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Blow-up instability in non-linear wave
models with distributed parameters

M. O. Korpusov and E. A. Ovsyannikov

Abstract. We consider two model non-linear equations describing electric
oscillations in systems with distributed parameters on the basis of diodes
with non-linear characteristics. We obtain equivalent integral equations
for classical solutions of the Cauchy problem and the first and second ini-
tial-boundary value problems for the original equations in the half-space
x > 0. Using the contraction mapping principle, we prove the local-in-time
solubility of these problems. For one of these equations, we use the Pokho-
zhaev method of non-linear capacity to deduce a priori bounds giving rise
to finite-time blow-up results and obtain upper bounds for the blow-up
time. For the other, we use a modification of Levine’s method to obtain
sufficient conditions for blow-up in the case of sufficiently large initial data
and give a lower bound for the order of growth of a functional with the
meaning of energy. We also obtain an upper bound for the blow-up time.

Keywords: non-linear equations of Sobolev type, destruction, blow-up,
local solubility, non-linear capacity, bounds for the blow-up time.

§ 1. Introduction

The so-called LC-chain transmission lines on the basis of semiconductor diodes
(stabilitrons, varicaps with non-linear characteristics) are described by a differen-
tial-difference equation which reduces to the following equation [1] in the infinite
transmission line limit:

1
c2
0

∂2ϕ

∂t2
− ∂2ϕ

∂x2
+

α

c2
0

∂2ϕ2

∂t2
− β

c2
0

∂2

∂t2
∂2ϕ

∂x2
= 0, x ∈ R1, t > 0, (1.1)

where ϕ = ϕ(x, t) is the electric field potential, c0 is the phase velocity of linear
waves, α is the so-called coefficient of non-linearity and β is the coefficient of tem-
poral dispersion. Note that analogous equations arise in the study of biological
membranes and nerve fibres, which may be described as non-linear two-wire trans-
mission lines with an active element similar to the (p− n) junction [2]. Moreover,
a similar equation arises in the study of non-linear ion-sound waves in the large
Debye length limit [3]:
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Here (x, y, z) ∈ R3, t > 0, ϕ = ϕ(x, y, z, t) is the electric field potential and ε =
1/r2

D, where rD is the Debye length.
Note that equations (1.1) and (1.2) contain the non-coercive non-linear term

∂2ϕ2/∂t2. Such a non-linearity often arises in mathematical physics. The following
equation was suggested in [4]:

♢|A|E = 0, ♢|A| := ∆− ∂

∂t

(
|A(E)|2 ∂

∂t

)
, (x, y, z) ∈ R3, t > 0.

Moreover, the following (1 + 1)-dimensional equation arises in electrodynamics:

c2∆E =
∂2

∂t2
(−4πE2 + E), (x, y, z) ∈ R3, t > 0. (1.3)

Sufficient conditions for the occurrence of blow-up regimes in the Cauchy problem
and initial-boundary value problems for (1.3) were obtained in [3].

The following equation was suggested in [5] when considering self-oscillations in
systems with distributed parameters on the basis of tunnel diodes with non-linear
characteristics:

∂2ϕ

∂t2
− c2

0

∂2ϕ

∂x2
− β

∂2

∂t2
∂2ϕ

∂x2
= γ

∂

∂t
(ϕ3 − ϕ), x ∈ R1, t > 0, β > 0, γ > 0.

(1.4)
Here ϕ = ϕ(x, t) is the electric field potential. Conditions for the occurrence
of blow-up regimes in the first boundary-value problem on an interval were obtained
in [6]. The following equation arises in the study of quasi-stationary processes in
semiconductors (see [7]):

∂2ϕ

∂t2
− c2

0

∂2ϕ

∂x2
− β

∂2

∂t2
∂2ϕ

∂x2
= γ

∂

∂t
|ϕ|qϕ,

x ∈ R1, t > 0, q > 0, β > 0, γ > 0.

(1.5)

We use the term ‘distributed parameters’ in the title of the present paper because
the equations originally arising for finite electric chains (or electric chains of nerve
cells in the biological case) are differential-difference equations, and partial differ-
ential equations arise in the infinite chain limit.

In this paper we study the Cauchy problem (x ∈ R1, t > 0) and the first and sec-
ond boundary-value problems in a half-space (x > 0, t > 0) for the equations (1.1)
and (1.5). We prove their unique solubility in the classical sense and use the
non-linear capacity method of Pokhozhaev [8] to obtain a priori bounds which give
rise to conditions for the occurrence of blow-up regimes in the Cauchy problem and
the second mixed boundary-value problem for (1.1). In the Cauchy problem for
(1.5), we use the method of Levine [9], [10] (see also [7]) to obtain sufficient condi-
tions for the destruction of solutions with sufficiently large initial data. We consider
the equations (1.1) and (1.5) in a single paper because they have a common linear
part. We use the potential theory for this linear part to obtain equivalent integral
equations. They differ only in the volume potential that depends on the correspond-
ing non-linearities. The solubility of the resulting non-linear integral equations can
be studied using the contraction mapping principle. We first prove their solubility
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(in certain Banach spaces to be defined in the next section) on a small time interval
[0, T ]. Nothing more can be said about the equation (1.1) since the order of the
derivative in time of the non-linear term

∂2u2

∂t2

coincides with the leading order of the derivative in time in the linear part of the
equation. But for (1.5), the order of the derivative of the non-linear term

∂|u|qu
∂t

is equal to 1 and the leading order in the linear part is equal to 2. Hence we prove
the existence of so-called non-extendable solutions of the corresponding problems.
This means that we prove the existence of a T0 > 0 such that the solution u(x, t)
of the integral equation exists in the class C([0, T0); B) and either T0 = +∞ or
T0 < +∞, and the following limit property holds in the latter case:

lim
t↑T0

∥u(t)∥B = +∞.

We mention the papers [11]–[23] devoted to investigation of sufficient conditions
for the occurrence of blow-up regimes and local-in-time solubility of non-linear
equations of mathematical physics. They contain analytical and numerical studies
of the occurrence of blow-up regimes in mathematical models of plasma physics
and the physics of semiconductors. Conditions for instantaneous blow-up have been
found for some equations ([3], [12]).

Equations (1.1), (1.4) and (1.5) belong to the class of non-linear equations
of Sobolev type. We note that linear and non-linear equations of Sobolev type
have been studied in many papers. For example, initial-boundary value problems
for equations of Sobolev type have been considered in a general form and as exam-
ples in the papers of Sviridyuk, Zagrebina and Zamyshlyaeva [24]–[26].

§ 2. Notation

Given any a, b, d ∈ R1 ∪ {−∞} ∪ {+∞}, we write ⌊a, b⌉ for an interval of any
of the four types

(a, b), [a, b], (a, b], [a, b).

We write ⌊a, d] for the intervals

(a, d], [a, d],

and [d, b⌉ for the two intervals

[d, b), [d, b].

By the function space C(m)([0, d⌉; C(n)⌊a, b⌉) we mean the set of functions u(x, t)
of (x, t) ∈ ⌊a, b⌉×[0, d⌉ such that u and all its partial derivatives of order at most m
in the variable t ∈ [0, d⌉ and at most n in the variable x ∈ ⌊a, b⌉ (with the deriva-
tives in x and t being taken in any order) belong to C(⌊a, b⌉ × [0, d⌉). Here the
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derivatives at the boundary points of [0, d⌉ × ⌊a, b⌉ are understood as the corre-
sponding one-sided derivatives. Then all these mixed partial differentiations in
x ∈ ⌊a, b⌉ and t ∈ [0, d⌉ commute. The class of functions C(m)([0, T ]; C(n)

b ⌊a, b⌉) is
defined in a similar way. The subscript b means that the function and all its partial
derivatives of total order less than or equal to m + n belong to C([0, T ]; Cb⌊a, b⌉),
that is, they are continuous bounded functions of (x, t) ∈ ⌊a, b⌉ × [0, T ].

By the class of functions C(m)([0, T ]; C(n)
b ((1 + x2)α/2; [0, +∞))) for α > 0 we

understand the set of functions u(x, t) ∈ C(m)([0, T ]; C(n)
b [0, +∞)) satisfying the

following bound for (x, t) ∈ [0, +∞)× [0, T ]:

(1 + x2)α/2

∣∣∣∣∂k+lu(x, t)
∂xk ∂tl

∣∣∣∣ ⩽ c(T, k, l, α) < +∞,

where k ∈ {0, 1, . . . , n}, l ∈ {0, 1, . . . ,m}, m, n ∈ Z+. The class of functions
C(m)([0, T ]; C(n)

b ((1 + x2)α/2; R1)) is defined in a similar way. By C(m)([0, T0);
C(n)

b ((1+x2)α/2; [0, +∞))) and C(m)([0, T0); C(n)
b ((1+x2)α/2; R1)) we mean the sets

of functions u(x, t) such that, for every T ∈ (0, T0), one has u(x, t) ∈ C(m)([0, T ];
C(n)

b ((1 + x2)α/2; [0, +∞))) and u(x, t) ∈ C(m)([0, T ]; C(n)
b ((1 + x2)α/2; R1)) respec-

tively. Moreover,

Cb((1 + x2)α/2; R1) =
{

v(x) ∈ C(2)(R1) : sup
x∈R1

(1 + x2)α/2

∣∣∣∣∂kv(x)
∂xk

∣∣∣∣ < +∞
}

,

Cb((1 +x2)α/2; [0, +∞)) =
{

v(x)∈C(2)(R1) : sup
x∈[0,+∞)

(1 + x2)α/2

∣∣∣∣∂kv(x)
∂xk

∣∣∣∣ < +∞
}

for k = 0, 1, 2. We write

∥v∥T := sup
(x,t)∈R1×[0,T ]

2∑
j=0

∣∣∣∣∂jv(x, t)
∂tj

∣∣∣∣
for the norm on the Banach space C(2)([0, T ]; Cb(R1)) and

∥v∥+T := sup
(x,t)∈[0,+∞)×[0,T ]

2∑
j=0

∣∣∣∣∂jv(x, t)
∂tj

∣∣∣∣
for the norm on the Banach space C(2)([0, T ]; Cb[0, +∞)). We also write

∥v∥α,T := sup
(x,t)∈R1×[0,T ]

(1 + x2)α/2|v(x, t)|

for the norm on the Banach space C([0, T ]; Cb((1 + x2)α/2; R1)), α > 0, and

∥v∥+α,T := sup
(x,t)∈[0,+∞)×[0,T ]

(1 + x2)α/2|v(x, t)|

for the norm on the Banach space C([0, T ]; Cb((1 + x2)α/2; [0, +∞))), α > 0.
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We also use the notation{
∂jf(x− ξ, t)

∂xj

}
, j = 1, 2,

for f(x− ξ, t) ∈ C(2)⌊a, ξ] ∩ C(2)[ξ, b⌉, where ξ ∈ (a, b) for all t ⩾ 0 and the deriva-
tives at ξ are understood as one-sided derivatives. This function is equal to

∂jf(x− ξ, t)
∂xj

for x ̸= ξ, t ⩾ 0,

and is defined in an arbitrary way at x = ξ. Let ∥ · ∥p be the standard norm
on the Lebesgue space Lp(R1), where p ⩾ 1. We write C(n)([0, T ]; Hs(R1)) for
the space of Hs(R1)-valued functions f(t) : [0, T ] → Hs(R1) (where Hs(R1) is the
familiar Sobolev space) such that the strong derivatives f (k)(t), t ∈ [0, T ], belong
to C([0, T ]; Hs(R1)) for all k = 0, . . . , n. Here the strong derivative f ′(t0) of a func-
tion f(t) at a point t0 ∈ (0, T ) is understood in the following sense:

lim
t→t0

∥∥∥∥f(t)− f(t0)
t− t0

− f ′(t0)
∥∥∥∥

Hs(R1)

= 0,

and the strong derivatives at t0 = 0 and t0 = T are understood as one-sided limits.
The space C([0, T ]; Hs(R1)) is the set of functions f(t) ∈ Hs(R1) such that

∥f(t1)− f(t2)∥Hs(R1) → +0 as |t1 − t2| → +0 for all t1, t2 ∈ [0, T ].

§ 3. Definitions of the classical solutions of the problems

In this paper we shall consider the two equations

∂2

∂t2
(uxx − u) + uxx −

∂2u2

∂t2
= 0, (3.1)

∂2

∂t2
(uxx − u) + uxx +

∂|u|qu
∂t

= 0, q > 0. (3.2)

Definition 1. A classical solution of the Cauchy problem for (3.1) or (3.2) is
a function

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b (R1)
)

in the case of (3.1) or a function

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b ((1 + x2)α/2; R1)
)

with α > 0

in the case of (3.2) such that the equations (3.1), (3.2) hold pointwise for all (x, t) ∈
R1 × [0, T ] for some T > 0, and the initial conditions

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x), x ∈ R1,

hold, where u0(x), u1(x)∈C(2)
b (R1) in the case of the equation (3.1) or u0(x), u1(x)∈

C(2)
b ((1 + x2)α/2; R1) in the case of (3.2).
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Definition 2. A classical solution of the first boundary-value problem for (3.1)
or (3.2) is a function

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b [0, +∞)
)

in the case of (3.1) or a function

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b ((1 + x2)α/2; [0, +∞))
)

with α > 0

in the case of (3.2) such that the equations (3.1), (3.2) hold at every point (x, t) ∈
[0, +∞)× [0, T ] for some T > 0 and the initial and boundary conditions

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x), x ∈ [0, +∞),

u(0, t) = ν(t), t ∈ [0, T ],

hold, where u0(x), u1(x) ∈ C(2)
b [0, +∞) in the case of the equation (3.1) or

u0(x), u1(x) ∈ C(2)
b ((1 + x2)α/2; [0, +∞)) in the case of (3.2), and ν(t) ∈ C(2)[0, T ]

for both.

Definition 3. A classical solution of the second boundary-value problem for (3.1)
or (3.2) is a function

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b [0, +∞)
)

in the case of (3.1) or a function

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b ((1 + x2)α/2; [0, +∞))
)

with α > 0

in the case of (3.2) such that the equations (3.1), (3.2) hold at every point (x, t) ∈
[0, +∞)× [0, T ] for some T > 0 and the initial and boundary conditions

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x), x ∈ [0, +∞),

ux(0, t) = µ(t), t ∈ [0, T ],

hold, where u0(x), u1(x) ∈ C(2)
b [0, +∞) in the case of the equation (3.1) or

u0(x), u1(x) ∈ C(2)
b ((1 + x2)α/2; [0, +∞)) in the case of (3.2), and µ(t) ∈ C(2)[0, T ]

for both.

§ 4. Potential theory

To study the questions of local-in-time solubility of the problems posed above,
we use the potential theory developed in [27]. We note that potential theory for
non-classical equations of Sobolev type was first considered by Kapitonov [28].
It was then studied by Gabov and Sveshnikov [29], [30] and their students (for
example, Pletner [31]).

Consider the operator

Mx,tu(x, t) :=
∂2

∂t2

(
∂2u

∂x2
− u

)
+

∂2u

∂x2
, u = u(x, t). (4.1)
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The potential theory for this operator was developed in [27]. Its fundamental
solution is of the form

E (x, t) = −θ(t)
2π

∫ +∞

−∞

eiµx

µ
√

µ2 + 1
sin

(
µt√

µ2 + 1

)
dµ. (4.2)

It follows directly from the formula (4.2) that E (x, t) is an even function of x.
Therefore one can write

E (x, t) = −θ(t)
2π

∫ +∞

−∞

eiµ|x|

µ
√

µ2 + 1
sin

(
µt√

µ2 + 1

)
dµ.

Using the analytic extension

F (z) =
eizx

z
√

z2 + 1
sin

(
zt√

z2 + 1

)
,

where
√

z is the principal branch. of the integrand in (4.2) to the upper half-plane
Im z > 0 for x > 0 and to the lower half-plane Im z < 0 for x < 0 except the
singular points z = ±i, one can obtain the representations

E (x, t) = −θ(t)
2π

∫
C+

ε (i)

eizx

z
√

z2 + 1
sin

(
zt√

z2 + 1

)
dz, (4.3)

E (x, t) = −θ(t)
2π

∫
C+

ε (−i)

eizx

z
√

z2 + 1
sin

(
zt√

z2 + 1

)
dz, (4.4)

where Cε(±i) := {z ∈ C : |z ∓ i| = ε} with ε ∈ (0, 1).
The integral representations (4.2)–(4.4) of the fundamental solution E (x, t) give

rise to the properties collected in the following lemma.

