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The dissipative property
of a cubic non-linear Schrödinger equation

P. I. Naumkin

Abstract. We study the large-time behaviour of solutions of the Cauchy
problem for a non-linear Schrödinger equation. We consider the interaction
between the resonance term and other types of non-linearity. We prove that
solutions exist globally in time and find a large-time asymptotic represen-
tation for them. We show that the decay of solutions in the far region has
the same order as in the linear case, while the solutions in the short-range
region acquire an additional logarithmic decay, which is slower than in the
case when there is no resonance term in the original equation.

Keywords: Schrödinger equation, cubic non-linearity, large-time asymp-
totics.

Dedicated to the blessed memory of my teacher
Il’ya Andreevich Shishmarev

§ 1. Introduction

This paper is devoted to studying the issues of global existence and large-time
asymptotic behaviour of solutions of the Cauchy problem for a cubic non-linear
Schrödinger equation in one space dimension:

iut +
1
2
uxx = N (u, u), x ∈ R, t > 1,

u(1, x) = u0(x), x ∈ R,
(1)

where the non-linearity is of the following form:

N (u, u) =
3∑

j=1

λju
ju3−j = λ1uu

2 + λ2|u|2u+ λ3u
3

with coefficients λ1 = b ∈ [0, 1), λ2 = 1, λ3 = i
√

3µ, 0 < µ < 1 − b. The more
general case λ2 > 0 may be reduced by scaling to the present case λ2 = 1. Changing
the variable by u→ eiθu, we arrive at the case when λ1 = be−2iθ and λ3 = i

√
3µe2iθ.

We are interested in the interaction between the resonance term |u|2u and other
types of non-linearity in the equation. The restriction |λ1|+ |λ3| < |λ2| means that
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the resonance term λ2|u|2u in a certain sense dominates the other non-resonance
non-linearity types λ1uu

2 and λ3u
3 in the equation (1).

The non-linear Schrödinger equation (1) with λ1 = λ3 = 0 was integrated by the
inverse scattering method, and the asymptotic behaviour of its solutions as t→∞
has been studied (see [1], [2]). However, an explicit integration of a partial differ-
ential equation is possible only in very rare cases. Computations for large values of
the time are quite difficult even for modern computers. Moreover, the asymptotic
properties of solutions suggest one or another type of non-linearity and motivate
the choice of models describing the physical processes.

The difficulties in the asymptotic study of solutions of the cubic non-linear
Schrödinger equation (1) can be visualized by comparing the orders of decay in
time of various terms in the equation. Starting with the familiar asymptotics as
t→∞ of solutions of the linear Schrödinger equation (that is, (1) with N (u, u)≡ 0)

u(t, x) =
M√
it
û0

(
x

t

)
+O(t−

3
2 ),

where M ≡ exp
(

ix2

2t

)
, we assume that the solutions of (1) exhibit similar behaviour:

u(t, x) ≈ M√
it
w

(
t,
x

t

)
for some new unknown function w. We then obtain that the linear part of the
equation is of the form iut + 1

2uxx ≈ M√
it
iwt, and the non-linearity behaves like

N (u, u) ≈ λ1i
1
2 t−

3
2M |w|2w+λ2i

− 1
2 t−

3
2M |w|2w+λ3i

− 3
2 t−

3
2M3w3. Thus we arrive

at the following equation for w:

iwt = iλ1t
−1M

2|w|2w + λ2t
−1|w|2w − iλ3t

−1M2w3 + o(t−1).

Notice that the cubic terms in the last equation have a critical decay and, there-
fore, cannot be omitted in the first approximation. From the mathematical point
of view, it would also be interesting to study the influence of various cubic non-
linearities on the large-time asymptotics. The following results in this direction are
currently known.

The non-existence of ordinary scattering states was proved in [3] for the non-
linear Schrödinger equation (1) with λ1 = λ3 = 0, λ2 6= 0. Hence the solutions of
the non-linear Schrödinger equation cannot be approximated by those of the linear
Schrödinger equation (1) with N (u, u) ≡ 0. The asymptotics of solutions of the
Cauchy problem for the equation (1) with λ1 = λ3 = 0, λ2 6= 0 was obtained
in [4]–[6] (see also [7] and the literature cited therein). In particular, the following
asymptotic representation of solutions was obtained:

u(t, x) =
M√
it
W+

(
x

t

)
exp

(
iλ2

∣∣∣∣W+

(
x

t

)∣∣∣∣2 log t
)

+ o

(
1√
t

)
(2)

as t → ∞ uniformly with respect to x ∈ R, where W+ ∈ L∞. Thus the presence
of the resonance term λ2|u|2u in (1) modifies the asymptotics of solutions by intro-
ducing an additional logarithmic oscillation of the main term when compared to
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the linear case. We notice that the resonance perturbation λ2|u|2u is conservative
in the sense that iut + 1

2uxx = λ2|u|2u for the non-linear Schrödinger equation and
the norm ‖u(t)‖L2 of a solution is preserved in time.

The asymptotics of solutions of the Cauchy problem for the non-linear
Schrödinger equation with various cubic non-linearities including the derivative ux

of the solution as well as the resonance terms of the form |u|2u, |ux|2u, |u|2ux

and others possessing the gauge property N (eiθu) = eiθN (u) for all θ ∈ R,
was studied in [8]–[14] (see the literature cited therein). It was proved that if
the non-resonance non-linearities contain at least one derivative ux of the solu-
tion, then the asymptotics is modified (as in (2)), but if there are no resonance
terms, then the asymptotics of solutions is of a quasi-linear nature:

u(t, x) =
M√
it
W+

(
x

t

)
+ o

(
1√
t

)
. (3)

Various non-resonance cubic non-linearities (not containingux) in the Schrödinger
equation were considered in [15]–[18]. It was shown that in the absence of resonance
non-linearities they lead to a dissipative effect. In particular, the asymptotics of
solutions of (1) with λ1 = λ2 = 0, λ3 = 1 is of the form

u(t, x) =
M√
it
û0

(
x

t

)(
1 +

1√
3

∣∣∣∣û0

(
x

t

)∣∣∣∣2 log
t2

t+ x2

)− 1
2

+O

(
t−

1
2

(
log

t2

t+ x2

)− 1
2−γ)

(4)

as t → ∞ uniformly with respect to x ∈ R, where γ > 0 is small. The asymp-
totics (4) yields the following estimate for the decay:

sup
|x|6

√
t

|u(t, x)| 6 Cεt−
1
2 (1 + ε2 log t)−

1
2 .

Hence the solution attains a faster decay in the short-range region |x| 6
√
t

when compared to the linear case. We notice that the resonance term λ2|u|2u
was excluded from consideration in the papers cited above. Thus we encounter
the following question. What is the interaction between the resonance and non-
resonance non-linearities in the one-dimensional Schrödinger equation (1)? The
modified asymptotics (2) for solutions of the Cauchy problem (1) with odd initial
perturbations u0 was obtained in [19]. Note that the coefficients λ1 and λ3 do not
occur in the main term of the asymptotic formula (2). Hence in the case of odd solu-
tions (or when the non-resonance non-linearities contain at least one derivative),
the nature of the main term of the asymptotics is determined by the resonance non-
linearity λ2|u|2u.

In this paper we get rid of the condition that the initial data are odd and clarify
the influence of the non-resonance non-linearities λ1uu

2 and λ3u
3 on the asymp-

totics of solutions. We shall show that the solutions acquire an additional logarith-
mic decay in the region |x| 6

√
t, but this decay is slower than in (4) (when there

are no resonance interactions). Thus the dissipative character is introduced by the
non-resonance non-linearities in the Schrödinger equation.
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We now state the main result. As usual, we denote the Lebesgue space by Lp =
{s ∈ S′ : ‖s‖Lp <∞} with the norm

‖s‖Lp =
(∫

R
|s(x)|p dx

)1/p

, 1 6 p <∞, ‖s‖L∞ = sup
x∈R

|s(x)|, p = ∞.

We introduce the weighted Sobolev space

Hm,k =
{
s ∈ S′ : ‖s‖Hm,k ≡ ‖〈x〉k〈i∂〉ms‖L2 <∞

}
,

where m, k ∈ R, 〈x〉 =
√

1 + x2. The direct Fourier transform is given by

Fs = ŝ(ξ) =
1√
2π

∫
R
e−ixξs(x) dx.

Then F−1s = 1√
2π

∫
R e

ixξs(ξ) dξ is the inverse Fourier transform, and Hm = Hm,0

is the standard Sobolev space (we thus omit the superscript 0). Different positive
constants will be denoted by the same letter C.

We shall use the technique of factorization of the linear Schrödinger group
(see [20]),

U(t) = e
it
2 ∂2

x = M(t)D(t)V(t)F ,

where M(t, x) = e
i
2t x2

, (D(t)s)(x) = 1√
it
s
(

x
t

)
is the dilation operator and

V(t) = FM(t)F−1 =
√
it√
2π

∫
R
e−

it
2 (ξ−y)2 dy.

Put

ψ(t, ξ) = ϕξ(t, ξ) + 2i
∑

j=1,3

χjρ
jρ 3−j 1

ξ
(e

it
2 ajξ2

− 1),

where aj = 2j−4
2j−3 , χ1 = b, χ3 = µ, ρ(t) = ϕ(t, 0), ϕ(t) = FU(−t)u(t).

Theorem 1. Suppose that 0 6 b < 1, 0 < µ < 1−b. Let the initial perturbation u0

be such that ‖ϕ(1)‖L∞ 6 ε1 and ‖ψ(1)‖L2 6 ε41, where ε1 > 0 is sufficiently small.
Also assume that

|ρ(1)| > δ, (5)

where δ = ε1+ν
1 for a small ν > 0. Then the Cauchy problem (1) has a unique

solution u ∈ C([1,∞);L2). Moreover, we have the decay estimates

C1δt
− 1

2 (1 + ε41 log t)−
1
4 6 sup

|x|6
√

t

|u(t, x)| 6 C2ε1t
− 1

2 (1 + δ4 log t)−
1
4 ,

sup
|x|>

√
t

|u(t, x)| 6 Cε1t
− 1

2

for t > 1.



