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Abstract

The goal is to derive a semi-analytical solution for the price
of a Foreign exchange option under the Heston [21]
stochastic volatility model for the exchange rate which
includes jumps in both the spot exchange rate and the
volatility dynamics, combined with the Cox et al. [14]
dynamics for the domestic and foreign stochastic interest
rates. The instantaneous volatility is correlated with the
dynamics of the exchange rate return, whereas the
domestic and foreign short-term rates are assumed to be
independent of the dynamics of the exchange rate.
The main result is an analytic formula for the price of a
European call on the exchange rate.
It is derived using martingale methods in arbitrage pricing
of contingent claims and Fourier inversion. techniques.
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The Model

The framework under which we will price FX options. Let
(Ω,F ,P) be an underlying probability space. We postulate that
the dynamics of the exchange rate Q = (Qt )t∈[0,T ],


dQt =

(
rt − r̂t − λµQ

)
Qt dt + Qt

√
vt dW Q

t + Qt− dZ Q
t ,

dvt =
(
θ − κvt

)
dt + σv

√
vt dW v

t + dZ v
t ,

drt =
(
ad − bd rt

)
dt + σd

√
rt dW d

t ,

dr̂t =
(
af − bf r̂t

)
dt + σf

√
r̂t dW f

t ,

(1)
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Model Assumptions

(A.1) W Q = (W Q
t )t∈[0,T ], W v = (W v

t )t∈[0,T ] are correlated
Brownian motions with a constant correlation coefficient,
so that the quadratic covariation between W Q and W v

satisfies d [W Q,W v ]t = ρdt for some constant ρ ∈ [−1,1],
(A.2) W d = (W d

t )t∈[0,T ] and W f = (W f
t )t∈[0,T ] are

independent Brownian motions and they are also
independent of the Brownian motions W Q and W v (hence
the processes Q, r and r̂ are independent),

(A.3) Z Q
t =

∑NQ
t

k=1 JQ
k is the compound Poisson process;

specifically, the Poisson process NQ has the intensity
λQ > 0 and the random variables ln(1 + JQ

k ), k = 1,2, . . .
have the probability distribution N(ln[1 + µQ]− 1

2σ
2
Q, σ

2
Q);

hence the jump sizes JQ
k , k = 1,2, . . . are lognormally

distributed on (−1,∞) with mean µQ > −1,
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Assumptions

(A.4) Z v
t =

∑Nv
t

k=1 Jv
k is the compound Poisson process;

specifically, the Poisson process Nv has the intensity
λv > 0 and the jump sizes Jv

k are exponentially distributed
with mean µv ,
(A.5) the Poisson processes NQ,Nv and sequences JQ

k
and Jv

k are mutually independent, as well as independent
of the Brownian motions W Q,W v ,W d ,W f ,
(A.6)the model’s parameters satisfy the stability conditions:
2θ > σ2

v > 0, 2ad > σ2
d > 0 and 2af > σ2

f > 0.
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Comments

Note that we postulate here that the:
Volatility process v , the domestic short-term interest rate,
denoted as r , and its foreign counterpart, denoted as r̂ , are
independent stochastic processes.
This assumption is indeed crucial(for details see [4]).
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Bond Prices Under CIR Dynamics

Lemma

The discount bonds prices maturing at time T > t are given by:

Bd (t ,T ) = exp
(
md (t ,T )− nd (t ,T )rt

)
,

Bf (t ,T ) = exp
(
mf (t ,T )− nf (t ,T )r̂t

)
,

where, for i ∈ {d , f},

mi(t ,T ) =
2ai

σ2
i

log

[
γi e

1
2 bi (T−t)

γi cosh(γi(T − t)) + 1
2 bi sinh(γi(T − t))

]
,

ni(t ,T ) =
sinh(γi(T − t))

γi cosh(γi(T − t)) + 1
2 bi sinh(γi(T − t))

,

and
γi =

1
2

√
b2

i + 2σ2
i .
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Foreign Exchange Call Option

The arbitrage price Ct (T ,K ) of the FX call option for every time
t ∈ [0,T ], is given by the conditional expectation with respect to
the σ-field Ft of the option’s payoff at expiration discounted by
the domestic money market account,

Ct (T ,K ) = EP
t

{
exp

(
−
∫ T

t
ru du

)
CT (T ,K )

}

= EP
t

{
exp

(
−
∫ T

t
ru du

)
(QT − K )+

}
or, equivalently,

Ct (T ,K ) = EP
t

{
exp

(
−
∫ T

t
ru du

)
QT1{QT>K}

}

−KEP
t

{
exp

(
−
∫ T

t
ru du

)
1{QT>K}

}
.
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Option Price In Terms Forward Exchange Rate

Lemma

The forward exchange rate F (t ,T ) at time t for settlement date
T equals

F (t ,T ) =
Bf (t ,T )

Bd (t ,T )
Qt . (2)

QT = F (T ,T ), the option’s payoff at expiry

CT (T ,K ) = F (T ,T )1{F (T ,T )>K} − K1{F (T ,T )>K}.

