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Convolution

Let f,g e D.

V. S. Vladimirov: Let nk(x,y), k € N, be a sequence in D(R?9) so
that 7, equals one on the ball centered at zero of radius k, for
every k € N. Then the convolution is defined by

(f + g, 0) = (F(x)g(y), mk(x,y)d(x + y)), ¢ € D(RY)

if this limit exists. Modifications are given for S’ and D;» spaces.



Convolutors-Multipliers

Recall that
Myf(x) = F HoF(F))(x) = F 1o« f
a(D)f(x) = M.f(x) = F Y (aF(f))(x) = F}(a) * f(x)
If f € (S/') what we can say about the multiplier
Mz - (S§) — (S5)'?

What we can say about convolution

fxg(x)= /n f(x —t)g(t)dt,x € R".

The product goes paralelly by the question concerning the
convolution in the framework of S’(R?) via

F(f2)(&) = (2m)?F(€) + &(8)



vDO

Let a € S’(R?9). Then Psudodifferential operator is defined by
Op,(a)u(x) = / e (1= T)x+ 7y, E)u(y)d'yd'¢, u € S(RY)

and a, is its 7 symbol. It maps S(RY) into S’'(RY).

Left quantization is obtain for 7 = 0; then we put a(x, D)
(Hormander's calculus). The short-time Fourier transform of

f € S’'(RY) with respect to (the fixed window function) ¢ € S(RY)
is defined by

(Vof)(x, &) = F(f - o(- = x))(€) =

/ e itE gmlt—xI? f(t)dt, where ¢(t) = e2lt?,
Rd

(V2 6))(t) = / Flx, £)€™E (£ — x)ddé

R2d



Localization (Toeplitz) operators. Relation with the Weyl
Quantization

We also have
Ag>17¢2u — (27[')7d V$1(2V¢2 U), uc S(Rd)
It maps S(RY) into S'(RY).

(Lof(x), &) = (o, W(Ff,g)),

where W is the Wigner transformation
W(f,g)(x,w) = /e‘zﬂ"“’tf(x —t/2)g(x + t/2)dt.
Again we have, if o € §"//(R?) then
. d 4 rd
Ly : S)/(RY) — S°,(RY)

continuously, > 1/2.



Localization operators. Relation with the Weyl
Quantization

Now we come to the identity

o=ax W(p1,e2).

On the right hand side we have a convolutor W(¢1, ¢2) and we are
aimed to determine what is the domain Dyy(,, ,) C S’Z(Rd) of

W(p1,92) :a— 0.

and what is the range in 5'(RY).
Especially, we will do this in the case ;(t) = po(t) = 29/4e~ 7t
when W(p1, p2)(x,w) = 2d g—27(|x]*+|wl?) 5ng

ca(|x[?+lw|?)

—en(xP ) o 5 = ¢ de” .

g=a*xe

e2(XPHwP)s — 5 ]:—1(eC2(|X|2+|W|2)) x0=a?



Ultradistributions; Preliminaries

BEURLING ULTRADISTRIBUTION SPACES,
ROUMIEU ULTRADISTRIBUTION SPACE

My = p! -QUASU-ANALYTIC CLASS;
M, = p!®,s > 1-NON-QUASY-ANALYTIC CLASS

R denotes the set of sequences increasing to co.
The common notation for the symbols (M) and {M,} will be *.

For h > 0 we denote by Sxp;f the (B)-space of all ¢ € C*°(RY) for
which the norm
« A(hl- o'
Al IHe (b p SDHLoo(Rd) ;
Mo

oh(p) = sup
(03



Ultradistributions; Preliminaries

For hi < hy the canonical inclusion SM’“h2 — SM’”h1 is compact.
(Mp) ; {Mp} Mp,h
S(Ap") = M SA,,P,h' resp. S{A"} = I| SA"h
(M) h—o0 M) hao
Siayy isan (FS)-space and Sia,y isa (DFS)-space; both Montel
spaces.
{Mp} _ Mp,r,
Moreover, S{A‘} I|m SAp‘jrp”.

rpem
We use S;‘ as a common notation for these spaces.

