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Abstract

@ The goal is to derive a semi-analytical solution for the price
of a Foreign exchange option under the Heston [21]
stochastic volatility model for the exchange rate which
includes jumps in both the spot exchange rate and the
volatility dynamics, combined with the Cox et al. [14]
dynamics for the domestic and foreign stochastic interest
rates. The instantaneous volatility is correlated with the
dynamics of the exchange rate return, whereas the
domestic and foreign short-term rates are assumed to be
independent of the dynamics of the exchange rate.

@ The main result is an analytic formula for the price of a
European call on the exchange rate.

@ It is derived using martingale methods in arbitrage pricing
of contingent claims and Fourier inversion. techniques.
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The Model

The framework under which we will price FX options. Let
(Q, F,P) be an underlying probability space. We postulate that
the dynamics of the exchange rate Q = (Qt)cjo, 7],

dQr = (r — e — \ig) Qe dt + Qe Vi dWE + Q- dZ1,
dvi = (0 — kvi)dt + oy /V; AW + dZY,

dr; = (ad — bdl’t)dt + Ud\/Ftthd,

dry = (af — bf/f\z) dt + Uf\//Ftthf)

(1)
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o (A1) W= (W )cpo.1, WY = (W))sepo,) are correlated
Brownian motions with a constant correlation coefficient,
so that the quadratic covariation between W@ and WV
satisfies d[WQ, WY]; = p dt for some constant p € [-1,1],
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o (A1) W= (W )cpo.1, WY = (W))sepo,) are correlated
Brownian motions with a constant correlation coefficient,
so that the quadratic covariation between W@ and WV
satisfies d[WQ, WY]; = p dt for some constant p € [-1,1],

o (A2) W9 = (W?)icpo,ryand W' = (W[)scpo, 7y are
independent Brownian motions and they are also
independent of the Brownian motions W® and W" (hence
the processes Q, r and T are independent),
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o (A1) W= (W )cpo.1, WY = (W))sepo,) are correlated
Brownian motions with a constant correlation coefficient,
so that the quadratic covariation between W@ and WV
satisfies d[WQ, WY]; = p dt for some constant p € [-1,1],

o (A2) W9 = (W?)icpo,ryand W' = (W[)scpo, 7y are
independent Brownian motions and they are also
independent of the Brownian motions W® and W" (hence
the processes Q, r and T are independent),

e (A3) Z0 = Zﬁ; J,? is the compound Poisson process;
specifically, the Poisson process N@ has the intensity
Aq > 0 and the random variables In(1 + J&), k = 1,2, ...
have the probability distribution N(In[1 + pq] — 305, 0%);
hence the jump sizes J,f’, k=1,2,... are lognormally
distributed on (—1, co) with mean pug > —1,
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e (A4)Z) = ZQ; Jy/ is the compound Poisson process;
specifically, the Poisson process NV has the intensity
Av > 0 and the jump sizes J; are exponentially distributed
with mean gy,

@ (A.5) the Poisson processes N?, NV and sequences J,?
and J{ are mutually independent, as well as independent
of the Brownian motions W@, W, w9, W',

@ (A.6)the model’'s parameters satisfy the stability conditions:
20 > 02 >0, 2ag > 03 > 0 and 2af > 0% > 0.
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Note that we postulate here that the:

@ Volatility process v, the domestic short-term interest rate,
denoted as r, and its foreign counterpart, denoted as 7, are
independent stochastic processes.

