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Ââåäåíèå

Íàñòîÿùèé êóðñ ëåêöèé ïîñâÿùåí èçó÷åíèþ íåëèíåéíîé è ëèíåéíîé (ñïåêòðàëüíîé)
óñòîé÷èâîñòè ãðàíè÷íûõ ñîñòîÿíèé (áåãóùèõ âîëí) â áåñêîíå÷íûõ ïðîñòðàíñòâåííûõ
îäíîìåðíûõ îáëàñòÿõ.

Ôàêò íåëèíåéíîé óñòîé÷èâîñòè ãðàíè÷íûõ ñîñòîÿíèé, äîñòàòî÷íî áûñòðî óáûâàþ-
ùèõ íà âåùåñòâåííîé ïðÿìîé R è ñîîòâåòñòâóþùèì ðåøåíèÿì òðàíñëÿöèîííî èíâàðè-
àíòíûõ áåñêîíå÷íîìåðíûõ ãàìèëüòîíîâûõ ñèñòåì, óñòàíàâëèâàåòñÿ íà îñíîâàíèè ïðî-
âåðêè ñôîðìóëèðîâàííûõ óñëîâèé óñòîé÷èâîñòè. Ýòè óñëîâèÿ, ÿâëÿÿñü äîñòàòî÷íûìè,
ïðåäïîëàãàþò ïðîâåðêó ñïåêòðàëüíûõ ñâîéñòâ îïåðàòîðà, âîçíèêàþùèõ â ðåçóëüòàòå
ëèíåàðèçàöèè ôóíêöèîíàëà, èìåþùåãî ñìûñë ôóíêöèè Ëÿïóíîâà. Âîîáùå ãîâîðÿ, îá
îáû÷íîé óñòîé÷èâîñòè, êîãäà ìàëîå âîçìóùåíèå ðåøåíèÿ îñòàåòñÿ ìàëûì, äëÿ ðåøåíèÿ
òðàíñëÿöèîííî-èíâàðèàíòíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ãîâîðèòü íå ïðèõîäèòñÿ.
Ðåøåíèÿ òàêèõ óðàâíåíèé ïîäëåæàò íà èññëåäîâàíèå íàëè÷èþ îðáèòàëüíîé óñòîé÷è-
âîñòè, ò. å. óñòîé÷èâîñòè �ñ òî÷íîñòüþ äî ñäâèãà�. Êàê ñëåäñòâèå, â çàäà÷àõ îá óñòîé-
÷èâîñòè ãðàíè÷íûõ ñîñòîÿíèé íå óäàåòñÿ ïîñòðîèòü ôóíêöèþ (ôóíêöèîíàë) Ëÿïóíîâà,
êîòîðàÿ èìåëà áû ëîêàëüíûé ìèíèìóì, îïðåäåëÿåìûé ñèñòåìîé îêðåñòíîñòåé îñíîâíî-
ãî ôóíêöèîíàëüíîãî ïðîñòðàíñòâà çàäà÷è. Â ñëó÷àå âûïîëíåíèÿ óñëîâèé îðáèòàëüíîé
óñòîé÷èâîñòè ôóíêöèÿ Ëÿïóíîâà èìååò óñëîâíûé ëîêàëüíûé ìèíèìóì, ò. å. ëîêàëü-
íûé ìèíèìóì íà íåêîòîðîì íåëèíåéíîì ïîäìíîãîîáðàçèè îñíîâíîãî ôóíêöèîíàëüíîãî
ïðîñòðàíñòâà ñèñòåìû óðàâíåíèé â òî÷êå, çàäàâàåìîé ðåøåíèåì, ïîäëåæàùèì èññëå-
äîâàíèþ íà óñòîé÷èâîñòü. Ýòî íåëèíåéíîå ìíîãîîáðàçèå, êàê ïðàâèëî, îïðåäåëÿåòñÿ
óñëîâèåì ïîñòîÿíñòâà ôóíêöèîíàëà, èíâàðèàíòíîñòü êîòîðîãî â ñèëó îñíîâíîé ñèñòå-
ìû óðàâíåíèé ñâÿçàíà ñ òðàíñëÿöèîííîé èíâàðèàíòíîñòüþ çàäà÷è (Grillakis et al. [40],
ñì. òàêæå Grillakis et al. [41]).

Ìåòîäû, èñïîëüçóåìûå ïðè äîêàçàòåëüñòâå îðáèòàëüíîé óñòîé÷èâîñòè, îòíîñÿòñÿ
ê ãåîìåòðè÷åñêîìó ïîäõîäó, âïåðâûå ðàçâèòîìó â ðàáîòàõ Benjamin [20], Bona [23]
äëÿ äîêàçàòåëüñòâà óñòîé÷èâîñòè ñîëèòîíîâ óðàâíåíèé Êîðòåâåãà�äå Ôðèçà (ÊäÔ)
è Áåíäæàìèíà�Áîíû�Ìàõîíè ñîîòâåòñòâåííî. Àíàëîãè÷íûå ìåòîäû èñïîëüçîâàëèñü
äëÿ óñòàíîâëåíèÿ óñòîé÷èâîñòè ñîëèòîííûõ ðåøåíèé, íàïðèìåð, óðàâíåíèÿ Áåíäæà-
ìèíà�Îíî (Bennet et al. [22]), íåëèíåéíîãî óðàâíåíèÿ Êëåéíà�Ãîðäîíà è óðàâíåíèÿ
Øð�åäèíãåðà (Shatah, Strauss [66]), óðàâíåíèÿ äëÿ âîëí ñðåäíåé äëèíû (Albert et al. [15]),
îáîáùåííîãî óðàâíåíèÿ Áóññèíåñêà (Bona, Sachs [24]), óðàâíåíèÿ ÊäÔ ñ ïÿòîé ïðîèç-
âîäíîé (Il'ichev, Semenov [52]), óðàâíåíèÿ òèïà ÊäÔ (Bona et al. [25]). Â òåîðèè óïðóãî-
ñòè ïîäîáíûå ìåòîäû ïðèìåíÿëèñü äëÿ äîêàçàòåëüñòâå óñòîé÷èâîñòè óåäèíåííûõ âîëí
â êîìïîçèöèîííûõ ìàòåðèàëàõ (Èëüè÷åâ [2], Il'ichev [47]). Àíàëèç óñòîé÷èâîñòè èçãèá-
íûõ óåäèíåííûõ âîëí íà íåðàñòÿæèìûõ óïðóãèõ ñòåðæíÿõ (Beliaev, Il'ichev [21]) îáîá-
ùåí â ðàáîòå Dichmann et al. [36] íà ñëó÷àé, êîãäà ó÷èòûâàåòñÿ ýíåðãèÿ âðàùåíèÿ,
êîòîðàÿ ÿâëÿåòñÿ ìàëîé ïî ñðàâíåíèþ ñ ïîëíîé ýíåðãèåé ñòåðæíÿ, è ïîëó÷åí àíàëîãè÷-
íûé ðåçóëüòàò îá óñòîé÷èâîñòè äîêðèòè÷åñêèõ óåäèíåííûõ âîëí. Ðîäñòâåííûé ïîäõîä
ê çàäà÷àì óñòîé÷èâîñòè ñîëèòîíîïîäîáíûõ ðåøåíèé, îñíîâàííûé íà ñâîéñòâàõ ôóíê-
öèè Ëÿïóíîâà, ðàçâèò â ðàáîòàõ Weinstein [69], Wenstein [70]. Â ìîíîãðàôèè Strauss [67]
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ïðåäñòàâëåíî ââåäåíèå â òåîðèþ íåëèíåéíîé óñòîé÷èâîñòè ñîëèòîíîïîäîáíûõ ðåøåíèé
íåëèíåéíûõ âîëíîâûõ óðàâíåíèé, îïèñûâàþùèõ êîíñåðâàòèâíûå ñèñòåìû.

Â ñèëó òîãî, ÷òî óñëîâèÿ óñòîé÷èâîñòè íîñÿò äîñòàòî÷íûé õàðàêòåð, èõ íàðóøåíèå,
âîîáùå ãîâîðÿ, íå îçíà÷àåò íåóñòîé÷èâîñòè. Ïîýòîìó â ñëó÷àå íàðóøåíèÿ ýòèõ óñëî-
âèé íåóñòîé÷èâîñòü ãðàíè÷íûõ ñîñòîÿíèé ñòðóêòóð óñòàíàâëèâàåòñÿ ïðè ïîìîùè äðó-
ãèõ ìåòîäîâ. Èìåííî, èçó÷àåòñÿ ëèíåéíàÿ íåóñòîé÷èâîñòü. Ïðîâîäèòñÿ ëèíåàðèçàöèÿ
îñíîâíûõ óðàâíåíèé íà ôîíå ñîîòâåòñòâóþùåãî ðåøåíèÿ. Ðåøåíèÿ ëèíåàðèçîâàííîé
çàäà÷è, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé íåîäíîðîäíîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå, èùåòñÿ â âèäå ñîáñòâåííîé ôóíêöèè ñ ìíîæèòåëåì eλt, ãäå t � âðåìåíí�àÿ ïåðå-
ìåííàÿ, à λ � ñïåêòðàëüíûé ïàðàìåòð. Íåóñòîé÷èâîñòü èìååò ìåñòî, êîãäà ñóùåñòâóåò
ñîáñòâåííàÿ ôóíêöèÿ � óáûâàþùåå íà áåñêîíå÷íîñòè ðåøåíèå � äëÿ íåêîòîðîãî çíà÷å-
íèÿ ñïåêòðàëüíîãî ïàðàìåòðà ñ Reλ > 0. Èíûìè ñëîâàìè, ñîîòâåòñòâóþùàÿ îáîáùåí-
íàÿ ñïåêòðàëüíàÿ çàäà÷à èìååò ñîáñòâåííûå çíà÷åíèÿ ñ ïîëîæèòåëüíîé âåùåñòâåííîé
÷àñòüþ.

Ðåçóëüòàòû î íåóñòîé÷èâîñòè ïîëó÷åíû ïðè ïîìîùè èñïîëüçîâàíèÿ ñâîéñòâ ôóíê-
öèè Ýâàíñà. Ôóíêöèÿ Ýâàíñà D(λ) ñòðîèòñÿ êàê àíàëèòè÷åñêàÿ â ïðàâîé êîìïëåêñíîé
ïîëóïëîñêîñòè ôóíêöèÿ ñïåêòðàëüíîãî ïàðàìåòðà, èìåþùàÿ òàì íóëè â òåõ è òîëüêî
òåõ òî÷êàõ, êîòîðûå ñîâïàäàþò ñ äèñêðåòíûì ñïåêòðîì ñîîòâåòñòâóþùåé çàäà÷è íà ñîá-
ñòâåííûå çíà÷åíèÿ. Èñïîëüçîâàíèå ôóíêöèè Ýâàíñà äëÿ óñòàíîâëåíèÿ íåóñòîé÷èâîñòè
óåäèíåííûõ âîëí è ôðîíòîâ âïåðâûå áûëî ïðåäïðèíÿòî â ðàáîòå Pego, Weinstein [62].
Â ïàðàáîëè÷åñêèõ çàäà÷àõ èäåè Ýâàíñà (Evans [38]) ïîëó÷èëè äàëüíåéøåå ðàçâèòèå â ðà-
áîòàõ Jones [53], Alexander et al. [17] è Kapitula [54]. Ôóíêöèÿ Ýâàíñà äëÿ ïåðèîäè÷åñêèõ
ðåøåíèé ïîñòðîåíà â ðàáîòå Oh, Sandstede [60]. Äëÿ íåëîêàëüíûõ óðàâíåíèé ôóíêöèÿ
Ýâàíñà ïðåäñòàâëåíà â ðàáîòå Kapitula et al. [58]. Àâòîðû ðàáîòû Alexander, Sachs [16]
îáîáùèëè ðåçóëüòàòû ðàáîòû Pego, Weinstein [62] íà ñëó÷àé óðàâíåíèé òèïà Áóñèíåñêà,
â ðåøåíèÿõ êîòîðûõ ïðèñóòñòâóþò äâå óáûâàþùèå ìîäû. Ñëó÷àé òðåõ ìîä ðàññìîòðåí
â ñòàòüÿõ Il'ichev, Fu [49]; Il'ichev, Fu [50]; Fu, Il'ichev [43]; Il'ichev et al. [51]. Èñïîëüçîâà-
íèå ôóíêöèè Ýâàíñà äëÿ èññëåäîâàíèÿ íåóñòîé÷èâîñòè íåëèíåéíûõ âîëí â ðàçëè÷íûõ
îáëàñòÿõ ãèäðîìåõàíèêè, íåëèíåéíîé òåîðèè óïðóãîñòè è ôèçèêè ïðåäïðèíèìàëîñü â
ðàáîòàõ Swinton, Eglin [68]; Pego et al. [63]; Alexander et al. [18]; Gardner, Zumburin [39];
Kapitula [55]; Kapitula, Sandstede [56]; Afendikov, Bridges [19]; Bridges et al. [26]; Kapitula,
Sandstede [57]; Gubernov et al. [42]; Èëüè÷åâ [3]; Il'ichev [48]; Humpreus et al. [46];
Sandstede [64]; Pearce, Fu [61]; Èëüè÷åâ, Òîìàøïîëüñêèé [6]; Èëüè÷åâ è äð. [8]; Èëüè÷åâ,
×óãàéíîâà [7]; Chugainova et al. [27]; Huang et al. [45]; Chugainova et al. [28].



Ãëàâà 1. Îðáèòàëüíàÿ óñòîé÷èâîñòü

1.1. Áåñêîíå÷íîìåðíûå òðàíñëÿöèîííî-èíâàðèàíòíûå ãàìèëüòîíîâû

ñèñòåìû

Áóäåì ïðåäïîëàãàòü, ÷òî âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî X ïëîòíî âëîæåíî
â L2 (âëîæåíèå X ⊂ L2 ïëîòíî), ãäå L2 = L2(R) × L2(R) × · · · × L2(R) � ïðîñòðàíñòâî
èíòåãðèðóåìûõ íà âñåé âåùåñòâåííîé îñè ñ êâàäðàòîì âåêòîð-ôóíêöèé.

Ðàññìîòðèì áåñêîíå÷íîìåðíóþ ãàìèëüòîíîâó ñèñòåìó âèäà

du

dt
= JE ′(u(t, ·)), u(t, ·) ∈ X, (1.1.1)

u = u(t, x), t ∈ R+, x ∈ R, � âåêòîð-ôóíêöèÿ, E(u) � ôóíêöèîíàë (¾ýíåðãèÿ¿), J �
êîñîñèììåòðè÷åñêèé îïåðàòîð:

⟨Ju,v⟩ = −⟨u, Jv⟩, u,v ∈ D(J) ⊂ X,

J : X→ X∗, ãäå X∗ îáîçíà÷àåò ïðîñòðàíñòâî, ñîïðÿæåííîå ê X. Òîãäà î÷åâèäíûì îáðà-
çîì èìååò ìåñòî ñèñòåìà âêëþ÷åíèé

X ⊂ L2 = L2∗ ⊂ X∗.

Ôóíêöèîíàë ýíåðãèè E : X→ R � C2 (äâàæäû íåïðåðûâíûé) ôóíêöèîíàë, êîòîðûé
îïðåäåëåí íà âñåì X, îïåðàòîð E ′ : X → X∗. Âòîðàÿ ïðîèçâîäíàÿ E(u) � ëèíåéíûé
îïåðàòîð (çàâèñÿùèé îò u) E ′′(u) : X → X∗. Ïåðâûé äèôôåðåíöèàë dE(u), u ∈ X, �
ëèíåéíîå, à âòîðîé äèôôåðåíöèàë d2E(u) � áèëèíåéíîå îòîáðàæåíèå èç X â R ñâÿçàíû
ñ ïðîèçâîäíûìè E ′(u) è E ′′(u) ïî ôîðìóëàì

dE(u) = ⟨E ′(u), δu⟩, d2E(u) = ⟨E ′′(u) δu, δu⟩,
ãäå δu ∈ X � ïðèðàùåíèå u.

Ôîðìà ⟨u,v⟩ äëÿ u ∈ X ⊂ L2, v ∈ L2 = L2∗ ⊂ X∗ â ñâåòå ïðèíÿòûõ ïðåäïîëîæåíèé
î ïðîñòðàíñòâàõ X è L2 ñîâïàäàåò ñî ñêàëÿðíûì ïðîèçâåäåíèåì u è v â L2.

Ïðèìåð 1. Îáîáùåííîå óðàâíåíèå Êîðòåâåãà�äå Ôðèçà (ÊäÔ)

∂u

∂t
+
∂f(u)

∂x
+
∂3u

∂x3
= 0, (1.1.2)

ãäå u ∈ X = H1(R)1, f(z) � ãëàäêàÿ ôóíêöèÿ. Èìååì

J =
∂

∂x
, E(u) =

+∞∫
−∞

(
(∂xu)

2

2
− F (u)

)
dx,

E ′(u) = −∂
2u

∂x2
− f(u), E ′′(u) = − ∂2

∂x2
− f ′(u), F ′(u) = f(u).

1Âûáîð X â äàííîì ñëó÷àå íåîäíîçíà÷åí. Íàïðèìåð, â êà÷åñòâå X ìîæíî áðàòü Hk(R), k ⩾ 1.
Ñîîòâåòñòâóþùèå ñîõðàíÿþùèåñÿ ôóíêöèîíàëû îñòàþòñÿ ãëàäêèìè â ýòèõ ïðîñòðàíñòâàõ.
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Ïðèìåð 2 (Grillakis et al. [40]). Íåëèíåéíîå âîëíîâîå óðàâíåíèå

∂2u

∂t2
− ∂2u

∂x2
+ f(u) = 0. (1.1.3)

Óðàâíåíèå (1.1.3) çàïèñûâàåòñÿ â âèäå (1.1.1), ãäå

u =

(
u
v

)
, J =

(
0 1
−1 0

)

E(u) =

+∞∫
−∞

(
1

2
v2 +

1

2
(∂xu)

2 + F (u)

)
dx, F ′ = f, F (0) = 0,

E ′(u) =

(
−∂2u+ f(u)

v

)
, E′′(u) =

− ∂2

∂x2
+ f ′(u) 0

0 1

 ,

ãäå u ∈ X = H1(R)× L2(R).
Ïóñòü T (ω) : X→ X � îäíîïàðàìåòðè÷åñêàÿ ãðóïïà ñäâèãîâ

T (ω)w(x) = w(x+ ω) = exp
(
ω ∂x

)
w(x),

T (s)T (r) = T (s+ r),
dT (ω)

dω
= T ′(ω) = T ′(0)T (ω) = T (ω)T ′(0), T ′(0) = I

∂

∂x
,

ãäå T ′(0) = T ′(ω = 0), à I � åäèíè÷íàÿ ìàòðèöà. Áóäåì ïðåäïîëàãàòü, ÷òî T (ω)J =
JT (ω).

Áóäåì ïðåäïîëàãàòü òàêæå, ÷òî E èíâàðèàíòåí îòíîñèòåëüíî äåéñòâèÿ T , ò. å.

E
(
T (ω)u

)
= E(u). (1.1.4)

Ëåììà 1.1 (Grillakis et al. [40]). Èìååò ìåñòî ðàâåíñòâî:

T (−ω)E ′(T (ω)u) = E ′(u). (1.1.5)

Äîêàçàòåëüñòâî.

⟨E ′(T (ω)u), T (ω)v⟩ = ⟨E ′(u),v⟩ = ⟨T (−ω)E ′(T (ω)u),v⟩.
□

Ëåììà 1.2 (Grillakis et al. [40]). Èìååò ìåñòî ðàâåíñòâî

⟨E ′(u), T ′(0)u⟩ = 0. (1.1.6)

Äîêàçàòåëüñòâî. Èç (1.1.4), (1.1.5) ñëåäóåò:

0 =
d

dω
E
(
T (ω)u

)
= ⟨E ′(T (ω)u), T ′(ω)u)⟩ = ⟨E ′(T (ω)u), T (ω)T ′(0)u⟩ =

= ⟨T (−ω)E ′(T (ω)u), T ′(0)u⟩ = ⟨E ′(u), T ′(0)u⟩.

□
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Ïðåäïîëîæèì äàëåå, ÷òî ñóùåñòâóåò îãðàíè÷åííûé îïåðàòîð B : X→ X∗ òàêîé, ÷òî

JB = T ′(0).

Îïðåäåëèì íîâûé ôóíêöèîíàë Q : X→ R ðàâåíñòâîì

Q(u) =
1

2
⟨Bu,u⟩. (1.1.7)

Èç (1.1.7) ñðàçó ñëåäóåò, ÷òî B = B∗. Êðîìå òîãî, äèôôåðåíöèðóÿ (1.1.7), ïîëó÷èì

Q′(u) = Bu, Q′′(u) = B. (1.1.8)

Ïðèìåð 3 (îáîáùåííîå óðàâíåíèå ÊäÔ (1.1.2)).

B = I, Q(u) =
1

2

+∞∫
−∞

u2 dx.

Ïðèìåð 4 (íåëèíåéíîå âîëíîâîå óðàâíåíèå (1.1.3)).

B =

(
0 −∂x
∂x 0

)
, Q(u) =

+∞∫
−∞

∂xuv dx.

Ëåììà 1.3 (Grillakis et al. [40]). Ôóíêöèîíàë Q(u) òàêæå èíâàðèàíòåí îòíîñè-

òåëüíî äåéñòâèÿ ãðóïïû T :

Q
(
T (ω)u

)
= Q(u), ω ∈ R, u ∈ X.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, â ñèëó ïåðâîé ôîðìóëû â (1.1.8)

d

dω
Q
(
T (ω)u

)
=
〈
BT (ω)u, T ′(0)T (ω)u

〉
=
〈
BT (ω)u, JBT (ω)u

〉
= 0.

□

Ëåììà 1.4 (Grillakis et al. [40]). Èìååò ìåñòî ðàâåíñòâî

T (−ω)Q′(T (ω)u) = Q′(u). (1.1.9)

Äîêàçàòåëüñòâî.

⟨T (−ω)Q′(T (ω)u),v⟩ = ⟨Q′(T (ω)u), T (ω)v⟩ = ⟨Q′(u),v⟩.

Èç (1.1.9) òàêæå ëåãêî ñëåäóåò ðàâåíñòâî

T (−ω)BT (ω) = B.

□
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Çàìåòèì, ÷òî E è Q ôîðìàëüíî ñîõðàíÿþòñÿ ïîä äåéñòâèåì ïîòîêà (1.1.1). À èìåííî,
èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1.5 (Grillakis et al. [40]).

dE

dt
= 0

â ñèëó óðàâíåíèÿ (1.1.1).

Äîêàçàòåëüñòâî.

dE

dt
=

〈
E ′(u),

du

dt

〉
= ⟨E ′(u), JE ′(u)⟩ = 0.

□

Ëåììà 1.6 (Grillakis et al. [40]).

dQ

dt
= 0

â ñèëó óðàâíåíèÿ (1.1.1).

Äîêàçàòåëüñòâî. Èç ïåðâîé ôîðìóëû (1.1.8) ñëåäóåò

dQ

dt
=

〈
Bu,

du

dt

〉
= ⟨Bu, JE ′(u)⟩ =

= −⟨JBu, E ′(u)⟩ = −
〈
T ′(0)u, E ′(u)

〉
= 0

âñëåäñòâèå (1.1.6).

1.2. Òåîðåìû îá îðáèòàëüíîé óñòîé÷èâîñòè

Ïóñòü ϕV ∈ X.
Îïðåäåëåíèå 1. Ïîä ãðàíè÷íûì ñîñòîÿíèåì áóäåì ïîíèìàòü ðåøåíèå óðàâíåíèé

(1.1.1) âèäà

ϕV (ζ) = T (−V t)ϕV , t ∈ R, ζ = x− V t,

ãäå V � ïàðàìåòð, èìåþùèé ñìûñë ñêîðîñòè âîëíû.

Îïðåäåëåíèå 2. Çàäà÷ó Êîøè äëÿ óðàâíåíèé (1.1.1) áóäåì íàçûâàòü êîððåêòíî

ïîñòàâëåííîé, åñëè äëÿ ëþáîãî w0 ∈ X âáëèçè ϕV â X, ∥w0 − ϕV ∥ < γ, ñóùåñòâóåò
è åäèíñòâåííà âåêòîð-ôóíêöèÿ w(t, ·) ∈ C([0,∞),X), íåïðåðûâíàÿ ñî çíà÷åíèÿìè â X,
∥ · ∥ îáîçíà÷àåò íîðìó â X, w(0) = w0, òàêàÿ ÷òî äëÿ âñåõ t ∈ [0,∞), E(w) = E(w0),
Q(w) = Q(w0).

Ëåììà 1.7 (Grillakis et al. [40]). Åñëè ϕV óäîâëåòâîðÿåò �ñòàöèîíàðíîìó� óðàâíå-

íèþ

E ′(ϕV ) + V Q′(ϕV ) = 0, (1.2.1)

òî T (−V t)ϕV � ãðàíè÷íîå ñîñòîÿíèå.
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Äîêàçàòåëüñòâî. Èìååì ñ ó÷åòîì (1.2.1), (1.1.5) è (1.1.9):

d

dt
T (−V t)ϕV = −V T ′(0)T (−V t)ϕV = −V JBT (−V t)ϕV

= −V JT (−V t)Q′(ϕV ) = JT (−V t)E ′(ϕV ) = JE ′(T (−V t)ϕV

)
.

□

Áóäåì ïðåäïîëàãàòü âûïîëíåíèå ñëåäóþùèõ óñëîâèé.

Ïðåäïîëîæåíèå 1. Ðåøåíèå çàäà÷è Êîøè ñóùåñòâóåò â óêàçàííîì âûøå ñìûñëå.

Èíîãäà îïðåäåëåíèå êîððåêòíîñòè çàäà÷è Êîøè áóäåò ñëåãêà ìîäèôèöèðîâàíî, êàê
â ïàðàãðàôå 4 íàñòîÿùåé ãëàâû.

Ïðåäïîëîæåíèå 2. Ñóùåñòâóþò V1 < V2 è ãëàäêîå îòîáðàæåíèå V → ϕV èíòåð-
âàëà (èëè ïîëóèíòåðâàëà) (V1, V2) â X òàêèå, ÷òî äëÿ êàæäîãî V ∈ (V1, V2)

(a) èìååò ìåñòî ðàâåíñòâî (1.2.1);

(á) T ′(0)ϕV ̸= 0.

