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Formulation of the problem:
Let H = H(x,p,h), r=(r1,...,%n), DP=P1,-.-sPn); Pj= —ihﬁj

be a self adjoint operator with a real-valued symbol
H(z,p.h) € C([0,1); SR ), H = H(z,p) + hHi(x,p) + ...

h be a small positive parameter.

The equation:
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fly,h) = (ﬂ) /n e’V f(p)dpy...dpy, argi= 5

The function A(p) is a smooth one.

It f =1, than f =d(x — ) =  w is the Green function



Additional conditions may be those that arise when constructing the Green
function: the principle of limiting absorption ~ to Sommerfeld condition for
the Helmholtz equation.

We do not use such conditions and we speak about asymptotic
solutions only.

The main idea (closed to idea of V.P.Maslov and V.V.Kucherenko) is based
on consideration of the non stationary Cauchy problem
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and representation of solutions in the form of Duhamel integral

U = %/[} v(x, 7)dT

The aim: to construct asymptotic solution as h — 40 and our conditions are
related to assumptions that ensure (in a sense), convergence of this integral.
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The Helmholtz equation with constant n and the Dirac delta function
in the right hand side: |

u is the Green function = the Hankel function G(z, k) = fl é”(%) The
function has singularity in the point x = 0 and has oscillations for large .
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The Helmholtz equation with variable coefficients:
J. B. Keller, 1962
V. M. Babich, 1964 (matching method , without focal points and caustics)

V. V. Kucherenko, 1968 (with focal points, the Maslov canonical operator)



(Generalization:

L. Hormander and J. J. Duistermaat, 1973, R. Melrose and G. A. Uhlmann,
1979 (pair of the manifolds, asymptotics with respect to smoothness)

B.Yu.Sternin, V.E.Shatalov, 1981 (some geometry)

A. Yu. Anikin, S. Yu. Dobrokhotov, V. E. Nazaikinskii, M. Rouleux 2017,
(Doklady Mathematics, Solutions of stationary equations with the localized

right hand side)

S. Yu. Dobrokhotov, V. E. Nazaikinskii, A. I. Shafarevich, 2016 (simplification

of the canonical Maslov operator)

S. Yu. Dobrokhotov, D. S. Minenkov, M. Rouleux, 2018, (The Maupertuis-
Jacobi correspondence in semiclassical stationary problems)

A. Yu. Anikin, S. Yu. Dobrokhotov, V. E. Nazaikinskii, M. Rouleux, Lagrangian
manifolds and the construction of asymptotics for (pseudo)differential equations

with localized right-hand sides, Theoret. and Math. Phys., 214:1 (2023), 1-23



Examples of operators
(1) The Helmholtz equation: H(p,z) = p* — n*(x).

(2) The generalized Helmholtz equation: H(p, z, h) = (p, A(z)p) — n*(x),
n?(x) be smooth, n* — const > 0, as || — oo, g(z) be a positive smooth
matrix, g — gy = const > 0, as |z| — .

(3) 3-D stationary Schrodinger equation with a Coulomb potential H(p,z) =
p* +v/|z| — E, E is the energy.

(4) The water wave equation: H(p,z,h) = |p|tanh(|p|D(z)| — w?, D(z) is
a smooth depth, w is a frequency.



Examples of right hand side.

Directional radiation: let n = 2, p = |p| and ¢ be the polar angle of the
momentum p, | 1

(1) V(y) =exp [—% (z—z - @;—§)] then

T 2.2 ) 1202
A(p) = abexp _4h ;b%]?
i 1 2 2
(2) (a191 + b1y2) exp ) (% + %)] then
2,2 | p2 2
A(p) = iab(a*a1p; + b*bips) exp [_a 1 ;b jt?g] .

&Ep% + bzp%
2

(3) antenna type A(p) = abexp [— ]e(@b), suppe(v) € [, 1.
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H(x,p,h), H(x,p)=H(x,p,0), Hep(x, x,p,0)+ x,
(z,p, h) (z,p) = H(z, p,0) b(2,p) = —-(2,p,0) 228$j6pj( p)

1=

symbol principle symbol
Assertions

L |[HEp)| = Clpl™ , C.N>0 ., |p|is large

subprinciple symbol

[1. Solutions (x,p) = (X (q,7), P(q, 7)) of the Cauchy problem for the Hamilton
system

T = Hp(xap)a p — _H’l‘f(xap)a $|T:U — 5? p’TZU — ({ S Rn?
defined for all 7 € |0, 00) with ¢ € Ly, where Ly = {q € R"|H(&,q) = 0}.

[II. For any R > 0, there exists such a tp that |X(q,7)| > R for 7 > tp
and g € Ly.



Lagrangian manifolds Ay and A

Ao={zx=¢&p=qeR"} eRY,

xr.p?

A={(z=X(qr1)t=1p=P(q1),E(q) — H(q)} € R**2,.