350 P. I. Naumkin

Remark 1. The initial perturbation can be chosen, for example, using the formulae
u0 = U(1)F−1ϕ(1) and

ϕ(1, ξ) =
δ

1 + ε121 ξ
2
− iδ3

∑
j 6=2

χj

∫ 1

δ

e
iτ
2 ajξ2 dτ

τ
.

Remark 2. In the region |x| >
√
t, the solution decays at the same rate as in

the linear case. But in the short-range region |x| 6
√
t the solution acquires an

additional logarithmic decay, which is slower than in the case (4) when there is no
resonance term.

Remark 3. The hypothesis (5) in Theorem 1 excludes the case of odd initial per-
turbations considered in [19]. The assumption 0 6 b < 1, 0 < µ < 1− b is essential
because otherwise we cannot guarantee that the solutions of the Cauchy problem (1)
exist globally in time for arbitrary (even small) initial data.

Theorem 1 describes a very interesting property of equation (1). Introducing
a new unknown function ϕ(t) = FU(−t)u(t), we get the following ordinary differ-
ential equation for ρ(t) = ϕ(t, 0):

iρ′ = t−1
3∑

j=1

χjρ
jρ 3−j +R1(t),

where χ1 = b, χ2 = 1, χ3 = µ, and R1(t) stands for the remainder. In the case
when R1(t) ≡ 0, we can pass to the polar coordinates ρ = re−iθ and get the system

r′ = −t−1r3(µ− b) sin(2θ), θ′ = t−1r2
(
1 + (µ+ b) cos(2θ)

)
. (6)

The system (6) has a first integral r2(1 + (µ+ b) cos(2θ))−
µ−b
µ+b = C. This means

that the solutions of (6) oscillate for |µ+b| < 1 and can either grow or decay in time
in the case when |µ + b| > 1. Thus the higher-order terms in the remainder R1(t)
have an essential influence on the stability of the solutions. In what follows we
distinguish the fifth-order terms in R1(t) and prove (in Lemma 3) that ρ(t) satisfies
the following ordinary differential equation:

iρ′ = t−1
3∑

j=1

χjρ
jρ 3−j − t−1

5∑
l=1

ωlρ
lρ 5−l +R2(t), (7)

where ω1 = − 2π
3 b

2, ω2 = −µ
(

π
3 + i ln 3

)
, ω3 = −4bµ

(
π
3 − i ln 3

)
, ω4 = − 2π

3 b,
ω5 = −6iµ2 ln 3+

√
5

6 , aj = 2j−4
2j−3 , and R2(t) stands for the remainder. In Lemma 4

we show that the solutions ρ(t) of (7) decay logarithmically in time provided that
0 6 b < 1, 0 < µ < 1 − b. We note that in the non-resonance case λ2 = 0 of
equation (1) we get an equation

iρ′ = t−1
∑

j=1,3

χjρ
jρ 3−j +R1(t),

which has decaying solutions. This explains why we had no need to study the
higher-order terms of R1 in [15]–[18]. We also note that our method is inapplicable



The dissipative property of a Schrödinger equation 351

in the case when ϕ(t, 0) = 0. Hence the existence of a global-in-time solution and
the calculation of its asymptotics remains an open question when û0(0) = 0.

In [19] we used the change of function u(t, x) = t−
1
2Ev(t, ξ), where E = e

it
2 ξ2

and ξ = x
t . The new function v = FMU(−t)u satisfies the equation

i∂tv +
1

2t2
∂2

ξv =
1
t

3∑
j=1

E2j−4λjv
jv 3−j .

While estimating the derivative vξ, we got the secular terms i(2j−4)ξE2j−4λjv
jv 3−j

for j 6= 2 because of the rapidly oscillating factor E2j+2. To exclude these terms,
we used a transformation similar to the normal form transformation of Shatah [21].
We introduced the operator

I(v) = vξ − 2tξ
∑

j=1,3

AjE
2j−4λjv

jv 3−j ,

where Aj = (1 + (2j − 3)itξ2)−1. Since the solution was odd, we were able to
estimate the L2-norm of I(v) in terms of ‖vξ‖L2 . By contrast, in the present paper
we make the transformation ϕ(t) = FU(−t)u(t) and write down the equation for
ρ(t) = ϕ(t, 0) with non-linear terms up to and including the fifth order. In Lemma 4
we prove that ρ(t) decays logarithmically in time. In § 2 we get a bound for the
derivative ∂ξϕ(t, ξ) of the new function. Then in § 3 we estimate the difference
ϕ(t, ξ) − ϕ(t, 0) and write down the equation (7) for ρ(t) = ϕ(t, 0). Solving this
equation, we prove the following two-sided bound in Lemma 4:

C1δ(1 + ε41 log t)−
1
4 6 |ρ(t)| 6 C2ε1(1 + δ4 log t)−

1
4 .

Theorem 1 is proved in § 3. In § 4 we prove auxiliary identities and estimates.

§ 2. A bound for the derivative

As in [20], we use factorization for the free Schrödinger group

U(t) = e
it
2 ∂2

x = M(t)D(t)V(t)F ,

whereM(t, x) = e
i
2t x2

and (D(t)s)(x) = e−i π
4 sign t 1√

|t|
s
(

x
t

)
is the dilation operator,

V(t) = FM(t)F−1 = ei π
4 sign t

√
|t|√
2π

∫
R
e−

it
2 (ξ−y)2 dy.

We also have FU(−t) = iV(−t)E(t)D
(

1
t

)
, where E(t, ξ) = e

it
2 ξ2

. Here we have
used the commutation relation D

(
1
t

)
M(t) = E(t)D

(
1
t

)
. Then we obtain

FMU(−t)
(
i∂t +

1
2
∂2

x

)
= LFMU(−t),

where L = i∂t + 1
2t2 ∂

2
ξ and

FMU(−t)uβuα = iE(t)D
(

1
t

)
uβuα = i

1+α−β
2 t−1Eβ−α−1vβv α.
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Here v = FMU(−t)u = iED( 1
t )u. Multiplying (1) by FMU(−t), we get

Lv = t−1
3∑

j=1

i2−jλjE
2j−4vjv 3−j . (8)

Acting by the operator V(−t) on equation (8), we find the equation

i∂tϕ = t−1
3∑

j=1

i2−jλjV(−t)(E2j−4vjv 3−j) (9)

for the new unknown function

ϕ(t) = FU(−t)u(t) = V(−t)v(t) = e−i π
4 sign t

√
|t|√
2π

∫
R
e

it
2 (ξ−y)2v(t, y) dy.

Using the identity

V(−t)Eρ−1s = e−i π
4 sign t

√
|t|√
2π

∫
R
e

it
2 (ξ2−2yξ+y2ρ)s(y) dy

= ei π
4 (sign ρ+sign(tρ)−sign t)E1− 1

ρD(ρ)V(−tρ)s (10)

for ρ 6= 0, we obtain an equation for ϕ:

i∂tϕ = t−1
3∑

j=1

θjE
ajD(2j − 3)V((3− 2j)t)vjv 3−j , (11)

where θj = i2−jλje
i π
4 (sign(2j−3)+sign((2j−3)t)−sign t), aj = 2j−4

2j−3 .
We now state the local existence theorem for solutions of the Cauchy problem

for equation (11) (see [7]).

Theorem 2. Let ϕ0 ∈ H1 be the initial perturbation. Then for some T > 1 there
is a unique solution ϕ ∈ C([1, T ];H1) of the Cauchy problem for equation (11) with
the initial perturbation ϕ(1) = ϕ0.

We introduce the self-model variable ξ̃ = ξ
√
t. Define the norms

‖ϕ‖XT
= sup

t∈[1,T ]

(
‖ϕ(t)‖L∞ +Q

1
4 (t)‖〈ξ̃ 〉−γϕ(t)‖L∞

)
,

‖ϕ‖ZT
= sup

t∈[1,T ]

Q
3
4 (t)‖〈ξ̃ 〉−γ(ϕ− ρ)‖L∞ , ‖ψ‖YT

= sup
t∈[1,T ]

t−
1
4Q

5
4 (t)‖ψ(t)‖L2 ,

where Q(t) = 1 + δ4 log t, δ = ε1+ν
1 , ε = ε1−ν

1 , ν > 0 is small so that δ < ε1 < ε.
We also assume that γ > 0 is small. Put ρ(t) = ϕ(t, 0) and

ψ = ϕξ −
∑
j 6=2

ajχjρ
jρ 3−jξ

∫ t

0

Eaj dτ (12)

for χj = λj
i2−j√
|2j−3|

ei π
4 (sign(2j−3)−1). By our choice of λ1 = b, λ2 = 1, λ3 = iµ

√
3

we have χ1 = b, χ2 = 1, χ3 = µ.
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Lemma 1. Let the initial perturbation ϕ0 ∈ H1 be such that ‖ϕ0‖L∞ 6 ε1
and ‖ψ0‖L2 6 ε41, where ε1 > 0 is sufficiently small. Suppose that the solution
ϕ ∈ C([1, T ];H1) of (11) satisfies the estimates ‖ϕ‖ZT

6 ε3, ‖ϕ‖XT
6 ε. Then

‖ψ‖YT
< ε4.

Proof. Assume that the inequality ‖ψ‖YT
< ε4 does not hold. Since the solution

is continuous, there is a maximal T̃ ∈ (1, T ] such that ‖w‖Y eT 6 ε4. Differentiat-
ing (11), we get

∂tϕξ =
∑
j 6=2

θjajξE
ajD(2j − 3)V((3− 2j)t)vjv 3−j +R1, (13)

where

R1 = −it−1
3∑

j=1

θjE
ajD(2j − 3)V((3− 2j)t)∂ξ(vjv 3−j).

