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IIpegucioBue

Mon maitre Jules Tannery citait volontiers une phrase de Liouville ;

apres avoir comparé les démonstrations longues aux démonstrations courtes, il concluait :
“En somme, les démonstrations longues ont un grand avantage, c’est d’étre longues,

et les démonstrations courtes ont un grand avantage, c’'est d’étre courtes”.

E. Borel!

Hacrosimas 6poiuropa IoCBsIIeHa ToApO6GHOMY U3JI0KEHUIO TaK Ha3bl-
BaeMoro «3JeMeHTapHOI'0» Jl0Ka3aTelbCTBa 3aKOHA paclpezeleHusa IIpoc-
TBIX Ylcesl. DTa TeopeMa yTBep:KJaeT, YTO {MC/I0 MPOCTBIX HCEJ, MEHBIINX
WM DABHBIX X, ACHMITOTUYECKH PABHO 1, KOT/Ia X CTPEMHTCA K 6ecko-
HEYHOCTH.

Cl10BO «3/IeMeHTapHOe» He MMeeT CMBIC/IA, eC/Id He OTOBOPHUTH, KaKue
«3JIeMEeHTbI» MaTeMaTUKU MOKeT MCII0Nb30BaTh 0Ka3aTeabCTBO. B 1aHHOM
cilyJae roZpasyMeBaeTcs UCIONb30BaHNe H/el, HeOOXOAUMBIX /s GopMy-
JIMPOBKH TeOpeMBI: apudpMeTideckre GYHKINY U BellleCTBEHHBIN aHAIN3.

Knaccuyeckoe fokasaTenbcTBo Azlamapa u Basute-Ilyccena (1896) Bo-
IUIOTWIO B cebe reHUaIbHBIE WeW PrMaHa 0 MpUMeHEeHUN KOMIUIEKCHOTO
aHayM3a K U3y4eHUIO TIPOCTHIX YUCEN. DT UZeU ObLTH CTONb OPUTUHAIbHBI-
MU, a pe3ysIbTaT CTOMb OIeCTAIINM, IIOUYTH COBEPIIEHHEIM, YTO MaJIo KTO pe-
nrajucsa UCKaTh Apyrol, ajneMeHTapHBIY [T04X0/ K J0Ka3aTeIbCTBY. B pesyib-
TaTre OHO OBUIO HAWZIEHO TOJBHKO IMONMBeKa crycTd dpaémeM u Ceabbeprom
(1949). Nzeun ux moKasaTenbCTBa, OyAydH eCTECTBEHHBIMU W KPaCUBBIMH,
TapMOHUYHO HAIILTM CBOE MECTO B OOIIel Teopur apudMeTHIecKUx GpyHK-
LUH.

TexcT ocHOBaH Ha u3ja0KeHUU ITocTHuUKOBa M PomanoBa (1955) uzeu
Opaéma u Cenpbepra. OH ABIAETCA PACIIMPEHHON BepCUeEl YeThIpeX JiEK-
Uil B eTHel mKone «CoBpeMeHHass MaTeMaTuKa» ([y6ua, 2009). ABTOp
6yarozapeH BceM CIIyIIaTesaM, B ToM yucie MakcuMy CTalleHKO, a TaKkKe
MIpe/JIOKUBIINM MHOTOUMCIEHHbIe UclpaBieHnd U yaydmenusa K. Kapyso,
B. Kienupiny, A. 3pikuHy U I'. Mep3oHy.

L«Moit yantens JKionp TaHHEpU OXOTHO IUTHPOBAN (pasy JIMyBUILIA; CPABHHUB J/IMHHBIE
JIOKa3aTeNbCTBA C KOPOTKUMHY, JIMYBWLIb Jefa cleAyIouiuil BEIBoA: “/IIMHHbIE JOKa3aTemlb-
CTBa XOpOILIU TeM, YTO OHH /JIMHHbIE, a KOPOTKUe J0Ka3aTeJbCTBA XOPOLIU TeM, YTO OHU
KopoTkue”». 3. Bopesb.
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1. BBegenue

1.1. O6 ompegeeHNH YKCIIA IPOCTHIX YHCEI, HE TIPEBOCXOAAIINX
JAHHOM BeJUYHHBI

[TpumepHo 3a 300 sneT g0 Hamlel 3pbl EBKIIN/, 1aJl J0Ka3aTeabCTBO TOTO,
4TO «IIepPBBIX! YHCEs CyIeCTByeT GOMblIe BCAKOTO IPEeATI0KEeHHOTO KOMH-
yecTBa NEPBBIX uncen» («Hauama», kuura IX, npeanoxxkenue 20) — UHBIMU
CJIOBaMHU, UTO CYIECTBYET OECKOHEUYHO MHOT'O ITPOCTHIX YHCET.

Cpezau nepBeIx 10 yncen — 4 IPOCTBIX, CpeAU IEPBBIX cTa — 25, cpe-
[T TIeEPBOU ThICTYU — 168. BUHO, YTO 0JIs1 TPOCTBIX YKCEN YOBIBAET. DTO,
B OOIIEM-TO, €CTECTBEHHO: B€Jb YeM OOJIbIIE YHUCIO, TEM OOJbIIE Y HETO
MTOTEHITNATbHBIX JIeJTUTENIEN U TEM MEHbIIE Y HETO IIIAHCOB OKa3aThCs MPO-
CTBIM.

Ho ¢ kakoiif CKOpOCThIO YOBIBAET 3Ta 0/, KaK YCTPOEHa aCUMIITOTUKA
YKca NPOCTHIX YHCeJ, MEHBUINX 3aZlaHHOI'O, YeMy IIPUMEPHO PaBHO n-e
IIPOCTOE YUCJIO p,?

OTBeT Ha 3TOT BOIIpoc 6BUT TONy4YeH B KoHIle XIX B. 6arogaps yCuIuam
MHOTHX MaTeMaTUKOB: Jiinepa, Jlupuxie, YeOnineBa, Pumana, Agamapa
u Basne-ITycceHa. DTUM OTBETOM SIBJISIETCS CJIeAyIONAs TeopeMa; YTOOBI
ee chOpMyIUpPOBATh, MBI BBEZIEM OHO 0O03HAYEHHUE: MYCTh 7T(X) — YHUCIIO
MIPOCTBIX YUCEJI, He IPEBOCXOAAINX X.

TEOPEMA (ACMMIITOTHUYECKHUHN 3AKOH PACIHPEJEJEHHSA ITPOCTBIX
YU CEJ).

(x) ~ ﬁ (x— 00).

(N)
1 N

cebs Kak N DTy TeopeMy YacTO Ha3bIBAIOT MIPOCTO «TEOPEMOM O MIPOCTHIX
qrcaax».

VIHBIMU CJI0OBaMHU, JI0JA TIPOCTBIX Cpe/iy epBhIX N 4ucer, , BeJleT

CUMBOJI ~ 34ecCh 0603HaqaeT aCI/IMHTOTI/I‘{eCKy}O OKBUBAJIEHTHOCTL: 3aIll1Ch
fx)~gh) (x—o00)

O3Ha4aeT, 4To
f&) |
g(x)

MBI TaKxe 6y,£[6M HCIIOJIB30BAaTh 0603Ha‘-IEHI/I${ O " 0. 3aII1UChb
fOO=0(g0)) (xeA)
O3Ha4daeT, 4To Cy'H.[eCTByeT TaKad IMOoJIOXKUTEJIbHAad KOHCTaHTa C, q9To

IfCI<Clgl)| mpu x€A,

1, xorma x— 0.

IT. e. mpocThIx.



a 3alluchb
f)=o0(gx)) (x—o0)
O3Ha4aeT, 4To
f@)

—0, ewmx— 0.
g(x)

YrpaXHEHUE 1. IlycTh p; o603Hauaer k-e mpoctoe yucio (p; =2, py =
=3 U T.A.). JIokaXuTe, 9YTO TeopeMa O IIPOCTHIX YHC/IaX PAaBHOCHUIbHA yT-
Bep)KJeHHUIO

pr~klnk (k— o0).

Llespio HACTOAIIEH GPOUIIOPHI U GYZET J0Ka3aTENbCTBO STOM TEOPEMEL;
ITOKa ke o6paTUMCcs K UCTOPUM BOIIPOCa.

1.2. KpaTkad UCTOpHUA TeOPeMBI O IIPOCTBIX YHCIaX

B 1737 r. Diutep npeacTaBwI NeTepOyprckoil AKkaZieMuy HayK HOBOE J0-

Ka3aTeJbCTBO TeopeMbl EBKIH/Ia 0 6€CKOHEYHOCTH YUCIA IPOCTHIX YHCE:
1 Z 1

l_[ _— — =00

p 1-1 /p 5'n

(mpousBezieHMe HepeTcs MO BCeM IPOCTBIM YHC/IaM, CyMMa — II0 BCEM Ha-

TypaJbHBIM YHCIaM).

B 1793 r., Gyzyuu moApOCTKOM, [aycc MPOBOAWI SKCIIEPUMEHTHI! 110 TTOJI-
CYeTy IIPOCTHIX YUCEJI HA Pa3IMYHbIX UHTepBanax. Ha ocHoBaHUM 3THX 3KC-
mepUMeHTOB ['aycc cZiesas BEIBOZ, UTO 7T(X) IPUOIU3UTENBHO PABHO UHMe-
2panbHOMY S02apudmy

lico = [ 2
2

IIpU X — 0.
B 1798 r. Jlexxanzp B kHure «Teopus uncen» cOpMyaupoOBal yTIBEp-
JKIEHWe 0 TOM, 4TO 7T(X) MPUOIU3UTETHHO PaBHO m. B 1808 r. on

IIpeJJIoXKuI 3HaveHusa a=1, f=-1,08366...

B 1837 1., uepes cTo JeT mocie Diiepa, Jlupuxiie pa3Buil €ero UAeH U J10-
Ka3zaJl, 4YTO CYIIeCTByeT H€CKOHEYHO MHOT'O IMPOCTHIX YKCEN B JII000H aprd-
MeTHYecKOH Iporpeccuu an+b co B3auMHO IPOCTEIMU a U b. OH HCIONb-
30BaJl 6eCKOHEUHBIE PSAZBI

n
5
ln

M8
Q

n

KOTODBIE /10 CUX ITOp HasbIBAIOTCA psaoamu Jupuxe.

Taycc He My6IMKOBAJ Pe3yJILTaThl 3TUX 3KCIIEPMMEHTOB, a TOMBKO pacckasas IMpo HUX B
1849 r. B mucbMe CBOEMY YUY€HUKY, aCTPOHOMY DHKe.



B 1848 r. B pabore [7], 3ar1aBre KOTOPOH IOCTY>KWIO Ha3BaHUEM pa3-
nena 1.1, YeObIeB Z0Ka3a, YTO eCJIU Ipee
. ) Inx
X—00

CYIIECTBYET, TO OH paBeH 1, a TAKXKe YTO eCIU MpeZer

Jim (Inx— )

CyLlleCTBYeT, TO OH TOXKe paBeH 1. TeM caMbIM, ecIu IIpeJjioxKeHHad JlexxaH-

X 1
OM aCHMMIITOTHKA T(X) ~ ——— uMeeT MecTo, To aa=1, f=—1.
ap ()~ - =5 , B

Janee, B 1852 r. B cTaThe [8] YeObIlIeB MOTyYUI HEPABEHCTBA
X X
A—<n(x)<B—
In x Inx
C HEKOTOPBIMU (KOHKPETHBIMHU U JJOBOJBHO OJU3KUMU K eIUHHIEe) A U B.
DTO MO3BOMIWIO €My [0Ka3aTh TaK Ha3bIBaeMbIM nocmynam bepmpana o
TOM, YTO JJIs1 1I060TO 11 > 1 MeXAy n U 2n HalAeTCs XOTs ObI OZIHO IIPOCTOE
17 (e (o
B 1859 r. PumaH OIyOJIMKOBAT CTaThiO C PAAWKATIbHO HOBOM TOYKOU
3peHHs Ha MpobyeMy pacipeziesieHrs TPOCThIX yrce. OH usydan GyHKIIUO

[0¢]
{(s)=>,n"°, Res>1,
n=1
Ha3bIBaEMYIO Temeph A3eTa-pyHKIMed PuMaHa, Kak QyHKIUIO KOMIUIEKC-
HoM epeMeHHOM (Oinep paccMaTpuBail ¢ (s) TONBKO /i BellleCTBEHHBIX §).
LleHTpaJIbHYIO POJIb B 3TOHM CTaThe UTPAET TOXKAECTBO Diyiepa, CBA3bIBAIO-
Iee ee C MPOCTBIMU YUCTaMU:

_ 1
C(s)—lg[il_l/ps, Res>1.

PyUMaH aHIUTUYECKU MPOJODKIII 3eTa-QyHKIMI0 Ha BCIO KOMILIEKC-
HYIO IUTOCKOCTD (MCKJIIoYas TOUKY s = 1, r/ie { UMeeT MOJTI0C) U MOy JJIs
A3eta-GyHKIMY GYHKIMOHATBHOE YpaBHeHUe. C TOMOIIbI0 HOBEUIITUX IS
TOTO BpEMEHU METOJ0B KOMIUIEKCHOTO aHaju3a U mpeobpasoBanus Oypbe
OH yKasaJl 3aMevaTe/bHylo ABHyI0 dopMyay And m(x) B TEpMUHAX Hyjlel
n3eta-QyHKIIMU B KpuTHudecko mosoce 0 <Re s < 1. B ¢BsA3u ¢ 3TuM PumaH
MIPEATIONIOXKIII, YTO BCE HYJM 3TOU QYHKIIMU HAXOAATCA HA «KPUTHYECKOU
npsMoli» Re s =1/2. DTa 3HaMeHUTas1 2unome3a PumaHa He IoKa3aHau 1oJ-

1C rounoctsio o(x/ In? x).



TOopa Beka crnycrd. Vizen PuMana mMateMaTyUKU pasBuBaiv [0 KoHIA XIX
BeKa U B KaKOM-TO Mepe pasBUBAIOT UX ZI0 CUX IIOP.

B 1896 r. mocJie mpegBapUTENbHBIX paboT Azamapa u ¢poH MaHronbaTa,
Apamvap u Base-Ilyccen (He3aBUCHMO JpyT OT pyra) 3aBepIIIN JoKa3a-
TeJIbCTBO aCUMIITOTUYECKOT'0 3aKOHA paclipe/iesieHrs IPOCTHIX ynces. Kirto-
YeBOW MOMEHT /IOKa3aTelbCTBAa — 3TO TOT (akT, uto ¢ (s) #0 mpu Res=1.

B 1932 r. BuHep fan HOBOe [0Ka3aTeJbCTBO B paMKax rapMOHUYECKO-
ro aHajau3a Ha BellleCTBEHHON NpsMOM, Kak NMpUMeHeHUe MPUAyMaHHOU
UM «TaybepoBoii Teopun». Teopema Afamapa u Base-ITycceHa o TOM, 4TO
{(s) #0 mpu Re s =1, urpaer rmaBHyIO poJib U B 3TOH paboTe.

B 1949 1. Opaém u Cenbbepr MOTydWwIn «3JeMeHTapHOe» J0Ka3aTelb-
CTBO TeOpeMBI O IIPOCTHIX YKCJIaX, TO €CTh J0Ka3aTeIbCTBO B paMKax Bellle-
CTBEHHOTO 1 depeHINaNTbHOTO U NHTEI'PAILHOTO UcUHcIeHNA. VIMEHHO 0
HEM MBI U PacCKa’keM B 3TOH OGPOIIIOpe.

EcTecTBeHHO, ncTOpUA NpogokaeTcsa. IloaBUINCh HOBbIE JOKa3aTeNlb-
crBa 1 HOBbIe Hler. MHOTO yCUINii HalpaBIeHo Ha H3yYeHHe OCTaTOYHOTO
wileHa

m(x) —li(x).

CerozHs camasi TOYHas OIleHKa MpUHaZJIeXUT BuHorpazosy [1] u Kopobo-
By [4] (1958):

7(x) = li(x) = O (xe e 0™y - (x , o0)

JJIs1 HEKOTOpOH MocTossHHOM ¢ > 0. C Apyroil CTOpOHE!, TunoTesa PumaHa
paBHOCHJIbHA OlleHKe

7(x) =1li(x)=0(x"?Inx) (x— ).

YIPAXKHEHUE 2. VCI0/b3yss OCHOBHYIO TeOpeMy apu(pMeTHKH, [0Ka-
JKUTE, YTO ZJIs1 TF000ro x >0

YnrAXKHEHUE 3. Ha camomMm zene «odpuiiranbHoe» omnpesieieHue NHTe-
rpajbHOTO JlorapudMa cieayrolee:

1-¢ X dt
lilkx) =1 —.
i(x) =lim g+1{£ ™

lcamere WHTepecHble, Ha B3IVIAZ aBTopa, — NpuzymaHHele banrom [10] (1964), Heioma-
HoM [17] (1980), Nabyccu [12] (1984) u Xunbzaebpauzom [15] (1986).



X

JloKa)kuTe, 4TO 3TO OmpezesieHrne uMeeT cMbICT U 1i(x) ~ e

IIpU X — 00.
Omnpezenus f(x) paBeHCTBOM
li(x) =

X
Inx—px)’

JloKaxkuTe, 4To 3 (x) — 1 mpu x — 0.

1.3. ApudpmeTtndeckre GyHKIIMU U UX CYMMbI

ONPEAENEHUE. Apudmemuueckoll @yHkyuell HasbIBaeTcs oToOpake-
Hue f: N—R.

Ha camowm zene apudmetnyeckas GyHKIUS — 3TO BCE PaBHO YTO MOCIE-
JIOBATEIbHOCTD BEIleCTBEHHBIX YHCeN, HO MBI Oy/ZIeM yMaThb O Hell IMeHHO
KaK 0 QYHKIIWH.

O603HaYNM MHOXKECTBO Bcex apudmeTrdecKux GyHKIUN yepes .«f . [1o-
CKOJIbKY (QYHKIIMH, OYEBUAHO, MOXKHO CKJIAZBIBATh M YMHOXATh Ha YHUCIIA,
TO 3TO BEKTOPHOE IIPOCTPAHCTBO HA/| BellleCTBEHHBIMU YHCIaMHU.

KpoMme Toro, Ham moTpebyeTcs ceAyIolias oneparusi: cymma apudme-
TUYECKON QYHKITUU.

OnpPEAENEHUE. IlycTh f — apudmerudeckas ¢pynkiud. Ee cymmoii Ha-
3pBaeTca ¢yHkuuda F: (0, co) — R, omnpeseneHHas MO IPaBUILY

Fe) =2 f(n);
n<x
B yactHoctH, F=0 Ha (0, 1).

OtmeTuM, 4TO J71a yZ06CTBa MBI paccMaTpuBaeM F kak GyHKIMIO Be-
[IeCTBEHHOT'O apryMeHTa (ecTecTBeHHO, KYCOYHO-IIOCTOSHHYIO), a He IIpo-
CTO KaK apudMeTHIeCcKy10 GYHKIIUIO, ONpe/ie/IeHHYI0 Ha HaTypaIbHbIX YHC-
Jax X.

