru)o = (f,u); foral feV' ' uelVy, and j=1,...,n,
(fyu)o=(f,u); forall feW weVy, and i=1,2. (2.2)

§ 3. Auxiliary results

In this section we list a number of results which are needed in the main text.
We shall prove them in the necessary general form.

Lemma 3.1. Let A: X — X* be a Fréchet differentiable operator with a symmetric
Fréchet derivative
Al (u): X — L(X,X™)

and with A(su) = sP~1A(u) for s > 0 and p > 2, where X is a Banach space with
conjugate X* with respect to the duality brackets (-,-). Then the functional

¥(u) = (A(u),u): X — R
is continuously Fréchet differentiable and its Fréchet derivative is
Vi (u) = pA(u) for all ue X.
Proof. We claim that the following equality of operators holds:
Al (w)u = (p— 1) A(u).
Indeed, on the one hand (by the condition A, (iii)) we have

L A(su) = (s Aw) = (p— V72 Aw) = P L AGw) = 2L Afsu)

and on the other hand, by the chain rule for Fréchet derivatives,

d
£A(su) = Al (su)u.
Combining these equalities, we deduce that
p—1
s

A(su) = A, (su)u.
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Putting s = 1, we obtain the required equality

(p—1A(u) = Al (u)u VueX.
Consider the following chain of calculations:

Y(w+h) —Y(u) = (Alu+ h),u+ h) — (A(u),u)
Al (u)h +w(u, h),u + h) — (A(u), u)

(A(
= (A(u) +
= (A(u), h) + (A (u)h + w(u, h),u + h)
= (A(u), h) + (A, (w)h, u) + (A} (u)h, h) + (w(u, h), u+ h)
= (A(u) + A, (w)u, h) + ©(u, h),
where
w(u, h) = (Al (u)h, h) + (w(u, h),u + h)
Moreover,

[@(u, b)| < AL @RI Rl lw(u, B [lull +[PI] < el + llw(u, )]l + [[A]].

Finally,

@ (u, h)|
1m =
Ial—0  [[A]]

Hence the Fréchet derivative of the functional v (u) is
Ui(u) = A(u) + A} (w)u = A(u) + (p — 1) A(u) = pA(u). (3.1)

It follows that v (u) is continuously Fréchet differentiable. [J

Lemma 3.2. Suppose that all the hypotheses of Lemma 3.1 hold and we have
u(t) € CM([0,T); X) for some T > 0. Then the functional

Y(u)(t) = (A(u),u)  belongs to  CV([0,T)).

Proof. First of all, by Lemma 3.1 and the chain rule for Fréchet derivatives, we
have
dw

= (¢ (u), v) = p(A(u),u).

Consider the function

We claim that f(t) € C([0,7T]). Indeed, let ¢t € [0,T] be fixed and ¢ + s € [0,T].
Then

ft+s) = f(t) = (Alult + 5)), 4 (t + 5)) = (A(u(t)), u'(t))
= (Au(t)) + A, (u@®)[u(t + s) — u()] + w(t, s), u'(t + 3))
A(u(®)), v (1)) = (A(u(t)), u'(t + s) — (1))
Al (ut)[u(t + 8) —u(t)], v/ (t + 8)) + (w(t, s),u (t + 5)).
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By this chain of equalities we arrive at the inequality

[F(t+s) = FOI < TA@E) [l [[o/ (E + 5) = ' @]
+ AL ()l cixix) lult + s) = w1t + )] + lwlt, s) ]« [[u'(E+ )]l

Note that
Ju' (t + )| < ([ @O + [/ (t + 5) — ' )] < e,

where ¢; > 0 is independent of ¢,s € [0,T]. Thus we arrive at the bound

[f(t+5) = FO] < callt/ (E+ 5) = 0/ @) + esllult + 5) — u(®)]| + callw(t, s)[l,

where ¢, ¢3, ¢4 € (0,+00) depend only on ¢ € [0,T]. Moreover,

lim w(t,s)||x = 0.
Hu(t+8)—U(t)H—>0” &3l

Thus we conclude that
lim f(t+s) = f(1).

It follows that f(t) € C[0,T]. O

Lemma 3.3. Suppose that all the hypotheses of Lemma 3.1 hold and we have

u(t) € C([0,T]; X) for some T > 0. Then

p—1d

I\ —
(A u) = P2 LA, w. (32)
Proof. By Lemma 3.1 we find that
d )
7 (AW, w) = p{A(u), u'). (3.3)
This yields the equality
p(A(u), ’LL/> = <(A(u))/’u> + <A(u)’ u/>’
which implies that
((A(w)),u) = (p = D(A(u),u')
Hence we have 1
(A(u),u') = E((A(U))'7U> (3.4)
The desired equality (3.2) follows from (3.3) and (3.4). O
Lemma 3.4. We have
|(Lu,v)1| < l<A0u7u>0/ (A0v7v>é/2
2
< %<A0U,U>0 + %(Aou, u)o forall w,veVy, >0, (3.5)

where [ > 0 is a constant.
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Proof. On the one hand, by the condition L , (ii) we arrive at the Schwarz inequality
1/2 1/2
(L, )| < (Lu,w)y" (Lo, v)} 2.