@ This assumption is indeed crucial(for details see [4]).
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Bond Prices Under CIR Dynamics
llenra |

The discount bonds prices maturing at time T > t are given by:

By(t, T) =exp (mg(t, T) — ng(t, T)rt),
Bi(t, T) = exp (mys(t, T) — ns(t, T)rt),

where, fori € {d, f},

1b(T—1)
mi(t, T) = 2 1og i 7
,- yicosh(v;(T —t)) + 3 bisinh(v;(T — 1))
i, T) sinh(vi(T —t))

~ yicosh(vi(T — 1)) + 3 bysinh(vi(T — 1))’

1
W = 5\/17,-24-20,-2.

and

Rehez Ahlip, Marek Rutkowski* Pricing FX Options in the Heston/CIR Jump-Diffusion Model Inte



Foreign Exchange Call Option

The arbitrage price Ci( T, K) of the FX call option for every time
t € [0, T], is given by the conditional expectation with respect to
the o-field F; of the option’s payoff at expiration discounted by
the domestic money market account,

CAT.K) = Eff’{exp<—/tT rudu)CT(T,K)}

.
= E} {exp ( — / rudu)(QT — K)*}
t
or, equivalently,

T
Ct(T,K) = Elf{exp</ I’udU>QT]l{QT>K}}
t

T
_KEItP {exp ( — /zl ry dU>]l{QT>K}} .
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Option Price In Terms Forward Exchange Rate

The forward exchange rate F(t, T) at time t for settlement date

T equals
o Bf(t7 T)
F(t,T)= By(t.T) Q. (2)

Qr = F(T, T), the option’s payoff at expiry
Cr(T,K) = F(T, "1, 1>k — KL{F(T,T)>K)
Hence, the option’s value at time t € [0, T]

;
Ci(T.K) = Eltp{exp(—/t rudU>F(T, T)]l{F(T,T)>K}}

T
— K[E[tFD {exp < - /t Iy du>]1{F(T,T)>K}} .

Notation x; = In F(¢t, T) for every t € [0, T].
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Main Result:Pricing Formula for the FX Call Option

Theorem

Assume that the foreign exchange model is given by SDEs (1)
under Assumptions (A.1)—(A.6). Then the price of a European
currency option is given by, for every t € [0, T|,

CI(T7K) = Qth(tv T)P1 (ta Qt: Vtarl‘a?hK)
_KBd(tv T)PZ(tv Qt’ Vi, rb?ta K)

The bond prices By(t, T) and By(t, T) are given in lemma 1.
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Functions Py, P>

Functions Py and P» are given by, forj = 1,2,

A o —ip InK
Pi(t, Quvi, 117 K) = % + :r/o Re (G(cb) W) do,
(©)

where the F;-conditional characteristic function

fi(¢) = fi(¢, t, Qr, i, 11, 11), j = 1,2 of the random variable

x7 = In(Qr) under the probability measure Pr (cf. Definition
10) and Pr (cf. Definition 7), respectively, are given by
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Characteristic Function- f;

fi(e) = crexp [Aom + 1) ((1 +uo)"¢e—;u+i¢>az_1)]

. ov —p(1 +ig)pv\ | (1 +i9),
X exp [— <I¢)\QMQT — AT (Uv o+ iqb)uv) + .

r T
X exp | —ip (nd(t, T)ri +/ agng(u, T) du)}
L t

X exp :(1 + i) (nf(t, T + /tTafnf(u, T) duﬂ

x exp | — Giy(7, 81, 82)vt — Go(T, S3, 84)rt — Gs(T, 35736)?t]

x exp | — OH (7, 81,82) — agHa(r, s3, S4) — arHs(7, ss, 36)]
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Characteristic Function- 1

h(¢) = crexp [/\07(1 + 11Q) ((1 +ug)te 2oy 1)]
_ ] [ N\

x exp [_ <i¢)‘OMOT — AT (W) + Ii/p(vt + 97’)/
[ T

xexp |(1—id) (”d(h T)r: +/ agng(u, T) du)]
- o

X exp Kb <nf(t, T)?t +/ a,nf(u, T) du>:| (
L t

xexp | — Gi(7, g1, g2) Vi — Ga(T, G3, Qa) 1t — G3(T, s, Cle)]

x exp | —OHy(7,q1,q2) — agHa(7, g3, qa) — arHs(7, gs, %)}

where the functions Gy, G», Gs, Hy, Ho, H3 are given in Lemma
5 and c; equals
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The Constants: C;, si, So, S3, S4, S5, S

ct = exp (ipx;) = exp (ipIn F(t, T)).