Lemma 1. 1) For all m, n ∈ Z+ we have

E (x, t) ∈ C(m)
(
[0, +∞); C(n)(−∞, 0]

)
∩ C(m)

(
[0, +∞); C(n)[0, +∞)

)
.

2) The function

F (x, t) :=
∂2E (x, t)

∂t2
+ E (x, t)

belongs to C(n)
(
[0, +∞); C(2)(R1)

)
for every n ∈ Z+ .

3) The fundamental solution E (x, t) satisfies the following equalities for t ⩾ 0,
x ∈ R1 :

E (x, 0) = 0, E (0, t) = −1
2

∫ t

0

J0(s) ds,
∂E

∂t
(x, 0) = −1

2
e−|x|,

∂2E

∂t2
(x, 0) = 0, Nx,tE (0, t) = 0, Nx,t

∂E

∂t
(x, 0) =

x

4
e−|x|, (4.5)

where J0(s) is the Bessel function of order zero and the operator Nx,t acts on
a function u(x, t) by the rule

Nx,tu(x, t) :=
∂

∂x

(
∂2u(x, t)

∂t2
+ u(x, t)

)
. (4.6)
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4) For all x ̸= 0, t ⩾ 0 and k, l ∈ Z+ we have the following bounds for the
fundamental solution:∣∣∣∣∂k+lE (x, t)

∂xk∂tl

∣∣∣∣ ⩽ a0(ε, k, l) exp
(
−ε|x|+ a1(ε)t

)
(4.7)

for every ε ∈ (0, 1), where a0(ε, k, l) > 0 and a1(ε) > 0 are constants.

Proof. See [27]. □

Definition 4. Given any ε ∈ (0, 1) and T > 0, we write Mε(T ) for the set of func-
tions u(x, t) ∈ C(2)([0, T ]; C(2)(R1)) satisfying the inequalities

|Mx,tu(x, t)| ⩽ c1(T ) exp (ε|x|),
|u(x, t)| ⩽ c2(T ) exp (ε|x|), |ux(x, t)| ⩽ c3(T ) exp (ε|x|),

|uxx(x, 0)− u(x, 0)| ⩽ c4(T ) exp (ε|x|), |utxx(x, 0)− ut(x, 0)| ⩽ c5(T ) exp (ε|x|)

for all t ∈ [0, T ], where the cj(T ) are certain constants, j = 1, . . . , 5.

The following assertion holds (see [27]).

Lemma 2. For every function u(x, t) ∈ Mε(T ) we have

u(x, t) =
∫ t

0

∫
R1

E (x− ξ, t− τ)Mξ,τu(ξ, τ) dξ dτ

+
∫

R1

(
E (x− ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E (x− ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ, (4.8)

where

u0(x) := u(x, 0), u1(x) :=
∂u(x, 0)

∂t
.

Proof. The proof is based on an analogue of Green’s second identity for the operator
Mx,t; see (4.1). Using the explicit formulae (4.2)–(4.4) for the fundamental solution
E (x, t) and the properties collected in Lemma 1, we deduce from it an analogue
of Green’s third identity on the interval [a, b] of the variable x. Letting a → −∞
and b → +∞ in the result for functions u(x, t) ∈ Mε(T ), we obtain (4.8). □

To obtain an analogue of (4.8) for problems on the half-line [0, +∞) of the
variable x, we first define the corresponding class of functions.

Definition 5. Given any ε ∈ (0, 1) and T > 0, we write M+
ε (T ) for the set of func-

tions u(x, t) ∈ C(2)([0, T ]; C(2)[0, +∞)) satisfying the inequalities

|Mx,tu(x, t)| ⩽ c1(T ) exp (εx),
|u(x, t)| ⩽ c2(T ) exp (εx), |ux(x, t)| ⩽ c3(T ) exp (εx),

|uxx(x, 0)− u(x, 0)| ⩽ c4(T ) exp (εx), |utxx(x, 0)− ut(x, 0)| ⩽ c5(T ) exp (εx)

for all t ∈ [0, T ], where the cj(T ) are certain constants, j = 1, . . . , 5.
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Lemma 3. For every function u(x, t) ∈ M+
ε (T ) we have

u(x, t) =
∫ t

0

∫ +∞

0

E1(x, ξ, t− τ)Mξ,τu(ξ, τ) dξ dτ

+
∫ +∞

0

(
E1(x, ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E1(x, ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ

+ 2
∫ t

0

u(0, τ)Nx,tE (x, t− τ) dτ + u(0, t)e−x, (4.9)

u(x, t) =
∫ t

0

∫ +∞

0

E2(x, ξ, t− τ)Mξ,τu(ξ, τ) dξ dτ

+
∫ +∞

0

(
E2(x, ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E2(x, ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ

+ 2
∫ t

0

ux(0, τ)
[
∂2E (x, t− τ)

∂t2
+ E (x, t− τ)

]
dτ − ux(0, t)e−x, (4.10)

where

E1(x, ξ, t) := E (x− ξ, t)− E (x + ξ, t), E2(x, ξ, t) := E (x− ξ, t) + E (x + ξ, t),

the operator Mx,t is defined in (4.1) and the operator Nx,t is defined in (4.6).

Proof. See [27]. □

It follows from (4.8)–(4.10) that one should study the properties of the potentials
occurring in the right-hand sides of (4.8)–(4.10).

§ 5. Properties of the potentials related to the Cauchy problem

We study the properties of the potentials in the right-hand side of (4.8). First
consider a potential of the form

V (x, t) = V [µ](x, t) :=
∫

R1
E (x− ξ, t)µ0(ξ) dξ.

We put

Vk(x, t) :=
∫ +∞

−∞
Ek(x− ξ, t)µ0(ξ) dξ, Ek(x, t) :=

∂kE (x, t)
∂tk

, k ∈ Z+.

Lemma 4. Suppose that µ0(x) ∈ Cb(R1). Then

V (x, t) ∈ Cn
(
[0, +∞); C(2)

b (R1)
)

for every n ∈ N and we have

Mx,tV (x, t) = 0 for all x ∈ R1, t ⩾ 0,

V (x, 0) = 0,
∂V

∂t
(x, 0) = −

∫
R1

e−|x−ξ|

2
µ0(ξ) dξ,

∂2V

∂t2
(x, 0) = 0

for x ∈ R1 .
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Proof. Step 1. It follows from the explicit formula (4.2) for the fundamental solution
E (x, t) that the potential V [µ](x, t) is infinitely differentiable with respect to t ∈
[0, +∞) and one can differentiate with respect to time under the integral sign.

Fix an arbitrary point (x, t) ∈ R1 × R+. Choose a sufficiently large R > 0 such
that x ∈ (−R,R). Then the expression for Vk(x, t) can be rewritten in the form

Vk(x, t) =
[∫ −R

−∞
+

∫ +∞

R

]
Ek(x− ξ, t)µ0(ξ) dξ +

[∫ x

−R

+
∫ R

x

]
Ek(x− ξ, t)µ0(ξ) dξ.

By part 1) of Lemma 1 we have

∂Vk(x, t)
∂x

=
[∫ −R

−∞
+

∫ +∞

R

]
∂Ek(x− ξ, t)

∂x
µ0(ξ) dξ

+ Ek(0− 0, t)µ0(x)− Ek(0 + 0, t)µ0(x) +
[∫ x

−R

+
∫ R

x

]
∂Ek(x− ξ, t)

∂x
µ0(ξ) dξ.

(5.1)

It follows from the explicit formula (4.2) for the fundamental solution that

Ek(0− 0, t) = Ek(0 + 0, t), k ∈ Z+.

Therefore (5.1) implies that

∂Vk(x, t)
∂x

=
∫

R1

{
∂Ek(x− ξ, t)

∂x

}
µ0(ξ) dξ. (5.2)

We now differentiate (5.2) with respect to x and obtain

∂2Vk(x, t)
∂x2

= µ0(x)
[
∂Ek(0− 0, t)

∂x
− ∂Ek(0 + 0, t)

∂x

]
+

∫
R1

{
∂2Ek(x− ξ, t)

∂x2

}
µ0(ξ) dξ. (5.3)

It follows from the integral representations (4.3) and (4.4) for the fundamental
solution that the right-hand sides of (5.2) and (5.3) are infinitely differentiable
functions of t ∈ [0, +∞). Moreover,

∂m

∂tm
∂Vk(x, t)

∂x
,

∂m

∂tm
∂2Vk(x, t)

∂x2
∈ Cb(R1 × [0, +∞))

for all k,m ∈ Z+.
Step 2. Given any t ⩾ 0 and x ∈ R1, we apply the operator

Dx,t :=
∂2

∂x2

(
∂2

∂t2
+ I

)
− ∂2

∂t2
(5.4)

to the fundamental solution E (x, t) defined in (4.2), where I is the identity operator.
It follows from (4.2) that one can differentiate it arbitrarily many times with respect
to t under the improper integral sign. We easily see that(

∂2

∂t2
+ I

)
E (x, t) = − 1

2π

∫ +∞

−∞
eiµx 1

µ(µ2 + 1)3/2
sin

(
µt√

µ2 + 1

)
dµ. (5.5)
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Note that the right-hand side of (5.5) is twice differentiable in x and one can
differentiate under the integral sign. The following formula holds:

∂2

∂x2

(
∂2

∂t2
+ I

)
E (x, t) =

1
2π

∫ +∞

−∞
eiµx µ

(µ2 + 1)3/2
sin

(
µt√

µ2 + 1

)
dµ. (5.6)

Moreover, we have

− ∂2

∂t2
E (x, t) = − 1

2π

∫ +∞

−∞
eiµx µ

(µ2 + 1)3/2
sin

(
µt√

µ2 + 1

)
dµ. (5.7)

Using (5.6) and (5.7), we arrive at the following equality in view of the defini-
tion (5.4) of the operator Dx,t:

Dx,tE (x, t) = 0 for x ∈ R1, t ⩾ 0. (5.8)

Step 3. By the results of Steps 1 and 2 we have a chain of equalities

Mx,tV (x, t) = Dx,tV (x, t) =
∫

R1
Dx,tE (x− ξ, t)µ0(ξ) dξ = 0

for all x ∈ R1 and t ⩾ 0.
Step 4. It follows from Lemma 1 that

V (x, 0) = 0,
∂V

∂t
(x, 0) = −

∫
R1

e−|x−ξ|

2
µ0(ξ) dξ,

∂2V

∂t2
(x, 0) = 0. □

For completeness, we give a proof of the following known result.

Lemma 5. Suppose that µ0(x) ∈ Cb(R1). Then the potential

V10(x) = V10[µ0](x) = −
∫

R1

e−|x−ξ|

2
µ0(ξ) dξ

belongs to V10(x) ∈ C(2)
b (R1) and satisfies the following equation for every x ∈ R1 :

d2V10(x)
dx2

− V10(x) = µ0(x).

Proof. The potential V10(x) can be written in the form

V10(x) = −
∫ x

−∞

e−(x−ξ)

2
µ0(ξ) dξ −

∫ +∞

x

e−(ξ−x)

2
µ0(ξ) dξ.

It follows from the explicit formula for the potential that the function V10(x) is
differentiable and its derivative is equal to

dV10(x)
dx

= −1
2
µ0(x) +

1
2
µ0(x) +

∫ x

−∞

e−(x−ξ)

2
µ0(ξ) dξ

−
∫ +∞

x

e−(ξ−x)

2
µ0(ξ) dξ ∈ Cb(R1). (5.9)
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In its turn, the explicit formula (5.9) for the first derivative of V10(x) implies that
this derivative is also differentiable and we have

d2V10(x)
dx2

=
1
2
µ0(x) +

1
2
µ0(x)− 1

2

∫ x

−∞
e−(x−ξ)µ0(ξ) dξ

− 1
2

∫ +∞

x

e−(x−ξ)µ0(ξ) dξ = µ0(x) + V10(x) ∈ Cb(R1).

We obtain from this equality that

d2V10(x)
dx2

− V10(x) = µ0(x) for all x ∈ R1. □

The following classical result holds.

Lemma 6. For every function u0(x) ∈ C(2)
b (R1) and all x ∈ R1 we have

−
∫

R1

e−|x−ξ|

2
[u0ξξ(ξ)− u0(ξ)] dξ = u0(x). (5.10)

Proof. We have a chain of equalities∫
R1

e−|x−ξ|

2
u0ξξ(ξ) dξ =

1
2

∫ x

−∞
e−(x−ξ)u0ξξ(ξ) dξ +

1
2

∫ +∞

x

e−(ξ−x)u0ξξ(ξ) dξ

=
1
2
u0x(x)− 1

2
u0x(x)− 1

2

∫ x

−∞
e−(x−ξ)u0ξ(ξ) dξ +

1
2

∫ +∞

x

e−(ξ−x)u0ξ(ξ) dξ

= −1
2
u0(x)− 1

2
u0(x) +

1
2

∫ x

−∞
e−(x−ξ)u0(ξ) dξ +

1
2

∫ +∞

x

e−(ξ−x)u0(ξ) dξ

= −u0(x) +
1
2

∫
R1

e−|x−ξ|u0(ξ) dξ.

This chain of equalities yields (5.10). □

Finally, the following assertion holds.

Lemma 7. Suppose that ρ(x, t) ∈ C([0, T ]; Cb(R1)). Then the volume potential

W (x, t) = W [ρ](x, t) :=
∫ t

0

∫
R1

E (x− ξ, t− τ)ρ(ξ, τ) dξ dτ

belongs to ∈ C(2)
(
[0, T ]; C(2)

b (R1)
)

and for all (x, t) ∈ R1 × [0, T ] we have

Mx,tW (x, t) = ρ(x, t), W (x, 0) =
∂W

∂t
(x, 0) = 0.

Proof. Step 1. Just as at Step 1 of Lemma 4, one can prove that W (x, t) ∈
C(2)([0, T ]; C(2)

b (R1)).
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Step 2. Note that the following equalities hold:

∂W (x, t)
∂t

=
∫ t

0

∫
R1

∂E (x− ξ, t− τ)
∂t

ρ(ξ, τ) dξ dτ, (5.11)

∂2W (x, t)
∂t2

= −
∫

R1

e−|x−ξ|

2
ρ(ξ, t) dξ +

∫ t

0

∫
R1

∂2E (x− ξ, t− τ)
∂t2

ρ(ξ, τ) dξ dτ.

(5.12)

It follows from (5.11) and (5.12) that

Mx,tW (x, t) = Dx,tW (x, t) =
∂2

∂x2

[
∂2W (x, t)

∂t2
+ W (x, t)

]
− ∂2W (x, t)

∂t2

= −
(

∂2

∂x2
− I

) ∫
R1

e−|x−ξ|

2
ρ(ξ, t) dξ +

∫ t

0

∫
R1

Dx,tE (x− ξ, t− τ)ρ(ξ, τ) dξ dτ

= ρ(x, t),

where we have used the results of Lemmas 4 and 5.
Step 3. The equalities

W (x, 0) =
∂W

∂t
(x, 0) = 0 for x ∈ R1

follow from part 3) of Lemma 1. □

§ 6. Properties of the potentials related
to the first boundary-value problem

In this section we study the properties of the potentials in the right-hand side
of (4.9). First of all, we study the properties of the potential

S(x, t) = S[ν](x, t) := 2
∫ t

0

ν(τ)Nx,tE (x, t− τ) dτ + ν(t)e−x, (6.1)

where

Nx,tf(x, t) :=
∂

∂x

[
∂2

∂t2
+ I

]
f(x, t).

Lemma 8. Suppose that ν(t) ∈ C(2)[0, T ] and ν(0) = ν′(0) = 0. Then the potential
S(x, t) belongs to ∈ C(2)

(
[0, T ]; C(2)

b (R1
+)

)
and we have

Mx,tS(x, t) = 0 for x ⩾ 0, t ⩾ 0,

S(0, t) = ν(t), S(x, 0) =
∂S

∂t
(x, 0) = 0 for t ⩾ 0, x ⩾ 0.

Proof. First of all, by part 1) of Lemma 1, the fundamental solution E (x, t) belongs
to C(n)

(
[0, T ]; C(3)

b (R1
+)

)
for every n ∈ Z+ and, therefore,

S(x, t) ∈ C(n)
(
[0, T ]; C(2)

b (R1
+)

)
.
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In view of part 3) of Lemma 1 (see (4.5)), one can easily deduce from the explicit
representation (6.1) of the potential S(x, t) that

S(0, t) = ν(t).

