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OnpeneneHue u cBoilicTBa psajga Papes

Kiaccuyeckuit pan ®@apes:

20 = |

MNEayKTUBHOE TIOCTPOEHUE:

SARS]

01
P, = < —, —
! {fl}

c a
[TycTs psm P _1 yKe mOCTpOeH, 1 4 < b TPOU3BOJIbHAS Mapa COCETHUX

c+ a
d+b

napobeit B ®g_;. MeamanTa:

Jlis Heé Bcerga mMeeM
@ e @
d d+b b’

Ecmu d 4 b < Q, T0 MmeguanTa BKIO9aeTca B pag $g. B mpoTusHoM ciydae

c a
npobu 7 < 5 OCTAIOTCH COCCTHUMHU U B Pq.
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OnpeneneHue u cBoilicTBa psajga Papes

J>x. @aPED (1816), «<On a curious Property of vulgar Fractions», The
Philosophical magazine; a journal of theoretical, experimental and applied physics,
1816, vol. 47, pp. 385-386.

Haburorenre (Ha 9aCTHBIX CIydasx): B psijie HECOKPATHMBIX apobeit 0 < a/b < 1
co 3uamenarensvMu < Q BCskas ApoOb (KpoMe AByX KpalHHX) €CThb MEJUAHTA
IBYX COCEIHUX APOOeii:

@_01112132341
5 — 1,57453’53275’37475717

0o+1 1 141 1 142 2 1+1
_ S == — = u T.JI.

1
5 1+4° 4 5+3 3 4+5 5 3+2

O.JI. Kouu (1816), «Démonstration d’un Théoréme Curieux sur Les
Nombres», Bulletin des Sciences, par la Société Philomatique de Paris, Vol. 3,
No. 3 (1816), pp. 133-135. - JToKa3aTeabCTBO.

M.A. Koponés Npo6u Papesn



OnpeneneHue u cBoilicTBa psajga Papes

Y. Xaproc (1801), upu cocrapieHu# TabIIMIl IepeBoia OGBIKHOBEHHBIX Apobeit (co
sEaMeHarensMy < 99) B gecaruanbe (OLyOIMKOBAHEL B:

«Instruction Abrégée sur les nouvelles Mesures qui dovient étre
introduites dans toute république, au vendémiaire an 10; avec tables de
rapports et reductions» -

«KpaTkasi HHCTPYKIUsI O HOBBIX Me€paX, KOTOPbIE AOJ>KHbI OBITH
BBeJEHbI BO Bcell pecnyGinKe ¢ BaHgeMbepa X roaas) s KOHTPOJIS 33
MOJTHOTO! psA/ia HECOKPATUMBIX aApobeit a/b, b < 100, monbp30BaJICsa Ipoueaypoit
IOCTPOEHUA MEIUAHT, OTIIPABIAACH OT DsAId BUAA

{111 11 2 3 4 969798}

1
%7%7&7"'72757575’4757"'7E7§7®

H. ITTiokE (Nicoras CHUQUET), ok. 1445 — ok. 1488: npoueaypa B3saTHs
MEOMAHTEL AByX Apobeil («mpaBmio cpegHux gucess): Tpakrar «Le triparty en
la science des nombress - «<Hayka o 4yucisiax B Tp&x 4actax» (omybi. B
1520).

M.A. Koponés Npo6u Papesn



mpeaesieHUe U

LXXIX. On« curious Property of vulgar Fractions. By
7. J. Farky, Sen.

To Mr. Tilloch.

sin, — O examining lately, some very curious and elaborate
Tables of ¢ Complete decimal Quotients,” ealeulated hy Henry
Goodwyn, Esq. of Blackheath, of which li¢ has printed a copious
specimen, for private circulation among curious and practical
calenlators, preparatory to the printing of the whole of these
Seful Tables, if sufficient encouragement, cither public or indi-
vidual, should appear to warrant such a step: Iwas fortunate
while so doing, to deduce from them the following general pro-
perty ; viz.

