MATEMATUYECKUN UHCTUTYT UM. B. A. CTEKJIOBA

Poccumnckonm AKAJJEMUUN HAVK

Jlekimmonnnie Kypcbl HOLL

Buwinyck 3

Nz nanne sexoaur ¢ 2006 roma

M. 9. Kazapstn

Bejienne B TeOpuio TOMOJIOT I

(T

Mocksa
2006



VIIK 511
BBK (B)22.147, (B)22.15
JI43

Pedaxuuornuviti cosem:

C.U. Adan, /[. B. Anocos, O.B. Becos, . B. Boaosuwu,
A.M. Bybros, A.J]. Hzaax (omsemcmsennuiti cexpemapn),
A.A. Kapayyba, B.B. Kosaos, C.II. Hosuxos,

B.II. ITasaos (3amecmumentd 24a6H020 pedakmopa),
A.H. Ilapwun, FO.B. IIpoxopos, A.I. Cepeees , A. A. Caragnos,
/. B. Tpewes (eaasnoiii pedaxmop), E. M. Qupxa

JI143 Jlekuuonnbie kKypcbl HOIL / Maremarudeckuii uncTu-
TyT uM. B. A. Crekmnosa PAH (MITAH). — M.: MUAH, 2006.
Bour. 3: Beeumenue B Teopuio romosoruii / Kazapan M.D. —
106 c.

ISBN 5-98419-013-3

Cepus “JIekumonnsie Kypcsl HOLL” — pernersupyemoe npoiokaomee-
cs1 u3panune Maremarudeckoro uacruryra uM. B. A. Creknosa PAH. B ce-
pun “Jleknmonnbie Kypcbl HOLL” my6immkyoTcss MaTepuabl ClelualbHbIX
KypCOB, npounTaHHbix B Maremarudeckom mucturyTe uM. B. A. Crekiio-
Ba Poccuiickoil akagemun HaykK B pamkax nporpammbl Hay4yHno-obpasoBa-
TesnbHbINA enTp MIUAH.

Hacrosimas Gporrtopa comepkuT moayroosoit kypc M. 3. Kazapsina
“BBeneHne B TEOPUIO TOMOJIOTHIT” IIPOYNTAHHLIN B oceHHeM cemecTpe 2005
roa.

ISBN 5-98419-013-3 (© Maremarmaecknili HHCTUTYT
uMm. B. A. Creksiosa PAH, 2006



OI'JIABJ/IEHUE OI'JIABJ/IEHUE
OruiaByienue

[Ipeucnosue . - 4
1 IIpumeps Teopwmil roMoIOTHit . . 5
2 Tomoronuyeckas MHBAPUAHTHOCTH TOMOJIOT U . 15
3 OrHOCHTEJbHBIE TOMOJIOTMH U U30MOP(MU3M BLIPE3AHUS . 20
4 JlnuHHAS TOYHAS MTOCJIE0BATEIHHOCTD ITaphl 23
5 Jlemma o nsitu TOoMOMOpU3MAX . R 28
6 IlocnemoBarenbHocTh n mpuHIMI Maitepa— BbeTopHca 29
7 AxcmomaTmdeckuil mMoJIxo/r K MOCTPOEHUIO TEOPUH TOMOJIOTHN 32
8 Koromosorun u romosiorun ¢ Koaddurpenramu B abesreBoit

rpyure . 35
9 VYMHOXKeHHE B KOTOMOJIOTHSIX 39
10 Tomosornu MHOrOOOpa3Mit 44
11 /IBOiiCTBEHHOCTD W KOTOMOJIOTUHT 52
12 Teopus Mopca e 55
13 Tomosiornu KOMILTEKCHBIX 1\1H0r006pa31/11/1 . 62
14 CuekTpaJibHasi IOCIEI0BATEIBHOCTD 68
15 CuekTpaJibHasi TOCIEI0BATETBHOCTD PACCIOCHUS .73
16 IIpumep: Teopema Ilymkaps o mmamerpax HO;LMHoroo6pa—

31l €BKJINJIOBA ITPOCTPAHCTBA e . 80
17 TIpocrpancTBo DitsteHGepra— MaKJIGI/IHa KakK Knaccndpmuﬂ—

pyloiiee TPOCTPAHCTBO TOMOJIOT UM 87
18 T'omosioruu ¥ TOMOTOIHH . 91
19 T'paccmaHmaHbl 1 UCYUCIEHHE Hly6epTa 96



4 IIpenuciaosue

ITpenuciaoBue

IIpencraBiieHHBINT TEKCT SBJISETCST OOPAOOTAHHBIMU 3AIMCKAMEI
JiekIuii, npountanubix B Hayano-obpazosaresniom renrpe MU PAH
B ocenneM cemectpe 2005 roma. Ilo Teopmm romosormii mmeercs
OTPOMHO€ KOJINYECTBO 3aMedaTebHBIX YIeOHHKOB, II09TOMY HEOOXO-
JIMMOCTb TIOSIBJIEHUS €I1le OJIHOI KHIKKY Tpebyer obocHoBanust. OTHO
U3 OCHOBHBIX OTJIMYUU IIPEJICTABJIEHHOIO TEKCTa SIBJISIETCS €r0 CpaB-
HUTEJIBHO HEOOJIBINOH 00beM. DTO TO3BOJISET YUTATETIO OBICTPO BOM-
TH B KypC [I€Jla U OXBAaTUTh CPa3y MEJUKOM IOYTH BECh IIPEIMET.
4 mocrapajics BKJIIOYUTH 10 BO3MOXKHOCTU BCE OCHOBHBIE METOIHI,
HCIIOJIb3YEMBbIE IIPU BBIYUCJIEHUH TOMOJIOTU, BKJIO4Yas Teopuio Mop-
ca, JBOMCTBEHHOCTH llyaHKape W CIEKTpaJibHbIE IOC/IEI0BATEBHO-
cru. He ocranaBiuBasich Ha MOAPOOHOCTSIX JTOKA3ATEIHCTB, s IIPE/I-
modesi OOJIbIE BPEMEHU YAEJUTH Pa3ddbopy pPasHOOOPA3HBIX IIpUMe-
poB u npusoxkenuii. [losTomy maHHbBIil KypC CIeayeT pacCMaTpPUBATD
KaK «IIPAKTHYECKOe PYKOBOJICTBO II0JIb30BATENSA», 3aMHTEPECOBAHHO-
ro B IPUMEHEHUH TEOPUU IOMOJIOTHII B CBOEH 00JIACTH MATEMATHKH.
OvH U3 0YEBUIHBIX HEJOCTATKOB TAKOTO MOJIX0/IA SIBJISIETCS HEIOCTa-
TOYHAs TpopaboOTKa TeXHUIeCKuX neraJjeil. /JlokazaresbcTBa MHOIIX
YTBEPAKJIEHNI [PUBEIEHDI CXeMATHIECKNA WU OCTABJIEHBI IUTATEIIO
B BHJE yIPaXXKHEHU, IOITOMY OT duTaTess Tpedyercs BILyMYUBOCTD
u Tpynosrobue. Kak mokaszajm IpoBejieHHbIE 9K3aMeHbI, HEJ0CTATOY-
HOe yJleJIeHIe BHUMAHWS JIETAJISM BBI3BAJIO Y HEKOTOPBIX CJLyIIaTesei
oOMaHYMBOE BIIEYATIIEHUE MPOCTOTHI MPEIMETA, B PE3YJIbTATE YEero
HE JI0 KOHIA OBLJIO0 OCO3HAHO KAaPJAMHAJIBHOE PA3JININe MEXKIy TOIO-
JIOTHYECKAMH CBONCTBAMU OTKPBITBIX U 3aMKHYTBIX MHOTIOOODa3uii,
OTHOCUTEJIbHBIX U a0COJIIOTHBIX T'OMOJIOIHil, TPUBUAJIBHBIX U KOCBIX
PAacCC/IOeHMI, TOMOJIOTUYECKH MTPOCTBIX U He MPOCTBIX PACCIOEHUN U
T.1. B sio6om citydae, Beien 3a OCBOEHUSIMH OCHOB TEODUH, s Ha-
CTOATEIFHO PEKOMEHJIYIO IMPOpaboTaTh MOAPOOHO UMeroIuecs: bosee
[IOJTHbIE YIeOHUKH 110 TEOPUU TOMOJIOTHIA.
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1 IIpumepsr Teopuii roMoJIOTHIt

Teopusi romoJiormit CONOCTABJISET BCAKOMY TOIIOJIOIHIECKOMY
npocTpaHcTBy X TOCIe0BaTeIbHOCTD abesnesbix rpynn Hy (X), k =
0,1,2,..., KOTOpBIE SBJIAIOTCSI TOMOTOIUYECKIMU WHBAPUAHTAMEI
IPOCTPAHCTBA: €CJIN JIBa IIPOCTPAHCTBA FTOMOTOIMYECCKHA SKBUBAJICHT-
HBI, TO U COOTBETCTBYIOIINE TPYIIIbI roMoIoruii uzoMopdubl. Ompe-
JleJIeHre T'PYIIT TOMOJIOTUI He CTOJIb IIPOCTOE, KaK JJId JIPYIUX UHBa-
PHAHTOB TI0ZI00HOTO pojia (HampuMmep, rOMOTOIMYECKUX TPy, Gop-
JIU3MOB | T.IL.), OJHAKO 9TU TPYAHOCTH CIOJIHA KOMIIEHCUPYIOTCS OT-
HOCHUTEJILHOI MIPOCTOTON BhramcieHusi romoJioruii. Hajumaue 601bImo-
0 KOJIMYECTBA PA3HOOOPA3HBIX METOMOB PAOOTHI C TOMOJIOTHSIMHE JIe-
JIaeT UX HE3aMEHHUMBIM OPYIUEM B JIIOOBIX TOIOJOTMYECKUX UCCIIEI0-
BaHUSIX.

OjiHa U3 MEpBBIX TPYJIHOCTEH, ¢ KOTOPO# CTAJKUBAETCS BCSIKUIA
HAQUUHAIOINA MaTeMaTUK IIPA U3Y4YEeHUU T'OMOJIOTHH COCTOUT B Ha-
JUYUUA OTPOMHOIO KOJIMYECTBA Pa3JINYHBIX HEIKBUBAJEHTHBIX TeEO-
puil TOMOJIOTHIi: CYyIIECTBYIOT CHMILINIAJIbHBIE TOMOJIOTAHN, CUHTY-
JISIpHBIE, KJIETOYHBIE, TOMOJIOTUH U Koromojoruu Yexa, Ajekcamie-
pa, me Pama, u mapyrue ajprepHatuBHble Teopuu. Bce aTm Teopun
MIPUBOJAT K Pa3HBIM, BOOOIIE TOBOPsI, MHBAPHUAHTAM, OJHAKO BO BCEX
IIPaKTUYECKUX 3a/1a9aX Pa3Indne MezK1y STUMU TeOPUIMUI He IIPOAB-
JITeTCsl: B OOJIBIIUHCTBE MIPUJIOKEHUH IOCTATOYHO CUUTATH, 9TO IPO-
crpancTBo X ABAAETCS KJIETOYHbIM' (WM FOMOTONHMYECKH SKBHBa-
JICHTHO KJIETOYHOMY IPOCTPAHCTBY ). A JjIsl KJIETOYHBIX IIPOCTPAHCTB
BCE€ 9TU TEOPUU NPUBOIAAT K OJHOMY M TOMY 2Ke€.

ITpumeP 1.1. I'pymma Ho(X) umeer Bug Z*, tae k — 1ucio kom-
MIOHEHT CBA3HOCTH IpocTpaHcTBa X . B ciryaae romosoruit Yexa kom-
IIOHEHTHI CBA3HOCTU PACCMATPHUBAIOTCA B TOIOJOIMYECKOM CMBICJIE
(MUHIMAJTHLHBIE HEMTYCThIE IOPOCTPAHCTBA, KOTOPBIE OJJHOBPEMEHHO
OTKDBITHI U 3aMKHYTHI), &, HAIPAMED, B CJIyYae CUHIYJISIPHBIX [OMO-
Jioruit 6epyTcs KOMIIOHEHTBI AuHelHol CBA3HOCTU. JIj1s KIeToIHbIX
IIPOCTPAHCTB 00a IMOHATHS COBIAJAIOT, OJJHAKO HETPY/HO MPUBECTU
[pPUMED <IIaTaJIOIMYeCKOr0o» IIPOCTPAHCTBA (THUIIA 3aMBIKAHUS T'Da-
duka dyukimn y = sin %), JJIl KOTOPOI'0 KOMIIOHEHTBI CBA3HOCTU U
JIMHENHHON CBSA3HOCTH Pa3JIMYaloTCs.

'xorma BMECTO TepMUHA <KJIETOYHOE HPOCTPAHCTBO® MCIOJIB3YIOT TEPMHH
«KJIeTOYHBI KOMILIeKC» wian «CW-KOMILIEKC», OJIHAKO MBI COXPAHHM CJIOBO
«KOMILJIEKC» [JIsI TIOHSITHS I[EITHOTO KOMILJIEKCA.
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B ocnose jr060oro IIOCTPOECHUA TCOPUU TOMOJIOTHU JIE2KUT HOHATHAE
IEITHOT'O KOMIIJIEKCa.

ONPEJEJEHUE 1.2. Ilenwvim womnaekcom (Co,d) Ha3bIBaeTCH
HOCJIEIOBATEIBLHOCTD a0EIEBBIX IPYIII 1 TOMOMOP(MHU3MOB MEXK Ly HU-
MU

0Ly Lo Loy,

9

TaKUX, 9TO KOMIIO3UIUS JBYX COCEIHUX TOMOMOP(MU3MOB O SIBJISIETCSI
HYJIEBBIM FOMOMOPMDU3MOM,

000 =0.

DuieMeHThI rpymnbl C) HA3BIBAIOTCH k-MepHuMUu yenamu, a 0 — epa-
HUYHDIM 20MOMODPUIMOM, TIIA ONEPAMOPOM 63AMUSA 2paruyvl. 1lennb
@ Ha3BIBAETCS 3AMKHYMOT, WA YuKA0M, ecau Ja = 0, 1 mownol, nan
epanuuets, ecan a = b i nekoropoit (k + 1)-mepuoii nemu b.

I'pynnoti k-meprvx 20monozuti kommiekca C' Ha3biBaeTcs (ax-
TOPTPYIIIa TPYIIbI k-IUKJIOB 110 TPAHUIAM,

_ Ker(0: Cp — Cr—1)
B Im(a . Ck+1 — Ck) ’

H;,(C)

VYenosue 0% = () rapaHTHPYET, YTO BCSKAs TOUHAS LEMDb ABJIACTCS
3aMKHYTOI, T.e. 06pa3 romomopdusma 9: Cii1 — Cj AeiicTBUTETHHO
JIEXKUT B sijipe romomopdusma 0: Cp — Cy_1. Kitaccsl romostoruii
[IPEJICTABJISIIOTCS CBOMMY IUKJIaMu. /IBa MUK 33/1a10T OJUH U TOT
K€ KJIACC TOMOJIOTHil, €CJIM OHM OTJIMYAlOTCs Ha TpaHuily. B srom
CJIydae TOBOPSIT, UTO JIAHHBIE JIBA IUKJIA 20MOA02UYHDL.

C dopmasbhoit Touku 3penus, romomopdusmet 0: Cy — Ci_1 He
CBSI3aHBL JIPYT C APYTOM It PA3JIMIHBIX Kk, U UX CJIeI0BAJIO OBl 000-
3HAYATH 1I0-Pa3HOMYy (HAIpUMED, N00aBjssd COOTBETCTBYIOIIUH WMH-
nekc). OgHako JIst yIpOIIeHUst 06O3HAYEHWH MBI OyJeM JJIsl BCEX
9TUX TOMOMOP(U3MOB UCIIOJIB30BaTh OJIMH U TOT K€ CHMBOJI J.

Kak mupasuio, rpynmst C, cBOOOIHBI, T.e. M30MOPMHBI MPSIMOit
CyMMe HEKOTOPOro (BO3MOXKHO, GECKOHEUHOTO) KOJMYECTBA SK3EM-
wisipoB Z. OHAKO FOMOJIOTAH YK€ MOTYT MMETh KpydeHue (Ipsamble
ciaraemsle Buga Z, = Z/pZ).

Besikast Teopust ToMosIoruii cOCTOUT B KOHCTPYKITAU, COIOCTABJISI-
IOIIEH TOMOJIOTUYECKOMY MPOCTPAHCTBY IEMHOM KoMIjieke. ['pymmna-
MU TOMOJIOTHI MTPOCTPAHCTBA HA3BIBAIOTCS TPYIIIBI TOMOJIOTAN COOT-
BETCTBYIOIIEr0 KOMILJIEKCA. 3aTeM JIOKA3bIBAETCS, UTO, B OTJIUIUE OT
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TPYUII Teleil, TPYIIIbl TOMOJIOTUN He 3aBUCAT HU OT IIPOU3BOJIA, UMe-
FOIIErocst B KOHCTPYKITUU, HU OT BHIOOpa KOHKPETHOI'O TPOCTPAHCTBA,
B KJIaCCe TOMOTONMYIECKN SKBUBAJIEHTHBIX. [IpuBeemM Kparkuii 0630p
HEKOTOPBIX 13 HanboJee MOMyISPHBIX KOHCTPYKITHIA.

CI/IMHJ'II/IHI/IZ-IJ'II:)HI)IQ romMmoJiornmm

[TousTre CUMILTUIUATBLHBIX TOMOJIOIHI, IO CYIIECTBY, KOMOMHATOD-
uoe. [lycTb 3a/1aH0 KOHEUHOE YIOPSIOUEHHOE MHOYKECTBO V', ajleMeH-
ThI KOTOPOT'O HA3BIBAIOTCS GEPUUHAMU, U 3a(DUKCHPOBAHA HEKOTOPAsI
COBOKYITHOCTB S €ro HEIYCThIX IIOJIMHOXKECTB, HA3bIBAEMBIX 2DAHAMU.
[Ipu sTOM TpEbyeTCs BBITOJHEHNE CJIEIYIOIETO YCJIOBUS: BMECTE CO
BCAKHUM IToyiMHOKecTBOM f C V| BxoznsmuM B S, Bce HEIyCThble O~
mHOXKecTBa B [ Takxke Bxouar B S. [lapa (V,.S) nassiBaercs cumnau-
YUAAOHBM KOMNACKCOM.

k-meproim cumniaercom Ha3bIBaeTCst BhINyKJas obosouka (k + 1)
TOYKH ODINErO IOJIOKEHHsI B IIPOCTPAHCTBE JOCTATOYHO OOJIBIIOIO
qucsa uaMepennii. Hampumep, 1-MepHBIH CHMILIEKC 9TO OTPE30K, JBY-
MEpPHBIN — TPEYrOJIbHUK, TPEXMEPHBI! — TeTpa’jap, u T.J. Besakomy
cummnraabaoMy Komiuiekcy (V) .S) comocrasmsiercst ero zeomem-
puseckas peasudayus K(V,S). 1o TOmosornaeckoe mpocTpaHCTBO,
00pa30BaHHOE CKJIEHKOW CHMIIJIEKCOB, MHOYXKECTBO BEPIIUH KOTOPBIX
Bxonut B S. Bosee monpobHO, moMecTrM TOYKHM MHOXKeCTBa V' 00ImM
00pa30oM B €BKJIHMIOBO ITPOCTPAHCTBO OOIBINON pasmepHocTH. Kark-
nomy nopmuoXkectBy f C V', BXojsieMy B S, COMOCTABAM CHMILIEKC,
SIBJISIFOIIUIACST BBIITYKJION 00OJIOUKO# BxosmuXx B [ Todyek. O0beu-
HEHHUE BCEX TAKUX CHUMILIEKCOB U 00pa3yeT reOMeTPUYECKYIO peaJii-
3AIUI0 TAHHOTO CUMILIAIIAAIHLHOTO KOMILTIEKCA.

01 12

02 2

0
IIpuMEP 1.3.

IIycts V' cocrour m3 Tpex Touek, obozHadaembix 0, 1, m 2, a S
cocrout n3 mecru nogmuoxkecrs {0}, {1}, {2}, {0,1}, {0,2}, u {1, 2}.
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l'eomerpudeckoil peanu3arueil 3TOr0 CHMILIUIINAIBHOIO KOMILJIEKCA
ABJITETCA TPAHMUIA, TPEYTOIBHUKA, FOMEOMOPMHAS OKPYKHOCTH S'.

IlycTh 3a1aH CUMILIUITHAIBHBIN KOMILIEKC. CUMNAULUAALHOT k-
Uenvlo HA3BIBAETCS MIPOU3BOJIbHAS (bOpPMaJIbHAS JTUHETHAsT KOMOUHA-
Ut ¢ TeJbIMu Ko uimeHTamMmu ero k-MepHbIX rpaneit. Bosee crpo-
ro, rpyumoii Ci (V) S) cuMmiunnuaibabix k-1ieneil Ha3bIBAETCst CBOBOI-
Hasl abejieBa TpyIma, obpasyomue KOTopoit Ay, . ., HAXOISTCS BO
B3aMMHO-OJTHO3HAYHOM cooTBercTBUU ¢ (k + 1)-2JIleMEHTHBIMHI TI0/I-
MHOXKecTBamu {vg, ..., v} C V, Bxogsuumu B S. Ilpu o603HaeHnN
00pasyIoIIX MBI BCEIJIa MPEJIoIaraeM, 9To HHIEKCHI g, - . . , Uk UIYT
B CTPOrO BO3DACTAIONIEM IIOpsKe (HAIIOMHMM, YTO MHOXKECTBO Bep-
muH V' ymopsi;ioueHo 1o onpeiesiennto). I paHntHbIil onepaTop 3a71a-
eTcs Ha 0Opa3yIoNux SBHON (hopMyIoit

k
7
8Av07~-,vk = E :(_1) Avo,n-yvi—lwilyka
=0

WNubivu cioBamu, rpanurieit k-MepHOTO CHMILIEKCA SIBJISETCS CyMMa
B34TBIX C OLIPEJIEJIEHHbIMYU 3HAKaMu BeeX ero (k — 1)-MepHbIX rpaHeii.

Tomostornu TOCTPOEHHOIO KOMIIJIEKCA HA3BIBAIOTCS CUMNAUYUGNAD-
HOLMU 20MOA02UAMY ToTIOJIornaeckoro npocrpanctsa K (V) S). Tor
daxT, 9TO CUMILUIAINAIBHBIE TOMOJIOTHH HE 3aBUCSIT OT CHUMILJIAIIN-
AJIbHO} peasin3aluy JAHHOI'O TOIOJIOMMYECKOro IPOCTPaHcTBa (1 j1a-
K€ He MEHSIIOTCS IIPU 3aMeHe IMPOCTPAHCTBA Ha TOMOTOIMYECKUA €My
9KBUBAJEHTHOE) JIAJIEKO HE TPUBUAJIEH.

3AIAYA 1.4. Jlokazkure paseHcTBO 02 = 0.

SAIIAYA 1.5. IlpuBenure HECKOJIBKO CUMILIAIINAIBHBIX Peasin3a-
I OKPY?KHOCTU U BHIYUCJIUTE CUMILIUITHAIHHBIE TOMOJIOTHH KaK 10
U3 3TUX peaIn3aluii.

SAZIAYA 1.6. HokaxkuTe, 9TO CUMILIAIIAAIBHBIE TOMOJIOTHH HE
3aBUCAT, C TOYHOCTBIO JI0 M30MOP(MU3MA, OT BBIOOPA MTOPSIIKA Ha MHO-
2KECTBE BEPIIUH.

CuMIuuiuabHble TOMOJIOTUU 33JIaI0T BIIOJIHE OMHO3HAYHBIN aJi-
TOPUTM UX BBIYUCJIEHUN, OJTHAKO JJ1s1 KOHKPETHBIX BBIYUC/IEHUI 110J1b-
30BaThCS UM He OYeHDb y/I00HO: JaXKe /Ui ITPOCTENIINX TPOCTPAHCTB,
TaKUX, KaK TOp, win cdepa, BCAKAT CUMILINIAATIbHAS DPEATHIAIIS
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COJIEPKUT JIOBOJILHO OOJIBINIOE KOJIMYECTBO I'DaHeil Pa3HbIX pa3Mep-
HOCTEH, U JjIsl BBIYUCIE€HUS] TOMOJIOTAN TPUXOIUTCST BEITUCISTD PAH-
U MATPHIL JOBOJBHO 60JbmIoro pazmepa. C TOUKN 3peHnsi KOHKPET-
HBIX BBIYUCJICHUI OTPEIesIsieMble HIXKe KJIETOTHBIE TOMOJIOTHH CYIIe-
CTBEHHO yI00Hee.

KierouyHble roMoJioruu

Hamowmamm, 9ato k-mepHOit %xaemkxoli HA3BIBAETCS BHYTPEHHOCTD €/11-
HuaHOro k-MepHOro mapa BF. ToBopsT, 4T0 Ha TOMOIOIIIECKOM ITPO-
crpancTtBe X 3a/laHa CTPYKTYPa KAEMOYH020 NPOCMPAHCMEa, €CIIN
OHO IIPEJICTABJIEHO B BHJIE HECBSI3HOI'O OObEIMHEHHsI KJIETOK X =
U o® pasmbix pasmeprocteit, mpu 3ToM TpebyeTcs, 9TOObI /1 BCAKOLT
KaeTkn romeomopdusm Int By, — of npogomxkancs 1o nempepsisroro
oTOOpakeHusT 3aMKHYTOI'O Iapa @, : By — X, npu KoropoM obpas
FPAHUIBL IIAPA COJEPKUTCH B OObEIMHEHNN KJIETOK MEHBIINX Pa3-
MepHOCTell (BHYTPEHHOCTH Iapa OTOOpasKaeTcsl Ha CBOil o0pa3 B3a-
WMHO OJHO3HAYHO, HO Pa3HBIM TOYKAM I'PAHUIIBI BIIOJTHE PA3PEINaeTCsl
umerb obmmii o6pa3s). [Tomumo 3TOrO, NpEAnOIaraeTCs BHIIOJHEHIE
eme aByx akcuoMm, C mu W, Koropble s ceifqac obcy)KiaaTh He OyiLy.
HeobxonumocTs B 9THX aKCHOMaX MOSBJISIETCS, B OCHOBHOM, KOTJIa
KOJTMIECTBO KJIETOK OecKoHeuHo. /s TeXxHm4yecKux moTpedHocTell B
KJIETOYHYIO CTPYKTYPY Pa30HeHNsI 9acTO BKJIFOYAIOT CAMU XapaKTe-
puctudeckue orobpakerus. st 1iesieil 2Ke BBIYUCIEHUS TOMOJIOTUI
JIOCTATOYHO JIMIIb 33JaTh OPUEHMAUUI0 KaXKIOH KIeTKH (KaK [JIajl-
KOro k-MepHOro MHOrooOpasusi).

I'pymmoit KjaeTodHbix k-MEpHBIX Iereil KJeTOYHOI'O IIPOCTpPaH-
crBa X HasbiBaeTcs CBOOOJHAs abejieBa TpyIina, oOpasyromme Ko-
Topoit of maxomATCS BO B3AMMHO OHO3HAYHOM COOTBETCTBHE C k-
MEPHBIMI KJIETKAME 3TOT'O IPOCTPAHCTBA. 3HAYEHUE T'PAHUIHOTO I'O-
MoMOpdHU3Ma Ha BCAKOM k-MepHOM KJIeTKe SBJISeTCS JIMHEHHOM KOM-
Gunarmeii (k — 1)-MepHBIX KJIETOK,

30’; = Z[aﬁ: O'g_l] J]E_l.
B

Kosdbdummentsr [oF : ag_l] 9TOU JIMHEHHON KOMOMHAIINY HA3bIBAIOT-

e woafppuyuenmamu unyudenmmocmu. Kosddumment [oF : Ug_l]
paBeH KPAaTHOCTH, C KOTOPOW KJIeTKa Ug’ BXOJUT B TDAHMUILY KJIET-

ki 0¥ 1. Onpenesenne sroro xKoacbdummenta ciemyromee. k-mepHolm
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0CMOB0M KJIETOYHOI'O IPOCTPAHCTBA X HA3bIBAETCS IIOAIPOCTPAH-
CTBO skk(X ) C X, obpasoBaHHOe OObeJMHEHNEM BCEX KJIETOK pas3-
MepHocTeit He Boie k. OcToBBI 06pa3yioT BO3PACTAIONLYIO 3aMKHY-
TyI0 puabTpaImo Ha mpocTpancTse X,

sk(X) c sk’ (X) csk*(X) C--- C X.

KazK bl 10C/Ie0BaTebHbI daxTop sk (X)/ skF1(X ) 9T0d bush-
Tparuun  u3omMopden Oykery k-mepHBIX cdep, 0 OIHON cdepe
i Kaxkaon k-mepuoit kiretkn. KoadbdunmeHT UHIMIEHTHOCTH
[oF Ug_l] OIIPEJIeJISIETC KAK CTEHeHb CJIEIYIOIEro OTOOparKeHust

(k — 1)-mepubIx chep
SF=1 = 9B* — skF (X)) — skF LX)/ sk (X) — Sk

rJie epBoe 0TOOPAKEHNE — OIPAHUYEHUE XAPAKTEPUCTUIECKOIO 0TO0-
PasKeHUs [T KJATKH 0F Ha TpaHWITy Tmapa, a MOC/TIeHee 3aaeTcs
crarnBaHueM Beex cdep Oykera skk_l(X )/ skk_Q(X ), Kpome cdepbl,
COOTBETCTBYIONIEH KJIETKE 0’571

JIjist KOHKPETHBIX BBIYUCJIEHUH KJIETOYHBIE TOMOJIOTUU Haubosee
9P DEKTUBHBI, OJHAKO UCIIOIb30BATh UX B KAYECTBE OCHOBBI JJIsl TI0-
CTPOEHMSI TEOPUM T'OMOJIOTHII 9epPEe3BLIYANHO TPYAHO (JaXKe paBeH-
ctBo 0% = 0 mpeBpamaeTcsa B HETPUBHAILHYIO TeopeMmy ). MbI 060ii-
JIEM BCE 9TU TPYJHOCTH, TIOJIYIUE KJIETOIHbIE TOMOJIOTHA B KAJECTBe
AJITOPUTMA BBIYHMCJIEHUST CUHTYJISIPHBIX.

ITpuMEP 1.7. n-mepnasi cdepa MoxkKeT ObITH paszdbuTa BCEro Ha
ase xnetkn S = ¢% U o™ pasmeprocreit 0 u n. CoOTBEeTCTBYIOMIMI
IIEITHOM KOMILIIEKC MMeeT BH]]

0—Z+—0«+— ...« 0—Z+—0+---.

I'panuanable rOMOMOPMU3MBL B 9TOM KOMILIEKCE, OYEBHJIHO, HYJIEBbIE,
o coobpazkenusiM pasmepHocteil. CiteroBaTeabHO, roMosorun cde-
pol Hy(S™) uzomopdubl Z npu k paBHOM HYJIIO WK 7 U TPUBUAJIb-
HBI IPU BCEX OCTAJBHBIX k. AHAJOTUYIHBINA OTBET MOYKHO [TOJIYIUTH U
[IPU TOMOIY CUMILIAIIAAIBHBIX TOMOJIOTHIA, HO HACKOJIBKO IIPU ITOM
YCIIOXKHSIIOTCST BBIUHCIICHMsI!

ITpuMEP 1.8. Kowmmiekcunoe mpoektuBHOe mpoctpancrso CP™
ABJISETCH TVIAJIKAM MHOr000pa3ueM BEIEeCTBEHHONU Pa3sMEPHOCTH 21.
Ha mem nmeercs ecrecTBEHHOE KJIETOYHOE pa30HeHUE, NMEIOIIEe 10
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OJIHOM KJleTKe KaxKJoil derHO#l pasmepHocTu or 0 no 2n (onwmimu-
re ero!). ITocKoIbKY KJIETKU HEYETHOH DPa3MEPHOCTH OTCYTCTBYIOT,
BCE TPAHUYIHBIE TOMOMOP(MHU3MBI ONSTH HYJIEBBIE 110 COOOPAKEHUSIM
pasmeprocreit. CienoBarensho, rpyumna Hy, (CP™) uzomopdua Z njist
BCAKOTO 4eTHOTrO k or 0 110 2n U TpUBHAJILHA JJIs OCTAJIBHBIX K.

BemecrBernnoe nmpoektuBHOe mpocrpanctBo RP™ obsamaer ana-
JIOTUYHBIM KJIETOYHBIM pa3bueHneM, HO B HeM IPHUCYTCTBYIOT KJIETKU
Bcex pasmepHocTedr or 0 710 N, U BBIYUCIATH I'PDAHUYHBIE TOMOMOD-
bUBM IPUXOAUTCsT «I10-4ecTHOMY». OHO U3 ONMCAHUI 3TOr0 KJIeToY-
HOT'O pa30MeHust COCTOUT B ciieAyIiomeM. [IpoeKTHBHOe TPOCTPAHCTBO
MMOJIy9aeTCd W3 N-MEPHOI cephbl OTOXKIECTBICHUEM JIHAMETPAJIBHO
MIPOTUBOIIOJIOKHBIX TOUEK. Pa3o0beM cepy KBaATOPOM Ha JIBE TIO0-
sycdepbl. OTKpbITHIE YacTu 1mosrycdep sABIAIOTCS KJIETKAME, & 9KBa-
TOp siBJIsIeTCs ¢epoil Ha eIMHUILY MeHbIell pa3sMepHOCTU. Pa3obbem
aHAJIOTUYHBIM 00Pa30M KBATOp Ha JBe MoJycdepsl u T.j1. B pesyiib-
TaTe MBI MTOJIYYNM KJIETOYHOE pa3bueHne cdepbl ¢ IByMsi KJIETKAMUI
B Kaxk 101 pazmeprocTu or 0 10 n. AHTUIONAIbHAS WHBOJIIOIMS TIe-
pecTaBiisieT MexKry cobOoi mapbl KJIETOK OIMHAKOBOM pPa3sMEpPHOCTH.
OTOXKIIECTBIISIS 9TH KJIETKA MEXKJy CODOM, MBI IOJIy9IaeM HCKOMOE
KJIETOYHOE pa3bueHne MPOEKTUBHOTO IIPOCTPAHCTBa. TakuM 06pa3om,
[EITHOM KOMIIJIEKC YKA3aHHOI'O KJIETOYHOIO Pa30OMeHrs UMEET BU/T

0—Z+—Z+«+—...—7Z<+0

(MBI HE yKa3bIBaE€M TPUBUAJIBHDIE [PYIIILI B PA3MEPHOCTAX, GOJILIINX
1 + 1, IOCKOJIbKY OHH HE JIAI0T BKJIAJ[ B TOMOJIOIUN).

3AJIAYA 1.9. Omnpenenure rpaHUYHBIN TOMOMOP(MU3M B IIPUBE-
JICHHOM TICITHOM KOMILJIEKCE W BBIYHCJIUTE TOMOJIOTUU ITPOCTPAHCTBA
RP™ njst pa3imdaHbIX 1.

st obervenus pereHust mocje Hedl 3a1a4un s mpuBey 6osiee
KOHCTPYKTHBHOE onucaHne KO3 PUIIMEHTOB WHIUIEHTHOCTU. B cu-
TYaIusX, BOSHUKAIONINX N3 MPAKTUYECKUX 33149, 3aMBIKAHUS KJIe-
TOK UMEIOT, KaK IPaBUJIO, IOJIyaarebpanieckue 0COGeHHOCTH (B 00b-
EeMJTIOIIEM TIPOCTPAHCTBE OOJIBINON PAZMEPHOCTH, B KOTOPOE BJIOXKE-
HO HaIlle TOIOJIOTMYECKOe IPOCTPAHCTBO). PaccMorpnm HEKOTOPYIO
(k — 1)-MepHyIO KIETKY 0271, BbIOEpEM Ha Hell POU3BOJIBHYIO TOUKY
ODIIEro MOJIOXKEHUsI, U TTPOBEJIEM B OKPECTHOCTH ITOW TOYKH TPAHC-
Bepcajb JIONOJHUATEIBHON Pa3MEepPHOCTH K JIaHHOU Kierke. Kierku
coceiHENl pa3MepPHOCTH k BBICEKYT Ha 9TOI TPAHCBepCcaaIn HabOp Kpu-
BBIX, BBIXOJSIMX M3 Hadasa KoopamHat. KarKjioil u3 3Tux KpPUBBIX



12 [Ipumeps! Teopwuit TomMosIOormii

MOXKHO IIPUIINCATD 3HAK, IIOJIO2KUTEJILHBIN I OTPULIATE/ILHBIHA, B 3a-
BUCHMOCTH OT TOr'0, COIVIACOBaHa WJIM HET OpUCHTAlUdA KJIETKU ag_l
C COOTBETCTBYIOIEH BETBBIO IPUMBIKAIOIIEH k-MepHOI kierkn’. Ko-
appuvyuernm unyudernmmocmu [Uﬁ: og_l] PABEH KOAUHECTNBY KPUBHLT
HA MPAHCEEPCAAU, NPUHAONENHCAUUL KACTIKE J,’j U NOCHUMAHHLL C
YUETOM 3HAKOE.

3AJAYA 1.10. Borauciure KjIeTOUHbIE FOMOJIOTUH &) JBYMEPHO-
ro topa; 6) cdepsl ¢ g pydKamu; B) IPOEKTUBHOI ILJIOCKOCTH; T') By-
TeLIKH KiteiiHa.

3AaaA4YA 1.11. CummmunuaibHoe pa3OueHne sSBJISIeTCs YaCTHBIM
ciaydaeM KJIeToqHOro. Jlokakure, 9TO KJIETOYHBIH IETHON KOMILJIEKC
JUI CUMILIAIMAJIBHOIO KJIETOYHOI'O pa30ueHus CBOJIUTCH K CUMILIN-
nuajabHOMY. TeM caMbIM, KJIETOYHBbIE TOMOJIOTUH CUMILIATIMAJIHLHOTO
OPOCTPAHCTBA COBHAJAIOT ¢ CUMILIMIUAILHLIMA (IIPU YCJIOBUU, ITO
KOPPEKTHOCTH OIPEJIEJIEHNST U TOMOTOINYIECKasT MHBAPUAHTHOCTD TEX
U JPYTrUX TOMOJIOIUI CUUTAIOTCS JIOKAZAHHBIMHE).

Besikoe ritajikoe KOMIIAKTHOE n-MepHOe MHOroobpasue M jomyc-
KaeT CUMILIAIUAIbHOEe pa3buenue (HECMOTDS HA Te€OMETPHYECKYIO
OYEBHUTHOCTDH ITOTO YTBEPAKIEHUS, €T0 CTPOTOe JOKa3aTeIbCTBO J10-
BOJIBHO TPymoeMKo). OTcrona ciemyer, 9to ero (KJIeTOIHbIe) TOMOJIO-
AU TPUBHUAJIBHBI B PA3MEPHOCTSIX, OOJIBITIUX 7.

3AZAYA 1.12. Boraucaure rpyuiy romosioruii H,, (M) crapuieit
pPa3MEpPHOCTH N-MEPHOTO MHOTOOOpasus M.

CunryssipHble TOMOJIOTUN

CHHTyISIpHBbIE TOMOJIOTAN MPAKTUIECKN HUKOTJA HE YIAETCSI BBHIUUC-
JINTDH HAIIPSMYIO UCXOZsI U3 IPUBEJIECHHOIO HUKe OIpeiesenne. Tem e
MeHee, OHU SBJISI0TCH HanboJsee y100HBIMU JJIs IIOCTPOEHUS TEOPHH U
JIOKA3aTe/IbCTBA OOIIUX TeopeM. B oT/indue OT CUMILIATHAIBHBIX UJIN
KJIETOYHBIX, OIPE/IeICHUE CUHTYJISPHBIX I'OMOJIOTUI TPUMEHUMO JIJIs
IIPOU3BOJILHOTO TOIOJIOTHIECKOTO ITPOCTPAHCTBA. 3aMDUKCUPYEM JIJIst

2HamoMHI0, 4TO IDAHUIA OPUEHTHPOBAHHOIO 7-MEPHOTO MHOTOOGpas3ms Ha-
JIeJIsieTCsl eCTECTBEHHOI OpHeHTalleil, 3a7aBaeMoil IIPaBUJIOM <«BHEIIHIOKO HOD-
MaJib — B HA4aJjo»: ecji b6asuc ei, ..., e, KaCATEJbHbIX BEKTODPOB ITOJIOXKHUTEb-
HO OPHMEHTHPYET HCXOZHOe MHOroobpasuwe B TOUKE €ro Kpas, IPUIEeM BEKTOPBI
e2,...,€en KacaloTCs Kpasl, & BEKTOP €] eMy TPaHCBepCaJIeH M HallpaBJIEH Hapy-
2Ky MHOrooOpasmusi, TO IOJIOXKHUTEJIbHASI OPUEHTANS Kpasl 3aJaeTcsl 6a3uCcCoOM €ro
KacaTeJbHbIX BEKTOPOB €2, ..., €n.
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KaskJIOT'0 HATYPAJIBHOIO k pa3 W HaBCErla CTaHIAPTHBIA k-MepHBIi
cuminieke Ag 1, k. B KadecTBe TAKOro CHMILIEKCa MOXKHO B3$Tb, Ha-
IpUMep, CUMILJIEKC, 3aJ/laBaeMblil HepaBeHcTBaMu z; > () Ha rumep-
IJIOCKOCTHU Zg + - -+ + & = 0 B KOOPJAUHATHOM IIPOCTPAHCTBE RF+L,

ONPEJAEJNEHUE 1.13. CuHeysapHuim cuMnNAEKCOM HA TOIIOJIOTU-
9eCcKOM IpocTpaHcTBe X HA3BIBAETCS ITPOM3BOJIBHOE HEIPEPHIBHOE
orobpazkenne : Agq,.p — X CTaHIZapTHOrO cuMmiliekca B X.
Ipynnoit C(X) cuneyaspror k-ueneti npocrpancrsa X HasblBaer-
cs1 cBODOHAsT abejieBa TpyIia, o0pa3yolre KOTOPOil HAXOISTCS BO
B3aMMHO-O/THO3HAYHOM COOTBETCTBUU CO BCEBO3MOXKHBIMU CUHTYJISID-
HpiMu cumiiekcamu Ha X . ['panudnbiii romoMopdusM 3a1aeTcst Ha
CUHTYJISPHOM CHUMILIEKCE ) SBHO# (bOpMyIIoit

k
0% = (1) ¥ o pys,
=0

e Pk Do, k—1 — Ao,1,...k — 3apUKCHPOBAHHOE pa3 U HaBCe-
rj1a orobpazKeHHe, OTOXKIECTBJIAIee I'pab Ao i1 41,k CTAH-
JIADTHOIO A-MEPHOI'O CHMILIEKCA €O CTaHIapTHBIM (k — 1)-MepHBIM
cuMILIEKCOM. CUH2YAAPHDIMU 20MOA02UAMU TIPOCTPAHCTBA X HA3bI-
BaIOTCsl TOMOJIOIMY KOMILJIEKCA €I'0 CHHIYJISPHBIX IIeITei.

Ha mepBriit B3r1s71, onpeiesieHne BhITIAIAT YKACAIONIAM: MHOXKE-
CTBO 00pa3yIoNUX B KOMILJIEKCE He IIPOCTO DECKOHEYHO, & NMeeT KOH-
THUHYaJIbHYIO MOIIHOCTH. HecKoJIbKO yCIIoKamBaeT TO, U9TO B KaXKJIOi
CUHTYJISIPHOI IIeIM YYaCTBYET JIUIb KOHEYHOE YUCJIO CUHTYJISPHBIX
CHAMILIIEKCOB.

3AIAYA 1.14. PaccmorpuM B HEKOTOPOM — TOIOJIOTHYECKOM
npocrpancTse X HenpepbiBHbIH nyTh ¢: [0,1] — X Kak cuHTYysIsAp-
HBIi OqHOMEpHBII cuMIIeke. Ilycrs E — TOT ¥Ke IIyTh, HO IPONAEHHbINI
B o6paTHOM Hanpassennu. [Iposepsre, uto O(1) +1)) = 0. okazkure,
YTO CHHTYJISPHAS IIEIb 1) + 1) TOMOJIOIMYHA HYJIIO: HOCTPONRTE CHHTY-
JIAPHYIO 2-TIelb @, TaKylo, 4To O = 1 + 1).

Bor nmourn eﬂHHCTBeHHbeI cnyqaﬁ, KOr'Jla CUHI'YyJIAPDHBIE T'OMOJIO-
TUU yJaeTCd BBIMUCJIUTH HEITOCPEJICTBEHHO U3 ONPEIeICHUD.

3AJIAYA 1.15. Berumciure CUHTY/ISIPHBIE TOMOJIOTUNA TOYKH.
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T'omosiorun Yexa

Jlns cpaBHeHUsI TPUBEIEM €Ie OJIMH CIOCOD TOCTPOEHUST TEOPHH
romoJtoruii. IlycTh 3a7aH0 TOMOTOTHYECKOE TMPOCTPAHCTBO X W €ro
nokpeitne X = |JU, orTkpbIThIME TO/MHOXKecTBaMu. C Takum
MMOKPBITUEM CBS3BIBAETCS CJIEYIONUil KoMILIeKc. Kro obpasyromu-
MH Ay, a, DA3MEPHOCTH K CIIy?KaT BCEBO3MOXKHBIE YIIODSIIOYEH-
Hble HAOOPBI IIONAPHO PA3JIUYHBIX UHIEKCOB (v, . . ., k), TAKAE ITO
Ug, N NU,, # @, a rpaHNIHBIN OIEpaTOp 331aeTcst HPopMyIIoit

k

8(a0, N ,ak) = Z(—l)i(ao, ey OG1, 0041, ak).
=0

Ecsnu cymecrByer mokpeiTre, 00s1a/1arolee JOIMOTHUTEIbHBIM CBOM-
CTBOM, YTO BCE HEIYyCTbIC IICPECCYCHUs B HEM CTATMBACMBI, TO TOMO-
JIOTUU TIPUBEJIEHHOIO KOMILJIEKCA He 3aBUCAT OT BHIOOpPA TAKOIO I10-
KPBITHSA W HA3BIBAIOTCA 20MmoA02uAmu dexa mpocrpanctBa X. Eciam
2Ke TaKOI'0 IIOKPBITHS BIOPATH He yJIaeTCsl, TO TOMOJIOrnu Jexa orpe-
JEJIAIOTCA KaK IIPOCKTUBHBIN Ipeel TOMOJIOTUI MOKPBITUM, B3ATHIN
II0 BCEM ITOKPBITUSAM U UX U3MEJILYCHUAM.

