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IIpeaucioBue

O yHKITMOHAIBLHBIN aHAJIN3 €CTh aHAJN3 B OECKOHEUHOMEPHBIX JIMHEHHBIX IPOCTPAHCTBAX. DTOMY IIPEIMETY
ITOCBSIIIEHO OTPOMHOE KOJIMYECTBO KHHUT PA3HOI cremeHH mompobHocTu. B Hamm 1esm He BXOAMIO HAIIACA-
HU€ OPUTMHAJIBHOIO yIeOHMKA 110 (PyHKIMOHAIBHOMY aHaJM3y. [ 1aBHOI MOTHBAIMEH OBLIO M3JI0KEeHrEe Kypca
GbYHKIMOHAJILHOTO aHAJIIN3a, OPHEHTUPOBAHHOIO B IIEPBYIO OYEPEh Ha IIPUJIOKEHUS B MaTeMaTUIeCKOil dbu3n-
ke. [Ipu 3TOM IPUILIOCH OTKA3aThCsI OT HEKOTOPBIX TPAIUIIMOHHBIX TE€M, OOBIYHO BKJIFOYAEMBIX B 9TOT KypC
B pacuere Ha MPUJIOXKEHUs B Teopuu AuddepeHnnaIbHbIX ypaBHeHN, TaknX Kak anaan3 @ypbe, 0000IeHHbIE
dbyurnun, npocrpancrsa Pperre u T.;1. 3a CYET ITOrNO YAAIOCH W3JIOXKUATH HAYAJA TEOPUN HEOTPDAHMIEHHBIX
CaMOCOIIPSI?)KEHHBIX OMEPATOPOB, BKJIIOUYASA CHEKTPAJIHHYIO TEOPEMY.

Ucxoist u3 mocTaBieHHOM 381891, MBI B3SJIM 38 OCHOBY Kypca rnepBbiii Tom Kuuru Puma u Caitmona “Meroibt
COBPEMEHHON MaTEMATUIECKOI (pU3nKU”’ 110 TOM IPUYNHE, YTO JIAHHBIA KypC N3HAYAJIBHO OPUEHTHPOBaH Ha (bu-
3UKOB U IIOTOMY OTJIMYAETCs OT IPYIUX yIeOHUKOB 10 (DYHKIIMOHAJIBHOMY aHAJIN3Y CIENUMUICCKIM BHIOOPOM
U3y9IaeMbIX TeM. B M3J/I0KeHNN YKa3aHHBIX TEM MbI, OJIHAKO, HHOT/A CUJIBHO YKJIOHSJINCH OT YKA3AHHON KHUTH
(3T0 OTHOCHTCSI, B OCODEHHOCTH, K CIEKTPAJILHOI TeopeMe U IJIABaM, OCBANIEHHBIM KOMIAKTHBIM OLIEPATOPAM ).

[Toggyepkuem erre pas, UTO IpeJIaraeMblil TEKCT — 9TO MMEHHO TEKCT JIeKInii, a He yueOHuK. [losromy Mbr
mo3Bosimiin cebe CHAOIUTH €ro OOJIBIINM KOJUYECTBOM OTCTYILIEHWI, JIOTOJHEHUN M 3aMevYaHuil, B KOTOPBIX
GOJILITMHCTBO (aKTOB cOOOIIaeTCst Oe3 JOKa3aTeIbCTB U KOTOPhIe MOYKHO UTHOPUPOBATH IIPH IIEPBOHAYAIBHOM
arernn. VX 1ebio sBJsSeTCs pacliupeHre “paMoK’ CTaHIAPTHOIO Kypca 0e3 3HAYNTETbHOIO YBEJUYEHUs! ero
obbema. 3a/1ada COCTOsiIa B TOM, ITOOBI MPEJIAra€Mblii MAaTEPUAJ MOXKHO OBLIO JefICTBUTEIHLHO W3JIOXKUATH
B IIP€JIeJIaX T'OJ0BOI0 YHUBEPCUTETCKOIO KypCa.

B ocHoOBy TekcTa Jeryin JIEKIUHU, TPOYNTAHHBIE ABTOPOM CJIyIIaTe M BBICIIeil MIKOIbI SKOHOMUKN OCEHBIO
2012 — Becuoit 2013 rr. [Ipunsroe B Heil pa3jeseHue Ha OTJEJbHBIE JIEKIIUU CJIEJIyeT BOCIPUHUMATDH, CKOpEe,
KaK BBIJIEJIEHUE OTAEIBHBIX TeM, He 00A3aTeIbHO COOTBETCTBYIOIUX “DeasbHbIM JIEKIUAM (OTCIOa KOJIe0anus
B UX IPOJIOJIZKUTESHHOCTH ).

Asrop 6maromapen A. FO. ITupkoBckomy, TpoInTaABIIEMY HEPBOHAYAIBHBIN TEKCT JIEKIUI U BHECIIEMY DsiT
[IEHHBIX 3aMeYaHuil, KOTOPble ObLIN YITEHbl B OKOHYATEJIHHOM BapUAHTE.



I'maBa 1. I'miib6epTOBBI IIPOCTPAHCTBA

Jleknus I. EBKJIM/I0BBI ITPOCTPAHCTBA

1.1. Onpenenenue u IpuMepkbI.
OnpPEAENEHUE [.1. KomiutekcHoe BEKTOpHOE IIPOCTPAHCTBO V' HA3BIBAETCS €68KAUJOSDIM WU NPOCMPAH-
CMBOM CO CKAAAPHLIM NPOU3EedeHUueM, €CTU Ha HEM 3aIaH0 0TOOparKeHne
( Tyt ) V- (Ca

obJtaaomee CJeIyIoMUMI CBOHCTBAMM:
(1) (v,v) = 0, npuuem (v,v) =0 < v =0;
(2) (u+v,w) = (u,w)+ (v,w), (A\u,v) = A(u,v), A € C;
(3) (u,v) = (v,u).

W3 cpoiicts (2) u (3) cremyer, 4T0

()\’LL + pv, w) = )\(’U,, UJ) + M(Ua U)), (’LL, Av + ,U/LU) = X(ua U) + ﬁ(u7 w)
st A, p € C.

I[TpuMEP I.1. Kommiekcrnoe BekTopuoe mpocrpanctBo C” co CKaJSpHBIM IPOU3BEIEHUEM

n
(u,v) = Z u;T;.
j=1

ITpuMEP 1.2. IIpocrpancrso C[a, b] HEIPEPHIBHBIX KOMILIEKCHO3HAUHBIX (DYHKIMIA Ha OTpe3Ke [a, b] co cka-
JISPHBIM MTPOM3BEIEHUEM

b
(f.9) = | Fa)g@)da.
a
1.2. OpToronajibHbIE CUCTEMBI.
OnPEAENEHUE 1.2. Bekropnl u,v € V opmozonasvro. dpye dpyey, eciu (u,v) = 0. Cucrema BEKTOPOB

{v;} u3 V nasviBaercs opmonopmuposarnol, ecim

(vj,o6) =0 mpm j #Fk,
(vj,v;) =1 IIPH BCEX J.
Hopmoti BekTopa v € V HazwbiBaercs aucio ||v]| = /(v,v).

TEOPEMA 1.1 (reopema ITudaropa). Iyemw {e;}N; ecmv opmonopmuposarnas cucmema 6 ecxaudocom
npocmpancmee V. Tozda das 06020 v € V. umeem mecmo pasencmso

N

loll* = > [(v, e +

=1

N

v — Z(v, e;)e;

i=1

2

JIOKABATEJILCTBO. IlpemcraBum v B BuIe
N N
v = Z(v, e;)e; + (v - Z(v, ei)ei>.
i=1 i=1
BekTopmr Zil(v, ei)e; uv— Ef-vzl(v, €;)€; OPTOTOHAJBHBI APYT JAPYTY, OITOMY

(v,0) = <§:(v,ei)ei, iv:(v,ei)@) + <v - i(v,ei)ei, v i(v,ei)el) = §;|(v,ei)|2 +

i=1 i=1 i=1 =1

N

v — Z(v,ei)ei

i=1

2
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CaegacTBUE 1.1 (mepasenctso Beccens). Ecau {e;}Y., — opmonopmuposannas cucmema 6 eskaudocom
npocmparcmee V., mo dasn 06020 v € V' cnpasediuso mepasencmeo

N
loll* > 1w, e) .
i=1

CneEnCTBUE 1.2 (mepasencrBo Komm—ByHnsikoBekoro). Jas awbux u,v € V. cnpasedauso nepasercmeo
[(u, 0)| < lull - [o]l.

JIOKABATE/IBLCTBO. Ilpn v = 0 HepaBeHCTBO MPEBPAINIAETCA B OYEBUIHOE paBeHCTBO. EKcim v # 0, To
paccmorpuM BekTop v/||v|| ¢ HopMmoit 1. ITo mepasercrBy Beccess 1yt jmo6oro u € V' umeer MeCTO COOTHOIIEHUE

v [ [ o))?

(o] = et
Tl = Tl

lull* >

OTKY/1a
[(u, ) < Jlul] - Jlv]l-

CHEACTBUE 1.3 (ToxkmecrBo napaienorpamma). Jas a0box u,v € V umeem mecmo mosicdecmso
2 2 _ 2 2
lu+vl” + [Ju =l = 2[jul” + 2[jo]"
Hnaue 2o60pa, cymma xeadpamos daun duazonanets Napasiero2pamma, noPoHCIeHH020 8EKMOPAMU U,V , PAEHI
cymMe K6adpamos OAUH €20 CMOPOH.

IIpoBepbTe 9TO TOXKIECTBO CAMOCTOSITEIBHO.

Jlekuusga 11. HopMmupoBaHHBIE IPOCTPAHCTBA

I1.1. OmpepesieHne u CBsi3b C €BKJINAOBBIMH IMPOCTPAHCTBAMU.

OnpPEAENEHUE I1.1. KoMmriutekcHoe BEKTOPHOE TPOCTPAHCTBO V' HA3BIBACTCS HOPMUPOSAHHbLM, €CJTH HA HEM
3a/IaHa HEOTPUIATEbHAS (OyHKITHS
-1V =Ry,
HA3bIBAEMasT HOPMOTL, 0DJIAIAIONAs CJIEIYIOIIUMU CBOHCTBAMU:
(1) |lv|| = 0, mpuuem |jv|| =0 < v = 0;
(2) Mol = [A] - [[o] ans A € C;
(3) |lu+v|| < JJu|| + ||v|] (HepaBerCTBO TPEyTOIBHUKA).

SAMEYAHUE I1.1. JTroboe HOpMUPOBAHHOE MPOCTPAHCTBO SIBJISIETCSI METPUYECKUM C METPHUKOI, 38 1aBaeMOii
HOPMOIA:

d(u,v) == ||lu —v||.
Tem caMbIM, B HODMUPOBAHHBIX IIPOCTPAHCTBAX OIPEIEJEHBI TOHATHS CXOAUMOCTH ¥ IIOJHOTBI, UCIIOIb3yeMbIe
B METPUYECKHX IIPOCTPAHCTBAX.

ITPENIOKEHUE I1.1. Jlwboe esrxaudoso npocmparcmeo V. A8AAEMCA HOPMUPOBAHHVIM C HOPMOT

[oll = v/ (v, 0).

JIOKABATEJIBCTBO. Ilycrs V — eBrinmoso npocrpanctso. CpoiicTsa (1) u (2) HOpMBI HEMEJIEHHO CIIELYIOT
U3 aHAJOIMYHBIX CBOMCTB CKaJsipHOro npousseienus Ha V. CpoiicrBo (3) BhITeKaer u3 HepaseHcTsa Kommm—
Bymusakosckoro:

|| +v||2 = (u,u) + (u,v) + (v,u) + (v,v) = (u,u) + 2Re(u,v) + (v,v) < (u,u) + 2|(u,v)| + (v,v)
< (u, 1) + 24/ (w, )/ (0,0) + (0,0) = (V(ww) +V(0,0)° = [lu+o] < Jul| + o]

3AMEYAHUE I1.2. JlokasaHHOE MPEJIOKEHNE BBIPAXKaeT CKAJSIPHOE NMpOM3BejieHne (v, V) Uepe3 KBajpaT
Hopmbt ||v||?. AnamornunbIM 06pa3oM CKaJIApHOE MPOM3BEJIeHNne MPOU3BOIbHBIX BEKTOPOB u,v € H MOXKHO
BLIPDA3UTh B TEPMUHAX KBaJIPATOB HOPMBI C IIOMOIIBIO NOAAPUSAUUOHHOL0 MOHCIECTNEA:

a0y = I P =l e P — = ol
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11.2. OrpanunveHHbIe JINHEHHbIE OTOOPaYKEHMSI.

OnpPEAENEHUE I1.2. Jluneitnoe orobpazkenue (oneparop) T: Vi — Vo U3 HOPMHPOBAHHOIO HPOCTPAHCT-
Ba Vi ¢ HOpMOil || - ||; B HOpMUPOBaHHOE IPOCTPAHCTBO V2 € HOPMOIL || - ||, HA3BLIBACTCA 02PAHUYEHHBLM, €CIIH
cymecrByer Koucranta C' > 0 Takas, 9T0

ITv]l2 < C|lv]1 st Bcex v € V.
Haumenbimast u3 takux kouctant C' HasbiBaercss Hopmot ||T'|| onepamopa T. Nuave roopsi,

1Tl = sup [[Tv]2.

llvfli=1

[TPEATOXKEHUE I1.2. Ilycmo T: Vi — Vo — aunetinoe omobpasicenue u3 HOPMUPOBAHHO20 NPOCTMPAHCIN-
6a V1 6 nopmuposannoe npocmparcmeo Va. Caedyrowue ycaosus IK6USAAECHMMHDL:

(1) T nenpepvisno 6 0dnot mowke Vi;
(2) T nenpepusro 6o scex mouxax Vi;
(3) T oepanuueno.

JlokazaTembCTBO STOTO MPEJJIOKEHUS OCTABIIEM B BUJIE 3a/Ia8NU.

TEOPEMA II.1 (Teopema 06 orpaHmueHHOM JuHefiHOM oToOpaxkenun). [lyemo T: Vi — Vi ecmo
02panuMeRHoe AUHETHOE 0MOOPAdNCENUE U3 HOPMUPOBAHH020 NPOCMpancmea Vi 6 noanoe HOPMUPOSAHHOE
npocmpancmeo Va. Toeda T npodoasicaemca eduncmeennvim 06pasom Ha nonosnenue V1 npocmpancmea Vi do
ozparunennozo aunetinozo omobpascerus T: Vi — Vs,

JTOKABATEIBLCTBO. s Kazkmoro v € Vi Haiiercs MOC/IeI0BATEIHHOCTD {v,} BekTOpOoB M3 V) Takas,
410 U, — v upu n — o0. llocaemosarenbuocts {v,} aBIeTca mociaenoBaTeNbHOCTHI0 Koy, mosromy st
3a7aHHoro € > 0 MOXKHO HaifiTu Takoe N, UTO

u < >N
Vp — U —_ opu  m,n .
n m |1 ||T|| p ’
W3 onenku
[Tvn = Tvmlla = [T (vn = vm)ll2 < TN - lon —vmll1 <€

crenyer, uro {Tv,} siBasercs nocaenosaresabHocThio Komm B Va. Beuay nosnnoTel Vo HOCIIE10BATENBHOCTD
{Tv,} cxomurest K HEKOTOPOMY BeKTOPY U € Va.

[Mosoxkum T := w U MOKaXKeM, 4TO ITO OIPEJIeJIEHUE He 3aBUCUAT OT BbIOOPA IOCIEI0BATEIBHOCTH Uy — V.
JeficTBUTENIBHO, €Cn v, — ¥ — Jpyras [0CJIeI0BaTeIbHOCTh BEKTOPOB U3 V], CXOISIAsCs K v, TO IO JIOKa-
3aHHOMY [OCJIE/IOBATEIbHOCTE {T'0],} JOJIKHA CXOIUTHCS K HEKOTOpoMy BekTopy u € Va. Ho nepemernannast
[I0CJIEIOBATETLHOCTD

’Ul,’Ull,UQJJIQ, N

Tak)Ke cxoauTces K v. [losTomMy 1Mo Tem ke cooOparkKeHWsIM, 9TO U BBIIIE, TOCIEI0BATEIBHOCTE 00PA30B
!/ !/
Tvy,Tvy, Tve, Tvy,. ..

JIOJIPKHA UMETh IIPEJIeSI, OTKYIa
= lim TV, = lim Twv, = u,
n—oo n—oo
T.e. U = U.
IIpomomxkenusntit oneparop 1T': V1 — Vo orpanudeH, MOCKOIbKY
ITv]l2 = lim [|[To,|l2 < lim C|lv,| (mouemy?)
n—oo n—oo

Cllvls-

JlumeitnocTs u €IMHCTBEHHOCTDH IIOCTPOEHHOI'O IIPOIAOJIZKECHU I T IpoBeEpbTE CaMOCTOATEJIBLHO.
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Jleknus III. OTcrynyieHue: 3jieMeHTbI Teopuu Mepbl 1 nHTerpasua Jlebera

I11.1. Mepbl u n3MepuMbie MHOXKECTBA.

OnpeAEJEHUE I11.1. Hemycroe cemeitcTBO R IOJMHOXKECTB HEKOTOPOro MHOXKecTBa M Ha3bIBaeTcs o-
KONDYOM, €CJIH:
(1) obbenuuenue Ufi1 E; maOX)ecTB E; € R TakKe IPUHAIEKAT TR ;
(2) mepeceuenue E N F u pasunocrs E\ F muoxkecrs E, F € R takxke npunaijiexar R.
B srom ciaydae u cumMerpudeckasi pa3HOCTh

EAF := (EUF)\(ENF)=(E\F)U(F\E)

aByx muOXkKecTB F/, F' € R cHOBa mpuHAIeXKUT K.
Ecsiz camo muOX)KecTBO M npunaiekuT R, TO TaKOe 0-KOJbIO R HA3BIBAETCS O -0A2e0pOU.

3AMEYAHUE I11.1. Ecim & — npousBosibHOE CeMeHCTBO TTOJMHOYXKECTB MHOXKecTBa M, TO cpeam Bcex o-
KOJIET], cojiepKaIux S, IMeeTCs MUHUMAJIbHOE 0-KOJIBI[0, KOTOPOe HA3BIBAETCS 0-KOJIBIIOM, TOPOXKIECHHBIM S,
u obosnauaerca depe3 R(S).

ITpuMEP III.1. Bosbmem B KauecTBe S COBOKYIIHOCTBH BCEX OTKPBITHIX MHTEPBAJIOB Ha BelllecTBeHHOI ocu R.
Topoxnennoe e o-koubio B(R) = R(S) siisiercst, 0ueBuHO, o-aiarebpoil, Ha3bIBAEMON o-ai2e6poli 6opercs-
CKUT MHOIICECTNE HA TIPSIMOI.

OnPEAEAEHUE II1.2. Cuemmo-addumuesnoti mepoti Ha MHOXKecTBe M ¢ 0-KOJIBbIIOM R HasbIBaeTcs 0ToOpa-
kenue (12 R — [0, +00], obiasatoniee ceyOIIMEI CBOHCTBAMMU:
(1) U2, Ei) = > oy w(E;) st mobbix E; € R rakux, uro E; N E; = & upu i # j;
(2) u(@) = 0.
B ,ﬂaﬂbHeﬁHIeM MBI 6y,ﬂ‘el\/1 Ha3bIBaThb TaKne MEPbI TaKXKe 0-a/J/INTUBHbBIMU UJIN IIPOCTO ME€paMH.
Mepa j HAa3BIBACTCS 0 -KOHEUHOTE, €CIII

rae B; € R u pu(E;) < 00 1jid Beex i.

OnpeAEJEHUE I11.3. Ilycts @ ecTh cuerTHO-ajuTHBHAsI Mepa Ha MHOXKecTBe M, cCHaOXKEHHOM O-KOJIb-
oM R. as soboro moamuokectBa E C M onpenesinM €ro Hewnon Mepy Kak

w(E) = ianM(Ei)a

rJle HU2KHsisl TPaHb GepeTcst Mo BceM HOKpbITHsM { F; } MHOXKecTBa F, T.e. cuerHbIM Habopam {F;}$2, noamuo-
xectB B; € R raknx, uro E C |J;2, E;. Muoxecrso E Hasbisaercs usmepumvim (1o JleGery) OTHOCHTENBHO
MepBbI [, ecyn juist j1ioboro € > 0 naiinercs muoxkectBo R € R Takoe, 4TO

p*(FAR) <e.
Nuave roBopst, MHOXKECTBO F U3MEPHUMO, €CJIM €r0 MOYKHO € JIF000H TOYHOCTBIO NMPUOIN3UTH MHOKECTBAME
3 R. Bamerum, 4TO JUisi ©3MEPUMOro MHOXKecTBa E ero BHemnHsist Mepa (1*(F) coBnagaer ¢ pu(F).

3AMEYAHUE I11.2. B cayuvae, korma R asigercs o-anrebpoii (T.e. M € R), MOXKHO NOKa3aTh, 9TO COBO-
KYIIHOCTb BCEX M3MEPUMBIX OTHOCHTEJIBHO L noaMHOkecTB M Takxke obpasyer o-ainrebpy (reopema JleGera).

I11.2. Nzmepumbie dyHKIuu u nurerpasi Jlebera.

OnpPEAENEHME II1.4. Ilycrs 3amana cucrema (M, R, 1), T.e. MEOXKecTBO M, HajesneHHoe o-areGpoii R u
Mmepoit p. BemecrBennosnaunag dyukius f: M — R maseBaerca usmepumoti(oTHocurensno R), ecan mis
JIIOOOr0 BEIECTBEHHOrO 4Yncjaa A € R MHOXKECTBO

Ex(f) :={z e M: f(z) <A}

n3mepumo. Kommiekcnozunaunast dyukiusa f = u + iv: M — C usmepuma, ecyii n3MepuMBbI €€ BeIeCTBEHHAs
YacTh U M MHUMAas 9acTh V.
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Jlitst m3MepuMbIxX (DYHKITHI MOYKHO BBECTH CJIEIYIOIINE TOHATUS CXOIUMOCTH:
(1) pasnomepras crodumocmsd TOCIEIOBATEIBHOCTH [, M3MEPUMbIX (DYHKIWI Ha MHOXKecTBe E C M K u3-
MepuMoit GyHKIUN [ 03HAYAET, ITO

sup | frn(z) — f(z)] =0  1wpu n — oo;
FASYD)

(2) crodumocmv nowmu 6cody MOCIeNOBATEIBLHOCTU [, U3MepUMbIX dyHKIMI HAa MHOXKecTBe E C M K u3-
MepuMoii byHKIMU [ 03HAYAET, ITO

folz) = f(x) —0 OpH 1 — 00

Juist Bcex T € F, KpoMe HEKOTOPOI'o MHOXKECTBA Mepbl HYJIb;
(3) crodumocmv no mepe MOCIENOBATEILHOCTH f,, u3MepUMbIX byHKIMIA Ha MHO)KecTBe F C M K m3aMepumoii
dyukium f ozHagaer, 9To jyist 06010 € > 0 Mepa MHOXKECTBa

{reE:|fu(z) - f(z)| =€}
CTPeMUTCS K HYJIIO IIPA 1. — OO.
fcHo, uTO paBHOMEpPHAST CXOAMMOCTD BJIEYeT 3a CODOIl CXOIMMOCTD KaK IMOYTH BCIOIY, TAK U CXOAUMOCTD IO
mepe. C 1pyroif CTOPOHBI, MOXKHO HOKa3aTh, YTO JJI M3MEPUMbIX moaMHOKecTB FF C M KoHedHOil Mepbl (T.e.

rakux, 910 p(F) < 00) u3 cxomumocTn f, — f mourn Beoxy Ha E BeITEKaer m cxomumocTs f,, — f 10 Mepe fi.
BaxkHyto poJib JijIs1 TaJIbHEAIIEr0 UTPAET CIIe Ty FoIAsT

TEOPEMA III.1. Mroostcecmso usmepumvir Gynkuyut 3aMEHYMO OMHOCUMEADHO CLOOUMOCTIU NOYWMU BCHO-
dy.

[Tepeiiem K M3yIeHUIO MHTETPUPYEMBIX (DYHKIINI U TMOHITAIO UHTErPAJIA.

ITycrs 3anana cucrema (M, R, u), T.e. MHOxkecTBO M, HanesenHoe o-ajrebpoit R u mepoii u. Hazosem
n3MepuMyto Gyakuuio f Ha M npocmot, eciiu OHa IPUHUMAET He 0oJiee, YeM CYETHOe YrcJIo 3HadeHuil. Takyio
GYHKIMIO MOXKHO 3aIIUCATh B BUJIE

f@) =" caxg, (@), (IIL.1)
n=1

rie F, — u3amepumble roaMmHoxKectBa M Takwue, aro M = Uff:l E,uE,NE; =@ upu i # j, a xp 0003Ha4aeT
XapaKTePUCTHIECKYIO (PYHKITHIO moaMHoKecTBa F C M:

1, ecmm x € F;

xe(@) = 0, ecmmzx ¢ E.

Haszosem npocryto dyuximio f suga (I11.1) unmezpupyemoti, eciu psi

Z |Cn|,u(En)

CXOIUTCsL. DTO OlIpeJiesIeHHe He 3aBUCUT OT BbIOOpa upejcrasienus Gyukuuu f B Buge psaga (I11.1).
O603HAYNM MHOYKECTBO BCEX MHTErPUPYEMBIX TpocThix dhyHkmit uepes S(M, u). Oupenennm unmezpas or
uHTerpupyemoii npocroit dyukmuu f € S(M, 1) no usmepumomy MHOXKecTBY F € R dbopmyinoii

/Efdu::

MHOKEeCTBO MHTErpUpYeMbIX NPOCThIX dyHKImA S(M, (1) ABJIAETCs JUHEHHBIM IPOCTPAHCTBOM, & COOTBET-
creue [ — |, g fdp 3amaer na 3TOM HpoCTpaHCTBE JIMHElHbIH dynKmonan g modboro E € R. C apyroit
CTOPOHBI, COOTBETCTBIE F — f g Jdu 3amaer caerno-ajurusnyo Gyakimmio na K.

Byaem naswiBars byukimn uz S(M, 1) sxeusasernmuvimu, €Cu OHE COBHAIAIOT HOYTH BCiogy Ha M 1o
mepe p. Torma MHOXKeCTBO KiaccoB dKkpubasieHTHocTH byHKuuit u3 S(M, i), obosnauaemoe 1epes S(M, p),
SIBJISIETCSI METPUYIECKUM IIPOCTPAHCTBOM, METPUKA Ha KOTOPOM 3aJ1aeTcsl (POPMYJIOi

d(f.g) = /N (@) — ()| du(z).

OHaKO 3TO TPOCTPAHCTBO HE sIBJISIETCSI IIOJIHBIM, 9YTO MOTUBHUPYET CJIEIYIOIIEe OIpeIe/IeHue.

enpb(E N Ey).
1

n=
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OnupeAEJEHUE I11.5. ®Oyuknus f wa npocrpancrse M, HamereHHOM o-aarebpoit R 1 Mepoit (1, HA3BIBAETCS
uKMePUPYEMot No Mepe [i, eCIIU HANRIETCs HOCJIeI0BaTebHOCTD { i }20 | dyuknuit uz S(M, p) Takas, 910

(1) nocnenosarenbHOCTD { f,} siBisiercst byHmamenTanbHoit B S(M, 1) orHocurensHo Merpuku di(f, g);
(2) fn — f mouTn BCIOLY OTHOCHTENLHO MepHI 4 Ha M.

[IpoctpancTeo GyHKIMit Ha M, HHTErPUPYeMbIX 10 Mepe i, obosHadaercs depes L1(M, i), a cooTBeTCTBY-
foITee MHOYKECTBO KJIacCOB 9KBHBAJEHTHOCTH Takux dbynkimit — gepes L1(M, p).

Eciu mepa p vHa M Koneuna, T.e. (M) < 0o, TO Besikast orpaHnueHHasi u3mepuMas GyHkiwms f #Ha M npn-
wagesxkut L1 (M, ). DTOT pesysbTaT JomycKaeT clieIylolee ecTecTsenHoe 0bobmenne. HazoBeM n3MepuMyto
dbyukmuo f wa M cywecmsenno ozpanuvennoti, ecau cymecrByer koucranta C' > 0 takast, 910

|f(@) < C noury Beoxy Ha M.

Haumenbinyio u3 koucrant C, yI0BJIETBOPSIONIMX 9TOMY YCJIOBHIO, HA30BEM Cyuecmseentol eprueti 2panvio
dbyukuun f u o6oznauumM gepes esssup,, | f|.- MHOXKeCTBO KJ1acCOB 9KBUBAJIEHTHOCTH CYIIECTBEHHO ONPAHUIEH-
ubix bysknuil Ha M obosnauaerca uepes L (M, ). D1o mosaHoe MeTPUYECKOEe IPOCTPAHCTBO OTHOCHTEJILHO
MEeTPUKHU

doo(f, g) = esssup e |f(2) — g(2)].
Ecmu p(M) < oo, o L (M, p) C LY (M, p).
OnpefiestaM Terepb MHTErpal OT HHTErPHPYeMOl (hyHKIMH, IPOJOJIZKAsL €ro IO HElNPEePBIBHOCTH C IIPO-

crpanctea S(M, 1) ma npoctpanctso L(M, ). Bomee nompobno, ecin dynxuus f € LY (M, u) u {fn}52, —
dysnamenTanbHas nocsenoBaTesbHoCTh MyHKIMi uz S(M, 1), cxousimasicss K f MOYTH BCIOLY 110 Mepe [, TO

moJjlaraeM II0 OIpeJIeIeHUIO
/ fdp:= lim / fndp.
E n—oo E

DTOT Hpeles CyIIecTBYeT s JII0OOro M3MEPUMOro IoAMHOXKecTBa F € R u He 3aBucUT OT BbIOOpa (yHIA-
MEHTAJLHON MOCIIeI0BATENBHOCTH { [, }, cxomstmeiicss moutn Berogy K dyHKImA f.

OnpEAENEHUE II1.6. Oupenesnennsiii Takum 06pasom dyHKIMOHAT | | du maspiBaerca unmezpanom Jle-
6eea oT nHTErpuUpyeMoil GYHKIMKU [ 10 U3MEPUMOMY MHOXKECTBY K.

Taxe, KaK B cJIyuae IPOCTBIX (DYHKIMIA, MHOKeCTBO uHTerpupyembix dynxuuit L(M, 1) spasercs -
HEHHBIM IPOCTPAHCTBOM, a cooTBercTBHe f — [ [ di 3a1a€T HA 3TOM TIPOCTPAHCTEE JIMHEHHBIH (yHKIHOHAT
ast oboro E € R, coorBerctBue E — f g J du ompenensier cuerno-auuTnBHyIo dynknmio na R. Muoxectso
LY (M, 1) sIBIsteTcst METPHIECKUM MPOCTPAHCTBOM OTHOCHTETHLHO METPUKH

d(f.9) = /N 11(@) = 9(o)] du(o)

Kpome Toro, cupaBejmBa, CIeLyomast
TEOPEMA I11.2. ITpocmpancmeo L' (M, du) noamno.

Mpbl mpuBesieM JTOKa3aTeIbCTBO TOW TEOPEMBbI UyTh II03Ke, IMOCJe TOTro, KakK ChOPMYIUPYEM HECKOJIBKO
BAaKHBIX YTBEPXKJIEHUN O CXOAUMOCTH WHTETPUPYEMBIX (DYHKIIUIA.

TEOPEMA IIL.3 (reopema B. JleBu o MoHoTOHHOI cxoaumoctn). [Tycmo {152, ecmv monomonno 603-
PACMAWAR Nocaedo8amessHocms unmezpupyemoir Gynryut fr,. Obosnavwum uwepes f(x) = limy,— oo frn(2)
nomowewnwili npedea gynruyui fr(z) (donyckan snavenue f = 00). Ecau unmezpanv, | v Jn dpe ozparumero
6 Co8oKYyNHOCMU, MO npedeavhas ynrkyua f unmezpupyema,

/fdu= lim/fndu
M n—oo Jm

wdi(fn, f) = 0 npun — co.
Ecau orce npeden cnpasa pasen +00, mo dyrkyua f ne unmezpupyema.
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TEOPEMA II1.4 (reopema JleGera o6 orpanndenHoii cxomumoctn). ITyemov nocaedosamenvrocms { fn 1o
UHMEPUPYEMBLT GYHKUUT cxodumces nowmu 6cody no mepe ik dynxyuu f. Ecau cywecmsyem unmezpupy-
eMas PYHKUUA § MAKAA, MO

[fn(2)] < g(2)

das 6cex n nowmu 6c100y no mepe , mo npedeavras Gynkyus f unmeepupyema, di(frn, f) — 0 npun — 0o u
tiw [ fodu= [ fan

o0ns A106020 uMeEPUM0O20 nodmmodxcecmea E € R.

TEOPEMA IIL.5 (reopema Pary). IIpednosootcum, wmo nocaedosamenvrocms { frn}52 1 unmezpupyemox
HEOMPUYUAMEALHBT GYHKUUT cxodumces nowmu 6ctody k Gynkuyuy f, npuiem uHmezpaise

/ fndp < C
M

oepanuvens. 6 cogokynnocmu. Toeda npedesvran pynrkuyus f unmeepupyema u

/ fdp < C.
M

JIOKABATEJILCTBO TEOPEMBI II1.2. Ilycrs {f,}22 ; — dynnamenTanbHas HOCAEI0BATEIBHOCTD (DYHKITHI
us LY(M,dp). Tlepexons, ecin Hy»KHO, K HOJIIOCTeI0OBATETLHOCTH, MOKHO CIATATh, UTO HJIEHb MOCTeI0Ba-
TeNbHOCTH { fy,} YJIOBIETBODSIIOT OIEHKE

1
dl(fnafn—!—l) < ﬁ .

Pacemorpum psij
@)+ Y [ fara(@) = ful2)].
n=1

YacTudaHble CYMMBI 9TOTO PsIIa

gn (@) =A@+ D (@) = ful@)]

WHTErpUpPYEeMbI, IPUYEeM HHTEIPAJIBI OT HUX OTPAHUYIEHBI B coBOKyHOCTH. [TosTomy mo Teopeme B. JleBu o momHO-
TOHHO# cxX0UMOCTH (DYHKIMU {gN } CXOIATCH IIOYTH BCIO/LY K HEKOTODOIl nHTerpupyeMoii byHKIMU g, KOTOpas,
TeM CaMbIM, [IOYTH BCIOAy KoneuHa Ha M. OTciofa ciieyer, 9To U psi,

o0

@) 4D (farr(@) = falz))

n=1

CXOJIUTCS TIOYTH BCIOJLy K HeKOTOpOoil dyukimu f. HacTudaHble CyMMBI 9TOTO Psijia, COBIAJIAIONIIE C

N
In(@) = Ai@) + 3 @) = fula)),
n=1
OTpaHUYEHBI 110 MOJYJII0 nHTerpupyemoit dpyukimeii g. [losTtomy mo Teopeme Jlebera o6 orpaHndeHHON CXOMM-

vocti di (fr, f) — 0 mpu n — oo, T.e. f,, — f B mpoctpamctse L(M, du).

Eme omumMm BaXHBIM CBOHCTBOM nHTerpaJja Jlebera siBiisiercs ero abCONIOTHAs HEIPEPBIBHOCTH. TowHee,
CIPaBE/JINBA CJIE YOI

TeOPEMA II1.6. IIycmov f — unmezpupyemasn dymxyus na M. Tozda dasn awbozo € > 0 natidemcesa maxoe

6 >0, umo
/fd,u‘<e
E

das m06020 usmepumozo nodmnooicecmea E € R ¢ mepot p(E) < 6.
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I11.3. NnuTterpasn Jlebera—Crtuiarbeca u bopeseBcKue Mepbl HA BeleCTBEHHOU ocu. Paccmorpum
OJIMH U3 BaXKHBIX IIPUMEPOB TEOPUH, PA3BUTON B MPELIAYIINX Maparpadax, IPUMEHUTEIbHO K CIydaio QyHK-
Ui, 3aJJaHHBIX Ha BENIEeCTBEHHOU OCH.

[Tycts ) ecTh nmpousBoJbHasg HEyObIBamomas (DYHKIMA HA BellecTBeHHO ocu, T.e. a(z) > aly), ecin
x > y. g takoit (byHKIUU ONpeJIesIeHbI TPEeIeJibl ClipaBa

ELH& alx +¢€) = alz+0)

U cJIeBa
61_1)%5r alr —e€) = afz —0).

Tosnoxum mepy unrepsaja (a,b) paBaoi
to(a,b) = a(b—0) — a(a+ 0).

Omnpenenennast TakuMm 06pa3oM (hyHKINA HA WHTEPBAIAX IIPOIOIKAETCS JO CUETHO aJJIMTUBHON MEpHI [l Ha
Beeit asrebpe B = B(R) 6opesieBCKUX MHOXKECTB Ha, [IPSIMOIA.
ITocTpoennas Mepa XapaKTepUu3yeTcsl CJEAYIOIUM CBORCTBOM PEeryJIsipHOCTH:

po(B) = sup{pa(C) : C C B, C' — komnakr} = inf{u,(U) : B C U, U orkpsito}, BeB.

Kpowme Toro, pq(C) < oo miug moboro komnakraoro nogmuoxkecrsa C' C R. Mepy, obnagaoniyto yKa3aHHbIME
CBOICTBaMU PETyISPHOCTH, OyIeM Ha3bIBAaTh bopesesckot. nrerpas Jlebera mo mepe ti, HA3BIBAETCS UHIME2PG-
aom Jlebeza—Cmuamuveca, a COOTBETCTBYIOIIEE ITPOCTPAHCTBO MHTETPUPYEMBIX (DYHKIUI 0003HAYAETCs depel3

LY(R, dpig).

[TepeiiteM K KOHKPETHBIM IIPUMEPAM MED [i, U OTBEYAIONINX UM HHTEIDAJIOB.

ITpuMEP II1.2. Ilycts « ectsb HenpepbiBHO nuddepentmupyemas GyHKIWs Ha oTpeske [a, b]. Torma

b

do
o 7b: 7d7
palast) = [ s

rie dx — mepa Jlebera. B sTom ciryuae

b b
/fdua=/ £ g,
a o dz

T.e. naTerpas JlebGera—CrmiTheca CBOJUTCS B 9TOM CiIydae K uHTerpaty Jlebera ¢ Becom do/dzx.

ITpumEeP I11.3. Ilycrs ax) ectb xapakrepucruydeckas yHkuus nosyupsamoii [0, +o00). Torpa pa(a,b) = 1,
ecim uaTEpBa (a, b) cogepxkur 0, u pq(a,b) =0, ecim 0 ¢ (a, b). Uurerparn Jlebera—Cruirrbeca, IIOPOXK IEHHBII
MEpO iy, PABEH B 3TOM Cjlydae

/ f dpe = £(0).

ITocTpoernnast Mepa HasbiBaercst mepoti JJupaxa. Ipoctpancrso LY(R, dpi,) B 9TOM ciyuae sIBIsAETCS OTHOMED-
HBIM BEKTOPHBIM ITPOCTPAHCTBOM.

ITpuMEP II1.4. O6o3HaunM 1epes S mommHOKecTBO oTpeska [0, 1] caemyromiero suia

5*12U12U3§ULEUU§§U
- \3'3 9’9 9’9 27727 277 27

HHaqe TOBOps, Ha KazKJOM HIare Mbl JIeJIUM HHTEPpBaJIbl, HE BOIICIIINE B S Ha OpeaplaylieM Iiare, Ha TPpHU
qacTu u J00aBjsieM K S cpejgnane yactu. Jleberosa mepa S paBHA

1+3+i+ + gn+ =1
3 9 27 3 o
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Muoxkecrso C' = [0,1] \ S HasbBaeTCs KaHmMoposuim MHoocecngom. Ecau NpescTaBuTh KazKI0e 9ucio U3
orpeska [0, 1] Tpouunoii 1pobbio, To C GYIET COCTOATD U3 YUCEII, HE COIEPIKAIIUX B CBOEM TPOMYHOM DPA3JIOZKE-
unu equant. Muoxkectso C' gBIAETCH HECIETHBIM MHOXKECTBOM MEPHI HYJIb. UTOOBI yOeIUTHCS B €10 HECIETHO-
CTH, JIOCTATOYHO PACCMOTPETH B3aUMHO-OIHO3HAUHOe oTobpakerne C' Ha orpe3ok [0, 1], KoTopoe onpeessiercst
ceayromuM obpaszom. B rponunom pazsoxkenuu ducia u3 C 3amensieM Bce mudpbl 2 Ha 1 U paccMaTpuBaeM
HOJIyYeHHBIH pe3ysibTaT Kak JBOUIHOE passioxkenue yucia u3 [0, 1].

ITocrpoum Tenepsb dbyakumo «(r) Ha orpeske [0,1], nmomaras a(r) = 1/2 na unTepsase (1/3,2/3),
a(x) = 1/4 na unrepsaie (1/9,2/9), a(x) = 3/4 va unrepsaie (7/9,8/9) u .1. IIponomxenne GyHKIWI, Ope-
JlesisieMoil TakuM 06pa3oM Ha MHOXKecTBe S, 110 HelpepbiBHON dyHKImMK Ha BeceM orpeske [0, 1] obo3nauaercs
TOlt 3Ke GYKBOH (v M HA3BIBAETCS KaHMoposol aecmuuued. [locrpoernast GyHKIms «(x) nMeeT MPOU3BOIHYIO
Jutst noutu Beex & € [0, 1] orHocuTenbHO Mepbl JleGera, pudyeM 3Ta IPOM3BOIHASI PABHA HYIIIO.

IMoctponm 1o dyHKIMH () MePY fio. Tak Kak dbyHKIMs «(x) HenpepsiBHA, TO Lo ({x}) = 0 mua moboro
OJIHOTOYEYHOIO MHOXKeCTBa {Z}. DTa Mepa cocpejoTOueHa Ha KAHTOPOBOM MHOXKecTBe C' B TOM CMBICTIE, UTO

pa([0, 1]\ C) = pa(S) = 0.

C zpyroii croponsl, jieberosa Mepa C' paBHa HyJII0. TeM caMbiM, Mepa [, U Mepa Jlebera ‘“*KuByT’ Ha pasHBIX,
JIOIIOJIHUTEJIBHBIX JIPYT K JPYTY, MoaMHOKecTBax u3 [0, 1].

PaccMoTpenHbIe puMepbl Ha CAMOM Jiejie MOJIEJIUPYIOT OBe/IeHNe OCHOBHBIX THUIIOB OOPEJIEBCKUX Mep.
[IycTb 1 — BopesieBckast Mepa Ha BerecTBeHHOI mpstmoii R. O6o3HaumM depes

P={zeR:u({x}) # 0}

— GMOMGPHOE MHOIHCECTB0 MEPBL (4, TOYKN KOTOPOI'O HA3BIBAIOTCI GMOMAGMU MeEPHI L. Tak Kak Mepa [ pe-
TyJIsIpHA, TO MHOYKECTBO ee aTOMOB He Oosee, dem cueTHO. OIPEeTNM amoMapHyl0 KOMNOHEHMY MepbI i,
rojiarast

m(B)= > u{z}) = (PN E).

z€EPNE

Torna p, sABisieTCst 6OpEsIeBCKO Mepoit Ha R, & Pa3SHOCTD fi. := 1 — fi;, HA3BIBAETCS NENPEPLIGHOT, KOMNOHENMOT
Mepsl f. OgeBuano, u.({x}) = 0, T.e. Mepa fi. He UMeeT aTOMOB, TOIA KAK (i, HAIIPOTUB, COCTOUT TOJIBKO U3
aTOMOB, T.e.

p(E) =Y u({z})

z€E

15t JII000T0 HOPEIEBCKOTO MHOYXKeCcTBa F.

OnpreEJEHUE I11.7. BopeneBckast Mepa (1 HA3BIBAETCS HENPepuieHot, ecian oHa He mMeeT aroMoB. OHa
HAa3BIBAETCS AMOMAPHOT WX YUCMO TMOYeYHOU, eCIIn

wE) =Y p({x})

el
JJIsI JTI060ro OOpesIeBCKOro MHOXKeCTBa F.

TeoOPEMA 1I1.7. Jhobas bopesesckan mepa [ npedcmagaiemcs eQuHCMEeHHM 00pa3om 6 ude

= fhp + fe,
20e mepa [ty GMOMGPHAR, 4 MEPG [Le HENPEPDLEHA.

OnpreAE/EHUE I11.8. Mepa p HasbiBaercs abcoaiomno Henpepwvienoli OTHOCUTEIBLHO Mepbl Jlebera (o6o-
b
sHavenne: dy = f dx), ecu CymecTByeT JIOKaIbHO WHTerpupyeMas dbynxmusa f € Li - (re. fa |fldz < oo mast

loc
sro6oro orpeska [a, b]) Takast, 9T0
/ gdp = / of dz

ngis moboit bynkmuu g € LY(R, dp).
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OnpPEAEJEHUE I11.9. Mepa p nassiBaercsa cuneyasphol oTHOCUTEHHO Mepbl Jlebera, ecau pu(F) = 0 ms
KaKOro-aubo GOpesIeBCKOro IoAMHOXKecTBa E 1OJIHOMN J1eGeroBoil Mephbl, T.e. Takoro, 4ro jgomnoJHexue R\ E
uMeeT JIEDEroBy Mepy HyJIb.

TEOPEMA II1.8 (reopema JleGera o pazioxenun). ITycmo p — 6opeaescras mepa. Tozda ona npedcmasuma
eduHcmeerHbLM 00pa3om 6 sude

M= [ac + Hsing

2de Mepa [lac AOCOMOMHO HENPEPHIEHA OMHOCUMENbHO Mepbl Jlebeaa, a MePa [ising CUMSYAADHA OTMHOCUMEALHO
Hee.

W3 nByx mpuBeIeHHBIX TEOPEM O PA3JIOKEHUH MED CJEAyeT, YTO IPOU3BOJIbHAS OOpeIeBCKast Mepa Ha Be-
IIECTBEHHO} OCH IIPEJICTABJISAETCA KAHOHUIECKUM 00Pa30M B BHUJE

W= fp + Hac + Hs, (IIL.2)

IJie i, — aToMapHas KOMIIOHEHTa (i, CHHI'YJIApHAasA OTHOCUTEJbHO Mephl Jlebera, 1s — HellpepbIBHas Mepa, CHH-
ryJisipHasi OTHOCUTEJIBHO MephI Jlebera, u (i,. — Mepa, abCOJIIOTHO HEIPEPBhIBHASI OTHOCUTEILHO Mephl Jlebera.

I11.4. A6cTpakTHble Mepbl u Teopema Pyb6unu. Bepremcs K caydarn obImUX MPOCTPAHCTB C MEPOii,
T.e. PACCMOTPHUM IPOCTPAHCTBO M, HajIeJIeHHOE 0-KOJIBIIOM U3MEPUMBIX IIOAMHOXKECTB R 1 CI€THO-a[IUTUBHON
Mepo .

OnpeAENEHUE I11.10. Ilycrs v — apyras mepa na npocrpaucrse (M, R, p). OHa Ha3bIBAETC CUH2YAAPHOT
OTHOCUTEILHO MEPHI L1, €CJIA CYIIECTBYET TAKOe MHOXKECTBO F € R, uTo

w(E)=0 u v(M\ E)=0.

Mepa v abcoarommuo wenpepvisha omrocumesvro mepvi fi, ecin p(E) =0 = v(E) = 0 qos maoboro E € R.

TEOPEMA II1.9 (reopema Panona—Hukomuma). Mepa v abcoaomno Henpepuiena 0MmHOCUMEALHO MEPDL (i
mo20a u MoAbKO Mo20a, k0206 CYULECTNBYEm USMePuMas Gyrkuus f maxas, ¥mo

v(E) = / (@) xe(@) du(z)

das mobozo E € R (xg obosnawaem xapaxmepucmuueckyto gynryuio mmooicecmsa E). Pynkyus f 0odnosnauro
onpedeasemcs, Mepotl V noumu 6c100y no Mepe [i.

TEOPEMA III.10 (reopema JleGera o pazmoxenun). Ilycmo v — mepa na npocmpancmee ¢ mepott (M, R, ).
Toz0da ona npedcmasuma edurcmeeHHvim 00pasom 6 eude

V = Vac + Vsing;

20e MEPQ Vye abcorOMHO HENPEPLIEHA OMMHOCUTNMENDHO MEPDL [L, & MEPQ Vsing CUHSYAAPHA OMHOCUMENDHO [L.

OnpeAENEHME II1.11. IIycrs (M, R) u (N,S) — nBa MHOMXKeCTBa, HajleJleHHbIe o-aiarebpamu R u S cooT-
BeTcTBeHHO. Tora o-anrebpa RS 10 OLIPEIEIEHNIO €CTh HAUMEHbIIee o-arebpa, CopeprKalast BCe MHOXKECTBA
BUJIA

(ExF:EcR, FeS}.

[IPEMIOXKERME II1.1. ITycmov (M, R) u (N,S) nadeaenve mepamu i u v coomsememeerno. Ecau dynrkyus
fi M xN — R usmepuma omuocumervro o-arzebpo, RS, mo das mobozo x € M dynxyus y — f(x,y) na N
usmepuma omuocumensvio S u 0 aobozo y € N dynxyus © — f(x,y) na M usmepuma omrnocumervro R.
Ecau unwmeepan

/ f(z,y) dv(y)
N

cyuecmeyem daa nouwmu ecex x € M, mo dynxyus

z / f(,y) du(y)
N
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UBMEPUMA OMMHOCUIMENBHO R U aHar02UNHOE CEOTICTNGO GBINOAHACNCA ONA urmezpana

/ f(x,y) du(z)
M

U PYHKYUY

y— /M f(z,y) du(z).

TeEOPEMA III.11 (reopema ®y6unu). [Hycmsv [ — usmepumasn Pyrxyus na npocmpancmee M x N ommuo-
cumeavho o-anzebpo RS, 2de (M, R, 1) u (N, S,v) — déa npocmpancmea ¢ MeEPaMU [L U V COOMBEMCMBEHHKO.
Cnpasedauso caedyrousee ymeeporcderue:

/M (/N |f (2, )] dV(y)) du(z) < oo
/N (/M @)l d“(x)) dv(y) < oco.

Ecau smu urmezpanv,. KOHEYHDL, MO

/M( /N f(x,y)du(y)) dp(z) = /N ( /M f(z9) CW)) iv(y).

TEOPEMA II1.12 (Teopema o npousseienun Mep). Ilycmos p u v — o-KoHewHvie MEPBL HA NPOCTNPAHCTNEAT
(M,R) u (N,S) coomsememeenno. Toeda cyuecmeyem eduncmeennas mepa L@ v wa npocmpancmee (M x N,
R ®S), obaadarowasn caedyrowum c8oUCmMEom:

mozda u MmoAvko moeada, K020a6

(0@ v)(E x F) = u(E)u(F)

ons mobwxr E € R, F € S (npu amom cuumaemces no onpedeaenuto, wmo 0 - oo = 0). Ecau f — usmepumas
Pynxyus na npocmparcmee (M X Ny R ® S), mo

/M (/N |f (2, )] dV(y)> du(z) < oo

/ fld(pe ) < oo.
MxN

/Mfod(u Bv)= /M (/N fz,y) dV(y)) dp(z).

Mepy 4 ® v MOXKHO onucarh ciepyomum obpasom. Ecom G € R@ S u G C i, (E; x F;), To

mozda u MmoAvko moeada, K020

B smom cayuae

(r®V)(G) <Y u(EH(E).

i=1

o0
Bosnee Toro, mas moboro G € R ® S cupaBe[iTIBO COOTHOIIEHUE

(w0 )@) = me{ S (B (E) -6 < U x £

i=1

YaCTHOCTH, MHOXKECTBO (G MOXKHO IPUOJIU3UTD C JII000H TOYHOCTHIO CYETHBIMYU O0bEIMHEHUSAMHU “TIPAMOYTOJIb-
B , G 0. 6 Ober « y
nukos” F; X Fj.
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Jlekmusa IV. I'mabp0epToBBI IIpOCTPaHCTBA

IV.1. Onpenesienne u npuMepsbl.
OnpPEAEJIEHUE IV.1. IToamoe €BKINIOBO MPOCTPAHCTBO HA3BIBACTCS 2UAbOEPMOGHIM.

OnPEAENEHUE 1V.2. JIBa ruasbeproBbix mpocTtpancTBa Hy u Ho HA3BIBAIOTCA U30MOPHHOIMU, €CTU CY-
IECTBYET JIMHeHbI onepaTop U, orobpaxaromuit buektusao Hy wHa Hs Taxoii, 4ro

(Uv,Uw) g, = (v,w)p, JUIA Bcex v, w € Hj.
Oneparop U, obnanaomuii yKa3aHHBIM CBOHCTBOM, HA3ZBIBAETCS YHUMADHbIM.