Îïðåäåëèì ñêàëÿð

d(V ) = E(ϕV ) + V Q(ϕV ) (1.2.2)

è îïåðàòîð H : X→ X∗:

H = E ′′(ϕV ) + V Q′′(ϕV ). (1.2.3)

Ëåãêî âèäåòü, ÷òî îïåðàòîð H, îïðåäåëåííûé (1.2.3), ñàìîñîïðÿæåí (Grillakis et al. [40]).

Ëåììà 1.8 (Grillakis et al. [40]).

HT ′(0)ϕV = 0,

ò.å. â ðåçóëüòàòå òðàíñëÿöèîííîé èíâàðèàíòíîñòè ïî x ó îïåðàòîðà H èìååòñÿ

íóëåâîå ñîáñòâåííîå çíà÷åíèå ñ ñîáñòâåííûì âåêòîðîì

T ′(0)ϕV = ∂xϕV .

Äîêàçàòåëüñòâî. Â ñèëó ëåìì 1.1 è 1.4 èìååì

E ′(T (ω)ϕV

)
+ V Q′(T (ω)ϕV

)
= T (ω)

[
E ′(ϕV

)
+ V Q′(ϕV

)]
= 0.

Äèôôåðåíöèðóÿ ýòî ðàâåíñòâî ïî ω è ïîëàãàÿ ω = 0, ïîëó÷èì èñêîìîå ðàâåíñòâî. □

Âîçìóùåííàÿ óåäèíåííàÿ âîëíà, ìàëî îòëè÷àþùàÿñÿ îò ñàìîé óåäèíåííîé âîëíû,
èìååò, òåì íå ìåíåå, äðóãóþ ñêîðîñòü, è ñî âðåìåíåì óáåæèò îò èñõîäíîé âîëíû. Ïî-
ýòîìó ïîä äèíàìè÷åñêîé óñòîé÷èâîñòüþ óåäèíåííîé âîëíû ïîíèìàåòñÿ îðáèòàëüíàÿ
óñòîé÷èâîñòü.
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Îïðåäåëåíèå 3. Îðáèòà {T (ω)ϕV , ω ∈ R} óñòîé÷èâà, åñëè äëÿ ëþáîãî ε > 0
ñóùåñòâóåò δ > 0, òàêàÿ, ÷òî åñëè ∥u0 − ϕV ∥ < δ è ñóùåñòâóåò ðåøåíèå u(t) (â ñìûñëå
îïðåäåëåíèÿ 2) íà íåêîòîðîì ïîëóèíòåðâàëå [ 0, t0) c u(0) = u0, òî u(t) ìîæåò áûòü
ïðîäîëæåíà äî ðåøåíèÿ íà 0 ⩽ t <∞ è

sup
0⩽t<∞

inf
ω∈R
∥u(t)− T (ω)ϕV ∥ < ε.

Â ïðîòèâíîì ñëó÷àå îðáèòà íàçûâàåòñÿ íåóñòîé÷èâîé.

Åñëè âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ 1, 2 è åñëè ÿäðî îïåðàòîðà H íàòÿíóòî òîëü-
êî íà âåêòîð T ′(0)ϕV è ïîëîæèòåëüíûé ñïåêòð îòäåëåí îò íóëÿ, òî ëåãêî äîêàçàòü,
÷òî îðáèòà ϕV ÿâëÿåòñÿ óñòîé÷èâîé (â ñìûñëå îïðåäåëåíèÿ 3). Îäíàêî ÷àñòî áûâàåò,
÷òî îïåðàòîð H âî âñåì ïðîñòðàíñòâå X èìååò îòðèöàòåëüíûå ñîáñòâåííûå çíà÷åíèÿ.
Ïîýòîìó ïðèìåì ñëåäóþùåå óñëîâèå.

Ïðåäïîëîæåíèå 3. Ïóñòü äëÿ êàæäîãî V ∈ (V1, V2) ñïåêòð H èìååò â òî÷íîñòè
îäíî ïðîñòîå îòðèöàòåëüíîå ñîáñòâåííîå çíà÷åíèå, åãî ÿäðî íàòÿíóòî íà T ′(0)ϕV , è
ïîëîæèòåëüíûé ñïåêòð H îòäåëåí îò íóëÿ.

Íèæå áóäåò äàíî äîêàçàòåëüñòâî ñëåäóþùåãî îñíîâíîãî óòâåðæäåíèÿ îá îðáèòàëü-
íîé óñòîé÷èâîñòè.

Òåîðåìà 1.1 (Grillakis et al. [40]). Åñëè âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ 1�3, îð-
áèòà ϕV óñòîé÷èâà òîãäà, êîãäà ôóíêöèÿ d(V ), îïðåäåëÿåìàÿ ôîðìóëîé (1.2.2), âû-
ïóêëà2 .

Ëåììà 1.9 (Grillakis et al. [40]). Åñëè d(V ) âûïóêëà, ò.å. d′′(V ) > 0, òî H èìååò

îòðèöàòåëüíûé ñïåêòð.

Äîêàçàòåëüñòâî. Äèôôåðåíöèðóÿ (1.2.1) ïî V , èìååì

Hϕ̇V = −Q′(ϕV ), ϕ̇V =
dϕV

dV
.

Äèôôåðåíöèðóÿ ïî V (1.2.2) äâàæäû è èñïîëüçóÿ îïðåäåëåíèå (1.2.3), ïîëó÷èì

d′′(V ) = ⟨Q′(ϕV ), ϕ̇V ⟩ = −⟨Hϕ̇V , ϕ̇V ⟩. (1.2.4)

Òàêèì îáðàçîì, ⟨Hϕ̇V , ϕ̇V ⟩ < 0, åñëè d′′(V ) > 0. □

Îêðåñòíîñòü Uε îðáèòû óåäèíåííîé âîëíû îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Uε =
{
u ∈ X, inf

ω∈R
∥u(·, t)− T (ω)ϕV ∥ < ε

}
.

Ëåììà 1.10 (Grillakis et al. [40]). Ñóùåñòâóåò ε > 0 è ãëàäêîå îòîáðàæåíèå

ω : Uε → R òàêèå, ÷òî äëÿ âñåõ w ∈ Uε

⟨T
(
ω(w)

)
w, ∂xϕV ⟩ = 0. (1.2.5)

2Ìîæíî ïîêàçàòü (ñì. Grillakis et al. [40]), ÷òî åñëè îïåðàòîð J � ñþðúåêòèâåí, êàê â ïðèìåðå 2
ðàçäåëà 1.1, âûïóêëîñòü ôóíêöèè d(V ) ïðè âûïîëíåíèè ïðåäïîëîæåíèé 1�3, íåîáõîäèìà è äîñòàòî÷-
íà (à íå òîëüêî äîñòàòî÷íà) äëÿ óñòîé÷èâîñòè îðáèòû ϕV . Ìû, îäíàêî, ðàññìàòðèâàåì îïåðàòîð J ,
îïðåäåëåííûé â íà÷àëå ðàçäåëà 1.1, êîòîðûé íå îáÿçàòåëüíî ñþðúåêòèâåí (êàê â ïðèìåðå 1).
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Äîêàçàòåëüñòâî. Îïðåäåëèì

ρ(ω) = ⟨T (ω)u− ϕV , T (ω)u− ϕV ⟩.

Èìååì

ρ′(ω) = 2⟨T (ω)u− ϕV , T
′(0)T (ω)u⟩ = 2⟨T (ω)u, T ′(0)ϕV ⟩,

ρ′′(ω) = ⟨T ′(0)T (ω)u, T ′(0)ϕV ⟩.

Ïðè u = ϕV è ω = 0, ρ′(0) = 0 è ρ′′(0) = ⟨T ′(0)ϕV , T
′(0)ϕV ⟩ > 0. Òîãäà ïî òåîðåìå

î íåÿâíîé ôóíêöèè ñóùåñòâóåò δ > 0 è èíòåðâàë I ∈ R, ñîäåðæàùèé òî÷êó ω = 0,
òàêèå, ÷òî äëÿ u ∈ Uδ è ω : Uδ → I óðàâíåíèå ρ′(ω) = 0 èìååò åäèíñòâåííîå ðåøåíèå. □

Òåîðåìó 1.1 ïåðåôîðìóëèðóåì ñëåäóþùèì îáðàçîì.

Òåîðåìà 1.2 (Grillakis et al. [40]). Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1�3. Åñëè
(A) d′′(V ) > 0,
(B) ⟨Hy,y⟩ ⩾ 0, åñëè ⟨Q′ϕV ,y⟩ = 0,
(C) E(u) äîñòèãàåò ëîêàëüíîãî ìèíèìóìà â òî÷êå u = ϕV ïðè âûïîëíåíèè ðàâåí-

ñòâà Q(u) = Q(ϕV ),
(D) îðáèòà ϕV óñòîé÷èâà,

òî (A) =⇒ (B) =⇒ (C) =⇒ (D).

Äîêàçàòåëüñòâî.

(A) =⇒ (B).

Ïóñòü L � ïðîñòðàíñòâî, îïðåäåëÿåìîå ñëåäóþùèì îáðàçîì:

L = {y ∈ X, ⟨Q′(ϕV ),y⟩ = 0}.

Äîêàæåì, ÷òî

⟨Hy,y⟩ ⩾ c0⟨y,y⟩, y ∈ L1, L1 = L ∩ ⟨y, ∂xϕV ⟩ = 0, c0 > 0. (1.2.6)

Èìååì èç (1.2.4)

⟨Hϕ̇V , ϕ̇V ⟩ = −⟨Q′(ϕV ), ϕ̇V ⟩ = −∂VQ(ϕV ) = −d′′(V ) < −ϵ, (1.2.7)

ãäå ϵ = ϵ(V ) � ïîëîæèòåëüíàÿ âåëè÷èíà. Èç ðàçëîæåíèÿ ϕ̇V ñëåäóåò

ϕ̇V = a0χ− + b0 ∂xϕV + p0, p ∈ P , (1.2.8)

ãäå χ− ÿâëÿåòñÿ åäèíñòâåííûì îòðèöàòåëüíûì ñîáñòâåííûì âåêòîðîìH:Hχ− = λ−χ−,
⟨χ−,χ−⟩ = 1, P � ïîëîæèòåëüíîå ïîäïðîñòðàíñòâî H; äëÿ p0 ∈ P , ⟨Hp0,p0⟩ ⩾ δ⟨p0,p0⟩
ñ íåêîòîðîé ïîëîæèòåëüíîé ïîñòîÿííîé δ. Èç (1.2.7), (1.2.8) èìååì

⟨Hp0,p0⟩ < a20|λ−| − ϵ. (1.2.9)

Ïðîèçâåäåì ðàçëîæåíèå y ∈ L1:

y = aχ− + p, p ∈ P . (1.2.10)
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Èç (1.2.8), (1.2.10) ñëåäóåò äëÿ y ∈ L1, ÷òî

0 = −⟨Q′(ϕV ),y⟩ = ⟨Hϕ̇V ,y⟩ = a0aλ− + ⟨Hp0,p⟩. (1.2.11)

Èñïîëüçóÿ (1.2.9)�(1.2.11) è ïðèìåíÿÿ íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî, èìååì
äëÿ y ∈ L1

⟨Hy,y⟩ ⩾ −a2|λ−|+ δ⟨p,p⟩ (1.2.12)

è òàêæå

⟨Hy,y⟩ = −a2|λ−|+ ⟨Hp,p⟩⩾− a2|λ−|+
⟨Hp,p0⟩2

⟨Hp0,p0⟩
>
a2ϵ

a20
. (1.2.13)

Óìíîæèì äàëåå (1.2.12) íà ϵ/(2|λ−|a20) è ïðèáàâèì ê (1.2.13). Îêîí÷àòåëüíî ïîëó÷èì

⟨Hy,y⟩ ⩾ |λ−|ϵ
2|λ−|a20 + ϵ

(
a2 +

δ

|λ−|
⟨p,p⟩

)
⩾ c0(a

2 + ⟨p,p⟩), (1.2.14)

ãäå

c0 =
|λ−| ϵ

2|λ−|a20 + ϵ
min

{
1,

δ

|λ−|

}
.

Îöåíêà (1.2.6) ñëåäóåò èç (1.2.14) è óñëîâèÿ îðòîãîíàëüíîñòè ⟨χ−,p⟩ = 0. □

Âî âñåõ ñëó÷àÿõ, ðàññìîòðåííûõ â íàñòîÿùåé êíèãå, íåðàâåíñòâî (1.2.6) ìîæåò áûòü
óñèëåíî äî íåðàâåíñòâà

⟨Hy,y⟩ ⩾ c ∥y∥2, y ∈ L1, c > 0. (1.2.15)

(B) =⇒ (C).

ÎïðåäåëèìM = {w ∈ X, Q(w) = Q(ϕV )} è äîêàæåì òåîðåìó î ëîêàëüíîì ìàêñèìó-
ìå ôóíêöèè (òî÷íåå ôóíêöèîíàëà) Ëÿïóíîâà, èç êîòîðîé ñëåäóåò ðåçóëüòàò îá óñòîé-
÷èâîñòè óåäèíåííûõ âîëí, à èìåííî: óåäèíåííàÿ âîëíà îðáèòàëüíî óñòîé÷èâà, åñëè

E(w)− E(ϕV )) ⩾ c ∥T
(
ω(w)

)
w − ϕV ∥2, (1.2.16)

c ω(w) èç (1.2.5) è w ∈ Uε ∩M . Ðàçëîæèì

v = T
(
ω(w)w

)
− ϕV = a1Q

′(ϕV ) + y, (1.2.17)

ãäå a1 � ïîñòîÿííàÿ è ⟨Q′(ϕV ),y⟩ = 0. Òîãäà

Q(ϕV ) = Q(w) = Q(T
(
ω(w)

)
w) = Q(ϕV ) + ⟨Q′(ϕV ),v⟩+O(∥v∥2) =

= Q(ϕV ) + a1⟨Q′(ϕV ), Q
′(ϕV )⟩+O(∥v∥2).

Îòñþäà ñëåäóåò, ÷òî a1 = O(∥v∥2). Çàïèøåì äàëåå

R(w) = R(T
(
ω(w)

)
w) = R(ϕV ) + ⟨R′(ϕV ),v⟩+

1

2
⟨Hv,v⟩+ o(∥v∥2),
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ãäå

R(w) = E(w) + V Q(w).

Òàê êàê R′(ϕV ) = 0 è Q(w) = Q(ϕV ), èìååì

E(w)− E(ϕV ) =
1

2
⟨Hy,y⟩+ o(∥v∥2) =

=
1

2
⟨Hy,y⟩+O(a21) +O(a1∥v∥) + o(∥v∥2) = 1

2
⟨Hy,y⟩+ o(∥v∥2).

Èç (1.2.5) è (1.2.17) ñëåäóåò, ÷òî y ∈ L1. Âñëåäñòâèå (1.2.15) èìååì

E(w)− E(ϕV ) ⩾ c1∥y∥2 + o(∥v∥2).

Îêîí÷àòåëüíî,

∥y∥ = ∥v − a1Q′(ϕV )∥ ⩾ ∥v∥ − |a1| ∥Q′(ϕV )∥ ⩾ ∥v∥ −O(∥v∥2).

(C) =⇒ (D).

Ïðåäïîëîæèì, ÷òî ñåìåéñòâî ϕV , V ∈ (V1, V2) îðáèòàëüíî íåóñòîé÷èâî. Òîãäà ñóùå-
ñòâóåò ïîñëåäîâàòåëüíîñòü íà÷àëüíûõ äàííûõ wn(0) è ïîëîæèòåëüíîå ÷èñëî δ1, òàêèå
÷òî

inf
ω∈R
∥wn(0)− T (ω)ϕV ∥ → 0, sup

t>0
inf
ω∈R
∥wn(t)− T (ω)ϕV ∥ ⩾ δ1,

ãäå wn(t) � ðåøåíèå çàäà÷è Êîøè ñ íà÷àëüíûìè äàííûìè wn(0) èç ïðåäïîëîæåíèÿ 1.
Â ñèëó íåïðåðûâíîñòè ïî t êàæäîãî wn(t) ìîæíî âûáðàòü òàêóþ ïîñëåäîâàòåëüíîñòü tn,
÷òî

inf
ω∈R
∥wn(tn)− T (ω)ϕV ∥ = δ1. (1.2.18)

Âñëåäñòâèå íåïðåðûâíîñòè ôóíêöèîíàëîâ E è Q èìååì

E
(
wn(tn)

)
= E

(
wn(0)

)
→ E(ϕV ), Q

(
wn(tn)

)
= Q

(
wn(0)

)
→ Q(ϕV ).

Âûáåðåì äàëåå âñïîìîãàòåëüíóþ ïîñëåäîâàòåëüíîñòü vn ∈M ,

lim
n→∞

∥vn −wn(tn)∥ → 0.

Òîãäà èç (1.2.16) è äëÿ äîñòàòî÷íî ìàëûõ δ1 èìååì

0← E(vn)− E(ϕV ) ⩾ c ∥T
(
ω(vn)

)
vn − ϕV ∥2 = c ∥vn − T

(
−ω(vn)

)
ϕV ∥2.

Ñëåäîâàòåëüíî, ∥vn − T
(
−ω(vn)

)
ϕV ∥ → 0, ÷òî ïðîòèâîðå÷èò (1.2.18). □
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1.3. Îðáèòàëüíàÿ óñòîé÷èâîñòü ñîëèòîíîâ óðàâíåíèÿ Êîðòåâåãà�äå Ôðèçà

Ðàññìîòðèì îáîáùåííîå óðàâíåíèå ÊäÔ (1.1.2). Èçâåñòíà òåîðåìà ãëîáàëüíîãî ñó-
ùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äëÿ ýòîãî óðàâíåíèÿ.

Òåîðåìà 1.3 (Abdelouhab et al. [14]). Ïóñòü u0(x) ∈ Hs(R), s > 3/2. Òîãäà ñóùå-
ñòâóåò t∗ = t∗(∥u0∥Hs(R)) è åäèíñòâåííàÿ ôóíêöèÿ u(t, x) ∈ C

(
0, t∗, Hs(R)

)
òàêàÿ, ÷òî

u(x, 0) = u0(x). Ïðè ýòîì åñëè ∥u∥H1(R) ⩽ C , C � ïîñòîÿííàÿ, òî t∗ =∞.

Äàëåå áóäåì ïîëàãàòü f(u) = u2/2, ÷òî ñîîòâåòñòâóåò êëàññè÷åñêîìó óðàâíåíèþ
ÊäÔ. Ëåãêî âèäåòü, ÷òî

E ′(ϕV ) + V Q′(ϕV ) = −V ϕV +
ϕ2
V

2
+ ∂2xϕV = 0, V > 0,

ϕV = ϕV (x) = 3V sech2

(√
V

2
x

)
, (1.3.1)

à

T (−V t)ϕV (x) = ϕV (x− V t)

ïðåäñòàâëÿåò ñîáîé ãðàíè÷íîå ñîñòîÿíèå (â äàííîì ñëó÷àå áåãóùèé ñî ñêîðîñòüþ V ñî-
ëèòîí), ñîîòâåòñòâóþùåå ðåøåíèþ (1.1.2), ïîäëåæàùåìó èññëåäîâàíèþ íà îðáèòàëüíóþ
óñòîé÷èâîñòü.

Èç (1.3.1) ñëåäóåò

Q(ϕV ) = 12V
√
V , d′′(V ) =

∂Q(ϕV )

∂V
= 18

√
V > 0,

ò. å óñëîâèå (A) òåîðåìû 1.2 âûïîëíåíî. ×òîáû óáåäèòñÿ â ñïðàâåäëèâîñòè ýòîé òåîðå-
ìû, íàäî ïðîâåðèòü âûïîëíåíèå ïðåäïîëîæåíèé 1�3 â äàííîì ñëó÷àå. Ïðè ýòîì åñëè
àìïëèòóäà ëþáîãî ìàëîãî âîçìóùåíèÿ ñäâèãà ϕV (x) íå ðàñòåò ïî íîðìå H

1(R) íà ïðî-
ìåæóòêå âðåìåíè [0, t∗], òî èç òåîðåìû 1.3 î÷åâèäíûì îáðàçîì ñëåäóåò, ÷òî t∗ =∞.

Ñïðàâåäëèâîñòü ïðåäïîëîæåíèÿ 1 î÷åâèäíûì îáðàçîì ñëåäóåò èç òåîðåìû 1.3, åñëè
â êà÷åñòâå ïðîñòðàíñòâà X âûáðàòü ïðîñòðàíñòâî H1(R) íåïðåðûâíîñòè ôóíêöèîíàëîâ
E(u) èQ(u). Ñïðàâåäëèâîñòü ïðåäïîëîæåíèÿ 2 ëåãêî ñëåäóåò èç (1.3.1). Â äàííîì ñëó÷àå
îïåðàòîð H = E ′′(ϕV ) + V Q′′(ϕV ) èìååò âèä

H = − d2

dx2
− ϕV + V,

ò. å. ÿâëÿåòñÿ îïåðàòîðîì Øòóðìà�Ëèóâèëëÿ.
Ëåãêî âèäåòü, ÷òî χ0 = ∂xϕV ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé îïåðàòîðà H, îòâå-

÷àþùåé íóëåâîìó ñîáñòâåííîìó ÷èñëó. Èç òåîðèè îïåðàòîðà Øòóðìà�Ëèóâèëëÿ íà âå-
ùåñòâåííîé îñè R ñëåäóåò, ÷òî ÿäðî îïåðàòîðà H îäíîìåðíî (Êóðàíò, Ãèëüáåðò [10]),
à çíà÷èò, χ0 � åäèíñòâåííà (ñ òî÷íîñòüþ äî ìóëüòèïëèêàòèâíîé ïîñòîÿííîé). Êðîìå
òîãî, ôóíêöèÿ χ0 èìååò ïðîñòîé íîëü, à çíà÷èò, ÿâëÿåòñÿ âòîðîé ñîáñòâåííîé ôóíêöèåé,
ñîîòâåòñòâóþùåé âîçðàñòàþùèì ñîáñòâåííûì çíà÷åíèÿì. Ïåðâàÿ ñîáñòâåííàÿ ôóíêöèÿ
íå èìååò íóëåé íà âåùåñòâåííîé îñè è, òàêèì îáðàçîì, ñîîòâåòñòâóåò åäèíñòâåííîìó
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îòðèöàòåëüíîìó ñîáñòâåííîìó çíà÷åíèþ. Òàêèì îáðàçîì, èìååì, ÷òî îïåðàòîð H èìå-
åò åäèíñòâåííîå îòðèöàòåëüíîå ñîáñòâåííîå çíà÷åíèå è åäèíñòâåííîå íóëåâîå ñîáñòâåí-
íîå çíà÷åíèå. Òàê êàê V > 0, ïîëîæèòåëüíûé ñïåêòð îïåðàòîðà H îòäåëåí îò íóëÿ
(Çàõàðîâ è äð. [1]). Òàêèì îáðàçîì, ïðåäïîëîæåíèå 3, â ðàññìàòðèâàåìîì ñëó÷àå, òàêæå
âûïîëíÿåòñÿ. Äëÿ ñïðàâåäëèâîñòè òåîðåìû 1.2, óñòàíàâëèâàþùåé îðáèòàëüíóþ óñòîé-
÷èâîñòü ñîëèòîíîâ ϕV äëÿ ëþáîãî V > 0, îñòàåòñÿ äîêàçàòü, ÷òî èç íåðàâåíñòâà (1.2.6)
ñëåäóåò íåðàâåíñòâî (1.2.15). Äåéñòâèòåëüíî, èìååì

⟨Hy, y⟩ =
∞∫

−∞

[
y

(
− d2

dx2
− ϕV + V

)
y

]
dx =

∞∫
−∞

(
∂xy

2 + (V − ϕV )y
2
)
dx

⩾

∞∫
−∞

(∂xy
2 − 2V y2) dx, (1.3.2)

òàê êàê èç (1.3.1) ñëåäóåò, ÷òî
max
x∈R
|ϕV | ⩽ 3V.

Óìíîæèì îáå ÷àñòè (1.2.6) íà ïîëîæèòåëüíóþ âåëè÷èíó

2V + 1

c0

è ñëîæèì ïîëó÷èâøååñÿ íåðàâåíñòâî ñ (1.3.2). Â ðåçóëüòàòå ïîëó÷èì

⟨Hy, y⟩ ⩾ c1

∞∫
−∞

(∂xy
2 + y2) dx, c1 =

c0
c0 + 2V + 1

> 0,

îòêóäà ñðàçó ñëåäóåò (1.2.15). Òåîðåìà 1.2, òàêèì îáðàçîì, âûïîëíåíà, è ãðàíè÷íîå
ñîñòîÿíèå T (−V t)ϕV (x) = ϕV (ζ), ζ = x− V t, îðáèòàëüíî óñòîé÷èâî â ñìûñëå îïðåäåëå-
íèÿ 3.