Ifall the possible vulzar fractions of different vanes, whose
greatest denominator (when in their lowest terms) does not exceed
any given number, be arranged in the order of their values, or
quotients; then if both the numerator and the denominator of any
fraction therein, be added to the numerator and the denaminator,
respectively, of the fraction next hut one to it (on either side),
the sums will give the fraction next to it ; althongh, perhaps,
not in its lowest terms.

.For example, if 5he the greatest denominator given; then areall

o ) oo
the’possible fractions, when arvanged, >, T 5
FErE

+ Lo
and 55 taking -

g 3 as the given fraction, we have

alw

3
iy}
+1_ e 1
T

. )
the mext smaller fraction then -5 or,

© @)1

3 = =, the next larger fraction to - Again, if 99 be

ol. 47. No. 217, May 1816.! Bb the

le |
W

+
+
+
Ve

icTBa pdaja

apest

the largest denominator, then, in a part of the arranged Table,
1324 11 . .
5 e &c.; and if the third
of these fractions be given, we have 22712 = 2% :

given, we have T =T the second:
21

5 the fourth of them: and so in all the other

we should have A%
3

30

cases.

1 am not acquainted, whether this curious property of vulgar
fractions has been before pointed out?; or whether it may ad-
mit of any easy or general demonstration? ; which are points on
which I should be glad to lcarn the sentiments of some of your
mathematical readers; and am )

Sir,

Your obedient humble servant,

Howland-strect. J. FAREY.

3amerka /Ix. Papesa “On a curious Property of vulgar Fractions’

B xxypuajue «The Philosophical magazine; a journal of theoretical, experimental

and applied physics» (1816, vol. 47, pp. 385-386).

Koponén po6u dapes




OnpeneneHue u cBoilicTBa psajga Papes

N = N(Q) = |®q| - uucmo apobeit B Pg =

3
> NQ) =1+¢1)+¢2)+¢B) +...+¢@Q) = 5Q°+0QInQ)
Ecau 2 < % - coceguue apobu B pajge ®q, To ad — be = 1:

@_01112132341
5 — 175a4a395’275’3a475517

1 2

3 2
Z<Z=2.3-5:1=1; - <=-=2.5—-3.3=1
3 5 > 5 3

(mocTrarouHo npoBepHUTH NI pana P1 U yOeUTHCH, YTO €CIU CBOKCTBO
c a

BBITIOJIHAJIOCH JIJIST TTaphI i < 3 TO OHO COXPAHUTCS W NIPH 3aMeHe

COOTBETCTBYOIIEH NPOGH MEAMAHTOMH).

M.A. Koponés Npo6u Papesn



Panpt @apesa B 3agavax TEOPUU YUUCET: IeJIible TOUYKU

Hpobu Papes - MOIE3HEIM HHCTPYMEHT B AHAJUTHIECKOH TEOPUH THCEJI.

I".®. BoPOHOI: HOBas OLEHKa OCTATOYHOrO 4jeHa B IpobJieMe mesuresiein
Hdupuxie.

[Tyctes D(Q) - 4ucao menblx To4YeK B rumepbosmyeckoi obaacta ry < Q,
x,y > 0. Torma

D(Q)=Q(InQ +2v—1) + R(Q), v =0.577...— nocrosHHas Diinepa,

riae npu Q — +00 UMEIT MECTO OLEHKH:

R(Q) K VQ, I1.I.JI. JupuxJae, 1849
R(Q) € 3/Q(InQ)%/3, I.®. BopoHol, ,1903.
Boronoit ucnonszosan psaf, mogobusrit paxy Papes Oq:
a
57 1<a<g<Q, a-g<Q.

Kak n B @, Jm06bIe 1Be cOoCeHHE APOOU ITOrO PAAA YAOBIETBOPHIOT PABEHCTBY
a’q — aq’ = 1. OHO CcHITPAJIO KJIOYEBYIO POJib B JJ0KA3ATEIHCTBE BOPOHOIO.