K npumepy, byHKIMs 7(x), UCCIETOBAHUIO KOTOPOU U TOCBAIIEHA BCA
HacTosAIIas OPOoIIopa, — 3TO CyMMa GYHKIMHI

1, n mpocroe,

P(n)=
(=) 0 wuHave.
[TycTb Tenepsb
1, n=1
s(m)y={" ’ 1
() 0, n>1. W

Cymma GpyHKIMHU & — 3TO PyHKIMA

1, x=>1,

2= 0<x<l.



CymMma ¢yHKIMU 1 — MOCTOSHHON PYHKIIUU, TOXKIECTBEHHO PaBHOU 1, —
3TO

2 1=lx]=x—{x},
n<x
rae | x| — menas 9acTb X, a {x} — ApobHas 4acTp X.

[Tose3Ho MOHMMATH, NIPU KaKUX YCIoBUAX GyHkuma ¢ : (0, 0) —» R gB-
JfeTca CyMMOM HeKOoTopoi apudmerndeckoit ¢yHkiuu f. OTBeT IPOCT:
He0OXOANMO U JOCTATOYHO, YTOOHI ¢ ObLIa paBHA KOHCTAHTE (¢, Ha KAXKJOM
unrepsaie [n,n+1) (neN), npuueM ¢ =¢,=0 Ha (0, 1). Torza ¢ paBHa
cymme f, rae f(n) =g, —¢,_1 (neN).

[pex e 4eM 3aHUMATHCA 7T (X) — CyMMOU «XaOTUIECKOU» apudpMeTHye-
ckoit ¢pyHkunu P(n), pasyMHO pacCMOTPETh Gosiee peTy/IspHbIe, HAIPUMED
HempepbIBHO AuddepeHpyeMble, GyHKIMU. OKa3bIBAETCS, I aCUMIITO-
TUKU CYMM TaKux QYHKIUN HMeeTcsa KPacUBBIM U OYeHb KOHKPETHBIH OT-
BeT, KOTOPOMY IIOCBSIIIEH C/IeAYIONUINI pas3zier.

YHPAXKHEHUE 4. Haiizure cymmy dyakuum id(n) =n.

YnPAXHEHMUE 5. Ilycts f € .o u F — ee cymma. Haiizure Takyio QyHK-
LIUIO g € .¢f, 9TO cymMMa g paBHa |F|. Jlokaxure, uro |g(n)| < |f (n)| (neN).

1.4. ®opmyna ditnepa—MaxiopeHa

I/ITaK, MBI XOTUM HAaYYUTHCA JOCTATOYHO TOYHO OL€HUBATb CYMMbI

> f),

n<x
rae f—<<XOpOH_IaH>>, peryndapHad (bYHKI_II/IH. JIOTU4YHO CpaBHUBATb CyMMY C
HUHTErpajiom

[f®de.
1

OxasbIBaeTcs, CyLlecTByeT Tak HasbiBaeMas ¢opmyna Silnepa—>Maxnope-

Ha, Jarolas TPUO/IKeHHbIe BRIPAKEHUA I CYMMbl . I HEKOTOPOTO
n<N

«pasyMHOro» kjacca (peryiaapHbix) GyHKUMi f. Mbl npuBezeM 37iech Ipo-

CTEUITNH BapUaHT 3TOU GpOPMYJIBI: TPU BHITIOTHEHUHU OIpeleJIEHHBIX YCIIO-

BUH yOBIBAaHUSA HA MPOU3BOAHBIE QYHKIMU [ HalgeTcsa Takasd KoHcTaHTa C,

4TO

T 1 1,
> f) [ £ dx+CH+ 5 f(N) + 35/ (N). )

ns<N 1

Pa3ymeeTcs, Takas npubImkeHHas GopMysia UMeeT CMBICT TOIBKO BMe-
CTe C OLIEHKOU Ha ee MOTPeNTHOCTb (0OOBIYHO HAa3bIBAEMYIO OCTATOYHBIM YJIe-
HOM).

10



Hanpumep, Tak ycrpoena ¢opmyna Teilnopa: 3To mouHoe paBeHCTBO

f(k)( o)

FO)=f(xg) + f'(x0) - (x —xo) +...+

(x — xo)* + 1. oy (XD,

a Bce ocTajbHOe (OCTAaTOYHBIE WIEHBI B c1>opMe [TeaHo, Jlarpamxka, Ko-
Y1 U T.[.) —3TO JINIIb pa3Hble BaPUAHTHI NPEACTABIEHUSI OCTaTOYHOTO
WIEHA Ty, (X).

Crnexyrolee yTBep:KIeHHE — IMIPOCTONM U YAOOHBIM BapuaHT GHOPMYJIBI
Oittepa—MakJiopeHa KaK mouH020 PaBeHCTBaA.

[MPEANOKEHUE 1 (0oPMynA COHUHA [6]). ITyems f: (0, 00) > R—
HenpepbleHo duddeperyupyemasn gynxyus. Tozda

Y fm= f f@Ode+ L0

n<x

~(-Yrw+[(0-Drwd «>o.
1

JOKA3ATENBCTBO. [Iycth N =|x]. IHTerpupys mo 4acTam, UMeeM

n+1 n+1

ff(t)dt_(t—n)f(t)) —f(t—n)f ©) de =

n+1

=fn+1)— [ {e3f'@® dt.

Cymmupy4 1o n ot 1 7o N — 1, MBI ITony4aem

ff(t)dt— > f)- f {t3f'(0) dt. )

1<n<x

C apyToO# CTOPOHHI,

[f@ de=(t —N)f(t)‘; —[e—Nf @ de={x} ) - [{f O de. @)
N N N

CxuazbiBas (3) u (4), mosrydyum

ff(r)dr— S F) +{x}f(x) - f {t3f'(0) dt. (5)

1<n<x

[TepeHoCs ABaA MOCTEAHUX C/IaTaeMBIX U3 TIpaBoi yactu (5) B JieByI0 U
Z106aBUB TOXIECTBO

fa  fe, T f®
5~ + 5 dt=0,

[IoJIy4aeM Hallle yTBep:KAeHue. O
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YnrPAXKHEHHUE 6. Ilycts ¢(t) = . Jokaxkure, 4to |t/ ()| <1

npu t >0, t€N.

{t} —{c}*
t

A moueMy MBI He ocTaHOBWIUCH Ha dopmysne (5), 3aueMm go6MBATHCA,

yTOOBI BO BTOPOM WHTErpaje CTOsIo {x} — é, a He mpocTo {x}? [loTomy
4TO
i 1 1,, 12
[(t6r=3) de=3(x)2 = xn =0(D. ©
1

U ecnu f 6eckoHeuyHo AubdepeHIpyeMasi, TO MOKHO OTISITh TPOUHTETPU-
X

pOBaTh TIO YACTSAM B MHTETpaje f({t} - %) f'(t) dt. Takum obGpasom, TIpo-
1

HeAypy MpUOIMKEHUA CYMMBI QYHKIIUUA f MOXXHO MPOJOKATh U AaJbIIIe,
«pasyaras» ee 10 MPOU3BOAHBIM BCE OOJMBIINX MOPSAKOB. DTOT MPOIECC U
JaeT TonHyo Gopmyrny Diiepa—MakopeHa, I7le UIPaloT BAXKHYIO DOJIb
TaK Ha3bIBaeMble YKCJIa, MHOTOWIEHH U GYHKIMU BepHymwIn. OTo o4eHb
VHTEepecHas TeOpHsi, TECHO CBA3aHHAsA C YUCJIEHHBIMU U aCUMITOTUYECKU-
Mu MeToZaMu. Ho B aTOH Gpolrrope HaM GyZEeT AOCTATOYHO MPOCTEHIIEH
dopmysnbr CoHMHA.

PaccMOTpUM YacTHBIH ciaydaid, korzaa ¢opmyna CoOHMHA TpUHUMAET 60-
Jilee UHTepeCHBI BUZ.

[IPEANOXKEHUE 2. [Tycmb ¢yHukyus f: (0, 00) — R HenpepblgHO Ough-
peperyupyema u npoussodnas f’'(t) MOHOMOHHO cMpeMUMCS K HY0 Npu
t — 0. Toeda

3 fm= ff(t)dt+C(f)—({x}——)f(x)+e(x) (x>0),

20e
chH= “H[({r} DFwa, e=-]({-1)fFod.

JIOKA3ATE/NLCTBO. UHTerpan B C(f) cxomurcsa B cwiy oueHku (6),
TPe/IIONIOKEHNST O TIOBeAEHUM f' W WU3BECTHOTO MpPU3HAKA CXOAMMOCTH
Jupuxie. [ToaTOMy 3TO YTBEPKAEHUE €CTh JIUIIb epedopMynupoBka Gpop-
Mysnbl COHUHA. O

YOPAXKHEHUE 7 (oyHKUUU BEPHYAAU). [lycTh gol(x)z{x}—% U 1A
noboro n €N

Pni10)=[(+ Dy () dt+B, 4,
0

12



1
IZle KOHCTaHTa B, BEIOMpaeTca Tak, 4To f Pne1 () dt =0. JokaxkuTe, 9TO

0
¢, (x) —nepuoamdeckas GyHKIMA ¢ meprozoM 1. Beraucaure ¢, (x), p3(x).
Jokaxxute, 9To ¢3(x) =20 mpu 0<x<1/2 1 p3(1 —x) =—p3(x).

YnraxxHEHUE 8. Ilycts f(t) =0 (t = N, N 11€710€) — MOHOTOHHO CTpe-
e}

MAMIASCS K HYJIIO TIpU t — 00 GyHKIuA. JIOKaKUTE, ITO f fOe()dt<0m
N

[ f®ps@dt=o0.
N

1.5. YeTbipe npumeHeHusa ¢popmysiasl CoHUHA

PaccMoTpyM yeThIpe IprMepa, KOTOphle MOHAL00ATCA HaM /i [ajlb-
HeUNIMX paccyXJeHuH.

1.5.1. IlocTrosiHHaa Dditnepa. [IpumeHUB npeyiokeHue 2 K GyHKIUU
f(t)=1/t, nonyunm

) T=Inx+yyoteg() (x>0), @
rre
Yl,o=%—f({t}——) %= f{t}g
n
el =221 f (tr-2) % ®

Yucso v, HaspIBaeTCA nocmosxHoll Jilnepa, Tak Kak Diijiep BIepBble
[IOKa3aJl CylleCTBOBaHUe IpeZieia

lim ((1+%+...+%) —lnn) =Y=Y10-

n—oo

OTtmeTHM, 9TO |£1 o(X)| < 1/x (x> 0), HOCKOIBKY ‘% - {x}' < %
YnpAXXHEHUE 9. Ilyctb Hy =1+ 3 +...+ N (N-e rapMOHMYECKOE YUC-

J10). JIoKaXKuUTe, 4TO

1nN+y+2 <HN<1nN+y+ (N eN).

1
12N2

YnpaxXHEHUE 10. Jlokaxure, yto 0,57 <y <0,58.

13



1.5.2. ®opmyna CrupiauHra. [IpuMeHUB TpeanoXeHrue 2 K GyHKIUU
f () =Int, monyuum

Exlnn=flntdt+c,*(1n)+(%—{x}) lnx—f({t}—%) &

=xlnx—x+ (%—{x}) Inx+yo;1+e01(x) (x>0), (9

rae

Y01 =1+f({t}— %) %

o1 0= [ (L - 10r) &

CrupmuHr B 1730 T. 0GHAPY>KWJI, 9TO Y 1 = % In 27 (cm. JoKa3aTeNIbCTBO
B [2, rmaBa 9]). OTMeTHUM, 4TO

dt

fo1 (=00 fryz g 4L

OTcrozia HECJIOXHO BU/ETD, UTO |4 1 (X)| < SLx (x>0).
Kak, GBITb MOXXET, YK€ 3aMeTII BHUMAaTeNbHbIN YUTaTeNb, CyMMa JioTa-
pudmMoB Becex uucen oT 110 N — 3To mpocTo Jiorapudm dpakToprana:
Inl+In2+...+InN=In(1-2-3-...-N)=InN!

[Tostomy dopmyna (9) mocie u3baBieHUs OT JIOTAPUPMOB JAET CIIEZAYIO-
LIYIO OLleHKY Ha N !:

N!=exp(NlnN—N+% 1HN+Y0,1+O(%))

dTo0 3HameHuTas opmyna CmupauHaa:
N N
Ni~ 27'cN(?) . N—oo.
YHOPAXXKHEHUE 11. JloKakuTe, 4TO

m(g)%z\mm(g)%ﬁ (NeN).

YOPAXKHEHUE 12. JloKaxuTe, 4TO €41 (x) — x&1(x) = {x} — % +&(x),

1
<= >
rae |e(x)| < 7y IPY X = 1.
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1.5.3. ®ynkiua f(t) = lnTt [TpumeHUB mpejjoxeHue 2 K QyHKIUU

f= lnTt, MOy IUM

lnTn:% 11’12X+Y1,1 +e1:00) (x>0), 10)

n<x

rie

tZ
1 Inx 1Y1-Int
51,1(X)=(5—{X})T—f({t}—§) > dt. an
X
OTmeTHM, 4TO
1 1
le1,1 (] < % (x>1).

1.5.4. ®ynkuua f(t) = In® t. lIpuMenus npeanoxenne 2 K GyHKIUN
f= In? t, TIOIyYUM

X (ee]
rgxlnzn:{lnztdt+C(ln2)+(%—{x}) lnzx—{({t}—%).zlnt%:

:xlnzx—2xlnx+2x+(%—{x})1n2x+y0’2+go,2(x) (x>0), (12)
rzie
Yo,z——2+2f ({t}_E)Tdt, 50,2(X)——2f ({t}_E)Tdt'
1 X

OTMeTHM, 9TO

1+Inx
o (x>1).

leg,2 ()] <

Teopus mocrosHHBIX C(f), mosBagomuxcs B dopmysne Ditnepa—Ma-
KJIOpeHa, O4YeHb MHTepecHa. Elo 3aHUMaJICs, B YaCTHOCTU, UHANHCKUNA Ma-
TemMaTuK PamaHymKaH. B ero TeTpajax MMeeTcs caeZyroliee TOXAECTBO :

2

1 b
Y02~ 71,1 +2Y(2),1 - 5}’%,0 =—33

1Cm. [11, raBa 8, paszensr 17(i), 18(1)].
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2. Anrebopa apudmeTrudecKkux GyHKIHHA

2.1. OcHoBHas TeopeMa apuPpMeTUKHU

OcHOBHas TeopeMa apUPMETHUKHU YTBEPXKJAET, YTO KaXKJoe HaTypasb-
HOE YHCJIO OJHO3HAYHO (C TOYHOCTBIO ZI0 TIOpAJKA COMHOXKUTeel) pasa-
raeTcs B IIPOM3BeZeHUE NPOCTBIX YHCeN. 3aUHTEPEeCOBAHHBIM YHUTATEIAM
OyZieT IoIe3HO TOCMOTPETh, KaK ee JJoKa3blBasl [ayce B cBOeH KJIacCHIecKon
KHUTe «ApudMeTHdecKre UccIe[0BaHNA», Bhlle el B 1801 r.

Ob1mas uzes J0Ka3aTeIbCTBA TEOPEMBI O PACIpeeIEHUN MTPOCTHIX Y-
CeJl COCTOUT B TOM, YTO PaBHOMEPHOCTD pacipeziesieHNa HaTypaIbHbIX Y-
ces oTpakaeTcs W Ha paclipesieJIeHUH IIPOCTHIX Yuces. JIjid prMeHeHUs
3TOM uAen HaM HeobXoAuMO cHOPMYIMPOBATH OCHOBHYIO TeOpeMy aprd-
METHKHU B boJiee yZIOOHOM BUJE.

sl Havaia 3aMeTHM, YTO ee MOXKHO TIepeIrcaTh CJIeAYIOIIM 06pa3oMm:
AT KQKAOTO N HalAyTes Takue 4ucna v, (n) € NU{0}, moyru Bce paBHbIE

HYJIIO, 4TO
n=[]p»"™.
P

OTH 4yHucIa Ha3bIBAIOTCA P-NOKA3ameasiMil 9YUciaa n; sICHO, YTO 3TO IPOCTO
[IOKa3aTesu CTeleH!, C KOTOPBIMU IIPOCTHIE YHC/Ia BXOAAT B pas3jioKeHHe n
Ha MPOCThIe MHOKUTEJIH.

Ota nepepopMyIMPOBKA IIOYTH TaBTOJIOTUYHA, ¥ MOXKHO OBUIO HE BBO-
JUTH CIIeIUaIbHBEIX 0603HauYeHNN. MBI, OZIHAKO, BOCIIONB3YEMCS 3TUM, ITO-
OBl OTMETHUTB, YTO TOKA3ATENN V,, PACCMaTPUBAaeMble KaK omobpaxceHus
Vp: N— NU {0}, urpatior BaxkHyi0 poib B Teopuu 4ducen. Tak, KOJbLO p-
a/[NYeCKUX IUCesl Z, — OIUH U3 CAMBIX TI0/IE3HBIX HHCTPYMEHTOB B TEOPUU
Yuces — MOXeT OBITh OIpeZieJieHO KaK IOINOMHeHHe OOBIYHBIX YKCe Z 110

1
HopwMe || ||, = W (Bripouem, HaM TOHATHE p-aAWIECKUX YKces He IToTpe-
6yercs.)

VTak, BepHEMCS K OCHOBHOM TeopeMe apudmMeTuru. IIpororapudmupo-
BaB PAaBEHCTBO

n:l_[pvp(n),
p
Imosry4aemM
ln(n)=2vp(n)lnp=2( 3 1)~1np= S 1-lnp. (13
p P \ k:pkln p.k: pn

Kazasock 6b1, TeOpeMa mpuobpesia ropaszio MeHee yzobouuTaeMbri Bug. Ho
6yarozapsi HECKOIbKUM — COBEPIIEHHO eCTECTBEHHBIM — 0003HAYEHUAM U
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MOHATUAM, paBeHCTBO (13) BomIe6HBIM 06Pa30oM IepenrchBaeTCsI KaK

(4

U CTaHOBUTCS KpaeyroabHBIM KaMHEM /JJ0Ka3aTeJIbCTBa TEOPEMBI O paclpe-
JleJIeHUY IIPOCTBIX YHCel.

Pacumdpyem dopmyty (14): B ee 1eBOH YaCTU CTOUT In — HATYpaIbHBIH
smorapudm, 1 B IpaBoi YaCTH — 3TO NOCTOSAHHAA QYHKIMA, TOXKIECTBEHHO
paBHad 1; u In, u 1 MBI IpU 5TOM paccMaTpUBaeM TOJIBKO Ha MHOXKeCTBE Ha-
TypaJsIbHBIX ynces. OcTaeTca ckas3aTh, YTO TaKoe * (ollepauysa CBEPTKU) U A
(byaKuMa MaHrombATa) — MBI CAETIAEM 3TO JaJbllle, B paszenax 2.2 u 2.5
COOTBETCTBEHHO.