ITpuMEP IV.1 (mpocrpanctso L2(a,b)). Onpenemam mpoctpanctso L2(a,b) Kak MHOKECTBO KJIACCOB IKBH-
BAJIEHTHOCTH M3MEPUMBIX KOMILIEKCHOZHAIHBIX (DyHKIT Ha mHTepBase (a,b), 171 KOTOPBIX KOHEYIeH HHTerpal

b
/ |f(z)]? dx < oo

o mepe JleGera. Cxamaproe npoussenenne B L (a, b) 3amaerca dopmytoir

b
mmz/f@@am_

OHO KOPPEKTHO OIpeJIesIeHO OJIaroiapst HEPaBEHCTBY

1 1
F@)g(@)| < 51+ Slg@) P,

13 KOTOPOT'O BBITEKAET, YTO
b
[ 7@ do < oc.
a

Taxxe, kak B Teopeme 111.2 m3 m. I11.2 MoykHO TIOKazaTh, uTo mpoctpanctso L2(a,b) mommo. Bosee Toro,
OHO COBIIAJIAET € TONosHeHNeM npocrpancTsa Cla, b 10 HOpME

Hfm==<Lbf@M%m>ué

ITPUMEP IV.2 (mpoctpancTso £2). TO IPOCTPAHCTBO COCTOUT U3 TIOC/IeI0BATEIbHOCTeH & = {2y, }5° KOM-
IIJICKCHBIX YHCEJI Ty, YJIOBJICTBOPSIONIIX YCJIOBUIO

o0

Z |z, |? < 0.

n=1

Cxassiproe npoussesenue B £2 3anaerca bopMyIoit

o
(z,y) = anyn
n=1

IIpoBepbTe €ro MOJHOTY CaMOCTOSTEIBHO.

ITpuMEP IV.3 (upsamas cymma). IIpamoti cymmoti ruasbeproBbix npocrpancts Hy u Hy Ha3bIBaeTCsl MUIIb-
6eproso npocrpancrso Hy @ Ha, cocrosiee u3z nap (vi,vs), rae v1 € Hy, vy € Hy, HajeleHHOE CKAJISIPHBIM
[IPOU3BEICHUEM

((u1,u2), (v1,02)) = (u1,v1) B, + (U2,02) -

ycrs {H,}22; ecThb M0CIEI0BATENBHOCTD TUIBOEPTOBLIX HPOCTPAHCTB. [Ipamots cymmot

H = éHn
n=1

9THX TPOCTPAHCTB HA3BIBACTCH TI'HIBOEPTOBO IPOCTPAHCTBO, COCTOSAINEE U3 IOCieaoBaTeabHocTel {0,102 4,

vy, € H,,, yIOBIETBOPSIONINX YCJIOBUIO
o0

lvnll,, < oo
1

n=
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IV.2. Oprorounanbuasi npoeknus. llycts H ecthb rubbepToOBO MPOCTPAHCTBO U F — €ro 3aMKHYTOe
JInHEetHOe TIoAIpOoCTPpaHcTBO. Torma F, Hate/leHHOe CKAIAPHBIM IIPOU3BEIEHNEM, YHACIEIOBAHHBIM u3 H | camo
ABJIAETCA THILOEPTOBLIM TIpocTpancTBoM. O6o3HAUNM dYepes [ mOMIIPOCTpPaHCTBO, COCTOAIIEEe U3 BEKTOPOB
u € H, oproroHaspHbIX K F, Te. ymosaersopsiomux yciaoeuio: (u,v) = 0 ms Beex v € E. D10 moxnpo-
CTPAHCTBO JINHEHHO W 3aMKHYTO (IIpoBepbTe 3T0!) U MOTOMY Tak»Ke sIBJISE€TCS TMIABOEPTOBBIM IPOCTPAHCTBOM
C MHJIyIIUPOBAHHBIM CKAJSPHBIM IIpou3Be/ieHrneM. OHO HA3BIBAETCS 0PMO20HAAbHbIM donoaneruem K F.

JIEMMA IV.1. Jlas 06020 v € H natidemes eduncmeennwvili sexkmop w € E | bauscatiwud x v.

JOKA3BATE/BCTBO. Paccrosnue oT v 70 MOAIPOCTPAHCTBA F paBHO 10 OIIpEIe/IEHUIO

d = inf |jv — ul.
u€E

BeiGepenM mocsie1oBaTeIbHOCTD {Uy, }00 1, Uy, € E, 1yist KoTOpPOit ||v — uy || — d npu n — oco. Torma

ltn — wmll® = ||(un —v) = (um — v)]? (TOKIECTBO LAPAJLIEJIOrPAMMA)

2[un — v)|* + 2lJttm — v)|* = ||(tn, — ) + (U, — 0)|]?
2
_ Un FUm

:2||un—v||2—|—2\|um—v||2—4 5

v

< 2||upn — v||* + 2|ty — v||* — 4d* (HOCKOJIbe wTum € E)

[oceaHee BLIpazkeHne Tpu m,n — 00 cTpemutest K 2d? + 2d? — 4d? = 0. Crenosarensro, {u,}5°; ecTn
IOCJIeI0BATENILHOCTE Komu, cXosImascs K HeKOTOPOMY 3JIeMeHTy w € H, KoTopblii, BBUIy 3aMKHyTOCTH F,
noJkeH npuHagiekars E. [Ipu srom ||[v — w|| = d, T.e. BeKTOp W yJ0BIETBOPsIET YCIIOBUIO JIEMMBI.

Eciu w’ € E — npyroit a;ieMenT, yJI0BIeTBOpSonmil yeaosnio ||[v — w'|| = d, To mepememannas mocJeosa-
TeNLHOCTh W, w', w, w’, ... JTOJKHA CXOJUTHCS K HEKOTOPOMY 3JIeMeHTY U3 F (3TO JOKa3bIBAETCsI TAK¥XKe, KaK
B [IEPBOIl YaCTH J0KA3aTeNbCTBA), OTKY/Ia CJEJYer, 9To w = w'.

TEOPEMA IV.1 (reopema 06 oproronanbHoii npoekiuu). ITycmo H ecmb 2uavbepmoso npocmpancmeo u
E — ezo samxnymoe aunetinoe noonpocmpancmeso. Tozda #1060t ssemenm v € H odnosnauno npedcmasasemes
6 sude

Vv =u-+w,
edeuw € E,we E+.

JOKABATEJIBCTBO. O6o3HauuM depe3 u BeKTop u3 F, bauxkailmmii K v, 1 moJIoxkuM w := v — u. Ilokaxkem,
aro w € E+. JleiicteuTtensho, oboznaunM HopMy ||v — ul| wepes d. Torma mis moboro z € E u moboro t € R
Oy/ieM UMeThb

@ < v — (u+t2)[2 = |w - t2]|” = & — 2t Re(w, 2) + ] 2|

OTKy/1a
2t Re(w, z) < 2| 2|? s joboro ¢ € R.

CuenoBaresnbno, Re(w, z) = 0. IIpoBozs Takoe ke paccyzkieHue ¢ 3aMeHoii ¢ Ha i, mokaxkeM, 4yro u Im(w, z) = 0,
re. (w,2) = 0 g gobex z € E. Tem campim, w € EL.
Ecim v = u; + wy — Jpyroe npeacTaBIeHne, YIOBJIETBOPIONEE YCIOBASIM TEOPEMBI, TO

u—ulzwl—w::zeEﬁEJ‘,

orKyza caemyer, 4yro (z,z) =0, re. 2 =0 = u = ug, w = w.

SAMEYAHUE [V.1. U3 nokaszaHHON T€OpPEMbI BHITEKAET, 9TO MPOCTPAHCTBO H m30MOPQHO IpsiMOil cyMme
E @ E+, npuyem ykazannbli n30Mophu3M 3a1aeTcs 0TOOparKeHmeM

E®E* > (u,w)—u+ve H.
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IV.3. CompsizkeHHOE IPOCTPAHCTBO.

OnpreEAEJEHUE 1V.3. IlpocTpaHCTBO HENPEPBIBHBIX JIMHEHHBIX (DYHKIIMOHAJIOB HA H, T.e. HEIPEepBIBHBIX
JmHeiHbIX orobparkennit H — C, mazweiBaercst nmpocmpancmeom, conpsasicernvim ¥ H, m obosnadaercs de-
pes H*.

TEOPEMA IV.2 (reopema Pucca). Jlas 4106020 nenpepoiehozo aunetinozo dyrnkyuonasa f € H* natidemes
eduncmeennoili anemenm & € H maxot, wmo

fv) = (0,8 das mobozo v € H. (Iv.1)

JIOKA3ATENBCTBO. O6o3naunm uepe3 N MHOKeCTBO Bcex v € H rtakux, uro f(v) = 0. D10 MHOKECTBO
JIMHEHHO 1 3aMKHYTO (BBH/LY HEOPEPBIBHOCTHU [ ), T.€. ABJISIETCH 3aMKHY THIM JIMHEHHBIM T10IIPOCTPaHCTBOM B H.

Ecmu N = H, 1o B kauectBe & MoxkHO B3aTh £ = 0. Ecim ke N # H, 10 110 Teopeme 00 OPTOrOHAJIBHOMN
npoekruy B N HajieTcss HeHY/IEBOM 31eMeHT &y. 3aMeTHM, 9TO BEKTOD

f(w)éo — f(§o)v € N Jayst jiioboro v € H,

[TOCKOJIBKY (DYHKIIMOHAJ f HA 9TOM BEKTOpPe paBeH HyJ0. [losTomy

(f()éo — f(0)v,&0) = f(v)(€0,&0) — f(&0)(v,60) =0,

OTKyZa
f(v)(f(%&)) = f(&))(vago)'

Canenopatesnbro, cooTHommenune (IV.1) BbIOIHSIETCS JIJIsST BEKTODA,

o o
§:= flo) (€0:.&0)

Eauncreennocts BekTopa &, yaosiersopsiorero coornomrennio (IV.1), oueBumnna.

SAMEYAHUE [V.2. U3 nokazarenscrBa TeopeMbl Pucca ciemyer, 9To
H=Nao{)\: )eC},

Tak Kak JIo0oi syieMeHT v € H mpencTaBsgeTcs B BUJE

WL L W)
0= ( (&) 5”) T gy € V@ Gk

SAMEYAHUE IV.3. Ilojle3H0 MMeTh B BUJLy TaKzKe CJIeIyIOIIUii KOMILIEKCHO-CONPSIZKEHHBIH BapUAHT TeO-
pembl Pucca. Ilycrs f: H — C — conpsizkenno-iuHelnbil GyHKImonan Ha H, T.e. aJTATHBHLIN (yHKITOHAJ,
yaoBaersopsaommit yeaosmo: f(Av) = Af(v) ana mobex A € C, v € H. Torma cymecTByeT eIMHCTBEHHBII
asnement & € H rakoii, aro f(v) = (§,v) mig moboro v € H. Iljs poka3areabcrBa J0CTATOYHO PUMEHUTH

teopemy V.2 Kk dpyHkuuonay f.

ONPEAENEHUE 1V .4. Jluneitnoiii dyuknmonan f: H — C Ha3bBaeTCs 02paHuMeHnHbiM, €CIH CyIIeCTBYeT
koHcTranTa C > 0 Takasy, 94TO
|f(v)] < vl st Beex v € H.

Hawnmenbimas u3 Takux KoHCTaHT C' HA3bIBAETCS HOPMOU Pyrruuonaaa f n 0603HAIAETCS

[ fllz- = sup |f(v)].

llvl=1

S3AMEYAHUE [V.4. D10 onpenenenne sBIsSeTCs HA YeM HWHBIM, Kak crernudukarmeil onpeaesieHns orpa-
HUYEHHOT'O JIMHEHHOT'O OllepaTopa Ha ciaydail juHeitHbix orodpaxkenmit H — C. Tak:ke, Kak JJjisl JIMHEHHBIX
OIIepaTOPOB, CIIPABEJJINBO CJIEYIOIIee yTBep:KIeHNe: JTUHeHbI (DyHKIMOHAJ [ orpaHuveH < [ HelpepbIBeH
xoTst ObI B ofHOI Touke H < f HempepbiBeH Bcroy Ha H.
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SAMEYAHUE IV.5 (nonosnnenue kK Teopeme Pucca). B ycsioBusix Teopemsr Pucca

[ f e = 112

HeitcTBUTETBHO,
[fllg+ = sup |f(v)] = sup |(v,&)] (nepasencrso Komun-ByHsakoBckoro)
v|= llvll=1

< sup ([Joff - [[€1D) = [I€]l-

llvl=1

Il = s, 17000 > (55| = (€)= e

C apyroii CTOPOHHI,

CanenosarensbHo, || f|l g = |1€]la-
C y4eToM IpHBEJIEHHOTO JIONOJHEHHsT U3 TeopeMbl Prcca BbITeKaer

TEOPEMA IV.3. Omobpasicenue
H3¢— fv)=(v,§), veH,

YCMAHABAUBAET, CONPAHCERHO-AUHETHYIW udomempuro £ — [ npocmpancmea H wa conpsorcerntoe ¥ HeEMY NPo-
cmparcmeo H* .

Eme omgamm ciresicTBreM Teopembl Pucca siBiisiercss TeopeMa O IIPEJCTABIEHUH ITOJIYTOPAJIMHEHHBIX (DOpPM
onepaToOpaMu.

OnPEAEJNEHUE IV.5. @yukius B: H x H — C HasbiBaeTCs noaymopasuretinoti opmoti, eciu:
(1) B sumeiina 1o nepBoMy apryMeHTy, T.e.

B(Au+ pw,w) = AB(u,w) + pB(v, w);
(2) B anTminHeiiHa 110 BTOPOMY apryMeHTY, T.e.
B(u, A + pw) = AB(u, w) + B (u, w).
Touyropanuneiinas opMa o2paruena, eciu
|B(u,v)| < C|lul - ||v]| Ji1st HeKOoTOopoit KoucTanTsl  C' > 0. (Iv.2)

TIPEN/IOXKEHUE IV.1. Ilycmv B — ozpanuvennas nosymopasunetnas gopma wa H. Toeda cywecmeyem
eduHcmeerHbill o2panuderntull aunetinud onepamop T: H — H maxoti, wmo

B(u,v) = (u,Tv) ons mobwx  u,v € H.

HOKABATEJILCTBO. Pukcupyem Bektop v € H. Torna us onpenesiennsi orpaHUYeHHON [TOJIY TOPAJIMHEITHOMN
dopmsl cregyer, uro B( -, v) daBisieTcs: HelpepbIBHLIM JinHeRHbIM (yHKunonasoM Ha H. [Tosromy 1o reopeme
Pucca naiinercs equncTBennblit asieMenT £ € H Takoit, 94To

B(u,v) = (u,&) qust moboro  u € H.

IMonoxum Tv = €. dcno, uro |[Tv|| < C||v||, rae C — koucranTa u3 dopmysst (IV.2). Kpome toro, orobpazkenue
T aauTUBHO U

(u, T(\v)) = B(u, \) = AB(u,v) = Mu, Tv) = (u, \Tv),
re. T nuHeitno. EQMHCTBEHHOCTD TOCTPOEHHOTO oneparopa T’ oueBHIHA.

3AMEYAHUE [V.6. Hopma omeparopa T', TOCTPOEHHOTO B JIOKA3aHHOM IIPEJJIOXKEHUHU, COBIIAIAET C HAH-
MeHblneit koHcrauroit C' u3 Hepaserncrsa (IV.2).
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Jleknmuss V. OproHOopMupoBaHHbIE 6A3UCHI

V.1. Orcryninenue: semma Ilopua.

OnPEAEJNEHUE V.1. Yacmuunvim nopadkom Ha MHOXKecTBe X HA3BIBAETCH CEMENCTBO YIOPSIOYCHHBIX
uap (z,y), e z,y € X, 0603Ha4aeMbIX 4epe3 T < Y, KOTopoe 0bJ1aaeT CIedyOIUMI CBORCTBAMU:

(1) ecmz <yuy <z 10T < 2
(2) Becerma x < x;
(3) ecsiu OMHOBPEMEHHO T < Yy U Y < T, TO T = Y.

MuoxkecTBo X € 9aCTHYHBIM MOPSIIKOM HA3BIBAETCS “UACTMUYHO YNOPAIOULEHHBLM.

[Topsimok Ha3bIBaeTCH AUHETHbIM, €CTH s JIO0bIX 2,y € X BBIIOJHIETCS N0 KpaiiHeil Mepe OIHO H3
CIIEJIYIOMUX YCJIOBHUitl: b0 x < y, b0 y < . MHOXKECTBO ¢ TAKUM ITOPSIIKOM HA3BIBAETCS AUHETHO Ynopado-
YEHHDIM.

[TycTb X ecTb 4aCTUYHO YIIOPsIIOYEHHOE MHOYXKECTBO U Y — €ro MOJIMHOXKECTBO. DJjieMeHT & € X Ha3bIBaeTCs
8epTHEl 2panbl0 MHOXKeCTBa Y, eciu y < x Jjs jgoboro y € Y. Makcumaivrovim sAeMeHMOM TaCTUTHO
YIIOPSITOYEHHOTO MHOYXKeCTBa X HA3BIBAETCH TAKOH €ro 3JIEMEHT T, U9TO YCJIOBUE T < Y JJIsi HEKOTOporo y € X
BJIEYET Y = .

JIEMMA V.1 (nemma Lopua). ITycmo X — nenycmoe wacmuuno ynopadowennoe MHOMCECTNEO MaKoe, 4mo
A1000€ €20 AUHETHO YNOPAJOUEHHOE NOOMHONCECTNEO UMeem 8epTHIN 2pans. Tozda ¢ X cyuecmeyem maxcu-
MANLHOLT INEMEHTN..

V.2. OproHopMupoBaHHbIe OA3UCHI.

ONPEAEJNEHUE V.2. Opmonopmuposartvim ba3ucom B H Ha3pIBaETCs MMOJHAST OPTOHOPMUPOBAHHAS CHCTE-
Ma, T.e. OPTOHOPMHUPOBAHHAS CHCTEMA, KOTOPYIO HEJIb3s PACIHIMPHUTH JO COJIEPXKAIIEl ee OPTOHOPMUPOBAHHOIT
CHUCTEMBL.

TEOPEMA V.1 (Teopema 06 oproHOpMHUpOBaHHOM 6asuce). Jloboe 2uavbepmoso npocmparncmeo H obaa-
daem opmMoOHOPMUPOBAHHBIM OA3UCOM.

JOKABATEJIBLCTBO. PaccMorpuM MHOXKeCTBO S BCeX OpPTOHOPMHUpPOBaHHBIX cucrteM B H. OHO Hermycro,
ITOCKOJIBKY COJIEPYKUT, HAIPUMED, OPTOPMUPOBAHHBIE CUCTEMBI, COCTOSIIINE W3 €JUHCTBEHHOI'O BEKTOPa BHJIA
v/||v]|. Beesem Ha S OTHOIIEHHE YACTHIHOIO IOpsAJKa: cucreMa S7 < cucreMa Sy < S1 C Ss.

Ecmn {Sq }acA €CTh JTIHENHHO yTOPSIOYeHHOe MOAMHOXKECTBO B S, T0 |, ¢ 4 So TaKKe ABIACTCS OPTOHOPMH-
POBAHHOI crcTeMOit U3 S, cojiepKalieil Bee Sy, U TIOTOMY sIBJISIETCsI BEPXHEH TPAHBIO JIMHEHHO YIIOPSIOYeHHOTO
nonMHOKeCTBA { Sy faca- ITo gemme IlopHa S COMEPXKUT MAKCUMAJIBHBIN JIEMEHT, KOTOPBIN U SIBJISIETCS OPTO-
HOPMUPOBAHHBIM OazucoMm B H.

V.3. Teopewma IlapceBans. Ilpexie, uem mepexoauTh K HOPMYIUPOBKE ITOH TEOPEMBI, JTOKAXKEM CJie-
JIYIOITUH KPUTEPHUil CXOIMMOCTHU TIOIMIAPHO OPTOTOHAJBLHBIX BEKTOPOB.

IIPEAJIOKEHUE V.1. Iyemo {v,}22; ecmv nocaedosamesbHocms nonapHo 0pmo2oHaALHLL SEKMopos
uz H. Tozda evinoanerue 1106020 u3 mper cAOYOWUL Ycro8utl saewem 36 coO0l 8biNOAHEHUE OCTNANDHOIT
dsy:

(1) pad > 7, v, cxodumes no wopme H;

(2) 2202y lonll* < oo
(3) pad >_07  (u,vy,) cxodumes npu kasrcdom u € H.

JOKABATENBCTBO. Tak xak (v;,v;) = 0 mpu 4 # j, To 1yist JIFOOBIX 1, M, I < M, BBIIOJIHSIETCS] PABEHCTBO:
[vn + -+ v = [Joal® + - + o]

Orciofa cienyer, aro ycaosus (1) u (2) B 9TOM cirydae SKBHBAJIEHTHDI.
o0 oo
Ecann soinosmsiercs yeaosue (2): > o0 |lv,||? < oo, To wacTuumble cyMMBI paga Y oo, Uy, 00pasyioT H0-
caesoBaresnbHocTh Ko B H, koropas, BBuny nonHorsel H, umeer npenest. Ilpumensas nepasercrso Korm—
ByHSKOBCKOrO, 110Jy9aeM, 9To ycaoBue (3) B 9TOM CiIyuae BBIIOJIHAETCS.
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[TpeamosioKuM Tenepb, 9TO BBIIOJIHEHO yciaoBue (3). PaccMoTpuM mocsie0BaTe/IbHOCTD JINHEHHBIX (DYHK-
nuoHaJIOB f, € H* 3aaBaeMbIXx PaBEHCTBOM

n

fa(u)=> (u,0:), weH.

i=1

ITo ycmouio nocienoBaTeabHOCTh { fr(w)}02; cxogures nupu kaxgoM u € H. Ilosromy mo Teopeme Bamaxa—
IMTrefinraysa, KOTOPYIO MBI JoKaxkeM no3znee (1. IX.3), nocaenosareabHocTb HOPM { || fr ()] 152, orpannvena.
Ho

1 fa(@)ll = llvr + - 4 oall = (loa]® + - - + JJoa*) /2.

Tostomy u3 yemosusg (3) BbiTekaer yeiosue (2), a ciaenosaresbho, u yeiaosue (1).

TEOPEMA V.2 (teopema Ilapcesansi). ITycmo S = {eq}taca ecmv opmonopmuposarmvili 6asuc 6 2uavbep-
mosom npocmparcmee H. Tozda moboti snemenm v € H npedecmasasemces 6 eude

v = Z(v,ea)ea, (V.1)

a€cA

npuuem
ol =D (v, ea) . (V.2)
a€cA
JIOKABATEJLCTBO. Ilo mepasencrBy Beccens (cm. 1. 1.2) mis so6oro konednoro noamuoxkecrsa a C A
BBIIIOJIHSAETCS COOTHOIIEHIE
Dol ea) P < ol

aca

Orciona crenyer, uro (v,e,) # 0 mius He Gosee, YeM CYETHOrO MHOXKeCTBa MHIEKcoB « € A. [leiicTu-
TeJIbHO, 0003HAYNM Yepe3 a1 MHOXKECTBO MHIEKCOB o € A, Juist KOTOpbIX |(v,€4)| = 1, uepe3 ag MHOKeCTBO
uHgekcoB o € A, myis xkoropeix 1 > |(v,e4)| > 1/2 u 1.1, Torga muoxkectso | J2 | @, CY€THO U HCUEPIBIBAET
BCEe MHOXKECTBO MHJIEKCOB « € A, jjisg KoTopbix (v, eq) # 0.

3anymMepyem Telepb 4epes3 i, (g, ... BCe UHIEKCHI u3 A, s KOoTopbix (v, e,) # 0. Torma mocienosares-

HOCTh YaCTHYHBIX CYyMM
n
>l ea,)l?
j=1

MOHOTOHHO BO3PacTaeT ¢ HOMEPOM 7, OCTaBasCh orpanmdentoit wnciom |[v]|%. TlosTomy mpu n — 0o oHa cTpe-
MUTCsI K HEKOTOPOMY KOHEYHOMY IIPEIETY.
Ob6o3aaunM dYepe3 v, JaCTUIHYIO CYMMY BHJIA

Jj=1
Torma npu m > n Gymem uMerh
m 2 m
||’Un _vaz = Z (vve&j)ea]’ Z |(U7€Oéj)|2'
j=n+1 j=n+1

Tem caMbIM, OCJIEOBATEIHLHOCTE {Uy, } SIBJISIETCST TIOCIIE0BATEIBHOCTRIO KoIn, KOTOpast CXOMUTCA K HEKOTO-
pomy anementy vg € H. IIpn stom

(v —vo,€q,;) = lim (v - Z(v,eak)eak,eaj) = (v,eq;) — (v,€q;) =0

n—oo
k=1
upu jobom j = 1,2,... . C 1pyroil CrOpoHbI, €C/II UHIEKC (¢ TAKOB, YTO (¢ 7 (vj HU IIPU KaKOM j, TO TaKKe
n
(v —vp,€q) = lim (v — g (v,eak)eak,ea> =0,
n—oo

k=1
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HOCKOJIbKY ISl TAKOIO (¢ 110 HOCTPOeHHIO (v,e,) = 0. CiemoBaTe/ibHO, 3JEMEHT U — Uy OPTOTOHAJIEH BCEM
3JIEMEHTaM e, 0a3uca S, OTKyma BBITEKAET, BBUIY MaKCHMAaJbHOCTH S, 9T0 v — vy = 0, T.e.

n

v= lim Z(v,eaj)eaj,

n—oo

Jj=1

aro nokasbiBaeT (opmymy (V.1).
Kpome Toro, umeem CJIeLyonyo MernouKy PaBeHCTB

n 2 n n
0= lim ||v— Z(v, €a;)€a;|| = lm (v — Z(v,eaj)ea].,v - Z(v, €a;)Ca;
n—oo n—oo
Jj=1 Jj=1 j=1
n n n
= nILIIgO HU”2 - Z(vv eocj)(eapv) - Z(U7 eaj)(v’ eaj) + Z(U7€aj)(v’ eaj)
j=1 j=1 j=1
= Joll* = lim |(v, eq,)I* = [[0l* = Y |(v,ea)l?,
n—oo
acA

qr0 JoKasbiBaeT Gopmyny (V.2).

ONPEAEJEHUE V.3. Pan, 3amgaBaembiii dopmyioit (V.1), nasoiBaerca padom Dypve BekTOpa v 110 6a3u-
cy S, a ero koaddunuentol — koaphuyuernmamu Pypve BekTOpa v orHOCHTENIbHO 6asuca S. Pasencrso (V.2)
HA3bIBAETCS pasencmeom Ilapcesans.

V.4. Oproronammzanus I'pama—ITImuara. Opmozonasusayueti I'pama—IImudma HasbiBaeTcs KOH-
CTPYKIMS, MO3BOJISIONAs IIOCTPOUTD U3 JIIOOOH MOC/IEI0BATEILHOCTH JTUHEHHO HE3aBUCHUMbBIX BEKTOPOB OPTO-
HOPMUPOBAHHYIO CHCTEMY.

JomycTrM, 9TO HAM JaHa, MOCIENOBATEILHOCTD U1, Us, . . . , COCTOAMAA U3 JTMHEHHO HE3aBUCHMBIX BEKTOPOB.
Honoxum wy = u; u v1 = wi/||w]]. Janee paccMoTpuMm BeKTOPHI wo = Uz — (Ug,v1)v1 U Vo = wa/||wa]|.
IIpogomkas yKazaHHBINA [IpOIEcC MOCTPOEHUsl, Ha 1-M IHare IOCTPOUM BEKTOPbI

n—1

Wy, = Uy, — Z(un,vj)vj

j=1

u v, = wy/||wy|. NEbIME cTOBAMHI, HA N-M IIare BEKTOP U, NMPOEKTUPYETCS Ha IOJANPOCTPAHCTBO, HATAHYTOE
n—1
Ha paHee IOCTPOEHHbIE BEKTOPBI U1, . . ., Un—1, B PE3YJIbTATE Y€ro NOJIyaeTcsd BeKTop i (Un,Vj)v; U3 9TOrO

IOAIIPOCTPaHCTBA. Tom::a Pa3HOCTH
n—1

Un — Z(Um v;)v;

J=1
€CTh BEKTOP, OPTOrOHAJIBHDIN JIMHEHHONH 000I09KE BEKTOPOB U1, - - . , Un_1-

V.5. CenapabesbHble TJIbGEPTOBBI IPOCTPAHCTBA.

ONPEJEJIEHUE V.4. Merpudueckoe mTpOCTPAHCTBO HA3BIBACTCH CENAPAOEALHBIM, €CJTH OHO O0IAIAeT CUeT-
HBIM IJIOTHBIM IIOJMHOZKECTBOM.

TEOPEMA V.3. Tuavbepmoso npocmparncmeo H cenapabeavro mozda u mosvko mozada, x02da ono umeem
KOHEUHDBIT UAU CHEMHBIL OPMOHOPMUPOSAHHLY basuc. Fcau amom 6asuc cocmoum u3 kKomewnozo wucaa N
sexmopos, mo H uzomopgno CV . Ecau on cocmoum us cuemmozo nabopa sexmopos, mo H uzomopgro £2.

JIOKA3ATENBLCTBO. onycrum cHavasa, uro H cenapabenbHo u {v, 152 ; — CUYeTHOE IJIOTHOE OJMHOXKe-
crBo B H. BribpacbiBasi, eciin Hy»KHO, U3 9TOIO MOAMHOYKECTBA HEKOTOPHIE BEKTOPBI, MOXKHO CYUTATH, 9TO
HOAMHOXKeCTBO {vy,} COCTOMT M3 JINHEHHO HE3aBUCHMBIX BEKTODOB, JIMHEiHAs 000JI0UKA KOTODPBIX (T.€. COBO-
KYIIHOCTb KOHEYHBIX JIMHEHHBIX KOoMOuHarmit) wiotaa B H. IIpuMeHnM K TOCIEI0BATENBHOCTH { vy, } TIpomece
oproronasuzaruu ['pama—IlImuara. B pesynbprare monyanMm n3 Hee oproHOPMHUpPOBaHHLI 6azuc S B H. Ecin
5TOT Ga3MC COCTOUT U3 KOHeuHOro umciaa N BekTopos, To H m3omoppuo CN.

Eciu ke 6a3uc S COCTOMT M3 CYETHOTO YHCIA BEKTOPOB {€,}22 1, TO pacCMOTPHM OTOOparKeHHe

U:H— 2, v {(ven)}ns
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13 reopemnr IlapceBass ciemyer, 9To 3T0 0TOOpaXkKeHNe KOPPEKTHO OMPEIE/IEHO U CIOPBHEKTUBHO, 8 PABEHCTBO
ITapceBaJis MOKA3BIBAET, YTO OHO YHHTAPHO, T.e. U — mzomopdusm H ma (2.

O6parno, nycrs S = {e,} — opronopmupoBaunslii 6a3uc B H. Eciu sror 6a3uc COCTOUT U3 KOHEYHOI'O YUC-
na N Bexkropos, To H uzomopduo CV, 1.e. moboit BekTop n3 H IpeicTaBiiseTcs B BUE JNHEHHON KOMOHHAIIIN
BEKTOpOB €,, n = 1,..., N. Torma MHOXKeCTBO JINTHEHHBIX KOMOMHAIUI STUX BEKTOPOB C PAIMOHAIBHBIMU KO-
dunmrenTamMu cueTHoO u a0THO B H. Ecnm ke 6a3uc S cOCTOUT M3 CIETHOrO YHUCJa BEKTOPOB €,, N = 1,...,00,
TO 0 Teopeme IlapceBasiss MHOXKECTBO KOHETHBIX JIMHEHHBIX KOMOMHAIMI 3THX BeKTOpOB mioTHO B H. To xke
caMoe BEPHO U JJIsl CIETHOTO MHOYKECTBA KOHEUHDBIX JIMHEHHBIX KOMOMHAIMHA 3THX BEKTOPOB C PAIMOHAIBHBIMI
koadppurmentamu. [lostomy H cemapabenbHO.

IIPUMEP V.1 (psg @ypbe nepuoauaeckoii pyrkmn). PaccMoTpum B KadecTBe rmibbepToBa MpoCTPAHCTBA
H = L?(0,27). BoibepeM B HeM OpTOHODMUPOBAHHLII 6a3HC, 3a1aBaeMblii (DYHKIIHIMU

on(x) = Lei"”ﬂ n € 7.
V2r

Jast Toro, 9To6Bl YAOCTOBEPUTHCS B TOM, 9TO {@,} NeHCTBUTEIHLHO 0OpasylT OPTOHOPMUDPOBAHHBIN Gasuc,
JIOCTATOYHO IIPOBEPUTDH IOJHOTY 3TOH CUCTEMbI (€€ OPTOHOPMUPOBAHHOCTH OdYeBHHA). [loKaxkeM, 4TO eciu
nexoropast bynknua g € L2(0,27) oproronambHa BeeM DYHKIUAM @, T.e. (g,e"%) = 0 ana Beex n € Z,
To g = 0. 3aMeTuM, 9TO U3 YCJIOBUS OPTOIOHAJBHOCTH CJIEJIyeT, 9TO ¢ OPTOrOHAJbHA BCEM IEPUOIUIECKUM
HeIpepbIBHO TuddepeHnupyeMbiM OYHKIIAM @ € C;1>er [0, 27]. deitcTBuTenbHo, fuist TaKUX DYHKIUH (0 UX P
Pypobe

) 1 2 )
Z cne'™®, Cn = E/o p(x)e™"" dr,

nez
PABHOMEPHO CXOJMTCA K (DYHKIUM (0, TIOSTOMY €ro MOXKHO IOYJEHHO WHTErPUPOBATH, OTKYJA CJIEIYeT, 9TO
(9,¢) = 0. Ho dynkumn u3 Cp, [0, 2] mnorust 8 L?(0, 2m) (10Ka3a1e/16CTBO 91010 (haKTa Mbl OCTABI/ISEM B Ka-
JecTBe 3a/1a4n), 109ToMy (bYHKIMSA ¢ OpTOroHa bHa Beemy npoctpanctsy L2 (0, 27). CrenosaTensho, g = 0.
Urax, {pnnez ecTb opToHOpMUpPOBaHHbI Gasuc B poctpanctse L2 (0,27), mosromy u3 Teopembl Ilapce-
BaJis caegyet, uTto pajn Oypbe moboit dynkmmm u3 L2(0,27) cXoauTes K Heit 0 HOPMe 3TOTO MPOCTPAHCTBA.

Jlekus VI.Ten3zopHble mmpon3Be/ieHUsI THIBOEPTOBBIX ITPOCTPAHCTB

VI.1. Onopenenenne. Ilycte Hy, Hy — ruisbepToBhl IpocTpaHCcTBa. ByeM BpeMeHHO 00O3HAYATH JJIe-
MEHTBI UX TIpsaMoit cymMMmbl Hy & Hy wepes uy @ ug, tme uy € Hy, us € Hy. Jlna vy € Hy, vo € Hy 0bo3HAYUNM
qepe3 v1 ® vo bumHeitnyo dopmy Ha mpocTpancTtse Hi @ Hoy, 3a1aBaeMyo paBeHCTBOM

(v1 @ v2)(ug B uz) = (v1,u1)(v2,us), roe w1 € Hi,us € Ho.
OnpeneanM ckalgpHoe IIpou3BeeHne Ha GopMaxX YKa3aHHOTO BHJA HOCPEICTBOM
(Ul & vg, ’Ull ® Ué) = (U17 Ull)(UQa IU/Z)

O6o3nayuM depe3 F jmHeiinyto 060/109Ky (T.e. MHOYKECTBO KOHEYHBIX JIMHEHHBIX KOMOMHAIMT) HOPM TaKoro
BHJIa U IPOJOJIKIM Ha HErO BBEJEHHOE CKAJISIPHOE IPOU3Be/eHne 110 JinHeinocTr. MHokecTBO F Ha3bIBaeTCsI
TaKXKe a.12e0pauveckum men3opHum npoussederuem npocrpancts Hy u Ho.

[Tokazkem, 9TO yKa3aHHOE CKAJISIPHOE IIPOU3Be/IeHNe KOPPEKTHO OIpejlesieHo Ha F, T.e. He 3aBUCHUT OT IIpe/I-
CTaBJIeHUs BEKTOpa n3 F B BUje KOHEUHOI JIMHEHHONH KOMOMHAINY (HOPM BUIA V] ® Us.

st MoKa3aTeIbCcTBA STOTO YTBEPXKIEHUsI JOCTATOYHO TIOKA3aTh, YTO €CIIU W = ZZI\LI ¢i(u; ® v;) — KoHeuHAas
JnHeTHAs KOMOWHAIINAA, TPEICTABISIONAsA HyIeByio ¢popmy Ha H1 P Ha, TO ee cKaasIpHOE TPOU3BEICHHE C JII000iH
dbopmoit 2z u3 E pasuo mymo. Tak kak dopma z € E, T0 OHa NPeACTABISAETCS B BUIE 2 = »_p_; Ap(Tk ® Yk),
e v € Hy, yr € Ho. Torma nostydaeM 1enOvYKy COOTHOITICHUIA

N n N n
(w,2) =Y > citk(u; @vi,wx Dy) = Y Y it (i, ik, ) (Vi Uk)
i=1 k=1 i=1 k=1
n N n
:chiak(ui®vi)($k®yk) = apw(rr dyr) =0,
k=1 i=1 k=1

rie w(zy @ yg) = 0, MOCKOIbKY W [0 YCJIOBUIO 3aJaeT Hy/eByio dopmy Ha Hy @ Ho.
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ITokakeM Tenepb, YTO HOCTPOECHHOE CKaJIsIPHOE IPOM3BEJIeHUe Ha E HOIOXKUTEIbHO ompejeneHo. ITycrsb

N .
w =", ¢(u; ®v;) — npoussosbuas gopma us E. Bexropst {u;}Y, n {v;}}| nopoxnaior smmHeiinsle moj-
upoctpancrBa U C Hy u V' C Hs coorBeTcTBeHHO. BBiOepeM B 3TUX MOAIIPOCTPAHCTBAX OPTOHOPMUPOBAHHbBIE
6asucot {@;}N, u {1}, coorBercTBeHHO M Pa3NOKUM BEKTOPBLI u; W v; 10 3TUM Gasucam. B pesymbrare

IOJTY IUM
N N
wi=» age; wm o v=Y by,
=1 =1
TaK 9TO

N N
w = ZZCU‘(%‘ ® ¥;)
i=1 j=1

¢ HeKOoTOpBIME KodddurmenTtamu c;;. Torga

(w, w) = <Z cij(pi ®15), > crlor @ 1/}1)) =Y citnlen o) (W5, 00) = D leil* > 0.
7 k,l 2,7

ij kKl
Kpowme toro, (w,w) = 0 < Bce ¢;; = 0, T.e. w = 0. CremoBaTenbHO, CKATSIPHOE IPOU3BEAEHIE IOJIOXKUTEILHO
OTIPEJIEJIEHO.

OnpPEAENEHUE VI.1. Tuavbepmoso mensoproe npoussederue Hi ® Hy €CTh MOIOIHEHNE aJIredpamdecKoro
TEH30PHOI'0 IPOU3BeeHns £ 110 BBEIEHHOMY CKAJISPHOMY IIPOU3BEIEHUIO.

IPEANOXKEHUE VI.1. Ecau {u;}52, u {v; 521 — OpPMOMOPMUPOSANHBIE 0A3UCHL 6 2UALOEPMOGHLT Npo-

cmpanemear Hy u Hy coomsememeenno, mo {u; ® v; }?3':1 €CMb OPTMOHOPMUPOBAHHDITE OA3UC 68 MEHZODHOM
)
npoussederuu Hi @ Hy.

JOKABATENBLCTBO. Tak Kak cucreMa {u; @ v;} dBIIfeTCs, OIEBUAHO, OPTOHOPMUpOBanHoii B Hq @ Ha, TO
JIOCTATOYHO HOKA3aTh, UTO 3aMKHyTasl JIHHeHHAs 000I01Ka S 971eMeHTOB {u; ® v, } COmep:KUT ajrebpandeckoe
rersopuoe npoussegenue E. ITycrs dopma w = u®v € E, rae w € Hy, v € Hy. Tak kak {u;} u {v;} asusorcs
6asucamu B npoctpancTBax Hi; u Hs cOOTBETCTBEHHO, TO

o0 oo
u:Zaiui u v:ijvj,
i=1 j=1
upuiem Y, |a;|? < oo n > bj|* < oo. Torma >_i; laibj| < oo. HosTomy no reopeme Ilapcesass psi
Z CLibj (uz ® ’Uj)
0,J

CXOIIUTCsT K HEKOTOPOMY BekTopy u3 S. Ho 3T0T BEKTOpP OJI?KEeH COBIAIATH C W, MOCKOJIBKY

N; N»

u®v—ZZaibj(u,; ® v;)

i=1 j=1

-0

npu N1, Ny — oo. CiieoBaresibHO, w € S.

VI1.2. ®okoBckoe mpoctpaHcTBO. llycts H ecth rumbbeproBo mpoctpanctso u H" = H® --- Q H
(n pa3) — ero n-KpaTHas TeH30pHas cTerenb. 1lomoxkum 1o onpeieenuio HY = C 1 paccMOTPUM TPOCTPAHCTBO

o0
F(H)=EH"
n=0
Omo cocront u3 nociueoBareasrocteil v = {v, 152, v, € H™, yJ0BIETBOPAIONIUX YCIOBUIO

o0
Z lvn||%n < 0.

n=0
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OnpenenuM gelicTBAE CHMMETPHYECKO IPYIIIBI IEPECTAHOBOK Sy, Ha OA3UCHBIX d71eMeHTax u3 H", mosaras
o(vg, ® - Qug,) = Vkoy @ @ Uk, s o €5,

Omneparop

Symn:%Za

" 0ES,

HA3BIBACTCS ONEPAMopom cummempusayuy. O6IacTb 3HAUEHUN olepaTropa Sy, , COCTOAINAs U3 SJIEMEHTOB
B H", HHBApHAHTHBIX OTHOCHTEJILHO JIIOOLIX IIEPECTAHOBOK, HA3LIBACTC N-KPAMHOT CUMMEMPUNHOT MEH30D-
not cmenenvio Sym,, (H) npocrpancrsa H. ITonoxnm

Fy(H) = D Sym,, (H).
n=0

DTO TMPOCTPAHCTBO HA3BIBAETCS CUMMEMPUYHbLM WA 6030HHbM npocmpancmeom Doxa wa H.
AmnajiornaabiM 00pa30M MOXKHO BBECTU ONEPAMoOp asvmephuposanus Ha H™, momaras

]' sgn(o
Alty, = — > (—1)#@g,

’ g€Sy

rje sgn(o) — 3Hak (YETHOCTH) MEPECTAHOBKU 0, paBHBIH 0 HA YeTHBIX IepecTaHoBKaxX M 1 Ha HedeTHBHIX. OG-
JIACTh 3HadeHuii oneparopa Alt,,, cocTosimas U3 aHTHCHMMETPHYHBIX 9JIeMEHTOB B H ™, Ha3bIBACTCS N-KpamHot
anmucummempuurot mensoprot cmenenvio Alt, (H) npocrpancrsa H. IIpocrpancTso

o0
Fy(H) = @D Altn(H)
n=0
Ha3bIBAETCS AHMUCUMMEMPULHLM WA GEPMUOHHLM npocmparcmeom Poka Hag H.

Kpartkoe cozepkanue u o6ubsimorpacdpudeckme ykazaHusi K riase 1

Jlextust I co/tepKUT OCHOBHBIE CBEJEHMS IO TEOPUU €BKJIUIOBBIX IPOCTPAHCTB MJIM IIPOCTPAHCTB CO CKa-
JISIpHBIM 11pou3BejieHrneM. OCHOBHBIM Pe3yJIbTaTOM 9TOIl JIEKIUH siBJjisieTcsi TeopeMa Iludaropa u ee ciepcrsusi,
TaKne KaK HePaBEHCTBO becces, TOXKIECTBO mapaJuiejiorpaMMa u T.J. Bechb 9TOT Marepuas sBJISETCS CTaH-
JAPTHBIM U €ro MOXKHO Haiitu, Hanpumep B kaure [1, ru. IT, m. 1].

B nexnuu 11 kiace paccMaTpuBaeMbIX TIPOCTPAHCTB PACIIUPSIETCS 10 HOPMUPOBAHHBIX. OCHOBHBIM PE3yJIb-
TATOM JIEKIIUY SIBJIAETCS TeopeMa O MPOJIOJKEHUN OIPAHUYIEHHOrO JIMHEeHHOro orobparkenust (reopema I1.1 u3
. I1.2). PesynbraTsl 9101 JIEKINK TAKKE BIIOJIHE CTAHJIAPTHBI U X MOYKHO HaiiTu, Harpumep, B kaure |1, ra. I1,
o. 1].

Jleknnst IT1 — 570 KpaTkoe BBeJEHNE B TEOPUIO Mephl 1 WHTErpaJa Jlebera. B ee uzmoxkennu Mbl C1eI0BaIN
B OCHOBHOM y4ebuuKy [2, ri1. II]. B Heii ussaraiorcs ucxojHble OHATUS TEOPUH U3MEPUMBIX (DYHKIUI HA [IPO-
crpaHcTBax ¢ Mepoit. Onpenensiorcest GyHKIMNA, nHTErpupyeMbie 110 Jlebery, Kak mpeesbl MPOCThIX WHTErPH-
pyeMbIxX (byHKIH 1 BBOAUTCS MOHsTHE HHTerpasta Jlebera juis takux dyukimit. Oupenessercs: mIpoCTPAHCTBO
LY (M, du) warerpupyembix o Jlebery dbyHkimit 1 hopMyIUPYIOTCS OCHOBHBIE TEOPEMBI O CXO[UMOCTH WHTE-
rpupyeMbix (DYyHKINIL, Takue Kak Teopema b. JIeBu 0 MOHOTOHHOI cxomumocTn, TeopeMa Jlebera 06 orpaHuden-
HO# cxommmocTu, TeopeMa PaTy 0 CXOAMMOCTH HEOTPUIATENbHBIX (DYHKINA, Teopema Jlebera 06 abCOTIOTHOMN
mernpepeiBHocTH HHTerpasa Jlebera. Kak n B Apyrux orcryIuieHusx, BCE 3TH PE3yJIbTATHI IPUBOLATCA 06e3 110-
Ka3aTe/IbCTB, HCKJTIOYeHHe ¢/IeTaH0 TOJTLKO JI/Ih TeOPeMbI O MoHoTe TpocTpancTsa LY (M, du), mokasaTebeTso
KOTOpOii jieMoHcTpupyeT cuity TeopeMm B.Jlesu u JleGera. Ciemyromnuit naparpad, B U3JI0XKEHUU KOTOPOI'O MBI
crenryeM [1, rur. I, m. 4], mocesiten Teopun 60pesieBCKUX Mep Ha MpsiMOil. [JIaBHBIM Pe3yJIbTaTOM 3/1eCh SIBJISIETCSI
Teopema Jlebera o mpejicTaBICHUN TPOM3BOJIBHON OOPEIEBCKON MEPhI B BUJIE CyMMBI aTOMAapHOil, abCOIOTHO
HEIPEPBIBHOM M CHHTYJISIPHOW KOMIIOHEHT. Bcst 9Ta Teopusi mepeHOoCHTCs 3aTeM Ha aOCTPAKTHBIE MEDbI, JJIs
KOTOPBIX (hopMyIMpyeTcs: Takzke obiass reopema Oyoumm.

Jlexmust IV mocBsiimeHa ruib0epTOBBIM IIPOCTPAHCTBAM — OJHOMY M3 JIBYX IVIABHBIX KJIACCOB OECKOHEYHO-
MEPHBIX JIMHEHHBIX TPOCTPAHCTB, PACCMATPUBAEMBIX B Kypce. B M3/I02KeHUN 5TO# JIEKIMKM MbI CJIeJlyeM KHHUT'e
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[1, o II], xoTsl Bech MaTepuas sABJISETCS TPAJUIMOHHBIM. 3J€Ch JOKA3BIBAIOTCA TeopeMa 00 OPTOrOHAJILHOI
IpoeKnuy, Teopema Prcca o mpezcTaB/ieHnn JUHEHHBIX PYHKIIMOHAJIOB, TEOPEMA O MPEJICTABICHUN IOy TOPA-
JIMHEHHBIX (POPM JIMHEHHBIMHU OTIEPATOPAMU.

Jlektinst V, rocssiennasi OpTOHOPMUPOBAHHBIM 0a31caM B MJILOEPTOBBIX TPOCTPAHCTBAX, OTKPHIBAETCS OT-
CTYILIEHHEM, B KOTOPOM m3jiaraercst jjemMa [{opHa. ra jjeMma, KAK M3BECTHO, SKBUBAJIEHTHA AKCHOME BHIOODA.
Ee obcyx/eHne MOXKHO HAUTH B JII0O0M y4ueGHHKe 110 TeOPHU MHOXKECTB, HalpumMep, B kKuure [3, ru. 0, m. 25].
Hanbueiiimee nssoxenne ocuoBano Ha [1, rr. II, . 3]. 3mech joka3biBaoTCsl TeopeMa O CyHIECTBOBAHUU OD-
TOHOPMHPOBAHHOIO 6a3KCa B IPOM3BOJILHOM I'MJIOEPTOBOM IIPOCTPAHCTBE, TeopeMma [lapceBadsist 0 passioxkenun
BEKTOPOB 110 OPTOHOPMUPOBAHHOMY 0a3UCY, IIPUBOINTCS TIOJIE3HBII KPUTEPHil CXOAMMOCTH PSJIOB C IOIIAPHO OP-
TOrOHAJILHBIMY YJIEHAMH, 3aUMCTBOBaHHBIH Hamu n3 kHuru [4, . 12.6]. Jaercs korcrpykuus I'pama—ITImuara
U JOKA3bIBAETCS KPUTEPHUil cernapabelbHOCTH IJIBOEPTOBBIX MPOCTPAHCTB.

B uzsmoxxennn jsiekiuu VI, OCBAIEHHON TEH30PHBIM IPOU3BEIEHUSM IMJIBOEPTOBBIX ITPOCTPAHCTB, MBI CJIe-
ayeu [1, tur. 11, 1. 4]. DroT Marepuas He Beerjia BKIIOYAETCS B CTAHIAPTHBIE KyPChl (DYHKIIHOHAILHOTO aHAJIU3A.
Mps1 npuBesiz €ro paju TOro, 9To0bl BBECTH MOHATHE (POKOBCKOIO IIPOCTPAHCTBA, SIBJIAIONIETOCS HbIHE OIHIM U3
[IEHTPAJIbHBIX IIOHSTUN B COBPEMEHHOII KBAHTOBOII TEOPUU IIOJISI.



I'maBa 2. BanaxoBbl IIpocTpaHCTBa

Jlexiust VII. OnpenesieHne n npuMepbl 0aHAXOBBIX MPOCTPAHCTB

VII.1. IIpoctrpancTrBa LP u £P.
OnpPEAENEHUE VII.1. TlonHoe HOpMUPOBAHHOE MPOCTPAHCTBO HA3BIBAETCS OAHALOGHIM.

ITpuMEP VII.1 (mpocrpancrso L™ (R)). IIpocrpamcrso L>°(R) cocTonT 3 KJIaCCOB IKBHBAJIEHTHOCTH (OT-
HOCUTEJILHO Mephl JleGera) mamepuMbix (QYHKIWMH f Ha BerecTBeHHON npsiMoil R, /IS KOTOPBIX CyIIECTBYeT
koncrauta C' > 0 Takas, 4TO

[f(@)] <C

mouTu Berogy 1o mepe Jlebera. Hammenbmnast n3 takux xkoHcTanT C' Ha3blBaeTcsi HOpMOi f u 0bO3HAYAETCsT

111l

ITpocrpancreo L*°(R) ssistercss 6aHAXOBBIM ¢ HOPMOIL || - ||oo. OnO comepxkut mogmpocrpancrso Cp(R)
OrpaHWYeHHBIX HENPephIBHbIX dyHKIMi Ha R 1 orpanmuenne HOPMBI || - || Ha Cp(R) coBmamaer ¢ obbIIHOM
SUp-HOPMOit

1 fllc, ) = sup|f(2)|
z€R

Ha Cy(R). Ouesuno, mommpocrpancrso Cp(R) 3amkuayT0 B L (R).

Paccmorpum nogupocrpanctso Chy (R), cocrosiinee u3 HenpepbiBHbIX GyHKIMA Ha R ¢ KOMIAKTHBIMU HO-
CHUTEJISIMU. DTO HOPMUPOBAHHOE [IPOCTPAHCTBO ¢ HOPMOIi ||« || oo, KOTOPOE, OJHAKO, HE SBJIAETCS HOJIHBIM. Ero
HOTIOJHEHNUE 10 HOpMe || - || coBnamaer ¢ mpocrpancreom Co(R) HenpepwiBabIX hyHKIMI Ha R, cTpeMsimumxcest
K HYJIIO Ha OECKOHEYHOCTH.