M.A. Koponés Npo6u Papesn



Psans1 @aped B 3a/1a9aX TeOpUU YUCE: Teopus pa3buenmii

I.X. Xapau, C. Pamanvakan (G.H. Harpy, S. RaMANUJAN, 1918):
ACUMIITOTHYECKUi paf nyis pyHknuu p(n), paBHOH umcCry pasbuenuil nesoro
n > 1 Ha cjaraeMmble:

3aJI0’KeHBI OCHOBBI T.H. <KPYTOBOIO METOZA»: HCKOMas Benuaunaa - p(n) -
BLIPAKAETCS B BUJE MHTErpasa KoMy Mo OKPY?KHOCTH MOYTH €THHHIHOTO
paguyca. OCHOBHOMN BKyaJ (TIABHBIR WIEH) JAIOT OKPECTHOCTH TOYEK BUIA

exp (27i - a/q), a/q - Apobu Dapesi ¢ <HE OUEHBL GOJIBIUMI> 3HAMEHATEIISMH:

n — oo,

p(n) ~ WZ Aa(mva g { 2 exp (/0= 30) )} ~
24

1 ( 2n>
~ exp (m/ —
4n/3 3

(3meck Ak (M) - HEKOTODBIE TPUTOHOMETPUYECKHE CYMMBI, (@ MMeeT OPSAJOK /7).

M.A. Koponés Npo6u Papesn



Panpt @apesa B 3agavax TEOPUU YUCE: aAAUTUBHBIC 3aaUN

T.O. KnooctepmaH (H.D. KLOOSTERMAN, 1926): pemenne 3anaan 0 dhopmyne
st ancaa I (n) npencrasnenuit nesoro i > 1 B BEJE CyMMBI

n = az? + by2 + cz? + dt?,
rige a,b, c,d > 0 - GUKCUPOBAHHBIE IEJIBIE YUCIA, Ty Y, Z, L - NEJIOIUCIIEHHBIE

TIePEeMEHHBIE.
IIpencrasnenune I(n) B BuIe TPUTOHOMETPHUECKOTO WHTETPAJa

1 "
I(n) :/ Samn * Soyn * Seyn » San - € 2T da,
o]

Se¢n = Sen(a) = Z exp (2miatm?)
0<m<A/n/E
U pazGHeHne OTPe3Ka HHTETPUPOBAHUS Ha «1Iyru Papes», T.e. IPOMEKYTKH BHAA

a a+a’ a a+a’ a’’ a
- = ,,7*+ ;) e — < —<
q a+4q" q qa+q q q

’

Q

q/
- cocenume npobu Papes paga g, Q X v/n.

CymecTBeHHBIM 06pa30M HCHONIB3YeTCs: cooTHOWeHHe a’q — aq’ = 1 (cymmbl
Kioocrepmana u 1p.)

M.A. Koponés Npo6u Papesn



Psans1 @apesi: cBa3b ¢ rurnore3o0it Pumana

Kirouesoe coorHommenue - cBa3b Apobeit Papes u dynkuun Mébuyca p(n):

13 q = 17 q a
p(g@) =30, g=m3, m>1, = Z exp (271'1';).
(—1)%, q=p1...pk (a‘fq:)lzl
@
IIycts v = q7]-7 i=1,2,...,N = N(Q) - yuopsgoieHHbIE TI0 BO3PACTAHUIO

5
npobu psaga ®q. Torma gna cyMMaTOpHOMR (DYHKIIMH HAXOJUM:

M(Q) = p(1) + p(2) + p(B) + ... + (@) = Y p(q) =

<@
q N
= Z Z exp (27r1lg) = Z exp (2mivy;)
a<Q  a=1 q i=1
(a,q)=1

W3BecTHo:
RH & M(Q) < QY/2t= .

M.A. Koponés Npo6u Papesn



Psans1 @apesi: cBa3b ¢ rurnore3o0it Pumana

Ar = vp — - «OTKJIOHEHHE» 7T-i Jpobu OT TOYKU PABHOMEDHON CETKH.