YOPAXKHEHUE 13. Haiizinte cymMy p-TiOKasaTess v,.

2.2. CBeprka apudmeTudeckux GyHKIHUI

[ToMuMO CIO’KE€HUA U YMHOKEHUA Ha YUCJIO0, Ha ¢/ eCTh Ollepalii My/lb-
MmunaukamueHoll cgepmxu:

Frm=Y fDe(3)= T f@g®).
d|n

ab=n

OTa omneparys ABIAeTCA CBOEOOPAZHBIM «MY/IbTUIUINKATUBHBIM» aHAJIOTOM
JIBYX «aJIJINTUBHBIX» CBEPTOK: CBEPTKU QYHKIUH

F+M= [ fIgly—x)dx, f,g:R-R, (15)
13 aHa/in3a U CBEPTKU HOCJIEZ[OB&TEJIBHOCTEIZ
(fx@m= >, f(a)gh), f,g:NU{0}—N, (16)
a+b=n

13 TEOPUHU PSAZOB U KOMOUHATOPUKHU.

OTa omepauus 3a c4eT CBOeN CBA3M C MYJbTHUIUVIMKATUBHOMU CTPYKTY-
pOI HaTypaJbHBIX YMCEJ OKa3bIBAETCA OZHUM M3 KIIIOYEBBIX 2JIeMEHTOB,
HCIIOTb3yeMBIX B ZIOKa3aTeabcTBe Dpaémra u Cenpbepra.

3aMeTHM, YTO OIlepallio CBEPTKH MOXXHO BOCIIPHHUMATD KaK «yMHOXKe-
HUe» apudmeTdyeckux GyHKIMH, nO0 OHA O6aaeT CIeAYIOUUMU CBOM-
CTBaMU:

(i) fxg=g*f (KOMMYyTaTHUBHOCTB);

(i) (fxg)xh=fx*(g+xh) (accoluaTUBHOCTBD);

(iii) fx(g+h)=f*g+ f+h (AUCTPUOYTUBHOCTS);

(iv) f*x(Ag) =A(f*g) (IMHEHHOCTh OTHOCUTEIBHO YMHOXXEHUS Ha
4KCIIO).
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JoxkaxeM (ii) (ocTasbHbBIE YTBEPK/IEHHNA COBCEM TPUBUAJIBHEI):

(fx)xM= Y, (f*aDhla))= Y, Y, flaz)glamhlay)=

= ¥ flag@dh@)= Y f@) ¥ gladha)=
= Z_ flas)(gxh)(as)=(f *(gxh))(n).

i BBeZleHHOH omepalnuy uMmeeTcs eQuHUYa — 3TO QyHKIUA &, 3aJaH-
Hasa ¢opmysoii (1). JeiicTBuTenbHO, A 0608 GyHKIUU f MO ompezese-

HHIO IMEEM n n
(0w =3 5@f (3) =f (§) =f .

V13 BhINIIECKA3aHHOT'O CJIEAYET, YTO IIPOCTPAHCTBO ./ C Ollepallreli CBepT-
KU SIBJISIETCA anre6poi ¢ eUHUIIEN Ha/l TT0JIeM BellleCTBEHHBIX Yucel. DTa
anrebpa HasbIBaeTcs aneebpoil JJupuxie.
YnPAKHEHUE 14. Breruucaure 1x1, 1xid, id*id (rme id(n) =n).
2.3. ®opmaibHbIe paabl Jlupuxiie

Ecnu BB y2Ke CTaJIKUBAJINCh C IOHATHEM CBEPTKH, TO, BO3MOXKHO, 3Hae-
Te, 4To npeobpasosarue Pypwe

+00
fO= [ f(x)e™dx

TIepeBOJIUT «aJIUTUBHYI0» cBePTKY (15) B moTOYeYHOE MTpOM3BeeHUE:

Frg=Fn)-3®.

Ananorom mpeo6pasoBanHua Pypbe, MepeBOAAMNUM AJAUTUBHYIO CBepT-
Ky (16) B mpousBezieHHE, SBIAETCA IEPEXOA K NPou3go0awUM GyHKYUAM

Fr() =D, fmx™
n=0
Ff*g(x) =F;(x) -Fg(x).

Oxa3sbIBaeTcs, HEUTO MoJ06HOe NMeeT MeCTO U /i Halllel My/IbTUILIN-
KaTUBHOM CBEPTKU — /I 3TOTO HY)XXHO pacCMOTpPeTb «MYJIbTUILIMKATHB-
HYIO» IIPOU3BOJAIIYI0 GYHKIILIO

®;(s)=D, f(n)-n~,
n=1

Oyukuus P (s) HasbIBaeTCa psidom Jupuwxne dyakuum f. s Hac & 7(8)
6yzeT uilb GopManTbHBIM 0OBEKTOM, XOTSI Ha CAMOM JIeJie 3TO He YTO UHOE,
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Kak apyras ¢popma ucXofHOU GyHKIMY f. BEIYHUCIEHUA ¢ TAKUMU 00bEKTa-
MU TPOBOAATCA TaK Ke, KaK ¢ KOHEYHBIMU cyMMaMu. Harnpumep:

by (s) @g(s) = ( ) f(a)a*s) : ( > f(b)b*) =Y f@gb)(ab) =
a,b

azl b>1

=2 ( )y f(a)g(b))n’s=Z(f*g)(n)n’5=‘1>f*g(5).
n ab=n n

Mel He GyZieM 3aTparuBaTh TOHKHE BOIIPOCHL O CXOAMMOCTH PsizfioB [lu-
puxie apubmMeTndeckux GyHKINA, 160 OHU YBEAYT HAC B PYCJIIO KOMILIEKC-
HO-aHAJTUTUYECKOTO /IOKA3aTeNbCTBa, KacaThbCs KOTOPOTO MBI Kak pas He
XOTHM.

YnprPAXXHEHUE 15. Yemy paBHbl ®5(s), 1 (s), ;4(s), <I>vp (s)?

2.4. CyMmMa CBepTKH ABYX apubMeTHIecKuX QyHKIUIA

BriBezem popmyny Ana cymmbl H cBepTKU h = f * g AByX apudmeTHye-
ckux GyHKIUN f U ¢ — OHA IIOHAZ0OUTCA HaM B JanbHenmeM. I[Tycts F u G
00603HAYAOT CyMMBI 3TUX PyHKIUN. Torga

HX) =2 (f*dm=3 > fl@gh)= 3 f(a)gh)=

n<x n<x ab=n ab<x

= f@6(2) =X ew)F(F). a7
asx b<x

O6paTuTe BHUMaHUe, YTO CyMMBI F U G 37€Ch BBIUUCTISIOTCSA B HEI[ETBIX
TOYKaX — KaK MbI ¥ o0Oellaay paHee, Hallle corvianieHye ob UX onpezeeH-
HOCTH TaM HaM IIPUTOAUIOCH.

YIPAXKHEHUE 16. JlokakuTe npuHyun zunepbosvt Jupuxiue:

Hx) = (f*9) =

n<x

=¥ f@G(3)+ ¥ g®F(5)-F;G(3) Coy>0. a8)

asy bsx/y

YrpAXHEHUE 17. TlycTh f, g €./, JIOKQXXUTE, UTO

Zf(n)‘G 3 |g(n)||F( )‘ (x>0).

n<x " n<x

2.5. ®ynkuuga MaHrojabsjTa

B pazgesne 2.1 Mbl TepepOpMyIUPOBAIA OCHOBHYIO TeOpeEMY apudpMeTH-
KU B BUJIE «aITUTUBHOM» Gopmysbl (13) 1 To06eIamy mo3xe MPUBECTH e€ K
3HAYUTENbHO Gosee anerantTHoMy Buzy (14). Ee mpaBast yacTh HAallOMHUHAET
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CBEPTKY — TaM IIPUCYTCTBYeT TO K€ caMoe CyMMHPOBaHUeE II0 AeIUTeAM.
Teneps y:ke He NpeJcTaBiAeT TpyZAa llepenucaTh 3Ty IpaBylo YacTb B BUE

2 1n(p)=X Ad)=A*D(m),
p,k: pkin dln
e
Inp, ecmmm=pk k>1,
AGm) = { P P
0 hHaye.
®dyHKIMA A Ha3pIBaeTcsa yHkyuell MaHeons0ma, ¥ Mbl, KaK U ObLTO 06e-
IaHO, TIepENNCcaIi OCHOBHYIO TeopeMy apudMeTHUKU B 3aMeyaTeTbHO KO-
POTKOM BUJE:
In=Ax%1.

3aMeTnM, 9TO PYHKIHUA A OYE€Hb XOPOIIO «IyBCTBYET» IPOCTHIE YHCIA:
OHA OTJINYHA OT HYJIA JIMIIb HAa HUX U Ha UX CTeleHAX. BO3HUKaeT BOIPOC:
a HeJb34 JIU MIPUMEHUTHh 3TO K J0Ka3aTeJbCTBY TEOPEMBI O paclpeeleHun
TIPOCTHIX YUCEN?

OxaseiBaeTcs1, MOXHO! PaccMoTpuM cymmy v GYHKIMH A:

P ()= A)
n<x

U JJOKaXKeM cJleflytolllee YTBepK/eHUeE.

[TPEANOXKEHUE 3. Teopema 0 pacnpedesieHUU NPOCMbLX HUCeSl PABHO-
cunbHa momy, umo Y (x) ~x npu x — 0.

JOKA3BATENBCTBO. [l Hauasa 3aMeTHUM, YTO B BhIPaKeHUU

Ye)= 2 Inp

p,k: pk<x
caraemblie ¢ k = 2 Iat0T MaJbli 10 CpaBHEHUIO C X BKJIaZ. J[eICTBUTENBHO,
MyCTh
O(x)=>Inp (x>0);

psx
TEM CaMBbIM,
PO)=00)+0 (YD) +0(x3) +...

TockonbKy 6 (x) =0 npu x < 2, noryyaetcs, 9to 0 (x/%) =0 mpu k > }E—;

Kpome Toro, 6 (x) <x In x, oTkyza

0$9(x1/2)+9(x1/3)+...sE—;\/}In Vx<x21n®x  (x>1).

CrnezmoBaresbHO,

YPx)=0(x)+o(x) (x— 00),
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TaK YTO HAM OCTAETCs ZI0Ka3aTh, YTO TEOPEeMa O MPOCTHIX YHMCJIAX PaBHO-
CUJIbHA TOMY, 4TO 6 (X) ~ X TIpU X — 0.
3aMeTHM Teleph, YTo /I JTF060r0 GUKCUPOBAHHOTO & > 0 MBI MOXKEM
TaKke MpeHe6peyb YacThI0 CYMMBbI, OTBEYAOIeif MPOCTEIM p < x17¢.
JleiCTBUTELHO,

_ (1—8)'1I1X‘
I

> Inp<(nx').x'™*

1-¢

x=o0(x).
psx

C apyroii cTopoHbl, Ha UHTepBase (x'~¢, x] morapudm noyTy He MeH:-
ercd:

1-¢

(I1-&)lnx<lnp<lnx " <p<x).

[Toatomy Ansa GyHKIMU
0,)= > Inp, 6,(x)=0(0x)+0(x)
X17£<p§X

MMeeT MeCTO OLleHKa
(1-e)lnx-#{pex x13<0,(x) <Ilnx-#{pe(x'*, x]}.

YUUTHIBasA, YTO YMCIO MPOCTHIX YMCEN B MHTepBaie oT x'~¢ 10 x pas-
Ho 7(x) — m(x'~¢) u mosToMy He MeHbIIe 1(x) —x'~¢ u He Gombire m(x),
ToyqaemM

m(x)

Inx _ 6(x)+o0(x) ()
x/lnx_(l_ ) S S

X¢ x Sx/lnx’

1-¢)

X
Tak kak € > 0 IpOXU3BOJIIBLHO, HECJIOKHO YBU/ETD, UTO 7T (X) ~ e S0(x)~x.

[MTocneaHee e, KaK MBI YK€ BUZIEN, PABHOCWIBHO TOMY, 4TO v (x) ~x. [
WTak, uCKoMas TeopeMa O paclpeesIeHNH MPOCTHIX YKCEN OKa3asach

SKBUBAJIEHTHOU YTBEPXKIEHUIO O MTOBEJAEHUU CYMMBI 1) QYHKIMU A.
YrnraxXHEHUE 18. Jlokaxkute, 4TO

o) =n()Inx— 70 L x>0
1

2.6. Acumnroruka GyHKIUM v (Xx): yragpIBaHIe OTBETa

X
[TepedopMyIMpoOBaB OKa3bIBaEMOE yTBEPXKAEHUE 7T(X) ~ Tny B BUAC
4 (x) ~ X, MBI TIOKa YTO He MPUBEJU HUKAKOT'O0 000CHOBAHUSA, NoUeMy TaKas

SKBUBaJIECHTHOCTb MOXET UMeTb MeCTO. B aTom pa3zaeie Mbl IIpeloCTaBuM
COO6pa)KeHI/IH B IIOJIb3Y 3TOTO.
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A MMEHHO, BCIIOMHHUM, YTO MbI 3alIUCAIH OCHOBHYIO TEOpeMy apudme-
TUKU B BUZE
In=1x%A,

U nepeizieM K cyMMaM B JIeBOM U MpaBoi 4acTAX. MbI MOTyYnuM paBeHCTBO

X
L= w(%), 19)
n<x
rae L v ¢ — cymMMBbl GyHKIMH In ¥ A COOTBETCTBEHHO.

B cuty dopmynsl CtupiuHra (9) MBI 3HaeM, YTO IVIABHBIM WieH acUMII-
TOTUKH L(x) — 3T0 X In x. KakuMm OyzeT rIaBHBIN WieH aCHMIITOTUKY B TIpa-
Boi wactu? [Ipeamonoxum, uaro 1 (x) ~ x. Torma

Zw(%)A«ZE:xZ%A«xlnx (x — ) (20)

n
n<x n<x n<x

B cwty dopmysnsl (7).
TakuM 06pa3oM, MbI BUUM, YTO IJIaBHbIE YWIEHBI aCUMOTOTHK Y L(X) 1

X o
Z - COBHaL[aI-OT! ODTO U ecThb Ta IIpUYHrHA, II0 KOTOPOU JIOTUYHO OXHWAATh,
nsx
qTOo w(x) 6YL[eT BECTU ce6;1 Kak x. B camom Aene, X — 3TO UMEHHO Ta pe-

ryadapHas (IDYHK]_II/IH @ (X), KOTOpad 1ocJjie NIpuMeHEHUA (l)OpMYJII)I Z @ (%)
n<x

JlaeT HY>KHYIO aCUMITOTHKY X ln x. KoHe4yHO, MBI He Zl0Ka3aiy, 4TO IIOBe-
JileHue 1) CKOJIbKO-HUOYZAb PeryifapHO, — MBI JIUIIb YOeJWINCh, YTO HallK
JeficTBUS pa3syMHO 060CHOBAHBI.

B yTBep:keHUU, KOTOPOE MBI Telleph XOTUM /JOKa3aTh, TOBOPUTCS, UTO
A obnaziaeT onpeziesieHHON «Pery/sIPHOCTHIO B cpefiHeM». Ho byHKIuA A,
Oyay4H CBS3aHHOM C OCHOBHOH TEOPEMOM apUpMETHKH, CBSI3aHa TaKXKe C
JIByMsI peryJIsipHbIMHU GyHKIUAMUA — In u 1.

C Zpyroii CTOPOHBI, MBI ke BUZeTH B paszese 2.4, 4To cyMMa CBepTKHU
«XOPOIIIO BBIPAXKAETCsA» Yepe3 CyMMBI CBOpPaYMBaeMbIX QyHKIIU. [ToaToMy
X0Tesoch Obl epeHecTH GyHKIMIO 1 B jieByto 9acTb dopmyisl (14), «pasge-
JIUB» Ha Hee, U MOJIYYUTh BEIpAXKEHUE A A, KOTOpPOe MOXKHO OyZeT hcciie-
JIOBaTh.

Kak MUMeHHO 3TO cZieaTh, TO €CTh KaK «IIOAEMUTh» Ha QYHKIMIO 1, MBI
00BSCHUM B CJIEAYIOUIEM paszeie.

YnrAKHEHUE 19. Jlokaxure, 9To 1 (x) — Y (x/2) < L(x) — 2L(x/2) <
< (x), m BBIBeAUTE OTCIOZA, 9TO X In 24+ 0 (In x) <9 (x) <2xIn 2+ o(In® x).

YrrAXHEHUE 20. JIOKaKUTe, 9TO Z% =x"1L0) +x71)] A(n){%},

n<x n<x
A _

Y BBIBE/IUTE OTCIO/IA, 9TO Y. lnx+0(1).

n<x
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3. O6paiienne Méouyca
3.1. ®ynknua MébGuyca

Mer xoTenu ObI IepeHecTH B paBeHCTBe In = A x1 ¢yHKIUIO 1 B Je-
ByIO 4acTh. Kak M3BecTHO, B anrebpe mepeHOC COMHOXUTENA d B APYTYIO
4acTh — 3TO Ha CaMOM /ieJie JOMHOXeHHe 00enx JacTell paBeHCTBA Ha 006-
PaTHBIN K a 3JIEMEHT, TO €CTh Ha TaKOU a/eMeHT b, uto a-b=1.

B Hamem ciydyae B KauecTBe IIPOU3BENEHUSA BBICTYNIaeT CBePTKa, GyHK-
1uA a — 370 1, a eAuHUIA anre6psl — 3TO GYHKIUA 6.

[pexxzie YeM HaXOAUTH OOpPATHBIN 27eMeHT A GYHKINU 1, BBIACHUM,
KaKue BOoOIIe 37eMeHThI anre6psl Jupuxie ./ 06paTUMBbI.

OueBUZHBIM HEOOXOAUMBIM YCJIOBUEM 0O6paTUMOCTU GYHKITUU f ABIIA-
erca f (1) #0. JeticrButensHo, (f*g)(1)=f(1)-g(1), moaTomy ecnu f *g=
=08, 10 f(1)-g(1)=6(1) =1, a 3nauwur, f(1)#O0.

Oxa3bIBaeTcs, 3TO XKe YCJIOBHE ABJAETCI U JOCTATOYHBIM. A MMEHHO,
mycTh f (1) #0. PaccMOTpUM CHUCTEMY TUHEUHBIX YPAaBHEHUH OTHOCHUTETHHO
3HaUYeHUH g, IIOMTy4aloulylocsa U3 paBeHcTBa f*g=0:

fg) =1,
f@2gM+f(1)g(2) =0,

fg+ ...+ f(@e(3) +...+ FDgm) =0.

MaTpura 3To¥ CUCTEMBI BIAETCS HIDKHETPEYTOMbHOMN, a Ha ee iaroHaan
cToAaT HeHysneBble KoddduumeHTs f(1). II03TOMY MBI MOXXEM TIOCTIEN0BA-
TeJbHO HalTu BbIpaskeHU: Aya g(1), g(2), ... U HonydyuTh B UTOre QyHK-
1uio g. (Ilomo6HbIe pacCyXAeHUsI, KCTAaTH, ZOBOJIBHO YaCTO IPUMEHSIOTCS B
anrebpe — HapUMep, IpU obpalieHu GOPMaIbHBIX PSIZOB WIK YXKE YIIO-
MUHABIIUXCSA P-aJUIeCKUX YHCeI.)

