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Motivation

Facts

e Financialization of commodity markets is claimed to influence heavily the
spot commodity prices.

@ Producers use commodity financial derivatives to hedge the price uncertainty
(it is estimated that more than 88% participated in these markets, see
Acharya et al (2013)).

@ Speculators satisfy the producers’ hedging demand and hence they become
part of the equilibrium spot/forward commodity prices (according to CFTC report
(2008), institutional investors’ positions in commodity futures have increased from $15 bil.
in 2003 to $200 bil. in 2008).
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Acharya et al (2013)).

@ Speculators satisfy the producers’ hedging demand and hence they become
part of the equilibrium spot/forward commodity prices (according to CFTC report
(2008), institutional investors’ positions in commodity futures have increased from $15 bil.
in 2003 to $200 bil. in 2008).

Questions/ Tasks

@ Under exogenously given commodity demand shocks, how does the
interaction of producers and speculators result in equilibrium prices?

@ How do the speculators/producers’ characteristics affect the spot/forward
equilibrium commodity price?

@ How about the time evolution of the equilibrium prices?
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Relative Literature/Contributions

Literature
@ Recent active literature on forward commodity pricing in finance (see among
others, Irwin and Sanders (2011), Singleton (2012), Tang & Xiong (2012), and
Fattouh et al (2013), Acharya et al (2013), Basak & Pavlova (2013), etc).
@ A variety of equilibrium pricing models for financial markets in mathematical
finance literature (see among others, Filipovic & Kupper (2008), Horst et al
(2010), A. & Zitkovi¢ (2010), Kramkov (2013) etc).
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@ A variety of equilibrium pricing models for financial markets in mathematical
finance literature (see among others, Filipovic & Kupper (2008), Horst et al
(2010), A. & Zitkovi¢ (2010), Kramkov (2013) etc).

Contributions

» Assuming that participants are utility maximizers, we propose a sport/forward
equilibrium model of commodity markets.

» When consumers’ demand and the exogenously priced financial market are
driven by a Lévy process, we prove the existence and the uniqueness of the
equilibrium prices.

» For specific market examples, we exploit the explicit equilibrium formulas to
check the relation between the prices and the model parameters.

» A dynamic version of the equilibrium arguments can also be provided.
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The Set Up

First, we consider two periods of commodity price settlement: today and some
given terminal time horizon T. Here is the notation used:
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The Market Dynamics

We assume that the stochastic factors that drive the market are modelled by a
d-dimensional Lévy process X = (X;):cpo,7]-
@ The exogenously given financial asset (stock) price process S is modelled as

S, =S¥, 0<t<T,ScR,,

where X! := (u;, X) and u; € R? is a given vector.
@ The consumers’ demand function is linear and at the initial time is given as

Q(P):=p—mP, meR,.

@ We assume stable elasticity but a random shift of the demand function
Qr(P):= u— mP + X2 = Qu(P) + X2,

where X2 := (up, X) and up € RY.
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d-dimensional Lévy process X = (X;):cpo,7]-
@ The exogenously given financial asset (stock) price process S is modelled as

S, =S¥, 0<t<T,ScR,,

where X! := (u;, X) and u; € R? is a given vector.
@ The consumers’ demand function is linear and at the initial time is given as

Q(P):=p—mP, meR,.
@ We assume stable elasticity but a random shift of the demand function
Qr(P) = u— mP + X2 = Qu(P) + X2,
where X2 := (up, X) and up € R Hence, commodity spot prices are
@
Po = ¢o(mo — a) = go(mo) + —,

- 2
Pr = or(rr+a(l-0) = dolrr) - T L X

where ¢g, ¢7 are the inverse demand functions.
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1
sup  Up(w(a,h?)) = sup (‘_ 'OgE[e‘%W("’hp’]) :
a€[0,mo],hPER a€l0,m],hPER p

Given mg, w1 and the producers’ choice &, the prices are

~ A

N & ~
Py = ¢o(mo) + - and  Pr = ¢o(mT) —

a(l—c)_i_ﬁ
—
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The Speculators & Equilibrium Prices

The representative speculator’s choices

@ Optimal position in the stock market (optimal dynamic portfolio).

@ How many commodity contracts are needed for good diversification
(choose the position in the forward contract)

Hence, his optimization problem:

7
sup U, (hs(PT _ F) _|_/ Hud5u> = sup (_l |og]E[e—75(h5(PT—F)+fOT 0ud5u)]>

0€O,hscR 0 0€O,hscR Vs

where © is the set of uniformly bounded from below investment strategies.
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The representative speculator’s choices
@ Optimal position in the stock market (optimal dynamic portfolio).

@ How many commodity contracts are needed for good diversification
(choose the position in the forward contract)

Hence, his optimization problem:

-
sup U, (hs(PT . F) _|_/ 9ud5u> = sup (_i |ogE[e—WS(hS(PT—F)+fOT eudSu)])

0€O,hscR 0 0€O,hscR Vs

where © is the set of uniformly bounded from below investment strategies.