IIpuMEP VIL.2 (upocrpancreo LP(M,dp)). Ilyers (M, R, 1) — npocrpancTBo ¢ Mepoi. Ilpu p > 1 obosHa-
qum 4gepe3 LP(M, dj) MHOXKECTBO KJIACCOB 9KBUBAJIEHTHOCTH (OTHOCUTEIBHO MEPBI (1) U3MEPUMBIX (DYHKIHUI

Ha M, yJIOBIETBOPSIOMAX YCIOBUIO
1/p
1l = ( / If(:v)l”du(x)) <.

DT0 MPOCTPAHCTBO 00JIAIaeT CJIEYIONMMU CBOMCTBAMU:

(1) ecm f,g € LP(M,dp), To
1f +9gllp <[Ifllp+llgll,  (sepasencrso Munkosckoro);

(2) npocrpancrso LP(M,du) moaro (cp. ¢ Teopemoit 111.2);
(3) ecsu p, q,r — noJOXKUTEIbHBIE YnCIA > 1, cBa3aHHbIe cooTHOImEeHueM 1/r = 1/p + 1/q, To npousseenue
fg byukuuii f € LP(M,du) u g € LY(M, dp) npunamiexxur upocrpanctsy L™ (M, du) u

gl < W fllp-llglly  (nepasencreo lembaepa).

U3 npuBeeHHBIX CBOMCTB BbITeKaeT, uTo LP (M, du) siBisiercst 6aHAXOBBIM IPOCTPAHCTBOM € HOPMOIL || - ||p.

ITpuMEP VII.3 (upocrpamcrso 7). Ilycts & = {2}52; 0603HAUAET OC/IEOBATEILHOCTD KOMIIJIEKCHBIX
aucest. Ilo anasoruu ¢ mpocrpascreaMu LP MOYKHO PACCMOTPETD CJIEJIYIOIIe IPOCTPAHCTBA MOCIIEI0BATEIbHO-

creit:
e 1/p
L e e O 31 BT R
n

n=1

OHnu TakKe SBJISIOTCS OAHAXOBBIMEU IpocTpaHcTBamu. [loampocTpancTBo
coz{x: lim xn:O}CKOO
n—oo

28
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3aMKHYTO B {°° 1 IOTOMY CaMoO siBJIsieTCsi DAHAXOBBIM ITPOCTPAHCTBOM. [loampocTpancTBo
¢in = {x : &, = 0 1151 Bcex n, KpOMe KOHEUHOrO YHCIIa}
ILIOTHO B ¢o U B £P.

VII.2. IIpocTpaHCTBO OrpaHUYEHHBIX JIMHERHBIX oneparopoB. O6osnaunm uepes B(X,Y') Bekrop-
HOE MPOCTPAHCTBO OIPAHMYEHHBIX JIMHEHHBIX omeparopoB 1': X — Y, HelicTBYIONUX U3 HOPMUPOBAHHOTO IIPO-
crpancTBa X B HOpMEpOBaHHOe 1pocrpancTso Y. Beegem B B(X,Y) onepamopnyio nopmy, mosarast

Tv Y
7y = sup 1Tl
veX\0 vl x

Oro npespamaer B(X,Y) B HOpMUPOBAHHOE TIPOCTPAHCTBO.
IIrEaNOKEHUE VIL.1. IIpocmpancmeo B(X,Y) 6anazxoso, ecau Y banazxoso.

JIOKABATEJIBCTBO. Ilokaxkem, aro ecau {7}, }52 ; — nocsenosarensuocts Komu B B(X,Y'), To cymecrsyer
OrpaHWYeHHbIN JuHelHbIH onepatop T: X — Y Taxoii, aro ||T;, — T'|| — 0 upu n — oo.

YKazaHHBI omepaTop CTPOUTCs ceyonmM obpasom. s mo6oro v € X nocienoBarenbHocTb {1,052 4
ABJIFeTCA HocIenoBaTe/bHocThI0 Komu B momaoM npocrpancTse Y. IlosToMy mocieroBaTesIbHOCTh BEKTOPOB
{T,,v} cxomurcs pu n — 00 K HeKoTOpoMy BekTopy w € Y. Tlomoxkum Tv := w.

Omnpenesnennstit TakuM 06pazom oneparop 1, oueBuaHO, suHeeH. Ilokaykem, 9T0 OH TakKe orpanudex. [leii-
CTBUTENBHO, Tak Kak {71}, } siBsiercst ocenoBarenbHoCThIO Komm B HopMupoBanHOM mpoctpanetse B(X,Y),
TO oHa orpanudena. CiegoBarenbHo, HalieTca KoHcTanTta C' > 0 Takasi, YTO IIPU JIIOOOM 7 CIIPABEJINBA OLEHKA

otkyaa | Tyv|| < C upn mobom n u mobom v ¢ HopMmoit ||v]| < 1. Crenosarensho, ||Tv|| < C npu mo6om v ¢
uHopmoii ||v]| < 1, T.e. oueparop T' orpaHuden.
Hast Toro, arobsl okaszark, ato |1 — Ty, || — 0 npu n — oo, 3ameTnM, 4To

| = Toell = T |[(To — To)ol

O3TOMY
T, — T,

= lim M < lim || T — Toulls

o]l m—o00 vl m—o00

re. | T — T, < limp— oo [T — T|- Tak Kak mpaByro 4acTh HOCTIEAHENO HEPABEHCTBA MOYKHO CJIEJIATH CKOJIb

YIOJIHO MaJioif ipu jocTaTodno GosbmoMm n, 1o |1 — T, || — 0 upu n — oo.

OnPEAENEHUE VII.2. Orpanndenusiii guHednblit omeparop 7: X — Y u3 HOPMHUPOBAHHOTO MPOCTPAH-
crBa X B HOPMHPOBAHHOE IPOCTPAHCTBO Y HA3BIBAETCS U30MOPPUIMOM, eciin T siBJisieTcst OMEKTUBHBIM OTOD-
paXXeHWeM C OrpaHUYEHHBIM 0OpaTHBIM. Ecjiu 3TOT omepaTrop K TOMY K€ COXPaHSeT HOPMY, TO OH HA3bIBAETCS
uzomempuer.

Hanpumep, mbl nokasann pasee (cM. Teopemy V.3 u3 n. V.5), uro moboe cenapabesbHoe MHIbOEPTOBO
IPOCTPAHCTBO H30METPHIHO £2.

OnpPEAENEHUE VII.3. e nHopmet || - ||; u || - ||, Ha HOpMEpOBaHHOM HpocTpaHCTBe X HA3BIBAIOTCS IKEU-
BAAEHMHVLMU, €CTTA CYIIECTBYIOT TIOJIOKATENbHbIE KOHCTaHThl C m Cy Takue, 9TO

Cillvllr < lvfl2 < Colv]1-

Hampumep, Bce ciemyromue HOpMbl B R™ 95KBUBaJICHTHBI:

n 1/2
||<x1,...,xn>||2=(Zw) ,
=1
n
”(xlv"wxn)”l :lei|7
=1
V@ s n)lloe = max{leal} s,

C pyroit CTOPOHBI, MOIOJHEHNE TIPOCTPAHCTBA Cgy, 1O HOpMe || - ||
Hopme || - ||, ectp P,

o COBIIAJIAET C Cp, a €ro IIONOJITHEHHE I10
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Jleknms VIII. CormpsizKkeHHOE TPOCTPAHCTBO

VIII.1. Onpenenenne u npumepsbl. B npemitoxkenunn VII.1 uz npeabiaymero maparpada ObLIo mOKa-
3aHO0, 9TO 1pocrpancTBo B(X,Y) orpaHnyeHHBIX JHHEHHBIX oneparopos u3 HaHaxosa npocrpancTsa X B 6a-
HAXOBO IIPOCTPAHCTBO Y caMo siBjisiercs baHaxoBbM. B ciydae, korma Y = C, upocrpancrso B(X, C) cocrour
U3 OrpaHUYEHHBbIX JHEHHbIX GyHKIMOHAIOB f: X — C u Ha3bIBaeTCS CONPAHCEHHBLM MPOCMPAHCMEoM X ™
K npocrparcTBy X. HamomuauMm, 9T0 HOpMa OrpaHUYeHHOro JimHeiHoro dysknuonama f € X* onpenessiercs
dopmyitoit

Ifl= sw |/

veX:||v||<1

I[TpuMmeP VIII.1 (mpocrpancrso LP). Ilycre 1 < p<oou 1/p+1/¢=1. Ecim f € LP(R) u g € LY(R), 1o
o nepasenctsy Lenbiepa fg € L1(R) u moTomy ompejiesien nHTerpat

/Rf(:v)md;v.

ConocraBum dbyukiuu g € L1(R) nunelinbii GyHKimosas

G() = [ 1wt ds (VIILD)

Ha npocrpancree LP(R). Ilo nepasencrsy lenbnepa G siBisieTcst OrpaHUUEHHBIM JIMHEHHBIM (DYHKIMOHAIOM Ha
LP(R) ¢ mopmoit, He npesocxonsmeit ||g|q-

O6parHoe yTBep:KJEHHE TaK:Ke BEPHO: JI00ON orpaHwdeHHbll juHednbiil dynkuuonan wa LP(R) umeer
Bug, f — G(f) mua mekoropoit dyukiuu g € LI(R). Kpome toro, pasubim dyukuusm uz LI(R) orseuaror
pazsimunble Gyuknuonassl Ha LP(R), r.e. orobpakenne

LYR) 3¢9 — G € LP(R)*

yCTaHaBIMBaeT (CONPsIKeHHO-JIMHEHHY0) n3omeTputo npoctpancrBa LI(R) wa mpocrpancreo LP(R)*. Mnaue
roeopst, LP(R)* = LI(R).

B cayuae p = 2 umeem ¢ = 2 u L?*(R)* = L?(R), T.e. npocrpanctso L?(R) conpskeno camomy cebe. U3
TeopeMbl Prcca cieyeT, 9To 3TO CBOMCTBO BBIIOJIHSETCA IS JIOOBIX THILOGEPTOBLIX IPOCTPAHCTB.

ITpuMEP VIIL.2 (upocrpancrsa ¢ u ¢P). HamoMuum, 9T0 IPOCTPAHCTBO €y COCTOUT U3 IIOCJIEI0BATEIb-
HocTel © = {2y} | KOMINIEKCHBIX 9HCEs, CTpeMAmuxcs K Hymo. Ecian nocienoBarensrocts f = {fp 152,
HPUHAJJICZKAT 61, TO €if MOXKHO COTIOCTaBUTDH JIMHEHHBIN DyHKITHOHAT

n=1

.o o o0
Ha IIPOCTPAHCTBE ¢y C HOPMOI, paBHOit Y~ | | fy|.
ITokazkeM, 9TO BCe OrpaHMYeHHBIC JITHEHHbIC (DYHKIMOHABI Ha ¢o UMEIOT YKa3aHHbIH Bu,. JleficTBUTEIbHO,
nycrb [ € ¢ u e™ — BeKTOp U3 ¢y, y KOTOPOIo Ha M-OM MecTe CTOUT 1, a Ha OCTAJbHBIX MecTax Hysu. [losoxkum

Jn = f(en)

N !
SN = Z @ e”,
n=1 fn
rie “mrpux’ y 3HAKa CyMMbI O3HAYAET, YTO B Hell Hy»KHO OIyCTUTh BCce wieHbl ¢ f, = 0. lnaue rosopsi,

_ (LAl el sl >
= (100,181, Vil

(e omymienst wiensl ¢ f, = 0). Torma Sy € ¢o u ||Sn||e, = 1. Tax kax

N

FSN) = 1fal

n=1
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ISV < ISN lleoll flleg = 111

cpo

TO

/]

N
[ Z Z |fn|
n=1

CirenoBaresibHO, U

Lk
(/0 )

D 1l < I
n=1

orkyzsa Y .o |fn] < 0o, Te.

F(z):= Z fnn
n=1

SIBJISIETCSL KOPPEKTHO ONIPEIEJIEHHBIM OIPAHUYEHHBIM JTMHERHBIM (DYHKIIMOHAIOM Ha IIPOCTPAHCTBE Cy. BoJiee To-
ro, F' coBnagaer ¢ f Ha KOHEYHBIX JIMHEHHBIX KOMOMHAIMAX BEKTOPOB ™. Tak Kak Takue JuHeHHbIe KOMOUHAIIUT
IJIOTHBL B ¢g, To F' = f. CienoBarenbHo, J1I000I OrpaHWYCHHBIH JUHEHHBIN DYHKIMOHA U3 € MOPOXKIACTC
HeKOTOpBIM 3jtemenToM u3 £1. Tpu sTom HOpMB B ¢f) 1 £} coBmasatoT, T.e. cfy = (1.

Amanormanoe paccysK/jieHne mokasbisaet, 9to (£1)* = (>,

VIII.2. PedekcuBHble 6aHaxOBbI IIPOCTPAHCTBA. Tak Kak MPOCTPAHCTBO X *, CONMpsizKEeHHOE K Oa-
HAXOBY IIPOCTPAHCTBY X, CHOBA sIBJII€TCs HAHAXOBBIM, TO ¥ BTOPOE COLPs?KEHHOE IIpocTpancTBo (X *)* = X**
Takske Ganaxopo. B nmpumepe VIIL.2 u3 npejpitymero maparpada Mbl mokazamm, ato ¢ = £, a (£1)* = (> or-
KY/I& CJIEJLy€eT, YTO BTOPBIM COIPSI2KEHHBIM IIPOCTPAHCTBOM K IIPOCTPAHCTBY C( ABJISIETCS IIPOCTPAHCTBO £°° D ¢y.

ITPEMIOXKEHUE VIII.1. ITyemov X — 6anaxoso npocmpancmeo. Conocmasum sexkmopy v € X aunetinod
Pymnryuonan v* na npocmpancmee X*, 3adasaemolii Gopmynoti

X' 3 f =o' (f) = f(v).
Omobpasicenue v — v* 3adaem uzomempuro npocmparncmea X Ha Hekomopoe nodnpocmparcmseo 6 X .

JIOKA3ATEJILCTBO. Tak kKak

[ (DO = 1f )] < 1Fllx-

U”Xv

TO v* ABJSETCS OIPAHUYEHHBIM JIMHEHHBIM (DYHKIMOHAIOM Ha X * ¢ HOpMOI, He upeBocxougmeil ||v|x. U3
reopembl Xana—Banaxa (KOTODYIO Mbl JOKayKeM 4YyTh II03Ke) CJeIyer, 4To Jyisd 3ajaHHoro v € X Bcerua
cymectByer dyHrnmonaa fo € X* Takoit, 9To

[follx-=1 u  fo(v) = lvlx.

TlosTomy
[0*][x= = sup  [o"(f)] = [v"(fo)l = [lvllx,
Fillfllx==1
orkyna |[v*||x= = ||v||x. Cnenosaresnnno, orobpazkenue v — v* sBigerca umzomerpueir X Ha obpa3 3TOro

oTOOpazkeHnst B MpocTpancTee X ™.

OnpPEAENEHUE VIII.1. Eciau orobpaxkenne X — X**| v — 0¥, OCTpOEHHOE B TIPEIBIAYIIEM IIPE/JIOKE-
HUU, CIOPbEKTUBHO, T.e. X m3oMeTpudHOo X **| To 6aHAXOBO IPOCTPAHCTBO X HA3BIBAETCS PEPAEKCUSHBIM.

Hanpuwmep, npocrpancrsa LP(R) ¢ 1 < p < oo pediieKCHBHBI, & IIPOCTPAHCTBO ¢o He PedJIeKCUBHO, I10-
CKOJIBKY 5" = £ D ¢p.
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Jlekmusa IX. OcHOBHBIE TEOpPEeMBbI 0 DAHAXOBBIX NPOCTPAHCTBAX

IX.1. Teopema Xana—Banaxa.

TEOPEMA IX.1 (Teopema Xana—Banaxa Jisi BemecTBeHHOro caydas). Ilyems X — sewecmsennoe sek-
MOPHOE NPOCMPAHCINGO, D — BEUWECTMBENHOZHAYHAA PYHKUUA Ha X , YOOBAELMBOPAIOWAS CACIYIOUEMY YCAOBUIO

BHNYKAOCTIU
p(Au+ (1= X)) < Ap(u) + (1 = A)p(v)

ons ecex u,v € X, 0 < A < 1. Ilpednoaootcum, umo na aunetinom nodnpocmpancmee Y C X 3adan sewe-
CMBERHO3HAUHBIY AUHETUHVT Pynkyuonan f, ydosaemeoparowut ouerke

fw) < pv) ons ecex v EY. (IX.1)

Tozda cywecmseyem eeulecmeeHno3Ha KoLl AuUHetHul Pynkyuonar ' na ecem npocmparncmse X, ydosaemeso-
parwul ouenke
F(u) < p(u) oas scer u € X (IX.2)

u cosnadarowut ¢ f Ha Y .

HOKABATEJIBCTBO. Ob6o3HaunM 1Uepes Y suHeiiHoe HOJITPOCTPAHCTBO, HATAHYTOE Ha Y W MPOU3BOJILHBII
Bekrop w € X \ Y. Ipomoskum dbyukimonan f g0 juneiinoro ¢gyuknuonasa f Ha mpocTpancrse Y, yao-
BierBopstoniero onenke (IX.1). @yuximonan f Ha BekTOpax BHIA A\1U1 + A2vUg, e v1,02 € Y, A1, Ag > 0,
YJIOBJIETBOPSIET OIIEHKE

A1 A2
by A = (A A
FAvr + Agv2) = (A + 2)f<)\1+)\2vl+)\1+)\2v2)

A1 Ao
<
< (M +/\2)p<)\1 +)\2U1 + )\1 +)\2U2>

. )\1 )\2
= (A1 + )\2)19()\1 e (v1 — Xow) + IV (ve + )\1w)>

< Aip(vr — Aaw) + Xop(va + Aqw).

Tem cambiM,
J(A1v1 + Aova) = Ay f(v1) + Ao f(v2) < Aip(v1 — Aow) + Aap(v2 + Aw).

Orcioga ciemyer, 9To
A1[f(v1) = p(vr — Aaw)] < Aalp(ve + Aw) — f(v2)]
nJIn

1

L) = plon = daw)] < 5 lp(on + Arw) — fle)

HamomuamM, 910 mocsesmnee HEPABEHCTBO BBIMTOIHSIETCS I JIIOOBIX v1,U2 € Y, A1, A2 > 0. B To ke Bpems
€ro JieBasi 9acThb 3aBUCUT TOJIBKO OT V1, A2, & IIpaBasl 9acTh — TOJBKO OT Vg, A1. EC/u B3STh TeNephb OTJIeJIBHO
BEPXHIOIO I'PAHb JIEBOI YaCTH 10 IEPEMEHHBIM ¥ = U1 U A = Ao M HUKHIOIO I'PAHb IIPABOIl YACTHU IO IIePEMEHHBIM
U =vs U A= A1, TO HOJy9UM, 9TO CYyIIECTBYET BEIECTBEHHOE UUCJIO G TaKOe, 9TO

1

Lz (S0 == x| <a< ot 260+ 30) - f0)]

ITosoxum Teneps 1o onpexesnenuto f(w) = a. Torma

Flo-+ ) = (o) + AFw) < F(0) + | 3000+ hw) = £(0)| =00+ ),

T.e. TIOCTPOEHHOE MIPOJIOJIZKeHne [ yIOBIETBOPSIET OIEHKE

fu) < p(u) s Beex u €Y.

Tem caMbIM, MBI TIOCTPOUJIH ITPOJIOJIXKeHNe PYHKIMOHA A [ Ha mpocTpaHcTBo Y D Y.
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Hna nmpogomxennst f na Bce mpocTpancTBo X Bocnonb3yemcs jemmoit opra. Obosmaanm gepes F MHO-
JKeCTBO Beex npojosizkennit f dynxunonana f ma mnpocrpanctsa Y D Y jo smmeiinoro dynknuonasa Ha Y,
Y/IOBJIETBOPSIIOIIEIO ONEHKE f (u) € p(u) nns Beex u € Y. Benem Ha F OTHONIEHHE YACTUYHOIO HODsiJIKa,
rmoJiarast f1 < f2, ecJim Yg D Y1 u fg fl Ha )71

IMycrs { fa}ae A — JEHEHHO yIOPSI0ICHHOE HOIMHOKECTBO, COCTAB/ICHHOE U3 IPOIOIIKCHIH fa (byHKuHOHa—
Ja f Ha IpOCTpPaHCTBA Y,. OupeiesinM IPOAOJIKCHHIE f Ha POCTPAHCTBO Y =Uasca Ya, noJtaras f ( )= fa( )

npu u € Y flcno, uTO 3TO OmMpeje/ieHne KOPPEKTHO 1 fa < f Juist Jiioboro v € A, T.e. f ABJISIETCS BEPXHEH
PAHBIO MHOXKECTBa { fa}ae 4. Tem cambIM, TOKa3aHO, 9TO BCSIKOE JIMHEWHO YIIOPSIOYEHHOE MHOXKECTBO B JF
MMEET BEPXHIOI I'PAHb.

[TosTtomy o stemme Ilopra mMHOXKeCTBO F COZEPKUAT MAKCHMAJIHHBIHN jieMeHT F', 3aJaHHbBII HA HEKOTOPOM
noxnpocrparctee X' C X, Ha koropom F'(u) < p(u). Ho sro nomnpocrparcrso X' nomkHo coBnagars ¢ X,
TaK KaK MHade Mbl MOLJIM ObI MPomo/KuTh F Ha 6osiee mmpokoe moamnpocTpancTso B X, nobasiss Kk X' eme
omuu BekTop u3 X \ X', uro nporusopedur MmakcuMaiabHoctu F.

TEOPEMA IX.2 (reopema Xana—Banaxa s KOMILIEKCHOrO citydast). [Tyemo X — xomnaekcnoe eexmoprioe
NPOCMPAHCMEBO, P — BEULLCNEEHHOZHAYUNHAA GynKyuA Ha X , YOOBAECMBOPAIOUAA CACOYIOULEMY YCAOBUIO BBINYK-
aA0cmu

p(Au+ pv) < Ap(u) + up(v)

oas ecex u,v € X, A\ p € C maxuzx, wmo |\ + |u| = 1. IIpednoaoorcum, 4mo na KOMNAEKCHOM AUHETHOM
nodnpocmpancmee Y C X zadan xomnaexcnosnaunviti aunetinwit dynxyuonan f, ydosaemeopaouuli oyenke
[f(v)] < p(v) ons ecex v €Y. (IX.3)

Tozda cywecmsyem KOMNAEKCHOZHAUHLT Aunelnbil Pyrnkyuonan F na ecem npocmpancmee X, ydosaemeso-
parwul ouenke
|F(u)] < p(u) ons ecex u € X (IX.4)

u cosnadarowut ¢ f Ha Y .

JIOKA3BATEJIBCTBO. O6osnauum f1(v) := Re f(v). Torna f1 ecrb BemecTBeHHO3HAYHDI JTMHERHBIT QyHK-
nuoHas Ha Y Takoif, 9To

f1(iv) = Re f(iv) = Relif (v)] = —Im f(v)
st v € Y. Orciona

fw) = fi(v) —if1(iv) JIst Bcex v € Y.
3amerum, 9TO

fi(v) =Re f(v) <[f(v)] < p(v)

pAu+ (1= A)v) <Ap(u) + (1= A)p(v)  mpn 0 <AL,
T.e. GYHKINOHAJ f| Y/IOBJIETBOPSET YCJIOBHUIO TeOpPeMbl XaHa-DaHaxa /i BeecTBEHHOro ciaydasi. [losromy
f1 JromyckaeT mpoioKeHNe 10 BEIeCTBEHHO3HATHOrO JInHeitHOro byHKImonaga ] Ha BceM mpocrpancTBe X,
YJIOBJIETBOPSIIOIIETO OTIEHKE
Fi(u) < p(u) npy u € X.

Tonoxkum F(u) = Fy(u) —iFy(iu) npu v € X. Torna F aBisiercss TUHEHHBIM [IPOIOIIZKEHNEM QYHKIHOHATA f
Ha Bce mpocTpaHcTBo X . Bosee Toro,

F(iu) = Fy(iu) — iF (—u) = —i[F1(—u) + iF (tu)] = i[Fy(u) — iFy (iu)] = iF(u),

T.e. F gBISETCA KOMIJIEKCHO-THHEHHBIM (byHKIIHOHAJIOM.
Ocrasiocs npoBeputh, uro |F(u)| < p(u) nuist Beex u € X. VI3 ycsioBust BBIIYKJIOCTH HA (DYHKIUIO P CJIEJIYeT,
qro p(Au) < p(u) mpu [A| = 1. O6oznaunm 0 := arg F'(u) u Bcnomunm, uro Re F' = Fy. Torna

P = e F (W) = Fle ) = B~ ),

Ijie B IOCJIE/HEM DAaBEHCTBE Mbl BOCIOIB30BAINCH TeM, uTo Bhipaxkenue F(e~?u) = e~ F(u) Bemecrsenno.
IMocsenuuii 4jeH JOIyCKAeT OLEHKY

g (efieu) < p(efwu) < p(u).

Tem cambiM, |F(u)| < p(u) mns seex u € X.
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CaeactBUE IX.1. Iycmo Y ecmo aunetinoe nodnpocmpancmeo 8 AUHETHOM HOPMUPOSGHHOM NPOCTPAH-
cmee X u [ — oepanunennuti aunetinvt gynrxyuonan na Y . Toeda cyuecmeyem ozparudennvilc AuHetiHbLi
Pynryuonan F € X* | asaarowutica npodosscenuem dyruxyuonana f u ydosaemsopaowuts ycio8uro

[El x> =1 F ]y

JOKA3ATEJ/IBCTBO. [I1s mokasaTenbCcTBa JOCTATOYHO B3ATH B KadecTBe (PYHKIIMU P W3 TEOPEMbI XaHa—
Banaxa dyuxmuo p(u) = || f||y~||u|| n npumenuts Teopemy Xana—Bamaxa.

CHeACTBUE IX.2. ITyemb v ecmb nexomopwili purcuposartvili 6eKMop 6 AUHETHOM HOPMUPOSAHHOM TPO-
empanemee X ¢ |[v|| # 0. Tozda cywecmsyem ozpanuvenmod sunelnnd dgynrkyuonan F € X* ¢ edunuunol
HOPMOTL, ONA KOMOPO20

F(v) = |lv]|.

,B;OKA3ATE.HBCTBO. O6o3HaunM qepes Y BEIIECTBEHHYIO NPAMYIO, HATAHYTYIO Ha BEKTOD U, U IMOJIOZKUM:
fw) = AlJ]].

Torma f ecTb MuHeiTHBIN OrpaHUYeHHbI (DyHKIMOHA Ha Y ¢ HOpMOii, paBuoii 1. ITo ciaegcreuro IX.1 cymectByer
dbyurmmonasn F € X* ¢ equHUIHON HOPMOIi, KOTOPBIN mpomosikaeT [ Ha Bce mpocrpanctBo X. B gactrocTn,

Fv) = |lv]l.

CnenCTBUE IX.3. Tycmov Y ecmv samrnymoe aunednoe nodnpocmparemeo 6 AUnetHom HOPMUPOSAHHOM
npocmpancmee X u v — eexmop 6 X, paccmosnue om xomopozo do 'Y pasno d. Tozda cyuecmeyem oeparu-
wennol aunetdnol gynryuonas F € X* ¢ nopmot ||F| x+ < 1 maxotd, wmo

Fv)=d u F(v)=0 danascex veY.

ﬂOKaBaTeJIBCTBO 9TOTI'0 CJCJACTBUA OCTaBJIAEM YUTATEJIIO.

IX.2. IIpsmbie cymMmbl u dakTop-nipocTpancTBa. Ilyers { X, }aca €CTh cemeiicTBO GaHAXOBBIX IIPO-
cTpaHCTB. PaccMoTpuM pocTpaHCTBO

X = {’U = {'Ua}’aEA 1 Uy € Xa7 Z ||UOCHXa < OO}

acA
DTO mpocTpaHCTBO, 0b603HAYaeMoe depe3 X = @ae 4 Xa, ABIsIeTCH GaHAXOBBIM (IIpOBepbTe!) OTHOCHTEIBHO
HOPMBI
[vllx = llvallx.
acA

U HA3BIBACTCH NPAMOU CYMMOU ODAHAXOBBIX TPOCTPAHCTB X .

[IycTb, mamee, Y — 3aMKHyTOE TOAIPOCTPAHCTBO HGaHaxoBa mpocrpaHcTBa X . B ciydae rumipbeproBa mpo-
crpancTBa X MBI IIOCTPOMIM pazioxkenne X B upamyio cymmy X = Y @ YL, rne Y+ — oproronambnoe j10-
nosiHenne K Y. B ciydae 6aHaxoBa mpocTpaHCTBa X POJb OPTOTOHAJIBHOTO IOIOJIHeHHs Y- GyaeT urparsb
daxmop-npocmparncmeo X/Y. Ono onpenensiercst caemyonmm obpazom. Beemem Ha X oTHOIIEHNE SKBUBa-
JIEHTHOCTH:

U~V = u—veY, rme u,v € X.

MHOXKeCTBO KJIACCOB 9KBUBAJIEHTHOCTH 0003Havaercst uepes X /Y, a ero sjneMeHTaMu SIBJSIIOTCS KJacChl [v],
COCTOsIIIE U3 BEKTOPOB BHIA ¥ + w, ryme w € Y. OHO gBJsieTcsl BEKTOPHBIM IIPOCTPAHCTBOM, B KOTOPOM
CJIO’KEHUE 3JIEMEHTOB M UX YMHOXKEHUE Ha CKAJISPBI OIPEIesieTcss (hOpMYJIoit

Alu] + plv] = Au + po].

Beenem na X/Y nopmy, nosaras
x/y = inf ||[v+w|x.
1[v]llx, o v+ wll

Oro npespamaer X/Y B IuHeiiHOE HOPMUPOBAHHOE TIPOCTPAHCTBO, KOTOPOE SIBJISIETCS MOJIHBIM (TipoBepbre!) n
IOTOMY OaHAXOBBIM ITPOCTPAHCTBOM.
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IX.3. IIpuHuun paBHOMEPHOI OrPAHUYEHHOCTU.

ITPEATOXKEHUE IX.1. ITycmo T: X — Y — aunetinoil onepamop u3 AUHETH020 HOPMUDPOBAHHO20 NPO-
cmpanemea X 6 aunetinoe Hopmuposarnoe npocmparcmeo Y . Onepamop T oeparunen mozda u moavko mozda,
Kx020a npoobpas samxnymozo edunuunozo wapa T 1({v €Y : ||v|ly < 1}) codeporcum enympenrue mouxu.

JIOKA3ATEJIbCTBO. IlpeanosokuM, 9To yKasaHHBIA mpoobpas comepxkutr map {v € X : ||[v — upl|lx < €}
C TIEHTPOM B HEKOTODPOii Touke ug. Torja, ecin u € X ynoBiersBopsieT HepaBeHCTBY |ul| < €, To

[Tull < IT(w+uo)ll + [ Tuoll <1+ [[Tuoll

rje BTopoe (CTPOroe) HEpABEHCTBO BBINOJHSIETCA BBHJY TOTO, YTO TOYKA U = U + Ug IPUHAJJIEIKHT APy
{veX:||v—up|x < e}. Crnenoparesnbro, jist Beex u € X CupaBe/inBa ONEHKa

[Tl T(Ce/2)u/]ul)l]
ull €/2

2
< 2O+ [Tuol).

HOCKOJIBKY HOpMa BeKTopa (€/2)u/||u|| He nmpesocxomut €/2 < e. Orcrona cieayer, ato oneparop 1’ orpaHuveH.
O6patHo, ecsin onieparop T’ orpaHuveH, To MPpoodpas 3aMKHYTOI0 €JMHIIHOIO Iapa copepKut map {u € X :
[[ull <1/}

[Tpuanun paBHOMEPHOIH OrpAHWYEHHOCTH, KOTOPBIN MBI JIOKaXKeM HHUKe, OCHOBAH Ha CJIEIYIONIEH Teopeme
Bapa o kareropum.

OnPEAENEHUE [X.1. TToamuO)KecTBO E MeTpraecKoro mpocTpancTBa X Ha3bIBACTCS HUu20€ HE NAOTIHVLM,
€CJIM er0 3aMbIKAHUe He COJEPKUT BHYTPEHHUX TOUEK.

TEOPEMA IX.3 (Teopema Bapa o xareropum). IToanoe mempuueckoe npocmparcmeo He MoHcem Goimb
00BeUHEHUEM CHEMHO20 YUCAG HU2De HE TAOTNHBIT TOOMHONCECTE.

JOKA3BATEIBCTBO. /JlomycTuM, HAIIPOTHUB, UTO

o0
X = L_JlEn

ecTh 00'beJIMHEHNE HUTJIE HEe TUIOTHBIX HOAMHOXKeCTB Fy,. Mbl octpounm mociseposarensrocts Kommu {v,, }5°_4,
[IpeJiesl ¥ KOTOPOIi, CyIIeCTBY IO BBUIY MOJHOTHL X, HE IPUHAIEKAT Uf:;l E,,, aTo Oymer mIpOTUBOPEIUTH
HCXOIHOMY JIOILY IEHUIO.

[Tepeitmem K TOCTPOEHUIO YKa3aHHON TocIemoBaTesbuocTr. Tak kKak 1 Hurme ve mmotHo B X, TO HalgeTCs
Touka v; ¢ E1 Taxas, 9TO CyIIECTBYeT OTKPBITHIH mmap B ¢ MEeHTPOM B v U paJimyca, MeHbIero 1, Takoif 9o

BiNE =9.

Tak kak Fy Hurge #e mwiotHo B X u, ciemoBaresabHo, B B, TO Haiifiercss Touka vy € By \ Fa Takasi, 910
CYIIECTBYET OTKPBITHIH AP € IEHTPOM B Uy U PaJMyca, MEHbIIero 1/2, takoit 4ro

ByNEy, =0.

IIpoozKast 9T0 OCTPOEHUE TI0 MHIYKIIUH, BEIOEPEM TOUKY U, € Bp_1 \ E,, 1 OTKpBITHIH map B, ¢ IeHTpoM
B Uy, paJiyca, MEHbIIIETro 1/2”*1, Takoit uro B,, C B,_1 u B, NE, = J&.
ITocTpoeHHast OCTIEAO0BATEILHOCTD { Uy, 152 1 — mociefoBaTeabHOCT Ko, mockonbKy nmpu m,n > N nmeeM

U, Up € By 1
1 1 1
p(vmvvn) < P(’Um,UN) +,0(UN7Un) < oN—1 + oN—1 - oN—2 P

rue p obosnavdaer merpuky Ha X. Orcioga ciegyer, 9r0 p(Upy,, Upn) MOXKET OBbITH CAEJIAHO CKOJIb YTOIHO MAaJIbIM
pu gocrarouno 6osabmoM N. Tak kak v, € By npu n > N, To npejen v = lim,,_, oo ¥, HTOCJIEI0BATETHHOCTH
{vn} yaoBierBopsier yciaoBuio

vEBNyCBy.1 = v¢En_ upu jobom N,

* B X=U=_,E
oTKya ciemyet, 9ro v ¢ |J,_; Ep, 9T0 IPOTHBOPEUNT IIPEJIIIOIOKEHNIO 0 ToM, uto X =~ | F,.
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N3 Teopemsr Bapa BeITEKaeT ciemyto e X=U>L,E 65l O c
o p p nyroniee yreepkiaenue: ect X = | J,—; £y, TO X0Td ObI OIHO U3 MHOXKECTB
E,, conepKuT BHyTpEHHHE TOYKU.

Tenepb MBI BBIBEJIEM U3 JIOKA3aHHO TeopeMbl Bapa ciie/tytomuit npuHyun pasHOMEPHOT 02PaHUMERHOCTI.

TEOPEMA IX.4 (teopema Bamaxa—IIreitaraysa). ITycms X — 6anaxoso npocmpancmeo uT = {T} — ce-
meticmeo oeparurennur Aunetinoz onepamopos T: X — Y | deficmeyrowur us npocmpancmea X 6 Hekomopoe
Aunetinoe Hopmuposanmoe npocmparcmeo Y . Jlonycmum, wmo oas 106020 v € X MHOICECTE0

{|ITv|ly : T €T}

oepanuneno. Toeda mmoorcecmso wopm {||T|| : T € T} maxorce ozparuseno.

JIOKA3BATE/ILCTBO. PaccMoTpum MHOXKeCTBa
E,={veX:|Tv| <namascexT e T}

ITo mpeamomoxkennio Kaxkaoe v € X MPUHAIIEKUT OTHOMY U3 MHOXKeCTB F,,, T.e.

X = G E,.
n=1

Bosee Toro, BBuy HempepbiBHOCTH oneparopoB 1 € 7T kaxjoe u3 Mmuoxkects E, 3amxmyro. ITostomy mo
Teopeme Bapa o kareropum Xorsi 66 OJHO M3 HUX COJIEPKUT BHYTPEHHUE TOUYKU. IIycTh 3T0 Oymer MHOKeCT-
Bo E,. IloBTOpMM mj1s1 Hero paccykaenne u3s nmpeamoxkenns [X.1. Tak kak F,, colepKUT BHYTPEHHNE TOIKHU, TO
HajiJleTcs TOUKa Vg, IpUHAJIeXKalas F, BMecTe ¢ HeKOTOPBIM 1mapoM {v : ||[v — vg|| < €}. Torma qms mo6oro
u ¢ HopMoOii ||u|| < € Bymem umern

[Tull < T (u+ wvo)ll + | Twol| < 2n,

TaK KaK TOUYKH U = U + vg U vo npuHagexar E,. CiuenoBareabHo, Jyist BeeX v € X BBIIOIHSIETCS OIEHKA
4n
(|Tv]| < —|v]] st moboro T e 7.
€

Iosromy muOkectBO {||T|| : T € T} orpanuveHo.
IX.4. Teopembl 00 OTKPBITOM U OOPATHOM OTOOPA>KEHUMU.

TeEOPEMA IX.5 (reopema 06 orkpbiToM orobpaxkenuun). Ilycmo T: X — Y — ozpanuuennoe aunetinoe
omobpasicenue u3 banaxrosa npocmparcmea X na banaroso npocmpancmeo Y . Ecau U — omxpwmoe nodmmo-
orcecmeo 6 X, mo o6pasz T(U) maxoice omxpoim.

JIOKABATEJIBCTBO. Ilycrs V ectb okpectHOCTb ipon3BosibHOIl Toukn v € X . ITokaxkem, uro T(V') sBis-
ercst okpecTHOCTHIO ToUkHU T'(v). Beumy smaeiinoctn T', OCTATOYHO MOKA3aTh 3TO 1yt ToUKU v = 0.
O6osHaunM vepes Bx(r) map paauyca r ¢ nearpoM B Touke 0 € X, mpudueM BbIGEpeM T Tak, YTOOBI

Bx(r) C V. Beegem eme onno o6o3HadeHIe

r r

Mpbr nokazkeMm, uro muoxkecrBo 1'(V) comepxkur 3ambikanue T(Bi) u B Y Haiimerca okpecrHocts Hyis W,
conepxkamasicst B T(B1), oTKya u OyeT cie/oBaTh JOKA3bIBAEMOe yTBEPIKIEHHE.
JokazkeM cHauasa BTOPOe yTBEPK/EHHE: CyIecTBOBaHue oKpecTHOCTH Hysst W, coneprkameiicst B T'(By).

3aMeTnM, IpeXKae BCEro, 9TO MHOMKECTBO
By — By :={u—w:u,v € By}

conepxurest B By. Orciona, B custy smreiinoctu T, Gynet caenosats, uro T(Bs) — T'(Bs) C T(B1) u, cienosa-
resbro, T(By) — T(Bs) C T(By). IlosToMy Jjis JOKA3aTEIbCTBA BTOPOIO YTBEPKICHUS JJOCTATOIHO TOKA3ATh,

yro MHOKecTBO T'(Bs) comepxkur BHyTpenure Touku. 1o ycioBuio

y = 1(x) = | kT(By).
k=1
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e kT(Bg) = {kTwv : ||v]] < r/4} — romorerns mHO)KecTBa T'(B2). ITo Teopeme Bapa o Kareropum xorst Obl
onuo u3 MuoxkectB kT (Bs) conepkuT BHyTpeHHHE TOYKH. HO 9T0 BOBMOXKHO TOJIBKO B TOM CJIy4ae, €CJH CaMO
MHOXKecTBO T'(Bg) UMeeT HeIlyCTyIO BHYTPEHHOCTb.

Hokazkem Terneph nepeoe yrBepxKaenune: muoxectso 1(V) comepxxur 3ambikanue T'(By).

ITycrs v1 — npoussosbHast Touka u3 T'(By). Beibepem Touky ve u3 T'(Bsa) caexyrommm obpazom. ITosropsist
JIOKA3aTeJIbCTBO BTOPOTO YTBEPK IeHUsI ¢ 3aMeHol By Ha By u By Ha Bs, MOXKHO 10Ka3aTh, 4ro T'(Bs) comepxkur
OKPECTHOCTDb HYJIs, TO9TOMY

(’Ul - T(BQ)) n T(Bl) 7& <.

CrenoBare/bHO, HaleTCsd TOYKA U] € B Takas, 4To

Tui € v1 — T(BQ)

Teneps nosoxkum vg := vy — Tug, TaKk uro ve € T(Bs).

ITpomoskast ykazaHHOE [TOCTPOEHHE [0 UHJLYKIMU, HOCTPOUM 110 ToUKe v, € T(B,,) 104Ky vVpt1 € T(Bnt1)
cnemyiomumM obpasom. CHadasa, MOBTOPss JOKA3aTEIbLCTBO BTOPOTO yTBEPXKCHUS ¢ 3aMeHoit By na B, u
By na By, o, nokaxem, uro T'(B,11) conepkuT oKpecTHOCTD Hysd. OTCIoa CIeyeT, 9To

(vn = T(Bny1)) NT(Bn) # 2,

[O3TOMY HaiifieTcst TouKa U, € B, Takas, 9TO
Tuy, € v, — T(Bpnt1).

Honarast vy41 = vy — Tuy, noayauM v,41; € T(Bp11), 9TO MO3BOJAET MPOJOJIKUTDL IIPOIECC ITOCTPOCHUS
HocaeJ0BaTeIbHOCTH {Uy, }.
N

YacTuaHble CyMMEI ) | Uy 00Pa3yIOT HOC/IEI0BATEILHOCTE KoIn, HOCKOIBKY Uy € By, T.e. |luy|| < 7/2™.

IIosromy, B cuny momHOTBEI X, pang Z;’:’:l Up CXOOUTCA K HEKOTOpOMY BekTopy u € Bx(r) C V. C mpyroii
CTOPOHBI,

N N
Z Tu, = Z(vn — Upg1) = V] — UN+1- (IX.5)
n=1 n=1

Tak xaK vy4+1 € T(Bn41), TO B cuiiy HempepbiBHOCTH 1 BBINOJHSIETCs yejoBue vy, — 0 mpu N — oo,

nosromy u3 (IX.5) serrekaer, aro v; = Tu € T(V). Caenosarensro, T(By) C T(V), aro nokaseiBaer copmy-
JINPOBAHHOE BBIIE IIEPBOE YTBEPXKICHNE, 8 BMECTE C HUM U YTBEPXKJICHUE T€OPEMBI.

TEOPEMA IX.6 (reopema 06 obparHOM oTOOparkeHuu). BuekmueHoe nenpepuienoe aunetinoe omobpastce-
nue T: X — Y u3 banazrosa npocmparcmasa X na 6aHaroso npocmpancmeso Y umeem HenpepwusHoe oopammoe.

JIOKABATEIBLCTBO. Orobpazkenne T~ HempephIBHO, TOCKOIBKY T OTKPHITO.
IX.5. Teopema o 3aMKHyYTOM rpaduke.

OnpPeEAENEHUE 1X.2. Ilycts T: X — Y — orobpazkenue u3 MHOKecTBa X B MHOxKecTBO Y . Ero epagurxom
Ha3bIBAETCS] MHOXKECTBO

IN(T) ={(u,v) € X xY :v="Tu}.

TEOPEMA IX.7 (reopema o 3amruyTOoM rpadure). Ifyecme T: X — Y — aunetinoe omobpasicenue u3
banazxosa npocmpancmea X 6 6anaroso npocmpancmeo Y . Omobpasicerue T oeparuveno mozda u moavko
moada, kozda ezo epagur I'(T') samxnym.

JIOKABATEJILCTBO. Ilpemmnonoxum cuagaa, aro rpaduk I'(T) samkuyt. Torga B cuiy suneiinocru T rpa-
duk I'(T') ectb 3aMKHYTO€ JIMHEHHOE TIOAIPOCTPAHCTBO B IpsaMoil cymme X @Y u noroMy siBjisiercs 6aHAXOBBIM
OPOCTPAHCTBOM C HOPMOI

[[(u, Tw)|| == [[ull + [|Tul|.
O6o3HaUNM Yepes 7y, Ty €CTECTBEHHBIE IIPOEKIINN

m:(T) — X, (u,Tu) — u,
m: T(T) =Y, (u,Tu)w— Tu.
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IIpoexuumsa 7 aABIgeTca OUeKIuell, IOITOMY II0 TeopeMe 06 0OpPaTHOM OTOOPAsKEHUH T ! menpepoisro. Ho
T=mom !
— N2 1 >

OTKY/Ia CJIeJIyeT, 9TO oTobparkenue 1 HENPEPBHIBHO U, CJIEI0BATEIHLHO, OIPAHUIEHO.
O6parno, ecjiu T OrpaHUYEHO, TO OHO M HENPEPLIBHO, a notoMmy rpaduk I'(T) 3aMKHYT.

CHneENCTBUE I1X.4 (teopema Xemmunrepa—Temmuna). Hyems A — onpedeaenmnvili 6c10dy 1a 2uabbepmosom
npocmpancmee H cummempuueckuss onepamop, m.e.

(Au,v) = (u, Av) das moboir  u,v € H.

Tozda on ozparuen.

JIOKA3BATEJIBCTBO. Ilokazxkem, uro rpacduk I'(A) asiserca 3aMkayTbIM. JlomycTuM, 4T0 HOCJIEI0BATE b
HOCTH {(Un, Auy)} cxogures K snementry (u,v) € H x H u nokaxkeM, uro (u,v) € I'(A), re. v = Au. Tna
sgoboro w € H nmeem

(w,v) = lim (w, Au,) = lim (Aw,u,) = (Aw,u) = (w, Au),

n—oo n—oo

oTKyzua v = Au.

IX.6. Cnabbie Tomosiornu Ha GaHAXOBBIX HNPOCTPaHCTBaX. OTcryIiLieHHe: 9acTUIHAS yIOPI0ICH-
wocrs Tonosiorudi. Ilycrs X ectb Tonosornueckoe npocrpancro. Toriga ceMeiicTBo Beex ero romoJoruii (T.e.
cemeiictB 7 MHOXKECTB, OTKDBITBIX B PACCMATPUBAEMON TOIOJIOTMN) YaCTUIHO YIOPSI0UIEHO. A NMEHHO, TOTIO-
aorust T caabee tonomoruu To: Ty < T3, ecim Ty C T3 (B eMmbicsie Teopun MHOXKecTB). VIHave roBOpsi, HAGOP
OTKPBITBIX MHOXKeCTB B 77 Gesnee, ueM B 7. Hanporus, HabOp CXOAAIIUXCS MTOCIEI0BATEILHOCTEH B TOIOJIO-
ruu 77 6orave, yem B T5. Tomosorust Ha X, MUHUMAJIbHAS B CMBICJIE YKA3AHHOTO YIOPSJIOYEHUsI, HA3BIBAETCS
caabetiuet.

OnpPEAENEHUE 1X.3. ITycre X — GamaxoBo mpocTpaHcTBO u X * — GAHAXOBO MPOCTPAHCTBO, COMPSI?KEH-
moe K X. Caaboti mononozuels Ha X HaspiBaercs cjabeiirias Tormosorust Ha X, B KOTOPOHl HEIPEpPBIBHBI BCE
JinHeitHble (DYHKIMOHAJBI U3 X *.

Baza okpectHOCTEll HY/IsT B 9TOI TOMOJIOTUN 337a€TCA MHOYKECTBAMU BU/Ia,

U(fi,-- s fuie)={ve X :|fj(v)]<enpuj=1,...,n}
TocneoBaTeabHOCTh {Uy, }00 1 caabo cxodumes K v: v = W-1ilMy, o0 Up, TOLJA U TOJIBKO TOA, KOrIa f(vy) —
f () mua moboro dynkuuonana f € X*.

Crabas Tomosorust Ha X ciabee TOLOJIOIUH, 3aJaBaeMoil HOpMOii (mouemy?).

IIpuMEP IX.1. Ilycte H — ruiab0epToBO NPOCTPAHCTBO U {€4 }acA — OPTOHOPMHUPOBAHHBIN Gasuc B H.
Torya mocsienoBaTeabHoCThb {Uy, }22 1, u, € H, cabo cxomurces K u € H TOrja U TOJBKO TOTIA, KOTJA BBIIOJ-
HSIIOTCS CJIEJYIONIUE JIBA YCIOBUSI:

(1) (un,eq) — (u,eq) mus moboro « € A;
(1) muOX)ecTBO {||un||}o2, orpanntdeHo.

HeficTBuTesibHO, ecan u = W-1imy, oo Up, TO yTBEPKIeHNE (2) BBITEKAET U3 IPUHIIANA PABHOMEDHOI Orpa-
HUYeHHOCTH (r0vemy?), a yTBepxkaeHne (1) BBIIOJHSIETCS IO ONPEJEJIEHHIO CIaboil CXOINMOCTH.

Ecin ke Boiosnsiores yceaosus (1), (2), ro obosnauum depe3 E nomupocrpanctso B H, coBuajaromniee
¢ JIMHEHHON 060JI0YKON BEKTOPOB {€4 }aca. Torma B cuiy ycmosus (1)

(un,v) = (u,v) Juts oboro v € E.

TTokazkem, 9TO 1OCJIE/IHEE YCIOBUE BBINOJIHSIETCs st jiroboro v € H. Ilosw3ysich mwiotHocThio E B H, Haligem
HOCJIEJI0BATEIBHOCTD { VU, }5°_1, Uy € E, cxopsmytocs K v. Torga

lim (u,,v) = lIm lm (un,v,) = lim lim (4, v,) = lim (u,v,) = (u,v),
n—oo n—oo m—0oo m—0o0 N—00 m—00
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rJle MbI [IEPECTABUJIN IIPEJIETIbl BO BTOPOM PABEHCTBE, HOJIb3YsICh PABHOMEPHOCTBIO mpeaesia lim,, o (ty, V) =
(un,v). YKa3aHHas PABHOMEPHOCTD BBITEKAET U3 OLECHKU

|(Uns V) = (Un, v)| < [Junll - |vm — v
u ycuosus (2).

OnpPEAEJNEHUE 1X.4. Ilycte X* — 6aHaX0BO IIPOCTPAHCTBO, COIPSI)KEHHOE K DAHAXOBY IPOCTPAHCTBY X .
Torma *-caabas monoaoceus ectb ciabeiimnasi Tomosoruss Ha X *, B KOTOPOi HEIPEepPhIBHBI Bee (DYHKIUMHU BHJIA
f— f(v) ¢ npousBoabHBIM (DUKCUPOBAHHBIM ¥ € X.

TEeEOPEMA IX.8 (reopema Banaxa—Aunaoriy). ITycmoe X* — 6anaroso npocmparcmeo, conpagicennoe x ba-
nazxosy npocmparcmey X . Toeda edunuynvid wap 6 npocmpancmee X * Komnaxmen 8 *-caabotll MONOA0LUL.

[Ipex e, ueM mePeXonuTh K JI0KA3aTEILCTBY ITOH TEOPEMBI, HAIIOMHUM (DOPMYIMPOBKY TeopeMbl THuxoHoBa
O IIPOU3BEJIEHNN KOMITAKTOB.

Orcrymiernue: reopema Tuxorosa. Ilycrb {X,}acA €CTh ceMEHCTBO TOIOJOTUYECKUX HPOCTPAHCTB U X =
Hae 4 Xo — ux gexaproso npousseienue. O6osmadmm depe3 7y : X — X, eCTeCTBEeHHYIO IPOEKIHUIO Ha Q-if
coMHOKUTEND 111 @ € A. Tuzonosckot monosoeueti Ha X Ha3bBaeTcsa ciaabeiiias Tonoaorus Ha X , B KOTOPOi
HEIPEPBIBHBI BCE MPOEKINHT Ty, & € A.

TEOPEMA IX.9 (reopema Tuxonosa o npoussemenun). IIyemov {Xo}taca ecmo cemelicmeo KoMnaxmmox
mononaoeuseckur npocmpancme. Tozda ur npoussedenue X =[] Xo KOMNAKMHO 68 MUTOHOBCKOT MONOAO-
2uu.

a€cA

JIOKABATE/IBCTBO TEOPEMBI BAHAXA—-AJIAOTJIY. O603HAYNM Yepes
B, ={AeC:|A < ||}, veEX,

3aMKHYTBIM KPYT Ha KOMILJIEKCHON IJIOCKOCTH, siBiistfommuiicss kommakToM B C. TTo Teopeme TuxonoBa npounsse-
JIeHIe TaKUX KPyros
B = H B,

veX
KOMIIAKTHO B THXOHOBCKON TOIOJIONMHU. DJIeMEHTaMu B sIBISOTCS HAOOPBI KOMIUIEKCHBIX dnces b(v) € By,
v € X, unade rosops, Gyukuuu b: X — C, ynossersopsionue ycaosuio: |[b(v)| < ||v|.