1.4. Îðáèòàëüíàÿ óñòîé÷èâîñòü óåäèíåííûõ âîëí íà ýëàñòèêå Ýéëåðà

1.4.1. Ôîðìóëèðîâêà, ñîëèòîííûå ðåøåíèÿ, ñèììåòðèè. Äàëåå èçó÷àåòñÿ
óñòîé÷èâîñòü óåäèíåííûõ âîëí â òîíêîì íåðàñòÿæèìîì ñòåðæíå áåñêîíå÷íîé äëèíû.
Ïðîôèëü óïðóãîé ëèíèè òàêîãî ñòåðæíÿ, îòâå÷àþùèé óåäèíåííîé âîëíå, â îòñóòñòâèå
êðó÷åíèÿ èìååò ôîðìó ïëîñêîé ïåòëè, äèàïàçîí èçìåíåíèÿ ñêîðîñòåé êîòîðîé çàâè-
ñèò îò ñèëû íàòÿæåíèÿ â ñòåðæíå. Óñòàíîâëåíà îðáèòàëüíàÿ óñòîé÷èâîñòü óåäèíåííûõ
âîëí îòíîñèòåëüíî âîçìóùåíèé ôîðìû ïåòëè, íå âûâîäÿùèõ èç ïëîñêîñòè ïåòëè. Ðå-
çóëüòàò îá óñòîé÷èâîñòè ñëåäóåò èç òîãî îáñòîÿòåëüñòâà, ÷òî îðáèòà óåäèíåííîé âîëíû
äîñòàâëÿåò ëîêàëüíûé ìèíèìóì íåêîòîðîìó èíâàðèàíòíîìó ôóíêöèîíàëó. Ýòîò ìèíè-
ìóì ðåàëèçóåòñÿ íà íåêîòîðîì íåëèíåéíîì èíâàðèàíòíîì ïîäìíîãîîáðàçèè îñíîâíîãî
ïðîñòðàíñòâà ðåøåíèé, îòëè÷íîì îò òîãî, êîòîðîå îïðåäåëÿåòñÿ ôóíêöèîíàëîì, ñîõðà-
íÿþùèìñÿ â ñèëó òðàíñëÿöèîííîé èíâàðèàíòíîñòè çàäà÷è. Ïîýòîìó, òåîðèÿ ïàðàãðà-
ôà 1.2 íå ìîæåò áûòü ïðèìåíåíà íåïîñðåäñòâåííî è àíàëèç èìååò ðÿä îñîáåííîñòåé,
êîòîðûå áóäóò èçëîæåíû íèæå.
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Ðàññìàòðèâàþòñÿ ñòåðæíè, îïèñûâàåìûå òåîðèåé óïðóãèõ ñòåðæíåé Êèðõãîôôà,
Kircho� [59], è Êëåáøà, Clebsch [29] (ñì. òàêæå Dill [37]). Ñîëèòîííîå ðåøåíèå îïèñûâà-
åò óåäèíåííóþ âîëíó, êîòîðàÿ äëÿ êðàòêîñòè áóäåò íàçûâàòüñÿ ñîëèòîíîì, õîòÿ âñåìè
ñâîéñòâàìè ñîëèòîíà ýòà âîëíà íå îáëàäàåò. Òåîðèÿ Êèðõãîôôà�Êëåáøà ïðèìåíèìà
ê äâèæåíèÿì òîíêèõ ñòåðæíåé ñ ìàëûìè äåôîðìàöèÿìè, õîòÿ ñìåùåíèÿ è âðàùåíèÿ
ñòåðæíÿ ìîãóò áûòü äîñòàòî÷íî âåëèêè. Ðàññìàòðèâàåòñÿ áåññäâèãîâûé íåðàñòÿæèìûé
ñòåðæåíü, ò. å. ñòåðæåíü, îïèñàíèå äâèæåíèÿ êîòîðîãî ñâîäèòñÿ ê îïèñàíèþ äâèæåíèÿ
åãî ñåðåäèííîé ëèíèè G(t) è äëèíà íîðìèðîâàííîãî êàñàòåëüíîãî âåêòîðà ê G(t) îñòàåò-
ñÿ åäèíè÷íîé âñå âðåìÿ äâèæåíèÿ. Èíûìè ñëîâàìè ðàññìàòðèâàþòñÿ òîëüêî èçãèáíûå
äåôîðìàöèè ñòåðæíÿ è äåôîðìàöèè, âûçâàííûå êðó÷åíèåì.

Ôîðìû áåãóùèõ âîëí èçãèáà îïèñàíû, ïî âèäèìîìó, åùå Ýéëåðîì (ñì. Ëÿâ [11]).
Äèíàìèêà èçãèáà ïëîñêèõ ñòåðæíåé îáñóæäàåòñÿ â ñòàòüå Coleman, Dill [31]. Â ýòîé
ðàáîòå äàíà êëàññèôèêàöèÿ áåãóùèõ âîëí, à òàêæå çàìå÷åíî, ÷òî ñèñòåìà äèíàìè÷å-
ñêèõ óðàâíåíèé ìîæåò áûòü ñâåäåíà ê åäèíñòâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ
â ÷àñòíûõ ïðîèçâîäíûõ è àëãåáðàè÷åñêîìó óðàâíåíèþ, ïðåäñòàâëÿþùåìó èç ñåáÿ óñëî-
âèå íåðàñòÿæèìîñòè. Ýòî íàáëþäåíèå âûçâàëî ïðåäïîëîæåíèå, ÷òî ñèñòåìà óðàâíåíèé,
îïèñûâàþùàÿ äèíàìèêó ïëîñêîãî íåðàñòÿæèìîãî ñòåðæíÿ ÿâëÿåòñÿ âïîëíå èíòåãðèðó-
åìîé. Îäíàêî ÷èñëåííûå ðåçóëüòàòû, ïîëó÷åííûå â ñòàòüå Coleman, Xu [32], çàñòàâëÿþò
äóìàòü, ÷òî ñèñòåìà óðàâíåíèé, îïèñûâàþùèõ èçãèáíûå âîëíû â ñòåðæíå íåèíòåãðèðó-
åìà, òàê êàê óåäèíåííûå âîëíû íà ïëîñêèõ ñòåðæíÿõ âçàèìîäåéñòâóþò íåóïðóãî, ò. å.
íå ÿâëÿþòñÿ ñîëèòîíàìè â ñòðîãîì ñìûñëå. Â ñòàòüå Coleman et al. [33] â çàìêíóòîé
ôîðìå ïîëó÷åíû ðåøåíèÿ òèïà áåãóùèõ âîëí â ëèíåéíî ðàñòÿæèìîì è áåññäâèãîâîì
(òîíêîì) ïëîñêîì ñòåðæíå. Â ñòàòüå Beliaev, Il'ichev [21] (ñì. òàêæå Èëüè÷åâ [5]) îáñóæ-
äàåòñÿ äèíàìèêà èçãèáà íåðàñòÿæèìîãî ñòåðæíÿ â ãëàâíîé ïëîñêîñòè èçãèáà, êîãäà
äåëàåòñÿ ïðåíåáðåæåíèå âðàùàòåëüíîé ÷àñòüþ êèíåòè÷åñêîé ýíåðãèè, êîòîðàÿ ìàëà ïî
ñðàâíåíèþ ñ ïîëíîé ýíåðãèåé ñòåðæíÿ. Äîêàçàíà îðáèòàëüíàÿ óñòîé÷èâîñòü ñîëèòîíîâ
(ñîëèòîííûõ ðåøåíèé â ôîðìå ïåòëè) ïî îòíîøåíèþ ê ïëîñêèì âîçìóùåíèÿì. Àíà-
ëèç óñòîé÷èâîñòè îáîáùåí â ñòàòüå Dichmann et al. [36] äëÿ ñëó÷àÿ, êîãäà íå äåëàåòñÿ
ïðåíåáðåæåíèå âðàùàòåëüíîé ÷àñòüþ êèíåòè÷åñêîé ýíåðãèè.

Òîíêèå ñòåðæíè îòîæäåñòâëÿþòñÿ ñî ñâîåé íåéòðàëüíîé êðèâîé, íàçûâàåìîé óïðó-
ãîé ëèíèåé, íà êîòîðîé íå ïðîèñõîäèò íè ðàñòÿæåíèÿ, íè ñæàòèÿ ïðè èçãèáå. Òîíêèé
íåðàñòÿæèìûé áåññäâèãîâûé óïðóãèé ñòåðæåíü áåñêîíå÷íîé äëèíû íàõîäèòñÿ ïîä äåé-
ñòâèåì ñèëû íàòÿæåíèÿ è â íåâîçìóùåííîì ñîñòîÿíèè ñîâïàäàåò ñ îñüþ x1 äåêàðòîâîé
ñèñòåìû êîîðäèíàò. Ïîëíàÿ ýíåðãèÿ ñòåðæíÿ ñêëàäûâàåòñÿ èç êèíåòè÷åñêîé è èçãèá-
íîé ýíåðãèé, âêëàäîì ýíåðãèè êðó÷åíèÿ ïðåíåáðåãàåì, ÷òî ìîæíî ñäåëàòü, êîãäà èçãèá
ñòåðæíÿ ïðîèñõîäèò â ãëàâíîé ïëîñêîñòè èçãèáà. Ñîîòâåòñòâóþùèå ëèíåéíûå ïëîòíî-
ñòè êèíåòè÷åñêîé K è ïîòåíöèàëüíîé W ýíåðãèé äàþòñÿ âûðàæåíèÿìè (èíäåêñû âíèçó
îáîçíà÷àþò äèôôåðåíöèðîâàíèå ïî ñîîòâåòñòâóþùåé ïåðåìåííîé)

K =
1

2
ρSxitxit, W =

1

2
IE0x

i
ξξxiξξ,

ãäå xi, i = 1, 2, 3, � êîîðäèíàòû òî÷åê íåéòðàëüíîé êðèâîé (óïðóãîé ëèíèè) G(t) ñòåðæ-
íÿ, ρ � ïëîòíîñòü, S � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ, ρI � ìîìåíò èíåðöèè
ïîïåðå÷íîãî ñå÷åíèÿ îòíîñèòåëüíî ïðÿìîé, îðòîãîíàëüíîé ãëàâíîé ïëîñêîñòè èçãèáà,
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Ðèñ. 1.1. Ôîðìà ïðîôèëÿ óåäèíåííîé âîëíû íà ñòåðæíå è êàñàòåëüíûé âåêòîð {τ01 , τ02 , 0}⊤

ñîâïàäàþùåé ñ ïëîñêîñòüþ x1x2, E0 � ìîäóëü Þíãà, ξ � äëèíà äóãè óïðóãîé ëèíèè.
Ôîðìà óïðóãîé ëèíèè çàäàåòñÿ óðàâíåíèåì xi = xi(t, ξ).

Äëÿ òîíêèõ ñòåðæíåé âðàùàòåëüíàÿ ÷àñòü êèíåòè÷åñêîé ýíåðãèè Kr = 1
2
ρxitξxitξ

ìàëà ïî ñðàâíåíèþ ñ êèíåòè÷åñêîé ýíåðãèåé K è èçãèáíîé ýíåðãèåé W , è åé ìîæíî
ïðåíåáðå÷ü (Beliaev, Il'ichev [21]).

Óðàâíåíèÿ äâèæåíèÿ ïîëó÷àþòñÿ âàðüèðîâàíèåì ëàãðàíæèàíà Λ,

Λ =
1

2

t∫
t0

∞∫
−∞

(ρSxitxit − IExiξξxiξξ) dξ dt

ïðè óñëîâèè íåðàñòÿæèìîñòè: xiξx
i
ξ = 1. Ýòè óðàâíåíèÿ èìåþò âèä

ρSxitt = (Pxiξ)ξ − IExiξξξξ, xiξx
i
ξ = 1, (1.4.1)

ãäå P (t, ξ) = p(t, ξ) + p∞ � ìíîæèòåëü Ëàãðàíæà, ñîîòâåòñòâóþùèé ôèçè÷åñêîé âåëè-
÷èíå ñèëû íàòÿæåíèÿ, p → 0 ïðè ξ → ±∞, i = 1, 2, 3; ïî ïîâòîðÿþùèìñÿ èíäåêñàì
ïðåäïîëàãàåòñÿ ñóììèðîâàíèå, æîíãëèðîâàíèå èíäåêñàìè ïðîèñõîäèò ïðè ïîìîùè äèà-
ãîíàëüíîãî ìåòðè÷åñêîãî òåíçîðà ñ åäèíèöàìè íà äèàãîíàëè.

Ïðîèçâîäÿ â (1.4.1) ìàñøòàáíûå ïðåîáðàçîâàíèÿ

p→ p∞ p, ξ →
√
IE/p∞ ξ, t→

√
ρSIE/p2∞ t

è ñîõðàíÿÿ ñòàðûå îáîçíà÷åíèÿ, ïîëó÷èì ñèñòåìó óðàâíåíèé

τ itt = (pτ i)ξξ + τ iξξ − τ iξξξξ,
τ iτi = 1,

τ1 → 1, τ2,3 → 0, ξ → ±∞.
(1.4.2)

ãäå τi = xiξ.

Êëàññèôèêàöèÿ ðàçëè÷íûõ ôîðì óïðóãèõ ëèíèé âïåðâûå áûëà äàíà Ýéëåðîì (è ïî-
òîìó ðàññìàòðèâàåìûé ñòåðæåíü íàçûâàåòñÿ ýëàñòèêîé Ýéëåðà), êîòîðûé âûâåë îáûê-
íîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå ôîðìó òîíêèõ íåðàñòÿæèìûõ
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ñòåðæíåé, íàõîäÿùèõñÿ ïîä äåéñòâèåì ñèëû íàòÿæåíèÿ (ñì., íàïðèìåð, Ëÿâ [9]). Óïðó-
ãàÿ êðèâàÿ ñòåðæíÿ áåñêîíå÷íîé äëèíû ìîæåò èìåòü ôîðìó ïåòëè, êîòîðàÿ ïðåäñòàâ-
ëÿåò ñîáîé áåãóùóþ óåäèíåííóþ âîëíó è îïèñûâàåòñÿ ñîëèòîííûì ðåøåíèåì óðàâíå-
íèé (1.4.2) (ðèñ. 1.1):

p = −p0 = −6(1− V 2) sech2
√
1− V 2ζ, τ3 = 0,

τ1 = τ 01 = 1− 2 sech2
√
1− V 2ζ,

τ2 = τ 02 = −2 sech2
√
1− V 2ζ sh

√
1− V 2ζ, ζ = ξ − V t, 0 ⩽ V < 1.

(1.4.3)

Ñèñòåìà óðàâíåíèé (1.4.2) çàïèñûâàåòñÿ â ãàìèëüòîíîâîì âèäå

τ it =
∂

∂ξ

δE

δvi
, vit =

∂

∂ξ

δE

δτi
, τ iτi = 1, (1.4.4)

ãäå viξ = τ it è

E =

∞∫
−∞

[
(viv

i + τiξτ
i
ξ + P (τiτ

i − 1)
]
dξ.

Íàðÿäó ñ ãàìèëüòîíèàíîì E èìåþò ìåñòî åùå äâå ôîðìàëüíî ñîõðàíÿþùèõñÿ âåëè÷è-
íû,

Q =

∞∫
−∞

(τ i − τ i∞)vi dξ, N =

∞∫
−∞

(τ 1 − 1) dξ, τ 1∞ = 1, τ 2,3∞ = 0.

Ââåäåì îáîçíà÷åíèÿ T (−V t)ϕV = {τ 01 − 1, τ 02 , v
0
1, v

0
2}⊤ (v01 = −V (τ 01 − 1), v02 = −V τ 02 ),

è w(t) = {τ1−1, τ2, v1, v2}⊤ äëÿ âåêòîð-ôóíêöèé, à òàêæå X = H1(R)×H1(R)×L2(R)×
L2(R) äëÿ ãèëüáåðòîâà ïðîñòðàíñòâà ñ íîðìîé ∥ · ∥. Êàê óæå îòìå÷àëîñü, óðàâíåíèÿ
èìåþò ãàìèëüòîíîâó ôîðìó (1.4.4), ôóíêöèîíàë E, à òàêæå Q è N , íåïðåðûâíû êàê
ôóíêöèîíàëû èç ãèëüáåðòîâà ïðîñòðàíñòâà X â R (ïîñëåäíèé � â ñèëó òîãî îáñòîÿòåëü-
ñòâà, ÷òî τ1 − 1 ∈ L1(R), ÷òî ñëåäóåò èç óñëîâèÿ íåðàñòÿæèìîñòè â (1.4.2)).

Äàëåå, áóäåì ïðåäïîëàãàòü, ÷òî x3 = 0, ò. å. èçãèá ñòåðæíÿ ïðîèñõîäèò â ïëîñêî-
ñòè x1x2, êîòîðàÿ ÿâëÿåòñÿ ãëàâíîé ïëîñêîñòüþ èçãèáà. Ïðè ýòîì êðó÷åíèå ýëàñòèêè
Ýéëåðà îòñóòñòâóåò, ò. å. ïðåäïîëîæåíèå î ïðåíåáðåæåíèè ýíåðãèåé êðó÷åíèÿ âûïîëíÿ-
åòñÿ.

Íèæå ïðèâîäèòñÿ äîêàçàòåëüñòâî ñëåäóþùåé òåîðåìû î íåëèíåéíîé îðáèòàëüíîé
óñòîé÷èâîñòè ïåòëè Ýéëåðà (1.4.3).

Òåîðåìà 1.4 (Beliaev, Il'ichev [21]). Ïóñòü äëÿ êàæäîãî w0 ∈ X âáëèçè ϕV â X
ñóùåñòâóåò âåêòîð-ôóíêöèÿ w(t, ·), ÿâëÿþùàÿñÿ ðåøåíèåì çàäà÷è Êîøè â óêàçàííîì

íèæå ñìûñëå.Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî åñëè ∥w0−ϕV ∥ < δ ,
òî

sup
t>0

inf
ω∈R
∥w(t, ·)− ϕV (·+ ω)∥ < ε.
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Äîêàçàòåëüñòâî ýòîé òåîðåìû îñíîâàíî íà èñïîëüçîâàíèè òîãî ôàêòà, ÷òî ñåìåéñòâî
ñäâèãîâ óåäèíåííîé âîëíû � îðáèòà � äîñòàâëÿåò ëîêàëüíûé ìèíèìóì ñîõðàíÿþùå-
ìóñÿ ôóíêöèîíàëó

R(w) = H(w) + V Q(w)−N(w)

íà çàìêíóòîì ïîäìíîãîîáðàçèè τlτ
l = 1, l = 1, 2, ïðîñòðàíñòâà X. Ýòîò ôàêò, â ñâîþ

î÷åðåäü, ñëåäóåò èç òîãî ÷òî ¾ëèíåàðèçîâàííûé ãàìèëüòîíèàí¿ H(ϕV ) = R′′(ϕV ) èìååò
â òî÷íîñòè îäíî íóëåâîå ñîáñòâåííîå çíà÷åíèå è åãî ïîëîæèòåëüíûé ñïåêòð îòäåëåí îò
íóëÿ.

Ñîëèòîííûå ðåøåíèÿ (1.4.2) ïðåäñòàâëÿþò ñîáîé ðåøåíèÿ òèïà áåãóùåé âîëíû,
óáûâàþùèå íà áåñêîíå÷íîñòè. Áåãóùèå âîëíû çàâèñÿò îò àâòîìîäåëüíîé êîìáèíàöèè
ζ = ξ − V t è îïèñûâàþùèå èõ óðàâíåíèÿ ïîëó÷àþòñÿ èíòåãðèðîâàíèåì (1.4.2). Ýòè
óðàâíåíèÿ çàïèñûâàþòñÿ â âèäå

− V (τ l − τ l∞) = vl,

− V vl = pτ l + (τ l − τ l∞)− τ lζζ , τ iτi = 1, i = 1, 2. (1.4.5)

Óìíîæèâ âòîðîå óðàâíåíèå â (1.4.5) íà τl è ïðîñóììèðîâàâ ïî èíäåêñó l, ïîëó÷èì

p = V 2 + (1− V 2)τ l∞τl − τ lζτlζ − 1.

Äàëåå, óìíîæèì ýòî æå óðàâíåíèå íà τ lζ è ïðîñóììèðóåì. Â ðåçóëüòàòå ïîëó÷èì

−τ lζζτlζ − s2τ l∞τlζ = 0, s =
√
1− V 2,

è ïîñëå îäíîêðàòíîãî èíòåãðèðîâàíèÿ

−1

2
τ lζτlζ − s2τ l∞τl = Π. (1.4.6)

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñîëèòîííîå ðåøåíèå, ïîëîæèì Π = −s2. Îïðåäåëèì íî-
âóþ óãëîâóþ ïåðåìåííóþ θ ïðè ïîìîùè âûðàæåíèé τ1 = cos θ, τ2 = sin θ. Â íîâûõ
ïåðåìåííûõ óðàâíåíèå (1.4.6) çàïèñûâàåòñÿ â âèäå óðàâíåíèÿ

θ2ζ = 4s2 sin2 θ/2,

êîòîðîå ëåãêî èíòåãðèðóåòñÿ è åãî ðåøåíèÿ ïðèâîäÿòñÿ ê âèäó (1.4.3). Çàìåòèì, ÷òî
ñèñòåìà óðàâíåíèé (1.4.5) äëÿ ñîëèòîííûõ ðåøåíèé ìîæåò áûòü òàêæå çàïèñàíà â âèäå

R′(ϕV ) = {E(ϕV ) + V Q(ϕV )−N(ϕV )}′ = 0. (1.4.7)

Âèä ôóíêöèîíàëà Ëÿïóíîâà R(w) íåñêîëüêî îòëè÷àåòñÿ îò ðàññìîòðåííîãî â ïðåäûäó-
ùèõ ïàðàãðàôàõ, îäíàêî, êàê ìû óáåäèìñÿ, ýòî îòëè÷èå íå âëèÿåò íà õîä äàëüíåéøèõ
ðàññìîòðåíèé.

Ïîä ðåøåíèåì çàäà÷è Êîøè óðàâíåíèé (1.4.2) áóäåì ïîíèìàòü íåêîòîðóþ åñòåñòâåí-
íóþ ìîäèôèêàöèþ ïðåäïîëîæåíèÿ 2, à èìåííî: çàäà÷ó Êîøè äëÿ óðàâíåíèé (1.4.2)
áóäåì íàçûâàòü êîððåêòíî ïîñòàâëåííîé, åñëè äëÿ ëþáîãî w0 ∈ X âáëèçè ϕV â X,
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∥w0 − ϕV ∥ < γ, ñóùåñòâóåò âåêòîð-ôóíêöèÿ w(t, ·) ∈ C([0,∞),X) íåïðåðûâíàÿ ñî çíà-
÷åíèÿìè â X), w(·, 0) = w0 = {τ l0 − τ l∞, v

l
0}⊤, l = 1, 2, òàêàÿ, ÷òî äëÿ âñåõ t ∈ [0,∞),

τ l0τ0l = τ lτl = 1 è E(w) = E(w0), Q(w) = Q(w0), N(w) = N(w0).
Ôóíêöèîíàëû E, Q è N ÿâëÿþòñÿ èíâàðèàíòíûìè ïîä äåéñòâèÿìè ãðóïï Ëè ñäâèãîâ

T : X→ X:

T (ω)w(·, ξ) = w(·, ξ + ω) = exp
(
ω∂ξ
)
w(·, ξ), ω ∈ R.

Âåêòîð k1 = ∂ξϕV � ñîáñòâåííûé íóëüâåêòîð îïåðàòîðà H. Â äàííîì ñëó÷àå òàêæå
èìååò ìåñòî ôîðìóëà (1.2.5).

1.4.2. Óñòîé÷èâîñòü. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: u = {u1, u2, u3, u4}⊤ �
âåêòîð-ôóíêöèÿ, L = {u ∈ X, τ 01u1 + τ 02u2 = 0} � ëèíåéíîå çàìêíóòîå ïîäïðîñòðàí-
ñòâî X, êàñàòåëüíîå ê ïîäìíîãîîáðàçèþ M = {u ∈ X, τlτ l = 1} â òî÷êå u = ϕV .

Ðàçðåøàÿ ðàâåíñòâî τ 0l δτ
l = 0, ïîëó÷èì äëÿ âîçìóùåíèé

δτ1 = τ 02 δϑ, δτ2 = −τ 01 δϑ.

Áèëèíåéíàÿ ôîðìà ⟨Hδw, δw⟩ íà ïîäïðîñòðàíñòâå L èìååò âèä

⟨Hδw, δw⟩ =
∞∫

−∞

[
δτ i
(
− d2

dξ2
+ 1− p0

)
δτi + δviδvi + 2V δviδτi

]
dξ =

=

∞∫
−∞

[
δϑ

(
− d2

dξ2
+ V 2 + s2 − 2s2 ch−2 sξ

)
δϑ+ 2V τ 02 δϑ δv1−

− 2V τ 01 δϑ δv2 + δviδvi

]
dξ. (1.4.8)

Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà H ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì:

Hχ = νχ, (1.4.9)

ãäå

H =

H1 + V 2 V τ 02 −V τ 01
V τ 02 1 0
−V τ 01 0 1

 , χ = {χ1, χ2, χ3}⊤,

H1 = −
d2

dξ2
+ s2 − 2 sech2 sξ.

Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ (1.4.9) ïåðåïèñûâàåòñÿ â êîìïîíåíòàõ:

χ2 =
V τ 02
ν − 1

χ1, χ3 = −
V τ 01
ν − 1

, H1χ1 =

(
ν − V 2ν

ν − 1

)
χ1,

è, òàêèì îáðàçîì, ñâîäèòñÿ ê çàäà÷å Øòóðìà�Ëèóâèëëÿ íà ñîáñòâåííûå çíà÷åíèÿ äëÿ
êîìïîíåíòû χ1. Èç òåîðèè îïåðàòîðà Øòóðìà�Ëèóâèëëÿ èçâåñòíî, ÷òî îïåðàòîð H1
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èìååò â òî÷íîñòè îäíî íóëåâîå ñîáñòâåííîå çíà÷åíèå (ñ ñîáñòâåííîé ôóíêöèåé ∂ξτ
0
1 /τ

0
2 ,

îòâå÷àþùåé ∂ξϕV ), à îñòàëüíîé åãî ñïåêòð ïîëîæèòåëåí è îòäåëåí îò íóëÿ.
Èç âûðàæåíèÿ äëÿ íóëåâîãî ñîáñòâåííîãî çíà÷åíèÿ:

ν − V 2ν

ν − 1
= 0,

èìååì ν0 = 0, ν+ = 1 + V 2 > 0. Íåïðåðûâíûé ñïåêòð H óäîâëåòâîðÿåò óñëîâèþ

ν − V 2ν

ν − 1
> s2,

îòêóäà ñëåäóåò

ν > 1− V

è, ñëåäîâàòåëüíî, ñïåêòð îòäåëåí îò íóëÿ äëÿ ôèêñèðîâàííîé ñêîðîñòè V ∈ [ 0, 1).
Îòñþäà ñðàçó ñëåäóåò (ñì. ïàðàãðàôû 1 è 2), ÷òî åñëè u ∈ L è ⟨u, ∂ξϕV ⟩ = 0, òî

⟨Hu,u⟩ ⩾ α0⟨u,u⟩. (1.4.10)

Èç (1.4.8), î÷åâèäíî, ñëåäóåò

⟨Hu,u⟩ =
∞∫

−∞

[
(∂ξu1)

2 + (∂ξu2)
2 + P 0(u21 + u22) + u23 + u24 + 2V (u1u3 + u2u4)

]
dξ, (1.4.11)

ãäå P 0 = −p0 + 1.
Êðîìå òîãî, åñëè u ∈ L è ⟨u, ∂ξϕV ⟩ = 0, òî

⟨Hu,u⟩ ⩾ α1∥u∥2. (1.4.12)

Â ñàìîì äåëå, äîìíîæèâ îáå ÷àñòè íåðàâåíñòâà (1.4.10) íà 1 − ε, ãäå ε � äîñòàòî÷íî
ìàëàÿ ïîñòîÿííàÿ è èñïîëüçîâàâ (1.4.11), ïîëó÷èì

⟨Hu,u⟩ ⩾ ε

∞∫
−∞

[
(∂ξu1)

2 + (∂ξu2)
2 + P 0(u21 + u22) + u23 + u24 +

+ 2V (u1u3 + u2u4)
]
dξ + (1− ε)α0⟨u,u⟩ ⩾

⩾

∞∫
−∞

[
β1(u

2
1 + u22) + β2(u

2
3 + u24) + ε(∂ξu

2
1 + ∂ξu

2
2)
]
dξ,

ãäå β1 = (1 − ε)α0 + ε(1 − 6s2 − V ) è β2 = (1 − ε)α0 − εV . Äëÿ òîãî ÷òîáû ïîëó÷èòü
îöåíêó (1.4.12), âûáåðåì α1 = min(β1, β2, ε).