2|~

k. OPAHETb

—

J. FrRANEL), 1924:

N
> 1A K 0(QY?*) & M(Q) < O(QY/?1°) & RH.

r=1

9. Jlaugay (E. LaNDAU), 1924:

N
Y AZ < O(Q'¢) & RH.

r=1

M. Mikoras (1949, 1951), J. Kopkiva (1955), A. ZuLaur (1977), S. KANEMITSU
u M. YosHimoTo (1996), M. YosHIMOTO (1998) yTBepKI€HHA BHAA:

Q
> f(v) = 0(Q'/?*°) & RH.
j=1
C.B. CTEYKUH, 1995: CBs3b OIIEHOK CYMM BHIA

N

Z |A;|P  c Bemmunnoit © = sup{Repg | {(e) =0}, p=>1.
j=1

M.A. Koponés Npo6u Papesn



PaccrogHus MexkIy coceassmMu

ITosoxum
N
Sm(Q) =D (v —v-1)™
Jj=1

R.R. HaLL, 1970 (a rakxke S. KANEMITSU, R. SiTA RaAMA CHANDRA RaAo,
A. Stva RaMA SARva, 1982):

’ 1 2
5@ = 2 gr(me+ 3 +7-55) +o(5)

_ CG(m) (InQ)° _,¢m—1)
Sm(Q) = om +O(Qm+1)’ C(m) =2 o) (m > 3).
TTonoxum st (GUKCHPOBAHHOIO Iesaoro h > 2
N
Sm(Qsh) = > (Yi+n — v)™
Jj=1
R.R. HaLL, 1994
36 InQ
$2(@:2) = 5 53 (1+o(D).

M.A. Koponés Npo6u Papesn



PaccrogHus MexkIy coceassmMu

Tmnoreza (R.R. Harw, 1994): npm mo6om purcupoBarHOM h > 2 BEIIOIHEHO

PaBEHCTBO

Chl D,
sa(@im) = 3 (22 4 28) +on@?).

JlokazaTenbcTBO runoressl Xosna: F.P. Boca, C.CoBELI, A.ZAHAREScU, 2001:

Cnp =2h —1,

_c'(2)) ho S

Dp, = (2h — 1)(7 ‘@ +5+ > (b= 7).
r=1

ITocrosinusie I, MOryT OBITH BEIPAZKEHBI B TEPMHUHAX HEKOTOPOTO T€OMETPHIECKOTO
npeobpaszosanus T', BBenénuoro apropamu (BCZ-npeobpasosanue).

M.A. Koponés Npo6u Papesn



CaoiictBa BCZ-npeobpazoBaHus

a a
[Mycts — < — < — coceanne apobu psaga ®q.
q q/ q/l
Torma
a/q _ aq/ -1 X q// N a'qq” _ aq/q// — q//7
a’q’ —a'q" =1 X gq a’’qq’ — a’qq’” = q,
= a"qq' —aqd'q" =q'(a"q—aq’) =q+q",
OTKyZa
17
g+ q’' =kq', k= @ - TIesI0e IMCIIo.
q

MozkHO MOKa3aTh, YTO

= =e]

M.A. Koponés Npo6u Papesn



CaoiictBa BCZ-npeobpazoBaHus

’
Mpaes: paccMOTpeTh TOYKY € KOODAUHATAMHI (%, %) B cuny HepaBeHcTB

0<4q,9 <Q,q+ q > Q nna Heé nmeem
/

q q q ¢
0< =<1, 0< =<1, —+—=—>1
Q Q Q Q

- OHA JIEXKHUT B «Tpeyroabuuke Papesas T —obmactn 0 < z,y < 1, x +y > 1.