Moreover, since ν(0) = ν′(0) = 0, we have

S(x, 0) = ν(0)e−x = 0,
∂S

∂t
(x, 0) = 2ν(0)Nx,t[E ](x, 0) + ν′(0)e−x = 0.

The following chain of equalities holds:

Mx,t[S](x, t) = 2ν(t)
[

∂2

∂x2
− I

]
Nx,t

∂E

∂t
(x, 0)

+ 2
∫ t

0

ν(τ)Nx,tMx,tE (x, t− τ) dτ + ν(t)e−x

=: I1(x, t) + I2(x, t) + I3(x, t).

Note that
Mx,tE (x, t) = Dx,tE (x, t) = 0 for x ⩾ 0, t ⩾ 0,

where the operator Dx,t is defined in (5.8). Therefore,

I2(x, t) = 2
∫ t

0

ν(τ)Nx,tDx,tE (x, t− τ) dτ = 0, (6.2)

where ϑ(x, t) ≡ 0. By part 3) of Lemma 1 we have a chain of equalities

I1(x, t) = 2ν(t)
[

∂2

∂x2
− I

]
Nx,t

∂E

∂t
(x, 0) = 2ν(t)

[
∂2

∂x2
− I

]
x

4
e−x = −ν(t)e−x. (6.3)

Thus, we conclude from (6.2) and (6.3) that

I1(x, t) + I2(x, t) + I3(x, t) = 0. □

Lemma 9. Suppose that µ0(x) ∈ Cb[0, +∞). Then the potential

Ṽ1(x, t) = Ṽ1[µ0](x, t) :=
∫ +∞

0

E1(x, ξ, t)µ0(ξ) dξ

belongs to C(n)
t

(
[0, +∞); C(2)

b [0, +∞)
)

for every n ∈ Z+ , where

E1(x, ξ, t) = E (x− ξ, t)− E (x + ξ, t),

and we have

Mx,tṼ1(x, t) = 0 for (x, t) ∈ [0, +∞)× [0, +∞),

Ṽ1(0, t) =
∂Ṽ1(0, t)

∂t
= 0 for t ⩾ 0,

Ṽ1(x, 0) = 0,
∂Ṽ1

∂t
(x, 0) = −

∫ +∞

0

(
e−|x−ξ|

2
− e−|x+ξ|

2

)
µ0(ξ) dξ,

∂2Ṽ1

∂t2
(x, 0) = 0 for x ⩾ 0.
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Proof. Repeat the proof of Lemma 4 using Lemma 1. □

We give the following classical result together with its proof.

Lemma 10. Suppose that µ0(x) ∈ Cb[0, +∞). Then the potential

Ṽ10(x) = −
∫ +∞

0

(
e−|x−ξ|

2
− e−|x+ξ|

2

)
µ0(ξ) dξ

belongs to C(2)
b [0, +∞) and for every x ⩾ 0 we have

d2Ṽ10(x)
dx2

− Ṽ10(x) = µ0(x), Ṽ10(0) = 0. (6.4)

Proof. First of all, note that the expression for Ṽ10(x) can be rewritten in the form

Ṽ10(x) = I01(x) + I02(x) := −
∫ +∞

0

e−|x−ξ|

2
µ0(ξ) dξ + e−x

∫ +∞

0

e−ξ

2
µ0(ξ) dξ.

Clearly, I02(x) ∈ C∞b [0, +∞) and we have

d2I02(x)
dx2

− I02(x) = 0 for all x ⩾ 0. (6.5)

Consider the function I01(x). Clearly, I01(x) ∈ Cb[0, +∞). For convenience, we
write the expression for I01(x) in the form

I01(x) = −
∫ x

0

e−(x−ξ)

2
µ0(ξ) dξ −

∫ +∞

x

e−(ξ−x)

2
µ0(ξ) dξ.

We calculate the first derivative:

dI01(x)
dx

= −µ0(x)
2

+
µ0(x)

2
+

∫ x

0

e−(x−ξ)

2
µ0(ξ) dξ −

∫ +∞

x

e−(ξ−x)

2
µ0(ξ) dξ.

Clearly,
dI01(x)

dx
∈ Cb[0, +∞).

We calculate the second derivative:

d2I01(x)
dx2

=
µ0(x)

2
+

µ0(x)
2

−
∫ x

0

e−(x−ξ)

2
µ0(ξ) dξ −

∫ +∞

x

e−(ξ−x)

2
µ0(ξ) dξ

= µ0(x) + I01(x) ∈ Cb[0, +∞). (6.6)

The expressions (6.5) and (6.6) yield (6.4) for every x ⩾ 0. We also note that
the equality Ṽ10(0) = 0 is obvious and follows directly from the formula for the
potential Ṽ10(x). □

For completeness, we give a proof of the following classical result.
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Lemma 11. For every function v0(x) ∈ C(2)
b [0, +∞) with v0(0) = 0 one has

−
∫ +∞

0

(
e−|x−ξ|

2
− e−|x+ξ|

2

)
[v0ξξ(ξ)− v0(ξ)] dξ = v0(x) for all x ⩾ 0. (6.7)

Proof. The following chain of equations holds:∫ +∞

0

e−(x+ξ)

2
v0ξξ(ξ) dξ = −v0x(0)

e−x

2
− e−x

2
v0(0) +

∫ +∞

0

e−(x+ξ)

2
v0(ξ) dξ

= −v0x(0)
e−x

2
+

∫ +∞

0

e−(x+ξ)

2
v0(ξ) dξ.

It follows that ∫ +∞

0

e−|x+ξ|

2
[v0ξξ(ξ)− v0(ξ)] dξ = −v0x(0)

e−x

2
. (6.8)

Moreover, we have a chain of equalities∫ +∞

0

e−|x−ξ|

2
v0ξξ(ξ) dξ =

∫ x

0

e−(x−ξ)

2
v0ξξ dξ +

∫ +∞

x

e−(x−ξ)

2
v0ξξ dξ

= v0ξ(ξ)
e−(x−ξ)

2

∣∣∣∣ξ=x

ξ=0

+ v0ξ(ξ)
e−(ξ−x)

2

∣∣∣∣ξ=+∞

ξ=x

−
∫ x

0

e−(x−ξ)

2
v0ξ(ξ) dξ +

∫ +∞

x

e−(ξ−x)

2
v0ξ(ξ) dξ

=
v0x(x)

2
− v0x(x)

2
− v0x(0)

e−x

2
− v0(x) + v0(0)

e−x

2
+

∫ +∞

0

e−|x−ξ|

2
v0(ξ) dξ

= −v0(x)− v0x(0)
e−x

2
+

∫ +∞

0

e−|x−ξ|

2
v0(ξ) dξ.

It follows from this chain that∫ +∞

0

e−|x−ξ|

2
[v0ξξ(ξ)− v0(ξ)] dξ = −v0(x)− v0x(0)

e−x

2
. (6.9)

The equalities (6.8) and (6.9) yield the desired formula (6.7). □

Lemma 12. Suppose that ρ(x, t) ∈ C([0, T ]; Cb[0, +∞)). Then the potential

W1(x, t) = W1[ρ](x, t) :=
∫ t

0

∫ +∞

0

E1(x, ξ, t− τ)ρ(ξ, τ) dξ dτ

belongs to C(2)([0, T ]; C(2)
b [0, +∞)) and we have

Mx,tW1(x, t) = ρ(x, t) for all (x, t) ∈ [0, +∞)× [0, T ],

W1(0, t) = W1(x, 0) =
∂W1

∂t
(x, 0) = 0 for x ⩾ 0, t ∈ [0, T ].
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Proof. On the whole, the proof of this lemma repeats that of Lemma 7. We only
mention that

∂2W1(x, t)
∂t2

= −
∫ +∞

0

(
e−|x−ξ|

2
− e−(x+ξ)

2

)
ρ(ξ, t) dξ

+
∫ t

0

∫ +∞

0

∂2E1(x, ξ, t− τ)
∂t2

ρ(ξ, τ) dξ dτ.

This yields the relations

Mx,tW1(x, t) = Dx,tW1(x, t) =
∂2

∂x2

[
∂2W1(x, t)

∂t2
+ W1(x, t)

]
− ∂2W1(x, t)

∂t2

= −
(

∂2

∂x2
− I

) ∫ +∞

0

(
e−|x−ξ|

2
− e−(x+ξ)

2

)
ρ(ξ, t) dξ

+
∫ t

0

∫ +∞

0

Dx,tE1(x, ξ, t− τ)ρ(ξ, τ) dξ dτ = ρ(x, t),

where we have used the results of Lemmas 9 and 10.
Finally, using the explicit form of the potential and Step 3 of Lemma 9, we arrive

at the equalities

W1(0, t) = W1(x, 0) =
∂W1

∂t
(x, 0) = 0 for x ⩾ 0, t ∈ [0, T ]. □

§ 7. Properties of the potentials related
to the second boundary-value problem

We study the properties of the potentials in the right-hand side of (4.10). First
consider the potential

P (x, t) = P [µ](x, t) := 2
∫ t

0

µ(τ)
[
∂2E (x, t− τ)

∂t2
+ E (x, t− τ)

]
dτ − e−xµ(t). (7.1)

Lemma 13. Suppose that µ(t) ∈ C(2)[0, T ] and µ(0) = µ′(0) = 0. Then the poten-
tial P (x, t) belongs to C(2)

(
[0, T ]; C(2)

b [0, +∞)
)

and we have

Mx,tP (x, t) = 0 for x ⩾ 0, t ∈ [0, T ],
∂P

∂x
(0, t) = µ(t), P (x, 0) =

∂P

∂t
(x, 0) = 0 for x ⩾ 0, t ∈ [0, T ].

Proof. On the whole, the proof repeats that of Lemma 8. We only mention some
key points. We have

Mx,tP (x, t) = 2µ(t)
[

∂2

∂x2
− I

][
∂2

∂t2
+ I

]
∂E

∂t
(x, 0)

+ 2
∫ t

0

µ(τ)
[

∂2

∂t2
+ I

]
Mx,tE (x, t− τ) dτ − µ(t)e−x

:= P1(x, t) + P2(x, t) + P3(x, t). (7.2)
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To calculate the integral P1(x, t), consider the chain of equalities(
∂2

∂t2
+ I

)
∂E

∂t
(x, 0) = − 1

2π

∫ +∞

−∞

eiµx

(µ2 + 1)2
dµ = −x

4
e−x − 1

4
e−x,

P1(x, t) = 2µ(t)
[

∂2

∂x2
− I

][
∂2

∂t2
+ I

]
∂E

∂t
(x, 0)

= 2µ(t)
[

∂2

∂x2
− I

][
−x

4
e−x − 1

4
e−x

]
= µ(t)e−x.

We now calculate the integral P2(x, t):

P2(x, t) = 2
∫ t

0

µ(τ)
[

∂2

∂t2
+ I

]
Dx,tE (x, t− τ) dτ = 0. (7.3)

Thus, it follows from (7.2) and (7.3) that

P1(x, t) + P2(x, t) + P3(x, t) = 0 for x ⩾ 0, t ∈ [0, T ].

Moreover, we have

∂P (x, t)
∂x

= 2
∫ t

0

µ(τ)Nx,tE (x, t− τ) dτ + e−xµ(t), (7.4)

where

Nx,t :=
∂

∂x

[
∂2

∂t2
+ I

]
.

By the result (4.5) of Lemma 1 we have

Nx,tE (0, t− τ) = 0 for all 0 ⩽ τ ⩽ t ⩽ T.

Hence it follows from (7.4) that

∂P

∂x
(0, t) = µ(t) for t ∈ [0, T ].

The equality P (x, 0) = 0 is obvious and follows directly from the formula (7.1) for
the potential P (x, t). The equality

∂P

∂t
(x, 0) = 0

can be proved in the same way as the equality in Lemma 8. □

Lemma 14. Suppose that µ0(x) ∈ Cb[0, +∞). Then the potential

Ṽ2(x, t) = Ṽ2[µ0](x, t) :=
∫ +∞

0

E2(x, ξ, t)µ0(ξ) dξ,

belongs to C(2)([0, T ]; C(2)
b [0, +∞)), where

E2(x, ξ, t) = E (x− ξ, t) + E (x + ξ, t),
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and we have

Mx,tṼ2(x, t) = 0 for x ⩾ 0, t ⩾ 0, (7.5)

∂Ṽ2

∂x
(0, t) =

∂

∂x

∂Ṽ2

∂t
(0, t) = 0, Ṽ2(x, 0) = 0,

∂2Ṽ2

∂t2
(x, 0) = 0,

∂Ṽ2(x, 0)
∂t

= −
∫ +∞

0

(
e−|x−ξ|

2
+

e−(x+ξ)

2

)
µ0(ξ) dξ for x ⩾ 0, t ⩾ 0.

Proof. Step 1. First of all, by the integral representation (4.2) we have[
∂2

∂t2
+ I

]
∂

∂x
E2(x, ξ, t)

∣∣∣∣
x=0

=
∂

∂x

[
∂2

∂t2
+ I

]
E (x− ξ, t)

∣∣∣∣
x=0

+
∂

∂x

[
∂2

∂t2
+ I

]
E (x + ξ, t)

∣∣∣∣
x=0

= − i

2π

∫ +∞

−∞
[eiµξ + e−iµξ]

1
(µ2 + 1)3/2

sin
(

µt√
µ2 + 1

)
dµ

= − i

π

∫ +∞

−∞
cos (µξ)

1
(µ2 + 1)3/2

sin
(

µt√
µ2 + 1

)
dµ = 0 (7.6)

for all t ⩾ 0 and ξ ∈ R1
+ since the integrand is an odd function of µ. Moreover,

E2(x, ξ, 0) = E (x− ξ, 0) + E (x + ξ, 0) = 0 =⇒ ∂E2

∂x
(0, ξ, 0) = 0 (7.7)

and for ξ ⩾ x we have

∂E2

∂t
(x, ξ, 0) =

∂E

∂t
(x− ξ, 0) +

∂E

∂t
(x + ξ, 0)

= −e−|x−ξ|

2
− e−(x+ξ)

2
= −e−(ξ−x)

2
− e−(x+ξ)

2
. (7.8)

Thus, in view of (7.8), we have

∂

∂t

∂E2

∂x
(0, ξ, 0) = −1

2
e−ξ +

1
2
e−ξ = 0. (7.9)

By (7.6), (7.7) and (7.9), the function

Y (t) :=
∂E2

∂x
(0, ξ, t)

satisfies the Cauchy conditions

d2Y (t)
dt2

+ Y (t) = 0, Y (0) = 0,
dY

dt
(0) = 0, t ⩾ 0.

In the classical sense, it follows that Y (t) = 0 for all t ⩾ 0. Therefore,

∂E2

∂x
(0, ξ, t) = 0 for all ξ ⩾ 0, t ⩾ 0. (7.10)
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Moreover, it follows that

∂2E2

∂x ∂t
(0, ξ, t) = 0 for all ξ ⩾ 0, t ⩾ 0. (7.11)

Step 2. Write Ṽ2(x, t) and Ṽ2t(x, t) in the form

Ṽ2(x, t) =
∫ x

0

E2(x, ξ, t)µ0(ξ) dξ +
∫ +∞

x

E2(x, ξ, t)µ0(ξ) dξ,

∂Ṽ2(x, t)
∂t

=
∫ x

0

∂E2(x, ξ, t)
∂t

µ0(ξ) dξ +
∫ +∞

x

∂E2(x, ξ, t)
∂t

µ0(ξ) dξ.

These equalities yield the following expressions for the derivatives:

∂Ṽ2(x, t)
∂x

= µ0(x)[E2(x, x, t)− E2(x, x, t)] +
∫ +∞

0

{
∂E2(x, ξ, t)

∂x

}
µ0(ξ) dξ

=
∫ +∞

0

{
∂E2(x, ξ, t)

∂x

}
µ0(ξ) dξ,

∂2Ṽ2(x, t)
∂x ∂t

=
∫ +∞

0

{
∂2E2(x, ξ, t)

∂x ∂t

}
µ0(ξ) dξ.

In view of (7.10) and (7.11), we arrive at the conclusion that

∂Ṽ2

∂x
(0, t) = 0 for t ⩾ 0,

∂2Ṽ2

∂x ∂t
(0, t) = 0 for t ⩾ 0.