Hence, the option’s value at time t ∈ [0,T ]

Ct (T ,K ) = EP
t

{
exp

(
−
∫ T

t
ru du

)
F (T ,T )1{F (T ,T )>K}

}

− KEP
t

{
exp

(
−
∫ T

t
ru du

)
1{F (T ,T )>K}

}
.

Notation xt = ln F (t ,T ) for every t ∈ [0,T ].
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Main Result:Pricing Formula for the FX Call Option

Theorem

Assume that the foreign exchange model is given by SDEs (1)
under Assumptions (A.1)–(A.6). Then the price of a European
currency option is given by, for every t ∈ [0,T ],

Ct (T ,K ) = QtBf (t ,T )P1
(
t ,Qt , vt , rt , r̂t ,K

)
−KBd (t ,T )P2

(
t ,Qt , vt , rt , r̂t ,K

)
.

The bond prices Bd (t ,T ) and Bf (t ,T ) are given in lemma 1.
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Functions P1, P2

Functions P1 and P2 are given by, for j = 1,2,

Pj
(
t ,Qt , vt , rt , r̂t ,K

)
=

1
2

+
1
π

∫ ∞
0

Re
(

fj(φ)
exp(−iφ ln K )

iφ

)
dφ,

(3)
where the Ft -conditional characteristic function
fj(φ) = fj(φ, t ,Qt , vt , rt , r̂t ), j = 1,2 of the random variable
xT = ln(QT ) under the probability measure P̂T (cf. Definition
10) and PT (cf. Definition 7), respectively, are given by
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Characteristic Function- f1

f1(φ) = ct exp
[
λQτ(1 + µQ)

(
(1 + µQ)iφe−

1
2 (1+iφ)σ2

Q − 1
)]

× exp
[
−
(

iφλQµQτ − λvτ

(
σv − ρ(1 + iφ)µv

σv + ρ(1 + iφ)µv

)
+

(1 + iφ)ρ

σv
(vt + θτ)

)]
×exp

[
− iφ

(
nd (t ,T )rt +

∫ T

t
adnd (u,T ) du

)]
×exp

[
(1 + iφ)

(
nf (t ,T )r̂t +

∫ T

t
af nf (u,T ) du

)]
(4)

×exp
[
−G1(τ, s1, s2)vt −G2(τ, s3, s4)rt −G3(τ, s5, s6)r̂t

]
×exp

[
− θH1(τ, s1, s2)− adH2(τ, s3, s4)− af H3(τ, s5, s6)

]
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Characteristic Function- f2

f2(φ) = ct exp
[
λQτ(1 + µQ)

(
(1 + µQ)iφe−

1
2 (1+iφ)σ2

Q − 1
)]

× exp
[
−
(

iφλQµQτ − λvτ

(
σv − iφρµv

σv + iφρµv

)
+

iφρ
σv

(vt + θτ)

)]
×exp

[
(1− iφ)

(
nd (t ,T )rt +

∫ T

t
adnd (u,T ) du

)]
×exp

[
iφ
(

nf (t ,T )r̂t +

∫ T

t
af nf (u,T ) du

)]
(5)

×exp
[
−G1(τ,q1,q2)vt −G2(τ,q3,q4)rt −G3(τ,q5,q6)

]
×exp

[
− θH1(τ,q1,q2)− adH2(τ,q3,q4)− af H3(τ,q5,q6)

]
where the functions G1,G2,G3,H1,H2,H3 are given in Lemma
5 and ct equals

ct = exp
(
iφxt

)
= exp (iφ ln F (t ,T )) .Rehez Ahlip, Marek Rutkowski* Pricing FX Options in the Heston/CIR Jump-Diffusion Model International Conference Advanced Finance and Stochastics



The Constants: Ct , s1, s2, s3, s4, s5, s6

ct = exp
(
iφxt

)
= exp (iφ ln F (t ,T )) .

s1 = −(1 + iφ)ρ

σv
,

s2 = −(1 + iφ)2(1− ρ2)

2
− (1 + iφ)ρκ

σv
+

1 + iφ
2

,

s3 = 0, (6)
s4 = −iφ,
s5 = 0,
s6 = 1 + iφ,
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Constants: q1,q2,q3,q4,q5,q6

q1 = − iφρ
σv

,

q2 = − iφρκ
σv
− (iφ)2(1− ρ2)

2
+

iφ
2
,

q3 = 0, (7)
q4 = 1− iφ,
q5 = 0,
q6 = iφ.
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TWO LEMMAS

Lemma

(i) Under Assumptions (A.3) and (A.5), the following equalities
are valid

EP
t

{
exp

(
iφJQ(t ,T )

)}
= EP

t

{
exp

(
iφ

NQ
T∑

k=NQ
t +1

ln(1 + JQ
k )

)}

= exp
[
λQτ

∫ +∞

−∞
(eiφz − 1) ν1(dz)

]
= exp

[
λQτ(1 + µQ)

(
(1 + µQ)iφe−

1
2σ

2
Q(1+iφ) − 1

)]
.