Ðàññìàòðèâàåìàÿ îðáèòà óåäèíåííîé âîëíû ÿâëÿåòñÿ îðáèòàëüíî óñòîé÷èâîé îòíî-
ñèòåëüíî âîçìóùåíèé êàñàòåëüíîãî âåêòîðà íå âûâîäÿùèõ èç ïëîñêîñòè ïåòëè, åñëè

• çàäà÷à Êîøè äëÿ (1.4.2) êîððåêòíî ïîñòàâëåíà (ñì. âûøå);
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• R(w) − R(ϕV ) ⩾ α∥T
(
ω(w)

)
w − ϕV ∥2 äëÿ w ∈ Uε ∩M , (α � ïîñòîÿííàÿ, ω(w)

èç (1.2.5)).

Åñëè âûïîëíÿþòñÿ ýòè óñëîâèÿ, òî äîêàçàòåëüñòâî óñòîé÷èâîñòè ìàëî ÷åì îòëè÷à-
åòñÿ îò ïðèâåäåííîãî â ïàðàãðàôå 1.2.

Ëåììà 1.11 (Beliaev, Il'ichev [21]). Äëÿ w ∈ Uϵ ∩M èìååò ìåñòî íåðàâåíñòâî

R(w)−R(ϕV ) ⩾ α∥T
(
ω(w)

)
w − ϕV ∥2.

Äîêàçàòåëüñòâî. Â ñèëó ñïåöèôèêè ôóíêöèîíàëà Ëÿïóíîâà R(w) äîêàçàòåëü-
ñòâî ïîñëåäíåãî óòâåðæäåíèÿ íåìíîãî îòëè÷àåòñÿ îò ñîîòâåòñòâóþùåãî äîêàçàòåëüñòâà,
ïðèâåäåííîãî â ï. 1.2, ïîýòîìó ðàññìîòðèì åãî ïîäðîáíî.

Ïóñòü w ∈ Uε ∩M . Ïðîèçâåäåì ðàçëîæåíèå

ρ = T
(
ω(w)

)
w − ϕV = u0 + u,

ãäå ρ = {ρ1, ρ2, ρ3, ρ4}⊤, u0 = {u01, u02, 0, 0}⊤ è u ∈ L. Äàëåå çàìåòèì, ÷òî

2(τ 01 ρ1 + τ 02 ρ2) = −a, (1.4.13)

ãäå a = ρ21 + ρ22. Ðàâåíñòâî (1.4.13) ñëåäóåò èç âêëþ÷åíèÿ T
(
ω(w)

)
w ∈ M . Èç (1.4.13)

ñëåäóåò τ 01u
0
1 + τ 02u

0
2 = −a/2. Ðàçðåøàÿ ïîñëåäíåå óðàâíåíèå îòíîñèòåëüíî u01 è u

0
2, ïî-

ëó÷èì

u01 = −
a

2
τ 01 , u02 = −

a

2
τ 02 . (1.4.14)

Ïðè w ∈ Uε ∩M èìååì â ñèëó (1.4.7)

R(w)−R(ϕV ) =
1

2
⟨Hρ,ρ⟩+ o(∥ρ∥2).

Äàëåå çàìåòèì, ÷òî

⟨u, ∂ξϕV ⟩ = ⟨T
(
ω(w)

)
− ϕV − u0, ∂ξϕV ⟩ = 0

â ñèëó (1.2.5) è êàê ñëåäñòâèå ðàâåíñòâ ⟨ϕV , ∂ξϕV ⟩ = 0, ⟨u0, ∂ξϕV ⟩ = 0. Ïîñëåäíåå
ðàâåíñòâî âûòåêàåò èç (1.4.14). Ñëåäîâàòåëüíî, u ïðèíàäëåæèò ïîëîæèòåëüíîìó ïîä-
ïðîñòðàíñòâó H, è ⟨Hu,u⟩ ⩾ α1∥u∥2. Îêîí÷àòåëüíî

∥u∥ = ∥ρ− u0∥ ⩾ ∥ρ∥ − ∥u0∥ = ∥ρ∥ −O(∥ρ∥2),

è äëÿ äîñòàòî÷íî ìàëûõ ρ

R(w)−R(ϕV ) ⩾
α1

2
∥ρ∥2 = α∥ρ∥2.

□



Ãëàâà 2. Ñïåêòðàëüíàÿ óñòîé÷èâîñòü. Ôóíêöèÿ Ýâàíñà

2.1. Ðåøåíèÿ ëèíåàðèçîâàííîé ñèñòåìû óðàâíåíèé

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó óðàâíåíèé, êîòîðàÿ ÿâëÿåòñÿ ëèíåàðèçàöèåé íåêîòî-
ðîé íåëèíåéíîé ñèñòåìû âîêðóã ãðàíè÷íîãî ñîñòîÿíèÿ ϕV (ζ), ζ = x − V t (ãðàíè÷íûì
ñîñòîÿíèåì â ñëó÷àå íåãàìèëüòîíîâîé ñèñòåìû óðàâíåíèé áóäåì íàçûâàòü ee ðåøåíèå
òèïà áåãóùåé âîëíû), u(x, t) = ϕV (ζ) + δu(x, t),

L
(
ϕ0(ζ),

∂ϕV (ζ)

∂ζ
, . . . , δu,

∂δu

∂t
, . . . ,

∂δu

∂x
, . . .

)
= 0. (2.1.1)

Áóäåì ðàññìàòðèâàòü ðåøåíèÿ (2.1.1) âèäà

δu(x, t) = w(ζ)eλt. (2.1.2)

Òîãäà ñèñòåìà óðàâíåíèé (2.1.1) ñâîäèòñÿ ê íåàâòîíîìíîé ëèíåéíîé äèíàìè÷åñêîé ñè-
ñòåìå

y′ = M(ζ, λ)y, (2.1.3)

ãäå øòðèõ ñâåðõó îáîçíà÷àåò äèôôåðåíöèðîâàíèå ïî ζ, M � ïåðåìåííàÿ (m × m)-
ìàòðèöà, à y = y(ζ) � íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ, êîìïîíåíòû êîòîðîé âûðàæàþòñÿ
÷åðåç êîìïîíåíòû w(ζ) èç (2.1.2) è èõ ïðîèçâîäíûõ ïî ζ.

Îáîçíà÷èì ÷åðåç Ω îáëàñòü èçìåíåíèÿ ñïåêòðàëüíîãî ïàðàìåòðà λ ∈ C è ðàññìîòðèì
ìàòðèöû

M±∞ = lim
ζ→±∞

M.

Ïðåäïîëîæåíèå 4. (à) Ìàòðèöà M àíàëèòè÷íà ïðè λ ∈ Ω.
(á) Ñóùåñòâóþò ïðîñòûå ñîáñòâåííûå ÷èñëà ìàòðèöM±∞ ñ ìèíèìàëüíîé âåùåñòâåí-

íîé ÷àñòüþ, ò. å. ïðè λ ∈ Ω; Reµ+
1 (λ) < Reµ+

j (λ), Reµ
−
1 (λ) < Reµ−

j (λ), j = 2, . . . ,m.
(â) M →M±∞ ïðè ζ → ±∞ óáûâàåò áûñòðåå 1/|ζ|1+ε, ε > 0 íà ëþáîì êîìïàêòíîì

ïîäìíîæåñòâå Ω.

Äàëåå, ââåäåì îáîçíà÷åíèå µ±
1 = µ±.

Èç ïðåäïîëîæåíèÿ 4â ñëåäóåò, ÷òî

∞∫
−∞

∥R(ζ, λ)∥ dζ ⩽ C,

ãäå ∥R(ζ, λ)∥ â äàííîì ñëó÷àå îáîçíà÷àåò, íàïðèìåð, êâàäðàòíûé êîðåíü èç ñóììû ââñåõ
êîìïîíåíò ìàòðèöû R(ζ, λ),

R(ζ, λ) =

{
M(ζ, λ)−M+∞(λ), ζ > 0,

M(ζ, λ)−M−∞(λ), ζ < 0.
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Íàðÿäó ñ (2.1.3) ðàññìîòðèì ñîïðÿæåííóþ ñèñòåìó

z′ = −zM(ζ, λ). (2.1.4)

Îïðåäåëèì ïðàâûå ñîáñòâåííûå âåêòîðû (âåêòîðû-ñòîëáöû) è ëåâûå ñîáñòâåííûå âåê-
òîðû (âåêòîðû-ñòðîêè) ìàòðèö M±∞:

(M±∞ − µ±I)r± = 0, l±(M±∞ − µ±I) = 0, r+ · l+ = 1, r− · l− = 1,

ãäå I � åäèíè÷íàÿ ìàòðèöà.
Çàìåòèì, ÷òî òàê îïðåäåëåííûå âåêòîðû r±, l± àíàëèòè÷íû ïðè λ ∈ Ω, òàê êàê ñî-

îòâåòñòâóþò àíàëèòè÷íûì ñîáñòâåííûì çíà÷åíèÿì µ± (êîòîðûå àíàëèòè÷íû ïðè λ ∈ Ω
â ñèëó èõ ïðîñòîòû), ñì. Êàòî [9].

Òåîðåìà 2.1 (Pego, Weinstein [62]). Ñóùåñòâóþò åäèíñòâåííûå ðåøåíèÿ y0(ζ)
óðàâíåíèé (2.1.3) è z0(ζ) óðàâíåíèé (2.1.4), òàêèå ÷òî

e−µ+ζy0(ζ, λ)→ r+, ζ → +∞,
eµ

−ζz0(ζ, λ)→ l−, ζ → −∞. (2.1.5)

Ýòè ðåøåíèÿ àíàëèòè÷íû â Ω è ñõîäèìîñòü â (2.1.5) ðàâíîìåðíà íà ëþáîì êîìïàêò-

íîì ïîäìíîæåñòâå Ω.

Äîêàçàòåëüñòâî. Äîêàæåì òåîðåìó, èñïîëüçóÿ ìåòîä, èçëîæåííûé â ìîíîãðàôè-
ÿõ Coppel [35] è Coddinton, Levnson [30]. Òåîðåìó äîêàæåì äëÿ y0(ζ, λ), äëÿ z0(ζ, λ)
äîêàçàòåëüñòâî àíàëîãè÷íî. Îáîçíà÷èì B(λ) = M+∞ − µ+I. Ïîñëå çàìåíû v(ζ, λ) =
exp(−µ+ζ)y0(ζ, λ) óðàâíåíèå (2.1.3) ïåðåïèøåòñÿ â âèäå

dv

dζ
= B(λ)v +R(ζ, λ)v. (2.1.6)

Â ñèëó ïðåäïîëîæåíèÿ 4á ìàòðèöà B(λ) èìååò îäíî ïðîñòîå ñîáñòâåííîå çíà÷åíèå ν = 0,
à îñòàëüíûå m − 1 ñîáñòâåííûå çíà÷åíèÿ èìåþò ïîëîæèòåëüíóþ âåùåñòâåííóþ ÷àñòü.
Ñëåäîâàòåëüíî,

∥eBζ∥ ⩽ C1(λ)

äëÿ âñåõ ζ < 0, ãäå C1(λ) îãðàíè÷åíà íà êîìïàêòíûõ ïîäìíîæåñòâàõ Ω.
Äëÿ äàííîãî ζ0 îïðåäåëèì ëèíåéíûé îïåðàòîð F = F(λ), äåéñòâóþùèé íà ïðîñòðàí-

ñòâå C([ζ0,∞]) îãðàíè÷åííûõ íåïðåðûâíûõ ôóíêöèé íà [ζ0,∞]:

Fv(ζ) = −
∞∫
ζ

e(ζ−s)B(λ)R(s, λ)v(s) ds.

Èç ïðåäïîëîæåíèÿ 4â ñëåäóåò, ÷òî åñëè Ω1 êîìïàêòíîå ïîäìíîæåñòâî Ω, òî ñóùåñòâóåò
äîñòàòî÷íî áîëüøîå ζ0, òàêîå ÷òî

θ = sup
λ∈Ω1

C1(λ)

ζ∫
ζ0

∥R(s, λ)∥ ds < 1.
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Îòñþäà ñëåäóåò, ÷òî
sup
λ∈Ω1

|Fv|(ζ) ⩽ θ sup
ζ⩾ζ0

|v(ζ)|,

ò. å. îòîáðàæåíèå F ÿâëÿåòñÿ ñæèìàþùèì íà C([ζ0,∞)) ðàâíîìåðíî ïî λ ∈ Ω1. Îòñþäà
ñëåäóåò (ñì. Coppel [35]), ÷òî ïðè ëþáîé çàäàíîé íåïðåðûâíîé îãðàíè÷åííîé âåêòîð
ôóíêöèè v̂(ζ) èíòåãðàëüíîå óðàâíåíèå

v = v̂ + Fv, (2.1.7)

èìååò åäèíñòâåííîå îãðàíè÷åííîå íåïðåðûâíîå ðåøåíèå. Ëåãêî âèäåòü, ÷òî

d(v − v̂)

dζ
= B(λ)(v − v̂) +R(ζ, λ)v.

Âûáåðåì â êà÷åñòâå v̂ ðåøåíèå óðàâíåíèÿ

dv̂

dζ
= B(λ)v̂, (2.1.8)

òîãäà v èç (2.1.7) ÿâëÿåòñÿ C1 ðåøåíèåì (2.1.6). È íàîáîðîò, äëÿ ëþáîãî îãðàíè÷åí-
íîãî C1 ðåøåíèÿ (2.1.6), ôóíêöèÿ v̂ èç (2.1.7) � îãðàíè÷åííîå ðåøåíèå (2.1.8). Òàêèì
îáðàçîì, èìååò ìåñòî íåïðåðûâíîå â îáå ñòîðîíû ñîîòâåòñòâèå ìåæäó îãðàíè÷åííû-
ìè ðåøåíèÿìè (2.1.6) è îãðàíè÷åííûìè ðåøåíèÿìè (2.1.8). Ëåãêî âèäåòü, ÷òî ëþáîå
îãðàíè÷åííîå ðåøåíèå (2.1.8) èìååò âèä

v̂(ζ) = c r+(λ),

ãäå c ∈ C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîëîæèì äàëåå c = 1, òîãäà èìååì

y0(ζ, λ) = eµ
+ζv(ζ, λ) = eµ

+ζ(I −F)−1r+(λ) = eµ
+ζ

∞∑
n=0

Fnr+(λ)

ïðè ζ ⩾ ζ0. Äëÿ ζ < ζ0, y0(ζ, λ) ïðîäîëæàåòñÿ, êàê ðåøåíèå (2.1.3). Î÷åâèäíî, ÷òî
y0(ζ, λ) íå çàâèñèò îò ζ0 è îïðåäåëåíî äëÿ âñåõ λ ∈ Ω. Òàê êàê v(ζ, λ) ïðåäñòàâëÿåò
ñîáîé ñõîäÿùèéñÿ ðàâíîìåðíî ïðè λ ∈ Ω1 ðÿä àíàëèòè÷åñêèõ ôóíêöèé, îíà ñàìà ÿâëÿ-
åòñÿ àíàëèòè÷åñêîé ïðè λ ∈ Ω. Ïðåäåë â (2.1.5) ÿâëÿåòñÿ ðàâíîìåðíûì íà êîìïàêòíûõ
ïîäìíîæåñòâàõ Ω, òàê êàê θ = o(1) ïðè ζ0 →∞. □

Ëåììà 2.1 (Pego, Weinstein [62]). Åñëè y(ζ) óäîâëåòâîðÿåò (2.1.3), à z(ζ) � (2.1.4),
òî y · z íå çàâèñèò îò ζ .

Äîêàçàòåëüñòâî.

dy · z
dζ

= (−zM)y + z(My) = 0.

□

Îïðåäåëåíèå 4. Åñëè λ0 ∈ Ω è ðåøåíèå çàäà÷è (2.1.3), (2.1.5), y0(ζ, λ0) = o(eµ
−ζ)

ïðè ζ → −∞, òî λ0 íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì.
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Çàìåòèì, ÷òî â ñèëó (2.1.5) y0(ζ, λ) = O(eµ
+ζ), ïðè ζ → ∞ äëÿ ëþáîãî λ ∈ Ω.

Çàìåòèì òàêæå, ÷òî (2.1.5), îïðåäåëåíèå 4 è ëåììà 2.1 îçíà÷àþò, ÷òî z0(ζ, λ) = O(e−µ−ζ)
äëÿ ëþáîãî λ ∈ Ω è z0(ζ, λ0) = o(e−µ+ζ) ïðè ζ →∞.

Îáîçíà÷èì ÷åðåç {Ω+ = {λ ∈ C, Reλ > 0} �ïðàâóþ ïîëóïëîñêîñòü êîìïëåêñíîé
ïëîñêîñòè C ñïåêòðàëüíîãî ïàðàìåòðà λ. Áóäåì äàëåå ïðåäïîëàãàòü, ÷òî Ω+ ⊆ Ω.

Åñëè Reµ±
j > 0, j = 2, . . . ,m, òî èç âûøåïðèâåäåííîãî îïðåäåëåíèÿ λ0 ñëåäóåò, ÷òî

y0(ζ, λ0)
(
z(ζ, λ0)

)
óáûâàåò ïðè ζ → −∞ (ζ →∞).

Òàê êàê ÷èñëî ñîáñòâåííûõ çíà÷åíèé ñ ôèêñèðîâàííûì çíàêîì âåùåñòâåííîé ÷àñòè
íå ìîæåò èçìåíèòüñÿ, ïîêà ýòè ñîáñòâåííûå çíà÷åíèÿ ïðè èçìåíåíèè λ ∈ C íå ïåðåñåêóò
ìíîæåñòâî, ãäå âåùåñòâåííàÿ ÷àñòü êàêîãî-íèáóäü ñîáñòâåííîãî ÷èñëà íå îáðàùàåòñÿ
â íóëü, òî î÷åâèäíà ñëåäóþùàÿ ëåììà.

Ëåììà 2.2 (Pego, Weinstein [62]). ×èñëî ñîáñòâåííûõ çíà÷åíèé (ñ÷èòàÿ êðàò-

íîñòü)ìàòðèöM±∞ èìåþùèõ îòðèöàòåëüíóþ âåùåñòâåííóþ ÷àñòü ïîñòîÿííî, åñëè
λ ïðèíàäëåæèò îäíîé èç ñâÿçíûõ êîìïîíåíò äîïîëíåíèÿ çàìêíóòîãî ìíîæåñòâà

Se = {λ ∈ C |M±∞(λ) èìååò ÷èñòî ìíèìîå ñîáñòâåííîå çíà÷åíèå}.

2.2. Ôóíêöèÿ Ýâàíñà

Îïðåäåëåíèå 5. Ôóíêöèåé Ýâàíñà D(λ) íàçûâàåòñÿ ôóíêöèÿ

D(λ) = y0(ζ, λ) · z0(ζ, λ), λ ∈ Ω.

Â ñèëó ëåììû 2.1 ôóíêöèÿ Ýâàíñà D(λ) íå çàâèñèò îò ζ.

Ëåììà 2.3. Ïðè λ ∈ Ω

a)y0(ζ, λ)→ D(λ)r−eµ
−(λ)ζ , ζ → −∞,

á) z0(ζ, λ)→ D(λ)l+e−µ+(λ)ζ , ζ → +∞.

Äîêàçàòåëüñòâî. Äîêàæåì óòâåðæäåíèå à), óòâåðæäåíèå á) äîêàçûâàåòñÿ àíàëî-
ãè÷íî. Ïðîèçâåäåì çàìåíó

v(ζ, λ) = eµ
−ζy0(ζ, λ), w(ζ, λ) = eµ

−ζz0(ζ, λ).

Òîãäà èìååì

v′ =
(
C(λ) +R(ζ, λ)

)
v, w′ = −w

(
C(λ) +R(ζ, λ)

)
,

ãäå
C(λ) = M−∞ − µ−I.

Ðàññìîòðèì óðàâíåíèå
v̂′ = C(λ)v̂.

Îãðàíè÷åííîå ðåøåíèå ýòîãî óðàâíåíèÿ òàêîâî, ÷òî

v̂(ζ, λ)→ c(λ)r−, ζ → −∞.
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Î÷åâèäíî òàêæå, ÷òî v(ζ, λ)→ v̂(ζ, λ) ïðè ζ → −∞. Ñëåäîâàòåëüíî,

v(ζ, λ)→ c(λ)r−. (2.2.1)

Èç (2.2.1) èìååì
D(λ) = y0 · z0 = v ·w = c(λ)r− · l− = c(λ),

îòêóäà ñëåäóåò óòâåðæäåíèå à) ëåììû. □

Èç òåîðåìû 2.1, îïðåäåëåíèÿ 4 è ëåììû 2.3 ëåãêî ñëåäóåò òåîðåìà.

Òåîðåìà 2.2 (Pego, Weinstein [62]). Ôóíêöèÿ Ýâàíñà D(λ) àíàëèòè÷íà ïðè λ ∈ Ω
è D(λ0) = 0 òîãäà è òîëüêî òîãäà, êîãäà λ0 ñîáñòâåííîå çíà÷åíèå â ñìûñëå îïðåäåëå-
íèÿ 4.

Òàê êàê óðàâíåíèå (2.1.1) ñ âåùåñòâåííûìè êîýôôèöèåíòàìè èìååò âåùåñòâåííîå
ðåøåíèå âèäà (2.1.2) ïðè λ ∈ R, òî ëåãêî óñòàíîâèòü ñïðàâåäëèâîñòü ñëåäóþùåé ëåììû.

Ëåììà 2.4. Åñëè λ è åãî ñîïðÿæåííîå λ ëåæàò â Ω, òî M(ζ, λ) = M(ζ, λ),
y0(ζ, λ) = y0(ζ, λ), z0(ζ, λ) = z0(ζ, λ) è D(λ) = D(λ).

Èç ëåììû 2.4, â ÷àñòíîñòè, ñëåäóåò, ÷òî ôóíêöèÿ Ýâàíñà D(λ) âåùåñòâåííà ïðè
âåùåñòâåíûõ λ.

Òåîðåìà 2.3 (Pego, Weinstein [62]). Ïðåäïîëîæèì, ÷òî M±∞ äèàãîíàëèçóåìà ïðè

áîëüøèõ |λ| è ÷òî V± , ñîîòâåòñòâåííî,ìàòðèöû ñî ñòîëáöàìè, ñîâïàäàþùèìè ñ ïðà-
âûìè ñîáñòâåííûìè âåêòîðàìè M±∞ ; ïåðâûé ñòîëáåö ñîâïàäàåò ñ r± , ñîîòâåòñòâåí-
íî. Ïóñòü W± = (V±)−1 è

F(ζ, λ) =

{
W+R(ζ, λ)V+, ζ > 0,

W−R(ζ, λ)V−, ζ < 0.

Ïðåäïîëîæèì òàêæå, ÷òî ïðè |λ| → ∞ â Ω

∞∫
−∞

|F(ζ, λ)| dζ ⩽ C, (2.2.2)

ãäå C íå çàâèñèò îò λ, ∫
|ζ|>ζ0

|F(ζ, λ)| dζ → 0, ζ0 →∞, (2.2.3)

ðàâíîìåðíî ïî λ, à òàêæå

∞∫
−∞

|F(ζ, λ)e1| dζ → 0, |λ| → ∞, (2.2.4)

ãäå e1 = (1, 0, . . . , 0)⊤ . Òîãäà ïðè |λ| → ∞ â Ω èìååì

W+y0(0, λ) = W+r+ + o(1) = e1 + o(1) (2.2.5)

è

z0(0, λ)V
−e1 = 1 + o(1). (2.2.6)
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Äîêàçàòåëüñòâî. Îáîçíà÷èì

B(λ) = W+(M+∞ − µ+I)V+

è
v(ζ, λ) = −e1 + e−µ+ζW+y0(ζ, λ).

Òîãäà, òàê êàê B(λ)e1 = 0, òî èç (2.1.3) èìååì

v′ = B(λ)v + F(ζ, λ)(v + e1).

Ëåãêî âèäåòü, ÷òî v→ 0 ïðè ζ →∞ è

v(ζ) = −
∞∫
ζ

e(ζ−s)B(λ)F(s, λ)
(
(v(s) + e1

)
ds. (2.2.7)

Èíòåãðàë â (2.2.7) ñóùåñòâóåò â ñèëó óñëîâèÿ (2.2.2). Ìàòðèöà B(λ) � äèàãîíàëüíà
è äëÿ åå ýëåìåíòîâ íà äèàãîíàëè Re(Bkk) ⩾ 0, k = 1, . . . ,m. Â ñèëó (2.2.3), (2.2.4)
ìîæíî âûáðàòü äîñòàòî÷íî áîëüøîå ζ0 íåçàâèñèìî îò λ, ÷òî ïðè ζ > ζ0 âûïîëíÿåòñÿ
íåðàâåíñòâî

|v(ζ)| ⩽ sup
s⩾ζ0

|v(s)|
∞∫

ζ0

|F(s, λ)| ds+
∞∫

ζ0

|F(s, λ)e1| ds ⩽
1

2
sup
s⩾ζ0

|v(s)|+
∞∫

ζ0

|F(s, λ)e1| ds.