Step 3. The equalities

Ṽ2(x, 0) = 0,

∂Ṽ2

∂t
(x, 0) = −

∫ +∞

0

(
e−|x−ξ|

2
+

e−(x+ξ)

2

)
µ0(ξ) dξ,

∂2Ṽ2

∂t2
(x, 0) = 0

for x ⩾ 0 and t ⩾ 0 follow immediately from the results of Lemma 1.
Step 4. The equality (7.5) can be proved in exactly the same way as the corre-
sponding equality in Lemma 9. □

Lemma 15. Suppose that µ0(x) ∈ Cb[0, +∞). Then the potential

Ṽ20(x) = Ṽ20[µ0](x) = −
∫ +∞

0

(
e−|x−ξ|

2
+

e−|x+ξ|

2

)
µ0(ξ) dξ

belongs to C(2)
b [0, +∞) and for every x ⩾ 0 we have

d2Ṽ20(x)
dx2

− Ṽ20(x) = µ0(x),
dV20

dx
(0) = 0.

Proof. A direct verification yields all these equalities as in the proof of Lemma 10. □
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Lemma 16. For every function v0(x) ∈ C(2)
b [0, +∞) with v0x(0) = 0 we have

−
∫ +∞

0

(
e−|x−ξ|

2
+

e−|x+ξ|

2

)
[v0ξξ(ξ)− v0(ξ)] dξ = v0(x)

for all x ⩾ 0.

Proof. Just repeat the proof of Lemma 11. □

Lemma 17. Suppose that ρ(x, t) ∈ C([0, T ]; Cb[0, +∞)). Then the potential

W2(x, t) = W2[ρ](x, t) :=
∫ t

0

∫ +∞

0

E2(x, ξ, t− τ)ρ(ξ, τ) dξ dτ

belongs to C(2)([0, T ]; C(2)
b [0, +∞)) and we have

Mx,tW2(x, t) = ρ(x, t) for all (x, t) ∈ [0, +∞)× [0, T ],

W2(x, 0) =
∂W2

∂t
(x, 0) =

∂W2

∂x
(0, t) = 0 for x ⩾ 0, t ∈ [0, T ].

Proof. This can be proved in the same way as Lemma 12. □

§ 8. Solubility of the Cauchy problems for the equations (3.1) and (3.2)

Theorem 1. The classical solutions of the Cauchy problems for the equations (3.1)
and (3.2) in the sense of Definition 1 in the class

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b (R1)
)
, u0(x), u1(x) ∈ C(2)

b (R1)

are equivalent to the following integral equations respectively:

u(x, t) =
∫ t

0

∫
R1

E (x− ξ, t− τ)
∂2u2(ξ, τ)

∂τ2
dξ dτ

+
∫

R1

(
E (x− ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E (x− ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ, (8.1)

u(x, t) = −
∫ t

0

∫
R1

E (x− ξ, t− τ)
∂(|u|qu)(ξ, τ)

∂τ
dξ dτ

+
∫

R1

(
E (x− ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E (x− ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ. (8.2)

Proof. We prove the theorem for the integral equation (8.1) since the proof for (8.2)
is exactly the same.

By Lemma 2, every classical solution of the Cauchy problem for (3.1) in the
sense of Definition 1 satisfies the integral equation (8.1). Consider the function

U(x, t) :=
∫ t

0

∫
R1

E (x− ξ, t− τ)
∂2u2(ξ, τ)

∂τ2
dξ dτ

+
∫

R1

(
E (x− ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E (x− ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ.
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Suppose that u(x, t) ∈ C(2)([0, T ]; Cb(R1)). Then, by Lemmas 4–7, the function
U(x, t) belongs to C(2)([0, T ]; C(2)

b (R1)) and we have

Mx,tU(x, t) =
∂2u2(x, t)

∂t2
, (x, t) ∈ R1 × [0, T ],

U(x, 0) =
∫

R1

∂E (x− ξ, 0)
∂t

[u0ξξ(ξ)− u0(ξ)] dξ

= −
∫

R1

e−|x−ξ|

2
[u0ξξ(ξ)− u0(ξ)] dξ = u0(x),

∂U(x, 0)
∂t

=
∫

R1

∂E (x− ξ, 0)
∂t

[u1ξξ(ξ)− u1(ξ)] dξ

= −
∫

R1

e−|x−ξ|

2
[u1ξξ(ξ)− u1(ξ)] dξ = u1(x), x ∈ R1.

Hence every solution u(x, t) of the integral equation (8.1) in this class is a classical
solution of (3.1) in the sense of Definition 1. □

Our next task is to prove the local-in-time solubility of the integral equation (8.1)
in the Banach space C(2)([0, T ]; Cb(R1)) with the norm

∥v∥T := sup
(x,t)∈R1×[0,T ]

2∑
j=0

∣∣∣∣∂jv(x, t)
∂tj

∣∣∣∣.
Theorem 2. For every T > 0 one can find sufficiently small numbers R2 > 0 and
R3 > 0 such that under the conditions

u0(x) ∈ C2
b(R1), ∥u0∥C2

b(R1) ⩽ R2,

u1(x) ∈ C2
b(R1), ∥u1∥C2

b(R1) ⩽ R3

(8.3)

the solution of (8.1) in the class C(2)([0, T ]; Cb(R1)) ∩ BR for sufficiently small
R > 0 exists and is unique, where

BR =
{
v ∈ C(2)

(
[0, T ]; Cb(R1)

)
: ∥v∥T ⩽ R

}
. (8.4)

Proof. Rewrite the integral equation (8.1) in the form

u(x, t) = A(u)(x, t), (8.5)

where

A(u)(x, t) := f(x, t) + W (ρ)(x, t), ρ(ξ, τ) :=
∂2u2(ξ, τ)

∂τ2
, (8.6)

f(x, t) :=
∫

R1

(
E (x− ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E (x− ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ,

(8.7)

W (ρ)(x, t) :=
∫ t

0

∫
R1

E (x− ξ, t− τ)ρ(ξ, τ) dξ dτ.
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The function f(x, t) belongs to C(2)([0, T ]; Cb(R1)) by Lemma 4. For the volume
potential, we have Lemma 7 and the equalities (5.11) and (5.12). They are of the
form

∂W (x, t)
∂t

=
∫ t

0

∫
R1

∂E (x− ξ, t− τ)
∂t

ρ(ξ, τ) dξ dτ,

∂2W (x, t)
∂t2

= −
∫

R1

e−|x−ξ|

2
ρ(ξ, t) dξ +

∫ t

0

∫
R1

∂2E (x− ξ, t− τ)
∂t2

ρ(ξ, τ) dξ dτ.

The following bounds hold in view of the estimate (4.7) with ε ∈ (0, 1) in Lemma 1:

|W (ρ1)(x, t)−W (ρ2)(x, t)|

⩽ c1(ε)ea1(ε)T

∫ t

0

∫
R1

exp(−ε|x− ξ|)|ρ1(ξ, τ)− ρ2(ξ, τ)| dξ dτ, (8.8)∣∣∣∣∂W (ρ1)(x, t)
∂t

− ∂W (ρ2)(x, t)
∂t

∣∣∣∣
⩽ c2(ε)ea1(ε)T

∫ t

0

∫
R1

exp(−ε|x− ξ|)|ρ1(ξ, τ)− ρ2(ξ, τ)| dξ dτ,∣∣∣∣∂2W (ρ1)(x, t)
∂t2

− ∂2W (ρ2)(x, t)
∂t2

∣∣∣∣
⩽

1
2

∫
R1

exp(−|x− ξ|)|ρ1(ξ, t)− ρ2(ξ, t)| dξ

+ c3(ε)ea1(ε)T

∫ t

0

∫
R1

exp(−ε|x− ξ|)|ρ1(ξ, τ)− ρ2(ξ, τ)| dξ dτ.

Suppose that u1(ξ, τ), u2(ξ, τ) ∈ C(2)([0, T ]; Cb(R1)) and

ρ1(ξ, τ) =
∂2u2

1(ξ, τ)
∂τ2

, ρ2(ξ, τ) =
∂2u2

2(ξ, τ)
∂τ2

.

We have a chain of inequalities

|ρ1(ξ, τ)− ρ2(ξ, τ)| ⩽ 2

∣∣∣∣∣
(

∂u1

∂τ

)2

−
(

∂u2

∂τ

)2
∣∣∣∣∣ + 2

∣∣∣∣u1
∂2u1

∂τ2
− u2

∂2u2

∂τ2

∣∣∣∣
⩽ 4 max

{∣∣∣∣∂u1

∂τ

∣∣∣∣ ,

∣∣∣∣∂u2

∂τ

∣∣∣∣} ∣∣∣∣∂u1

∂τ
− ∂u2

∂τ

∣∣∣∣
+ 2

∣∣∣∣∂2u1

∂τ2

∣∣∣∣ |u1 − u2|+ 2|u2|
∣∣∣∣∂2u1

∂τ2
− ∂2u2

∂τ2

∣∣∣∣
⩽ 8 max {∥u1∥T , ∥u2∥T } ∥u1 − u2∥T . (8.9)

Note that ∫
R1

exp(−ε|y|) dy =
2
ε
.

Thus, it follows from (8.8) and (8.9) that

∥W (ρ1)(x, t)−W (ρ2)(x, t)∥T ⩽
(
TK1(ε)ea1(ε)T+ 8

)
max{∥u1∥T , ∥u2∥T }∥u1 − u2∥T ,

(8.10)
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where

K1 := 16
c1(ε) + c2(ε) + c3(ε)

ε
.

Putting u1 = u and u2 = 0 in (8.10), we obtain the following bound for ρ =
∂2u2/∂τ2:

∥W (ρ)∥T ⩽ (8 + TK1e
a1T )∥u∥2T . (8.11)

Consider the closed ball

BR =
{
u(x, t) ∈ C(2)

(
[0, T ]; Cb(R1)

)
: ∥u∥T ⩽ R

}
.

Put
R1 := ∥f(x, t)∥T ,

where the function f(x, t) is defined in (8.7). It follows from the definition (8.6)
of the operator A and the bound (8.11) that

∥A(u)∥T ⩽ ∥f∥T + (TK1e
a1T + 8)∥u∥2T . (8.12)

We claim that for every T > 0 the operator A acts from BR to BR provided that
0 < R1 < R and R > 0 is sufficiently small. Indeed, it follows from (8.12) for
u ∈ BR that

∥A(u)∥T ⩽ R1 + (TK1e
a1T + 8)R2.

The inequality
R1 + (TK1e

a1T + 8)R2 ⩽ R if R1 < R

clearly holds for every fixed T > 0 when R > 0 is sufficiently small. Suppose that
u0(x), u1(x) ∈ C(2)

b (R1) and the following inequalities hold:

∥u0∥C(2)
b (R1)

⩽ R2, ∥u1∥C(2)
b (R1)

⩽ R3. (8.13)

Then we deduce the following chain of inequalities from the explicit formula (8.7)
for f(x, t):

∥f∥T ⩽ K2(ε)ea1(ε)T

∫
R1

e−ε|x−ξ||u0ξξ(ξ)− u0(ξ)| dξ

+ K2(ε)ea1(ε)T

∫
R1

e−ε|x−ξ||u1ξξ(ξ)− u1(ξ)| dξ

⩽

(
4K2(ε)

ε
R2 +

4K3(ε)
ε

R3

)
ea1(ε)T =: R1.

Therefore, for small R2 > 0 and R3 > 0, the number R1 > 0 can be made arbitrarily
small. This proves the following assertion.

Lemma 18. For every T > 0 one can find small numbers R2 > 0 and R3 > 0
such that, for all u0(x), u1(x) ∈ C(2)

b (R1) in the balls (8.13), the operator A defined
in (8.6) acts from the ball BR to the ball BR for some small R > 0.
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We now study whether A is a contraction on BR. Indeed, by (8.10) we have the
following bound for all u1, u2 ∈ BR:

∥A(u1)(x, t)−A(u2)∥T ⩽
(
TK1(ε)ea1(ε)T + 8

)
max{∥u1∥T , ∥u2∥T }∥u1 − u2∥T

⩽
(
TK1(ε)ea1(ε)T + 8

)
R∥u1 − u2∥T .

For every T > 0 and any sufficiently small R > 0 with(
TK1(ε)ea1(ε)T + 8

)
R ⩽

1
2
,

the operator A is clearly a contraction on BR. □

We now study the question of the solubility of the integral equation (8.2) in the
Banach space C([0, T ]; Cb((1 + x2)α/2; R1)).

Theorem 3. For all u0(x), u1(x) ∈ C(2)
b ((1 + x2)γ/2; R1) with

γ ⩾ 1 + α, α ⩾
1
q
, q > 0

one can find a T0 = T0(u0, u1) > 0 such that for every T ∈ (0, T0) there is a unique
solution u(x, t) ∈ C(1)([0, T ]; Cb((1 + x2)α/2; R1)) of the integral equation (8.2).
Moreover, either T0 = +∞ or T0 < +∞, and the following limit property holds in
this latter case:

lim
T↑T0

∥u∥α,T = +∞, ∥u∥α,T := sup
(x,t)∈R1×[0,T ]

(1 + x2)α/2|u(x, t)|.

Proof. Integration by parts yields the equality∫ t

0

∫
R1

E (x− ξ, t− τ)
∂(|u|qu)(ξ, τ)

∂τ
dξ dτ =

∫
R1

E (x− ξ, 0)(|u|qu)(ξ, t) dξ

−
∫

R1
E (x− ξ, t)(|u0|qu0)(ξ) dξ −

∫ t

0

∫
R1

∂E (x− ξ, t− τ)
∂τ

(|u|qu)(ξ, τ) dξ dτ

= −
∫

R1
E (x− ξ, t)(|u0|qu0)(ξ) dξ −

∫ t

0

∫
R1

∂E (x− ξ, t− τ)
∂τ

(|u|qu)(ξ, τ) dξ dτ

for all u(x, t) ∈ C(1)([0, T ]; Cb(R1)), where we have used the equality E (x, 0) = 0
(see part 3 of Lemma 1). Rewrite the integral equation (8.2) in the form

u(x, t) = B(u)(x, t), (8.14)

where

B(u)(x, t) = f1(x, t) + W1(ρ)(x, t), ρ(ξ, τ) := (|u|qu)(ξ, τ). (8.15)

Here the volume potential W (ρ)(x, t) is deifned by the equality

W1(ρ)(x, t) :=
∫ t

0

∫
R1

∂E (x− ξ, t− τ)
∂τ

ρ(ξ, τ) dξ dτ,
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and the function f1(x, t) by the equality

f1(x, t) :=
∫

R1

(
E (x− ξ, t)[u1ξξ(ξ)− u1(ξ)− (|u0|qu0)(ξ)]

+
∂E (x− ξ, t)

∂t
[u0ξξ(ξ)− u0(ξ)]

)
dξ.

The function f1(x, t) belongs to C(2)([0, T ]; Cb(R1)) by Lemma 4. We claim that
actually

f1(x, t) ∈ C(2)
(
[0, T ]; Cb((1 + x2)α/2; R1)

)
.

Indeed, if u1(ξ, τ), u2(ξ, τ) ∈ C([0, T ]; Cb((1+x2)γ/2; R1)) with γ ⩾ α+1, then the
following chain of estimates holds by Lemma 1 and Lemma 21 (see § 14):

(1 + x2)α/2

∣∣∣∣∂kf(x, t)
∂tk

∣∣∣∣
⩽ (1 + x2)α/2

∫
R1

(∣∣∣∣∂kE (x− ξ, t)
∂tk

∣∣∣∣∣∣u1ξξ(ξ)− u1(ξ)− (|u0|qu0)(ξ)
∣∣

+
∣∣∣∣∂k+1E (x− ξ, t)

∂tk+1

∣∣∣∣|u0ξξ(ξ)− u0(ξ)|
)

dξ

⩽ a0(ε)ea1(ε)T ∥u1xx(x)− u1(x)− (|u0|qu0)(x))∥γ,T

× sup
x∈R1

∫
R1

(1 + x2)α/2

(1 + ξ2)γ/2
exp(−ε|x− ξ|) dξ

+ a0(ε)ea1(ε)T ∥u0xx(x)− u0(x)∥γ,T sup
x∈R1

∫
R1

(1 + x2)α/2

(1 + ξ2)γ/2
exp(−ε|x− ξ|) dξ

⩽ c(ε, γ, α, T, k)
(
∥u1xx(x)− u1(x)− (|u0|qu0)(x)∥γ,T + ∥u0xx(x)− u0(x)∥γ,T

)
for all (x, t) ∈ R1 × [0, T ] with k = 0, 1, 2 provided that γ ⩾ α + 1 and ε ∈ (0, 1).