C npyroii croponbl, eauundnblil map Bx- (1) B coupszkenHoM npocrpancrse X * COCTOUT U3 OIPAHUYEHHBIX
sneiinpix yuknuonanos f: X — C c mopmoii< 1. MubivMu cioBamu, By« (1) ecrb nmoamuoxkecrso B, cocros-
tiee u3 JuHeHbIx dyrkuuii b. Tonosorus 8 By« (1), naaynuposannast u3 B, sisistercst ciabeiimeii Tomosorueii,
B KOTODOIl HelpepbiBHBI Bee MyHKIUK Buja b — b(v), T.e. COBIAIAET CO *-CIabO0 TOMOIOrneH.

Ecsin mb1 mokazkem, uro map Bx«(1) 3amkuyT B B, T0 oTciofa 1o reopeMe TUXOHOBaA OYIET CIeJ0BATH, YTO
Bx~(1) ecrb kommakT. Jomycrum, aro { f, }52; ecTsb mocieioBaTebHOCTh B Bx« (1), KoTOpas *-crabo CXOmauTcst
K dbysknuonany f € X*. Tak kax |f(v)| < ||v]|, To mocraroyno nposBepurh JUHEHHOCTH f, KOTOpas BbITEKAET
U3 CIIEYIONIEl TeMOYKN PABEHCTB:

fOu+ ) = lim fo(Au+ po) = Hm (\fo(w) + pf(0)] = Af () + 1f (0).

Kparkoe conepkanue n dubsimorpacdpundeckne ykazaHusd K rjase 2

B stekniuu VII naercs onpesenenne 6aHAXOBBIX IIPOCTPAHCTB — BTOPOMY U3 JIBYX IVIABHBIX KJIACCOB OECKOHEU-
HOMEPHBIX JITHEHHBIX ITPOCTPAHCTB, pACCMATPUBAEMBIX B Kypce. lIpuHnunua pHoe 3Ha9eHne s JaJIbHEHIero
rMeeT TeopeMa 0 GAHAXOBOCTU IIPOCTPAHCTBA OTPAHUYEHHBIX JIMHEHHBIX OIEPATOPOB, JEHCTBYIONINX U3 OHOIO
GaHAXOBA MTPOCTPAHCTBA B JIpyroe. B m3soxkeHnu 3Toi sekiun Mbl caexyeM |1, to. II1, m. 1], xors marepuad,
[IPEJICTABJIEHHBIN B 9TOH JIEKIIUU, SIBJISIETCSI BIIOJIHE TPAJMITMOHHBIM.

B gnexkmuu VIII msyuarorcss mpocTpaHCTBaA, CONpPSI2KEHHBIE K OAHAXOBBIM M, B YaCTHOCTH, pedJIeKCHBHBIE
GanaxoBbl npocrpancTsa. Marepuas jekuuu ocuosan Ha [1, ro. 11T, . 2].

Crenytomas yiekius [X comep:kuT ocHOBHBIE pe3ysbrarhl Ti1. 2. ChHagana B 1. 1X.1 mokasbiBaercst Teope-
ma Xana—bBanaxa B BemecTBeHHON u KoMminiekcHOU dopme. Sarem B 1. [X.3 mpusojurcs Teopema Bamaxa—
IIreitaraysa, 10Ka3aTeIbCTBO KOTOPOW OCHOBAHO Ha MCIIOJb30BAHUU TeopeMbl Bapa o kareropusx. B mzmoxe-
HUM Marepuasa 3Tux naparpados Mbl ciepyeM [1, i 1T, n. 3-5]. B m. IX.4 nasbl TeopemMbl 06 OTKPBITOM U
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obparHoM oTobpazkennu. JJoka3arebcTBO HepBoil U3 Hux caeayer [4, n. 2.11], Bropas Teopema siBsgeTCs Cel-
crBUeM 1epBoii. Teopema 0 3aMKHYTOM rpaduke, IpuBeIeHHasd B 1. [X.5, mpuobperaeT TPUHITUIHAILHOE 3HATE-
HUe TIpU U3yIeHNN HeOTPAHUIEHHBIX OMepaTopoB. Ke ciencTBueM siBaseTcs TeopeMa XemHrepa— Lemmniia 06
OrPAHMYIEHHOCTH CIMMETPHYIECKUX OlepaTopoB. B m3moxkennn storo naparpada Mer caenyem [1, ror. 11, o. 5].
SaksrounTtebHblil maparpad [X.6 seknun [X mocesiiieH cjiabbIM TOIOJIOTHSAM Ha 6aHAXOBBIX IIPOCTPAHCTBAX.
O6mme cBeeHNst O TOOJIOTUSIX MOXKHO HaiTH B KHUre [3, ri1. 1]. IIpuMeHuTeIbHO K ¢1a0bIM TOLOJIOr UM Ha Ga-
HAXOBBIX IIPOCTPAHCTBAX ITU cBeJenus uziaraorcesd B [1, . IV, m. 5]. Henrpanbabiv pesyiabraTom naparpada
sBJIsieTCsl TeopeMa Banaxa—AJtaoriry 0 KOMIAKTHOCTH €IMHUYIHOIO Iapa B *-CJaboil TOMOJIOruu, OCHOBAHHAS
Ha TeopeMe THUXOHOBA O KOMIIAKTHOCTH IIPOM3BEIEHNST KOMIIAKTOB B THXOHOBCKOIT Torosioruu. Jloka3aTeascTBo
nocseHel TeopeMbl MOYKHO HaiiTu, HanpuMmep, B KHure [3, wi1. 5, 1. 13].



I'maBa 3. Orpanu4eHHbIe OIIEPATOPHI

Jleknusa X. TomoJjsioruu Ha mNpocTpaHCTBAX OTPAHUYEHHBIX OIIEPATOPOB

X.1. Omupepnesienns u npumepst. [Ipocrpancrso B(X,Y) orpaHryeHHBIX JUHEHHBIX OIIEPATOPOB U3 6a-
HaxoBa MpocTpaHcTBa X B 6aAHAXOBO MIPOCTPAHCTBO Y CaMO sIBJSIETCSI DaHAXOBBIM OTHOCUTEIBLHO 0Nepamophot
WA PABHOMEPHOT HOPMDL

Tu
7)) = sup 1T

Oznako na npocrpancrse B(X,Y), nomumMo Torooruu,onpeiesisieMoii 3Toit HOpMOii, MOYKHO BBECTH U JIPY-
rue BarKHbIE TOIOJIOTUH.

Cuavhas onepamopras monosozus — 1o caabeimas Tonosorust Ha B(X,Y'), B KOTOpO# HeNPEPbIBHBI BCe
orobpazkenus sBajoanun (“3Hadenne B ToUke”), 3amaBaeMble (POPMyYJIOi

evy: B(X,)Y) =Y, ev,(T)=Tu, ue X.
Baza okpecTHOCTEI Hy/Is B 9TOI TOMOJIOIUH 33/ ]ACTC MHOXKECTBAMHI BUJIA
U(ui,...,up;e) ={T € B(X,Y) : |Tu|| <empui=1,...,n},

rae Ui, . . ., U, — IPOM3BOJILHBII KOHEYHBIN HAOOP 3jieMenToB u3 X, € > 0.
IMocnenosarenbrocTs {1, }52  cxomuTes K onepatopy 1’ B 9TOi TOMOJIOTHH, €CJIT

IThu —Tul|l =0  mpum n— o0

st Beex u € X . CoorercTByomuil mpejes obos3nadaercs: yepes 1T = s-lim, o T),.
Caabas onepamopnas monosoeus — 310 ciabelimas rononorus ua B(X,Y), B KOTOPOil HEIPEPLIBHBI BCe
OTOOpAaKEHUsT BUIA

evy 5 B(X,)Y) = C, ev,s(T)=f(Tu), ueX, fevYr
Basa okpecTHOCTEl HYIS B 9TOH TOIOJIOMMH 33JA€TCA MHOXKECTBAMU BUA
U(ut, .o ytn; f1yooy fins€) = {TG B(X)Y):|fi(Tu;)| <empui=1,...,m, j = 1,...,n},

riae Ui,...,U, — IPOU3BOJIbHBINA KOHEUYHBbIN HAbOp sjemeHToB u3 X, f1,...,fmn — IPOU3BOJIbHBIN KOHEYHBIN
Habop PyHKIMOHAJIOB U3 Y, € > 0.
IMocnenosarenbrocTb {1,152 cxomutest K oneparopy 1’ B 9TOM TOLOJIOIHH, €CJII

[f(Tou) = f(Tu)] =0 mpu 1 — oo

nst Beex u € X, f € Y*. CoorBercrByromuii mperen obosunadaercs depes 1 = w-lim, o 17, .
B cayuae ruisbeprosa npocrpancrsa H cinabas cxogumocts B B(H) = B(H, H) o3Hadaer CXOQUMOCTb
MaTpuyHbIX 2jeMenToB: (T,u,v) — (Tu,v).

ITPuMEP X.1 (omepatopubie Tomosorun B £2). 1) Onpenenum oneparopst Ty, neiictsyiomue B £2 o dop-

MyJIe:
Up U2
Tn(ul,u27...): (,,...).
n n

Torma T,, — 0 paBHOMEpHO.
2) Onpegesum oneparopsl Ty, 1o dopmyie:

Tn(UhUQ,...) = (07...,07un+1,un+2,...).
——
n

Torna T,, — 0 cuabHO, HO HE PABHOMEPHO.

41
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3) Ompenesum onepaTopsl T, paBEHCTBOM:

Tn(uhuQ,...) :(07...,07U1,U2,...).
——

n
Torna T,, — 0 B c;1aboit, HO HE B CHJIBHOM, HU B PABHOMEDPHOMN TOIIOJIOTUU.
X.2. Ciabasi cxoAMMOCTH OIIEPATOPOB B TMJILOEPTOBOM MPOCTPAHCTBE.

TEOPEMA X.1. ITycmo {T,}52, ecmvb nociedosamesbHOCMb 02PAHUMEHHYE AUHETHOIT ONepamopos u3
B(H). Ipednoaooicum, wmo nocaedosamenvrocms {(u, Thv)}5e, cxodumesa, kozda n — 00, npu M06ux
u,v € H. Toeda cywecmsyem ozparuuenmvils aunetinods onepamop T € B(H) maxot, wmo T = w-lim, oo T, .

JOKA3ATENBLCTBO. IlokaxkeMm CHadasa, 9ToO HOCIEA0BATEIbHOCTE HOPM {||T,v||}52; orpanumdeHa Ha Jro-
6omM BekTOpe v € H. JleficTBuTesibHO, TaK Kak nocienosareabocts {(u, T,v)} cxomurces npu mobbix u, v € H,
TO TIOCTIEIOBATENLHOCTE Momydteit {|(u, T,v)|} orpanmuena npu dbukcuposanubx u, v € H. Pacemorpum oTobpa-
xkenust T,v: H — C, sanasaemsie popmyinoit (T,,v)(u) := (u, T,,v), xax oneparopst u3 B(H, C). IlockoibKy npu
kaxkjoM v € H nocaenosarensrocts {|(T,v)(u)| = |(u, T,v)|} orpannuena, no reopeme Banaxa—Illrefinraysa
nocsieoBareabHocTh HopM {||T,v||} Takke orpanuvena.

W3 orpanmyaeHHOCTH TT0CsIe0BaTebHOCTH HOPM {||T,v||} mpn kaxkmaom v € H 1o Toii ke Teopeme Banaxa—
IMrefinraysa BeITEKAET OMPAHIMYEHHOCTH HOCIeA0BaTeIbHOCTH onepaTopubix HopM {||Th, ||} 8 B(H).

[TosoxkuMm 110 OTIpE TeTEHUIO

B(u,v) := lim (u, T,v).

n—oo

Beenennas rakum obpasom dbopma B(u, v) nojayropaiuHeiiHa U OrpaHuYeHa, OCKOJIbKY

[B(u,v)| = lim_|(u, Tpv)| < sup [Tl ([full - [v])-

Tostomy (cm. npemgiozkenue IV.1 uz n. IV.3) sra dhopmMa npecrasisercs OrpaHuIeHHbIM JIUHEHHBIM OII€PaTO-
pom. Uubivu cioBamu, cymiecrsyer oneparop 1T' € B(H) Takoii, 410

B(u,v) = (u,Tv)

Jst JTI00BIX U4, v € H. OgueBuamno, aro T = w-lim,,_, o T,.

Jleknusa XI. Conpsi>keHHBbIE OIIepaTOpPhI

XI.1. Omnpenesienusi 1 mpuUMepPHI.

OnpPEAENEHUE XI.1. ITycre T: X — Y — orpanudeHHbI JUHEHHBIH omeparop n3 6aHAXOBa MPOCTPAH-
crBa X B 6aHAXOBO MPOCTPAHCTBO Y. Bamazosvim conpagicennvim onepamopom K omeparopy 1 Ha3bIBAETCS
orpaHUYeHHbIH JuHeiiHbIi onepaTop T7: Y* — X* | 3ajmaBaeMblii paBeHCTBOM:

(T'f)(u) = f(Tu) g Beex u€ X, feY™
IMpuMEP XI.1. Ilyctes X =Y = ¢! u oneparop T: X — Y 3amaerca dopmyaoit
T(ul,uz,...) = (0,’&1,11,2,...),

uHade roBopd, T’ ecTh onepamop npa6ozo cosuza. Torma conpsizkeHHbIH omepaTop 17 : £° — (> peiicTByeT 110
dopmyite
!
T (ul,ug,...) = (UQ,’U,37...).

IIpwm stom ||T)| = ||T’|| = 1.

IIPEANOKEHUE XI.1. Omobpasicenue T — T’ ssasemcs uzomempuets npocmpancmea B(X,Y) 6 npo-
empancmeo B(Y™* X*).
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JOKABATEJILCTBO. YKa3aHHOe OTOOpaskeHue, 09eBUIHO, JuHeiiHo. Kpome Toro,

ITlsccy) = sup |Tull = sup ( sup [F(Tw)]),
llul<1 llull<1 M IFII<T

rJie BTOPOE PABEHCTBO BbITEKaeT U3 TeopeMbl Xana-banaxa (cm. ciencrsue 1X.2). Boipaxkenue B npaBoii yactu
MIOCTIEJTHETO PABEHCTBA PABHO

sup (sup |(T'1)(w)]) = sup |1 = 7'l sy x-):
AT M lufl<1 llr1I<1

Cremosarensno, oneparop 1”: Y* — X* orpannden u orobpaxkenue T — T nzoMmeTrpudHo.

XI.2. ComnpsikeHHbIE OIEpPATOPbl B I'MJIbOEPTOBOM HPOCTPAHCTBE. B ciydae ruinbeproBa mpo-
crpancTBa H omneparop 17, CONpPSKEHHBINH K OrpaHAYeHHOMY JuHeiHOMy oneparopy 1: H — H, sasisercs
oneparopom u3z H* B H*. O603nauum 1epe3 C' oneparTop

C:H— H", H>vw (v,-) € H”,

COIOCTABJILAIONIUI BEKTOPY ¥ OlDAHUYEHHBI JuHedHbIil dbyHnkimonan (v, -) va H. Orobpaxkenue C siBisiercs
CONPsI?KEHHO-JINHelHOi n3omerpueilt H — H* (ciopbexruBHocTh C' BbITeKaer u3 TeopeMbl Pucca). Oupezennm
2unvbepmos conpasicennwvili onepamop T*: H — H 1o dpopmye

T :=C7'T'C.
Torna
(v, Tu) = (Cv)(Tu) (snavenve dynxnmonana Cv Ha BekTOpe T'u)
= (T'Cv)(u) (ompezenenne 6aHAXOBOIO COLPSI?KEHHOTO ONEPATOPA)

C~HT'Cv),u) (onpeienenme oreparopa C 1)

OTKYZa CJIELYeT, ITO
(v,Tu) = (T"v,u) Jst JIoOBIX  u,v € H.

ITPEAIOKEHUE X1.2. Conpastcennoiti onepamop T obaadaem caedyrowumu c60tUcmsamu:

(1) omobpasicerue T — T* ecmwv conpasicerno-aunetinan usomempua npocmparemea B(H) wa ceba;

(2) (ST)" = T"S";

(3) (1) =T

(4) ecau onepamop T € B(H) umeem oeparumermviii obpammnvti T, mo onepamop T* maxoice obradaem
ozparurentvim obpammoim u (T*) =1 = (T~1)*;

(5) omobpasicenue T +— T* nenpepvisho 6 cAaboll U PaBHOMEPHOT MONOAORUAL; OHO HENPEPLIGHO 6 CUALHOU
monoao2uu mozda u Moavko moezda, koeda npocmparncmseo H xonewromepho;

6) 7T = |7

JIOKABATEJILCTBO. YtrBep:xkienue (1) Borrekaer us npegiozkennst X1.1 uz 1. XI.1 u roro, 4ro orobpazkenue
C siBJIsieTCsl CONPSKEHHO-JINHEHON N30MeTPHeii.

Ceoiicra (2) u (3) IPOBEPSIIOTCST HEIIOCPEICTBEHHO.

Jokazatennctso croiictsa (4). Uz pasenctsa TT 1 = [ = T~T srirexaer coornomenne (T~1)*T* = I =
T*(T~Y)*, orkyma cienyer, uro (T*)~1 = (T—1)*.

Hoxkazarenncreo coiicra (5). HenpepoiBaocrs orobpazkenust T — T B cj1aboii TONOJIOrUM OYEBUIHA,
a ero HeIPePBIBHOCTh B PABHOMEPHOI TOmoJIorny BbiTekaeT u3 npesyoxkenns X1.1 n3 m. XI.1. Yro kacaercs
OTCYTCTBHS HEIIPEPHIBHOCTU ITOT0 OTOOPAYKEHUS B CHJILHON TOIIOJIOTUH JJIs OECKOHETHOMEPHDIX THIH0EPTOBBIX
npocrpancts H, To gocrarouno pacemorperh B H 22 (2 onepatop T), MpaBoro cBAra Ha N MAarop (CM. TpH-
Mmep X.1 u3 . X.1), 3agaBaembiit popmyoii:

Tn(ul,u2,...) :(07...,O7U1,U2,...).
N——

n
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Torma T,, — 0 B cmaboit, HO He B cuabHOM Tomosoruu. OmHako oneparop S, = T

n > DaBHBII

S’I’L(u17u2a H ) = (un+l7un+27 . )

CXONUTCS K HyJIIO cuibHO. B wacrHoctH, u3 cxomumoctr S, — 0 B CHJIBHOII TOIOJIOTHH HE CJI€LyeT CHUIbHAL
CXOAUMOCTD omeparopos S = T),.
Joxkazaresnncrso cgoiictsa (5). Hepasencrso || T*T|| < ||T]|? ouenno. B obparnyio cropomy:

ITul* = (Tu, Tu) = (T*Tu,u) < |TT| - |lu|® < | 77T
mpu ||lul|? < 1.
XI1.3. dapo u obpa3 JuHEHHOTO omeparopa.

OnpPeEJEHUE XI.2. Ilycts T: X — Y — jmmHeitHbBIN! OnIepaTop u3 BEKTOPHOTO TPOCTPAHCTBA X B BEKTOP-
HOEe TIPOCTPAHCTBO Y. Sdpom omeparopa T HA3LIBAETCS MHOYKECTBO

KerT = {u € X : Tu = 0},
a ero 06pazom UK 06AACTIBIO 3HAY%EHUT — MHOXKECTBO
ImT ={v €Y :v=Tu naa nekoroporo u € X }.

fcHo, uTo sapo 1 06pa3 JIMHEHHOTO OIIePATOPA SIBJISIIOTCS JIMTHEHHBIMU TOIIPOCTPpaHCTBaMu. [J1st GaHaXOBBIX
npocrpancts X, Y g1po Beerja 3aMKHYTO, OJHAKO 110 OTHOIIEHHUIO K 00pa3y 3TO BEPHO He Beerja (IpuMepb
Oy/yT IPUBEIEHBI HUXKE).

OnpPEAENEHUE XI.3. Ilycte X — GaHaxoBO mpoCTpaHcTBO, F — 3aMKHyTOe JIMHEHHOE MOIIPOCTPAHCTBO
B X, F' — 3aMKHyTOe JIUHEHOE ITOAIIPOCTPAHCTBO B X *. AnHyssmopamu noaupocrpaicTs F u F' Ha3bIBAOTCS
MHOXKECTBa BUJIA
E°={feX": f(v) =0 nusa moboro v € E},

F°={veX: f(v) =0 aua moboro f € F}.

OueBnIHO, YTO BBEJECHHBIE AHHYJISITOPHI SABJIAIOTCS JIMHEHHBIMU MIOITPOCTPAHCTBAME, IIPUYIEM ITOIITPOCTPAH-
crBo E° cnabo #-3amkayTo B X *, a nogupocrpancreo F'° cuibao 3amMkHyTO B X (11poBepbTe!).

[TPEATOXKEHUE XI1.3. ITycmo T: X — Y — oepanudenmnvili Aunetinul onepamop u3 6anarosa npocmpat-
cmea X 6 barnaxroso npocmparcmeo Y . Tozda

KerT' = (ImT)° u KerT = (Im7")°.

JOKABATEJIBCTBO. JloKa3aTeabCTBO BBITEKAET U3 CJEAYIONIEH IEeNOYKN SKBUBAJIEHTHOCTEM

f € KerT’ — T'f=0
A (T'f)(v) =0 nas moboro v e X
— f(Tv)=0 pua moboro ve X
— fe(mT)°.
Amnasnoruvso,
v e KerT — Tv =0
— f(Tv) =0 pus moboro f€ X*
— (T'f)(v) =0 pagsa moboro  f € X*
=  ve(mT).

CneacTBUE XI.1. 5dpo u 06pas conpsscertozo onepamopa 00460a0m CACIYOUWUMU CEOTUCTMEAMU:
(1) adpo KerT" caabo *-gamxnymo 6 Y*;
(2) o06pas ImT ecrody naomen 6 Y moeda u moavko moada, xoeda onepamop T' unsexmusen;
(3) onepamop T unsexmusern mozda u moavko mozda, koeda 06paz ImT’ caabo *-naomen ¢ X*.
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B caydae rumpbepToBa MpoCcTpaHCTBa MOCETHEE TTPEIIOKeHne TepedOpPMYIUPYETCs CJIETYIOIIM 00pa3oM.

[TPENJIOKEHUE X1.4. ITycmv T — ozpanuverndvill AUHEUHT ONEpamop 6 2uibOEPMOBOM NPOCTPAHCITL-

ee X . Tozda
KerT* = (ImT)* u (Ker T)* = Tm T*.

Hnvimu crosamu,

H=KerT*"®ImT =KerT & ImT*.
JlokazaTeaLCTBO OCTaBIsSeM YUTATeO.

BBenem s1Ba BarXKHBIX KJTacca JIMHEHHDBIX ONIEPATOPOB B THJIBOEPTOBOM ITPOCTPAHCTBE, KOTOPBIE OYIYT IMTOCTO-
SHHO BCTPEYATbhCS HaM B OCTaBIIENCS HacTH Kypca.

ONPEAENEHUE XI.4. Orpanndennbiii juneiinsiii oneparop A: H — H Ha3bIBAETCS CAMOCONDANCEHHDIM,,
ecn A = A*.

OnPEAENEHUE XI1.5. Orpanudenusiit jmneitasiit onmeparop P: H — H Ha3blBaeTcs npoekmopom, eCyu
P2 = P. Ecimu, KpoMe TOro, YKa3aHHBIH ONEpaTop SIBIISIETCS CAMOCOIPSKEHHBIM, T.e. P* = P, To Taxoit
[IPOEKTOP HA3BIBAETCS OPMO2OHAALHBLM.

O6sacre 3nadennii Im P npoektopa P Bcerja siBJIsieTCsl 3aMKHYTBIM IIOIIPOCTPAHCTBOM, Ha KOTOpOoM P
JeficTByeT KaK TOXKJIECTBEHHBIH omeparop. Eciam mpoektop P oproronaen, To on pasen mymo Ha (Im P)L.
WMubivu cmoBaMu, ecaim BEKTOP U TIPEJICTABIEH B BUJIE U = VU~+W B COOTBETCTBUU C OPTOTOHAJIHHBIM Pa3JI0ZKEHNEM

H=(ImP)® (ImP)*,

10 Pu = v. Tem caMpIM, MO2KHO yCTAHOBATH B3aMMHO-OHO3HAYHOE COOTBETCTBHE MEXK/Iy OPTOrOHAJBHBIMU
MIPOEKTOpaMU ¥ 3aMKHYTBHIMU JUHEHHBIMHU TOAIpOcTpancTBamu B H, 3amaBaemoe orobpaxkenunem P — Im P.

Jleknusa XII. CrekTp JimHeliHOro oiieparopa

XII.1. Onpenenenue u HaYaJIbHAdA KjaccuuUKaIlusi.

OnpPeEAEJEHUE XII.1. Ilycts T: X — X — orpaHW4eHHbIN JTUHEHHBINH OlEpaTOp, JAeiCTBYIOIN B 6aHaXO0-
BOM TipocTpaHcTBe X . TOBODSAT, 4TO KOMILUIEKCHOE YHCJIO A\ MIPUHAJJIEKUT pesosveenmuomy muoorcecney p(T)

oneparopa T, eciu AI — T siBisieTcst GUEKTHBHBIM OIIEPATOPOM C OTPAHUYEHHBIM OOpaTHBIM. Pezoaveenmoti
oneparopa T' B Touke A € p(T') Ha3bIBaeTCA OIEPATOD

RA\(T)= (N -T)"".

Eciu A ¢ p(T), To roBopsr, uyro A\ upunagexur cnekmpy o(T) oneparopa T

HAYAJIBHA S KJIACCUOUKALVS CIIEKTPA. 1) Bekrop v € X\ {0}, yaosiersopsiomuii pasercrsy Tv = v
npu #HekoropoM A € C, HazwpiBaeTcs cobcmeeHnvm eexmopom oreparopa ', a orBedaroliee eMy 9ucio A —
cobcmeertvim 3naveruem oneparopa 1. Ilpu Takom 3uadenun A orneparop Al — T, o4eBUIHO, HE UHbHEKTUBEH,
nosromy A € o(T'). MHOX)KecTBO COGCTBEHHBIX 3HaUeHNH onepaTopa T HA3BIBAETCS €r0 MOYEUHIM CREKMPOM.

2) Ecam \ ne aBisiercs cobcTBeHHBIM 3HaYeHreM oneparopa T u obiacts 3uadennii Im(AI — T') He miorHa
B X, TO TOBOPAT, ITO A JIEZKUT B 0CMAMOYHOM cnexmpe omeparopa 1.

XII.2. Pe3osbBeHTa U aHaIUTUYeCKne (PYHKIUU CO 3HAYEHUAMU B OAHAXOBOM HPOCTPAHCTBE.

OnPEAENEHUE XII.2. ®yukius v = u(z): D — X, 3ajnanHas B objactu D Ha KOMIUIEKCHOH IIJIOCKOC-
TH (C 1 IIpmHUMAIOIIad 3HAYCHUA B 0aHaXOBOM IIPOCTPAaHCTBE X, Ha3BbIBACTCS CUABHO GHAAUMUYECKOT B TOUIKE
zo € D, ecim cyImecTByeT mpeses
lim u(zo + h) —u(zo0) .
h—0 h

QyHKIMS, CAILHO AaHAJUTAYIECKAS B KaXKI0M TOUKe 29 € D, HA3BIBAETCS CUAbHO GHAAUMUYNECKOT 8 obaacmu D.
C nmpyroit croponst, byHKIMs 4 = u(z) Ha3BIBALTCH €Aa00 anasumuueckot B obaactu D, ecin f(u(z)) apasercs
KOMIIJIEKCHO aHAJUTAIeCKOl (byHKnumeit ot z € D miisa smoboro dyukimonana f € X*.
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Mp#b1 noKaXkeM HUKe, IYTO 00a MOHATUS aHAJTUTHIHOCTH KBUBAJEHTHBI ApyT Apyry. s sroro mpensapu-
TEeJIbHO JJOKaXKeM CJIEJIYIONLYIO JIEMMY.

JIEMMA XII.1. ITocaedosamenvrocms {un}o2 1 6ekmopos u3 6anaxosa npocmpancmes X A6AAEMCHA NocAe-
dosamenvrocmoio Kowu mozda u moavko moeda, kozda { f(u,)}>2, asasemca nocaedosamenvrocmoio Kowu
) n=1
pasromepro no f € X* ¢ ||f]] < 1.

JIOKA3ATENBLCTBO. Ecim {uy,} ecrs mocienosarensuocts Komm, to just moboro f € X* ¢ || f]l
CIIpaBeJJINBa OTIEHKA

|f(un) - f(um)| < ”un - umH;

u3 KoTopoit ciemyer, uro {f(uy,)} saBisercs mocienopareabHocTbio Ko pasromepro o f € X* ¢ || f|| <1
O6parHo, 1o cirencrsuio 1X.2 u3 reopembl Xana—banaxa

”un - um” < sup ‘f(un) - f(um)‘

llFll<

Econ {f(u,)} siBasiercst nocenosaresnsHocTbio Komu pasromepro no f € X* ¢ || f]| < 1, To u3 nocsenneit
OIIEHKH HEMEJJIEHHO cJiefyeT, 910 {u, } ecrb nocienosarenbuocts Korm.

TeOPEMA XII.1. Kaotrcdas caabo anasumuveckas 6 obaacmu D dynryus cusvio aHasumuyHa 6 amot
obaacmu.

JIOKABATEJILCTBO. Ilycrs dbynkiua u = u(z) caabo anamuruana B obsactu D u zg € D. O6oznadunm
gepes ' OKpy»KHOCTB € TIEHTPOM B Z(, OTPAHUYHBAIONIYIO KPYT, JIesKamuii B D BMeCTe CO CBOMM 3aMBIKAHUEM.
Torpa s smoboro f € X* dbyuxknua f(u(z)) anamuruana B D, nosromy 1o dopmyie Komu umeer mecro
IIpeJICTABJIEHUE

u(zo + h) — u(zo)] d

/ ) - = f(u(z)

- 2%2 r[flz(z— (zlo+h) - 3—120) - (2 —120)2}“70(“(2))612

IpU yCJIOBUH, 9TO zo + h nexur BHyrpu I'. SameruMm, uro B cmiy nenpepwiBaoctu dyukuuu f(u(z)) ma I'
CIIpaBEJINBA, OLEHKA

Z=Z0

|f(u(2))] < Cy npn z €T

¢ Hekoropoii Koucrantoit Cy > 0.

Paccmorpum cosokynrocrs dbyrknuii {f(u(z))} Kak cemeiicrBo ymHeRHbIX oTobpaxkennit u(z): X* — C,
u(z): f — f(u(z)), saBucamux or napamerpa z € I'. Tak Kak 3Tu oTOOGparKeHUs OrPAHMYEHBI IIPH KAXKJIOM
f € X*, ro no reopeme Banaxa—IIIreiinraysza

sup [lu(z)|| < C
zel

Jutst HekoTopoit kouctautsl C' > 0. ITosromy

H wz +h) - (20)]—61 N PRI < R )

(20 —|—h))(z—zo) (z — 20)?

; = fu(=)

=2z
IloapraTerpasibHOE BRIPayKEHNE B IIPABOY YaCTH PABHO

1 _ 1 h
(z—=(z0+h))(z—20) (2—20)2 (z—=(20+h))(z — 20)?

OHO paBHOMEPHO OTPAHUYEHO O h IpU (PUKCHPOBAHHOM Z( U IPOU3BOJLHOM 2z € I M cTpeMuTCs K HYJIIO IIPU
h — 0. ITosromy u3 onenkn (XII.1) BBITEKAET, UTO 151 JHOOOH TTOCIEI0BATENBHOCTH hyy — 0 TIOCTIEIOBATE -

HOCT {f|:u(20+hn;n) —u(z())”

SIBJISIETCSL TIOCIIe0BaTeabHOCThI0 Komm pasHoMepro 110 f € X* ¢ || f]| < 1. o semme XII.1 mocsenoBaress-

HOCTD {U(ZO + hy — n) — u(20) }

1 h
2= z0l* [z (20+R)]

b,
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TaKKe sIBJIFETCs MOCIEI0BATEabHOCTRI0 Komm mius mo6oit mocaenosaresbroctn h, — 0. CremoBarensho,
CYIIECTBYET IPeIest

lim u(zo + h) —u(zo0)

h—0 h ’
T.e. pyHKIMA u(2) CHIBHO aHAJMTUYHA B TOYKE 29 € D, a B CUJTy TIPOM3BOJIBHOCTH Zg, U BCIOAY B obmactu D.

BBumay mokazanmoit TeopeMbl HAM HET HEOOXOAMMOCTH Pa3/IndaTh JaJjee CUJILHO U C1ab0 aHAJUTHIECKUE
GbyHKIIMKA cO 3HAYCHUIMU B OAHAXOBOM IPOCTPAHCTBE, ITO3TOMY B JAJIbHENIIIEM Mbl Ha3bIBAEM TaKue (DyHKIIAN
TPOCTO AHAJUTUICCKUMU.

TEOPEMA XII.2 (reopema o pesombsente). Ilyemv T: X — X — ozpanusenmnvidi aunetinoll onepamop,
deticmeyrowut 6 banarosom npocmparcmee X . Tozeda ezo pesoavsermuoe mrnoocecneo p(T) omxpumo 6 C u
R\ (T) sasasemces anarumuseckol dynxyuet na p(T) co snavenusmu 6 6anarosom npocmpancmee B(X).

[anee, das mobvix A, € p(T') onepamopve Ry (T) u R,(T) xommymupyrom dpye ¢ Opyeom U 6binosHAEMCA
caedyrousee mootcdecmeo Luavbepmas:

RA(T) — Ru(T) = (11~ NRA(T)R,(T). (XIL2)

JIOKABATENIBCTBO. Wjest 1OKA3aTe/beTBa IIOACKA3BIBAETCH CJIEAYIOMUM (OPMAJIBHBIM BBIYUCICHUEM.
Iycrs Ag € p(T). Torna

1 1 1 1 1 /o= A\"
_ — . = 1+ Z .
A=T A=Xd+Mo=T) X—-T 1—X-=XN/(X=T) X-T =\ XN -T
I/ICXO,HSI U3 93TOro BLI‘II/IC.HGHI/IH, €CTeCTBEHHO BBECTHU (byHKI_LI/IIO

RA(T) := Ry, (T) [1 + i(xo - A)"R,\O(T)”] .

PsJi B KBaJpATHBIX CKOOKAX CXOAUTCS B PABHOMEPHOI TONOJIOIMHU NIpH yejoBud, 9To |[Ag — A| < 1/||Rx, (T)]|-

—_~—

Hoa rakux A dynkuus Ry (T) KOPpeKTHO ONpejiesieHa u yJA0BIeTBOPAET COOTHONIEHUIO

(AL = T)RA(T) = I = R\(T)(AI - T). (XIL.3)

HeiicTBuTesibHO, IPOBEpUM, HalpuMmep, JeBoe paBencrso. IIpemcraBum A — T B Buge cymmbl (A — A\g)l +
(Ml —=T). Torna

(A = Xo)RA(T)
= Aol —=T) M (A=) + (A=) X0 = N Aol =T)"1+ (A= Xo) (Ao — A2l —T) 2+ -]
(Aol — T)RA(T)
=M =T) " XI =T)+ (Ao = NI+ Ao = ANl =T) "+ A=A NI =T) > +---].

CyMMa 9TUX BBIPAXKEHHIT JaeT

(A = M) BA(T) + (Mol —T)RA(T)
= Aol =T)7 (Ml =T) = (Ao = NI+ (Ao = NI = (Ao = ) (Aol =T) 7 + (Ao = N)* (Aol =T) 7" + -]
=l —=T)"(Nl —=T) =1

—_~—

N3 coornomenust (XI1.3) seirekaer, uro Ry(T) = R(T) u A € p(T) upu |A — Xo| < 1/||Rx,(T)||. Beumy
IPOU3BOJIBHOCTHU Ag OTCIOA cJieyet, 4o MHOxKecTBO p(T') oTKpbITO, & dynkius Ry (T'), 3a1aBaemMas abCOIIOTHO
CXOJSIMMCsI CTEIIEHHBIM PAIOM, aHajuTudHa Ha Muoxkectse p(T).

s moxasartenscrsa ToxkaecTsa ['misbepra mpeobpasyem pasuocTs Ry (1) — R, (1), HOIB3ysCh TOXKIECTBA-
vt Ry(TYM —T)=1=(ul —T)R,(T):

RA(T) = Ru(T) = RA(T)(ud = T)Ryu(T) = RA(T)(AM = T)Ru(T) = (1 — A)RA(T) Ru(T),

4ro joKasbiBaeT Gopmyiy (XII.2). Mensist B 9T0M COOTHOIIEHHH A U 1t MecTamu, fokaxkeM, 9o Ry (1) u R, (T)
KOMMYTHUDYIOT JIPYT C APYTOM.
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CaeactBUE XII.1. Cnexmp oepanuuernnozo aunetinozo onepamopa T: X — X uenycm.

HOKABATEJBLCTBO. CHOBa BOCIIO/IB3yeMCst (DOPMAIBHBIM BBIUUCICHIEM

1 1 1 1 = /T\"
A_Txl_T/AA{”;@) ]

Wcxonst n3 9TOro BBIYHUCEHUs, BBEJEM (DYHKITUIO
— 1 & T\"
Ry\(T) :=—|1 — .
D=3+ 3(5) |

Ecou || > ||T||, TO psii B KBaIPATHBIX CKOOKAX CXOAUTCs 110 HOpMe. IIpsiMoe BBIUUC/IEHNE TIOKA3BIBAET, ITO

(= T)VRA(T) = I = Ba(T)(M — T),
orkyza cieayer, uro Ry(T) = Rx(T) upu |A| > ||T|. Kpome Toro, omeHka yKa3aHHOIO DPsijia IIOKA3BIBALT,
qaro ||RA(T)|| — 0 mpu |A\| — oo. Ecim 681 criekrp o(T') 6611 mycts, To dyukiums Ry (T) 6buia 6bl mesoit
AHAMTHIECKON (DYHKIMEH, CTpeMAIeicsa K Hysl0 Ha GECKOHETHOCTH, T.€. HyJIEM, 9TO HEBO3MOXKHO.

[TocTpoeHHbII TIpH JTOKA3ATEbCTBE CJCJCTBUSI Psijl JIJIsi PE30JIbBEHTHI Ha3biBaeTcst padom Hetmana miist
R (T). I3 upuBeIEHHOTO JIOKA3ATEIbCTBA CIIeyeT, 9TO creKTp ¢ (T') sIBJISeTCs HEMyCThIM 3aMKHY THIM MHOXKE-
CTBOM, COJIepzKaIMcst B Kpyre paguyca ||T|| ¢ ieHTpoM B HyJle, nHaYe roOBOPs, KOMIIAKTHBIM o MHOKecTBOM C.
XII.3. CunekTpaJbHBbIil pagunyc.

OnpeAEJEHUE XII1.3. Cnexmpaavtvim paduycom omeparopa T’ Ha3bIBAETCs BEJIUINHA

r(T)= sup ||
Aeo(T)

U3 Teopembl 0 pe30JIbBEHTE HEMEIIEHHO ciieryerT, uto GyuKiws Ry (1) anammtuana B obmactu U := {\ € C:
[A| > r(T)}.

Tak kak crekTp oneparopa T’ comgepxkurcsi B Kpyre {A € C : |A| < ||T||}, To »(T) < ||T||, orkyza cuenyer,
qro obaacte V := {A € C : [A\| > ||T||} comepxurca B obsmacru U. Bosee Toro, kak GbUIO IOKA3aHO IPH
JTOKA3aTebCTRe TIPebLIyeil Teopembr, pesonbeenTa Ry (1) samaercs B V' cxomstmumes pagom Heifivana.

TeEOPEMA XIL.3. Ilycmoe T: X — X — oepanuvennoili aunetinoii onepamop 6 6aHaro80M MPOCMPLHCM-

se X . Tozda npeden lim,, o ||T™ ||/ cywecmeyem u pasen cnexmpasvnomy paduycy onepamopa:
r(T) = lim ||T"]Y/".
n—oo
Ecau X = H ecmo 2uavbepmoso npocmpancmeo u onepamop T = A camoconpsiocers, mo r(A) = || A

JIOKABATEJIBCTBO. Kaxk 6buio ormedeno paunee, pan Heiimana mius Ry (T) cxogurces B obaactu Vo:= {A :

> . ITpumensa x meMy sunelnbtit dynxknuonan f € X*, nomyaum pasioxenue B psaz Jlopana dbyHkimu
A 7|} 11 WHBI X* JI
f(RA(T)) B obnactu V:

FRAT) = 3 sy AT, (XIL4)

Ho dyuxmusa f(Rx(T)) anamurnana Takxke B obsmactn U := {A : |A| > r(T')}, nosromy psn Jlopana (XII.4)
CXOJIUTCS U B 9TOIl 06/1aCTH.
ITo mepasencTBy Komm

T _
A =
. *
rae Cy > 0 — KOHCTaHTa, 3aBHCAIIas OT JuHeiinoro dynknuonasna f € X*, o He 3aBucamaza or n. Orciona
B cuity Teopembl Banaxa—IllTeituraysa ciaemyert, ITO

17"
|>\|n+1 =
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Jutst mo6oro n ¢ korcrantoit C' > 0, He 3aBucameit ot n. Ilepexoss K BEpXHEMY TPEJIETy, TTOTy UM, 9TO
Tim /T < A
upu ao6om A ¢ |A| > r(T). CrenosaresnbHo,
Tim YT < (T). (XIL5)
C apyroii croponsl, eciu A € o(T'), TO U3 TOXKIECTBA
AT —T" =M = T)N" T+ A" 2T - T 1)

BBITEKAET, 94TO MpH TakoM A oneparop A1 —T" e obparum (mockoabKy u3 obparumoctu A" I — T™ BbITeKAIO
6b1, uTo onepaTop Al — T mmeer obparblit, pasablit (A" "1 + A" 72T + ... + T~ H (A" — T™)~1). TlosTomy
A" € o(T™), oTKyaa

A <@ < T = I <IIT Y™

3 moceiHero HepaBeHCcTBa CIEIYET, ITO

VAT

n

r(T) < lim

Comocrapisisi 9T0 HepasencTso ¢ nepasenctsom (XI1.5), momyuaem, aro mpemer lim, o || 771/

u paset 7(T).
Ecin X = H ectb rusibbepToBo mpocTpancTsBo u oneparop I = A camocoupsizkeH, To B cuity cBoiictsa (6)
u3 nperorkenns X1.2 (em. 1w X1.2) Gymem mvers ||A2]| = ||A]?, orxyma [|A2" || = ||A||*". Hosromy

CYIIEeCTBYeT

F(A) = Tim [A5]V5 = tim A2 = ]|A].
k—oo n— 00

XII.4. CrekTp compsi>KEHHOTO OoliepaTopa.

ITPEMIOKEHUE XII.1. Fcau T: X — X — aunetdnull oepanusennsvili onepamop 6 6anaro8om npoCcmpat-
cmee X, mo
o(T) =o(T") U RA(T") = RA(T)'.

B cayuae zuavbepmosa npocmpancemea X = H cnpagedausv, coommowenus
o) =o(T) u  Ry(I") = Ra(T)".
JIOKABATEJICTBO. U3 onpenenenns GaHaxoBa CONPSIZKEHHOTO oneparopa 1’ BLITEKAET PABEHCTEO
AN -=T) =X-T.

U3 HETO ciieyeT MepBoe yTBEPKIEHHUE TIPEJJIOKEeHUsT. BTOPOe yTBEPXKIEHNE BBITEKAET U3 COOTHOIIeHNs 1 =
C~T'C nna rumnbeprosa conpszkennoro orepatopa 1, tyie C' — coNpsizKeHHo-THHeltHAsS H30MeTpus v — (v, -)
rus6epToBa IMpocTpancTBa H Ha cONpsizKeHHOe K HeMY IpOCTpancTBo H*.

ITpuMEP XII.1. ITycts T — omepaTop JI€BOrO CABUra B IpocTpaHcTse {1, neficTBylommuii o dopmyiie:
T: (xg,z1,22,...) — (z1,22,...).

ConpsizkeHnblii K Hemy onepatop 1" jeiictByer B nmpoctpanctie £°° 1o dopmyie:

!
T (xo,xl,.’ﬂg,. . ) = (0,%0,%1,1’2,. . )
Tak kax |T|| = ||T']| = 1, To obmacts {A € C: |A| > 1} nexur Kak B pesoabBeHTHOM MHO)KecTBe p(T), Tak u
/

B p(T").

Uccnenyem cuagasa Touednslii ciiekrp oneparopa 1. s sToro BoseMeM A ¢ [A| < 1 u paccmoTpuM BeKTOD
uy = (1,\,A2,...) € £1. DTOT BeKTOp ABIACTCA COOCTBEHHLIM Jiis ofepaTopa T ¢ COOCTBEHHBIM 3HAUEHHIEM N,
T.€.

(A = T)uy = 0.
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Cure1oBaTeIbHO, TOYEUHBIN ClIeKTD oreparopa T’ comepKuT OTKpPBIThIA enuaungnbiii kpyr {|A| < 1}. Tak kax
cuektp o (T) sABjsieTcs 3aMKHY ThIM MHOXKeCTBOM, TO 0 (T') I0JI2KEeH COBIAJATH C 3aMKHYTBIM €UHUYHBIM KPYTIOM
{|A| <1} (oTcroma, KOHEUHO, HE CJIEYeT, UTO €JMHUIHASI OKPY’KHOCTDh TIPUHAJJIEXKAT TOUETHOMY crieKTpy T).
ITo noKa3aHHOMY IIPEJIOKEHHIO CIEKTD CONpPsizKeHHOTo oreparopa o (1) Takyke COBHANAET ¢ 3aMKHYTHIM €11~
HUYHBIM KPYTOM.

IMokazkeMm oHAKO, 9TO orneparop 1’ BoOOIIEe He UMEET TOYEIHOrO CIEKTPa. JefiCTBUTEILHO, JOIMyCKasl Ipo-
TUBHOE, TIPEJIIIOJIOKUM, 9TO BEKTOD & = (Zg, L1, T2, ...) € £°° aBigerca cOOCTBEHHBIM Jyis oneparopa 17, T.e.
(M —T")x = 0. Toraa JKOMKHBI BBIIOIHATHCH PABEHCTBA

Arg =0, Axqy=z09, Arxo=1x1, ...,

U3 KOTOpBIX BhITeKaeT, uro T = 0. Mzyuum o6pas oneparopa A — T”. JIjst 3TOro BeIMUCIUM 3HadeHue (pyHK-
mmonana (A —T')f, e f — nmpousBobHbI dynKkmonan w3 (£1)* = (°° #a BeKTOpe U :

[ = T') f)(un) = FIOM = T) ()] = 0.

Wubivu cotoBamu, 060 dbyHKIMOHAT 3 obaactu 3HadeHnit Im(A] — T') ofpamiaercst B HyJib HA BEKTODE Uy,
T.e. obsacTh 3Havernit Im(AI —T") He nutoTHa B £°° (Tak Kak 1o Teopeme Xana—bBanaxa B £ cymectsyer (hyHK-
[MOHAJI, He PaBHBI Hy/I10 Ha ) ). CiegoBarenbio, equananbiii Kpyr {|A| < 1} nejaukom JeKuT B 0CTATOIHOM
cnekTpe omeparopa 1.

BaiimeMcst Terepb TOYKaMU Ha equHIIHON okpykHOCTH {|A| = 1}. IIpeanonoxum, aro (Al — T)x = 0 s
HEKOTOpOro BeKTopa r = (T, 1, T2, ...) € 1. Torma

T1 = Axg, X2 = ATy, ...,

OTKY/a clieyet, uato BeKTop o = xo(1, A\, A2,...) = mouy me Moxer npuHasiexars £ mpu || = 1. Cienosa-
TEIBHO, HA €MHUIHON OKPY?KHOCTH HET TOYEK TOYEUHOro crekTpa omneparopa 1. C apyroi cTOpOHBI, eciiu ObI
obpas Im(A — T') we 6611 oTen B £, To B £°° Hamecsa ObI HeHyIeBOi (DYHKIMOHAT f TaKoif, 9To

FIA =T)(u)] =0 utst BCex  w € £

Ho st0 oznauaso 661, aro [(A —T") f](u) = 0 na mobom BekTope u € (1, T.e. byHKIHOHAT f GBLT 6B COOCTBEH-
HBIM BEKTOPOM i omepaTropa 1’ ¢ cOGCTBEHHBIM 3HAYEHHEM A, YTO MPOTHBOPEYHUT OTCYTCTBUIO TOYEUHOTO
crekTpa y oneparopa 1”. Utak, eauHAYHAS OKPY’KHOCTb HE IPUHAJIEKUT HU TOUYCIHOMY, HU OCTATOTHOMY
crieKTpy omeparopa 7.

C zpyroii cTOPOHBI, OHa IPUHAJIEKUT OCTATOYHOMY CIEKTPy omeparopa 1”. Jljis joka3areabeTBa 3TOro
YTBEPXKJIEHUS YKAasKeM OTKPBITBIN map B £°°, He nepecekaromuiica ¢ obpazom Im(A — T7).

Samerum, uro ecim x = (A — T")y 1j1si HEKOTOPHIX BEKTOPOB X,y € £°°, TO KOMIOHEHTBI STHX BEKTOPOB
Oy/IyT CBSI3aHBI COOTHOIICHUSIMU BUJA

xO:)‘yOu $1:)\y1—y07 ) x’n:)‘yn_ynfh L)

T.€.
1 n
n = A E AN T,
m=0

— =2
BosbmeMm BekTop z Buzma {1, A\, A", ... }. YrBepxkaaercs, 94To 3aMKHYTHI map {w € £ : ||w — z|[g~ < 1/2}
C IIEHTPOM B TOYKe z U pajuyca 1/2 He mepecekaercst ¢ Im(A — T7).
JleiicTBUTEILHO, 3aMETHM, IIPEXKJIe BCEro, UTOo

Re(A"wy) = Re(A" 2z, + A" (wy, — 25)) = Re(N"2p,) + Re(A" (wy, — 21)).

Ho
—[A"(wp, — 2n)| < Re(N"(wy — 25) < (A" (wn — 20),
[IO3TOMY

Re(A"wyp) = Re(N'zp) — [N (wn, — 2p)| 21— = = <.
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3amoMHIM 3TO COOTHOIIIEHUE U IIPEJITOJIOXKUM, UTO JJIsi HEKOTOPOrO BEKTOpa U € {°° BBIIOJHEHO DPABEHCTBO
(M — T")u = w. Torjga KOMIIOHEHTBI 9TOM0 BEKTOPA, KAK OTMEYEHO BBIIIe, JIOJKHbI UMETh BUJL

n
—n+1
Up = A E AW,

m=0
OTKY/1a
n n nt1
”unH = || Z )\mme P Z Re(/\mwm) P 5
m=0 m=0

YTO, OUEBUIHO, HeBO3MOXKHO. CiieioBarenbio, obnactb suadenuii Im(AI — T') He nepecekaeTcs ¢ 3aMKHYTHIM
nrapom pajuyca 1/2 ¢ neurpom B Touke z. Tem cambiM, euHudHAs OKPYKHOCTD {|A| = 1} nesukom npunan-
JIEKUT OCTATOYHOMY CIEKTPY oreparopa 1.

HUrax, crieKTp oneparopa T’ COBIAIAECT ¢ 3aMKHYTBIM € IUHUIHBIM KPYTOM, IIPU 3TOM OTKDPDLITBIA € IMHUTHBII
KPYT IeJMKOM IPHHAIJIEKUT TOUETHOMY crieKTpy 1, a octaTounslii criekTp 1" myct. C 1pyroii CTOPOHBI, CIIEKTP
CONPSI?KEHHOTO omeparopa T’ TakKe COBIIAJAeT ¢ 3aMKHYTBIM €JIMHUYHBLIM KPYTOM, HO IIPH 3TOM TOYEYHDIH
crrekTp T mycTh, a OCTATOYHBI ceKTp T’ COBIIAJAECT CO BCEM 3aMKHYTHIM €IMHUYIHBIM KPYTOM.

Ha camom mese, cipaBeiyinBo ciemyroree o01ee MpejioyKeHre, KOTOPOe MbI OCTABJISIEM B KAIECTBE 3a/1a9H.

IIPEANOKEHUE XII.2. 1) Ecau wucao A npunadaesicum ocmamounomy cnekmpy onepamopa T, mo ono
A€dCUM U 6 modewnom cnexmpe onepamopa T'.

2) Ecau wucao A npunadaescum moueurnomy cnekmpy onepamopa T, mo ono aedcum aubo 8 modwewHom,
aubo 6 ocmamounom cnexmpe onepamopa T .

O6paruMcst Terepb K CJIydaio rjib0epToBa IPOCTPAHCTBA.