Îòñþäà

sup
ζ⩾ζ0

|v(ζ)| ⩽ 2

∞∫
ζ0

|F(s, λ)e1| ds = o(1), |λ| → ∞.

Âåêòîð-ôóíêöèÿ v(ζ, ·) òàêæå çàïèñûâàåòñÿ â âèäå

v(ζ) = e(ζ−ζ0)Bv(ζ0) +

ζ0∫
ζ

e(ζ−s)BF(s, λ)
(
v(s) + e1

)
ds.

Îòñþäà ïîëó÷èì îöåíêó äëÿ 0 ⩽ ζ ⩽ ζ0

|v(ζ)| ⩽ C

ζ0∫
ζ

|F(s, λ)| |v(s)| ds+ C

(
|v(ζ0)|+

ζ0∫
ζ

|F(s, λ)e1 ds

)
.

Ïðèìåíÿÿ íåðàâåíñòâî Ãðàíóîëëà�Áåëëìàíà è èñïîëüçóÿ âûøåïðèâåäåííóþ îöåíêó äëÿ
v(ζ0) è (2.2.4) ïîëó÷èì îöåíêó

|v(ζ)|⩽C exp

(
C

ζ0∫
ζ

|F(s, λ) ds

)(
|v(ζ0)|+

ζ0∫
ζ

|F(s, λ)e1| ds

)
= o(1), |λ|→∞, λ∈Ω,

êîòîðàÿ äîêàçûâàåò (2.2.5).
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Äëÿ äîêàçàòåëüñòâà (2.2.6) ïîëîæèì w(ζ) = −e⊤1 + eµ
−ζz0(ζ)V

−. Òîãäà (2.1.4) ïåðå-
ïèñûâàåòñÿ â âèäå

w′ +wB(λ) + (w + e⊤1 )F(ζ, λ) = 0.

Òàê êàê r− · l− = 1, òî w(ζ)→ 0 ïðè ζ → −∞. Èìååì

w(ζ) = −
ζ∫

−∞

(w(s) + e⊤1 )F(s, λ)e
(ζ−s)B(λ) ds,

îòêóäà äëÿ äîñòàòî÷íî áîëüøèõ ïî ìîäóëþ îòðèöàòåëüíûõ ζ0 < ζ ñëåäóåò îöåíêà

|w(ζ)| ⩽

(
C

2
+ sup

s⩽ζ0

|w(s)|
ζ0∫

−∞

|F(s, λ)| ds

)
⩽

1

2

(
C + sup

s⩽ζ0

|w(s)|
)
,

îòêóäà
sup
s⩽ζ0

w(s) ⩽ C.

Äàëåå ïîëîæèì w1(ζ) = w(ζ) · e1. Òàê êàê Be1 = 0, òî

|w1(ζ)| ⩽
(
C + sup

s⩽ζ0

|w(s)|
) ζ0∫
−∞

|F(s, λ)e1| ds = o(1), |λ| → ∞.

Àíàëîãè÷íî äîêàçàòåëüñòâó (2.2.5) ìîæíî óñòàíîâèòü, ïðèìåíÿÿ íåðàâåíñòâî Ãðàíóîë-
ëà�Áåëëìàíà, ÷òî äëÿ ζ0 ⩽ ζ ⩽ 0

|w(ζ)| ⩽ C, |w1(ζ)| ⩽ C

0∫
−∞

|F(s, λ)e1| ds = o(1), |λ| → ∞, λ ∈ Ω,

îòêóäà ñëåäóåò (2.2.6). □

Ñëåäñòâèå 2.1 (Pego, Weinstein [62]). Åñëè M+∞ = M−∞ è óñëîâèÿ òåîðåìû 2.3
âûïîëíåíû ïðè V+ = V− (à çíà÷èò ïðè W+ = W−), òî

D(λ)→ 1, |λ| → ∞, λ ∈ Ω.

Äîêàçàòåëüñòâî. D(λ) = z0(0, λ) ·y0(0, λ) = z0(0, λ)V
− ·W+y0(0, λ) = 1+o(1) ïðè

|λ| → ∞, λ ∈ Ω. □

Òåîðåìà 2.4 (Pego, Weinstein [62]). Ïóñòü

µ(ζ, λ) =

{
µ−, ζ < 0,

µ+, ζ > 0.

Òîãäà äëÿ âñåõ λ ∈ Ω

D′(λ) = −
∞∫

−∞

z0(ζ, λ) ·
∂

∂λ

[
M(ζ, λ)− µ(ζ, λ)I

]
y0(ζ, λ) dζ +

+D(λ)

[
dl−

dλ
· r− + l+ · dr

+

dλ

]
, (2.2.8)

ïðè÷åì íåñîáñòâåííûé èíòåãðàë â (2.2.8) ñõîäèòñÿ. Ñòàðøèå ïðîèçâîäíûå ∂kλD(λ) ïî-
ëó÷àþòñÿ ôîðìàëüíûì äèôôåðåíöèðîâàíèåì (2.2.8).
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Äîêàçàòåëüñòâî. Îáîçíà÷èì ( )λ = ∂/∂λ è äëÿ γ = µ(ζ, λ)

w(ζ, λ) = eγζz0(ζ, λ), v(ζ, λ) = e−γζy0(ζ, λ).

Òîãäà èìååì D(λ) = w · v, D′(λ) = wλ · v + w · vλ. Òàê êàê dv/dζ = (M − γ)v è
dw/dζ = −w(M− γ), òî

dvλ

dζ
= (M− γ)vλ + (Mλ − γλ)v,

dwλ

dζ
= −wλ(M− γ)−w(Mλ − γλ).

Ëåãêî ïîâåðèòü, ÷òî
dw · vλ

dζ
= w(Mλ − γλ)v = −dwλ · v

dζ
,

à çíà÷èò äëÿ ëþáûõ R, S > 0 âåðíû ðàâåíñòâà

w · vλ(0, λ) = w · vλ(S, λ)−
S∫

0

w(Mλ − γλ)v dζ,

wλ · v(0, λ) = wλ · v(−R, λ)−
0∫

−R

w(Mλ − γλ)v dζ

èëè

D′(λ) = −
S∫

−R

w(Mλ − γλ)v dζ +wλ · v(−R, λ) +w · vλ(S, λ). (2.2.9)

Èìååì (ñì. òåîðåìó 2.1 è ëåììó 2.3)

v(ζ, λ)→ r+(λ), w(ξ, λ)→ D(λ)l+(λ) (2.2.10)

ïðè ζ → +∞ è

v(ζ, λ)→ D(λ)l−(λ), w(ζ, λ)→ l−(λ) (2.2.11)

ïðè ζ → −∞. Ýòè ïðåäåëû äîñòèãàþòñÿ ðàâíîìåðíî ïî λ íà êîìïàêòíûõ ïîäìíîæå-
ñòâàõ Ω, à çíà÷èò ïðîèçâîäíûå ïî λ ñõîäÿòñÿ ê ïðîèçâîäíûì îò ïðåäåëîâ. Â ÷àñòíîñòè,

wλ(ζ, λ)→ l−λ (λ), ζ → −∞, vλ(ζ, λ)→ r+λ , ζ → +∞.

Ôîðìóëà (2.2.8) ïîëó÷àåòñÿ, åñëè â (2.2.9) íåçàâèñèìî óñòðåìèòü R è S ê áåñêîíå÷-
íîñòè è âîñïîëüçîâàòüñÿ òåì ôàêòîì, ÷òî w · (Mλ− γλ)v(λ) = z0 · (Mλ− γλ)y0(λ). Ôîð-
ìóëû äëÿ áîëåå âûñîêèõ ïðîèçâîäíûõ ïîëó÷àþòñÿ, åñëè ïðîäèôôåðåíöèðîâàòü (2.2.9)�
(2.2.11) ïî λ è ïåðåéòè ê ïðåäåëó ïðè R, S →∞. □

Ñëåäñòâèå 2.2 (Pego, Weinstein [62]). Åñëè D(λ0) = 0, òî

D′(λ0) = −
∞∫

−∞

z0(ζ, λ0) ·
∂

∂λ
M(ζ, λ0)y0(ζ, λ0) dζ. (2.2.12)
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Ñëåäñòâèå 2.3 (Pego, Weinstein [62]). Åñëè M+∞(λ) = M−∞(λ), òî èìååò ìåñòî

ôîðìóëà

D′(λ) = −
∞∫

−∞

z0(ζ, λ) ·
∂

∂λ

(
M(ζ, λ)− µ(ζ, λ)I

)
y0(ζ, λ) dζ.

Äîêàçàòåëüñòâî. Èìååì r+ = r− è l+ = l−. Òîãäà r± · l± = 1, è âòîðîå ñëàãàåìîå
â (2.2.8) ïðîïàäàåò. □

2.3. Ñïåêòðàëüíàÿ óñòîé÷èâîñòü ñîëèòîíîâ îáîáùåííîãî óðàâíåíèÿ ÊäÔ

Ðàññìàòðèâàåòñÿ óðàâíåíèå (1.1.2). Ïåðåõîäÿ ê �áåãóùåé ïåðåìåííîé� ζ = x − V t,
V > 0, ïîëó÷èì óðàâíåíèå äëÿ óåäèíåííîé âîëíû ϕV (ζ):

−∂2ζϕV (ζ) + V ϕV (ζ)− f
(
ϕV (ζ)

)
= 0. (2.3.1)

Äëÿ ñòåïåííîé íåëèíåéíîñòè f(z) = zp+1/(p+ 1) â óðàâíåíèè (2.3.1) èìååì

ϕV (ζ) =

[
1

2
V (p+ 2)(p+ 1)

]1/p
sech2/p

(
1

2
ζp
√
V

)
.

Â ñèëó òîãî ôàêòà, ÷òî ϕV (ζ) ñòðåìèòñÿ ê íóëþ ïðè ζ → ±∞ èìååì µ± = µ, µ±
2,3 = µ2,3.

Â äàííîì ñëó÷àå Ω ⊃ Ω+ (íàïîìíèì, ÷òî Ω+ ïðàâàÿ ïîëóïëîñêîñòü êîìïëåêñíîé
ïëîñêîñòè C, ãäå Reλ > 0),

Ω = {λ ∈ C | Reλ ⩾ −ε}, (2.3.2)

ãäå ε çíà÷åíèå, ïðè êîòîðîì åùå âûïîëíÿåòñÿ íåðàâåíñòâî (á) â ïðåäïîëîæåíèè 4. Äàëåå
ïîêàæåì, ÷òî

Reµ(λ) < 0 < Reµ2,3(λ), λ ∈ Ω+, (2.3.3)

ò. å. â ñëó÷àå íàëè÷èÿ ñîáñòâåííîãî çíà÷åíèÿ λ0 ∈ Ω+, ñîáñòâåííàÿ ôóíêöèÿ y0(ζ, λ0)
(è òàêæå z0(ζ, λ0)) óáûâàåò íà îáåèõ áåñêîíå÷íîñòÿõ.

Ïîñëå ëèíåàðèçàöèè óðàâíåíèÿ (1.1.2), ãäå u(x, t) = ϕV (ζ) + v(ζ, t), ïîëó÷èì óðàâíå-
íèå íà äîáàâêè v(ζ, t):

∂tv − V ∂ζv + ∂ζ
(
f ′(ϕV (ζ)

)
v
)
+ ∂3ζv = 0. (2.3.4)

Â ñîîòâåòñòâèè ñ (2.1.2) áóäåì èñêàòü ðåøåíèå (2.3.4) â âèäå

v(ζ, t) = Y (ζ)eλt,

ãäå

∂3ζY +
(
f ′(ϕV (ζ)

)
− V

)
∂ζY +

(
λ+ ∂ζf

′(ϕV (ζ)
))
Y = 0. (2.3.5)

Ñîïðÿæåííîå (2.3.5) óðàâíåíèå èìååò âèä

∂3Z

∂ζ3
+
(
f ′(ϕV (ζ)

)
− V

)∂Z
∂ζ
− λZ = 0. (2.3.6)
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Óðàâíåíèå (2.3.5) ïåðåïèñûâàåòñÿ â âèäå äèíàìè÷åñêîé ñèñòåìû

dy1
dζ

= y2,

dy2
dζ

= y3,

dy3
dζ

= −
(
λ+ f ′(ϕV (ζ)

))
y1 −

(
f ′(ϕV (ζ)

)
− V

)
y2, (2.3.7)

ãäå y1 = Y , y2 = ∂Y/∂ζ, y3 = ∂2Y/∂ζ2.
Äèíàìè÷åñêàÿ ñèñòåìà (2.3.7) ïåðåïèñûâàåòñÿ â ìàòðè÷íîì âèäå (2.1.3), ãäå

y(ζ, λ) = (y1, y2, y3)
⊤,

M(ζ, λ) =

 0 1 0
0 0 1

−
(
λ+ ∂ζf

′(ϕV (ζ)
))
−
(
f ′(ϕV (ζ)

)
− V

)
0

 ,

M(ζ, λ) =

 0 1 0
0 0 1
m31 m32 m33


è

M∞(λ) = lim
ζ→±∞

M(ζ, λ),

Êîìïîíåíòû âåêòîðà y0, óäîâëåòâîðÿþùåãî (2.1.3) è (2.1.5) áóäåì îáîçíà÷àòü y01 = Y0,
y02 = ∂Y0/∂ζ, y03 = ∂2Y0/∂ζ

2. Êîìïîíåíòû âåêòîðà z0, óäîâëåòâîðÿþùåãî (2.1.4) è
(2.1.5) áóäåì îáîçíà÷àòü

z03 = Z0, z0j−1 = −∂ζz0j −m3jZ0(ζ, λ), j = 3, 2.

Îïðåäåëåíèå 6. Ãðàíè÷íîå ñîñòîÿíèå (áåãóùàÿ âîëíà) ϕV = ϕV (ζ) ñïåêòðàëüíî
íåóñòîé÷èâà, åñëè ñóùåñòâóåò ðåøåíèå y0(ζ, λ0) óðàâíåíèÿ (2.1.3) c ñîáñòâåííûì çíà÷å-
íèåì λ0 ∈ Ω+. Â ïðîòèâíîì ñëó÷àå áåãóùàÿ âîëíà ϕV (ζ) ñïåêòðàëüíî óñòîé÷èâà.

Îïðåäåëåíèå 6 îçíà÷àåò, ÷òî ñóùåñòâóåò áûñòðî ñòðåìÿùååñÿ ê íóëþ (òàê êàê êîì-
ïîíåíòû y0(ζ, λ0) ýêñïîíåíöèàëüíî óáûâàþò) è ðàñòóùåå ïî âðåìåíè (òîæå ýêñïîíåíöè-
àëüíî ñ ïîêàçàòåëåì Reλ0) âîçìóùåíèÿ ãðàíè÷íîãî ñîñòîÿíèÿ ϕV (ζ).

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû M∞(λ) óäîâëåòâîðÿþò óðàâíåíèþ

P (ν) = ν3 − V ν + λ = 0, (2.3.8)

êîòîðîå èìååò òðè êîðíÿ

ν1(λ) = µ(λ), ν2(λ) = µ2(λ), ν3(λ) = µ3(λ).

Ïðè ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà÷åíèÿõ ν = i τ , τ ∈ R èìååì

{Se = λ ∈ C | λ = i (τ 3 + τ), τ ∈ R},
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ò. å. ìíîæåñòâî Se ñîâïàäàåò ñ ìíèìîé îñüþ êîìïëåêñíîé ïëîñêîñòè C ñïåêòðàëüíîãî
ïàðàìåòðà.

Ïðè λ = 0

µ = −
√
V , µ2 = 0, µ3 =

√
V . (2.3.9)

Òàê êàê ñîáñòâåííûå çíà÷åíèÿ àíàëèòè÷íû â íåêîòîðîé ϵ-îêðåñòíîñòè Uϵ íà÷àëà êîîð-
äèíàò êîìïëåêñíîé λ-ïëîñêîñòè (â ñèëó èõ ïðîñòîòû òàì), òî èìååì

µ = −
√
V − λ

2
+O(λ2), µ2 =

λ

V
+O(λ2), µ3 =

√
V +

λ

2V
+O(λ2),

à çíà÷èò â ñèëó ëåììû 2.2 âûïîëíÿåòñÿ (2.3.3).
Ïðàâûé è ëåâûé ñîáñòâåííûå âåêòîðû ìàòðèöûM∞, îòâå÷àþùèå ñîáñòâåííîìó çíà-

÷åíèþ µ(λ) èìåþò âèä

r =

 1
µ
µ2

 , l(λ) =
(
µ2 − V, µ, 1

)
/P ′(µ), (2.3.10)

òàê ÷òî r(λ) · l(λ) = 1. Òîãäà, â ñîîòâåòñòâèå ñ ëåììîé 2.3à

Y0(ζ, λ)→ D(λ)eµζ , ζ → −∞.

Òåîðåìà 2.5. D(λ)→ 1, |λ| → ∞.

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî â ðåçóëüòàòå àñèìïòîòè÷åñêîé ïîäñòàíîâêè
â (2.3.8) ïðè λ→∞ âûðàæåíèÿ

µi = (−λ)1/3 + η

(−λ)1/3
+ o

(
1

|λ|1/3

)
, i = 1, 2, 3,

ïîëó÷èì, ÷òî η = V/3 è, çíà÷èò

µi = (−λ)1/3 +O

(
1

|λ|1/3

)
, i = 1, 2, 3,

ò. å. èìååò ìåñòî òðè ðàçíûõ êîðíÿ óðàâíåíèÿ (2.3.8) (íàïîìíèì, ÷òî ïðèíÿòû îáîçíà-
÷åíèÿ, ïðè êîòîðûõ µ1 = µ).

Ïî àíàëîãèè ñ (2.3.10) èìååì

rj =

 1
µj

µ2
j

 , lj(λ) =
(
µ2
j − V, µj, 1

)
/P ′(µj), j = 2, 3.

Îòñþäà ñëåäóåò, ÷òî â äàííîì ñëó÷àå

V =

 1 1 1
µ µ2 µ3

µ2 µ2
2 µ2

3

 , W =



µ2 − V
P ′(µ)

µ

P ′(µ)

1

P ′(µ)
µ2
2 − V
P ′(µ2)

µ2

P ′(µ2)

1

P ′(µ2)
µ2
3 − V
P ′(µ3)

µ3

P ′(µ3)

1

P ′(µ3)

 .
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Ìàòðèöà F èç òåîðåìû 2.3, òàêèì îáðàçîì, èìååò, â äàííîì ñëó÷àå, âèä

F = {Fik} =
[
−
∂f ′(ϕV (ζ)

)
∂ξ

− µkf
′((ϕV (ζ)

)]
/P ′(µi), i, k = 1, 2, 3. (2.3.11)

Èç (2.3.11) ñëåäóåò, ÷òî F→ 0 ïðè λ→∞ è óñëîâèÿ Òåîðåìû 2.3 çàâåäîìî âûïîëíåíû,
à çíà÷èò, â ñèëó ñëåäñòâèÿ 2.1 D(λ)→ 1, λ→∞. □

Ïðè λ = 0 ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû M∞ äàþòñÿ (2.3.9),

∂3Y0
∂ζ3

+
(
f ′(ϕV (ζ)

)
− V

)∂Y0
∂ζ

+ f ′(ϕV (ζ)
)
Y0 = 0, Y0 → eµ(0)ζ , ζ → +∞, (2.3.12)

à äëÿ òðåòüåé êîìïîíåíòû Z0 âåêòîðà-ñòðîêè z0 ïðè λ = 0 èç (2.3.6) èìååì

∂3Z0

∂ζ3
+
(
f ′(ϕV )− V )

∂Z0

∂ζ
= 0, Z0 →

1

2V
eµ(0)ζ , ζ → −∞. (2.3.13)

Èç (2.3.12), (2.3.13) è (2.3.1) ñëåäóåò, ÷òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ α < 0, ÷òî

Y0 = α∂ζϕV (ζ), Z0=
αµ(0)

2V
ϕV (ζ),

(
ϕV (ζ), ∂ζϕV (ζ)

)
→ 1

µ(0)α
eµ(0)ζ

(
1, µ(0)

)
, ζ→∞.

(2.3.14)
Ïðîäèôôåðåíöèðîâàâ ïî λ óðàâíåíèå (2.3.5) è åìó ñîïðÿæåííîå (2.3.6), ïîëó÷èì ïðè
λ = 0 (íèæíèé èíäåêñ , λ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî λ)

∂3Y0,λ
∂ζ3

+
(
f ′(ϕV (ζ)

)
− V

) ∂Y0,λ
∂ζ

+
∂f ′(ϕV (ζ)

)
∂ζ

Y0,λ = −Y0,

∂3Z0,λ

∂ζ3
+
(
f ′(ϕV (ζ)

)
− V

) ∂Z0,λ

∂ζ
= Z0. (2.3.15)

Óðàâíåíèÿ (2.3.15) ìîæíî ïåðåïèñàòü â âèäå

∂ζLV Y0,λ = −Y0
LV ∂ζZ0,λ = Z0, (2.3.16)

ãäå

LV =
∂2

∂ζ2
+ f ′(ϕV (ζ)

)
− V.

Ïðîäèôôåðåíöèðóåì äàëåå óðàâíåíèå (2.3.1) ïî V . Èìååì

LV ∂V ϕV (ζ) = ϕV (ζ),

òî åñòü

∂ζLV ∂V ϕV (ζ) = ∂ζϕV (ζ). (2.3.17)

Óìíîæèâ (2.3.17) íà α, ñëîæèâ ïîëó÷èâøååñÿ óðàâíåíèå ñ ïåðâûì óðàâíåíèåì â (2.3.16)
è èñïîëüçîâàâ âûðàæåíèå äëÿ Y0 â (2.3.14), ïîëó÷èì

∂ζLV

(
Y0,λ + α∂V ϕV (ζ)

)
= 0. (2.3.18)
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Èç óðàâíåíèé (2.3.18) è (2.3.1) ñëåäóåò

Y0,λ = −α∂V ϕV (ζ) + β∂ζϕV (ζ), (2.3.19)

ãäå β � íåêîòîðàÿ ïîñòîÿííàÿ, îïðåäåëÿåìàÿ àñèìïòîòèêîé Y0,λ + α∂V ϕV (ζ) è ∂ζϕV (ζ)
ïðè ζ →∞.

Äîìíîæèâ äàëåå (2.3.17) íà αµ/(2V ), âû÷èòàÿ ðåçóëüòàò èç âòîðîãî óðàâíåíèÿ
â (2.3.16) è èñïîëüçîâàâ âòîðóþ ôîðìóëó â (2.3.14), ïîëó÷èì

LV

(
∂ζZ0,λ −

αµ

2V
∂V ϕV (ζ)

)
= 0,

îòêóäà

Z0,λ =
αµ

2V

ζ∫
−∞

∂V ϕV (ζ) dζ + β1ϕV (ζ), (2.3.20)

ãäå ïîñòîÿííàÿ β1 îïðåäåëÿåòñÿ àñèìïòîòèêîé Z0,λ ïðè ζ →∞.
Òàê êàê

D(λ) = y01z01 + y02z02 + y03z03,

à y0i → 0 è z0i → 0, i = 1, 2, 3 ïðè λ = 0 è ζ → ±∞, òî D(0) = 0. Èç âèäà ìàòðèöû
M(ζ, λ) â äàííîì ñëó÷àå, (2.2.12) è (2.3.14), (2.3.19), (2.3.20), èìååì

D′(0) =

+∞∫
−∞

Z0(ζ, 0)Y0(ζ, 0) dζ =
α2µ(0)

2V

+∞∫
−∞

ϕV (ζ) ∂ζϕV (ζ) dζ = 0,

à

D′′(0) =

∞∫
−∞

(
Z0,λY0 + Z0Y0,λ

)
dζ =

=

+∞∫
−∞

[(
αµ(0)

2V

ζ∫
−∞

∂V ϕV (ζ) dζ + β1ϕV (ζ)

)
α ∂ζϕV (ζ) +

+
αµ(0)

2V

(
−α ∂V ϕV (ζ) + β ∂ζϕV (ζ)

)
ϕV (ζ)

]
dζ =

= −α
2µ(0)

2V

d

dV

+∞∫
−∞

ϕ2
V (ζ) dζ = −

α2µ(0)

V

d

dV
Q(ϕV ).

Îòñþäà èìååì

signD′′(0) = sign
d

dV
Q(ϕV ). (2.3.21)
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Â ñèëó òåîðåìû 2.5 è (2.3.21) ôóíêöèÿ D(λ) çàâåäîìî ìåíÿåò çíàê íà ïîëîæèòåëüíîé
âåùåñòâåííîé ïîëóîñè (à çíà÷èò îáðàùàåòñÿ òàì â íîëü), êîãäà

sign
d

dV
Q(ϕV ) < 0.

Åñëè

f(u) =
up+1

p+ 1
,

òî
ϕV (ζ) = α̂ sech2/p(γ̂ζ),

ãäå â ñîîòâåòñòâèè ñ ôîðìóëîé â íà÷àëå äàííîãî ïàðàãðàôà, äàþùåé âûðàæåíèå
äëÿ ϕV (ζ)

α̂ =

[
1

2
V (p+ 1)(p+ 2)

]1/p
, γ̂ =

1

2
p
√
V .

Èìååì (ñì. Pego, Weinstein [62])

Q−1(ϕV )
d

dV
Q(ϕV ) =

d

dV

(
2ln α̂− ln γ̂

)
=

2

pV
− 1

2V

è çíà÷èò äëÿ p > 4 çàâåäîìî èìååò ìåñòî ïî êðàéíåé ìåðå îäíî íåóñòîé÷èâîå ñîáñòâåí-
íîå çíà÷åíèå è ϕV (ζ) � íåóñòîé÷èâîå ðåøåíèå.