For each h > 0, resp. (rp) € R, Si\\/,,:};h' resp. SA,, ((rp)) is

continuously injected into S(RY).

EM)(U) = lim lim EMbh(K) Ml () = lim  lim £IMebA(K)),
—  — — —
KccU h—0 KCCU h—oo

D(Mp)(U) = ||_m) ||<_m Df{Mp}J'" D{Mp}(U) _ ||_r>n ||_m> D:i(Mp}’h_
KccU h—0 KccU h—oo



Assumptions and the |dea

In the first part we assume
(M.1) M2 < My 1My,

(M.2) M, < Ch" min M,M,
r+l=p

(M3) > My 1/My < CH*Myeyr/My;
p>k+1
Recall the non quasi-analicity condition is

(M.3) 0 Y Mp/Mpiy < o0
p

Topological properties to be used: Weak approximation property
and the ¢ tensor product.



Assumptions and the |dea

The main idea is to show that
(T % S5(x), p(x)) =

~1{Mp} <T(X)5(y)¢(x + y)v 1X,)’>:{Mp}

'DLl(Rd) DLOO(]Rd)
with suitable assumptions on ultradistributions S, T and test
function ¢



e-tensor product

EcF, is the space of all bilinear functionals on E. x F/ which are
hypocontinuous with respect to the equicontinuous subsets of E’
and F’. It is equipped with the topology of uniform convergence
on products of equicontinuous subsets of £’ and F’.

EcF = L. (EL,F) = L. (F.,E),

If both E and F are complete then EcF is complete. The tensor
product E ® F is injected in EcF under

(e f)(e,f) = (e, ) {f, ). The induced topology on E ® F is
the € topology and we have the topological imbedding

E®.F — EcF.



e-tensor product

The l.c.s. E is said to have the sequential approximation property
(resp. the weak sequential approximation property) if the identity
mapping Id : E — E is in the sequential limit set (resp. the
sequential closure) of E' ® E in L.(E, E).

Theorem
If E and F are complete l.c.s. and if either E or F has the weak
approximation property then EcF is isomorphic to E®.F.



Lebessgue's type spaces of ultradistributions

Let p € [1, 0]

resp.

where D%"’h(Rd) is the space of smooth functions ¢ so that

[P (x)|

sup — < Q.
pENd xeRd hpMp



Convolution. | case

We know that DEOAQI”} is the inductive limit of spaces Dig"g. Recall
15i20/"’} is the projective limit of

M

DI = {0 |l i < oo}

For g € G (RY) (the space of all continuous functions that vanish
at infinity) and (t;) € R, consider the seminorms

|g(x) D% p(x)| 5{Mp}
. = sup sup ————>=, p € D; .
Pg.(1)(¥) sup sup = p €D
They generate Hausdorff locally convex topology on D{ Mo} and
this space with this topology will be denoted by Dioo"}. Note that
the inclusions ﬁii\f"} — 25,{_01\2”’} and DM} ﬁii\f"} — EMp}
are continuous.



Convolution. | case

E{MP} (Rd) has the weak approximation property.
B{Me} (RY, E) = BIMe} (RY) e E

D{Me} is dense in 25{0"2"’}. (Dio"f*’})’ = 52{1%’}



Convolution-Definition

Let S, T € D'{Me} (R9) are such that for all ¢ € DiMp} (RY),
(S® T)p” € D (R*),
Define the convolution of S and T, S T € D{Ms} (RY), by

(T +5(x),0(x)) =

~/{Mp} <T(X)5(y)¢(x + y)v 1X7}’>:{Mp}

DLI(Rd) Loo(R9)



Convolution. Non-quasi-analytic case

Theorem
Let S, T € D'{Mp} (R9). The following are equivalent:

i) the convolution of S and T exists;
i) .
i) ..
(Mp} (d ¥ Mo} (mod
iv) for all p € D (R ) (np* T) Se (D~ (R ) and for
every compact subset K of R?, the bilinear mapping

(2, x) = (g T) S,x), D} x BIM:} (RY) — C, is
continuous;

v) for all ¢, € DM} (RY), (% S) (1 + T) € L* (RY).