Ciremyer oTMeTHTD, 9TO ToMojioruu dexa obsiaaroT 60jee mpusiT-
HBIMU CBOMICTBaMU, 4eM CUHTYJIsipHBIE. [[o3TOMY TIpn m3yvueHun «ma-
TAJIOTHIECKUX » TIPOCTPAHCTB MTPEAIOUTUTETbHEE TIOTH30BATHCST TOMO-
gorussmMu Jexa.

B kauecTBe aJbTepPHATHBBI MOYXKHO OIPDAHUYUTBCH KOCOCUMMEN-
PUNHBLMU TIEISIMUA: B OIPeeJIeHUN T'PYIIbl k-lieneil HaJO0XKUTL J10-
[OJIHUTEJIbHOE PABEHCTBO (g, ..., ) = (—l)Signs(as(O), ey Q)
JUIST BCAKON MEPeCTAaHOBKM S. [OMOJIOIMH IIPH 3TOM OCTAHYTCS TEMH
xe. Kak BUIHO M3 oIpene/leHust, FTOMOJIOTAN IOKPLITUS PABHBI CHM-
ILTUIHAAILHLIM TOMOJIOIHAM HEKOTOPOI'O CUMILIAIUAILHOTO KOMILICK-
ca (kakoro?). DTOT CUMIUIAIUAIBHBIN KOMILIEKC HA3BIBAETCS HEPEOM
NOKPLIMUA.

SAJIAYA 1.16. PaccMoTpuM IMOKPBITHE ITPOKOJIOTON ILJIOCKOCTH
X = R?\ {0} Tpems NOJIYIIOCKOCTSIMHU, OIDAHUYEHHBIMH MPAMBI-
MU, TPOXOJIANIAMA Yepe3 HadaI0 KOOPAUHAT. Bbraucanre roMoiorum
Yexa sroro nokpeitus. Ompemennre HePB. JBIAIOTCS JIM HEPB U TIPO-
crpanctBo X B JaHHOM ciaydae romeoMopdubiMu? [omoronmaeckn
SKBUBAJIEHTHBIMU !
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2 T'omoTonnyeckast NHBApPpUAaHTHOCTDb TOMOJIOTUM

CooTrBeTcTBHE, COIOCTABJISIONIEE TOIOJOTUIECKOMY POCTPAH-
CTBY €r0 TOMOJIOTHH (DYHKTOPHAJBHO. DTO O3HAYAET, UTO BCAKOMY
HempepbuIBHOMY oToOpaykenuio f: X — Y cooTBeTCTByeT rOMOMOp-
dusm romouoruit f,: Hi(X) — Hy(Y), naseiBaemslii 2omomoppus-
MOM NPAMOo20 obpasa. IIpu 3TOM KOMITO3UTINN OTOOPaYKEHU COOTBET-
CTBYET KOMIIO3UIUsSI TOMOMOP(hU3MOB IOMOJIOTHIi 1 T.11. Asrebpande-
CKUM BBIParKE€HHEM TOMOMOPGMU3MA f, SIBISETCS TOHATHE TOMOMOD-
duzMa TEenHbIX KOMIIJIEKCOB.

ONPEAENEHUE 2.1. ToMOMOPPUIMOM — UENHBIT — KOMNAEKCOS
(C,,0) u (C,,0) Ha3BIBACTCS MOCJIEIO0BATETEHOCTE TOMOMODP(MOHU3MOB
f: Cy — C)},, KOMMYTHDPYIOIIUX C OLepaIyeil B3sITUs IPAHUIILL.

Kak obbrano, 1ij1st yrporresust 0003HaYeHNT MbI HCITOJIb3yeM OJIMH
u 10T Ke cuMBoa f muig romomopdusmos Cy — (), ¢ pasIHIHBIME
nHomepamu k. F'omomMopdu3M KOMILTEKCOB M300paskaioT B BUJIE THA-
rpaMMbl

0 Cy<2—0, <2 ¢,<2
f f f
0 o< <2 ¢y <2

VcioBrE COTNIACOBAHHOCTH TOMOMOPGU3MOB f ¢ FPAHUIHBIM OIIEPATO-
POM PaBHOCHUJIBHO KOMMYMAMUBHOCMU TrarpaMMbl. B romosoruye-
CKOif1 ajirebpe MMeeTCs CorJIaIeHue, COrJIACHO KOTOPOMY BCsKasl N300~
pakeHHas B TEKCTE auarpaMma abesIeBbIX T'PYII U TOMOMOPMOU3IMOB
MEXKJy HUMU IIPEJIOJIaraeTcs KOMMYTATHBHON (ecju MPOTHBHOE HE
OTOBOpPEHO f1BHO). U3 ompe/iesieHrst MTHOBEHHO BBITEKAET, UTO 00pa3
3aMKHYTOI eIl 3aMKHYT, & 00pa3 To4HOil 1enu ToueH. CiieroBaTeib-
HO, BCSIKHI TOMOMOP(MU3M KOMILIEKCOB UHIYIIUPYET COOTBETCTBYIO-
Uit TOMOMOPMU3M TPYIIIT TOMOJIOTHIA

ITocTpoenne romomopduaMa IPAMOTO 00pa3a IJIsT PA3THIHBIX TEOPHit
TOMOJIOTHH TOTIOJIOTHIECKUX TPOCTPAHCTB OYEBUHO: 00pa3 MEMu MO/,
neiicrBueM 0TOOparKeHUsI BHOBb sIBJISIETCsI IIEIbI0. B KOMMeHTapusix
HY?KJIA€TCsI TOJIBKO OIpeJieieHrne roMoMopdu3Ma fy JiJIst KJIeTOIHBIX
romoJtoruii. CorjiacHO meopeme 0 KAEMouHol annpoKcuUMayuY BCs-
KO€ HeIPepbhIBHOE OTOOParKEeHNE KJIETOUHBIX TPOCTPAHCTB MOXKHO 3a-
MEHHUTBH HAa TOMOTOITHOE €MY, TaKOe, KOTOPOe COXPaHseT (DUIHTPAIUIO
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10 0cToBaM (Ha IMpaKTHUKE yI00HO JeiiCTBOBATL HAOOOPOT: M0 3aaH-
HOMY OTOOPAYKEHUIO MOCTPOUTH KJIETOUHBIE PA3OUEHUST yIACTBY IOIINX
B OTOOparKEHUU TPOCTPAHCTB, COMVIACOBAHHBIE C JAHHBIM OTOOparKe-
uueM). Eciu orobpazkenue f: X — Y coxpauser dbuiabrpanuu 1o
OCTOBaM, TO OHO HHJIYIUPYET OTOOparKeHHe COOTBETCTBYIONUX OY-
ketos coep sk” (X)/skkil(X) — skk(Y)/ skkil(Y). Ilon meiicrBu-
eM romomopdu3Ma f, 06pasyomas o KIeTouHoro KOMILTeKca mpo-
crpancTBa X MEPEXOIUT JIMHEHHYI0 KOMOUHAIIIIO

f*o's = Z Ca,p 5,[12’
B

00pa3yIoImx KJIETOYHOIO KOMILIEKCa TPOCTPAHCTBA Y, B KOTOPOIi KO-
3 OUIIEHT ¢, 3 3872eTCA KaK CTENeHb CJIeIyIommero oTobparkenns k-
MepHBIX cdep

SF — skF(X)/skFTH(X) — skF(Y)/skFTH(Y) — SF,

r7e mepBasi CTPEJIKa 3aJ[aeTCsl BJIOXKEHHEM KJIETKH C HOMEPOM (v, a
MTOCTIE/THSAST — CTATHBAaHMEM Bcex cdep Oykera, Kpome cdepbl, COOT-
BeTCTBYIOIIEN KileTKe ¢ HoMepoM (3. CorjlacoBaHHOCTH ITOCTPOEHHOIO
roMoMop(u3Ma MEMHBIX KOMILJIEKCOB C JIEHCTBUEM I'PAHUYHOIO IOMO-
Mopdu3Ma He BIOJIHE OYEBUIHA, XOTS U HECJIOKHO IIPOBEPSIETCS.

Hamomanm, 9ro nBa HenpepbIlBHBIX oTOOpaxkenus fo u f1 u3 mpo-
crpaucTBa X B MPOCTPAHCTBO Y HA3BIBAIOTCI 20MOMONHbIMU, €CITH
OHM COEJIMHSIFOTCsI HENPEPBIBHBIM cemeiictBoM fy, t € [0,1] B mpo-
CTPaHCTBE HENPEPBIBHBIX oToOpaxkenuit n3 X B Y. [Ipocrpancrsa X
1 Y Ha3bIBAIOTCS 20MOMONUNECKY IKEUBANAEHTNHLMU, €CITH CYIIECTBY-
1ot orobpaxkenust f: X — Y u g: Y — X, rakue 4T0o 00e KOMIIO3HU-
mun go f u f o g TOMOTOIIHBI TOXKIECTBEHHOMY OTOODaKEHUIO B ceOst
npocTpancTB X u Y, COOTBETCTBEHHO.

TEOPEMA 2.2. YV 2omomonnux omobpasicenuti fo u fi 20momop-
PusmbL NPAMO20 00pA3A CUHLYAAPHBLT 20M0A02UT COBNAIAIOM,,

(fo)x = (f1)x: Hi(X) — Hi(Y).

CJHEACTBUE 2.3. Tomomonuvecku 9IKEUBAACHMHIE TPOCTNPGH-
CMBA UMEIOM, USOMODPHBIE CUHLYAAPHDLE 20MONOLUL.

Teopema u ee cecTBIE UMEIOT AHAJIOTH U M1 IPYTUX TE€OPHIL rO-
MOJIOTHit, HO (POPMYJIUPYIOTCS OHU HECKOJIBKO MO-Apyromy. st Kire-
TOYHBIX I'OMOJIOI'HII I'OMOTOIIMYECKas MHBAPDUAHTHOCTL 3aJ/I02KeHa B
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CaMOM OIpejieJieHn roMoMopdu3Ma rpsmoro oopasa. [losromy ana-
JIOT IIPUBEJICHHBIX YTBEPKIACHUIN JJIsT KJIETOUHBIX TOMOJIOIHII COCTOUT
B KOPPEKTHOCTH OLpeieienus romoMopdusma fx (He3aBUCUMOCTHU OT
BBIOODA KJIETOUHON AIIIPOKCAMAIINH ).

L1 CUMILTAIIAIBHBIX TOMOJIOTAN TOMOTONNYECKAsT SKBUBAJICHT-
HOCTb MOJIEJIUPYETCsT HADOPOM KOMOWHATOPHBIX OIEpaluii, He MeHs-
IOIUX TOMOTOIMYECKUN THII CUMILIUIHAILHOrO KoMIutekca. meercs
IPSIMOE JTOKA3aTEIbCTBO TOTO (PAKTa, UTO CUMILIHITNAIBHBIE TOMOJIO-
TUH He MEHSIOTCS [IPY KaXK 101 n3 9tux onepannii. OHAKO yTBEpK Ie-
HEE O TOM, YTO CHMILIHIIMAJIbHBIE TOMOJIOTHH ABJISIOTCS He KOMOMHA-
TOPHBIM, 8 TOMOTOHUYECKUM HHBAPUAHTOM COOTBETCTBYIOIIETO IIPO-
CTPAHCTBA, SIBJISETCS ropassio Oosiee OOIMM, U JI0KA3aTh ITOT (PaKT
MOYKHO TOJIBKO CBEJIECHHEM CHMIUIAIUATIHHBIX TOMOJIOTHI K KaKoOii-
Jmbo Oostee OOITIEiT TEOPUU TOMOJIOTHN, HAPUMED, TEOPUU CUHTYJISAD-
HBIX T'OMOJIOTHH.

AsrebpanveckuM BbIpayKEeHUEM PABEHCTBA, JIBYX TOMOMOP(MU3MOB
TOMOJIOTHH CJIY?KUT MOHATHE IeHo#t romoronuu. [lycTs 3aanbl 1iern-
ubie kominiekenl (Cy, d) u C,, ) u asa romomopdusma fo u fi Mexy
HAMHE. DTU TOMOMODP(MU3MBI HA3BIBAIOTCS YENHO 20MOTONHbLMU, €CITH
CYIEeCTBYeT Toc/eIoBaTebHoCTh romomopdusmos H: Cy — C 4,
V/IOBJIETBOPSIIOIINX TOXKJECTBY

HO+0H = fi— fo

HeticTBue 1ennoit romorormu H HAIPaBJIEHO B CTOPOHY TOBBI-
IIeHus I'PaJyuPOBKH, T.€. B CTOPOHY, IIPOTUBOIIOJIOXKHYIO JeHCTBUIO
TPAHUIHOTO OIIEPATOPA:

0 Co<2—cy <2, <2
h H h H
TN NG b
N A\
0 o< <2y <2

Ha nuarpamme romomopdusmbl H n300parkeHbl My HK TUPHBIME JIXHU-
MU, TOCKOJIbKY JIONOJIHEHHAS MMU JrarpaMMa roMOMOPMOU3MOB He
ABJIETCS KOMMYTATUBHOM. JI71s1 BBIMUCIEHNS eHiCTBUS TOMOMOPdU3-
Ma f1— fo B TOMOJIOIUsIX, B 9aCTHOCTH, JIJIsl IPOBEPKH TPUBUAJIBHOCTH
9TOTO JIEAICTBUS, JOCTATOYHO 3HATH €r0 3HaYeHUe Ha 3aMKHYTBIX Iie-
nax. BeiaendaTs 3aMKHYTBIE el He BCerja BO3MOKHO. BmecTo 310
qacTo ObIBaeT ymobHee MPOBEPUTDH IEMHYIO TOMOTOIHOCTH KOMILIEK-
COB, IIPOBEPUB BBIIIOJIHEHUE YKAa3aHHOE TOXKJIeCTBa Ha IIPOU3BOJILHON
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nenu. Ecin xke niens a € C), siBiIsleTcs, BCe ¥Ke, 3aMKHYTOH, TO cjiara-
emoe H Qa obpaiaercs B HOJIb, M MBI TIOJIydaeM, 9To o0passl fo(a) u
f1(a) romonormanmr (ormmHalores wa rpammiy nemn Ha € Cp ). B
pe3ysIbTaTe MBI IOy YaeM CIIeILYIONMil IPOCTOil KpuTepuii paBeHcTBa
roMoMOpGU3MOB B FOMOJIOTHSIX.

IIPEAJIOXKEHUE 2.4. Ilento 20M0monHbie 20MOMOPHUIMBL UET -
HOLE KOMNAEKCO8 UHIYUUPYIOM, PABHBLE 20MOMOPPHUIMDL 8 20MON02U-
AL

B kadecTBe minmiocTpanuy MOHSTHUS IEITHOW TOMOTOIUN JIOKAYKEM
CJIETYIONMMI YaCTHBIN ciiydail ciaeacTBus 2.3.

IIPENJIOXKEHUE 2.5. CuneysapHbvie 20MOA02UL 6CAKO20 CMAZU-
6AEMO20 NPOCMPAHCNEA MPUBUGALHDL, M.€. MAKUE IHCE, KAK Y MOY-
K.

Hamomuum, uTo npoctpancTBo X Ha3BIBAETCH CTATMBAEMBIM, €C-
JIM TOXKJIECTBEHHOE OTOOpasKeHHe STOT0 MPOCTPAHCTBA B cebsi TOMO-
TOITHO OTOOPAYKEHUIO B TOYKY. | OMOTOINIO, OCYIIECTBJISIONLY CTATH-
BaHUe, MOYKHO IMIPEJICTABUTH B Bujie orobpaxkenus F: CX — X, roe
CX = X x[0,1)/X x {0} — konyc npocrpancrsa X, IpudeM Orpa-
HU4YeHne oTobpaykeHnss F' Ha ocHoBanme X X {1} KoHyca siBisiercst
TOXKJleCTBeHHBbIM. Jljst BesiKoil cuHryssipHOil memm ¢: Ao, — X
CTATMBaHME 3aJ1aeT oTobpaxkenme Hi): C’AO,__ﬂk — X. Konyc nag
CTAHIAPTHBIM K-MEPHBIM CHMILIEKCOM MOXKHO OTOXK/IECTBUTDH CO CTAH-
napTabM (k + 1)-MepHBIM CUMILIEKCOM (IIPU 9TOM HYZKHO [EPEHY-
MEepPOBATDH BEPINUHBI, COIOCTABUB OTMEYEHHON BepIInHe KOHyca HO-
mep 0). Takum ob6pazom, orobparkenne H1) MOXKHO pacCMaTpUBATh
Kak CHHIYJIApHYIO (k + 1)-1ienb. B pesysbraTe Mbl IIOCTPOUIIH TOMO-
MopdusMm ) — H1p, neiicTByIONuil B HAIPABJIEHUHU, TPOTUBOIIOJIOXK-
HOM JI€CTBUIO TPAHUIHOTO TOMOMODPMOU3IMA

9 9 9
O%Cl(X)——>C2(X)——>C3(X)——>"'
H H H

romoMopcduaM H yIOBIETBOPsieT TOXKIECTBY IEMHONW TOMOTOIIUH.
HeiicrBuresbHo, rpanuna xomyca CAg . j HaJ CTaHIAPTHBIM K-
MEPHBIM CHMILIEKCOM COCTOHUT U3 €r0 OCHOBAHUS A( j 1 OOKOBBIX
rpaHeil, KOTOpbIe SIBJISIIOTCS, B CBOIO O4YepPe/ib, KOHYCAMU HAJ[ T'DaHs-
MU cuMInierca Ag, ., BXOISIIMMHI B €ro TpaHuIly. B pe3ysibraTe Mbl
[TOJIy9aeM TeOPETUKO-MHOXKECTBEHHOE PABEHCTBO

GCA(LM;C = AO,...,k U C@Ao’,_wk.
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AKKypaTHBIl yIeT 3HAKOB B COOTBETCTBYIOIIUX CAHTYJISIDHBIX IEIISIX
MIPUBOJIUT K HEOOXOIMMOMY TOXKIECTBY

HO+0H =1d.

OTO PaBEHCTBO JOKA3BIBAET, UTO BCsAKAs 3aMKHYTasl IEIb ¢ TOYHA:
OHA sIBJIIeTCs Tpanutieil menu Ha, T.e. Tpanuiie KoHyca HaJl Hell ca-
MOii. DTO HOKA3BIBAET IIPEJJIOXKEHNE.

Paccvorpum Ternepn 6ostee obmmit cydait TeopeMbl 2.2 1 ee ciesl-
crBus. 3ajgannyo romoromuio fr: X — Y, t € [0, 1] moxxHO paccmar-
puBaTh Kak orobpaxkenue F: X x[0,1] — Y. IlycTh 3a1aH CHHTYJISAD-
HbLil cuminiexc ¥: Ao, — X Ha npocrpancrse X. B3as koMiosu-
U0 OTODPaXKEHUs 1) ¢ TOMOTOIHNEN, MBI TIOJIyIaeM OTODparKeHme

U: Ag,..xx[0,1] =Y

UJINHJIPA HAaJI CTAHJIAPTHBIM CUMILIeKcoM B Y. I'paHuna storo 1u-
JIMHJIPA, COCTOUT M3 BEPXHEr0 M HUYKHEI'0 OCHOBaHUSs, OrpaHndenne W
Ha, KOTOpBIE COBHIAJAET ¢ f1 01 u fy 0 1), COOTBETCTBEHHO, & TaKXKe
BGOKOBOII TIOBEPXHOCTH, KOTOPAs SIBJISIETCST IMJIAHIPOM HAJI TPAHUIIEH
cuMmiuiekca. Takum obpasom, B3siB B KadecrBe H (1)) orobpakeHue
U, MBI TIOJIydYaeM HEOOXOJMMOEe CBOHCTBO IemHOo# romoromnuu. IIpo-
OJieMa 3aKJIFOYaeTCsd TOJBKO B TOM, UTO IUJIUHIP HAJl CHMILJIEKCOM
HE sIBJISIETCS] CHUMILJIEKCOM, Tak 9T0 W He SIBJISIeTCS CUHTYJISIDHOM Iie-
MbI0. DTY TPYAHOCTH HECJIOXKHO TPEOJIOIETh: TUIMHJID HAJT CUMILIEK-
COM JIOIIYCKAeT CTAHIAPTHOE CUMILIUIAIbLHOE pa3buenne. A UMEHHO,
obozuavynm depes 0, ...,k BepIINHBI HUXKHETO OCHOBAHUS IMJINHIPA
u gepes 0/,..., k' coorBercTByONME BEPIIMHLI BEPXHEr0 OCHOBAHMUSI.
Torma nmeer MecTo pasyioXKeHUe

k

Ao,k X [0; 1] = U AO,...,i—l,i,i’,(i—i—l)’,...,k/~
i=0

Taxum 06pa3oM, MBI MOXKEM OIIPEJIESUTH IEIMHYI0 TOMOTOIIIIO
H: Cp(X) = Cr1(Y),

II0JIO2KHB
k

Hy = (-1)}Wop;,

=0



20 OrHOCHUTEIbHBIE TOMOJIOIMY U U30MOP(MU3M BbIPE3aHUS

rae pi: Ao, k+1 — Do,k X [0,1] — orobpaskenue, 3anaroliee OTOXK-
necrBienue crapgapTaoro (k—+ 1)-MepHOro CuMILIEKCa ¢ CUMILIEKCOM
AO,..A,i—1,i,i’,(i+1)',.4.,k' . Haymmane L[eHHOfI TOMOTOIINM JOKa3bIBa€T TE€O-
pemy 2.2.

SAAYA 2.6. IIpoBepbTe, YTO MOCTPOEHHBINH ToMoMopdusM H
JEeHCTBUTEJIbHO SBJIAETCd IENHONM I'OMOTOIMEN, CBA3bIBAIOIIEl TOMO-

mMopdusmbl (fo)s 1 (f1)-

3 OTHOcCHUTEeJIbHBbIE TOMOJIOTUHN U N30MOPPU3M
BbIpE3aHUS

Ha mepBoit jgexkmum s yTBepKJaJI, YTO IPYIIIBI TOMOJIOTHN COIO-
CTaBJISAIOTCSI TOIOJIOTUYECKUM [IPOCTPAHCTBaM. B jieficTBuTeIbHOCTH,
TeopHUs I'OMOJIOTUN JOJIZKHA COIIOCTABJIATD IPYIIIbI TOMOJIOTUN BCAKON
nape (X, A) cocrosimeii 13 TONOJIOrMIECKOTO IPOCTPAHCTBA X U €ro
nojiupocrpancTa A. OrpejiesieHne roMOJIOIHiA Tapbl COCTOUT B CJIe-
JyiormeM (OHO PUMEHUMO U K CUMILIUIUAIBHBIM, U K KJI€TOYHBIM, U
K CHHIYJISApHBIM roMosiorusM). Kommuteke Cy(A) nemneit B A siBisier-
cst nopkomiuiekcoM B komiuiekce Ci(X). Hazosem epynnot ommnocu-
meavhor yenett GaKToOPrpyIILy

Cr(X, A) = Cy(X)/Ci(A).

OrHOCUuTENbHBIE TIeNU 00pA3yIoT IMEMHONW KOMIIJIEKC, TOMOJIOTHH KO-
Toporo obozHauarorcst yepe3 Hy (X, A) u HA3BIBAIOTCS 20MOA02UAMU
napwvt. st CAMIUTUIINATBHBIX, UM KJIETOYHBIX TOMOJIOTHI MBI ITPEJI-
mosiaraeM, 9ro A sIBJIsSeTCs] CUMILTATMAIBHBIM, WA KJIETOIHBIM O
IPOCTPAHCTBOM, COOTBETCTBEHHO, B YacTHOCTH, A 3amkuyTo. OHAKO
B 001eM cirydae Ha A He HAKJIAIBIBAETCS HUKAKUX orpanndennit. Ha-
[pUMep, B TEOPUU MHOT000pa3mii 1acTO PACCMATPUBAIOT HAPHI BHUJIA
(M,M\ L), tne M — muOroo6pasue, a L — ero 3aMKHyTOe IIOJMHO-
roobpasue.

3Aa0A4YA 3.1. Ilpusedernvimu 2omoso2uamu TpocTpancTBa X
HA3BIBAIOTCS TPYIIIIHI

ﬁk(X) = Hk(Xa pt)a
rae pt € X — BoluesienHas Touka. JIoKaxKnTe paBeHCTBa

Ho(X)=Ho(X)®Z,  Hy(X)=HKX), k>0.
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ABCOIIOTHBIE TOMOJIOIHU SIBJISIFOTCA YACTHBIM CJIy9aeM OTHOCH-
TeJIbHBIX (KOTJa IPOIIPOCTPAHCTBO ABJIAeTCs IyCcThiM). OTHOCUTE B
HBIE YK€ TOMOJIOTHH, B ODITEM CIydae, depe3 abCOTIOTHBIE He BhIparka-
forcst. TeM He MeHee, B OJIHOM BayKHOM CJIydae, KOTOPbI Jallle BCero
U BCTPEYAETCs] HA IPAKTHKE, OTHOCUTEJIbHBIE I'OMOJIOTUU CBOISITCS
BCe-TaK! K abOCOJIIOTHBIM.

TEOPEMA 3.2. ITycmv X — xaemounoe npocmparcmeo, A C X —
Kaemouwroe noonpocmpancmeo. Tozda das ecex k > 0 umeem mecmo
U3OMOPPHUIM

Hk(X, A) ~ Hk(X/A)

BaMeTnM, 94TO JJIsI KJETOYHBIX NOMOJIOTHI IIPUBEAEHHBIA T30MOP-
busM oYeBUIEH: 0Opa3yOIINe IETHON0 KOMILIEKCa JIJIsi BHIYUCIEHUST
KJIETOUHBIX TOMOJIOrHi Kak mapsel (X, A) Tak u (akropnpocTpaHcTsa
X/A cooTBETCTBYIOT KJIETKAM IPOCTPAHCTBA X , JIEXKAIIUM B JOIIOJ-
wennu K A. JlokaxkeMm n3oMopdU3M TEOPEeMbl JJIsi CUHIYJISPHBIX T0-
moytoruii. Pacemorpum mpocrpancreo X Uy C' A, mosydeHHoe mpu-
KJleuBaHneM K X KoHyca HaJ A BII0Jb OCHOBaHUSI KOHYyCa, & TaKKe
ero nmoanpocrpanctso X Uy (A X [0,1/2]), nonyuennoe «oTpesaHuneMm
BEPXYIIKNA KOHYCa».

/ \
/ \
H

Torma mMeer MecTo Cileayromast MenoIKa H30MOP(MU3MOB
Hu(X, A) ~ Hy(X Ua (A x [0,1/2]), A x [0,1/2])

Hiy(X Uy CA,CA)

H(X/A,pt) = Hi(X/A).

2w

Qe
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Nzomopdusm 1 ciaenyer u3 roMOTONNYECKON MHBAPUAHTHOCTH TOMO-
giornii: AP A X [0, 1/2] MOXKHO CTSIHYTH BJIOJIb OOPA3yIONUX HA
ero ocuoBanue A. zomopdusm 3 TakKe BBITEKAET W3 TOMOTOIIN-
YeCKOW MHBAPUAHTHOCTH: TIOCKOJIBKY KOHYC SIBJISIETCSI CTSTHBAEMBIM
[IO/ITIPOCTPAHCTBOM, TO €10 MOYKHO CTSHYTh U B PE3yJIbTATe IIOJIY IUT-
Csl TOMOTOIIMYECKU IKBHUBaJleHTHas mapa mnpocrpancts. (Tor dakr,
YTO MpOIecC cTaruBanus Kounyca C'A K ero BepIMHE TPOI0JIKAETC S
110 orobpazkenust Beero nmpocrpancTBa X Uy C'A na cebst, Ha3bIBaeTCsT
cBoiicrBoM Bopcyka. OHO BBITIOTHSAETCS JIJIsT IPOU3BOJILHOIO KJIETOY-
HOTI'O IIOJIIPOCTPAHCTBA. )

Hakowerr, nzoMopdusmM 2 Ha3bIBAETCST U3OMOPPHUIMOM BVLPEIGHUA.
B 6Gostee obmieit popmynupoBre oH cocTouT B cieiytorieM. [lycTb
(X, A) — ronosnornveckasa napa u B C A — NOAMHOXKECTBO, YIOBJIE-
TBOpaIomee ycaosmo B C Int A. Torma mmeer mecto m30MOphU3M
CUHTYJISIPHBIX TOMOJIOTHI

Hy(X,A) ~ Hy(X \ B, A\ B).

PaccMoTpuMm OTHOCHTEBHBIN UK, MPEACTABIISIONINN HEKOTOPBIi
kyacc romousoruit a € Hy (X, A). Knacc romonoruil He m3MeHHUTCS,
ecJi OTOPOCUTH U3 ITOTO IUKJIA BCE CUHIYJISIPHBIE CUMILIEKCHI, TeJIH-
koM Jiexkarue B A. Fcyin ocraBinmecst B pe3ysibraTe 3TOr0 CUMILIEKCHI
He IepecekaroT B, To OHU 33JIaf0T KJIACC OTHOCUTETHLHBIX TOMOJIOTUIT
B Hi.(X \ B, A\ B). Takum 06pa3oM, NPENSITCTBAEM K JOKA3bIBAEMO-
My U30MOpPGU3MY MOT'YT CJIY?KUTH TOJBKO CUHIYJISPHBIE CUMILIEKCHI,
umerorue obmue Toukn Kak ¢ B tak u ¢ X \ A. Or takux cum-
[JIEKCOB MOYKHO U30ABUTHCS ITyTEM U3MEJIbUEHUsT 3aA0IIUX JTAHHBIH
KJIACC TOMOJIOTUN CUMILJIEKCOB.

CrasgapTHBIH cI0COD N3MeTbIeHNs CUMILTIEKCa M300parkeH Ha pU-
CyHKe.
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Bepmmaamu HOBOro pasbueHusi CIIy>KaT MEHTPhI BCEBO3MOXKHBIX
rpaneii (Bcex pasMepHOCTE) UCXOAHOrO cuMiiekca. CHMILIEKCH HO-
BOIO Pa30MeHMsI COOTBETCTBYIOT BO3PACTAIONIAM IOCIEI0BATEIHHO-
CTsIM T'paHeil MCXOMHOro cuMmiliekca. IlocTpoentoe pa3buenne Ha3bI-
BaeTcda bapuuernmpuyeckum. IIporeaypy 6apuieHTpuIeckoro pasou-
E€HHST MOYKHO UTepUpOBaTh. [[OBTOPUB ee JOCTATOTHO OOJIBITIOE KOJIU-
YEeCTBO Pa3, MBI IIOJIYYUM FOMOJIOITYHBIN MCXOJHOMY ITIUKJI, B KOTOPOM
BCHAKUN CHHTYJISPHBII cuMILIeke, umeromuii obue Touku ¢ X \ A, ne
nepecekaercs ¢ B, u, cjemoBaTeIbHO, MOXKET PACCMATPUBATHCS KaK
cuHIYJIApHBI cuMivieke B X \ B. DTo 3aBepiiaer J0Ka3aTeJbCTBO
n30MOPGU3Ma BbIPE3aHU, & BMECTE C HUM, U TEOPEMBI.

4 JlauHHas TOYHAd I10CJIe/I0BATEJIbHOCTH Iapbl

Co Besikoit Iapoit Torosornuecknx npocrpancTs (X, A) cBs3aHbl
Tpu cepun rpyi romosioruii Hy (X), Hy(A) u Hi (X, A). CBa3b Mexk-
Jy HUMU OIIACBHIBACTCA CJIEAYIONell TeOpeMO.

TEOPEMA 4.1. Hmeem mecmo OAUHHAA TOUHAS NOCACI08AMEAb-
HOCTND

c— Hyp1(A) &= Hy(X, A) — Hy(X) —
— Hp(A) «— Hpp1 (X, A) — -+

Tomomopduambr Hy,(A) — Hy(X) u Hp(X) — Hg(X, A) nanynu-
PYIOTCSI COOTBETCTBYIONMMHA BJIOXKEHUSIMH, & CBSI3BIBAIOIINN IPaHII-
Hbiit romomopdusm Oy : Hi (X, A) — Hy_1(A) onpenessiercs ciemy-
fo1muM 06pa3oM. PaccMOTPpUM OTHOCUTEIBHBIIH IUKJI @, TIPEJICTABIISIIO-
Uit JAHHBIA KJIaCcC OTHOCUTEJBLHBIX roMoJsiornii. ['panuria da He 06s1-
3aHa PaBHSIThCS HYJIIO, HO JIOJIZKHA COJlepKaTbcst B A. DyiemeHT Oa,
paccMaTpUBaeMblii Kak MK B A, W TPeJCTABIACT ONpee/sieMblil
KJIaCC TOMOJIOTTM.

HamoMuuM, 9TO mOC/IEI0BATEIBHOCT TOMOMOP(PU3MOB Ha3bIBa-
ercst mouHotl, ecin 00pa3 BCAKOrO MPEIbIIYIIEro WieHa MOCIeI0Ba-
TEMBLHOCTU COBIAJAET C SIAPOM TOCHeaylomero. Hampumep, Tounast
TOCJIEIOBATEHLHOCTD

0+—A+—B+0

€CTh IIPOCTO 0DO3HAYEHHE TOIO, YTO roMoMopdusM B — A ssisercs
“30MOPPU3MOM.
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Kopom%‘ozz mouHoU II0CJIEZIOBATEJIbHOCTBIO HAa3bIBa€TCA IIOCJIEI0-
BaTEJIbHOCTH BUJIA

0—AEBEC—0.

TounocTb 3TOH MOCIEIOBATEILHOCTA €CTh BBbIpaXkenue Toro akxra,
410 roMoMOpdu3M i HHbeKTHBEH (T.€. C' sBjsgeTCs NOArpyLIoi B B),
roMmoMopdusM p coopbekTuBeH (T.e. A siBasieTcss (akTOprpymmoit
rpyusl B), u, Gosee Toro, A sBisgercsa GhakTOPrpyIioi B TOYHO-
cru o oarpytme C' C B. B atom cityuae roBopst, yto B siBiisieTcs
pacuiuperuem rpynnbl C' IpU TOMOITY TPYIIbL A.

VTBepKIEHNE TEOPEMBI SIBJISIETCS, IIO-CYIIECTBY, aJjrebpamtde-
CKUM, U JIOKAa3bIBaTh €ro MbI Oy/IeM AJIredpandecKuMU METOJAMHU.
IMycts 3aman nenuoit komieke Cy u ero nogkominieke C). O6ozna-
qum yepe3 C. coorBercrBytonumii hakTOPKOMILIEKC. [OMOIOrur KOM-
wrekcos Co, C, n C obosnauensl B Teopeme uepe3 Hy(X), Hi(A)
u Hi (X, A), cooTBEeTCTBEHHO. DTU KOMILJIEKCHI YKJIAJBIBAIOTCS B CJIe-
JYIONIYIO OOJBIIYIO JuarpaMMy OTOOparkeHuit, B KOTOPON KarKJIbIit
cToJIOel, TOYEH:

0 0 0
Gy — Y ~— G,
p P p
Cr—1 Ck Cri1
Cr1 Cy Cria
0 0 0

IIpuBemem anrebpamdeckKyio TepedOPMYIUPOBKY OIMPEICTICHUST
CBSA3BIBAIOIIEN0 T'PaHUYHOro romomopdusma 0Oy: Hii1(X,A) —
Hy(A). Paccmorpum mukin a € C}/ |, IPeJCTaBIIAIONMI JaHHBI
KJIACC OTHOCUTENBLHBIX TOMOJIOTHi. V3 CIOpPBEKTHBHOCTH p BBITEKA-
eT cymecTBoBaHme y a mpoobpasa b € Ci41. [lomoxkum ¢ = 9b. Torma
p(c) = p(0b) = Op(b) = da = 0. ITosromy c sieskuT B 06pa3e roMOMOD-
dbusma i, u y Hero cymecrByer mpoobpas d € C),. DiieMeHT d 3aMKHYT.
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HeitcteurensHo, i0d = Oc = 0?b = 0, a HOCKOJIBbKY i HHBbEKTHBHO, U3
pasenctBa 10d = 0 BoITeKaer papercTBo Jd = 0. CiaemoBarTesbHO,
nenb d saBJsieTcst UKIJIOM. [IpencraBisieMblil €10 Kaace TOMOJIOTHI 1
Gepercst B KadecTBe obpasa KJjacca UK a Ipu romoMopdusme J;.
Ere Hy»>KHO TPOBEPUTH HE3aBUCHUMOCTD IIPUBEIEHHOTO OIPEIEICHUsI
OT NIPOM3BOJIA B KOHCTPYKIMU. Bce 3TO HETPYJIHO MPOBEpSieTCsl MPU
[TOMOITY AHAJIOTMYHBIBIX PACCYKICHUN, UMEIONUX HA3BAHUE <«METO/I
JMarpaMMHOTO TIOUCKa». PaccyKieHns y100HO COTPOBOXKIATH BITIH-
CBIBAHUEM JTHATPAMMBI CJICIYIONIEr0 BUJIA

0=—a

}o Ip
O<—ﬁ<—|b
0<——-d

ILOK&S&TG.HI)CTBO TOYHOCTH II0CJICIOBATEILHOCTU TE€OPEMbI B KazK-
JIOM €€ YJIeHe IIPOBOJAUTCA TeM 2Ke METOIO0OM U OCTaBJIAETCdA CJayliaTe-
JIAM B Ka4deCcTBe (O6H3aTeJIbHOFO 1 O4Y€Hb HOJIGSHOFO) VIIpaKHEHNA.

3AJTAYA 4.2. JlokaxKuTe Teopemy.

B mmmHHON TOYHOMN ITOC/IEI0BATEILHOCTH ITaphl BMECTO OOBIYHBIX
romoJioruii mpocTpancTB X U A MOXKHO UCIIOIH30BATH NPUuGedeHHble.
CooTBeTCTBYIOIAsT TOCJIEI0OBATEILHOCTh TaKXKe OyaeT TouHa. Heko-
TOPBIM OOOOIIEHNEM TOYHON TOCJIEIOBATEIBHOCTH TMAPhI SIBJISIETCSI
MouHaA NocAedosamesbhocms mpolxy mpocrpancts B C A C X.
B sT0i1 moc/ie10BaTEIBHOCTH YYACTBYIOT OTHOCUTEIbHBIE TOMOJIOTU-

veckne rpymunsl H, (X, A), H,(X, B) u H,(A, B).

3AJIAYA 4.3. Bemmmure u 060cHYiiTE JJIMHHYIO TOYHYIO IIOCTIe-
OBaTEJbHOCTD ITPUBEIEHHBIX TOMOJIOTHI Tapbl U JJIMHHYIO TOYHYIO
OCJIEJIOBATEILHOCTD TPOUKH.

Paccmorpum st mpumepa  JUIMHHYIO TOYHYIO IOCJIEI0OBATEb-
HOCTH TIPUBEJIEHHLIX ToMosiornit mapbr (B™, S™ 1), cocroameit u3 n-
MEPHOI'O I1apa 1 ero FPaHuIlbl. B 3T0i1 Moc/e[0BaTeIbHOCTH YIaCTBY-
10T TOMOJIOTHH CTSITUBAEMOT0 IPOCTPaHCTBa B™, KOTOpble TPUBUAIIb-
ubr. Kpome Toro, dakropupocrpanctso B™/S™! romeomopdno n-
MepHOil cdepe, O3TOMY JaHHAsT TOYHAs IIOCJIEOBATEIBLHOCTD I103-
BOJISIET BBIYUCIUTH (CHHIYIISAPHBIE) TOMOJIOrHU cepbl HHIYKIUel 10
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PasMEpPHOCTH. E‘,JI/IHCTBQHHI)II;’I HeTpI/IBI/IaJIbeIIU/I KYCOK 3TON I10CJIe 10~
BaTEJIbHOCTHU NMeEEeT BUJL

O

=0 — H, 1 (S" Y & H (B, 8" 1) e— 0 e— -

[TosToMy MBI 1O UHAYKIMU 3aKmoqaem H, (S™) ~ H, _1(S"71) ~ Z,
a BCe OCTaJIbHbIE (IPUBEJIEHHBIE) IOMOJIOrUH Chepbl TPUBUAILHBI.

00600111251 5TOT TPUMEDP, PACCMOTPUM JJIMHHYIO TOYHYIO TIOCJIET0-
BaresbHoCTh Hapbl (CX, X), rme CX — KOHyC Haj HEKOTOPBIM KJle-
TOYHBIM ITPOCTPAHCTBOM X, KOTOPOE BJIOXKEHO B CBO#l KOHYC B BHJIE
ocunoBauust. PakTOPIPOCTPAHCTBO

X =CX/X

Ha3bIBaeTca Hadcmpotixot mpocTpancTBa X . IIoCKOIBKY KOHYC CTS-
ruBaeM U UMeeT TPUBUAJILHBLIC TOMOJIOTUY, JIMHHAS TOYHAS TI0CJIe0-
BaresabHOCTh napbl (CX, X) cBoguTes K TouHBIM bparMeHTaM BUja

0 Hyp1(X) < H(2X) — 0,
OTKY/JIa MBI TIOJIYIAEM U30MOPPHUIM HAICTPOTKY
Hy(XX) ~ Hy1(X).

WNmeercs BapuaHT ompejiesieHnsl HAJICTPONKN, KOTOPBIA OT/Imda-
eTcs OT IIPUBEJICHHOI'O BBIIIE JIONOJHUTEIbHBIM CTATUBAHUEM OJIHON
BBIJIEJIEHHOM 00pa3yroleil KOHyca. DTOT BapHaHT HAJCTPOWKU TO-
MOTOIIMYECKN SKBUBAJIEHTEH IIPUBEIEHHOMY BBIIlle, HO UMeeT OoJjiee
YIOOHYIO KJIETOUHYIO CTPYKTYDY: €ro KJETKHU (32 MCKIIIOUEHUEM O/l
HOI1 BBIJIEJIEHHON HyJIbMEPHOIT) HAXOAATCS BO B3AUMHO OJHO3HAYHOM
COOTBETCTBHUM C KJIETKAMH KCXOJIHOTO IPOCTPaHCTBa X CO CIABUTOM
pasmepHocTHu Ha 1. BoJjiee Toro, Bech IeNHON KOMILJIEKC JIJIsT BBIYHCIIE-
HHs KJIETOYHBIX T'OMOJIOTHI HaJACTPONUKH MOJIydaeTCsl U3 KJIeTOYHOT'O
KOMILJIEKCa MCXOJHOTO IIPOCTPAHCTBA IIPOCTHIM CJIBUI'OM I'DAIyUPOB-
KU HA OfWH. TaK 9TO ¢ TOYKU 3PEHUs KJIETOYHBIX TOMOJIOTHI T30MOD-
bu3M HAICTPONKU OYEBUIEH: OH COIOCTABJISIET BCAKOMY IUKIY B X
HaJICTPONKY 3TOro MuKIa B L.X.

Mpb1 BbIpaswin u30MOPGU3M HAJCTPORKN Yepe3 CBs3bIBAIOIIMIA
IPAHUYHBIA OlepaTop IJIUHHOR TOYHON IIOC/IEIOBATEIbHOCTH Ila-
pol. Oka3zbiBaercsi, u OOpATHO, CBA3BIBAIOIINII T'PAHUYHBIN OIEpa-
TOp JJIMHHON TOYHOU IOCJIENOBATEJBHOCTH IIPOU3BOJIBHON KJIETOY-
Hoit napbl (X, A) MOXKHO BBIPa3UTh 4epe3 n30MOpdU3M HAICTPONKU
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(u 06BraHBIE TOMOMOPMU3MBI IPsIMOro 00pa3a). JeficTBuTesbHO, pac-
cMmorpuM npocrparcTBo Y = X Uy C'A, nosydaemMoe TpUKJICHBAHUEM
K X KoHyca Haj A BIOJb €ro ocHOBaHUs. II0CKOIbKY KOHYC CTSATHU-
BaeM, IIPOCTPAHCTBO Y TOMOTOINYECKU SKBUBAJIEHTHO IIPOCTPAHCTBY
Y/CA = X/A. C apyroii CTOpOHBI, CTSATUBAHUE MOIIPOCTPAHCTBA
X CY unmaynupyer roMoMop@du3M

Hy(X/A) = Hy(Y) — Hy(Y/X) = Hy(XA).

Komnozunus nocrpoennoro romomopdusma Hy(X/A) — Hp(XA) ¢
uzomopdusmoM Hagcrpoiiku Hy(XA) ~ Hy_1(A) coBuagaer ¢ romo-
mopdusmom Hy(X/A) — Hy_1(A) u3 mauHHON TOUHOI mOCTIEI0BA-
resibHOCTH TIaphl (X, A).