Wtak, mockonbKy 1(1) =1#0, To ¢yHKIMA 1 — 0OpaTUMBINA 37IEMEHT
anre6pn Tupuxie. Kak ycrpoeHa QyHKIMsA, oOpaTHas K Hei? He cocras-
JIIET TPyZla HAWTU MEePBBIE 3HAYEH:

1,-1,-1,0,-1,1,-1,0,0,1,-1,0,-1,1,1,0, -1, ...

Kak MBI BUZIM, CpEZIM TIEPBBIX 3HAYEHUN 0OpaTHOU GYHKIIMH BCTpeYa-
foTcsa Tonbko 0, 1 1 —1. Tak jiu 3To A1a BeexX 3HaueHui? OkasbpiBaeTcs, Ja!l

Beegem ¢yukmmio Mébuyca u— apudmerudeckyo GyHKIINIO, 3a/aH-
HYIO CJIeyIOIUM 00pa3oM:

) (-1, ecmun=q,...q;, 4; <... <, IPOCTHIE;
n)=
# 0, ecu p?|n A1A HEKOTOPOTO MPOCTOTO YUCA P.

(B wactHocTH, u(1)=(-1)"=1.)
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[TPEANTOKEHUE 4. Pynkyusa Mébuyca — obpammulil anemenm K nocmo-
saHHol pyHkyuu 1.

JOKA3ATENBCTBO. [IpoBepum, 4to u*x1=475. Jlma n =1 3To, 04eBUAHO,
Tak: 1-1=1. IlycTp HaTypaJbHOE 4YMCIO n > 1 pasjaraeTca Ha NPOCTbIE
MHOXHUTEJN:

a
n=q;'...q;", q1<...<q,, a,...,a.€N.

Torza B cymme

n
@D =Y ud-1(%)
d|n
HY>KHO VYUTBIBATh TOJMBKO TaKue AeTuTenu d, 1jis1 KOTOPBIX U (d) 70 — UHBI-
MU CJIOBaMU, CBOOOZHBIE OT KBaJApaTOB. Takue JeMUTeTN UMET Buj d =
=q}'...q,", TAe Bee mokasaten ¢; €{0, 1}, i=1, ..., r. [ToaTomy

(ux1)(n) = Z ‘u(qil___ fr).:[: Z (_1)sl+...+gr=

(61,080 40,1} (61,0640, 1}"

=( 3 (—1)€)r=(1+(—1))r=o. O

£=0,1

WTak, u ABaseTcs 0OpaTHBIM 3JIEMEHTOM K 1, 1 MBI MOXKEM ITepernucaTh
(14) B BUzE

A=u*lIn. 21

TakuM o6pa3oM, Mbl TiepeHecau GyHKIMIO 1 B sieByio yacTh (14). YBEHI,
OHA TIpYU 3TOM TpPEBPATUIACh U3 PETYAAPHOU B JOBOJBHO «XaOTUIHYIO»:
npuHUMaroyto 3HaveHus 0, 1 u —1 ¢yukiuio Mébuyca u. Bopouem, 3To-
IO Y CJIEZIOBAJIO OXKUATh, TTOCKOIBbKY GYHKIMSA A MpUHUMAET 3HadyeHus O
Y In p, ¥ MBI XOTHUM /I0Ka3aTh PETYIAPHOCTD MTOBEJEHUS HE caMoO# A, a ee
CYMMEI ).

M#bI y)Xe BUZETN CyMMBI CBEPTOK paHee: dopmyna (17), mpumeHeHHast
K (21), maeT HaM COOTHOIIIEHUS

$E=3 u(n)L(§)=§ lnn-M(%), 22)

rae L u M 0603HavYar0T COOTBETCTBEHHO CyMMBbI QYHKIMH In U u:

Lx)=>YInn, Mx)=>. un).

n<x n<x
Jna dyakuun L(x) mbel uMeeM ¢opmyny Ctupnaunra (9). Ilpumenus ee
k (22), momyyum

Y=Y u(n)(%ln%—%+ (%—{5}) ln§+yo,1+so,1(§)). (23)

n
n<x

24



[Toka HesicHO, KakK U3 (23) MOMYyYUTh UCKOMBIN pe3ynbTaT 1 (x) ~ x. Of-
HAaKO MBI IIPOZIBUHY/INCH B TOM HaIlpaBJIeHUH: HauaB ¢ GopMysel (22), rie
L — cymma apudmeTmdeckoil yHkmu In, Mbl puiwtu 6;1arogaps Gopmy-
sie CTUp/IMHTA K pa3IoKeHUIo 1) (x) B CyMMy pa3iINYHbIX GYHKUUHM BUja

me(2), (24)
3 ue(%)
an/Iqu IIO4YTHU BCe HpI/ICYTCTBy'I-OH.[I/Ie B DTHUX CyMMaX (1)YHKI_[I/II/I cp—pe-

ryasapHble. VIMEHHO, B 9TOM KauecTBe MbI BCTpedanu QyHKINH ¢ (x) =

=xlnx, —x, (% — {x}) Inx, v91, ¥ €1(x) (MIIb TpPeThs U3 HUX pas-

phiBHa). Ham moTpebyeTcs vccieZioBaTh mogpobHee 3ajaBaeMble BhIpake-
HueM (24) ¢yHKIMM — 06006IIeHNs CYMM CBEPTOK, —a TakKke (QYHKIIUIO
Mébuyca u ee cymmy M.

B ciepyromux paszenax Mbl OyzleM TIOCTelTIeHHO HaKaIuTuBaTh HHOpMa-
IIUF0, HEOOXOAUMYFO JJISl TOTO, YTOOBI ¢ MOMOIIBI0 (23) 0Ka3aTh TEOPEMY
O TIPOCTHIX YHCIaX. 3aberas BIepes, OTMETHUM, YTO MCKOMOE YTBEPXKIEHUE
1 (x) ~ x MBI BBIBeZIeM B paszene 3.6 us ouenku M (x) =o(x). IIpu ob6ocHo-
BaHuu orleHKu M (x) = o0(x) MBI 6yZieM UCITONb30BaTh 3aMevaTebHbIE UAEN
Opaéma u Cenbbepra.

g Havasia 3aiMeMcsl CyMMaMU CBEPTOK.

YrnraAXXHEHUE 21. JlokakuTe, 4TO

3 um <2 ).

n<x 4

YNPAXHEHUE 22. Beipasure @, &, u &, yepes A3era-GpyHKuuio Puma-
Ha .

3.2. ApudpmeTudeckre GyHKIIMU KaK ONEPATOPHI

MbI BUZie iy, 9To cymMmMa H cBepTKU h = f * g BOCCTaHABIMBAETCA IO CyM-

Me G QyHKIIUM g KaK
HE)= Y f6 (). (25)
n<sx n

@opmyna (25) uMeeT cMbICT U AyiA GYHKIIUU G, HE ABJSAIONMIENCT CyMMOM
KaKOM-TN60 apubMeTHIecKON QpyHKIIHH.

PaccMOTpHM BEKTOPHOE IIPOCTPAHCTBO F BCeX 0ToOpakeHuUi us [1, ©0)
B R (WM, 9TO TO K€ camMoe, TPOCTPAHCTBO BEIIECTBEHHO3HAYHBIX QYHKIUN
Ha (0, c0), obpamarormuxcs Ha (0, 1) B TOXKIeCTBEHHBIN HOJb).

Ja moboii dyHkumu f € .of onpenenum oneparop Sy: F — F dopmy-
JIOH

S W=3 fog(%) (pe.

n<x
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Omnpezenenue S f(<,0) (maspIie MBI 3a9acTyIo OyZieM MUCaTh MPOCTO S fgo)
MOXKHO TTepeNucaTh CIeAYIOUUM 06pa3oMm:

S =3 fe (),

TaK KakK BCe ciaraemsble ¢ (x/n) paBHBI HYJIO TIPU N> X.

Kak ycTpoeHa KoMIIo3uius Takux orepatopos? Eciu H — cymma apud-
MeTrdeckor GyHkimu h, 1o S, (H) — cymma dynkuuu g+ h. Ilostomy cym-
Ma yHkuuM f *g*h, c oHOM CTOPOHBI, paBHa S (S, (H)), a ¢ Apyro# cTo-
POHBIL, OHa paBHa Sy, (H). To ecTb Aa mtoboi dyHkuu H € F , ABIAIOIIEH-
cs1 CyMMOI HEKOTOpoH h € ./, UMeeM

S§(Sg(H)) =S, (H). (26)

OxasbiBaeTcs1, paBeHCTBO (26) BBHITTOIHEHO 151 060 yHKIuu H € Z.
WNHpIMU ci0OBaMH,

SfOSgZSf*g (f,geﬂf) 27

YrpAXXHEHUE 23. Kakum npeobpasoBanueM rpaduk GyHKIUU (%)

monyvaeTcs U3 rpaduka GyHKIM ¢ ? Ha kakoM uHTepBasie GyHKIUA (%)
obparaeTcs B TOXKIECTBEHHBIN HOJb, €CTH (¢ obparaeTcsa B Hoimb Ha (0, 1)?
YrpAXKHEHUE 24. JlokaxuTe popmyiny (27).
YrPAXKHEHUE 25. JlokaxkuTe, 4To S5 =id,, a eciu g — oOpaTHBIN de-
MeHT K f B anreGpe Jlupuxie, 10 S, =S;1.

3.3. O6paienne MéGuyca U TOXKJECTBO AJI1 CyMMBbI QyHKITUU
Masnrosasara

- _ -1
Tax Kak u — obpaTHbI/ sneMeHT K 1 B anrebpe Jupuxie, S, =S, (yn-
paxkHeHue 25). lHaye roBops, eciu ¢, Y, € F, TO TOXKAECTBA

p20=3 ¢1(2) =590 =1

n<x

X
P10 =T pmey(X) (=8,0,00) (=1
n<x
PaBHOCWJIBHBL. DTOT GaKT Ha3bIBaeTcs obpaujeHuem Mébuyca W ABIsSETCA
OZTHUM U3 IJIaBHBIX MOMEHTOB [J0OKA3aTeIbCTBA TEOPEMBI O TPOCTHIX YHUCIAX.
PaccMOTpUM HECKOJBKO MPOCTBIX MIPUMEPOB.
* Ilycthb ¢, (x) =1. Torza
P2(X) =8191() =3 1=|x].

n<x
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[TosTomy

2. u(n)[ J

n<x
YTO MOXXHO IIepenuncaTb Kak
> umE=1+ ¥ um{X} a1, (28)
n<x n<x

¢ [IycTb ¢, (x) =x. Torza

P2 (X)) =S101 ()= D, %:x(lnx+y+£1’0(x)),

n<sx

X

OTKyZa

> (EnE X Xe (X)) =x D). (29)

nsx

* IlycThb ¢, (x) =xIn x. Torga

p2() =519, ()= 7 In3 =

n<x

=

Inn , 00
n

=(x1lnx) Z S oX
1,2

=(x1nx)(1nx+y+el,0(x))—x(iln X+}’1,1+€1,1(X))=

=%xln2x+yx Inx—yy1x+ax), (30)

rze
a(x)=(xInx)e; () — xell(x)—(xlnx)(u+f({t} )dt)—

t2
(30 Tt prncar) o

)x—i—xlr;(x/t) dt.
t

x%g

=[ (-
[TosTomy

Zu(n)(— X In? y%ln%—yl,lg—l—a(%)):xlnx (x=1). (3D

n<x
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Y1PAXKHEHUE 26. JIoKaKUTe, 4TO
el = (x>0
~ 7X .

{t} —{t}?
t

YnPAXKHEHUE 27. Ilycth ¢ (t) = . JlokaxxuTte, 4TO

Summnt—xH+x1 Y] ,u(n)cp(%) =2x1—2x2 (x=1).

n<x n<x

CpaBuuM popmystsl (23), (29) u (28):

b= S (EnE -+ (-2 S v ean(2), @

n<sx

v 5 a0 (En 15+ 2e,0(2)) @

nsx

=g (- {2)

n
n<x

Eciu BeruecTsb u3 popmystst (23) bopmyiy (29), a 3aTem npubaButh ¢op-
Myy (28), yMHOXKeHHYIO Ha 1+ y, MBI [IOJIy4YMM PaBeHCTBO

Y@ —x+1+7= Y ume (%) =1, (32)

rzie
p&ﬁz(%—{xﬂlnx—(1+yHX}+mJ+£Qﬂx)—xq@&) (33)

Takum 06pa3oM, MBI TPOABUHY/IMCH Ha IIar BIEpes, MOIyIrB GopMyTy
Y(x) —x+1+y=S5,p(x), rae dynknua p(x) mana (t.e. O(In x)) mo cpas-
HEHMIO C BCTPEUYaBUIUMHUCS paHee GYHKIUAMU @, (X) U 4(X), yZIOBIETBO-
PABIIMMHU TOXAecTBaM v (x) =SH<,01(X) ux =Sug02(x) (rme ¢1(x) 1 py(x)
UuMenu Buzx x lnx+...).

V13 BBIIIECKA3aHHOT'O CJIEAYET, YTO aCUMIITOTHYECKHUI 3aKOH pacrpeze-
JIEHUS TIPOCTHIX YMCEJT PAaBHOCWIEH YTBEPIKIEHUIO

Sup ()= pmp(X) =000 (x— o). (34)

n<sx

YrrAXKHEHUE 28. JlokaxxuTe, 9YTO

m@ns%mx+% (x=1).
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3.4. Ouenku YeOnIlieBa

13 ToxkmecTBa (32) yKe JIeTKO BBIBECTU, UTO GYHKIUA ) (X) UMEET T0-
pAznoK pocTa X. /leficTBUTENbHO,

ymp. 28
<

~

> ump (%)

n<x

<X Iu(n)l'p(%)

mp. 21
<3( Z @i+ |u(n)|1n§)”’<

n<x n<x

X
1(3x+3 3x/t+3 dt 3 3,3
<= haddil) B 2

\2( 2 f 3 t)\ x+5s+31

3XTgTghX

U, CJIeIOBaTeNbHO,

x 3 3 7x 3, 3
- _= < <= = =
778 8lnx\1p(x)\ 4 +8+81nx.

MBI IOUTH TPUILIUTH K pe3ysibTaTy YeObllleBa, HO BCe-TAKHM 3Ta OLleHKA
rpy6a: Mbl olleHWIH GyHKITHI0 MEOMyca IO MOAYJIO eIUHUIIEH, HE YIUTHI-
Bad, 4YTO OHa IpuHuMaeT 3HadeHud 0, 1 u —1 «Bnepememky». B 1850 r.
YeO6HIIIeB MOTyYUT OIlEHKU

0,92x <Y (x)<1,11x

TIPH BCEX IOCTATOYHO OOMBINUX X, a 3aTeM CribBecTp B 1881 I. y/IydIiuI aTy
OLIEHKY JI0
0,95x <y (x) <1,05x.

Ho 4uTo6BI IPOABUHYTHCA AaJiblile, HAM HOTPEOYeTCs U3YUIUTh MTOAPO6-
Hee TEOPHIO CyMM CBEPTOK S (X).

3.5. OneHKH CyMM CBEPTOK

CyMmbI cBepTOK S¢p (x) = > fme (%) YacTo BCTpPEeYaroTCs B aHau-
nsx
TUYECKOHN TeOPUM YKCeJl, [I03TOMY OYeHb BaXXHO 3HATh UX OCHOBHBIE CBOU-
CTBa.
3.5.1. CryneHnuarsle u iagakue GyHKIUH. Bo-niepBhIX, eciiu ¢ (x) pas-
Ha cymMe G (x) HeKOoTOpoi apudmeTrudeckoi GpyHKIUU g (TOTAa, B YaCTHO-
CTH, ( CTylleH4YarTas), TO MBI y)Ke 3HaeM, UTo

Srp0=Y f(n)G(%) =3 g(k)F(%).

n<x k<x

Bo-BTOpBIX, eciu @ (x) HEMpephIBHAsA, KYCOYHO HEPEPHIBHO Audde-
peHnupyemMast Ha [1, o0) ¢yHknus u ¢ (1) =0 (MbI TorAa 6yeM TOBOPUT,

29



YTO (p «IJIaJIKasi»), TO UMeeM

x/n

SfGD(X)—Z f(n)cp( ) Z f(n)fcp (0 dt=

={g0’(t)(n§/tf(n)) dt—f(p (t)p( )

Bce ¢yHKIMM, BCTpeUarouUecs B 3TOU OPOIIOPE, SBISIOTCI CyMMaMU
CTYIIEHYaTBIX U IMIaAKUX QYHKIUH.

YrpPAXXKHEHUE 29. IlycTh f €.¢/ Takas, 4yTo F(x) =0 (x), u mycTb k €N.
Jloka)kuTe, 4TO

> flog(X) =000 =1

n<x

3.5.2. Oneparop S, u uHTEerpajabHble cyMMsbl Pumana. [Iycts ¢ € Z.
Torma

%51%0(36) =% ; ¢ (%) =h; w(nh),

rae h= % nwlt)=¢ (%) Muaye rosops, % S1¢(x) — uHTerpasbHasa CyM-

1
Ma Pumana ana ¢yHkuU w. [loaTOMy ecTecTBeHHO CpaBHUBATh . S1p(x)
u

1 0
gw(t) dt={so(t)%

Cregyrolive Ba MpeoKeHUs BBITEKAIOT HEITOCPeICTBEHHO U3 CBOMCTB
uHTerpana Pumana.
[TPEANIOKEHUE 5. ITycms ¢: [1, 00) — [0, c0) — maxas Heybblsarowas
dyHKUUA, UMO
[o)¢]
1l <p(t) & < oo.
1
Toz0a

Slgo(x)<xfg0(t) <.

[TPEANIOXKEHUE 6. [Tycms ¢yHkyus ¢ € F unmezpupyema no Pumawy
Ha [1, a] u pasua Hynto Ha (a, 00). Tozda

x1810(x) —>fcp(t) % (x— ).
1

YnpAxKHEHUE 30. JlokaxkuTe NpeJjioKeHue S.
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YnrAaxXHEHUE 31. [lokaxuTe mpezyioxkeHue 6.

YnPAXHEHUE 32. IlycThb ¢ € F Takad, 9To ¢ (X)/X orpaHuyeHa U cTpe-
MUTCA K HYIO Ipu X — ¢0. Jlokaxkure, 9To S; ¢ (x) =0(x 1n x) mpu x — 0.