Expression of the right-hand side via the canonical operator on A

T _5 6.}E?rﬂ./4 [P § N
(555 = g [t P = et

where Ky is the Maslov canonical operator on the Lagrangian manifold Ay with
the measure dug = dg; A - -+ N\ dg,, and the Fourier transform

emn/él

fp) = )

[ e sy ay
R'ﬂ.



Construction of an asymptotic solution

A partition of unity on Ay permits one to write the solution as the sum of
solutions of two such equations in one of which supp f N Ly = &, while in the
other the function f is compactly supported.

Theorem 1. (“Elliptical part” of the “near field”). If supp fﬂ Ly = @,
then there exists an asymptotic solution

U(z, h) = K"*[KCyB](z, h)

where the amplitude B is an element of the space S(Ag; h) of smooth functions
on the parameter h € [0, 1] ranging in the space S(Ny), and its leading term
has the form




P

Lemma 1. Let f(q) be a compactly supported function on Ny. Then on the
manifold A there exists a smooth cutoff function x such that

(1) x = 1 in some neighborhood of the set M = (L{] x [0, oo))U(supp fx {0})

n+1
x,t

(i1) The set wy (K) Nsupp x is compact for any compact set K C R

(1i1) The set mp(supp x) has the following property: if (x,t) € wa(supp x) and
x| < R, then —1 <t < 7py1+ 1.

AN={(zx=X(q,7),t=7,p=Plq,7),E(q) — H(,q))} € R?iﬁ&??



Let X: CR(Ash) — f"*’(R”H) be the canonical operator on the Lagrangian
manifold A with the measure du dio(q) N dr.

Theorem 2. (The first main Theorem) If f s compactly supported, then
the initial equation has an asymptotic solution of the form

Y(x, h) = @h,QI/ K(xA)|(x,t, h)dt,

where x 1s the function described in Lemma 1 and the leading term of the

amplitude A € C*(A x [0, 1]) has the form
Ay(q,7) = Alg,7,0) = e Jo (X (0. 7). Pla. 7)) d' g

Theorem 3. If the function f is compactly supported and supp f N Ly =
&, then the asymptotic solutions constructed in Theorems 1 and 2 coincide

modulo O(h®).



Principal type condition, the “main” Lagrangian manifold A,, and
the form of the asymptotic solution outside of the vicinity of the
point © = &

Assume that the following condition is satisfied:
IV. Hy&,p)#0 for p e Ly.

Then Lg is an (n — 1)-dimensional submanifold in Ay. The points of Ly will be
denoted by «, and the corresponding values of ¢ € Ay, by g(a). We construct
n — D Lagrangian manifold

Ay = {z = X(q(a),7),p = P(q(a),7)} € RZ",

We equip A, with the measure duy = dog(a) A d1, where dog is the volume
form on L( uniquely determined by the equality duy = dogAdH on the tangent
spaces to Ay at the points of L.



2 X,




Let
4 O (AL RN\ {€}; h) — FHRY\ {€})
be the Maslov canonwdl operator on the manifold A, with the measure du. .

Theorem 4. (The main second theorem). Assume that the function f
is compactly supported and condition (IV) is satisfied. Then the asymptotic
solution can be represented in the domain R \ {£} as

1 m n—

U h) = (2m)3eTh°T (K, Q)(x, h) + O(h),
where the leading term of the amplitude Q € Cp (A4, RE\{£};

Q(}(&a T) = Q(@&T&O) — A(}(Q(&)a T)'

h) has the form

+ Simplifications, computational tricks and representations in the
form of special functions of a complex argument



Wave part outside the focal points

o VQWAU(Q(Q)JT) LS(a,7)—F(m—3)

u(x, h) = ek 2

VI (o, 7), (a.7)=(a(z) 7(x))

S(QJT):/p'Hp
0

m 1s the corresponding Maslov index,

z=X(q(a)n),p=P(q(a)n)

J = det (505,

(a(z), 7(x)) is the solution to equations X (g(a),n) = x



Example: the inhomogeneous Schrodinger equation with the Coulomb
repulsive potential and localised right hand side (the Green function

type pI‘Oblem) S. Yu. Dobrokhotov, A. A. Tolchennikov, Keplerian Trajectories and an Asymptotic
Solution of the Schroedinger Equation with Repulsive Coulomb Potential and
a Localized Right-Hand Side, Russ.J.Math. Phys., Vol. 29, No. 4, 2022

0
r— T r
WA+ L _E)i) =F .z eR’
|z h
L1
r=|xo|, v, E/, h are positive constants, h < 1,
L3

b
xo=101].,b>0
0

F'(y) is a smooth fast-decreasing function

+ absorption conditions at infinity



The algorithm:

1) Construction the invariant Lagrangian manifold

Y
$0‘

B |

A% = g {p’ A ‘
(via Keplerian trajectories)

2) Construction the phase, the invariant measure, the Maslov indices,
the Maslov canonical operator 1 = K j{s -1

3) Simplification and global representation in the form of an Airy
function of a complex argument