Bosiee Toro, paccMOTpPUM JUIHHHYIO TOUHYIO TIOCJIEI0BATETEHOCTD
napsl (Y, X) u cpaBHEM ee ¢ JUIMHHOI TOYHOM MOC/IeI0BATETbHOCTHIO
napsl (X, A):

v < Hp(XA) =<— Hi(Y) =— Hi(X) < Heg1(BA) =<— Hi1 (V) <— - -

I I Il Il Il
s =< Hk_l(A) =< Hk(X,A) < Hk(X) - Hk(A) - Hk+1(X, A) < .-

MbI BuuM, 9TO JUIMHHAS HOCJIe0BaTeabHOCTD Haphl (Y, X) — sra
Ta 2XKe I0CJIeJ0BaTeIbHOCTD napbl (X, A), B KOTOpPOil posib IPYII ro-
MOJIOTHIl IIPOCTPAHCTBA, HOJIPOCTPAHCTBA U (PaKTOPIPOCTPAHCTBA
[UKJINYECKHU TIePeCTaBIsiioTCst. 1IpuBeIeHHYI0 KOHCTPYKIIUIO MOZKHO
UTEpUpoBaTh. TakuM 00pa3oM, B JJIUHHONW TOYHON ITOC/IEI0BATE -
HOCTH I1aphl YyIaCTBYET TPU CEPUU I'PYIIIT TOMOJIOTHU, HO BEIOOD TOTO,
KaKWe U3 3TUX TOMOJIOTUI OTHOCATCS K IIPOCTPAHCTBY, MOIIPOCTPAH-
CcTBY U (paKTOPIIPOCTPAHCTBY, JOBOJIBHO YCJIOBHBIN.

OrMmernM B 3aKJIIOYEHHE, UTO JIJIsI [TPOU3BOJIBHOIO HEIPEepbIB-
Horo orobpaxenusi f: X — Y romomopdusm mpsiMoro obpasa
fu: Hp(X) — Hi(Y) MoxkeT OBITh BKJIIOUEH B JUIMHHYIO TOYHYIO 110
CJIEJIOBATEILHOCTD. JlefiCTBUTEIbHO, MTPU IMOMOIIU TOMOTOIMUYECKO
9KBUBAJIEHTHOCTH BCIKOE OTOOPaKeHNe MOXKET OBITH IIPEBPAIIEHO BO
Bjozkenne. Hanpumep, mpocTpancTso Y MOXKHO 3aMEHUTD Ha FOMOTO-
[IIYECKU eMy SKBUBAJEHTHOE IIPOCTPAHCTBO Y, IOJIyYaeMoe IIPUKJIe-
uBaHuEM K Y [MIMHAPa Haj X BJOJIb €r0 HUXKHEr0 OCHOBAHUS I10-
cpeJicTBOM oToOpazkenus f, a oTobparkeHne [ 3aMEHUTH Ha BJIOXKCHUE
X — Y B KadecTBe BEPXHETO OCHOBAHMA. TaKuM 00pa30M, TPETHUM
HEJOCTAIONIMM IJICHOM PACCMATPUBAEMOI JJIMHHON TOYHON TOCIET0-
BaTeIbHOCTH BBICTYIIAIOT TOMOJIOrHH Hpocrpancrea Y /X = YU CX.
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5 Jlemma o msaTm romomopdusmMax

Paccmorpum kiterounyio napy (X, A). Ilycrs romosorun apyx us
Tpex npocrpancts X, A, X/A usBecrubl. B kakoil mepe JmHHAs
TOYHAsI TIOC/IEJIOBATEILHOCTE ONPEJIETISET TOMOJIOTMHA TPETHErO MPO-
crparcra? IlycTh, /Jisl ONpeIeIEHHOCTH, MBI TIBITAEMCs BBIYUCIUTD
orHocuTesibable romosioruu H, (X, A) ucxonsd u3 u3BeCTHBIX MOMOJIO-
ruit mpocrparcts X u A. Ilpexje Bcero, moOMUMO CaMHUX ITUX TO-
MOJIOTHH, HEOOXOUMO 3HATH €IMe CBA3BIBAIOIINNA UX TOMOMOPQU3M
iv: Hy(X) — H,(Y), uagynuposannsiii BiaokenneMm i: X — Y. To-
IJa JUIMHHAsT TOYHAs [0CJIe10BaTeIbHOCTD 3a1aeT B H,, (X, A) mog-
rpynny K, u daxroprpymniy (), IO 9TO MOArPYIIIe, T.e. UMEET MECTO
KOPOTKasT TOYHAsI TIOCJIEI0BATETHHOCTD

HeiictBurenbHo, B KadecTBe K, BbICTymaer obpa3 romomopdusma
H,(X) — H,(X,A), usomopdubiii kosapy (dakropy mo obpasy)
uzBecrHoro romomopbusma H,(A) — H,(X), a B kauecrBe @),, BbI-
crynaer obpa3 romomopdusma H, (X, A) — H,_1(A), paBublii siapy
uzBecTHOro romomopdusma H, 1 (A) — H,_1(X).

WMuornma cpennuit wwieH KOPOTKOM TOYHON TOCIIEIOBATEIHHOCTH
BOCCTAHABJIMBAETCS 110 €€ KPAKHNM IJIEHAM OJJHOZHAMHO C TOIHOCTBIO
710 n3oMopdusma. Hampumep, eciin yaIacTBYIOINTE B 9TOH MOCTIET0BA~
TesibHOCTH pynnbl K, Qn 1 Hy, (X, A) ABASIOTCS BEKTOPHBIMU [IPO-
CTPAHCTBAME HaJ, HEKOTOPBIM T10J1eM (KOHEIHBIM UJIA OECKOHEUHBIM ),
To pasmeproctb H, (X, A) pasua cymme pasmepHocreit K, u Q.
Awnasornuno, paur csoboauoi vacrtu rpynusl H, (X, A) paBen cymme
paHroB cBobOsHBIX dacteil rpynn K, u @,. OgHako B obmeM ciiy-
4ae IIpu BoccTranoBenun rpyiusl H, (X, A) ocraeTcs elre HEKOTODBI
[IPOU3BOJI B OIPEJIEICHUN KPYICHHS.

3Aa0A4YA 5.1. Kakumu moryr ObiTh abeseBbl rpymnst G u H,
YYIACTBYIOIIAE B KOPOTKUX TOUHBIX ITOC/IEI0BATEIBHOCTSIX

0+—Z«— G «+— 7o +— 0, 0«—Zo+— H—7Z+«— 07

OxasblBaeTCst, YTO IIPOU3BoJIa B ompezessenuu rpyuust H, (X, A)
MOYKHO N36eXKaTh, eCJIN JJIsT Hee MMeeTCsl «eCTeCTBeHHBII KaHIuIaT>.

[TPEVIOXKEHUE 5.2. ITycmov 3adanw, napwe (X, A) u (Y,B) u
Henpepwviehoe omobpasicenue [ Mmeoncoy Humu, m.e. omobpasicerue
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f: X =Y, makoe, wmo f(A) C B. IIpednososicum, wmo f undy-
yupyem usomoppusmo Hy(X) — Hp(Y) u Hp(A) — Hy(B) daa
deyx cocednux anavenuti k =n,n — 1. Toeda f undyyupyem maxowce
uzomoppusm Hy, (X, A) — H, (Y, B).

Airebpanyeckoiil 11epeOpMYIMPOBKOM 3TOr0 IIPEIJIOXKEHUsT CIIy-
JKAT CJIeJIyIOIee yTBEPKJIEHNE, Ha3bIBAEMOe JIEMMOW O HATU TO-
MoMopdu3Max, uin H-JIeMMOi.

JIEMMA 5.3. ITycmov 3adan 20momopdudm 08YT NAMUMNEHHDIT
MOYHBLT NOCACAOBAMEALHOCTNEN GOEACBVT 2PYNN.:

Al AQ A3 A4 A5
ll@ izo lso l40 i50
Bl BQ B3 B4 BS

IIpednonoocum, wmo 2omomopdusmov, 1°,2°,4° ) 4 5° asaaromes uso-
mopgusmamu. Tozda u 2omomopdudm 3° maxoice ABAAEMCA U3OMOP-
Ppusmonm.

,ZLOKHB&TGIH)CTBO 9TOM JIEMMBI ABJISIETCS OTJINIHBIM YIIpaKHEeHuEeM
Ha IIpUMEHEHUE MeTO/Ja JuarpaMMHOI'O IIOUCKa.

3AIAYA 5.4. B semme mMmeeTcs JiBa yTBEPKIEHUsS (MHBEKTHB-
HOCTbH U CIOPBEKTUBHOCTH TOMOMOPdu3Ma 3°) U 8 IPEIIOChLIOK (UHb-
€KTUBHOCTh U CIOPBEKTUBHOCTH OCTAJIBHBIX YEeThIPEX FOMOMOPQU3-
MoB). B zeficTBUTENIbHOCTH, U3 9TUX BOCBMU IIPEJIIOCHIIOK TPU UC-
MIOIB3YIOTCS JJIsl [I0KA3aTebCTBA NHHEKTUBHOCTU, TPU UCIIOIB3YIOT-
csl I JTOKA3aTeNIbCTBA CIOPBbEKTHUBHOCTH, & JIBE HE HCIIOJIb3YIOTCS
BooOIIIe. BoccraHoBUTE TOYHBIE YCJIOBUS JIJIsi HHHEKTUBHOCTH M, CO-
OTBETCTBEHHO, CIOPBEKTUBHOCTH ToMOMOpdu3Ma 3°.

6 IlociemoBaTeabHOCTb U IIPUHIIAII
Maiiepa—Bberopuca

[TocrenoBarensHocts Maitepa-BreTopuca ucmosib3yercss B CIIy-
4gae, KOTJa MPOCTPAHCTBO X TPEJICTABIEHO B BUJIE O0bEIUHEHUS JIBYX
cBoux mojmnpocrpancts, X = AU B. B Heil y9acTByIOT TOMOJIOTHI
npocrpancts X, A, Bu AN B.



30 [TocmemoBarenbuocTs u npuniun Maitepa—Bberopuca

TEOPEMA 6.1. Hmeem mecmo 0aurtas mouras nociedosamenb-
HOCMD

- Hy(A) @ Hy(B) «+ HL(ANB) «— Hpy1(X)
— Hyp1(A) © Hpya (B) -+

Tomomopduamsr H,(A N B) — Hi(A) @ Hp(B) n Hi(A) @
Hy(B) — Hp(X) uamyuupyiorcs BIIOKEHHSAMH IIOJIIPOCTPAHCTB
AUB CA AUB C B, AC X u B C X. Hy:xHO TOJIbKO B 0OJI-
HOM M3 9eThIPEeX COOTBETCTBYIOIINX FOMOMOP(MU3MOB ITOCTABUTDH 3HAK
«MUHYC» JUIst obecriedeHusi To9HOCTH B dieHe Hy(A) @ Hy(B).

st onpenenerns: romomopbusma Hy1(X) — Hi (AN B) upen-
CTABUM IMKJI U, 38JIAI0NTHI JaHHbIH Kiacc romooruii [u] € Hyy1(X),
B BUJE CYMMBI JABYX LEeIell u = v + U3 TAKAM 06pa30M, 9TO ¥ UMEET
HOCUTENb B A, a vy mmeer HocuTenb B B. Torma obpas kmacca [u] B
rpymme Hy (AN DB) 3amaercs nukiom Ov; = —Jvy. Bosee dopmasbHo,
9TOT rOMOMOP(MU3M OlIpeIeIAeTC KaK KOMIIO3UIAA TOMOMOP(HU3MOB

Hy41(X) = Hp1(X, B) = Hiy1(A, AN B) — Hy(AN B),

B KOTOPOU KpaiiHue TOMOMOP(MU3MBI B3SITHI JJIMHHBIX TOYHBIX TOCIe-
nosaresbaocreit nap (X, B) u (A, AN B), a cpeauunii — uzomMopdusm
BBIDE3aHUS.

JlokazaTeabCcTBO TOIHOCTHU TOCaeaoBaTe pbHOCTH Maiiepa—Bbe-
TOPHCA HECJIOKHO TPOBECTH, IIPOBEPsisl HEIIOCPEICTBEHHO €€ TOTHOCTh
B Kax oM wiene. OHAKO nMeeTcsi 60jiee KOHIENTYaIbHbIN MOIXO/,
KOTODBI [T03BOJIAET CBECTU €€ K CJIydalo TOYHOH I10CJ/Ie/[0BATEIbLHO-
ctu napel. [Ipeamonoxkum, aro X, A u B gaBISIOTCS KJIETOYHBIMEI
IPOCTPAHCTBAME (MJIM MOMOTOIIMYECKH UM 9KBUBAJICHTHBI). PaccMor-
PHM IIPOCTPAHCTBO Y, osyaaemoe u3 musmaapa (AN B) x [0, 1] npu-
KJIEHBaHUEM IIPOCTPAHCTBa A K HUXKHEMY OCHOBAHUIO IUJIUHIPA W
IPOCTPaHCTBAa B K BepXHEMY OCHOBAHWIO, CM. PUC.

X

G D N
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CrsaruBanue 06pa3yiomux MUJINHIPA 33/1aeT TOMOTOINYIECKY IO K-
BuBajieHTHOCTHh mpoctpanctB X u Y. Ilocse Takoro mpeobpaszoBa-
Huss A w B npeBpamaioTcs B HEMEPeCeKaromuecs: MOJINPOCTPaH-
crBa. JjmHHast TouHas mnocsenoBaresbHocTh napel (Y, AU B) u ectb
UCKOMas TocjeioBaTeibuocth Maitepa—Breropuca. Ilomumo rpyrmm
Hi(Y) = Hy(X), Hy (AU B) = H,(X) ® Hi(Y) B 31011 nI0CTI€710BA-
TEJBHOCTHU YyUaCTBYIOT romojioruu (axroprupocrpancrsa Y/ (A U B),
KOTOPOE TOJIYIaeTCsT U3 HAJICTPOUKH Hag A N B OTOXKIECTBIEHUEM
JIBYX BBIJIEJIEHHBIX TOYEK. Takoe MPOCTPAHCTBO TOMOTOIMMYECKH K-
BUBAJIEHTHO OYyKeTy HaJICTPOUKN Hast AN B U OKPY>KHOCTH, WJIN HA/I-
CTpOWKe HaJl HECBSA3HBIM o0bemuuenueM A N B u touku. [lostomy
UMEET MeCTO n30MopdU3M HaJCTPONKH

Hk(Y,AI_IB) ~ .lv‘]']€,1(14ﬁ.B)7

KOTOPBIiT U 3aBepIiaeT J0Ka3aTeJIbCTBO T€OPEMBI.

O6braHO TIOCTEMOBaTEbHOCTE Maitepa—Bberopuca ucmosb3yercs
He JJid BBIUYUCJIEHUII T'OMOJIOTHUI KOHKPETHBIX IIPOCTPaHCTB, a JJIsd
JIOKA3aTeIbCTBA OOIUX YTBEPXKJIEHUI: U3 BBIMOJHEHMS OlpeesIeH-
HBIX CBOMCTB jijist mojnpocTpancts A, B u A N B 1no uHIyKIMUA ¢
WCIOJIb30BAHUEM 9TOU TIOCJIEI0BATEILHOCTA BHIBOJUTCS BBITIOTHEHNE
COOTBETCTBYIOIIEro cBoitcTBa it A U B. DTu paccyKJieHust HOCST
na3zBanue npunyuna Matepa—Bvemopuca. IIponemoncrpupyem mpu-
MEHEHUEe 3TOTO IPUHIUIIA HA [MPUMEPE JI0KA3aTeIhCTBA CJIE/Ly IOl
TEOPEMBI.

TEOPEMA 6.2. Cumnauyuaavhovie 20M0A02UL CUMNAUYUAAOHDLT
MHOIHCECTNE USOMODPHDL CUHLYAADHDIM.

JIOKABATEJIBCTBO. Besknit CHMIIIEKC CUMILTUITAAILHOTO Pa30u-
€HUsI MOXKHO PACCMaTPUBATh KaK CUHTYJIIpHBI. Cie0BaTeIbHO, MbI
nMeeM rOMOMOP(MU3M MEMHBIX KOMIIJIEKCOB, BBIYUCJISIIOIINX CUMILIU-
UaIbHBIE U CHHTYJISPHBIE TOMOJIOTUU, COOTBETCTBEHHO, U TPeOyeTcs
YCTAHOBUTH, YTO STOT NOMOMOPMU3M HUHIYIHUPYET U30MOPGMU3M TO-
mostoruii. I3 mocnenoBarensuoctu Maitepa—BbeTopuca u geMMbl O
[SITH TOMOMOP(}U3MaxX BBITEKAET, UYTO €CJIA yKA3aHHOE CBONCTBO BbI-
MOJIHSIETCS JIJIsl CUMILIMIMAJIBHBIX TIopocTpancTs A, B u AN B, To
OHO BBITIOJIHSIETCS U JJIsl TojnpocTpancTBa A U B cuMiuaua ibHO-
ro npoctpanctBa X . VHIyKiueil Mo 9uc/y CHMILIEKCOB MBI IOJTy 9a-
€M JIOKA3aTeJIbCTBO BBIMOJTHEHUSI YKA3aHHOTO CBONCTBA Jjist Bcero X.
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HavwaapHBIM 1MTaroM MHAYKIIUU CJIY?KHUT BBIYUCJIEHHE TOMOJIOTUN OJI-
HOTO CHUMILJIEKCA, KOTOPbIe N30MOP(HBI TOMOJOTUSIM TOYKHA B 0DEHX
TEOPULAX.

7 AKcumoMaTUYecKUil IOJX0/] K IMOCTPOEHUIO
TEOpUU TOMOJIOTUA

IMepeuncanm OCHOBHBIE CBOWCTBA, KOTOPBIM YJIOBIETBOPSIOT CUH-
IyJISIpHBIE TOMOJIOTUH. J[JIs OIpPeIeIEHHOCTH, MBI GYIeM PacCMaTpH-
BATh TOJBLKO KJIETOYHDBIE IIPOCTPAHCTBA M IIOIIPOCTPAHCTBA. Beg-
Koii kyierounoil nape (X, A) Mbl CONOCTABUIM IIOC/IEI0BATEIBHOCTD
abesebix rpymn Hi(X,A) (k > 0). B wacrHocTH, MBI IOJaraem
Hy(X) = Hp(X,2). Kpome toro, mbl mocrpounu roMomMopdus-
mbl Oy: Hip(X,A) — Hp_1(A) u mis BCIKOro OTOOPasKEHUsST map
f:(X,A) = (Y, B) romomopdusmsl f.: Hi(X,A) — H(Y,B). llpu
STOM BBIIOJIHSIFOTCSI CJIEJYIOIIHE CBOHCTBA (AKCHOMBI).

1. ®YHKTOPUAJIBHOCTD. (f 0 g)sx = fx © gx, fx 0 0x = Ox 0 fu.

2. T'OMOTONIUYECKAA MHBAPUAHTHOCTD. f ~ g = f. = g.

3. JUJIMHHASI TOYHAS ITOCJIEJOBATEJILHOCTD ITAPHI.

4. CBOWCTBO @®AKTOPU3ALMU. Hy(X,A) ~ Hi(X/A,pt) =
H(X/A).

5. Tomosorun To4uku. Hy(pt) = Z, Hi(pt) =0 (k > 0).

Nmeercst OIX0/, K TEOPUU TOMOJIOTHH, B KOTOPOM II€PEUHCIICH-
HbIE CBOMCTBA TPUHUMAIOTCS B KadecTBe akcnoM. OKa3bIBAaeTCsl, TIepe-
qHUCJIEHHbIE aKCMOMBI TIOJTHOCTHIO OMPEJIEISIIOT TOMOJIOTUM, O Kpaii-
Hell Mepe, KJIeTOYHBIX IIPOCTPAHCTB. 3aMeTUM, YTO HEeIPOTUBOPUYNU-
BOCTH IIPUBEJIEHHON CHCTEMBI aKCHOM BBITEKAaeT U3 CYIIeCTBOBAHUS
KOHKPETHOM MOJIEIN — CHUHTYJISTPHBIX I'OMOJIOTU.

TEOPEMA 7.1. Jhobas meopus 20mon02ull, Yyoo8AeMBOPAIOULAA
NEPEYUCAEHHBIM  AKCUOMAM, COBNAJGEMm OAf KAEMOYHDIL NPOC-
MPAHCME ¢ Meopueti CUHYAAPHBIL 20MOAORUL.

JlokazaTeabCTBO COCTOUT B IPEIbSBIEHUN $IBHOI'O AJITOPUTMA,
IIPUBO/IAIIETO K BBIYUCJIEHUIO TOMOJIOTHIT KJIETOYHOI'O IIPOCTPAHCTBA
U UCIIOJIb3YIONIEr0 TOJBKO TEePEYNCTIeHHbIe aKCUOMBI. Kak MbI yBU-
JUIM, 3TOT aJITOPUTM CBEJIETCS K BBIUUCIEHUIO KJIETOYHBIX TOMOJIOT .
Tem cambiM, MBI JJOKA2KEM TEOPEMY, & 320/IHO, KODPEKTHOCTH OIIPE/Ie-
JIEHUs KJIETOYHBIX TOMOJIOTHI U UX n30MOPMU3IM C CHHIYJISAPHBIMUA.
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Ha nmepBoM 1mare Mbl BLIYHCIMM C UCIOJL30BAHUEM H30MOPhU3-
Ma HaJICTPONKH WJIM HAIIPSAMYTO 110 WHIYKIAU TIPH TOMOIIA JIJTAHHON
TOUHOH TIocTeioBaTebHOCTH Taphl (B™, S™ 1) romonornu cdeps, a
Takxke Oykera cdep:

m m —
Hk ( \/ Sn> ~ / s k= n,
iy 0, k # n.
,Z[aﬂee, JJIdd BCAKOI'O KJIETOYHOTI'O IIPOCTPaHCTBaA X MBI IIOJIOXKHIM

Cr = Cp(X) = H*(sk” /skF 1),

e sk® = sk* (X) — ero k-mepHsbiiit octos. ITo mocTpoeHuto, 31a rpy-
ma u3omopdua Z™, rae m — KOJUIECTBO k-MEPHBIX KJIETOK, T.e. U30-
MopdHa rpyre KIeTounbx k-memneit. Omnpeaennm roMmoMopdu3m

8: Ck+1 — Ck

KaK CBS3BIBAIONINNM TPAHUIHBI TOMOMOPMU3M U3 JJTUHHON TOUIHOM
nocaeosarenbaocru Tpoiiku (sk*T sk sk" 1) (wmm, uro sksusa-
stenTHo, napsr (skFT! /skkil,skk/skkfl)). MOKHO MPOBEPUTH, UTO
[PUBEIECHHOE TOMOJIOIMYIECKOE Olpejesieane romomopdusma 0 CoB-
MAIA€T ¢ TEOMETPAIECKN OIPEIETEHHBIM IPAHIMIHBIM OIIEPATOPOM U3
MEITHOTO KOMILIEKCA KJIETOYHBIX TOMOJIOTHMHA. B pesyiabrare Mbl MO-
CTPOWJIN TIOC/IEIOBATEIBHOCTD TOMOMOPDU3MOB

0<—C’0<ic’1<i6‘2<i
Hawm ocrasocsk nokazars, aro romoMopdusM 0 yI0BIETBOPSIET DABEH-
crBy 0od = 0 ¥ 9TO NOMOJIOTUH [TOCTPOEHHOTO KOMILJIEKCA, COBIIAIAI0T
C TOMOJIOTHSIMH IIPOCTPAHCTBA X .

Wsyunm 1y1a Hadasa, KaK M3MEHSIOTCS TOMOJIOTUHU IIPOCTPAHCTBA
npu g00aBjieHnN K HeMy Kierok. Ilycts Y momywaercs u3z X mpu-
KJIEMBAHUEM HEKOTOPOIrO KOJIMYecTBa k-MepHbIX KieTok. Torma Y/ X
romeoMopdHO 6yKeTy k-MepHBIX chep 1 eTUHCTBEHHDbINT HETPUBUAJTH-
HbIH dparMeHT NIMHHON TOUHOM nocienoarenbHocTn mapsl (Y, X)
BBITVISIIUT CJIEJIYIONUM 00Pa3oM.

0 Hy 1 (Y) — Hy_1(X) — Hp(Y/X) — Hp(Y) — Hy(X) — 0.

W3 210it mocsie0BATeIBHOCTH MBI 3aKJIIOYAEM, YTO NPH IPUKJICHBA-
HUN Kk-MEPHBIX KJIETOK K-MEpHBIE TOMOJIOTMH MOTYT TOJIBKO YBEJIH-
YUTHCs (32 CYeT KJIaCCOB IPHUKJIEUBAEMbBIX KJIETOK), (k — 1)-mepHble
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FOMOJIOTMH MOI'YT TOJIBKO yMEHBIIUTHCS (38 CYET HOBBIX COOTHOIIE-
HUI, 33]]aBAEMbIX IPAHUIAME IIPUKJIEMBAEMBIX KJIETOK), & B OCTAJIb-
HBIX Pa3MEPHOCTSIX FOMOJIOTAN HE MEHSIOTCS.

B wacTHOCTH, N-MepHBIE TOMOJIOTUU MIPOCTPAHCTBA, HE MEHSIOTCS
[PV TPUKJIEMBAHUT K HEMY KJIETOK pazMmepHocTu > n+ 1. Ilo Tem xe
CcOOOparKeHUsIM, 9T TOMOJIOTUU HE MEHSIOTCs MPU CTATUBAHUU KJIe-
TOK pasmepHocT < n — 1. Mubivu cioBamu, rpymmna H, (X) onpee-
JISIeTCS B3aUMHBIM PACIIOJIO2KEHNEM KJIETOK pa3MepHocTeir n — 1, n u
n—+1:

H,(X) ~ H,(sk" ™" /sk"?).

JlanbHelme pacCyKIeHns COCTOAT B IIPUMEHEHHN BCEBO3MOK-
HBIX JIJIAHHBIX TOYHBIX IIOC/IEI0BATEILHOCTEN PA3IMIHBIX 11ap U TPO-
eK OCTOBOB PasHBIX pasmeprocteit. s rpoiiku (sk”, skt sk ?)
dparmMenT 3Toii MOCIeA0BATEILHOCTH UMEET BH/I

Hypo1 (sk™Vsk"™2) 2 H, (sk"/sk™ 1) < H,, (sk"/sk"~2) < H, (sk"1/sk")

[ I I
Cn—l Cn 0

CnenoBarenbho, tpynmy Z, = H,(sk" /sk"_z) MOXKHO OTOXKIe-
CTBUTDH C HOJIPYIIION 3aMKHYTHIX IIelleil B IIOCTPOEHHOM KOMILJIEKCE.
I'panuunstit oneparop 0: Cp+1 — (), PACKJIaIbIBAETCS B KOMIIO3U-
LIUIO

Cn+1 = Hn+1(Skn+l/Skn) % n(skn/skn72) —

— Hp(sk"/sk™ 1) = Ch,

rje romoMopdusM O, B3AT U3 TOYHOI IOCJIEI0BATeJLHOCTU TPOHKH
1 —2
(sk™ ! sk™, sk ?). CaieioBaresbno, o6pas d(Chy 1) NeKUT B Z,y. ITO
JOKa3EIBaeT paseHcTBo 02 = (. HakoHer, H3 TOYHOMN II0C/Ie0BATEIb-
. 1 -2
nocru Tpoitkn (sk" 11 sk™, sk ?)

H, (sk™ Y/ sk™) < H, (sk™ 1/ sk"2) £ H,, (sk"/ sk"2) < H 1 (sk"+/ sk™)

] I I I
0 Hn(X) Zn C(rH»l

MbI 3aKj09aeM Tpebyemoe pasenctso H, (X) ~ Z,,/0(Ch41).

ITpuBe/ieHHbBIE PACCYKJIEHUS BBITVIAAT HECKOJIBKO 3alyTAHHBIMU.
B 1eficTBUTEILHOCTH, B HUX HUMEETCS yUBUTEIbHAsI CTPONHOCTH U
€CTECTBEHHOCTH, HO 9TO HAM OYyJIeT MOHATHO I03¥Ke, IOCJIEe BBE/ICHHUS
LOHSITH CIIEKTPAJILHON IIOC/IEOBATEILHOCTH.
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8 KoromoJsiorun u romoJioruu c
Kodddurimentamu B abeJieBoii rpynmne

Teopust KoromoJsiornii IMMOIYy9IaeTCsT U3 TEOPUU TOMOJIOTHIH «00-
paleHneM Beex crpesioks. Ilyers 3aman memnHo#t kommuieke (Co, d).
I'pymmoii k-MepHBIX Kouenetll Ha3bIBAETCS POCTPAHCTBO JIMHEHHBIX
byHKIMIT HA IPOCTPAHCTBE IENelt,

C* = Hom(Cy, Z).
OTHU TPYIIBL 00PA3YIOT KOUENHOU KOMNAEKC

5 5 s
0—cC' Lot Lo
B KOTOPOM TOMOMOPMU3M §, HA3LIBAEMBIH K02PaHUYHbLM, HAITPABICH
B CTOPOHY yBEJMYEHHsT TPAYUPOBKU U OIPEJIETSTETCS KAK TOMOMOD-
busM, conpsizKeHHbII rpaHnaHoOMy romomopdusmy. Boiree moapobo,
OH 3a/1a€TCsI PABEHCTBOM

(6p)(a) = p(0a).

Ecmm rpymmsn neneit mvetor sug Oy = Z% ny1a mekoTopbix (KoHed-
HbIX) di, TO U rpyunsl Koueneii Cy uMeoT Takoil e Bug. IIpu srom
MATPHIA OIepaTopa ¢ MOJIYYAeTCs U3 MATPHUIILI ormepaTopa O Mpo-
CTBIM TPAHCIIOHUPOBAHUEM.

['pymmsl 3amMEHYMbIT, MOYHLT KOUENET U KO20MOA02UL KOUENHO-
20 KOMNAEKCQ ONPEESIIOTCT aHAJOIMYHO TOMY, KaK 3TO JejIaeTcs
B Cilyuae IIEIHBIX KOMIUIEKCOB. B ciyuae, korma (C,,d) — menHoit
KOMILJIEKC, BBIYHUCJISIIOIIA TOMOJIOrNH (CUMIUTATINAIbHBIE, CHHTYJIISAP-
Hble, WM KJETOYHBIE) TOMNOJOIMIECKOTO NMPOCTPaHCTBa X, KOTOMO-
JIOTUH COOTBETCTBYIOIIErO KOIEMHOrO KOMILIEKCa 0003HAYAIOTCS [e-
pe3 H™(X) u mazbiBaloTcsi KoromoJiorusaMu npocrpancrsa X . Bee
CBOICTBa, KOTOpBbIE MbI ChOPMYIUPOBAIM st romojioruii (pyHK-
TOPHUAJIBLHOCTH, TOMOTOINYECKAST HHBAPUAHTHOCTD, JJIMHHAST TOTHASI
MOCJIEJIOBATELHOCTD TAPhl, ¥ T.II.) BBIIOJHSIIOTCS U JJisi KOTOMOJIO-
ruii. Hy>kHo TOIbKO BO Beex (hOPMYIUPOBKAX U3MEHUTh HAIIPABJICHUS
BCEX CTPEJIOK Ha MPOTUBOIOJIOXKHOE. B 4acTHOCTH, JIjIs HEMPEPBIBHO-
ro orobpaxkeHusi Tomoorndeckux npoctpancts f: X — Y coorser-
CTBYIOIIMIT TOMOMOPMU3M B KOTOMOJIOTHSIX JIEHCTBYeT B OOPATHOM
HAITPABJICHUH,

[ HY(Y) — H™(X)
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U HA3BIBAETCS 20MOMOPPUIMOM 06pamH020 06pa3a.

Eme omnoit Mmomudukarmeit TeOpUN TOMOJIOTHI CIY2KAT 20MOAO-
2UU U KO20MOA02UY C KodpPuyuenmamu 6 epynne. Ecau rpynmnsl e-
meit m Korerneit mpocTpaHcTBa X ONPEIeIsIioTcsa KakK (pOpMabHbIE
JITHEHHbIe KOMOMHAIINY OOPa3yIoNnX ¢ MeJbIMU KoddduimeHTamn,
TO COOTBETCTBYIOIIUE TPYIIIbI IeNeil 1 Kolernei ¢ KoahOUIueHTaMm
B abesieBoit rpymme (G Onpenensitorcs Kak (hopMajbHbBIE JIMHEHHbIE
KOMOMHAIMK TeX Ke 00pas3yionux ¢ Koahdunuenramu B rpymme G,
a (KO)rpaHUYHBI OLEPATOp 3aJAeTCs TeMHU K€ MATPHUIIAMH, I€JI0-
YUCJIEHHBIE KOMIIOHEHTBI KOTOPBIX MHTEPIIPETUPYIOTCS KAK JIEMEHTDI
rpyunsl G. Bosiee (bopmasibHO, MBI 1TOJIaraeM

Cr(G)=CL®G,  CFG)=Hom(Cy,G).

(Ko)roMosiorun ToJIydaromuxcst KOMIUIEKCOB 0B003HATAIOTCST Uepe3
H,(X;G) uw H"(X;G), coOTBETCTBEHHO. 3aMeTUM, 4YTO [PYIIIbI
(ko)romoutoruii ¢ koaddurnpentamu B G SABAAOTCH G-MOIYJISMH.

Tomostorum 1 KOromoJsioruu TecHO CBS3aHBI Mexk Ty coboit. Hemo-
CPEJICTBEHHO U3 OIPEJIE/IEHNUsI BBITEKAET CYIECTBOBAHNE OUTMHERHO-
IO ClIApUBAaHUS

H"(X;G)® H,(X;G) — G.

3a7a4A 8.1. Ilpemomnoxkum, aro rpyiist romosioruii Hy, (X) Ko-
HevHo nopoxkaennol. Jlokaxkwure, uro eciu G — 10je, TO BEKTOD-
uble npocrpancrsa H, (X;G) u H"(X; G) KOHeYHOMEPHBI U B3aUMHO
JIBOMCTBEHHBI. B YaCTHOCTH, OHM UMEIT OJMHAKOBYIO Pa3MEPHOCTH

(nag G).

3A7A4A 8.2. Ilpemmonoxkum, uro rpymisl romosioruit Hy, (X) Ko-
HEYHO MOpOXKeHbl. JloKaxkuTe, 4TO paHr CBODOJHON YACTU TPYIII
H,(X) u H"(X) onMHAKOB U paBeH Pa3MEPHOCTU BEKTOPHBIX MIPO-
crpancts H,(X;G) u H"(X;G), rne G — 1pou3BoJIbHOE [OJIe XapaK-
TepucTUKYN HOJIb, Hampumep, Q, R wmm C.

Pasmepnocrs Ha monem G
b, = dimg Hy(X; G) = dimg H*(X; G)

HazbiBaeTcst k-M wucaom Bemmu. Yucina Bertu 3aBucsaT or BeIOOpA
nosisg G. O6brano B Kavecrse G Gepyr G = Q (panuonaibHbie 9ucsa
Bertn) nim G = Zy (mod2 uncna Berrn).

VrBepKIAeHNe MMOCAeNHel 3a1a9 UMEET YTOYHEHNE: CIIapUBaHUe
MEXKJy LesIouncaeHHbiME (¢ KoadduimenTaMu B Z) rOMOJIOTUSIMA 1
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KOTOMOJIOTHSIMEA OOpallaeTcs B HOJIb Ha KPYYeHHH, a Ha CBOOOIHOIM
YACTH OHO HEBBIPOXKJEHHO (ONPEAEIUTEh COOTBETCTBYIONIEH Grin-
Heiinoit opmbl pasen 1).

Takum 06pa3oM, CBOGOHBIE YaCTU TPYIIT TOMOJIOTUI 1 KOTOMOJIO-
ruii JIErKoO BBIPAzKaioTcs ApyT depes apyra. C KpydeHueM memo 06¢To-
UT HECKOJIBKO CJIOKHEE, HO HIMEETCs CIIeyIonee o0Iee yTBep K ICHueE.

TEOPEMA 8.3. IIpednoaootcum, wmo epynnu 2omonoeuts Hy(X)
KoHeuHo nopootcdenvi. Tozda amu epynnvl NOAHOCTILIO ONPEICAAIOM
20MOA02UL U KOZOMOAORUY C KOIPHUUUEHMAMU 8 NPOU3BOALHOT abe-
aeeotls epynne G, ¢ MoYHOCMBIO A0 U3OMOPPHPUIMA.

DopMyIUPOBKA TEOPEMbl HABOJIUT HA CJIEYIONIUI BOIIPOC: 3adeM
BOODIIlE HYKHBI T'OMOJIOTUU M KOIOMOJIOTUU C KO3(D(DPUIUEHTAME B
rpyIIIe, eCJIM OHU BBIPAXKAIOTCs depes mesiounciaennse? Jlemo B Tom,
910 OOBITHO OBIBAET yI00HEE NCCIIe0BATH CBODOIHYIO YaCTh U KPyde-
HUe OTesbHO. Hanpumep, 771 HEKOTOPBIX OHOPOHBIX POCTPAHCTR
(rpaccmanuaHoB, GJIArOBBIX IPOCTPAHCTB U T.IL.) YAAETCs HE3aBUCHU-
MO JIOKa3aTh, YTO IPYIIIHI (KO)TOMOJIOTHI UMEIOT TOJIBKO 2-KPyIeHHe.
st ostHOTO OmnpeiesieHnst (KO)TOMOJIOMH TaKAX MPOCTPAHCTB J10-
CTaTOYHO BBIYMC/IUTH MX (KO)romojoruu ¢ Koddduimenramu B Q
u Zg, 9TO CYIIECTBEHHO TPOINE: W Ta U JIpyras IPYINa sBJISeTCs Mo-
JIeM.

B obrmmem cityuae BepHo ciemyomiee obpateHne (hOpMYIIbl yHIBED-
casibHbIX KoadduimenTos: rpyiubl Hy, (X) 0HO03HAYHO ¢ TOYHOCTHIO
1o msomopdusma onpenensiorcs rpymmavu Hy, (X, Q) u Hy (X, Z,r)
JIJIsI BCEBO3MOKHBIX IIPOCTBHIX P U HATYPAJIbHBIX k.

JlokazareabCTBO TEOPEMBI COCTOMT B BBIBOJIE SIBHOI (DOPMYJIBI
(Tak Ha3BIBaEMON (POPMYJIBI yHUBEPCAIBHBIX KO3(MMULMEHTOB)
s rpynn Hy, (X;G) u H™(X; G) yepes ussecrable rpymnst Hy, (X).
Tounast ee dopmysupoBKa TpebyeT MPUBJIEYEHUS TEXHUKU TEOPUU
pacIupennii 1 TOMOJIOTUIECKON aiarebpbl. 9 ee mpuBOaUTL HE Oy-
J1y, OTPAHUYIHUBIIICDH JIUIH OMUACAHUEM AJTOPUTMA JIJIs OIPeJIeJICHIsT
(xo)romoutoruii ¢ kosdbdunuentamu B G 1 psAZIOM CJIEICTBUIT U3 HEro.

N3 bopMyaupoBKH TEOPEMbI BBITEKAET, UTO JIJIsT BBIYUCIEHUSI
rpynn H,(X;G) u H"(X;G) m0oCTaTovHO NIPeNbsiBATH IPOU3BOIb-
HBIH KOMILJIEKC, TPYIIbI (1[EJI0YUCIEHHBIX) TOMOJIOTII KOTOPOTO U30-
mopbubl H, (X). Torga B cuity yHEBEPCAIBHOCTHU (KO)IOMOJIOIHH T10-
JIyI€HHOTO KOMILIeKca ¢ Kodddurmentamu B G 0yayT n30MOpOHBIMEI
COOTBETCTBYIOMIUM (KO)rOMOJIOTUSIM [IpocTpaHcTsa X .
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Yrobbl CMOJEIMPOBATL IPAMOE CJaraeMoe BHIa 7Z B TpyIIe
H,(X), 1ocTaTo4HO PacCMOTPETh KOMILIEKC

0+—Z+— 0.

(Ko)romosorun sroro komiutekca ¢ kKosbdunueatamu B G n3oMopd-
Hel Tpynne G B rpajgyuposke n. Takum o6pa3om, cBOGOIHAST YACThb
rpynnsl H,(X) maer mpsimoe ciaraemoe B rpymmnax H,(X;G) n
H™(X; @), asusmonieecs ¢BOGOIHBIM G-MOJLyJIeM TOTO XKe PaHra.
Yrobsl cMoaemnpoBaTh ciaaraemoe Z, C H,(X), rae p — mpocroe
UJTM CTeIeHb MTPOCTOTO YHUC/IA, JIOCTATOYHO PACCMOTPETH KOMILTIEKC

0—7Z <& 70,

B KOTOPOM CP€JIHMII TOMOMOP(MU3M 3a/1aeTcsl yMHOXKeHeM Ha p. Ec-
s, nanpumep, G = Zg, Tie ¢ B3aUMHO IIPOCTO € P, TO (KO)TOMOJIOTIH
9TOr0 KOMILTEKCa ¢ Ko durmeraramu B G TpuBnaibHbl. [locMorpum,
KaK YCTPOEHBI ero (Ko)romosioruu ¢ xodddunuentamu B G = Zy.

]f Hk(sz) Hk(X’ZP) Hk(X7ZP) Hk(sz)
n Zp4j>Zp Ly, 0
X X\
n+1 0 Zy Zpézp

W3 rabnuubl BUAHO, YTO KaXKIO€ CJaraeMoe BHIa Z, TIPyILIbI
H,(X) «pazgBauBaercs» B Zy-(KO)IOMOJIOTHAX, & B IEJIOTUCICHHBIX
KOTOMOJIOTHSIX OHO JAeT TaKoil ke BKIAJ Zy, HO B COCEQHeR IpaLyn-
POBKE.

CJEJACTBUE 8.4. I'pynnv. KpyueHus nN-MmepHulT 20MOA02UTL U

(n 4+ 1)-meprox (YeAoUUCAERHDBIT) KO20MOA0RUT USOMOPPHDL,
Tors,, ~ Tors"*!.

Hano ormeruts, 9T0 HUKaKUME (DYHKTOPUATHHBIMUA CBOWCTBAMEI
3TOT U30MOPGU3M He 001a/1aeT.

Bor ermie oiuH BBIBOJL U3 IPOBEIEHHBIX Bhluncjenuii. Paccmorpum
romomopdusm j: H,(X) ® G — H,(X;G), neiicrByomuil Ha Ko-
s durmenTs! 1eneit ecrecrBeHHBIM roMoMopduzmMoM Z — G. DTor
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roMOMOP(U3M HHBEKTUBEH, a ero 06pa3 B ciayyae G = 7, XapaKTepu-
3yeTcst Kak Adpo 2omomopdpuzma Boxwmetina 3, meiicTBre KOTOPOTro
n300paxkeHo B TaOIHUIIE.

Ompenernenre romomopduama BokITeitna COCTOUT B CJIETYIOIEM.
Paccmorpum k-muki a, 3ajatomuil Kiaacc Zp,-TOMOJIOTHM IIPOCTPaH-
crBa X. KosddurmeHTs! 5T0i1 1IUKj1a — BBIYETHI 110 MOJLYJIIO p. Bbibe-
PeM y KaxKJI0ro BbIUeTa Ie/IOUNC/IEHHBII ITPeICTABUTEh U 0D03HATIM
MOJIYIYEHHYIO TIEJIOUUCIIEHHYIO TIenb Yepe3 a. Llensb 0a ne obs3ana 006-
paIIaThCsd B HOJIb, HO y Hee BCe KOI(DMUIMEHTDI JTO/KHBI JETUTHCS
Ha p. [uk %8& u 3a7aeT obpas Kiacca [a] mpu romomopdusme Bok-
mreitHa. YcaoBHO romoMopdudM BokireitHa MOKHO 330aTh (hopMy-
JI0iA

1
ﬁ = ;?8 Hk(X,Zp) — Hk_l(X,Z).

Ananornuno, rpynna H™(X;G), kak npasuio, «Gosblie», deMm
rpyuna Hom(H,(X),G) nuueitapix G-3Ha9HbIX DYHKIMHE HA TOMO-
JIOTUSX, W OTJINYNE ITUX JABYX I'PYIII OMUCHIBAETCSI B TEPMUHAX KOO~
MOJTOTHIECKOT0 ToMoMopdu3ma Bboxkmrreiina.

9 VYMHO2>KeHHe B KOrOMOJIOTUSIX

Ha mepBbiit B3TJIsi)], pa3indue MeXK Iy TOMOJIOTHSIMU W KOTOMOJIO-
rusiMu (OpMAJIbHOE, B HAIIPABJIEHUN CTPeaoK. OIHAKO MMeeTCs Ipu-
YMHA, [0 KOTOPOI KOIOMOJIOTMH BCe YKe OBJIAAI0T TPENMYITIECTBOM.
DTa IpUIMHA 3aKJI0YAETCs B TOM, YTO HA HUX MMEETCsI KOJIbIIEBasI
crpykrypa. [Ipegnosoxum, aro rpynmna G K03hHUITNEHTOB SBJISIET-
csl KOJIBIIOM. Ymnooicenue 6 kozomonoeuar H*(X;G) oupenensiercs
crenyomuM obpasom. Ilycts X — kirerounoe mpocTtpancTso. Torma
kyieTouHoe pasbuenne X = | J o, 9TOro mpocTpaHCTBA 3a7aeT ecre-
crBeHHOe KierouHoe pazbuenne X x X = |Jo, X og ero gekaprosa
KBaJipaTa. 3aJa M roMOMOPduU3M

H*(X;G) @ H'(X;G) = HY(X x X;G), (o, 0) =X
Ha, KJIETOYHBIX KOIEIAX SBHOI popMyIoit
¢ X1 (00 x 0g) = (=1)4EVIEX (0, - P(0p).