On the other hand, by the conditions H we have a continuous embedding V, C Wy
of Banach spaces. Finally, by the condition Ag(ii), the quantity (Aou,u>(1)/ % s
a norm on Vy. Hence we have

(Lu, u)i/2 < l1/2<A0u,u)(1)/2 forall ue W.
It remains to use the Cauchy—Bunyakovskii inequality with some . [J

§ 4. Solution of a differential inequality

In this section we obtain a lower bound for the functional ®(t) € C®0,7]
satisfying the integro-differential inequality

t
<I>CI>”—a(tb’)2+ﬁ<1>2+71<1>(t)+72T/ B(s)dsD(t) >0 for te[0,T] (41)
0

where a > 1 and 5 > 0, 71 = 0, 72 > 0. Suppose that
®'(0) > 0, ®(0) > 0. (4.2)
Then there is a t; € (0,7") such that
O(t) >0, ®'()=0 forall te0,t] (4.3)
The following relations hold:

s=t

/t D(s)ds = s@(s)|s=0 - /t s®'(s)ds < T®(t) forall te]0,ty]. (4.4)
0 0

Thus, in view of (4.4), we can deduce the following differential inequality from (4.1):
PO — (D)2 + [B+12T?|P* +71® =0 for te€0,t]. (4.5)
Dividing both sides of (4.5) by ®'*%(t), we obtain the inequality

(I)// (@/)2
o “pita

+ B+ 2T+ @ >0 forall te€[0,t]. (4.6)
We introduce a new function
Z(t) := ' 7(1), a> 1. (4.7)
Then (4.6) yields that
7"t < (= D)(B+7THZ({t) + (a— )y 2@ V(t) for te[0,ts]. (4.8)

Note that
Z'(t) =1 —a)® *(t)®'(t) <0 for tel0,ty]. (4.9)
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Multiplying both sides of (4.8) by Z’(t), we obtain the inequality

ZM)Z"(t) > (a = 1)(B+7THZH)Z'(t) + (o = V) 2V (@) Z' ()  (4.10)
for t € [0,¢1], which may be rewritten in the form

d o (@=1D)(B+7T?) d
%2 )2 > 5 %ZQ(f) +

(a—1)%y; d
200—1 dt

Ze=D/(e=1) 1) (4.11)

N | =

for t € [0,t1]. Integrating this inequality with respect to time, we have

(ZO)F > A+ (0= DB +272)22(0) + LD gea-vran) 41

20— 1
for ¢ € [0,t1], where
2(a —1)2 1)/ (a—
A= (Z'(0))* = (a = (B +7T%)2(0) - %Z@a D/@=1(0). (4.13)
To go further, we will need the inequality
A>0. (4.14)

In view of (4.7), (4.9) and (4.13), it is equivalent to the inequality

2>5+’Y2T2
a—1

27

®2(0
()+20¢71

(®'(0))

Suppose that (4.15) holds and, therefore, A > 0. It follows from (4.12) that

o(0). (4.15)

(Z'(t)>>A>0 for tel0,t]. (4.16)

The inequalities (4.16) and (4.9) yield the following chain of inequalities for ¢ €
[O,tl]t

|Z'(t)| = AY? = Z'(t) < —AY?2 <0 = (1 -a)d ()’ (t) < —AY? <0
A1/2
a—1

= D'(t) > D(t). (4.17)

Since ®'(t) > 0 for ¢ € [0, 1], we have
O(t) > ®(0) >0 for te](0,t].
Using this and (4.17), we arrive at the inequality

Al/2 A1/2
¥(t) > o) >

— 3°(0) > 0. (4.18)

Thus, in particular, ®’(¢1) > 0. Therefore, repeating the arguments, we obtain that

1/2
¥(t) > 2

- 1<I>“(O) >0 for tel0,T]. (4.19)
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Using this and (4.9), we conclude that
Z'(t) <0 for tel0,T].

Therefore from the inequality (4.16), which holds for ¢ € [0,7], we arrive at the
inequality

Z(t) < Z(0) — AY?t = ®1(t) < TT(0) — AY/?

1
[@1-a(0) — AL/2{]1/(a=1)

= O(t) > (4.20)
which is obtained under the conditions (4.2), (4.15) and (4.16). We now require
that the following equality holds:

AYV2T = d1(0). (4.21)
This equality can be rewritten in the form

1 2 6+ 72T2

T2 1 RO+ = T (@0)7 + 2N p0). (422)

(@'(0))? = —

Generally speaking, this equation may have four roots. We are interested only in
the smallest positive root T'= T; > 0. Thus we have proved the following assertion.

Theorem 4.1. Suppose that ®(t) € C[0,Ty) satisfies the differential inequal-
ity (4.1) and
®(0) > 0, ®'(0) > 0, a>1, (4.23)

where the initial conditions ®(0) and ®'(0) are such that there exists a smallest
positive Toot Ty of the equation

= PO+ T EOr « 00, @20)

(@'(0))? —

a—1
Then ®(t) satisfies the inequality

1
[@1-a(0) — AL/24]1/(a=1)

B(t) = (4.25)

for allt € 10, Ty) and Ty < Ty < +o00, where

BTt
a—1

@(0)2 — Do) > 0. (4.26)

A= (a—1)*072%(0) {(@’(ODQ 20— 1

§ 5. Statement of the problem

Suppose that all the conditions stated in § 2 hold. Consider the following Cauchy
problem for a second-order abstract differential equation:

% <A0u + ZIAJ(u)) + Lu = %F(u), w(0) =uy, ¥ (0) = u;. (5.1)

We give a definition of a classical solution of this abstract Cauchy problem.
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Definition 5.1. A function u(t) € C®?)([0,T];Vp) is called a classical solution
of the Cauchy problem (5.1) if

d2

EAj(u) e C([0,T);Vy) forall j=1,...,n, (5.2)

the equality (5.1) holds for every ¢ € [0,7] and is understood in the sense of the
Banach space V', and
ug € Vo, u; € V. (5.3)

Let u(t) € C?)(]0,T]; Vo) be a classical solution of (5.1). Let ¢(t) € C[0,T] be
an arbitrary function. Consider the function

- /T d(s)ds e CV0,T],  te[0,T) (5.4)

Note that (T") = 0 and ¢'(t) = —¢(t). One has the following integration-by-parts
formulae for Bochner integrals in V'

[ (Aot + _iAxu)(t))w(t) at
= i (A0 + S a0 vy Ry
(o0 +;Ag<uo>ul> [Fowas [ 4 (aonty
/ " Lutyste) di = / Lu(dso)| + / ") / * Lu(s) ds at

:/Oqu(t) /OtLu(s) ds dt, (5.6)

T d T T
| Gr@@uwd=—ru) [ oma+ [ Fowena. 6

Multiplying both sides of (5.1) by t(t) and using (5.5)—(5.7), we obtain that

/OT[d<Aou +ZA )+/tLu(s)ds—F(u)—f]¢(t)dt:0 (5.8)

0

R
i

for all ¢(t) € C[0,T], where

f = —Fluo) + Agur + 3" A p(up)ur. (5.9)

j=1

The resulting equality (5.8) enables us to define strong solutions of the Cauchy
problem (5.1).
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Definition 5.2. A function u(t) € C™ ([0, T]; Vp) is called a strong solution of the
Cauchy problem (5.1) if the equality (5.8) holds for any function ¢(t) € C[0,T] and
one has u(0) = ug € Vo, u1 € V.

Let the Banach space Vj be separable (as required in §2) and let {wj}""x’ be
a Galerkin basis in Vy. By Theorem 1.3 in [37], C([0,T];V)) contains an every-
where-dense vector subspace

{qf)m(t) = Zcmj(t)wj: cm;(t) € Cl0,T], m € N}.

Since the function ¢(t) € C[0,T] in (5.8) is arbitrary, we have

/OT {c(ljt (Aou( )+ En:Aj(u)(t)) + /Ot Lu(s) ds — F(u) — f} emj(t)dt =0 (5.10)

Jj=1

for j = 1,...,m. Taking the scalar product of both sides of (5.10) and w; in the

sense of the duality brackets (-, - )¢ and summing the results over j = 1,...,m, we
have
T d n t
| (G (Ao X as@0) + [ 2uts) ds= Pl = (0) =0, G.1)
0 = 0 0
where
=D cmj(t)w;
j=1

Since the functions p,,(t) form an everywhere-dense subset of C([0,T]; V), we
deduce from (5.10) that

/0T< ; <A°“ *ZA ) +/Ot Lu(s)ds — F(u) - f, v(t)>0dt =0 (5.12)

for all v(t) € C([0,T7]; Vo). Thus the following assertion holds.

Theorem 5.3. Let the Banach space Vi be separable. Then, in the class of strong
solutions of the Cauchy problem (5.1), the equality (5.8) holds for any ¢(t) € C[0,T]
if and only if the equality (5.12) holds for any v(t) € C([0,T]; Vy).

Remark 5.4. In view of the equality of the duality brackets (2.1) and (2.2), one can
rewrite (5.12) in the following equivalent form:

/OTKZAW t> +Z<dt S(u)(t), (t)>j

+/ (Lu(s), v(t))1 ds — (F(u),v(t))2 — <f7v(t)>o} dt =0 (5.13)
0
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for all v(t) € C([0,T];Vp). Taking v(t) = ¢(t)w in (5.13), where ¢(t) € C[0,T] and
w € Vj, we obtain that

n

[ o0(Fantru) +3(Fawo)

+ / (Lu(s), w) ds — (F(u), w)s — (f, w>0} dt =0 (5.14)
0

for all ¢(t) € C[0,T] and w € V,. By the conditions on the operator coefficients,
we have

<ZAOu(t),w>0 e clo, T, <thj(u)(t),w>j e Clo,, (5.15)
/Ot(Lu(s),w)1 ds € C0,T],  (F(u),w)s € C[0,T). (5.16)

Hence, by the fundamental lemma of calculus of variations, it follows from the
equality (5.14) and the properties (5.15), (5.16) that

<$A0“<f>7 w>0 * i@flj(u)(w, w>

+/ (Lu(s),w)1ds — (F(u),w)s — {f,w)o =0 (5.17)
0

for all w € Vy and all ¢ € [0,T).

We now consider the abstract Cauchy problem
d t
(Aou + Z Aj( ) / Lu(s)ds = F(u)+ f,  u(0)=ug. (5.18)
0

We give a definition of a classical solution of this problem.

Definition 5.5. A classical solution of the Cauchy problem (5.18) is a function
u(t) € C(]0,T); Vi) satisfying the equality (5.18) for every t € [0, T] in the sense
of Vi, where ug € Vp and f € Vj.