2.4. Ñïåêòðàëüíàÿ óñòîé÷èâîñòü ôðîíòîâ îáîáùåííîãî óðàâíåíèÿ

ÊäÔ�Áþðãåðñà

Ðàññìîòðèì îáîáùåííîå óðàâíåíèå ÊäÔ�Áþðãåðñà

∂tu+ ∂xf(u) + ∂3xu = κ∂2xu, (2.4.1)

ãäå ïîñòîÿííàÿ κ > 0 è ôóíêöèÿ f ñòðîãî âûïóêëà. Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.6 (Pego, Weinstein [62]). Äëÿ ëþáûõ κ > 0, V > 0, èìååò ìåñòî ðåøåíèå

(2.4.1) òèïà áåãóùåé âîëíû u(x, t) = ϕV (ζ), ζ = x−V t ñ òî÷íîñòüþ äî ñäâèãà, êîòîðîå
óäîâëåòâîðÿåò îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

−d
2ϕV (ζ)

dζ2
+ κ

dϕV (ζ)

dζ
+ V ϕV (ζ)− f

(
ϕV (ζ)

)
= 0, (2.4.2)

à òàêæå óñëîâèÿì íà áåñêîíå÷íîñòè

ϕV (ζ)→

{
0, ζ → +∞,
ϕL, ζ → −∞,

ãäå ïîñòîÿííàÿ ϕL � åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ f(ϕL) = V ϕL .
Ïðè ζ → +∞

ϕV (ζ) ∼ βerζ ,
dϕV

dζ
(ζ) ∼ βrerζ , β > 0,
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ãäå

r =
1

2
(κ−

√
κ2 + 4V ) < 0.

Ïðè κ ⩾ 2
√
f ′(ϕL)− V , ϕV (ζ) óáûâàåò ìîíîòîííî, à ïðè κ < 2

√
f ′(ϕL)− V , ϕV (ζ)−ϕL

ýêñïîíåíöèàëüíî óáûâàåò äî íóëÿ îñöèëëèðóþùèì îáðàçîì ïðè ζ → −∞.

Äîêàçàòåëüñòâî. Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, ýêâèâàëåíòíóþ óðàâíå-
íèþ (2.4.2):

dϕV (ζ)

dζ
= χV (ζ),

dχV (ζ)

dζ
= V ϕV (ζ)− f

(
ϕV (ζ)

)
+ κχV (ζ). (2.4.3)

Ñèñòåìà óðàâíåíèé (2.4.3) èìååò äâå îñîáûå òî÷êè (0, 0) � ñåäëî è (ϕL, 0) � ëèáî óçåë
ëèáî íåóñòîé÷èâûé ôîêóñ. Ðàññìîòðèì âûðàæåíèå

E(ϕV , χV ) =
1

2
χ2
V −

1

2
V ϕ2

V +

ϕV∫
0

f(z) dz

Ïðè κ = 0 äëÿ E(ϕV ) = 0 íà ãîìîêëèíè÷åñêîé êðèâîé, äâîÿêîàñèìïòîòè÷åñêîé ê îñîáîé
òî÷êå (0, 0). Ýòà êðèâàÿ ñîîòâåòñòâóåò ñîëèòîíó � ðåøåíèþ óðàâíåíèÿ ÊäÔ. Äëÿ îñîáîé
òî÷êè (ϕL, 0), E(ϕL, 0) < 0, òàê êàê â ýòîì ñëó÷àå

1

2
f(ϕL)ϕL −

ϕL∫
0

f(z) dz > 0

â ñèëó âûïóêëîñòè f(u). Òàêèì îáðàçîì, âñþäó âíóòðè ãîìîêëèíè÷åñêîé êðèâîé, ãäå
èìåþò ìåñòî çàìêíóòûå ôàçîâûå êðèâûå, ñîîòâåòñòâóþùèå ïåðèîäè÷åñêèì ðåøåíèÿ
óðàâíåíèÿ ÊäÔ, E(ϕV , χV ) < 0. Ïðè κ > 0, κ → 0 ãîìîêëèíè÷åñêàÿ òðàåêòîðèÿ ðàç-
ðûâàåòñÿ è óñòîé÷èâîå ìíîãîîáðàçèå òî÷êè (0, 0) ãäå ϕL ⩾ 0 �çàõâàòûâàåòñÿ� îáëàñòüþ
E(ϕV , χV ) < 0. Â ñèëó òîãî ôàêòà, ÷òî

dE
(
ϕV (ζ), χV (ζ)

)
dζ

= κχ2
V (ζ) ⩾ 0

âåëè÷èíà E
(
ϕV (ζ), χV (ζ)

)
íå óáûâàåò âäîëü òðàåêòîðèè, ëåæàùåé â îáëàñòè

E
(
ϕV (ζ), χV (ζ)

)
< 0 ïðè óìåíüøåíèè ζ è òðàåêòîðèÿ ëåæèò â îãðàíè÷åííîé îá-

ëàñòè. Ôàçîâàÿ òðàåêòîðèÿ äîëæíà ïðèáëèæàòüñÿ ê îñîáîé òî÷êå (ϕL, 0) è ñóùåñòâóåò
åäèíñòâåííàÿ òðàåêòîðèÿ ñîåäèíÿþùàÿ òî÷êè (0, 0), (ϕL, 0). Êàðòèíà êðèâûõ íà
ôàçîâîé ïëîñêîñòè íå èçìåíÿåòñÿ ïðè âîçðàñòàíèè âåëè÷èíû κ.

Ïîñëåäíåå óòâåðæäåíèå òåîðåìû 2.6 ëåãêî ñëåäóåò èç òîãî ôàêòà, ÷òî â îêðåñòíîñòè
ζ = −∞

ϕV = ϕL + esζ , χV = sesζ , s =
κ

2
±
√
κ2

4
− (f ′(ϕL − V ).

Çàìåòèì ÷òî â ñèëó âûïóêëîñòè f(u) âûïîëíÿåòñÿ íåðàâåíñòâî f ′(ϕL) − V > 0, òàê
÷òî, äåéñòâèòåëüíî ïðè κ ⩾ 2

√
f ′(ϕL)− V ïðîôèëü ôðîíòà ϕV ìîíîòîíåí, à ïðè κ <

2
√
f ′(ϕL)− V îñöèëëèðóåò ïðè ζ → −∞ (ñì. Fig. 1 â ñòàòüå Pego et al. [63]). □
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Ïðåäïîëîæèì äàëåå, ÷òî

f(z) =
zp+1

p+ 1
, p ⩾ 1,

ϕL â ýòîì ñëó÷àå ðàâíî [V (p+1)]1/p, à f ′(ϕL) = V (p+1). Ëèíåàðèçóåì óðàâíåíèå (2.4.1)
âîêðóã ðåøåíèÿ ϕV (ζ) òèïà ôðîíòà, ò. å. ïîëîæèì u(x, t) = ϕV (ζ) + v(ζ, t):

∂tv = Aκv, Aκ = ∂ζ [−∂2ζ + κ∂ζ + V − ϕp
V (ζ)]. (2.4.4)

Áóäåì èñêàòü ðåøåíèå (2.4.4) â âèäå v(ζ, t) = Y (ζ)eλt. Òîãäà ïîëó÷èì

AκY (ζ) = λY (ζ). (2.4.5)

Ïðè ζ → +∞
Aκ(ζ)→ A+∞

κ , A+∞
κ = ∂ζ [−∂2ζ + κ∂ζ + V ];

ïðè ζ → −∞
Aκ(ζ)→ A−∞

κ , A−∞
κ = ∂ζ [−∂2ζ + κ∂ζ + V − ϕp

L].

Ìíîæåñòâî S±
e = S+ ∪ S− ïðèíàäëåæèò íåïðåðûâíîìó ñïåêòðó îïåðàòîðà Aκ(ζ) è,

î÷åâèäíî, îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

S±
e = {λ ∈ C | A±∞

κ èìååò ìíèìîå ñîáñòâåííîå çíà÷åíèå},

ãäå

S+
e = {λ ∈ C | λ = −κτ 2 + i τ(τ 2 + V ), τ ∈ R},
S−
e = {λ ∈ C | λ = −κτ 2 + i τ(τ 2 + V − ϕp

L), τ ∈ R}.

Óðàâíåíèå (2.4.5) è åìó ñîïðÿæåííîå ìîãóò áûòü çàïèñàíû â âèäå óðàâíåíèé (2.1.3),
(2.1.4). Ìàòðèöà M â äàííîì ñëó÷àå èìååò âèä

M(ζ, λ) =

 0 1 0
0 0 1

−λ− ∂ζϕV (ζ)
p V − ϕV (ζ)

p κ

 .

Ðåøåíèÿ ýòèõ óðàâíåíèé y0 è z0 äîïîëíèòåëüíî óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâè-
ÿì (2.1.5). Êîìïîíåíòû âåêòîðîâ y0 è z0 îïðåäåëÿþòñÿ òàê æå, êàê è â ïðåäûäóùåì
ïàðàãðàôå.

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû M+∞(λ) óäîâëåòâîðÿþò óðàâíåíèþ

P+(ν) = ν3 − κν2 − V ν + λ = 0, (2.4.6)

à ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû M−∞ � óðàâíåíèþ

P−(ν) = ν3 − κν2 + pV ν + λ = 0. (2.4.7)

Óðàâíåíèÿ (2.4.6), (2.4.7) ïðè ôèêñèðîâàííîì λ ∈ C èìåþò ïî òðè êîðíÿ µ±, µ±
j , j = 2, 3.

Îáëàñòü Ω ⊃ Ω+ îïðåäåëÿåòñÿ òàêæå, êàê â ïðåäûäóùåì ïàðàãðàôå, ãäå ε çàâèñèò
îò κ, V è p.
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Ëåììà 2.5. Ïðè λ ∈ Ω+ äëÿ ñîáñòâåííûõ çíà÷åíèé ñ âûïîëíÿåòñÿ àíàëîã íåðàâåí-

ñòâà (2.3.3)

Reµ±(λ) < 0 < Reµ±
2,3(λ). (2.4.8)

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì, ÷òî â Ω âñå ñîáñòâåííûå çíà÷åíèÿ
M±∞ � àíàëèòè÷åñêèå ôóíêöèè λ, à çíà÷èò â ñèëó (2.3.2) îíè àíàëèòè÷íû â îêðåñòíî-
ñòè íà÷àëà êîîðäèíàò. Â ñîîòâåòñòâèè ñ ëåììîé 2.2, ÷èñëî âåùåñòâåííàÿ ÷àñòü ñîáñòâåí-
íûõ çíà÷åíèé M±∞(λ) ìîæåò èçìåíèòüñÿ òîëüêî ïðè ïåðåõîäå λ ÷åðåç íåïðåðûâíûé
ñïåêòð, ïåðåñå÷åíèå êîòîðîãî ñ Ω+ ïóñòî. Îòñþäà ñëåäóåò, ÷òî äîñòàòî÷íî ïðîâåðèòü
çíàê âåùåñòâåííîé ÷àñòè ñîáñòâåííûõ çíà÷åíèé M±∞ òîëüêî â îêðåñòíîñòè λ = 0 ïðè
λ ∈ R+. Ïðè λ = 0 èç (2.4.6), (2.4.7) ñëåäóåò

à) µ+(0) = 0.5(κ −
√
κ2 + 4V ) < 0, µ+

2 = 0, µ+
3 = 0.5(κ +

√
κ2 + 4V > 0. Èìååì èç

(2.4.6)

V
dµ+

2

dλ

∣∣∣∣
λ=0

= 1,

çíà÷èò ïðè λ > 0 çíàê µ+
2 � ïîëîæèòåëüíûé;

á) µ−(0) = 0, µ−
j = 0.5(κ± i

√
4pV − κ2. Èìååì èç (2.4.7)

pV
dµ−

dλ

∣∣∣∣
λ=0

= −1,

îòêóäà µ−(λ) ïðè ìàëûõ λ > 0 � îòðèöàòåëüíî.
Òàêèì îáðàçîì, èìååò ìåñòî (2.4.8). Çàìåòèì, ÷òî â ýòîì ñëó÷àå (êàê è â ñëó-

÷àå óðàâíåíèÿ ÊäÔ, ðàçîáðàííîì â ïðåäûäóùåì ïàðàãðàôå), ñîáñòâåííûå ôóíêöèè Y0
è Z0, ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà÷åíèÿì λ0 ∈ Ω+ ýêñïîíåíöèàëüíî óáûâàþò ïðè
ζ → ±∞. □

Óñòîé÷èâîñòü ãðàíè÷íîãî ñîñòîÿíèÿ ϕV (ζ) òàêæå ïîíèìàåòñÿ â ñìûñëå îïðåäåëå-
íèÿ 6.

Ëåììà 2.6 (Pego, Weinstein [62]). Ïðàâàÿ ïîëóïëîñêîñòü Ω+ ìîæåò ñîäåðæàòü

òîëüêî èçîëèðîâàííûå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Aκ .

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî S±
e ∩ Ω+ = ∅. Â ñîîòâåòñòâèè ñ òåîðåìîé A2 èç

ãëàâû 5 êíèãè Henry [44] ïðàâàÿ ïîëóïëîñêîñòü ëèáî ïîëíîñòüþ ñîñòîèò èç ñîáñòâåííûõ
çíà÷åíèé (èì îòâå÷àåò, â ñèëó ëåììû 2.4 óáûâàþùèå è èíòåãðèðóåìûå â êâàäðàòå ôóíê-
öèè Y0(ζ); àíàëîãè÷íûé ñëó÷àé ðàçîáðàí, íàïðèìåð, â ñòàòüå Shargatov et al. [65], ëèáî
åãî ïåðåñå÷åíèå ñ íåïðåðûâíûì ñïåêòðîì ðàâíî ïóñòîìó ìíîæåñòâó. Ïóñòü λ0 ∈ R+ è
äîñòàòî÷íî âåëèêî. Òîãäà

λ0

+∞∫
∞

Y 2
0 dζ =

+∞∫
−∞

Y0

(
−d

3Y

dζ3
+ κ

d2Y0
dζ2

+ V
dY0
dζ
− d

dζ

(
ϕV (ζ)

pY0
))

dζ =

= −κ
+∞∫

−∞

(
dY0
dζ

)2

dζ − p

2

+∞∫
−∞

Y 2
0 ϕV (ζ)

p−1 dϕV (ζ)

dζ
dζ ⩽ C

+∞∫
−∞

Y 2
0 dζ < λ0

+∞∫
−∞

Y 2
0 dζ.

Îòñþäà, Y0 = 0. Òàêèì îáðàçîì, îáëàñòü Ω+ íå ñîñòîèò ïîëíîñòüþ èç ñîáñòâåííûõ
çíà÷åíèé. □
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Â äàííîì ñëó÷àå èìååì

r+ =

 1
µ+

µ+2

 , r− =

 1
µ−

µ−2

 ,

l+ =
(
µ+(µ+ − κ)− V, µ+ − κ, 1

)
/P+′

(µ+), l− =
(
µ−(µ− − κ)− V, µ− − κ, 1

)
/P−′

(µ−).
(2.4.9)

Òåîðåìà 2.7 (Pego, Weinstein [62]; Pego et al. [63]]). Åñëè ϕV (ζ) � ìîíîòîííî óáû-

âàþùèé ôðîíò, òî D(λ) ̸= 0, λ ∈ Ω+ . Òàêæå äëÿ âñåõ κ > 0, D(0) = 0, D′(0) ̸= 0.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî λ0 ∈ Ω+ èD(λ0) = 0. Òîãäà óðàâíåíèå (2.4.5)
èìååò ðåøåíèå Y0(ζ), êîòîðîå ýêñïîíåíöèàëüíî óáûâàåò âìåñòå ñî âñåìè ñâîèìè ïðîèç-
âîäíûìè ïðè |ζ| → ∞ è äàåò ïîñëå èíòåãðèðîâàíèÿ

λ0

+∞∫
−∞

Y0(s) ds = 0.

Òàêèì îáðàçîì, ôóíêöèÿ

W (ζ) =

ζ∫
−∞

Y0(s) ds

òàêæå ýêñïîíåíöèàëüíî óáûâàåò âìåñòå ñî ñâîèìè ïðîèçâîäíûìè ïðè |ζ| → ∞. Ïîýòîìó
ôóíêöèÿ W (ζ) óäîâëåòâîðÿåò óðàâíåíèþ

λ0W =
(
−∂2ζ + κ ∂ζ + V − ϕV (ζ)

p
)
∂ζW. (2.4.10)

Èìååì, ñ ó÷åòîì (2.4.10)

0 < Reλ0

+∞∫
−∞

WW dζ = Re

∞∫
−∞

(
−d

3W

dζ3
+ κ

d2W

dζ2
+ V

dW

dζ
− ϕV (ζ)

p

)
W dζ =

= −κ
+∞∫

−∞

∣∣∣∣dWdζ
∣∣∣∣2 dζ + p

2

+∞∫
−∞

ϕV (ζ)
p−1 dϕV

dζ
|W |2 dζ ⩽ 0,

òàê êàê äëÿ ìîíîòîííîé ôóíêöèè

dϕV (ζ)

dζ
⩽ 0.

Óêàçàííîå ïðîòèâîðå÷èå äîêàçûâàåò ïåðâîå óòâåðæäåíèå òåîðåìû 2.7. □
Ïðè λ = 0 èìååì èç (2.1.5), (2.4.9) (2.4.10) è ñîïðÿæåííîãî óðàâíåíèÿ, êîòîðîìó

óäîâëåòâîðÿåò ôóíêöèÿ Z0(ζ) ïðè λ = 0(
− d2

dζ2
− κ d

dζ
+ V − ϕV (ζ)

p

)
dZ0

dζ
= 0
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èìååì

Y0(ζ, λ) =
1

βµ+(0)

dϕV (ζ)

dζ
, Z0(ζ, λ) =

1

P−′(0)
=

1

pV
. (2.4.11)

Îòñþäà D(0) = 0. Èç (2.2.12) è (2.4.11) ñëåäóåò, ÷òî

D′(0) =

+∞∫
−∞

Z0ζ, 0)Y0(ζ, 0) dζ =
1

βµ+(0)pV

+∞∫
−∞

dϕV (ζ)

dζ
dζ = − ϕL

βµ+(0)pV
̸= 0.

□

Òåîðåìà 2.8 (Pego et al. [63]). Ïðè κ > 0,D(λ)→ 1 ïðè |λ| → ∞, λ ∈ Ω, ðàâíîìåðíî
ïî κ ∈ [a, b], äëÿ ëþáûõ a, b > 0.

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî ìàòðèöû M±∞(λ) äèàãîíàëèçèðóåìû. Äåé-
ñòâèòåëüíî, ïóñòü

V± =

 1 1 1
µ± µ±

2 µ±
3

µ±2 µ±2
2 µ±2

3

 ,

à W±(λ) � ìàòðèöà, ãäå ñòðîêàìè ÿâëÿþòñÿ âåêòîðû l± è l±j , j = 2, 3. Òîãäà W±V± = I
è W±M±∞V± = diag(µ±, µ±

2 , µ
±
3 ). Èìååì (ñì. òåîðåìó 2.3)

F+(ζ, λ) = W+RV+, ζ > 0,

F−(ζ, λ) = W−RV−, ζ < 0,

à êîìïîíåíòû ìàòðèö F±(ζ, λ) äàþòñÿ ðàâåíñòâàìè

F±
ik = [ρ0(ζ) + µ±

k ρ
±
1 (ζ)]/P

±′

i (λ), i, k = 1, 2, 3,

ãäå

ρ0(ζ) = −
dϕV (ζ)

p

dζ
, ρ+1 (ζ) = −ϕV (ζ)

p, ρ−1 (ζ) = (p+ 1)V − ϕV (ζ)
p.

Íàïîìíèì, ÷òî â íàøèõ îáîçíà÷åíèÿõ µ±
1 (λ) = µ±(λ).

Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì òåîðåìû 2.5 ïðåäûäóùåãî ïàðàãðàôà, èìååì

µ±
i = (−λ)1/3 + 1

3
κ+O(|λ|−1/3) (2.4.12)

Èç (2.4.12) î÷åâèäíî, ÷òî F±
ik → 0 ïðè |λ| → ∞, à çíà÷èò, â ñèëó òåîðåìû 2.3 ïðè

|λ| → ∞

W+y0(0, λ) = e1 + o(1),

z0(0, λ)V
−e1 = 1 + o(1). (2.4.13)

Òàêæå èç (2.4.12) ñëåäóåò

V+ = V−(I+ o(1)
)

(2.4.14)
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Èç (2.4.13) è (2.4.14) èìååì
z0(0, λ)V

+e1 = 1 + o(1).

Îòêóäà

D(λ) = z0(0, λ) · y0(0, λ) = z0(0, λ)V
+ ·W+y0(0, λ) =

= z0(0, λ)V
− ·W+y0(0, λ) + o(1) = 1 + o(1),

÷.ò.ä. □

Â ñèëó òåîðåìû 2.2 D(λ) � àíàëèòè÷åñêàÿ ôóíêöèÿ ïðè λ ∈ Ω. Â ñèëó îïðåäåëåíèÿ
îáëàñòè Ω (2.3.2) ìíèìàÿ îñü

T = {λ ∈ C | Reλ = 0}

ïðèíàäëåæèò Ω. Â ñèëó òåîðåìû 2.8 ôóíêöèÿ Ýâàíñà D(λ) → 1 ïðè |λ| → ∞, λ ∈ Ω
è, â òîì ÷èñëå, ïðè λ ∈ T . Â ñèëó èçëîæåííîãî, ïðèìåíèìà òåîðåìà, âûðàæàþùàÿ
ïðèíöèï àðãóìåíòà èç êîìïëåêñíîãî àíàëèçà (ñì. Øàáàò [13]), ãäå îáëàñòüþ àíàëèòè÷-
íîñòè ôóíêöèè D(λ) ÿâëÿåòñÿ ïðàâàÿ ïîëóïëîñêîñòü êîìïëåêñíîé ïëîñêîñòè Ω+ ⊂ Ω,
à ãðàíèöåé Ω+, ïðîõîäèìîé ïðîòèâ ÷àñîâîé ñòðåëêè � ìíèìàÿ îñü T , ïðîõîäèìàÿ îò
+i · ∞ äî −i · ∞. Òàê êàê, â ñèëó ëåììû 2.4 D(λ) = D(λ), òî äîñòàòî÷íî îãðàíè÷èòü-
ñÿ ïîëîæèòåëüíîé ïîëóîñüþ T è ÷èñëî íóëåé n+ ôóíêöèè D(λ) (a, ñòàëî áûòü, ÷èñëî
íåóñòîé÷èâûõ ñîáñòâåííûõ çíà÷åíèé) óäîâëåòâîðÿåò ðàâåíñòâó

n+ =
1

π
[argD(−i · 0)− argD(+i · ∞)]− 1

2
,

ãäå n+ � ÷èñëî íóëåé D(·) âíóòðè çàìêíóòîãî êîíòóðà T , ïðîõîäèìîãî ïðîòèâ ÷àñîâîé
ñòðåëêè (ñâåðõó âíèç), Pego et al. [63] (1/2 âîçíèêàåò â ýòîé ôîðìóëå ïîòîìó, ÷òî òî÷êà 0
ÿâëÿåòñÿ íóëåìD(λ), ëåæàùèì íà ãðàíèöå T ). ×èñëî íóëåé òàêæå ðàâíî ÷èñëó îáîðîòîâ
îáðàçà ïîëóîñè T , D(T ) âîêðóã íà÷àëà êîîðäèíàò íà êîìïëåêñíîé λ-ïëîñêîñòè.

Â ñòàòüå Pego et al. [63] àâòîðû ÷èñëåííî íàõîäèëè D(λ) íà äîñòàòî÷íî áîëüøîì îò-
ðåçêå ìíèìîé ïîëóîñè T , ÷èñëåííî ðåøàÿ òàì îáûêíîâåííûå óðàâíåíèÿ (2.1.3) è (2.1.4)
ñ ãðàíè÷íûìè óñëîâèÿìè (2.1.5). Àâòîðû ýòîé ñòàòüè, áåç îãðàíè÷åíèÿ îáùíîñòè ðàñ-
ñóæäåíèé, ðàññìàòðèâàëè ñëó÷àé V = 1. Áûëî óñòàíîâëåíî, ÷òî íåóñòîé÷èâûìè ÿâ-
ëÿåòñÿ îñöèëëèðóþùèå ôðîíòû äëÿ p > 4 (èì, êñòàòè ñîîòâåòñòâóþò íåóñòîé÷èâûå
ñîëèòîíû óðàâíåíèÿ ÊäÔ, ðàññìîòðåííûå â ïðåäûäóùåì ïàðàãðàôå), íàïðèìåð, ïðè κ
ìåíüøèõ 0.074 äëÿ p = 6, ïðè÷åì íåóñòîé÷èâîñòü èìååò îñöèëëèðóþùèé õàðàêòåð, à
êîìïëåêñíî ñîïðÿæåííûå íåóñòîé÷èâûå ñîáñòâåííûå çíà÷åíèÿ ïðèõîäÿò ïàðàìè â ïðà-
âóþ ïîëóïëîñêîñòü Ω+ ïðè óìåíüøåíèè κ, ïåðåñåêàÿ ìíèìóþ îñü T . Ïîëó÷åíà òàêæå
ýìïèðè÷åñêàÿ ôîðìóëà (íà îñíîâàíèè ÷èñëåííûõ ðàñ÷åòîâ) äëÿ κj = κj(p), êîãäà j + 1
ïàðà íåóñòîé÷èâûõ ñîáñòâåííûõ çíà÷åíèé ïðèõîäèò â Ω+. Äåòàëè ñìîòðèòå â ñòàòüå
Pego et al. [63].

2.5. Ôóíêöèÿ Ýâàíñà â ñëó÷àå äâóõ ìîä. Âíåøíèå ôîðìû

Ðàññìîòðèì ñëó÷àé, êîãäà èìåþòñÿ äâà ñîáñòâåííûõ çíà÷åíèÿ ìàòðèöû M±∞(ζ, λ),
µ±
1 , µ

±
2 c îòðèöàòåëüíîé ìíèìîé ÷àñòüþ (ñîîòâåòñòâóþùèì óáûâàþùèì ìîäàì ïðè

ζ → +∞) ïðè λ ∈ Ω+. Â çàäà÷àõ òàêîãî ðîäà áóäåì ïîëàãàòü Ω = Ω+.
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Ïðåäïîëîæåíèå 5. Se ∩ Ω = ∅.
Èç ïðåäïîëîæåíèÿ 5 ñëåäóåò, ÷òî ïðè λ ∈ Ω ÷èñëî ñîáñòâåííûõ çíà÷åíèé µk, k =

1, 2, ñîõðàíÿåòñÿ. Ïðè ÷èñëå ñîáñòâåííûõ çíà÷åíèé ñ îòðèöàòåëüíîé ìíèìîé ÷àñòüþ
áîëüøå äâóõ âåñü àíàëèç àíàëîãè÷åí ðàññìàòðèâàåìîìó ñëó÷àþ (ñì., íàïðèìåð, îáçîð
Èëüè÷åâ [4], ãäå òàêèõ ñîáñòâåííûõ çíà÷åíèé òðè).