[MPEMIOKEHUE XII1.3. ITycmo A — camoconpasicernnvii onepamop 6 2usvbepmosom npocmparcmee H .
Tozda
(1) onepamop A ne umeem ocmamouro2o cnexmpa;
(2) o(A) CR;
(3) cobecmeentivie 6eKMOPDL, OMBEHANOULUE PABAUNHBM COBCTNEEHHBIM SHA%EHUAM onepamopa A, opmozonaiv-
HoL dpye dpyey.

JIOKABATEJIBCTBO. YrBepxkienue (1). Eciu 61 9ncsio A npuHAIIEKAI0 OCTATOYHOMY CIIEKTDY OLIEPATOPa
A, TO TI0 TTOCJIEeTHEMY TIPEJTIOKEHUIO OHO JIEYKAJIO0 ObI U B TOYETHOM CIIEKTPE oreparopa A, HO 9TH 9aCTH CIeKTpa
110 OIIPEJICJIEHUIO HE [T€PECEKAIOTCHL.

Vreepxkaenue (2). Eciu 2 = X + iy, To

A = N+ i) [P = (v, (A = AL +ip)(A = A = ip)v) = [[(A = A)o||* + p? o],
ITosromy mpu p # 0 mmeem
1A = X+ i) I]I1* > |l o],

OTKyJIa cyeyer, 910 oneparop A — (A + iy) obnasaer orpaHUIEeHHBIM OOpPATHBIM, OIPEJIEIEHHBIM Ha 06J1aCTH
snagennii (nogemy?). Ho aa obracts 3HaMeHMIT 1 CAMOCOIPSI?KEHHOTO OIIEPATOPa 3aMKHYTa (Cp. ¢ TeOPEeMOi
Xemmurepa—Termnna). Bosee Toro, oHa coBnasaeT co BCeM NPOCTPAHCTBOM, HOCKOJIbKY A He HMeeT 0CTaTod-
Horo crekrpa. CienoBarenbro, z = A+ iu € p(A) npu p # 0, re. o(A) C R.

Yreepxkaennue (3). Eciu A # pu Au = Au, Av = pv, 10

AMu,v) = (Au,v) = (u, Av) = p(u,v),

orkyza caemyer, yro (u,v) = 0.

Jleknusa XIII. IloasgpHoe pa3siioxkeHue

XIII.1. ITosoxkuTesIbHBIE ONIEPATOPhI U KBAJIPATHbIE KOPHHU. B 3T0it 1 MOCIeyONMnuX JEKINUIX MbI
HNOHUMAEM TI0J] TUIB0EPTOBBIM NpocTpaHcTBOM H cemapabenbHOE THIBOEPTOBO IIPOCTPAHCTBO (IO UEPKUBAST
9TO B TeX CJIydasix, KOrja JaHHOe OIpaHMYeHNe IPUHIUIINAIBHO).
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OnPEAENEHUE XIII.1. Orpanudennsiii quHeiHbit oneparop A B ruanbeproBoM mnpocrpancTse H Hazb-
BAETCS MOAOHCUMENLHDBIM, €CITH
(Au,u) >0 st Bcex  u € H.

Oo6oznauenune: A > 0. Anajornyso, HepaBeHCTBO A > B o3Hadaer, 4To oneparop A — B moJsioxKureseH.

ITPEMIOXKEHUE XIII.1. Kaowcdoili nosostcumenvtuiii onepamop 8 KOMnAEkCHoM 2uAbOEPMOBOM NPOCTIPAH-
CMBE CAMOCONPANCEN.

JOKA3BATEJ/IBCTBO. I3 paBeHcTB
(A*u,u) = (u, Au) = (Au,u) (coupstzkenmue)

BoITeKaet, 4ro ((A* — A)u,u) = 0 s moboro u € H. Besegem orciona, aro A* = A.
Ob6o3uaanm vepe3 T oneparop T := A* — A. Torga

(T(u+v),u+v)=0 = (Tu,v)+ (Tv,u) =0.
3ameHsis 371eCh v Ha iU, MOy IAM, 9TO TAKKE
i(Tv,u) —i(Tu,v) =0

YMHOXKas IEPBOE PABEHCTBO HA § W CKJIAJBIBAS CO BTOPBIM, MOJYYUM, YTO

(Tv,u) =0 Jst moboro u € H,
orkyma Tv = 0 mst roboro v € H, t.e. T = 0.

3AMEYAHUE XIII.1. Ouneparop T*T nonoxwureien mis moboro T € B(H), mockoabKy
(T*Tu,u) = || Tu|®> =0 st moboro u € H.

JIEMMA XIII.1. ITyemv A — o2panuseHHvill CaMOCONPANCEHHBIT ONEPATMOP 8 KOMNAEKCHOM 2UAbOEPTMOGOM
npocmpancmee H. Tozda

Al = S, |(Au, ).

JLOKABATEJIBCTBO. OueBmuno, supj, =1 [(Au, u)| < [|Al|. Joxaxkem mporupomonoxkuoe HepasencTso. 3a-
METHM, 9TO

Re(Au, v) = i[(A(u +o),u+v) — (A —v),u—v)].

[os3ysch oueBnaHbIM HepasercTsoM |(Aw, w)| < |lw]|? sup| =1 |(Az, 2)| (117 jokasarebeTBa KOTOPOro J10-
CTATOYHO TMOJIeUTE 06e ero vactu Ha |Jwl|?), noxyanm

lu+o]|* + [Ju — vl

|[Re(Au,v)| < 1 sup [(Az,z)] (TOXK/IECTBO TAPAJIIEIOrPAMMA)
ll=ll=1
2 2
w||” + |jv
I ET L
llzll=1
OTKY/Ia
[Re(Au, v)| < sup [(Az,z))
llzll=1
npu [|ulf = floff = 1.

O60znamm Terepnb wncao (Au, v)/|(Au,v)| aepes e (mpu (Au,v) = 0 oaraem ero paBHBIM 1) I TIOTOKIM
v = ey, Torpa [|V'|| = ||v| u

(Au,v") = (Au, ev) = e (Au, v) = |(Au,v)|,

tak uro (Au,v’) = Re(Au,v’) = |(Au,v)|. Tak Kak 10 Teopeme O NPEJCTABIEHHN KBAAPATUIHON (OPMBI
JMHEHHBIM onepaTopoM (cM. npeioxkenue IV.1) umeer MeCTO paBeHCTBO

[Al= sup [(Au,v)],
lull=lvl=1



Jlexnmsa XIIT 53

TO

A= sup |(Au,v)|= sup |[(Au,v’)|= sup |Re(Au,v')| < sup |(4z,2)].
[lul|=]lv]=1 [lull=(lv"||=1 [lul[=]lv"[|=1 [Iz]|=1

Tem cambiv, [|All = supy, = [(Az, 2)|.

TeoPEMA XIII.1 (reopema o KBaupaTHOM KopHE). ITycmb A — noaoscumesvrolll onepamop 6 Komnaexc-
HoMm 2uavbepmosom npocmparcmee H. Tozda cywecmsyem eduncmeennoili nososcumenvhoili onepamop B
maxoti, wmo B? = A. Boaee mozo, onepamop B kommymupyem ¢ n106b.m ONEPamopom, KOMMYMUPYIOULUM,
c A.

JIOKABATEJIBCTBO. Be3 orpannuenus obrimoctu MoxHO npemnosararsb, 4to ||A]| < 1. Torma (Au,u) <
[Aull - [[ull < [Ju]l?, orxyma

flull=1

Paccmorpum paszsioxkenue B CTENEHHOM PsJi aHAJTUTHYECKON DYHKIMH v/1 — A ¢ IEHTPOM B HYyJIe

1—A:1—%A—LA2— L3

—— 3_...: — — 2_ 3_...
9.4 246)\ =1 ClA CQ)\ 03)\

(BbIOupaeTcs BeTBb KOpHs /1 — A, paBaag 1 npu A = 0). Dror pag abCONIOTHO CXOAUTCS B 3aMKHYTOM €U~
mraaoM kpyre {|A| < 1}, npuaem Y07 | ¢, = 1. Ilosromy psx

I—ci(I—A)—co(I —A?—--.

CXOJIUTCS IO HOPME K HEKOTOpOMYy omeparopy B. Bo3Bojg 9T0OT psisi B KBQJIPAT U IPYIIUPYS B HEM YJIEHBI, KAK
B CKaJISIPHOM CJIydae, JOKa3klBaercs, uro B2 = A.
Tak kak 0 < I — A< I, 10

0<((I—-A)"u,u) <1

JUTsl BCEX HATYPAJBbHBIX N U BeeX © ¢ |lul| = 1. Tlosromy

(Bu,u)zleCn((I—A)”u,u) 2172%:0

n=1 n=1

upu |lu]| =1, re. B > 0.

Oneparop B KOMMYTHUPYET C JIIOOBIM OIEPATOPOM, KOMMYTHPYIONUM ¢ A, MOCKOJIBKY OH 3aJaeTCsl CXOJIs-
HIUMCsI IO OLIEPATOPHOl HOpMe DsijioM 110 creneram (I — A).

JlokaxkeM eIMHCTBEHHOCTH yKa3aHHOro omeparopa B. IIpeamnosioxkumM, 4To CyIecTByeT JIPpYyrol OmepaTrop
By > 0 raxoit, uto B? = A. Tak kax BjA = B} = ABj, To By xommyTupyer ¢ A u, cieosarenbho, ¢ B.
IIosTomy

(B —B1)B(B — B1) + (B — B1)B1(B — B;) = (B> — B{)(B — By) =0.

JlaraeMbIX B JIEBOI YaCTH IIOCJIE/THET! BEHCTBA IOJIOXKUTEIHHBI, IIO9TOMY KaXK, U3 HUAX JIOJIKH
Ho oba ciarae €BOil Jac OCJIE/IHETO PABEHCTBA II0JIO e , TIO3TO axji0e u3 o o
paBHATBCs Hy/0. Tem cambiM, paBHa HYJIO W UX Pa3HOCTb, copmataiomas ¢ (B — By)3. Tak xak omeparop
B — B; caMocolpsi>KeH, TO

|B = Bi|I* = |(B — B1)*|| = (B~ B)*(B~ Bi)|| =0,
otkyna B = Bj.

SAMEYAHUE XIII.2. Oueparop B, MOCTPOEHHBIN B IpebIIyIeil Teopeme, OyineM obo3HaYaTh yepe3 B =
VA 1 HA3BIBATE KEAOPAMHBLM KOPHEM T3 TIOJOXKITEIHHOr0 oneparopa A. Eciu T — mponsBo/IbHBIH OrpaHIdeH-
HBII JUHeHbIT onepaTop B H, To omeparop 17T, Kak 0TMedYasoCh BBIIIE, MOJOKUTEIEH U IOTOMY OIIPeIe/IeH
omnieparop vV I*T, koropslit ob6ozuagaerca uepes |T|, re. |T| = vV T*T.
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XIII.2. HacTuvHO m30MeTpUIECKHE OMepPaToOpPhbl U IMOJIIPHOE Pa3JIoXKEHHE.

OnPEAENEHUE XIII.2. OrpanuuenHblii JinHeiiHbIil onepaTop V' B rujibbepToBOM IIpocTpaHcTBe H Ha3bI-
BAaETCs U3OMEMPUYECKUM, €CITH
IVul| = ||ul g Beex  u € H.

OmnepaTop V HA3BIBACTCS “aACMUNHO USOMEMPUECKUM, ECTTH OH M30MeTpideH Ha momnpoctpanctse (Ker V)L,
t.e. oneparop V: (Ker V)t — ImV yuurapen.

Ecim omneparop V' 4WacTHYHO M30METPHYEH, TO CONpSYKEHHbII K Hemy omeparop V*: ImV — (Ker V)t
TaKyKe YaCTHYHO M30METPHYEH M sABJsgeTcs oTobpaskenuem, obparubm K V: (Ker V) — Im V.

[TPEMIOKEHUE XIII1.2. ITycmov V' ecmv wacmuywno uzomempuueckudi onepamop 6 2uabbepmosom npo-
cmpancmee H. Tozda onepamopvr P := V*V u @Q := VV* asaaiomes opmozonaibhvimu, npoexkmopamy coom-
sememeeno 1a noanpocmparcmea (Ker V)L u Im V. O6pammo, ecau dan nexomopozo onepamopa V € B(H)
onepamopv, V*V u VV* asaaromes npoexmopamu, mo V. 4wacmuwHno usomempuier.

,ZLOKaSaTeIIBCTBO 9TOr'0 IIPEAJIOZKEHUA MBI OCTaBJIAEM B BHIE 3aJa9U.

TEOPEMA XIII.2 (reopema o mosspHoM pazjoxkenun). ITycmo T — oepanudennvil aunednvii onepamop
6 euavbepmosom npocmparcmee H . Tozda cywecmeyem wacmuuro udomempuyeckuts onepamop V. maxoti, wmo

T=VVvT*T =V|T|.
Onepamop V' odnosnauno onpedeasemcs ycaosuem: Ker V= KerT. Kpome mozo, ImV =ImT.

JIOKA3BATEJBCTBO. Oupenenum oneparop V: Im |T| — ImT 1o dopmyie
V(T |u) := Tu.

3amernm, 9TO

T2 = (T* T ) = | Tul. (XIIL1)

TToaromy omneparop V' onpezesnen koppektso: ecan |T'|lu = |T|v, ro u Tu = Tv. W3 31010 K€ COOTHOINIEHHUSE
craeIyeT, uTo oneparop V ABJISETCA U30MeTPUYECKHUM, II0ITOMY 0 TeopeMe 00 OrpaHMYeHHOM JIMHEHHOM OTO6-
PasKeHNH OH JIOIYCKAeT IIPOIOIKEHIe 10 M30METPHIECKOTO OIepPATOPa,

V:Im|T| - ImT.

IIpomomkxum V' ma Bece mpoctpanctso H, momarag ero pasubiM mymio na (Im |T'])+. Tak xax omepatop |T|
CaMOCOIIPAYKEH, TO

(Im|T))* = Ker |T].

Bouee Toro, Ker |T'| = Ker T BBy (XIII.1). Crenosaresnsro, Ker V = Ker T

JlokaxkeM eIMHCTBEHHOCTH yKasaHHoro omeparopa V. IIpeanonokmm, 9To CyImIecTBYeT JAPYroil 4acTHTHO
n3zomerpuieckuii oneparop Vi ¢ KerV; = Ker T, koropsrit ynosnersopsier coorrnomenunto 1T = Vi|T|. Torna,
ouesnHO, Vi nomken cosnagarh ¢ V ma Im|T|. Kpome Toro, ma (Im |T'|)+ = Ker T o6a omepatopa JO/KHEL
OBITH paBHBI HYJIIO 110 ycaosuio. Ilosromy Vi = V.

Jleknus XIV. KomnakTHbIe oniepaTopbl

XIV.1. Ompenesenne u mpuMepkbl.

OnpeEAEJNEHUE XIV.1. Jluneiinsiit oneparop T: X — Y wu3 6anaxoBa mpocrpaHcTBa X B 0AHAXOBO IMPO-
CcTpaHCTBO Y HA3LIBACTCS KOMNAKMHbIM, €CJIA OH IepeBOJUT OrpaHHYeHHbIe HOAMHOXKecTBa 13 X B IIPeJIKOM-
HaKTHLIE TOMHOXKecTBa u3 Y . IHbIMu citoBamu, onepaTop 1’ KOMIIAKTEH, ecJiu /s 110001 Ioc/Ie0BaTeTbHOCTH
{un sy, un € X, mocnenoBarensocts {Tu, } ee 06pa30B COMEPKUT CXOMSIIYIOCS MOIIOCTEA0BATETBHOCTb.

IIpuMEP XIV.1 (unTerpasnbHbie oneparopsl). Paccmorpum B mpocrpancrse C|0, 1] dyHKIwi, HEIpephIB-
HbIX Ha orpeske [0, 1], uHTerpasbHblii oepaTop BUIA

Ukﬁ@%=élﬁ%wﬂw@,
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rae dynkuus K(z,y), nassiBaemas sadpom omneparopa T, HenpepbiBHa Ha KBaapare Q = {(z,y) : 0 < x < 1,
0<y<1}.
13 onenkn

(T f)(x)] < sup |[K(z,y)|- sup |f(y)|
(z,9)€Q y€[0,1]

BBITEKAET, ITO
1Tx fllcoa < sup |[K(z,9)| - Ifllco,;
(z,y)€Q
T.e. oneparop T orpannuen B C[0, 1].
O6oznaunm vepes C[0, 1] mommuoxkecrBo dyukimit f € C[0, 1], orpannvennbix Koncrantoir M > 0, T.e.
yaosyersopsomux onenke || f||cp,1) < M. Tak kax dynxmusa K (x,y) paBHOMepHO HenpepbiBHa Ha KBajpare @,
TO A1 3amaHHoro € > 0 Haiigercsa d > 0 Takoe, 4T0

|K(2,y) — K(2',y)| <e  mrascex ye€l0,1]
upu |z — z'| < 6. Iosromy st dyukiwit f € Cy[0, 1] BbImOIHSIETCST OIEHKA

(T f)(z) — (T f)(z")] < Zl[lopl] K (2,y) — K", 9)| - [ fllojo,) < eM
Y 5

upu |z — 2’| < §. Cuenosaresnsno, dyukiyn {Tk f} ¢ f € Cp[0,1] 06pasyror paBHOCTENEHHO HEPEPHIBHOE
cemeiictBo dyukiuii 8 C[0,1] u no reopeme Ackonu muoxecrso Tk (C[0,1]) upeaxkommnaktao. Tem cambiM,
onieparop Ty uepesogur orpanudennsle MHoxkectsa u3 C|0, 1], coBuamaiomue ¢ nommuoxkecrsamu Chyy[0, 1],
B IIPEJIKOMIIAKTHBIE, T.¢. Tk KOMIIAKTEH.

ITpuMEP XIV.2 (oneparopsl KoHeuHoro panra). IIpesmonoxum, 9to obactsb 3Hadenuiit Im T’ orpanuyen-
HOro JImHeitHOro oneparopa 1': X — Y KoHewHOMepHA, T.€. KaKJIblil BeKTOp 3 Im 7' mpeactaBuM B BUe

N
Tu = Z )\ivi,
i=1

N | — mexoTopbIit pUKCHPOBAHHBIH KOHEWHBIH HaGOp BekTOpoB U3 Y. Ecm {u, }°; — mponssosbHast

rue {v;}
or X 6 A

paHUUeHHAsI II0C/IEI0BATEILHOCTL BEKTOPOB 13 X, To HaGOp oTBedaromux UM Kosddunuentos {A; ’} rakxe
OrpaHUYeH, OCKOIBLKY orpanuyer oneparop 1. IlosToMy n3 mociefoBaTelbHOCTH KO03(DHUIUEHTOB {/\Z(-n)} u,
TEM CaMBIM, BEKTOPOB {71, } MO’KHO BHIOpATH CXOISAILYIOCS MOANOCeR0BaTenbHoCcTh. Crienosarensao, T KoM-
ITaKTEH.

XIV.2. KoMnaKTHbIE OMEPATOPHLI U CXOANMOCTbD.

TeoPEMA XIV.1. Komnaxmmuvie onepamopo. 0mobpartcaom caabo crodisuueca nocaedosamesvbHoCmu 6 no-
€Aed08AMENDHOCTNU, CXOOAULUCCA N0 HOPME.

JIOKA3ATEJIBCTBO. IIpeanosokum, 9To IOCIeA0BATEIBHOCTD { Uy 152 1 €1abo CXOauUTest K BeKTOpy . Torma
no reopeme Banaxa—IIlreiinraysa nocsenosarensHocTs HOPM {||uy, ||} orpannuena.
Obozaaanm v, := Tu, u nogoxnMm v := Tu. Torga ma moboro dynknnonana f € Y* OyneMm numern

fon) = f(0) = [(Tun) = f(Tu) = (T ) (un — w),

OTKYZa CJIELYeT, YTO IIOCJIEN0BATEILHOCT {Uy, } c1a60 CXOAUTCA K BEKTOPY V.
Jormycrum, 0T IPOTUBHOTO, YTO {vy, } He cxoauTest K v 1o HopMe. Torya HafityTcst T0/II0CIe10BATEIbHOCTh
{vn, } u qucno € > 0 Takue, ITO
|n, — vl > € st Beex k.

Tak Kak IOCJIe0BATEIHOCTD {1, } OrpaHuydeHa, a oneparop T' KOMIAKTEH, TO U3 MOCIEI0BATEILHOCTH { vy, }
MOYKHO BBIOpATh IIOJIIOC/IEOBATEILHOCTD, CXOMSMNIYIOCST K HEKOTOPOMY BEKTODY U # ¥. DTa MOCIeI0BATEThb-
HOCTh JIOJI?KHA TOLJIa CXOJUTHCS K 9TOMY BEKTOPY U U ¢j1ab0 BOIPEKU TOMY, YTO OHA CJIabO CXOIUTCS K .
IIporuBopetne.

ITPEA/IOKEHUE XIV.1. ITycmo T: X — Y — oepanuvennvili Auretinvili onepamop ud 6aHarosa npocmpat-
cmea X 6 banaroso npocmparcmeo Y . Tozda
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(1) ecau onepamopw Ty,: X —'Y womnaxmuor u T, — T 6 pasromepnot monoasozuu, mo u T komnarxmen;

(2) onepamop T xomnaxmer mozda u MOALKO M020a, K020a KOMNAKMEN CONPAAHCEHHBIT K HEMY ONEPATMOP
T,

(3) ecau S: Y — Z — oepanunennuili aunetinod onepamop, omobpascarowuld Y 6 6anaroso npocmparcmeo
Z, u 0dun u3 onepamopos S, T xomnarxmen, mo xomnaxmua u ur xomnoduyus ST: X — Z.

JlokazaTe/IbCTBO 3TOT0 MPEJIIOXKEHUsT Mbl OCTABJIsIEM B KAYeCTBE 3aJIa4M.

TeEOPEMA XIV.2. Jhobot xomnaxmuwti onepamop T 6 cenapabeavrom euavbepmosom npocmparcmee H
ABAACNCA PABHOMEDHBLM NPEICAOM ONEPAMOPO8 KOHEUHO20 PAH2A.

JOKA3BATENBCTBO. Ilycts {e;}5°, ecrb opromopmuposanuslii 6asuc B H. OGosmaduMm uepes H,f 10/I1-
IPOCTPAHCTBO, OPTOIOHAJIBbHOE K npocTpaHcTBy H,, := span{ey,...,e,}, sBIsIOMEMYCs JTUHEHHONH 06OIOUKOI
BEKTOPOB {€ey, ..., e, }. Obo3naunm

Ap 1= sup | Twl|.
u€H L, [|u||=1

$lcHo, 9TO LOCJIENOBATEIHLHOCTD IIOJIOKUTENBHBIX YUCesl { A, }S° | MOHOTOHHO yObIBAET U IOTOMY CXOZIUTCS
K HekoTtopomy mpeneny A > 0. Ilokaxkem, uro A = 0. lyist 9TOr0 BBIOEpPEM IOCIEIOBATEHLHOCTL BEKTOPOB
Up € Hi ¢ ||luy|| = 1, ana xoropoit A, = [|[Tu,|| = An/2. Iocrenosarensrocts {u, }32; cmabo cxomures
K myJ1io. (UTo6bl yOeauThes B 9TOM, JJOCTATOYHO BOCHOJIB30BATHCA KPUTEPHUEM CIab0il CXOAMMOCTH U3 [IPUMEPa
IX.1 B . IX.6.) ITosromy 1o upenpiaymieit Teopeme XIV.1 nocneposarenbrocts {Tuy, b CXOAUTCA K HYJIIO 1O
HOPME, OTKY/Ia BBITEKAET, 4TO A = (.

Tem cambIM, MBI IOKA3aJIM, YTO [IOCJIEI0BATEILHOCTD OIIEPATOPOB KOHEYHOI'O PAHIa

n
T, = E (-,e)Te;
i=1
cxomuTes K oneparopy T’ B paBHOMepHOit Tonosioruu, nockoiabKy |1, — T'|| kak pa3 coBnagaer ¢ \y,.

XIV.3. AabrepuatuBa ®pearosapma.

TEOPEMA XIV.3 (amamuruveckas anbrepHatusa ®pearoabma). [Hyemo F: D — K(H) ecmv anasu-
muveckas onepamopras yrukyua 6 obaacmu D 1a KOMNAEKCHOT NAOCKOCTIU, 3HAEHUSA KOMOPOT AGAAIOMCSH
KOMNAKMHLMU ONEPATNOPAMY 6 Cenapabesviom euavbepmosom npocmparcmee H. Toeda umeem caedyrouee.

(1) JIubo onepamop (I — F(2))~! ne cywecmeyem (xax onepamop us B(H)) nu npu xaxom z € D.

(2) JIubo onepamop (I — F(2))~! cywecmeyem (xax onepamop us B(H)) daa ecex z € D\ S, 2de S —
nexomopoe duckpemnoe nodmmoscecmeo mouex us D. B amom cayuae dynxyua (I — F(z))~1 mepomopdna
6c100y 6 D u anasumuyna 6 D\ S. Buwemo, amoti ynkyus 6 nomocar AGAAOMEHA ONEPAMOPAMU KOHEUHO20
panea. Kpome mozo, npu xaorcdom z € S ypasuenue F(2)u = u umeem nenyaesoe pewerue.

JOKABATENIBCTBO. IlycTh 29 — Npom3BosbHAA TOUKA U3 D. MbI IOKazKeM, 9TO yTBEPXKICHUE TEOPEMBI
BBILOJIHSETCS. B OKPECTHOCTH TOYKH 2o, OTKY/IA, BBUAY CBA3HOCTU D, GyAeT CJI60BATDH, YTO OHO BBIIOIHSIETCS
Berony B D (nouemy?).

BeiGepem uncio r > 0 tak, urobel B Kpyre B, = B,.(z0) = {z : |z — 20| < r} BbIIOAHSIIOCH COOTHOIIEHNE

IF() ~ Feo)l < 5.

TTonwaysick Teopemoit XIV.2 u3 npeapiayinero naparpada, Halijgem orrepaTop KOHEIHOro paura T, Jijist KOTOpOro
|F(z0) — T|| < 1/2. Torga upu z € B, GyjeT BBIIOJIHATHCS OIEHKA

|F(z) —T| < 1.
TTosToMmy, MOMB3ysICh PA3JIOKEHNEM B CTENEHHON DSl OMEPATOPHON (DYyHKITIH
(I = F(z) +T)7",

MOKHO yOeInThCs B TOM, 9TO 3Ta (DyHKINS KOPPEKTHO omnpesesena u anajgutndna B B,.. Tak kak T — omeparop
KOHEYHOT'O PaHTa, TO CYIIECTBYET CUCTEMA JIMHEHHO HE3ABUCUMBIX BEKTOPOB V1, ..., UN TaKas, 9TO

N
Tu= Z i (w)v;.
i=1
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Kosdbdurmentsr A\;(u) B 910it popMyie sIBIAAIOTCS OrpaHMYeHHBIME JUHeHHbIME QyHKImoHa aMu Ha H | no-
9TOMY TI0 Teopeme Pucca HalyTCsT BEKTOPBI U1, . . . , Uy TAKHAE, 9TO

N
Tu = Z(u,ui)vi s Beex  u € H.
i=1
PaccmoTpuM QyHKIII
ui(2) = [(I — F(2) + T) Y uy, i=1,...,N,

N N

G(z):=TU-F@E)+T)"' =) (I -FE) +T)" v = Y (- uil2))vi

=1 i=1

BanuceiBas oneparop I — F(z) B Bujie
I-F2)=(I-F)4+T)-T=I-TUI-F)+T)HYI-F()+T)=1-G(x)I-F(z)+1T),

MbI BHJMM, YTO TOT OLEPATOpP OOPATUM TOrJa U TOJBKO TOrua, Korga obparum omeparop I — G(z). Kpome
Toro, ypasHeHue v = F(z)v mMeeT HEHyJI€BOe DEIeHHe TOT/Ia U TOJBKO TOTJ/IA, KOTJIA TAKOE DEIIeHHue MMeeT
ypasrenue u = G(z)u.

Homycrum, 910 u — HeHyJieBoe pemnerne ypasHeHusi © = G(z)u. Tak kak G(z) — oneparop KOHEIHOIO paHra
¢ obuactbio 3uadennii Im G(z) C Im T, To 9T0 pelleHne IPeCTABIIeTCa B BUJIE

N
u = E ,LLj’Uj,
Jj=1

rae 4ucyuaa fi, . .., 4N YAOBJIETBOPAIOT CJAEAYIOIIeH cucreMe JUHEHHDIX ypaBHEeHUI
N
= (05 ui(2)py. (XIV.1)
j=1

o AN — SN
Ob6parno, eciu cucrema ypasuennit (XIV.1) umeer pemenue {11}z, To u = D ;_, fijv; ABJIAETCH pelleHueM
ypasuenns u = G(z)u.
Hast Toro, arobsr cucrema (XIV.1) uMmesa HeHyJIeBOe pellleHHe, HEOOXOAUMO U JOCTATOYHO, ITOOBI JIeTep-
MWHAHT

d(Z) = det(éij - (’Uj, uq(z)) =0.

Tak kak byukmus (v;, u;(z)) aHamuradaa B Kpyre D,., To u merepmuHanT d(z) 3amaeT DyHKIUIO, AaHATATHIE-
CKyIO B 9TOM KpyTe. I103TOMy MHOKECTBO

Sy ={2€ B, :|z— 2| <7, d(z) =0}

JbOo COBIIAIAET co BeeM B,., b0 mpeacTasiisieT coboil TUCKPEeTHOE MHOXKECTBO TOYEK u3 B;.
Ipennonoxnm, uro d(z) # 0 B HekoTOpOit Touke z € B,.. Torna ypasuenue (I — G(z))u = v umeer st
IIPOU3BOJIBHOTO 33JaHHOTO ¥ PEIIeHue, 3aJaBaeMoe (POPMYIOil

N
u=v+> pivi,
=1

B KOTOPO#1 KO3 MUIIMEHTHI (1; HAXOAATCH U3 JIMHEHHON CHCTEMBI YPaBHEHUN
N
pi = (0,ui(2)) + (v i)y
Jj=1

Dra cucTeMa WMeeT efmHCTBeHHOe perrenne, ecyn d(z) # 0. Tem campim, omeparop (I — G(2))~! cymectsyer
TOIJIA ¥ TOJIBKO TOTJA, Korua z ¢ S,.

Mepomopduocts dynxnun (I — F(z))™! 1 KoHeIHOCTh PaHTOB BBIYETOB B TOJIIOCAX BBITEKAIOT TeNephb U3
sIBHOI (pOpMyJIBI 11J1st KO3 DUIMEHTOB [4;, M3BECTHOI B JIMHEHHOMN ajrebpe 1ox Ha3BaHueM npasuia Kpamepa.
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ChnencTBUE XIV.1 (anbrepuarusa ®@penrosnbma). Feau T — xomnaxmuod onepamop 6 2uibbepmosom
npocmpancmee H , mo aubo cywecmeyem ozparnusennviti onepamop (I —T)~1, aubo ypasnernue Tu = u umeem
HEHYNEBOE DeULeHUC.

JIOKA3ATEJIBCTBO. JloCTaTOYHO NPUMEHUTH aHAJIUTHYeCKylo dubrepHarusy Ppearoabma K QyHKIUI
F(z) = 2T B Touke z = 1.

XIV.4. Kanouuveckoe IpeacTaBjJeHNe KOMIAKTHOTO oepaTropa.

TEOPEMA XIV.4. Ecau T — xomnaxmnoili onepamop 6 2usvbepmosom npocmparcmee H, mo ezo cnexmp
o(T) asasemces QUCKPEMHOIM MHONHCECTNEOM O€3 NPEOCALHBIT MOUEK 3G UCKAOUEHUEM, ObiMb MONCEM, HYAA.
Jhoboe nenyaesoe snauernue A € o(T) aeaaemces cobCMEEHHDIM SHAUEHUEM KOHEUWHOT KPAMHOCTIU.

JIOKABATEJBCTBO. Dyukuus F(z) = 2T ectb nesas dbyHKIMs, 3HAYCHUS KOTOPOI SIBJIAIOTCS KOMIAK THDI-

Mmu oneparopamu. ITosromy 1o anamurudeckoit ajaprepaaruse @pesrospMa MHOXKECTBO TOYEK 2, JIJIsT KOTOPBIX

ypasHerne zTu = u UMeeT HEHyJIeBOe pelleHne, — mucKperHo. Ecin 1/\ He IpUHAJIEKUT STOMY MHOMKECTBY,
TO (byHKIHA )

N -T)"' = -ty

A A

KOPPEeKTHO onpeesnena. KoneyHnas KpaTHOCTb COOCTBEHHBIX 3HAYEHUT BHITEKAET N3 KOHEYHOI KPATHOCTH PaH-
rOB BBIYETOB 9TOf (byHKIUM B 10t0cax (mposepbre!).

TEOPEMA XIV.5 (reopema [mianbepra—Ilvunra). Hycms A — camoconpasicernvill Komnaxmmsil onepa-
mop 6 cenapabesvrom 2uavbepmosom npocmparcmee H. Tozeda 6 H cyusecmsyem opmoHopmuposarHvili 6a3uc
{en}_,, 20e N aubo namypasvroe wucio, aubo N = 00, us cOBCTNEEHHHIT 6EKMOPOE, M.C.

Aey, = )\nena

npuvem 6 cayuae, xkozda N = 00, cobcmeennvie 3navenus A, — 0 npu n — oo.

JIOKABATEJ/ILCTBO. BribepeM B MHOXKECTBE COOCTBEHHBIX BEKTOPOB A, OTBEYAIONINX KarKJIOMY COOCTBEH-
HOMY 3HAYEHUIO OPTOHOPMUPOBAHHLIN Oa3mc. Tak Kak cOOCTBEHHBIE BEKTOPHI, OTBEYAIOIIHE PA3IUIHBIM COO-
CTBEHHBIM 3HAYEHUSIM A, OPTOrOHAIBHBI JIPYT JPYTY, TO OObEJINHEHNE BCEX TAKAX BEKTOPOB {€,} siBisieTcst
OPTOHOPMUPOBAHHOMN cucTeMoit B H.

O6o3Haunm vepe3 F 3aMblkaHue JTUHEITHONH 000I0UYKH 9TUX BEKTOPOB. Tak Kak oneparop A camocompsizkeH u
COXpAHsIeT MOAIPOCTPAHCTEO £, TO OH COXPaHsIeT U €ro OPTOrOHAILHOE JIONO/IHEHIE E+ (mouemy?). O6o3nadmm
qepe3 A cysenue oneparopa A ma E+| Tak uro A SIBJIFICTCA CAMOCOTIPSIZKEHHBIM KOMITAKTHBIM OIIEPATOPOM Ha
E. Tlo npenptymeii reopeme mo6oe snagenne A € o(A)\ {0} ects cobersennoe snauenue A, a | CIIE/IOBATENILHO
u A, KOHeYHOIl KPATHOCTH, a BCe OHU yiKe BKJoueHbl B F. [Toaromy crekTpaiabHbIi paguyc A JIOJI7KeH OBITh
paBeH HyJ/IO, a TaK Kak Jijls CaMOCOIPAKEHHOIO OIePaTopa CHEeKTPaJIbHbIH PaJdyC COBNaJaeT ¢ HOPMOH, TO
A = 0. CremoBaresbHO, A|EL = 0, T.e. - — cobcTBeHHOE TIOMIPOCTPAHCTBO A C HYJIEBBIM COOCTBEHHBIM
3HAYEHUEM, UTO [POTHBOPEUUT OIpEeseHII0 F KaK HOMIIPOCTPAHCTBA, COIEPAKAIIETO BCe COOCTBEHHBIE MO
npocrpancrea A. Crenosarensho, = H.

Cob6cerBennble 3Hadenus A, (A) g oneparopa, He sIBJISIIOMIErOCs OEPATOPOM KOHEUHOIO PAHIA, JOJIZKHBL
CTPEMUTBHCS K HYJIIO IO IPEIbIAYIEl TeopeMe.

CobCTBEHHBIE YUC/Ia KOMIIAKTHBIX CAMOCOIIPSI?)KEHHBIX OIIEPaTOPOB MOYKHO HANTH, TI0JIb3YSICh UX MUHUMAKC-
HBIM CBO#CTBOM, HaiimeHHbIM ['minbeprom. IlpuBenem sror pesynabrar 6e3 MOKa3aTe/bCTBa, KOTOPOE MOXKHO
uaiitu B kuure Pucca u Hang (cM. cepuiky B Gubsnorpadudeckux ykazanugx). s npoctorst copmMympyem
€ro JIst CJTydast MOJIOKUTETLHOTO KOMIIAKTHOTO OIT€PATOpAa.

TEOPEMA XIV.6. ITycmv A — noaostcumenvhwiti komnaxmmoiti onepamop u {e, }N_; — opmonopmuposan-
1ot 6a3uc e20 cObCMBEHHBLT 6EKMOPOS, Mak wmo Ae, = A e, . Pacnorosicum cobecmeennvie wucaa A, 6 nopadke
YOLI8AHUA, TMAK YIMO

Tozda amu cobemsenHvle YUCAL MOHCHO HATMU, NOADIYACD CACOYIOULUM MUHUMAKCHDIM CEOTCTNEOM:

1) A= max (Av,v),
( ) ! vEH, H'UH:I( )
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2) A = min max  (Av,v
) Antr = min ueLL,\|v|\:1( 0

2de E,, 0603navaem mMHoocecmeo 6Cex N-MePHLIL AUHETUHLLT nodnpocmparcms 6 H .

TEOPEMA XIV.7 (upencrasienue Hmuara). Hycmo T — xomnaxkmmvid onepamop 8 2uibbepmosom npo-
cmpancmee H. Toeda matidymea opmonopmuposarmvie cucmemnt 6exmopos {u, Yo u {v,}N_1, a mawoice
HE603PacMaouyan nocAedo6ameabHOCG HeompuyameasHuls wucea {s, }\_; mawue, wmo

N
T=> su(- un)vn, (XIV.2)
n=1

2de N — aubo wamypasvHoe wucao, subo N = oco. IIpu smom pad 6 npasoti wacmu crodumcs 6 pasHoMepHot
onepamoprot MonoA02UY.

JIOKA3ATEJILCTBO. Oueparop T’ J0IyCKaeT MOJISIPHOE TIPEJICTABICHIE BUIA
T =V|T|,

rie V — qacTuaHo n3oMeTpudeckuit oneparop, a |T| = vT*T. Oneparop A := T*T KOMIAKTEH U HOJIOXKATEJIEH.
TMokaxkeM, 4T0 MOJOKUTEIBHBIH oneparop |T'| = v/ A TakKe KOMIAKTEH.
L1t 9TOTO JIOKAXKEM CJIEIYIONIYIO JIEMMY.

JIEMMA XIV.1. ITycmv S — oeparusennoili sunetinoid onepamop 6 2uavbepmosom npocmparcmee H ma-
xol, wmo onepamop S*S xomnaxmen. Toeda onepamop S makoice Komnaxmen.

JIOKA3ATENBCTBO. Ilycrs {uy,}52; — mpon3BosibHAsE OrpaHUUEHHAS [OCIIEI0BATEIbHOCTD BEKTOPOB 13 H.
TokazkeM, 4TO0 U3 IOCIEAOBATELHOCTH 06pa30B {Su, } MOXKHO BRIOPATH CXOMSIILYIOCS HOIOCIIEI0BATEILHOCT.
IockoubKy oneparop S*S 10 yCa0BHIO KOMIIAKTEH, TO U3 Hociaenosareabuoctu {S*Su, } cxomsniyocs moamno-
CJIEJIOBATENIHHOCTD BHIOPATh MOXKHO. He orpanumvmBast 0OIIHOCTH, MOXKHO CUHTATH, YTO y2Ke CaMa IIOCJIE/I0BA-
resnbHOCTD {S*Su, } cxomuTes u, cieoBaTeNBHO, SIBJISIETCSI TIOCIIeA0BaTeIbHOCTRI0 Kot

C apyroii CTOPOHHI,

| Sup, — Sum”2 = (8"S(un — um), (un — um)) < IS*S(un — um)|| - [[un — um|l,

OTKYyda CJIEAYyET, 9TO B 3TOM CJIy4dae U IOCJICJO0BATCJIbHOCTH {Sun} ABJIAETCAd IIOCJIeJ0BaTC/IbHOCTHIO KOH_[I/I, u
TIOTOMY CXOJUTCH.

ITpumensist OKa3aHHYIO JieMMy K omeparopaMm S = VA u S*S = A, nosyuum, uro oneparop |T| = VA
KOMITAKTEH.
ITo Teopeme I'mibbepra—IlIMunra oH momycKaeT MpeCTABICHIE B BUJE PSIa

|T‘ = Z Sn( : 7un)una
n=1

CXOJISIIErocst B PABHOMEDHO} OLIePATOPHON TOIIOJIOIHH, [Jle COOCTBEHHBIE YUCIIA Sy, onieparopa | 1’| pacioioxKeHb
B nopszke yobiBanus. lIpumMensis Kk 00euM ero 49acTsiM 9acTUIHO M30METPHYECKHil orepaTop V| mosrydum

o0

T = Z Sy un) Vg,

n=1

3ameTuM, 9TO BEKTODBI vy, ‘= V'u,, upuHajexar obiaacru 3uadenuii Im |T'| oneparopa |T'|, Ha KOTOpPOii onepa-
top V sBisierca mzomerpudeckum. CileI0BaTeIbHO, CHCTEMa BEKTOPOB {vy, })_| TaksKe ABJISeTCS OPTOHOPMH-
posanHoii. Tem cambiM, orieparop T’ joryckaer npejcrasienue B puje psiga (XIV.2).

3AMEYAHUE XIV.1. Pax (XIV.2), HOCTPOEHHBIH B HpembIAyIIel TeopeMe, HA3BIBAETCS DA3A0HCEHUEM
ITmudma xomnakTHOro oreparopa 1. Ero koabdunuentst s,(T), coBnajamomue ¢ cOOCTBEHHBIMI UUCIAMI
An(|T]) 10JI02KUTENIBHOIO KOMIAKTHOrO oneparopa |T'|, HA3BIBAIOTCS CUHZYAAPHHLMYU WA TPOCTO S-YUCAAMU
KOMITAKTHOTO omneparopa 1', Tak |9To:
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SAMEYAHUE XIV.2. Yrobbl HE paccMaTpUBATHL KaXKIbI pa3 OTIAEIBHO CJIydYail OmepaTopoB KOHEYHOTO
paHra, MpeICTABUMBIX B BHUJE KOHETHOTO Psa

N
T = Z Sn(+ 5 Un)Vp,
n=1

rie N — HaTypaJbHOe YHC/IO, yCJAOBUMCS B IIOJOOHBIX CIydYasX JIONOJHSTHL OPTOHOPMUPOBAHHBLIC CHCTEMBI
{un}N_; m {v,}Y_, mpom3BoBLHBIM 06Pa30M JI0 CHETHBIX OPTOHOPMUPOBAHHBIX cucTeM {u,}o% ; u {v,}32
B H u nojarath sy = Sy42 = - -+ = 0, TaK 9706l PACCMATPUBAEMBIN ONEPATOD IPEICTABJISICA B BUJIE

oo
T= Z Sy Up)Up-
n=1

Jleknusa XV. IlommmpocTpancTBa KOMIIAKTHBIX OII€pPaTOPOB

XV.1. Oneparopsl 'niabsbepra—IlIMmuara.

OnpPEAENEHUE XV.1. Kommakrubiit oneparop T’ B rusibbepToBOM TIpocTpaHcTBe H HA3BIBAETCS 0nepamo-
pom Tuavbepma—IlImudma, eciii ero CUHIYJIPHBIE YHCJIA YIOBJIETBOPSIOT YCJIOBUIO

o0

2
57, < 00.
1

n=

Hopwmoti Huavbepma—IImudma Takoro omeparopa HA3bIBAETCH IUCIIO

1T |us =

IIpocrpancrso oneparopos I'nibGepra—IIImuara, neficTByomux B TuiibOepToBoM npocTpancTse H, o6o3Haua-
ercst yepe3 HS(H).

TeEOPEMA XV.1. Credyrowue ceoticmea xkomnarxmmozo onepamopa T, deticmsyrowezo 6 2uavbepmosom
npocmparcmee H | axeusasenmmos:

(1) T ecmwv onepamop [uavbepma—IIImuoma;
(2) dan Hexomopozo opmoHopMmuPosarHo2o 6asuca {en o2 6 H 6vinoanaemes Hepasencmeo

oo
Z [Ten|? < oo
n=1

(3) dasa aobozo opmonopmuposanrozo asuca {€,}52, 6 H evinoansemes Hepasencmeo

oo
D Ten]? < oo
n=1

(4) mampuurvie Komnonernmos (amy) onepamopa T 6 wexomopom opmoropmuposanrom basuce {€,}°2 1 6 H

YAOBAEMBOPAIOM, OUEHKE
o0

Z |amn|? < 00;

m,n=1

(5) mampuurvie Komnorermos (Amy) onepamopa T 6 NPou3sosvbHOM 0pMOHOPMUPOSaHHOM Gasuce {e,}50 |

6 H ydosaemeoparom ouerxe
o0

Z |Gmn | < 00.

m,n=1
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Ecau onepamop T 06aadaem amumu c60UCmMEamMu, MO CYMMbL 6CET YKAZAHHVT PAIOE COBNAAIOM U PAGHDL

)
ITIfs = > sn
n=1

JOKA3ATENLCTBO. Nmmmkarnuu (3) = (2) u (5) = (4) rpusnansuel. laee 3aMeTuM, 9TO IO PABEHCTBY
ITapceBaJist B IPOU3BOILHOM OPTOHOPMHUPOBAHHOM Gasuce {e,, 52 ; B H BBLIIOIHAETCS COOTHOIICHHE

o

ITeml® = [(Tem, )|,

n=1
OTKY/1a
) oo 00 oo oo
Z [Tem|? = Z Z [(Tem, en)|” = Z Z | | (XV.1)
m=1 m=1n=1 m=1n=1

9ro JoKasbBaeT sKBuUBaeHTHOCTH (2) & (4) u (3) = (5).
Ocraercst nposeputs nMmiunkanmu (1) = (3) u (2) = (1). Ouu 6yayT BBITEKATH U3 CIIEAYIOMIEH JIEMMBIL.

JIEMMA XV.1. IIycmo T — xomnaxmuowi onepamop, umerouwuts pagrosrcenue Lmudma suda

T = an ) Up )V

0 oo 2 0 2
Tozda dns mobozo opmonopmuposanozo basuca {e,}oy 6 H padv Yy -~ si uy o ||Tex||* crodamea uru
pacxodsmes 00nospemerto. Ecau onu crodames, mo ux cymmo, cosnadaom.

JIOKABATEJILCTBO. 3aMeTuM, 4TO

(Tex,vpn) = (i sm(emum)vm,vn) = f: Sm (€ks Um ) (Vi V) = Sp (€, Un)-

m=1 m=1

Vuureisag, aro ||Teg|? = > oo, |(Tek,v,)|?, nomyaum orciona, 4To psiipl

oo

DolTerl® o DD shller,un)?

k=1 k=1n=1

CXOIISATCST WJTH PACXOISATCHA OJHOBPEMEHHO U €CJIU CXOISTCS, TO UX CYMMbI DABHBI.
st mpon3BoIbHOTO HaTypaJsbaoro N mMmeeM B Cuily paBeHncTsa Ilapcesass

co N N oo N
DD sallerun)P =" sullensun)l* =Y shllual®
n=1

k=1n=1 n=1k=1

Il
-
c,:Al\i

Orcrona
oo N 0o
2| 2 2
E g spl(er,un)|” <00 = g s;, < 00
k=1n=1 n=1
U €CJIU 3TH CyMMBI KOHEYHBI, TO OHU COBIIAJIAIOT.

IMocnennee yTBepKAEHUE TEOPEMBI O COBIAJEHHH CYMM BCEX YUYACTBYIOIINX B ee (DOPMYJIMPOBKE DsijIOB
BBITEKaeT U3 JeMMbl X V.1 u pasencrsa (XV.1).

I[TPEANOXKEHUE XV.1. IIpocmparcmeo HS(H) onepamopos Nuavbepma—IlImudma, deticmeyrowux 6 euso-
bepmosom npocmparcmee H | obradaem caedyrouumu c60tGcmeamu:

(1) HS(H) sasasemces aunetinvim noonpocmparcmeom 6 npocmpancmee K(H) xomnaxmuoux onepamopos,
deticmeyrouur 6 2unvbepmosom npocmpancmee H , samxrymowm no wopme Lusvbepma—IIlmudma || - || g3



62 I'nasa 3

(2) HS(H) asasemcs 2urvbepmoevim npocmpancmeom ¢ Hopmot || - ||gg U ckasapiowm npouseederuem

o0
E amnbmn7

m,n=1

20€ Qpmp U by — Mampuunsie anemenmo, onepamopos S u T coomeememeento 6 nPou3sosbLHOM OPMO-
HOpMUPOBanHOM basuce {en S, ¢ H.

JIOKA3ATEJILCTBO. ®PukcnpyeM NPOU3BOJIBHBIN OPTOHOPMUPOBAHHBIN Gasuc {e,}52; B H u comocraBum
KaxkioMy KommakTHoMy oneparopy T uz K(H) ero marpuny {am, = (Tem,en)} B 6asuce {e,}. D1um omnpe-
zesisiercs orobpazkenne u3 npocrpancTBa K(H) B IPOCTPAHCTBO JBOMHBIX IIOCIEIOBATEILHOCTEN, KOTOPOE,
O0YEeBUIHO, JIMHENHO U MHbEeKTUBHO. VI3 mokazannoit teopembl XV.1 cjemyer, YTO OHO OCYIIECTBIISET OUEKITUIO

V: HS(H) — (*(N x N).

CoruacHo Toit ke Teopeme ||T||us = ||V (T)||¢2, .. V sBasiercst usomerpueii mpocrpancrsa HS(H ), HajeneHHOTO
HOPMOI1 || - ||y, Ha rrmbGeproBo mpocrpanctso £2(N x N). Tak kak nHopma B £2(N x N) mopozkgaercst CKaIsipHbIM
upoussenenueM (a,b) = Zm et @mnbmn, TO OTCIOIA BBHITEKAIOT 063 yTBEPIKIEHIS TEOPEMBL.

ITPUMEP XV.1 (urrerpanbbie oneparopsl B L2(0,1)). Paccmorpum Ha orpeske [0, 1] unTerpaibhblii ome-
paTop Buzja

o) = T = [ K0Sy
¢ syipom K (x,y) € L*(Q), re Q — xBagpar {(z,y) : 0 < 2 < 1,0 < y < 1}. Io Teopeme Qybunn byHKIus
K.(y) = K(x,y) nna nourn seex x € [0, 1] npunajyeskur L2(0, 1), 103TOMYy yKa3aHHbBIH HHTErPa] KOPPEKTHO

oTIpeiesieH I TAaKUX &, OyIy<H PaBHBIM CKajspHoMy mponsseaenmo dynakmmit K, u f B L2(0,1). Tax Kak mo
nepasercTBy Komm—ByHsSKoBCKOTO

l9(2)| < [[Kellz2(0,1) - 1f 120,15
TO

1 1
/O l9()? < / VK200 - | Fllz2on) = ( / [ Koy dy) T (XV.2)
Otciona cremyer, aro g € L2(0,1) u

lgllzzc0,1) < 1K z2(@) 1 f[1£2(0,1),
T.e. Tx €CThb OrpaHmYeHHbIH JuHeitHbI oneparop B L2(0,1) ¢ HOpMOil, He TpeBOCXOAIeiT 1K 22 (q)-
Ha camowm nere, cripaBegiuBo 6osiee obiee

[IPETOXKEHUE XV.2. Ozparumermoiti aunetinwd onepamop 6 L*(0,1) asasemea onepamopom Duavbep-
ma—IlImudma mozda u moavko mozda, x020a OH ABAAEMCA UHMELPAALHBM ONEPATNOPOM YKA3AHHO20 BbLULE
suda. Ilpu smom omobpascenue K — Tk, conocmasasrwee adpy K unmezpasvroit onepamop Ty , asasemcs
yrumaphvim usomopdusmom npocmpancmea L2(Q) na npocmpanemeo HS(L?(0,1)).

2
JLOKA3BATEJIBCTBO. Jlocrarounocrs. [lycts T ectb oneparop I'miibbepra—IlImuara B npocrpancrse L2(0, 1).
Toryma on nomyckaer npejicrasiaerue [IIvmuara Buga

T= Esn s U )Uns

rae {u, }52; u {v,}52; — OPTOHOPMUPOBAHHBIE CHCTEMbI, COCTOLIIME U3 KBaJIPATUYHO UHTEIPUPYEMBIX (DYHK-
nuit za [0, 1]. ITonoxkum
fn(w7 y) = Un(x)un(y> 1pu (.’E, y) €Q.