It is clear that every classical solution of the Cauchy problem (5.18) is a strong
solution of the Cauchy problem (5.1).

§ 6. The existence of a non-extendable

classical solution of the Cauchy problem (5.1)

First of all we need to prove that the operator

u) = Aou + ZAj(u): Vo — Vi (6.1)
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is invertible and the inverse operator is Lipschitz continuous. To do this, we shall
prove that all the hypotheses of the Browder—Minty theorem hold for A(w). Thus,
(I) the operator A(u) is radially continuous.
This follows from the continuity of the operators Ay and A;(-).
(IT) The operator A(u) is strongly monotone.
Indeed, the following chain of inequalities holds:

<A(U1) A(UQ) uy — UQ>0 = <AOU1 AOU2,U1 — U2>0

n
Z Aj(ur) — Aj(ug), ur — ug); > (Aour — Agug, ur — uz)o = mollur — usl[3.

(III) The operator A(u) is coercive.
Indeed, the following chain of inequalities holds:

(A(u), uho = (Agu, w)o + D (A;(u),u); > mollul[§ + Zm]Hqu] mollul3.
j=1 Jj=1
Thus, by the Browder—Minty theorem, the operator
A(u): Vo — V5

has an inverse operator

A7) V= V.

We claim that the operator A=1(-) is Lipschitz continuous. Indeed, since A(u) is
strongly monotone, we have the chain of inequalities

mollur — us||§ < (A(ur) — A(uz), ur — uz)o < [|A(u1) — Auz)[[§llur — uzllo
= mollur — uallo < [|A(u1) — A(u2)lo,

which yields the desired inequality
1
A (wy) — A7 (wa) ||o < m—Ole —welly for all wy,we € Vy. (6.2)

Thus, if we introduce the notation
Au) = v, (6.3)

then the abstract Cauchy problem (5.18) can be rewritten in the class of functions
v(t) € C([0,T]; Vi) in the following equivalent form:

dv

- / ds LA~ (v)(s) + F(A~}(v)) + f, (6.4)

v(0) = vy = A(ug) € V, fevy. (6.5)
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Remark 6.1. The initial condition (6.5) is the only thing to be verified in order
to show that this statement is correct. First of all, note that the following chain
of inequalities holds in the class v(¢) € C([0,T]; Vy):

lu(t) = u(t2)o = A7 (v(t1)) = A (v(t2)) o
< lw(ty) —ov(t)|lg — 0 as t; — to.
Hence u(t) € C([0,T]; Vp). Since Ag and A; are continuous, we conclude that

vo =v(0) = ltilrgw(t) = ltilrgA(u(t)) = A(u(0)) = A(uop).

Thus the initial condition (6.5) is correct.

Note that the problem (6.4) is equivalent in the class v(t) € CM([0, T); Vi) to
the integral equation

v(t) = vy + /0 ds G(v)(s), (6.6)
where .
Glo)(#) = — /0 ds LA™ (v)(s) + F(A~'(v)) + 1. (6.7)

We seek a solution v(¢) of (6.6) in the class C([0, T]; V;). To do this, we rewrite (6.6)
in the operator form
u(t) = H(v)(?), (6.8)

where

H(v)(t) = vo +/0 ds G(v)(s).

Define a closed bounded convex subset of the Banach space C([0, T]; Vi) by putting
B, = {o(t) € (0,75 V5) | el = sup_ [ollat) <}
te[0,7]

for some T' > 0 and r > 0. Using the property (6.2), the conditions L. and F, and
the results in [38], one can prove the following assertion.

Theorem 6.2. For every vy € Vi there is a Ty = To(vg) > 0 such that the equa-
tion (6.8) has a unique solution v(t) € C([0,To); Vy) and either Ty = 400, or
Ty < 400 and the following limit property holds in the latter case:

lim [0} (t) = +oc. (6.9)

Note that
G: C([0,Tp); Vi) — C([0,Tp); Vi)

and, therefore,

| e as e e 0.7):35).

Hence the solution v(t) of the equation (6.8) belongs to C™M ([0, Tp); Vi).
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Thus we arrive at the following equation with known right-hand side:
n
Aou + ZAj(u) =o(t) e CV([0,Tp); Vy) for some Tp > 0. (6.10)
j=1

We need the following theorem (see [39], Theorem 12.3.3, or [40], Theorem 4.2.1).

Theorem 6.3. Let P be a continuously differentiable map from an open ball U =
B,.(x0) in a Banach space X to a Banach space Y. Suppose that the operator A :=
Pi(xo) maps X bijectively onto Y. Then P maps some neighbourhood V' of the
point xg bijectively onto a neighbourhood W of P(xg). Moreover, the map R :=
P~ W — V is continuously differentiable and one has

_ —1
Ri(y) = (PP (y)) . yeW.
We define an operator P(u) := Aou + Z;—;l Ai(w), U =X =V, Y = V.
Consider its Fréchet derivative

n
P}(Uo) = AO + ZA;(UO) Vo — VO*, ug € Vp. (6.11)
j=1
We claim that the operator PJQ (up) has an inverse for every ug € V. To prove this,
we again use the monotonicity of the operators considered. Thus,
(I) the operator Py(uo) is radially continuous.
This follows from the continuity of Ay since A’;(ug) € £ (Vo; Vi) for a fixed
ug € Vp.
(II) The operator Pt(uo) is strongly monotone.
Indeed, the following chain of inequalities holds:

<P0+55Ah@@}q—{Am+§iAhw@}le—@>

j=1 j=1 0

n
= (Agv1 — Agua,v1 —v2)o + Y (Al f(uo)vr — A ¢ (ug)va, v1 — va); = mgllvr —va 3
3if if
j=1

(III) The operator Py(ug) is coercive.
This follows from part (II) and the linearity of this operator for a fixed function
u(t) € C([0,Tp); Vo). Thus, the operator

Pp(uo) i= Ag + > Al p(ug): Vo — Vg
j=1
is invertible. Hence, by Theorem 6.3, it follows from (6.10) that
ult) = R(v(t)) € CV([0, Ty); Vo). (6.12)

Thus Theorems 6.2, 6.3 and (6.10) yield the following assertion.
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Theorem 6.4. For any functions ug € Vo and f € Vi there is a To = Ty(ug, f) >0
such that for every T € (0,Tp) the problem (5.18) has a unique classical solution
u(t) of the class CM([0,T]; Vo) and either Ty = +o00, or Ty < +oc and the following
limit property holds in the latter case:

Aou—f—ZA

We claim that the classical solution of (5.18) actually possesses a greater smooth-
ness: u(t) € C?([0,Tp); Vo). Indeed, on the one hand, it follows from (6.4) that
v(t) € CA([0,Tp); V). Suppose that the operators A;(u), j = 1,...,n, are twice
continuously Fréchet differentiable for all w € V;. Then the operator

= Agu+ > Aj(u)
j=1

is also twice Fréchet differentiable for every u € Vj. We use Theorem 5.4.4 in [40].

lim +00. (6.13)

t1To

Theorem 6.5. Suppose that E and F are Banach spaces, V C E and W C F are
open subsets, and

fV-Ww

is a C'-diffeomorphism. If f belongs to the class C™, then the inverse homeomor-
phism g = f~' is also a map of class C™.

Thus the following assertion holds.

Theorem 6.6. Suppose that all the conditions in §2 on the operator coefficients
Ao, A, L and F hold. Assume also that the operators A;(u) are twice continuously
Fréchet differentiable for all uw € V;. Then for any ug and uy in Vg there is a Ty =
To(ug,u1) > 0 such that the Cauchy problem (5.1) has a unique classical solution
u(t) of the class C2)([0,Ty); Vo) and either Ty = +oo, or Ty < +o0o and the limit
property (6.13) holds in the latter case.

Proof. By Theorems 6.4 and 6.5 we conclude that the unique solution u(t) of the
equation

Aou + ZA e CA ([0, Ty); Vi) (6.14)

belongs to the class C?([0,Ty); Vo). Since the operator Ay is linear and the
non-linear operators A;(u) are twice continuously Fréchet differentiable for all
u € Vj, one can differentiate the equality (6.14) twice with respect to ¢t € [0,7T)
and obtain the following equality in view of (6.6):

d2 n d2’U
= (Aou + ]Z:; Aj(“)) = dTgt)
AEAT)O) _ g, E@EO) (6.15)

-1
=—LA " (v) + 7 7
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It follows from the equality (5.18) that

dlézit) - (AO * JXZ A;'f(u)> B [— /Ot Lu(s) ds + F(u)(t) + f |, (6.16)

where

f = —F(UO) -+ AOU1 + ZA;f(UO)Ul

j=1
Therefore it follows from (6.16) that
du(t
U( ) =u; € Vp.
dt |,_,

Thus, in the class of classical solutions in the sense of Definition 5.1, the Cauchy
problem (5.1) is equivalent to the Cauchy problem (5.18). OJ

§ 7. Blow-up of a strong solution of (5.1) forq +2 > p

Let u(t) € CM([0,Ty); Vo) be a classical solution of the problem (5.18). First
of all we put

o(t) = %(Aou, wo+ pjpjlmj(u), u)j, (7.1)
() = (Ao, u'ho + 3 (ps = D{A] s (W, ') (7:2)

Lemma 7.1. We have

(®'(t)> <PJ(t)®(t) for P= jmax pj, t€[0,T0). (7.3)

.....

Proof. By the conditions A and A, Schwarz’ inequality holds for the Fréchet deriva-
tives A} ,: V; — L(V}; V) of the operators A;: V; — V"

(A () u)j] = (AL (w )| < (A () P (A (), )
= (A () W) (0; — DV (A (w), w)}?, (7.4)
(Aot uo| < (Ao, Yo/ * (Agu, u)s/>. (7.5)

Here we have used the equality

(v = (p; —1)4;(v), (7.6)
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which was proved at the beginning of Lemma 3.1. It follows from (7.4)—(7.6) that

d 2

—¢
dt

< [lAatt ol + 3 405

N

< (ot atho + A0, ) (oo + jﬁ;(pj - ) (0) ;)

J

(500, ) (5 (Ao + 5 B (0 ), )

M= L

Sp((AOU/,U/>0+ _ _ 5
< (Lt atho+ 30000, ) (G oo + 30 Bt 4y ., )
=PI, &

where p = max;—y .. np; > 2. O

Note that Definition 5.2 of a strong solution of the Cauchy problem (5.1) is
equivalent to the equality (5.17). We first put w = u(t) € CM([0,Tp); Vo) in (5.17)
and, in view of (3.2) and the definition (7.1) of the functional ®(¢) € CI0,Tp),
obtain the first energy equality