We represent the first term on the right-hand side of (13) in the form

θjajξE
ajD(2j − 3)V((3− 2j)t)vjv 3−j

= ajχjρ
jρ 3−jξEaj + θjajξE

ajD(2j − 3)V((3− 2j)t)gj ,

where χj = θj
e−i π

4 sign(2j−3)√
|2j−3|

and gj = vjv 3−j − ρjρ 3−j . Write the equation (13) in

the following way:

∂tϕξ =
∑
j 6=2

ajχjρ
jρ 3−jξEaj +R1 +R2, (14)

where

R2 =
∑
j 6=2

θjajξE
ajD(2j − 3)V((3− 2j)t)gj =

∑
j 6=2

νj ξ̃

∫
R
eitSjgj(t, y) dy.

Here Sj = aj
ξ2

2 −
3−2j

2

(
ξ

2j−3 − y
)2 = ξ2

2 − ξy+ 2j−3
2 y2 and νj = θjaj√

2π
ei π

2 sign(3−2j).
Rewrite the first term on the right-hand side of (14) in the form

∑
j 6=2

ajχjρ
jρ 3−jξEaj = ∂t

(∑
j 6=2

ajχjρ
jρ 3−jξ

∫ t

0

Eaj dτ

)
−

∑
j 6=2

ajχj(ρjρ 3−j)tξ

∫ t

0

Eaj dτ.

Furthermore, using the identity eitSj = Hj(∂t(teitSj ) + Sjy∂ye
itSj ), where Hj =

(1 + it(Sj + S2
jy))−1 and

Sj + S2
jη =

1
2

(
(4j − 5)(2j − 3)

(
y − ξ

2j − 3

)2

+
2j − 4
2j − 3

ξ2
)

> C(ξ2 + y2)
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for j = 0, 1, 3, we find that

R2 =
∑
j 6=2

νj ξ̃

∫
R
eitSjgj dy = ∂t

(∑
j 6=2

νj ξ̃

∫
R
eitSj tHjgj dy

)
−

∑
j 6=2

νjξ

∫
R
eitSj

(
t∂t(

√
tHjgj) +

√
t∂y(SjyHjgj)

)
dy.

Then the equation (14) takes the form

wt = R1 +R3 +R4,

where

w = ϕξ −
∑
j 6=2

ajχjρ
jρ 3−jξ

∫ t

0

Eaj dτ −
∑
j 6=2

νj ξ̃

∫
R
eitSj tHjgj dy,

R3 = −
∑
j 6=2

ajχj(ρjρ 3−j)tξ

∫ t

0

Eaj dτ,

R4 = −
∑
j 6=2

νjξ

∫
R
eitSj

(
t∂t(

√
tHjgj) +

√
t∂y(SjyHjgj)

)
dy.

Notice that for a > 0 we have

V(t)ξ
∫ t

0

Ea dτ = (ξt− i∂ξ)
∫ 1

0

V(t)Eaz dz = (ξt− i∂ξ)
∫ 1

0

E
az

1+az
dz√
|1 + az|

= −ξt
∫ 1

0

e
it
2 ξ2 az

1+az z∂z
1(

1 + it
2 ξ

2 az
(1+az)2

)
(1 + az)

3
2
dz +

Cξte
it
2 ξ2 a

1+a

1 + it
2 ξ

2 a
(1+a)2

= O(ξt〈ξ̃ 〉−2+γ).

To estimate R3, we use the bound |
∫ t

0
Ea dτ | 6 Ct〈ξ̃ 〉−2 for a > 0. Then

‖R3‖L2 6 Ct−1|ρ|5
∥∥∥∥ξ ∫ t

0

Eaj dτ

∥∥∥∥
L2

6 Cε5t−
3
4Q− 5

4 (t).

Since vξ = V(t)ϕξ, we have

vξ = V(t)w +
∑
j 6=2

ajχjρ
jρ 3−jV(t)ξ

∫ t

0

Eaj dτ +
∑
j 6=2

νjV(t)
∫

R
eitSj tξ̃Hjgj dy.

Thus we must consider terms of the form V(t)
∫

R e
itSj ξ̃Hjs dy and V(t) ×∫

R e
itSj ξ̃SjyHjs dy. We have

V(t)
∫

R
eitSj ξ̃Hjs dy =

∫
R
Pj(ξ̃, ỹ )s(t, y) dy,

where

Pj(ξ̃, ỹ ) = − 2ei π
4

3
√

2π
E∂eξ

∫
R

eiex(eξ−ey )+ i
2 (2j−3)ey 2

dx̃(
x̃− 4j−5

3 ỹ
)2 + 2

9 ((5− 4j)(2− j)ỹ 2 − 3i)
.
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By Cauchy’s theorem,
∫

R
eixzdz

(z−a)2+b2 = π
b e

iax−b|x| for x ∈ R, Re b > 0. Therefore,

Pj(ξ̃, ỹ ) = −2
√
πei π

4

Ω
Ee

i
2 (2j−3)ey 2

∂eξ ei 4j−5
3 ey(eξ−ey )−

√
2

3 |eξ−ey|Ω,
where Ω =

√
(5− 4j)(2− j)ỹ 2 − 3i. Hence we get the estimate

|Pj(ξ̃, ỹ )| 6 Ce−C|eξ−ey|〈ey 〉.
It is also necessary to consider the kernel

V(t)
∫

R
eitSj itξ̃SjyHjs dy

= −V(t)
∫

R
eitSj ξ̃Hjys dy + E

∫
R
s(t, y)∂y(e

i
2 (2j−3)ey 2

Pj(ξ̃, ỹ )) dy.

Since 〈ξ̃ 〉αe−C|eξ−ey|〈ey 〉 6 〈ỹ 〉αe−C|eξ−ey|〈ey 〉, we find the bounds∥∥∥∥〈ξ̃ 〉αV(t)
∫

R
eitSj ξ̃Hjs dy

∥∥∥∥
L2

6 C

∥∥∥∥〈ξ̃ 〉α ∫
R
|s(t, y)|e−C|eξ−ey|〈ey 〉 dy

∥∥∥∥
L2

6 Ct−
1
2 ‖〈ξ̃ 〉α−1s‖L2

for α ∈ [0, 1] and∥∥∥∥V(t)
∫

R
eitSj tξ̃SjyHjs dy

∥∥∥∥
L2

6 Ct
1
2

∥∥∥∥∫
R

|s(t, y)| dy
ξ̃ 2 + ỹ 2

∥∥∥∥
L2

+ Ct
1
2

∥∥∥∥∫
R
|s(t, y)| |ỹ|e−C|eξ−ey|〈ey 〉 dy

∥∥∥∥
L2

6 C‖s(t, ξ)‖L2 .

Then we get

‖R1‖L2 6 Ct−1‖|v|2vξ‖L2 6 Ct−1‖v‖2
L∞‖V(t)w‖L2

+ Ct−1
∑
j 6=2

|ρ|3‖〈ξ̃ 〉−γv‖2
L∞

∥∥∥∥〈ξ̃ 〉2γV(t)ξ
∫ t

0

Eaj dτ

∥∥∥∥
L2

+ C
∑
j 6=2

‖〈ξ̃ 〉−γv‖2
L∞

∥∥∥∥〈ξ̃ 〉2γV(t)
∫

R
eitSj ξ̃Hjgj dy

∥∥∥∥
L2

6 Ct−1‖v‖2
L∞‖w‖L2 + Ct−

3
4 |ρ|3‖〈ξ̃ 〉−γv‖2

L∞

+ Ct−
1
2 ‖〈ξ̃ 〉−γv‖4

L∞‖v − ϕ‖L2 6 Cε5t−
3
4Q− 5

4 (t)

because

‖〈ξ̃ 〉2γ−1gj‖L2 6 ‖〈ξ̃ 〉−γv‖2
L∞(‖v − ϕ‖L2 + ‖〈ξ̃ 〉5γ−1‖L2‖〈ξ̃ 〉−γ(ϕ− ρ)‖L∞),

‖v − ϕ‖L2 = ‖(V(t)− 1)ϕ‖L2 = ‖F(M(t)− 1)F−1ϕ‖L2

6 Ct−
1
2 ‖xF−1ϕ‖L2 = Ct−

1
2 ‖ϕξ‖L2 = Ct−

1
2 ‖vξ‖L2 .
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We now consider R4. Using the equation vt = i
2t2 vξξ − iLv and integrating by

parts in R4, we get

R4 = −
∑
j 6=2

νj ξ̃

∫
R
eitSj

(√
t∂t(

√
tHj) + ∂y(SjyHj)

)
gj dy

+
∑
j 6=2

itνj ξ̃

∫
R
eitSjHj

(
jvj−1v 3−jLv − (3− j)vjv 2−jLv

)
dy

+
∑
j 6=2

i

2t
νj ξ̃

∫
R
eitSjHj

(
j(vj−1v 3−j)yvy − (3− j)(vjv 2−j)yvy

)
dy

−
∑
j 6=2

i

2t
νj ξ̃

∫
R
eitSj (itSjyHj +Hjy)

(
jvj−1v 3−jvy − (3− j)vjv 2−jvy

)
dy

−
∑
j 6=2

νj ξ̃

∫
R
eitSjSjyHj∂ygj dy +

∑
j 6=2

νj ξ̃

∫
R
eitSjHjt∂t(ρjρ 3−j) dy. (15)

For the first term we write

V(t)ξ̃
∫

R
eitSj

(√
t∂t(

√
tHj) + ∂y(SjyHj)

)
gj dy

=
(

2j − 7
2

)
V(t)ξ̃

∫
R
eitSjHjgj dy + V(t)ξ̃

∫
R
eitSjH2

j gj dy

− (4j − 5)itV(t)ξ̃
∫

R
eitSjS2

jyH
2
j gj dy.