U3 reopembr Oy6unn ciiesyet, o { f, 152, ecth oproHopmuposannas cucrema B L2(Q). 3 cxomumoctn psija
> o0 | $2 BBITEKAET, UTO Psifl » oo Spfrn cxomures B L?(Q) x mekoropoit dynkuun K € L?(Q).

n=1°n
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PaccMoTpuM mHTerpaibubii onepatop Tk ¢ sapom K B L?(0,1) u BBesiem s smoboro HaTypasibaoro N
MHTerpaibHbIit onepaTop Tk, € AIpoM

N
) = Z Snfn-
n=1

Torya myist moboro ¢ € L2(0,1) u moutn Beex x € [0, 1] BbITOTHACTCA PABEHCTBO

N 1 N
(i) (& / anfn ()o@ dy =3 snvn() / @) dy =3 5n(p, tn)n ().

WNubiMu citoBamu,

E Sn ’ﬂ

Uz pokazannoii Teopembl XV.1 ciemyer, uro I/ICXO,ILHI)Ifl onepaTop T ecTh PaBHOMEPHLIN MpeJIesl OIepaTopoB
Tk, npu N — co. Kpome roro, u3z HepasercTsa (XV.2) BbITEKaeT OIEHKA

1T — Tryll < 1K — Knllz2(q),

orkyna T' = Tk.

Heobxomumoctp. Ilycts Temephr T = Ty. BoibepeM 1Ba TpPOM3BOJIBHBIX OPTOHOPMHUPOBAHHBIX 0Oas3nca
{un}o ) u {v,}2°_; B L%([0,1]) u pacemorpum Tk Kak omepartop, JeHCTBYIONHl 13 MPOCTPAHCTBA LQ([O 1])
¢ 6azucom {u,} B npocrpancrso L2([0,1]) ¢ 6azucom {v,,}. Marpuunbie saemenTh onepatopa Tk B 3THX
basucax MMEIOT B

n:/ K(x,y)vm(x)dedy.
Q

C zpyroit CTOPOHBI, 3TH YKCIa CoBHAAAT ¢ Koaddunuenramu Pypre byukunu K (z,y) € LQ(Q) OTHOCHUTEJILHO
OPTOHOPMUPOBAHHOTO 6a31Ca { Uy, (7)Un (Y) }or =1 [lo9TOMY B cuty pasencrsa [lapcesas

oo

HKH%%Q): Z |amn‘2~

m,n=1

IIo Teopeme XV.1, noka3zanHoil B Ha4yaJe 3roro naparpada, omneparop Tk ects oneparop I'mibpbepra—IlIvunra
" _ 2
¢ Hopmoii ||T||gs = HKHLQ(Q).

XV.2. dnepusie ontepaTopsl.

OnPEAENEHUE XV.2. Komnakrueiit oneparop T, jeiicTByomuii B risibbepToBOM pocTpancTse H , Ha3bI-
BaeTCs AJEPHbIM, €CITH CXOJUTCS PsIJT U3 €0 S-9ucest

o0

an<oo.

n=1

Yucno ||T||n := Y, ~ | $n HasbBACTCS Adeproti nopmoti oneparopa T'. MHOKECTBO BCeX SLICPHBIX OIEPATOPOB
B H obosnauaercs yepe3 N (H).

TrEOPEMA XV.2. ITycmo T — adeprvili onepamop 6 cenapabeavrom 2usvbepmosom npocmparncmee H | ume-
rowutl npedecmasaenue IImudma euda
T = Z Sn(yup)v

Tozda das 1106020 OPMOHOPMUPOBAHHO20 OA3UCG {en}%":1 e H psod

oo
E (Ten,en)

abCconOMKO CTOOUMCA U €20 CYMMA PABHA Y 1 Sp(Un, Un). Tem camovim, ona ne 3asucum om ewbopa opmo-
nopMuposanrozo basuca {e,} u nasweaemesa caedom tr’T onepamopa T .
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JOKABATEJLCTBO. Paccmorpum ps

iisn (ek, un ) (Un, k). (XV.3)

n=1k=1

On abCOJTIOTHO CXOIUTCS, TIOCKOJIBKY PsiJ]

e
Z‘ €L, Un H Un7ek)|
k=1

npejicTaByIsgerT coboil CKaJIsIpHOe TPOU3BE/IeHNe JIBYX BEKTOPOB 13 £2 ¢ eIMHUYHON HOPMOfi 1, TeM CaMBIM, ero
o0
CyMMa He IIpeBocxoauT 1, a »_ >~ | s, < 0o. CilesioBaTebHO, P

o0 oo
E E ek‘vu’n U'ruek)
k=1n=1

TakkKe abCOIIOTHO CXOUTCA M €r0 CyMMa COBIIAJIaeT ¢ cyMMoii pana (XV.3).
W3 coormomrenust

o0
Tey = Z Sn €k, Un )Un

n=1

MBI IIOJIyYIa€eM, 9ITO

S (Ter,ex) = Z(Z sn(ek,un)vn,ek) =SS s ) (0, €8).
k=1 k=1

n=1 k=1n=1

C mpyroit CTOPOHEI, pa3yaras BEKTOPLI U, H Uy 10 Oasucy {ex}72 , MOILy<InM, 9TO

%)
Z ekaun vnaek) - (/Unvun),
k=1

OTKYa

o0
Zzsn €k, Un ) (Un, €x) an(z ek7un)(vn76k)) = sn(vn, un),
k=1 n=1

n=1 k=1 =1
YTO JOKa3bIBaET YTBEP2KICHUE TE€OPEMBI.

[MPEMIOKEHUE XV.3. Caed adeprozo onepamopa obaadaem cAedyiowumu c80tUCmeamu:
(1) ecau S, T — adepnwie onepamopv, mo onepamopv, S+ T u AS, A € C, maxoice asasomes AdepHvmy u

tr(S+T)=trS+trT, tr(AS) = |\ tr S;

(2) ecau T — adepnwii onepamop, mo conpsoicennvilt K nemy onepamop T maxoice asasemces A0epHbM U
tr7T* =trT,;

(3) ecau A u B — nosostcumenvrvie adepruie onepamopss, npusem B = A, mo tr B > tr A;

(4) ecau S — oeparnunernnwd onepamop, a T — adeprwd, mo onepamopv. ST u T'S — adepnvie u tr(ST) =
tr(TS);

(5) romnosuyusa deyx onepamopos luavbepma—IlImudma A6AREMCHA A0EPHBIM ONEPATNOPOM.

JIOKABATEJNBLCTBO. (1) Eciiu T — anepubiii oneparop ¢ upejacrasienuem [vuara

%)
= § un Un,

TO [Is JIIOOBIX IBYX OPTOHOPMHPOBANHEIX cucTeM {ef 1o, u {e}}%>, B H pan
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abCOJTIOTHO CXOIUTCS, MOCKOJIbKY, KAK U B IPEIbIIAYINEH TeopemMe, Psift

|(€hs un)l| (v, €5)]

[M]8

£l
Il
-

[IpeJicTaBisgeT cob0il CKaJIsipHOE IIPOU3BE/IEHNE JBYX BEKTODPOB U3 £? ¢ emquHUIHOI HOPMOIii, a Zzozl Sp < 00.
Tak kak

(Te;w an ekaun)(vnaek)
n=1

TO

(o) (o) o (o)
> I(Teg, ef) ZZ (e wn) (v, €)] < Y 80 = IIT -
k=1 n=1k=1 n=1

[TosTomy ecsu onieparopst S, T — simepHble, a oneparop R := S + T umeer upejcrasienue [IImuara Buga

R=S+T= Zrn(',e’n)eg,
n=1

TO

> Z ((S+T)epsen) < ISIIv + 1T w
n=1 n=1

OTKYy/Ia cJefyer, uato oneparop S—+7T Takzke siBisieTcs sijiepHbIM. [IpOBEPKY OCTAJIBHBIX yTBEPXKICHUN B CBOHCT-
Be (1) ocrapisieM yuTaTEIIIO.

(2) IIycrs T — smepHblii oneparop ¢ npeacrasienueM muara

T = E Sn(+yUp)Up.
n=1

Ilomp3ysick 3TUM mpeAcTaBIeHneM, HallJIeM BUJ COMPsKeHHOTo oneparopa 1. meem

(Tu,v) = gsn(u,un)(vn,v) = (u,gsn(v,vn)un> = (u, T"v),

rIe
oo
*
Ty = E Sn(v,v,)u
n=1

W3 mpencrasmennit munra aas T w T Buamo, aro Tu, = S,v, 1 1T v, = SpuUy,, OTKyIa
T*Tw, = siun u TT*v, = s%vn.

Ilostomy, B cuiy 3ameuanns XIV.1 uz n. XIV.4, s-uncna oneparopo T' u T* coBmaiaior, OTKYy/da BBHITEKAET
cBO¥iCTBO (2).

(3) Hust nokazaTesibCTBa 9TONO CBOWCTBA BOCIOJIB3YyeMCsS MHUHUMAKCHBIM CBOMCTBOM COOCTBEHHBIX YHCEJI
(cM. Teopemy XIV.6 uz n. XIV.4). CorsacHo TOMy CBOICTBY

A B) = min max Bv,v) > min max Av,v) =\ A
n+1(B) Join uGLJ-,Hszl( : )/LeEn uGLJ-,HvH:l( s 0) = Apt1(4)

rie E,, 0603Ha"MaeT MHOXKECTBO BCEX N-MEPHBIX JINHEHHBIX o npocTpancTs B H. Tak Kak Jiis I0JIOXKUTEIbHBIX
onepaTopoB S, (A) = An(|A]) = A\ (A), To nonyuaem, aro s, (A) < $,(B), orKyna u ciremyer cBoicTso (3).

(4) Hokaxkem, aro mist s-amcest oneparopa ST BBITOTHSIETCST OIEHKA

n(ST) < [|S]|sn (T)- (XV.4)
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LelicTBUTETHHO, CHUHTYJIAPHBIE YHCIa PACCMATPUBAEMbBIX OIIEPATOPOB PABHBI

s2(ST) = M\ ((ST)*(ST)), s2(T) = M\ (T*T).

n

C s1pyroii CTOPOHHI,
((ST)*(ST)v,v) = |STv|* < |SIP|Tol* = ||S|I*(Tv, Tv) = (|SIPT*Tw,v),

OTKYyZIa
0 < (ST)*(ST) < |IS|*T"T

Teneps onenka (XV.4) BbITekaeT u3 cpoiicTsa (3).
Yr1o06b! TOKA3ATH OIEHKY

sn(T'S) < ||S]lsn(T), (XV.5)

BocHosb3yeMcs cBoficrsoM (2). Vmeem
sn(T'S) = sn(S™T7) < [IS%[[sn(T) =[Sl (T)-

U3 pokazannbix onenok (XV.4) u (XV.5) Boitekaer, uro omeparopbl ST u T'S gBiioTCsS AJEPHBIME, €CIIH
oneparop T — sijiepHblil, a S — orpanudennsiii oneparop. [Tokaxkem, uro tr(ST) = tr(T'S). Ilycrs oneparop T
nmeer npezacrasiaenue [Immara Buga
o0
T = Zsk( C UR) Uk
k=1

Torma s oboro n 6yaeM nMeTh

NE

(STUna un) = Sk(una uk)(Svk7un) = Sn(SUqun)v

>
Il
=

NE

(TSvy,,v,) = 81k (SUn, uk) (Vg V) = $n(SUn, un),

>
Il
—

T.€.

(ST, upn) = (T'Svy, vy,)

py BCEX n.

U3 npexacrasnenus [muara mist oneparopa T’ caenyer, uro STu = 0 myist m060ro BeKTOpa U, OPTOrOHAIb-
HOTO JINHEHHOI 060J10UKe BEKTOPOB {uy, }52 1, a 06pa3 ImT'S cojep:KuTcst B 3aMbIKAHUH JIMHEHHON 000JI0YKH
BeKTOPOB {v,,}52 ;. ITosromy jomomnasist cucteMsl {uy, 122 1 u {v, 122 MPOU3BOJIBHBIM 00PA30M JI0 OPTOHOPMHU-
POBAHHBIX 0A3WMCOB, MOYKEM HAIMCATD

= 3 (STup,uy) = S TSU,L,vn =tr(TS).
- -

(5) IIycrs S u T — oneparopst I'nibbepra—IIIMunra u pazioxkenue [IImunra oneparopa ST umeer Bu

E Sn( s un)v

ITo reopeme XV.1 u3 n. XV.1 npocrpancrso HS(H) oneparopos I'misbepra—IlIMuara yHUTADHO KBHBa-
senTHO ruisbepToBy npocrpanctey £2(N x N), mpuuem ykazaHHbIH yHUTAPHbIH M30MOPMU3M COMOCTABJISET
orneparopy 1 COBOKYITHOCTH €0 MATPUIHBIX KOMIIOHEHT. PUKCUPyeM IPOU3BOILHBIN OPTOHOPMUPOBAHHBIN Oa-
suc {ex}7, B mpocrpamcrse H. Torma mo ymomsmyToit TeopeMe mpoussenenne ST omeparopos S u T’ 6yger
UMeTH B 9TOM 0a3uce MaTpUIHbIEe KOMIOHEHTBI

(ST = Z Qnkbri,
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rue
ank = (Sek; vn), b = (Tuy, ex).

IIo teopeme XV.1 uz m. XV.1

M=

N N oo
Sp = Z(STen,en) = Z Zankbkn.
n=1

n=1k=1

3
I
-

JBoltHO# psi,
o0

o
E ank:bkn
1k=1

o Teopeme X V.1 mpeacTaBageT coboil CKaTsapHOe MPOM3BeeHne AByX TocienosaTenbaocrei w3 2(N x N) u
noromy cxomurcest. ClieoBaTesIbHO U PsiL Y | Sy, TAKIKe CXOJUTCS, T.e. ponssesenne ST sBIsIeTCst sIePHBIM
onepaTtopoM, ipuueM cyief tr(ST) coBmagaer ¢ yKa3saHHBIM CKAJISAPHBIM [IPOU3BEIECHAEM.

n=

i ] JOKa3aHHBIX PE3YJIbTaTOB BbITEKaeT

CHEOCTBUE XV.1. Mnoocecmeo sadepnoiz onepamopos N(H) ssasemes aunelnvim noonpocmparcmeom
6 npocmpancmese KC(H) xomnaxmuvix onepamopos 6 H , samwnymoin no nopme || - || . Tem camovin, N(H) ecmo
6aHAT080 NPOCMPAHCME0, AsAAOWEECA Udearom 6 anzebpe K(H).

Kpatkoe coaepxkanune n oubimorpadpudeckne yKasanus K rjiaBe 3

[naBa oTkpbIBaeTcs JeKImeil X, MOCBSAIMIEHHON TOIMOJIOTUSAM HA IMPOCTPAHCTBAX OTPDAHMYEHHBIX JIMHEHHBIX
OTEPATOPOB, B M3JIOKEHUN KOTOpOit MbI caemyeM |1, rr. VI, m. 1]. OTMeTnM 3/1€Ch TOMBKO pesysibTar o caboit
CXOJIUMOCTHY OIPDAHMYEHHBIX OIEPATOPOB.

B stekrun X1 paccMaTpuBaioTCs OepaTopbl, COMPSI2KEHHBIE K JIMHEHHBIM OI€PATOPaM B DAHAXOBOM W T'HJIb-
6EePTOBOM HPOCTPAHCTBAX. DTU PE3yabTaThl MOXKHO Haiitu B [1, ri. VI, . 2|. 3xech ke maHO cTaHmapTHOe
pa3jioKeHre TUIb0epPTOBa IPOCTPAHCTBA B IPAMYIO CYMMY 3aMbIKAHUA 00pa3a OepaTopa M sSApa COMPSIyKEeH-
HOTO OIIepaTopa, a TakKe ero 6AHAXOB AHAJIOT. DTH Pe3yJIbTATHI 3aNMCTBOBAHbI U3 [4, m. 4.12].

B cirenyromeit srekiun X1 HaunHaercst n3ydeHue ClieKTpa orneparopa. 3/1eCh JOKa3bIBATCsI OCHOBHASI TEO-
peMa O pe30JIbBEHTE W BCIIOMOTATe/bHAsi TeopeMa 00 SKBUBAJEHTHOCTH CJIaOON M CHJIBHON aHAJIUTHIHOCTU
dyukuumii co 3navenusimu B 6anaxosom npocrpancrse. Hamme uzsoxkenue ciaenyer [1, ror. VI, n. 3]. Jokazarenn-
¢TBO (bOPMYJIBI CIIEKTPAITHLHOTO DAY Ca TIPOBOATCS TaKkKe, Kak B [4, m. 10.13| u [5, ru. 5, m. 3|. Uccnemosanme
CIIEKTPOB OTIepPaTOpa JIEBOTO CJBATA B IIPOCTPAHCTBE /2 1 CONPSZKEHHOTo K HeMy onepaTopa B3aTo u3 [1, ri1. VI,
n. 3]. B 3akiouenne Jjaercsi XapaKTepPUCTHKA CIIEKTPa CAMOCONPSIZKEHHOIO OIIEPATOpa B TMIIBOEPTOBOM PO~
CTpPaHCTBe.

Jlexknus XIII mocssimena mossipHOMy pasiioykennio. OHa OTKPBIBAETCS MPEJJIOKEHIEM O CaMOCOIPSIZKEH-
HOCTH IOJIOXKUTEJIbHBIX OIIEPATOPOB B KOMILIEKCHOM I'MJILOEPTOBOM IIPOCTPAHCTBE, JOKA3aTEIHCTBO KOTOPOIO
OCHOBaHO Ha [4, 1. 12.7], u TeXHUIECKON JIEMMOIi, NO3BOJIAIONIEl BHIYACIUTE HOPMY CAMOCOIDSIXKEHHOTO Olle-
paTopa B TEPMUHAX €ro KBaJAPaTHIHON (POPMBI, JOKA3aTeIbCTBO KOTOPO#i B3siTo u3 [6, rr. V, 1. 2.1]. Teopema
0 KBaJIpATHOM KODHE U TeOPEMa O HOJIAPHOM DPA3JIOKEHUU U3JIAraloTcs Takxke, Kak B [1, . VI o. 4].

B nexmuu XIII msyqaeTcss Kiace KOMIAKTHBIX OMEPATOPOB. B ee M3JI0XKEHWN MBI CJIETyeM B OCHOBHOM |1,
rut. VI, 1. 3]. TlepBbIM BayKHBIM PE3YJIBTATOM SIBJISIETCS IOKA3ATEIBCTBO TOIO, UTO KOMIIAKTHBIE OIIEPATOPHI [epe-
BOJSIT CJIa00 CXOMSIINIECS [TOCJIEI0BATEILHOCTH B TIOCJIEI0BATE/IBHOCTH, CXOISIIecs 10 HopMe. OTMETHM TaKKe
TeopemMy 00 AIIPOKCUMAIIANA KOMIAKTHBIX OIEPATOPOB OllepaTopaMu KOHEIHOro paHra. [leHTpajbHbIM pe3y/ib-
TaTOM siBJIsieTCs aybrepHaTuBa PpenrosbpMa, KOTOpasi MO3BOJIAET HOJYIUTh OMUCAHNE CIIEKTPA KOMIIAKTHOTO
omeparopa. pyruMm BaXKHBIM Pe3yabTaToM saBjseTcss TeopeMma I 'manbepra—IlImuara, npeacTapisionas coboi
BapUAHT CIEKTPAJHHON TEOPEeMbl JJIsi KOMIIAKTHBIX CaMOCOIPsKEHHBIX oneparopos. Dopmysupyercs MUHH-
MaKCHOE CBOWCTBO COOCTBEHHBIX YHCEJI IOJIOYKUTE/IbHBIX KOMIIAKTHBIX OIIEPATOPOB, JI0Ka3aTe/IbCTBO KOTOPOI'O
MoxkHO Hafitu B [7, ri. VI, n. 93]. B 3akiroueHne IPUBOIUTCS €Ie OJMH BayKHBIH Pe3yJIbTaT — HpPeCTaBie-
are [TIMuaTa KOMIAKTHBIX OMEPATOPOB, SIBJISIONIEECH OIHUM W3 IVIABHBIX WHCTPYMEHTOB [Ijisi pabOTHI ¢ KOM-
HAKTHBIMU HECAMOCOIIPsKeHHBIMU oniepaTopamu. Jokazarenberso ciemnyer 8, ri. 1, . 2.2] ¢ ucnonb3oBanuem
TEXHUYECKON JIEMMBI O KOMIIAKTHOCTH KODHS U3 IIOJIOKUTEJIHHOI0 KOMIAKTHOI'O OIEPATOPa, 3aMMCTBOBAHHON
u3 [9, . IV, . 2.2]. TIpeacrasnerne IMuara M0o3BOJIsIeT TaKyKe BBECTH NOHSITHE CUHTYJISIDHBIX FJIH S-THCEJT
KOMIIAKTHOI'O OIIEPATOPA.
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B sexkmun X1V wmsyuarorcst Kjacchl KOMITAKTHBIX OIEPATOPOB, 0Opa3oBaHHBIE omeparopamu [ mibbepra—
IImunTa U saepHBIME OllepaTOpaMu. B usiioxkeHuu 91oil JIeKIuu Mbl ¢jielyeM B ocHOBHOM [5, rut. 3, 1. 4]. Teope-
ma XV.1 xapaktepusyet onepatopb! ['nipbepra—IIIMuara Kak KOMITAKTHBIE OITEPATOPHI ¢ KBAIPATHIHO CYMMU-
pyeMbIMu psigaMu s-auces. JlaeTcs onmcanue nHTerpaJbHbIX orneparopos ['misbepra—IIImuara B mpocTpancTse
L?(0,1). Teopema XV.2 xapakTepusyeT sjlepHBIE OTIePATOPbI KaK KOMIIAKTHBIC OIEPATOPHI C CyMMUPYEMbIMI
psmamu s-auces. s sinepHbIX 0lepaTopoB KOPPEKTHO OIPEJIEIEHO MIOHITHE CJefa, KOTOPHI 00/agaeT CBOii-
CTBaM¥, aHAJOTUIHBIMU CBOHCTBAM MATPUIHOrO ciema. Kommosunus maByx omeparopoB I'mibbepra—IlIvumra
SIBJISIETCS SIJIEPHBIM OIIEPATOPOM.



I'maBa 4. CneKkTpajibHas TeopeMa

Jleknusa XVI. @yHKIINOHAJIbHOE UCUYUCJIEHUE U CIIEKTPaJIbHbIe Mepbl

XVI.1. ®dysKImoHaJIbHOE UCYUCJIEHE B KJIAcCe HENMPEePhIBHBIX (PYHKIIUIH.

TEOPEMA XVI.1 (0 QyHKIHOHAJIBHOM MCYMCIIEHUU B Kjacce HenpepbiBHbIX dyukiuil). [lycmvs A — ozpa-
HUNEHHDIT CAMOCONPANCEHHBITL onepamop 6 2usvbepmosom npocmpancmee H (xomopoe 3decv u danee 6 amot
2nase npednoaazaemcs cenapabeavioim). Tozda cywecmeyem eduncmeenmoe omobparcerue

®: C(0(A)) — B(H),

obaadarouiee CACOYIOUUMY CEOTCMEBAMU:

(1) ® ecmv nenpepwvirvl x-2omomopdusm anzebp, m.e. Y nenpepuiser OMHOCUMENBHO DASHOMEPHBIT HOPM
na anzebpax C(o(A)), B(H) u npu 2mom suinosnaomces CAOYIoUUE COOMHOUEHUSA:

O(fg) =2(f)(g), P\)=A2(f), @(1)=1, @(f)=22(f)"
(2) ecau f(A) =X, mo ®(f) = A;

(3) ecau sexmop ¢ € H sasasemces cobemeennvim 0as onepamopa A ¢ cobemeennvim 3Hauenuem A, m.e.
Ap = Ap, mo
(f)p = F(N)e;
(4) o[@(N)] ={f(N): Xea(A)};

5) 12(H By = I fllcoay;
(6) ecau f >0, mou ®(f) >0.

JlokazarebcTBO 9TOi TeopeMmbl onmpaercst Ha TeopeMmy Croyna—Beitepinrpacca u JiBe CJIeyomnue JeMMbI.

N .
JIEMMA XVI.1. Conocmasum noauromy P(x) =" an,x™ onepamopruill nosurom

N
P(z) = Z anA"™.
n=0
Toz0a
a(P(A)) ={P(\): A€ a(A)}.
JOKA3ATENLCTBO. Ilycts A € 0(A). Banumem nosmuaom P(z) — P(A) B Buze
P(z) = P(A) = (z = A)Q(),
rje () — HekoTophIit osmHOM. Torna
P(A)— PN = (A= A)Q(A).

Tak kak A € o(A), o oneparop A — Al He mmeer orpanumdeHHoro obparuoro. To ke camoe BEPHO U s
oneparopa P(A) — P(A)I (1ocKosibKY B IPOTUBHOM CJlydae oleparop, obparubiii K A — AI, 3amaBajcs Obl
dopmyitoit Q(A)(P(A) — P(A\)I)~1). Crenosarensuo, P()\) € o(P(A)).

O6patHo, ycth 1 € o(P(A)). ObosHaunm uepes Ay, ..., A, KOpHH nojuHOMa P(x) — p, T.e.

Plx)—p=alzr—A) - (x— ).

Eciu 661 A1, ..., A\, ¢ 0(A), To y oueparopa P(A)—pl cymecrBoBas 6bl OrpaHUYEHHbIH 0OPATHBII, 3aaBaeMblii
dopmyitoit
1
(P(A) = ul) ™ = 24— XD e (A= D),
a
4T0 IpoTUBOpeunT ycaosuio i € o(P(A)). CirenosartensHo, HAETCST OMHO W3 YUCEs \; =: \, IPUHAJIEXKAIIEE

o(A), nyst koroporo P(A) = p.
69
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JIEMMA XVI.2. Cnpasedaugo coomnowenue

[P(A)[l = sup [P(A)].
Aeo(A)

JOKABATEJIBLCTBO. VMeeM ciieayrontyio mMernovYky paBeHCTB:

I = [P(A)*P(A)| = [(PP)(A)] (0 Teopene o creTpasEOM pamayce)
= sup |} (o memme XVIL1)
A€o (PP(A))
_ 2
= sup [PP(V)| = [ sup |POV)]
AEa(A) AEo(A)

Orcrymiernne: Teopema CroyHa—Beiiepmrpacca. Ilycrs X ecTh KOMIIAKTHOE XaycI0P(OBO TOIOJOTTIECKOE
upocrpancteo u C(X) — anrebpa Bcex HENPepPLIBHLIX KOMILIEKCHO3HAYHbIX dynkimii Ha X, a Cr(X) — ee
nojiasirebpa, CocToAAsl U3 BENEeCTBEHHO3HAYHBIX (hyHKITHA.

TEOPEMA XVI.2 (reopema Croyna—Beiiepirpacca st BelecTBeHHOIO ciaydast). [lyems B ecmv nodaa-
2ebpa 6 anzebpe Cr(X), samrnymas no nopme || - HCR(X)' IIpednonaoorcum, wmo B pazdeasem mouxu X, m.e.
das mobwx dsyx movek ¢,y € X natidemes dpynwyusa f € B maxas, wmo f(x) # f(y). Toeda aubo B = Cr(X),
260

B={feCgr(X): f(xg) =0 daa nexomopot mouxu xg € X }.

Ecau pacemampusaemasn nodaszebpa B codeporcum edunuyy, mo B = Cr(X).

TEOPEMA XVI.3 (teopema Croyna—Beiiepmrpacca 1yist KOMILIEKCHOTO caydas). Ilyemo B ecmob nodan-
2ebpa 6 anzebpe C(X), 3aMKEHYMAA OMHOCUMEABHO KOMNAEKCHO20 conpascerus, m.e. [ € B = f € B. Ecau
nodanzebpa B samrrnyma ¢ C(X) u pasdeasem mouxu X, mo aubo B = C(X), aubo

B={feC(X): f(xo) =0 dan nexomopoti mouxu xo € X }.

3AMEYAHUE XVI.1. VcmoBue 3aMKHYTOCTH TOIATEOPBI B OTHOCUTEIHFHO KOMILJIEKCHOTO COIPSIYKEHUST SIB-
JISIETCS CYIIeCTBEHHBIM. JleficTBUTENBHO, PACCMOTPUM B KadecTse npumMepa mnopaaredpy A(D), cocrosinyio u3
dyukIwmit, anajuTudeckux B eauHuIHOM Kpyre D C C u HenpepbIBHBIX BILUIOTH 0 ero rpanwunbl. OHa ymo-
BJIETBOPSIET BCEM YCJIOBUSIM TE€OPEMbI, KPOME 3aMKHYTOCTH OTHOCHUTEJIBHO COIpsi?KeHusi, a Teopema CroyHa—
Beiteprrrpacca Jijist Hee 049€BI/IHO HEBEPHA.

JOKA3ATENILCTBO TEOPEMBI XVI.1. Oupenennm orobpaxkenune ¢ Ha mosmuoMax, noiaras ®(P) = P(A).
Torma no nemme XVI.2

12(P) Bcary = I1Pllc(oca))

OTKyZa [0 TeopeMe 00 OrPAHNTIEHHOM JINHEHHOM 0TOOparXkKeHUuN CIeLyeT, ITo oTobpakenue ® IOMyCKaeT exuH-
CTBEHHOE IIPOJIOJI2KEHIE Ha 3aMbIKaHHe MHOXKecTBa moanHoMOoB B anrebpe C(o(A)). Tak Kak mojmHOMBL 06pa-
3YIOT AJIreOpy, COAEPIKAIILYIO € TMHIILY, 3aMKHYTYIO OTHOCHTEIEHO KOMIUIEKCHOTO COIPSIZKEHUS U PA3/IEJISIONLY IO
TOYKH CIIeKTpa, To 10 TeopeMe CroyHa-Beifepuirpacca 3aMbIkaHne 910l aareOpbl JJOZKHO COBIAJIATH CO BCEil
asre6poit C(o(A)). Tem camMbiM, MBI TTOJTydaeM OTOOpaYKEHHe

®: C(c(A)) — B(H).

Ono, oueBnmo, obnagaer csoiicreamu (1), (2), (5), HOCKOIBKY 3TU CBOWCTBA BBINOJIHSIIOTCA JJisl IOJUHOMOB.
Kpowme Toro, Ha cOGCTBEHHBIX BEKTOPaX ¢ omeparopa A, yIOoBIeTBOPSAIONUX YCIOBUIO A = Ay, BBITIOJHSIETCS
COOTHOITIEHTE

®(P)p = P(A)p = P(N)p,

OTKyJia BeITeKaeT cBoiicTBo (3). Cpoitctio (4) caenyer u3 semmbl XVI.2. st mokasaresbersa cBoiicTa (6)
3ameTnM, 4To ecim dbynkmua f > 0, To oHa TpejcTaBiaserca B Buje f = g2, Tyie g — HelmpepbIBHAA Bere-
creennosHaunas dynkmusa na o(A). osromy ®(f) = ®(g)?, rae ®(g) — camoconpskennbit oneparop ua H.
CuenroBaresbao, oneparop P (f) mosoxureses.

SAMEYAHUE XVI.2. W3 nokazanHoit TeopeMbl HEMEJIEHHO BBITEKAET TeopeMa O KBaIpATHOM KopHe. Jleii-
crBuTenbHO, ecin A > 0, 10 0(A) C [0,400) n ®(f)? = A mia bynxmm f(N) = VA
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3AMEYAHUE XVI.3. U3 ceoiicra (5) moKa3aHHON TEOPEMbI BBITEKAET CJIEIYIONIAs ONEHKA PE30JIbBEHTHI

oneparopa A:
1

A —A)7Y = distOv, o(A))

upu A € o(A).

XVI.2. Cnekrpanbubie mepbl. Orcrymienue: bopenaeBckue Mepbl u Teopema Prucca—Mapkosa. Ilyctb
X — KOMMmakTHOE XaycaopdOBO TOMOJOTHIECKOE MPOCTPAaHCTBO. PaccMorpmm Ha X OOpeneBCKyio o-aaredpy
B(X) n3aMepuMbIXx MHOXKECTB, [IOPOXKIEHHYIO BCEMHU OTKPBITHIMU II0jMHO)KecTBaMu B X . Mepbl Ha mpocrpas-
ctBe X, CHaGKEHHOM 3TOM 0-arebpoil, HA3BIBAIOTCS O0PEAEGCKUMU.

Hanomumnm, aro GopesneBcKasi Mepa, (1 HA3bIBAETCH PE2YAAPHOTU, €CIH JIJIs JTI000r0 U3MEPUMOTO IO/ IMHOKE-
crBa E € B(X) BBINONHSETCS COOTHOIICHNE

w(E) = UlnfE{p( ) : U orkpoiro B8 X } = sup {u(C) : C € B(X) — KOMIaKTHOE MOJIMHOXKECTBO B X }.
D CCE

K sroMmy yciioBuio Mbl Gy/ieM J10GABIIATH ellle yCIoBue KOHEYHOCTH Mephl, T.e. (1(X ) < oo. Ecan p — perynsipHast
GopesieBckag Mepa, To npocrpanctso C(X) menpepbisabix dbynkiwmii na X comepxkurca u wiorao B LP (X, du)
JIJTST BCeX p < 00.

ITycrsb pu — perynspuas 6opesieBckas Mepa Ha X. Pacemorpum orobpaxenune C(X) — C, 3amaBaemoe dop-
MYJION

Cx)> ftf) = [ i

D710 oTOOpaXkKeHue JIMHEHHO U YJIOBJIETBOPSIET OIEHKE

</Wﬂw<nmaMMX%
X

Tak 9ro f ecThb HenpepbiBHLbIH Junelnblil dyrknuonan na C(X). Dror DyHKIUOHAI N040dCUMEAEH B TOM
cmbiciie, uro ¢(f) > 0 Beskuit pas, xorga f > 0.

TEOPEMA XVI.4 (teopema Pucca—Mapxkosa). I[Iycms X ecmov xomnaxmmoe xaycdoposo monosozure-
cxoe npocmparcemso. To2da 0aa 6CAKO20 NOAOHCUMEADHO20 HENPEPLIBHO20 Autelino2o dynkyuonasa £ na C'(X)
natdemcs eQUHCMBENHAA PELYAAPHAA OOpesesckas mepa (i Ha X makas, 4mo

)= [ rau

Bepnemcs K criekTpaibHbIM MepaM. I1ycTh A ecTh orpaHNYeHHBIH CAMOCOIDSKEHHBII OllepaTop B MUJIboep-
rosom npocrparctee H u v € H. Torga orobpakenne C(o(A)) — C, samaBaemoe dhopmyoit

f= (f(A)v,v)

SIBJISIETCS TIOJIOXKUTEJIbHBIM HelpepblBHbIM (dyHKImonasoM Ha upocrpancrse C(o(A)). Ilosromy 10 Teopeme
Pucca—MapkoBa cyiecTByeT eIUHCTBEHHAs PeryiisipHas GopesieBcKas Mepa (i, Ha o(A), i KOTopoii

(f(A)v,v) = SN dpu(N),
a(A)
KOTOpAasi HA3bIBAETCSI CNEKMPAALHOT MEPOT, ACCOIMUPOBAHHON ¢ BEKTOPOM .

[Tonb3ysach 3TOM MEPOM, MOXKHO TIPOJIOJIXKATH MOCTPOEHHOE BHIIIE (DYHKIMOHAJILHOE UCUNUCICHAE ¢ HEIpe-
PBIBHBIX Ha [IPOU3BOJIbHbIE OTPAHUYEHHbBIE (DYHKIMN, U3MEPUMbIe OTHOCUTENILHO o-aire6psl B(R) GopeseBckux
MHOXKECTB Ha npsiMoii. JlelicrBurenbHo, eciim f — orpanndennas bopeseBckas (yuknust Ha R, To onpegennm
oneparop f(A) dopmysioit

(f(A)v,v) = SN dpu(X).
a(A)
Ksagparuunas dbopma (f(A)v,v) oupejiesser euHCTBEHHBIM 06pa3oM osyTopaiuteiinyo dopmy (f(A)u,v)
€ TIOMOIIBIO TIOJISIPUBAIMOHHOTO ToXkAecTBa (cM. 3amedanne 11.2 u3z m. 11.1), a ykasaHHasI Oy TOpAIMHENHAST
dopma 3amaer orpannvdeHHbll JuHeitHbii oneparop f(A).
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TEOPEMA XVIL.5 (0 GyHKIMOHAIBLHOM UCYUCIEHUN B KJIacce orpanndeHubix dyuknuii). ycms A — oepa-
Huvennoil camoconpasicennvili onepamop 6 2uavbepmosom npocmparcmee H. Toeda cywecmeyem edurncmeen-
noe omobpasicenue ®, conocmasasrousee npouseoavnoti ozpanuvennoti bopesescrol dynkyuu f na npamot
oeparunennuil aunednul onepamop ®(f). Yrasannoe omobpascenue obaadaem caedyrouumu ce0Gcmeamu:

(1) ® ecmv nenpepuenbili x-20MoMOpPUIM an2ebp;

(2) ecau f(A) = A, mo D(f) = A;

(3) ecau nocaedosamenvrocms dynruud { frn}5, nomoveurno cxodumes x Pynruyuu f, m.e. fr(A) — f(A)
npu 6cex A u cosoxynnocmo nopm || fnllom) ozpanuvena, mo nocaedosamenvriocmo onepamopos </IS( fn)
cxodumecs K onepamopy <T>(f) CUNDHO;

(4) ecau sexmop ¢ € H asasemces cobemsernvim 0as onepamopa A ¢ cobemeennum 3Haveruem A, m.e.
Ap = Ap, mo R

(f)e = f(Ne;

(5) ecau f =0, mou ®(f) > 0.

Hy>kHO 1IpOoBEPUTDH TOJBKO yTBEpKIeHUE (3), KOTOPOE Mbl OCTABJISIEM B BUJIE 3aJaUH.

Jleknusa XVII. CnekTpanbHas TeopeMa B TEPMHUHAX OMEpPaTOpPa YMHOXKEHUS

XVIIL.1. CoekTpajbHasi TeopeMa.

OnpPEAENEHUE XVII.1. Bekrop v € H Ha3biBaeTcs yukauveckum Jjisg oneparopa A, ecim smneiinas
obosouka BekTopos {A"v}>2 ) mrorna B H.

JIEMMA XVIIL.1. ITycmo A — oepanunennwiti camoconpasicennviti onepamop 6 H ¢ yukauueckum sexmo-
pom v. Cywecmeyem yrumaproiti onepamop U: H — L2(a(A), du.,) maxoti, wmo

(UAUT F)(N) = Af(N)

ons ecex f € L?(a(A),du,) (pasencmeo nonumaemes 6 cmvicae L2 -dymxuu).

JIOKA3ATEJILCTBO. st HenpepbIBHBIX (byHKnit f ompemesum orobpazxkenue U 1o dhopmysie

US(f)v =1,

T.e. KaKk obparHoe K oTobpakennio ¢ m3 teopembr XVI.1 o pyHKIHOHATILHOM UCUUCTEHAN /I HEITPEPBIBHBIX
dyuxmit (em. . XVI.1). Tlokaxkem, ato orobparkenune U TeM caMbIM KOPPEKTHO OIpeiesieHo. JleficTBUTebHO,

[2(F)o]]2 = (@ (H)B(f)o,0) = (2(Ff)v,v) = / O ).

Orciona cienyer, 910 et f = ¢ HOYTH BCIOAY 110 Mepe [i,, To P(f)v = P(g)v. Tem cambiM, orobpazke-
ure U xoppekTHO onpejeneno na Muaoxkectse {®(f)v : f € C(o(A))} u coxpanser nopmel. Tak Kak BEKTOp v
[UK/IMYEH, TO 3aMbIKAHIE YKA3AHHOIO MHOXKECTBa CoBIaaaeT co BceM H. ITosTomy mo Teopeme 06 orpanmdeH-
HOM JIMHetHOM oTobpaskennu U MPOJIOJIKAETCS J10 n3oMeTpudeckoro orobpaykenus H — L?(o(A), du,). Tak
kax muoxkectso C(0(A)) mwiorno B L?(0(A), du,), To 06pas Im U cosnanaer ¢ L?(a(A), du,). Hakonern, eciu
feC(a(A)), o

(VAU £)(0) = [UAD(F)o)(N) = [UBOF)o](N) = AF(N).

ITo HempPepLIBHOCTH 3TO coOTHOMIenue coxpansercs nys seex f € L2(a(A), duy).

JIEMMA XVII.2. [Tycms A — o2parusennviil camoconpatcertsiil onepamop 6 2usbbepmosom npocmpaHcm-
e H. Toeda H donycraem paznogtcerue 68 npamyo Cymmy noonpocmpancme

N
H=H,,

n=1

2de N — aubo namypasvroe wucao, aubo N = 0o, a ykadarwhovie nodnpocmparcmsa H, obaadarom caedyrowumu
ceoucmeamu:
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(1) xaotcdoe us nodnpocmparcmes H,, uneapuarmmo ommnocumenvno onepamopa A, m.e. A: Hy, — Hy;
(2) dasn mobozon =1,...,N cywecmsyem sexmop v, € H,,, Komopuil A6AA€MCH YUKAUECKUM BEKMOPOM
onepamopa A|H,,, m.e. mnoorcecmeo sexmopos euda { f(A)v, : f € C(o(A))} naommno ¢ Hy,.

JlokazareabCTBO, KOTOPOE 3aKJIIOYaeTCd B IpuMeneHnn jeMMbl LlopHa, ocraBiisiercs B BUIe 3a/1a9H.

TEOPEMA XVII.1 (cuekrpaibHas TeopeMa B TEPMUHAX ONEPATOpa yMHOXKeHus). I[ycmv A — ozpanuuen-
HoLti camoconpascenivitl onepamop 6 euavbepmosom npocmparcmee H. Tozda cywecmeyrom mepvi { iy Y,
2de N — Aub0 HamypasvHoe “ucao, Aubo N = 00, u yHumapHvil onepamop

N
U:H— @Lz(R,dun)
n=1
MaKue, 4mo
(AU )n(X) = Afa(N)
das mobwx f = (f1,...,fn) € @7]:;1 L2(R,duy,). Yrasannaa peasusauus nasvui6aemcs cnexmpaivotoim nped-
cmasaenuem onepamopa A.

Teopewma BoiTekaer u3 jgemm X VII.1 u XVIIL.2. BameTum, 910 MEPHI (4, , TAKXKE HAZBIBAEMBIE CNEKMPAALHOIMU,
OTIPE/JIEIEHBI HEOTHOZHATHO.

CneactBUE XVIL1. Ecau A — oepanusennviii camoconpsocenmnuiii onepamop 6 H |, mo cywecmsyrom npo-
empancmso (M, 1) ¢ xKonewnol mepoti [, oepanuvennas usmepumas dynkuyus F na smom npocmpancmee u
ynumaproiti onepamop U: H — L*(M, dp) maxue, wmo

(AU f)(z) = F(x)f(x)
(paserncmeo nonumaemes, xkax u eviue, 6 cmuicae L - dynryu).

JIOKABATE/ILCTBO. Bribepem muk/mmaeckue BekTOpsl v, € H, tax, arobsr |[v]|f; = 1/2" n obosmadmm
qepe3 M obobenmHenne N 9K3eMILISIPOB BEMECTBEHHOM mpsiMoit R:

N
M=|]JR
n=1

Onpenenum Mepy p Ha M yciioBuem: ee cy:KeHue Ha n-it 9k3eMiisgp R ecTb (i, Tak ITO

0= 20

ITo teopeme Pucca-Mapxkosa pi, (R) = |[v,]|? = 1/2", orkyzna ciemyet, uro (M) < oo.
XVII.2. Ilpumepsl.

IMpuMEP XVII.1 (koreunoMepHBIiH cay4dait). IIycts A ecTh cumMerpuaHast n X n-marpuna. Torma oHa 06-
JIa1a€T OPTOHOPMHUPOBAHHLIM 6a3UMCOM U3 COOCTBEHHBIX BEKTOPOB V1, . .., Up, TaK 4T0 Av; = A\jv;, j =1,...,n.
IIpenmonoknM, 9TO Bee COOCTBEHHBIE 3HAUEHUS \j PA3JINIHBI, 1 PACCMOTPUM Mepy

n= 25()‘ - )\j)a
j=1

COCTABJICHHYTO U3 THPAKOBCKHUX Mep Ha BermecTserHoit mpsamoit R. Torma npoctpanctso L2 (R, du) oTHOCHTETHHO
sroit Meps! cosnaaer ¢ C*, a mobas dyukius f € L3(R, du) samaercs nabopom uncen (f(A1), ..., f(A,)). Ilpn
sroM dyrKImu Af 6yser orsedars HAGOP (A1 f(A1), ..., Anf(An)), TAK 9TO MCXOMHBIN onepaTop A peanusyercst
B L?(R,dy) B BHJIe onepaTopa yMHOKEHHs! Ha .

ECJII/I B Ka4eCTBE MEPHbI B34ATb
n
= § :a](s()\ - )\j)a
n=1

rjie (¢; — IPOU3BOJILHEIC TIOJIO?KUTEILHBIC YHCIA, TO B IPOCTPAHCTEE L?(R, dji) onepatop A Gyyier jeficTBOBATH
TaK>Ke KaK OIeparop YMHOXKEHUsI Ha A, YTO JeMOHCTPHUPYET HEOIHO3HAYHOCTh BHIOOPA CIIEKTPAJIBLHON MephI L.
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TTpuMmEP XVII.2. IlycTh A — KOMIAKTHBIH CAMOCONPSIYKEHHBII OIIEpaTop B r’IJILOEPTOBOM TIpocTpancTBe H.
Torga o reopeme Mmibbepra—IIImunra B H cymecTByer OpTOHOPMUPOBaHHbIH 6a3uc {v, }5° ; u3 cobCcTBEHHBIX
BEKTOPOB omeparopa A, Tak 4ro Av, = A\yUn, j = 1,...,00. Eciin Bce cobcTBeHHBIE 3HAUEHUS] PA3JIMYHBI, TO
B Ka4eCcTBe CHEKTPAJIHHOU MEPBI MOXKHO B34Th MepY

(A=)
n=2 Ton
n=1
[IpuMEP XVIL.3. Ilycts H = (?(Z), T.e. cOCTONT U3 MOCTeI0BATETbHOCTeH T = {2, }3° _ . yIOBIETBO-
PAIONMX HEPABEHCTBY Y oo |z,]? < oo. Pacemorpum na H oneparop siesoro cisura S, JefcTBYIONuil 110
dopmyne: (Sz), = zp41. Torma conpsizkenubrii K Hemy omeparop T = S* sBIsSeTCS MPaBBIM CABUTOM, T.€.
(Tz)n = xp—1. BBegem camoconpsizkenssblii oneparop A = S + T u npejcTaBuM €ro B BUJE ONEPATOPa yMHO-

»kenns. Jla aroro pacemorpum otobpazkenne U : H — L2(0, 1), 3agaBaemoe dbopmy.ioit

> .
U:x={x,}— Z T, e,

n=—oo

Torma USU ™! ects oneparop ymuozkenns na dbynxmmo e~ 2" a oneparop UTU ™! ecTnh oneparop yMHOMKeHIS

na dynkmmo 2™, tax aro UAU ~! ecTnb omepatop ymHoxKenust Ha dbynkmmio 2 cos(27t). Haifure Mepsr g u
b2 Ha mpsiMoii R, Jj1s1 KOTOPBIX ortepaTop A peajiu3yercsi B BUJIe OlEpATOpa YMHOXKEHUs Ha ¢ B IPOCTPAHCTBE

L2 (R, dﬂl) @ LQ(R, d/,l,g)
XVII.3. omosiHeHne: MHTEPIIPETAIlNs CIEKTPa B TEPMUHAX CIIEKTPAJIBHBIX Mep.

OnpEAENEHUE XVIL.2. Hocumenem cemeticmea mep {j, }1_| HaspBaeTcs nomoimenue 10 HAMGOIBITIETO
OTKPBITOrO HoAMHOXKecTBa E, Ha KOTOpOM (i, (E) = 0 ayia Beex n.

ITPEA/TOXKEHUE XVIIL.1. [Tycmo {Mn}ﬁlz1 eCmb CEMETUCMB0 CNEKMPANOHL MED OAAL 02PAHUYEHHO20 CAMO-
conpaocennozo onepamopa A 6 2uavbepmosom npocmpancmee H. Tozda ezo cnexmp cosnadaem ¢ nHocumenem
cemeticmea {pin }:

o(A) = supp{pn}-
OnpreaeeHUE XVIL.3. Ilycrs F ecrb BeniecTBeHHO3HAUHAs (DYHKIUS HA IIPOCTPAHCTBE ¢ Mepoii (M, f).

YHucmo A € R npuHaIIeKUT cyuecmeeniots obracmu 3uavenut dyuknun F, ecan s oboro € > () BBITON-
HSIETCsI YCJIOBHE:

p{lreM:A—e< F(x)<A+¢€} >0.

TTPEMIOXKEHUE XVIIL.2. ITycmo F ecmov o2paruvennas udmMepumas SeW,eCmeeHHo3nayHas Gynkuus Ha
npocmpancmee ¢ mepoti (M, ) u Ap — onepamop ymmnoscenus na dynxyuro F 6 npocmpancmee L2 (M, du),
sadasaemwviii Gopmyaoti

(Apf)(z) = F(z)f ().
Tozda ezo cnexmp o(Ap) cosnadaem ¢ cywecmeernol obaacmuvio snauerul gynryuu F .
O6parnmMcs Terepb K TOHKOH KJIACCH(MUKAIAH CIIEKTPa, OCHOBAHHOM! Ha [IPE/ICTABICHIA CIIEKTPAJIBLHON MepbI
i B Bjie cyMmbl (cM. 1. I11.3)
= pp + Hac T s
ATOMAPHOI MEPHI [i,, AGCOIIOTHO HEIIPEPBIBHON MEPHI fiq, 1 HEIIPEPLIBHON CHHIYJIAPHOM MEPHI fi; OTHOCHTEILHO
Mmepsl Jlebera.

ITycts A — orpaHu9YeHHBIN CaMOCOIPSIXKEHHBIH olepaTop B rIb0epToBoM npocrpancTee H u (i, obo3HadaeT
Mmepy Ha crekrpe o(A), oredatontyio BekTopy v € H 1o Teopeme Pucca—Mapkosa. Beegem nomnpocrpancrsa

H,={v e H:p, - aromapHas Mepa},
Hy. = {v € H : j1,, — Mepa, abCOJIOTHO HEIPEPhIBHAsI OTHOCUTEIHHO Mepbl Jlebera},

Hs; ={v € H : j1,, — HenpepbIBHasi Mepa, CUHTYJIsIPHAS OTHOCUTENhHO Mephl JleGera}.
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ITPEANOKEHUE XVIL.3. B pasaoorcenuw H = H, © H,. © H, xaorcdoe u3 caazaemols noodnpocmpancmse
unsapuarmmo ommocumenvro onepamopa A. IIpu smom cyorcenue A|H, onepamopa A na nodnpocmparcm-
60 H, umeem noanyro opmo2onarvhyto cucmemy coOCMEEHHIT 6eKMOPO6, 6CE CNEKMPANLHDIE MEDDL CYHCEHUA
A|H,. onepamopa A wa nodnpocmpancmeo Hye a6CoAOMHO HENPEPLIBHLL, G CEKTNPAALHBIE MEPYL CYHCEHUL
A|H; onepamopa A wa nodnpocmpancmeo Hy cunzyasphot.

OnPEAENEHUE XVII.4 (tonkas kiaccudukaims ciekrpa). [Iycts A — orpaHUUeHHBIH CaMOCONPSIZKEHHBIH
orepaTop B rujibbepToBOM mpocTpancrse H. Bejem ciieyroniie moIMHOXKECTBa CIIEKTPA:

op(A) = {X € 0(A) : X ecTb cobeTBentoe 3uademnne A},
Oac(A) ={N€0c(A): A€ c(A|H,.)},
os(A) ={Ae€o(A): X e o(A|H,)}.

BBe/IeHHBIE TTIOJIMHOYKECTBA HAZBIBAIOTCS COOTBETCTBEHHO MOYEUHbIM, GOCOMOMHO HENPEPOIGHBIM U CUNHLYAAD-
Hom cnekmpamu oneparopa A. O6benunenue o.(A) := 04.(A) U os(A) HA3BIBAECTCH HENPEPLIGHBIM CLEKIMPOM
omeparopa A.

ITPENNOXKEHUE XVII.4. Bunoaneno pasencmeo o(A) = op(A) Uo(A).
XVII1.4. lomosiHeHUE: ONepaToOPhl C MPOCTHIM CIIEKTPOM.

OnPEAENEHUE X VII.5. OrpanudeHHBIl caMOCOIPsI?KEHHBIH omepaTop A B I'mJibOEPTOBOM IIPOCTPAHCT-
Be [ Ha3BIBAETCS 0ONEPAMOPOM C NPOCTBIM CTLEKMPOM, ECTI OH YHUTAPHO SKBUBAJIEHTEH OIIEPATOPY YMHOXKEHU
ma A B npocrpanctse L2(IR,du) n1s HeKOTOPOit MephI [i.