(ii) Under Assumptions (A.4) and (A.5), the following equalities
are valid for c = a + bi with a ≤ 0

EP
t

{
exp

(
c (Z v

T − Z v
t )
)}

= EP
t

{
exp

(
c

Nv
T∑

k=Nv
t +1

Jv
k

)}

= exp
[
λvτ

∫ +∞

0
(ecz − 1) ν2(dz)

]
= exp

[
λvτ

(
1 + cµv

1− cµv

)]
.
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Lemma

The next result is an extension of Lemma 6.1 in Ahlip and
Rutkowski [2] (see also Duffie et al. [15]) in which the model
without the jump component in the dynamics of v was
examined.
Lemma

Let the dynamics of processes v , r and r̂ be given by SDEs (1)
with independent Brownian motions W v , W d and W f . For any
complex numbers µ, λ, µ̃, λ̃, µ̂, λ̂, we set

F (τ, vt , rt , r̂t ) = EP
t

{
exp

(
− λvT − µ

∫ T

t
vu du − λ̃rT − µ̃

∫ T

t
ru du − λ̂r̂T − µ̂

∫ T

t
r̂u du

)}
.

Then

F (τ, vt , rt , r̂t ) = exp
[
−G1(τ, λ, µ)vt −G2(τ, λ̃, µ̃)rt

−G3(τ, λ̂, µ̂)r̂t − θH1(τ, λ, µ)− adH2(τ, λ̃, µ̃)

− af H3(τ, λ̂, µ̂)
]
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EP
t

{
exp

(
iφJQ(t ,T )

)}
= EP

t

{
exp

(
iφ

NQ
T∑

k=NQ
t +1

ln(1 + JQ
k )

)}

= exp
[
λQτ

∫ +∞

−∞
(eiφz − 1) ν1(dz)

]
= exp
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exp
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T∑

k=Nv
t +1
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0
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Functions-G1, G2, G3

G1(τ, λ, µ) =
λ[(γ + κ) + eγτ (γ − κ)] + 2µ(1− eγt )

σ2
v λ (eγτ − 1) + γ − κ+ eγτ (γ + κ)

,

G2(τ, λ̃, µ̃) =
λ̃[(γ̃ + bd ) + eγ̃τ (γ̃ − bd )] + 2µ̃(1− eγ̃t )

σ2
d λ̃
(
eγ̃τ − 1

)
+ γ̃ − bd + eγ̃τ (γ̃ + bd )

,

G3(τ, λ̂, µ̂) =
λ̂[(γ̂ + bf ) + eγ̂τ (γ̂ − bf )] + 2µ̂(1− eγ̂t )

σ2
f λ̂
(
eγ̂τ − 1

)
+ γ̂ − bf + eγ̂τ (γ̂ + bf )

,
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Functions-H1, H2, H3

H1(τ, λ, µ) =

∫ τ

0

(
G1(t , λ, µ) +

λv

θµv

(
1− µv G1(t , λ, µ)

1 + µv G1(t , λ, µ)

))
dt ,

H2(τ, λ̃, µ̃) = − 2
σ2

d
ln

 2γ̃e
(γ̃+bd )τ

2

σ2
d λ̃
(
eγ̃τ − 1

)
+ γ̃ − bd + eγ̃τ (γ̃ + bd )

 ,

H3(τ, λ̂, µ̂) = − 2
σ2

f
ln

 2γ̂e
(γ̂+bf )τ

2

σ2
f λ̂
(
eγ̂τ − 1

)
+ γ̂ − bf + eγ̂τ (γ̂ + bf )

 ,
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Change of measure from P to PT

Definition

The probability measure PT , equivalent to P on (Ω,FT ), is
defined by the Radon-Nikodým derivative process
η = (ηt )t∈[0,T ], where

ηt =
dPT

dP

∣∣∣
Ft

= exp
(
−
∫ t

0
σdnd (u,T )

√
ru dW d

u

−1
2

∫ t

0
σ2

dn2
d (u,T )ru du

)
. (8)

W T
t = W d

t +

∫ t

0
σdnd (u,T )

√
ru du. (9)

From Girsanov theorem W T = (W T
t )t∈[0,T ] is the standard

Brownian motion under the domestic forward martingale
measure PT .