Kpowme Toro, q"’' =kq' —q = -—=k-

M.A. Koponés Npo6u Papesn



CaoiictBa BCZ-npeobpazoBaHus

Oupegenum st Ipou3Bo/ILHOH Toukn (2, y) € T npeobpaszoBanue BCZ
(Boca-Cobeli-Zaharescu) T = T'(x, y) cremyomum 06pa3om:

T(x,y) = (y,ky —x), k= [HTOJ}

Hecmoxkuao mpoBepuTs, 9To Touka (q/Q, q’/Q) aexwur B T w npu 5TOM

(59)-(5%)
Q’'Q Q’Q

IIycts Ty - obmacte B T, onpejenseMast yCIOBUEM

2]

Torpa Buyrpu Tg OyseMm umers:

aT(xz,y) _ (0 1 ot T (@ y) _
d(xyy) (—1 k)’ R TENn)

Cirenorarensro, orobpaskenne T'|7;, cOXpaHseT MIOIAIH.

M.A. Koponés Npo6u Papesn



CaoiictBa BCZ-npeobpazoBaHus

Obmactu T, k =1,2,3,....

M.A. Koponés Npo6u Papesn



BCZ-nipeobpazoBanue n apudMeTudeckne cBoiicTBa apobeit

Dapes

[Ipeobpazopanrne T' MO3BOJSAET U3Y4aTh MOBEIEHNE KOPTEXKel 13
[IOCJIeIOBATEILHBIX 3HAMEHATENEH cocequnx apobeit Papesi: ecan

ao al a2 a Qpy1
< =< Z=<... < -r dr+1
qo0 q1 q2 qr qdr+1
- cocelHME APOOHU, TO IPU HEKOTOPBIX HATYypPAaJbHBIX k1, K2, ...k, OyaeMm umeTh

qo + q2 = kiqa,
q1 + g3 = k2q2,

9r—1 + qr4+1 = krgr.

Banasas 3apanee ceoiicrea Habopa k1, k2, ..., k, (IpuHALIEKHEOCTE K
KaKOH-1nb0 apudMeTHIeCKON TPOTrPecCHi, B3aUMHYIO IIPOCTOTY € 33 IaHHBIM
YHCJIOM 1 np.), MOXKHO PemaTh 3aJa4d O KOJIWYeCTBe IOABJIeHNI cepun
IOCIeJ0BATENbHEIX Ap0beit B P, 3HaMEeHaTenn KOTOPLIX 00J1aJal0T 3aJaHHBIMI
apudmerudeckuM cpolictBamu. [IpeobpazoBanue T IO3BOISIET MEPEBECTH 3aJAUY
HA A3BIK T'€OMETPUN U CBOAUT €€ K IMOJCUeTy IJIONaJeii HEKOTOPOH cepun
BBIIIYKJIBIX MHOTOYTOJIbHUKOB.

Koponé po6u dapes



BCZ-nipeobpazoBanue n apudMeTudeckne cBoiicTBa apobeit
Dapes

[Tpumep: HAWTH ACUMITOTHUKY YHCJIa TPOEK COCETHUX Apobeit

ao ai az
— < —< —, tm¢e g=¢9g2=0 (mod3), (q1,3)=1.
qo0 q1 q2

3mech UMeeM eIUHCTBEHHOe COOTHOIICHNUE:
kigq1 = qgo + g2 =0 (mod 3), orkyma Heobxomumo ki =0 (mod 3).

Eciu go = 0 mod 3, To nocienHee yCjIOBUe SIBJISIETCH U JOCTATOYHBIM IS
AeTUMOCTH g2 Ha 3.

IlepeBog 3ama4u Ha s3bIK reomerpuu: 3acdukcupyem dncaa Q, qo u k1. Torpa g1
JIOJIZKHO OBITH TAKHM, YTOOBI BBIIIOJHAIOCH PABEHCTBO

o] = e

| =t

Ho 310 T0 2x€, 9TO OTPEOOBATE:

M.A. Koponés Npo6u Papesn



BCZ-nipeobpazoBanue n apudMeTudeckne cBoiicTBa apobeit

Dapes

3HaunT, KaxKaas ToUka obmacta Ty, BHIA (q—o, q—l) IIOPOSUT TOYKY (q—l, q—z)
Q Q Q Q

obmactu T, rae g2 yAOBAETBOPsET TpedyeMoMy CBOHCTBY AEIUMOCTH.