Ðàññìîòðèì ëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó (2.1.3), ãäåM(ζ, λ) � (n×n)-ìàòðèöà.
Îòñþäà ñëåäóåò, ÷òî

yk =


y1k
y2k
.
.
.
ynk


ïðè k = 1, 2 � n-ìåðíûé âåêòîð. Îäíîâðåìåííî, ðàññìîòðèì ñîïðÿæåííóþ ñèñòå-
ìó (2.1.4), ãäå z = z(ζ, λ) � n-ìåðíûé âåêòîð-ñòðîêà.

Áóäåì èñêàòü ðåøåíèÿ yk óðàâíåíèÿ (2.1.3) è zk óðàâíåíèÿ (2.1.4) äëÿ k = 1, 2 òàêèå,
÷òî

lim
ζ→∞

e−µ+
k (λ)ζyk(ζ, λ) = r+k (λ),

lim
ξ→−∞

eµ
−
k (λ)ζzk(ζ, λ) = l−k (λ), (2.5.1)

λ ∈ Ω, r±k · l
±
k = 1, k = 1, 2.

Ïðåäïîëîæåíèå 6. Âåêòîðû y1(ζ, λ) è y2(ζ, λ) àíàëèòè÷íû ïðè λ ∈ U ϵ, ãäå
U ϵ ⊂ C íåêîòîðàÿ îêðåñòíîñòü íà÷àëà êîîðäèíàò λ = 0.

Ðàññìîòðèì âåêòîðíîå ïîëå y∧(ζ, λ), ñ êîìïîíåíòàìè

y∧i∧j = yi1y
j
2 − y

j
1y

i
2, (2.5.2)

ïðè i < j, i, j = 1, . . . , n. Òàêèì îáðàçîì, y∧i∧j ÿâëÿåòñÿ 2 × 2 îïðåäåëèòåëåì i-ãî è j-ãî
ñòîëáöà ìàòðèöû 

y11 y12
y12 y22
. .
. .
. .
y1n yn3

 .

Äëÿ êîìïîíåíò z∧i∧j èìåþò ìåñòî ðàâåíñòâà (2.5.2), ãäå âìåñòî êîìïîíåíò yi1,2 ñòîÿò
êîìïîíåíòû zi1,2.

Ïðîñòûìè àëãåáðàè÷åñêèìè âû÷èñëåíèÿìè óñòàíàâëèâàåòñÿ ñïðàâåäëèâîñòü ñëåäó-
þùåé ëåììû.

Ëåììà 2.7 (Alexander, Sachs [16]). Ñïðàâåäëèâî ðàâåíñòâî

z∧ · y∧ =

(
z1 · y1 z1 · y2

z3 · y1 z2 · y2

)
. (2.5.3)
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Ôîðìàëüíî ïîëó÷åííîå ðàâåíñòâî (2.5.3), î÷åâèäíî, ñïðàâåäëèâî ïðè λ ∈ U ϵ.
Ëåãêî âèäåòü, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 2.8 (Alexander, Sachs [16]). Âåêòîð y∧ óäîâëåòâîðÿåò ëèíåéíîé äèíàìè÷å-

ñêîé ñèñòåìå

y∧′
= M∧y∧ (2.5.4)

è àíàëîãè÷íî

z∧
′
= −z∧M∧. (2.5.5)

ãäå M∧ = M∧(ζ, λ) � íåêîòîðàÿ ìàòðèöà. Ñèñòåìû óðàâíåíèé (2.5.4), (2.5.5) íàçûâà-
þòñÿ âíåøíèìè ñèñòåìàìè.

Åñëè
M = {mi,j}, M∧ = {m∧

i∧j, i′∧j′},
i < j, i′ < j′, òî äèôôåðåíöèðîâàíèåì (2.5.2) è àíàëîãè÷íîå ðàâåíñòâî äëÿ z∧i∧j ïîëó÷èì,
÷òî ìàòðèöà M∧ èìååò ñëåäóþùóþ ñòðóêòóðó.

Ëåììà 2.9 (Alexander, Sachs [16]). Êîìïîíåíòû m∧
i∧j, i′∧j′ ìàòðèöû M∧ ðàâíû:

mi,i′ , åñëè j = j′, i ̸= i′,

−mi,j′ , åñëè i′ = j, i ̸= j′,

−mj,i′ , åñëè i = j′, i ̸= j,

mj,j′ , åñëè i = i′, j ̸= j′,

mi,i′ +mj,j′ , åñëè i = i′, j = j′,

0 â îñòàëüíûõ ñëó÷àÿõ.

Ëåãêî âèäåòü, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 2.10. Ìàòðèöû M∧±∞ = lim
ζ→±∞

M∧ èìåþò ñîáñòâåííûìè çíà÷åíèÿìè

µ∧±
i∧j = µ±

i (λ) + µ±
j (λ), i < j, i = 1, . . . , n, j = 2, . . . , n.

Îáîçíà÷èì µ∧± = µ±
1 + µ±

2 . Òîãäà èìååì

Reµ∧± < Reµ∧±
i∧j, i < j, i ∧ j ̸= 1 ∧ 2, λ ∈ Ω. (2.5.6)

Òàê êàê âåêòîðû y1,2(ζ, λ) è z1,2(ζ, λ) óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì (2.5.1), òî
âåêòîðû y∧(ζ, λ) è z∧(ζ, λ) óäîâëåòâîðÿþò ñëåäóþùèì ãðàíè÷íûì óñëîâèÿì:

Ëåììà 2.11 (Alexander, Sachs [16]).

lim
ζ→∞

e−µ∧+(λ)ζy∧(ζ, λ) = r∧+(λ),

lim
ζ→−∞

eµ
∧−(η)ζz∧(ζ, λ) = l∧−(λ), (2.5.7)

ãäå r∧+(λ) è l∧−(λ) ïðàâûé è ëåâûé ñîáñòâåííûé âåêòîðû, îòâå÷àþùèå ñîáñòâåííûì
çíà÷åíèÿì µ∧+ è µ∧− ñîîòâåòñòâåííî.
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Òàêèì îáðàçîì, èç (2.5.4)�(2.5.7) ñëåäóåò, ÷òî ñïðàâåäëèâî ïðåäïîëîæåíèå 4, à äëÿ
âåêòîðîâ y∧(ζ, λ) è z∧(ζ, λ) ñïðàâåäëèâà òåîðåìà 2.1 è ýòè âåêòîðû àíàëèòè÷íû ïðè
λ ∈ Ω (íàïîìíèì, ÷òî Ω = Ω+ â ðàññìàòðèâàåìîì ñëó÷àå).

Îïðåäåëèì ôóíêöèþ Ýâàíñà D(λ) â äàííîì ñëó÷àå, êàê

D(λ) = z∧(ζ, λ) · y∧(ζ, λ). (2.5.8)

Î÷åâèäíî, D(λ) àíàëèòè÷íà ïðè λ ∈ Ω. Èç ëåììû 2.3 òîãäà ñëåäóåò, ÷òî åñëè D(λ0) = 0,
λ0 ∈ Ω, òî

y∧ = o(eµ
∧−ζ), ζ → −∞.

Áîëåå òîãî, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.9. Ïðè λ0 ∈ Ω, D(λ0) = 0 òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò

ñîáñòâåííàÿ ôóíêöèÿ y0(ζ, λ0) = c1y1(ζ, λ0) + c2y2(ζ, λ0) ýêñïîíåíöèàëüíî óáûâàþùàÿ
ïðè ζ → ±∞.

Äîêàçàòåëüñòâî. Êàê â ñòàòüå Alexander, Sachs [16], äîêàæåì óòâåðæäåíèå ýòîé
òåîðåìû äëÿ λ0 ∈ U ϵ ∩ Ω, ãäå y1,2(ζ, λ) õîðîøî îïðåäåëåíû è ñïðàâåäëèâà ôîðìó-
ëà (2.5.3). Äëÿ λ ∈ Ω âíå U ϵ ñì. ñòàòüþ Alexander et al. [17].

Åñëè y0(ζ, λ) ýêñïîíåíöèàëüíî óáûâàåò ïðè ζ →∞, òî

zk(ζ, λ0) · y0(ζ, λ0) = zk(ζ, λ0) ·
(
c1y1(ζ, λ0) + c2y2(ζ, λ0)

)
= 0, k = 1, 2,

à çíà÷èò, äâà ñòîëáöà ìàòðèöû â (2.5.3) ëèíåéíî çàâèñèìû, è íàîáîðîò. □

Çàìåòèì, ÷òî ñîáñòâåííàÿ ôóíêöèÿ y0(ζ, λ0) óäîâëåòâîðÿåò óðàâíåíèþ (2.1.3).

2.6. Íåóñòîé÷èâîñòü óåäèíåííûõ âîëí îòíîñèòåëüíî íåïëîñêèõ âîçìóùåíèé

íà ýëàñòèêå Ýéëåðà

Â íàñòîÿùåì ïàðàãðàôå óñòàíîâëåíà íåóñòîé÷èâîñòü ïåòëåâîãî ñîëèòîíà îòíîñè-
òåëüíî òðåõìåðíûõ âîçìóùåíèé (íåëèíåéíàÿ îðáèòàëüíàÿ óñòîé÷èâîñòü ýëàñòèêè îòíî-
ñèòåëüíî ïëîñêèõ âîçìóùåíèé, ëåæàùèõ â ïëîñêîñòè ãëàâíîãî èçãèáà ðàññìàòðèâàëàñü
â ïàðàãðàôå 1.4). Äèíàìèêà ñòåðæíÿ îïèñûâàåòñÿ óðàâíåíèÿìè (2.6.4), â êîòîðûõ ó÷è-
òûâàåòñÿ êðó÷åíèå. Èñïîëüçóåòñÿ ìàëîñòü âðàùàòåëüíîé ÷àñòè êèíåòè÷åñêîé ýíåðãèè
ïî ñðàâíåíèþ ñ ïîëíîé ýíåðãèåé ñòåðæíÿ. Â ñèëó ýòîãî îáñòîÿòåëüñòâà â ëèíåàðèçîâàí-
íîì óðàâíåíèè ñëàãàåìûå, îòâå÷àþùèå âðàùàòåëüíîé êèíåòè÷åñêîé ýíåðãèè ñ÷èòàþò-
ñÿ èìåþùèìè âòîðîé ïîðÿäîê ìàëîñòè è, ñëåäîâàòåëüíî, íå ó÷èòûâàþòñÿ. Óðàâíåíèå
(2.6.11) äëÿ îïðåäåëåíèÿ íåóñòîé÷èâîé ñîáñòâåííîé ôóíêöèè èìååò òàêîé æå âèä êàê
ñîîòâåòñòâóþùåå óðàâíåíèå â ñòàòüå Alexander, Sachs [16], îäíàêî ïîòåíöèàë p0 â ýòîì
óðàâíåíèè îòëè÷åí îò ïîòåíöèàëà â ýòîé ñòàòüå, ÷òî ïðèâîäèò ê íåòðèâèàëüíîìó àíàëè-
çó è îòëè÷èþ ôóíêöèé Ýâàíñà â îáîèõ ñëó÷àÿõ (ñì. Il'ichev [48]; Èëüè÷åâ, Òîìàøïîëü-
ñêèé [6]).

2.6.1. Îñíîâíûå óðàâíåíèÿ. Âûáåðåì äåêàðòîâó ñèñòåìó êîîðäèíàò x=(x, y, z).
Áóäåò ðàññìàòðèâàòüñÿ ïðîñòðàíñòâåííàÿ êðèâàÿ G(t), êîòîðàÿ ÿâëÿåòñÿ ñåðåäèííîé
êðèâîé ïðèçìàòè÷åñêîãî, äèíàìè÷åñêè ñèììåòðè÷íîãî (ãëàâíûå ìîìåíòû èíåðöèè ðàâ-
íû) è íåðàñòÿæèìîãî ñòåðæíÿ. Êðèâàÿ G(t) ïàðàìåòðèçîâàíà äëèíîé äóãè ξ. Ïðåäïî-
ëîæèì, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè ýòà êðèâàÿ ñîâïàäàåò ñ îñüþ z. Ïîëîæåíèå
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êðèâîé ìîæåò èçìåíÿòüñÿ ñî âðåìåíåì, ò. å. x = x(ξ, t). Â êàæäîé òî÷êå êðèâîé îïðå-
äåëèì áàçèñ (d1,d2,d3), ãäå d3 = ∂x/∂ξ è d1, d2 � åäèíè÷íûå âåêòîðû â ïëîñêîñòè,
îðòîãîíàëüíîé d3. Òðîéêà âåêòîðîâ (d1,d2,d3) îáðàçóåò ïðàâîñòîðîííèé îðòîíîðìàëü-
íûé áàçèñ â êàæäîé òî÷êå G(t). Óãëû Ýéëåðà θ, ψ è φ ïðè äâèæåíèè ñòåðæíÿ çàâèñÿò
îò ξ è t; θ ÿâëÿåòñÿ óãëîì ìåæäó îñüþ z è êàñàòåëüíûì âåêòîðîì d3, óãîë ψ èçìåðÿ-
åò îòêëîíåíèå êðèâîé G(t) îò ãëàâíîé ïëîñêîñòè èçãèáà (x, z), à φ � óãîë êðó÷åíèÿ
(ñì. Figure 1 â ñòàòüå Coleman et al. [34]. Êàñàòåëüíûé âåêòîð d3(ξ, t) èìååò êîìïîíåí-
òû τ2, τ3, τ1:

τ1 = cos θ, τ2 = cosψ sin θ, τ3 = sinψ sin θ.

Âûðàæåíèÿ äëÿ d1, d2 ÷åðåç óãëû θ, ψ è φ äàíû â ñòàòüå Coleman et al. [34]. Íàðÿäó
ñ �çàõâà÷åííûì� áàçèñîì {di}, i = 1, 2, 3, ðàññìîòðèì îðòîíîðìàëüíûé áàçèñ {d̃i}, êî-
òîðûé ïîëó÷àåòñÿ âðàùåíèåì ïî ÷àñîâîé ñòðåëêå ïàðû âåêòîðîâ (d1,d2) âîêðóã d3 íà
óãîë êðó÷åíèÿ φ, ò. å.

d̃1 = (cosφ)d1 − (sinφ)d2,

d̃2 = (sinφ)d1 + (cosφ)d2,

d̃3 = d3

(ñì., íàïðèìåð, ñòàòüþ Coleman et al. [34]).
Â ìîäåëè äèíàìèêè ñòåðæíÿ Êèðõãîôôà ïîëíàÿ ñèëà F = F(ξ, t) è ïîëíûé ìîìåíò

Mt = Mt(ξ, t) ðàçëàãàþòñÿ ïî áàçèñó di: F =
∑3

i=1 fidi, Mt =
∑3

i=1Mtidi. Óðàâíåíèå
ñîñòîÿíèÿ ëèíåéíîé óïðóãîñòè äî ÷ëåíîâ ïîðÿäêà O(S/R2)

(
S � ïëîùàäü ïîïåðå÷íîãî

ñå÷åíèÿ è R � ðàäèóñ êðèâèçíû G(t)
)
çàïèñûâàåòñÿ â âèäå (Dill [37], Coleman et al. [34])

Mt = E0Iκ1d1 + E0Iκ2d2 + µ0Jκ3d3, (2.6.1)

ãäå E0 � ìîäóëü Þíãà, µ0 � ìîäóëü ñäâèãà, I � ìîìåíò èíåðöèè ïîïåðå÷íîãî ñå÷åíèÿ.
Óïðóãèé ïàðàìåòð J äàåòñÿ ôîðìóëîé (2.24) â ðàáîòå Coleman et al. [34]; äëÿ ñòåðæíåé
êðóãëîãî ñå÷åíèÿ îí ðàâåí 2I. Âåëè÷èíû κi, i = 1, 2, 3 ÿâëÿþòñÿ êîìïîíåíòàìè âåêòîðà
êðèâèçíû

κ = κ1d1 + κ2d2 + κ3d3.

Ñîõðàíåíèå èìïóëüñà è óãëîâîãî ìîìåíòà è óðàâíåíèÿ ñîñòîÿíèÿ (2.6.1) ïðèâîäÿò
ê óðàâíåíèÿì äëÿ ñèëû è ìîìåíòà (Dill [37], Coleman et al. [34])

F′ = ρSẍ,

Mt′ + x′ × F = ρI
(
d1 × d̈1 + d2 × d̈2

)
, (2.6.2)

ãäå øòðèõ îáîçíà÷àåò äèôôåðåíöèðîâàíèå ïî ξ, à òî÷êà ââåðõó � ïî t, ρ � íà÷àëüíàÿ
ïëîòíîñòü ìàòåðèàëà ñòåðæíÿ.

Ïðîèçâåäåì äàëåå ñëåäóþùèå ìàñøòàáíûå ïðåîáðàçîâàíèÿ

s→ ls, x→ lx, t→ β0t, F→ l2

β2
0

F,
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ãäå l � õàðàêòåðíàÿ äëèíà âîëíû, à β0 = l2
√
ρS/E0I. Ýòè ìàñøòàáíûå ïðåîáðàçîâàíèÿ

âëåêóò çà ñîáîé çàìåíû di → di, κ → κ/l, Mt → E0Il
−1Mt. Â íîâûõ áåçðàçìåðíûõ

ïåðåìåííûõ óðàâíåíèÿ (2.6.1), (2.6.2) èìåþò âèä (Mt = (M1,M2,M3)
⊤)

F′′ = d̈3,

Mt′ + d3 × F = ε
(
d1 × d̈1 + d2 × d̈2

)
,

M1 = κ1, M2 = κ2, M3 = Ωκ3, (2.6.3)

ãäå Ω = µJ/E0I, ε = I/(l2S) ∼ S/R2 � ìàëàÿ âåëè÷èíà. Â áàçèñå {di}, i = 1, 2, 3, κi
âûðàæàþòñÿ ñëåäóþùèì îáðàçîì (Coleman et al. [34]):

κ1 = ∂ξθ sinφ− ∂ξψ sin θ cosφ,

κ2 = ∂ξθ cosφ− ∂ξψ sin θ sinφ,

κ3 = ∂ξψ cos θ + ∂ξφ.

Ïðîåöèðóÿ ïåðâîå óðàâíåíèå â (2.6.3) íà îñè ôèêñèðîâàííîé äåêàðòîâîé ñèñòåìû êî-
îðäèíàò, à âòîðîå óðàâíåíèå â (2.6.3) íà âåêòîðû áàçèñà d̃i, i = 1, 2, 3, ïîëó÷èì øåñòü
óðàâíåíèé äëÿ θ, ψ, φ, F x, F y, F z:

∂2ξξF
x = ∂2tt(cosψ cos θ),

∂2ξξF
y = ∂2tt(sinψ sin θ),

∂2ξξF
z = ∂2tt(cos θ),

∂2ξξψ sin θ + 2∂ξψ∂ξθ cos θ − Ω(∂ξψ cos θ + ∂ξφ)∂ξθ − F x sinψ + F y cosψ =

= ε
(
∂2ttψ sin θ − 2∂tθ∂tφ

)
,

∂2ξξθ − (∂ξψ)
2 sin θ cos θ + Ω(∂ξψ cos θ + ∂ξφ)∂ξψ sin θ + (F x cosψ +

+ F y sinψ) cos θ − F z sin θ = ε
(
∂2ttθ + (∂tψ)

2 sin θ cos θ + 2∂tψ∂tφ sin θ
)
,

Ω∂ξ(∂ξψ cos θ + ∂ξφ) = 2ε∂t(∂tψ cos θ + ∂tφ). (2.6.4)

2.6.2. Ñîëèòîííûå ðåøåíèÿ. Ïëîñêàÿ äèíàìèêà (÷èñòûé èçãèá) ñòåðæíÿ îïè-
ñûâàåòñÿ ñèñòåìîé óðàâíåíèé, êîòîðàÿ ñëåäóåò èç (2.6.4) ïðè ψ = φ = 0:

∂2tt
(
cos θ

)
= ∂2ξξ(T cos θ −G sin θ),

∂2tt
(
sin θ

)
= ∂2ξξ(T sin θ +G cos θ),

ε∂2ttθ − ∂2ξξθ = G, (2.6.5)

ãäå T � íàòÿæåíèå, G � ñèëà ñäâèãà:

F = F xi+ F zk = Td3 +Gn,

à d3 è n(= d1) � êàñàòåëüíûé è íîðìàëüíûé âåêòîðû ê êðèâîé, ñîîòâåòñòâåííî:

d3 = i cos θ + k sin θ, n = −i sin θ + k cos θ.

Ïðåäïîëîæèì, ÷òî T (ξ =∞, t) = T∞ = const.
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Ñèñòåìà óðàâíåíèé (2.6.5) îïèñûâàåò ïëîñêóþ äèíàìèêó ñòåðæíÿ áåç êðó÷åíèÿ. Îíà
èìååò ñîëèòîííîå ðåøåíèå, êîòîðîå îïèñûâàåò áåãóùóþ ñ ïîñòîÿííîé ñêîðîñòüþ V âîë-
íó

τ s1 = τ 01 +O(ε), τ s2 = τ 02 +O(ε), T s = T 0 +O(ε), T 0 = (T∞ − V 2)τ 01 − V 2, (2.6.6)

ãäå

τ 01 = 1− 2 sech2
√
T∞ − V 2ζ,

τ 02 = ∓2 sech2
√
T∞ − V 2ζ sinh

√
T∞ − V 2ζ, ζ = ξ − V t, 0 ⩽ V < T∞. (2.6.7)

(ñì. òàêæå ôîðìóëó (1.4.3) ãëàâû 1).
Çàìåòèì, ÷òî íàòÿæåíèå íà áåñêîíå÷íîñòè T∞ â (2.6.7) ìîæåò áûòü ïðèðàâíåíî ê åäè-

íèöå ïðè ïîìîùè íîðìèðîâîê t→ t/T∞, ξ → ξ/
√
T∞. Ââåäåì íîâûå êîîðäèíàòû (x1, x2)

è êðèâóþ K òàê, ÷òî âäîëü K

dx1
dζ

= τ 01 ,
dx2
dζ

= τ 02 .

Ôîðìà êðèâîé K (ôîðìà ñîëèòîíà âîçâûøåíèÿ â íèçøåì ïîðÿäêå ïî ε) ïîêàçàíà
íà ðèñ. 1.1.

2.6.3. Ëèíåàðèçàöèÿ è àíàëèç óñòîé÷èâîñòè ñîëèòîííûõ ðåøåíèé. Ðàñ-
ñìîòðèì óãëû Ýéëåðà â âèäå

θ = θV , ψ = ψV + δψ, φ = φV + δφ,

ãäå (θV , ψV , φV ) � óãëû Ýéëåðà, îòâå÷àþùèå ñîëèòîííîìó ðåøåíèþ, à (δψ, δφ) � ìàëûå
âîçìóùåíèÿ. Òîãäà âîçìóùåíèå òðåòüåé êîìïîíåíòû êàñàòåëüíîãî âåêòîðà ê êðèâîé K
ýëàñòèêè ïðèíèìàåò âèä

δτ3 = δψ sin θV . (2.6.8)

Áóäåì ïîëàãàòü, ÷òî

{εδψ, εδφ} ∼ {(δψ)2, (δφ)2}, (2.6.9)

òàê êàê ε ìàëî. Ëèíåàðèçóåì óðàâíåíèÿ (2.6.4) âîêðóã ñîëèòîííîãî ðåøåíèÿ (2.6.6).
(ïðèíèìàÿ âî âíèìàíèå (2.6.9)) è ïîëîæèì, ÷òî êðóòÿùèé ìîìåíò M3 â âîçìóùåííîì
ñîñòîÿíèè îòñóòñòâóåò (�íå êðóòÿùèå� âîçìóùåíèÿ):

∂2ξξδF
y = ∂2tt(δψ sin θV ),

∂2ξξδψ sin θV + 2∂ξδψ ∂ξθV cos θV − F x
V δψ + δF y = 0,

Ω∂ξ(∂ξδψ cos θV + ∂ξδφ) = 0. (2.6.10)

Èç (2.6.10) èñïîëüçóÿ (2.6.8) ïîëó÷èì, ÷òî

∂ttδτ3 = ∂ξξ(p
0δτ3) + ∂ξξδτ3 − ∂4ξ δτ3, (2.6.11)
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ãäå

p0 = T 0 − (∂ζτ
0
1 )

2 − (∂ζτ
0
2 )

2 − 1 = −6(1− V 2) sech2
√
1− V 2ζ.

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (2.6.11) â âèäå

δτ3 = eλtY (ζ, λ), |V | < 1,

ãäå Y (ζ, λ) óáûâàåò ýêñïîíåíöèàëüíî ïðè ζ → ±∞, à Reλ > 0. Ëåãêî ïîíÿòü, ÷òî
ôóíêöèÿ Y (ζ, λ) äîëæíà óäîâëåòâîðÿòü îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíå-
íèþ ñ êîýôôèöèåíòàìè, çàâèñÿùèìè îò V è λ(

λ− V d

dζ

)2

Y =
d2

dζ2
Y − d4

dζ4
Y +

d2

dζ2
(
p0Y

)
. (2.6.12)

Óðàâíåíèå (2.6.12) çàïèñûâàåòñÿ â ìàòðè÷íîé ôîðìå (2.1.3), ãäå

M(ζ, λ) =


0 1 0 0
0 0 1 0
0 0 0 1

−λ2 + p0
′′

2λV + 2p0
′

1− V 2 + p0 0

 ,

à
y = {y1, y2, y3, y4}T , y1 = Y, y2 = Y ′, y3 = Y ′′, y4 = Y ′′′.

Óðàâíåíèå, ñîïðÿæåííîå (2.6.12) çàïèñûâàåòñÿ â âèäå(
λ+ V

d

dζ

)2

Z =
d2

dζ2
Z − d4

dζ4
Z + p0

d2

dζ2
Z, (2.6.13)

èëè (2.1.4), ãäå

z = {z1, z2, z3, z4}, z4 = Z, z3 = −Z ′, z2 = Z ′′ − (1− V 2 + p0)Z,

z1 = −Z ′′′ + (1− V 2 + p0)Ż − (2λV + p0
′
)Z.