Here the first term can be estimated as follows:∥∥∥∥V(t)ξ̃
∫

R
eitSjHjgj dy

∥∥∥∥
L2

6 Ct−
1
2 ‖〈ξ̃ 〉−1gj‖L2 ,

and the second term admits the bound∥∥∥∥V(t)ξ̃
∫

R
eitSjH2

j gj dy

∥∥∥∥
L2

6 C

∥∥∥∥∫
R
(〈ξ̃ 〉+ 〈ỹ 〉)−3|gj | dy

∥∥∥∥
L2

6 Ct−
1
2 ‖〈ξ̃ 〉−1gj‖L2 .

We integrate by parts in the last term of (15):∥∥∥∥itξ̃ ∫
R
eitSjS2

jyH
2
j gj dy

∥∥∥∥
L2

6 C

∥∥∥∥∫
R
(〈ξ̃ 〉+ 〈ỹ 〉)−3|gj | dy

∥∥∥∥
L2

+ Ct−
1
2

∥∥∥∥∫
R
(〈ξ̃ 〉+ 〈ỹ 〉)−2|∂ygj | dy

∥∥∥∥
L2

6 Ct−
1
2 ‖〈ξ̃ 〉−1gj‖L2 + Ct−1‖∂ξgj‖L2 .

Hence,∥∥∥∥ξ̃ ∫
R
eitSj

(√
t∂t

(√
tHj

)
+ ∂y(SjyHj)

)
gj dy

∥∥∥∥
L2

6 Ct−
1
2 ‖〈ξ̃ 〉−1gj‖L2 + Ct−1‖∂ξgj‖L2 6 Cε5t−

3
4Q− 5

4 (t).
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To estimate the second term in (15), we use the inequality∥∥∥∥〈ξ̃ 〉αV(t)
∫

R
eitSj ξ̃Hjs dy

∥∥∥∥
L2

6 Ct−
1
2 ‖〈ξ̃ 〉α−1s(t, ξ)‖L2

and deduce from (8) that∥∥∥∥tξ̃ ∫
R
eitSjHj

(
jvj−1v 3−jLv − (3− j)vjv 2−jLv

)
dy

∥∥∥∥
L2

6 Ct−
1
2 ‖〈ξ̃ 〉−1v5(t, ξ)‖L2 6 Cε5t−

3
4Q− 5

4 (t).

Then we obtain from (15) that

‖R4‖L2 6 Cε5t−
3
4Q− 5

4 (t) + Cεt−1‖〈ξ̃ 〉−1‖L2‖vξ‖2
L2

+ Ct−1‖|v|2vy‖L2 + Ct−
1
2 |ρ|5‖〈ξ̃ 〉−1‖L2 6 Cε5t−

3
4Q− 5

4 (t).

Thus we get d
dt‖w‖L2 6 Cε5t−

3
4Q− 5

4 (t). Integrating this with respect to time, we
have

‖w‖L2 6 ε41 + Cε5t
1
4Q− 5

4 (t) <
ε4

2
t

1
4Q− 5

4 (t)

for t ∈ [1, T̃ ]. We also have

‖ψ − w‖L2 6 C

∥∥∥∥ξ̃ ∫
R
eitSj tHjgj dy

∥∥∥∥
L2

= Ct

∥∥∥∥V(t)
∫

R
eitSj ξ̃Hjgj dy

∥∥∥∥
L2

6 Ct
1
2 ‖〈ξ̃ 〉−γv‖2

L∞
(
‖v − ϕ‖L2 + ‖〈ξ̃ 〉5γ−1‖L2‖〈ξ̃ 〉−γ(ϕ− ρ)‖L∞

)
6 Cε5t

1
4Q− 5

4 (t).

This contradicts the assumption made at the beginning of the proof. Hence the
estimate stated in the lemma holds for all t ∈ [1, T ]. �

§ 3. Bounds in the uniform metric

We first estimate the difference ϕ(t, ξ)− ρ(t).

Lemma 2. Let the initial perturbation ϕ0 ∈ H1 be such that ‖ϕ0‖L∞ 6 ε1 and
‖ψ0‖L2 6 ε41, where ε1 > 0 is sufficiently small. Suppose that the solution ϕ ∈
C([1, T ];H1) of (11) is such that ‖ϕ‖XT

6 ε and ‖ψ‖YT
6 ε4. Then ‖ϕ‖ZT

6 ε3.

Proof. We define a primitive for all ξ 6= 0 by the formulae

∂−1
ξ f =


−

∫ ∞

ξ

f(ξ) dξ for ξ > 0,∫ ξ

−∞
f(ξ) dξ for ξ < 0.

We put

Gb(ξ̃ ) = −ei π
4 sign b

√
|b|√
2π

∂−1eξ e−
ib
2

eξ 2
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for b 6= 0. Since Gb(+0) − Gb(−0) = ei π
4 sign b

√
|b|√
2π

∫
R e

− ib
2 z2

dz = 1, integration by
parts in the integral V(bt) yields that

V(bt)s = ei π
4 sign(bt)

√
|bt|√
2π

∫
R
e−

ibt
2 y2

s(t, ξ − y) dy

= s(t, ξ)−
∫

R
Gb(ỹ )sξ(t, ξ − y) dy. (16)

In particular,

q(t, ξ) = v(t, ξ)− v(t, 0)−
∫

R

(
G−1(ξ̃ − ỹ )−G−1(−ỹ )

)
vy(t, y) dy. (17)

For all x, y > 0 we get

|Gb(x)−Gb(y)| =
∣∣∣∣ 1√

2π

∫ x

y

e
ib
2

eξ 2
dξ̃

∣∣∣∣ 6 C|x− y|.

On the other hand, for x > 0 we have

|Gb(x)| 6 C

∣∣∣∣∫ ∞

x

∂η

(
ηe

ib
2 η2

1 + ibη2

)
dη

∣∣∣∣ + C

∣∣∣∣∫ ∞

x

η2e
ib
2 η2

(1 + ibη2)2
dη

∣∣∣∣ 6 C〈x〉−1.

Hence we obtain that |Gb(x)−Gb(y)| 6 C|x− y|γ(〈x〉γ−1 + 〈y〉γ−1) for all x, y > 0.
This yields the bound

‖Gb(ξ̃ − ỹ )−Gb(−ỹ )‖L2
y

6 Ct−
1
4

(∫
|ey|>|eξ | |Gb(|ξ̃ | − ỹ )−Gb(−ỹ )|2dỹ

) 1
2

+ Ct−
1
4

(∫ |eξ |
0

|Gb(|ξ̃ | − ỹ )−Gb(−ỹ )|2 dỹ
) 1

2

6 Ct−
1
4 |ξ̃ |γ , (18)

so that by (17) we find that

|q(t, ξ)− (v(t, ξ)− v(t, 0))| 6 C‖G−1(ξ̃ − ỹ )−G−1(−ỹ )‖L2
y
‖vy‖L2

6 Cε3|ξ̃ |γQ− 3
4 (t). (19)

We now rewrite the right-hand side of (11) using (16). This yields that

V((3− 2j)t)vjv 3−j = vjv 3−j −
∫

R
G3−2j(ỹ )∂ξv

jv 3−j(t, ξ − y) dy. (20)

Substituting (20) into (11), we get

i∂tq(t, ξ) =
(
R5(t, ξ)−R5(t, 0)

)
−

(
R6(t, ξ)−R6(t, 0)

)
, (21)

where

R5(t, ξ) = t−1
3∑

j=1

θjE
ajD(2j − 3)vjv 3−j(t, ξ),

R6(t, ξ) = t−1
3∑

j=1

θjE
ajD(2j − 3)

∫
R
G3−2j(ỹ )∂ξv

jv 3−j(t, ξ − y) dy.
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Since |v(t, 0)| 6 Q− 1
4 (t)‖v‖XT

6 εQ− 1
4 (t), we have

|R5(t, ξ)−R5(t, 0)| 6 Ct−1
3∑

j=1

∣∣D(2j − 3)vjv 3−j(t, ξ)− vjv 3−j(t, 0)
∣∣

+ Ct−1
∑
j 6=2

|(Eaj − 1)vjv 3−j(t, 0)|

6 Cε2t−1
3∑

j=1

|D(2j − 3)q(t, ξ)|+ Cε3t−1|ξ̃ |γQ− 3
4 (t).

In view of (18) we obtain

|R6(t, ξ)−R6(t, 0)|

6 Ct−1
3∑

j=1

∣∣∣∣D(2j − 3)
∫

R

(
G3−2j(ξ̃ − ỹ )−G3−2j(−ỹ )

)
∂yv

jv 3−j(t, y) dy
∣∣∣∣

+ Ct−1
∑
j 6=2

|Eaj − 1|
∣∣∣∣∫

R
Gb(ỹ )∂yv

jv 3−j(t, y) dy
∣∣∣∣ 6 Cε5t−1|ξ̃ |γQ− 3

4 (t).

Hence it follows from (21) that

|∂tq(t, ξ)| 6 Cε2t−1
3∑

j=1

|D(2j − 3)q(t, ξ)|+ Cε3t−1|ξ̃ |γQ− 3
4 (t). (22)

We now prove the lemma by contradiction. Since q(t) is continuous, there is a max-
imal interval of time [1, T̃ ], T̃ ∈ (1, T ], such that |ϕ(t, ξ)−ρ(t)|6Cε3|ξ̃ |γQ− 3

4 (t) for
all t∈ [1, T̃ ], ξ ∈R. Then we obtain from (22) that |∂tq(t, ξ)|6Cε3t

γ
2−1|ξ|γQ− 3

4 (t).
Integrating this with respect to time, we see that

|q(t, ξ)| 6 |q(1, ξ)|+ Cε3|ξ|γ
∫ t

1

τ
γ
2−1Q− 3

4 (τ) dτ

6 ε1|ξ|γ + Cε3|ξ|γt
γ
4 + Cε3|ξ|γt

γ
2Q− 3

4 (t) < Cε3t
γ
2−1|ξ|γQ− 3

4 (t)

for all t ∈ [1, T̃ ]. We arrive at a contradiction. �

We introduce the notation

ω1 = −2π
3
b2, ω2 = −µ

(
π

3
+ i ln 3

)
,

ω3 = −4bµ
(
π

3
− i ln 3

)
, ω4 = −2π

3
b, ω5 = −6iµ2 ln

3 +
√

5
6

.