Yuuoxkenne H*(X;G) @ H*(X;G) — H*(X;G) 3anaercs KoM-
[O3UIMEN X-yYMHOXKEHHsI, OIPEJIEJEHHOrO BBINIe, M roMoMopdusmMa
H*(X x X;G) — H*(X;G), 3aaHHOrO BIIOKEHUEM JHATOHAJIH
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X — X x X. Ilpoussemenne KJIaccoB a U b TpaIUIIMOHHO 0OO3HA-
JaeTcsd Kak ¢ — b, OJlHaKO ceffyac BCe Jalle CUMBOJI TPOU3BEICHUS
OIIyCKAETCSA U MHUMIYT IPOCTO a b.

HecMmoTpst Ha TPOCTOTY OIIPEIEICHNUS, TOJIB30BATHCA UM HE TAK-TO
Jlerko. Biioxkenune guaroHa/m He SIBJISIeTCS KJIETOYHLIM OTOOparKeHN-
€M, ¥ JIjIsl BBIYUCJIEHUS WHJLYITUPYEMOrO OTOOPasKEHUsT B KOTOMOJIOTH-
X MPUXOIUTCS JTUO0 UCKATH KJIETOYHYIO AlllIPOKCUMAINIO JAATOHIb-
HOT'O BJIOXKEHUsI, TUOO0 M3MEIbIaTh KJIETOIHOE pa3OueHne ¢ TeM, 9To-
OBl JIMaroHajb CTaJa KJIETOYHBIM MOAIPOCTPAHCTBOM. B io60oM ciry-
4yae, 3HAHHUE OJHOIO TOJIBKO IEIHOIO KJIETOYHOI'O KOMILIEKCa HEeJ0-
CTATOYHO JIJIsI BBIYUCJICHUs] yMHOXKeHUs. Hanpumep, y KOMILJIEKCHOTO
npoekTuBHOro npocrpancrsa CP™ B cranZapTHOM KJIETOYHOM Pas-
OMEHNHN IPUCYTCTBYIOT TOJIBKO KJIETKHM YeTHBIX Pa3MEpHOCTEH U Bee
nuddepeHmabl HyJIeBble, OIHAKO yMHOXKEHUE, KAK Mbl CKOPO YBH-
JIMM, JIaJIeKO He TPUBHAJILHOE.

Kamnonnueckoe kierounoe nogpasbuenne npoussemenns X X X,
BKJIIOYAIOIIEE [INATOHAJB, IMEETCS B CJIydae, KOTJa KJIETOYHOE IPO-
CTPAHCTBO X SABJSIETCS CUMILUTAIAAIBHBIM. [109TOMY JIJIsl CUMILTAIIN-
AJIbHBIX TOMOJIOTHH, B OTJIMYUE OT KJIETOYHBIX, YMHOKEHUE MOYKHO
3aJ1aTh ABHON (POPMYJIOi npsMo Ha Korensax. OImycKas BhIYUCICHUS,
51 chOPMYIIUPYIO OKOHIATEIHLHBIN OTBET: €CJIN ¢ SIBJISIETCs k-KOIEIbIO,
a 1 — m-xouennio, To (k + m)-Kouems ¢ — v 3amaercs GopmyIoit

o~ (Av07'“)vk+m) = QO(AUONWUI) : w(A’Uk;nu,’Uker)‘

IIpuBenennyo GopMyILy MOXKHO MPUMEHUTDb U JJIs CUHTYJISIPHBIX
KOTI'OMOJIOTHIii, €CJIM CHUMILJIEKChl B Hell 3aMEHUTh COOTBETCTBYIOIIUM
00pa30M Ha CHUHTYJISIPHBIE CUMILJIEKCHI.

KoppekTHOCTh 1 9KBUBAJIEHTHOCTD BCEX TPEX OIMPEIEICHIIT yMHO-
sKeHusl (JJIsl KJIeTOYHBIX, CUMIUIMITAJIBHBIX U CUHIYJISPHBIX TOMOJIO-
IHil) IPOBEPSIETCsl HALPAMYIO M s OIIYCKalo JIoKa3aTeabcrBo. Crosb
2Ke JIET'KO ITPOBEPSIIOTCS U CJIEIYIONINE CBOMICTBA YMHOYKEHUSI.

TEOPEMA 9.1. Vmmooicenue 6 K020MOAOUAT 2padyuposanHo,
PYHEMOPUAADHO NO OMHOULEHUIO K B3AMUI0 06pamHo20 06pa3sa, 6u-
AUHETHO, GCCOUUAMUBHO U 2PA0YUPOBAHHO KOMMYMAMUBHO 8 CAEIY-
H0ULEM CMBICAE:

= (—1)dervdesty, _ o,
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B orimuaune ot romomopdusma 06paTHOr0 00pa3a, rpaHuIHbIIA Ol1e-
patop 6*: H¥(A; G) — H* (X, A; G) u3 aymmnO# TOYHOM MOCIEI0-
BaTEeJIbHOCTU ITapbl HUKAKUMHA OCO6I:>H\41/I MYJIBTUIININKATUBHBIMA CBOI-
cTBaMu He 00azaeT. Bosee Toro, mmeer MecTo ciaemyomee yTBepK ae-
HHUeE.

3AIAYA 9.2. Ecnm npoctpanctBo X sBJIsieTCsl Ibeii-mnbo HaJl-
crpoiikoit, To ymuoxkenue B H*(X; G) rpusnasbhoe. (Ykasanue: 1o-
KaykKnTe, 9YTO JuaroHajbaoe Bjioxkenne X — X X X roMoTOnHO 0T06-
ParKeHHIO B TOKY ).

XOTH (bopMaano 9TO U HE HUCIIOJIB3yeTCd B OIIpEJC/JICHUN yMHO-
JKEHUsl, TIOJIE3HO MPEJICTABIATL cebe BCe Ke, HACKOJBKO OJu3Ku
(K0)romMoJIoruu JIeKapToBa IPOU3BEIEHHs] IIPOCTPAHCTB K TEH30PHO-
My IIPOU3BEJIeHUIO (KO)roMoJioruii comuoxkureseid. 11 B romosiorusx,
1 B KOI'OMOJIOTHUAX UMEIOTCA €CTECTBEHHBIE FOMOMOpCbI/I3I\/H)I (HanpaB—
JICHHbIE, 3aMeTbTe, B OHY CTOpOHy)

H (X;G) @ H (Y;G) — H*(X xY;Q),
H.(X;G)® H.(Y;G) — H.(X xXY;G).

(Tenzopuble npon3BeieHUsI B JIEBOI YACTH PACCMATPUBAIOTCS B CMBIC-
Jie TpalyupoBaHHbIX G-MOJyJIeii. )

3AIAYA 9.3. Jlokaxkure, 9T0 ecau rpymmna (G SBJISIETCS TOJEM,
TO yKa3aHHBIE TOMOMOPMU3MBI SIBJISTIOTCA N30MOP(hU3IMAaMHE.

Mzomopdusm 3amadum  sSBISETCA YACTHBIM CiaydaeM opMy-
abl KronHera, onuchiBaromei (KO)roMoJorun IPOU3BeIeHNi Ipo-
crparcTB. OH UMeeT MeCTO TaKKe U JJIsl [eJOUUCIEHHBIX (KO)rOMO-
JIOTHHl B cilydae, €cii KpPydeHHe OTCYTCTBYET WJIM €CJIM HU30MOP-
dusM paccMaTpuBaeTCsd C TOYHOCTBIO 70 KpydeHus. Kpyuenue B
(KO)roMOJIOrusX JIEKAPTOBA IIPOU3BEIEHHSI TAKIKE OUPEIEIISeTCsT KPY-
YeHHEM B COMHOXKUTEJISIX, OTHAKO TO BBbIPakKeHHe 0oJjiee CJIOKHOE U
MBI €ro He TpuBOauM. (JIJIs1 KasKI0ro KOHKPETHOTO CIIydasi KpydJe-
HIE€ MOXKHO OIPEJIEJUTH TEM K€ METOJIOM, KOTOPBIM MbI HOJMEHSIIN
dopmyity yHUBEpCATBHBIX KO3(DMUIMEHTOB).

OrMmernM, 9TO B CIydae KOTOMOJIOTHI roMOMOpPhu3M (HOPMYJIBI
Kronnera sBisteTcss MyJIbTUILUINKATUBHBIM U ONHCHIBAET KOJIBIIEBYIO
CTPYKTYPY Ha IIPOU3BEIEHUN COMHOXKUTEJIEN.

ITPuMEP 9.4. Paccmorpum cireyriomniue 1Ba TpocTpaHcTsa: X =
S™ x S™ u Y, 3ajanHoe Kak Gyker Tpex cdep pasMepHocTeit m, n
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u m + n. Oba npocrpaHcTBa pazdUBAIOTCA Ha 4 KJIETKH OJIMHAKOBBIX
pasmeprocTeii. ClemoBaTe/bHO, aJJIATHBHAS CTPYKTYypPa KOTOMOJIO-
rmii y HAX OJWHAKOBA: B HUX HMMEETCA TPH aJJUTHBHBIE 0Opasyro-
e a, b u ¢ pasmepHocreir m, n u m + n, cooreercreeHHo. OaHAKO
YMHOYKEHHE B KOMOMOJIOTUAX oTyimdaercd. Jlis npoussemenuss X Mbl
umeeM a b = ¢, a st Gykera Y yMHOXKeHHe TpuBHaJbHOE (moueMy?).

Bosbimoe KomutaecTBO cO/lepKATENBHBIX IPUMEPOB MBI PACCMOT-
PUM [IpU M3YYE€HUU KOTOMOJIOIHIl MHOrooOpaswmii, a IMOKa si OIPaHU-
qyCh PACCMOTPEHUEM eIlle TOJIBKO OJIHOTO.

IIPUMEP 9.5 MHBAPUAHT XOII®A. PaccMOTpUM KJIETOYHOE TTPO-
cTpaHcTBO X, COCTOsIIIee U3 TpeX KJIeToK pasmepuocteii 0, 2 u 4. IIBy-
MepHasl KJIETKA MPUKJICHBACTCS K HYJIbMEPHON OHO3HAYHO, B PE3YJIb-
TaTe moJiydaercs JByMepHas cdepa. [Toaromy romoronumueckuit Thm
9TOTO MPOCTPAHCTBA, 33/1A€TCsI TOMOTOIIMYECKIM KJIACCOM OTOOpazKe-
Hus @ : S° — S? NpUKIenBAHUA TPAHUITEI Y€THIPEXMEPHOH KIETKH K
JIBYMEPHOMY OCTOBY.

Kiaccsl Takux oToOpaskeHuit HyMepyIOTCs 3JIEMEHTaMU T'PYIIIbI
73(S5?) = Z. CooTBeTCTBYIONMIT TEOINCTIeHHBI THBAPUAHT, Pa3/Ii-
JAIOMIMI TOMOTOIMYECKHE KJIacchl oTobparxkennii S3 — S2, masbisa-
ercst unsapuarmom Xonga. OupeiessieTcst OH CIAEAYIONIM 00pa30M.
Bes orpanmyenust oOITHOCTH, MOXKHO CUUTATH, UTO OTOOPAXKEHUE
rianko (corsacHo Teopeme Beitepiurpacca, Beskoe HelpepbIBHOE
oTOOpaXKeHne MHOTOOOpa3uil MOXKHO AMIPOKCUMUPOBATH TOMOTOII-
HBIM €My [IaJIKuM orobpazkenueM). Torga Jyist obmuX 3HAYEHU a
u b cion ¢~ 1(a) u 1 (b) ABAAIOTCA TIATKAME OPUEHTHPOBAHHBIME
KpuBbIMU. VX WHJIEKC 3alelyIeHnst U OEPeTCsl B KA4eCTBE UHBAPUAHTA
Xomda.

Hamomuum, aro undexcom sauensenus IBYX 3aMKHYTBIX OpPUEH-
THPOBAHHBLIX KPUBLIX B S° Ha3bIBAETCS MHICKC IEPECEYCHIs OTHOM 13
3TUX KPUBBIX C IIPOU3BOJIBHON 3aMKHYTOH IIOBEPXHOCTHIO, UMEIOIIEH
BTOPYIO KPUBYIO B Ka4eCTBE I'DAHUIIBI.

¢l xouy mpHBeCTH MHTEPIPETAIUIO0 MHBapuaHTa Xomda pu Imo-
MOITM YMHOXKeHUsI B romoJiorusx. QboznaunM depes a u b obpasy-
tommume rpyrn H2(X) u H*(X), cooTBeTCTBEHHO, OTBEYAIONIHE €IiH-
CTBEHHBIM KJIETKaM B 3THX pasMepHocTsx. Torma kiacc a? sBisercs
snementoM Tpymmsl H4(X), a ciegosarebHo, OH TPONOPIMOHATCH
KJ1accy b,

a® =kbe HY(X).
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4 yrBepK1ato0, ITO Koadduyuenm nponopyuonasvrocmu k pasen um-
sapuanmy Xonga.

Jloka3aTesbCTBO 9TOr0 YTBEDPXKICHUS He BIOJHE Tpsimoe. [loka-
3BIBAETCA, 9TO 00a OIpee/leHns NHBAPUAHTA XOMda aIIUTUBHLI B
CMBIC/Ie TPYIIIOBOi onepanun Ha 73(S?), 1 TPUHEMAIOT PaBHbIe 3HA-
vyenns 1 mis cayuas X = CP2. arepecHo GbIIO 6B TOMYUUTH IIPs-
MOe BBIYUCJIEHUEe YMHOXKeHUsi B X B TepMHUHAX €OMETPHUM XapaKTe-
PHUCTHYECKOTO OTOOPAXKEHUS .

B sakmouenne 3TOro myHKTa $ X049y TPUBECTH OIHO 0000IIE-
HUe, WM, CKOpee, YTOYHEHNE TOHSITUS YMHOXKEHUsI B KOTOMOJIOTH-
sx. KoJsiblieBast CTpyKTypa UMeeTCsl B OTHOCHTEIbHBIX KOTOMOJIOTHSIX
H*(X,A). Oupezesietne 5T0Oro yMHOMKEHUs IIOBTOPSIET JTOCJIOBHO CO-
OTBETCTBYIOIIEE OIIpe/iesienne Jjst abCOJIOTHBIX Koromosoruil. Bosee
TOTrO, JIJIsl BCAKUX JBYX moanpocTpancts A u B npocrpancrea X ume-
eT MecTO OUJIMHERHOe ClIapUBaHKe

H*(X,A)® H*(X,B) — H*(X,AUB).

Ero cymecrBoBanne BBITEKAET M3 TOTO, UTO X-IIPOU3BEIEHUE KOIIEe-
neil, obpalamiuxcsi B HOJIb Ha A u B, cOOTBETCTBEHHO, obpalra-
erca B Hoib HAa A X X UX x B C X x X. IIpoo6paszom ke 3TOr0
TIOJIITPOCTPAHCTBA MPU JIMaroHaJbHOM BioxkeHun X — X X X sBJs-
ercsg obbeguHeHue mnoanpocrpancts A u B. Baxno ormerurb, 9T0
3TO CHAPUBAHUE He C600UMCSA K YMHOKEHIIO B KOTOMOJIOTHAX OIHOIO
IIPOCTPAHCTBA WJIU TAPHI MTPOCTPAHCTB.

IIPUMEP 9.6. [I1g mpou3BOJBHOTO KJIETOTHOTO TPOCTPAHCTBA X
PaccMOTPHUM IOMOTOIIMYECKN €My 3KBUBAJIEHTHOE IIPOCTPAHCTBO Y =
X x [0, 1] u ero nogupocrpancreo A = X x {0}U{x} x[0,1JUX x {1}.
Torya MBI UMeeM YMHOYKEHUE

H*(Y)® H*(Y, A) — H*(Y, A).

daxropupocrpancTBo Y /A — aro majacrpoiika npocrpanctsa X . ITo-
9TOMY TPUBEJIEHHOE YMHOXKEHUE MOXKHO 3alllCATh TAKKE B BUJIE

H*(X)® H*(XX) — H*(XX).
IIpu msomopdusme maacrpoitkn HF (LX) ~ kal(X ) IOCTPOEHHOE
YMHOXKEHUE COOTBETCTBYET 00bI9HOMY yMHOXKeHuio B H*(X). Mbr Bu-
JIAM, 9TO XOTsl YMHOXKEHHE B KOTOMOJIOTUSX HAJICTPOWKHU TPUBUAJIb-
HO, cJIefl OT YMHOYKEHHUsI B KOTOMOJIOTHSIX UCXOIHOTO IIpOCTpaHcTBa, X
coxpaHsieTcsi B puBeieHHoN cTpykrype H*(X)-momynst B H*(XX).
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10 TomoJsiorum MHOTOOOpa3Mit

B ciyuae, korma TOmoJIOrmdyeckoe MpPOCTPAHCTBO X  SIBJISIETCS
DJIQIKIM MHOTOOOPAa3ueM, It U3y IeHUsT €r0 TOMOJIOTHI MMEeTCsT PIT
JIOIOJIHUTEILHBIX METOI0B, HEIPUMEHUMBIX B 00Ieill curyamuu. Bee
9THU METOIbI 00bEIMHSIIOTCS OOIINM HA3BAHUEM «JIBONCTBEHHOCTD [1y-
aHKape».

Bor mpocreitmras ¢popmysinpoBka 3ol gBoiicrBeHHOCTH. [lyCcTh
X — KOMIIAKTHOE OPUEHTUPOBAHHOE TJIaIKOE 1-MEePHOEe MHOTOOOpa3ne
6e3 kpasi. Torma ero donoanumenvrvie wucia Bemmu pasmve meocoy
coboti

by = bp—k

JIJIST IIPOM3BOJILHOTO 110JIsi KoaddurmerTon. Bojiee Tounast popmy.in-
POBKa, CIIDABEJIJINBAadA C YYeTOM KPYUEHUS, COCTOUT B CJIEJIYIOIIEM.

TeEOPEMA 10.1. Ilycmv X — xomnaxmmoe oOpuermuposaHHoe
anadkoe n-meproe mroz006pasue 6e3 kpas. Toeda npu ecexr k ume-
em Mecmo u3oMopPuU3M

Hi(X) ~ H"*(X).

FEeau mrozo06pasue e 00a3amesvHo opUEHMUPOSAHHOE, MO AHALO-
2UNHVIT USOMOPPUSM UMEET, MECMO 6 20MOAORUAL C KOIPHUUUECH-
mamu 6 Zis.

IIpexne, gemM TPUBOAUTH JTOKA3ATEIBCTBO, S COOPMYIUPYIO PSLI
T€OMETPUYECKN OYEBUIHBIX ODINX YTBEPXKIECHUI O MHOrOOOpa3msix,
CTPOroe I0Ka3aTeIbCTBO KOTOPBIX TPeOyeT, OMHAKO, JTOBOJILHO OOJIb-
MO TEXHUYIECKOH pabOThI, KOTOPYIO sI IPOITYCKAIO.

TEOPEMA 10.2. 1. Ha scaxom Ct-zaadkom mroz006pasun mosic-
Ho esecmu cmpyxmypy C°-24a0k020 MH02000pa3us 00HOZHAUHO C
mounocmuvio 0o (beckonewno 2aadkoz0) duddeomoppusma.

2. Ha scaxom 2aa0kom M102000Da3UY CYUWELCMBYEM KAETMOYHOE,
U dadice CUMNAUYUAALHOE Da3buenue, 6ce KAEMKU KOMOPO2o ABAA-
10MCA 2AA0KUMU NOOMH02000pasusmMy (CUMNAULUGAbHOE Pasbuerue
HA MH02000pA3UU HA3BIBALTNCA €20 TPUAHTYJISIMEH ).

3. ITycmov wa 2nadkom mroz006pasuu X umeemcs noasyaszedpau-
yeckoe nodmmoocecmeo A, m.e. noOMHOIHCECTNE0, KOMOPOE 6 OKPECTN-
Hocmu Kastcdoti mouku 3adaemcs 6 nodrodAuUT KoopOUHAMAT CU-
cmemotl anzebpaudeckur ypashenutl u nepasenems. Tozda na X ume-
emesa anadkoe Kaemownoe pasbuenue, 8 Komopom A sasasemcsa 066-
eduHEHUEM HEKOMOPO20 HUCAL KACTNOK.
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4. Beaxoe nenpepwisnoe omobpasicerue f: X — Y enadkuxr mHo-
2006pasuti annpoxcumupyemcsa ckoav yzoono CP-6ausxum emy 2o-
MOMONHBIM 2/00KUM omobpasicenuem. Boaee moao, annporxcumayuro
omobpasicenus [ 8cezda MOAHCHO 8VIOPAMb MPAHCEEPCANLHOT NO OM-
HOWEHUIO K 3a0AHHOMY NOOMH02000pa3uio 8 Y usu Kk e20 3a0aHHOMY
2AG0KOMY KAETMOYHOMY PA3OUEHUIO.

Beusy sTux cBoiicTB MBI Oy/eM MpeIoIaraTh BCIKOe PACCMATPU-
BaeMoOe MHOroobpasue GeCKOHEYHO TJIQJIKMM, & BCSIKOE OTODpaKeHue
(mampumep, 33/1a1011ee CUHTYJISIPHBIA cCUMILIEKC) 6eckoreaHo qudde-
PEHITUPYEMBIM.

IIpu crporom 0GOCHOBAHWU STUX YTBEPKICHUN MTPOSBIISIOTCS
HEKOTOpbIe TOHKOCTU. Hampumep, mjisi cripaBe JINBOCTH TOCJIEIHETO
YTBEPXKJIEHUs] HEOOXOIUMO IPEJIIIojiaraTb HEKOTOPOe yCJIOBUE Pery-
JISPHOCTU TIPUMBIKAHUS KJIETOK, YTOOBI MCK/IIOUUTH KOH(MUIYpaIun
BpOJie «OECKOHEYHO crimpaJimy. JTO ycaoBue (hbOpMaIU3yIOTCs B O~
HITUN «CTpaTU(UKAIIE YUTHA», TOYHOE OIMpeJIeIeHre KOTOPOTO si
omyrry. Pasbuenusi, 0 KOTOPBIX TOBOPUTCS B yTBEDPKIECHUSX 2 U 3,
BCerja MOYKHO BBIOPATH YIOBJIETBOPSIONIUMU STOMY YCJIOBUIO.

VesoBre TpaHcBepcabHOCTH OTOOpaxkenusi f: X — Y 1o orHO-
MIEHUIO K IJIaJKOMYy rogMuoroodpasuio M C Y cocTouT B TOM, 9TO
JUIsE KaxK10ii mapel Touek ¢ € X uy € M C Y, rakux uro y = f(z)
obpas f.T,X KacaTeJbHOIO IMPOCTPaHCTBA K X C KAacaTeJIbHBIM IIPO-
crpanctsoM Ty M nommuOroobpasus M BMmecTe HOPOXKIAIOT Kaca-
TeJbHOE IpocTpaHcTBo 1Y Ko BceMy MHOroobpasmio Y,

fTeX +T,M =T,Y.

I[Io Teopeme o HessBHOU (DYHKIUU, [IPU BBINOJHEHUN YCIOBUS
TpaHcBepcaTbHOCTH Tpoobpas L = f~1(M) asiserca rmaaxuM moj-
MHOToOOpasueMm B X, MpUIeM

codimx L = codimy M.

Bepremcst Temepsr K gokazarenbcrBy Teopembl 10.1. Bribepem
Ha X TPHAHTYJIAINIO, U COMIOCTABUM KaKJON BEpIIIHE ee 3630y, CO-
CTABJIEHHYIO M3 MPUMBIKAIOIINX CHMILIEKCOB II€PBOTO GApUIEHTPHIe-
CKOr'0 pa30uMeHus, CM. PUCYHOK.

B pesysbraTe MBI IOIydaeM HOBOE KJIETOUHOe pasbmenne Ha X,
KOMopoe Yoice HE ABAAECMCA CUMNAUYUGALHOLM. [TocTpoeHHbBIE TBA
KJIETOYHBIX Da30ueHust d60UcmeeHHbl: UMEETCsT B3AUMHO OJTHO3HAU-
HOE COOTBETCTBHE MeXKJy k-MEpPHBIMA CHMILJIEKCAMI WEPBOrO U
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I‘q- Q
.

e N e oV

(n — k)-mepubiMu KyteTKamu BToporo. Cie1oBaTebHO, Py KJe-
TOYHBIX KA-Telell 1IepBoro u3oMopdHa rpynie KJIeTouHbix (n — k)-
koriereit Broporo. CpaBauBasi KO3hMUIMEHTHI HHITUIECHTHOCTH, MOXK-
HO yOeIUTHCSI, YTO BECH IEIHON KOMILJIEKC IIEPBOIO KJIETOYHOI'O Pas-
OueHnsT U30MOP(QEH KOIEITHOMY KOMILIEKCY BTOPOIO, C 3aMEHOU I'pa-
nyupoBku k Ha m — k. A MOCKOJIBKY TpyIIIBI TOMOJIOTHIT U KOTOMO-
JIOTW#l He 3aBUCST OT BBIOOPA KJIETOYHOTO Pa30HMEHUsI, MbI IIOJIYyIaeM
M30MOP(PU3M TEOPEMBI.

Erme omum ciocob mocTpoernnst ABOMCTBEHHBIX KJIETOTHBIX Pa3ou-
eHnit oCHOBaH Ha Teopun Mopca, ¢ KOTOPOi MbI TO3HAKOMUMCS TT03/1-
Hee.

CneacTBUE 10.3. Cmapwas epynna zomonoeuti Hy(X) xom-
NAKMHO020 OPUEHMUPOSAHHO20 N-MEPHO20 MH02000DA3USA U3OMOPPH-
Ha Z, a obpasyrowets 8 amot 2pynne CAYHCUM GYHOAMEHMANLHVI]
xaace [X] mrnozo06pasus, 3a0asaemvlli CYmmots 6CExT N-MEPHOIT Kae-
mox, e3amuit ¢ Koaduyuenmamu +1 6 sasucumocmu om mozo, co-
2AACOBAHA UAU HEM OPUEHMAUUA KACTNKY ¢ 0pUeHMayuets MHO2000-
PasUA.

IIpu msoiictBennoctu Ilyankape dyHmaMeHTAIBHBIN KJIaCC MHO-
roobpasus coorsercTyer kiaaccy 1 € H?(X), samaBaemomy Korie-
IIbIO, TOXKJIECTBEHHO paBHOU 1 Ha Bcakol (0-MepHOI KJIeTKe.

s Ipon3BOILHONO KOMIIAKTHOTO MHOT000OPAa3usi, He 00sA3aTe Thb-
HO OPHEHTHPOBAHHOTO, (DYHIAMEHTAJIBHBIN KJIACC OMPEIEIEH B CTap-
mreit rpymie Zo-TOMOJIOTHIA.

CneACTBUE 10.4. ITyems X C Y — xomnaxmmuoe opuenmupo-
BAHHOE N-MEPHOE NOOMHO2000pasue mroz2000pasus Y . Tozda ono 3a-
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daem gyrdamernmanrvHuiil KAGCC
[X] € Ha(Y).

DTOT KJacC SBIsIETCs] TPAMBIM  00pa3oM  (DYHIAMEHTATBHOTO
kiacca [X] € H,(X) upu Broxenun X — Y. Ecn pasauna asyx
OJIMHOT000pas3uii siBjisteTcst (¢ y9eTOM OpUEHTAIH ) TPaHUIIEeH HeKo-
TOPOTO MHOIOO0Opa3usi Ha eIUHUILY OOJIbIIell Pa3MepHOCTH, TO (PYH-
JIAMEHTAJTLHBIE KJTACCHI 3TUX MOJAMHOr000pa3nil paBHbI

Xo— X1 =0W = [Xl] = [XQ] S H*(Y)

QopMaUIAIKA ITOI0 CBOMCTBA IPUBOIUT K Meopul kobopdus-
mos. Kitace n-mepHOro 6opdudma Ha TOMOJIOTHYECKOM ITPOCTPAH-
crBe Y 3ajaercst HenpepblBHBIM oToOpaxkenueMm f: X — Y, rme X —
riaanKoe MHOroobpasme. [IBa Takmx orobpawxkenusi fi1: X7 — Y u
fo: X9 — Y cumratorca 6opdarmmbimu, €CIU HECBA3HOE OO0bEIUHE-
HUE 9TUX MHOTOOOPA3Uil IBJISIETCsI TPAHUIEH HEKOTOPOTO MHOTOOOpa-
sust W Ha enunuity Gousiblieii pasmeprnoctu, X1 U Xo = OW, takoro,
qT0 oTOOpaXKeHusi fi U fo IPOMOJIZKAIOTCS C Kpas Ha BCEe MHOI000-
pasue W. Kiaccbl sKBUBaJIEHTHOCTH 00pasdyioT 2pynny 060piuamos
Q,(Y), B KOTOpOIi TPYIIIOBas ONEPAIUs — HECBA3HOE CYMMUPOBAHUE.

AHayornIHBIM 00PA30M OLPEIETISIETCS 2PYNNA OPUEHMUPOBAHHHLT
60pdusmos. HyKHO TOJNBKO B IIPUBEIEHHOM BBIIIE OIPEJIETEHUN [10-
TpebOBaTh OPUEHTUPOBAHHOCTH MHOT00Opasuit X, W u BbInOIHEHTE
pasencrBa OW = Xy — X1 ¢ y4eroMm opueHTAIHI.

Hesepro, 4T0 BCsKMii KJIaCC TOMOJIOTHIA IIPEICTABIISIETCS TJIAIKAM
MmHOrooOpasumeM. Kpome Toro, maxke B mpoctefimem ciaydae ¥ = pt
BBIYHCJIEHNE TPYIIT OOPIN3MOB SABJISETCs HEIPOCTOM 3a/1a49€eli ¢ HeTpU-
BHAJIBHBIM oTBeToM. Hanpumep, RP? He siBisteTcs IpaHMIiell HIKAKO-
ro TpexmepHoro muoroobpasusi, CP? me apisercs rpaHnIeil HIKAKO-
I'0 OPUEHTUPOBAHHOIO ISITUMEPHOTO MHOroo0Opasusi. Teopust roMoJio-
Uil sIBJII€TCS YIPOIIEHNEM Teopuu OOPAM3MOB, B KOTOPOH y MHOIO-
obpasmit mormyckaioTcs ocobernrnocTn. Ilpu momyckannm ocobeHHOCTEH
BCSIKOE MHOTr00Opasue MOJIOKUTEHHON Pa3MEPHOCTH YIKe SIBJISIeTCsI
rpanuneil (HampuMmep, cBoero Konyca). [ToHATHS CHUMILIMINAIBHBIX,
KJIETOYHBIX U CHHIYJIPHBIX IIelell sIBJISIFOTCSI Pa3judHbIMU (opma-
JIM3AIUSIME TIOHSTHsT «MHOT000pa3us ¢ ocobeHHoCTsIMI». OITHAKO C
HeOPMAJIBLHOM TOYKHU 3PEHUS BIIOJIHE JOCTATOYHO IPEICTABIATE Ce-
Oe Ten Kak MMOAMHOT000pa3usi ¢ OCOOEHHOCTSIMU, U TOT CITOCOD, KO-
TOPBIM OHO PA3pPe3aHO HA CHMILIEKCHI, 3HAYCHUS He UMeeT.
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C 9T0i1 TOYKHU 3peHusi TOMOTOIUYECKasT HHBAPUAHTHOCTH NOMOJIO-
Uil OYEBUIHA: PA3HUIA JBYX TOMOTOITHBIX ITMKJIOB SBJISIETCSA I'DAHU-
et COeIMHATONIEro nx muanuapa. ObpaTHo XKe, U3 TOMOJOTTIHOCTH,
TOMOTOTTHOCTD He cjeayeT. Hampumep, KpuBas Ha KpeHaenae, paspe-
3al011asl ero Ha JiBa TOpa C OTBEPCTUSIMU, HECTATUBAEMA, HO TOMOJIO-
TUYHA, HYJTIO.

IIpuBeem erre oJIHO CJIeCTBUE MPUBEJIEHHON TOYKH 3PEHUS.

TEOPEMA 10.5. Ilycmv Y - xomnaxmmoe neocoboe KOMILIEKC-
HOE aszebpaudeckoe mrozoobpasue. Toeda 6caxoe e20 anrzebpauveckoe
noommozoobpasue (603mooicHo, ocoboe) obaadaem dyndamenmans-
HOLM, YCAOYUCAEHHBIM 20MON0ZUHECKUM KAGCCOM.

Ecau 'Y — xomnarxmmoe neocoboe BEIIECTBEHHOE a2ebpauveckoe
MH02000pasue, Mo 6CaKoe €20 arzebpauieckoe nodmnozoobpasue (603-
MO2HCHO, 0coboe) obaadaem Pyrdamenmanvivim Lsg-20MON0LUNECKUM
KAGCCOM.

OpueHTHPYEeMOCTD TJIAJIKAX KOMILIEKCHBIX MHOr00Opasuii — yH-
JIAMEHTAJIbHbI (baKT KOMILIEKCHON reomerpun. Ecmu (z1,...,2,) —
JIOKAJIbHASI CUCTEMa KOMILJIEKCHBIX KOODJUHAT, TO (X1, Y1, - -+, Tn, Yn)
— JIOKaJIbHAsl CHCTEMa BENIECTBEHHBIX KOODJIUHAT, 3aJ[Af0Iasl I10JI0-
JKATEJbHYIO OPUEHTAIIO, TJIe 2 = Xk + {Yg. llpn Hammaunm oco-
OEHHOCTEN epBOe YyTBEPXKIEHUE CJIEAYET M3 TOTO, ITO OCOOEHHOCTH
caMu 06pas3yroT ajredbpandeckoe oaMHOrooopasue. CiieoBaTesbHo,
OHI 00PA3yI0T MOMHOXKECTBO KOMILIEKCHOM KOPa3MEPHOCTH KaK MU-
HUMYM OJIMH, a 3HAYUT, BEIECTBEHHO! KOPa3MEPHOCTU KAaK MUHU-
MyM gBa. Takum 06pa3oM, 0COOEHHOCTH BEIECTBEHHON KOpa3MepHO-
CTH OJIWH, JAIONIHE BKJIAJ, B IPAHUILY, OTCYTCTBYIOT.

B BemecTBenHoit cuTyarum aHaJOTHIHOE PACCYZK/IEHE He ITPOXO-
JIT: KOMIIOHEHTHI KOPA3MEPHOCTHU OJINH y MHOYKECTBA OCOOEHHOCTE
BIIOJTHE MOT'YT IPHUCYTCTBOBaTh. OIHAKO TeoOpeMa Yy TBEPKIAET, YTO KO
BCAKO# TaKoi KOMIIOHEHTE CXOJIUTCS 4emHMoe TUC/IO BeTBeit Heocoboit
YaCTHU IOJAMHOro00pasusi. DTO yTBEPXKJIEHHUE sIBJIsieTCsi 0000IIeHeM
TOT'O XOPOIIO U3BECTHOTO (haKTa, 9TO TPU 3aBUCUMOCTH OT HapaMeT-
POB BEIIECTBEHHOI'O MHOT'OYJICHA OT OJIHOH IIepEeMEeHHOIl ero KOpHU
POKJIAIOTCA U YMHUPAIOT IIapaMu.

Y npoiicrBenHocTu [lyankape nuMeroTcst BapuaHnThl (hOPMYIHPOB-
KU, OTHOCSIIHECS K CJIyYalo, KOI/ia IVIAJKOe OPHEHTHPOBAHHOE MHO-
roobpasue M pa3sMepHOCTH N He SIBJIsIeTCst KOMIaKTHBIM. O603HATIM
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vyepes M* = M U{pt} npocrpaHcTBO 0/iHOTOYEUIHOI KOMIAKTUDHUKA-
nuu MmEOTO0Opas3us M. Torma mmeroT MecTo n30MOPGU3MBI

Ho(M) =T (M),  HYM) ~Hp_p(M*),
r7le B IPaBOii 9aCTU PABEHCTB CTOSIT IIPUBEIEHHBIE TOMOJIOIUH 10 MO-
JyJI0 100aBJIEHHOM TOYKU. 3aMedy, 9TO TpocTpaHcTBo M ™ He siBjIs-
eTCsi MHOT00Opa3neM, TaK ITO IIPUBE/IEHHBIE B PABEHCTBA HE BbITE-
KAIOT OJTHO U3 JIPYTOro.

B cayuae, xorma M sBisieTcss KOMIIAKTHBIM MHOTOOOpa3meM ¢
KpaeM, OHO sIBJIFI€TCS TOMOTOINYECKH SKBUBAJEHTHBIM CBOENl OTKPbI-
roit wactu M \ OM . TlpusejieHHbIE BbIle U30MOPMU3MBL B 3TOM CJLy-
qae MPUHUMAKT HOpMy

Hy(M) ~ H" *(M,0M),  H*(M) ~ H,_(M,0M).

Eime onuH u3 BapuaHTOB JIBONCTBEHHOCTHU, HA3BIBAEMBbIN BOM-
CTBEHHOCTBIO AJIeKCaHJepa, CBsA3bIBaeT (KO)IOMOJIOTHH 3aMKHY-
TOrO KJIETOYHOTO MoAIpocTpancTBa X cdepnbl S 1 ero JIOMOTHEHUST
ST\ X:

HY(S"\ X)~ Hpp1(X), Hp(S"\X)~H" !

(X).

Oru n30MOpMU3MBI 3aJAI0TCA  KOMIIO3UIMEH u3oMopdusMa JIBOM-
crernoctu Ilyanxape H*(S™ \ X) ~ H, (S, X) u usomopdus-
Ma Oy Hp— 1 (S™, X) — Hy—g—1(X) u3 qiunuoii 090l nocienoBa-
resbHOCTH Taphl (S™, X)) (MMEoIero MecTo BCJIEJCTBHE TPHBUATID-
HocT romMogtoruit cdepnst Hy(S™) npun 0 < k < n).

Paccmorpum, Hampumep, gonomnenne S° \ K k yany K ~ S!
Ha TpexMmepHoii cdepe. [ HEIKBUBAJIEHTHBIX y3JI0B IIPOCTPAHCTBA
S3\ K Moryr okazaThcs HeroMeoMOphHLIMU H JlazKe IOMOTOIHYe-
CKU HEIKBUBAJIEHTHBIMU (B YACTHOCTH, OHU MOT'YT UMEThH HEM30MOPdh-
upie dbyHmaMenTaabable rpyibl). OJIHAKO NOMOJIOTUH Y BCEX TAKUX
MIPOCTPAHCTB U30MOPMHBI MEXKTY COOOM M M30MOPGMHBI TOMOJIOTHIM
OKPY?KHOCTH:

HY(S*\K)=HY(S*\K)=12
u H*(S3\ K) =0 mpu k > 1.

3AJ1AYA 10.6. Beramciinre roMoJiornd W ONUINATE T€OMETPHIE-
CKU ux 006pas3yiomue Jlsl CJAECAYIOMUX IIPOCTPAHCTB: a) JIBYMEDHBIi
top T?; 6) dakroprnpocrpanctso T2?/S', momyuaromeecs us Topa
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CTSITMBAHUEM OHOIO U3 €ro MEPHIMAHOB; B) (haKTOPIPOCTPAHCTBO
M/OM, rne M — nonnoropwuii, 3aJaHHBII KAk IPOU3BEIECHUE OKPY K-
HOCTHU U JIBYMEDPHOTO JIMCKA.

3AOAYA 10.7. Berauciaure roMoJIOTHH TPEXMEPHOTO MHOT000ODa-
3usi M, 06pa30BAHHOTO €IMHUYHBIMU KACATEJIHHBIMA BEKTOPAMH K
OPHEHTUPYEMOil KOMIIAKTHON IOBEpXHOCTH S POJIa ¢.

Pewenue. Obozmnaamm gepe3 p: M — S IPOEKINIO, COMOCTABIISIIO-
HIYIO KACATEJLHOMY BEKTOPY €r0 TOYKY MPHUKPEILIEHHs. DTO 0TOOpa-
JKEeHNe SBJISeTCH JIOKAIBHO TPUBHAILHBIM PACCIOSHHEM CO cIoeM St.

Pazobbem mosepxHOCTh S Ha MaJieHbKUil juck D U 3aMbIKaHue
ero gonomuenus C, Tak aro DN C = 0D = 9C = S'. 3amerm,
9TO JUCK [ CTATMBAEM W MMEET TPUBUAJILHBIE TOMOJIOTHU. [ OMOJIO-
run ero gonosHernst C' no jBoiicrBenHoctu Ilyankape n3oMopdHbI
koromouiorusiM napel (C,0C'), T.e. NpUBEJEHHBIM MOMOJIOTUSIM CAMOIL
nosepxuocru S ~ C/9C":

Hy(C) = Ho(S) = Z, Hy(C) = Hy(S) = 2%, H(C) = 0.

B kauecrBe obpazyomux rpynusl Hi(C) MOXKHO B34Th 2¢g KPUBBIX
Ha TOBEPXHOCTH, 3ajaromux 6asuc B rpynme Hi(S) (casunys npu
HEOOXOIUMOCTH 3TH KPUBbIE, MOXKHO JOOUTHCS TOrO, YTOOBI OHU HE
npoXoauIn Yepe3 auck D).

Paszbuenne S = DUC 3asaer anasornaHoe pazouenne M = XUY,
e X = p YD), Y = p~1(C). Ilpocrpancrea X u Y apisaiorcs
TPEXMEPHBIMI MHOTO00Opa3usiMu, UMeronmmu obiuiit kpait 0X = 9Y,
b deomMopdHBIT TBYMEPHOMY TODY.

st Beraucaenusi romosioruit M st BOCIOIB3YIOCH JIMHHON TOY-
HOIi TocsIetoBaTesbHOCTBIO naphl (M, Y'). TIoMrIMO HCKOMBIX TOMOJIO-
ruit Muoroobpasust M oHa COJEPKUT MOMOJIOTHU TIPOCTPAHCTBA Y, 1
romoutornu dakropa M/Y = X/0X.

ITpocrpancreo X apisercs noiHoTopueM, X = D x S1. Ilo nBoii-
creerHoctu Ilyankape romosiorun daxkropa X/90X mnsomopdHBI Ko-
romosiorusiM camoro mpocrpanctsa X ~ St (¢ obpamennem rpayn-
poBok). B kagectse o6pasyromux rpymn Ho(X,0X) = HY(SY) = Z
u H3(X,0X) = H°(S') = Z moxno s3ars quck D x {pt}, u cam
nosmoropuit D x S, cooTBeTcTBEHHO, paccMaTpUBaeMble KaK OTHO-
CUTEJIbHBIC TUKJIB.

JL71s1 BBIYUCIeHNSI TOMOJIOT Ui IIPOCTPAHCTBA Y 5 3aMedy, 9TO Pac-
cnoerne p: Y — C sBisiercs, B JIeHCTBUTEILHOCTH, TPUBUAIBHBIM,
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Y = C x S'. Ing 3a1aHus TPUBHAIM3AIME STOTO PACCIOCHUS JO-
CTATOYHO IIOCTPOUTH BEKTOPHOE IoJie v Ha S, He MMeolee 0COObIX
Touek BHe gucka D. Torna mHanpasjieHre 3TOTO MOJIS 33aCT «HATAIO
oTcueTay Ha KaxJoM cyoe paccioenust p uHag C. s mocrpoenus
TaKOrO IOJISI JIOCTATOYHO B3ATh IPOU3BOJIBHOE I0JIe OOIIEro IoJio-
JKEHUsl, TIOKPBITh BCEe ero 0co0ble TOYKU 0DJIACTHIO, TOMEOMOPQHOI
JUCKY, U 0D03HAYUTD 9TOT JUCK depe3 D.

IMockosbKy roMostoruu comuozkuteneit C u S npoussenenus Y ~
C x S' He UMEIOT KpyUeHHs, MBI HOIyIaeM H30MOPQHU3M

H.(Y)=H.(C)® H.(S").

Boruuciiennbie romosioruu npocrpaicts X /90X u Y coGpansl B ciie-
Iyromeit Tabmie:

k 0 1 2 3
Hy,(X,0X) 0 0 [ z o Z
H;C(Y) 7 7,29+1 729 0

O6pasyromumu  rpynusl Hq(Y) ciiyKuT OpOU3BOJIBHBINA CJI0M
p~1(pt) ~ S! u 2¢ kpuBHIX, 3agalomux Gasuc rpyms Hy(C) = Z29
7 TMOJHATHIX B Y IIPU ITOMOIIH TIOJIS V.

Yro6el BOCHOMB30BATHCA JJIAHHON TOYHON IOCJIEI0BATETHHO-
CTBIO, HY>KHO €I11€ 3HATH JIEACTBIE CBI3BIBAIONIEr0 roMoMopdusmMa O,
Tomomopdusm 9 : H3(X,0X) — Hy(Y) TpuBnaseH (B 3TOM MOXK-
HO yOeauTbCst 0€3 BBIYHCJEHU, OCKOJBKY O0pa3yromniasi TPYIIIbI
Hs(X,0X) sBasiercs obpasoM byHJaMeHTaJIbHOrO Kiacca [M] €
H3(M), o cymiecTBOBAHUM KOTOPOI'O MbI 3HAEM JI0 BCSIKUX BBIUUC-
JieHuit).

Boraucium romomopduzm Oy : Ho(X,0X) — Hi(Y). O6pasyio-
mteit rpymmer Ho(X,0X) cayxur mquek D x {pt} € X ~ D x S*.
O6pas kjaacca 9TOro IucKa pu roMoMopdusme J, TPEJICTABIEH €ro
rpanuneit I' ~ S' ¢ X = 9Y C Y, paccMaTpuBaeMoil Kax ITHKJI
B Y. Ham Hy2KkHO BbIpasuTh Kjacc nukiia [’ gepe3 obpasyroriue rpyii-
et Hy (V).