TIPEATOKEHUE XVIL.5. ITyemo A — ozpanurentvili CamMOCONPANCEHHBIT ONEPAMop 6 2usbOEPMOBOM NPO-
cmpancmee H. Toeda onepamop A umeem npocmoti cnexmp mozda u moavko moezda, kozda on obaadaem
UUKAUYECKUM BEKMOPOM.

B konedHOMEpHOM CiTydae OIe€paTOpbI C MPOCTBIM CIEKTPOM — ITO B TOYHOCTH OMEPATOPHI C PAIMIHBIMA
cobcrBeHHBIMU 3HadeHUsAMA. OTBEYAONE UM CIIEKTPAJIbHBIE MEPBI UMEIOT BHT,

N
> and(A = An).
n=1

IIpennonoxum, uro Ha npamoit R zamana mepa p u F' — usmepumast HeoTpunaTeabHas (DYHKIWS, TOYTH
BCIOJly OTJIMYHAsL OT HyJsl, koTopast npuHagexxur Li (R, dp). Tocnennee osnauaer, 4ro |, o |Fldp < oo st
soboro kommakTHOoro moamaokectBa C' C R. Torma dv = Fdp ects GopesieBckast Mepa Ha npsmoit R u oTo6-

paxenme U: L?(R,dv) — L*(R, du), Kotopoe 3ajaeTcss hopMyoit

UHN) = VENFN),

yHHUTApHO 1 yjoBiersopsier cooromennto A(U f)(A) = U(Af). CuenoBarensro, oneparop A, HIMEONH ClieK-
TPaJbHYIO MEpY (i, MOIYCKAeT CIeKTpasbHoe npejcraBienne ¢ Mepoit v. ITo Teopeme Pamona—Hukomnma pa-
BeHcTBO dv = Fdu, rne F' — OyHKIUS, TOYTH BCIOAY OTJINYHAs OT HYJIS, BBIIOJHSIETCA TOI/Ia U TOJBKO TOIJIA,
KOIJIa MEDBI (4 U ¥V UMEIOT OJIMHAKOBBIE MHOXKECTBA HYJIEBOI Mepbl. Taknue Mepbl eCTECTBEHHO CUUTATh IKEUBA-
AEHTMHBLMU.

ITPENIOXKEHUE XVIIL.6. ITycmov p u v — 6openesckue mepv, Ha R ¢ oeparuvertvmu Hocumenamu. O6o-
snavum wepes A, onepamop ymmoocenus na X 6 npocmpancmee L*(R, dp), a wepes A, onepamop ymmoorcenus
na A 6 npocmpancmee L*(R,dv). Tozda onepamopw. A, u A, ynumapro sxeusaienmuvr mozda u moavko
mozda, K020a MEPHL (L U UV IKBUBANEHMHDL.

Jleknua X VIII. CrekrpajibHasi TeopeMa B TEpMHUHAX MPOEKTOPHO3HAYHBIX Mep

XVIII.1. CoekTpaJjibHbIE IIPOEKTOPHI.

OnpPEAENEHUE XVIIL.1. Ilycts A — orpaHwdeHHbBIH CAMOCOIPSIYKEHHBI OlepaTop B MHJILOEPTOBOM IPO-
crpanctBe H, a E — 6opesieBckoe mopMHOXKecTBO Ha npamoii R. Ouneparop P := xg(A) HasbBaercs cnek-
MParvHbLM NPoeKmopom orepaTopa A, oTBedaronyM MHOXKeCTBY F.
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IIPEINIOKEHUE XVIII.1. Cemeticmseo {Pg} cnekmpaivhvix npoexkmopos 02paHu4erto20 camoCoOnPAHCceH-

1020 onepamopa A obaadaem caedyrowumy c80TUCMEAMU:

(1) xaorcowiii onepamop Pg A6A8€MCA 0PIMO2OHAABHOIM NPOEKMOPOM;

(2) Py =0;
Obosnanum wepes Py npoexmop Py = P_ x) ¢ A € R. Tozda

(3) cywecmeyrom maxue sewecmeentvie wucaa a < b, umo Py =0 npu A < a u P\ =1 npu A > b;

(4) P\ < P, npu A < p;

(5) ecou E =J,—, En, npunem E,, N E, = @ npum # n, mo

N
e = i (3 P, )

(6) PE1PE2 :PElﬂEz u PE1UE2 :PE1 +PE27 ECAU E1 ﬂEg = .
ﬂOKBBaTeJIBCTBO ITUX yTBep}K,HEHI/II'P'I OCTaBJIsleM B Ka4deCTBe 3a/1a49U.

OnpPEAENEHUE XVIII.2. Cemeiictso npoektopos {Pg}, rie E — Gopenesckoe MoaMHOXKeCTBO B R, Jeit-
CTBYIOIIUX B ruyibbepToBoM npocrpancTse H u obiagaomux csoiicrBamu (1)—(6), Oyzem HaszbBaTh Npoekmop-
nosnaunoti mepoti na B(R) co snavenusvm B H uim onepamophvim pasaoncenuem eQunuybL.

3AMEYAHUE XVIIL.1. U3 yciosus (6) upeaplaymiero npemioxenus ciaemyer, 9ro dbyukiua E — Pg na
6opesieBckoii o-anrebpe B(R) apiserca koneuno-aaaurusHoil. OHAKO HET OCHOBAHUIN OXKUJIATH, YTO OHA Oyer
U CUETHO-3IUTHBHON O OTHOINEHUIO K paBHOMEpPHOIN HOopMme. JlefcTBUTEIbHO, CIeTHAS A TUTUBHOCTD ITOM
byHKIIMM 03HAYAIa OBbI, UTO PsI ZZO:1 Pg, , moctpoennsiit 1o Habopy {E,}52; GOpeIeBCKUX MOIMHOKECTB
E, € BR) ¢ E,,NE, = & upu m # n, CXoJuTcs 10 orneparopHoii Hopme. Ho HopMa npoekTopa Pp pasHa
Jinbo HyJr0, 60 GoJIbIe 1, MOITOMY TAKOU PsiJi MOXKET CXOIUTHCS TOJBKO B CJIydae, €CJau OTJIMIHO OT HYJIst
JIAIIb KOHEYHOE YUCJIO er0 9JIEHOB.

Tem ne menee, yciosue (5) ykaspiBaer, 4To i GyHKiuuu E +— Pgp uMeer Mecro cYeTHas aJIUTHUBHOCTH
B CHJIBHOM CMBICJIE.

[IpuBesenHoe ompe/ie/ieHre TPOEKTOPHOZHAYMHON Mephl MOXKHO 000OIUTDH Ha CJIEIYIONLYI0 cuTyarmio. Ilycth

M ecTb MHOXKECTBO, HajlesleHHOe g-ajrebpoit R. HazoBem npoexmoprosnaunot mepoti Ha R co 3Hauenuamu

6 2uavbepmosom npocmparcmee H orobpaxkenue P, comocTapJsiomiee KaxkKI0My U3MEPUMOMY MHOXKeCTBY F €

R upoektop Pr B mpoctpancTBe H, KoTOpoe 00J1a/1aeT CJIeLYIONUMU CBOCTBAMU:

(1) kaxkmplii onepaTop Pg sIBJISIETCS OPTOrOHAIBHBIM IIPOEKTOPOM;
(2) Py =0, Py =1I;

(3) Pg,Pg, = Pg,ng, n Pg,uE, = Pg, + Pg,, ecrm E1 N By = O&;

(4) ms mobpix BeKTOPOB u,v € H orobpaxenue F — (Pgu,v) 3aJaeT KOMIJIEKCHO3HAYHYIO Mepy Ha R
B cay4ae, eciau M = X ecTb KOMIIAKTHOE TOIIOJIOTUYECKOE IIPOCTPAHCTBO U R €CTh o-ajrebpa 00pesleBCKIX
HOJMHOXKeCTB, GyjieM TpeGOBaTh JONOJIHUTEIBHO, 4T00bl Mepa (Ppu,v) ObuIa peryasipHoil 60pesIeBCKoil
MEpPOH.

SAMEYAHUE XVIII.2. Eciim P — npoekTopHO3HAYHasi Mepa Ha R CO 3HAYEHUsIMA B THJIBOEPTOBOM IIPO-
crpanctBe H, To fyis joboro BekTopa v € H orobpaxkenune E +— Pgpov 3ajaeT caeTHO-aquTuBHYIO H-3Ha9HY10
Mepy Ha R, T.e. Mepa F — Ppg sBJIs€TCsI CI€THO a JIUTUBHON B CUJIBHOM CMBICJIE U B ODITIEM CJIy9Iae IPOEKTOP-
HO3HAYHBIX Mep (cM. [4, npeiokenune 12.18]).

XVIIIL.2. CnekrpanbHas Teopema. Ilycrs {Pg} ecrb npoekroprosuadnas mepa Ha B(R). Torma njist
soboro v € H ckassipHasi MOHOTOHHO HeyOGbiBatomast dyukius (Pyv,v) oupezesser obbranyo Mepy Jlebera—
Crunreeca d(Pyv, v) Ha BemecTBeHHON ocu. st mponsBosbHBIX U, v € H dbyakuus (Pyu, v) 3a7aeT KOMILIeKC-
Hyto Mepy d(Pyu,v) Ha R.

TEOPEMA XVIIL.1. ITycmv {Pgr} ecmo npoexmoprosnauras mepa na B(R). Toeda omobpastcenue
U: L*(R) — B(H),

onpedeasemoe Hopmysot

(W(f)u,v) = /f(A)d(Pw, v), (XVIIL1)
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3adaem uzomempuueckuls uzomoppusm anszebpv. L (R) 6 aneebpy B(H) oepanuternvix AUHETHbT ONepamopos
6 H. 9mo omobpasicenue obradaem caedyrowumu ce0TUCmMEaMU:

U(f) =w(f)* (XVIIL2)

el = [ 1Py, (XVIIL3)
HOKABATEJBLCTBO. Ilycts cHawana f ectb mpocras QyHKIHS, ONpeIeIeHHast Ha HocuTesie Mepbl Pp, mHa-

4ye ToBODs, 3ajaHo pasbuenue supp(Pg) Ha Gopesnesckue noamuoxkecrBa Fi, ..., E, Tak, dro f npuHumaer
3Ha4YEeHHE ¢, Ha MHOXKecTBe Fj 1
n
f= E CEXEy,»
k=1

rje X — xapakrepucruueckasi GyHkus MaokecTBa E. Oupenennm oneparop ¥ (f) € B(H), nonarast

k=1
Torma
n
U(f) = ZEkPEk =¥(f)
k=1
Ecmu Fy, ..., F,, — apyroe pa3buenue nocuress supp(Pg) Ha HenepeceKalomuecs: G0pesieBCKUe MOJMHOKECTBA

u g — mpocTasg PYHKIMs, TPUHUMAIONIAs 3HaTenne d; Ha MHOKecTBe Fj, TO

U(f)U(g) = exdiPr,Pr, =Y ckdiPr,nr,.- (XVIIL4)
ol ol

Taxk xax npousBeieHue fg CHOBa SIBJISETCS IIPOCTOH (DyHKIMeEH, IpUHIMAOIIEH 3HAUeHNe C,d; Ha MHOXKECTBE
FE N Fy, TO U3 TIOC/IETHETO COOTHOIIEHUST CEIYET, ITO

U(f)¥(g) =U(fg). (XVIIL5)

Touno Tak»Ke MPOBEPSIETCsI, ITO

WA 4 png) = AU(f) + p¥(g). (XVIIL6)

1t Tpon3BOILHBIX BEKTOPOB U, v € H nmeem
(T(f)u,v) =Y (Ppu,v) = / F(N)d(Pyu,v). (XVIIL7)
k=1

Kpowme Toro,

V() U(f) =C(F)U(f) = V(ff) =V fP)

CrenoBaresibHO,
1 (foll® = (P U(fv,v) = (T(f*)o,0) = / [FN)Pd(Pro, v),
OTKy/Ia
(vl < NI ) /d(Pw,v) = e llvl*.
Teneps ecu BeIGpaTh HOMep k Tax, 9T00b! || = || f||%, To npn v € Im Pg, Gynem nversb

U (f)v = cxPr,v = cpv,

OTKYyJa cJIeyeT paBEHCTBO
1A= N1fl1Z- (XVIILS)
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[Tycts Teneps f — npoussosbhasa dbyukius uz L°(R). Torma cymecTByeT M0OCII0BATEIBHOCTD IPOCTHIX
usMepumblx byuxmmit {f, }5° ;, koropas cxogurcsa K f 1o mopme L (R). Uz dopmynsr (XVIIL.8) BeiTekaer,
YTO COOTBETCTBYIOMIAS TTOCIIEI0BATENLHOCTE omepatopos {V(f,)}2% | aBasercs mocmenoBarenbHOCTHIO Komm
B npocrpanctse B(H). Tloaromy oHa cxoauTest K HeKOTOpoMy oriepaTopy B B(H ), obosnauaemomy depes W(f).
DroT oneparop, KaK JIErKO BUJETh, HE 3aBUCHAT OT BBIOODA aNlPOKCUMUDYIONIEil nociemsoBarenbHocta { fr, },
npu srom corsacuo (XVIILS) [[¥(f)]| = || f]|? -

@opmyna (XVIIL1) ams U(f), a Takxke dopmyast (XVIIL2) u (XVIIL.3) noKa3bIBaOTCsI, UCXOAS U3 CO-
OTBETCTBYIOIIUX yTBEPKICHUH sl IPOCTHIX (PYHKIMA ¢ MOMOIIBIO AIIPOKCAMAIUA. AHAJOIIIHBIM 00Pa30M,
HepeHocsITCsl Ha 1ponsBosibHble dyHkiun f, g € L°(R) croiicrea (XVIIL5) n (XVIILG).

Tem cambiM, orobpazkenue U ycranasiuBaer umzoMerpudeckuii nzomopdusm anrebpsl L°(R) B anrebpy
B(H), nupuuem ero o6pas (L (R)) sBasercs 3aMKHyTO# mogaarebpoit B B(H ).

@opmyay (XVIIL1) npuHATO 3aIUCHIBATE KOPOTKO B BUJIE

(f) = / F(\)dPy.

B wacrHOM ciyuae, korja {Pr = Pg(A)} ecrb IPOEKTOPHO3HAYHAS Mepa, OTBEYAOIAs CAMOCOIPSIKEHHOMY
oneparopy A, 6ymeM uMeThb

WH=1= [1nan w A= [ap

CyMMupysT CKA3aHHOE BBIIIIE, [TOJIYIAeM CJIEIYIONYI0 TEOPEMY

TreOPEMA XVIIL.2. Cywecmeyem 63aumro-00H03HAUHOE COOMBEMCMEUE MENCIY 02PAHUMEHHBIMU CAMO-
conpagtcennbLmu onepamopamu A u npoekmoprodnanvimyu mepamy { Pg} na npamoti, sadasaemoe dopmyaramu

A= {Pg=xe(A)}

XVIII.3. dormoJsiHeHnEe: CIIEKTPAJIbHbIE IIPOEKTOPbI U CIIEKTP.

[MPEANOKEHUE XVIIL.2. Touka A npunadiescum cnexmpy camoconpascennozo onepamopa A moeda u
moavko moezda, K020a ee cnexkmparvhoili NPOEKMOp YooeAemBOPAEM YCAOBUIO:

Pix—eato(A) #0
das a106020 € > 0. Hnvmu caosamu, X ecmv mouka pocma npoexmoprodnaunot mepv, {dPy}.

OnpreAEJEHUE XVIII.3. Touka A\ UDPUHAIJIEKUT CYUWECTNBEHHOMY CNEKMPY Oess(A) onieparopa A, ec-
7 POEKTOP P(y_e a4¢)(A) beckomeunomepen s jmoboro € > 0. Ecim jgis nekoroporo € > 0 mpoexkTop
Pir—e rte)(A) KOHETHOMEDPEH, TO TOBOPAT, 9TO A IPHHAICKHUT QUCKPEMHOMY Cnekmpy odisc(A) omeparopa A.

ITPEINIOKEHUE XVIIL.3. Cywecmeennvili cnexmp oess(A) camoconpsorcernozo onepamopa A écezda 3a-
MEHYM 68 omauvue om JUCKPEMHO20 CNEKMPaA O gisc(A).

[MPEMIOKEHUE XVIIL.4. Toukxa A npunadsescum duckpemmomy Cnekmpy camoCoNPANCERH020 ONEPAMO-
pa A moeda u Moavko Mo20a, k0204 BLINOAHANOMCA CACOYIOULUE YCAOBUS:

(1) X ecmv usoauposannas mowka cnexkmpa;
(2) A ecmo cobemesennoe 3naverue KOHewHOU KPAMHOCTIAU.

[TPEMIOKEHUE XVIIL.5. Touka A\ npunadaescum cyuwecmeennomy cnexmpy camoCoONPAHCERHO20 ONEPQ-
mopa A mozda u moavko moada, k0204 SLINOAHACNCA 00HO U3 CAEOYIOWUL YCAOBUL:
(1) A\ npunadaesrcum nenpepvienomy cnexkmpy o.(A) = 04c(A) Uos(A) onepamopa A;
(2) X — npedeavhan mowka moveunozo cnexmpa o,(A);
(3) A — cobemeennoe snaverue 6eckoneHol KpamHoCmu.
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TEOPEMA XVIIIL.3 (xpurepuii Beiiis). Ilycms A — ozpanusenivill camoconpasicentoill onepamop 6 2uib-
6epmosom npocmpancmee H . Touxa A npunadaestcum cyuwecmeeninomy cnekmpy oess(A) onepamopa A moeda
U MOALKO Mo20a, k0204 CYUECEYEm OPMOHOPMUPOSAHHAS nocaedosamenrvhocms {u, }o2 | eexmopos uz H,
0Ast KoOmopoti

lim ||(A = A)u,| =0.

n—oo

XVII1.4. Jono/sHeHMe: ClIEKTPaJIbHAdA TeopeMa JJisi HOPMAJIBHBIX OIIEPAaTOPOB.

OnPEAENEHUE XVIII.4. Oneparop T € B(H) Ha3BIBAETCS HOPMAALHbIM, €CITH
Tr* =T"T.
Hopwmasbabie onepaTopbl 06/181a10T CAEAYIONUMEA CBOACTBAMU.

ITPEMIOXKEHUE XVIIIL.6. IHycmo T ecmv ozpanuvernvili AUHETHDIT ONEPAMOpP 6 2UALOEPMOBOM NPO-
cmpancmee H. Tozda

(1) onepamop T asaaemcA HOPMAALHBM MO20a U MOALKO Mo2da, kozda | Tu|| = | T*u|| das arobozo u € H,;
(2) das nopmanvrozo onepamopa T 6bINOAHAEMCA COOMMHOWEHUE

KerT = Ker T* = (ImT)*;

(3) ecau X ecmwv cobemeennoe shavenue Hopmaavrozo onepamopa T, m.e. Tu = Au das nexomopozo u € H\0,
mo T*u = \u;

(4) ecau A\, b — pasausnvie cOOCMBEHNBIE 3HAMEHUS HOPMAALHO20 onepamopa T, mo omeewarouue um cob-
cmeentble NOONPOCPAHCINGE 0PMO20HAALHDL;

(5) Oas HOPMAADBHOZ20 ONEPATNOPA CNPABEIAUBDL COOMHOULEHUS,

T2 = 171 w  r(A) =|T].

O4eBUIHO, YTO KJIACC HOPMAJIBHBIX OIEPATOPOB COJAEPXKUT CAMOCOIPSIKEHHBbIE U YHUTAPHBIE OIEPATOPHI.
B kadectse ere omHOrO IpuMeEpa 3aMeTHM, 9TO OIEPATOP YMHOXKEHUS Ha OTPAHUIECHHYIO (DYHKINIO B IIPOCTPAH-
ctee L2(M, 1) Beerma mopmasier. CaMOCOTPSKEHHBIE W YHATAPHBIE OIEPATOPHI BBIICIAIOTCA CPEIN OCTATBHBIX
HOPMAaJIbHBIX OIIEPaTOPOB PACIOJIOKEHUEM CBOMX CIEKTPOB COIVIACHO CJIeJIyIONeMy IIpeI0OXKEHUIO.

[MPEMIOKEHUE XVIIL.7. Hopmarvhoil onepamop AGAAEMCA CAMOCONDAHNCEHHBM MO020G U MOALKO M020a,
K020a €20 CNEeKmp AedHcuUm Ha 8ewecmeennots ocu. Hopmaivnoldl onepamop ynumapern mozda u moavko mozoa,
K020a €20 CNEKMP AEHCUM MG eOUHUYHOT OKDYICHOCTIU.

Temnepb cchopmyupyeM CIIEKTPATBLHYIO TEOPEMY JIJIsi HOPMAJIbHBIX OIEPATOPOB.

TEOPEMA XVIII.4 (cnekrpasbHasi TeopeMa B TEPMUHAX Oleparopa yMHOXKeHus ). [ycmo T — nopmans-
Holll onepamop 6 euavbepmosom npocmpancmee H. Tozda cywecmesyrom npocmpancmeo (M, u) ¢ konewnot
mepoti p, yrumaphoui onepamop U: H — L2(M, u) u ozpanunennas 6opesescras dymxuua F na M maxue,
Ymo

(UTU™'f)(2) = F(2)f ()
onsa noumu ecex x € M u moboti f € L2(M, ).

TeEoPEMA XVIIL.5 (cnekTpaJibHas TeOpeMa B TEDMUHAX IIPOCKTOPHO3HAYHBIX MeD). ITycmo T — nopmans-
nouli onepamop 8 auavbepmosom npocmpancmee H. Tozda cyuwecmeyem eduncmeertas npoexmopHo3HauHasA

smepa {Pg} na npamod makas, wmo
T = / AdPy.
o(T)

Takxke, kak B 1. XVIII.1 nokaspiBaercs

TEOPEMA XVIIL.6 (reopema 0 (DYHKIMOHAJLHOM UCYUCJIEHUH JJisi HOPMAJIbHBIX oneparopos). ITycmo
{Pg} — cnexmpaavroe pasaosicerue Hopmaavrozo onepamopa T, deticmsyrouse2o 6 2uasbbepmMo6oM NPOCMPAHCM-
se H, u f — ozpanuvennan bopesesckan dynruyus na e2o cnexmpe o(T). Obosnawum wepes f(T) onepamop

f(T) = f(N)dPy.
o(T)
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Tozda omobpaoicenue f — f(T) sadaem 2omomoppusm U anzebpv. L (o(T)) 6 aneebpy B(H), xomopwii ydo-
BAEMBOPACTN, YCAOBUAM

FT)=fT) w D <sup{[f(N)]: A €a(T)}.

Obpaz U(L>®(c(T))) e anzebpe B(H) asasemca samknymot nodaseebpoti 6 B(H).

Kpartkoe cosepkanue n dubsnmorpacdpndeckue ykasaHusd K riase 4

[naBa mocBsilieHa CHEKTPAJIBLHON TeOpeMe JJIsi OIDAHUYEHHBIX CaMOCOIPSZKEHHBIX ormeparopoB. OHa oT-
kpbiBaeTcs Jekiueit X VI, B koTopoil npuBomuTcs pyHIaMeHTaJbHAS TeopeMa O (DYHKITMOHAJIHLHOM UCIUCTIe-
HUM B KJacce HempephlBHBIX dyHkmmit. Ee mokazarenbeTBo, B M3M0KeHNN KOTOPOro Mbl caemyem |1, rr. VII,
n. 1|, ocHoBano Ha BaxkHOU Teopeme CroyHa—Beliepmrpacca n3 TeOpur KOMMYTATHBHBIX GAHAXOBBIX AJredp.
Hokazarenbcrso Teopembl CroyHa—Beiiepmrpacca MoxHO Haditu B [1, monosnserne x 1. IV.3]. Orcrynienne
B 1. XVI1.2 nocsimeno 6opesieBckuM MepaMm u Teopeme Pucca—Mapkosa, J0Ka3aTeIbCTBO KOTOPOI MOXKHO Haii-
i, Hanpumep, B kaure [10, ri1. IV, . 5|. Wcnosb3oBanue 910l T€OPEMbI II03BOJISET PACIIPOCTPAHUTH TEOPEMY
0 DYHKIMOHAIHHOM HUCYUCICHUN HA CIydall OrPDAHUYEHHBIX (DYHKITH.

B nexmun XVII noka3biBaeTcs crieKTpaabHas TeOpeMa B TEPMUHAX OllepaTopa YMHOXKeHusI. B ee n3toxKenmn
Mol caeayem [1, ror. VII m. 2|. JTokasaTeabCTBO OCHOBAHO Ha JBYX JEMMAaX, Ie€pBasi U3 KOTOPBIX HPEICTABIIS-
eT coboil BapHaHT CIEKTPAJIHHON TEOPEMbI [IJIsi OIIePATOPOB, 00JIA/[AIONNX IUKJIMIECKIM BEKTOPOM, & BTOpas
JIaeT Pa3JIOXKEHUEe MPOCTPAHCTBA B IPSAMYI0 CYMMY WHBAPUAHTHBIX MOIIPOCTPAHCTB TAKUX, UYTO OUDAHMYECHUE
orepaTopa Ha JiI000e U3 ITUX MOAIIPOCTPAHCTB 00JIAJAeT IUKINIECKNM BeKTOpoM. Jlasee cieayoT aBa A0mosr-
HeHusi. B epBOM j1aeTcst OIHCAHUE CIIEKTPA OIEPATOPa yMHOXKEHUS Ha (DYHKIMIO KAK CYIIECTBEHHON obsacTu
3HAYEHUi 9T0H DYHKIMHA (JIOKA3aTEIBCTBO ITOrO yTBEPXKEHUs] MOXKHO Haiitn B Kuure [4, m. 13.27]). Ilpuso-
JINTCSI TaKyKe TOHKAasl KiaccuguKallus CIIEKTPa, OCHOBaHHas Ha Teopeme Jlebera o pazjioxkeHHH OOpEIEBCKON
Mepbl Ha, KOMIIOHEHTHI. BO BTOPOM JIONIOJTHEHUH JIA€TCsi MHTEPIIPETAIUs] OIePATOPOB, 00JIaIAI0IINX ITIHKIIIe-
CKHM BEKTOPOM, KaK OIIePATOPOB C IPOCTHIM CIeKTPoM. 1loapobHoe 0bCy»KieHne OmepaTopoB, 0OJIAIAIONIAX
[UKJINIECKIMHA BEKTOPAMU, MOYKHO Haiitu B [5, ru1. 6, m. 7.

B nexmuun XVIII nokasbiBaeTcst crieKTpaJjbHas TeopeMa B TepMHUHAX MTPOEKTOPHO3HAYHBIX Mep. B ee u3-
noxkeHnn Mbl cieayem [4, m. 12.21]. Jononnenne XVIIL.3 10CBsIEHO MHTEPIPETAIMH CIEKTPA B TEPMUHAX
CIIEKTPAaJIbHBIX Mep. B gacTHOCTH, TpuBOAMTCs: Kpurepuii Beityis, narommii omucanne CynecTBEHHOIO CIIEKTPa
oreparopa. JloKazaTejbCTBO 3TOr0 Kpurepus MoxkHO Haitu B [7, ri. IX, n. 133]. B caenyromem gonosnsenun
XVIIIL.4 npuBomuTcs crieKTpajbHas TEOPEMa JJIs HOPMAJIBHBIX OIEPATOPOB, JOKA3ATEIHCTBO KOTOPOI MOXKHO
Hafitu B [4, m. 12.22].



I'maBa 5. HeorpanuvieHnnbie onepaTopbl

Jleknusa XIX. OcHOBHbIE oIIpeaeJieHus

XIX.1. Obmacte onpeaeseHusi, rpaduK u 3amMbikaHusi. 110/ HEOrpAHUYEHHBIM OIEPATOPOM MbI 10~
HUMaeM JInHeHHbIA onepaTop T, AeficTByIONuUil B cernmapabe/lbHOM TMIL0EPTOBOM IpocTpancTBe H, 006J1aCcThIO
OlIpeJIeJIeHUsl KOTOPOro ssJigercs nogupocrpanctso D(T) B H, a MHOXKECTBOM 3HAYEHUIT — HOAIPOCTPAHCTBO
ImT C H. Kak npasuio, 6yJer peinoararbesd, 4ro obsacts oupeenenus D(T) niorna B H.

ITpuMEP XIX.1. Iyets H = L*(R) u D(T) ects noanpocrpanctso dbynxmuit ¢ € L2(R), ynosaersopsito-
MUX yCJIOBUIO

/t2|<p(t)|2dt < oo.
R

Omnepenienium oneparop 1" Ha MHO)ecTBe D(T') paBeHCTBOM

(To)(t) = te(t).
Dror oneparop HeorpanudeH B H, HO KOPPEKTHO olpeieieH Ha noiupocrpancrse D(T).

ITpuMEP XIX.2. Ilyets H = L?(R) u D(T) = S(R) ectb npocrpancrso I1Isapna GbICTPO yOBIBAIOIIIX
dyukuumit Ha npaMoii, cocrosimee uz Gynkuuit ¢ € C*°(R) rakux, 9To

i dY
sup|t dtNg@(t)‘ < 00

teR

qtst Bcex M, N € Z . Oupejenum oneparop 1 paBeHCTBOM

(To)(t) = —¢" (1) + t2p(t).
Oueparop T xoppekTHO onpezesed Ha noainpocrpadctse S(R). @yukuuu dpmura

dar 2
() = nt2/2 —t
90() Cn€ dtne ?

e ¢, = (—1)"7~1/4(2"n!)~/2 — nopmuposounble KoHcTanTHI, MpHHaIekKaT S(R) 1 06pasyoT OpTOHOPMHU-
posannbiit 6asuc B L?(R). Onu siBjstiorest cobCTBeHHBIMEI (BYHKIMAME orepaTopa 1

(T'on)(t) = (2n+ 1)gn(t)
¢ COBCTBEHHBIMHI 3HAYEHUSIMH, PACTYIIAMHI ¢ poctoM n. I[losromy omepatop T meorpammuen B L2 (R).

OnpPEAEJNEHUE XIX.1. I'pagurom smneitnoro oneparopa 1 Ha3bIBA€TCS MHOXKECTBO
NT) ={(u,Tu) : uw € D(T)},

KOTOpOe SBJISIeTCs JIMHEHHBIM TonpocTpancTBoM B H X H. Oneparop T Ha3bIBAETCS 3AMKHYMbLM, €CIIA €I0
rpaduk I['(T) siBasercs 3aMKHYTBHIM TIopocTpancTBoM B H x H.

ITo Teopeme 0 3aMKHYTOM rpaduke oneparop T OrpaHHYeH, €CIM OH 3aMKHYT U €ro 00JIACTD OIIPEIEIICHNUST
D(T) coBuagmaer co BceM npocrpancTsom H.

OnpPEAENEHUE XIX.2. Ilycts S u T — suueiinbie oneparopsl B H. Bynem roBopurh, uro omeparop S
aBjserca pacwupenuem oneparopa T (obosmauenme: T C S), eciu D(T) C D(S) u Tv = Sv aysa Beex
v € D(T). dro ycaosue sxkBuBaiaeHTHO ToMy, uto ['(T) C I'(S).
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OnpeEAEJNEHUE XIX.3. Oneparop 1T donyckaem 3amvikanue, €CJii OH WMEET 3aMKHYTOE DACIIHPEHIE.
B sTom cayuae cymecTByer HamMeHbIIee 3aMKHYTOe pacmupenue oneparopa ', KOTOpoe Ha3bIBACTCS 3aMbiKa-
nuem T n oboszHaaeTcs depes 1.

ITPEMIOXKEHUE XIX.1. Ecau onepamop T donyckaem 3amvikarue, mo
(T)=T(T).

[Ipex e, 9eM mepexoauTh K JOKA3ATEIbCTBY IPEIJIOXKEHNsI, 3aMETUM, 9TO 00PATHOE YTBEPXKIeHNE, BOOOIIE
rOBOp#, HEBEPHO.

JIOKA3ATENBCTBO. IlpemnonoxuM, uro S — 3aMKHyToe pacriupenne omneparopa 1, te. I'(T) C T'(S).
Bgenem omepatop R, 06/1aCTBIO OIIPEIEICHUsT KOTOPOTO ABJISETCS MHOXKECTBO

D(R)={u € H : (u,v) € I'(T) pna nexoroporo v € H},

a caMm omeparop 3azaercs popmynoi Ru := v. DTO onpejenenne KOppeKTHO. JleficTBUTENBHO, eciiu yCIoBre
(u,v) € T'(T) BblIONHSIETCH OHOBPEMEHHO [IJIsl JIByX PA3HBIX U1,V € H, TO, nojaras v := v1 — Vg, HOJIYyYUM,
qro BekTop (0,v) € T'(T) C T'(S). Yro BozmoxkHO Tosibko tipu v = 0. ITockoneky I'(R) = T'(T), To R siByisiercst
3aMKHyTBIM pacmupenueM 1. Beuay nponssonbrocT S orciona ciepyer, aro R C S s 1106010 3aMKHYTOTO
pacmupenus S, T.e. R — 3ambikanue 1.

K 00BbIYHBIM OllepanusiM Ha/i HeOrDAHUIEeHHBIMU OIIEPATOPAMH Hy’KHO OTHOCHTBCS ¢ OCTOPOXKHOCTBIO, IIPO-
Bepsisd UX KOPPEKTHYIO ONPEEJEeHHOCTh. Hampumep, 06J1acTh OnpeIesIeHusT CyMMBI JIByX HEOTDAHUHYEHHBIX OIe-
paropos S u T ectb D(S 4+ T) = D(S) N D(T), tak 4ro

(S4+T)u=Su+Tu mpu u € D(S+T).
Ananornuno, D(ST) ={u € D(T): Tu e D(S)} n
(ST)u = S(Tu) upu  u € D(ST).

XIX.2. CompsxxeHHblii onneparop. Ilycrs T — nuHeiHbII orepaTop B THILOEPTOBOM IpocTpancTBe H.
Torga ecrecrBenno BBecTH 06sacTh onpenesnennst D(T™*) Kak HOAIIPOCTPAHCTBO, cocTosAIIee U3 Tex v € H, st
KOTODBIX JinHelHbIN dbyHKmonax (Tu, v) Henpepbieet 110 u € D(T). Eciin BeKTop v 06J18/18€T STUM CBOHCTBOM,
10 1o Teopeme Xana-Banaxa dyuximonan (Tu, v) IPOAOIZKAETCS 10 HEIPEPHIBHOTO JIMHEHHOrO (DyHKINOHAJIA
ma H, koropsrit o Teopeme Pucca mpejcrasisiercs B Buze

(Tw,v) = (u, f) (XIX.1)

J7Ist HeKoToporo BekTopa f € H. Yemosue nenpepsisHOCTH dyHKIMOoHATa (Tu, v) Ha D(T) MOXKHO 3anmmucaTh
B BUJIe HEpaBEHCTBA

[(Tu, 0)| < Cflull,

KOTOPOE JIOJIZKHO BBINOJHATHCsL 171st Beex u € D(T). 3amerum, uro Bektop f B dhopmyse (XIX.1) onpemessiercst
€JIMHCTBEHHBIM 06PAa30M TOJILKO IIPU yCJIOBUU ILIOTHOCTU obsactu onpexeneaus D(T) B H.
Tenepb MbI TOTOBBI JIaTh CJIEYIOIIEE

OnPEAENEHUE XIX.4. Ilycrs T — smHeifasiii oneparop B rujib0epTOBOM HpocTpaHcTBe H ¢ mioTHOi 06-
nacteio onpesesenust D(T). O6osnaunm vepes D(T*) nomupocrpanctso B H, cocrosimee u3 BeeX BEKTOPOB
v € H, nyis KoropbIxX cymiecrByer BekTop f € H Taxoii, 4To

(Tu,v) = (u, f) s Beex  u € D(T).

Oupenenum onepamop T, conpasicennunti x onepamopy T, o dopmymne: T*v = f.

3amernm, 9TO 06JIACTH ONPEJIEJIEHNs CONPsSIKEHHOTo oneparopa D(T™) BrosHe MOXKeT OKa3aThCsl HEIIOTHOM
B H. IlpuBenem mpuMep, JEMOHCTPHPYIONINI TOJOOHOE SBJICHIE.
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ITpumeP XIX.3. Ilycrs f — orpanmdennas m3amepumasi YHKIIAsT HA BEIIeCTBeHHON ocu R, He mpuHaTe-
wamasa L?(R). O6osnadnm

D(T) = {@ e L(®): [ 170plt)]at < oo}.

Toryma D(T) comepxut, B uactHocTH, Bee dynxunn uz L?(R) ¢ komnakTaeiMu HOcuTensmu, nostomy D(T)
mwiorna B L2(R).
®ukcupyem TponsBoabHYI0 byHKIHIO 0o € L?(R) 1 paccMoTpuM omepaTop

Te=(p,flpo  mma @€ D(T).

Torga nyst dyukuit ¥ € D(T*) Gyuem umersb

((va*’(/}) = (T(p>,(/)) = ((wvf)SOva) = (Lpa f)((p07’(/}> = ((pv (1/}7900).]“)

nist Beex @ € D(T). Tem cambinv, T = (1, o) f. Tak xax dynkmms f ne npunaexur L2(R), To omeparop T
KOPPEKTHO OIIPeJIeJIeH TOJIBKO HA BekTopax ¥ ¢ (¢, o) = 0, T.e. obaacrs onpenenenus D(T*) oproronasibha ¢g
n 3aBesioMo He wioTHa B H. Ha camom sieste, oHa COBIIAIAET ¢ OPTOTOHATBHBIM JIOTIOJTHEHUEM K (0), & OTIEPATOP
T* wa »TOM 06/IACTH paBEH HYJIIO.

Nnerores npumepst, B koropeix D(T*) = {0}.

B rom ciygae, korma obsiacthb onpenenenus D(T*) wiorna B H, MoxHO BBecTH omeparop 1% := (T%)*.
B ero tepMuHaxX MOXKHO ONUCATH 3aMbIKaHHE orneparopa 1.

ITPEANOKEHUE XIX.2. ITycmo T — aunetinwid onepamop 6 H ¢ naomnot obaacmoio onpedeaerus D(T).
Tozda:
(1) onepamop T* samrnym;
(2) onepamop T donycraem 3amvikanue mozda u Moavko mozda, ko2da obaacms onpedeserus D(T™) naommna
6 H; 6 amom cayuae T = T,
(3) ecau onepamop T donycraem samwvixanue, mo (T)* = T*.

JOKABATEJIBLCTBO. Beenem na npocrpancrse H X H yHurtaphslit orepatop V' mo dbopmyiie
Vu,v) = —(v,u)
U JIOKaXKeM nepgoe ymeepoicderue npeyoxenns. VI3 yanrapraoctu oneparopa V ciemyer, 9To
V(EY) =Vv(E)*
Jutst siroboro nonpocrpanctea E C H x H (uposepsre!). Iosromy mist (u,v) € H x H 6yjem nmersb
(u,0) € VIDT)Y) <= (u,v) L V(D(T)),

T.€.

((u,v), (~Tw,w)) =0 (XIX.2)
st Beex w € D(T'). YuursiBas, 9T0 cKajsgpHoe npoussejuenne Ha H x H 3anaercsa dbopmysioii
((u1,v1), (u2,v2)) = (u1, uz) + (v1,02),
nosyuuM u3 coornomenus (XIX.2), aro
(u, Tw) = (v,w) st Beex  w € D(T). (XIX.3)

Urax, ycnosue (u,v) L V(I'(T)) pasHocmibHO cooTHommenmo (XIX.3), koropoe o3uadaer, uaro (u,v) € I'(T™*).
Tem cambiM,

0(T*) = V(T(T))*.

Orcrona caenyer, uro rpaduk I'(T*) saMKHYT, Gy/yIr OPTOrOHAJIBHBIM JIOTIOJHEHNEM K JIMHEHHOMY IOJIIPO-
CTPAHCTBY.
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Hokaxkem eémopoe ymeeporcdenue npengioxenns. [lonbsysacs tem, uro rpadbuk I'(T) asasercsd JuHEHHBIM
noanpocTpancTBoM B H x H, momyanm

D(T) = (N(T))* = (V2I(T)1)+

(V(VI(T))1)* (kaK MoKazaHo BbIIIE)

(VI(T™))*.

Ecan o6sacts onpegenerns D(T*) miaoTHA, TO MOKHO BBeCTH oneparop 1T**, rpaduk KOTOPOro, Kak MOKa3aHo
B [IEPBOM IIYHKTE JI0KA3aTe/IbCTBa, €CTh

D(T™) = V(I(T*))* = T(T),

OTKyJIa cieyeT, uro omeparop 1’ momyckaer 3ambikanue u 1 = T

Honycrum, naporus, 4ro obsacts oupeieiaenus D(T*) we wiorna B H u Boibepem BekTop v # 0, op-
tororaprbIt D(T*). D10 ozHawaer, nabvu ciosamu, ato (0,v) € I(T*)L, re. mogmpocrpanctso I'(T*)+ =
V(T(T*)*) ne mMoxer 6bITh TpadbUKoM HUKAKOTro juHeitHoro omneparopa. Hockomsky I'(T) = (V(T'(T*))*, To
9TO O3HAYAET, YTO oreparop T He JOMYCKAET 3aMbIKAHUS.

Jlis moKa3aTeNbCTBa MPemvbez0 YmeepHcOeHUs 3aMETHM, ITO eCJin ormepaTop T JOMyCKaeT 3aMbIKAHUE, TO

,ZLOKa}KeM eme OJHO CBOI‘/’ICTBO7 OTHOCAIIEECA K COIPAXKECHUIO ITPOU3BEACHUA HEOTDAaHUMYICHHBIX OIIEpaTOPOB
C IJIOTHBIMU OOJIACTSMU onpeaesJIeHnd.

I[TPEAIOKEHUE XIX.3. ITycmov S, T u ST — aunetinoie onepamopv, 6 H ¢ naomuvimu obaacmamu onpe-
desenun. Toeda
(T*S™) C (ST)".

Ecau onepamop S oepanuyen, mo T*S* = (ST)*.

JOKA3ATENBLCTBO. Ilycte u € D(ST) u v € D(T*S*). Torna
(Tu, S*v) = (u, T*S*v),
nockoseKy u € D(T') u S*v € D(T*). Kpome Toro,
(STU,v) = (Tu, S*v),
nockosbky Tu € D(S) nu v € D(S*). ITosromy
(STu,v) = (u, T*S*v),

OTKY/a CJIEYeT IIePBOe YTBEPK/ICHIE IIPE/IJIOKEHNUSI.
Ecsin oneparop S orpanuden, To ero coupsizKeHublii S* takxke orpanmden u D(S*) = H. Ilosromy ecsiu
v e D((ST)*), To
(Tu, S*v) = (STu,v) = (u, (ST)*v)
st Beex uw € D(ST). Crnenosarensuo, S*v € D(T*) u notomy v € D(T*S5*). Takum obpazom, D((ST)*) C
D(T*S*), orkyna, ¢ y4eTOM IEPBOTO YTBEPIK/EHUs! IIPEJJIOKEHNST, BHITEKAET 1 €r0 BTOPOE YTBEPIK/ICHME.

XIX.3. Pe3oJsibBEHTA U CHEKTP.

OnpPEAENEHUE XIX.5. Ilycte T — 3aMKHYTHII omepaTop B rujibbepToBoM mpocrpancTtee H. Komiuiekc-
HOE 9UCJI0 A IPUHAIJIEKUT pedoaveenmmuomy mnooicecmsy p(T), eciu oneparop A — T asisiercst Guekimeit
D(T) — H c orpanunvenubiM obparabiM oneparopoM. IIpu A € p(T') oueparop

R\(T)= W\ -T)7*
Ha3bIBAETCs pesoavsenmoti oneparopa T B Trouke A. Hononuenue K p(T') nassiaercs cnexmpom o(1') oneparo-
paT.

SAMEYAHUE XIX.1. OupejesieHnsi TOY€YHOTO U OCTATOYHOIO CIIEKTPA, JAHHBIE BBIIIE JIJIsi OTPAaHUIEHHBIX
)
OIIepaTOPOB, MTEPEHOCSITCS HA CIydail HEOrPDAHUYEHHBIX OIepaTopoB 0e3 m3MeHeHM.
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TeEOPEMA XIX.1 (Teopema o pesosbBente). ITycmo T — gamkrymoii onepamop 6 2uavbepmosom npo-
empancmee H ¢ naomuoti obaacmoro onpedeaenus D(T). Tozda p(T) ecmov omrpuimoe nodmmodtcecmseo xom-
NAEKCHOT NAOCKOCTU, HG KOMOPOM PE30ALEEHME ABAALMCA GHAAUMUNECKOT onepamoproll dynxyuet. Boaee
moeo, cemeticmeo onepamopos {Rx(T) : X € p(T)} cocmoum us nonapro KOMMYMUPYIOWUT 02PAHUMEHHIT
onepamopos, Yydos.aemeopANUUT COOMHOUEHUIO

RA(T) = Ru(T) = (1 — M) RA(T) R (T).
HOKABATEJILCTBO. JloKa3aTesibCcTBO 9TOI T€OPEMbI IOBTOPSIET IOKA3ATEIHCTBO TEOPEMBI O PE30JILBEHTE
JIJ1s1 OrPAHUYEHHBIX OIIePATOPOB.

[Ipex e, UeM pUBECTH MPUMEP BBIYUCJIEHUs PE30IbBEHTHI HEOIPAHUIEHHOTO OIepaTopa, HATOMHUM OIIpe-
JeeHne abCOIOTHO HEIPEPLIBHBIX (DYHKITHIA.

Orcrynmenne: abcomorHo HenpepbiBHbIE QyHKnma. OyHkuus ¢(t), 3amanHas Ha OTpe3Ke [a, b], abcoMIOTHO
HEIPEPBIBHA HA 9TOM OTPE3Ke, ecyiu st jroboro € > 0 cymecrByer Takoe 0 > 0, 9To jijist JIIOGOH CHCTEMBI
HeIePeCEeKAONINXCsT HHTePBAJIOB (ak, bk ), k = 1,..., N, npuHa/yIesKamux oTpe3Ky [a, b] 1 IMernmx cyMMapHyo
JUTAHY

N

Z bk — ak 5

k=1
BBIIIOJIHAETCA COOTHOIIIEHUE

N
Z ola)| < e

Besikast Takast hyHKIUsI PABHOMEPHO HEIIPEPBIBHA Ha [a, b] 1 IIpe/ICcTaBIIsSIeTcsl B BUJe HEOIIPEIeJeHHOIO HHTe-
rpajia oT cymMmMupyemoii byHKimuu. TeM caMbIM, IIPOM3BOJIHASA A0COIIOTHO HENPEPBIBHON (QyHKIME CyMMUPyeMa
Ha [a,b].

ITpuMEP XIX.4. IIycts AC|0, 1] ecTb MHOXKECTBO aBCOIOTHO HenpepbiBHBIX (yHKIMi Ha orpeske [0, 1],
npoussoHble KoTophix npuaajexar L2(0,1). Iyers S u T oboszHadaior onepatops id/dt ¢ obmacTsMu ompe-
JIeJIEHUsT COOTBETCTBEHHO

D(S) = {p: ¢ € AC[0, 1]},
D(T) ={¢: ¢ € AC[0,1], (0) = 0}.

O6e obmactu onpeenenus miotabl B L2(0,1), a camu onepaTopsl 3aMKHYTHI. OJIHAKO CIIEKTp S COBIAIAET CO
Bceil KOMILTEKCHOH TIJIOCKOCTBIO, & CIeKTp 1 IyCT.
Yro6e1 yoeurhes B Tom, ato o(S) = C, samernm, ato (A — S)e™ = 0 u e~ € D(S) npm Beex A € C.
IMokazkem panee, aro p(T) = C. jst 9T0r0 3aMeTUM, 9TO OIEPATOD

1
(Bap)(t) =i [ e p(s)ds
0
upu goooM A € C yaoBaeTBOps€T COOTHOIIEHUSIM
(M -T)Ry) =1, Rx(M-T)=1

wa D(T). Boiee Toro, HeTpy/HO MTPOBEPUTD, 4To orepaTtop Ry orpammden B L?(0, 1), T.e. COBIAIAET ¢ PE30OIH-
sernroit Ry (T) oueparopa T'. Tem cambiM, p(T') = C u cnekrp o(T) mycr.

XIX.4. CumMeTpudYecKne U CAMOCOMPsI>KEHHbIE OIepaTopPhI.

OnPEAENEHUE XIX.6. Jluneiinbrit oneparop T B ruyibbepToBOM ITpocTpancTBe H HA3BIBAETCS CUMMEN-
puseckum, ecmn T C T*, r.e. D(T) C D(T*) u Tu = T*u ana seex u € D(T'). Orcroga ciaeayer, 94To

(Tu,v) = (u,Tv) st Beex  u,v € D(T).

Oueparop T HasbIBaeTcst camoconpagicernvim, ecim T = T* r.e. T — cummerpuueckuii u D(T) = D(T™).



86 I'naBa 5

CuMMeTprYecKre OIepaTopbl BCEra AOMYCKAIOT 3aMblKanue, nockoiabKy D(T*) D D(T) u, cienoBaTesibHO,
obuactb onpeneienus D(T*) wiorna B H. Eciiu T' cummerpuden, To oneparop T sBiisgeTcs 3aMKHY ThIM DACIIA-
pernuem T, mosToMy 3aMblKanue 1), copmanaomniee ¢ 1%, 10KHO comepxkarcs B 1%, T.e. Ul CUMMETPHYIECKOTO
oneparopa 1’ UMeIOT MeCTO BKJIIOUEHUS

TCcT™ CT™,
a JJId 3aMKHYTOI'O CUMMETPUYIECKOI'O ollepaTopa — COOTHOIIECHNEe

T=T"CT"

JJtst camMoconpsi?2KeHHOTO oriepaTopa 1’ Bce yKazaHHbIE PACIIUPEHHsS COBIIAIAIOT, T.e. T = T** = T™*.
CaMOoCOoIpsi?)KEeHHBIE OITEPATOPHI B KJIACCE BCEX CHUMMETPUIECKUX OIIEPATOPOB MOYXKHO OXaPAKTEPU30BaTh CJIe-
JYIOIIAM CBOHCTBOM.

OnpPEAENEHUE XIX.7. Cummerpudeckuii oeparop T’ B ruibbepToBOM IpocTpancTBe H Ha3bIBAETCS Mak-
CUMANDHBIM CUMMEMPULECKUM, €CTTH JTIOOOE ero CUMMeTprYIecKoe paciupenune S coBrnajaer ¢ 1. Mnade ropops,
ecim S cummerpuuen u S DT, o S =1T.

[TPE1IOKEHUE XIX.4. Camoconpasicernvie onepamopvl A6AAOMCA MAKCUMAALHOMU CUMMEMPUHECKU-
MU ONEPATNOPAMAL.

HOKABATEJBLCTBO. Ilycts oneparop T camocompsizkeH m S — €ro CHMMETPHUYECKOE PACIIHPEHUE, T.€.
ScS*uTcCS. Torma S* C T*, orkyma S C S* CT*. HoT* =T C S, noaromy S =T.

TeEOPEMA XIX.2 (xpurepwmii camocoupsizkennocrn). ITycmo T — cummempuueckuti onepamop 6 2usvbep-
mosom npocmpancmee H . Tozda caedyroujue ymeepirclenus 3K6USANEHMHDL:
(1) onepamop T' camoconpsoicen;
(2) onepamop T samrnym u adpo Ker(T* +iI) = 0;
(3) o6pas Im(T +iI) = 0 samrnym u cosnadaem ¢ H.

JTOKABATEJIBCTBO. Jlokaxkem cHadada uMiumkammo (1) = (2). Ipeamosnoxknm, aro T — caMOCOIPSIIKEH-
HBIT omeparop u cymecrsyer Bektop u € D(T*) = D(T') taxoii, uro T*u = iu. Torna Takxke Tu = iu u

i(u,u) = (lu,u) = (Tu,u) = (u, T ) = (u, Tu) = —i(u,u),

orkysa = 0. AHAJIOrMYHBIM 00pa30M JIOKa3bIBAETCsl, YTO ypaBHeHne 1T*u = —iu He UMeeT HeHYJICBLIX pellle-
HUN.
[epeiigem k ummukanun (2) = (3). Tak kak ypaBuenue T*u = —iu He MMeeT HEHYJIEBBIX DENICHHI, TO

muozkecTBO Im (T — i) nomxkHO 6biTh WioTHO B H. [eiicTBUTeNbHO, HHAYE CYIIECTBOBAJ Obl HEHYJIEBOH BEKTOD
v € Im(T —4I)*, yrosieTsopsomuil COOTHOIEHHIO

(T —il)u,v) =0 st Beex  u € D(T),
OTKyza caenoBasio Ovl, uro v € D[(T —iI)*| n
(T —il)*v = (T* +il)v = 0.