Put
ρ1(ξ, τ) = (|u1|qu1)(ξ, τ), ρ2(ξ, τ) = (|u2|qu2)(ξ, τ).

Since q > 0, we have

|ρ1 − ρ2| ⩽ (q + 1) max{|u1|q, |u2|q}|u1 − u2|.

The following chain of estimates holds by the bound (4.7) with ε ∈ (0, 1) in
Lemma 1:

|W1(ρ1)(x, t)−W2(ρ2)(x, t)|

⩽ c2(ε)ea1(ε)T

∫ t

0

∫
R1

exp(−ε|x− ξ|)|ρ1(ξ, τ)− ρ2(ξ, τ)| dξ dτ

⩽ c2(ε)ea1(ε)T (q + 1)
∫ t

0

∫
R1

exp(−ε|x− ξ|) max{|u1|q(ξ, τ), |u2|q(ξ, τ)}

× |u1(ξ, τ)− u2(ξ, τ)| dξ dτ.
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It follows that

(1 + x2)α/2|W1(ρ1)(x, t)−W2(ρ2)(x, t)|
⩽ J1c2(ε)ea1(ε)T (q + 1)T max{∥u1∥q

α,T , ∥u2∥q
α,T }∥u1 − u2∥α,T (8.16)

for all functions u1(x, t) and u2(x, t) such that

∥u1∥α,T , ∥u2∥α,T < +∞,

where
J1 := sup

x∈R1
(1 + x2)α/2

∫
R1

exp(−ε|x− ξ|)
(1 + ξ2)(q+1)α/2

dξ.

By Lemma 21 we have 0 < J1 < +∞ provided that α ⩾ 1/q.
Thus, if α ⩾ 1/q, then it follows from (8.16) that

∥W1(ρ1)−W1(ρ2)∥α,T ⩽ K4(ε, q, α)Tea1(ε)T max{∥u1∥q
α,T , ∥u2∥q

α,T }∥u1 − u2∥α,T .
(8.17)

We now put u1 = u and u2 = 0 in (8.17) and obtain

∥W1(ρ)∥α,T ⩽ K4(ε, q, α)Tea1(ε)T ∥u∥q+1
α,T , ρ = |u|qu. (8.18)

Suppose that
u0(x), u1(x) ∈ C(2)

b

(
(1 + x2)γ/2; R1

)
.

In particular, it follows that (|u0|qu0)(x) ∈ Cb((1 + x2)γ/2; R1). Suppose that
R ⩾ 2∥f∥α,T . Consider the ball

BR :=
{
∥u∥α,T ⩽ R : u(x, t) ∈ C

(
[0, T ]; Cb

(
(1 + x2)α/2; R1

))}
.

The following inequality holds for all u(x, t) ∈ BR in view of (8.18):

∥B(u)∥α,T ⩽ ∥f1∥α,T + K4(ε, q, α)Tea1(ε)T ∥u∥q+1
α,T

⩽
R

2
+ K4(ε, q, α)Tea1(ε)T Rq+1.

For every R ⩾ 2∥f∥α,T one can clearly find a small number T > 0 such that

K4(ε, q, α)Tea1(ε)T Rq+1 ⩽
R

2
.

Thus, for every R > 0 there is a small T > 0 such that the operator B defined
in (8.15) acts from BR to BR. We claim that it is a contraction on BR.

Indeed, the bound (8.17) yields that

∥B(u1)−B(u2)∥α,T ⩽ K4(ε, q, α)Tea1(ε)T max{∥u1∥q
α,T , ∥u2∥q

α,T }∥u1 − u2∥α,T ,

whence it follows that for every R ⩾ 2∥f∥α,T one can find a small T > 0 such that

K4(ε, q, α)Tea1(ε)T Rq ⩽
1
2
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and, therefore, B(u) is a contraction on BR. This proves that for all initial data

u0(x), u1(x) ∈ C(2)
b

(
(1 + x2)γ/2; R1

)
, γ ⩾ α + 1, α ⩾

1
q
,

one can find a small T > 0 such that the integral equation (8.14) has a unique
solution u(x, t) ∈ C([0, T ]; Cb((1 + x2)α/2; R1)).

Note that the right-hand side of (8.14) belongs to C(1)([0, T ]; Cb((1+x2)α/2; R1)).
Hence the function u(x, t) in the left-hand side also belongs to this class. Indeed,
on the one hand, f1(x, t) ∈ C(2)([0, T ]; Cb((1 + x2)α/2; R1)). On the other hand, by
Lemma 1 we have

∂W1(ρ)(x, t)
∂t

= −1
2

∫
R1

exp(−|x− ξ|)ρ(ξ, t) dξ

−
∫ t

0

∫
R1

∂2E (x− ξ, t− τ)
∂τ2

ρ(ξ, τ) dξ dτ,

where ρ(ξ, τ) = (|u|qu)(ξ, τ). The following inequality holds for all t ∈ [0, T ] in
view of (4.7):

(1 + x2)α/2

∣∣∣∣∂W1(ρ)(x, t)
∂t

∣∣∣∣ ⩽
1
2
∥u∥q+1

α,T

∫
R1

(1 + x2)α/2

(1 + ξ2)(q+1)α/2
exp(−|x− ξ|) dξ

+ a0(ε)ea1(ε)T T∥u∥q+1
α,T

∫
R1

(1 + x2)α/2

(1 + ξ2)(q+1)α/2
exp(−ε|x− ξ|) dξ

⩽ C(ε, T, q, α)∥u∥q+1
α,T ,

where we have used the result of Lemma 21. It follows from this bound and the
integral equation (8.14) that u(x, t) ∈ C(1)([0, T ]; Cb((1 + x2)α/2; R1)).

Using the standard algorithm of extension in time for solutions of integral equa-
tions with Volterra operators (as described, for example, in [20]), we arrive at the
conclusion of the theorem. □

Theorem 4. For every T > 0 one can find sufficiently small numbers R2 > 0 and
R3 > 0 such that if the conditions (8.3) hold, then there is a classical solution
of the Cauchy problem for (3.1) in the sense of Definition 1 lying in the ball BR

defined in (8.4).

Proof. Since u0(x), u1(x) ∈ C(2)
b (R1), we conclude from Lemma 4 that the func-

tion f(x, t) defined in (8.7) belongs to C(2)([0, T ]; C(2)
b (R1)). Moreover, we have

u(x, t) ∈ C(2)([0, T ]; Cb(R1)) by Theorem 2. Thus ρ(x, t) = ∂2u2(x, t)/∂t2 ∈
C(2)([0, T ]; Cb(R1)). Then, by Lemma 7, we have

W (ρ)(x, t) ∈ C(2)([0, T ]; C(2)
b (R1)).

Thus the right-hand side of the equation (8.5) belongs to C(2)([0, T ]; C(2)
b (R1))

and, therefore, so does the left-hand side. □

Theorem 5. For any u0(x), u1(x) ∈ C(2)
b ((1 + x2)γ/2; R1) with

γ ⩾ α + 1, α ⩾
1
q
, q > 0,
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one can find a T0 = T0(u0, u1) > 0 such that for every T ∈ (0, T0) there is a unique
solution

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b ((1 + x2)α/2; R1)
)

of the Cauchy problem for (3.2) in the sense of Definition 1. Moreover, either
T0 = +∞ or T0 < +∞, and the following limit property holds in the latter case:

lim
T↑T0

∥u∥α,T = +∞,

∥u∥α,T := sup
(x,t)∈R1×[0,T ]

(1 + x2)α/2|u(x, t)|.

Proof. First of all, as in the proof of Theorem 4, one can prove that the solution
u(x, t) of the integral equation (8.14) belongs to C(2)([0, T ]; C(2)

b (R1)) for every
T ∈ (0, T0). We claim that it actually belongs to C(2)([0, T ]; C(2)

b ((1 + x2)α/2; R1))
with α ⩾ 1/q for every T ∈ (0, T0).

Indeed, note that the equation (8.14) for functions u(x, t) ∈ C(1)([0, T ]; Cb(R1))
can be rewritten in the form

u(x, t) = U(x, t), (8.19)

where

U(x, t) = W (ρ)(x, t) + f(x, t),

W (x, t) :=W (ρ)(x, t) =
∫ t

0

∫
R1

E (x− ξ, t− τ)ρ(ξ, τ) dξ dτ, ρ(ξ, τ) :=−∂u2(ξ, τ)
∂τ

,

(8.20)

f(x, t) :=
∫

R1

(
E (x− ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E (x− ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ.

(8.21)

We have the following representations for the derivatives of W (x, t):

∂W (x, t)
∂x

=
∫ t

0

∫
R1

{
∂E (x− ξ, t− τ)

∂x

}
ρ(ξ, τ) dξ dτ, (8.22)

∂2W (x, t)
∂x2

=
∫ t

0

∫
R1

{
∂2E (x− ξ, t− τ)

∂x2

}
ρ(ξ, τ) dξ dτ

+
∫ t

0

(
∂E

∂x
(0− 0, t− τ)− ∂E

∂x
(0 + 0, t− τ)

)
ρ(x, τ) dτ, (8.23)

∂W (x, t)
∂t

=
∫ t

0

∫
R1

∂E (x− ξ, t− τ)
∂t

ρ(ξ, τ) dξ dτ,

∂2W (x, t)
∂x ∂t

=
∫ t

0

∫
R1

{
∂2E (x− ξ, t− τ)

∂x ∂t

}
ρ(ξ, τ) dξ dτ,

∂3W (x, t)
∂x2 ∂t

=
∫ t

0

∫
R1

{
∂3E (x− ξ, t− τ)

∂x2 ∂t

}
ρ(ξ, τ) dξ dτ

+
∫ t

0

(
∂2E

∂x ∂t
(0− 0, t− τ)− ∂2E

∂x ∂t
(0 + 0, t− τ)

)
ρ(x, τ) dτ,
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∂2W (x, t)
∂t2

= −1
2

∫
R1

exp(−|x− ξ|)ρ(ξ, t) dξ +
∫ t

0

∫
R1

∂2E (x− ξ, t− τ)
∂t2

ρ(ξ, τ) dξ dτ,

∂3W (x, t)
∂t2 ∂x

= −1
2

∫
R1

{
d exp(−|x− ξ|)

dx

}
ρ(ξ, t) dξ

+
∫ t

0

∫
R1

{
∂3E (x− ξ, t− τ)

∂t2 ∂x

}
ρ(ξ, τ) dξ dτ,

∂4W (x, t)
∂t2 ∂x2

= ρ(x, t)− 1
2

∫
R1

exp(−|x− ξ|)ρ(ξ, t) dξ

+
∫ t

0

∫
R1

{
∂4E (x− ξ, t− τ)

∂t2 ∂x2

}
ρ(ξ, τ) dξ dτ

+
∫ t

0

(
∂3E

∂t2 ∂x
(0− 0, t− τ)− ∂3E

∂t2 ∂x
(0 + 0, t− τ)

)
ρ(x, τ) dτ.

By the results of Lemma 1 for the integral

Wk,l(x, t) :=
∫ t

0

∫
R1

{
∂k+lE (x− ξ, t− τ)

∂xk ∂tl

}
ρ(ξ, τ) dξ dτ,

ρ(ξ, τ) = −∂(|u|qu)(ξ, τ)
∂τ

(8.24)

we have the bound

(1 + x2)α/2|Wk,l(x, t)| ⩽ (q + 1)a0(ε, k)ea1(ε)T

×
∫ t

0

∫
R1

(1 + x2)α/2 exp(−ε|x− ξ|)|u(ξ, τ)|q
∣∣∣∣∂u(ξ, τ)

∂τ

∣∣∣∣ dξ dτ

⩽ (q + 1)a0(ε, k)ea1(ε)T ∥u∥q
α,T

∥∥∥∥∂u

∂t

∥∥∥∥
α,T

× sup
x∈R1

∫
R1

(1 + x2)α/2

(1 + ξ2)(q+1)α/2
exp(−ε|x− ξ|) dξ

⩽ C(ε, q, k, α, T )∥u∥q
α,T

∥∥∥∥∂u

∂t

∥∥∥∥
α,T

, (8.25)

where we used Lemma 21.
Consider the integral

Uk(x, t) :=
∫ t

0

(
∂k+1E (0− 0, t− τ)

∂t2 ∂x
− ∂k+1E (0 + 0, t− τ)

∂t2 ∂x

)
ρ(x, τ) dτ. (8.26)

Note that, by the results of Lemma 1, we have

∂k+1E (0− 0, t− τ)
∂t2 ∂x

,
∂k+1E (0 + 0, t− τ)

∂t2 ∂x
∈ C[0, +∞).
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This yields the following bound for the integral Uk(x, t):

(1 + x2)α/2|Uk(x, t)| ⩽ C(k, T )
1

(1 + x2)αq/2
∥u∥q

α,T

∥∥∥∥∂u

∂t

∥∥∥∥
α,T

⩽ C(k, T )∥u∥q
α,T

∥∥∥∥∂u

∂t

∥∥∥∥
α,T

.

Finally, we have the following estimates:

(1 + x2)α/2

∣∣∣∣∫
R1

exp(−|x− ξ|)ρ(ξ, t) dξ

∣∣∣∣
⩽ (q + 1)∥u∥q

α,T

∥∥∥∥∂u

∂t

∥∥∥∥
α,T

sup
x∈R1

∫
R1

(1 + x2)α/2

(1 + ξ2)(q+1)α/2
exp(−|x− ξ|) dξ

⩽ C(q, α, T )∥u∥q
α,T

∥∥∥∥∂u

∂t

∥∥∥∥
α,T

,

(1 + x2)α/2|ρ(x, t)| ⩽ (q + 1)
1

(1 + x2)αq/2
∥u∥q

α,T

∥∥∥∥∂u

∂t

∥∥∥∥
α,T

⩽ C(q, α, T )∥u∥q
α,T

∥∥∥∥∂u

∂t

∥∥∥∥
α,T

. (8.27)

One can similarly prove that the function f(x, t) defined in (8.21) belongs to
C(2)

b ([0, T ]; C(2)
b ((1 + x2)α/2; R1)) if u0(x), u1(x) ∈ C(2)

b ((1 + x2)γ/2; R1) with γ ⩾
α + 1, α ⩾ 1/q.

Thus we conclude from (8.20)–(8.24), (8.26) in view of the bounds (8.25)–(8.27)
that the right-hand side of the integral equation (8.19) belongs to C(2)([0, T ];
C(2)

b ((1 + x2)α/2; R1)) for every T ∈ (0, T0) provided that γ ⩾ α + 1, α ⩾ 1/q. □

§ 9. Solubility of the first boundary-value problems for (3.1) and (3.2)

Theorem 6. Suppose that ν(0) = ν′(0) = u0(0) = u1(0) = 0. Then the classical
solutions of the first boundary-value problem for the equations (3.1) and (3.2) in
the sense of Definition 2 in the class

u(x, t) ∈ C(2)([0, T ]; C(2)
b [0, +∞)),

u0(x), u1(x) ∈ C(2)
b [0, +∞), ν(t) ∈ C(2)[0, T ]

are equivalent to the following integral equations respectively:

u(x, t) =
∫ t

0

∫ +∞

0

E1(x, ξ, t− τ)
∂2u2(ξ, τ)

∂τ2
dξ dτ

+
∫ +∞

0

(
E1(x, ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E1(x, ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ

+ 2
∫ t

0

ν(τ)Nx,tE (x, t− τ) dτ + ν(t)e−x, (9.1)
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u(x, t) = −
∫ t

0

∫ +∞

0

E1(x, ξ, t− τ)
∂(|u|qu)(ξ, τ)

∂τ
dξ dτ

+
∫ +∞

0

(
E1(x, ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E1(x, ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ

+ 2
∫ t

0

ν(τ)Nx,tE (x, t− τ) dτ + ν(t)e−x, (9.2)

where

E1(x, ξ, t) := E (x− ξ, t)− E (x + ξ, t), Nx,t :=
∂

∂x

(
∂2

∂t2
+ I

)
.