IIpu uzomopduame Y = C x S kpusas I' nexur B Tope 0C x S,
06xoauT OJMH pa3 BAoJb obpasyiomeii C X {pt} Topa u Hekoropoe
9rCyio e pas BAoL obpasytomeit {pt} x S'. Uncio e Boce He 06s-
3aHO PaBHATHCS Hys0. Jle0 B TOM, YTO OrpaHUYEHHNE PACCTIOEHUsT P
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Ha OKpyxkHOCTH OD = OC' TpUBHAJIBHO, HO TPUBHAJIU3AIUS ITOIO
OrpaHWYeHHUs], IOy YeHHAs N3 ONPAHIYIEHUH TPUBHAIM3AIMI PACCIIO-
enns p Ha;g D n nan C, OTIMYAIOTCS, U YUCIO € KaK Pa3 u3MepseT
OT/INYNE STUX TPUBHAIN3AIMI. A IMEHHO, YHCJIO € PABHO YHCJLY Bpa-
IIEHU 0TI U IIPU 00XOJIe BJIOJIb MPAHUIIBI JUCKa D, T.e. CyMMapHOMY
UHJIEKCY BPAIEHUs BCEX ero 0CoObIX Touek. [IJisi MoBEepXHOCTH poJia ¢
CYMMAapHBII UHJIEKC BpAIIEHUsI paBeH € = 2 — 2g, T.e. 3iiJIepoBoii xa-
pakTepuCcTHKe 3Toi moBepxHOocTH. OTCIOA CieayeT, 9To KpuBas [
POMOJIOTUYHA 2 — 2¢g pa3 NPOHJIEHHOMY CJIOIO PACCJIOEHUS P.

Taxum o6pasom, romomopdusm J,: Hy(X,0X) — Hy(Y) asns-
eTCsl BJIIOXKEHMEM B KadeCTBe MOArPYIIIbI UHeKca |2 — 2g| B onuH u3
IpAMBIX ciaraembix Z rpymmst Hy (V) = Z2971

Tenepb Bce HEOOXO/IMBIE JIAHHBIE JIJISI [OJICTAHOBKH B JIINHHYIO
TOYHYIO IIOCJIeIoBaTesbHOCTh mapsl (M,Y) y Hac mMerorcsi, U Mbl
HOJIy9aeM U3 ITOI IOCIIET0BATEILHOCTH:

Ho(M) =17, Hy(M) = 729, Hy(M) =17,

a rpynna Hi (M) oupezensgercs u3 KOPOTKO TOYHOIA 10C/I€[0BATEIb-
HOCTH
0— 2% «— H\(M) «— Zjg_oy «— 0.

Takasi mocje10BaTeLHOCTh BCErla PACIHICIIAETCA U MbI IIOJIydaeM,
oxkonuarenbuo, Hy (M) = Z29 @ Zja—2g)-

3AJ71A4YA 10.8. IToBTOpHUTE BHIYUC/ICHNE TPUBEACHHOIO PEIIEHUsT
MPEBIAYINEN 33/1a91, UCIIOIb3Ys TOYHYIO [T0CJIEI0BATEIbHOCTD [TaPhI

(M, X).

11 JIBoiicTBEHHOCTH M KOTOMOJIOTHUU

Ilycts 3amanbl MHOrOOOpa3me W ero IVIaIKoe MOJIMHOroo0pasue
X CY. Eciiu oHn 0ba OpreHTHPOBaHbI U KOMITAKTHBI, TO U3 (DyHIa-
MEHTAJIbHOTO KJIacCa MHOrooOpasust X MbI 110 JIBOICTBEHHOCTH IOJIY-
JaeM KJIacC KOTOMOJIOTHIT Ha Y JIOMOJHUTEIBHON pa3mepHocTH. OKa-
3bIBAETCS, IS OIPEJIETICHUsT KAGCCA KO20MOA02UL, 060TUCMEENHH020
NoOMH02000pA3UI0, YCIOBUE KOMIIAKTHOCTH 000MX MHOroobpasmii X
1 Y MOXKHO 0CJIAOUTH JI0 YCJIOBUSI 3GMKHYMOCMAY TOIMHOIO00pa3HsI
X C Y, a yciaoBue OpMEeHTHPOBAHHOCTH MHOTO00Opa3uit — /10 yCJIo-
BUS K00PUEHTMUPOSaHHOCTU TTogMHOTo00pasuss X C Y, T.e. opueH-
THUPOBAHHOCTH HOPMAJILHOTO paccyoerus. JBoicTBerubrit K X Kiacc
KOI'OMOJIOTUM MOXKHO 33JI1aTh SIBHOHN CUMILINIAAJJIbHON KOIEIIHIO.
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Paccmorpum Ha Y mpomsBosibHYIO TpuaHryssinuio. llomesesus,
pu HEOOXOIMMOCTH, MHOTOOOpazme X, Mbl MOXKEM IIPEJIOJIararh,
9TO OHO TPAHCBEPCAJIHLHO 0 OTHOIIEHWIO K KaXKJIOH I'DAHU TPHAH-
rysnganud. B KadecTBe IIeBeJIeHNs MBI MOXKEM DPaCCMOTPETH ITOJAMHO-
roo6pasue Buzna g(X), riae g — 6imsKuii K ToxkaecTeeHHOMY nudbdeo-
Mopdusm. Ob6osnaunm depes m = dimY — dim X kopasmepHOCTB
noaMHOro0Opasust Y. PaccMoTpuM m-Komens ¢ x, 3Ha9eHne KOTOPOit
Ha M-MEPHOI TPAHU PABHO UHJEKCY Nepecevenus ITON TpaHu ¢ MHO-
roobpasmem X. HIEKC mepecevdenns BBITUCIIETCS KaK 001Iee KO-
YeCTBO TOYEK ITePecedeHns 'PAHN ¢ MHOrooOpa3ueM X , TOCYUTAHHBIX
C yIETOM 3HAKOB. 3HAK PaBEeH £ B 3aBUCHMOCTHU OT TOT'O, COIJIACOBAHA
WK TIPOTUBOIIOJIOXKHA COOCTBEHHASI OPUEHTAIUSI I'PAHU C OPUEHTAIIU-
eil, 3anaBaeMoil Ha Hell KaK Ha TpaHCBepCasd K KOOPUCHTUPOBAHHOMY
MHOT00Opasnio X.

ITPENJIOXKEHUE 11.1. IIpednoaostcum, «mo nodmnoz000pasue
X CY samrnymo u xoopuenmuposaro. Tozda xouenv ¢x 3aMKHY-
ma. 3adasaemoili €10 KAGCC KO20MONO2UTL

(X] e H™(Y), m = codimy X,

He dasucum nu om ewbopa weseaenus g(X) nodmmozoobpasus X , nu
om 6vbopa MpuaH2YAAUUY Ha Y .

JlokazaTe/bCTBO TPEJIOKEHHS MIPsiMOe, HO TpedyeT HEeKOTOpPOit
pabotrsl. [yt AByX TpUaHTYIANMii Ha MHOrooOpasuu HaRIeTcs Tpe-
Thsl, KOTOpasl SIBJISIETCS MOJpa30reHneM Kak II€PBOil, TaK U BTOPOI.
ennoit KOMILTEKC, TIOTYyYIaE€MbIil IPX TOAPA3ONEHNN TPUAHTYJISIIIH,
[IEITHO TOMOTOIIEH HCXOaHOMY. Hy»KHO IpoBepuTh, UTO mernHas roMo-
TOINS COIVIACOBaHA C KOHCTPYKIIMEN KOIen px. Sl omyckario jeranan
ITUX PACCY2KICHUIL.

3ATAYA 11.2. Ilycte X C Y — 3aMKHyTOE KOOPUEHTHPOBAHHOE
MHOT000pa3ne ¢ KpaeM, TPAHCBEPCAJIHHOE 3aTaHHON TPUAHTYJISIIII
na Y. [okaxwure, aro Kpait X Hac/eIyeT eCTeCTBEHHYI0 KOOPUEH-
TAIUIO, TIPU 3TOM

dox = Yox.

OnmHO W3 TPEeMMyIIeCTB KOIOMOJIOTHYECKO Bepcuu (QyHIaMeH-
TAJBHOTO KJIACCA COCTOUT B ee (DYHKTOPHUAJIHLHOCTH IO OTHOIIEHUIO
K omepanuu B3sgTuA obparHoro obpasa. Ilycts f: Z — Y — mpo-
M3BOJIBLHOE TUIaJIKoe oToOpakenue. [lomeBemB, Ipu HEOOXOIUMOCTH
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9TO OTOOpAXKEHHE, €r0 MOXKHO CJIeJIATh TPAHCTBEPCAJIBHBIM 110 OTHO-
IEHWIO K 33JaHHOMY 3aMKHYTOMY KOOPUEHTHMPOBAHHOMY ITOJIMHOIO-
obpazuio X C Y.

CHEACTBUE 11.3. Ilpu 6vinosneruu Ycaosus MpaHCEEPCaLbHO-
emu nodnpocmpancmeo f~H(X) acasemca 2nadkum, 3aMENYMbIM,
KOOPUEHMUPOBAHHDBIM NOOMH02000DA3UEM TOTL JHCE KOPAZMEDPHOCTIU

codimy f~1(X) = codimy X = m,
U 080UCMBEHHDIT EMY KAGCC KO2OMOAORUT PAGEH
[FHX0) = £ [X] € H™(2).

PopmMmysia CIeICTBHUS BBIOJIHSIETCS HA, YPOBHE KOIEIEH 1 BhITEKA-
eT W3 ompeje/ieHns roMoMopdu3Ma f* st CUMILIATAATIBHBIX KOTO-
MOJIOT'HIA.

HpI/I IIOMOII ﬂBOfICTBeHHOCTH HyaHKape JIETKO OIIMCbhIBaCTC A
YMHOXKEHNE: TPOU3BEICHUIO KJIACCOB KOT'OMOJIOTUHA OTBEYaEeT rnepece-
YeHue ,ZLBOfICTBeHHI)IX M IUKJIOB.

TEOPEMA 11.4. Ilycmv A u B — dsa mpanceepcasvho nepecexa-
MOUUTCA 3GMKERYMBLT KOOPUEHTNUPOSAHHBLL NOOMH02000pA3UL MHO20~
obpasusn X . Toeda uxr nepeceuerue Hadeaeno ecmecmsennoti Koopu-
enmayuet u €20 GyHIamMeHmarvoHbil K020MOA02UECKUT] KAAUCC DAGEN,
npouseederuro PYHOAMEHMAALHOIL KOZOMOAOLUNECKUL KAACCO8 MHO-
2006pasuti A u B,

[A] — [B] _ [AﬂB] c HcodimA—s—codimB(X).

Ecmu mHOroobpasmusi mepecekaroTcsi HETPAHCBEPCAJIBHO, TO HUX
MOYKHO IIPUBECTH B OOIIEe IMOJIOKEHNE MAJIBIM IIMEBEJICHUEM OIHOTO
n3 uux. Kiacc mepecederust He 3aBUCHT OT BBIOOpA, IIEBEJICHUS.

T'omosrornn MHOTOOOpA3Wil U OMEPAITHIO TIEPECETeHUS ITUKJIOB BBEJT
[Iyankape. JIumpb mozzke Kosmoropos u AJjiekcaHiep OCO3HAJIHU, YTO
JIBOWCTBEHHAsI Oll€paIldsl YMHOYKEHHsI B KOIOMOJIOTUSIX MMeeT 0oJiee
WHBAPUAHTHBIN CMBIC/I M MOYKET OBITh OIPE/IEIEHA JIJIs TPOU3BOJIBHO-
IO TOTOJIOTUIECKOTO ITPOCTPAHCTBA.

JIOKABATEJILCTBO. Bribepem Ha X TpHAHTYJISIUIO, TpaHCBEP-
caJIbHYI0 0obomM moamHOroobpasusivm. HermocpeicTBeHHO u3 ompejie-
JICHUST X-YMHOXKEHUST BHITEKAET, ITO X-TIPOU3BEICHIE KOIIEIeit, TBO-
CTBEHHBIX MHOIo00OpasusiM A u B, sIBjIsieTCsl KOILEIbIO, JBOCTBEHHOI
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noamuoroobpasuio A x B C X x X. [Ipoobpa3zom 3Toro moaMHoroob-
pa3us Ipu JuaroHaabHOM BiaokeHnn X — X X X CIIyKAT B TOYHOCTU
nepecedenrie A N B, 4To U JOKA3LIBAET TEOPEMY.

ITpuMEP 11.5. MBI 3HaeM aJIUTHBHYIO CTPYKTYPY TIOMOJIOTHI
npoekTuBHOTO npocrparcTBa CP™: e IMHCTBEHHBIMU HETPUBUAIBHBI-
MHI TPYyIIaMH KOTOMOJOTHit aBsAioTcs rpymmsr H2F(CP") ~ 7,
0 < k < n. O6pasytomeii rpynmsr H2F(CP™) ciysxur Kjiacc, 1Boii-
cTBeHHBIA (N — k)-MEpHOMY IPOEKTHBHOMY HOJIIPOCTPAHCTBY. 1lepe-
cedeHneM MPOEKTUBHBIX TIOJNPOCTPAHCTE Kopa3MepHocTeit k u £ sB-
JISeTCS IPOEKTUBHOE MIOAIPOCTPAHCTBO Kopasmepuoctu k +£. Creno-
BaTeIbHO, KOJbIo Koromosioruii H*(CP™) uzomopduo koavuy cpe-
3aHHBLT MHO20%AeH06. OHO TOPOXKJIEHO KJIACCOM THIIEPIIIOCKOCTH
u € H?(CP™), a eIMHCTBEHHBIM COOTHOIIEHUeM siBjisercs u™ ! = 0

H*(CP™) = Z[u] /u™".

AmnajlornaHoe onucaHne UMeeT KOJIBII0 KOTOMOJIOTHN BEIEeCTBEH-
HOT'O IIPOEKTUBHOI'O IIPOCTPAHCTBA, €CJIH B KadecTBe KO3 PUIINEeHTOB
BBICTYIIAeT rpymnmna Zs:

H*(RP"; Z3) = Lp[w] fw™ ™,

rie w € HY(RPY;Zy) — Ki1ace TUNEpIIOCKOCTH.

3A7AYA 11.6. Berauciure xnace [H] € H?*(CP™) xoromosoruit
Heoco00il KOMILIEKCHOH mpoekTuBHON runepnosepxuoctu H C CP™,
3aJIAHHOM B OJIHOPOJIHBIX KOOPJUHATAX OJIHOPOIHBIM MHOTOUJIEHOM
crernenu d.

12 Teopuss Mopca

IIycts 3amano MHOrooOpa3me W TJIaJIKasl BEIECTBEHHO3HATHAS
dyukiusa Ha HeM. Kpumuveckold moukot GyHKIMN HA3BIBAETCS TOY-
Ka, B KOTOpOil muddepennuas GyHKIUA 00pAITAeTCS B HOJIb. JHAYTE-
Hue BYHKIMN B KPUTHIECKON TOUKE HA3BIBACTCS KPUMUNECKUM 3HA-
yenuem. B KpUTHIecko#t TOUKe KOPPEKTHO OIpejesieH 8mopoti dud-
peperyuan GyHKINU — KBaJgpaTudHas (popMa Ha KacaTeJbHOM IIPO-
CTPAHCTBE, 3a/[aHHas YJIEHAMH BTOPOTO MOPSIIKA TEHIIOPOBCKOTO pa3-
JIOXKeHUsT (DYHKITUU B ITON TOUKE.

Kpurndaeckast Touka HA3BIBAETCS HEBBPOHCOEHHOU, €CTTH BTOPOI
muddepeHnmalT aBasgeTcss HeBBIPOXKACHHON KBaApaTHIHON (POPMOIL.
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JIuHetHOI 3aMeHON KOOpAMHAT BCsSKasl KBaJpaTUIHAs (pOpMa IpU-
BOIUTCS K CyMMe KBaJIpPaTOB C ompejesieHHbiMu 3Hakamu. CjiemoBa-
TEJIbHO, B OKPECTHOCTU HEBBIPOXKIEHHON KPUTHIECKON TOUKHM MOZKHO
O100paTh TAKYIO CUCTEMY KOOPAWHAT X1, ..., %Ly, B KOTOPOH (DyHK-
IUsI IPEJICTABISIETCS B BUJIE

f(m):_33%_..._xz+xi+1+...+xi+...7

I7le I[OCJIe/IHee MHOroTO4Yne 0D03HAYaeT UJIeHBI 0OJiee BBICOKOIO IIO-
psizika (B JefCTBUTEIBHOCTH, B OKPECTHOCTU HEBBIPOXKJIEHHON KpH-
TUYECKOUW TOYKM 3aMEHOI KOOpJIMHAT (PYHKIUIO MOXKHO IIPUBECTH K
CBOEHl KBaJIDATUYHON YacTH, HO sl ITOrO HE WMCIOJB3YI). Hucio k
OTPUIATEIFHBIX KBAIPATOB B HOPMAJIBHON (hOpMe, T.e. OTPUIATE -
HBI WHJIEKC WHEPIH BTOPOro Juddepeniinalia, Ha3bIBAeTCsT UHJIeK-
com Mopca KpUTUIECKOH TOUKH.

ONPEJEJEHUE 12.1. BeckoneuHo TJiajiKasi BeIECTBEHHO3HAY-
Has (PyHKIUS HA KOMIIAKTHOM MHOTOOODAa3UN HA3BIBAETCS (PhynKkuyuet
Mopca, eciin Bce ee KPUTUIECKIE TOYKU HEBBIPOXKICHHBI.

Wuorna B onpenenennu dyuxkmun Mopca 1omoHUTETEHO Tpedy-
10T, I‘ITO6I)I BC€ KPUTHUYECKUE 3HaYCHUA 6bI.HI/I Pa3/InIHbIMUA, OJHAKO
MHE 9TO He ITOTPeOyeTCs.

Oyukimn Mopca 00pa3yioT OTKPBITOE BCIOAY IJIOTHOE IOJIIPO-
CTPaHCTBO B IPOCTPAHCTBE BCeX (DYHKIUM, T.€. SIBJISIOTCS (DYHKIIU-
M O0INEro MoJioykeHns. VI3 KOMIAKTHOCTH MHOTOOODa3usl BbITEKa-
€T, YTO KOJIMIECTBO KPUTHIECKUX TOUYeK (pyHKImu Mopca KOHEYHO.
Teopuss Mopca cocTonT B ncmnoab3oBannn GyHKiun Mopca s u3y-
YeHMsT TOHOJIOTUU MHOroobpasusi. OHa ONMUCHIBAET U3MEHEHUH TOIO-
JIOTMM MHOYKECTBA MEHbINUX 3HadYeHWil [ < ¢ IpW M3MEHEHWU KOH-
CTAHTBI ¢ OT OOJIBIIOrO IO AOCOIOTHON BEJIMYHUHE OTPUIATEIHHOIO
3HavueHns (KOryia MHOXKECTBO MEHBIIUX 3HAYEHUIT IIyCTO) 10 HOIbIIIX
HOJIOXKUTEIbHBIX 3HAYEHUH (KOTIa 9T0 MHOXKECTBO COBIIAAET CO BCEM
MHOroobpasueM). ¢l npuBesy TOIBKO «IOMOJIOTHYECKYIO» YacTh TEOo-
pun Mopca, OTHOCSIILYIOCS K BBIMUCJIEHUIO TOMOJIOTHI MHOT00Opa3usl,
U HACTOATEJBHO PEKOMEH/IYIO M3YIUThb CAMOCTOSTEIHHO 110 yIeOHU-
KaM IOJTHY0, TOMOTOIUYECKYIO0 BEPCUIO ITOU TEOPUH.

Tomonoruyeckast yacth Teopuu Mopca COCTOUT B U3YUEHUH I'Da-
JIeHTHOro moToKa dyHkmun f. YTobb OnpeeuTh rpaueHTHOe 0~
Jie, HY2KHO 3adUKCHPOBaTH €Ile MeTPUKy Ha MHOroobpasum. Tpa-
JUIOHHO T'PAJUEHT PACCMATPUBAETCH C OTPHUIATEIHHBIM 3HAKOM: C
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dyuknuei f cBs3piBaeTcs BeKTOpHOE 1ojie v = — grad f. V3 omnpee-
JIEHUSI TI0JIsT U MIHOBEHHO BBITEKAeT, 9TO 3HadeHne GpyHKun f yObl-
BaeT BJOJIb BCSIKOW TPACKTOPUU TOJIS V:

0, f = —(grad f,grad f) < 0.

IToste3no IPEACTABIATH MHOTOOOPA3ME BJIOKEHHBIM B €BKJIUIOBO IIPO-
CTPaHCTBO, & B KaJeCcTBe (PYHKIINUA PACCMATPUBATH OIHY U3 KOOD/IU-
nar (bysxuo Boicorsl ). Torma BEKTOPHOE 10JIe U BCIO/Y HAIIPABJIEHO
<BHU3>.

BwmecTo cobecrBeHHO TpajimeHTa MOYXKHO PacCMATPUBATH ITPOU3-
BOJIBHOE 2paduenmmonodobroe niose v. Ilo onpenenenuo, mose HA3BI-
BaeTCs TIAPATUEHTHOMOJOOHBIM 110 OTHOIIEHUIO0 K GyHKIMA f, ecin
BO BCSIKOW TOYKE BBIITOJIHIETCST HEPABEHCTBO

o f <0,

OpUIeM PaBEHCTBO WMEET MECTO TOJLKO B KPUTUUECKUX TOUYKAX U
JIMHEeHHAS 9acTh MO B KPUTHIECKUX TOYKAX HEBBIPOXKIeHHA. Vc-
MOJIH30BAHNE T'PATUEHTHOIIOMOOHOTO TIOJIsT YA00HO TeM, UTO I €T0
ompejiesiennst He TpebyeTcss BBOAUTH METPHUKY.

OcobeHHOCTH TI0JII ¥ B TOYHOCTH COOTBETCTBYIOT KPUTUYIECKHUM

ToukaMm pyHkimu f. Eciu Merpuka eBKInIoBa U MYHKIUS 38a€TCsI
2

xT
B TIOJIXOJIATINX €BK/IMJIOBBIX KOOD/MHATAX B BUJE f = —2- — -++ —
2 2 2
T, Iy, X o
=+ % +- -+ =3, To nOTOK noJig v = — grad f 3amaercs cucremoii
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nuddepeHITnaIbHbIX yPABHEHUI

T = X1,

ik = Tk,
Tyl = —Tptt,

Ty = —Xp.

TpaekTopun 3TOTO MOJIsT YCTPOEHBI CaeayIonuM oopasoM. Te n3 Hux,
KOTOPBIE COJIEPKATCSI B IJIOCKOCTH KOOPJUHAT L1, . . . , Lk, AMEIOT CBO-
UM TIPeesiOM Havaj0 KOODIWHAT IpU t — —00, rie ¢ — BpeMeHHOH
napamMerp TpaeKTopuu. AHAJOIMIHO, TPACKTOPUH, COJIEPIKAIIUECS B
[JIOCKOCTH KOOPIMHAT Lk 11, - - - 5 Ly, CTPEMSTCS K HAYATY KOODIUHAT
npu t — 400. Boab Bcex ocTasbHBIX TpaekTopwii dyHKIns f u3-
MEHsIETCSI MOHOTOHHO M HeOorpaHu4eHHO. [IpuBeieHHOe KaueCcTBEHHOe
OIMCaHUe MMOBEJIEHNUsI 'PAIMEHTHOIO TIOTOKA B OKPECTHOCTH HEBBIPOXK-
JIEHHOH KPUTUYECKON TOYKHU CIIPABE/JINBO U B ODIEM CJIyUae.

IIPEAIOXKEHUE 12.2. Ilomox epaduenmmonodobHozo noas v 6
OKPECTVHOCTU, BCAKOT HEBVPONCOEHHOT KPUMUNECKOT TOUKY T UH-
dexca k umeem unsapuarmmoe npumsazusarousee mrozoobpasue U ()
pazmeprocmu n — k, 06pazosarroe MmpaekmopuAMU, SLOOAUUMY 6
mouky x, u ommaarusalouee mruozoobpasue U~ (x) pazmeprocmu k,
cocmoswee u3 mpaexkmopull, 8ulLO0AUUT U3 Mol mouku. Mrozoo6-
pasus Ut (z) w U™ (x) a2nadkue u nepecexaiomes 6 movwke T mpamc-
BEPCANLHO.

IMocmoTpum Ha 17106aiBHOE TIOBEeHNe MHOT00Opasus U~ (x) BHE
BBIOPAHHOM KOOP/IMHATHON OKPECTHOCTH. ICHO, YTO OTTAJIKHUBAIONINE
TpaekTopur mapamerpusytorcs Toukamu (k—1)-mepuoii cdepni. Cire-
JI0BaTeJIbHO, Ty100aibHo MHOrOoGpasue U~ (x) aBisiercsa k-mepHOU
KJIeTKOI. B pesymbpraTte Bce MHOroobpasune M pa3buBaercs Ha KICTKU
Buga U~ (z) s pasimdHblX KPUTHYECKUX TOYeK. A MMEHHO, 4TOOBI
[IOHSATD, KAKOI KJIETKE IPUHAJJIEKUT HEKOTOPasi TOUYKa MHOTr00Opa-
3Usl, Hy?KHO U3 9TOI TOYKH BBIYCTUTH TPAEKTOPHUIO TOJISI U U TOCMOT-
perh ee mpezesn upu t — —oo. B cmily KOMOAKTHOCTH, 9TOT Ipeiest
cymectByer (IOCKOJIbKY (DYHKIIMS BO3PACTAET BIOJIb 9TOI TPAEKTO-
pHU) U PaBeH OJHOI U3 KPUTHYIECKUX TOYEK.



Teopuss Mopca 59

Yrobbl nosydeHHoe pa3bueHue ObLIO KJIETOYHBIM, HEOOXOIMMO
€Il BBIIIOJIHEHHE YCJIOBUSI Ha PA3MEPHOCTDH NMPUMBIKAIONINX KJIETOK.
OTO yCJIOBUE BBIIOJIHEHO, €CJIN METPUKA SIBJISETCSI METPHUKOM OOIIero
TOJTOYKEHHS.

CHEANCTBUE 12.3. Kaowcdasa ¢pymnxuyus Mopca ma womnarxmmom
MH02000pa3UY 3a0aem €20 KAemowHoe paszbuerue, KAemKu Komopo-
20 pasmeprocmu k 83auMHO 00HOZHAYHO COOMBEMCMBYIOM KPUMU-
yeckum movkam underca k.

CHEANCTBUE 12.4. Kaowcdan ¢Pywxuyua Mopca 3adaem uennot
KoMnAeKC, 00pa3yrouwue Komopozo padmepHocmu k 63aummno 00no-
BHAYHO COOMBEMCMEYIOM KPUMUNECKUM MOwKaM uHderca k.

IlocTpoennbrit KOMILIEKC Ha3bIBaeTcs komnaexcom Mopca. s
TOr0, YTOOBI MOJIyYUTh bp-MEPHYIO I'DYIILY T'OMOJIOrUil, HeOOX0IUMO
WMEeTh [0 MeHbIeil Mepe bp-mMepHOoe mpocTpaHCTBO k-miemeil. B pe-
3yJIbTaTe MBI IIOJIy9aeM cleyiomnee wepasercmeo Mopca.

CHEIOCTBUE 12.5. Koauuecmeo my KpUMmMuUHECKUT Movex uHIex-
ca k pynryuu Mopca ne menvwe k-20 wucaa Bemmu by, amozo mmozo-
06pasus (BHMUCAEHH020 0L NPOUZBOALHOZ0 NOASA KOIPPULUEHMOE).

Hampumep, Besikast Tiaikast GyHKITAA OOIIETo TOJI0KEHNsT Ha OPH-
EHTUPOBAHHOI IIOBEPXHOCTH POJa § MMEeT He MeHee 2g CeJJIOBBIX
KPUTHIECKUX TOUEK.

Jpyrum o4YeBWIHBIM IpUMeHeHmeM Teopun Mopca siBjsieTcs
asoiictBenHocTh Ilyankape: romosormdeckuit kKomrmieke Mopca, mmo-
CTpOeHHBIH M0 (GyHKIuHU f, COBOAMAET C KOMOMOJIOTHIECKUM KOM-
mwiekcoM Mopca, nmocrpoeHHbiM 110 Gyukiun — f. KiaerodnsiMm pas36u-
€HMeM, JIBOVCTBEHHBIM pa30ueHuio Ha kjiaerku U~ (x), sBisiercs pas3-
Guenue Ha Kiaerku U™ (x).

Eite oquum ciegcrBueM KoMiuiekca Mopca siBJIsieTcsi BBIYUCTIEHIE
9MJIEPOBOI XapaKTEePUCTUKNA MHOr00Opasus. JiIepoBOil XapaKTepu-
CTHUKOM KOHEYHOT'O KJIETOYHOT'O IIPOCTPAHCTBA HA3BIBAETCSH aJIbTEPHU-
poBaHHAasi cyMMa, duces bertu

() = 3 (1) b

DTO ompesiesieHre He 3aBUCUT OT BBIOOPA TOJIsT KOIDPUITUEHTOB.
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CJIEACTBUE 12.6. Diaeposa Tapaxmepucmukra KOMNAKMHO20
MH02000DA3UA PABHG GADTNEPHUPOSGHHOT CYMME KOAUYECTNE KPUMU-
YECKUT MOYER PA3AUMHIT UHOEKCO8 NPoudsosvhol dynkuuu Mopca,

dim M

X(M) =Y (=1)'m,

i=0
ade m; — KOAUYECTMBO KPUIMUYECKUT TMOYUEK uHndexca i.

Bkiag kpurmyeckoit TOUYKM B 3MJIEPOBY XapaKTEPUCTUKY PaBEH
WHJIEKCY TPAIUEHTHOTO TOJisd B 9TOI Touke. HamoMuuM orpeeieane
MHJIEKCA U30JIMPOBAHHON 0CODO0# TOYKHM BEKTOPHOIrO moJjisi. PaccMor-
PUM TIPOU3BOJIBHYIO KapTy HA MHOTOOODA3UU C IEHTPOM B JIAHHOI
touxe. OKpyxuM TouKy cdepoit SP~1 masenbkoro pajmyca u pac-
cMOTpuUM oTOOparkeHue 3Toit cdepbl B €IMHUYIHYIO, 3a/1aBaemMoe (hop-
myasoit ¢(z) = % Wuptekcom 0coboit TOUKN HA3BIBAETCS CTEIEHDb
OTODOpaXKEHUS (.

ind, (0) = deg(p: S7~ 1 — S~ 1),

JLJist oripeiesieHust NHIeKCa HYKHO 3a(UKCHPOBATH OPUEHTAIINIO Kap-
ThI, OJJHAKO CAM MHIEKC OT BBIOOpPA OPUEHTAIINY HE 3aBUCHUT: M3MEHe-
HIIe OPUEHTAINN KapThl BJE€YeT N3MEHEHHe OpueHTanmit obenx cdep
Kak mpoobpasa Tak u obpasa 0TOOPaKEHUs (p, IIOITOMY CTEIEHb ITO-
ro orobpakeHus He MeHseTcs. Hampumep, /i1 BEKTOPHOTO MOJIS Ha
IJIOCKOCTHU MHJEKC 0C000i ToUKH THna (HPOKYC (IPUTATHMBAIONIIN HIIN
oTTaJKuBaoImuil) paBen +1, a MHIEKC CeIJIOBOI 0COOOH TOUKH pa-
BeH —1.

AN / / N
N PN
N N,

s/ N N /

T T
ind=+1 ind=-1

CJIEJICTBUE 12.7. Diaeposa xapakmepucmura KoMNaKmmozo
MHO02000DA3UA PABHA CYMME UHOIEKCOE 0COODIT MOUEK NPOU3BOALHOZ0
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GEKMOPHO20 NONAA 06111,620 NoA0IHCEHUSA HA HEM

x(M) = Z ind, ().

zeM

Pasrocuavho, aGieposa xapaxmepucmura pasHa uHdexcy camonepe-
CEUEHUA HYNEB020 CEUENUA KACAMEALH020 paccroenus T M | uiu un-
dexcy camonepecevenus duazonasu 6 dexapmosom keadpame X X X .

JeiicTBUTETLHO, OKPECTHOCTD IMATOHAJIN B JIEKAPTOBOM KBaJIPATE
nuddeomopdHA TPOCTPAHCTBY KACATEIIHHOIO PACCIOCHHUS, & IIIeBeJjIe-
HUE HYJEBOI'O CEUEHMs] KACATEJHLHOTO PACCIOCHUS 33JIaeTCsl BEKTOP-
obIM TosieM. IlosToMy Bce Tpu criocoba orpejesieHus SiIepoBoit xa-
PaKTEPUCTUKHU TIOCJIETHETO CJIEJICTBUS SKBUBAJIEHTHBI MEXKLy COOOIA.
Ecsin B kKauecTBe 110/1s B3STh IPAJMEHTHOE TI0JI€ HEKOTOPOl MOPCOB-
CKOit (PYHKIINN, TO MBI TOJIYIAM SUIEPOBY XaPAKTEPUCTUKY, BBIUUC-
JIGHHYIO [PH TIOMOIH KoMIiuiekca Mopca, 9To TOKa3bIBAeT SKBUBA-
JIEHTHOCTH yTBEPKJIEHUH MTOCJIEHUX JBYX CJIEJCTBUI.

3AJIAYA 12.8. 1. Jokaxkure, 9T0 3iljiepoBa XapaKTEPUCTUKA, BCS-
KOT'O HEYETHOMEPHOI'0 KOMITAKTHOI'O MHOT'000Pa3usi paBHA HYJIIO.

2. JlokaxkuTe, 4TO 3iIepOBa XapaKTEPUCTUKA BCIKOT'O HEYETHO-
MEPHOTO KOMIIAKTHOI'O MHOT000pa3usi ¢ KPAeM OIIPEJIeJIsaeTcs diire-
POBOIT XapaKTEPUCTUKOI Kpad:

2x(M) = x(0M), dim M = 2k + 1.

11t mpaKTUYeCKUX BBIYUCIeHnit B KoMiuiekce Mopca neobxomnmo
TaK»Ke 3HATh NeOMETPUIECKOe ONHcanne Ko3(hMUIMEHTOB WHITHIEHT-
HOCTH KJIETOK COCEJIHEIl PA3MEPHOCTH. DTO ONUCAHNE TAKXKE UCIOJIb-
3yeT I'PAJUEHTHBINA MMOTOK. PaccMOTpuM jBe KPpUTHUYECKHE TOUYKHU T
uHjekca k u y napekca k — 1. PaccmoTpuM TpaekTopuu moJist v, BbI-
XOJAIIME U3 TOYKU & W BXOJSIINE B TOUKY Y. flcHO, 94TO Takume Tpa-
€KTOPHUU CYIIECTBYIOT, TOJBKO €CJI COOTBETCTBYIOIIIE KPUTUIECKUE
3HAYEHUsl YIOBJIETBODPSIOT HepaseHCTBY f(y) < f(z).

IIPEAJIOXKEHUE 12.9. B cayuae mempuru 006we20 NoAOHCEHUA
YUCAO 2PadUERMHBLT MPAEKMOPUL, COEOUHANUUL MOYKU T U Y COCEO-
HUT UHOEKCO8, KOHEWHO, U coomeemcmsyowul Koadduyuernm unyu-
denmmocmu pager KOAUMECMEY MAKUL MPAKemopull, NOCHUMAHHBIL
C YHemom 3HAKOS.

JleficTBUTEIBHO, STH I'PA/UMEHTHBIE TPACKTOPUH SABJISAIOTCH IIepe-
ceuernem MHorooGpasuit U™ (z) nu U™ (y) pasmeprocreit k un—k+1,
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COOTBETCTBEHHO, a CJIE/IOBATEJIBHO, B CJIydae OOIIEro MOJIOKEHUS ITO
epecevenne ofHOMepHO. [lj1st ompeesieHnst 3HAKOB HYKHO 3abUKCH-
POBATh OPUEHTAIMIO MHOr000Opasus U™ (x) 1is KazK 10l KPUTHIECKOM
TOYKH, UJIU, 9TO PABHOCHJIBHO, KOOPUEHTAIMIO MHOTO0Opasusa U™ (z).
Torja kaxas KoMmronenra nepecedenus U~ (z) N U™ (y) momyuaer
€CTECTBEHHYIO OPUEHTAIINIO U 3HAK TOJIOYKUTEJCH WM OTPUIIATEICH
B 3aBUCUMOCTH OT TOT'O, COBIAIAET WU HET MOJTyIeHHAs OPUCHTAIIUS
TPAeKTOPUA ¢ OpUeHTanuel, 3aJaBaeMOil HallpaBJICHIEeM JIBUKECHU.

Metox Teopun Mopca puMeHUM U K MCCJIEIOBAHUIO HEKOMITAKT-
HbIX MHOroobpaswmii. HeobxomumMo TOIBKO KOHTPOJUPOBATH ACHMII-
TOTHYECKOE TTOoBeJieHre (DYHKIMU [pU yXoje Ha OeckoHevHocTh. Ha-
IpUMepP, MOXKHO PACCMATPUBATH (DYHKINH, JJIs KOTOPBIX MHOYKECTBO
MeHBIX 3HadeHnil f < ¢ KOMIIAKTHO JJjIs JIIOOOTO ¢, Wid, JJIs MHO-
roobpasusi ¢ KpaeM, MOXKHO PaCcCMOTPETh (DYyHKITUIO, TOXKJIECTBEHHO
PaBHYIO HYJIIO HA KPAl0 M CTPOT'O MOJIOXKUTEJIbHYIO BHYTPHA H T.1I.

13 TomoJiorum KOMMOJIEKCHBIX MHOT0O0Opa3umii

[ToMuMO BBIYHUC/IEHUST TOMOJIOTHIT KOHKPETHBIX IIPOCTPAHCTB, TEO-
pust Mopca mmomoraeT moJrydarh u ob1ue yreepxkiaenns. Paccmorpum,
HAIIPIMep, TJIaIKOe KOMILIeKcHoe MHoroobpasue M C CV| 3anasa-
eMoe HaDOPOM KOMIIJIEKCHBIX MHOT'OYJIEHOB. Kcjim ero KoMILIeKCHas
Pa3MepHOCTb PaBHA 7T, TO €ro MOXKHO PaCCMATPHUBATH KAaK TJIAIKOE
HEKOMIIAKTHOE MHOIrooOpasue BelecTBeHHON pasmeproctu 2n. [liis
U3y4YeHNs] ero TOIOJOIMHE MOYKHO PaccMOTpeTh (byHKIMIO 72 KBaJ-
paTa (eBKJINJIOBA) PACCTOSIHUSA J0 Hadasa KoopauHat. IIpu obmiem
BBIOOpE HAYaJIa KOOPJAMHAT 9Ta (PYHKIUS SIBJISIETCH MOPCOBCKOM.

TEOPEMA 13.1. Hndexc Mopca 6caxol kpumuueckold mouwku
PyHrUUL T2 He NPesLIULAE KOMNACKCHOT PAZMEPHOCTIU N aPduHIO-
20 M102000pasus. CaedosamenvHo, 20MOAORUL MAKO20 MHO2000DA3UA
MPUBUAALHBL 8 PASMEPHOCTNAT, OONDULUT “HeM T,

Hi,(M)=0 npu k>n.

IIpuBenenHoe yTBep:KieHUe Ha3biBaeTcs ceolcmeom IlImetina
adpPUHHBIX KOMILIEKCHBIX MHOr00Opasuii. OHO BBIMIOJIHSIETCS U B TO-
MOTOIIMYECKOM CMBICJIE: BCAKOe Heocoboe ahddUHHOE KOMILIEKCHOE
MHOT000pas3ne KOMILIEKCHOI pa3MepPHOCTH 1 TOMOTOINIECKN IKBUBA~
JIEBHTHO KJIETOYHOMY IIPOCTPAHCTBY, B KOTOPOM IIPUCYTCTBYIOT TOJIBKO
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KJIETKU pa3MepHOCTH He Bbiie n. (Teopema He mpoTUBOPEYUT IBOI-
crBerHocTn IlyaHKape, IIOCKOJIBKY PacCMaTPHBAEMOE B Hell MHOI000-
pasue HEKOMIIAKTHO).

3a71A4A 13.2. Onpegesure romoronmyeckuit (a aydine, nudde-
PEHIUpYeMblii) THII KOMILIeKCcHOit rutieprioepxaoctu B C™, 3a1aHHO
KOMILJIEKCHBIM YpaBHEHUEM z% R z?n =1 (OTBeT: 9TO MHOro06-
pa3’e TOMOTONNYECKH SKBUBaJIEHTHO cdepe S™ 1 u nuddeomopdro
npoctpanctey T'S™ ™! ee kacarembHOTO paccioenus.)

JOKABATEJIBCTBO TEOPEMBI. /7151 MPOCTOTHI 5T OTPaHUIYCh CITy-
JaeM, Korga noamuoroobpasue M C CN apigercs rumeprosepxHo-
creio, n = dim M = N — 1. PaccMOTpuM KPUTUTIECKYIO TOUKY 2o Ha
MOBEPXHOCTH, HAXOJSAIILYIOCSI Ha PACCTOSIHUU g = 20| OT Havasa Ko-
opauHAT. BhIGepeM cucTeMy 2pmumossui KoopauHat (t,wi, ..., wy,)
B CV rtakum 06pa3oM, 4TOGBI OCh KOOPAUHATHI ¢ IIPOXOJHIA He-
pe3 TOUKY zg. JIOMHOXKWMB KOOpIWHATY ¢ Ha TOAXOIAIINN MHOXKHI-
TeJIb, MOXKHO JIOOMTBCSI TOTO, ITOOBI TOYKA Z) MMEIA KOOPIUHATHI
(r0,0,...,0). Torma w cayKuT JOKAILHONW KOOPAMHATON HA MUIIEPIIO-
BEPXHOCTH, a CaMa TUIIEpPIOBEePXHOCTh IIPeACTaBIAeTcs Kak rpaduk
HEKOTOPOii rosiomopduoit pyuknuu t = ro + F(w). Cinexosaresnbho,
paccmarpuBaeMas dpyHknus Mopca umeeT BuI

r? = |ro + F(w)|2 + |w|2 = |ro|* + 2rg Re F(w) + |F(w)|* + |w\2

Ye0Bu€E TOTO, ITO TOYKA 29 KPUTUIECKAs, PABHOCUJIHBHO DABEH-
CTBY HyJII0 JinHeiiHoi 4dactu dyukuuu 219 Re F(w), T.e. paBeHCTBY
HYJIFO JInHeHOM vacTu camoli dyrkuun F(w). MHBIME clI0BaMU, Mo~
Ka zog € M aeasemca xpumuneckoti 0aa oepanuvenusa dymxuyuu 72
na M mozda u moavko mozda, K020a 6eXKMOP 29 IPMUMOEO OPMO20-
naaen noseprrocmu M.

IIpu BBIIOJHEHUN YCJIOBUS OPTOrOHAJILHOCTH TEHIOPOBCKOE Pas3-
Joxkenne pyHKIUU F HAYMHAETCS ¢ 9JEHOB BTOPOrO Nopsjka, F =
Q(w) + o(|w]?), e Q — xKomiekcHas KpagpatndHas dopma. Core-
JI0BaTeIbHO, DYHKIMS 72 IPUHIMAET BUJL

2 2 2 2

r® =15+ 219 Re Q(w) + |w|® + o(|w|?).
Utak, emopoti duddepenyuan dynruyuu r2 npedcmasasemcs
6 eude Cymmvl 08YT KEAOPAMUYHLT HopM, 00Ha U3 KOMOPLIT
219 Re Q(w) sasasemces seuecmeennol 4acmovio KOMNAEKCHOU K8a0-
pamumsmoti dopmwt, a emopas |w|? nosootcumenvro onpedenena.
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W3 nuneitnoi aJIFe6pr U3BECTHO, 9YTO BCAKasA KOMILJIEKCHadA KBa/I-

patuvHas (pOpMa SPMUTOBBIM TPEOOPA3ZOBAHNEM MPUBOIUTCS K IUa-

2 2
w w
roHasbHOMY BHIY Q(w) = ¢ 5 Tt ‘2", rjie KOHCTaHTBI C;

MOXKHO CJI€JIATh BENIECTBEHHBIMU U JIaXKe HEOTPUIATETbHBIMU. JTHU
KOHCTAHTBI HA3BIBAIOTCS 2A06HbLMU KPUSU3HaMy toBepxuoctu M B
TOYKE Zg. BemecTBennast 9acTh 9TOi (pOPMBI paBHA

ReQu) = 3 3" e (e~ 42),
j=1

rae z; = xj + iy;. Curnarypa dopmsr 279 Re Q(w) (npu yciaosun ee
HEBLIPOJK/JICHHOCTH) PAaBHA B TOYHOCTH 7, T.e. MOJOBHHE BeleCTBeH-
Hoft pazmepHocTH MHOr00Opasus M. [Ipu npubaBieHun MOJIOXKUTE -
HO onpesenenHoit bopmbr [w]? = Y7 (23 +y7) curmarypa MoxkeT TOJTb-
KO YMEHBIIHUTHCA. JTO 3aBEPIIAET JIOKA3ATEIHCTBO TEOPEMBL.

I3 NpUBEIEHHBIX BBIYUCICHUN CJIEAYET, Y4TO CUTHATYPA BTOPO-
ro muddepenrmana 2roRe Q(w) + |w|? dynxuum r? pasna Kom-
YeCTBY TeX IVIABHBIX KPUBU3H C;, JJIsi KOTOPBIX BBIIOJIHSIETCS HEPa-
BEHCTBO ¢; > 1/rg. Takum o6pa3oM, y KPUTHIECKAX TOUEK, PACIO-
JIOYKEHHBIX JaJIbIIe OT HAaYaJa KOOPAUHAT, CHTHATYPA, KaK IIPABUIIO,
boJbIITe.

SAJIAYA 13.3. Berunciure 3iijiepoBy XapaKTEPUCTUKY KOMILIEK-
cHoll runeprnosepxHocTun B C™, 3a71aBaeMoii ypaBHermeM 2§ + - - +
d _
zy = 1.