[Tocsietee HEBO3MOXKHO, OCKOJIbKY ypasHenue (1™ + il)v = 0 110 yCJIOBUIO He MMeeT HEHYJIEBBIX PelleHHUii.
Buas, aro moanpocrpanctso Im(T — i) wiorHo B H, /yist 10Ka3aTEIBCTBA yTBEPKIEHUS (3) HY?KHO MOKa-
3aTh, UTO 9TO NOAIPOCTPAHCTBO 3aMkHYTO B H. Ho npu srobom v € D(T') cipaBeyinBo COOTHOIIEHNE

1T = iDyull* = [[ull® + 17wl + (iu, Tw) + (Tu, iu) = [Jull® + | Tul? (XIX.4)

B cuty cuvmMerpuuasocT 1. Tlosromy ecom mocsenosaresnsHOCTh U, € D(T') obiazaer TeM CBOHCTBOM, 9TO
(T — i)uy, — v, T0 OCAENOBaTENBHOCTH {Uy} 1 {Tu,} Takxke cxomsres. VI3 3aMkHyTOCTH T BBITEKAET, ITO
B 9TOM CJIydae U, — u jjs Hekoroporo Bekropa « € D(T) u (T — il)u = v, r.e. mognpocrpancrso Im(T — il)
saMkHyTO B H. Ananornano jokasbiBaercs, aro Im(7T + iI) = H.
Nnvmukarus (3) = (1). Iycrs w € D(T™). Tak kak Im(T' — i) = H, 7o naiinercs sekrop v € D(T) takoii,
97O
(T —il)v = (T* — il )u.
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Ho D(T) € D(T*), nosromy v —v € D(T*) un
(T* —il)(u—v) = 0.

Tak xak Im(T + iI) = H, to Ker(T* — iI) = {0}, orkyna v = v € D(T). Tem campIM, Mbl OKA3aJIH, 9TO
D(T*) c D(T) = D(T*) = D(T), re. T camoconpsizkeH.

OnPEAENEHUE XIX.8. Cummerpudeckuii oneparop T HA3BIBAETCS CYUELCMBEHHO CAMOCONDANCEHHBIM, EC-
7 ero 3aMbIKanme 1’ camoconpszkero. Ecm omepatop T 3aMKHYT, TO TOAIPOCTpancTEO D B 0bacTi ompee-
nennst D(T') nasbiBaeTcs cyuwecmeennol obaacmoto onpedesenus orneparopa T', e 3aMbIKaHHE OTPAHITIEHHST
T'|D oneparopa T na nogupocrpancrso D cosuagaer ¢ T, re. T|D =T.

SAMEYAHUE XIX.2. Ecsu oneparop T’ cymieCTBEHHO CAMOCOIIPSI?KEH, TO OH UMeeT eIMHCTBEHHOE CaMOCO-
[psi?KEHHOe pacinupenue. J[eficTBUTeIbHO, IPEJIIIOJIOKUM, UTO OIEPATOP S SBJISIETCS CAMOCOIPSI?)KEHHBIM Pac-
mmpenuem T'. Torga us Bkmovenus S O T caenyer, aro S D T**. Orcioga S = S* C (T**)* = T**, HOCKOJIbKY
T** =T camoconpsizker. Tem cambinv, S = T** — eauuCTBeHHOE caMompsizKeHHOe pacimmpenne 1. Crpasem-
BO 1 OOpATHOE YyTBEPXKJIEHHE: €CJU Omeparop T mMeeT eIUHCTBEHHOE CAMOCOIPSIXKEHHOE PACIIUDEHHE, TO OH
CYIIECTBEHHO CAMOCOIPSIZKEH.

L7151 CyIIecTBEHHO CAMOCOIIPSI?KEHHBIX OIEPATOPOB JIOKA3AHHBII BBIIE KPUTEPHIT CAMOCOIIPSI)KEHHOCTH TTPHU-
HuMaeT 6oJjiee IIPOCTON BUJIL.

CneactBUE XIX.1. Iyecmos T — cummempuueckuti onepamop 6 2uavbepmosom npocmparcmee H . Tozda
caedyrousue YmeeprHcIenus IKGUBANCHIMHDL:

(1) onepamop T cywecmeento camoconpatcen.
(2) Ker(T* +il) = Ker(T* —il) = 0.
(3) obuacmu snauenut Im(T +4I) w Im(T — il) naomuoe 6 H.

Jleknmusa XX. CoekTpajibHasi TeopeMa

XX.1. CoekTpajsibHasi TeopeMa B TEPMUHAX Oll€pPATOpa YMHOXeHusi. Hadnem ¢ u3ydenus orepa-
TOpa yMHOYKEHUs Ha m3MepnuMyto dbyHkmmio B ipoctpanctse L2(M, dp). CeoiicTBa 3TOTO omepaTopa cyMMHpY-
I0TCSI B JIByX HUYKECJIEJLYIOIINX [TPEJJIOKEHISX.

MIPEANIOXKEHUE XX.1. ITyemv (M, 1) — npocmparcmeo ¢ konewnod mepot p u f: M — R U {oo} —
uamepuman GynruuA na M, nPUHUMAIOWas KOHeuHble SHAUEHUA NowmuY 6100y no mepe 1. Paccmompunm no-
poorcdaemuiti ero onepamop ymmoxcenusa 6 npocmpancmee L2 (M, dpu):

Ty: o= fo,
obaacmsd onpedenerus KOmopozo cosnadaem ¢
D(Ty) = {p € L*(M,dp) : fo € L*(M,dp)}.
Tozda onepamop Ty camoconpaoicen v ezo cnexmp o(Ty) coenadaem c cywecmsennoli 0baacmvro 3narenudl
dynryuy f.

Hamomumm, 9ro cymiectBenHasi obyacTh 3HadeHuit GyHKIME f COCTOMT W3 BEMIECTBEHHBIX 4uces A € R
TAKHUX, 9TO s JIo6oro € > 0 Mepa MHOXKecTBa {z € M : A — e < f(x) < A+ €} ommuHa OT HyJIsL.
JOKABATEILCTBO. Oneparop 1y, 04eBUIHO, CUMMETPHYEH, IIOCKOIbKY yHKIus [ BemecrsenHa. llpes-
[TOJIOXKUM, 4TO (DYHKIUS P € D(T}‘ ). Pacemorpum dyrKImio
1, ecmm |f(x)] < N,
xn(z) =
0 B IPOTUBHOM CIIydae.

IIo Teopeme 0 MOHOTOHHOI CXOTUMOCTH

[T7dlle = lim [xnTiel = lim  sup [(p,xnT7e)[ = lim  sup [(Tyxne, ¥)|
—eo =00 ||p|=1 =00 |p|=1

= lim sup [(fxne,¢)| = lim sup [(, fxwd)| = lim [xnfolre.
N=eo pll=1 N=oo =1 Nmee

Hostomy fip € L*(M,dp), re. v € D(Ty) u, cienosarensho, onepatop T caMOCONPSAZKEH.
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Bropoe yTBepKjeHmMe IIPEJIOKEHUST JOKA3bIBAETC TaKXKe, KaK B CIydae CyIECTBEHHO OTPAHUIEHHBIX
byukuumit (em. npengoxenne XVIL2 uz n. XVIL3).

IIPEAIOKEHNE XX.2. IlTycmo pynxyua f u onepamop Ty makue osice, Kax 6 npedudyusem npedrodtceHu.
IIpednoaootcum maxorce, wmo f € LP(M,du) das nexomopozo p ¢ 2 < p < 00. Qurcupyem “ucio q maxoe,
wmo 1/q + 1/p = 1/2 u npednososicum, umo E — npoussoavroe naommoe noomMHoocecmeo 8 npocmpancmee
LY(M,dp). Toeda E asasemca cywecmeennol obaacmvto onpedesenua onepamopa Ty, m.e. T|E = Ty.

JIOKABATEJIBCTBO. Jlokaxkem cHadasa, 9ro camo npocrpanctso LI(M, du) asisercs cymecTBeHHON 06-
JIACTBIO ompejienenns oneparopa 1. B cury mepasencTsa ['embaepa nmeem

lgllze < [tllze - llgllze  w [lfgllee < [ fllze - llgllza

st gio6oit dyakuuu g € LI(M, dp). Iosromy upocrpancrso LI(M, du) comepurcsa B 06JaCTH OLPEIe/IeHUST
D(Ty).
C zpyroit croponst, ecnu Gyuxnus g € D(T), To paccMOTPEM AIMPOKCHMUPYIOIIYIO ee (DYHKIUIO gn BUIA

an(z) = {0, ecau |g(x)| > N,

g(z) B IPOTUBHOM Ciryyae.
Torza mo teopeme Jlebera 0o MakKOPUPOBAHHOI CXOMMMOCTH

gy —g9 u  fgn— fg

B npocrpanctee L2(M,du). Tak xax Kaxkmas us byskmmit gy € LY(M,du), To MBI TIOIydaeM, 9TO 3aMbl-
kanne orpanmdenust T¢|L9(M,dp) comepxurcss B D(Ty), me. LY(M,dup) siBisiercst CyIeCTBEHHON 06JIACTHIO
onpepesenus oneparopa 1.

[Tycrs, Tenepsb, E — morHoe nojmuoxkectso B npocrpancrse LI(M, du) u g — byuxius uz LIY(M, du). Torma
Hafijiercst ocsenoBarebHoCTh byHKIMi ¢, € F Takasy, uro g, — g B LY(M, du). VI3 HepaBeHCTB

lgn = gllz> < |UlLe - llgn = gllze 1 (f(gn = 9)llz < fllLe - [lgn — gllza

ciesyer, 910 YHKIM ¢ IPUHAIEKUT obsacTu onpeesenus oneparopa T¢|E, r.e. D(T¢|E) D LY(M,dp) u,
ciesioBaTeNIbHO, E sABIIsieTcsl CyIecTBEHHOM 06/1aCTbIo opeesenus oneparopa 1T'.

TEOPEMA XX.1 (cmekTpajbHasi TeOpeMa B TEPMUHAX OIEpaTopa yMHOXKeHus). ITyemov A — camoconpa-
orcerHbIll onepamop 6 cenapabesvrom 2usvbepmosom npocmparncmee H ¢ obaacmuio onpedeserus D(A). Toeda
cywecmeyem npocmpancmeo (M, u) ¢ xonewnoti mepoti p, ynumapmwoiti onepamop U: H — L*(M,du) u us-
mepuman Pynkyus f: M — R U {oo}, npunumariowas xKoneunvie 3nauenus nowmy 6clody no mepe [ maxue,
Ymo:

(1) ve D(A) & f(z)(Uv)(z) € L*(M, dp);
(2) ecau o € U(D(A)), mo (UAU L) (x) = f(z)p(x).

JIOKA3ATEJILCTBO. W3 Kpurepusi camoconpsizkenHoctn (Teopema XIX.2 uz m. XIX.4) ciemyer, uro one-
patopel A & il 3a7210T B3aMMHOOOIHO3HAYHBIE OTOOpaXKeHWs U UX 00pasbl coBmagaoT ¢ H. Tak kak sTu
OTIepaTophI TI0 TOH Ke TeopeMe 3aMKHYTBI, TO 3aMKHYTBI 1 obpaTHble K HuM onepatopwl (A £ il)~t. Ho stn
OIIEPATOPHI 3aJ]aHBI HA, BCEM TPOCTPAHCTBE H, MMOITOMY 110 Teopeme O 3aMKHYTOM Tpadrke OHU OTPAHUIEHBI.
Kpowme Toro, 1o Teopeme o pezosbsente omepatopsl (A +il)~t u (A —il)~! KoMMyTHPYIOT MKy COGOil.

Samerum nagee, 9ro npu u,v € D(A) = D(A*) cupaBeyiuBo paBeHCTBO

((A—il)u,v) = (u, (A +il)v).
O6e gacTu 3TOTO PABEHCTBA MOYKHO 3aIlCATh B BUJIE

(A —iDu,v) = (A —il)u, (A+iI) (A +il)v)

(u, (A +il)v) = ((A —iI) (A — il)u, (A +il)v),
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OTKY/Ia
(A= iD)u, (A + i)~ (A + D)) = (A —iD) " (A — il)u, (A + il )v)

npu Beex u, v € D(A). O6oznauas z := (A + il)v u w := (A — i])u, DOIyIUM U3 IOCJICTHETO PABEHCTBA, ITO

)"
)

(w, (A+il)~"2) = (A= i)~ w, 2)
(

Juist Beex w, z € H, mockosbky Im(A £ 4I) = H. Nnage rosops, [(A £ ZI) * = ((AF4I)~t. Orcrona crenyer,
g0 oneparops! (A £ il)~! HopMasbHEI, MOCKOMBKY orepatopsl (A +4iI)~! u (A —il)~! KoMMyTHDYIOT MeKTy
CO0OIA.

Bocmosib3yemMcest Terepb CIeKTPabHO TeopeMoii jijis HopMaibHbIX orneparopos (cum. . XVIIL.4), cornacHo
KOTOPOit CyIecTByIoT pocTpancTBo (M, 1) ¢ Komeunoit Mepoit, yrutapubiit omeparop U: H — L2(M,du) n
n3MepuMasi orpanuvennas Gpyukmus g Ha M Taxme, ITO

[U(A+i)" U] (2) = g(a)p(x)

nuist outn Beex © € M u Beex o € L2(M, dp).
Tax xax sapo Ker(A +4I)~! = 0, o dbynxuus g(z) oTmmana oT HysIst TIOITH BCIOLY TI0 Mepe f. 1losTonmy
byHKIHST

KOHEYHA, JIjIst IOYTH Bcex - € M.
JlokazkeM TiepBoe yTBep:KieHue TeopeMbl. [Ipenosoxum, uto sektop v € D(A). Torma v = (A + )71
JUIst HeKoToporo w € H u
Uv=U(A+il) " 'w = g(Uw). (XX.1)

Orciona f(Uv) = fg(Uw) € L*(M, du), Tax xax bynkmuasa fg = 1 — ig orpammuena, a Uw € L2(M, dpu).
O6patno, ecin f(Uv) € L?(M,dp), To cymecTsyer Takoit BeKTop w € H, KOTOpbIii yHETapHbIi orepaTop U
nepesosut B dbynxnmo (f +i)(Uv) € L*(M,du): Uw = (f + i)(Uv). Cremosatenbro,

g(Uw) = g(f +i)({Uv) = Uv.
Orciona 1o opmyisie (XX.1) nosygaem, 941o
gUw)=UA+i)'w=Uv = (A+il)  'w=u,

T.e. v € D(A). DTUM I0KA3BIBAETCS 1IEPBOE YTBEPIKICHUE TEOPEMDIL.
Il ToKazaTeheTBa BTOPOTO yTBep:KIeHns saMeTnM, 9to ecm v = Ul € D(A), ro v = (A +il)~!
Jtst Hekoroporo w € H n Av = w — iv. ITosromy

(UAV)(z) = (Uw)(z) — i(Uv)(x) = (f + 1) (Uv) () — i(Uv)(x) = f({Uv)(x) = f(2)e(z).

Ocranock mpoBeputh BermecTBeHHOCTh dyHKmuu f. Homycrum, wamporus, uro Im f > 0 Ha MHOXKecCTBe
HeHyJIeBoil Mepbl. Torma HaliIeTcss OrpaHIIeHHOe MHOYKECTBO B B BEPXHEl MOJIYIIJIOCKOCTH TAKOE, ITO MHOMKE-
crBo S = {z: f(z) € B} umeer Henynesyio mMepy. Eciin x — xapakrepucrudeckas QyHKIUs 9TOMO0 MHOXKECTBA,
to fx € L2(M,du) u Im(x, fx) > 0. Ioc/eaee TPOTHBOPEUUT CAMOCOIPSIKEHHOCTH OTIePATOPa YMHOMKEHH ST
na dyrkrmio f B npoctpancte L?(M,du) (HaOMHEM, 9TO 3TOT ONEPATOp YHUTAPHO SKBUBAJEHTEH CaMOCO-
upsizkenHomy oneparopy A). B ciyuae, eciim Im f < 0 Ha MHOXKeCTBe HEHYJICBOH MepbI, JOCTATOYHO mepeiiTu
K dyukun — f. 9TO MOKA3BIBAET BEIIECTBEHHOCTb (DyHKIMN f.

XX.2. PyHKIIMOHAJILHOE NCUYUCIIEHNE [IJIsI HeorpaHndeHHbIX pyHKIuii. [locTpoentoe namMu pamee
dyukumonaapHOE HCUKCIEHNe [l orpaHndeHHbIX PyHKnuii (cM. Teopemy XVI.5 uz u. XVI.2) comocrasisier
kaxk ol pyukiwn f u3 npocrpancrsa L (R) orpannyenusiit onepatop V() B ruabsbeproBoM npocrpancTse H.
Terepb MBI pACIPOCTPAHUM 3TO COOTBETCTBHE HA HEOTDAHUUEHHBIE U3MEPHUMbIe (DYHKIUH.

[Tycrs {Pr} ecTb npousBoibHAs IPOEKTOPHO3HAYHAS Mepa Ha Gopesesckoii anrebpe B(R) co snauenusvu B
ruiib6eprosom npocrpanctse H. I[Ipoekroprosnaunas mepa { Pg} onpenesnsier ajist JioObix u, v € H ckasipayio
mepy d(Pyu,v). Pacemorpum orobpazkenue W, koropoe conocrasisger dyukuuu f € L (R) oneparop

WﬂmwzéﬂMﬂ&mw

Mpr xoTHM PacCIpoOCTPpaHUTDb 3TO OTO6pa}KeHI/Ie Ha HEOI'PaHUYC€HHbIE U3MEPHUMbIE beHKL[I/II/I
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JIEMMA XX.1. Ilyemov f — usmepumasn bopesescran dymnryus na npamot R. Ioroocum

Dy = {ueH:/f|2d(P,\u,u) <oo}.
R

Tozda Dy — ecrody naommuoe nodnpocmpancmeo 6 H u daa aobozo v € H cnpasedausa oyenka

[ 1stdiea) < o [ / |f|2d<PAu,u>]l/2. (XX.2)

Ecau dyrxuyus f oeparnuvena v v =V (f)w, mo
d(Pyu,v) = fd(Pyu,w). (XX.3)

JOKABATENILCTBO. MuoxkecTBo Dy 3aMKHYTO OTHOCHTETHHO CJIOKEHH, TOCKOJIBKY €CIN W = U + v, TO
JUIST JII000T0 HOPENIEBCKOTO IIOAMHOYXKeCTBA I Ha NPsIMOil CIIpaBe[JINBO HEPABEHCTBO

1Pew]* < (I|Ppull + || Pevl)* < 2|l Peull® + 2||Ppol?,

re. (Ppw,w) < 2(Pgu,u) + 2(Pgv,v). 3aMKHyTOCTb D OTHOCHTEILHO YMHOMKEHHS HA CKAJISPBI OUCBUIHA.
Taxnm obpaszom, Dy — muHeHOE TOIIPOCTPaHCTBO B H.

O6o3Ha9nM [1JTst TPOU3BOJILHOTO HaTypastbHOoro N depe3 Fy GopesieBckoe moaMHO2KeCTBO R, cocrosimee u3
Bcex To4yek A, g Koropwix |f(A)] < N. Eciu Bekrop w jexur B obpase upoekropa Pr,, TO jyis JH060ro
OOpe/IeBCKOr0 MHOXKECTBA F mMeeT MeCcTO COOTHOIIEHHE

PEU = PEPFNU = PEnFNu,

OTKYZa
(Pgu,u) = (Pgaryu,u)

/ | FPd(Pru, ) = / FPA(Pu, ) < N?[Jul® < oo,
R Fn

Canepnosaresnbho, Im Pp, C Dy. BosbMeM Tenepb npoussosbnblii BekTop v € H. Tak Kak o0beIuHeHHe MHO-
)kectB Fy no BceM HarypasbHbiM N coBmazaer ¢ R, To u3 cyerHoil ajgmuruBHocTH Mepbl Ppv (cM. 3ameda-
mue XVIIL.2 u3 n. XVIIL1) ciegyer, uro v = limy_.o Pgy v, T.€. BEKTOp v IpHHAIeKUT 3aMbIkannio Dy. Tem
cambiM, Dy notHo B H.

[epeiigem x gokazarenbcrBy onenkn (XX.2). Eciu u,v € H, a f — orpanndennas 6opesesckas dyHKIHs
Ha R, To mepa |f|d|(Pyu,v)| abcosmorno HenpepbiBHa oTHOCHTEIBHO Mepbl fd(Pyu,v). IlosTomy 1o teopeme
Pagona—Hukomuma (teopema I11.9 uz n. 111.4) cymecrByer usmepumast dbyukims g Ha R Takas, 4ro

[f1d[(Pxu,v)| = gf d(Pxu,v).

U3 mocsieiHero paBeHCTBa BhITEKaeT, uto |g| = 1 mouru Berogy. ITosromy

/ |l dl(Pyu,v)| = / of d(Pyu,v) = (W(gfu,v) < [[¥(gf)ull - o]
R R

ITo Teopeme XVI.5 0 HyHKIMOHAIBHOM UCYUCIEHUN [JIs OrpaHryeHHbix dyukumii (em. n. XVI.1)

19 (g f)ul = / 9 f P d(Pyu,u) = / P d(Pru, ).

Hocnenuue aBe GoOpMyJIBI MOKA3BIBAIOT, 9TO HepaBeHcTBO (XX.2) crpaBelyinBo JIJId BCeX OIPAHUIEHHBIX U3Me-
pumMbix GYHKIUHE f, a moromy u [is JIOOBIX u3MepuMbIx ¢yHKui. s moka3zaresbcTBa 9TOTO JTOCTATOTHO
IpUOIU3UTE TPOU3BOJILHYIO U3MEpUMYIO (DYHKIUIO f ee OrpaHNIEeHHBIMU CPe3KaMu [ .

Hoxkazarenscrso pasencrsa (XX.3). Eciu f u g — npoussosbHble OrpaHnyeHHble n3MepuMble MYHKIHMU, TO
no teopeme XVI5 0 GyHKINOHATIBPHOM HCUYNUCJIEHUN JJIsi OTPAHUIEeHHBIX (byHKIumi s Bekropa v = U(f)w
OyJeM nMMeThb

/Rgd(PAuw) = (U(g)u,v) = (¥(g)u, ¥(flw) = (T(f)T(g)u, w) = (¥(fg)u, w) Z/RQ?d(PAUW),

OTKY/Ia CJIeJlyeT CIIPaBeIMBOCTh paBeHcTBa (XX.3).
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TEOPEMA XX.2 (TeopeMa 0 pyHKIMOHAIHHOM UCYUCICHAN B KJIACCE HEOTPDAHMIEHHBIX 6OPEIeBCKUX (DY HK-
uwit). Ilyemo {Pg} ecmov npoexmoprosnaywnas mepa na bopeaesckotli anzebpe B(R) co snauenusmu 6 2unv-
bepmosom npocmpancmee H. Conocmasum npoussorvhoti 6opesesckoti yrruyuu f na R nosymopasunetingro

gopmy
(¥ = [ FaPao) (XX.4)

dasv € H,u € Dy, 20e
Dy = {u S H:/\f|2d(PAu,u) < oo}.
R

@opmyna (XX.4) onpedeasem samrnymut onepamop V(f) e npocmpancmee H ¢ naomuol obaacmuio onpe-
deaerus D(U(f)) = Dy, ydoeaemeopaowsuti cooOmmoweruio

10 (f)ull? = / P d(Pyu, u) (XX.5)

npu u € Dy.
Iocmpoennoe omobpasicenue ¥ MYABMUNAUKGMUBHO 8 TNOM CMBICAE, YO OAA NOODLT USMEPUMDBIT PYHK-
uutll f, g cnpasediuso coommowerue

U(f)¥(g) C¥(fg) v D(¥(f)¥(g)) = Dy N Dy
Kpome mozo, daa npouseosvnoli bopesesckolt pyrruuy f umerom mMecmo coOmHoweHUs,

(f) =V(f) (XX.6)

W) =) = T(H)U(f).

JIOKABATENLCTBO. Ecmm u € Dy, To oTobpazkeHne

v»—>/Rfd(P>\u,v)

3a71a€T OrpaHUIEHHbIH COIPsIKeHHO-TMHEeHHbIN dyHKmona na H, HopMa KoToporo B cuiy onenku (XX.2) u3

gemMbl XX.1 HE TPEBOCXOIAT
1/2
[irearun]
R

TTosromy no Teopeme Pucca Haiijercs eguHcTBenHbIH BekTOp Y (f)u € H, yA0BIETBOPSIONHN COOTHOIIECHHIO
(XX.4) pia Becex v € H, nupudaeM

19 (f)ull? < / |2 d(Pyu, u) (XX.7)

npu u € Dj. Jluneitnocrs mocrpoentoro omeparopa ¥(f) ma Dy BoiTekaeT u3 juHeiHocTH Mepbl d(Pyu,v)
10 .
IIycty f — npoussosibHas u3MepuMas (pyHKIuS U fy — ee cpe3Ka, T.e.

fA), ecmn [f(N)] <N,

0 B IPOTUBHOM CJIydYae.

Tax xak ¢ynxiua fn npu moboM HaTypajgbHoM [N orpaHudeHa, To obacTh onpeienenus Dy_r. coBHagaer
¢ Dy u moromy u3 mepasercrsa (XX.7) u Teopemsl JleGera 06 OrpaHUYIEHHON CXOAUMOCTH BBITEKACT, UTO

19 (f)u— B (fa)ul]? = / f — fnPd(Pyuu) — 0 (XX.8)

npu N — oo jyra moboro u € Dy. Taxk xKak QyHKImu fn OrpaHUYEHbI, TO JJIf HUX BBIIOJIHAETCA COOTHOIIe-
uue (XX.5). Ho Torya oHo coxpanurcst u st byHKIun f.
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Ocraercst NpoBepUTh 3aMKHYTOCTH oreparopa ¥ (f). Samernm, uro u3 coorrorernus (XX.6) ciemyer, aro
T(f)=w(f)",

a OTIepaTop, CONPSIZKEHHBII K OIEPATOPY € IIOTHOH 06JIACTHIO OTIPe/IeJIeH sl, BCET/Ia 3aMKHYT (CM. TIPEIJIOsKEeHNe
XIX.2 u3 n. XIX.2).
OcrasbHBIE YTBEPK/IEHNs TEOPEMBI MBI OCTABJIAEM 0€3 JTOKA3aTeNbCTBa (KOTOPOe MOXKHO HAlTH B KHUTE [4]).

3AMEYAHUE XX.1. Teopema 0 GyHKIMOHAILHOM HMCYUCIEHUU B KJIACCE HEOIPAHUYEHHBIX OOPETEBCKUX
dyHKIIMT BepHa B ropas3go Oojiee obIeil mocramoBke. B dacTHOCTH, B HEil MOXKHO 3aMEHUTH BENIECTBEHHYIO
ock R u g-anreGpy Gopenesckux MHOkecTB B(R) Ha pomsBosibHOE MHOXKeCTBO M, HasleeHHOe o-anrebpoii R.
JokazaTenbCTBO TEOPEMBI IIEPEHOCUTCS Ha 3TOT CIydail mourn Ge3 usMeneHuit (cM. [4, reopema 13.24]).

XX.3. HomosHenue: npeodbpaszoBanme Kamm. IIpeobpazoanme Kaam 06001aeT Ha orepaToOpHbIil CITy-
Jail IpoOHO-JTUHERHOE 0TOOpaYKeHne
A—i
A+i’

[epeBoJIsiliiee BEIIECTBEHHYIO OCh B €JIMHUYHYI0 OKPYKHOCTH (6e3 Touku 1). ITo teopeme XVI.5 o dyHKImO-
HaJIbHOM HMCYUC/IEHUU JJis OTPAHUYEHHBIX (DYHKIIUI MBI MOXKEM COITOCTABUTDH KAaXKJIOMY OTDAHUYEHHOMY CaMO-
COIIPSIZKEHHOMY orteparopy A yHuUTapHBI oriepaTop

A —

U= (A—il)(A+il)™ 1,

IpuYeM TaKAM 0OPa30M MOJIydIaeTcst JII000H yHUTapHBIH omeparop U, CleKTp KOTOPOro He CONEPKUT TOUKY 1.
[Ipeamonoxkum Temepnb, ITo 1 €CTh CHMMETPHUIECKU orepaTrop B rmabbeproBoM mpoctpamcTtse H. Torma
upu o6oMm u € D(T') BBIIOIHSETCH COOTHOIIEHIE
| Tu + iul|® = ||Tul|® + ||u||® + (iv, Tu) + (Tu, iv) (BBUY cummerpuanoctu T')
= | Tull® + [full® = 17w — iul>. (XX.9)

Tosromy cymectByer msomerpuieckuit oneparop U: D(U) — ImU, e
DU) =Im(T + i), ImU = Im(T — i),
KOTODBIN onpeiessercss hopMysIoit
UT+il)u= (T —il)u upu u € D(T).

Uz dopmynsr (XX.9) ciemyer, uro oneparop T+ il, 3aganubiii na noxupocrpancrse D(T'), UHbEKTHBEH, 1O~
3TOMY OIPEJIEJIEH OIIEPATOP
(T +iI)~": Im(T +iI) = D(U) — D(T),

B3anMHOOAHO3HAUHO orobpakaomuit D(U) wa D(T). Ilosromy omeparop U MOXKHO 3almcaTb B BUJIE
U= (T —i)(T+il)~*.

Omneparop U nazwiBaercss npeobpasosaruem Koau oneparopa T. Ou obiagaer CJIeAyONUMI CBOWCTBAME.

ITPEMIOXKEHUE XX.3. I[lycmv onepamop U asasemces npeobpaszosanuem Koau cummempuueckozo onepa-
mopa T'. Tozda cnpasediusol caedyrousue YymeepiHcoeHus:
(1) onepamop U samrnym mozda u moavko moezda, koz2da 3amkrym onepamop T';
(2) Im(I —U) = D(T), onepamop I — U unsexmusern u onepamop T soccmanasausaemces no onepamopy U
no gopmyane
T=i(I+U)I-U)""

(3) onepamop U ynumapen moezda u moavko mozda, kozda onepamop T camoconpasicen.

Obpamno, ecau U maxoti usomempuueckuts onepamop, wmo onepamop I —U unsexmusen, mo U sasasemcs
npeobpasosaruem Kaau nexomopozo cummempuyeckozo onepamopa T .
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XX.4. CoekTpajibHasi TeEOpeEMa B TEPMUHAX NPOEKTOPHO3HAYHBIX Mep.

TEOPEMA XX.3 (cuekrpaJibHasi TeOpEMa B TeDMUHAX IIPOEKTOPHOZHAYHBIX Mep). [Tycmov A — camoconps-
orcenmbill onepamop 6 2uavbepmosom npocmpancmee H. Tozda cywecmeyem npoexmoprosnawnas mepa {Pg},
3adannas Ha bopeaescrol o-anzebpe B(R), makas wmo

(Au,v) :/R/\d(P)\u,v) (XX.10)

s u € D(A),veH.
Mepa { P} obaadaem mem ceoticmeom, wmo P,y = I, u nazweaemea cnexmpanvhoti mepoti onepamopa A.

JIOKABATEJIBCTBO. Ilycre U ects npeobpasoBanue Kanmu omeparopa A u {Qp} — upoekropHO3HAYHA
Mepa Ha OKpyzkHocTH S’ ¢ BBIKOJIOTOII Toukoii 1, oTBevatomas omeparopy U B CUJIy CIEKTpaJbHOH Teope-
Mbl XVIIL4 st HopMadbHBIX oneparopos (eM. n. XVIIT4).

Tax xkak oneparop I — U MHBEKTUBEH B CUJIy IpEJIOKeHns X X.3 U3 MPepLIyInero naparpada, To mo 3Toii
Teopeme

(Uu,v) = Cd(Qcu,v) (XX.11)
S/
npu u,v € H. Beemem dynkimuio
fQ) =i

upu ¢ € S’ u onpegenum oneparop ¥(f), nonarasa
(W) = [ O dQeu.0)

mpuu € Dy, v e H.

ITo Teopeme XX.2 0 DYHKIMOHAILHOM UCYUCICHUM JJisi HEOrpaHUIeHHbIX pyHKImii (cM. 3amedanune XX.1
u3 1. XX.2) oneparop ¥(f) camocompsizken, mockoJabKy dbyakius f BemecrsenHa. Kpome Toro, u3 paBeHcTsa
F(O) (1 =¢) =i(1 + ¢) nomyuaem 110 TOIt 2Ke TEOPEME, UTO

() —U) =i(I+U). (XX.12)

U3 sroro coorHomeHust BeITeKaet, B dacTHocTH, uto Im(I — U) C D(VU(f)).
C apyroit CTOPOHBI, COIVIACHO IIPEJIOKEHNI0 X X.3 U3 IMPeAbIAYINero maparpada

A(I-U) =i(I +U), (XX.13)

npuaem D(A) =Im(I — U), orxyza D(A) C D(¥(f)).

U3 dopmyn (XX.12), (XX.13) creayer, uro oneparop W (f) sBisgercs caMOCONPSIZKEHHBIM PACIIPEHUEM
oneparopa A. Ho omneparop A yxke camoconpsizke, noaromy A = U(f) (mockobKy caMoconpsizKeHHbIE OIepa-
TOPBI SBJISIIOTCH MAKCUMAJIbHBIMU CUMMeTpUIecKuMU oreparopamn). Ciie1oBaTesbHO,

(Au,) = [ 10 d(Qeu,v) (XX.14)
S/
upu u € D(A), v € H.
Kaxk 66110 0T™MeueHO panee, cnekTp o(A) omeparopa A coBmagaer ¢ MHOXKECTBOM CYIIECTBEHHBIX 3HAUEHUI

dbyukuun f, orkyna o(A) C R. IockonbKy dbyHKIMs f B3aHMHOOIHOZHAYHO OTOOPAKAET OKPY’KHOCTH S’ Ha
BEIECTBEHHYIO 0Ch R, Mbl MOXKEM BBECTHU CIEKTPaJbHYI0 Mepy {Pg} Ha nupsamMoit, nosiaras

Pypy = QrF

I joboro Gopesesckoro nogmuoxkectsa F C S, Tem cambiM, coorromenue (XX.14) npespamaercsa B

(Au,v):/R)\d(PAu,’u)

upu u € D(A), v € H.
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NmeeTcs TakKe BADUAHT CIIEKTPATBLHON T€OPEMBI JIJTsT HEOTPAHUTIEHHBIX HOPMAJIbHBIX onepaTopos. 1o ompe-
JIeJIEHUIO, JInHEHHbI oneparop 1 B rmibbepTOBOM IpOCTpaHCTBe H HA3BIBAETCH HOPMAALHBIM, €CITH OH 3a-
MKHYT, ©MeeT IJIOTHYI0 obsacTh oupenesenust D(T) u yaoBIeTBOpSET YCIOBHUIO

™T=TT"
wa D(T) N D(T*).

TEOPEMA XX.4 (cunekTpaJibHasi TeOpeMa Jijisi HOPMAJIbHbBIX O1epaTopoB). Ilycmo T — nopmasvnsid onepa-
mop 6 2uavbepmosom npocmparncmee H. Tozda cywecmeyem npoexmoprodnaunan cnexmpanvran mepa { P}
maKas, 4mo

(Tu,v) = / Ad(Pyu, v)
o(T)

npuu € D(T),v € H.

Jleknmsa XXI. OgnonmapamMerpudecKne TPYIIIbI OIIEPATOPOB

XXI.1. DKCHoHEeHTa OT CAMOCOIPSI2KEHHOT'O OMEPATOpPa. IJKCIOHEHTY OT OUPAHMYEHHOI'O CAMOCO-
NpsizKeHHOTo oneparopa A B ruibbepToBoM nmpocrpancTBe H MOXKHO ONPEJEIUTh IPU TIOMOITH PSIa

s A

€ n!

)

n=0

KOTOPBII CXOIUTCsI 110 HOpMe. B cilyuae HEOrpaHHYEHHOI'O0 CaMOCOIPSIKEHHOro oreparopa A yka3aHHYIO 9KC-
[IOHEHTY MOKHO BBECTH C IOMOIIBIO CIIEKTPAJIBHOM TeopeMbl Kak (ynkmmo ¢4 or A.

TroPEMA XXI.1. IIyemv A — camoconpasicennuili onepamop 6 2uavbepmosom npocmpancmee H. Onepa-
mop U(t) := e'*4 obaadaem caedyrousumu ceoticmeamus

(1) daa arobozo t € R onepamop U (t) ynumaper u
Ui+ s)=U)U(s) ons mobvir s, t € R;

(2) dan mobozo v € H cywecmeyem npedea U(t)v — v npu t — 0;
(3) npuv € D(A) cnpasedauso coommnouenue

M — jAv npu t— 0;
(4) ecau npedea
lim Ut)v—wv
t—0 t

cywecmeyem, mo v € D(A).

JIOKA3ATEJILCTBO. YTeepxK/aeHue (1) HeMe/JIeHHO BbITEKaeT U3 TeOpeMbl 0 (DYHKIMOHAIBLHOM UCUUCIEHUH
JUIst HeorpaHnvdeHHbIX dyHkimit (em. m. XX.2).

YrBepkaenue (2). 3amernn, 9To0 [0 TeopeMe 0 (DYHKIMOHATLHOM HCIUCICHUHN JIJIs HEOTDAHNICHHBIX (DY HK-
it

etAy — o||2 = / 6™ — 112 d(Pyo,v).
R

Oyuxmuio | — 1]

Kpowme Toro,

2 MmozkHO onennTh cBepxy dynkmueir f(\) = 4, kKoTopast mHTerpupyema 1o Mepe d(Pyv,v).
e 12 =0 mpu t—0

it ioboro A € R.
[TosTomy o Teopeme Jlebera 06 OrpaHUYEHHON CXOIAUMOCTH

|U(t)v — o] — 0 mpu t — 0,

T.e. byukuua ¢ — U(t) cuIbHO HENpepbIBHA B HYJIE.
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Vreepxkaenue (3) BbITeKaeT U3 TOM ke TeopeMbl Jlebera u oneHKU
e — 1] < [t

Yreepxkaernne (4). O6osnaunm uepes D(B) MHOXKeCTBO
U(t)v —
D(B) = {v € H: }111(1) # cymeCTByeT}

u BBeJieM oreparop B ¢ obiacrbio oupenesenus D(B), nonaras

. . Ut)v—v
iBv = lim L
t—0 t
Do cuMMmeTpryecKkuii oneparop (posepbre!), KOTOPBIH COMIACHO YTBEPKIeHNIO (3) sIBJIsIeTCsT pacIupeHneM A,
T.e. B D A. Ho oneparop A camoconpsizker, mosromy B = A.

OnpeAEJEHUE XXI.1. Oueparopuas dyukuus ¢t — U(t), yaosiaersopsiormas ycaosusam (1),(2) mocsenueit
TEOPEMBI, HA3BIBAECTCA CUALHO HENPEPbeHoti odnonapamempuueckot yrumaprot epynnot. Ecim A — camoco-
IIpSAYKeHHBIH orepaTop Takoit, uro U(t) = €4, 1o A HasbIBaeTcs UHGUHUMESUMANDHYLM 2EHEPATNOPOM TPYTITIBI

Ut).

3AMEYAHUE XXI.1. Bamerum, 910 u3 cuibHOi HenpepbiBHOCcTH DyHKIUY t — U(t) B HyJie BBITEKAET U ee
HEIIPEPBIBHOCTDH B IIPOU3BOJIbHON TOUKe t) € R BBHUIY IDYIIIOBOrO CBOWCTBA.

XXI.2. Teopema CroyHa.

TEOPEMA XXI.2 (reopema Croyna). ITycmo {U(t)} — cuarvho nenpepvishas 00HONAPAMEMPULECKAR YHU-
maphaa 2pynna 6 2uavbepmosom npocmpancmee H. Tozda cywecmeyem camoconpascenmniti onepamop A ma-
x0l, 4mo

U(t) = e,
JIOKABATEJIBCTBO. YrBepxkienue (4) u3 HOCJEIHEH TeopeMbl IOJICKA3BIBAET, YTO OIepaTop A MOXKHO

nosyants u3 {U(t)} nuddepennuposannem npu t = 0.
IIycrs ¢ € C§°(R). Bemem mis xkaxaoro v € H dyHKImIO

o0
b f, e / PO (v dt.
— 00
Tak kak dbyuxiusa {U(t)} cuiabHO HempepbiBHA, TO MHTErpaj B IOcienHell hopMysie MOXKHO IIOHUMATh KaK
PUMAHOB MHTErpaJl OT HENPEPBIBHON BEKTOP-(DYHKIMN CO 3HAUEHUSIMU B TUIHOEPTOBOM IPOCTPAHCTBE. Takoii

MHTErpaJl ONPEJIEIISIeTC TAKKe, KAK B CKAJIIPHOM CJIydae, U 00JIa[aeT aHAJOTUIHBIMA CBOMCTBAMHU.
O6o03HaunM depe3 D mpOCTPaHCTBO, IJIEMEHTAMU KOTOPOTO SIBJISIIOTCSI KOHEUHBbIE JIMHEHHbIE KOMOMHAIIAH
BeKTOpOB f, ¢ ¢ € C§°(R) n v € H. Beenem nasee cemeiicrso dbynxmmii {x.(t)} Ha R, onpeesnsenmoe ciey-
oM obpasom. Ilycrs x(¢) — HekoTOpast moyioKuTeIbHas beckonedno quddepeHnupyeMas QYHKIU ¢ KOM-
HAKTHBIM HocuTeseM Ha unrepsase (—1,1) C R, uarerpas o KOTOPOIi 110 3TOMy MHTEPBaJy paBeH 1:

/_11 x(t)dt = 1.

ITostozxum:

n obosnaunm: f. = f,.. Torma

It =oll = | [ x| < s e -l [ i

(—ee —e

Tak kax dyaknus {U(t)} cuibHO HenpepbIBHA, TO OTCIOA CJIEYeT, YTO HPOCTPaHcTBO D miotHO B H.
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Ilpu f, € D 6yzem nmeTn

W:/“ SD(t)U(Sth)z—U(t)v i

— 0o

(3aMeHa $ 4+t = T B IEPBOM MHTErpaJe)

° U ° Ul(t
= / o(T —s) (;-)U dr — / o(t) (S)U dt (sameHa t = T BO BTOPOM HHTErpaJie)

= /_Oo —Qp(T —5) — () U(T)U_dT.

Iocnenanit uHTErpa Ipa § — 0 CTPEMUTCS K
o0

—/ O (MU (T)vdr = oy
— 00

Omnpepnenum oneparop A na pynxmuax f, € D, monaras

1
Af = ; f —’
13 mpoBeieHHOTO BBIMHUCIEHUS CJIeIyeT, 9TO mpu s — 0

U(s+1t)—U(t) U(s)

fo = U(t)%[ fo — U(t)ffso’ = iU(t)AﬂD'

Nuave rosops,

aU(t)v =U(t)Av I Bcex v € D.

BameruM, uTo oneparopsl U(t) u A coxpaHsior pocTpancTso D u
U(t)Af, = AU(t) f, npu f, € D.
Bosee Toro, ecn fo, fy € D, To

P T ) =t (g, - IS () = (A,

(Afi ) = tim

r.e. A — cummerpudeckuil oneparop ¢ obiacrbio oupenesenust D(A) = D.
ITokazkeM, 4To A CyIIeCTBEHHO CAMOCOIPSIZKeH, T.€. ero 3aMbIKaHne A caMoconpsizkeHo. JIJIsl 3TOro, COryIacHo
KpuTepuio camoconpsizkeHHocTH (cM. cieacreue XIX.1 uz . XIX.4), gocraTouso nposepurs, uro Ker(A*+il) =
{0}. Homycrum, uro mamescsa sekrop u € D(A*) Takoit, uro A*u = iu. Torga s mo6oro v € D GyneMm uMerhb

d
a(U(t)v,u) = (AU (t)v,u) = «(U(t)v, A*u) = (U(t)v, u).
Nnbnvm cosamvm, dbynakmusa g(t) = (U(t)v,u) ynosraersopsier ypasuenmio ¢ = g, mostomy g(t) = g(0)e’.

Ho ¢(0) = (U(0)v,u) = (v,u) DOIKHO PABHATHCHA HYJIIO, IOCKOJIbKY (yHKuus ¢(t) yIoBIeTBODSET OLEHKEe
lg(®)| < |lvll - |lu|l, T.e. orpannuena ma Beeif ocu u, caeAOBATENBHO, HE MOXKET PACTH KAK SKCIOHEHTa. Tem
caMbIM, BEKTOD U OPTOrOHAJIEH BeeM BekTopaMm Buja U(t)v ¢ v € D, orkyna caenyer, Beuiy miotaoctu D B H,
aro u = 0.

ARasOrmvHOE JTOKA3aTENHLCTBO MOKA3BIBAET, 9TO W ypaBHeHme A*u = —iu HE MOMKET MMETb HEHYJIEBBIX
pemennit. [TosTomy omepaTop A cymeCTBEHHO CAMOCOIPSIZKEH.

Honoxumm V (t) := e u nokaxewm, uro U(t) = V(t). Eciu v € D C D(A), To B cumy yrBepxienns (3) u3
Teopembl XXI.1 u3 mpeapiaymero maparpada

d

o V(t)o =iAV (t)v.

Tax xax U(t)v € D C D(A), o nas quddepennupyemoit Bektop-bynxmun h(t) := U(t)v — V (t)v 6ynem umeTs

%h(t) =AU (t)v —iAV (t)v = iAh(t),
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OTKYy/1a

%Ilh(t)ll2 = i(Ah(t), h(t)) — i(h(t), Ah(t)) = 0.

Kpowme toro, h(0) = 0, nosromy h(t) = 0 upu Beex ¢, T.e. U(t)v = V (¢)v npu Beex t u Becex v € D. VI3 mrorHOCTH
D B H crenyer, aro U(t) = V(t) upu Bcex t.

B zakmrouenme mcciemyeM BOMPOC O CHJIBHON HEMPEPBIBHOCTH OTHOMAPAMETPUIECKAX YHUTAPHBIX T'PYIII.
Ipemnonoxum cuHauasa, aro U(t) — caabo HenpepblBHAS OJHOLAPAMETPUYECKAs yHUTapHas rpymna. Torua
npu t — 0 6y7aeM uMeThb

Ut —ol* = [U®)0]* = U)o, v) = (0, UE)v) + [[o]|* = 2[jo]|* — 2[jv]|* = 0.

Wubivn cnoBaMu, u3 ciaboit HenpepbiBOocTH dyHKImu U(t) caeayeT ee CribHasi HEIPEPBHIBHOCTH. Ha camom
JieJie, CIpaBe/IuB ropas io 60jiee CUIIbHBII Pe3yJIbTAT.

TEOPEMA XXI.3 (teopema dou Heiimana). Iycmo {U(t)} — odnonapamempuueckan ynumapras epynna
6 cenapabesvrom 2uavbepmosom npocmparcmee H . ITpednoaoorcum, wmo dynrkyus t — (U(t)u,v) usmepuma
das mobvix u,v € H. Tozda epynna {U(t)} cuavho nenpepuea.

JIOKABATENBCTBO. Ilycrs u € H. Torma qyst Beex v € H dyuxmus (U(t)u,v) namepuma, a orobpazkeHne

v /a(U(t)u,v) dt
0

3a/1aeT OIPAHMYEHHBIH COIPSIKEeHHO-JIMHENHbI dyHKIHOHAT Ha H, HOpMa KOTOPOIro He IIPeBOCXOAUT aflul|.
IosTomy mo Teopeme Pucca (cm. 3amedanue IV.3 K 910i1 Teopeme) cyliecTByer BeKTOp U, € H Takoit, 4To

(ua,v):/o (U(t)u,v) dt.
Torna npu b < a 6ynem uMmeThb
a a a+b
(U ()t v) = (11, U(—b)v) = /0 (U (8w, U(—b)v) dt — /O (Ut + byu, v) dt = /b (U (), v) dt,
OTKY/Ia

a+b a
[(U(b)ug,v) — (uq,v)] = /b (U(t)u,v) dt — /0 (U(t)u,v) dt.

HpeﬂCTaBHHH IIOJIYIEHHYIO Pa3HOCThb JABYX MHTEI'PDAJIOB B BUJE
a+b a a+b a a b a+b b
b 0 a b b 0 a 0

/ﬂ Uty dt‘ 4

IOoJIy9IuM, 9TO

b
(U (b)ta,v) — (e, v)| < / (U (. v) dt’.

a-+b b
/a (U(t)u,v)dt = /0 (U(r + a)u,v)dr,

IIO3TOMY U3 IIOCJIeIHET0 HEPAaBEHCTBA BBITEKAET, UYTO
|(U(b)tta; v) = (tha, v)| < 2bfJul| - [Jo]|

u, caenosarenbHo, (U(b)ug,v) — (uq,v) mpu b — 0. Tem cambiv, rpymma {U(t)} cnabo, a IOTOMY U CHIIBHO
HeIlPepPbIBHA HA MHOXKECTBE BEKTOPOB {u, : u € H}.

Ecsi MBI TOKaKeM, 9TO 9TO MHOYKECTBO IIIOTHO B H | TO 0TCIoa GyIeT ciie1oBaTh (¢ IIOMOIIBIO CTAHIAPTHOTO
€¢/3-nipuema), uro rpymna {U(t)} cunbHo HenpepbiBHA Ha H.
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ITpeamo/io2KuM, 9TO BEKTODP ¥ OPTOTOHAJIEH BCEM BEKTOPAM M3 MHOXKECTBA {ug : U € H },ecr. Boibepem op-
TOHOPMHUPOBAHHBIN Oa3uc {u(”)} B H. Torma myis soboro n 6ymem nMersb

0= (u™,v) = /0 a(U(t)u(”),v)dt

mpu Beex a € R. Orcroma (U(t)u™,v) = 0 aas Beex ¢, KpoMme, GBITH MOKET, HEKOTOPOIO MHOMKECTBA Sy, MepEI
mymb. BeiGepen to ¢ U, Sy Torma (U(to)u(™,v) = 0 mpn Beex n, orxyma ciemyer, aro U(—tg)v = 0 u, BBIIY
yuurapuoctu U(—tp), noixydaem, 9yro v = 0.

KpaTtkoe coaepkanmne u oubsmorpacdpndeckme ykasaHus K rjiaBe 5

B neknuu XIX uzsiaratoTcst OCHOBHBIE OIIPEIeJIEHNs, OTHOCSIIUMCS K HEOTPAHUIEHHBIM OIIEPATOPAM, CJIEJTYST
B ocuoBHOM |1, ru1. VIII, n. 1], Toabko npeggoxkenue XIX.3 zaumcrsoBano u3 [4, m. 13.2]. 3uech pokasbiBaercs
npetozkenne XI1X.2 o0 CBSI3M MeXKIy OIepPaIusIMi 3aMBIKAHASA U B3ATHS COIPSKEHHOIO Omeparopa. [raBHbIM
PE3yJILTATOM STOM JIEKIMU SBJIsIeTCsl KPUTEPHii caMocolpsizkeHHocTH (Teopema XIX.2).

Jlekmust XX 1ocBsillieHa CIIEKTPAJIbHOM TeopeMe Jijisi HEOTPAHMIEHHBIX CAMOCOIIPSI?)KEHHBIX OIIEPaTOPOB, KO-
TOPYIO MBI H3JIaraeM, cyiejyst B oCHOBHOM [4, 1i1. 13]. CHauasa Mbl JIOKa3bIBAEM CIIEKTPAJIbHYIO TEOPEMY B Tep-
MUHAX OlepaTopa yMHOXKeHud Takxke, Kak B [1, r1. VIIL 1. 3]. 3arem npusomum Teopemy o dyHKIMOHAIHHOM
UCYHUC/JIEHUN B KJIACCE HEOIPDAHUYEHHBIX GopeseBckux dbyHKuil, ciaemys [4, ri. 13, mn. 13.22-13.24|. B usnoxe-
HUHN CIIEKTPAJIBHOM TeOpeMbl B TEPMUHAX TPOEKTOPHOZHATHBIX Mep MbI cieayem [4, ri. 13, m. 13.30]. dokasa-
TEJIbCTBO YKA3AHHOM TeOpeMbl OCHOBAHO Ha mpeodbpa3oBannn Kaju, KoTopoe 06Cy»K/1aeTcs B IOMOTHEHNNT X X. 3.
ToznpoGree 06 3ToM tipeobpazosanuu cM. [4, rur. 13, mir. 13.17-13.19]. Sasepimaercst JeKIus CIEKTPAIBHON Teo-
PeMoii JIJIs HOPMAJIBHBIX OIIEPATOPOB, J0KA3aTEILCTBO KOTOPOH MOXKHO HaiiTu B [4, ro1. 13, m. 13.33)].

Jlexkmms XXI mocssimnena ogHOmapaMeTpUIecKuM TPYIIAM YHATAPHBIX OIEPATOPOB. B ee M3JI0KeHUH MBI
ciegyeM [1, ru. VIII, n. 4]. 3aech mokasbiBaiorcsa Teopema CTOYHA O CYIIECTBOBAHUU CAMOCOIPSI?KEHHOI'O MeHe-
paTopa y CuIbHO HEIPEPBIBHOM OHOIApAMETPUTIECKOH YHUTAPHON TPy bl 1 KpuTepuit (por Helimana cumbHOIM
HEIIPEPBIBHOCTHU OHOIIAPAMETPUYECKON I'PYIIIBI YHUTAPHBIX OIIEPaTOPOB.
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