__(+ig)p

1 oy )
(1 +ig)?(1—p?) (1 +id)pr  1+i¢
32 = - - + )
2 oy 2

S3 = 03 (6)
S4 = _I¢a
ss =0,
Sg =1+ fgf),
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ConStants: Q1 5 Q27 q37 q47 Q57 q6

Oy
ibpre (i0)2(1 — p2) i
qz__U/: _(<b)(2 p)+§’
a; =0, (7)
Qs =1—¢,
g5 =0,
Qe = i
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TWO LEMMAS

(i) Under Assumptions (A.3) and (A.5), the following equalities

are valid
NO
IEIF{ exp (ipJ9(t, T))} = EP{ exp </¢ Z 1+ Jg )) }
k=NZ+1

Ao / o7 1)u1(dz)]

—00

RS
|

= oxp [Aam(1 + 1) (1 + ) e 27601

(ii) Under Assumptions (A.4) and (A.5), the following equalities
are valid forc =a+ bi witha <0
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Lemma

The next result is an extension of Lemma 6.1 in Ahlip and
Rutkowski [2] (see also Duffie et al. [15]) in which the model
without the jump component in the dynamics of v was
examined.

Lemma

Let the dynamics of processes v, r andT be given by SDEs (1)
with independent Brownian motions WY, W9 and W'. For any
complex numbers i, A, i1, A, 1, \, we set

<
|
N

T _ T B
F(T,Vt,ft,/l:t):EI}D{GXD<—)\VT—,U,/ vudu—/\rr—ﬁ/ ry d

t t
Then

F(r,vi,rs ) = exp [ — Gi(1, A\, u)vt — Go(7, A, )t
- GS(Tv )\7 //I)/ft - QH'I (7_7 )\7 M) - adH2(7_7 )\a ﬁ)
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Functions-Gj, G,, Gs

A+ 0) + €7 — 1))+ 2u(1 — )

G A )

Gor 3. i) = MO+ ba) + €777 — bo)] + 27i(1 — €7)
o o2 A (67" —1) +7 — by + €7 (F+by)
~ . ANGF+bs)+7(F - by)] +21(1 — 7t

Gg(’l‘, )\’ U) — [(’Y f) (7 f)] :u( )

A€ —1) +7 b+ €T (F+by)
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Functions-H;, H>, Hs

e = [ (61(t7x,u)+” (1 “VC’”“’A’“)) )dt,

Oy \ 1+ pvGi(t, A, 1)
2 o562
Ho(r, X, i) = ——5 In 7 ,

o2 02X (77 —1) +7 — by + €7 (7 + by)

&
8
>
B

I

|
Ml ™
5

~/

_ Gbpr
e 2
AT 1)+ 7 — b+ e (F+ b))
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Change of measure from P to Pr

Definition

The probability measure Pr, equivalent to P on (€, Fr), is
defined by the Radon-Nikodym derivative process

n = (nt)tefo, 7}, Where

aP :
n = T]PT ft:exp<—/ oang(u, T)y/Ty dW]
t
_% / o2 (u, T)rudu>. ®)
t
Wl = wg+ [ aana(u. TV du. ©)
0

From Girsanov theorem W' = (W[);c(o 71 is the standard
Brownian motion under the domestic forward martingale

measure Pr.
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FX Call and Dynamics of (¢, T) under Pr

CHT.K) = By(t, T)E;"(F(T. T)L{e(r 1)>k1)
—KBy(t, T)E," (L{r(T,1)>K))- (10)

Lemma

dF(t,T) = F(t,T) (\Nt AWE + og ny(t, T) /7 dW,
—opne(t, T)ﬁdW,f) (11)

v
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Solution: Of SDE and Remarks