Lemma 3. Let ϕ ∈ C([1, T ];H1) be a solution of (11) such that ‖ϕ‖XT
6 ε and

‖ψ‖YT
6 ε4. Then the function ρ(t) = ϕ(t, 0) satisfies the equation

iρ′ = t−1
3∑

j=1

χjρ
jρ 3−j − t−1

5∑
l=1

ωlρ
lρ 5−l +O(t−1ε7Q− 7

4 ) (23)

for all t ∈ [1, T ].
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Proof. By (16) we have

v(t, 0) = V(t)ϕ = ρ(t) +
∫

R
G1(ξ̃ )ϕξ(t, ξ) dξ. (24)

Since itakξE
akz = ∂ξ

(
Eakz−1

z

)
, the change of variable τ = tz in (12) yields that

ϕξ = −
∑
k 6=2

iχkρ
kρ 3−k∂ξ

∫ 1

0

(Eakz − 1)
dz

z
+ ψ. (25)

Substituting (25) into (24), we have

v(t, 0) = ρ(t)−
∑
k 6=2

iχkΦak
ρkρ 3−k +R7, (26)

where Φa =
∫

R G1(ξ̃ )∂ξ

∫ 1

0
(Eaz − 1) dz

z dξ and R7 =
∫

R G1(ξ̃ )ψ(t, ξ) dξ. We see
from the definition that the function Gb(ỹ ) decays at infinity as |ỹ|−1. Hence the
remainder R7 can be estimated as follows:

|R7| 6 C‖〈ỹ 〉−1‖L2‖ψ‖L2 6 Cε5Q− 5
4 (t).

Taking ξ = 0 in (11), we get

iρ′ = t−1
3∑

j=1

χjV((3− 2j)t)vjv 3−j
∣∣∣
ξ=0

(27)

for ρ(t) = ϕ(t, 0). Using (16), we obtain for the right-hand side of (27) that

V((3− 2j)t)vjv 3−j |ξ=0 = vjv 3−j(t, 0) + jρj−1ρ 3−j

∫
R
G3−2j(ỹ )vy dy

+ (3− j)ρjρ 2−j

∫
R
G3−2j(ỹ )vy dy +R8 (28)

since Gb(−ξ̃ ) = −Gb(ξ̃ ), where

R8 = j

∫
R
G3−2j(ỹ )(vj−1v 3−j(t, y)− ρj−1ρ 3−j)vy dy

+ (3− j)
∫

R
G3−2j(ỹ )(vjv 2−j(t, y)− ρjρ 2−j)vy dy.

In view of (19) we obtain that |v(t, ξ) − v(t, 0)| 6 Cε3|ξ̃ |γQ− 3
4 (t). Therefore,

using (26), we have

|R8| 6 Cε4Q−1(t)
∫

R
〈ỹ 〉−1(1 + |ỹ|γ)|vy| dy 6 Cε7Q− 7

4 (t).

We also obtain from (26) that vjv 3−j(t, 0) = ρjρ 3−j − Ωj − Ω3−j + O(ε7Q− 7
4 ),

where Ωj = j
∑

k 6=2 iχkΦak
ρj+k−1ρ 6−j−k. Note that

G−b(ξ̃ ) = −ei π
4 sign b

√
|tb|√
2π

∂−1eξ e−
ib
2

eξ 2
= Gb(ξ̃ ),
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whence ∫
R
G3−2j(ξ̃ )vξ dξ =

∫
R
G3−2(3−j)(ξ̃ )vξ dξ.

Thus we find from (28) that

V((3− 2j)t)vjv 3−j
∣∣
ξ=0

= ρjρ 3−j − Ωj − Ω3−j +Wj +W3−j +O(ε7Q− 7
4 ), (29)

where Wj = jρj−1ρ 3−j
∫

R G3−2j(ξ̃ )vξ dξ. In view of (25) we have

vξ = V(t)ϕξ = −
∑
k 6=2

iχkρ
kρ 3−k∂ξV(t)

∫ 1

0

(Eakz − 1)
dz

z
+ V(t)ψ.

Using the identity (10) with ρ = 1− akz, we obtain that

V(t)Eakz = E
akz

1−akz
ei π

4 (1−sign(1−akz))√
|1− akz|

.

Therefore,

vξ = −
∑
k 6=2

iχkρ
kρ 3−k∂ξ

∫ 1

0

(
E

akz

1−akz − 1
)ei π

4 (1−sign(1−akz)) dz

z
√
|1− akz|

+ V(t)ψ. (30)

Hence
Wj = −

∑
k 6=2

ijχkΨ3−2j,ak
ρj+k−1ρ 6−j−k +O(ε7Q− 7

4 ),

where

Ψb,a =
∫

R
Gb(ξ̃ )∂ξ dξ

∫ 1

0

(E
az

1−az − 1)
ei π

4 (1−sign(1−az)) dz

z
√
|1− az|

.

Using (27) and (29), we thus get

iρ′ = t−1
3∑

j=1

χjρ
jρ 3−j − t−1

3∑
j=1

∑
k 6=2

χjAj,kρ
j+k−1ρ 6−j−k

− t−1
2∑

j=1

∑
k 6=2

χ3−jAj,kρ
6−j−kρ j+k−1 +O(t−1ε7Q− 7

4 ), (31)

where Aj,k = ijχk(Φak
+ Ψ3−2j,ak

). Note that

3∑
j=1

∑
k 6=2

χjAj,kρ
j+k−1ρ 6−j−k +

2∑
j=1

∑
k 6=2

χ3−jAj,kρ
6−j−kρ j+k−1 =

5∑
l=1

ωlρ
lρ 5−l,

where
ωl =

∑
k=1,3

l−26k6l

χl+1−kAl+1−k,k +
∑

k=1,3
3−l6k65−l

χk+l−3A6−k−l,k.

Hence we get (23) with the coefficients ωl being calculated in Lemma 7 below. �
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We pass to the polar coordinates ρ = re−iθ in (23). Then

r′ − irθ′ = −t−1r3
3∑

j=1

iχje
(2−j)2iθ + t−1r5

5∑
l=1

iωle
(3−l)2iθ +H,

where H = O(t−1ε6Q− 7
4 ). Separating the real and imaginary parts, we get

r′ = t−1r3F1(θ) + t−1r5K1(θ) + rf1, θ′ = t−1r2F2(θ) + t−1r4K2(θ) + f2,

where

F1(θ) = −Re
( ∑

j=1,3

iχje
(2−j)2iθ

)
, F2(θ) = λ2 + Im

( ∑
j=1,3

iχje
(2−j)2iθ

)
,

K1(θ) = Re
5∑

l=1

iωle
(3−l)2iθ, K2(θ) = − Im

5∑
l=1

iωle
(3−l)2iθ,

f1 =
1
r

ReH, f2 = −1
r

ImH.

We introduce a new function z= r2 exp
(
−2

∫ F1(θ
′)

F2(θ′)
dθ′

)
. Then z′=−z2K3(θ)θ′′+F3,

where

K3(θ) = −2 exp
(

2
∫
F1(θ′)
F2(θ′)

dθ′
)(

K1(θ)
F2(θ)

− F1(θ)
F 2

2 (θ)
K2(θ)

)
and F3 = z2(t−1r4K2 + f2)K3 + 2z(f1 − F1(θ)

F2(θ)f2). Hence we get a system

z′ = −z2K3θ
′′ + F3, θ′′ = t−1zF2 exp

(
2

∫
F1(θ′)
F2(θ′)

dθ′
)

+ t−1r4K2 + f2.

By our choice of λ1 = b, λ2 = 1 and λ3 = iµ
√

3, we have χ1 = b, χ2 = 1, χ3 = µ
and F1(θ) = −(a− 2b) sin(2θ), F2(θ) = 1 + a cos(2θ), where a = b+ µ. Hence,

2
∫
F1(θ′)
F2(θ′)

dθ′ =
(

1− 2b
a

)
ln(1 + a cos(2θ)).

Thus we have

z′ = −z2K3θ
′′ + F3, θ′′ = t−1z(1 + a cos(2θ))2−

2b
a + t−1r4K2 + f2, (32)

where

K3(θ) = − 2K1(θ)

(1 + a cos(2θ))
2b
a

− 2(a− 2b) sin(2θ)K2(θ)

(1 + a cos(2θ))1+
2b
a

.

Here

K1(θ) =
2π
3
b2 sin(4θ) + 6µ2

(
ln

3 +
√

5
6

)
cos(4θ)

+
π

3
(µ− 2b) sin(2θ) + (ln 3)µ cos(2θ)− 4bµ ln 3,

K2(θ) =
2π
3
b2 cos(4θ) + 6µ2

(
ln

3 +
√

5
6

)
sin(4θ)

+
π

3
(µ+ 2b) cos(2θ)− (ln 3)µ sin(2θ) +

4π
3
bµ.
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In the following lemma we study the system of ordinary differential equations
(32) whose initial perturbation z(1) = |ρ(1)|2(1 + a cos(2θ(1)))1−

2b
a satisfies the

inequalities δ2

2 (1 + a)1−
2b
a < z(1) < 2ε21(1− a)1−

2b
a .

