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In recent years, the phenomena of anomalous diffusion has been observed in many fields,
such as turbulence, seepage in porous media, pollution control. The demand for appropriate
mathematical models is high from biomechanics to geophysics passing by acoustics. A most
used approach to depicting a variety of complex anomalous diffusion phenomena is a nonlinear
modeling that is generally mathematically challenging to analyze and computationally very
expensive to simulate. In addition, the nonlinear models often require some parameters unavai-
lable from experiments or field measurements. As alternative approaches, in recent decades,
fractal and fractional derivatives have been found effective in modeling anomalous diffusion
processes. The advantage of the fractal or the fractional derivative models over the standard
integer-order derivative models is in that it can describe accurately the inherent abnormal-
exponential or heavy tail decay processes.

Fractional powers in indicators also arise when describing fractal (multiscale, whole-like)
media. In a fractal environment, unlike a continuous medium, a randomly wandering particle
moves away from the launch site more slowly, since not all directions of motion become
available for it. The slowing down of diffusion in the fractal media is so significant that the
physical quantities begin to change more slowly than the first derivative and this effect can
be taken into account only in an integral-differential equation containing the time derivative
of fractional order:

Diu(z,t) = Agu(z,t) + F.

In this paper, we consider an inverse problem close to that investigated in [1], [2]. Together
with the solution, it is necessary to find the unknown source term of the equation. The equation
contains a fractional derivative with respect to time and an involution with respect to the
spatial variable. In contrast to [1], [2], we investigate the problem under nonlocal boundary
conditions with respect to the spatial variable. The conditions for determination are initial
and final states.

The second main difference in our problem is that the unknown function enters both in the
right-hand side of the equation and in the conditions of the initial and final overdeterminations.

Let us consider a problem of modeling the thermal diffusion process which is close to that
described in the paper of Cabada and Tojo [2], where an example that describes a concrete
situation in physics is given. Consider a closed metal wire (length 27) wrapped around a thin
sheet of insulation material in the manner shown in Figure 1.

Assuming that the position x = 0 is the lowest of the wire, and the insulation goes up to
the left at —7 and to the right up to 7. Since the wire is closed, points —7 and 7 coincide.

The layer of insulation is assumed to be slightly permeable. Therefore, the temperature
value from one side affects the diffusion process on the ozther side. For this reason, the standard

2®

heat equation is modified by adding an extra term 5.7 (—x,t) to g%(x,t) (where |e] < 1).

Here ®(x,t) is the temperature at point = of the wire at time t.
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fi o(-n) = d(n)

d(—x) ¢p D(x)

®(0)

Puc. 1. The closed metal wire wrapped around a thin sheet of insulation material

We consider a process which is so slow that it is described by an evolution equation with
a time fractional derivative:

tPDYD (2,1) — By (,8) + Py (—,t) = f (), a+ >0, (1)

in the domain Q = {(x,t): —7w <z <m, 0 <t <T}. Here f(x) stands for an external source
that does not change with time; ¢ = 0 is an initial time point and ¢ = T is a final one. The
derivative Dy defined, for a differentiable function, as

d

(D) (t) =I'"" {%gp(t)} ,0<a<l1, tel0,T],

is the Caputo derivative built on the Riemann-Liouville fractional integral

1 b oe(s)
I'*p(t)] = ds,0 <a <1, tel0,T].
0] = rma | ot 0<a <1l 1€ )
Caputo derivative allows to impose initial conditions in a natural way.

As additional information, we take

¢ (z,0) =0¢(x), P,T)=19(x), x€l[-mmn. (2)

Since the wire is closed, it is natural to assume that the temperatures at the tips of the
wire are equal at all times:

O (—m,t) =P (mt), t €[0,T]. (3)

If we consider a process in which the temperature at one end at every time point ¢ is
proportional to the (fractional) rate of change speed of the average value of the temperature
throughout the wire, then,

™

O (—m,t) zvt_ﬁDto‘/ (&, t)dg, t€]0,T); (4)
here v is the proportionality coefficient.