3.5.3. Jlemma Akcepa. BcmoMHUM, YTO AJIs1 AOCTVDKEHUs HalIel Iie-
JI — [I0OKa3aTebCTBA TEOPEMBI O PaCIpeZieIeHUN MPOCTHIX YUCEeT — HaM
OCTaJIOCh TMOMYYUTh OIIEHKY S uP (x) =o0(x), rme dynkuma p 3azaHa (34).
A OTKyZ:a MOXKHO IOJYYUTh TaKylo OLleHKYy? OKa3bIlBaeTcsd, 4YTO UMeeT MEeCTO
cenytolnee yrBepxkAeHue (GopMasin30BaHHOE B MPENIOKEHUN 7 HIDKE):
ecnu yurcia f(n) Majbl B CpeIHEM U ¢ (X) He BO3pacTaeT CIUIIKOM ObICTPO,
TOrZa ¥ BeIMduHa X (S £)(x) mana. Ota mpoctas GopMyIMPOBKa 06LIETO
SIBJIEHUs OCTaTOYHA /It JOCTHKEHUS 111, TTIOCTaBJIeHHOU B 3TOH GpOIITio-

pe.
[TPEANOXKEHUE 7 (TEMMA AKCEPA). [Tycmb f €./ makosa, umo

[f(M)|<1 (neN)

=

1

L S(—0 (N— o).

n

ITycmv, danee, p € F unmezpupyema no Pumany Ha 1060m nodompeske ayud
[1, c0) u makosa, umo

lp@I<e@ =1,
20e ¢ HeybblBaowasn u

@ ()

- dt < oo.

—eg

Toz0a (Sfp)(x)=0(x) npu x — 0.
JIOKA3ATE/NLCTBO. J[JIg Havaja 3aMeTUM, YTO IIPE/TION0KEHNE

1 N
X f -0 (N—o0),
n=1

durypupytoiiee B GOpMyTUPOBKE MPEAIOKEHUA, IBISETCSI YaCTHBIM CJTyda-
eM oneHKHU (S;¢)(x) =o0(x) ana dyHkuum

0, t<l1;

“D(t):)‘(t)z{l, £>1.

JleficTBUTENbHO,

S0=Xfr(X) =% fm=ow).

n<x
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QyHKIUA

1, t=1;
p(t)_{o, t£1

TaKKe y/I0BJIeTBOPAET olleHKe (S;p)(x) =o0(x) (u60 |(S P D).

Teneps, mycTb F; — MHOXecTBO QYHKIUN ¢ €.F, UHTETPUPYEMBIX IO
PumMaHy Ha JF060M TOZOTpe3Ke Jjyda [1, c0) M TaKoOBBIX, 4TO (S f<p)(x) =
=0(x) npu x — co. JIerko ybeuThCs, 9YTO F; — BEKTOPHOE IIPOCTPAHCTBO,
MHBAapUAHTHOE OTHOCUTENBHO «PACTIKEHUI»: ecliu ¢ € &y U A = 1, Toraa
¥y: t— @ (t/A) TaKKe MPUHAATIEKUT MHOKECTBY Z( (Tak Kak (S;p;)(x) =
=(S¢p)(x/A)). CrnenoBaresnbHo, smobast GyHKIUA BUAa

Z akXAk + Z bnpuna (35)
1<k<K 1<ns<N
Tae ai, b, €R, Ay, U, =1, npuHaANEXUT F,. B 9acTHOCTH, TI06AsA CTyIIEH-
yaTasg QYyHKIWs, paBHAs HYJIO BHe HEKOTOporo orpeska [1, a] (c mpous-
BOJIbHBIMU 3HAUEHUSAMU B TOUKaX paspbiBa), MPUHAJIEKUT F.
[Tycts ¢ — GyHKUMA, yZOBIETBOPAIOIIAA YCJIOBUAM IpEAJIOKEHU, U
€ > 0. CywecTByeT Takoe a = 1, 4To

dt<e.

x .
e

Torga HaWAYTCA ABE CTyNeHYaTble GYHKIIU s, paBHbIe HyJIO BHe [1, a] u
TakKue, 4To
sTO<eO<sT() (A<t<a)

[GT®-s~ ) dt<e
1

(TmockomnbKy ¢ MHTerpupyema no Pumany Ha [1, a]).
Torma

Spe (=3, Fme (%

nsx

=X fwe(2)+ X fos (2)+ X fme-s(E),

n<x/a x/a<n<x x/a<n<x

SR~

OTKyZa

ISre(l< Y ¢(%) + ’ ;f(n)s’(g)

n<x/a

+;(S+ —57) (%)

(tak xax || <@, |fI<S1u e —s <st—s ma[l,a]).
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PaccmoTpuM 3TU TpU CyMMBI. BO-IIEPBBIX, [10 IIPEAJIOKEHUIO S5

o0 .
S p(2)<xf B drsex. (36)
n<x/a a
Bo-BTOpBIX,
> f(n)s‘(%)‘zl%s‘(x)lﬁsx (= x0) 37
n<x/a

JUI1 HEKOTOPOTo X (Tak Kak s~ € Z).
B-TpeTbux, 1o mpejioxKeHuto 6

x1 DICERY (%) —>{(s+(t) —s ()2 dt<e.
Takum o6pa3om, UMeeM
Z(s*—s*)(%) <2ex (x=xq) (38)

JUI HEKOTOPOTO X7 = X.
U3 (36), (37) u (38) BhiTEKAET, UTO |Sf ¢ (X)| < 4ex IPH X = X;. O

[TepBEIii pe3ynbTaT Takoro poga momydwa Axcep [9] (1910). Msl st pa3HOO6-
pasus BrIOpasM BapUaHT JTOTO YTBEPXKAEHUs, MpUHAJIeKamuii Buntuepy [19]
(1957) u 6u3Kui 10 AyXy K paccyAeHusAM U3 GpyHKIIMOHAIbHOrO aHanu3a. OgHa-
KO Ha 3TOM IIyTHU HENPOCTO TIOJIYYUTh SIBHBIE OIeHKU (3Has, 4To |F(x)| < ex mpu
X Z Xo, HAUTH ABHO TakWe & M X, 9TO |S;p(x)| < 6x TpH X > Xx4), UTO, BOOOIe
TOBOPSI, BOJKHO A JajbHeHIIero pasBUTUsA TEOPUU paclpeZie/IeHHs IPOCThIX YH-
ces1. CymecTByIOT 60see 3gdeKTUBHbIE BaPDUAHTHI IEMMBI AKCEpa, UCIIONb3YIOIINe
JIOTIONHUTENbHBIE TIPEATIONOKEHUA 0 GYHKIMU ¢ (HampuMep, TpeboBaHUe, YTOOBI
( OBUIA PyHKYUeTl 02paHUUeHHOl 8apuayul).

3.5.4. OueHku cBepxy. Ecnm f — HeoTpuiatenbHas U HeyObIBatomas
QYHKIMS, MBI TIOTy4aeM IOJIe3HbIe OLEHKH S ¢ (X) CBEPXY KaK /JIA CTYTIEH-
YaThIX, TaK U A7 MIAJKuX ¢ = 0.

[IPEANTOXKEHUE 8. ITycms f: [1, 00) — [0, 00) — Heybblgarowas PyHk-
yus, a HeompuyamenvHas Pynxyusa ¢(x) = G(x) = 0 sensemcs cymmoil
¢ynkyuu g € .«f. Toeda

Spee)< 00 (X) det 3 lgolF(X) x> 1.
1

k<x
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JOKA3ATENBLCTBO. IIycth N=|x] (=1).Ilpu 1<n <N — 1 umeem:

fooe (%)= f(n)fgo( )dt+f(n)f( (2) -0 (%)) dr<

n+1 n+1

< ff(t)go( )dt+f(n)f( % Ig(k)l) dt<
n+1
< ff(t)cp(%)dwf(n) ., Jstls
n+1
< f(t)cp(%)dw ) Xlg(k)lf( ) (39)
Kpome Toro,
fFe(2) =FNeM < gIf . (40)

B utore

Zf(n)so( ) ng(n)cp( ) Zf(n)so( )+f(N)cp( )(39)<(4O)

nsx

n+1

<X [ roe(F)d+ X ( )y |g(k)|f(§))+|g(1)|f(x)=

x X
X <X
1 <k\n

—ff(t)sa( Jde+ X lgtol-£(F) +leI-f <

<k<x

<ff(t)<p( Jae+ 3 lg@l-(5)- O

YrpaxXHEHME 33. Ilycth f: [1, 00) — [0, c0) — HeyObIBatomasn GpyHK-
U, ¥ IycTh ¢ : [1, 00) — [0, c0) HenmpepwiBHO AubdepeHupyeMa, ¢ (1) =
=0. Jlokaxute, 4TO

sfso(x)<ff(t)so( )dt+f|<p OIf(2)de @z.

3.6. Teopema 0 IPOCTHIX YUCJIAX U CPeLHEE 3HAYEHUE
Jyakum MéGuyca

13 nemmer Akcepa (mipeayioxeHue 7) v nepepopmynupoBku (34) Teope-
MBI O TTPOCTHIX YKCIAX CIEeAYET, YTO YTBEPXKAEHIE

M(x)=o0(x) (x— o0) (4D
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ZIOCTaTOYHO /I IOKa3aTeNIbCTBA UCKOMOUM aCMMITOTUKU Y (x) ~ x. [leticT-
BUTEJIBHO,

PO)—x+1+y= Zu(n)p() (x=>1), (32)

nsx
rae |u(n)| <1, dyuknusa p (x) uHTErpupyeMa mmo Pumany Ha JI060M OTpe3-
Ke, coziepxkatemMcs B [1, o), u

[0e]
|p(x)|< lnx—l— {t’z(%lnt—l—%) dt < oo,

Tak 4To (41) BiIeueT

) u(n)p(%) =0(x) (x— )
n<x
B CWIy JIeMMBbI AKcepa.

Ha camoMm fiesle MO)XHO MPOBECTU PACCY’KAEHUS B OOPATHYIO CTOPOHY
U BbIBeCTH OlleHKy M (x) =o(x) mpu x — 0 u3 Toro, 4ro P (x) ~ x. MsI
MIpo/ZiesiaeM 3TOT BBIBOZ, B paszzierie 4.2.

YnraxXHEHUE 34. Ilycts f(1) =1, f(2) =-1, f(n) =0 npu n > 2;
g(n) = u(n) mpu HevyeTHbIX n U g(n) =0 npu YeTHbIX n. JJokaxuTe, 4TO
x+3

u= f *g, 1 BRIBeZAUTE OTCIoZa, 4TO |M (x)| < —— 7

3.7. YezapoBckue cpeanue pyHkmnun MeEGuyca

Jlia oKasaTenbCcTBa OCHOBHOM TEOPEMbI HAM OCTAa€TCA IIOKa3aTb, YTO

N
—M (x) = 0 (x — c0). VIHBIMU CJIOBAMHU, UTO Ue3aposcKue cpedHUe N Z w(n)
n=1

byHKIMHU MEGMyca CTPEMATCS K HyJTI0. DTOT GakT MBI U 6yZieM JOKa3bIBaTh
B OCTaBIIEMCA YaCTH OPOIIIOPHL.

M(x)
X

' <1 (nocxonmcy |u(n)| <1 mpu Bcex n) Bonee
M(x) M(x) + D

Jlerko BUzETH, 4TO |

+o(1) U Jaxe 4To ‘
(ympaxkuenus 21 u 34). Kax >Ke YJIY‘{H.II/ITL OTU OLIEHKU?

BaskHO OTMETHUTD, YTO IIPOCTENIITNH YaCTHBIN cydaii popMyIIbl obpate-
Hus MEGuyca — TOXKIECTBO

TOTr'O, MBI y>XK€ 3Ha€eM, 4TO '

Zu(n)L J

n<x
— I03BOJIAET O0Ka3aTh, YTO OTKJIOHeHue M (x)/x uHoz0a ObIBaeT MajeHb-
KHM.
3aMeTHUM JJI Hadyaja, YTO UMeeT MECTO CJIEyIOoIee
[TPEAOXKEHUE 9. /na 06020 x = 1 umeem
Z u(n)
n

n<x

<L
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JIOKA3ATEJNIBCTBO. JOCTaTOYHO PACCMOTPETh CIydai, Koraa x — Iie-
soe. HamoMHuM, 4To B cruty GopMysibl obpalneHus MEbGuyca nMeem

> umE=1+ ¥ um{X} a1, (28)

n<x n<x

3ameTuB, uTo {Xx/x} =0, ¥ TOAEUB Ha X, IOTYIUM

1+Z,u(n){%}’=%~ 1+ 2, u(n){%}‘$

n<x n<x—1

u(n)
X

_1
n<sx X

<

==

-1+(x-1)=1. O
I[TPEANOKEHUE 10. /na nobsix a u b maxux, umo b>a > 1, umeem

’ dt
M Z|<4.

JIOKA3ATEJILCTBO. 3aMeTUM, YTO

Zu(n)f%

n<x n

£ um(2-2)

nsx

<

T d
JM© 3

<

)

n<sx

ED) LS el <2,

nsx

OTKyZia
b

b a
M M M
MO dt' = '{—tgt) dt—{—tgt) dt

t <2+2=4. O

a

Ternepb MBI MOXXEM OKa3aTh
[MPEANOXKEHUE 11. s 06020 & >0 u 06020 A> 0 umeem

inf MT“)| <45. 42)

[A,A-e1/%]
JOKA3BATENBCTBO. OyHKUMA M (t) cTymeH4YaTad U IPUHUMAET TOJb-
KO IIeJIOUMC/IEHHbIE 3HAUYEHUS, IPUYEM ee 3HAYEHUsT Ha COCETHUX CTYTIEHb-
Kax omin4arTcs Ha £1. [Toatomy ais dyHkuu M (t) Ha oTpeske [a, b] =
=[A, Ae'/®] Bo3aMOXHBI 1Ba BapUaHTa:
1) ®yukumsa M (t) meHseT 3HaK Ha [a, b]. B atom ciyyae M (t) obs3a-
TeJbHO MMPUHUMAaeT 3HaveHue 0 u
.| M(t

min | M© | =0.

[a,b] t
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2) ®dyukumsa M (t) coxpaHseT 3Hak Ha [a, b]. Torma nmeem

b
dt |M(t)'dt 'M(t)| dt |M(t)'
>|[M In ,
4 { © 3z 2 (ab) f  ab) (43)
OTKyZla ClIe/iyeT JoKa3blBaeMoe YTBEP:K/IeHHe. O

Takum 06pa3oM, MBI BUAUM, uTo M (t)/t MpUHUMAaeT MajeHbKOe 3Ha-
YyeHHe B KaKOW-TO TOUKe OTpe3Ka [A, Ael/?], [Tockonbky M(t) MeHseTcA
MeJ[JIEHHO, MbI MOYKEM JIETKO PaCIPOCTPAHUTD 3TO MPEAIOKEHNE Ha «BIT13-
KHe TOYKU», YTO OyZIeT ellle OAHUM IIIaroM B HallpaBJe€HUH HallleH IeIH.

[TPEANOKEHUE 12. /na obbix & u A>0 maxux, umo 0<6<1u A>
>1/6, Hatldemcsi nodompe3sok I = [a, ae’] ompeska [A, A- €2/, na xomo-
DOM 8blNOJIHSIEMCSL HEPABEHCMBO

M(t)
M9 <85 (teD. 44)
M(a

JIOKA3ATE/NBLCTBO. BribepeM Takyio Touky ac[A, A-e/?], uto % <
<56 (oHa HaizieTCs, TOCKOMIBKY COOTBETCTBYIOINAs TOUHAS HIDKHASA TPaHb
B cuny mpeayioxkeHus 11 He mpeBocxoauT 46). 3aMeTHUM, YTO TIOCKOJIBKY

IM(u) —MW)| < |u—v|+1, ana moboit Touku y € [a, ae®] uMeeT MecTo
OLIEHKa

IM(|<IM@@)|+|y—al+1<56a+(® —1)a+1<55a+26a+5a<85y.

Kpowme Toro,
ae® < Ae®TV% < Ae?/0, O

X
[e2M (@) dt s% mpu x > 1.

1

YrrAXXKHEHUE 35. JJoKaXXUTe, 4TO

4. IuddepeHunanbHble ypaBHEHUS U UX CJI€JCTBUS

4.1. InddepeHnyanbHble ypaBHEHU B anreope /upuxie

OBIBAET «MHOI/IA» CKOJIb

YTOZHO MaJsIbIM (MBI 3TO TOJBKO YTO /IOKA3an), MOXKHO BBIBECTU, YTO OHO
ctpemutcs K O (3To U ABIsIETCS HAIIEH LIeNbIo) ?

M (x)
KakuMm 06pa3oM U3 TOTO, YTO OTHOIIIEHNE

() g 61m3-
KUX TOYKax (4To-To Bpoze AubdepeHINaNbHOTO YpaBHEHHUA): TOTAA MBI
cMorIH ObI paCIIPOCTPAHUTH OLIEHKY (44) Ha «COCeHUE TOUYKU».

B CBsI3W ¢ 3TUM BO3HUKAET BOIPOC: UMeEETCA JU B anrebpe upuxie
oTepaliys, aHaJoruyHas AuddepeHITPOBaHNUIO OOBIYHBIX GYHKIMH? Takas

M
Bri1o 6B XOpomio yCTaHOBUTD, KaK CBA3aHbl OTHOIIEHUA
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omepanys JOKHA OBITh TUHEWHOU W VOBJIETBOPATH MpaBwWiIy JlelOHUIIA
(f*g) =f"*g+ f+g (HamOMHUM, YTO POJb YMHOX€eHUs B airedpe Jlu-
puxje UrpaeT CBEpTKa).

OxaspiBaeTcs, Takasd onepalysa ecTb, U 3TO — II0TOUYeYHOEe YMHOXXeHUe
Ha In, a UMeHHO:

ffm=f()-Inn.
JleiCTBUTEIBbHO',

(f+) (W =0nn)-(frg)m=Inn-3 f(dg(5)=

d|n

=20 @ndg(3)+ 2@ (s(3) n(F)) = ro@+ 1.

Takum o6pa3om, mpaBwio JIeHOHUIA BEIIOTHEHO, ¥ MBI BBeH AuddepeH-
IIMpoBaHue B anrebpe Jupuxie (ero JUHEHHOCTb OYEBUIHA).

Ectb U Apyroe o60CHOBaHHE TaKUM 0Opa3oM BBeJeHHOro auddepeHIrpoBa-
HUA. MBI yKe 3HaeM, 4TO Mepexof K (MyJbTUILUTMKATUBHOMN) IPOU3BOAAIIEH QYHK-
UM TIEPEBOJIUT CBEPTKY B Mpou3Be/ienue: ¢, =& - &,. Takoii mepexos AekcTByeT
Ha Haule JudQepeHIpOBaHUE CIIEAYIONINM 06pa3oM:

TIOEDIEELES JRLLLLE A0}

nz1 n=1

To ecTb BBeZleHHOEe HaMU AuddepeHIInpoBaHHUE MOXKHO BOCIPUHUMATh KaK OOBIY-
Hoe guddepeHnrpoBaHue (CO 3HAKOM «MUHYC») TIPOU3BOJAIMINX QYHKITUH.