Lemma 4. Suppose that there is a solution z ∈ C1([1, T ]) of the system (32)
whose initial perturbation z(1) satisfies the inequalities δ2

2 (1 + a)1−
2b
a < z(1) <

2ε21(1 − a)1−
2b
a . Then there are constants C1 and C2 such that C1z(1)Θ− 1

2 (t) <
z(t) < C2z(1)Θ− 1

2 (t) for t ∈ [1, T ], where Θ(t) = 1 + σz2(1) log t and the constant
σ > 0 is defined in Lemma 8 below.

Proof. The proof is by contradiction. Since the solution z(t) is continuous, there is
a maximal interval of time [1, T̃ ], T̃ > 1, such that

C1z(1)Θ− 1
2 (t) 6 z(t) 6 C2z(1)Θ− 1

2 (t) (33)

for all t ∈ [1, T̃ ]. Dividing the first equation of the system (32) by z2 and integrating
with respect to t, we get

∫ t

1
z′

z2 dτ =
∫ t

1
K3θ

′ dτ −
∫ t

1
z−2F3 dτ . It follows that

1
z(t)

=
1
z(1)

+
∫ θ(t)

θ(1)

K3(θ) dθ −
∫ t

1

z−2F3 dτ.

Hence

z(t) = z(1)
(

1 + z(1)
(∫ θ(t)

θ(1)

K3(θ) dθ −
∫ t

1

z−2F3 dτ

))−1

. (34)

By Lemma 8 (see § 4 below) we have∫ θ(t)

θ(1)

K3(θ) dθ = σθ(t) +K5(t), (35)

where σ > 0 and K5(t) = K4(θ(t)) − σθ(1) − K4(θ(1)) is a bounded function.
Substituting (35) into (34), we find that

z(t) =
z(1)

1 + z(1)(σθ(t) + F4)
, (36)

where F4 = K5(t)−
∫ t

1
z−2F3 dτ . Substituting (36) into the second equation of the

system (32), we get
1

z(1) + σθ

(1 + a cos(2θ))2−
2b
a

θ′′ = t−1 + F5, (37)

where F5 = 1
z (t−1r4K2 + f2)(1 − zF4)(1 + a cos(2θ))

2b
a −2 − t−1zF4. Integrating

(37) with respect to t, we obtain

∫ θ(t)

θ(1)

1
z(1) + σθ

(1 + a cos(2θ))2−
2b
a

dθ = log t+
∫ t

1

F5 dτ. (38)
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In view of (33) we have∣∣∣∣∫ t

1

z−2F3 dτ

∣∣∣∣ 6 Cε41

∫ t

1

Θ−1(τ)τ−1 dτ + Cε6δ−3

∫ t

1

Θ
3
4 (τ)Q− 7

4 τ−1 dτ

6 Cενz(1)
∫ t

1

Θ− 1
2 (τ)τ−1 dτ

=
Cεν

z(1)

∫ σz2(1) log t

0

(1 + y)−
1
2 dy 6 Cενz(1)Θ− 1

2 (t) log t.

Thus we can now estimate the remainder in (36):

|F4| 6 |K5(t)|+
∣∣∣∣∫ t

1

z−2F3 dτ

∣∣∣∣ 6 C + Cενz(1)Θ− 1
2 (t) log t.

Using (33), we can also estimate the remainder in (38):∣∣∣∣∫ t

1

F5 dτ

∣∣∣∣ 6 C

∫ t

1

(
z(1)Θ− 1

2 (τ) + ε6δ−3Θ
3
4 (τ)Q− 7

4
)
τ−1 dτ

+ Cz(1)
∫ t

1

Θ− 1
2 (τ)(1 + ενz(1)Θ− 1

2 (τ) log τ)τ−1 dτ 6 Cεν

∫ t

1

τ−1 dτ 6 Cεν log t.

Therefore (38) yields the two-sided estimate

h(t)

(1 + a)2−
2b
a

(
σ

2
h(t) +

1
z(1)

+ σθ(1)
)

6 log t+
∫ t

1

F5 dτ

6
h(t)

(1− a)2−
2b
a

(
σ

2
h(t) +

1
z(1)

+ σθ(1)
)

for h(t) = θ(t)− θ(1). Thus we have S1 6 σ
2h

2 +Bh 6 S2, where B = 1
z(1) +σθ(1),

S1 = (1− a)2− 2b
a (1−Cεν) log t and S2 = (1+ a)2−

2b
a (1+Cεν) log t. We denote the

roots of the equation σ
2h

2 + Bh = S1 by h2 = 1
σ

(
−B −

√
B2 + 2σS1

)
and h3 =

1
σ

(
−B +

√
B2 + 2σS1

)
. We also denote the roots of the equation σ

2h
2 + Bh = S2

by h1 = 1
σ

(
−B −

√
B2 + 2σS2

)
and h4 = 1

σ

(
−B +

√
B2 + 2σS2

)
. Since h3(1) =

h(1) = h4(1) = 0, we obtain by continuity that h3(t) 6 h(t) 6 h4(t). Furthermore,
estimating

h4 6 3(1 + a)2−
2b
a Θ− 1

2 (t)z(1) log t, h3 > (1− a)2−
2b
a Θ− 1

2 (t)z(1) log t,

we have

θ(t) 6 θ(1) + 3(1 + a)2−
2b
a Θ− 1

2 (t)z(1) log t, (39)

θ(t) > θ(1) + (1− a)2−
2b
a Θ− 1

2 (t)z(1) log t. (40)

In view of (39), (40) and (36) we then find that

z(t) 6
z(1)

1− Cz(1) + ((1− a)2−
2b
a − Cεν)Θ− 1

2 (t)σz2(1) log t

6
z(1)

(1− a)2−
2b
a − Cεν

Θ− 1
2 (t)
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and z(t) > z(1)

3(1+a)2−
2b
a +Cεν

Θ− 1
2 (t) for t ∈ [1, T̃ ]. We have arrived at a contradiction.

Hence the estimates stated in the lemma hold for all t ∈ [1, T ]. �

In the following lemma we estimate the XT -norm of ϕ.

Lemma 5. Let the initial perturbation ϕ0 ∈ H1 be such that ‖ϕ0‖L∞ 6 ε1 and
‖ψ0‖L2 6 ε41, where ε1 > 0 is sufficiently small. Suppose that the solution ϕ ∈
C([1, T ];H1) of (11) is such that ‖ϕ‖ZT

6 ε3 and ‖ψ‖YT
6 ε4. Then

‖ϕ‖XT
< ε. (41)

Proof. Assume that (41) does not hold. Since ϕ is continuous, there is a maximal
time T̃ ∈ (1, T ] such that

‖ϕ(t)‖L∞ +Q
1
4 (t)‖〈ξ̃ 〉−γϕ(t)‖L∞ 6 ε

for all t ∈ [1, T̃ ]. Using Lemma 2, we see that 〈ξ̃ 〉−γ |ϕ(t, ξ)− ρ(t)| 6 ε3Q− 3
4 (t) for

t ∈ [1, T̃ ]. Then it follows from Lemma 4 that

〈ξ̃ 〉−γ |ϕ(t, ξ)| 6 〈ξ̃ 〉−γ |ρ(t)|+ 〈ξ̃ 〉−γ |ϕ(t, ξ)− ρ(t)| 6 Cε1Q
− 1

4 (t) + ε3Q− 3
4 (t).

Thus
Q

1
4 (t)‖〈ξ̃ 〉−γϕ(t)‖L∞ 6 Cε1 <

ε

4
(42)

for all t ∈ [1, T̃ ]. As above, for |ξ̃ | 6 〈log t〉 we obtain that

|ϕ(t, ξ)| 6 |ρ(t)|+ |ϕ(t, ξ)− ρ(t)| 6 Cε1 + C〈ξ̃ 〉γε3Q− 3
4 (t) <

ε

4
. (43)

Thus, to prove the bound ‖ϕ(t)‖L∞ < ε
2 , it suffices to consider the case when

tξ2 > 〈log t〉2. By (16) we have

|ϕ(t, ξ)− v(t, ξ)| 6 C

∫
R
〈
√
t(ξ − η)〉−1|w(t, η)| dη

+ C
√
t

∫
R
〈
√
t(ξ − η)〉−1〈

√
tη〉−1|v3(t, η)| dη

6 Cε4Q− 5
4 (t) + Cε3Q− 3

4 (t)
√
t

∫
R
〈
√
t(ξ − η)〉−1〈

√
tη〉−1+3γ dη,

where the second term admits the following estimate for all ξ̃:

√
t

∫
R
〈
√
t(ξ − η)〉−1〈

√
tη〉3γ−1 dη

=
∫
|eη|6 |eξ |

2

〈ξ̃ − η̃ 〉−1〈η̃ 〉3γ−1dη̃ +
∫
|eη|> |eξ |

2

〈ξ̃ − η̃ 〉−1〈η̃ 〉3γ−1dη̃ 6 C〈ξ̃ 〉4γ−1.

Hence
|ϕ(t, ξ)− v(t, ξ)| 6 Cε4Q− 5

4 (t) + Cε3〈ξ̃ 〉4γ−1Q− 3
4 (t). (44)
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Using (20) and (11), we obtain for tξ2 > 〈log t〉2 that

i∂tϕ(t, ξ) = t−1
3∑

j=1

θjE
ajD(2j − 3)vjv 3−j(t, ξ) +R6,

where

R6 = t−1
3∑

j=1

θjE
ajD(2j − 3)

∫
R
G3−2j(ỹ )∂ξv

jv 3−j(t, ξ − y) dy.