Pewenue®. B IpUBEIEHHLIX HEKe BBIMHCICHHAX MBI IIPEIIOJA-
raeM BBIIOJTHEHWE HepaBeHCcTBa d > 2. OTBET, NOJyYeHHDIH B KOHIE
permrenusi, cupase B U npu d = 2 u upu d = 1. Cayqait d = 1
OYeBUJIEH, a ciy4ail d = 2 HOKPbIBAETCS IPEIbIIYINeil 3a/1at4eil.

IIpexk1e BCEro 3aMeTHUM, ITO IO TeOPEeMe O HesTBHOI (DyHKIMI 3Ta
noBepxHoOCcTh f(z) = 1 Heocobasi: e JMHCTBEHHAs TOYKA, B KOTOPOU BCe
JacTHBIE TIPON3BOAHbIe DyHKIMHN f(2) = sz obpalalorcs B HOJIb,
ABJISIETCS HAYaJ0M KOOPJMHAT, KOTOpOe IOBEePXHOCTU He IIpUHaJIIe-
JKUT.

39ra 3amava U ee pelleHIe IMO3aMMCTBOBaHbI U3 KHurm: Apsossn B. 1., Ka-
nurauno 2K.-M. u ¥Ypube P., I'eomempus.
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Il mcciieloBaHus TOIOJIOMUU 9TOH IMOBEPXHOCTH PACCMOTPHUM
dbyuxmmo Mopca r2. DTa GpyHKImS 06/1a126T 60ILIION TPYIIION CHM-
MeTpun (G, COCTOAIEH U3 MEPECTAHOBOK KOOPIMHAT U YMHOYKEHUST KO-
OPJIMHAT Ha MIPOU3BOJIbHBIE KOpHU d-it crenienn u3 1. [lopsiziok rpyi-
bl G paser m!d™. Tlosromy 7151 BCIKON KPUTHUIECKOH TOYKY 2o BCs
opbuTa 3TOM TOYKM COCTOUT U3 KPUTUIECKUX TOYEK.

KacarebHasi runeprijiockocThb K MOBepXHOCTH M 3a/1aeTCsl paBeH-
CTBOM

of of
o + -+~ dzy = 0.

0z1 Ozm,
OPMHUTOBO OPTOTOHAJLHOE JIOTIOJTHEHUE K STOW THIIEPIIOCKOCTH TI0-
POZKIaeTCst BEKTOPOM 7 ¢ Koopauuaramu (241, ..., 24-1), Kak 6bL10
IIOKa3aHO IIPU JIOKa3aTeJIbCTBE TeopeMbl 13.1, ycioBue TOro, 4To jJaH-
Hast TOUKa 2( ABJISAETCS KPUTHIECKOH 1st (DyHKITAHN 72, SKBUBAJIEHTHO
SPMUTOBOI OPTOIOHAJIBHOCTH BEKTOpa Zzg MoBepxHOocTH M, T.e. mpo-

MMOPIIMOHAILHOCTH BEKTOPOB 2o U 11

sd—1 _ y .

Z = Az

11 6o 2, = 60 |2 = |\[1/(d—2)
3 9TOr0 PaBEHCTBA CJIe/yeT, 4To0 Jubo z; = 0, mmbo |z;| = ||

U z; ABJIAETCS OJHUM U3 KOPHell cTelleHM d U3 4ucia zéi =AzjZ; =

A AV @=2) | grumnakosoro st Beex j. M3 pasemncrsa . z;l = 1 BoITE-
KAeT, 9T0 zjd = 1/k, tae k — KOJIMIECTBO OTJIMYHBIX OT HYJI KOOPIHU-
HaT Zj. IIOqBITOXKIM HAIM BBIYACJICHU.

Kpumuueckue mouxu @dynxuyuu 12 obpasyrom m opbum 2pyn-
no. G, 3anymeposarnulr wucramu k = 1,....m. B opbumy ¢ Home-
pom k exodam mouru, y Komopuxr m — k xoopouram pasHvl HYA0, G
ocmaswuecs k kKoopdunam ABAOMCA KOPHAMU cmenery d U3 “uc-
aa 1/k. Koauvecmeo mouex 6 amoti opbume pasho CE d¥ . Kpumume-
ckoe anavenue 6 Kascdoti uz movex amoti opbumul paeno 1> = k' =2/
Jlpyeuz kpumuneckur movek y gynxyuu v nem.

Jyia Beraucsenust ungekca Mopca (1 IpoBepKU HEBBIPOXK ICHHO-
CTH KPUTHYECKUX TOYEK) HY?KHO BBIYUCJIUTD [VIABHbIE KPUBU3HBI 110-
BepxHoctu M B Kaxk70it n3 5Tux Touek. HerpymHo nocaurarh, 9TO B
TOYKaxX OpOUTBI ¢ HOMEPOM k cpean m — 1 TJIaBHBIX KPUBU3H M — k
PaBHBI HYJIIO, a OCTaJbHble k — 1 paBHBI MeXKJ1y COOOW U Y/IOBJIETBO-
PSIIOT HepaBeHCTBY ¢; > 1/r. 113 3aMevanns B KOHIe JOKA3aTEIbLCTBA
TeopeMmbl 13.1 BbITeKkaet, uro undekc Mopca mouex opbumol ¢ Home-
pom k pasen k — 1.
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U3 xommiexca Mopca dysKImm 2

POBOI XapaKTEepUCTUKN

MbI HaXOJUM 3Ha4YeHHe JiiJIe-

m

X(M)=> (- 'Chd* =1-(1-d)™
k=1

Pemenue 3Toft 3ajavMyM HABOAUT HA CJEIYIONIAN BOMPOC: KaK
yerpoer nuddepeHiman B Komisiekce Mopca n kakue B pe3ysbrare
y Mmuoroobpaszust M romosioruu? U3 mreiinoBocTu (MM U3 BBIYKC-
JIEHU{1, IIPOBEJIEHHBIX B PEHICHUN) BBITEKAET, YTO OTJIMIHBIE OT HYJIsd
qncia Bertn mveror HOMepa He Bhimie m — 1 = dime M. B neit-
CTBUTEJILHOCTH, YUCIa Bertn ¢ Homepamu, MeHbIIMMA M — 1 TakxKe
TpUBUAJIBHBI. BoJiee Toro, Teopema MujiHOpa yTBEpPKIA€T, YTO MHO-
roobpasue M TOMOTONMYECKH SKBUBAJEHTHO Oykery u3 b,,_1 cdep
pasmeproctu m — 1. Takum 06pa3oM, OTIUYIHBIE OT HyJs Yucjia ber-
TH MHOTOOOpa3us M paBHBI

bo(M) =1, b1 (M) = (d —1)™.

SAZIAYA 13.4. Haiimure umciia Berru KomijiekcHoi rumepmo-
Bepxuoctu M B CP™, 3amaBaeMoii (popMoil crermenn d ¢ obmmMu
KO3 PUITIEHTAMI.

Pewerue. OCHOBHOe HETPHBUAJIBHOE COOOPasKEHNE COCTOUT B TOM,
qro ponosnnenne CP™ \ M obaamaer coiicrsom IIlTeiina:

H*¥(CP™\M)=0 upn k>m.

JeitcTBuTeIbHO, paccMoTpuM orobpaxkenne CP™ — CPN, N =
Cliiqg — 1, 3a1aBaemMoe B OJIHOPOJIHBIX KOODJIMHATAX BCEBO3MOZKHBI-
M MOHOMamu cTenenn d (ux Kommdectso pasao O, ;). 910 0TO6-
parkeHue Ha3bIBaeTCs G.ao0oicenuem Beponese. ['mneprnioBepxuocts M
[IEPEXO/IUT TIPU STOM BJIOXKEHHUU B CE€UEHME THIIePIIOcKOCcThIo. Cireto-
Baresbuo, pononaneane CP™ \ M nomyckaer Bioxenue B adbdunnoe
npocrpanctso CV | 0TKya 1 BEITEKAET ero mTeifHOBOCT.
Paccmorpum Temeps AIMHHYIO TOYHYIO ITOCJIEIOBATEIHLHOCTD I1a-
pel (CP™, M). Dra 10cie/10BaTeIbHOCTD COJIEPKUT U3BECTHBIE IPYII-
bl romostoruii Hy, (CP™), uckomble rpymmnst romosoruit Hy, (M) u ot-
socuresbubie rpynusl Hy(CP™, M), nuzomopduble 110 1BOHCTBEHHO-
cru Ilyankape rpymmam H2™m~*(CP™ \ M). U3 mreffHOBOCTH J0TIO-
uernst CP™ \ M v JIMHHON TOYHOMN IOCJIE/IOBATEIHLHOCTH MbI HAXO-
auM, uro Biaoxkenue M — CP™ unaynupyer n3omMopdusM k-MepHBIX
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romoJioruii B pasmepHocTsix k < m — 1 (9T0 yTBep:KJIeHNe SBIISETCS
YACTHBIM CJIYYaeM TaK HbI3bIBAEMON cuavholl meopemor Jedueya).

Takum obpasom, uucia Berru bg(M) upu k < m — 1 nosro-
pstioT coorBeTcTByfomue uucia Berru mist CP™. Bropast mosioBu-
Ha unces Berrn Haxomures u3 ppoiicreennoctn Ilyankape: by (M) =
ba(m—1)—k(M) mpu k > m — 1. Ocrasureecst cpesnee uncio Bern
bm—1(M) onpenesnsgerca u3 3i1epOBO XapaKTEPUCTUKU:

bar (M) =1, 0<ks<m—-1, 2k#m—1,
bgk_l(M):O, 2]43—1#’[71—1,

m — x(M), M 9eTHO,
met X(M) — (m —1), m nedeTHO.

Taxum obpaszom, s pelreHnst 3a/1a91 HaM OCTAJIOCh MOCUYUTATD
x(M).

DiljIepoBy XapaKTePUCTUKY MHOroobpasusi M MOXKHO BBIYHCJIATH
WHJIYKIIAE 110 M ¢ UCIIOJIb30BAHUEM PEIeHns PeAbIIyIeil 3a1a4u.
Pacemorpum mapy M, V', rme V' — nmepeceuenne M ¢ obieit rumep-
ILJIOCKOCTBIO. Torma

X(M) = x(V) + x(M, V).

OrrocurenbHas sitneposa xapakrepuctuka X (M, V) = x(M\ V) Bbl-
quc/eHa B Upeplayineii 3agade u pasua 1—(1—d)™. eiicrBuresbHo,
nononuenue M \ V' asnsercs addunnoii runeprosepxuoctbio B C™
crenenn d. Ee Tomosorust He 3aBucut ot (06mmero) Boibopa koadbdu-
IMEHTOB MHOT'OYWJIEHA, 3a/IAI0IIEr0 3Ty TUIepIoBepxHOCTb. CremnoBa-
TEJILHO, JIJIsI OIPEJIEJICHNs] €€ TOIOJIOTUU JIOCTATOYHO PacCMOTPETh
J1I0001 KOHKPETHBIN MIPUMep TaKOi THIIEPIIOBEPXHOCTH, ITO U OBLIO
CJIEJIAHO B TIPEJIBIIYINEM [IPUMEpE.

Mmuoroobpasue V' TakxKe dBISIETCS TUIIEPIIOBEPXHOCTHIO CTele-
Hu d, HO B IpoeKTHBHOM mpocrpancrse CP™ ™! ma enunumy MeHb-
mero umciia u3Mepenuit. [103ToMy MBI HAXOIUM 10 WHIYKITUT

m _ _ _ m—+1
X(M)ZZ(l—(l—d)j):m—(l d) Ezl )t

Jj=1

Hampuwmep, s cirydast m = 2 maOoroobpasue M — KOMILJIEKCHAST
KpHUBasg, T.e. BellleCTBEHHAas ITOBEPXHOCTb, POJI KOTOPOU paBeH

b (1-d-(1-d ([@d-1)(d-2)

2 2d 2
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DT0 paBeHCTBO Ha3bIBaeTCsi Popmyroti Pumarna—lypsuya.
IIpu m = 3 M wuMeeT BeNIECTBEHHYIO Pa3MEPHOCTH 4 M €ro 4mcjia
Bertu pasmbr

by =1, by =0, by = d®*—4d*+6d—2, by =0, by = 1.

14 ChnekTpaJsibHas IIOCJIEIOBATEIbHOCTD

ITos roMosTOrusiMU B 9TOM IIYHKTE MBI TIO/IPA3yMEBAe€M TOMOJIOTUN
¢ Ko3ddurmenTaMn B TPOU3BOJILHOM abeIeBo TPyIIIe, OmycKast, Is
KPaTKOCTU, yKa3aHUEe Ha 3Ty IPYIIILY.

CrekTpaJjibHasl MOCJIe0BATEILHOCTD SIBJISIETCS JTaJeKnM 0000T1IIe-
HUEM TOYHOU IOCJIEIOBATEILHOCTH MMaphbl, OTHOCSIINMCH K CJIydalo,
KOTJIa Ha TOMOJIOTHYECKOM MpocTpaHcTBe X 3aJaH0 HE OJIHO MOJIPO-
CTPAHCTBO, a Iejiast GUILTPAIHs 3aMKHYTHIMU TIO/IITPOCTPAHCTBAMU

X'cX'cX?c..-CcX.

Ota buabTPAIH 33JaeT COOTBETCTBYIOIIYI0 (DUIBTPAIINIO B TOMOJIO-
THUSX

FoH.(X)C FiH.(X) C FobH.(X) C --- C H (X),

rne moarpymma F,H,.(X) aBnserca obpazom rpymnst H,(XP) mpu
Bitoxkernu XP — X. DTa NoArpymna mOpoXKIeHa KJIACCAMHU ITUKJIOB,
HOCHUTEJIb KOTOPBIX cozepkutcd B XP. Kax1plit 13 IUKJIIOB ¢, TOPOXK-
JIAIOIIUX 3TY IHOJAIPYIIILY, CTPOUTCS 3a HECKOJIBKO Iaros. Ha mepBom
Iare CTPOUTCS <IIMANOYKa» €1 OT ITOrO ITUKJIA, KJIACC KOTOPOU Jie-
JKAT B OTHOCHTEJNBHBIX romosiorusx mapbl (XP, XP~1). Ha sropom
[are 9Ta MAN0YKA <«Y/JINHAETCS» 0 OTHOCUTEJIHHOTO IUKJIA Co Ia-
pol (XP, XP~2); ma ciemyiomenm mare — mapsr (XP, XP~3) u r.a. s
IIPOCTOTHI MBI IIPEIIIOIOKUM, YTO (DUIbTPAIusd KOHEeYHa. Torna mo-
cJie HEKOTOPOI'0 KOHEYHOI'O KOJIMYECTBA MAr0B MBI [TOJIy9aeM HeoOXO-
JUMBII aOCOJTIOTHBIA UK.

B mpormecce mocTpoerus mukiia HEOOXOANMO YUIUTHIBATL JBa 00-
CTOATEIHCTBA. BO-11€PBBIX, OTHOCUTEIBHBII UK C;, TIOCTPOEHHBII Ha
7-M TIIare, MOXKeT UMeTh HeTPUBUAJIBHYIO rpaHuily dc,. C XP~". Yro-
ObI UMETH BO3MOXKHOCTD IIPOJIOJIZKEHUSI [IUKJIA, C;- JI0 OTHOCUTEILHOIO
mukJa mapel (XP, X p_r_l), rpanuna 0c¢, J0JIZKHA ObITh MOMOJIOTHAY-
Ha IUKJIy ¢ HocHTesleM B XP~ "1, T.e. HeOOXOAMMO PaBEHCTBO HYJIIO
ee kitacca [Jc,] € H. (XP~", XP~"~1). Bo-BropsIx, 4T06bI KJ1acc 1o-
CTPOEHHOrO IUKJIa He ObLI TPUBUAIBHBIM, HEOOXOIMMO CJIE/IUTH EIIlE,
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4TOOBI ¢, caM He OBLI IpaHuIeil. B crmekTpaabHOli moc/ien0BaTeIbHO-
cTt 002 0OCTOSTETLCTBA YINTHIBAIOTCST OJTHOBPEMEHHO: Ha, T-M IIare
YUUTHIBAIOTCS MPAHUITBI TOJIBKO TeX IIemeil, KoTopble jgexkar B X P =1,
Ob6o3naunM gepes

E;?q = FpHp+q(X)/Fp—1Hp+q

p-ii TIoCJIeOBATEIbHBIN (haKTOp BBEIEHHON GUIbTPAIUN B TPYI-
e HP14(X).

ONPEJAEJEHUE 14.1. r-m npubnkenuem rpynnsl £J< HasbiBa-
eTcs TpyIa

ET _ Hp+q (Xp’ Xp*"")
e a*Hp+q+1(Xp+T_1> Xp) + i*Hp+q(Xp_1a Xp_r) 7

ryie romomopdbuambt Oy 1 Hpt g1 (XPT 1 XP) — Hpy(f(XP, XP™") 1
it Hypo(XP71 XP7T) — Hpio(XP, XP™T) B39TBI U3 JUIMHHBIX TOY-
HBIX II0CJIEJIOBATEIBHOCTEN COOTBETCTBYIONINX TPOEK.

fcHo, 4YTO mpHM AOCTATOYHO OOJBIINX 7 IIOCJIEI0BATEIBHOCTD

rpynn Ej . r=1,2,..., crabuimsupyerca K rpynue Ep< .

TEOPEMA 14.2. Jlas ecex v = 1 umeromca ecmecmseHnmvie 20-
MOMOPPHU3MBL

or: B, — E

—r,q+r—1»

makue, wmo Of = 0 u epynnoe BT usomopproe 2omonozuam xom-
T
naexca (B} ,,0),

. s T
r+1 _ Ker(@,.. Ep,q - Ep—nq-i-r—l)

Pq . T :
Im(9, EerhqfrJrl - Ezrhq)

Onpeneierre roMOMOPGU3MOB 0, OUEBUJIHO: €CJIU JJIEMEHT I'PYII-
upl ) . TIPEJICTaB/IAeTcss HEKOTOPBIM OTHOCHTEILHBIM IIHKJIOM C, TO
Kiacc Op[c] upezcrasisiercs rpanuieil dc Toro 1muKIa.

AGCTpPakTHOU CnexmpasvHoll NOCAEQOBAMEALHOCTLIO HA3BIBAET-
Cs1 IPOM3BOJIbHASI TIOC/IEI0BATEJBHOCTD rpym By o r=1,2,3,... 1
mubdepenimanos 9., neficteyomux B E , ¢ TeM e CJBUTOM WH-
IEeKCOB, YTO U BBIIIE, U TAKUX, YTO KaxKIbLIA CJIELYIONUiA YIeH Io-
CJIEZI0BATEILHOCTH M30MOP(EH I'OMOJIOIASIMU IPEILIAYIIEro UIeHa.

Teopema yTBepKaeT, YTO BCAKAs TOMOJIOrHYecKas (pUiIbTpalus Ha
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A
q
g
r
3 é; Ep,q
2 P
PN
1 5
0
0 1 2 3 4 5 6 P

[IPOCTPAHCTBE 33/1a€T COOTBETCTBYIOIIYIO aOCTPAKTHYIO CIEKTPAJIb-
HYIO IIOCJIEJIOBATEIHLHOCTD TOMOJIOTHH. UJIeHbI CIIeKTPAJIBHON TOCIe-
JIOBATEJIBHOCTH NPUHATO U300pazarh Tabiunamu ¢ rpymnoit ) B
KJIeTKe ¢ KoopauHaTamu (p,q). ['pynisl moiHoi rpajyupoBKu n Jie-
2KaT Ha auaroHanu p 4+ q¢ = n. Hanpasmenue aefictBust guddepeniim-
aJsia 0, M300pakKeHo Ha PUCYHKE.

JlokazaTeabCcTBO TEOPEMBI, IO CYIIECTBY, ajaredpandeckoe. B meii-
CTBUTEJILHOCTH, JIJIsI HOCTPOEHUSI CIIEKTPAJIHHON [T0CJI€0BATEIHHOCTH
JIOCTATOYHO UMETh (DUIIBTPAIUIO B IIEITHOM KOMILIEKCE, 33,/1aI0IIEM I'0-
mosioruu. CreKTpasibHas TOCIeI0BATEIbHOCTD TEOPEMBI IOy IA€TCS
u3 GUALBTPAIMHT B IPYIIe CHHTY/ISAPHBIX mereit Ha X, p-il €WwieH KoTo-
poit coctout u3 teneit ¢ Hocuresem B XP. Jlamee Teopema JT0Ka3bI-
BaeTcs JIMbOO METOJIOM JIMarpPaMMHOIO MOUCKA, JTUOO0 MHOTOKPATHBIM
[IPUMEHEHUEM JIJIMHHBIX TOYHBIX ITOCJIE0BATEIHLHOCTENl BCEBO3MOXK-
HBIX TPOEK. 91 OIyCcKar BCe 3TU BBIYUC/EHUs, KOTOPBIA BIyMYUBBIi
CJIyTIaTEeb MOXKET IPOBECTH CAMOCTOSTEIHHO.

YieHs! cTemeHn N CIIEKTPAIBHOM MOCIeI0BATEIbHOCTA 33IaI0T B
Ipejiesie rpyumy G}p tgen Epigs KOTODAsI SIBJISIETCH HPUCOEMHEHHOM
IPaJIynPOBAHHOI I'PYIIIO paccMaTpuBaeMoil (puIbTpaluy B Ipymie
H,(X). 9r1or darT 06BIYHO yCIOBHO H306PaKaOT 3alUCHIO0

ET, = H.(X).

Eciu B xadecTBe K03DDUINEHTOB UCIIOIB3YETCS MOJIE, TO MPEIehb-
HBIl YJIeH OIpejiesisieT NCKOMbIE TOMOJIOTHH OHO3HAUHO. OIHAKO B
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o0I1eM CJIydae UMEeTCsl elfe HeKOTOPas HeOJHOZHAYHOCTD B OIIPe/ie-
JieHuu Kpydernst (3ToT ke 3pderT Mbl yKe HAOIOMAIN IPU U3yYe-
HUM JJIMHHON TOYHOI 1oceoBarebrocTr). s yeTpaHeHust Heo-
HO3HAYHOCTU IIPU BOCCTAHOBJIEHUN TOMOJIOTHI YAaCTO WCHOJB3YIOT
CJIELYIOIINY AHAJIOT JIEMMBI O IISITU TOMOMOpP(hHU3MAaX.

TEOPEMA 14.3. Ilycmv 3adams, 06a PusbmposaHHbis mMonoao-
euneckur npocmpancmea X u Y u Henpepwenoe omobpasicerue
f: X =Y, coxpansmowee pusvmparyuro. Tozda ono 3adaem 2omomop-
Pusm coomeememeyWULT CNEKMPAALHHL NOCACI08aMENLHOCTEN

[t By (X)) — Ep (V).

Ecau asmom 20MOMOPPUIM ABAAECMCA USOMOPPHUIMOM OAA HEKOMOPO-
20 T, MO OH ABAAECMCA USOMOPPUIMOM U O BCET NOCACIYIOUUT T,
a maxoice uzomoppuamom seasemcs 2omomoppusm fi: Ho(X) —
H,.(Y) npedeavhvix 20mon02uii.

IIpuMEP 14.4. Ilycts 3aman0 KjaeTowunoe mpocTpancTtso X . Pac-
CMOTPHUM €ro (QUILTPAIMIO MO OCTOBaM, Xj = skk(X ). ®@akTop-
npoctpaHcTBo Xy /X1 siBisiercst GykeToM k-MepHBIX cdep, HeTpH-
BUAJIbHBIE TOMOJIOTUU KOTOPOT'O COCPEIOTOYEHBI B Pa3MEpHOCTH K,
u u30MOPGHBI I'PYIIE KJIETOYHBIX k-mereii mpocrpanctsa X. Ha-
YaJIbHBIA YJIeH COOTBETCTBYIONIEH CIEKTPaJIbHOHN IMOCJIEI0BATEIbHO-
cTH M300parkeH Ha PUCYHKE.

ql

2 E..

o1 o1 o1 o1
0] Co+—C1+—Co+—C3+~—C4

0 1 2 3 4 p

B meMm mmeercsa Tosibko onna HenyseBast ctpoka ¢ = 0. Hudde-
peHIman 01 B 3TOil CTPOKe COBIAIAET ¢ AUMDMEPEHIINAIOM B KJIETOU-
HOM IIEITHOM KOMILIEKCE, a BCe Hoceayomue auddepeninaibl Tpu-
BUAJIBHBI IO coOOpaxkeHuto pasmeprocreil. CireroBaTe/ibHO, IPYIIIa
E? = E* uzomopdHa rpymme KJIeTOYHbIX TOMOJIOIH MBI eIle pa3
MOJIy9myin ©30MOPMU3M KJIETOYHBIX I'OMOJIOTHUH U CHHIYJISAPHBIX. B
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ILQI;’ICTBI/ITG.HLHOCTI/I, JA0Ka3aTeJIbLCTBO 3TOI'O I/I3OIVIOpd)I/I3l\la, npuBeIeH-
HOE B II. 7 SIBJISIETCSI IepeBOaAOM IIPUBEICHHBIX BLIIIE paCCy)K,HeHI/Iﬁ
Ha A3bIK, HE I/ICHOJII)SyIOIHHﬁ IIOHATHA CHeKTpaJ’IbHOﬁ IIOCJIEJOBATEJIb-
HOCTH.

ITpuMmEP 14.5. Ilycrs y mpocTtpancTBa X MMEETCH MOAIPOCTPAH-
ctBo A C X. D10 MOANPOCTPAHCTBO 3a/aeT (DUIBTPAIINIO, COCTOSI-
IIYIO0 BCEro U3 JByX UJIEHOB,

g= =X 1CA=XgC X1 = =X.

Y CcOOTBETCTBYIOIIEH CIEKTPAIbHON I10CJIE0BATEILHOCTH NMEETCs
TOJIBKO J[Ba HEHYJIEBBIX cTOJ101a ¢ HoMepamu 0 u 1: rpyTimst E&ﬁ* nu30-
MOP(HBI TOMOJIOTHSIM TTOIITPOCTPAHCTBa A, a TpyIbI Ell* n3oMopd-
Hbl OTHOCHTEJIbHBIM romosiorusM napbl (X, A). Ilpu srom nepsbrit
nuddepeniman J; COBIAIAET CO CBA3BIBAIOIIMM JuddepeHmaIom
O0v: Hyp1(X,A) — Hy(A) u3 [iuHHON TOYHON IIOC/IE[0BATEILHOCTH
apbl, & Bee BhICIMe TudhepeHnuaIbl TPUBAAIBHBI 10 COOOPaYKEHIIO
pasmepnocreii. Takum 00pa3oM, CIeKTpaJIbHAs TOCIeI0BATETbHOCTD
CBOJIUTCS B 9TOM CJIy4ae K JIJIMHHON TOYHOM ITOCJIEIOBATEILHOCTH 1A~

pBL

qk
E(%,n—l ®
. ak .
L4 Eli,nfk
0 k P

7] 7]
(_Hn—l<_E01n—1<_kElin—k(_Hn<_E(%n(—k
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Boobrrie, cnexmpaavhas nocaedosamesvHocms UMENOULAL MOADKO
dee HempusuUAALHHLT CMPOKU UAU CTMOAOUG IKBUBAAEHTNHA OAUHHOT
mouHot NOCACI0BAMEALYHOCTNU NAPDL.

TlociiemoBaTeIbHOCTD, y KOTOPOH JIBa HEHYJIEBLIX CTOJOIA He
SIBJISIFOTCSI COCETHUMM, MOKHO IIOJIYUUTH U3 TOIOJIOTUYECKOI Haphl
(X, A) npocro cusurom Hymeparnun B dhuiabrparmn. Hanpumep, ecian
TIOJIOZKUTh

G= =X 1 CA=Xo= =X 1CXp=- =X,

TO B IIOJIyYHUBIIEHCs] CIIEKTPAJBbHON I10C/I€/10BaTeIbHOCTH HETPUBU-
aJsibHbIe cToJIOB nMetoT HoMmepa 0 u k. [losryuennast mocseroBaresb-
HOCTBb 9KBUBAJIEHTHA, 10 CYIIECTBY, IPUBEIEHHON BBIIE, HO €€ €INH-
CTBEHHBI HEeTPUBUAJIBHBIN nuddepentman J, numeer HoMep 1 = k.

Ilepumep crieKTpaIbHOM MOCTIEI0BATEILHOCTH, UMEIOIIEH /IBe He-
HyJIEBBIE CTPOKH, OY/IEeT IIPUBEIEH HUXKE.

15 CHeKTpaJ’IBHaﬂ Imocjie10BaTeJIbHOCTb
paccjioenud

T'omoTonuvueckne TPyHIbl MPOCTPAHCTBA, 0A3bl U CJIOS JIOKAJIb-
HO TPUBUAJIBLHOI'O PACCJIOCHUA CBA3AHbI JJIUHHOA TOYHOHU IIOCIEHO-
BATEJIBHOCTHIO. B OT/IMYne OT TOMOTOIMHYECKHUX TPYIII, COOTHOIIIE-
HIE MEeXK/Iy COOTBETCTBYIOIIMMHU MOMOJIOTHYECKUMU I'pyHaMu 0oJiee
CJIO?KHOE U OIIMCBIBAETCH CIIEKTPAJIbHON 110C/IeJ0BATEIbHOCTDIO.

OnPEAEJNEHUE 15.1. Cnexmpaavnoti  nocaedosamesvbHocmvio
PAccAOeHUSA HA3BIBAETCS  IOCIEI0BATEIBHOCTD, MOCTPOEHHAS 10
duibTpanyu TOTaIBHOrO MPOCTPAHCTBA, WHILYTUPOBAHHON U3 (DUJIb-
Tpanuu 6a3bl 10 ee KJIETOYHBIM OCTOBAM.

IIycts 3amano pacciaoenne w: E — B co cioem F'. Besikuit mempe-
PBIBHBIN IIyTh Y Ha 0a3e ¢ HAYAJOM M KOHIIOM B TO4YKe * € B 3a-
JaeT orobpaxkenue B cebst cyiosg F,, OTHO3ZHAYHO, ¢ TOYHOCTHIO JIO0 T'O-
motormu. CJieloBaTe/IbHO, COOTBETCTBYIOIEE IIPeodpa3oBaHue IpyIl-
et H,(F,) onpeneseHo yxke OJHO3HAUHO, U OIPEIEJISIeTCs TOMOTO-
nuaeckuM tunoM myTu . CremoBareabho, dyHIaMeHTaIbHAST TPYTI-
na 71(B,x) 6a3bl paccioenus JefACTByeT B IDYIe I'OMOJIOIHH €ro
CJIOSI.

ONPEJAEJIEHUE 15.2. Paccioenne Ha3bIBACTCH 20MOA02UMECKY,
npocmuim, ecau peiicrBue dbyHIAMEHTAIbHONW rpyunsl 71 (B) 6a3bl
PAaCCJIOEHHSI B TOMOJIOTUAX CJIOS TPUBHAJIBLHO.
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PaccMoTpum crieKTpaabHYIO ITOCTIEI0BATETHLHOCTD TOMOJIOTTIECKN
TPUBHAILHOTO paccioenns 7: F — B. Hagampuerii wien B! sToit mo-
CJIEZIOBATEJILHOCTH 3aBUCUT, OYEBUIHO, OT BHIOOpPA KJIETOYHOIO Pas-
Oouenns 6a3bI.

TEOPEMA 15.3. Ynen E? cnexmpasvroti nocaedosamensrocmu
PACCAOEHUA HE 3ABUCUM, C MOYHOCMBIO 00 UOMOPPHUIMG, OM 6bi-
bopa Kaemourozo pazbuerus 6a3vi, U ONA 20MOAOUMECKU TPOCTNO20
paccaoenus umeem 6ud

E127,q = HP(B7Hq(F))7

ede abenesa epynna H,(F) paccmampusaemcs 6 Kauwecmee epynnbe
KoapPuyuenmos.

q |Hq(F) Hy,(B, Hy(F))
E2
0| Z H,(B)
0 p i

Ecsn B romoutorusix 6a3pl u cjiost Kpy4deHue OTCyTCTBYeET, UJIN €CJIN
pacCMaTpuBacMad I'PDyIIIa KOS(i)d)I/H_LI/IeHTOB ABJIAETCA 1TOJIEM, TO MBI
nmMeeM TakKzKe

Hy(B, Hy(F)) = Hy(B) ® H,(F).

B cnyuae TpuBmasbHOro paccioenuss Bbiciine audEpEeHITHAIBI OT-
CYTCTBYIOT, ¥ MBI ITOJIy9IaeM U30MOPMOU3M

H,(Bx F)~ P Hy(B,Hy(F)).
ptg=n

910 onMH U3 BapuaHTOB (hopmysbl KioHHETa, OMUCHIBAIOIIEH TOMO-
Jloruu mpsiMoro nipousseieansi. CBOOOIHAST YACTh U KPYYeHUE TOMO-
Joruit mpoctpancTsa B X F' ompesesnsieTcst u3 3TOro u3omMopdusma
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OJIHO3HAYHO IIPU ITOMOIIHU (DOPMYJIbI YHUBEPCAJIbHBIX KO3 dUIimeH-
TOB.

B ciiyyae Kocoro nmpousBelieHus B CIEKTPAJILHOMN IIOC/IeI0BATE b
HOCTH MOTYT MPUCYTCTBOBATDL BbICINe auddeperimaanl. B pe3yib-
TarTe, y KOCOIo IIPOU3BEJIEHUsI TOMOJIOIUIl, KAK IIPABHUJIO, MEHBIIIE, YeM
Y COOTBETCTBYIOIIErO MPSIMOTO ITPOM3BEICHMS.

Habpocox doxaszamenvcmea meopemo.. PaccMoTpuM OfHy U3 p-
MEpHBIX KJIETOK 0, 6a3bl. IIocKOJIBKY KieTKa cTarmBaeMa, HaJ| Heit
pacclioeHre TPUBUAILHO, W, CJIEIOBATE]bHO, €e IOJIHBI Mpoodpa3
7~ 1(0p) romeomopden IPAMOMY TIPOU3BEIEHHIO cJiof F Ha OTKDBI-
TBI pP-MEpHBIl mIap.

Orcrona ciiesryer, 910 (PaKTOPIPOCTPAHCTBO P-TO YieHa (PUIbTPaA-
1 110 (p— 1)-My romeoMopdHO GYKeTy IIPOCTPAHCTB, KAXKI0€ U3 KO-
TOPBIX siBJIsieTcd akToprupocTpancTsoM Buga F x BP /F x OBP, rue
BP — p-MepHBI map. 9TO IPOCTPAHCTBO TOJIYIAETCS U3 P-KPATHOMN
Hazcrpoiiku YPF crarusanueM (p — 1)-mepuoit cdepsr. 113 uzomop-
dusMa HAJICTPONKYU BBITEKAET, YTO NOMOJIOTUN TAKOTO IIPOCTPAHCTBA
130MOP(HBI TOMOJIOTUSIM IIPOCTPAHCTBa F' CO CABUIOM I'DaLydUPOBKU
na p. Takum obpazom, rpyrma E; o M30MOpGbHA MPAMOit CyMMe TPy
H,(F), no oxuoi i KaxKaoil p-MepHOil KileTke 6a3pl. VIHbIME cilo-
BaMu, I'PYIIIa

B!, ~ Cy(B) ® H,(F)

n30MOpdHa IpyIIIe p-MePHBIX KJIETOYHBIX Ierell 6a3bl ¢ Koadduriu-
eutamu B rpymne H,(F').

Jlaee, M3 eCTECTBEHHOCTH M30MOP(U3Ma HAJICTPONKH BHITEKAET,
uyro gudpdeperiualt J; U3 CIeKTPaIbLHOM I10C/I0BATEIbHOCTH COBIIA~
naer ¢ audepeHIaioM B IIEIMTHOM KOMILJIEKCE, BRIYUCIIAIONEM KJle-
TOYHBIE roMOoJToTrH 6a3bl. OTCIO/1a BBITEKAET OIIUCAHUE BTOPOIO YjIeHa,
CIIEKTPAJIBLHOI TOCJIEI0BATEILHOCTH, IPUBEIEHHOE B TEOPEME.

3AJIAYA 15.4. B KakoM MecTe J0Ka3aTeIbCTBA UCIOJIb3YEeTCs I0-
MOJIOTHYIECKAsT TPUBUAJIHHOCTD PACCIOEHUS T

IIpuMEP 15.5. Ilpeamosnokum, 9TO cjaoeM paccioenus m : B —
B sinsiercst n-MepHasi cdepa. HerpupnasbHble TPYIIBI TOMOJIOTHIT
cdepst umeror Bug, Ho(S™) ~ H,(S") ~ Z. Orobpaxenue S™ —
S™ MHAYIUPYET TOXKIECTBEHHBII rOMOMOPGMU3M TOMOJIOTHI, €CIn I
TOJIBKO €CJIH 9TO OoToOpazkenme mmeer crenenb 1. Orcioma cienyer,
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UTO 20MOA0ZUYECKASA TPUBUAALLHOCTNG PACCAOEHUS cO croem S™ k-
BUBANEHTMHA €20 OPUEHMUPYEMOCTNU, T.€. COTTIACOBAHHON OPUEHTHPO-
BAHHOCTH €ro CJI0eB. Kcm 910 ycroBre BBITTOIHIETCS, TO CIIEKTPAThb-
Hasl T0CJIeI0BATETbHOCTh UMEET JIBE€ HEHYJIEBBIE CTPOKU C HOMEPaMU
q = 0u q =n. Kak MBI yKe oTMevasn, Takasl CIEKTPaJbHAS IO-
CJIEIOBATEIbHOCTh SKBUBAJIEHTHA JJIMHHONW TOYHON IOC/IE0BATE b=
HOCTH, KOTOpas B JAHHOM CJIydae HPUHUMAET CJeryiomuii Bus (T.H.
mowhas nocaedosamenvrocms Bana)

I Hk_l(E) — Hk—i—n—l(B) — Hk(B) —
— H(E) — Hirn(B) — -+

IIPuUMEP 15.6. IIpumeHUM CHEKTPAJHHYIO ITOCTIEIOBATEILHOCTD
PACC/IOeHHsT JIJIsl BBIYUC/IEHUSI TOMOJIOIHII TPEXMEPHOI0 MHOIroobpa-
3ust M, 0Opa3soBaHHOIO KacaTeJbHBIMA BEKTOPAMU €JIMHUIHON JJTH-
HBI K ODUEHTUPOBAHHON KOMIAKTHON MOBepXHOCTH S poja g. IIpoek-
must M — S, comocraBisioniasi BEKTOPY €ro TOYKY MPUKPEIIEHNUS,
ABJIAETCS JIOKAILHO TPUBHAJILHBIM paccaoenueM co cioem St. Tomo-
JIOTMYECKas TPUBUAJBHOCTb 9TOIO PACC/IOEHUsI BBITEKAET W3 OpUEH-
TUPYEMOCTH [TOBEPXHOCTH .S.

Hauamsubni wien E? cnekTpaibHON HOCTeI0BATEILHOCTH H300-
paXkeH Ha PUCYHKE.

y
E?, 1| z 729 L
02
0 729 7, ‘
0 1 2

EurcTBeHHBIM HETPpUBUAJIBHBIM UM dEPEHINATIOM, BO3SMOXKHBIM
Mo CcOoOOpaykKeHWIo pas3MepHocTell, saBjsgercs auddepentuai Jo
EE,O — Eg)l. Ilo cymiecTBy, ero meficTBue OBLIO BBIYUCJIEHO B MPU-
mepe 10.7: stor muddepennman u3oMopdHO O0TOOparKaeT TPYIITY
E3, = Hy(S) = Z ma unomrpynmy umzekca |2 — 2g| B rpymme
E&l = H,(SY) =Z.

Haumnast ¢ Tperbero 4jena crekTpajibHas MOCIEI0BATEIbHOCTD
crabumusupyercs, E2 = E°. I3 HOIy4eHHOTO ONUCAHUS MPE/Ieh-
HOI'O YJIeHa MbI OJJHO3HAYHO BoccTaHasjuBaeM rpyuusl Ho(M) = Z,



CrexkTpaJibHasl [I0CJIE[0BATEIBHOCTD PACCIOCHUS 7

Hy(M) = 7%, H3(M) = Z, a ans rpymst Hy (M) mbl nomyaaem
KOPOTKYIO TOYHYIO [OCJIEJ0BATEILHOCTD

0 — Zjp_ag| — Hi (M) — Z*9 — 0.

Takast MOCIETOBATEILHOCTD BCET/IA PACIIEIISETCS, X MBI TTOJIyIaeM
Hy(M) = Zjz—24 ® Z?9. Mbl HOILyIHIN TO 7K€ ONHCAHHE TOMOJIOTH
MmHOToOOpasus M, uro u B npumepe 10.7, TOJbKO Ha s3bIKE CIIEK-
TPaJIbHBIX IOCJIEIOBATEILHOCTEl 9TO ONUCAHWE BBITJISIUT, HA MOil
B3IUIsAT, O0JIee TPO3PAYHBIM M €CTECTBEHHBIM.

ITPUMEP 15.7. Paccmorpum orobpaxkenue S2"T1 — CP™, como-
cTaBJgIONee TOUKe Ha euHm4HOi chepe S2"T1 € C"H! kommrexc-
HYIO NPSAMYIO, IIPOXOIAILYIO Yepe3 3Ty TOUKY. DTO 0TOOparKeHue siB-
nseTes paceoenueM co cioeM S, HazpiBaeMbIM paccaoenuem Xonda.
BoraucmM crieKTpaibHy 0 TOCIeI0BATEIBHOCTh ITOTO PACCIOCHMUS.

Hamwawe rpymmbt Eg,o = Hy(S') = Z Bnever mammame rpym-
ubt Ef ) = Hy(S') = Z. IockoapKy Mbl 3HAEM, UTO NPEEIbHEIE
OJIHOMEpHBIE TOMOJIOTUN C(epbl TPUBUAJIBHBI, MOJyYeHHAs TPYIIIa
E12,0 = 7 noJkHa ObITh «yOuray BbICIIMME JudDepeHIiraIaMi.
EnunacrBeHHBI BO3MOXKHBIM KaHIUIAT HA POJIb YOWBAOIIEH TPYyII-
Bl — 9TO TPYIIIA E2270 ~ 7. Hanu4ue 3TO#l IpyIUIIbI BJIEIET, B CBOIO
ojepe]ib, HAJIMINE TPYIIIbI E% 1 ~ Z u 1.x. llponomkas paccyKaaTh
TAKHUM 7Ke 00pa30M, MbI HOJIydaeM OJHOZHAMHOE OIHcaHne d4ieHa 2
CIEKTPAJIbHOMN TI0C/I€I0BATEILHOCTH, N300PayKeHHOI0 Ha, PUCYHKE.

2
E*,*

02 02 02
0| 2 0 Z 0
0 1 2 3 4 5 6

Orciofia ciejiyeT BBIYUCIEHIE TOMOJIOTHI TTPOEKTUBHOIO IPO-
crparcrea CP™: rpymnsl Hy,(CP™) usomopdub Z npu detHOM k <
2n ¥ TPUBHMAJBHBI IPU OCTAJBHBIX k. IHTEpECHO OTMETUTH, 9TO ITOT
BBIBOJI MBI IOJIyYHM/IM TOJIBKO JIAIb U3 CYIIECTBOBAHUS PACCIOEHUS
S§2ntl _ CP™ co cnoem S, Ipu 5TOM reoMeTpHsl CAMOTO IIPOCTPAH-
crBa CP™ HUKaK HE HCIIOJIb30BAJIACE.
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Hapsiny ¢ romosornyaeckoit crieKTpasbHOM 110CIe10BaTETBHOCTHIO
MMEIOTCSl TaK»Ke KOTOMOJIOTHYECKasl CIEKTPAJIbHAas IOCJIEI0BATE b
HOCTB JIJIsi BBIYHMCJIEHUsT KOTOMOJIOTUI (DUIBTPOBAHHBIX ITPOCTPAHCTB
u paccaoenuit. Ha mepBbIit B3I, OTINYINE KOTOMOJOTHIECKOI CIIeK-
TPaJIbHOI II0CJIEI0BATE]LHOCTA OT T'OMOJIOTHYECKOH TOJBKO op-
MaJIbHOE: OHO COCTOWT B M3MEHEHUN HUKHUX WHJIEKCOB HA BEPXHHUE,
EP9 u B 0OpallleHUN HAIIPABJIEHUS BCEX CTPEJIOK HA IIPOTUBOIIOJIONK-
HBIE:

5,1 BP9 — pptra-rl

y
q
T
4 gi
3 S B
<3 T
5 N
54
1 ™
0
o 1 2 3 4 5 6 p

Nmeercs, opako, OHO OTIUIATETBHOE CBOMCTBO KOTOMOJIOTHYE-
CKO CITEKTPAJIbHOH TIOCJIEIOBATETLHOCTH PACCTIOEHUS, JIEMOHCTPUDY-
0I[ee ee TIPEJIIIOYTEHNE TIepe]] TOMOJIOTHIECKONR. DTO CBOMCTBO 3a-
KJIIOYAETCS B €€ MYJIbTUILINKATUBHOCTH.

TEOPEMA 15.8. Bce epynnoe E* ) r > 2, asasomces buepadyu-
POBAHHVIMU Koavyamu. IIpu smom Jupdeperyuan , ydosaiemsops-
em pagencmey

5r(ab) = 6,(a)b+ (1) a4, (b)

U KOADUEBAA CMPYKMYPA HG E:f_:l UHOYYUPYEMCA KAk HA KO20MOAO-
euax xKomnaexca (E5*6,). Kpome mozo, xoivyesas cmpykmypa na
nauaavnom waene By = H*(B, H*(F)) sadaemcs ymmooicenuem 6
K02oMon02uAT b6a3vl B u caos F paccroenus, a KoAvuesas cmpykmy-
pa 6 npedeavrom waene E%5F npucoedunena x xoavyesot cmpyxmype
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6 npedesvhuix Kozomoroeusr H*(E) momansvrozo npocmparcmea E
PACCAOEHUA.