Thus the investigated process is reduced to the following inverse problem: Find the source
term f(x) of the subdiffusion equation (1), and its solution ®(x,t) subject to the initial and
final conditions (2), the boundary condition (3), and condition (4).

Let us mention the case when o = 1, § = 0 was examined in [3], [4]. Note that such
problems are considered in our paper |[5].
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1. Reduction of the problem Condition (4) is nonlocal. The integral along inner lines
of the domain is present in this condition. Using the idea of Samarskii, we transform this
condition. Taking into account equation (1) from (4), we get

B(omt) = [ {Beel6.0) — ctec (~6,0)+ £ (€}, € [0.7).

Hence
B (=) = (1 — &), (1,8) — By (—,8)] + 7 / f(€)de, te 0.7,

As was shown in our work [5], for the existence of a solution, it is necessary to satisfy the
equality
| red=o (5)
In what follows, we will assume this equality to be fulfilled.

Let us set
u(z,t) = O(x,t).

Then in terms of the new function u(x,t), we get the following inverse problem: In the
domain Q = {(z,t): —7m <z <7, 0<t<T} find a right-hand side f(z) of the time frac-
tional evolution equation with involution

t DU (2, ) — Ugy (T, ) + EUgy (—, 1) = f (1), (6)
and its solution u(x,t) that satisfies one initial condition
u(x,0)=¢(z), z€[-m7|, a+p>0, (7)

one final condition

U(I’T> = 77/)($), S [_Wvﬂ-]: (8)

and the boundary condition

{ Uy (=7, ) — uy (m,t) — au (7, t) =
t

u(—w,t) —u (71', ) te [OvT] ) (9)

0,
0,

where ¢(z) and 1 (x) are given sufficiently smooth functions, 0 < o < 1, ¢ is a nonzero real
number such that |¢| < 1 and a = ﬁ Moreover, we assume that f(z) satisfies condition
(5).

In the physical sense, the second of conditions (9) means the equality of the distribution
density at the ends of the interval. And the first of conditions (9) means the proportionality
of the difference of fluxes across opposite boundaries to the density value at the boundary. We
note that in [1] the Dirichlet boundary conditions u (—m,t) = u (7, t) = 0 were used instead
of condition (9).

Let us mention that the well-posedness of direct and inverse problems for parabolic equa-
tions with involution is considered in [6]-[8], and the solvability of various inverse problems
for parabolic equations was studied in papers of Anikonov and Belov, Bubnov Prilepko and
Kostin, Monakhov, Kozhanov, Kaliev, Sabitov and many others, see [9] and [10]. In [1], good
references on related issues are cited. We note [5]-[31] from recent papers close to the theme
of our article. In these papers different variants of direct and inverse initial-boundary value
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problems for evolution equations are considered, including problems with nonlocal boundary
conditions and problems for equations with fractional derivatives.

Problem (6)-(9) for a = 0 was considered in [30], and for a = § = 0 in [31].

Let us finally mention that we will use the Fourier method to solve our problem. Here,
we use a spectral problem for ordinary differential operators with involution. Similar spectral
problems are considered in [32]-[43].

Definition. A regular solution of the inverse problem (6)-(9), is a pair of functions
(u(z,t), f(x)), u(z,t) € Ci’tl(ﬁ), f(z) € C[—m, | satisfying Eq. (6) and conditions (7)-(9).

Definition. A generalised solution of the inverse problem (6)-(9), is a pair of functions
(u(z,t), f(z)), u(z,t) € W3 (Q)NC (Q), f(x) € Ly (—m, m) that satisfy Eq. (6) and conditions
(7)-(9) almost everywhere.

2. Spectral problem A similar spectral problem was considered in [4].
The use of the Fourier method for solving problem (6)—(9) leads to a spectral problem for
the operator £ given by the differential expression

LX (x)=-X"(2)+eX" (—2) =X (z), -7 <z <m, (10)

and the boundary conditions

{ X' (—=m) = X' (7)) —aX ()

0,
X (=1) — X () = 0 (11)

)

where A is the spectral parameter.

Spectral problems for Eq. (10) were first considered, apparently, in [34]. There was considered
cases of Dirichlet and Neumann boundary conditions, and cases of conditions in the form (11)
for a = 0. Here we consider the case a > 0.