Convolution with the gaussian kernel
B* = {S € D* : cosh(k|x|)S € 8%,k > 0}, B = eI

A* = {f € O :VK3h, C( resp. )WAIC, |f( + in)| < CeMhln}

* _ 5|x|? p%
AS =¢€ real*

Theorem
Lets € R, s#0. Then

a) The convolution of S € D'* and e*XI” exists if and only if
S e B;.

c) The mapping B — A%, S+ S % e*X* is bijective and for
Se By, (5 . e5|‘|2> (x) = e (esWs) (25x).



A new class of Anti-Wick operators

This Theorem allows us to define Anti-Wick operators
A, : D* (Rd) — D* (]Rd), when a is not necessary in §™* (de).

Let a € B*; and b(x,&) = 79 <a(-, |) * e_|"2_|"2> (x,&) be such
that for every ¢ € D* (R??) the integral

1 i
ix=y)¢p
(2m)? /R /R /R © (

is well defined as oscillatory integral defining an ultradistribution.
Then the operator associated to the corresponding kernel is the
Anti-Wick operator with symbol a. This is appropriate
generalization of Anti-Wick operators.

x er yé) o(x,y)dxdyds (1)



Definitions

Assumptions for M, = *: (M.1),(M.2) and (M.5) : M satisfies
(M.3)
Assumptions for A, = : M.1,(M.2) and (M.6): pl C A,

S{AVI”} = lim Sf\ﬂp"”, where
{Mp} (mspen 7
oz = {p e () el ) < o0} and
[ etatb]|
lell, = sup L* " Also, the Fourier
(rp)5(sq) aeNd Ma HLoil .

transform is a topological automorphism of S* and of S’*.



Definitions

Recall, M(p) = sup, In ,\p/,—';,p > 0 (for Mp), and for
No = Ap T17_y siv Ns,(p) = sup, Iny &2
It is said that P(&) = Z ai¢! € e R, is an ultrapolynomial of

IeNd
Beurling class (of Roumieu class), if the coefficients a; satisfy:

(3a >0, 3C, > 0) (resp.Va > 0, 3C, > 0) (V/ € N) |a| < C,al'l/m;.

The corresponding operator P(D) = ZIENS a/D' is an
ultradifferential operator of Beurling class (resp. Roumieu class).



New class of sequences -test spaces

Let i be a weight (n(x + h) < Ce?(7lAD 3C, h; ¥r3C..)
L1 = LY/n, Lo = L.
We know that S*(Rd) is not dense in D*oo nor in D{ Mo}

Dioo”} is regular and complete.

D{ Mo} is injected continuously into D,{_oo”} and this inclusion is in
fact surjective. As usual, we denote by B* the space Dj Lo and by

B* the closure of S*(Rd) in By. We denote by B;g Mo} the closure

M,
of SfA ") (R) in waf’}.
Dy (E = L)) possesses the weak approximation property except

p =00



Parametrix-Inluding quasy-analytic case

Lemma

Let r' > 1 and k > 0, resp. (kp) € R. There exists an
ultrapolynomial P(z) of class (Mp), resp. of class { My}, such that
the function x s 1/P(x) is in C*°(R9) and it satisfies the
following estimate:

there exists C > 0 such that for all x € R? and o € N?

o 1 ol klx

o ()] = e
of 1 b e (x)

‘D (P(x))’ < e T ®)

Lemma "
For every t > 0, resp. (t,) € R there exists G € SAp‘j’tt, resp.

G e SXS ((ti")) and an ultradifferential operator P(D) of class (Mp),

resp. {M,}, such that P(D)G = 4.