Proof. This follows directly from the equality (4.9) in Lemma 3 and Lemmas 8–12. □

Theorem 7. For every T > 0 one can find small numbers R > 0, R2 > 0, R3 > 0,
R4 > 0 such that under the conditions

u0(x) ∈ C(2)
b [0, +∞), ∥u0∥C2

b [0,+∞) ⩽ R2, (9.3)

u1(x) ∈ C(2)
b [0, +∞), ∥u1∥C2

b [0,+∞) ⩽ R3,

ν(t) ∈ C(2)[0, T ], ∥ν∥C2[0,T ] ⩽ R4 (9.4)

the equation (9.1) has a unique solution in C(2)([0, T ]; Cb(R1
+)) ∩BR , where

BR =
{
v(x, t) ∈ C(2)

(
[0, T ]; Cb[0, +∞)

)
: ∥v∥+T ⩽ R

}
, (9.5)

∥v∥+T := sup
(x,t)∈[0,+∞)×[0,T ]

2∑
j=0

∣∣∣∣∂jv(x, t)
∂tj

∣∣∣∣.
Proof. We rewrite the integral equation (9.1) in the form

u(x, t) = A1(u)(x, t),

where

A1(u)(x, t) := f1(x, t) + f2(x, t) + W1(ρ)(x, t), ρ(ξ, τ) :=
∂2u2(ξ, τ)

∂τ2
,

f1(x, t) :=
∫ +∞

0

(
E1(x, ξ, t)[u1ξξ(ξ)−u1(ξ)] +

∂E1(x, ξ, t)
∂t

[u0ξξ(ξ)−u0(ξ)]
)

dξ,

f2(x, t) := 2
∫ t

0

ν(τ)Nx,tE (x, t− τ) dτ + ν(t)e−x,

W1(ρ)(x, t) :=
∫ t

0

∫ +∞

0

E1(x, ξ, t− τ)ρ(ξ, τ) dξ dτ

and

E1(x, ξ, t) := E (x− ξ, t)− E (x + ξ, t), Nx,t :=
∂

∂x

(
∂2

∂t2
+ I

)
.
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We have f1(x, t) ∈ C(2)([0, T ]; Cb[0, +∞)) by Lemma 9 and f2(x, t) ∈ C(2)([0, T ];
Cb[0, +∞)) by Lemma 8. The function W1(x, t) := W1(ρ)(x, t) satisfies the follow-
ing equalities in view of Lemma 1:

∂W1(x, t)
∂t

:=
∫ t

0

∫ +∞

0

∂E1(x, ξ, t− τ)
∂t

ρ(ξ, τ) dξ dτ,

∂2W1(x, t)
∂t2

:= −1
2

∫ +∞

0

(e−|x−ξ| − e−|x+ξ|)ρ(ξ, t) dξ

+
∫ t

0

∫ +∞

0

∂E1(x, ξ, t− τ)
∂t

ρ(ξ, τ) dξ dτ.

The rest of the proof repeats the proof of Theorem 2 using Lemma 1. □

We have the following assertion about the integral equation (9.2).

Theorem 8. For any functions u0(x), u1(x) ∈ C(2)
b ((1 + x2)γ/2; [0, +∞)) with

γ ⩾ α + 1, α ⩾
1
q
, q > 0

and ν(t) ∈ C(1)
b [0, +∞) one can find a maximal T0 = T0(u0, u1, ν) > 0 such that for

every T ∈ (0, T0) there is a unique solution u(x, t) ∈ C(1)([0, T ]; Cb((1 + x2)α/2;
[0, +∞))) of the integral equation (9.2). Moreover, either T0 = +∞ or T0 < +∞,
and the following limit property holds in the latter case:

lim
T↑T0

∥u∥+α,T = +∞,

where
∥v∥+α,T := sup

(x,t)∈[0,+∞)×[0,T ]

(1 + x2)α/2|v(x, t)|.

Proof. The integral equation (9.2) for functions u(x, t) ∈ C(1)([0, T ]; Cb[0, +∞))
can be rewritten in the form

u(x, t) = B1(u)(x, t), B1(u)(x, t) = f1(x, t) + f2(x, t) + W1(ρ)(x, t),

where

f1(x, t) :=
∫ +∞

0

(
E1(x, ξ, t)[u1ξξ(ξ)− u1(ξ)− (|u0|qu0)(ξ)]

+
∂E1(x, ξ, t)

∂t
[u0ξξ(ξ)− u0(ξ)]

)
dξ,

f2(x, t) := 2
∫ t

0

ν(τ)Nx,tE (x, t− τ) dτ + ν(t)e−x,

W1(ρ)(x, t) :=
∫ t

0

∫ +∞

0

∂E1(x, ξ, t− τ)
∂τ

ρ(ξ, τ) dξ dτ, ρ(ξ, τ) := (|u|qu)(ξ, τ),

E1(x, ξ, t) := E (x− ξ, t)− E (x + ξ, t), Nx,t :=
∂

∂x

(
∂2

∂t2
+ I

)
.

The rest of the proof repeats the corresponding parts of the proof of Theorem 3.
It is necessary to use the results of Lemmas 1 and 22. □
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Theorems 6 and 7 yield the following assertion.

Theorem 9. Suppose that ν(0) = ν′(0) =u0(0) =u1(0) = 0. Then for every T > 0
one can find small numbers R > 0, R2 > 0, R3 > 0, R4 > 0 such that under
the conditions (9.3), (9.4) there is a unique classical solution u(x, t)∈C(2)([0, T ];
C(2)

b [0, +∞)) of the first boundary-value problem for (3.1) in the sense of Defini-
tion 2. This solution lies in the ball BR defined in (9.5).

Proof. Use the smoothness properties of the potentials in § 5. □

Theorems 6 and 8 yield the following assertion.

Theorem 10. Suppose that ν(0) = ν′(0) = u0(0) = u1(0) = 0. Then for all
u0(x), u1(x) ∈ C(2)

b ((1 + x2)γ/2; [0, +∞)) with

γ ⩾ α + 1, α ⩾
1
q
, q > 0

and ν(t) ∈ C(2)
b [0, +∞) one can find a maximal T0 = T0(u0, u1, ν) > 0 such that

for every T ∈ (0, T0) there is a unique solution u(x, t) ∈ C(2)([0, T ]; Cb((1 + x2)α/2;
[0, +∞))) of the first boundary-value problem for (3.2) in the sense of Definition 2.
Moreover, either T0 = +∞ or T0 < +∞, and the following limit property holds in
the latter case:

lim
T↑T0

∥u∥+α,T = +∞.

Proof. On the whole, the proof repeats that of Theorem 5. Consider the integral
equation (9.2). Put

u(x, t) = U1(x, t), U1(x, t) = W1(ρ)(x, t) + f1(x, t) + f2(x, t),

f1(x, t) :=
∫ +∞

0

(
E1(x, ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E1(x, ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ,

f2(x, t) := 2
∫ t

0

ν(τ)Nx,tE (x, t− τ) dτ + ν(t)e−x,

W1(x, t) := W1(ρ)(x, t) =
∫ t

0

∫ +∞

0

E1(x, ξ, t− τ)ρ(ξ, τ) dξ dτ,

ρ(ξ, τ) := −∂(|u|qu)(ξ, τ)
∂τ

.

We have the following formulae for the derivatives of W1(x, t):

∂W1(x, t)
∂x

=
∫ t

0

∫ +∞

0

{
∂E1(x− ξ, t− τ)

∂x

}
ρ(ξ, τ) dξ dτ,

∂2W1(x, t)
∂x2

=
∫ t

0

∫ +∞

0

{
∂2E1(x− ξ, t− τ)

∂x2

}
ρ(ξ, τ) dξ dτ

+
∫ t

0

(
∂E1

∂x
(0− 0, t− τ)− ∂E1

∂x
(0 + 0, t− τ)

)
ρ(x, τ) dτ,

∂W1(x, t)
∂t

=
∫ t

0

∫ +∞

0

∂E1(x− ξ, t− τ)
∂t

ρ(ξ, τ) dξ dτ,
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∂2W1(x, t)
∂x ∂t

=
∫ t

0

∫ +∞

0

{
∂2E1(x− ξ, t− τ)

∂x ∂t

}
ρ(ξ, τ) dξ dτ,

∂3W1(x, t)
∂x2 ∂t

=
∫ t

0

∫ +∞

0

{
∂3E1(x− ξ, t− τ)

∂x2 ∂t

}
ρ(ξ, τ) dξ dτ

+
∫ t

0

(
∂2E1

∂x ∂t
(0− 0, t− τ)− ∂2E1

∂x ∂t
(0 + 0, t− τ)

)
ρ(x, τ) dτ,

∂2W1(x, t)
∂t2

= −1
2

∫ +∞

0

(e−|x−ξ| − e−|x+ξ|)ρ(ξ, t) dξ

+
∫ t

0

∫ +∞

0

∂2E1(x− ξ, t− τ)
∂t2

ρ(ξ, τ) dξ dτ,

∂3W1(x, t)
∂t2 ∂x

= −1
2

∫ +∞

0

{
d

dx
(e−|x−ξ| − e−|x+ξ|)

}
ρ(ξ, t) dξ

+
∫ t

0

∫ +∞

0

{
∂3E1(x− ξ, t− τ)

∂t2 ∂x

}
ρ(ξ, τ) dξ dτ,

∂4W1(x, t)
∂t2 ∂x2

= ρ(x, t)− 1
2

∫ +∞

0

(e−|x−ξ| − e−|x+ξ|)ρ(ξ, t) dξ

+
∫ t

0

∫ +∞

0

{
∂4E1(x− ξ, t− τ)

∂t2 ∂x2

}
ρ(ξ, τ) dξ dτ

+
∫ t

0

(
∂3E1

∂t2 ∂x
(0− 0, t− τ)− ∂3E1

∂t2 ∂x
(0 + 0, t− τ)

)
ρ(x, τ) dτ.

Then we use the results of Lemmas 1 and 22. Analogous formulae hold for the
functions f1(x, t) and f2(x, t). □

§ 10. Solubility of the second
boundary-value problems for (3.1) and (3.2)

We have the following theorem whose proof repeats that of Theorem 6.

Theorem 11. Suppose that µ(0) = µ′(0) = u0x(0) = u1x(0) = 0. Then the classi-
cal solutions of the second boundary-value problem for the equations (3.1) and (3.2)
in the sense of Definition 3 in the class

u(x, t) ∈ C(2)
(
[0, T ]; C(2)

b [0, +∞)
)
,

u0(x), u1(x) ∈ C(2)
b [0, +∞), µ(t) ∈ C(2)[0, T ]

are equivalent to the following integral equations respectively:

u(x, t) =
∫ t

0

∫ +∞

0

E2(x, ξ, t− τ)
∂2u2(ξ, τ)

∂τ2
dξ dτ

+
∫ +∞

0

(
E2(x, ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E2(x, ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ

+ 2
∫ t

0

µ(τ)
[
∂2E (x, t− τ)

∂t2
+ E (x, t− τ)

]
dτ − µ(t)e−x, (10.1)
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u(x, t) = −
∫ t

0

∫ +∞

0

E2(x, ξ, t− τ)
∂(|u|qu)(ξ, τ)

∂τ
dξ dτ

+
∫ +∞

0

(
E2(x, ξ, t)[u1ξξ(ξ)− u1(ξ)] +

∂E2(x, ξ, t)
∂t

[u0ξξ(ξ)− u0(ξ)]
)

dξ

+ 2
∫ t

0

µ(τ)
[
∂2E (x, t− τ)

∂t2
+ E (x, t− τ)

]
dτ − µ(t)e−x. (10.2)

Studying the integral equations (10.1) and (10.2), we obtain the following asser-
tions.

Theorem 12. Suppose that µ(0) = µ′(0) = u0x(0) = u1x(0) = 0. Then for every
T > 0 one can find small numbers R > 0, R2 > 0, R3 > 0, R4 > 0 such that under
the conditions

u0(x) ∈ C(2)
b [0, +∞), ∥u0∥C(2)

b [0,+∞)
⩽ R2,

u1(x) ∈ C(2)
b [0, +∞), ∥u1∥C(2)

b [0,+∞)
⩽ R3,

µ(t) ∈ C(2)[0, T ], ∥µ∥C(2)[0,T ] ⩽ R4

the second boundary-value problem for (3.1) has a unique solution in the sense of
Definition 3 in the class C(2)([0, T ]; C(2)

b (R1
+)) ∩BR , where

BR =
{
v(x, t) ∈ C(2)

(
[0, T ]; C(2)

b [0, +∞)
)
: ∥v∥+T ⩽ R

}
,

∥v∥+T := sup
(x,t)∈[0,+∞)×[0,T ]

2∑
j=0

∣∣∣∣∂jv(x, t)
∂tj

∣∣∣∣.
Proof. Just repeat the proof of Theorems 7 and 15. □

Theorem 13. Suppose that µ(0) = µ′(0) = u0x(0) = u1x(0) = 0. For any func-
tions u0(x), u1(x) ∈ C(2)

b ((1 + x2)γ/2; [0, +∞)) with

γ ⩾ α + 1, α ⩾
1
q
, q > 0

and µ(t) ∈ C(2)
b [0, +∞) one can find a maximal T0 = T0(u0, u1, µ) > 0 such that

for every T ∈ (0, T0) there is a unique classical solution

u(x, t) ∈ C(2)
(
[0, T ]; Cb((1 + x2)α/2; [0, +∞))

)
of the second boundary-value problem for (3.2) in the sense of Definition 3. More-
over, either T0 = +∞ or T0 < +∞, and the following limit property holds in the
latter case:

lim
T↑T0

∥u∥+α,T = +∞,

where
∥v∥+α,T := sup

(x,t)∈[0,+∞)×[0,T ]

(1 + x2)α/2|v(x, t)|.
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§ 11. A priori estimates for solutions of the Cauchy
problem and the second boundary-value problem for (3.1)

We first obtain a priori estimates for classical solutions of the second boundary-
value problems for the equation (3.1) in the sense of Definition 3. Let u(x, t) ∈
C(2)([0, T ]; C(2)[0, +∞)) be such a solution. We rewrite (3.1) in the following equiv-
alent form:

∂2

∂t2
∂2

∂x2

(
u(x, t) +

1
2

)
+

∂2

∂x2

(
u(x, t) +

1
2

)
=

∂2

∂t2

(
u(x, t) +

1
2

)2

. (11.1)

Take a test function of the form

ϕ(x, t) = ϕ1(x)ϕ2(t), ϕ2(t) =
(

1− t

T

)2

, (11.2)

ϕ1(x) =

{
1 if x ∈ [0, 1],
0 if x ⩾ 2,

0 ⩽ ϕ1(x) ⩽ 1, (11.3)

where the function ϕ1(x) belongs to C(2)[0, +∞) and is monotone non-increasing.
Integrating by parts we have the following formulae:

∫ +∞

0

∂2

∂x2

(
u(x, t) +

1
2

)
ϕ1(x) dx =

∂

∂x

(
u(x, t) +

1
2

)
ϕ1(x)

∣∣∣∣x=+∞

x=0

−
(

u(x, t) +
1
2

)
ϕ1x(x)

∣∣∣∣x=+∞

x=0

+
∫ +∞

0

(
u(x, t) +

1
2

)
ϕ1xx(x) dx

= −ux(0, t) +
∫ +∞

0

(
u(x, t) +

1
2

)
ϕ1xx(x) dx, (11.4)∫ T

0

∂2

∂t2

(
u(x, t) +

1
2

)
ϕ2(t) dt

=
∂

∂t

(
u(x, t) +

1
2

)
ϕ2(t)

∣∣∣∣t=T

t=0

−
(

u(x, t) +
1
2

)
ϕ′2(t)

∣∣∣∣t=T

t=0

+
∫ T

0

(
u(x, t) +

1
2

)
ϕ′′2(t) dt = −u′(x, 0)− 2

T

(
u(x, 0) +

1
2

)
+

2
T 2

∫ T

0

(
u(x, t) +

1
2

)
dt. (11.5)

Here we have used the equalities

ϕ1(0) = 1, ϕ1x(0) = 0, ϕ2(0) = 1, ϕ′2(0) = − 2
T

, ϕ′′2(t) =
2

T 2
,

ϕ2(T ) = ϕ′2(T ) = 0,

which follow from the definitions (11.2) and (11.3).
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It follows from (11.4) and (11.5) that