The Lagrangian manifold via Keplerian trajectories

(:}:1) 2 ( (ch& + ch B)(ch & + ch B) + sh & sh &sh? 3 )

= 5 | [sh&osh B(ch & + ch ) — sh {sh 3(ch & + ch 3)] cos 0
4oL ish&ysh B(ch& + ch ) —sh&shB(chéy+ ch )] sinf

(pl) N | ([ (ch & 4+ ch B() sh & + sh &3 015312?’ )
Do sh&ysh&sh g — (ch&y + chB)ch&shfg|cosd
P3 2bVEchfch&+1 sh&yshésh g — (chéy + chB)chésh B sind

3

= q(chpBsh§+&§—1) q= \/—: o = ch Bsh & + &.

shf = —Asiny, chff = \/1+A281n2w
__ 2FbWE

A
A cos V1 -+ A? 7
; Ch£0:
V1 + A2sin? ¢ ch

Sh&o —




Action function, measure and Jacobian on A,

- o L2 B 7
stew) = [ pie= [ Sohifde = STz @B - b - €~ )
du+—%Fsinwdw/\dt?/\dt—%SiIHﬁ(ChﬁChf—F1)d§/\d?ﬁ/\d9

T — df,l?l/\dilig/\ditg o F’)/2
B di, - E2

(ch? B(sh € — sh &)? — sh*(€ — &)



The caustic = the half of a bicuspid hyperboloid




The focal points, “simple caustics” and uniform asymptotics
in the form of Airy function: “natve” constructive approach

Let x = X (") be nondegenerated focal point (1D-case) :

0X . ’°X
%(@)—01 W(@)%O. |

U

* % £\ % 1 I Y - AL
A={p=P+P " (a—a")+O0((a—a")*), v = X +§X (a—a")*+O0((a—a")%).

looks like a “horizontal” parabola.



Then for small x — X* one can show (at least on the physical
level of rigor) that the asymptotic of the integral is expressed in
terms of the Airy function and its derivative. This implies the
following anzats:

Y = o (Al(:t: h)AI(D(z, h)) + Ay(z, h)AT(P(z, h))),

here phases Q(x), ®(x, h) and amplitudes A;(x, h) are unknown
functions,

not the matching method but a simplification of a solution

Airy Alry’

Why Ai'? a*=0  Afa) = AHACe) | qA-AC0) — g,(X) + ags(X)



This gives

1 O3Sy — SR
Q_é(s—l-_l_s—)a b= — 2h2/3 )

et ; VheT (a. +a_)
— ar —a_)\/ Sy —S5S_, Ay=— ‘
\G/E\/E( + )\/ + , 2 \/E \75’+ — G

Al =

e (A, R)AI(D(x, B)) + Ay(x, B)AT(D(z, b))

(Anikin, Dobrokhotov, Nazaikinskii, Tsvetkova, 2019)



The global uniform asymptotics via Airy function outside
of some neighborhood of the point zy  (“Far field ”)

~ ir 0 | D 1 D |
¢ — K’LV — We_Te?e h_%/—l@ (—E) B_|_ + 1 h%A@f <——2) B_

Parabolic coordinates
v 1

o = |z|—x1, n = |z|+z1, v = (|Jz|(1=c*)+(14+c)*x—2bc, ¢ = A



O, ¥, By are defined to the right of caustics ( v > 0)

@_%(s++5) (3;’) W= (S-S
3\11 V s 3\ [V, V.
J. = F4F \/777 3 (((1 +¢)y/n £ \/5)2 — 2562) .

arcsh (bi (VL + ) £ V) /=202 + (L+ o)y ‘/’*7)2)}



To the left of caustics (v < 0)

2 3 5
U= % (—2bc” + (1 +c)*n) * VI + O(v2?)
g _
P = ’)’_1 (—2bc* + (1 + ¢)*n) Lo+ 0
3
7 D 43
6 [12ha 3 ~
By — (Z?b )z (—2602 + (1 + 6)277) 1 77_%1/0
— f}/ ,rl
LA
: £~
B_ — _(Eb 7)111(—2662 + (14 ¢)*n) " In1lj,
170 —V (ﬂ/E — o8, \/E — ysintcost, \/E — —bmwsm@) =0
4 2

(2(S; —S-))° forv >0,

b = < _
E3 (—chz—l—(l—l—c)Zn) "ofor —e < <0




,.--“-\ Q‘ﬁ:} ’_" aﬂ:}
|

) for v > 0,

-3
+c)'n) T “1Vy for —e <v <0

) forv > 0,
_|_

anor —e<v <0



Example V = e_|$|2j b=2 E=2 v=1x3=0.




Example
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More complicated example: cusp (in process)




A. Yu. Anikin, S. Yu. Dobrokhotov, V. E. Nazaikinskii, M. Rouleux, Lagrangian
manifolds and the construction of asymptotics for (pseudo)differential equations
with localized right-hand sides, Theoret. and Math. Phys., 214:1 (2023), 1-23
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