Â ðàññìàòðèâàåìîì ñëó÷àå M+∞ = M−∞ = M∞, Ìàòðèöà M∞(λ) èìååò âèä
(Alexander, Sachs [16]; Èëüè÷åâ, Òîìàøïîëüñêèé [6])

M∞(λ) =


0 1 0 0
0 0 1 0
0 0 0 1
−λ2 2λV 1− V 2 0

 .

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå det[M∞(λ)− µI] = 0 èìååò âèä

ν4 − (1− c2)ν2 − 2νV λ+ λ2 = 0. (2.6.14)

Â ðàññìàòðèâàåìîì ñëó÷àå µ+
i = µ−

i = µi, i = 1, . . . , 4.
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Â ñòàòüå Alexander, Sachs [16] ïîêàçàíî, ÷òî

� â ðàññìàòðèâàåìîì ñëó÷àå Se = T � ìíèìîé îñè;
� åñëè |V | < 1, à λ ëåæèò íå íà ìíèìîé îñè, (2.6.14) èìååò äâà êîðíÿ â ïðàâîé
ïîëóïëîñêîñòè è äâà â ëåâîé ïîëóïëîñêîñòè êîìïëåêñíîé ïëîñêîñòè. Äëÿ λ ∈ Ω =
Ω+ îáîçíà÷èì äâà êîðíÿ, ïðèíàäëåæàùèõ ëåâîé ïîëóïëîñêîñòè ν = µ1 è ν = µ2;

� µ1(λ) è µ2(λ) èìåþò òî÷êè âåòâëåíèÿ äëÿ λ, ïðèíàäëåæàùåãî ïðàâîé ïîëóïëîñêî-
ñòè è îíè àíàëèòè÷íû â îêðåñòíîñòè íà÷àëà êîîðäèíàò

µ1(λ) = −
√
1− c2 + cλ

1− c2
+

1 + 2c2

2(1− c2)5/2
λ2 +O(λ3),

µ2(λ) = −
λ

1− c
+O(λ3); (2.6.15)

Êðîìå òîãî, â ðàññìàòðèâàåìîì ñëó÷àå âûïîëíÿåòñÿ ïðåäïîëîæåíèå 6, à èìåííî, èìååò
ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.10 (Alexander, Sachs [16]). Ðåøåíèÿ (2.1.3) è (2.1.4) yk , zk , k = 1, 2,
èìåþùèå àñèìïòîòèêó (2.5.1) àíàëèòè÷íû ïî λ â íåêîòîðîé îêðåñòíîñòè U ϵ íà÷àëà

êîîðäèíàò.

Ïðèìåíèì êîíñòðóêöèþ ñ âíåøíèìè ôîðìàìè, îïèñàííóþ â ïðåäûäóùåì ïàðàãðà-
ôå. Óñòàíîâèì ñîîòâåòñòâèå ìåæäó èíäåêñàìè i ∧ j è ÷èñëàìè ñëåäóþùèì îáðàçîì:
1∧ 2→ 1, 1∧ 3→ 2, 1∧ 4→ 3, 2∧ 3→ 4, 2∧ 4→ 5, 3∧ 4→ 6. Âåêòîð-ôóíêöèè y∧(ζ, λ)
è z∧(ζ, λ) óäîâëåòâîðÿþò óðàâíåíèÿì (2.5.4), (2.5.5), ñîîòâåòñòâåííî, ãäå ìàòðèöà

M∧(λ, ζ) =


0 1 0 0 0 0
0 0 1 1 0 0

2λV + 2p0
′

1− V 2 + p0 0 0 1 0
0 0 0 0 1 0

λ2 − p0′′ 0 0 1− V 2 + p0 0 1
0 λ2 − p0′′ 0 −2λV − 2p0

′
0 0

 ,

èìååò àñèìïòîòèêó

M∧∞(λ) = M∧(λ,±∞) =


0 1 0 0 0 0
0 0 1 1 0 0

2λV 1− V 2 0 0 1 0
0 0 0 0 1 0
λ2 0 0 1− V 2 0 1
0 λ2 0 −2λV 0 0

 ,

òàê ÷òî ìàòðèöà M∧∞(λ) èìååò ñîáñòâåííûå çíà÷åíèÿ

µi(λ) + µj(λ), 1 ⩽ i, j ⩽ 4, i < j.

Åñëè âåêòîð ôóíêöèè y1,2(ζ, λ), z1,2(ζ, λ) óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì (2.5.1),
òî âåêòîð-ôóíêöèè y∧(ζ, λ) è z∧(ζ, λ) â ñèëó ëåììû 2.11 óäîâëåòâîðÿþò ãðàíè÷íûì
óñëîâèÿì (2.5.7). Òîãäà D(λ), îïðåäåëåííàÿ ôîðìóëîé (2.5.8) àíàëèòè÷íà ïðè λ ∈ Ω è
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ñïðàâåäëèâà òåîðåìà 2.9. Êðîìå òîãî, èç ëåììû 2.7 ñëåäóåò, ÷òî D(λ) àíàëèòè÷íà òàêæå
â îêðåñòíîñòè U ϵ íà÷àëà êîîðäèíàò λ = 0.

Â ðàññìàòðèâàåìîì ñëó÷àå âåêòîðû r∧(λ) = r∧+(λ) = r∧−(λ) è l∧(λ) = l∧+(λ) =
l∧−(λ) âûáðàíû àíàëèòè÷åñêèìè â Ω, íî íåíîðìèðîâàííûìè (ò. å. l∧ · r∧ ̸= 1);
ñì. Alexander, Sachs [16]. Ïóñòü Yk � ïåðâàÿ, à Zk � ïîñëåäíÿÿ êîìïîíåíòû âåêòîðîâ
yk zk, k = 1, 2, óäîâëåòâîðÿþùèõ (2.6.12), (2.6.13), ñîîòâåòñòâåííî. Èç (2.6.15), (2.5.1)
èìååì

Y1 = e−
√
1−V 2ζ

(
1 +

V ζ

1− V 2
λ+

[
V 2ζ2

2(1− V 2)2
+

1 + 2V 2

2(1− V 2)5/2
ζ

]
λ2
)
+O(λ3),

Y2 = 1− ζ

1− V
λ+

1

2

ζ2

(1− V )2
λ2 +O(λ3) (2.6.16)

ïðè ζ →∞ è

Z1 = e
√
1−V 2ζ

(
1− V ζ

1− V 2
λ+

[
V 2ζ2

2(1− V 2)2
− 1 + 2V 2

2(1− c2)5/2
ζ

]
λ2
)
+O(λ3),

Z2 = 1 +
ζ

1− V
λ+

1

2

ζ2

(1− V )2
λ2 +O(λ3) (2.6.17)

ïðè ζ → −∞. Èùåì ðåøåíèå (2.6.12), (2.6.13) ïðè λ ïðèíàäëåæàùèõ îêðåñòíîñòè íà÷àëà
êîîðäèíàò â ôîðìå ðàçëîæåíèé

Yk(λ) = Yk0 + λYk1 +
1

2
λ2Yk2 +O(λ3),

Zk(λ) = Zk0 + λZk1 +
1

2
λ2Zk2 +O(λ3), k = 1, 2.

Êîýôôèöèåíòû ýòèõ ðàçëîæåíèé óäîâëåòâîðÿþò îïðåäåëåííûì óðàâíåíèÿì (Alexander,
Sachs [16]) êîòîðûå ìîãóò áûòü àíàëèòè÷åñêè ðåøåíû (Il'ichev [48]).

Òåîðåìà 2.3 è ñëåäñòâèå 2.1 îá àñèìïòîòè÷åñêîì çíà÷åíèè ôóíêöèè Ýâàíñà ïðè
|λ| → ∞, λ ∈ Ω ñïðàâåäëèâà, êîãäà l∧ · r∧ = 1. Ïîýòîìó, ÷òîáû ïðèìåíèòü èõ, íàäî
ñäåëàòü ïðåîáðàçîâàíèå

D̂(λ) =
D(λ)

l∧(λ) · r∧(λ)
.

Ïðè λ ∈ U ϵ, èìååì

l∧ · r∧ = det

(
l1(λ) · r1(λ) l1(λ) · r2(λ)
l2(λ) · r1(λ) l2(λ) · r2(λ)

)
= −4(1− V 2)3/2λ+O(λ2).

Íîðìèðîâàííàÿ ôóíêöèÿ Ýâàíñà D̂(λ)→ 1 ïðè λ→∞, λ ∈ Ω.
Ïðè ïîìîùè âûðàæåíèé äëÿ êîýôôèöèåíòîâ Yk0, Yk1, Yk2, Zk0, Zk1 è Zk2 è óñëîâèé

(2.6.16), (2.6.17) ìîæíî äîêàçàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 2.11 (Alexander, Sachs [16]; Il'ichev [48]). Ôóíêöèÿ Ýâàíñà D̂(λ), àíàëè-
òè÷íà â îêðåñòíîñòè íà÷àëà êîîðäèíàò è ðàçëàãàåòñÿ òàì â ñõîäÿùèéñÿ ðàä Òåéëîðà,
âèäà

D̂(λ) =
1− 2V 2

4(1− V 2)3
λ2 +

∞∑
n=3

en(V )λn. (2.6.18)
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Ïðè V 2 < 1/2 ïåðâûé êîýôôèöèåíò ðàçëîæåíèÿ (2.6.18) îòðèöàòåëåí. Îòñþäà ñëå-

äóåò, ÷òî â äîñòàòî÷íî ìàëîé îêðåñòíîñòè íà÷àëà êîîðäèíàò ôóíêöèÿ Ýâàíñà D̂(λ)

îòðèöàòåëüíà íà ïîëîæèòåëüíîé âåùåñòâåííîé ïîëóîñè (òàê êàê D̂(λ) âåùåñòâåííà äëÿ
âåùåñòâåííûõ λ). Ñðàâíåíèå ïîâåäåíèÿ àíàëèòè÷åñêîé ôóíêöèè Ýâàíñà â îêðåñòíîñòè
íà÷àëà êîîðäèíàò è íà áåñêîíå÷íîñòè ïîêàçûâàåò, ÷òî ýòà ôóíêöèÿ äîëæíà îáðàùàòüñÿ
â íîëü â êîíå÷íîé îáëàñòè íà âåùåñòâåííîé ïîëóîñè. Ýòîò íîëü ñîâïàäàåò ñ íåóñòîé÷è-
âûì ñîáñòâåííûì çíà÷åíèåì îáîáùåííîé ñïåêòðàëüíîé çàäà÷è (2.6.12).



Ñïèñîê ëèòåðàòóðû 55

Ñïèñîê ëèòåðàòóðû

[1] Â. Å. Çàõàðîâ, Ñ. Â. Ìàíàêîâ, Ñ. Ï. Íîâèêîâ, Ë. Ï. Ïèòàåâñêèé, Òåîðèÿ ñîëèòîíîâ, Íàóêà,
Ì., 1980.

[2] À. Ò. Èëüè÷åâ, �Óñòîé÷èâîñòü ñîëèòîíîâ â íåëèíåéíûõ êîìïîçèòíûõ ñðåäàõ�,ÆÝÒÔ, 118
(2000), 720�729.

[3] À. Ò. Èëüè÷åâ, �Òåîðèÿ óñòîé÷èâîñòè �ïåòëè Ýéëåðà� íà óïðóãèõ íåðàñòÿæèìûõ ñòåðæ-
íÿõ�, Òðóäû Ìàòåì. èí-òà èì. Â. À. Ñòåêëîâà, 251 (2005), 154�172.

[4] À. Ò. Èëüè÷åâ, �Äèíàìèêà è ñïåêòðàëüíàÿ óñòîé÷èâîñòü ñîëèòîíîïîäîáíûõ ñòðóêòóð â
ìåìáðàííûõ òðóáêàõ ñ æèäêîñòüþ�, ÓÌÍ, 75:5 (2020), 59�100.

[5] À. Ò. Èëüè÷åâ, Óñòîé÷èâîñòü ëîêàëèçîâàííûõ âîëí â íåëèíåéíî-óïðóãèõ ñòåðæíÿõ,
Ôèçìàòëèò, Ì., 2009.

[6] À. Ò. Èëüè÷åâ Â. ß. Òîìàøïîëüñêèé, �Íåóñòîé÷èâîñòü ñîëèòîíîâ ïðè èçãèáå è êðó÷åíèè
óïðóãîãî ñòåðæíÿ�, ÒÌÔ, 172:3 (2012), 375�386.

[7] À. Ò. Èëüè÷åâ, À. Ï. ×óãàéíîâà, �Òåîðèÿ ñïåêòðàëüíîé óñòîé÷èâîñòè ãåòåðîêëèíè÷åñêèõ
ðåøåíèé óðàâíåíèÿ Êîðòåâåãà�äå Ôðèçà�Áþðãåðñà ñ ïðîèçâîëüíûì ïîòåíöèàëîì�, Òðóäû
Ìàòåì. èí-òà èì. Â. À. Ñòåêëîâà, 295 (2016), 163�173.

[8] À. Ò. Èëüè÷åâ, À. Ï. ×óãàéíîâà, Â. À. Øàðãàòîâ, �Ñïåêòðàëüíàÿ óñòîé÷èâîñòü îñîáûõ
ðàçðûâîâ�, Äîêë. ÐÀÍ, 462 (2015), 512�516.

[9] Ò. Êàòî, Òåîðèÿ âîçìóùåíèé ëèíåéíûõ îïåðàòîðîâ, Ìèð, Ì., 1972.
[10] Ð. Êóðàíò, Ä. Ãèëüáåðò, Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè, Ãîñòåõèçäàò, Ì.�Ë., 1951.
[11] À. Ëÿâ, Ìàòåìàòè÷åñêàÿ òåîðèÿ óïðóãîñòè, ÎÍÒÈ ÍÊÒÏ ÑÑÑÐ, Ì., 1935.
[12] W. Rudin, Functional analysis, 2nd ed., McGraw-Hill, New York, 1991.
[13] Á. Â. Øàáàò, Âââåäåíèå â êîìïëåêñíûé àíàëèç. ×àñòü I, Íàóêà, Ì., 1985.
[14] L. Abdelouhab, J. L. Bona, M. Felland, J.-C. Saut, “Non-local models for nonlinear dispersive

waves”, Physica D, 40 (1987), 360–392.
[15] J. P. Albert, J. L. Bona, D. L. Henry, “Sufficient conditions for stability of solitary wave

solutions of model equations for long waves”, Physica D, 24 (1987), 343–366.
[16] J. C. Alexander, R. Sachs, “Linear stability of solitary waves of a Boussinesq-type equation:

A computer assisted computation”, Nonlin. World, 2 (1995), 471–507.
[17] J. C. Alexander, R. Gardner, C. Jones, “A topological invariant arising in the stability analysis

of travelling waves”, J. Reine Angew. Math., 410 (1990), 167–212.
[18] J. C. Alexander, M. G. Grillakis, C. K. R. T. Jones, B. Sandstede, “Stability of pulses on

optical fibers with phase-sensitive amplifiers”, Z. angew. Math. Phys., 48 (1997), 175–192.
[19] A. L Afendikov, T. J. Bridges, “Instability of the Hocking–Stewartson pulse and its implications

for three-dimensional Poiseuille flow”, Proc. Roy. Soc. Lond. A, 457 (2001), 257–272.
[20] T. B. Benjamin, “The stability of solitary waves”, Proc. Roy. Soc. London A, 238 (1972),

153–183.
[21] A. Beliaev, A. Il’ichev, “Conditional stability of solitary waves propagating in elastic rods”,

Physica D, 90 (1996), 107–118.
[22] D. P. Bennet, R. V. Brown, S. E. Stansfield, J. D. Stroughair, J. L. Bona, “The stability of

internal solitary waves”, Math. Proc. Cambridge Philos. Soc., 94 (1983), 351–379.
[23] J. L. Bona, “On the stability of solitary waves”, Proc. Roy. Soc. London A, 344 (1975),

363–374.
[24] J. L. Bona, R. L. Sachs, “Global existence of smooth solutions and stability of solitary waves

for a generalized Boussinesq equation”, Comm. Math. Phys., 118 (1988), 15–29.
[25] J. L. Bona, P. E. Souganidis, W. A. Strauss, “Stability and instability of solitary waves of

Korteweg–de Vries type”, Proc. Roy. Soc. London A, 411 (1987), 395–412.



56 Ñïèñîê ëèòåðàòóðû

[26] T. J. Bridges, G. Derks, G. Gottwald, “Stability and instability of solitary waves of the fifth-
order KdV equation: a numerical framework”, Physica D, 172 (2002), 190–216.

[27] A. P. Chugainova, A. T. Il’ichev, A. G. Kulikovskii, V. A. Shargatov, “Problem of arbitrary
discontinuity disintegration for the generalized Hopf equation: selection conditions for a unique
solution”, IMA J. Appl. Math., 82 (2017), 496–525.

[28] A. P. Chugainova, A. T. Ilichev, V. A. Shargatov, “Stability of shock wave structures in
nonlinear elastic media”, Math. Mech. Solids, 24 (2019), 3456–3471.

[29] A. Clebsch, Theorie der Elasticität Fester Körper, B. G. Teubner, Leipzig, 1862.
[30] E. A. Coddington, N. Levinson, Theory of ordinary differential equations, McGraw-Hill, New

York, 1955.
[31] B. D. Coleman, E. H. Dill, “Flexure waves in elastic rods”, J. Acoustical Soc. America, 91

(1992), 2663–2673.
[32] B. D. Coleman, J. M. Xu, “On the interaction of solitary waves of flexure in elastic rods”,

Acta Mech., 110 (1995), 173–182.
[33] B. D. Coleman, E. H. Dill, D. Swigon, “On the dynamics of flexure and stretch in the theory

of elastic rods”, Arch. Ration. Mech. Anal., 129 (1995), 147–174.
[34] B. D. Coleman, E. H. Dill, M. Lembo, Z. Lu, I. Tobias, “On the dynamics of rods in the theory

of Kirchoff and Clebsch”, Arch. Ration. Mech. Anal., 121 (1993), 339–359.
[35] W. A. Coppel, Stability and asymptotic bahaviour of differential equations, D. C. Heath and

Company, Boston, 1965.
[36] D. J. Dichmann, J. H. Maddocks, R. L. Pego, “Hamiltonian dynamics of an elastica and the

stability of solitary waves”, Arch. Ration. Mech. Anal., 135 (1996), 347–396.
[37] E. H. Dill, “Kirchoff’s theory of rods”, Arch. Hist. Exact Sci., 44 (1992), 1–23.
[38] J. V. Evans, “Nerve axon equations, III: Stability of the nerve impulse”, Indiana Univ.

Math. J., 22 (1972), 577–594.
[39] R. A. Gardner, K. Zumburin, “The gap lemma and geometric criteria for instability of viscous

shock profiles”, Comm. Pure Appl. Math., 41 (1998), 797–855.
[40] M. Grillakis, J. Shatah, W. Strauss, “Stability theory of solitary waves in the presence of

symmetry. I”, J. Funct. Anal., 74 (1987), 160–197.
[41] M. Grillakis, J. Shatah, W. Strauss, “Stability theory of solitary waves in the presence of

symmetry. II”, J. Funct. Anal., 94 (1990), 308–348.
[42] V. V. Gubernov, G. N. Mercer, H. S. Sidhu, R. O. Weber, “Evans function stability of com-

bustion waves”, SIAM Journ. Appl. Math., 63 (2003), 1259–1275.
[43] Y. B. Fu, A. T. Il’ichev, “Localized standing waves in a hyperelastic membrane tube and their

stabilization by a mean flow”, Math. Mech. Solids, 20 (2015), 1198–2014.
[44] D. Henry, Geometric theory of semilinear parabolic equations, Springer-Verlag, Berlin, Heidel-

berg and New York, 1981.
[45] Z. Huang, H. S. Sidhu, I. N. Towers, Z. Jovanoski, V. V. Gubernov, “Stability analysis of

combustion waves for competitive exothermic reactions using Evans function”, Appl. Math.
Modelling, 54 (2018), 347–360.

[46] J. Humpreus, B. Sandstede, K. Zumburin, “Efficient computation of analytic bases in Evans
function analysis of large systems”, Numerishe Math., 103 (2006), 631–642.

[47] A. Il’ichev, “Stability of solitary waves in nonlinear composite media”, Physica D, 150 (2001),
261–277.

[48] A. Il’ichev, “Instability of solitary waves on Euler’s elastica”, Z. angew. Math. Phys., 57 (2006),
547–566.

[49] A. T. Il’ichev, Y. B. Fu, “Stability of aneurysm solutions in a fluid-filled elastic membrane
tube”, Acta Mechanica Sinica, 28 (2012), 1209–1218.



Ñïèñîê ëèòåðàòóðû 57

[50] A. T. Il’ichev, Y. B. Fu, “Stability of an inflated hyperelastic membrane tube with localized
wall thinning”, Internat. J. Engrg. Sci., 80 (2014), 53–61.

[51] A. T. Il’ichev, V. A. Shargatov, Y. B. Fu, “Characterization and dynamical stability of fully
nonlinear strain solitary waves in a fluid-filled hyperelastic membrane tube”, Acta Mech., 231
(2020), 4095–4110.

[52] A. T. Il’ichev, A. Yu. Semenov, “Stability of solitary waves in dispersive media described by
a fifth-order evolution equation”, Theor. Comput. Fluid Dynamics, 3 (1992), 307–326.

[53] C. K. R. T. Jones, “Stability of the travelling wave solution of the FitzHugh–Nagumo system”,
Trans. Amer. Math. Soc., 286 (1984), 431–469.

[54] T. Kapitula, “The Evans function and generalized Melnikov integrals”, SIAM J. Math. Anal.,
30 (1998), 273–297.

[55] T. Kapitula, “Stability criterion for bright solitary waves of the perturbed cubic-quintic
Schrödinger equation”, Physica D, 116 (1998), 95–120.

[56] T. Kapitula, B. Sandstede, “Stability for bright solitary wave solutions to perturbed nonlinear
Schrödinger equations”, Physica D, 124 (1998), 58–103.

[57] T. Kapitula, B. Sandstede, “Edge bifurcations for near integrable systems via Evans function
techniques”, SIAM Journ. Vath. Anal., 33 (2002), 1117–1143.

[58] T. Kapitula, N. Kutz, B. Sandstede, “The Evans function for nonlocal equations”, Indiana
Univ. Math. Journ., 53 (2004), 1095–1126.

[59] G. Kirchhoff, Vorlezungen über mathematische Physic, Mechanik, Vorl. 28, D. G. Teubner,
Leipzig, 1876.

[60] M. Oh, B. Sandstede, “Evans function for periodic waves on infinite cylindrical domains”,
Journ. Diff. Equations, 248 (2010), 544–555.

[61] S. P. Pearce, Y. B. Fu, “Characterisation and stability of localised bulging/necking in inflated
membrane tubes”, IMA J. Appl. Math., 75 (2010), 581–602.

[62] R. L. Pego, M. I. Weinstein, “Eigenvalues and instabilities of solitary waves”, Philos. Trans.
Roy. Soc. Lond. A, 340 (1992), 47–94.

[63] R. L. Pego, P. Smereka, M. I. Weinstein, “Oscillatory instability of travelling waves for KdV–
Burgers equation”, Physica D, 67 (1993), 45–65.

[64] B. Sandstede, “Evans function and nonlinear stability of traveling waves in nonlocal network
models”, Int. Journ. Bifur. Chaos, 17 (2007), 2693–2709.

[65] V. A. Shargatov, S. V. Gorkunov, A. T. Il’ichev, “Dynamics of front-like water evaporation
phase transition interfaces”, Commun. Nonlinear Sci. Numer. Simul., 67 (2019), 223–236.

[66] J. Shatah, W. Strauss, “Instability of nonlinear bound states”, Commun. Math. Phys., 100
(1985), 173–190.

[67] W. A. Strauss, Nonlinear wave equations, Conference board of the mathematical sciences.
Regional conference series in mathematics, 73, Amer. Math. Soc., 1989.

[68] J. Swinton, J. Eglin, “Stability of travelling pulse to a laser equation”, Phys. Lett. A, 145
(1990), 428–433.

[69] M. I. Weinstein, “Liapunov stability of ground states of nonlinear dispersive evolution equa-
tions”, Comm. Pure Appl. Math., 39 (1986), 51–68.

[70] M. I. Weinstein, “Existence and dynamic stability of solitary wave solutions of equations,
arising in long wave propagation”, Comm. Partial Diff. Eqn., 12 (1987), 1133–1173.



Íàó÷íîå èçäàíèå

Ëåêöèîííûå êóðñû ÍÎÖ

Âûïóñê 32

Èëüè÷åâ Àíäðåé Òåéìóðàçîâè÷

Óñòîé÷èâîñòü ãðàíè÷íûõ ñîñòîÿíèé â áåñêîíå÷íûõ ïðîñòðàíñòâåííûõ

îáëàñòÿõ

http://www.mi-ras.ru/noc/ e-mail: journals@mi-ras.ru
Çàêàç 229-23 Òèðàæ 100 ýêç.

Îòïå÷àòàíî â ñîîòâåòñòâèè ñ ïðåäîñòàâëåííûìè ìàòåðèàëàìè â ÎÎÎ ¾Àìèðèò¿
410004, ã. Ñàðàòîâ, óë. ×åðíûøåâñêîãî, 88

Òåë.: 8-800-700-86-33 | 8-8452-24-86-33
E-mail: zakaz@amirit.ru Ñàéò: amirit.ru


	Введение
	Глава 1  Орбитальная устойчивость
	1.1 Бесконечномерные трансляционно-инвариантные гамильтоновы системы
	1.2 Теоремы об орбитальной устойчивости
	1.3 Орбитальная устойчивость солитонов уравнения Кортевега–де Фриза
	1.4 Орбитальная устойчивость уединенных волн на эластике Эйлера

	Глава 2  Спектральная устойчивость. Функция Эванса
	2.1 Решения линеаризованной системы уравнений
	2.2 Функция Эванса
	2.3 Спектральная устойчивость солитонов обобщенного уравнения КдФ
	2.4 Спектральная устойчивость фронтов обобщенного уравнения КдФ–Бюргерса
	2.5 Функция Эванса в случае двух мод. Внешние формы
	2.6 Неустойчивость уединенных волн относительно неплоских возмущений на эластике Эйлера