[TonyTHO MBI IOMYYIUIN HOBBIM BapyaHT GOPMYIUPOBKYU OCHOBHOM TeO-

peMbl apupMeTHKHU:
=

OxasbiBaeTcsl, OCHOBHAsA TeopeMa apudpMeTHKU — 3TO JIMHelHoe audde-
PEHIMATbHOE YpaBHEHUE MEPBOTO MOPsAKA OTHOCUTETBHO (GYHKIVMH 1 B
anre6pe upuxie!

MBI TOTBKO YTO HAYYWINCh A1 depeHIIUPOBATH 3JIEMEHTHI anreopsl Jlu-
puxsie. MoxkeM i Mbl Hamucathb AuddepeHInanbHOe ypaBHEHHE, KOTOPO-
My yZoBieTBopsieT GpyHKIusa MEbuyca?

OkasbIBaeTcs, 3TO HECTIOXKHO C/le/IaTh. A IMEHHO, U3 CaMOTO OIIpeerie-
Hus ¢yHkunu Mébuyca

ux1=56

10603HaueHre f/ Hy’XHO BOCIPHHMMATh B COOTBETCTBUY C KOHTEKCTOM, 60, HAIIpHMep,
ecmm f(n)=Inn, To f’(n) —oaTo0 In%n, a He 1/n. Bupouewm, Bcroay ganee OGyAeT sCHO, YTO
VMeeTCs B BUAY.
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BBITEKAET, 9TO
Wwxl+ux1'=6"=6-In=0,

TO €CTh
Wwrxl==1"xu=—In*u=—-A

u, CJIieI0BATE/IbHO,

u=—=Axu. (46)

YNPAXHEHUE 36. [l Kakux d € ./ auddepeHaIbHOEe YpaBHEHHE
f’=ax* f uMeeT HETPUBHABLHOE pellleHre B anredpe Jupuxie?

4.2. HepaBeHCTBO 151 cyMMbI GyHKIMH MEGuyca

Utak, Mbl noryawwin (46) — auddepennuanbHoe ypaBHeHHe HA QYHK-
o Mébuyca. Ho Hac mHTepecyeT moBeZieHUe He caMol pyHKIuu Mébu-
yca, a ee CyMMbL. Hesb3s I BOCIIONB30BATHCA 3TUM AubdepeHIIHnaTbHbIM
YpaBHEHMEM /JIsI OLIEHKH 3TOH CyMMBI? YBBI, KaK MBI YBUIUM HIDKe, Hallla
mepBas MOMBITKA He IPUBEJET K YCIIeXy, HO MBI ee, TEM He MeHee, OCyIIle-
CTBUM, YTOOBI «<HapabOTATh TEXHUKY>.

A Havasa mpocymmupyeM (46):

DumInn==Y; A(n)M( ) 47)

n<x n<x
B neBoii yactu (47) crout cymma w(n) Inn. dyukuusa In n «moyTy nocTosH-
Ha», I0O3TOMY eCTeCTBEHHO BBIHECTH In X B OTZe/NbHOE cIaraeMoe:

Dlu@Inn="> u() Inx— Y, uln) ln— (48)

n<sx n<x n<x
B mpaBoii yactu (48) mepBoe ciaraemoe paBHo M (x) In x, a BTopoe o1ieHU-

Baetca Kak O(x) (cMm. ynpaxuenue 29). [ToactaBuB 310 B (47), mepeHecs
O(x) B mpaByto 4acTh U pa3aeJmB Ha In x, meeM

MG)=— ;A( )M( )+o(1 x) (49)

OTcrozia cieiyeT, 4To

MEI<= S AmM(2)]+o(). (50)
Inx < In x
nsx
Hesicto, xakuM obpasom u3 HepaBeHcTBa (50) BeIBecTH, 4TO M (Xx) =
=o0(x). B mpaBo# 4acTy HaxXOAWUTCA BeqwuuHa S,|M|, KoTopas BHIVIAAUT
CJIOKHee, 4eM 1) =S, y, /51 KOTOPOM MBI Kak pa3 U IbITaeMcs MONy4UTh
o11eHKY ) (x) ~ X. YBBI, 3/leCb HaM MIPUXOAUTCA MPU3HATh, YTO MBI 3alLIH B

TYTUK.
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OpHako Termepb MBI MOXKEM /IOKa3aTh, KaK M ObUIO OOEINaHo B pasje-
Je 3.6, 9TO

YPx)~x (x— ) = Mx)=o0(x) (x— o).

JetictBuTenbHO, 13 (49) u paBeHcTBa U+ 1 =05 cieayer, 4yTo

In x

ik (2 +o(i)

In x Inx

M(X)=—ﬁ EX(A(n) - 1)M(§) +o(i) =

rae ¢ (x) =1 (x) — [ x]. [Hockombky |u(n)| < 1, us yoroBus 1 (x) — x =o(x)
u Toro gakra, uto v (x) = O(x), BeITeKaeT, 4To M (x) =0(x) (cM. ynpaxxHe-
HuUe 32).

YrpAaXHEHUE 37. IlycTh f €./, ¢ € F. JIOKQXKUTE, YTO

Spp=(Ssp) In=S;(p In).

4.3. Ngesa Cennbepra: auddepennuaabHoe ypaBHEeHIE
BTOPOTO MOpSAKa

Juddepenipoanue B anrebpe Jupuxie 1amro HaM HOBYIO TOUKY 3pe-
HUS Ha HAIl TJIABHBIM BOIIPOC: OCHOBHYIO TeOpeMYy apuMETHUKUA MOXKHO
paccMarpuBath Kak AuddepeHIuaabHoe ypaBHeHUE (45) OTHOCHUTETBHO
¢yukuy 1. [Ipu 3TOM 3a1a4a O pacipeseeHUU MPOCTHIX YHCET OKa3bIBa-
eTcst «06paTHOM 3agaveii» A1t 3Toro AuddepeHInaTbHOTO YpaBHEHUS: MbI
XOPOIIIO TIOHMMAaeM, KaK yCTPOEHO pelleHue ypaBHeHuA (45) (To ecTb mmo-
crossHHasA GyHKIMA 1), a U3 3TOr0 XOTUM OIMKUCATh CBOMCTBA «ITapamMeTpa» A
3TOT'O YpaBHEHWS.

HaMm He yZasoch BBIBECTU TEOPEMY O IPOCTBIX YHCJIAX U3 YpaBHEHHS
(45) u ero cmeactBust y = —A * u. CebOepr IPEAIOKUIT 3aMedYaTeIbHY0
nzgeto: nmpoarudpepeHIIPOBaTh OCHOBHYIO TeOpEMY apu(pMETUKU.

Wtak, u3 (45) BeITEKAET, UYTO

IN?=1"=A*14+A1'=AN*1+AxAx1=Ay %1,

rae
Ay=N+AxA=Aln+Ax*A.

AHanoruyHbEIM 00pa3oMm u3 (46) BBITEKAET, YTO

pln? =p" =N spu—Asp' =—Nsu+AxAxpu=~A,*u, (51)
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rae
Ay=—N+AxA=—Aln+A*A.

[Tepexozs K cymmaMm JieBOM U npaBoi yacrteii (51), morydyaem

> umIn?n= ¥ A,mM(%). (52)

n<x n<x

C mOMOIIBI0 PaCCyKAEHUH, aHAJOTUYHBIX NMPOBEAEHHBIM B IIPebIAYIIEM
paszene, Mbl MOXKEM BBIIETUTh B JIEBOM YacTU IIaBHbIM wieH M (x) In? x.
[TorpemHoCTh IpU 3TOM OyZIeT paBHA CJIEAYIOIIEMY:

ST w(n) (In* x —In? n) =O( > (n? x —1n? n)) =0(x1nx). (53)

n<x n<x

Kak 1 paHee, mepeHOCs OCTaTOYHBIN WieH B IpeAcTaBaeHuu (53) B JIeByIO
yacTh paBeHcTBa (52), fe1s1 Bce Ha In? x u oreHMBast O MOZIYJTIO, TIOJTy4aeM

IMEIIS == X 1AM |M( )'+O(lnx)

n<x
HaxoHell, MOXHO OIIeHUTS |A, (n)]:
A, (M) =[(AxA—A) ()| < (AxA+A) (1) =Ay(n),

OTKy/Zla OKOHYaTEJIbHO UMEEM

MOIS s X M (5)]+0(55). (54)

[MoripobyeM Temeps otieHUTh M (x), ucnonbays (54). Kazanock 6b1, MBI CHO-
Ba JIOJDKHBI OKa3aThCA B TYMUKE M3-32 HEOOXOAMMOCTH MCCIEI0BATh CYMMY
¢byHku A,. Ho, Kak MBI cedyac YBUIUM, CYMMY A, MOXKHO OIIEHUTH C
JOCTaTOYHOU TOYHOCTBIO.

YnprAXXKHEHUE 38. Bripasute A,(n) depe3 pasjioKeHUe n B Ipou3Bee-
HUE TIPOCTBIX MHOXKUTEEH.

4.4. ToxaectBo Cenbbepra s cyMMbl apudMeTrudeckoii GyHKIUH A,

Y Hac uMeeTcs CTaHZAPTHBIM pelleNT JJId ToIyYeHNs CyMMBI

Yo(x) = Z Ay (n)

nsx

¢byHKIIMU A,. ByzieM felicTBOBaTh Tak ke, KaK B paszese 3.3, re Mbl T0Jy-
YUIU TOXKAECTBO (32) A cymmbr ) (x) GyHKIMM A.
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Bo-TIepBbIX, TaK KakK A, = uIn?, B cuy dopmyssr (12) umeem

TNESEDY u(n)Lz(%) -

nsx

- S (3522t e (- (5 0 S rrwrens(2)

n<x

(55)
rae L,(x) = Y. In*n.
n<x

BO-BTOPBIX, MBI IMEEM CIIeAyIomIre GpOpMYJIb:
xlnx= D E4+yEmE- LialZ s 31
rgx‘u( )(Zn nTp By Ty (n)) (D)

_ Xin X XX X
x_ngx‘u(n)(nlnn+Yn+n€1’o(n))’ (29)
-T2 (2).

nsx

Temepnb BeruTeM U3 (55) paBenctBa (31), (29), (28), B3ATHIE C TAKUMU

X
Ko3bOUIIMeHTaMU, YTOOBI WIEHBI - In? i In > o B TIPaBBIX YaCTAX CO-

KpaTWinch. A UMeHHO, BbiuTeM U3 (55) yaBOeHHOe paBeHcTBO (31), m06a-
BuUM (29), B3daToe ¢ Koadpdurmmentom 2(1 + y), u BbuTeM (28), B3sATOE C
koabdurmenToM 2(1+ 7, +y +y>). Mbl IPUXOAUM K TOXKAECTBY

200 —2xInx+2(1+ P =20+ yy, +y+1) = 5 u@pa (), (56)

n<x
rie
05() = (% - {x}) In x+ 1.5 — 2a(x) + 2(1 + 1) xe; o (x) +
+2(1 4711+ +r{x)

Tak kak p,(x) =0 (ln2 X), MBI ory49aeM otieHKy O (X) i TpaBo# 4acTu
(56) (cMm. ympakHeHue 29), U, cjieZJoBaTeNbHO,

Py (x) =2x1Inx+ O (x). (57)

Mgi 6yzeM ucIonb3oBaTh Gopmyny (57) B cieAyroleM BUIE:

> (A, () —21Inn) =, (x) —2L(x) =

nsx

=2xInx+0(x) —2(xInx+0(x))=0(x). (58)
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YroprpaxxHEHUE 39. TMonoxum
6,00= Y In*p+2 Y Inp-lng.

pSX P<q,pqsx
p mpocToe P, q IpPOCTBIE

Jloka)kuTe, 4TO
0, (x) =2x1n x+ O(x).

Takum 06p330M, MBI TIOJTYYWIN <<L[BYMepHBII>JI dHaJIOr» HYKHOI'O0O HaM

(cM. mpeasiokeHue 3) pesysnbraTta ». Inp ~ x — aHajor, B KOTOPOM CyM-
p<x
MUPOBaHUE BeJeTCS He TOMbKO MO MPOCTBIM YHCIaM, HO M IO YUC/IAM,

pasJararoiuMca B IPou3BeZieHNe IBYX IIPOCTHIX.
YrpAKHEHUE 40. BeiBeguTe U3 aCUMITOTUYECKOI'O 3aKOHA pacrpeze-
JIEHUS IPOCTHIX YKcesl 6o/iee CUIBHYIO OLIEHKY, ueM (57), a UMEHHO

Po(x)=2xInx—2(1+7)x+o0(x).

4.5. lHTerpasbHOe HepaBeHCTBO /I cyMMbl GyHKIMU MEGmyca

JlokaskeM ciieZiyrolllee MHTErpaJbHOE HEPABEHCTBO, YTOOHI IepedopMy-
JIMPOBAaTh Halry 3aza4dy o6 oueHke M (x) B «boee aHATUTUIECKOM» BUJE:
[TPEANTOXKEHUE 13. Ilpu x> 1 8epHO HepaseHcmMBo

MOl flnt'M(t)'dH—O(ﬁ). (59)
,ILOKABATEJH)CTBO Nmeem

M| In2(0) < 3 Az(n)'M( )|+0(x1nx)—

n<sx

=¥ 2innM(2)[+ o —2mmm|m(X)|+0xn .

nsx n<sx

Bo-1miepBhIX, B CUIy NIpeAJIOKEHUA 8 U YIIpAXKHEHUA 5

3 oy (£)] < e (%) de+ 3 Incon(§) <

nsx
< e (¥)]ae+oco,

Bo-BTOpBIX,

> (Ay(m) —2Inm)|m (£ )‘”2 S lul- s (%) ~2

n<x n<x

ol
SE

1
( ; )zO(xlnx).
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HTak,

IM ()| <

(D)l aeo(z): .

Meb1 monmyuuau oreHKy |M (x)| depe3 ee 3HaueHUSA B MEHBIIUX, YEM X,
TOYKaX.

DTy OIIEeHKY yZoOHee IepenucaTh Kak olleHKy Ha yHKIuo U (x) = @

(Tem 6Gosiee YTO CTpeMJIEHHE K HY/II0O UIMEHHO 3TON QYHKIIUM HaM U HYKHO
JI0Ka3aTh): pa3zenuB obe YacTH Ha X, OIyIUM

X

M(x) M/t)| Int 1.
| ' ]n xf X/f dt+o(m)’
TakuM 06pasoM,
IU(x)lslnfxﬂU(%) BG4 o(D), (60)

OTO KJIFOYEBOM MOMEHT I0KA3aTeNbCTBA: XOTS HaM U MOTPEOYIOTCS OTIOI-
HUTEIbHbIE PACCY’KAEHUA, UMEHHO 3Ta OIleHKa IMPUBE/ET HaC K IIeJIH.

5. AHasMTHUYecKas 4acThb /loKa3aTeJabCTBa

5.1. CBepeHHe K 3a/ladye M3 aHa/IM3a

MBI yKe 3HaeM, 4yTo HepaBeHCTBO |M (x)| < x — WM, YTO TO XKe caMoe,
|U (x)| <1 — BBImONHAETCA IPY Beex X (cM. Havyaso paszena 3.7). Yro Oyzer,
€CJTU 3Ty OLIEHKY MOZACTABUTh B MPABYIO YacThb MOJTyYeHHOTO HepaBeHCTBA?
Henb3st I TaKUM CITIOCOGOM TOMYYUTb OIeHKy Tuma [U(x)| <1 —¢ <1,
a Zlasibllle UTEPHUPOBATD ATy MPOLEAYPY?

VBB, Ha MIEPBOM K€ IIare Mbl TIOTyIUM
In?t|¥

2 lntdt—f— (1)__ 2
x1 1 lnx

U (x )I\

C 4ero Mbl M HaYMHAJIMU. 3aTO Telepb BUAHO, B UeM CyTh HepaBeHcTBa (60):
OHO OlleHUBaeT (C TOYHOCTHIO 10 0(1)) 3HaueHue GyHKIMY U B TOUKE X KaK
838elleHHOe cpedHee ee 3HAYEHUN B MEHBIITUX TOYKAX.

Kazajnoch ObI, TIOTYYMUICS 3aMKHYTBIM KpYT: TTOACTABJAS OIEHKY THIIA
«U(x) < ¢ mpu 6onbIUINX X» MBI CHOBA ITOJIy4aeM Ty e olleHKy. Ho Ha ca-
MOM /leJIe Hallla OlleHKa ObUIa ZlajieKa OT TOYHOM: OHa MpeAroiaraia, 4To
¢yukmsa U Bce BpeMs IpUHUMAET 3HaueHHe 1 — a KaK Mbl 3HaeM U3 Mpe-
JIOKeHUA 12, 3TO COBEpIIEHHO He TaK. 3a CYeT 3TOTO HaM YZAACTCA JJIA KaxK-
JIOTO € YyTh-YyTh YAYYIIUTH OLEeHKY «U (x) < e». B pe3ynbTaTe Mbl, Cleays
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npuMepy 6apoHa MroHXray3eHa, «BBITSIHEM cebs 32 BOJIOCH» — OyZIeM TI0-
CJIeJOBATETHHO TIOTYyYaTh BCE JIYYIIUeE U JIYYIIe aCUMITOTUYECKHE OIIEHKU
s dyskumm U v B TipeZienie puzieM kK uckomomy U (x) =o(1).

A UMeHHO, MBI JOKQ)XKEM CJIeIYIOIIee YTBEPXKIEHME.

[TpEANTOXKEHUE 14. IIyems ¢yukyus U: [0, c0) — R, unmezpupyemas
Ha itobom ompeske, makoea, umo:
OIS
(i) ona arobvix 6 mencdy 0 u 1 u oboeo A= 1/8 Hailidemes nodompe3ox
I=1a, ae®] ompeska [A, Ae*/?], na komopom |U(t)| < 85;
(iii) ebinonHeHa uHmMezpaANbLHAS OUEHKA

In? x t

U ()| < —=2 f'U(%) Int 3¢ 4+ 0D).

Tozda U (x) — 0 npu x — co.

3abyzeM Tenepb, Kak ompezaensnach yHkius U (x), 3abyzem o6 apud-
MeTHYeCKUX (GYHKITUAX U IMPOCTBIX YHMCIaX — BCE, YTO MbI Temephb Oyzem
paccMaTpHBaTh, 3TO BOIIPOC UCKIIOYUTENBHO MaTeMaTUIECKOTO aHaI13a.

3AMEYAHUE. Ha camoM Jese mepeiT K aHaAIUTUIECKOH 3a/1ade MOX-
HO OBLIO M HECKOJbKO paHblille. A MMEHHO, JOKa3aTeJbCTBO IMPEAJIOxKe-
HUs 12, KaK HETPYAHO YOEAUThCs, TIO CYIIECTBY YUCTO aHATUTUIECKOE U HC-
MOJIb3YeT JINIIb ABa cBocTBa ¢yHKImu M (x): To, urto |M(x) — M(y)| <
<|x—y|+1, u UHTETpaJIbHYIO OLIEHKY

2 dt
fM(t)t—Z <4

us npeanoxenud 10.
5.2. AagntuBHasa mepedopMyIHUPOBKA

B npaBoii yactu yenosus (iii) mpegnoxxenus 14 durypupyeTt MyIbTUILIIN-

KaTHBHas CBEPTKa
X
x Int
{WU(?) Sl

HO B aHaju3e OOBIYHO yZOOHee paboTaTh CO CBEPTKAMU aAJUTHBHBIMU
(cm. (15)). Jlis Toro 4TOOBI TIEpeNTH K aAJAUTUBHOM CBEpPTKe, mepeieM
K JIorapupMUYECKUM KOOPAMHATAM — T. €. PACCMOTPUM BMECTO GYHKITUU
U (x) dyukmuto u(y) =U(e”).