We search a solution of Eq. (10) in the form:

[ A [ A
X (z) = Asin () + Beos (usx) , = o [y = -

where A and B are arbitrary complex numbers. The boundary conditions (11) lead to equations

a

sin () =0, tan (uem) T
2

Therefore, the spectral problem (10)-(11) has two series of eigenvalues:

Aot = (1+e) K> k€N

a
E+1
with corresponding normalized eigenfunctions given by

)\k,Q = (1 — 6) (k + 5k)2, 5k =

O(1) >0, ke Ngo=NU{0},

1
Xiq (z) = ﬁ sin(kx) , keN; Xgo(z)=uv,cos((k+0d)x) , k€ Ny (12)

here v, is the normalization coefficient:

CL2

(k + 03) [a2 + (k + o) 72|

Vk_ZZ || cos ((k + 0x) ) ||2:7T+
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It is easy to see that system (12) is simultaneously a system of eigenfunctions for the
Sturm-Liouville operator

L1 X (2)=-X"(2)=)X (2), - T <z <m,
with the self-adjoint boundary conditions (11) corresponding to the eigenvalues
5\k71 = ]{32, ke N; 5‘1@2 = (k’ + (Sk)Q, ke Ny.

Consequently, system (12) forms an orthonormal basis of Lg (—m, ).

3. Uniqueness of the solution Let the pair of functions (u(x,t), f(z)) be a solution of
the inverse problem (6)-(9). Let us set

Ui (t) = /7r w(z, ) Xg; (z)de,  fri= /_7r f(2) Xk (x)dx, i =1,2. (13)

—Tr

We apply the operator t°D* to uy; (t). Then, using Eq. (6) and integrating by parts, we
obtain the problem

tP D%y (1) 4+ Agttni (8) = frg, 0<t<T, i=12 (14)
ug,; (0) = drs, 1=1,2; (15)
Uk, (T> = 77Z)k,i7 1= ]-7 27 (]‘6)

where

bi = / " () X (2) d, s = / " () X () da,

It is easy to see that the function u, () = (Ak,i)_lfk,i is a partial solution of the inhomoge-
neous equation (14). Using the general solution of the homogeneous equation (14), which is
constructed in ([44], p. 233) for a + 5 > 0, we get

i
M

U, (1) +COpiB, s e (FAa t°77), 0<t< T, i=12,

where E,511-q is the generalized Mittag-Leffler function (|43], p. 48):

- k-1 :
L(jla+p8)+B8+1)
E =Y =1, o= : keN
a71+§7§(2) kZOCkZ Co Ck, jHOF(] (a+6)+&+/6+1)

and the constants Cj; and fj; are unknown.
To find these constants, we use conditions (15) and (16). From (15), we obtain a unique
solution of the Cauchy problem (14)-(15) in the form

g (t) = [1 _ Ea,1+§,§ (_Ak,i ta+,3)i| ickz

+ (¢1m) anHé,ﬁ (_>\k,i ta+’8) . (17)
k,i a’a

Since A;; > 0, then by virtue of the well-known asymptotics [44]:

‘Ea71+g7 (z)‘ < ,arg (z) =, |z] > oo, M = Const >0, (18)

Q™

1+ |z|
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T > 1, the estimate
1=E, 56 (=i T*T7) > m* >0, (19)

holds; the constant m* does not depend on values of the indices k, i.
Therefore, using condition (16), we get

Ui = Orill 8 8 (=i TH5)
1 - Ea,1+§,§ (= Ak, TotF)

Jri = M

Lemma. If (19) holds for all values of the indices k,i, then the solution (u(x,t), f(x)) of
the inverse problem (6)-(9) is unique.