Rehez Ahlip, Marek Rutkowski* Pricing FX Options in the Heston/CIR Jump-Diffusion Model International Conference Advanced Finance and Stochastics



FX Call and Dynamics of F (t ,T ) under PT

Ct (T ,K ) = Bd (t ,T )EPT
t
(
F (T ,T )1{F (T ,T )>K}

)
−KBd (t ,T )EPT

t
(
1{F (T ,T )>K}

)
. (10)

Lemma

dF (t ,T ) = F (t ,T )
(√

vt dW Q
t + σd nd (t ,T )

√
rt dW T

t

−σf nf (t ,T )
√

r̂t dW f
t

)
(11)
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Solution: Of SDE and Remarks

Lemma

F (T ,T ) = F (t ,T ) exp
(∫ T

t
σ̃F (u,T ) · dW̃ T

u

−1
2

∫ T

t
‖σ̃F (u,T )‖2 du

)
, (12)

σ̃F (t ,T ) =
[√

vt , σdnd (t ,T )
√

rt , −σf nf (t ,T )
√

r̂t
]

W̃ T
t =

[
W Q

t , W T
t , W f

t
]∗

The process W̃ T is the three-dimensional standard Brownian
motion under PT .
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Bd(t ,T )EPT
t

(
F (T ,T )1{F (T ,T )>K}

)

In view of Lemma 8

Bd (t ,T )EPT
t
(
F (T ,T )1{F (T ,T )>K}

)
= QtBf (t ,T )EPT

t

{
exp

(∫ T

t
σ̃F (u,T ) · dW̃ T

u

−1
2

∫ T

t
‖σ̃F (u,T )‖2 du

)
1{F (T ,T )>K}

}
.
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P̂T

To deal with the first term in the right-hand side in formula (10),
we introduce another auxiliary probability measure, denoted by
P̂T .

Definition

The probability measure P̂T , equivalent to PT on (Ω,FT ), is
defined by the Radon-Nikodým derivative process
η̂ = (η̂t )t∈[0,T ], where

η̂t =
d P̂T

dPT

∣∣∣
Ft

= exp
(∫ t

0
σ̃F (u,T ) · dW̃ T

u

−1
2

∫ t

0
‖σ̃F (u,T )‖2 du

)
.
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RHS: Under P̂T

Using equation (12) and the Bayes formula, we obtain

Bd (t ,T )EPT
t
(
F (T ,T )1{F (T ,T )>K}

)
= QtBf (t ,T )

EPT
t
(
1{F (T ,T )>K}η̂T

)
EPT

t (η̂T )

= QtBf (t ,T )EP̂T
t
(
1{F (T ,T )>K}

)
.
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Pricing formula under P̂T and PT

The price of the FX call option can be represented as follows

Ct (T ,K ) = QtBf (t ,T ) P̂T
(
QT > K | Ft

)
−KBd (t ,T )PT

(
QT > K | Ft

)
or, equivalently,

Ct (T ,K ) = QtBf (t ,T ) P̂T
(
xT > ln K | Ft

)
−KBd (t ,T )PT

(
xT > ln K | Ft

)
. (13)

To complete the proof Theorem 3, it remains to evaluate the
conditional probabilities in formula (13).
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Markov Property

The process (Q, v , r , r̂) has the Markov property both
under the probability measures PT and P̂T .
In view of Lemma 1 and Lemma 2, the random variable xT
is a function of QT , rT and r̂T .

Ct (T ,K ) = QtBf (t ,T ) P1(t ,Qt , vt , rt , r̂t ,K )

−KBd (t ,T )P2(t ,Qt , vt , rt , r̂t ,K ), (14)

where we denote

P1(t ,Qt , vt , rt , r̂t ,K ) = P̂T (xT > ln K |Qt , vt , rt , r̂t ),

P2(t ,Qt , vt , rt , r̂t ,K ) = PT (xT > ln K |Qt , vt , rt , r̂t ).
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Current Research: Pricing with Stochastic
Volatility and Jumps

Model dynamics are given the following SDEs:

d Q(t)
Q(t−) =

(
rt − r̂t − λjQ

)
dt + σQ dW Q

1 (t) +
√

vt dZQ(t),

dvt = (θ − κvt ) dt + σv
√

vt dW v
2 (t) + dZv (t),

drt =
(
ad − bd rt

)
dt + σd

√
rt dW d

t ,

dr̂t =
(
af − bf r̂t

)
dt + σf

√
r̂t dW f

t ,

(15)

Where, ZQ, Zv are independent compound Poisson processes
with same intensity λ.
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