Equilibrium prices

A price Fe R, is an equilibrium commodity forward price if it satisfies the
clearing condition

W (F) = Bo(F).

The induced price Py = /50(12-) is the corresponding equilibrium commodity spot
price.

v
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Standing Assumptions

Let (b, c,v) be the characteristic triplet of the d-dimensional Lévy process that
drives the market. We define the sets:

U:= {u €R?: / ey (dx) < oo} and U := {z eR: / e”“2) y(dx) < oo}
[x|>1 [x|>1

Throughout this work we impose the following:
Assumption (EM)

0ecuU”.

Assumption (CO)

In the case where 0, = +o00, the following limit holds

ko(z) —— +o0.
|z| =00

where k3(z) := z(b, uy) + 22@2’2& + Jo(€3(2) — 1 — z(up, x))v(dx).
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The Optimization Problems
Proposition (Producers)
@ The producers' optimization problem can be written as

sup sup{hPF — go(hP)} = sup gi(F)
ael0,m]hPER a€el0,m]

where g, (hP) is convex and lower semi-continuous w.r.t. h? and .

o Under (EM) and (CO), for every F € R, there exist unique maximizers
(&, hP) € [0, mo] x R.
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o Under (EM) and (CO), for every F € R, there exist unique maximizers
(&, hP) € [0, mo] x R.

Proposition (Speculators)
@ The speculators’ optimization problem can be written as
sup{—h°"F — f,(h*)} = £ (F)

hs€R

where f,(h°) is convex and lower semi-continuous w.r.t. h* and .

@ Under (EM) and (CO), for every « € [0, mo] and A
F e( mf IE@[PT] sup ]EQ[PT]) there exists a unique maximizer h* € R.
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Existence and Uniqueness of the Equilibrium Prices

Theorem

Under (EM) and (CO), for every o € [0, mo] there exists a unique forward price
F(a) such that

F(a) € 0(gs ® £)(0)N < inf Eg[Pr], sup E@[PT1> :
QeM, QeM,
and F(«) is a continuous function of a.

Then, the unique equilibrium commodity forward price is given by

F=F@) = e ga(F(a))

The equilibrium spot price is given by

Py = ¢o(mo — &),

i.e., the inverse consumers' demand function with commodity supply equal to
T — Q.
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An Example
- (4)
(1) m we(2)

Thatis, X! = bt + oW} and X2 = yW2 where W' and W? are correlated
Brownian motions, with correlation equal to p € (—1,1).

The speculators’ position is given by

E[P7]— F  Apm

Var[PT]"?s Hs '

2
—<0 pa2y) and v=20
poy y

and

he(F) =
where 5, = v:(p2y2 + 1), E[P1] = do(m7) — 22— and X is the stock market
price of risk.

For the producers' problem the solution is given by

&= (a*VO)Am and hP =211

for some explicit constants a*, ¢, ¢, and c;.
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Some lllustration

Equilbrium Spot Prico

Figure: Spot equilibrium price is an increasing function of ~s

Percentage Forward Basis w.r.t Speculators Risk Aversion
T T T

W5 T 15 7 75 3 35
2
— P F
Figure: Percentage Forward Basis = -
0
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Producers’ Case

Consider the set up of the previous example and assume for simplicity that there is
no storage option.
@ The spot and forward commodity transactions occur at times tx = kh,
k=0,...,N where h= T/N for some finite time horizon T > 0.
@ Py, Fi are the commodity spot, forward prices at time i, with Fy = Py.

@ 7y is the output production at time t.
Producers' position:

N

w(h?) =3 (maPo + ho(Fo — Fo- 1))—ﬂo+2(/3n(W§ W2_,)+ W(Fa = Fo) )

n=1 n=1
for some constants ,,.
@ We then define for each n:

Uﬁ:_,}/ibg]En [exp< (Z B (W — W _y) + h(Fi — Fie D)ﬂ

k=n+1
and make the Ansatz

Fo— For= 2 (W2 = W2_,) + Do,

where A, is are real valued constants.
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Producers’' Case, cont’'d

o We get

e =T

2
n SN (5n+1 + hP %) + hb Apnyq + const

@ Hence, we can get the optimal hedging position:

o NmzA(anrl mBai1

me Ty 2 y
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Speculators’ Case

@ We have to maximize

1 T N
U (w(0, h*)) = 7*7 log E lexp {’ys (/0 0,dS, + Z h(F, — F,,_1)> }] .
s n=1

@ We work backwards:
thi1
Us =18 (/ 0,dS, + hn+1 (W2, — W)+ b A + U;‘;+1)
tn

tht1
=0 (/ OudSu + h"+1 (Wtzﬂ B Wtzn)) + hfw+1A<Pn+1 + const.
tp

_,ﬂ( 2 T
T 2Nm2 Vit 2N~

prshiay®\? |
A— — + hy 1Apny1 + const.

@ Hence, we can get the optimal forward position:

Amp. Nm?Apni1

b, =22 —
n Vs THs

Matching h; = hP gives the forward commodity price at F.
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The End
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