∫ T

0

∫ +∞

0

∂2

∂x2

(
u(x, t) +

1
2

)
ϕ1(x)ϕ2(t) dx dt

= −
∫ T

0

µ(t)
(

1− t

T

)2

dt +
∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)(
1− t

T

)2

ϕ1xx(x) dx dt,

(11.6)∫ T

0

∫ +∞

0

∂2

∂x2

∂2

∂t2

(
u(x, t) +

1
2

)
ϕ1(x)ϕ2(t) dx dt

= −
∫ T

0

∂3u

∂t2 ∂x
(0, t)ϕ2(t) dt +

∫ T

0

∫ +∞

0

∂2

∂t2

(
u(x, t) +

1
2

)
ϕ1xx(x)ϕ2(t) dx dt

= −
∫ T

0

∂3u

∂t2 ∂x
(0, t)ϕ2(t) dt−

∫ +∞

0

∂u

∂t
(x, 0)ϕ1xx(x) dx

− 2
T

∫ +∞

0

(
u(x, 0) +

1
2

)
ϕ1xx(x) dx +

2
T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)
ϕ1xx(x) dx dt

= −
∫ T

0

µ′′(t)
(

1− t

T

)2

dt−
∫ +∞

0

u1(x)ϕ1xx(x) dx

− 2
T

∫ +∞

0

(
u0(x) +

1
2

)
ϕ1xx(x) dx +

2
T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)
ϕ1xx(x) dx dt,∫ T

0

∫ +∞

0

∂2

∂t2

(
u(x, t) +

1
2

)2

ϕ1(x)ϕ2(t) dx dt

= −2
∫ +∞

0

u1(x)
(

u0(x) +
1
2

)
ϕ1(x) dx− 2

T

∫ +∞

0

(
u0(x) +

1
2

)2

ϕ1(x) dx

+
2

T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)2

ϕ1(x) dx dt. (11.7)

Multiplying both sides of (11.1) by the test function ϕ1(x)ϕ2(t) and integrating by
parts in view of (11.6) and (11.7), we obtain the following equality:

2
T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)
ϕ1xx(x) dx dt

+
∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)(
1− t

T

)2

ϕ1xx(x) dx dt

−
∫ +∞

0

[
u1(x) +

2
T

(
u0(x) +

1
2

)]
ϕ1xx(x) dx−

∫ T

0

[µ′′(t) + µ(t)]
(

1− t

T

)2

dt

+ 2
∫ +∞

0

u1(x)
(

u0(x) +
1
2

)
ϕ1(x) dx +

2
T

∫ +∞

0

(
u0(x) +

1
2

)2

ϕ1(x) dx

=
2

T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)2

ϕ1(x) dx dt. (11.8)
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The following estimates hold:

2
T 2

∣∣∣∣∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)
ϕ1xx(x) dx dt

∣∣∣∣
⩽

2λ

T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)2

ϕ1(x) dx dt +
1

2T 2λ

∫ T

0

∫ +∞

0

|ϕ1xx(x)|2

ϕ1(x)
dx dt

=
2λ

T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)2

ϕ1(x) dx dt +
1

2Tλ

∫ +∞

0

|ϕ1xx(x)|2

ϕ1(x)
dx, (11.9)∣∣∣∣∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)(
1− t

T

)2

ϕ1xx(x) dx dt

∣∣∣∣
⩽

2λ

T 2

∫ T

0

∫ +∞

0

ϕ1(x)
(

u(x, t) +
1
2

)2

dx dt +
T 2

8λ

∫ T

0

∫ +∞

0

|ϕ1xx|2

ϕ1(x)

(
1− t

T

)4

dx dt

=
2λ

T 2

∫ T

0

∫ +∞

0

ϕ1(x)
(

u(x, t) +
1
2

)2

dx dt +
T 3

40λ

∫ +∞

0

|ϕ1xx(x)|2

ϕ1(x)
dx. (11.10)

Using (11.9) and (11.10), we obtain from (11.8) that(
1

2Tλ
+

T 3

40λ

) ∫ +∞

0

|ϕ1xx(x)|2

ϕ1(x)
dx

+
∫ +∞

0

[
u1(x) +

2
T

(
u0(x) +

1
2

)]
ϕ1xx(x) dx−

∫ T

0

[µ′′(t) + µ(t)]
(

1− t

T

)2

dt

+ 2
∫ +∞

0

u1(x)
(

u0(x) +
1
2

)
ϕ1(x) dx +

2
T

∫ +∞

0

(
u0(x) +

1
2

)2

ϕ1(x) dx

⩾
2(1− 2λ)

T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)2

ϕ1(x) dx dt. (11.11)

We take the test function ϕ1(x) to be of the form

ϕ1(x) = ϕ0

(
x

R

)
, ϕ0(s) =

{
1 if s ∈ [0, 1],
0 if s ⩾ 2

for R ⩾ 1, where the function ϕ0(s) belongs to C(2)
0 [0, +∞) and is monotone

non-increasing. Note that there is such a function ϕ0(s) with the following proper-
ties: ∫ +∞

0

|ϕ1xx(x)|2

ϕ1(x)
dx =

c0

R3
, c0 :=

∫ 2

0

|ϕ0ss(s)|2

ϕ0(s)
ds < +∞. (11.12)

We now make an important assumption. Suppose that

u0(x) +
1
2
∈ L2(0, +∞), u1(x) ∈ L2(0, +∞).
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Then the following inequalities hold:∣∣∣∣∫ +∞

0

[
u1(x) +

2
T

(
u0(x) +

1
2

)]
ϕ1xx(x) dx

∣∣∣∣
⩽

(∫ +∞

0

[
u1(x) +

2
T

(
u0(x) +

1
2

)]2

dx

)1/2(∫ +∞

0

|ϕ1xx|2 dx

)1/2

=
c1

R3/2
,

c1 =
(∫ +∞

0

[
u1(x) +

2
T

(
u0(x) +

1
2

)]2

dx

)1/2(∫ 2

0

|ϕ0ss|2 ds

)1/2

< +∞,

(11.13)
and we also obtain the following limit properties:∫ +∞

0

u1(x)
(

u0(x) +
1
2

)
ϕ1(x) dx →

∫ +∞

0

u1(x)
(

u0(x) +
1
2

)
dx,∫ +∞

0

(
u0(x) +

1
2

)2

ϕ1(x) dx →
∫ +∞

0

(
u0(x) +

1
2

)2

dx (11.14)

as R → +∞. Put R = N ∈ N. Using the Beppo Levi theorem, we deduce the
following a priori estimate from the inequality (11.11) in view of the bounds and
limiting properties (11.12)–(11.14):

−
∫ T

0

[µ′′(t) + µ(t)]
(

1− t

T

)2

dt

+ 2
∫ +∞

0

u1(x)
(

u0(x) +
1
2

)
dx +

2
T

∫ +∞

0

(
u0(x) +

1
2

)2

dx

⩾
2(1− 2λ)

T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)2

dx dt.

This estimate holds for all λ > 0. Letting λ → 0 + 0, we arrive at the desired
a priori estimate

−
∫ T

0

[µ′′(t) + µ(t)]
(

1− t

T

)2

dt

+ 2
∫ +∞

0

u1(x)
(

u0(x) +
1
2

)
dx +

2
T

∫ +∞

0

(
u0(x) +

1
2

)2

dx

⩾
2

T 2

∫ T

0

∫ +∞

0

(
u(x, t) +

1
2

)2

dx dt.

Thus, the following assertion holds.

Theorem 14. Suppose that u(x, t) ∈ C(2)([0, T ]; C(2)[0, +∞)) is a classical solu-
tion of the second boundary-value problem for (3.1) in the sense of Definition 3
with initial conditions

u0(x) +
1
2
∈ L2(0, +∞), u1(x) ∈ L2(0, +∞).

Then the following assertions hold.
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1) If u0(x) = −1/2 and∫ T

0

(
µ′′(t) + µ(t)

)(
1− t

T

)2

dt > 0 for small T > 0,

then the classical solution u(x, t) is absent even locally in time.
2) If u0(x) = −1/2 and we have µ(t) = 0 and u1(x) ̸= 0, then then the classical

solution u(x, t) is absent even locally in time.
3) If ∫ T

0

(
µ′′(t) + µ(t)

)(
1− t

T

)2

dt → A as T → +∞

and

A > 2
∫ +∞

0

u1(x)
(

u0(x) +
1
2

)
dx,

then the solution u(x, t) does not exist globally in time: T < +∞.

The following theorem about classical solutions of the Cauchy problem for (3.1)
in the sense of Definition 1 can be proved in a similar way.

Theorem 15. Suppose that u(x, t) ∈ C(2)([0, T ]; C(2)(R1)) is a classical solution
of the Cauchy problem for (3.1) in the sense of Definition 1 with initial conditions

u0(x) +
1
2
∈ L2(−∞, +∞), u1(x) ∈ L2(−∞, +∞).

Then we have an a priori estimate

2
∫ +∞

−∞
u1(x)

(
u0(x) +

1
2

)
dx +

2
T

∫ +∞

−∞

(
u0(x) +

1
2

)2

dx

⩾
2

T 2

∫ T

0

∫ +∞

−∞

(
u(x, t) +

1
2

)2

dx dt,

which yields the following results.
1) If u0(x) = −1/2 and u1(x) ̸= 0, then the classical solution u(x, t) is absent

even locally in time.
2) If u0(x)=−1/2 and u1(x)=0, then the only classical solution is u(x, t)=−1/2.
3) If ∫ +∞

−∞
u1(x)

(
u0(x) +

1
2

)
dx < 0,

then the classical solution u(x, t) does not exist globally in time and we have the
following bound:

T ⩽ −
∫ +∞
−∞ (u0(x) + 1/2)2 dx∫ +∞

−∞ u1(x)(u0(x) + 1/2) dx
< +∞.
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§ 12. Blow up of solutions of the Cauchy problem for (3.2)

Suppose that u0(x), u1(x) ∈ C(2)
b ((1 + x2)γ/2; R1) with

γ ⩾ α + 1, α > max
{

1,
1
q

}
, q > 0. (12.1)

Then by Theorem 5, one can find a maximal T0 = T0(u0, u1) > 0 such that for every
T ∈ (0, T0) there is a unique solution u(x, t)∈C(2)([0, T ]; C(2)

b ((1+x2)α/2; R1)) of the
Cauchy problem for (3.2) in the sense of Definition 1. In particular, this means
that u(x, t) ∈ C(2)([0, T ]; H2(R1)) for every T ∈ (0, T0). In this section we obtain
sufficient conditions for the inequality T0 < +∞.

Consider the equation

u1xx(x)− u1(x) = −(|u0|qu0)(x) + f(x), x ∈ R1. (12.2)

Lemma 19. Suppose that u0(x) ∈ C(2)
b ((1+x2)γ/2; R1), f(x) ∈ Cb((1+x2)µ/2; R1)

with

µ ⩾ γ + 1, γ ⩾
1
q
, q > 0.

Then the solution u1(x) of (12.2) exists, is unique, belongs to C(2)
b ((1 + x2)γ/2; R1)

and is given by the explicit formula

u1(x) =
∫

R1

exp(−|x− ξ|)
2

(
(|u0|qu0)(ξ)− f(ξ)

)
dξ. (12.3)

Proof. The uniqueness of solution of the linear (in u1(x)) equation (12.2) is clear.
Just as in the proof of Lemma 5, one can prove in these classes that the right-hand
side of (12.3) is a classical solution of class C(2)

b (R1) of equation (12.2). We claim
that this solution actually belongs to C(2)

b ((1 + x2)γ/2; R1).
Indeed, the following equalities hold:

u1x(x) =
∫

R1

{
d

dx

exp(−|x− ξ|)
2

}(
(|u0|qu0)(ξ)− f(ξ)

)
dξ, (12.4)

u1xx(x) = −(|u0|qu0)(x) + f(x) +
∫

R1

exp(−|x− ξ|)
2

(
(|u0|qu0)(ξ)− f(ξ)

)
dξ,

(12.5)

where, for x ̸= ξ,

d

dx

exp(−|x− ξ|)
2

=

{
− exp(−|x− ξ|) if x > ξ,

exp(−|x− ξ|) if x < ξ.
(12.6)

It follows from (12.3) that

sup
x∈R1

(1+x2)γ/2|u1(x)|⩽ J1 sup
x∈R1

(1+x2)(q+1)γ/2|u0(x)|q+1+J2 sup
x∈R1

(1+x2)µ/2|f(x)|,
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where

J1 = sup
x∈R1

∫
R1

exp(−|x− ξ|)
2

(1 + x2)γ/2

(1 + ξ2)(q+1)γ/2
dξ,

J2 = sup
x∈R1

∫
R1

exp(−|x− ξ|)
2

(1 + x2)γ/2

(1 + ξ2)µ/2
dξ.

By the results of Lemma 21 we have

J1, J2 < +∞ provided that γ ⩾
1
q
, µ ⩾ γ + 1, q > 0.

In a similar way, we deduce the following bound from (12.4) in view of (12.6):

sup
x∈R1

(1 +x2)γ/2|u1x(x)|⩽ J1 sup
x∈R1

(1 +x2)(q+1)γ/2|u0(x)|q+1+J2 sup
x∈R1

(1 +x2)µ/2|f(x)|.

Finally, it follows from (12.5) that

sup
x∈R1

(1 + x2)γ/2|u1xx(x)| ⩽ (1 + J1) sup
x∈R1

(1 + x2)γ(q+1)/2|u0(x)|q+1

+ (1 + J2) sup
x∈R1

(1 + x2)µ/2|f(x)|.

Thus the lemma is proved. □

Integrating the equation (3.2) over time and using the initial conditions and (12.2),
we obtain the equation

∂

∂t
(uxx − u) +

∫ t

0

uxx(x, τ) dτ + |u|qu = f(x). (12.7)

We now use a method applied in [6]. Consider the quadratic functionals

Φ(t) :=
1
2
∥ux∥22 +

1
2
∥u∥22, J(t) := ∥u′x∥22 + ∥u′∥22, (12.8)

where

∥v∥p :=
(∫

R1
|v(x)|p dx

)1/p

, p ⩾ 1. (12.9)

Since u(x, t) ∈ C(2)([0, T ]; C(2)
b ((1 + x2)α/2; R1)) for all T ∈ (0, T0) under the con-

ditions (12.1), we have Φ(t) ∈ C(2)[0, T ] and J(t) ∈ C(1)[0, T ] for all T ∈ (0, T0).

Lemma 20. Let Φ(t) and J(t) be the functionals defined in (12.8), where u(x, t) ∈
C(1)([0, T0); H1(R1)). Then

(Φ′(t))2 ⩽ 2Φ(t)J(t) for all t ∈ [0, T ], 0 < T < T0. (12.10)

Proof. The following equality holds:

Φ′(t) =
∫

R1
ux(x, t)u′x(x, t) dx +

∫
R1

u(x, t)u′(x, t) dx for t ∈ [0, T0). (12.11)
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Using Hölder’s inequality, we obtain a chain of inequalities

(Φ′(t))2 ⩽ (∥ux∥2∥u′x∥2 + ∥u∥2∥u′∥2)2

⩽ ∥ux∥22∥u′x∥22 + 2∥ux∥2∥u′x∥2∥u∥2∥u′∥2 + ∥u∥22∥u′∥22
⩽ ∥ux∥22∥u′x∥22 + ∥u∥22∥u′∥22 + ∥ux∥22∥u′∥22 + ∥u′x∥22∥u∥22

= (∥ux∥22 + ∥u∥22)(∥u′x∥22 + ∥u′∥22) =
1
2
Φ(t)J(t). □

Let u(x, t) ∈ C(2)([0, T0); C(2)
b ((1 + x2)α/2; R1)) be the classical solution of the

Cauchy problem for (3.2). It exists under the conditions (12.1) by Theorem 5.
We multiply both sides of (12.7) by u(x, t) and integrate with respect to x ∈ R1.

Integrating by parts and using the notation (12.8) and (12.9), we obtain that

dΦ(t)
dt

+
∫ t

0

∫
R1

ux(x, t)ux(x, τ) dx dτ +
∫

R1
f(x)u(x, t) dx = ∥u∥q+2

q+2. (12.12)

We now multiply both sides of (12.7) by u′(x, t) and integrate with respect to
x ∈ R1. Integrating by parts and using the notation (12.8) and (12.9), we obtain
that

J(t) +
d

dt

∫
R1

f(x)u(x, t) dx +
∫ t

0

∫
R1

ux(x, τ)u′x(x, t) dx dτ =
1

q + 2
d

dt
∥u∥q+2

q+2.