(fi—(f —|—/O ds (Lu(s),u(t))1 = (F(u),u)2 + (f, u)o- (7.8)

Then we put w = v'(t) € C([0,Tp); Vo) in (5.17) and, in view of the definition (7.2)
of the functional J(t), obtain the second energy equality

t , 1 d d
50+ [ ds (Luls).w (O = —5 GE@ 2+ G (79)
where we have used the equality
n,— L4
(F(u)7u )2 = q+2 dt(F(U),U)Qa

which follows from the equality (3.1) in the proof of Lemma 3.1. Expressing the
quantity (F(u),u)s using (7.8), substituting it into (7.9) and making elementary
transformations, we obtain the following expression for the functional J(¢):

1 d*®(t) 1 qg+1 [* q+1

2 oae ot s 0<L“<s>vu’<t>>ds+q+z<f’?'>o->
7.10

In what follows we will use the Cauchy—Bunyakovskii inequality with an arbitrary
€1 > 0:

J(t)

1
a-b<€1a2+4—b2, a,b>0.
€1

The following relations hold:

(L, )| < —— (Agu, u)o = —2—d(8), (7.11)

q+2 q+2
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where we have used the inequaity (3.5):

g+1|[* / q+1 1/2 / i 1/2
| [ ot onas] < i [ oo ey o o, 0k as
t
ctant 0,000+ (1) T [ auuton oo
2 T +
<) + (Zi;) » /O ®(s) ds, (7.12)
1 1 1
L5l w0l < 5115 el < q+HNoUJ%%UW2
*2
<eJ(t) + (ZI;) !ﬂsg. (7.13)

Thus we obtain the following bound from (7.10) in view of (7.11)—(7.13):

1 2P 2
d*®(t) l a(1)
qg+2 di? qg+2

2 t *2
g+1\"T / g+ 1\’ IIf 18
—_— — ds 7.14
+(q—i—Z) 2e (s)ds + q+2/) dmee’ ( )
Suppose that ¢ € (0,1/2). Then (7.3) and (7.14) yield the following second-order
ordinary differential inequality

(1-20)J(1) <

(g+1)* T

@@// _
q+2 2

(1 —2e) () + 210* +

at2
p

/t D(s)ds D(t)
0

(a+1)* |I£152
q+2 4mge

D(t) > 0. (7.15)

Making the change 2¢ — ¢, we can rewrite this inequality in the general form

t
PP — (D) 4 BD? + 41 P(t) + »yQT/ (s)ds ®(t) > 0, (7.16)
0
where
q+2 (a+1)% [IF16* (¢+1)1
=—(1- =2l = = -
@ D ( 5)) /6 ) 71 q+2 2m0€7 72 q+2 -
(7.17)
We require that a > 1. This leads to the inequalities
q+2-p =
O0<e < ——, +2>D. 7.18
q+2 1 b (7.18)
Moreover, we have
20 —1=L"%2° 0 =2q+2) P,  as=2(q+2). (7.19)

b
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Consider the auxiliary function

hz) =z(oq —agx) 20 for z € [O, Zl]. (7.20)
2
Its maximum is attained at the point
% 2(¢g+2)-p
rp=—0—"=—""= 7.21
7 20, 4(q+2) (7.21)
Suppose that the following inequality holds:
q+2>Dp. (7.22)
We consider two cases separately:
3 3
q+2<§f) and §ﬁ<q+2. (7.23)
In the second case we have
2 2)—7p 2—-p
o= 2L _24+2)-p _a+2-p (7.24)

2009 4(q + 2) q+2
and in the first case we have
o 2(q+2)-p_q+2-D

= = > . 7.25

Lo

Choose the parameter ¢ > 0 in the coefficients (7.17) in such a way that the

coefficient
27

200 — 1

in (4.24) attains its minimum value.

Remark 7.2. Minimizing this coefficient is necessary in order to include as many
elements f € Vi as possible in the blow-up effect.

Note that the coefficient considered is of the form

2n 1 Bla+1)? |If]IE?
2a—1  ela;—aze) ¢+2 my

(7.26)

This function of € > 0 attains its minimum value at the point

q+2-p 3

if 2<775
. q+2 e+ 2p
0= —
2(q+2)-p ..3_
—— if —p<q+2
A(g+2) P =1

However, when ¢ + 2 < 3p/2, we have o = 1, which is inappropriate. Therefore we
choose ¢ in the following way:

9_5
u,g 1fq+2<§p’

o q—+2 2 (7.27)

T 20+ -7 3 '
— = if-p<q+2
4(q + 2) 2
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for any small § > 0. Substitute this value of £ = ¢ in the coefficients (7.17). We
claim that the hypotheses of Theorem 4.1 hold.