OcraBiisisi B CTOPOHE JIOKA3aTEIHCTBO TEOPEMBI (OHO HECITIOKHO, HO
COCTOUT YTOMUTEIBHON ITPOBEPKE OOJIBIIIONO YHUC/Ia MPOCTHIX yTBED-
JKJIEHUI ), MBI PACCMOTPHUM CJICIYIOMIUI IIpuMep.

IIpuMEP 15.9. PaccMoTpuM KOrOMOJIOTHYECKYIO CIIEKTPAJIbHYIO
II0CJIe/I0BATEILHOCTD paccioenus Xomda S2 ! — CP", uzobparken-
HYIO H& PUCYHKE.

1| Z Z 0 Z 1| v VU, vu?
0| Z 0 Z 0 Z 0] 1 u?
0 1 2 3 4 1 2 3 4

OGozHaunM gepes v obpasyomtyio rpymust By = HY(S') ~ Z.
[Monoxum u = dav € Eg’o = H?(CP"™). U3 Tex e pacCyKIeHHi, 9T0
u B mpuMepe 15.7, MBI IOJTy9aeM, 9TO U sABJISeTCs 00pa3yIoIei rpyi-
ust H?(CP™) = Z. Caenosarennsho, obpasytomeil rpynisl By = 7
CJIY>KUT 3JIEMEHT U U, JIJIsi KOTOPOI'O MbI OIPEJIe/IsieM

Sa(uv) = udy(v) = u? € Ey° = HY(CP?),

oCKOJIbKY d2(u) = 0 1m0 coobpazkenuio pazmepnocreii. [Ipomosrzkast
TAKUM K€ 06pa3oM, MBI MOJIYYaeM, YTO SJEMEHTBI u, u?, ..., u"
obpasyroT ajuuruBHbli 6asuc B rpyiue H*(CP™). CuenoBaresbHo,
KOTOMOJIOTHYECKAsT CIIEKTPAIbHAS MTOCIEI0BATEILHOCTh PACCIOCHUS
Xonda Mo3BoJseT MOIyYUTh He TOJIBKO aJJIMTHBHYIO, HO U MYyJIb-
TUIIMKATHBHYIO CTPYKTYPY KOTOMOJIOTHI IPOCKTUBHOTO ITPOCTPAH-
cTBA:

H*(CP"™) ~ Z[u] /u™".

Kak u B mpumepe 15.7, 9TOT BBIBOJ MBI MOJIYYIUIN TOJIBKO JIUIIb U3
CyIIeCTBOBaHUs paccioenus Xomnda, IPU ITOM T'eOMETPHUsT TPOEKTUB-
HOT'O TTPOCTPAHCTBA HUKAK HE MCIOJb30BAJIACK!
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16 IIpumep: Teopema Ilymikaps o muamerpax
MoJIMHOroo6pasuii eBKJINJ0Ba IIPOCTPAHCTBA

B sroMm myHKTE MBI paccMaTpUBaeM OJIUH IIOYYHUTEIbHBIN IIPUMED
NIPpUJIOYKEHUsT Teopuu romosioruii. HecMoTpst Ha OTHOCUTEIBHYIO TIPO-
CTOTY, B 9TOM IIPUMEPE YIUBUTEILHBIM 00Pa30M COYETAETCs TPAKTHU-
9eCKHU BCE MHOT00Opa3ne METO/IOB, KOTOPBIE MbI U3y JaJId JI0 CUX IIOP:
teopust Mopca, gBoiictBennocts [lyankape, ymMHoOXKeHHE B KOTOMOJIO-
rugx U lepecedyeHue IMUKJIOB, JIJIMHHASA TOYHAs I10CJIE/I0BATEIbHOCTD
apbl U CHEKTPAJIbHAS IOC/TIEI0BATEILHOCTE paccioeHus. [Ipu sTom
BCE 3TU METOBI IIPUXOUTCSA IIPUMEHATH TBOPYECKU (MHOroo0pasue,
HA KOTOPOM m3ydvaercsi GyHKnuss Mopca 1 K KOTOPOMY MTPUMEHSIET-
¢Sl IBOUWCTBEHHOCTH llyaHkape, HEKOMIIAKTHO, €r0 3aMbIKAHIE NMEeT
0CODEHHOCTH; & PACCIOEHNE, Y KOTOPOI'O0 BBIYUCJIISIETCs CIIEKTPAIbHAS
HOCJIE/I0BATEIbHOCTD, HE SIBJISIeTCS TOMOJIOTUIECKHU [IPOCTHIM).

Ecan koMy-HuOyIbL U3 caymaTeseil CIyduTcss CO BpeMeHeM HU3y-
YaTh B3aWMOJEHCTBIE KOTOMOJIOTH C JIeHCTBHEM I'PYII Ipeodpaso-
BaHUM, g HACTOATEJIBHO COBETYIO BEPHYTBHCA K 3TOMY IIPUMEDPY U IIe-
peBecTH IIPUBOJIMMbIe HUXKE PACCY2KJIeHHUs Ha A3bIK 9KBUBAPUAHTHbBIX
KOI'OMOJIOTUA.

Tloxastyit, eMHCTBEHHBIN (pparMeHT 00IIeil Teopun, KOTOPHIH B
[IPUBOAUMOM IIPUMEpPE He WCIIOJIb3yeTCsl, 9TO CBS3b MeXKJy CBODO/I-
HO YaCThIO U KPYIEHUEM B TOMOJIOTUSX U (POPMYJIa YHUBEPCATHHBIX
K03(bDULIUEHTOB: B 9TOM MYHKTE BCIOAY 110J, (KO)IOMOJIOIUSIMU MbI
nozpasymeBaeM (Ko)romosioruu ¢ KoaddurpenramMu B Zo. YKazaHue
Ha rpynmny Ko3duimnenToB Zy Mpu 3TOM OIyCKAaeTCsd B 0003HAYUECHU-
SAX.

IIycTs 3a1aHO IIagKOe KOMIAKTHOE HogaMHOroobpasue M™ C RN
€BKJINJIOBA TIPOCTPAHCTBA. J[uamempom HA3BIBAETCS OTPE30K C KOH-
IaMu & U Yy Ha MHOTOOOpa3uu, MePIeHINKYIsIPHBI MHOIO0OOPa3nio B
06onx KoHnax. C METpUYECKONl TOYKHM 3PEHUs JTUAMETPHI — 3TO KPU-
THUYECKHNE TOYKHU (C HEHYJIEBBIM KPUTUYICCKNM 3Ha‘{eHI/I€1VI> d)yHKLH/II/I
KBaJpaTa pacCTOAHUA

2. 2
M x MR, (a,y) e |-yl
Ecmu mmoroobpasue HaxXoauTcs B 00OIIEM MOJIOKEHNN, TO YUCTIO A~

METDPOB KOHEYHO, ¥ BCE OHU HEBBIPOXKJIEHBI (COOTBETCTBYIOMIAS KAXK-
JIOMY JIMaMeTpy KpUTHYECKasl TOUYKA MOPCOBCKAs ).
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TeEOPEMA 16.1. (II. Ilymikaps) Jas 6cakoeo KomMnaxmmozo noo-
MH02000DA3UA 00UWE20 NOAOHCEHUS 6 €BKAUIOBOM TNPOCTNPAHCINGE
wucao e2o duamempos #F#A(M) ouenusaemces crusy konemanmot

B(B-1) nB
2 2

ede n = dim M - pasmeprocmvd mHozo000pasus u B — cymma e2o
mod2-vucea Bemmu.

#A(M) =

HampuMep, HMHCIO TUAMETPOB 3aMKHYTOH Kpusoil S' He MeHbIIe
IBYX, TBYXKOMIIOHEHTHON KPUBOii S 1 St — me menbme BOCbMU, BbI-
nykJioit mosepxuoctH, muddeomopdnoit cdepe S? — He MeHBIIE TPex,
a nosepxnoct, muddeomopdmnoit Topy S x S! - me menbmre gecs-
tu. II. Ilymkapb q0Ka3aj, 9T0 BO MHOIUX CJIydasiX, HAIIPUMED, JJIsi
npousBejieHnii cep U X HeCBS3HBIX O0'beMHEeHNIl, OIIEHKA TeopeMa,
TOYHA, MOCTPOUB MPUMEPHI BJIOXKEHUH, pean3yionnX MUHUMAJIBHO
BO3MOXKHOE YHCJIO JIMAMETPOB. 3aMETHM, YTO OIEHKA TEOPEMBI HE 3a-
BHUCHUT OT pasMepHocTH N 0O0BHEMJIIONIEr0 MTPOCTPAHCTBA.

Paccmorpum cuvMerpidecknii kaapar M ()| momydennsiii u3
npsimoro tpousBesierust M X M akTopusanueii 1o AeiiCTBUIO TPYII-
bl Zg, nepectasistomeil comuoxurenn. Obozuaunm depes Apyy C
M® aparonans. ITockoabKy byHKIMS 7> CHMMETPIYHA OTHOCHTE b-
HO [EePEeCTAaHOBKU COMHOXKHTesell, ona omyckaercss ma M. Boiee
toro, gonommerne M) \ Ay, sBaserca riagkuM (HEKOMITAKTHBIM)
MHOro06pasueM, a (QYHKIHUs 1 SBJIsSeTCs MOPCOBCKOI (DYHKIIeH Ha
roM MHOTOOOpas3uu. [Ipumensist reoputo Mopca K 31oit pyHKIUH, MBI
3AKJII0YAEM, YTO YUCJIO AUAMETPOB (T.€. YUCJI0 U30JUPOBAHHBIX KPU-
TUYECKUX TOYEK TOi (DYHKIMK) He MEHbIIIe CyMMapHOro ducia Ber-
i mapsr (M) Apy) (TOCKOTBKY IIPH TIPOXOYKICHIN KasKIOT0 KDH-



82 IIpumep: teopema Ilymkaps

TUYECKOI'0 3HAYEHUs] PAHI IPYIIIbI TOMOJIOIUI MHOXKECTBa, MEHBIITUX
3HavueHnil QyHKIMU MOKET YBEJINIUThCA He oJiee, 9eM Ha eJIUHHUILY ).
Bouiee crporo, Teopuio Mopca nyzkH0 npumMenaTs K mape (X, 0X) rue
MHEOrOOGpasne ¢ kpaem X C M ()| zanaBaercs mepasencTBoM 72 > €,
u rae € > 0 HacTOJIBKO MaJio, 9To gonojiaunenune U = M (2)\X SABJISIETCS
TpyOYaTOil OKPECTHOCTHIO JUATOHAJIH, He COjeprKalleil m30JInpoBaH-
HBIX KpuTmdeckux Touek. Torma U crsirmBaeTcs Ha IUArOHAJb, TaK
1o Koromosioruu apbl (X, 90X ) MoryT 6bITh 3aMeHEHbI Ha H30MOP(d-
upie nM Koromostormn mapst (M) Ayy).
ITosromy Teopema Ilymikaps siBjisiercsi CJIEJICTBHEM CJIEILYFOIIEIA.

TEOPEMA 16.2. Cymma  (mod 2)-wucea Bemmu  napow
(M@ Ax) 0dnosnauno onpedeasemcs cymmoti wucea Bemmu mro-
eoobpasun M u ezo pasmeprocmoio:

> dim HHY (M@, Ax) = @ + %.

k

Bameuy, uro 1o jpoficreennoctu Ilyankape cymma uucen Berru
naper (M), Ax) pasra cymme wucen BerTn mIajkoro HEKOMIAKT-
roro muorooGpasust M2\ Ax. Koromosoruu mapsr (M), A ) Bri-
THCIAIOTCS 38 HECKOJIBKO TIATOB.

ITar 1. BuiGepem chepy SK 6ompmoit pasmepmocrn K >
2 dim M, paccmorpumM npsimoe npoussenenue M x M x S& u zamamum
Ha HEM JUArOHAJIbHOE JIefiCTBUE IPYIILI Zg, IPU KOTOPOM 00pa3yo-
masi rpynmsl geiicreyer Ha M X M 1niepecTaHOBKOI COMHOXKUTEJIEH,
a Ha S — amTunomasmpnoil wHBOONHMEi, ¥ — —z. O6o3HAMHM Ue-
pe3 V' daxkToprnpocTpaHCTBO 10 3TOMY JieficTBUIO U Yepe3 W ero mo-
[IPOCTPAHCTBO, MOJIyUeHHOEe (PaKTOPU3AIHEN TI0 ITOMY Ke JeHCTBUIO
mosmuOroobpasus Ay x SK © M x M x SK. Bamernwm, uro mocie
JIOMHOKEeHUSI Ha cepy jieiicTBue Ipynibl Zy CTAJIO CBODOIHBIM, IIO-
sromy V' sBisieTCsi TVIJKUM KOMIIAKTHBIM MHOroobOpasmem, a W —
€ro MmoJIMHOr000pa3neM KOPasMEpPHOCTH N.

Hazosem obaacmvio cmabusvnunr pasmeprocmeti OTPE30K 3HATE-
vuit k=0,1,..., K — 1.

JIEMMA 16.3. B obaacmu cmabusvoroix pasmepHocmets k020Mo-
aozun napve (M3, Apr) usomopdno, xozomonozuam napo, (V, W),

dim H*(M® | Ayy) = dim H*(V, W), k< K.
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Nubivu coioamu, gucia Berru by (V, W) nosropsttor uncia Berru
bi(M @) Apy) npu k < 2n u pasms mymo npu 2n < k < K.

Bamenmy mapy (M3, Ayy) Ha nmerornyo m30MopdHBE KOTOMO-
sormn apy (X, 0X), rae X € M) 3anaercs nepasencrom 72 > €, a
napy (V, W) Ha umeronyo n3oMopdHble KOrOMOJIOIUH Hapy ()Z' , 0X ),
rue X = T 1(X Jurme m:V - M (2) 3a;aercst ecTeCTBEHHON PO-
exmmeit M x M x SK — M x M.

Orpannyenue Ha X 0TOOparKeHHsl | SBJISICTCA JIOKAJILHO TPUBHU-
aJIbHBIM paccioernneM co cioem SK. Crekrpaibhas mociesoBaTeb-
HOCTb 3TOTO PACCIOEHUs] COCTOUT U3 JIBYX CTPOK, PACIOJOKEHHBIX
HACTOJILKO JIAJIEKO JPYT OT JIPYTa, 9TO MEXKJLy HUMHU HE MOXKET OBIThH
HUKAKUX HETPUBUAJIBHBIX TU(PDHEPEHIINATOB IT0 COOOPAKEHUIM Pa3-
meprocteit. Cire/loBaTeslbHO, 0TOOpaykKeHue 7| WHJIYIUPYeT H30MOp-
dbusm Koromostoruit npocrpancts X u X, U 110 aHAJOTHIHBIM COO0-
paskenusiM, mpoctparcTs 0X n 0X. CinemoBaTesbHO, 10 JIEMME O TIsi-
T roMoMOphu3Max, T, UHIAYIUPYET H30MOPMOU3M U OTHOCUTEIHHBIX
TOMOJIOTUA.

IMTar 2. Koromosoruu napst (V, W) BbIYuCIISIOTCS, B CBOIO OYe-
pe/ib, U3 JUTMHHONW TOYHOM MOCIeI0BATEIHLHOCTH 3TOH mapbl. s BbI-
YUCJIEHUsI KOTOMOJIOruii MHOroobpasuit V u W paccMoTrpum BTOPYIO
npoekruio mo: V.o — RPK| 3anaBaemyio ecrectBenmoil mpoekiueit
M x M x S¥ — SK pa nocnemunmit comuoxkurens. Orobpaszkenue
o SIBJISIETCS JIOKAJBHO TPUBHAJBLHBIM DPACCIOEHUEM CO CJIOEM, H30-
MopdubIM M X M. D10 pacciioenne HETPUBUAILHO: 00X0J, BJIOJIb 06-
pazyromeit rpynmsr 7 (RPX) = Zy coorsercTByer mepecramoske co-
MHOXKHTe el npoussenerus M X M. OrpaHudenne pacc/jiOeHUs To Ha,
moMHOr000pasue W sIBJIsSIeTCsT MOIPACCIOCHIEM €O ClToeM A jr, U30-
MopdHBIM M, KOTOpOe yiKe SBJISIETCS TPUBHAILHBIM. OTCIOfa MbI
3aKTI0YaEM

H*(W) = H*(M x RP¥) = H*(M) @ H*(RPX).

B obutactu crabuiibHBIX pasMepHOCTEl, KOTOpast TOJbKO HAC U WHTE-
pecyer, mocjeHee PABEHCTBO yI00HO 3AINMCATH B BHUJIE

H* (W) = H*(M) @ Zs[t],

Ile MBI 0003HAMIIIN Yepe3 ¢ KJIacC MHIepILIocKocTH B RPK (momus-
Teiit B W nocpescTBoM 72). VIHBIME coioBaMH, 6 06Aacmu cmabuso-
nox pasmeprocmet H* (W) xax modyav nad koavyom Zsalt] asasem-
cA €60000NbIM, U €20 00PA3YIOULUE B3GUMHO 00HOZHAYHO COOMBEM-
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cmeYom b6a3ucCHbM IAEMEHMAM NPOCTNPAHCNEA KO20MOAOLUT MHO-
2006pasus M .

B uacrroctu, yncna Berru by, (W) muOroo6pasust W pactyr mpu
k < n u paubel B upu k > n.

ITTar 3. KoromoJsioruu mMHOrooOpasuss V Mbl TakxKe OyIeM BbI-
YUCHIATh KAK MOJYJIb HaJ KOJBIOM Zg[t]. st ero BbrUnCIIeHUsI
MBI BOCIIOJIb3YEeMCsl CIIEKTPAJIBHON IOCJIEIOBATEIHHOCTHIO PACCIIOe-
s my: V. — RPX. OcmoBnas TpymIHOCTH COCTOMT B TOM, UTO 3TO
PACCJIOEHNE HE SIBJISIETCST TOMOJIOTHYIECKH TPOCTHIM. JleiicTBUTEBHO,
B KavecTBe 6a3uca B rpyiimne Koromosioruit cyiost M X M MOXKHO B3SITh
KJIACCEL BUJRA 0 X 0, TJe KJIACCHL 04, 1 = 1,..., B, 3a1a10T 6a3uc Ko-
romostoruit Muoroo6pasus M. O6pasyromas rpymms! 7 (RPE) = Z,
JIefiCTBYeT HEOJBUXKHO HA KJIACCAX BUAA 0; X 0; U IEPECTABJISIET
MezKly coDoil KJIacChl 0; X 0 U 05 X 03 IPH © 7# j.

Kaotcdoiti kaace 6uda o; X o; 3adaem nodepynny 6 uaere Ey, uzo-
mopdryro Zso[t] (B 0baacTu cTabHIIbHBIX PA3MEPHOCTEIH ), PACIIOJIOXKEH-
HYIO B CTpPOKe ¢ HOMepoM ¢ = 2dim o;.

Bxitan B Eo Kaxmo#t moarpynnbl Buia Zs & Zs, MOPOKJIEHHON
KJIACCAMH 0; X 0 U 0j X 0;, H30MOP(EH COOTBETCTBYIONIEH 2pynne
xozomonozuti npocmparcmea RPE ¢ noxarvno nocmosmmoti cucme-
Mol Koapuyuenmos Lo ® Zso. Ilo onpeesieHnto, JOKAJIbHO TOCTOSIH-
Has cucTeMa Ko3(hMUIUEHTOB — 3TO abejieBa I'PYIINa C 3aaHHBIM Ha,
Heit geficrsueM yHIAMEHTAJIBHON TPYIIIBI 00bEMJIIOIIEI0 TOHOJIO-
TU9ecKoro mpoctpancTsa. He BmaBasich B oIpOOHOCTH OIIPEIE/IEHNUST
KOTOMOJIOTHH € JIOKAJHHO TOCTOSHHBIME KO3 PUITHEHTAMT, 00bHsIC-
HUM, KaK UX MOXKHO BBIYUCJIATH. [1JIsT 9TOT0 JIOCTATOYHO pacCMOTPETh
MOJIEJIBHBIN IIPUMEP, [PUBOMISINNNA K TOM 2Ke cucreme KO3 duiimeH-
TOB, HO C U3BECTHBIM 3apaHee OTBETOM. B KadecTBe TAKOro IpuMepa
pacemoTpuM aBysmcTHOe Hakpbitue SX — RPX. Ecau paccmarpu-
BaTh 9TO HAKPBITHE KAK JIOKAJIHHO TPUBHAJIBHOE PACCJIOEHIE, TO CIIEK-
TpaJibHasl MOCJIEOBATEILHOCTD ITOIO PACCIOCHUS IPUBOJUT B TOY-
HocTH K KoromojiorusiMm RP¥ ¢ cucremoit K03 durnenToB Zo @ Zo,
na koropoii rpynmna 71 (RPX) neitcTByer nepecranoBkoii caraeMbIx.
Hawm 3apanee u3BecTHO, YTO B KAY€CTBE OTBETA B JTAHHOM CJIyYae BbI-
cTymalor KoromoJioruu mpocrpancrsa SK paccioenus, nzomopdubie
Zs B pazmeprocTsax 0 u K u TpUBHAJbHBIE B OCTAJBHBIX Pa3MEPHO-
CTSIX.

Orciofia MBI JIeJIaeM CJIEIYIONIHA BBIBOL: Nodepynna Ko20Mmon02ull
CAOA PACCAOEHUS To , NOPONCIEHHAA KAGCCAMU 05 X 05 U 0 X 05, daem
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npamoe caaeaemoe Lo 6 unen Eo cnexmpanvrot nocaedosamenvrio-
cmu paccaoerus (B 06aCTH CTaAOUIBHBIX PA3MEPHOCTEH ), PaCIIoio-
JKeHHOe B KJIeTKe ¢ KoopauHaTamu p = 0 n ¢ = dim o; 4 dim o;.

HavanbHblil 9jleH CHEKTPAIBHON MOCIEIOBATELHOCTH PACCIIOe-
HUSI T TTOJTHOCTBIO OIPEJIETIEH.

IMTar 4. { yrBepxkgato, 4TO Bce BbIcIue JuddEpeHITHAIbI B
CIIEKTPATBLHON OCTIeI0BATEILHOCTH PACCTIOEHUSI Ty PABHBI HYJIIO U
3Ta MOCJIEI0BATEILHOCTD BBIPOKIAETCA B HAUAIbHOM wiene: Fy™" =
E** ~ H*(V). Yrobbl ybeauThes B 9TOM, JOCTATOYHO KarXKyio 06pa-
3yIOIYy 0 WwieHa Fo MpeicTaBuTh HACTOSIIAM 3aMKHYTBIM KOITUKJIOM
na MHOT0oOOpasuu V. Torma n3 3aMKHYTOCTU KOITUKJIOB BBITEKAET pa-
BEHCTBO HYJIIO BeeX (b DepPeHITnAIOB. DT KOIUKJIBI yI00Hee Mpeib-
SIBJISITH TE€OMETPUYECKY, UCIIOJIb3Y$s JBOWCTBEHHBIH S3BbIK TOMOJIOTHIA.

Sadurcupyem s Kaxk0ro 6a3ucHOro KJracca KOroMoJoruit o; €
H*(M) 3amkuyreiii nuka C; C M, npencraBiisiiomyil ABOACTBEHHBLI
kJtacc romostornii. Torna mogmuOKecTBO C; X C; X 8™ C M x M x S¥
UHBAPUAHTHO OTHOCHUTEIBHO JEHCTBUS IPYNIbl Zs U ero (hbakTop Io
JIEHICTBUIO TPYIIBI 331a€T IUKJI, MPEICTABISIONUNA KIacC MePBOTOo
BUJIa B 4ieHe Fy CIEKTPAIbHOM MOC/IeI0BATEILHOCTH U UMEIONIN i
nocurens B m, L(RP™) C V.

Amnasornano, $hakTOPIPOCTPAHCTBO 00beauHeHUsT TTUKIOB C; X
Cj x SK n C; x C; x S no neitcrBuio rpynnsl Zo 3a43eT UK,
PEJICTABIISAIONINI KJIACC BTOPOTO BUJIA.

Takum obpaszom, omucanue UjaeHa Fo CIEKTPATBLHON MOCTIEI0BA-
TEJILbHOCTH, TIPUBEJIEHHOE HA MPEJIBIIYINEM Iare, sBJIsSeTcs, 0 CyIe-
CTBY, OIIUCAHUEM IIPEJIETBLHBIX KOTOMOJIOrUil MHOr0OOpa3ust V.

IMoxprroxknm namu Borauciaenus. Ipocmparncmeo H* (V) asas-
emes cymmot dsyr modnpocmpancms. Ilepsoe mnodnpocmpancmeo
Asasemes  c6060dnvim (68 obaacmu CMABUALHOIT PASMEPHOCTET)
Zs[t]-modysem, 06pasyrOuue KOMOPO2o 63GUMHO 00HOZHAYHO COOM-
8emMeMBYIOM 6A3UCHBIM INEMEHMAM T; NPOCTPAHCMEA KO20MOAO-
euli mmozoobpasus M (npu amom obpasyrouas, coomeemcmeyouyas
Kaaccy o; umeem pasmeprocms 2 dimo;). Bmopoe nodnpocmpan-
cmeo umeem pasmeprocmos B (B —1)/2 u na vem xoavyo Za|t] det-
CMBYEM MPUBUAALHO.

IIlar 5. [laa wcmonb3oBaHusa JJIMHHOW TOYHON ITOCTIEI0BaA-
resproctu tapbl (V, W) Heobxomumo 3HATH erie rOMOMOPMU3M
i*: H*(V) — H*(W), unayrmuposanmsrit Baoxennem i: W — V. U3
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€CTECTBEHHOCTH YMHOYKEHUsI B KOTOMOJIOI'HAX BBITEKAET, ITO ITOT I'O-
MOMOPG)U3M KOMMYTHPYeT ¢ yMHOXKeHHeM Ha Kiacc t. Takum obpa-
30M, 9TOT TOMOMOP(MU3M [TOCTATOYHO BBIUUCIUTH HA KJIACCAX KOIO-
mostornii, nopoxgatomux H* (V) kak Zs[t]-momyns. Kpome Toro, u3
rpusnabaocTn rpymn HF(V, W) npu k > 2n BITeKaeT, 4TO TOMO-
Mopdu3M ¥ sBIsIeTcs n3oMopdu3IMOM 1pu k > 2n.

B pesyabraTe mMbl, mpakTudecKu 0e3 BBIYUCJIEHUI, TPUXOIUM K
caiepytomeMy BoiBogy. Ha nodepynne ¢ H*(V), cocmoawet us xaac-
€08 NEPB020 6UNA, 20MOMOPPU3M T, UHBeKMuser (MHAYE OH He ObLI
661 m3omopdusmomM npu k > 2n). Ha nodepynne, cocmoswet u3
KAGCCOB 8MOPO20 UL, 3MOM 20MOMOPPHU3M Mmpusuaser (IPOTU-
BOIIOJIOYKHOE [TPOTHBOPEYHIIO OBl IIEPECTAHOBOYHOCTH C YMHOYKEHUEM
Ha t).

IMTar 6. U3 onucanus romomopdusma ¥ MITHOBEHHO BBIBOIUTCS
Pa3MEPHOCTD €ro siapa U KOsipa:

B(B-1
dimKeri* = %7

B n
dim cokeri* = 2(2 dimo; — dimo;) = Zj bj(M).
i=1 j=1

IIpu nomomu nBolicrBennoctu [lyankape mocaeHon cyMMy MOYKHO
YIPOCTUTD,

> b (M) = 5 S8 + (= ) bus (M)

IMosTomy u3 muHHO TOUHOI nocaenoBarebrocTr Hapsl (V, W) mbl
II0JIy4aeM OKOHYATEJIbHBI OTBET

B(B-1) n nB
2 2
SAJIAYA 16.4. Berauciure muorouien Ilyarnkape

Zbi(M(2)7A]VI> .’L‘i

dim H*(V, W) = dim Ker¢* + dim coker i* =

napot (M3, Ayy), ucxonss m3 mssecTHOro MuOrowsena Ilyamkape
> bi(M) x* mrOro06pasust M.
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17 IIpocrpancTBo Diistenbepra—MakJeiina Kak
KJlaccuuIupyoiee MpoCTPaHCTBO
TOMOJIOT U4

Vmeercst eme OJWH MOXO0J K Teopun (KO)roMoJioruii, Hanbosee
6JIM3KUIT K COBPEMEHHOM TOYKE 3PEHUs, COIJIACHO KOTOPOMY JIJI KasK-
JI0it abesIeBOil IPYIIIBL 7T U HATYPAJLHOIO 1 > 1 oupezensercs pa3 u
HaBCerja HeKOTopoe Tomosorudeckoe npocrpadcrso K (m,n). Iocse
9TOTO JIJIST TPOM3BOJIBHOTO TOMOJIOTHIECKOTO IPOCTPAHCTBA X B Kave-
crBe rpynnbl H™ (X, m) koromosioruit ¢ koadbdunnentamu B m Gepercst
MHOKECTBO TOMOTOIMYECKUX KiaccoB orobpaxkenuit X B K (m,n):

Hn(Xa 7T) = [XaK(Trvn)]

(MBI TIOKa OIyCKaeM CI10co6, ¢ TIOMOIIBI KOTOPOrO Ha MHOYKECTBE I'O-
MOTONHMYECKUX KJIACCOB OTOOParKeHUil BBOAUTCA CTPYKTYPa TPYIIIIBI).
MubiMu cJioBaMu, BCSIKOMY KJIACCY KOromoJioruii u3 rpymmst H™ (X, )
B3AMMHO OJIHO3HAYHO COOTBETCTBYET HellPepPbIBHOE 0ToOpazkenue (Ha-
3bIBaeMoe kaaccuduuyupyrowum) »: X — K(m,n), oupenesnennoe oj-
HO3HAYHO C TOYHOCTHIO J0 romoTomnuu. lIpexe, dem chopmyanpo-
BaThb COOTBETCTBYIOINLYIO TEOPEMY, TIOCMOTPHM, KAKHMH CBOWCTBAMHI
JIOIZKHO 00J1a1aTh TpocTpancTso K (m,n).

IIpexkae Bcero, y 3TOro OPOCTPAHCTBA WMEETCS BBIIEICHHBIN
kyracc koromosioruii v € H™ (K (m,n), ). DT0 Ki1acc, COOTBETCTBYIO-
muit ToxxecTBenHoMy orobpaxkenuto K (m,n) — K(mw, n), paccmar-
pUBaEeMOMY KaK KJIACCHMDUITUPYIONIEMY. DTOT KJIaCC HA3bIBACTC (PyH-
damermanvroim. I3 GYyHKTOPHATIHLHOCTH CJIEJIYET, ITO KJIACC KOTOMO-
Jornit Ha X, COMOCTABISIEMbIHl KJIACCUMDUIUPYIOIEMY O0TOOPaKEHUIO
»: X — K(m,n), pasen »*u € H"(X, ).

U3 yuusepcasnbhoctu npocrpancrsa K (m,n) cieayer ero eauH-
CTBEHHOCTb C TOYHOCTBIO JI0O TOMOTONUYECKOW 3SKBHUBAJEHTHOCTH.
JeticrBurenbho, ecim K’ — npyroe IpOCTPAHCTBO, CIyKAIee B Kade-
CTBe KJIacCuMUIUPYIONIETo JIJ/isi KOTOMOJIOIHT PA3MEPHOCTH 7 ¢ KOI(D-
dunuenTamu B 7, TO rOMOTONNYECKAs IKBUBAJIEHTHOCTL K (m,n) —
K’ nocrabigercs orobpaxkeHneM, KiaccuUIUPYIOMUM (QyHIaMeH-
TaJbHBII KJacc.

BosbMem Teneps B KauectBe X cdepy S¥. 13 m3BeCcTHBIX KOro-
MoJtoruii cepbl BHITEKAET, ITO MHOYKECTBO TOMOTOIIMIECKHUX KJIAaCCOB
otobpazxkenmuit S¥ — K (7,n) cOCTONT U3 OHOTO 3/eMenTa (CTATHBAe-
MOro oTobpazKeHus) upu k 7 n 1 B3AUMHO OJJHO3HAYHO COOTBETCTBY-
er 3jeMenTaM rpyuust 7 = H™(S™ 7) upu k = n. upiMu caoBamu,
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BCe TOMOTONMYECKUe I'PYNIbI IpocTpaHcTBa K (m,n), KpoMe OIHOI,
TPUBHAIBHBIY .

ONPEAEJEHUE 17.1. IIpocmparcmeom Slrenbepza—Maxaetina
K (m,n) Ha3biBaeTCsl KJIETOYHOE IPOCTPAHCTBO, Y KOTOPOIO BCE T'O-
MOTOIIMYECKNE I'PYIIIBI, KPOME OIHOM, TPUBUAJILHBIL:

0, k#n,
k=n.

T,

SAZIAYA 17.2. TokaxXuTe, 9TO CJIEAYIONNE MPOCTPAHCTBA SIBJISI-
I0TCsI TPOCTpancTBamMu Jitnenbepra—Makiieitaa

S'=K(Z,1), RP™=K(Z1), CP™ = K(Z,2).

CymecrsoBanue npocrpancTsa K (m,n) 11 IPOU3BOJILHBIX T 1 7
BBITEKAET U3 MPUBEJIEHHOM HUXKE €ro sIBHON KOHCTPYKImu. Mbl Gynem
CTPOUTH ITO MPOCTPAHCTBO OCTOB 38 OCTOBOM, J0DABJIsIS MO OvYepe-
JIM KJIETKU BCe OOJIBIIMX padMepHocTeil. B kadecTBe Ha9abHOTO 7~
MepHOro ocToBa sk” MbI 6epeM OyKeT n-MepHBLIX cep, 110 OIHO s
Kaxk10i1 oOpasyroleil rpymumsl 7. B pesysibrare Mbl oJIydaeM CIOPb-
eKTuBHOE oToOpaxkenue T, (sk”) — 7. PaccMOTpuM IIPOU3BOJILHYIO
crCTeMy 00Opa3yIomuX sapa 9Toro roMmomopdmsma. Kaxkmas u3 atux
00pa3yIoNMX IIPEJICTABIACTCS HEKOTOPBIM oToGpaykenueM S™ — sk™,

4HaHOMHI/IM, 4o k-it romoronudeckoi rpynmoit my (X, g) CBSI3HOIO IPOCTPaH-
crBa X HA3LIBAETCS MHOYKECTBO FOMOTOIMYECKUX KJIACCOB oToOpaskenuit S¥ — X
[IEPEBOAAIINX 33JaHHYIO TOUKY chepbl B 33JaHHYI0 TOUKY (o IPOCTpaHCTBa X.
IIpu pasHoM BbIGOpE TOYKH T() FOMOTONUYECKHE I'PYIIBI H30MODPMHBI, OHAKO
3TOT M30MOPMU3M HE ABJISAETCA KAHOHUIECKUM. BoJjiee TOUHO, MMEeeTCsT €CTECTBEeH-
Hoe geiicreue rpynnel 71 (X, zo) Ha rpynne my(X,xo), 1 usomMopdusM rpyui
7, (X, ) I pasIMYHBIX T ONPEIesIeH ¢ TOYHOCTBIO J0 TOro JeicTBusa. B gact-
HOCTH, €CJIM 9TO JEeHCTBUE TPUBUAIBHO (HAIIPUMED, €CJIU IPOCTPAHCTBO OJHOCB3-
HO), TO U30MOP(MU3M yrKe ABJIAETCS KAHOHUYECKUM U yKa3aHUe HA TOYKY Lo MOXK-
HO OILyCKaThb U3 ODO3HAUEHUSI TOMOTOIMYIECKUX IPYIIIL.

HanoMmuum Tak»ke ompejiesieHne IPYyINOBOii onepanun B 7k (X, o). 3aMeTnm,
9TO 3JIEMEHT rpynnbl 7k (X, o) MOXKeT OBITH HpPEJCTaBJeH OTOOparkeHueMm k-
MepHoro mapa B¥ — X, mepesomsmum Bcio rpamuny 0BF B Touky zg. Pac-
cMOTpUM Temeps B mape B nBa BiIokeHHBIX Hemepecekaommxcs mapa B u By
MeHbIINX pa3MepoB. CyMMa JIByX 9JIEMEHTOB I'OMOTONMYECKOH rpynst 7y (X, o),
[IPEJICTABJICHHBIX OTOOpaykeHuaMu f1 u fa, 3amaercs orobpaxkennem B* — X | ko-
TOpOE IOIOJIHEHNE K mapaM B1 u By IepeBOaUT B TOUKY Z(, & BHYTPHU IIIAPOB COB-
najgaer ¢ orobpaxkeHusiMu f1 U f2, COOTBETCTBEHHO (IlepeMacHITaMPOBAHHBIMU
COOTBETCTBYIOIIMM 00pa3oM). V13 3Toro onpejiesieHnsi MTHOBEHHO BBITEKAET acCO-
[MATUBHOCTH TOMOTOIIMYECKUX IPYII, a TaKyKe UX KOMMYTATUBHOCTb Iipu k > 1.
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KOTOPOE MOXKHO HCIIOJIb30BATh KAK XapaKTEPUCTUIECKOE Il MPH-
kiensanus (n + 1)-mepHoii kjerku. B mosyuusimemcs mocse Takoi
npukieiikn npocrpancrse sk ! obpasyomme sapa roMoMopduzMa
T (sk™) — 7 craruBarores, mosromy T, (sk" ) = .

MbI y2Ke Oy IrIn HEOOXOIUMYIO 71-10 TOMOTOIIMYECKYTO TPYTIITY.
O/1HaKO BBICIINE TOMOTOIUYECKHE TPYIIBI TOCTPOEHHOTO MPOCTPaH-
crBa sk™ ! moryr okasarbest mpomssosbHEIME. [Ipukiens (n + 2)-
MEpHBIE KJIETKU BJOJIb OTOOParKeHuit, 3a1ai0uX 00pa3yomue rpyii-
bt 41 (sk™ 1), M1 yGuBaeM (n + 1)-10 FOMOTOIIYECKYIO IPYIILLY, 1
T.JI., HA KaXKJIOM TOCJIEIYIONEM IIare Mbl yOUBA€M TOMOTOIMYECKUE
IPYIIIBI CO BCE GOJBIIMMEA U GOJILIIMMU HOMEPAMH, U B IpEJe/e Ho-
JIy4aeM TIPOCTPAHCTEO, 00/ AI0NIee 3 JaHHBIMYE CBOHCTBAMY.

Bamernm, 9TO B IpoIEcce yOMBAHUS BBICIIAX TOMOTOIMYECKUX
IPYII TPYIIBI ¢ MEHBIIUMKM HOMEPAMH HE MEHSIOTCH: 110 JIEMME O
KJIETOUHOH AINIPOKCUMAIMN BCSKHUH dJieMeHT Tpynnsl 7 (X) peasn-
3yercst oTobpazkerneMm S¥ — X, 06pa3 KOTOPOro JIe:KUT B k-MepHOM
OCTOBE IPOCTPAaHCTBA X, a BCAKYIO TOMOTOIIMIO TAKHX OTOOpAKeHUIt
MOXKHO peasiu3oBarhb B (k + 1)-meprom ocrose. Ilosromy npukiensa-
HEe KJeToK pasdmeproctu > (k + 2) He Mensier k-il rOMOTOIIMYECKOI
IPYIIIBI IPOCTPAHCTEA.

HecMmoTpst Ha ABHOCTBH, NPUBEIEHHAA KOHCTPYKIHS IIPOCTPAH-
crBa Diinentepra—Makiieitna GecrioesHa i ONpPEJIE/ICHUsT ero To-
IIOJIOTUH: PTOMOTOIIMYECKHE MPYIIIIbI, YYIACTBYIOIIUE B €r0 II0CTPOSHUH,
HEU3BECTHBI.

EnuscrBensocTs npocrpadcTsa K (7,1n) ¢ TOYHOCTBIO 10 TOMOTO-
[IUYECKOH 9KBUBAJIEHTHOCTH BBITEKAET U3 €r0 YHUBEPCAIHHOCTH, KAK
9TO y2Ke 00CYKIAIOCH BBIIIIE.

TEOPEMA 17.3. IIpocmparcmeo 3usenbepea—Makseting s6as-
EMCA  KAUCCUPUUUPYIOWUM  NPOCTIPAHCNEOM OAA  KOLOMOAORULT, G
UMEHHO, ONA BCAKO20 KAEMOYH020 NPOCMParcmea X UMeemcsa 63a-
UMHO 00HO3HAUHOE COOMBEMCMBUE MENCIY INEMEHMAMY 2DYNNDL
H™(X,7) u 20momonudeckumu kaaccamy omobpadicenun X 6 npo-
cmpancmeo K(m,n).

JToKka3aTeabCTBO TEOPEMBI IIPAMOJIUHEHHOE: TI0 BCAKOMY KJIACCy -
MEPHBIX KOTOMOJIOru#l Ha X HYKHO IIOCTPOUTDH KJACCUMUIUPYIOIIEe
orobpaxkenue »: X — K(m,n), 1jsg Koroporo obpaTHblii 06pa3 (yH-
IAMEHTAILHOrO KJIACCa COBIAJAET C 3aJaHHLIM. PacCyzKIeHus, Hc-
[IOJIb3yeMble IPU IIOCTPOEHUU TAKOIO OTOOPaKeHHsI, UMEIOT Ha3Ba-
HUE «TeOpHs IpenaTcTBuii». Jjig Hagama 3aMETHM, 9TO IO JIEMME O
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KJIETOUHOM ANIIPOKCUMANUK BCsikoe orobparkenne X — K(m,n) ro-
MOTOIIHO OTOOPAYKEHHUIO, OTIpaBJsiiomeMy (n— 1)-MepHBbIi 0CTOB IPO-
crpancTBa X B TOUKY. I109TOMY MBI ¢ CAMOr0 HA9AJIa MOXKEM CIUTATD,
YTO CTPOEMOe 0TOOPAKEeHHE > [IOCTOSHHO Ha (1N — 1)-MepHOM OCTOBe.

Jlj1s1 mpooJizKeHnst 0TOOpasKeHus Ha, N-MEePHDIA OCTOB HYKHO I
KayKJ0f Nn-MEPHON KJETKU 3aJaTh OTOOparKeHWe N-MepHoi cdepbl
B K(m,n), T.e. 3amarh sjement rpyuusl 7, (K (m,n)) = m. Coorser-
CTBHE, COIOCTABJIAIONIEEe KaxKI0i N-MEpHOIl KJIETKE 3JIEMEHTa, I'PYII-
IIbI 7T MOXKHO PACCMATPHUBATH KAK KJIETOYHYIO N-KOIenb Ha X €O 3Ha-
YeHUSAMN B 7. B KadecTBe Takol KOIENM Hy»KHO BLIOpaTh KOLEIDb d,
IIPEJCTABJIAIONYIO 3aJaHHbINA KJIAaCC KOIOMOJIOIUI.

ITockoJIbKY Ha M-MEpHOM OCTOBE OTOOPasKeHUe 3 y¥Ke TOCTPO-
€HO, OHO IIOCTPOEHO Ha TpaHuile BCakoi (n + 1)-mepHOil KjaeTku u
UPEJICTABIEHO HEKOTOPBIM 3J1eMeHTOM rpyunbl 7, (K (m,n)) = m. B
pesyisbrare, Mbl osiydaeM (n + 1)-kouens b co 3HaUeHUsIMU B . DTa
KOIIEIIb Ha3BIBAECTCS NPENAMCMEYIowet s IPOJIOJIXKEHN 0TOOpa-
JKeHust » Ha (n+1)-MepHBIt OCTOB: JIJIsi BO3MOYKHOCTHU TAKOI'O TIPOJIOJI-
JKEHUsl KOIIEb b I0/KHA ObITh HyJIeBO# (IIPOJI0JKeHIe 0TOOPazKeHUs
C IPAHUIIBI KJIETKHA BHYTPb 33J1aeT 3aTAruBanne o0pa3a rpaHulpl).

B mamem cirydae HECJI0?KHO YCTAHOBUTH PABEHCTBO b = da, MHBIMUI
CJI0BaMU, PABEHCTBO HYJIIO IPEISTCTBYIOMEH Komenu b 9KBUBaJIeHTHO
3aMKHYTOCTH Konenu a. [To mocrpoenuio, Kouelb a 3aMKHyTa, TaK ITO
crpoemoe oTobpazkenue Ha (n + 1)-MepHBIH 0CTOB TIPOJOJIZKAETCS.

IIpr mponomKkeHun O0TOOParKeHUs ¢ HA, CJICIYIOIIUEe OCTOBEI IIpe-
IIATCTBUN y2Ke He BO3HUKAET, IOCKOJIbKY OHH JIEXKAT B BBICIINX T'OMO-
TOLMYECKUX I'Pymnax upocrpancTsa K (7,n), KOTOpble TPUBHAJLHBIL.

AHajiorngHbIM 00Pa30M IIPOBEPSIETCS, UTO IIPU 3aMeHe 0TOOpazKe-
HUST > Ha TOMOTOITHOE KOITUKJI ¢ MEHSIETCH Ha KOrOMOJIOTMYHBIH. Ta-
KHUM 00pa3oM, TOMOTONUIecKuii Kirace orobpazkenust »: X — K (m,n)
OMHOZHAYHO OIpPENEIaeTcs KIaCCOM KOTOMOJIOTHIA, MPeICTABICHHBIM
KOIIEIIBIO d.