Convolution

Theorem .
The spaces Di, . and D?.. are isomorphic as l.c.s.
Lge,c Lg

Theorem .
The spaces (Dtm C) , and D’L*1 are isomorphic as l.c.s.
n> n
Definition
If A,fH € 8]{*(Rd). We say that the convolution of f; and £, exists
if for each ¢ € S¥(R?), (A @ h)p® € D5 (R??) and we define
their convolution by
(h*f,p) = D’L>;(R2d)<(f1 ® h)p=, Ley)pr, (r29), Vo € SH(RY),

,C

where 1, , is the functions that is identically equal to 1.



Convolution

Theorem
Let f,f € S%*(Rd). The following statements are equivalent

i) the convolution of f; and f, exists;

i) for all p € S]T(Rd), (pxh)h € Dy
iii) for all ¢ € S¢(RY), (¢ * f2)f € D}
iv) for all p, € S;‘(Rd), (o x A)() * ) € LL(RY).



Sufficient conditions for the convolution with 57 qg>1,
s>0

Assume (M.1),(M.2) and (M.5) there exists ¢ > 0 such that M,
is strongly non-quasianalytic , i.e., there exists ¢y > 1 such that
Yot M /M < copMg/MJ.,,, Vp € Zy;

(M.6) p! C M, i.e. there exist C,L > 0 such that p! < CLPM,,
VpeN

Theorem

letu>q>1 seR\{0)} and S € Sg!vl";gl}(]l%d). If

5019 k(e Do/ (@) ¢ c D/L{lMp}(Rd)’ for all k > 0, (4)

then the S‘/{E)I:/ll‘/’gl}—convo/ution of S and 57 exists.



Necessary conditions for the convolution with est). qg>1,
s>0

Let g1 > g > 1, s € R\{0}.

Theorem
(i) Assume p!>~Y/9 c M,, S € Sg}’!\;”/’;}(Rd and that the
convolution

Sx e exists.

Then
e’ e DM (RY), forall s’ < s.

(i) With the same assumptions

es<.>qek<.>(q71)q1/(q171)5 c ,D/L{lMp}(Rd)’ for all k > 0.



Necessary conditions for the convolution with et

Theorem

Letg>1,s>0and S € Sg!vl’jg}(Rd). The Sg!vlljg}-convo/ution

of S and e%\") exists if and only if e5*)S € D/L{IM”}(R").

Theorem

Letqr>q>15>0, pl2Y/9c M,and S e sgf;;}(n\zd). If the

_convolution of S and 57 exists then the

-convolution of S and €5 ) also exists for all s' < s,



Sufficient condition for the extension
Suppose that for every K CC RY there exist {kp}, h > Oand
Cp > 0 such that

T ob(x )] < CreMe(© x e K € € B, (5)

Then we will be able to generalize the notion of localization
operator. Let b=7m"%ax W (e "0 e="*?) satisfy (8). Then the
integral

ey [ [ [ O e = (K y)ox(xy)
Rd JRC JRA 2

is a well defined oscillatory integral It defines the localization

operator with symbol a and window ¢.

So, if one has a symbol a belonging to a certain space of
ultradistribution so that (5) holds, then by this integral is defined

Weyl Hormander operator over the space of the corresponding test
functions .



Extension
We define the Anti-Wick operators A, : DIMe}(RY) — DIMe}(RY)
when

a € BUP = {5 = e cosh(—kIx|) G (€): G(¢) € SR (R)H(X = (x

a(x,€) = Py, (D<) Py, (De) (™" Py, ()F (x,€)) (6)
where P, (Dx), P;,(D¢) are pseudodifferential operators, P, (&) is

ultrapolynomial, all of them corresponding to M, and f(x,&) is an
L>- function over (R29). Clearly,

BE’X’Z}(RZd) c D/{Mp}(RZd) \S;{Mp}(R2d)

Theorem
Let 0 </ < r/29 and a(x,€&) € B{ }(RQ"), a(x, &) be of the form
(6). Let

b=a(x,&)x W(e " =™ (x, £).

Then b defines a symbol of a WDO which can be extended over
elements of the given form in D'{Mp}
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