Indeed, fix arbitrary ug € Vo and f € V and let u; € V4 be the unique solution
of the following equation in Vj':

Agur + > A (uo)ur = Flug) + f € V. (7.28)
j=1
Note that a solution uy € Vj of this equation does indeed exist by the Browder—Minty

theorem. In our case, the functional ®(t) € C?)[0, Ty) is of the form (7.1). Therefore
for ¢t = 0 we have

1
®(0) = <A0u07u0 0 +Zpﬂp (A; (u0), uo); (7.29)
j=1 I

and the Fréchet derivative of ®(t) is of the following form by Lemma 3.3:
n
D' (t) = (Aou’, u)o Z = (Ao, U0+Z ()’ u)y. (7.30)
j=1 j=1
Hence we obtain that

n
(I)’(O) Aoul, UQ o+ Z ]f uo U1, UQ> (731)
Jj=1

In view of (7.28), this yields the following expression:
®'(0) = (F(uo), uo)2 + (f,u0)o- (7.32)

We rewrite the equation (4.24) in the following equivalent form:

E\T{ + KT + Ky =0, (7.33)

where
Ha a7—2 (@0 K= ﬁ(‘b(o))z, (7.34)
K2 = of 7(2(0)* + 237_1 T®(0) — (2(0))%, (7.35)

Define the following functions:

L(R) = (2(0),.)" = ((F(Ruo), Ruo)z + (f, Rug)o)”
= (R2(F(uo), uo)2 + R(f, uo)o)”, (7.36)
1(R) = 0(0)| ., = R2%<Auo, woho+3 R”"pjT__l<Aj(uo), w)y.  (7.37)
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Substitute Rug, R > 0, instead of g into the right-hand sides of (7.34) and (7.35).
Moreover, put x = TZ. Then the biquadratic equation takes the form

Ki2% + Koz + K3 = 0. (7.38)

First of all, we see from the condition ¢+ 2 > p = max,=1___, p; and (7.36), (7.37)
that the coeflicient Ko will be negative for sufficiently large R > 0 and, under the
condition (F(ug),uo)2 # 0, the discriminant

9P = K3 — 4K, K3

is positive for sufficiently large R > 0. Thus, for sufficiently large R > 0 the
equation (7.38) has a positive root

- —Ky+ K2 — 4K K>
T = Sk, >0

T =

This proves the following assertion.
Theorem 7.3. Suppose that ug € Vg, f € Vi, u1 € Vy is a solution of (7.28), and
(F'(uo),uo) # 0.

Then, for sufficiently large R > 0, the functional ®(t) defined by the formula (7.1)
with initial function Rug satisfies the inequality (4.25).

Lemma 7.4. We have the two-sided inequality
M®'V2(#) < A(u) |5 < Ma®'/? 4+ B;@®s=D/Pi(y), (7.39)
j=1

where the constants My, My and B; are positive and independent of u(t), and
A(u) == Agu + Z Aj(u).
j=1
Proof. We first prove the lower bound. On the one hand, we have

<A(U),’LL>(] = <A()U,’LL> + Z<AJ (u),u>j Z q)(t) (740)

j=1
On the other hand, we have

21/2
m1/2

(Au), uo < [A(w)[[ollullo < [[A()]o Aou,u)y” <A@ —79">(8).

1
/2 {
0
(7.41)

The lower bound follows from (7.40) and (7.41):

e\ 12
Al > () @720 = a2, (1.42)
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We now prove the upper bound. The following chain of relationsd holds by the
definition of the norm || - ||§:

[A(w)llo = sup |(A(u), h)o| = sup
IAllo<1 Illo<1

(Aou, h) oJrZ u), h);

j=1
<sw<Awm><Ahhf”+sm>§]m W)l 1;
IRflo<1 Ilo<1 5=

< 03@1/2@) Ty Z ||u||?j_1 < 63@1/2@) + s Z<Aj(u),u>(17j—l)/?j

<es®'2(t) + oy @PITIPi(t) = Mp®'/2 43 Bio® /i), O
j=1 j=1
(7.43)
This lemma yields the following assertion.

Theorem 7.5. Suppose that the initial function ug € Vy is replaced by Rugy, and
let uy € Vy be a solution of the equation (7.28) with f € Vi, where ug is replaced
by Rug. Then, for all sufficiently large R > 0, the existence time Ty > 0 of the
classical solution of the problem (5.1) is finite and the following limit property
holds:

lim ®(t) = . 44
lim (t) = +o0 (7.44)

We also have an upper bound Ty < T for the blow-up time, where T} is the positive
solution of the biquadratic equation (4.24).

We now obtain a lower bound for the blow-up time Ty. Note that the following
bounds hold by the conditions in §2:

(F(u),w)2] < Mul§™? < erflulld™? < ea{Aou, u) 277 < ez@@D/2. (7.45)

By Lemma 3.4 we have

/ (Lu(s), u(t)): ds %(Aou u>0+712 (Aou(s), u(s))o ds
0 0
< O(t)+TI? / th)(s) ds, (7.46)
0
11 2 o (2) g
frol < 170G ol < S taom i < (2) “istgeree. aam

Note that the following relations hold:

/Ot |:(I)(T)+Tl2 /OTq)(S)ds} dT:/ dT+Tl2/ / s)dsdr

:/0 &(r)dr + Tl /(t—s)fb(s)d < (14T )/ d(s)ds, (7.48)

0 0

2\'/? t 1 T [t
(2) wts [ @ as< L+ g [ e@as @
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Thus the equality (7.8) and the inequalities (7.45)—(7.49) yield that