Since |G3−2j(ξ̃ )| 6 C〈ξ̃ 〉−1 and∣∣∣∣∂ξ

∫ 1

0

(
E

akz

1−akz − 1
)ei π

4 (1−sign(1−akz))

z
√
|1− akz|

dz

∣∣∣∣ 6 Ct
1
2 〈ξ̃ 〉−1,

we obtain from (30) that

|R6| 6 Ct−1〈ξ̃ 〉− 3
4 |ρ|3‖〈ξ̃ 〉−γv(t)‖2

L∞ + Cε2t−
5
4 ‖ψ‖L2

6 Cε5t−1〈log t〉− 3
4Q− 5

4 (t) + Cε6t−1Q− 5
4 (t)

for tξ2 > 〈log t〉2. Then, by (42) and (44), we have

i∂tϕ(t, ξ) = t−1
3∑

j=1

θjE
ajD(2j − 3)ϕjϕ3−j(t, ξ)

+O(ε5t−1〈log t〉− 3
4Q− 3

4 (t)) +O(ε6t−1Q− 5
4 (t)).

Multiplying this by ei
R t
1 |ϕ|

2 dτ
τ , we find that

i∂tϕ1(t, ξ) = t−1ei
R t
1 |ϕ|

2 dτ
τ

∑
j=1,3

θjE
ajD(2j − 3)ϕjϕ3−j(t, ξ)

+O(ε5t−1〈log t〉− 3
4Q− 3

4 (t)) +O(ε6t−1Q− 5
4 (t)) (45)

for the new unknown function ϕ1(t, ξ) = ei
R t
1 |ϕ|

2 dτ
τ ϕ(t, ξ). We consider the equa-

tion (45) for t > t1, where t1 = max(1, t2) and t2 is such that t2
〈log t2〉2 = 1

ξ2 . Using
the identity Eaj = 2

ajiξ2 ∂tE
aj , we find that

t−1ei
R t
1 |ϕ|

2 dτ
τ

∑
j=1,3

θjE
ajD(2j − 3)ϕjϕ3−j(t, ξ)

= −i∂t

(
it−1ei

R t
1 |ϕ|

2 dτ
τ

∑
j=1,3

2θj

ajiξ2
EajD(2j − 3)ϕjϕ3−j(t, ξ)

)
+R9, (46)

where
R9 =

∑
j=1,3

2θj

ajiξ2
Eaj∂t(t−1ei

R t
1 |ϕ|

2 dτ
τ D(2j − 3)ϕjϕ3−j(t, ξ)).
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Since |R9| 6 Cε3t−1〈log t〉− 5
4 + Cε6t−1Q− 5

4 (t) in the region tξ2 > 〈log t〉2, an
application of (46) to (45) yields the equation

i∂tϕ2 = O
(
ε3t−1〈log t〉− 5

4
)

+O
(
ε6t−1Q− 5

4 (t)
)

(47)

for the new function

ϕ2(t, ξ) = ϕ1(t, ξ) + it−1ei
R t
1 |ϕ|

2 dτ
τ

∑
j=1,3

2θj

ajiξ2
EajD(2j − 3)ϕjϕ3−j(t, ξ).

Integrating (47) over t > t1, we obtain from (43) and (44) that

|ϕ2(t)| 6 |ϕ2(t1)|+ Cε1+ν 6 Cε1 + Cε1+ν <
ε

4

for all t ∈ [1, T̃ ]. Hence |ϕ(t, ξ)| < ε
4 for tξ2 > 〈log t〉2. Thus ‖ϕ(t)‖L∞ < ε

2 . This
contradicts our assumption. Thus the bound (41) holds for all t ∈ [1, T ]. �

Proof of Theorem 1. Lemma 1 establishes that a priori estimates for the norms
‖ϕ‖ZT

and ‖ϕ‖XT
imply an estimate for ‖ψ‖YT

. In its turn, Lemma 2 yields
an estimate for ‖ϕ‖ZT

provided that we know estimates for ‖ϕ‖XT
and ‖ψ‖YT

.
Finally, it is proved in Lemma 5 that estimates for ‖ϕ‖ZT

and ‖ψ‖YT
yield an

a priori estimate for ‖ϕ‖XT
. Thus, using the standard bootstrap, we obtain from

the local existence of solutions (which was established in Theorem 2) that there is
a global-in-time solution ϕ ∈ C([1,∞);H1) of the Cauchy problem for the equa-
tion (9), and this solution satisfies the bound ‖ϕ‖X∞ + ‖ψ‖Y∞ < 2ε. To prove the
decay estimate for the solution, we use the formula u(t, x) = t−

1
2Ev(t, ξ), ξ = x

t ,
whence sup|x|6√t |u(t)| = t−

1
2 sup|ξ|61/

√
t |Ev(t, ξ)|. Then we see from (44) that∣∣∣ sup

|x|6
√

t

|u(t)| − t−
1
2 |ρ(t)|

∣∣∣ 6 Ct−
1
2 sup
|ξ|6 1√

t

|v(t, ξ)− ϕ(t, ξ)|+ Ct−
1
2 |ϕ(t, ξ)− ρ(t)|

6 Cε2t−
1
2Q− 1

4 (t)

as t → ∞. By Lemma 5 this proves the first bound in the theorem. The second
bound is obtained as follows:

|u(t, x)| = t−
1
2 |Ev(t, ξ)| 6 t−

1
2 ‖v‖L∞ 6 Cεt−

1
2 . �

§ 4. Appendix

We start with an explicit calculation of the integrals

Φa =
∫

R
G1(ξ̃ )∂ξ

∫ 1

0

(Eaz − 1)
dz

z
dξ,

Ψb,a =
∫

R
Gb(ξ̃ )∂ξ

∫ 1

0

(E
az

1−az − 1)
ei π

4 (1−sign(1−az)) dz

z
√
|1− az|

dξ

for a > 0, |b| > 1.
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Lemma 6. The following equalities hold :

Φa =


−2 ln

(
1 +

√
1− a

2

)
for 0 < a 6 1,

− ln
a

4
+ 2i arctan

√
a− 1 for a > 1,

and Ψb,a = Φh − Φa, where h = b+1
b a, a > 0, |b| > 1.

Proof. By the identity ∫ ∞

0

e−
i
2 ξ2a dξ =

√
2π

2
√
|a|
e−i π

4 sign a (48)

we obtain that

Φa =
∫

R
G1(ξ̃ )∂ξ

∫ 1

0

(Eaz − 1)
dz

z
dξ =

∫ a

0

(
ei π

4 (1−sign(1−z))√
|1− z|

− 1
)
dz

z
.

We have ∫
dz

z
√
|1− z|

=

ln
(

1−
√

1− z

1 +
√

1− z

)
for 0 < z < 1,

2 arctan
√
z − 1 for z > 1.

Therefore

Φa =


−2 ln

(
1 +

√
1− a

2

)
for 0 < a 6 1,

− ln
a

4
+ 2i arctan

√
a− 1 for a > 1.

In view of (48) we get

Ψb,a =
∫

R
Gb(ξ̃ )∂ξ

∫ 1

0

(E
az

1−az − 1)
ei π

4 (1−sign(1−az)) dz

z
√
|1− az|

dξ = Λb,a − Φa,

Λb,a =
∫ 1

0

(
ei π

4 (1−sign(1−az)+sign b+sign( az
1−az−b))√

|1− hz|
− 1

)
dz

z
.

We have

Λb,a =
∫ h

0

(
ei π

4 (1−sign(1−gz)−sign b(sign(1−z)(1−gz)−1))√
|1− z|

− 1
)
dz

z
,

where g = a
h = b

b+1 . Notice that Λ−1,a = 0. To prove the second equality in the
lemma, we use the following identity:

1− sign(1− gz)− sign b(sign(1− z)(1− gz)− 1) = 1− sign(1− z) (49)

for 0 < z < h. Then

Λb,a =
∫ h

0

(
ei π

4 (1−sign(1−gz)−sign b(sign(1−z)(1−gz)−1))√
|1− z|

− 1
)
dz

z

=
∫ h

0

(
ei π

4 (1−sign(1−z))√
|1− z|

− 1
)
dz

z
= Φh. �
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We now calculate the coefficients

ωl =
∑

k=1,3
l−26k6l

χl+1−kAl+1−k,k +
∑

k=1,3
3−l6k65−l

χk+l−3A6−k−l,k,

where Aj,k = ijχk(Φak
+ Ψ3−2j,ak

), χj = λj
i2−j√
|2j−3|

ei π
4 (sign(2j−3)−1), aj = 2j−4

2j−3 .

Lemma 7. The following equalities hold :

ω1 = −2π
3
b2, ω2 = −µ

(
π

3
+ i ln 3

)
,

ω3 = −4bµ
(
π

3
− i ln 3

)
, ω4 = −2π

3
b, ω5 = −6iµ2 ln

3 +
√

5
6

.

Proof. By Lemma 6 we have Φak
+Ψbj ,ak

=Φhj,k
, where hj,k = bj+1

bj
ak, bj =3−2j.

Since a1 = 2 and a3 = 2
3 , we have h1,1 = 4, h1,3 = 4

3 , h2,k = 0, h3,1 = 4
3 , h3,3 = 4

9 .
Moreover, χ1 = λ1, χ2 = λ2, χ3 = − i√

3
λ3. Therefore we find by Lemma 6 that

Φh1,1 = 2πi
3 , Φh1,3 = Φh3,1 = ln 3 + πi

3 , Φh3,3 = 2 ln 6
3+

√
5
, Φh2,k

= 0. We thus
get A2,k = 0, A1,1 = − 2π

3 λ1, A1,3 = 1√
3
λ3

(
ln 3 + πi

3

)
, A3,1 = 3iλ1

(
ln 3 + πi

3

)
,

A3,3 = 2
√

3λ3 ln 6
3+

√
5
, whence

ω1 = χ1A1,1 + χ1A2,3 = −2π
3
λ2

1,

ω2 = χ2A2,1 + χ2A1,3 = λ2λ3

(
1√
3

ln 3− πi

3
√

3

)
,

ω3 = χ3A3,1 + χ1A1,3 + χ1A2,1 =
4√
3
λ1λ3

(
ln 3 +

πi

3

)
,

ω4 = χ2A2,3 + χ2A1,1 = −2π
3
λ1λ2, ω5 = χ3A3,3 = −2iλ2

3 ln
6

3 +
√

5
.