Proof. Suppose that there are two solutions (u1(x,t), fi(x)) and (ua(x,t), fo(z)) of the
inverse problem (6)-(9). Set

U([L‘,t) = U (J:»t) — Uz (ZE,t), f(l’) = fl ([E) - f2 (J])
Then the functions u(x,t) and f(x) satisfy Eq. (6), the boundary conditions (9) and the
homogeneous conditions (7) and (8):

u(z,0)=u(z,T)=0, x¢€|-mmn]

Therefore, by using (13) from (20), we find fi; = 0.
Whereupon, from (17) and (20), we find

s () = / "l ) Xes (2)dr = 0, fop = / " () X () d = 0

—T

for all values of the indices £k € N for ¢ = 1 and k € Ny for ¢ = 2. Furthermore, by the
completeness of system (12) in Lo (—m, 7), we obtain

u(x,t) =0, f(r)=0 forall (z,t) € Q.
The uniqueness of the solution of the inverse problem (6)-(9) is verified.

4. Construction of a formal solution As the eigenfunctions system (12) forms an
orthonormal basis in Ly (—m, ), the unknown functions u(x,t) and f (z) can be formally
represented as

Zukl ) Xia (x +Zuk2 ) Xk2 (), (21)

r) = Z JeaXea (7) + Z fr2Xe2 (), (22)
k=1 k=0

where w1 (t) and w5 (t) are unknown functions; f;; and fi 2 are unknown constants.
Substituting (21) and (22) into equation (6), we obtain the inverse problems (14)-(16). If
the constants o ; are assumed to be given, then the solutions of these inverse problems exist,
are unique and are represented by formulas (17) and (20). Substituting (17) and (20) into
series (21) and (22), we obtain a formal solution of the inverse problem (6)-(9).
Indeed, from (5) and Eq. (1) we have

0= [ sede= [ erppacnd - [ {Been et (e e
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For the first integral, we apply condition (4), and calculate the second integral. Then we

obtain
1

(1 —¢)
This means that the boundary conditions (4) and (9) coincide. Hence, problems (6)-(9) and
(1)-(4) also coincide.

Thus, in what follows we shall consider problem (1)-(3) with the boundary condition

0=(1—¢)|P,(—m,t)— D, (m,t)+ O (—m,t)| .

O, (—m,t) — D, (7, t) —aP(—m,t) =0. (23)

Thus, in what follows we will consider the inverse problem (1)-(3), (23).
Similarly, as before, the formal solution of this problem can be constructed in the form of
series

Zq)m ) Xia (x +Z‘I>k2 ) Xk (), (24)

T) = Z Jr1Xia (z) + Z fr2 Xk 2 (), (25)
k=1 k=0

where

fri N fri
Dpi (1) = (Cbk,i - ﬁ Eopyss (=Awi t777) + )\L ; (26)

ki

Yri — ¢k,iEa71+§7§ (—)\k,i Ta+/3)
1= By re,8 (=i ToFF)

Jei = Ak (27)
In order to complete our study, it is necessary, to justify the smoothness of the resulting
formal solutions and the convergence of all appearing series.

5. Main results Here we present the existence and uniqueness results for our inverse
problem.

Theorem. Let a >0, a+ [ >0 and T be large enough that condition (19) holds for all
values of the indices k, 1.
(A) Let ¢(x), (z) € W (—m, ) and satisfy the boundary conditions (11). Then, for a real
number e such that |e| < 1, the inverse problem (1)-(3), (23) has a unique generalized solution,
which is stable in norm:

2 O I R o { 1) PR 1 PR 3

where the constant C' does not depend on ¢(x), P (z).
(B) Let ¢(z),v(x) € C*|—m, 7] and the functions ¢(x),v(x) and ¢"(zx), V" (x) satisfy the
boundary conditions (11), then, for a real number e such that |e| < 1, the inverse problem
(1)-(3), (23) has a unique regular solution.

Proof. The generalized Mittag-Leffler function’s estimates (18) and (19) are known. There-
fore, from representations (17) u (20), we get estimates

il < Ca Pl { 10841 + bl }. (28)

@1 (O] < Cof Inal + il }, (29)
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where the constant C; does not depend on the indices k,7 and on the functions ¢(z),(x).
Since the eigenfunctions system (12) forms an orthonormal basis in Ly (—7, 7), then by virtue
of the Parseval equality, it is easy to obtain estimates

2 2 2
Hf”LQ(*ﬂ',ﬂ') < ¢ {H¢//HL2(*7T,7T) + HwHHLQ(*”J")} ! (30)

2 2 2
R eR Al S L P 3 (31)

In deriving these inequalities, we use the fact that the functions ¢(x), ¥ () satisfy the boundary
conditions (11). Now we can easily obtain an estimate for t*D® (z,t) from Eq. (6). This
together with (30) and (31) gives the necessary estimate for the solution.