®(t) < 2(0) + % +c3 /t Y2 (5) ds + (1 + g + 12T2) /t ®(s)ds. (7.50)
0 0

We now use a corollary of the three-parameter Young inequality

1 1 1
ab < a® 4 gb??, =— —+—=1 7.51
/ I Galqn)ela Q@ (7.51)
with
a2 R <2)” ’
q1 = 2 ) q2 = q ) 9= q +2 q +2 .
The following bound holds:
T T (g+2)/q
d(s) (1 +3+ l2T2> < @+D/2(g) 4 g(l +3+ 12T2> . (7.52)

This and the inequality (7.50) yield a bound of the form

t
B(t) < di + do / BI+9/2(5) ds, (7.53)
0
where
WIS, g (2 N T e
dy = T 14+ —+1*T do = 1.
1 (0)+m+q+2 712 +2+ ) 2 =c3+

By the Gronwall-Bellman-Bihari theorem (see [41], p. 112) we have

di

D(t) < .
(1 — qd??dyt/2)2/4

(7.54)

An easy analysis of the formula (7.54) leads to the following assertion.

Lemma 7.6. The existence time Ty > 0 of a classical solution of the Cauchy
problem (5.1) satisfies the lower bound

Ty = T3, (7.55)

where Ty > 0 is the root of an equation

*2 9 1/q T (¢+2)/q79/2
% <I>(0)+HJ;|L° +T2q12<q+2> (1+22+l2T22) } (1+c3)To =1
(7.56)
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§ 8. Global-in-time solubility of the Cauchy problem (5.1) for g + 2 < p
We make a number of assumptions. Suppose that the following inequality holds:

¢+2<p= max p, (8.1)

j=1,...,n

and there is a V; with a continuous embedding
V;c Wy and p; =p. (8.2)

Then the following chain of relations holds:

Moy - :
|(F (), w)a] < My[ul§™ < Mo |[ull* = — 20— (my|jull ) /7
m
J
< ng <AJ (u), u)§-q+2)/pj < M4jq)(q+2)/pj_ (83)

In view of (7.46)—(7.49) and (8.3) we obtain from the equality (7.8) that
115>

m

t t
®(t) < (0)+ +M4j/ q><q+2>/m(s)ds+<1+§+12T2)/ ®(s)ds. (8.4)
0 0

Consider two cases, ¢ +2 = p; and ¢ + 2 < p;. In the first case we arrive at the
inequality

®(t) < (0) + % + (M4j +1+ g + l2T2) /t ®(s) ds. (8.5)
0

In the second case we again use the three-parameter Young inequality (7.51) with

q1 = P q2 = B
q+2’ pj—q—2
and obtain that
(q+2)/(pj—q—2)
J(pi—a— —q—2 2 g
A Y P P pq (q; ) .
j j

(8.6)
Using this and (8.4), we arrive at the following bound:

a(t) < o(0) + I 4 ymroa2, 0 (50T pre) [Caas. (87
< - ; 9T+ (2+5 + | 2(s)ds. (87)

By the Gronwall-Bellman theorem, it follows from [41] that a solution of the
inequalities (8.5) and (8.7) is a function ®(¢) bounded on every interval ¢ € [0, T.
Therefore, by Theorem 6.6 and Lemma 7.4 we arrive at the following assertion.

Theorem 8.1. Suppose that ¢ +2 < D = max,—1,. ,p; and there is a Banach
space V; which can be embedded continuously in Wy with p; = D. Then the existence
time Ty of the solution is equal to +00.

Remark 8.2. Note that the hypotheses of Theorem 8.1 impose no restrictions on
the size of the initial functions ug and wuq.
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§9. Examples

We give examples of initial-boundary value problems for which the results
obtained above hold. Let  C RY be a bounded domain with a sufficiently smooth
boundary 9f2.

Example 9.1. Consider the following initial-boundary value problem:

o2 = _7 Olullu

A - p] 2 —_ —_ =

52 <Au u+ jil [ul u> u 5 0, (9.1)
u(0) = up € H}(Q), u'(0) = uy € HY(Q), (9.2)

u(z,t) =0 for =z € 9Q,
where p; > 2, ¢ > 0. Here we consider the following Banach spaces:
Vo=Hg(Q), V;=LP(Q), Wi=H=L*Q), Wy=L"Q). (94)

Example 9.2. Consider the following initial-boundary value problem:

0? = Oul?u
- — Pj—2 — — =
52 (Au u+ 2 |l u) + a1Au — asu 5 , (9.5)
u(0) = ug € H} (), o' (0) = uy € H} (Q), (9.6)
u(z,t) =0 for x €0, (9.7)

where p; > 2, ¢ > 0, a; > 0 and as > 0. Here we consider the following Banach
spaces:

Vo = H}(Q), V; = LP(Q), Wy = HL(Q), (9.8)
H=1*9), Wy = LIT2(Q). (9.9)

Example 9.3. Consider the following initial-boundary value problem:

2 n
o <—A2u + Au + Zdiv(|Vu|pj_2Vu)> + Au = 9 div(|Vul?Vu),  (9.10)

ot? = ot
u(0) =ug € HZ(Q),  «'(0) =u; € HZ(Q), (9.11)
u(z,t) = w =0 for z€09Q, (9.12)

where p; > 2, ¢ > 0. Here we consider the following Banach spaces:

Vo=H3(Q),  V;=WyP(Q),  Wi=Hj(Q), (9-13)
H=1I2Q), Wy=Wy""@Q). (9.14)
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