IIPUMEP 17.4. Bcegkmit Kyracc OJITHOMEPHBIX WU JIBYMEPHBIX KO-
romogsioruit HY(M,7Z), H*(M,Z) na riajkoM MHOrOOGpa3suu MOKET
OBITH IIPEJCTABJIEH KaK KJIACC, JBOMCTBEHHBIN V1A IKOMY ITOJIMHOr000-
Pa3uIo KOPa3MEPHOCTH OJMH, UJIH JBA, COOTBETCTBEHHO (B OTJIMYIHE OT
CTApIINX KOIOMOJIOTHI, KOTOPBIE HE BCEI A IIPEJICTABIISIIOTCS [ IKH-
MU oAMHOr006pasuamMn). JleficTBUTeIbHO, paccMaTPUBAEMBbIil KJIace
3a/1aeTCst TPOOOPA30M TIPU XAPAKTEPUCTUIECKOM OTOOPAXKEHUU IT0/I-
MHOTr000pa3usi, MPEICTABJIAIONEro (yHIAMEHTAJbPHBINA KJIACC CO-
OTBETCTBYIONIErO IIpocTpaHcTBa Ditenbepra—Maxiieiina (Touku Ha
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okpyzkuoctu St = K(Z,1) uim KOMILTIeKCHO} MUIePIIOCKOCTH B TIPO-
ekTnBHOM npocrparcTee CP>® = K (Z,2)).

18 TomoJiorum m romorToIuu

B sToM myHKTE MBI IPUBEIEM HECKOJBKO MPUMEPOB, JTEMOHCTPH-
PYIOINUX TPUMEHEHNE TOMOJIOTHIl JIJIS BBIYUCIEHUST TOMOTOIIMYECKIX
rpynn. Unes omumceiBaemoro nmxke merona npunazjiexut Ceppy.
Cutytiaresi, KOTOpbIe CTAJIKUBAIOTCS BIEPBBIE C 3ajadeil BbIYHCIIe-
HHUS TOMOTOIIMYECKUX I'PYIIl, He CyMEIOT OIIEHUTDb Ty JIEFKOCTb, C KO-
TOPO#i 9TOT METOJ| IIPUBOJUT K OTBETY (B CDABHEHUM C NIPSIMBIMU T€0-
METPUIECKUMU METOIAMH).

IlepBbIM pe3ysIbTaTOM, CBSI3BIBAIOIIMM TOMOTOIANA M TOMOJIOTHH,
ABJIAETCs cienyionas Teopema I'ypeBuua.

TEOPEMA 18.1. V cea31020 monoiozuvecko2o npocmparcmea X
nepevie (n—1) 20MOMONUYECKUT 2PYNN MPUBUAALHBL TNO20A U MOAL-
Ko mozda, kKoeda nepevie (n—1) 2omor02umeckuT 2pynn MmpusuaLbLHbL,

7T1(X):'~':7Tn_1(X):O < H1(X):-~~: n_l(X)ZO.

Hpu IMOM MEPBAA HEMPUBUANDHAA 20MOTNMONUHYECKAA 2PYNNaG U NEP-
6as HEMMPUBUANDBHAA 20MOA0LUYECKAA 2PYTNTIDL USOMOp&HbL,

ITpun = 1 coomeememeue meorcdy epynnamu 71 (X) v H1(X) umeem
sud

Hy (X)) 2= m (X) /[ (X)), m (X))

Hrowmu caosamu, epynna Hi(X) noayuaemes us epynnoe w1 (X) do-
6asACHUEM COOTMHOWEHUT KOMMYMAMUSHOCTNUY HA €€ IACMEHIbL.

ITpocTpancTBo, y KOTOPOIrO MEPBbIE 7 TOMOTOIMYECKUX (MU ro-
MOJIOTUYECKUX) TPYIIl TPUBHAJbHBI, HA3BIBACTCS 7-CEA3HbIM. [Ipu-
MepaMH N-CBA3HBIX HPOCTPAHCTB ciyxkar chepsl S¥, k > n, mpo-
crpancrBa Jitenbepra—Makieitna K (m, k), k > n. Ilpn ynanenun
U3 N-CBSA3HOIO MHOTO00pPA3us IIOJMHOr000pa3us KOPa3MEpHOCTH, HE
MEHbIIIEH, 4eM 1 + 2, OHO OCTAETCsI N-CBA3HBIM.

OJHO M3 BO3MOMKHBIX JOKA3ATEJIbLCTB TEOPEMbI COCTOUT B IIPAME-
HEHUW TEOPHUH NPENATCTBHHA. [IperonoKnM, 910 IpOCTPAHCTBO X
apysercs (n — 1)-cBasubiv, T.e. 910 T;(X) =0 npu ¢ < n — 1. Torpa
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TOXK/IeCcTBeHHOE oToOpazkenne X — X rOMOTOITHO OTOOParKeHUIO, I1e-
peBoggiemMy (n — 1)-MepHbIil 0CTOB B TOYKY (JjI TaKOH rOMOTOINAN
HeT HUKAKUX IIPENsTCTBU, CM. I0Ka3aTeIbcTBO TeopeMbl 17.3). Or-
CIOZIa CJIEIyeT, YTO TOXK/IECTBEHHBI TOMOMOP@U3M B ce0st TOMOJIOT T
H;(X) npu i < n — 1 stBsieTcst HyJIEBBIM, T.€. CAMHU TH TPYIIBL Hy-
seBble. Kpome TOro, mOCKOIBKY I'DAHHIIA BCSIKOM 1n-MEPHON KJIETKH
[I0CJIe TaKOH MOMOTOINU OTODPAarKaeTcs B TOUKY, BCSIKHIT M-MEpPHBII
IUKJI TIPEICTABIISAeTC JUHEHHOM KoMOuHameil orobparkennit cdep,
T.e. HEKOTOPBIM 3JIEMEHTOM TOMOTONNYECKOi rpymmbl. [IpomxymbiBa-
HUe JeTajeil s OCTABJIISIO CIIYIIATEISIM.

Merou, Ceppa BbIYUC/IEHHS TOMOTOIMYECKUX I'PYIII COCTOUT B I10-
CTPOEHHHU TAKOTO HPOCTPaHCTBA X(y), Y KOTOPOrO IOMOTONUYECKHE
rpynmbt 7 (X () 130MOPMHBI TOMOTONITIECKIM TPYTIITAM HCXOJIHOTO
npocrpancTBa X npu k > n, a npu k < n 9TA IPYIIIbl TPUBUAJIHHEI.
Toryia nckoMasi TOMOTONMYECKAsT TPYIIIA SBJISIETCS TIEPBOl HETPUBH-
aJIbHOI, U 110 TeopeMe ['ypeBuda MbI OJIyIaeM

T (X) = 7TTL(X(n)) = Hn(X(n))a

a JJIs BBIYUCJIEHUsI TOMOJIOTHYECKUX TPYIII y HAC MMEETCH PA3BUTHIHN
anmapaT CIIeKTPAJIbHBIX IIOCIEI0BATEIHHOCTEN.

IMocrpoenue npocrpancTBa X (,) OCHOBAHO Ha CHIEYIONIEM BaK-
HOM HaOJIIOIeHUN: 6caxoe omobpascenue f: X — Y monosoeuue-
CKUZ NPOCMPAHCNG 20MOTNONUMECKU IKGUBAAEHTMHO PACCAOEHUIO. A
MMEHHO, ITPOCTPAHCTBO X HY’KHO 3aMEHUTL Ha TOMOTOIHYECKH eMy
9KBUBAJEHTHOE IpocTpaHcTBo X, obpa3zoBanHoe napamu suja (z,7y),
rjge © € X ¥ -y — IpOU3BOJIbHBIN IIyTh HA Y ¢ HadajaoM B Touke f(x),
a orobpaxkeHue [ Hy»KHO 3aMEHHTb Ha OTOOpaykKeHue f X — Y, co-
TIIOCTAB/IAIONIEe BCAKOMY TyTH Ha Y ero xowey.

Tor daxT, yTo MOTyUHBINIEECs TPOCTPAHCTBO X sIBJII€TCsI OECKO-
HEYHOMEDPHBIM, HE JIOJKEH cMmymarTh. ['opa3mo Gosee comepKaTesib-
HAS TPYIHOCTD 3AK/IIOUACTCS B TOM, UTO OTOODAKCHHE [ HE SIBJISI-
€TCs B MPSIMOM CMBICJIE JIOKAJIHHO TPUBUAJIBHBIM PACC/IOCHHEM. TeMm
HE MeHee, JIJIST HETO BBIMOJIHsIETCs (DyHIaMEHTATIbHOE C60lcmaEo nod-
HUMAHOULET, 20MOTNONUL, U3 JIEer0 CJIeJyeT, 9TO K HeMy [PUMEHUMBI
BCce ajirebpamyeckKue MeTOJIbl, IPUMEHUMBbIE K JIOKAJHbHO TPUBUAJIb-
HBIM DACCJOEHUAM (JJIMHHASI TOYHAS [OCJIEI0BATEIHLHOCTD TOMOTO-
IIMYEeCKHUX IPYII’, a TaKyKe CIeKTpPaJbHas HOCJIeI0BATEILHOCTh TO-
Mostoruii u koromosioruii). ['oBopsit, uro f ABJIACTCA PACCAOECHUEM 6

SHamoMHEM, YTO TOMOTOIHMYECKHE IPYIHbI 6a3bl B, TOTAILHOIO MPOCTPAH-
crBa E 1 cnosi F' J10KaJIbHO TPUBHAJILHOIO PAcCaoeHust (M Kak Mbl BUIUM ceifdac,
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emwieae Ceppa mmu mpocro paccioenneM Ceppa. Cion paccioeHust
Ceppa He 00s13aT€ILHO TOMEOMOP(MHBI APYT APYTY, HO SIBJISIFOTCS TO-
MOTOIINYECKHU 9KBUBAJICHTHBIMUA.

IIPUMEP 18.2. BbrumciamM TpeTbI0 TOMOTONUYECKYIO TI'DYIILY
73(S%V S?) 6ykera mByx cdep. PaccMOTpUM ecTecTBEHHOE BJIOYKEHNE
52 = CP! — CP® u uH/IyIIpOBaHHOE STHM BJIOKEHUEM JINATOHAJIb-
Hoe Biozkenue f: S?V.S? — CP>® x CP>. IIpeBpaTuM 5T0 BIOXKEHNE
B paccyioenne Ceppa u 0603HaunM 4depes F' ero cJjioii.

Orobpazkenre [ UHIYIUIPYeT U30MOP(MU3M BTOPBIX I'OMOJIOITYE-
ckux (a CJIeOBATEIHHO, TOMOTONMYECKUX ) IPYII, HO3TOMY CJioit F
paccioerust Ceppa siBasiercst 2-cBsizabiM. C f1pyroit cToponbl, 6a3a
9TOTO PACCIIOEHUsI SIBJISIETCST POCTPAHCTBOM JDityienbepra—Makireiina
CP*®xCP*>* = K(ZxZ,2). Ilosromy BbICIIIIE TOMOTOIMYECKHIE I'PYII-
1Bl (HauUHast ¢ TpeTheit) y mpocTpancTBa F' Takue ke, Kak y S2V 52,

73(S? v §?) = 13(F) = H3(F).

OnuieM CIeKTPATBHYIO TOC/IEI0BATETFHOCTh PACCMATPHBAEMOTO
pacciioenust Ceppa.

q
3 ?
.
2 0
04

1 0

0 7 7.2 7.3

o 1 2 3 4

HymeBasi crpoka HavYaJbHOrO WIEHA M3BECTHA: OHA M30MODPMHA
romostorusim 6azpr CP> x CP*. B wactaocTu, panru rpymn Ei o u
;

IIPOU3BOJIBHOI'O pacCCJIOeHUuA Ceppa) CBA3aHbI ,ELHHHHOﬁ TOYHOU mocaeaoBaTeib-
HOCTBIO

s M1 (B) = 1 (F) — i (E) — me(B) — me—1(F) — -+ .
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Ei,o paBubl 2 u 3, coorBercrBeHHO. CTpokM ¢ = 1 U ¢ = 2 TpuBL-
AJIbHBI, [IOCKOJIbKY CJIOH F', 110 TIOCTPOEHUIO, ABYCBsI3eH (Ha PUCYHKE
9TH CTPOKU OTJeJeHbl jmaueii). Kpome Toro, Ham W3BeCTHO, 9TO 110-
CJIeIOBATEILHOCTD CXOJAUTCA K TOMOJIOTHSM IIpocTpancTsa S2 V S2.
IlosTomy rpymnma Eio = 73 nomxkHa ObITH youTa BeICHIMHE qudde-
penruayiaMu. EIMHCTBEHHBIT BO3MOXKHbBIN HETPUBUAJIBHBIN j1udde-
PEHIMAJ, KOTOPLI MOXKeT YOUTH 3Ty IPYIILY, 9T0 Oy : E:f;o — E(‘}A,
OTKYZa MBI 3aKJTI0TaeM

m3(S? Vv %) = H3(F) = Eg,?) = Eg,o =7

MHBapuanThl, pasjmdaionie saeMenTbl rpymmbl m3(S? V S?) ume-
10T HADJISIHBII TeoMeTpuaecKuii cMbIcit. [lycThb 3a/1aH0 oToOpakeHne
f: 8% — S2v S2% O6osnaunm uepes f;: S3 — S2, i = 1,2, Komto-
30 oTOOpaykeHust f ¢ MpoeKnuei, crTaruBaromieil BTopyo (CooT-
BeTcTBeHHO, nepsyio) cdepy S2. Torma B KadecTBe Tpex GA3MCHDLIX
WHBApPUAHTOB O0TOOpaXkeHusi f MOXKHO BHIODATh MHBAPUAHTHI XOTmda
oTobpazkeHuil f| u fu, onpeessgeMbie KaK NHIEKCHI 3AIEILIEHUS IBYX
CJI0€B ODIIEro TOJIOYKEHNsI, & TaKyKe WHJIEKC 3AIETIEHUsT ODIIEro CJIost
oTobpaskeHust f1 ¢ OOLIUM CjI0eM OTODparkeHHs fo.

Koncrpykrmuio pacciioenust Ceppa f X — Y, mocrpoennoro mo
otobpazkenuto f: X — Y, MoxkHO uTepupoBaTh. PaccMoTpum BiiozKe-
mue cy1ost i: F' — X U IPEeBPaTUM €ro OlsTh B paccjaoenue i: F — X.
B pesynbrare Mbl mosmy4gaem pacciaoenne Ceppa, mpocTpancTso I Ko-
TOPOr0 TOMOTOIIMYECKN SKBUBaJEHTHO F', a 6a3a X romMorommaecku
SKBHUBAJIEHTHA, X .

BAAYA 18.3. JIokaxKkuTe, 9TO CJIOH PACCIOCHHS i TOMOTOIIN-
YeCKM SKBUBAJIEHTEH MPOCTPAHCTBY mereb Y| T.e. MpoCTpaHCcTBY
HENpEPBIBHBIX oTobpaskennti v : [0, 1] — Y, takux, aro v(0) = v(1) =
Yo — bUKcupoBaHHAS TOYKA B Y .

IIpocrpancTBo nerens QY mnosydaercs TakzkKe Kak CJIOH Pacciio-
enusi Ceppa, IIOCTPOEHHOI'O IO BJIOXKEeHUIO Touku * — Y. Torajb-
HO€e IIPOCTPAHCTBO ITOTO PACCJIOEHUsI CTSICUBAEMO, II03TOMY T'OMOTO-
mUJIecKue Tpymibl TpocrpancTBa Y m30MOp(MHBI TOMOTOTHIECKAM
IPYIIIAM HCXOIHOTO TIPOCTPAHCTBA Y €O CABUIOM I'DaJlyHPOBKHU Ha 1:
76 (QY) = 711 (Y). Orcriona coeyer, 910 JJIMHHBIE TOYHbIE TOCJIE-
noBarenbaocT paccsoennii Ceppa f 1 i m30MOPQHBI ¢ TOYHOCTHIO
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10 U3MEHEHNsI OOO3HATCHMIT:

s (F) —= (X)) ——= (V) —— w1 (F) — -+

s (F) — mp(X) — 1 () — 7y (F) — -+

3AIAYA 18.4. /lokakuTe TOMOTONUYIECKYIO SKBUBAJECHTHOCTH

K(m,n—1) ~ QK (m,n). Hanpumep, QCP> ~ S*.

[TPUMEP 18.5. Beramcamm rpymmy 74(S?). Pacemorpum Kiaccu-
dburupytomee orobpaykenne x: S° — K(Z,3), cooTeTcTByIomee 00-
pazyiommeit rpymbt H3(S?) = Z, npespatum ero B paccioenue Ceppa
u 0bo3HaunM cJioit uepes F'. VI3 romoronunaeckoii TOUHOI TOC/Ie10Ba-
TEJILBHOCTH 3TOI0 PACCIOEHUS BBITEKAET, YTO F' aBJIsieTCs 3-CBI3HBIM,
amipu k > 4 nmeercsa usomopbusm 7 (F) = 74(S?). B wactrocTn,

7T4(S3) = 7T4(F) = H4(F)

Jljist BBIYMCIEHUIT TOMOJIOTHI TTpocTpaHcTBa F - TexHu4YecKu 0OoJiee
VI0OHO TIOJIb30BATbCS WTEPUPOBAHHON KOHCTPYKIHEH pPacCIoeHust
Ceppa, 1pu KOTOPOii pocTpancTBO F' (TOYHEe, FOMOTOIMYECKH eMy
9KBHUBAJICHTHOE ) BBICTYIIAET B POJIM TOTAJILHOIO IPOCTPAHCTBA, a cde-
pa S% — B ponm 6a3b1 paccioenns. CJ0it 9TOr0 PACCIOCHHN TOMOTO-
[MYecKU dKBUBajieHTeH npocrpanctsy VK (Z,3) = K(Z,2) = CP*.
HavanbHblll WieH CHEeKTPaJbHON IIOC/IE0BATEILHOCTA TOrO pac-
cioennst m300paxkeH Ha pucyHke. Mbr 3naem, dro muddepeniman

a4 qi
6 Z 6] ud 3 )
B2, =B}, A

3 p 0 3 p

~

4 A 41 u u“v
N N2
e
7
0

. 3 3
03: B35y — Ep o sBngerca mzomopdusmMom (B IpOTUBHOM cCirydae
upocrpancTBo F' He nosyuminocs 6b1 3-cBsizubiM). VHbopMalmio ke
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o mucpdbepenrmanax dz: E3 5 — Ef oo npu k > 0 u3 pacemor-
PEHHUS TOJBKO JIUIIb TOMOJIOTHIECKO# CIIEKTPATBHON MOCIIE0BATEb-
HOCTH HAM H3BJeYb HE yIacTcst. [[03TOMY BOCIOIB3yeMcs KOTOMO-
JIOTHYECKON CIIEKTPAJIBHON MOCIIEIOBATETBHOCTBIO U €€ MYJIbTUILIH-
KaTUBHBLIME coiicTBamu. O6oznaumm 4epes u € H2(CP>®) = Eg,z
MYJIBTUILTHKATHBHYIO0 00pa3yIoILyl0 KOTOMOJIOTHI CJIOS, U 9€pe3 v =
Ss(u) € E3° = H3(S3) o6pasyiomyio TpeTbux KOrOMOJIOrHii GasbL.
Torna
O3(uk) = kuF"1 d3(u) = kub 1o,

T.e. TOMOMOPGU3M J3 Eg 2k _, Eg’ 2k=2 gpnstercs “30MOPGMU3MOM HA
morpymmny uugekca k. OTcioma Mbl IIOJIy YaeM OMUCAHIe KOTOMOJIOT Uit
npocrpanctsa F, B wactroctn, H?(F) = E3? = Zy. U3 dbopmys
VHUBEPCAJIBHBIX KO(DMUINEHTOB, WM U3 JIBORCTBEHHOTO OIMCAHUS
nuddepeHIaga B TOMOJOTUIECKON CIIEKTPAJIBHOM OCIET0BATE b
HOCTH, MbI HAXOJIUM, OKOHYATE/IbHO,

74(S%) = Hy(F) = Zs.

19 TI'paccmanuanbl n ucumnciaenue lllyb6epra

B sTOM IIyHKTE MBI B Ka4ecTBe eIle OJIHOIO IIpuMepa pabOThI ¢ KO-
TOMOJIOTUSIMU TIPUBEJIEM ONMCAHUE YMHOXKEHIS B KOTOMOJIOTASIX KOH-
KPETHOTO MHOT0O0Opa3usI — KOMILJIEKCHOTO MHOT00Opas3ns I'paccmara.
Koumb1io Koromostoruit rpaccMannana UMeeT MHOTOYUCIEHHBIE TIPIMe-
HEHUsI B CaMbIX Pa3HBIX OOJIACTSIX MaTEMATUKU: ITPOEKTUBHONW KOM-
IJIEKCHOI NeOMETPHUH, TEOPUHU XAPAKTEPUCTUIECKUX KJIACCOB, TEOPUH
[IPEJICTABJICHNT, MHTErPUPYEMbBIX cucTeMax. K COXKaJIeHuo, BCe ITH
CBA3U OCTAHYTCS 33 PAMKAMU HAIUX JIEKITUH, TOCKOJIbKY KaXKIas U3
9TUX TEM SIBJISIETCS MIPEIMETOM CAMOCTOSITEIHHOTO Kypca.

Mmnozoobpasuem I'paccmana, niu epacemaruatom Gy, , Ha3bIBAET-
csl TIPOCTPAHCTBO BCEX k-MEPHBIX MPIIIPOCTPAHCTB B N-MEPHOM BeK-
TOpHOM mpocrpaHcTBe. [yt onpemenerrHocT, Mbl OyeM paccMar-
pUBATH KOMNAEKCHBI TDACCMAHWAH, T.€. MBI IIPEINOIAraeM O0beM-
JIIOITEe MPOCTPAHCTBO U €10 MOITPOCTPAHCTBA KOMILJIEKCHBIME. MHO-
roobpasue I'paccMaHna sBiIsleTCsl TIagKuM (U Jiaxke TOJOMOPMOHBIM )
MHOr000pa3ueM KOMILIEKCHO! pasmepHocTr n(n — k) (310 craner sic-
HO 4yTh HuKe). Muoroobpasue I'paccmana 06/1a18€T €CTECTBEHHBIM
KJIETOYHBIM Da30MeHneM, aHAJIOIMIHBIM CTAHIAPTHOMY KJIETOIHOMY
pPa3bUeHNIo MPOEKTUBHOTO MTPOCTPAHCTBA. DTO pa3bUeHne HA3BIBAET-
csT WYbEePMOBCKUM.
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Touku rpaccManraHa YI0OHO IPEICTABJISTH IPSMOYTOJbHBIMU
MaTpUIAMHA pa3Mepa k X 1, UMEOIMMMI MAKCUMAJIbHO BO3MOXKHBIIHA
panr k: KaxKjas Takasd MAaTPUIA 337aeT k-MEPHYIO IUIOCKOCTH, SB-
JISTOTITYIOCS JTHHEHHON 000/I09KO0#l cBOMX CTpOK. MaTrpwuria omnpemese-
HA& C TOYHOCTBIO JI0 YMHOXKEHUsI CJIEBA HA HEBBIPOXKJICHHYIO MATPHILY
pasmepa k X k, TO ecThb C TOYHOCTBIO JI0 JIMHEHHOTO IIpeobpa3oBa-
HUsL CTPOK. JleficTBysl JMHEHBIMU TPEOOPA3OBAHUSIMUA CTPOK, BCS-
KYIO0 MATPHUILY MOXKHO IIPUBECTH OJHO3HAYHO K OJHON U3 CJIEIYIOMINX
«TPEYTOILHBIX» (POPM:

* ... x 1 0 ... 00 O ... 0 OO 0
* 0 % * 1 0 ... 0 0 O 0
* ... x 0 % ... x 0 % ... x 1 0 ... O
A uMeHHO, UMeeTcss HADOp CTOJIOIOB ¢ HOMEPAMH My < Mo < -« - <

My, TAKUX, 9TO MaTPUIIA, COCTABJIEHHAS U3 ITUX CTOJIOIOB, SBJISIETCS
eIMHUYHON MATPUIIEHl; TpaBee eIUHUI] U3 ITUX CTOJOIOB BCIOY CTOST
HYJIH, & BO BCEX OCTABIIUXCS MECTAX CTOSIT MPOU3BOJIbHBIE KOMILIEKC-
Hble 4ncia. JeficTBUTeIbHO, M) OIPEJIEIeTCs KAK MUHUMAJIBHBII
HOMED 1M W3 TeX, JJIsi KOTOPBIX IOIMATPHUIA, COCTABJIEHHAS U3 IIO-
CJIGIHUX T — 1M CTOJIOIOB HYJIEBasl, Mj_1 OIPEIEJSETC KaK MHHU-
MAJILHBIA HOMED M U3 TeX, JIJIsi KOTOPBIX TOJAMATPUIIA, COCTABJICHHASI
U3 MOCJIETHUX 72 — M, CTOJIOIOB, UMeeT paHr < 1, u T.JI.

MHOKECTBO TIIIOCKOCTEH, TPUBOJISAIINXCS K YKA3aHHOW HOPMAJIb-
oot dopme ¢ (PUKCUPOBAHHBIMU M7, ..., ML, 00pa3yeT OTKPLITYIO
KJIETKY (KOODIMHATAME B 3TOH KJIETKE CJIy?KAT KOMILICKCHbIE YUC/IA,
0003HAUEHHBIE 3Be309KaMU). MUHUMAJILHYIO BO3MOXKHYIO Pa3Mep-
HOCTh () MMeeT KJIeTKa, OTBEYAOIas HADOPy CTOJOIOB ¢ HOMEpaMu
(1,...,k), a MAKCUMAJIbHYIO BEIECTBEHHYIO pa3MepHOCTh 2 k (n—k) —
KJIETKa, OTBevalomas Habopy crosbros ¢ Homepamu (n—k—+1,...,n).

Kuterku noctpoenHoro pa3buenusi Ha3bIBAOTCH kaemramu Ly-
bepma. B 6ojiee "HBApUAHTHBIX TEPMUHAX JIJIsI ONPEJIEJIEHUs KIEeTOK
[Iy6epra myxkHO 3adurcupoBarh B 00bemiomeM mpocrpancrse C™
oTHEIH dar

0=FOCF1C"'CFn:(Cn, dim F; = 1.

Torma knerka IllyGepTa, oTBevaronias HabOPy CTOJIOIIOB C HOMEPaMHI
mi,..., Mk, 00pa3oBaHa k-MEPHBIMU ILJIOCKOCTAMHY £, ITOUMHSIOIIN-
MUCsI YCJIOBHIO

Aim(lNF,,_1)=i—1, dm({NFy) =4, i=1,...k
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Bcee kmerxu IllyGepTa MMeOT YeTHYIO BEIIECTBEHHYIO Da3Mep-
noctb. Ciie/1oBaTEIbHO, B IEITHOM KOMILJIEKCE 9TOTO KJIETOYHOrO pas-
buenns Bce muddepeHnuaabl HyleBble n Kiacchl KjaeTok Lllybep-
Ta 3aJa0T aJJUTUBHBIN 6a3uc romMoJioruii rpaccMannana. B dact-
HOCTH, KPy4YeHHE B FOMOJIOIHAX (KOMILJIEKCHBIX) IPACCMAHIAHOB OT-
cyrcrByer. ObIiee KOJIMIECTBO KJIETOK PABHO KOJUYIECTBY CIOCODOB
BBIOpATDh k Pa3/IMYHBIX CTOJIOIOB U3 7 BO3MOYKHBIX, OTKY/Ia MbI 3a-
KJII0YaeM,

k(n—k)
X(Gim)= D> by=Ch
1=0

B koromostorusix KpydeHue Takke OTCYTCBYET, a IIOCKOJIbKY BCE
KJIACCHI MMEIOT YeTHYIO BEIECTBEHHYIO DPa3MEPHOCTh, yMHOXKEHUE
KOMMYMamMueHo. JIBONCTBEHHDBIN aTUTUBHBIN 6a3UC B KOTOMOJIOTH-
s1X 06pa30BaH KJIaCCaMU, JIBOMCTBEHHBIMYU 3aMbIKaHUAM KJieToK [11y-
6epra. 3ambikanne Kierku [Ilybepra Ha3bIBaeTCs COOTBETCTBYFOIIAM
yuraom Ilybepma. Beskuit mukn [lybepra siBiisiercs asrebpamde-
CKUM M, BOOOIIE TOBOPsI, OCOOBIM, TIOJMHOT000pa3neM IpacCMaHIaHa.
JeficTBUTEILHO, YCIOBHE HA PA3MEPHOCTD II€PECEYEHMIT C IIOCKOCTSI-
MU (DJiara 3aluCchIBAeTCs Kak 0OpallleHre B HOJIb COOTBETCTBYIOIIUX
MHUHOPOB, KOTOPBIE SIBJISIFOTCSI TIOJIMHOMUAJIBHBIMU BBIPAYKEHUSIMU OT
KOMIIOHEHT MATPHIIHI.

Jist  manbHeiero yao0HO HECKOJIBKO W3MEHUTH 00O03HAUEHHe
ko [ly6epra, a uMeHHO, BMecTO HaGopa uucest (my, ..., M) MbI
Oyaem paccmarpuBarh HAGOp A = (A1, ..., A\x), KOMIIOHEHTBI KOTODPO-
IO OIPEJIEIISIIOTCS PABEHCTBAMMU

Ai=n+1—9—mgp1—;.

WubiMu  ciioBaMu, MBI CIEpBa BbIYMC/seM pasHuily Habopa (n —
k+1,...,n), oTBEYAIONIEr0 TUIINIHON TOYKE IpacCMAHUAHA M Ha-
Gopa (mq,..., M), OTBEYAIONIETO JAHHON KJIETKE, & 3aTeM 3allUChl-
BaeM MOJIyYHBIINECA k 9uces PAsHUIBI B 0OpaTHOM (HEBO3PACTAIO-
meM) nopsiyike. IlocTpoeHubiit HAGOP YZAOBJIETBOPSIET HEPABEHCTBAM
n—k>MX > > M > 0. Takoii Habop yn00HO U300pakaTh Jdua-
epammoti FOnea — Tabiuieii, cocrosieil u3 \; KJI€TOK B i-M CTOJIOIIE.

Huksa Ily6epra, coorBercTByromuii guarpamme FHOnra A, ob6o-
3HavaeTca 4epe3 o). Mcnonb3oBanme aumarpamm FOHra s HyMe-
parun kirerok IIlyGepra mMmeeT BarKHOE CBOWCTBO CMAOUAU3GUUL:
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JIOIUCKHIBAs WJIM BBIYEPKUBAs HEKOTOPOE KOJUYECTBO CTOJIOIOB HYy-
JIEBOM JJTMHBI, MOYKHO OIHOM W TOi »Ke mumarpamme FOmra A como-
crapnaTh KaeTku lybepra B rpaccmannanax Gy, ¢ Pa3IUIHBIMA K
u n. [Ipu sToM MHOTTE cooTHOMEeHST MexK Ty Tukaamu [1lyGepra, 3a-
[UCaHHbIE TpU moMoIny guarpamm FOHra, SBISIOTCS yHIBEPCAJIHHbI-
MU U He 3aBUCAT OT KOHKpeTHbIX k u n. Hanpumep, xopazmeprocmo
(komnaexcnas) yuraa lybepma pasha naowadu duazpammo, FOnea,
COdimO’,\ = ‘)\| = Z)w

Jlis 3amanabIx k u n HemycThbie KiaeTkn [1lybepra cOOTBETCTBYIOT
nuarpammaM FOHTa, sBJISIIONMMCST OJIHAIPAMMAMA B JIHATDAMME,
cocrositeir u3 k cToabIoB BRICOTHI N — k.

OnPEJAEJNEHUE 19.1. IMpumumushnowm mukiaom [lybepra Hasbi-
BaeTCsA IMKJI, COOTBETCTBYyIommit muarpamme FHOmra, cocrosimeit n3
OJTHOTO HEHYJIEBOTO CTOJIOIA.

TEOPEMA 19.2. Kaaccor npumumushorr yukxaos Ilybepma
MYABMUNAUKGMUBHO NOPOHCIAIOM KOALUO KOLOMOA02UT 2PACCMAMU-
ana. A UMEHHO, KAGCC NPOU3BONDHO20 UUKAG GVIPAHCAEMCA YEPE3
npuMumusHsie no ciedyrowets gopmyae Ioscambenu,

Oare = det flox,—ijlli =1,k
(2P OX\i+1 R OXi+n—1
OX\y—1 O X,y coe Oxo4n—2
S\ —n+1 OXp—n+2 s O\

JIist yopolreHust Mbl UCIIOJIB3YeM OJIHO M TO YKe 0DO3HAYEHUE )
kak Jis nukjaoB [ly6Gepra, Tak u st IBOHCTBEHHBIX UM KOTOMOJIO-
IUYECKUX KJIACCOB. B mIpaBoil YacTH paBeHCTBA MBI MoJiaraeM og = 1
uo; =0upui < 0 (arakxke upu i > n—k). 3aMeTuM, 4T0 OLUPEIEIIH-
TeJIb B IPaBOii 9acT HE 3aBUCUT OT N U k: ecyim A\, = 0, TO B HUXKHEH
CTPOKE OIPEIEUTENISI UMEETCsl TOJBKO OJUH HEHYJIEBOU 3JIEMEHT U
OTIPEJIETUTENh CBOJUTCS K aHAJIOTHIHOMY MEHbIero pasmepa. Ompe-
JIeJIUTENTb B MIPABON YaCTU PABEHCTBa HasbiBaeTcs @ynkyued [lypa.

Nmeercsas mzomopdusm Gy, =~ Gp_gp, comocrapidomuii k-
MEPHOH IUIOCKOCTH ee aHHYJISITOP, PacCMaTpuBaeMblii Kak (n — k)-
MEPHOE MIPOIPOCTPAHCTBO B JBOWCTBEHHOM ITPOCTPAHCTBE.

SAZAYA 19.3. JokaxknTe, 9TO yKazaHHBII n3omopdusm Gy, , —
Gp—i,n mepesonut kiaerku Ilybepra B xitetku IlyGepra, mpu sToM
muarpammbl FOHra coorBercTByonux Jpyr apyry Kiaerok Ilybepra
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dsolicmeenHol, TO €CTh CTOJIOIBI OTHOIM U3 HUX 00PAa30BaHbI CTPOKAMU
JPYTOiA.

O6ozHaunM uepe3 G; = 01,1 (% €UHAI) TPUMUTHBHBINA ITHKJI
IITy6epra gBoiicTBenHOrO paszduenus. Torma u3 JIBONCTBEHHOCTU BbI-
TeKaeT ajibTepHAaTUBHAas (popMyJia jijis KiaaccoB mukios [Ilybepra

ox =6, =det |Gy, —itjllij=1,..n—k>
rae p= (1, -5 fin—k) — Juarpamma FOura, nsoiicrBeHHas K .

@opmysa TEOPEMBI OCTAETCsl CIIPABEJINBON M B CJIydae, KOrIa
kietka [lybepra, orBevaromas jannoit juarpamme FOura, sBisiercst
yCToli (TO €CTh KOTJIa JuarpamMma He gBJISIeTCs MOIUArPAMMOil Jra-
rpammbl (n — k,...,n — k). B aroM ciiyuae jieBasi 4acTh PaBEHCTBA
obparaercsi B HOJIb U BBIPAXKEHUs], CTOSINNAE B IIPABON 9acTH, OIU-
CBIBAIOT COOTHOIIEHUS MEXK/Ty MYJIbTUILIMKATABHBIME 00Pa3y IOIIIMI
KOI'OMOJIOTHI rpaccMannana. MoyKHO 1OKa3aTh, 9TO BCE COOTHOIIIE-
HIS TIOPOXKJAIOTCsT cooTHomeHnsimu 0; = 0 (i > n—k) ud; = 0
(J > k).

Y dopmynsr xkambenn mMeeTcst IpsiMoOe JI0Ka3aTeIbLCTBO, OCHO-
BaHHOE Ha aHaJm3e reoMeTpun nepecedenus mukJos [lybepra, ompe-
JIEJIEHHBIX 110 OTHOIIEHUIO K JBYM pa3judHbiM (uiaram. Heckoss-
KO JIDYTUX JIOKA3aTeJIbCTB, HECOMHEHHO 0OJjiee KOHIIEIITYAJIbHBIX, HC-
[IOJIB3YIOT AIapaT TEOPHH XapPaKTEPUCTUYIECKUX KJIAacCOB. Mbl He
OyeM NPUBOJIUTH JTOKA3ATEIBCTBO ITOM (DOPMYJIBI, & OrPAHUIUMCS
PaCCMOTPEHUEM JIUIIb OJHOIO IIPUMEPA.

ITpuMEP 19.4. Paccmorpum 60s1ee OAPOOHO KOJIBIIO KOTOMOJIO-
ruit rpaccmannana (Gg4. DTO MHOrOOOpa3He UMeEET Pa3MEPHOCTH
dim G2 4 = 4. Ero MOKHO OTOXKJIECTBUTH C MHOTOOOpPA3HMEM IIPOEK-
TUBHBIX INPSIMBIX B TPEXMEPHOM IIPOEKTHBHOM IpocTpaHcTse. [lpu-
mbikanus KjaeTok 1llybepra n3obpakeHbl HA CIEAYIOMEN TuarpaMme

codim 0 1 2 3 4
02

/ \

\ X 7

g1

og —— 01 021 —— 022
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Knaccor 01 U 02 MOXKHO B34Tb B Ka49€CTBE MYJIbTHUIIJINKATUBHBIX
00pas3yoNmx, KJIacChl OCTAJIbHBIX ITUKJI0B [IlyGepTa BriparkaioTcs de-
pes3 3Tu:

_ |01 02| _ 2

01,1 = 1 o = 0] — 02,
_ g9 g3 _

02,1 = 1 o = 0102,
__ |02 03] 2

0'1’1 = o1 o9 —0'2

(mamomunm, 9ro o3 = 0). Vnean cooTHOIIEHU T TIOPOKIAETCS CIIeLy-
IOTIAMHA JIBYMST

o1 02 0
020'1,1712 1 g1 02 20'19’—20'10'2,
0 1 g1

g1 g9 O 0

1 01 o2 0 4 2 2
0O=o0 = =o0] — 30702+ 05.
1,1,11 0 1 o1 o9 1 102 2
0 0 1 oy
WNuabivu ctoBamm,
Z[O’l,O'Q]

H*(Gg4) =

(03 — 20109, 0f —30%02+03)

JleficTBUTEILHO, B PA3MEPHOCTH 2 X 2 = 4 MOHOMBI 03 U 09 JIH-
HEITHO He3aBUCHMBI U BBIPAXKAIOTCS JTHHEHHO depe3 KJIACCH 02 U 07 1.
B pasmeproctu 2 X 3 = 6 mMmeeTcst gBa MOHOMA O’i)’ U 0109 U OJIHO
COOTHOIIIEHIE 0:1” — 201 02 = 0 Mex 1y HuMH. Vcmoab3ys 9T0 COOTHO-
IIIeHNe, Mbl HAXOTUM

3
0102 = 02,1, o] =203,1.

B pasmeprocTn 2 X 4 = 8 mMeeTcst 3 MOHOMA 0F, 0 0y U 05 U JBa

COOTHOIIEHUST MeXKLy HUMU 01 (05 — 201 03) = 0f — 303 03+ 05 = 0.
Orciona,

2 2 4
0] 09 = 05 = 022, o] = 209,.

Bce monomMbl Gosibleil crenenu Jiexkar B njeaJlie COOTHOIIEHUIA.
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IIpuBeneHHbIe BBIYKUC/IEHUS] OTBEYAIOT, B YaCTHOCTH, Ha CJIEJly-
IOIUI BOIIPOC: CKOADKO CYWLECTNEYEM NPAMOUIL 6 MPETMEPHOM NPO-
cmparcmee, NePeceraOUUT JaHHLE Yembipe, HATOOAUWUECS 6 0OWEM
noaostceruu?

MHOX)ecTBO TPSIMBIX, MEPEeCceKalonnx MTaHHYyI0, 00pa3yeT IUKJI
[Iy6epra o1. Takum 06pa3zoM, OTBETOM Ha BOIIPOC CJIY?KUT UHJIEKC
YETBIPEXKPATHOIO CAMOIIEPECEUEHNST KJIACCa 01, PABHBII

(01,[G2,4]) = (2022, [G2,4]) = 2.

B cymecrBoBaHun JIByX MPSMBIX, MPOXOJSINIAX Yepe3 YeTBEPKY
3aJIAHHBIX, MOXKHO yOEJUThCS U U3 MeOMETPUIECKUX COOOpasKeHUH.
Paccmorpum runepbosiony; B TpeXMEPHOM IIPOCTPAHCTBE, 33 IaHHBII
o0IMM MHOTOYJIEHOM BTOPOii crerienn. Ha HeM JiexkuT JiBa cemeiicTBa
MPSMBIX, KaXKI0€ U3 KOTOPBIX 3aMeTaeT ruepbosonr meaukomM. 11po-
€KTUBHBIM MTPE0OPA30BAHNEM MOYKHO JOOUTHCS TOTO, YTOOBI TPH 3a-
JIAHHBIE TPSIMbIE CTAJIN TPEMSI IPSIMBIMU OJTHOIO CEeMEHCTBa Ha TUTIEP-
6ostonsie. Torma mpsiMble, IepeceKalolue 3T TPU, 00Pa3yoT BTOpOe
ceMeificTBO TPSIMBIX, JIeXKAIUX Ha rumepbosone. Yersepras 3a1aH-
Has HpsMasl IepeceKaeT I'UIepOoIon B CIIydae OOIIEro IOJIOXKEHUS
B IBYX TOYKAX. DTUM JBYM TOYKAM U COOTBECTBYIOT IIPSIMBbIE, IIepe-
CEeKaoIue YeThipe 3a/aHHbIe.
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BBEJIEHUE B TEOPUIO TOMOJIOTUI
[IMCbMEHHBIN 9K3AMEH, 7 mexabpst 2005 1.

1. Omnpegenure 3iyIepoBy XapaKTEePUCTUKY CJIEHAYIONMX IIPOC-

TPAHCTB:

a) [2] RP™;

6) [2] CP™;

b) 2 T = (8™

r) [3] mHOroOGpasue HeopueHTHpOBaHHBIX (adOUHHBIX) mpsi-
MBIX B R3;

1) [4] MHOrOOGpa3Ne HEOPUEHTUPOBAHHBIX IIPOEKTHBHBIX IIPsi-
MBIX B RP3;

e) [5] BelecTBEHHBIX CUMMETPUIHBIX HEBBIPOXK/IEHHBIX MATPHIL
MOPSJIKOB 2 U 3;

K) [1] chepsr ¢ g pyuxkamn.

2. Haiijure (panuonasbHble) uYmcsia BerTu ciemyiommx  mpo-

CTPAHCTB:
a) [4] yaurapuabix marpui Broporo nopsaka U(2);
6) [8] moamuoroo6pazust B B C3, 3ajanHoro ypapueHusMu
23 4+ y% + 23 =0, |.T‘2 + ‘y|2 + |Z|2 -1,
B) [3] T = (S1)";
r) [8] mMuoroo6paszus G;: 4 OPHEHTHPOBAHHLIX JBYMEDHBIX BEK-
TOPHBLIX MOIIIPOCTPaHCTB B R*;
1) [4] momonHeHMs K 06BEMHEHIIO TPEX PA3JIMIHBIX KOMIIJIEKC
HuIx mpaMbix B CP? (1 pasamaHbIX UX KOHMDUTYparmii).

3. HaiinmuTe mHIEKCH IepecedeHHs CIEIYIOIUX IIap MHOrooGpa-
3Uii:

a) |2] xpuBbIX Ha JByMepHOfl MIOCKOCTH R?| 3a/1aHHBIX Hapa-
MeTPUIECKU ypaBHeHusMu (r = cos @, y = sin @) u (x = sin 3¢,
y=cos2¢), 0< ¢ < 2m, 0< ¢ < 27,

6) 4] xkommmekcnbx kpusbix B CP2) 3ajannbix B adbduHHbIX
koopauHaTaX (2, w) ypasHenmamu w = 0 1 w = z2;

B) [4] xommtekcubix Kpubbix B CP?| zajanubix B adduHHbIX
KoopauHarax (z,w) ypasaenuayu w = 0 u zw = 0;

r) [6] BelecTBEHHBIX NMOBEPXHOCTEN, 3a/IaHHBIX YPABHEHUIMU
22492 +22 = 1u 22 4+y?+22 = 1 B MHOTOOOPA3UN KOMILTEKCHBIX
PEeIleHnit 3TOro ypaBHEHUS.

4. [5] KakoBO MUHUMAJILHOE YUCJIO TOUEK IIepecevdeH sl TOBEPXHO-
cru 8 CP?, 3amannoit B adUEHLX KOOPAUHATAX yPABHEHIEM
y2 =3 - Z, ¢ OJIM3KON TPAHCBEPCATHHO €€ IEePECEKAOIeil mMo-
BepxHOCTBIO? A eciin 0TOPOCUTH YCJIOBUE TPAHCBEPCAJILHOCTH !
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5. [8] Iycrb Bf_ u B? — IByMepHBIE IUCKH, 33JaHHBIE B KOM-
IUIEKCHBIX KOOp/MHATaxX HepaseHcTBaMu |z| < 1 u |w| < 1,
COOTBETCTBEHHO. PaccMoTpuM Tpexmeproe MHOroobpasue My,
[IOJIy9eHHOE U3 IIPOCTPAHCTB Bi x St u B2 x S! cnemyromum
OTOXKJIECTBJIEHUEM T'DAHUIL:

O(B% x S') — O(B2 x §Y) : (2,€) > (z,2%¢),

Ile OKPY»KHOCTB S' 3a1aeTcs Ha KOMILIEKCHOIT IPSIMOil ypaBHe-
uueM |¢| = 1. Judbdeomopdust mu My, u My nis pasiudnbix k
u (7
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