[Tpu Takoii 3ameHe ycioBue (iii) mpuHUMaeT BUZ

y
WUNS%IWO—QB$+MD,
0
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WU, YTO TO Ke caMoe,
2 y

lu(y)l< Pf|u(s)|(y—s) ds+o(1).
0

WTak, HaM ocTaeTcs 0Ka3aTh CIeayIolee

[TpEaNOXKEHUE 15. I[Tyems ¢yHnkyus u: [0, c0) — R, unmezpupyemas
Ha nto6om ompeske, Makoed, umo:
i) lu(yI<1;
(ii") ons nrobbix & mencdy O u 1 u 06020 A>1n 5! naiidemes nodompesox
ONuHbL 6 ompe3ka [A, A+ %], Ha komopom |u(s)| < 865;

(iii") ebtnosHeHa uHMe2PAILHASL OUEHKA
9 X
Iu(y)IS:;EJWu(sN(y-—S)ds4—0(1)
0

Tozda u(y) — 0 npu y — oo.

5.3. UrepaTuBHBIii nIpouecc

YTBepxkZeHre IIpeAJIOKeHUA 15 COCTOUT B TOM, UTO ZJIA BCAKOro € >0
cylecTByeT Takoe A >0, 4To

yzA=uly)|<e. (61)

Mbl y:ke 3HaeM, 4To JJIsl £, = 1 Takas OIleHKa MMeeT MecCTo. Jlajiblile MbI
OyZieM ee TIOC/I€ZIOBATENBHO YIy4IIaTh: MO Y)Ke HalIeHHBIM € U A CTPOUTH
HOBBIE ¢’ U A’, ipyudeM &’ OyJeT MEHBIIIE, YEM €.

A vMeHHO, MBI 6yZIleM KCIIONb30BaTh CIeAyIOoIlee YTBEPKAeHHE.

[TPEANTOXKEHUE 16. ITycms ons gynkyuu u(y) cyujecmayem uucuo 4>0
u HenpepwleHas @yHkuyusa c: [0, 5] — [0, gy), obnadarowiue caedyrouumu
ceoticmeamu:
* |u(y)| < ey npu ecex docmamouro bonbuIux y;
* c(e) <& ona moboeo ¢ € (0, gyl;
* ecnu 0na Hekomopwuix A= 0, € € (0, gy] sbinonreno (61), mo oyexka (61)
umeem mecmo u 014 €' =c(g) u nekomopozo A’ = 0.
Tozda u(y) =o(1).

JIOKA3ATEJILCTBO. PaccMOTpUM IOCIeA0BaTeNbHOCTD (&, A,), B KO-
TOPOH £,,1=c(e,) u

yzA, = [uly)l<e,.

[MockonbKy c(€) < €, oCae0BaTENbHOCTE (g,) yObIBatomas. Jlid mokasa-
TeJbCTBA MpeAJIoXKeHUs 15 HaM ocTaeTcs MoKa3aTh, YTO €€ AIeMEHTHI CTpe-
MATCcsA K Hymo. Ho, mepexofist K mpefeny B PEKKYPEHTHOM COOTHOIIEHUM
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€n41 =C(€&,), MBI BUZIUIM, UTO ee Iipefies £ =lim,_, o, €, B CWIy HellpephIBHO-
cTU QYHKIIWH C TOJKEH YIOBIETBOPATH COOTHOIIEHUIO £ = c(€). ITOCKOIBbKY
c(€) < & TIpU Bcex IOJIOKUTETBHBIX €, TaKOe BO3MOXKHO JIULIb TpU & = 0.
A 570 U o3Hauaert, yTo ¢, — 0 Ipu n — ©0, U, TeM caMmbIM, u(y) =0(1) npu
y— oo. O

Hawm octaeTcs foka3aTh, 4To Hamia GyHKIUSA U YAOBIETBOPSET IOCHUI-
KaM 3TOr'o IpeAJiokeHuA. MBI cziesiaeM 9TO — UCIIONb3ys H/iel0, OIIMCAaHHYIO
B pasgiesie 5.1 — B cJIeyIOLIUX BYX pasZesax: cliepBa B «MOJie/IbHOU CUTya-
IIUY» AJIA YIIPOIeHHOI'0 BapraHTa 3a/a4yy, a IOTOM U JJI CaMOT0 IIpeJJio-
skeHuda 15.

5.4. YnpoueHHas Bepcus IIpo6aeMbl

[pexxzie 4eM CTPOUTH UTEPATUBHBIMN IIPOIIECC /IS I0Ka3aTelbCTBA IIPE/-
noxeHus 15, Mbl pa3bepeM UeU ero JoKa3aTeabCTBa Ha yIIPOIIeHHOM Bep-
CHUH.

[TpEANOXKEHUE 17. I[Tycms dynxkyusa u: [0, 0) — R unmeepupyema Ha
Kancoom ompeske U Y0081emaeopsiem Yca08UIM
(") lu)| <eg;

(ii”) ona n0bbix & mencdy 0 u 1 u ar06020 A > 0 Haildemcss nodompe3ok
ONuHbL 6 ompe3ka [A, A+ %], Ha komopom |u(s)| <26;

(iii"”) ebinosiHeHa uHMe2paIbHAS OUEeHKA
1Y
lu(|< ;f|u(s)| ds.
0

Tozda u(y) — 0 npu y — oo.

JIOKABATE/NILCTBO. byzeM cienoBaTh IUIaHy U3 IPeABIAYIIEro paszea.
[Tyctb O < e < gy m A= 0 TakoBbl, UTO /A HUX BhImosHAeTca (61). [Tyctb
6 € (0, 1]; MBI BEIOEpEM HY:KHOE HaM 3HaueHue To3ke. JJIst KaXXA0ro y = A,
MBI MOXKEM TTOKPBITh OTPe30K [A, y] oTpe3kaMu JJIUHEL 2/5:

2 2 4 2(N-1) 2N
[a,4+2], [a+2,4+2], ., [a+ 2022 a4 20,
rze
A+72(N5_1)$y<A+%,
WHBIMHA CJIOBAMU,
o(y—A
N=1+{¥J.
2(j-1)

2j .
Ha xaxx/1oM 13 oTpe3koB [A + A+ EJ] ,j=1,..., N, BRIIIOJIHEHA

6 3
OIl€HKa |U| <é¢g KpOMe€ TOro, Ha Ka>XZI0M M3 9THUX OTPE3KOB MMEETCA IIOJ0T-
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PE30K AJIMHEI §, Ha KoTopoM |u| < 28. CieoBaTeIbHO,

A+2j/6 ) ) 5
/ Iu(s)ldss(g—é)-e+5-25=g (1——+ )
A+2(-1)/6

_2 g2

=5 '3(1 54)’ 62)
T7ie MBI BhIOpanu 6 = ¢ /3. CklazpiBas olieHkH (62) aAnsg Bcex j=1, ..., N, MbI
nonxy4aem

A+2j/8

flu(s)|ds< ) u@lds< 2 e(1-£) <

Jj=lA+2(j-1)/6

1 T€éM CaMbIM

y A y 9
flu(s)lds=f|u(5)|d5+f|u(s)|dsS80A+ (y—A+ 3) -3(1—6—) <
0 0 A

IIPY BCeX Y, BOIbIINUX HEKOTOporo A'.
W3 ycnosus (iii”’) Temeph BBHITEKAET, YTO

Y
lu(y)|< %flu(s)l ds<c(e)
0

i c(e) = 8(1 55) JTOo, B CWIy IpejjiokeHUA 16, 3aBepliaeT JoKa3a-
TEJIbCTBO IIPE/JIOKEHUA. |

5.5. /loka3aTe/bCTBO OCHOBHOI'O yTBEepPXAeHUA

MbI TpOBEZIEM JOKA3aTENbCTBO MPEAJIOXKEHU 15, Ceyss TOMY JKe MyTH,
YTO yKe ObUT IPOMIEH B MPEABIAYIIIEM paseie; HaM MPUAETCs MIPeoJoIeTh
HEKOTOpBIE JOTIOHUTENbHBIE TEXHUYECKHE TPYAHOCTH, BO3HUKAIONIHE U3-
3a 6osee ciaoxHOro Buza yeaosuit (ii") u (iii’).

[Tycts 0 <e<1u A>0 TakoBbI, YTO /i1 HUX BbIMonHAeTcs (61). [TycThb
5 € (0,1] —MbI ero BoibepeM ¥ 3aQUKCUPYEM IMO3KE — U TOMOKUM A’ =

= max (A, In %) s y = A’ mokpoem oTpe3ok [A’, y] oTpe3kaMu JIUHEI
2/6:

,,g][,g,i] [,Z(Nl),zN]
[A,A+5, A+ a+2] A a+2,
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rie

2(N - 1) 2N

A+ T =<y <A+ (63)
WHBIMHU CJIOBAMH,
5y —A’
N=1+| 24| 64)
2(] 1

LA + ] j=1,..., N, BHITOTHA-
eTcs olfeHKa |u| < &, a Ha HEKOTOPOM ero noa0Tpe3}<e JUTUHBL & BBIITOJHEHO
|u| <86. CinexoBaTenbHO,

Ha xa)xzioM 13 OTpe3KOB [A’

A'+2j/8 2 ) 52 453
J Iu(s)ldss(E—S) £+6-85=5%"¢ (1_7+_)=
A'+2(j-1)/6 €

rze MBI ITOJIOXKWIN 6 = €/9.
2(] 1)

C Ipyroi CTOPOHBI, IS § € [A’ ,A + —] BBIIIOIHEHO Y — § <
< %(N —j+1), u noromy B cuiy (65) umeeM

A'+2j/6

N
[u@Iy -9 ds<2 SN-j+1 [ julds<
A =1 A'42(j-1)/6

j

22 NN+1) 2
(3) 2 (1 B 1458)
Tem camsiM, B cuiy (63) u (64),

(3)" 5 2= (14 1) <52 (14 )

CiiegjoBaTelbHO,

y A y

J1u)Iy =) ds= [[u)|(y—s) ds+ [ |uls)|(y —s) ds <

0 0 A’

’ (y—A'+2/6)* 1 &2
SAY+ 2 (1+5(y—A’)/2)'€(1_1458)<

y2 82 Vi
S7‘3(1_1459) =A%

W3 ycnoBus (iii") Mbl Temepp moryyaem

y
WUN<%ﬂMMU—Q$+MD<dQ (y =A™,
0
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2
€
rae c(e) = 8(1 — m) < €. JTO, B CWIy mOpeAjoxeHua 16, u 3aBepiiaeT
ZIOKa3aTeTbCTBO MPeANOKeHUs 15 — a BMeCTe C HUM U ZIOKa3aTeJIbCTBO TEO-
PEMBI O pacIpe/ieIeHU! IIPOCThIX YUCET.

6. 3akiarouyeHUe

6.1. B3riag Hasaz,

HaBepHoe, YUTATE/II0 6y,Z[6T IIOJIEBHO OKWHYTH B3IVIAZOM BCE JOKa3a-
TeJIbCTBO 1[eJTUKOM. BOT ero rmiaBHble MOMEHTHI.
1. Vckomasn T€OopeEMa O IIPOCThIX YHUCIaxX

n)~ = (x> 00)

paBHOCWIbHA (TIpeyioKeHNe 3) yTBepKAEHUIO
PO)~x (x— 00), (66)

rae 1 (x) — cymma GyHKUMM MaHroiabara A.
2. C nmoMo1nsto GyHKIIMYU MaHTONMbATa MOXKHO TIepepOpPMYyTUPOBATh OC-
HOBHYIO TeOpeMy apudpMeTHKH KpaTKUM 06pa3oM Kak

In=Ax*1, a4

e * 0603HaYaeT OIepaliio CBepPTKHU B anrebpe Jlupuxie .o/ apupmeTide-
CKUX QYHKIIUH.

3. Brarozapss popmysne Conuna (mpeayioxkeHue 1) u obpamieHuo Mé-
6uyca (mpeanoxeHue 4) OTCIOAA BBITEKAeT siBHasg opmysa Ayid GyHKIUU
P (x):

X
Y =x—y—1+73 ,u(n)p(z), (32)
n<x
rae u— ¢yHkuus Mébuyca, y — MOCTOssHHAA Diiepa, a p — HEKOTopas
byukms, s koropoi p (x) =0 (In x). Orcroga yxe cieayet rpybas oreH-
ka Buzia Cyx < (x) < Cyx.

4. Jlemma Akcepa (mpegjoxxeHue 7) ToOKa3biBaeT, uto (66) ciexyer u3

[IOJIy4eHHOU ABHOM GOpPMYyIbI A1 GYHKIIUU 1) U TOTO, YTO

> um=o(x) (x— ). (41

n<sx

5. Jloka3aTesbCTBO acCMMIITOTUYECKOH olleHKU (41) omupaeTrcsa Ha TpuU
cBovictBa pyakmuu U (x) = %M(x) = % Z u(n):

nsx
(i) |[U(x)| <1 (oTO CBOKCTBO OYEBU/IHO, TAK Kak |u| < 1);
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(i) aysa nmrobeix 6 € (0;1) 1 A > 1/6 Haiizercsa nogoTpe3ok I = [a, ae®] ot-
peska [A, Ae?/®], Ha xotopom |U ()| < 85;
(iii) BeITONTHEHA UHTETPATbHASA OI[EHKA

2 H X Int
IU(x)lslnzxﬂU(?) 8L de4o(1).

6. 113 yactHOTO Cityyas ¢popmysel obpamenus Mébuyca

> um|E[=1 @D

nsx

cnenyet (npeayoxenvie 10) UHTerpaabHasI OIlEHKA

p dt
Juo Fl=o.

Tak Kak MHTerpasl f % pacxoAuTcs, U3 MocyieHeN OIeHKU MOXKHO 3aKJIIo-
4uTh, YTO GyHKIMSA U WHOTZA TPUHUMAET MaJjble 3Ha4eHUs (Ipezjioxe-
uue 11). [Momw3ysack Tem, uto |u(n)| <1 (a 3HauuT, dyHKumsa U He MOXeT
MEHSTBCS CJTUIIKOM OBICTPO), OTCIOZIa MOXHO BBIBECTH (TIpefsioxkeHue 12)
yTBepxaenue (ii).

7. s nokasaTenbeTBa (iii) paccMaTpuBaloTca BeroMoraTeabHble GyHK-
MU Ay U A,, A7 KOTOPBIX

1//=A2 *1: nu’”=‘7\2 *U, (67)

IJe IMTPUX O3HavaeT AuddepeHIpoBanue B aarebpe Jupuxie. OKa3biBa-
etcs, 4To |A,| < A, 1 9TO UMeeT MecToO olleHKa Cenbbepra:

> Ay(n)=2x1nx+0(x), (57)

n<x

ZTOKa3aTeIhCTBO KOTOPOM OCHOBaHO, OIATH ke, Ha ¢popmysne COHUHA U 06-
pamenuu Mébuyca.

3 onenku Cenbbepra u mpaBwil pabOThI ¢ CyMMaMH CBEPTOK, IPUMe-
HeHHBIX K (67), BeITeKkaeT (mpezyoxeHue 13) UHTerpaabHOe HEpaBEHCTBO
(iii).

8. Jlrobas dyukiua U, obrazatomias cBotictBamu (i), (ii) u (iii), cTpe-
MHUTCA K HYJTIO Ha 6€CKOHEYHOCTH. DTOT YUCTO aHAJTUTUYECKUU (akT Zo-
Ka3bIBAETCs B paszesie 5 Mpy IMOMOIIH MPOIecca UTEPATUBHOTO YIydIIeHUS
acuMITOTUYecKoM oneHKu Tuma U (x) <e.

Temepb CTOUT MTEPEUUTATD JOKA3aTENbCTBO 3aHOBO!
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6.2. A uTo ganpiie?
Temepb HaM U3BECTHO, 4TO 1 (x) — X =0(X) IpU X — 00, TO €CThb

P(x) —x
X

r(x)= -0 (x— ).

Ho kax 6bICTPO 3TO OTHOIIEHUE CTPEMUTCA K Hy/0? Kak MbI yIIOMAHY/IU B
paszene 1.2, caMO¥ TOYHOM Ha CETOAHAIIHUM IeHb OLleHKOU 1 7t (x) —1i(x)
SIBJIAETCS OlleHKa, MonydeHHas B 1958 r. BunorpagoBsiM 1 Kopo6oBEIM:

r(x) ZO(Xefc(lnx)ys(ln Inx) ), (68)

I/Zie ¢ — HeKOTopas IONOKUTENIbHAsA KOHCTaHTa. JTa OlleHKa /I0Ka3bIBAeTCs
C HCIIOJb30BaHUEM METO/OB TeOPUH PYHKIIUNM KOMIUIEKCHOU ITepeMeHHOU
Y TeOPUU TPUTOHOMETPUYECKUX CYMM.

C Zpyroii CTOPOHBL, A/leMeHTapHble MeTObl PA3BUBAINCH Me/JIEHHO, HO
HeIlEpPEePLIBHO ¢ MOMEHTA TOSABJIEHUS 0Ka3aTenbcTBa Jpaéma u Cenbbep-
ra. ITocne BakHBIX pabor BomOGbepu, Bupcunra, Jaiimonga u CrelHUTA
CaMylo TOYHYIO «dJIeMeHTapHYI0» OLleHKY MoIydmI B 1999 r. kuTaiickuii Ma-
Tematuk Benb Yao Jly [16]:

-1/5

r(x)=0 (xe*(‘nx)%_g) (69)

Juts moboro € > 0. Ero s0ka3aTenbCcTBO UCHONb3yeT QYHKIUN Ay, YAOBIIE-
TBOPAIOIKE COOTHOILICHUIO

Inf=1® =7, *1.

3aBepiias Halll pacckas, OTMETHM, UTO OlleHKa (69) He OueHb ZjaseKa OT
orieHkH (68). Bce 3To moxoske Ha MapadoHCKHiT 3a6er KOMILIEKCHOTO 3aiia
U BellleCTBeHHO! Yepemaxu. Kro mobeaut? YBuauM. BeITh MOXKeT, Korza-
HUOYZb OHU OOBEIUHSAT CBOU CHJIBI!