From the obtained estimates it also follows that in the constructed formal solution of the
inverse problem all the series converge, they can be term-by-term differentiated, and the series
obtained during differentiation also converge in the metrics of L.

From (21) and (29), by using Holder’s inequality, it is easy to justify the inequality

maX(I)x,t2<C{ /|12 T2 }’
(I,t)€§| ( )| — ||Q5 ||L2(—7r77r) ||1/J ||L2(—7T,7!‘)

which justifies the continuity of ® (z,t¢) in the closed domain Q.
From the representation of the solution in the form of series (21), (22) and inequalities
(28), (29), it is easy to justify estimate

B (2, 0)] + B (2,0 + 1S (0] < C D el fwal + el - (3)
k=1

Let ¢(z),¢(z) € C* [—7, 7] and the functions ¢(z), ¥ (x) and ¢"(x), " (x) satisfy the boundary
conditions (11), then the series in the right-hand side of (32) converges. Therefore, in such
case, the formal solution gives the regular solution of the inverse problem (6)-(9). The Theorem
is completely proved.
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ABSTRACT

In this article we consider an inverse problem for one-dimensional degenerate fractional heat
equation with involution and with periodic boundary conditions with respect to a spatial variable.
This problem simulates the process of heat propagation in a thin closed wire wrapped around a
weakly permeable insulation. The inverse problem consists in the restoration (simultaneously with
the solution) of an unknown right-hand side of the equation, which depends only on the spatial
variable. The conditions for redefinition are initial and final states. Existence and uniqueness results
for the given problem are obtained via the method of separation of variables.

Keywords: inverse problem, heat equation, equation with involution, subdiffusion process, equa-
tion with degeneration, periodic boundary conditions, method of separation of variables.
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AHHOTAIINA

B sToit crathe paccmarpmBaerca ofHa obparTHad 3agada IS OJHOMEPHOTO BBIPOKIAIOIIEr0CS
ypaBHEHUS APOOHOM TEILIOMTPOBOAHOCTH C WHBOIIONNEH U C TTEPUOSMIECKUMU TPAHUIHBIMU YCJIOBUIMU
OTHOCUTEJILHO ITPOCTPAHCTBEHHOI TIepeMeHHOH. DTa pobiieMa UMUTUPYET MPOIECC PACIPOCTPAHEHUS
Telia B TOHKOW 3aMKHYTOH [POBOJIOKe, 0BEpHYTO# BOKPYT cj1abo mnpoHutiaeMmoil nzossiuu. O6pat-
Hasl 33]]a9a COCTOUT B BOCCTAHOBJIEHUN (OHOBPEMEHHO C PEIleHNeM ) YDABHEHUST HeM3BECTHAS TPpaBast
JACTh yPABHEHUS, 3aBUCAINAsT TOJBKO OT MPOCTPAHCTBEHHAST TePEMEHHasl. YCJIOBUSIMUA MEPEOPeIe-
JICHUYA ABJIAIOTCH HAYAJIBHOE M KOHEYHOE COCTOAHUA. PeSyﬂbTaTbI CYyImeCTBOBaHUA U € IUHCTBEHHOCTHN
JUTsl TAHHOM 3a/1a9u TIOJTy9eHbl METOIOM Pa3/lejieHus TePEMEHHBIX.

Kumrouesbie caoBa: obparTHasi 3a/1a4a, ypaBHEHUE TEIJIONPOBOJIHOCTH, YPABHEHHUE C HHBOJIIOIUEH,
cybaud>dy3noHHBIM TPOIIEC, YPABHEHUE ¢ BHIPOXK IEHUEM, TIEPUOIUIECKHE TPAHUIHBIE YCJIOBUST, METO/T
pasesieHust TepeMeHHbIX.
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