F(T,T) = F(t, T)exp(/Tap(u, T) - dw/]
t

i
3 | loeuIEau). (12

5F(t7 T) = [\/Via Udnd(t7 T)\/Fh _Ufnf(ta T)\//Ff]
WtT = [Wfo7 Wl‘T7 Wtf]*

The process WT is the three-dimensional standard Brownian
motion under Pr.
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By(t, T) EI;DT(F( T, T)]I{F(T,T)>K})

In view of Lemma 8
By4(t, T) E?T(F( T, T)L{r(T.T)>K})

T —
— QBy(t,T) EI,P’T{ exp </ Gr(u, T dW]
t

1 07
_2/1‘ I5£(u, T)H?du)n{F(T,TM}}.
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Pr

To deal with the first term in the right-hand side in formula (10),
we introduce another auxiliary probability measure, denoted by
Pr.

Definition

> |

The probability measure Pr, equivalent to Pr on (2, Fr), is
defined by the Radon-Nikodym derivative process

1 = (Mt)tefo, 1), Where

5 = 91 = ex /tg(ur)-dWT
Tlt - dPT]:t_ p 0 F\Y, u

3 [ Vet T aw).
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RHS: Under Pr

Using equation (12) and the Bayes formula, we obtain

By(t, T)E,T (F(T, T)L{g(r,1y>K})
Bt (L4F(7, 1)K} 7IT)
E," (fr)
= QiBy(t, T) E?T(H{F(T,T)>K})~

= Qth(tv T)
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Pricing formula under Pr and Pr

The price of the FX call option can be represented as follows

CHT,K) = QBi(t, T)Pr(Qr > K| Ft)
—KBy(t, T)Pr(Qr > K|}'t)

or, equivalently,

CT,K) = QBi(t, T)Pr(xr >InK|F)
—KBd(t, T) PT(XT > In K|f"t) (13)

To complete the proof Theorem 3, it remains to evaluate the
conditional probabilities in formula (13).
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Markov Property

@ The process (Q, v, r,T) has the Markov property both
under the probability measures Py and Pr.
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Markov Property

@ The process (Q, v, r,T) has the Markov property both
under the probability measures Py and Pr.

@ Inview of Lemma 1 and Lemma 2, the random variable xt
is a function of Qr, rr and 7.
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Markov Property

@ The process (Q, v, r,T) has the Markov property both
under the probability measures Py and Pr.

@ Inview of Lemma 1 and Lemma 2, the random variable xt
is a function of Qr, rr and 7.

Ci(T,K) = QiBs(t, T)Pi(t, Qs vt, 11,11, K)
_KBd(t7 T)PQ(t7 Qta Vi, rh?tv K)a (14)
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Markov Property

@ The process (Q, v, r,T) has the Markov property both
under the probability measures Py and Pr.

@ Inview of Lemma 1 and Lemma 2, the random variable xt
is a function of Qr, rr and 7.

Ci(T,K) = QiBs(t, T)Pi(t, Qs vt, 11,11, K)
_KBd(t7 T)PQ(t7 Qta Vi, rh?tv K)a (14)

@ where we denote

Pi(t, Qi vi, 11, T, K) = Pr(xt > INK | Qt, vi, 11, T7),
Pao(t, Qi Vi, 11, 11, K) = Pr(xt > InK | Qt, vy, 11, T7).
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Current Research: Pricing with Stochastic

Volatility and Jumps

Model dynamics are given the following SDEs:

S0 = (1 — 7t — Na) dt + o dWR(t) + Vi dZa(1),
dve = (0 — wvy) dt + oy Ve dWZ (1) + dZ2(1),

ar = (ad — bdrt)dH— Ud\/F[de,

dr; = (& — bery)dt + o\/1r AW,
(15)

Where, Zg, Z, are independent compound Poisson processes
with same intensity \.
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