(12.13)
Substituting the expression for ∥u∥q+2

q+2 from (12.12) into (12.13), we have

J(t) =
1

q + 2
d2Φ(t)

dt2
+

1
q + 2

∥ux∥22 −
q + 1
q + 2

∫ t

0

∫
R1

u′x(x, t)ux(x, τ) dx dτ

− q + 1
q + 2

∫
R1

f(x)u′(x, t) dx. (12.14)

The following estimates hold:

1
q + 2

∥ux∥22 ⩽
2

q + 2
Φ(t), (12.15)

− q + 1
q + 2

∫ t

0

∫
R1

ux(x, τ)u′x(x, t) dx dτ ⩽
q + 1
q + 2

∫ t

0

∥ux∥2(τ)∥u′x∥2(t) dτ

⩽
q + 1
q + 2

(∫ t

0

∥ux∥22(τ) dτ

)1/2(∫ t

0

∥u′x∥22(t) dτ

)1/2

⩽
q + 1
q + 2

t1/2J1/2(t)
(

2
∫ t

0

Φ(τ) dτ

)1/2

⩽ δJ(t) +
1
4δ

(
q + 1
q + 2

)2

2T

∫ t

0

Φ(τ) dτ

= δJ(t) + T
1
2δ

(
q + 1
q + 2

)2 ∫ t

0

Φ(τ) dτ,

−q + 1
q + 2

∫
R1

f(x)u′(x, t) dx ⩽
q + 1
q + 2

∥u′∥2∥f∥2 ⩽ δJ(t) +
1
4δ

(
q + 1
q + 2

)2

∥f∥22.

(12.16)
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Thus it follows from (12.14) in view of (12.15) and (12.16) that

(1− 2δ)J(t) ⩽
1

q + 2
Φ′′(t) +

2
q + 2

Φ(t)

+ T
1
2δ

(
q + 1
q + 2

)2 ∫ t

0

Φ(τ) dτ +
1
4δ

(
q + 1
q + 2

)2

∥f∥22 (12.17)

for δ ∈ (0, 1/2). The following estimate is obtained from (12.10) and (12.17) for
δ ∈ (0, 1/2):

q + 2
2

(1− 2δ)(Φ′(t))2 ⩽ Φ(t)Φ′′(t) + 2Φ2(t) + T
1
2δ

(q + 1)2

q + 2
Φ(t)

∫ t

0

Φ(τ) dτ

+
1
4δ

(q + 1)2

q + 2
∥f∥22Φ(t). (12.18)

We rewrite the integro-differential inequality (12.18) in the following general form:

Φ(t)Φ′′(t)− α(Φ′(t))2 + βΦ2(t) + γ1Φ(t) + γ2TΦ(t)
∫ t

0

Φ(s) ds ⩾ 0 (12.19)

for t ∈ [0, T ], where

α =
q + 2

2
(1− 2δ), β = 2, γ1 =

1
4δ

(q + 1)2

q + 2
∥f∥22, γ2 =

1
2δ

(q + 1)2

q + 2
.

We require that the following relation holds:

α > 1 =⇒ δ ∈
(

0,
1
2

q

q + 2

)
.

Then we want to use the result of Theorem 17 in § 13.
The coefficients of the integro-differential inequality (12.19) contain a parame-

ter δ, which should be chosen in an optimal way. We choose it so as to make the
coefficient

2γ1

2α− 1
minimal. The following equality holds:

2γ1

2α− 1
=

(
q + 1
q + 2

)2 ∥f∥22
2

1
δ(1− 2δ)

.

Note that the minimum value of the function

g(x) =
1

x(1− 2x)

is attained at x = 1/4. We also have

1
4

<
q

2(q + 2)
for q > 2.
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Therefore we choose δ > 0 in the following way:

δ =


1
4

if q > 2,

q

2(q + 2)
− δ1 if 0 < q ⩽ 2,

where δ1 ∈ (0, q/(2(q + 2))) is arbitrarily small.
Thus,

Φ(t) =
1
2

∫
R1

[u2(x, t) + u2
x(x, t)] dx,

Φ0 := Φ(0) =
1
2

∫
R1

[u2
0(x) + u2

0x(x)] dx, (12.20)

Φ1 := Φ′(0) =
∫

R1
[u0(x)u1(x) + u0x(x)u1x(x)] dx. (12.21)

Multiplying both sides of (12.2) by u0(x) and integrating by parts, we obtain the
equality

Φ1 =
∫

R1
[u1(x)u0(x)+u1x(x)u0x(x)] dx =

∫
R1
|u0(x)|q+2 dx−

∫
R1

f(x)u0(x) dx > 0

provided that ∫
R1
|u0(x)|q+2 dx >

∫
R1

f(x)u0(x) dx.

We also require that Φ0 > 0. Putting x = T 2
1 and using the notation (12.20)

and (12.21), we can rewrite the equation (13.14) (see Theorem 17) in the form

ax2 + bx + c = 0, (12.22)

a =
γ2

α− 1
Φ2

0, b =
2γ1

2α− 1
Φ0 +

β

α− 1
Φ2

0 − Φ2
1, c =

1
(α− 1)2

Φ2
0.

We need to prove that the quadratic equation (12.22) has a positive solution. To
do this, we replace the function u0(x) by Ru0(x), where R > 0. For sufficiently
large R > 0 we have

Φ1 ∼ Rq+2, Φ0 ∼ R2.

Therefore,
D = b2 − 4ac > 0 and b < 0

for sufficiently large R > 0. Hence the quadratic equation (12.22) has a positive
solution. Thus all the hypotheses of Theorem 17 hold.

This proves the following theorem.

Theorem 16. Let u0(x)∈C(2)
b ((1 + x2)γ/2; R1) and f(x)∈C(2)

b ((1 + x2)µ/2; R1),
where

µ ⩾ γ + 1, γ ⩾ α + 1, α > max
{

1,
1
q

}
, q > 0,
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and let u1(x) ∈ C(2)
b ((1 + x2)γ/2; R1) be a solution of the equation (12.2). If u0(x)

is so large that, in particular, we have

Φ0 =
1
2

∫
R1

[u2
0(x) + u2

0x(x)] dx > 0,

Φ1 =
∫

R1
|u0(x)|q+2 dx−

∫
R1

f(x)u0(x) dx > 0,

then the solution u(x, t) ∈ C(2)([0, T0); C(2)
b ((1+x2)α/2; R1)) of the Cauchy problem

for (3.2) in the sense of Definition 1 does not exist globally in time. Hence the time
T0 = T0(u0, f) > 0 in Theorem 5 is finite and, therefore,

lim
T↑T0

∥u∥α,T = +∞.

Moreover, we have the upper bound T0 ⩽ T1 , where T1 > 0 is a solution of (13.14).

§ 13. Appendix. Solution of the ordinary
integro-differential inequality (12.19)

In this appendix we obtain a lower bound for the functional Φ(t) ∈ C(2)[0, T ]
satisfying the integro-differential inequality (12.19) with α > 1. Suppose that

Φ′(0) > 0. (13.1)

Then one can find a t1 ∈ (0, T ) such that

Φ′(t) ⩾ 0 for all t ∈ [0, t1].

The following chain of relations holds:∫ t

0

Φ(s) ds = sΦ(s)
∣∣s=t

s=0
−

∫ t

0

sΦ′(s) ds ⩽ TΦ(t) for all t ∈ [0, t1]. (13.2)

In view of the inequality (13.2), we can pass from the integro-differential inequal-
ity (12.19) to the differential inequality

ΦΦ′′ − α(Φ′)2 + [β + γ2T
2]Φ2 + γ1Φ ⩾ 0 for t ∈ [0, t1]. (13.3)

Dividing both sides of (13.3) by Φ1+α(t), we obtain the inequality

Φ′′

Φα
− α

(Φ′)2

Φ1+α
+ [β + γ2T

2]Φ1−α + γ1Φ−α ⩾ 0 for all t ∈ [0, t1]. (13.4)

We introduce a new function

Z(t) := Φ1−α(t), α > 1. (13.5)

Then (13.4) yields the inequality

Z ′′(t) ⩽ (α− 1)(β + γ2T
2)Z(t) + (α− 1)γ1Z

α/(α−1)(t) for t ∈ [0, t1]. (13.6)
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Note that
Z ′(t) = (1− α)Φ−α(t)Φ′(t) ⩽ 0 for t ∈ [0, t1]. (13.7)

Multiplying both sides of (13.6) by Z ′(t), we obtain the inequality

Z ′(t)Z ′′(t) ⩾ (α− 1)(β + γ2T
2)Z(t)Z ′(t) + (α− 1)γ1Z

α/(α−1)(t)Z ′(t)

for t ∈ [0, t1], which can be rewritten in the form

1
2

d

dt
(Z ′)2 ⩾

(α− 1)(β + γ2T
2)

2
d

dt
Z2(t) +

(α− 1)2γ1

2α− 1
d

dt
Z(2α−1)/(α−1)(t)

for t ∈ [0, t1]. Integrating this inequality with respect to time, we obtain that

(Z ′(t))2 ⩾ A + (α− 1)(β + γ2T
2)Z2(t) +

2(α− 1)2γ1

2α− 1
Z(2α−1)/(α−1)(t) (13.8)

for t ∈ [0, t1], where

A := (Z ′(0))2 − (α− 1)(β + γ2T
2)Z2(0)− 2(α− 1)2γ1

2α− 1
Z(2α−1)/(α−1)(0). (13.9)

We now need to require that A > 0. In view of (13.5), (13.7) and (13.9), this
requirement is equivalent to the inequality

(Φ′(0))2 >
β + γ2T

2

α− 1
Φ2(0) +

2γ1

2α− 1
Φ(0). (13.10)

Suppose that (13.10) holds and, therefore, A > 0. It follows from (13.8) that

(Z ′(t))2 > A > 0 for t ∈ [0, t1]. (13.11)

Using this inequality and (13.7), we obtain the following chain of relations for
t ∈ [0, t1]:

|Z ′(t)| ⩾ A1/2 =⇒ Z ′(t) ⩽ −A1/2 < 0

=⇒ (1− α)Φ−α(t)Φ′(t) ⩽ −A1/2 < 0 =⇒ Φ′(t) ⩾
A1/2

α− 1
Φα(t).

(13.12)

Suppose that
Φ(0) > 0. (13.13)

Since Φ′(t) ⩾ 0 for t ∈ [0, t1], we have

Φ(t) ⩾ Φ(0) > 0 for t ∈ [0, t1].

Using this and (13.12), we arrive at the following inequalities:

Φ′(t) ⩾
A1/2

α− 1
Φα(t) ⩾

A1/2

α− 1
Φα(0) > 0.
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Hence, in particular, Φ′(t1) > 0. Therefore, repeating the whole argument from the
very beginning, we obtain that

Φ′(t) ⩾
A1/2

α− 1
Φα(0) > 0 for t ∈ [0, T ].

We conclude from this and (13.7) that

Z ′(t) < 0 for t ∈ [0, T ].

Therefore, starting with the inequality (13.11), which holds for t ∈ [0, T ], we suc-
cessively arrive at the following relations:

Z(t) ⩽ Z(0)−A1/2t

=⇒ Φ1−α(t) ⩽ Φ1−α(0)−A1/2t =⇒ Φ(t) ⩾
1

[Φ1−α(0)−A1/2t]1/(α−1)
,

which are obtained under the conditions (13.1), (13.10) and (13.13). We now require
that

A1/2T = Φ1−α(0).

This equality can be rewritten in the form

(Φ′(0))2 =
1

T 2(α− 1)2
(Φ(0))2 +

β + γ2T
2

α− 1
(Φ(0))2 +

2γ1

2α− 1
Φ(0).

Generally speaking, this equation may have four roots. We are interested only in
the minimal positive root T = T1 > 0. We have thus proved the following theorem.

Theorem 17. Let Φ(t) ∈ C(2)[0, T0) be a function satisfying the differential inequal-
ity (12.19) with

Φ(0) > 0, Φ′(0) > 0, α > 1,

and let the initial conditions Φ(0) and Φ′(0) be such that there is a minimal positive
root T1 of the equation

(Φ′(0))2 =
1

T 2
1 (α− 1)2

(Φ(0))2 +
β + γ2T

2
1

α− 1
(Φ(0))2 +

2γ1

2α− 1
Φ(0). (13.14)

Then Φ(t) satisfies the inequality

Φ(t) ⩾
1

[Φ1−α(0)−A1/2t]1/(α−1)
,

for all t ∈ [0, T0) and T0 ⩽ T1 < +∞, where

A := (α− 1)2Φ−2α(0)
[
(Φ′(0))2 − β + γ2T

2
1

α− 1
(Φ(0))2 − 2γ1

2α− 1
Φ(0)

]
> 0.
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§ 14. Estimates of integrals

Consider the following integral for ε ∈ (0, 1):

I(x) =
∫ +∞

−∞

e−ε|x−y|

(1 + y2)β/2
dy, β ⩾ α + 1, α > 0.

We have a chain of equalities

I(x) =
∫ +∞

−∞

e−ε|x−y|

(1 + y2)β/2
dy =

∫ x

−∞

e−ε(x−y)

(1 + y2)β/2
dy +

∫ +∞

x

e−ε(y−x)

(1 + y2)β/2
dy

= e−εx

∫ x

−∞

eεy

(1 + y2)β/2
dy + eεx

∫ +∞

x

e−εy

(1 + y2)β/2
dy := I1(x) + I2(x).

(14.1)

Consider the case when x ⩾ 1. We have the following bound for I2:

I2(x) ⩽
eεx

(1 + x2)β/2

∫ +∞

x

e−εy dy =
1
ε

1
(1 + x2)β/2

. (14.2)

Represent I1(x) in the form

I1(x) = e−εx

∫ x/2

−∞

eεy

(1 + y2)β/2
dy + e−εx

∫ x

x/2

eεy

(1 + y2)β/2
dy := I11(x) + I12(x).

We have the following bound for I11(x):

I11(x) ⩽ e−εx/2

∫ +∞

−∞

1
(1 + y2)β/2

dy = M1(β)e−εx/2,

and I12(x) satisfies the bound:

I12(x) ⩽
∫ x

x/2

1
(1 + y2)β/2

dy ⩽
∫ x

x/2

1
yβ

dy =
2β−1 − 1

β − 1
1

xβ−1
. (14.3)

Thus we obtain from (14.1) in view of the bounds (14.2) and (14.3) that

I(x) ⩽
M2(β, ε)

xβ−1
for x ⩾ 1. (14.4)

The case x ⩽ −1 can be considered in a similar way, and we arrive at the same
bound,

I(x) ⩽
M2(β, ε)
(−x)β−1

for x ⩽ −1.

Finally, the following inequality clearly holds for x ∈ [−1, 1]:

I(x) ⩽ M3(β, ε) for x ∈ [−1, 1]. (14.5)

Hence it follows from (14.4), (14.5) that one can find a constant M4 = M4(β, ε)
such that

I(x) ⩽
M4(β, ε)

(1 + |x|)β−1
for x ∈ R1. (14.6)
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We now consider the expression

G(x) := (1 + x2)α/2

∫ +∞

−∞

e−ε|x−y|

(1 + y2)β/2
dy. (14.7)

By (14.6) we have a bound

G(x) ⩽
M5(β, ε)

(1 + |x|)β−α−1
for x ∈ R1. (14.8)

In view of (14.7) and (14.8), this proves the following lemma.

Lemma 21. Suppose that

β ⩾ α + 1, α > 0. (14.9)

Then the function G(x) defined in (14.7) is bounded. Moreover, (14.8) holds.

Consider the following two integrals for x ⩾ 0 and for ε ∈ (0, 1):

G1(x) := (1 + x2)α/2

∫ +∞

0

e−ε|x−y|

(1 + y2)β/2
dy, (14.10)

G2(x) := (1 + x2)α/2

∫ +∞

0

e−ε|x+y|

(1 + y2)β/2
dy.

The following assertion is easily proved.

Lemma 22. Suppose that the inequalities (14.9) hold. Then the function G1(x)
defined in (14.10) is bounded for x ⩾ 0. Moreover, it satisfies a bound of the
form (14.8). The function G2(x) is bounded for x ⩾ 0 for any α ⩾ 0 and β ⩾ 0.
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