By our choice of λ1 = b, λ2 = 1, λ3 = iµ
√

3 we have χ1 = b, χ2 = 1, χ3 = µ.
Thus we arrive at the result of the lemma. �

In the following lemma we consider

K3(θ) = − 2K1(θ)

(1 + a cos(2θ))
2b
a

− 2(a− 2b) sin(2θ)K2(θ)

(1 + a cos(2θ))1+
2b
a

,

where

K1(θ) =
2π
3
b2 sin(4θ) + 6µ2

(
ln

3 +
√

5
6

)
cos(4θ)

+
π

3
(µ− 2b) sin(2θ) + (ln 3)µ cos(2θ)− 4bµ ln 3,

K2(θ) =
2π
3
b2 cos(4θ) + 6µ2

(
ln

3 +
√

5
6

)
sin(4θ)

+
π

3
(µ+ 2b) cos(2θ)− (ln 3)µ sin(2θ) +

4π
3
bµ.
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Lemma 8. Suppose that µ > 0, b > 0 and µ + b < 1. Then there is a constant
σ > 0 such that ∫ θ(t)

θ(1)

K3(θ′) dθ′ = σθ +K4(θ),

where K4(θ) is a bounded function.

Proof. We write K3(θ) = 2µKm(θ) +Kr(θ), where

Km(θ) =
6µ

(
− ln 3+

√
5

6

)
cos(4θ) + (ln 3)(− cos(2θ)) + 4b ln 3
(1 + a cos(2θ))β−1

+
(µ− b)

(
ln 3 + 12µ

(
− ln 3+

√
5

6

)
cos(2θ)

)
sin2(2θ)

(1 + a cos(2θ))β
,

Kr(θ) = −
2
(

2π
3 b

2 sin(4θ) + π
3 (µ− 2b) sin(2θ)

)
(1 + a cos(2θ))β−1

−
2(a− 2b) sin(2θ)

(
2π
3 b

2 cos(4θ) + π
3 (µ+ 2b) cos(2θ) + 4π

3 bµ
)

(1 + a cos(2θ))β
.

Here a = b+ µ, β = 1 + 2b
a . It is easily seen that

∫ π

π/2
Kr(θ) dθ = −

∫ π/2

0
Kr(θ) dθ

and
∫ π

π/2
Km(θ) dθ =

∫ π/2

0
Km(θ) dθ. Hence

∫ π

0
Kr(θ) dθ = 0. We shall now show

that
∫ π/2

0
Km(θ) dθ = π

4µσ > 0. This will prove the lemma with some bounded
function K4(θ) since the function K3(θ) is periodic with period π. In the case
when b > µ > 0, we write

2
∫ π/2

0

Km(θ) dθ = 6µ
(
− ln

3 +
√

5
6

) ∫ π

0

cos(2x)
(1 + a cosx)β−1

dx

+ 12µ(b− µ)
(
− ln

3 +
√

5
6

) ∫ π

0

sin2 x(− cosx)
(1 + a cosx)β

dx

+
∫ π

0

(ln 3)(− cosx) + 4b ln 3
(1 + a cosx)β−1

dx−
∫ π

0

(b− µ)(ln 3) sin2 x

(1 + a cosx)β
dx,

whence by the identity
(
1 − 1

a cosx
)
(1 + a cosx) − sin2 x = − 1−a2

a cosx we get

2
∫ π/2

0

Km(θ) dθ = 6µ
(
− ln

3 +
√

5
6

) ∫ π

0

cos(2x)
(1 + a cosx)β−1

dx

+ 12µ(b− µ)
(
− ln

3 +
√

5
6

) ∫ π

0

sin2 x(− cosx)
(1 + a cosx)β

dx

+
2µ
a

(ln 3)
∫ π

0

(− cosx) dx
(1 + a cosx)β−1

+ (3b+ µ)(ln 3)
∫ π

0

dx

(1 + a cosx)β−1

+ (b− µ)(ln 3)
1− a2

a

∫ π

0

(− cosx)
(1 + a cosx)β

dx > 0.
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Consider the case when 1 > µ > b > 0. We use the inequality

sin2 x

2(1 + a cosx)
=

1− cos2 x
2(1 + a cosx)

6 1.

Then

2
∫ π/2

0

Km(θ) dθ >
∫ π

0

6µ
(
− ln 3+

√
5

6

)
cos(2x) + (ln 3)(− cosx)

(1 + a cosx)β−1
dx

+
∫ π

0

(µ− b)
((

1 + 2b
µ−b

)
ln 3 + µ

(
−12 ln 3+

√
5

6

)
cosx

)
sin2 x

(1 + a cosx)β
dx

> (µ− b)µ
(
−12 ln

3 +
√

5
6

) ∫ π

0

(g + cosx) sin2 x

(1 + a cosx)β
dx,

where g = a
µ(µ−b)q, q = ln 3(

−12 ln 3+
√

5
6

) . If g > 1, then 2
∫ π/2

0
Km(θ) dθ > 0. Hence

it remains to consider the case when g < 1, that is, b < (µ − b)µ−q
2q < (µ − b) 1−q

2q ,
which implies that b < µ 1−q

1+q <
1
5µ 6 1

4a and, therefore, β < 3
2 . We have

2
∫ π/2

0

Km(θ) dθ = 6µ
(
− ln

3 +
√

5
6

)
I1 + (ln 3)I2 + 4b(ln 3)I3

+ (µ− b)(ln 3)I4 − 12µ(µ− b)
(
− ln

3 +
√

5
6

)
I5,

where

I1 =
∫ π

0

cos(2x)
(1 + a cosx)β−1

dx, I2 =
∫ π

0

(− cosx)
(1 + a cosx)β−1

dx,

I3 =
∫ π

0

dx

(1 + a cosx)β−1
, I4 =

∫ π

0

sin2 x

(1 + a cosx)β
dx,

I5 =
∫ π

0

(− cosx) sin2 x

(1 + a cosx)β
dx.

By Taylor’s theorem we find that

(1− at)1−β − (1 + at)1−β

= 2(β − 1)at+
(β − 1)β

2
a2t2

(
(1− ξ1)−β−1 − (1 + ξ2)−β−1

)
> 2(β − 1)at

for β > 1, t > 0, 0 < a < 1. By making the change of variable t = cosx, we get

I1 =
∫ π

0

cos(2x)
(1 + a cosx)β−1

dx =
∫ 1

0

((1− at)1−β − (1 + at)1−β)(2t2 − 1)√
1− t2

dt

> 2(β − 1)a
∫ 1

0

(2t2 − 1)t√
1− t2

dt =
2
3
(β − 1)a > 0.
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We similarly have

I2 =
∫ π

0

(− cosx)
(1 + a cosx)β−1

dx =
∫ 1

0

(
(1− at)1−β − (1 + at)1−β

)
t

√
1− t2

dt

> 2(β − 1)a
∫ 1

0

t2√
1− t2

dt =
π(β − 1)a

2
.

Again by Taylor’s theorem we have

(1 + at)β + (1− at)β

= 2 + β(β − 1)a2t2 +
β(β − 1)(β − 2)

6
a3t3

(
(1 + ξ1)β−3 − (1− ξ2)β−3

)
> 2(1− t2) + (2 + β(β − 1)a2)t2

for β ∈ (1, 2). Therefore,

I3 =
∫ π

0

dx

(1 + a cosx)β−1
=

∫ 1

0

(1 + at)1−β + (1− at)1−β

√
1− t2

dt

>
∫ 1

0

2 + β(β − 1)a2t2√
1− t2

dt > π,

I4 =
∫ π

0

sin2 x dx

(1 + a cosx)β
> 2

∫ 1

0

(1− t2)
3
2

(1− a2t2)β
dt+ (2 + β(β− 1)a2)

∫ 1

0

√
1− t2t2

(1− a2t2)β
dt

>
3
8
π + (2 + β(β − 1)a2)

∫ 1

0

√
1− t2t2

(1− a2t2)β
dt.

Finally, by Taylor’s theorem, we obtain

(1 + at)β − (1− at)β = 2βat− β(β − 1)
2

a2t2
(
(1− ξ1)β−2 − (1 + ξ2)β−2

)
6 2βat

for β ∈ (1, 2). Hence we have

I5 =
∫ π

0

(− cosx) sin2 x

(1 + a cosx)β
dx =

∫ 1

0

((1 + at)β − (1− at)β)
√

1− t2t

(1− a2t2)β
dt

6 2βa
∫ 1

0

√
1− t2t2

(1− a2t2)β
dt.

Thus for 1 > µ > b > 0 we get

2
∫ π/2

0

Km(θ) dθ > (ln 3)
(

2
3
bµk + 5πb+

3
8
π(µ− b)

)
+ 2(µ− b)(ln 3)(1 + βba− µβak)

∫ 1

0

√
1− t2t2

(1− a2t2)β
dt,

where

k =
−12 ln 3+

√
5

6

ln 3
.
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Using the bound∫ 1

0

√
1− t2t2

(1− a2t2)β
dt 6

∫ 1

0

t

(1− a2t2)β− 1
2
dt 6

1
2a2

(
3
2
− β

)−1

,

we find that

2
∫ π/2

0

Km(θ) dθ >
2
3
(ln 3)kµb+

(µ− b) ln 3
a
(

3
2 − β

) (
1 +

3
16
π − k

)
a

+
(µ− b) ln 3
a
(

3
2 − β

) (
β(1 + k) + 5π

3
2 − β

µ− b
a− 3π

4
− 2k

)
b > 0

since b < µ
5 . �

In conclusion I express my gratitude to the anonymous referee for valuable
remarks and suggestions.
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