6.3. PemeHus ynpakHeHUN

B atom paszesie Mbl JaAvM KpaTKHUE PEIIEHUA BCEX ynpa)KHeHI/Iﬁ 6p0-

LIIFOPHI.
Yopaxxnenue 1. Bo-nepBriX, p, — 00 mpu k — 00. Ecyii acMMITOTHYeCKUN 3a-
KOH BepeH, To k= 7(p;) ~ P oTkyza Ink ~In P ln P 4 pr~klnp.~kink.
In py In py

Pk+1
Pk
X~ Dry~ m(x) Inm(x), orkyza In x ~In(7(x) In w(x)) ~1In 7 (x) u 7 (x) ~

X

O6paTHo, ecnu p, ~k In k, To — 1. TI03TOMY M3 D, () £ X < Py (x41) MBI IIOTly9aeM

~
In t(x)
~ .,
Inx
YupaxkaHenue 2. OcHOBHas TeopeMa apupMeTHKH YTBEPXKIAET, YTO JTr0O0e Ha-
TypaJbHOE YHCIIO N eAMHCTBEHHBIM 00pa3oM Ipe/CTaB/aeTcs B Buge n=p;’...p.*,
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rge p; < ... < py —IpoCTble U Q, ..., & — HaTypajabHble uymuciaa. Ecam n < x, To

D1, -+, Pr <X ¥ c1araemoe 1/n eAMHCTBEHHBINM pa3 BCTPETUTCA B PA3JIOKeHUN
1
A+pt+p2+.0=[] ——,
pE[x p+p pl;[c i
OTKyZia cllefiyeT UCKOMOe HepaBeHCTBo
1

Yopaxnenue 3. Oynkiusa f(t) = m — 77 HENpEepHIBHO NPOAOIKACTCA B TOY-

ku O u 1 (co 3HaueHusAMu 1 1 1/2 COOTBETCTBEHHO) U ( f + f ) —— =0. [ToaTomy
1+e

2 X
i) =[f@Ode+ [ @),
0 2

I/IHTerpprﬂ 10 YacTAM, HaxoguM, uto li(x) = X4 % +0 (%), OTKyZa
1 Inx  In®x In® x
2
Ynpaxuenue 4. Y. id(n) = Z n=|x|== Lx XT x{x}+ A.
YopaxHenue 5. I/IMeeM g(n) =|F(n)|— |F(n 1)|, otkyza
lgm|=|IF ()| = |F(n = DI|<[F() —=F(n = D|=|f ().
/ {t}—{t)*
YnpaxHeHue 6. 3ameTtumM, uto to'(t) =1—-2{t} — — [Tpu sToM, Bo-Tiep-

BBIX, t¢’ () <1, mockombky {t} >0 u {t} — {t}*> > 0. Bo-BTOpBIX,
1+tp'O=tA-{tH @t —{t)>0.

YnpaxHeHue 7. [To UHAYKIMU: (; IepUOANYECKAA C IEPUOZOM 1; ecIu ¢, Iie-
puoanyecKas ¢ IepuoZoM 1, To

x+1

Onp1 (X 4+1) = @y (X) = f (n+1)p, ) dt—f(n+1)g0n(t) dt=0

W3 onpeziesieHUA caeAyeT, 4To
P2 =P = b 435 a0 =0 = 2P+ 2y =00 (00 - 3 ) - D

ITpu 0 <x <1 umeeM ¢5(1 —x)=(1—x) (% — x) (—x) = —p5(x), npuueM @5(x) +
+ ¢5(1 —x) — nepuoanyeckas GQyHKINA C IEpUOZOM 1; 3HAUUT, OHA TOXKJECTBEHHO
paBHa HYJTIO.

Yupaxxuenue 8. /lyis1 mro60ro n = N nMeeMm

n+1 1/2

[ @f©dt= [ o (fn+uw) — f(n+1-w)) du<0;
n 0

aHaJIOTWYHAA OlleHKa BepHaA U 1A QyHKIUU (5.
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Yopaxuenue 9. B cuty popmyn (7) u (8) umeem Hy =InN +y + ¢, ,(N), rze
[e¢]
g10(N) = % + f 1()t7% dt. IBaXAB MHTETPUPYSI IO YACTAM, HOLYIUM &1 o(N) =

-1 4 1 1
=5 12N2 +f 5 ()t™* dt. VI3 ynpakHeHuUs 8 ciielyeT, 9To — N~ ToaN?

1
<—.

<510(N)<

Ynpaxsenue 10. V13 ynpaxkHeHud 9 ciefiyeT, 4To
1 1
H4—1I14—§ <}’<H4—1I14 _+ﬁ
[MoaTtomy y €[0,572;0,578].
Ynpaxunenue 11. B cury dopmyset (9) nmeem

InN!=L(N)=NInN—N+ % In 27+ £, (N),

[ee]

rze gy, (N)=— f 1Ot~ dt. JIBaskApl HHTErPUPYA 110 9ACTAM, HOTYIUM g01(N) =
N

1
T12N 3 12N°

Ynpaxsenue 12. limeem

co
! 1 f 3 (0)t3 dt. V3 ynpaxkaeHus 8 cirenyet, uto 0 < g, o(N) <
N

£0. () = x14(0) = [ (% —{0)) e de— % +{xp—x [ ({r - %)rz dt,
oTKyza €(x) = f (% — {t}) t72(x +t) dt. IHTErpupys 1o YacTAM, ITOTyIHM
e =2 - ©_ S)erern|? - [( _{? - ) [Eerecrm] d.

2 2

2
[TOCKOBbKY {;} - % - 1i6 < 1l6 u E(t’z(x + 1)) <0, nonyyaem |e(x)| <

1,1 1
T8x  8x  4x’
Yopaxuenue 13. > v,(m)=2, >, 1=3] >, 1=ZL%J.KCT3TI/I, 3TO

nsx n<x k=1, pkin k=1 n<x, pkin k=1
CTEIIEHb, C KOTOpOfI P BXOAUT B pPa3jIOKEHHE YHCIa |_XJ| Ha IIPOCThI€ MHOXXHUTEIH.

Yupaxaenue 14. TTo onpegenenuto 1+ 1(n) = Z 1=1(n) (4ucio AeauTeNEN N);
d|n

1xid(n) =), d=0(n) (cymma genureneit n); id+id(n) =>_ d ==n7(n).
dln dln

Yupaxsenue 15. &5(s) =1, &;(s) ={(s), ®4(s) ={(s — 1)

0,0=Ln( £1)= S
n pkin
Ynpaxsenue 16. [Iyctsb

Elz{(a,b)eNZ,asy,bsg}, EZ:{(a,b)eNZ,agg,bgi}.
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Torza
E,UE,={(a,b)eN?, ab<x}, E;NE,={a<y}x {b$ ;}

[ToaTomy
Y fl@g®= Y fl@wgh)+ f(a)g(b)—(Zf(a))( ) g(b)),
ab<x (a,b)eEy (a,b)€E, asy b<x/y

OTKyZla U CIeZiyeT yTBep:KAeHIe 3aJa4n.
Ynpaxuenue 17. Umeem S(x) = . f(n)‘G( )‘ > f(n)H( ) rae H(x) =

n<x n<x

=> h(n) u |h(n)|<|g(n)| (ynpaxuenue 5). [TosTomy

3 1gml[F(3)]

nsx

1SCO)|=

3 h(n)F( )|<

nsx

YnpaxHenue 18.

ft rr(t)dt—ft 1(2 1)dt—2 ft ldt= 3 (Inx—Inp)=7n(x) Inx—0(x).

pst psxp psx

YnpaxHenue 19. meem L(x) =)’ w(%) " L(g) =) w(%) [TosToMy

ror-21(5) =9 (3) +0(2) - (3) -
Tak kak ImocieoBaTeJIbHOCTD k— l/} (%) HeBO3pacTaro1ias, TO

P =10 -2L(3) 200 -y (3).
B cury dopmynsl CTupiauHra
L(x)—ZL(;C) xInx—x+0(nx)— 2( lnE———i-O(ln%))=x1n2+0(lnx).
[Moatomy Y (x) =xIn2+0(nx) u
weo :0<ks(1§)/(ln2) w(zx_k) —lﬁ(%) gosks(1§)/(ln2)L(2k) ZL(ZkH)

= D (iklnz—i—o(lnx))$2x1n2+0(ln2x).
0<k<(Inx)/(In 2)

Yopaxnenue 20. 113 In=Ax*1 umeem

Le)=Y lnn=3 Am| X |=x ¥ 20 -5 am{Z}.

nsx nsx nsx nsx

[ToaTomy

=0(D),

A(n) LG -1
ZT—lnx‘—‘ - Inx+x ZA(n){ }

nsx nsx

MOCKOMBKY L(x)=xInx+0(x) u Y. A(n){ }<1/;(x)=0(x).

nsx
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Yupaxxknenue 21. Tak kak |u(n)| <1 u u(n) =0 npu 4|n, umeem

3(x+ 1)
S uelslxl- | 3] <=
Ynpaxuenue 22. ¢,(s) =1/4(s), ®1,(s)=—"(s) u &, (s)=—{"(s)/L(5).
Yopaxxaenue 23. I'paduk GyHKImu ¢ (x /n) nomydaerca us rpadpuka GyHKIUH ¢
pactskeHHueM ¢ KoaddunreHToM n BAosib ocu Ox. ®yHKIuA ¢ (x/n) obpaujaercs B
TOX/IECTBEHHBIN HOJIb Ha uHTepBase (0, n), eciau p obpaiaercsa B Hoib Ha (0, 1).
Yupaxxnenue 24. Ilycts f, g€ .o/, u ¢ € Z. Torga umeem

(87050 =T fmS,e ()= fom Teme (47 ) =T Famzee ()=
=3 (X fomzm)e () =20 00 () =00

mn=k

[Toatomy S;o0S,=S,,-
Ynpaxkuenue 25. VimeeM S5 (x) = 5(n)¢p (%) =@ (x); et g — obGPATHBIHI
aneMeHT K f B anrebpe Jupuxie, T0 S;0S,=S,08;=S5;,,=Ss=id,.
YupaxkHeHue 26. VIHTerpupys Mo 4acTaMm, Iosydaem

2 ()= [ @ -Df O de= ({0~ {t3+5 ) FO| - ({t}z {th+3)f @,

me f(O=t2(1+In(3 ) ). Maree, |{t}2 {1+ % ‘ < % u f/(0) =273 (n t — In(xe®?)),
oTkyza |16x 1a(x)| < |f )|+ [f(x) — f(xe®?)| + |f (xe*?)| = (2 +e~)x~2. B urore

-3
GOl <28
YrnpaxHeHue 27. OTO paBeHCTBO PABHOCWIBHO CJIeZYIOLIEMY:
1 -
Zu(n)(————i—aap(%)):l—x l=p,(0) (x=1). (70)

nsx
HPHMEHI/IB o6pa1_ue1-me Mé6Hyca nosry4yaem, 4To (70) PAaBHOCHUJIBHO TOMY, 4YTO

o= %

nsx

npu x = 1. Ho

G ) e I

n<x n<x

Ynpaxsenue 28. [Tonoxum
1
N0 =(=1—=){x}+7y01+e010(x) —xe10(x)=—7r{x}+701 — 3 +e(x),
rae le(x)] < % pu x = 1 (cMm. ynpakaenue 12). ITosTomy

—y+Inv2n—

<n(x)<lnv2m- %,

l\.ll»—l

1.1
2 4
OTKyza |n(x)|< u Ip(x)l—‘(— —{x}) lnx—i—n(x)‘ ~Inx+ %
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Ynpaxuenue 29. Eciu |F(y)|<Cy npu y =1, T0

2 f) logk(f) ‘ = ‘fk(log t)"‘lt-lFG) de
1

nsx n

<

X (o]
< kaf (log ) 1t72dt < kafe’”uk’1 du=k!-Cx.
1 0

Yupaxuenne 30. Ecnu ¢ HeyObIBarolas, TO «w HeBo3pacTawomas u hw(nh) <
nh

< f w(t)dt (neN, h>0). CregoBaTesbHO, UMEEM HEPABEHCTBO
(n-Dh

1 0
hY w@h) < [o®) dt= [ @@t dt.
n 0 1

Yupaxxaenue 31. dynkuus w(t) = ¢ (1/t) unrerpupyema o Pumany Ha [0, 1] u
paBHa HyJIIO Ha [O, %) Janee, umeeM x1S;0(x)=h > w(nh), tae h=1/x. Tak
n<1/h

S wmh)+ (1—}{%)@(1)

n<1/h

KakK

SIBJISIETCS UHTErpaJIbHOM cymMMon PuMana i yHKIMU w Ha [0, 1], aTa BetnymHa
1 1 a

CTPEMUTCA K f w(t) dt mpu h — 0. 3Hauur, x 'S (x) — f w(t) dt:f p®t2dt

0 0 1
IIpU X — CO.

Yopaxknenue 32. IIycts C TakoBo, uTo |¢ (x)| < Cx mpu x = 1. Ilycts, ganee,
£>0wu A>1 TakoBhl, 4TO | (Xx)| < ex mpu x = A. Torza

[S1p (I < Z ‘SD(%)‘-I— Z ‘P(%)‘$€X21+Cx Z %$

n<x/A x/A<n<x n<x 1 x/A<n<x

$ex(lnx+1)+Cx(lnA+£) <2exInx

IIPU ZOCTATOYHO GOJBIIOM X.
Yopaxxnenue 33. [Tycte N=|x| (=1).IIpu 1<n<N — 1 umeem

Foe(X) =5 o (X) e s T (o(2) (%)) de<

n+1 x n+l /x/n
< [ F@e(3)de+fo) [ (ﬂ«p’(u)ldu)drs

n x/t

n+1

(
< J roe(
(

x/n

)

%)d“rf(”) [ lo'ldu<
x/(n+1)

)

n+1

< [ fe(3

x/n

de+ | Iap'(u)|f(§)du. (71)

x/(n+1)
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Kpowme Toro,

x/N x/N

a0 (i) =ren [ (u)du<f(N)fIx0 wldus [1g'@lf(3) a2

B utore nosryqyaem

(71) (72)

3 fe(3) =3 foe(3) =% raoe(3) +ra0e(5) s

n+1

<3 Troe()a+ s T ioair(Z)at | lo@if(Z) du=

n<N n n<N x/(n+1)
x/N

—ff(t)go( )de+ [ lelf (%) dut J o' If (2) dus

<ff(t)g0( )dt+f|go (u)If( )

OTMeTHM, YTO TIpeZyioKeHue 8 U ynpakHeHue 33 MOKXHO GbUTO 6bI 06BEAUHUTD
B OZ[HO, OoJiee obllee, yTBep)KAeHUE (C aHAIOTUYHBIM [I0KA3aTeTbCTBOM), €CIH ObI
MBI BOCIIOJIb30BA/IUCh TIOHATHEM UHTerpana CTHUITheca.

Yupaxaenue 34. PaBeHcTBO (1) :Z f(d)g(n/d) nmpu HEUETHOM n 3aMUCHIBa-

d|n
ercs B Buzie u(n) =g(n), a mpu yetHom n — B Buze u(n) =g(n) —gn/2)=—g(n/2).
Ectu n/2 getHoe, To 4|n u u(n) =0=—g(n/2). Ecmu n/2 HeueTHOE, TO g(N/2) =

=un/2)=—-u(n).
Mostomy [M(0)|=| ¥ F(mG(*)
HEeYeTHBIX YKCesl B UHTepBaje (%, x} . [locnenHnee paBHO X4 {5 - 1} - {E - },

1 1 3 4 4 2 2 2
asmp([2-3)-{2-1)=2

YrnpaxHeHue 35. Pe3y/brar ypakHeHUA 27 MOXXHO II€PENUCaTh B BUZe

= | G)-G (g) | He TIPeBOCXOAUT KOJINYecTBa

fz: 2M(t)dt+x-1fM( '@ de=2x"-2x2 (xz1),
o —{0?

t
Tak xak |tp’ ()| <1 (ympaxkuenue 6) u |[M(t)| < % (ympaxHeHue 34), nMeeM

<A+ Eetedms

rae ¢ ()=

H-(M(%)ap'(t) dt| <

OTKyZia

ox1_gy2_1_3Inx <

G 31
e ft 2M(6) det <2x~' —2x 24 1 4 20X

4" 4x
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1 3lnx
Z+ 4x

[Tpu x = 16 umeem |2x’1 —2x72+ ( ) ‘ < % ITpu 1 < x < 16 nerko mnpose-

PUTh, 4TO 0 $f t2M (1) dt < %

1
YupaxxaHeHue 36. PaccMoTpuM 6osiee OOIIHME BOIIPOC: KOT/la UMEET HEeHyJIEBbIE
pelienus ypaBHeHue b - f =ax* f, rime a,b € .o/ u Bce 3HaueHus GyHKUMM b pas-
aryHbl? OKas3bplBaeTcsA, TOrZia U TOIBKO Torja, korga a(1l) npuHazAIeXuT MHOXXeCTBY
b(N) 3Hauenuii GpyHkuuu b.
JleticTBUTENBHO, TIyCTh Ny =min{n, f(n)#0}. 13

fa) @) -a)= ¥ a@f(5)=0
dlng, d>1
creayer, uto a(1)=b(n,). O6patHo, ecm a(1)=b(n,), To MOXHO MOACKUTH f (1) =0
IpH n < n,, BeIOpaTh f(n;) MPOM3BOIBHBEIM 00pa3oM U HaWTH f(n) mpu n >n; Mo
gopuyne f(m)=(bm b)) ¥ a@f().
dn, d>1
YopaxHenue 37.

Sp0=3 fme(X)=3 fFmanme(*)

n<x n<x

= (ngxf(n)«p(%)) nx- Y fme(X)n(X)=5000 x5 o).

nsx

Ynpaxkuenue 38. Vmeem A, (1) =A(n) Inn+ > A(DA ( %) . TToaTomy A, (1) =0,
d|n

Ay (p¥) = (2k — 1) In® p (p mpocroe, k €N), A,(p*q))=2Inp-Inq (p, q mpocteIe,
k,leN) u A,(n) =0, eciu n uMeeT Gosiee ABYX PA3TUYHBIX POCTHIX JETUTENEN.
Yupaxaenue 39. JleBas 4acTb OTIMYAETCA OT 4 (X) CJlaraeMbIMU CIIEAYIOIETO
BHUJA:
* (2k —1) In® p, rze p mpocToe, k = 2, p* < x; UX BK/IaZ MOMKHO OLIEHUTb CBEPXY:

O( >k D lnzp)zo(ﬁln3x);

2<k<ily pRsx

e 2Inp-Ingq, rae p, q mpocThie, p <q, max(k, 1) =2 u p*q' <x; ux BKIaA TOXKE
MOJKHO OIIEHHTDH CBEPXY:

O(ZZlnp > lnq):O( > lnp-}%)zo(x),

k=2 p gl <x/pk p, k=2

_Inp
[IOCKONBKY pAZL . = — CXOAUTCA.
p, k=2
B urore Mbl IIOJIy4YWIN UCKOMYIO OLI€HKY.
YopaxxaeHue 40. YTBep:K/IleHHe HEITOCPECTBEHHO CileflyeT U3 ToxzecTsa (56),

JleMMBbI AKcepa U TeopeMbl O IIPOCTHIX uuciax B Buge M (x) =o(x).
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