To >xe camoe: KaKAAd Ieyas To4ka obgactu Q - T, BuAa

(9o,q1), t@e go =0 (mod 3), H.O0.O.(go,q1) =1,
MOPOJAUT HENYI0 TOYKy obnactu Q7T Buzma

(gq1,92), rtme g2 =0 (mod 3), H.0.Od.(g2,q91) = 1.

Kaxxmasg mapa 3namenareseit gpobeii @apes 0OJHO3ZHAYHO BOCCTAHABIHBAET UX
YUCJIUTEJIN.

Tax 3334923 CBEJIACH K HOACIETY IPUMHUTHUBHBIX IEJIbIX TO4YeK (go,qg1) ¢
YKa3aHHBIMH CBOWCTBAMHM B KaxK1oi u3 obnacreit Q - Ty, , k1 = 3,6,9,12,...

M.A. Koponés Npo6u Papesn



BCZ-nipeobpazoBanue n apudMeTudeckne cBoiicTBa apobeit
Dapes

YHCI0 TAKUX TOYEK MPSMO MPOMOPIHOHAMBHO CyMMAapHON miomann ¢huryp T, -
OTcrofa AJIs JOJIU KCKOMBIX TDPOEK B OOIIEM HYHCJIE TPOEK C yCJIOBHEM
go = 0 (mod 3) B npegene upu Q — +0O MOJYYUM BBIPAKEHHE:

4
2 Y Tl=2 Y .
k1=0(mod 3) k1=0(mod 3) kl(kl + 1)(k1 + 2)
B 6ostee ciioxKHBIX 33/a9aX THUIA
9 =¢qr+1 =0 (mod D), gqj =c; (mod D), j=1,2,...,r

HY2KHO pPaCcCMaTpPHUBaTh UTepanuu npeobpazopanus 1
9o q1 q1 g2 go q1 q1 g2 q2 g3
"(3a)=(23) 7(%2)-7(328)-(5%)
Q Q Q Q Q Q Q Q Q Q

Ts(‘LO 2) :T<12 qj) - (13 qg)
Q’'Q Q’'Q Q'Q)

M.A. Koponés Npo6u Papesn



BCZ-nipeobpazoBanue n apudMeTudeckne cBoiicTBa apobeit

Dapes

IIpu 3TOM BO3HMKAIOT OrDAHUYEHHUS THUIIA

Ts—1 (Z‘; 2)677%, s=1,2,...,7

HAJIHA, 9TO TO 2Ke, YyCJIOBUA BHULA

qo q1 (s—1) —
€T i s=1,2,...,7
(Q Q) (Te.),

OHOBPEMEHHOE BBIIIOJIHEHUE BCEX YCJAOBUM 03HAYAET HPUHAIJIEIKHOCTH UCXOILHOM
TOYKH K 00JIaCTH BHUIA

T(K1seeskr) =Ty NT 1 (Thy) N T 2(Tieg) N---NT -~V (Ty,)

OTBer B 337ja9aX TaKOrO THIA BBIPAXKAETCsI CYyMMOMH (KOHEUHON nian GeCKOHEeYHO )
BUIA

2 > |T(k1,..e5k)l,

(k1see5kr)

rae Ha0op HaTypanbHbX aucesr (Ki,...,Kkr) yAOBIETBODSET HEKOTOPHIM
apuPMETHIECKUM YCJIOBUAM (CHCTEME CPaBHEHHH 1o Moaymnoo D w mp.)

M.A. Koponés Npo6u Papesn



BCZ-nipeobpazoBanue n apudMeTudeckne cBoiicTBa apobeit
Dapes

Pemienue camoii obmmeit 3amayn Takoro tumna 0b110 nosydero C. COBELI u
A. ZAaHAREscU (2005; ony6aukosano C. CoBELI, M. VAJAITU u A. ZAHARESCU B

2012).
B wacrabx ciay4asx HabopoB D,c = (¢1,cC2,...,Cr) JJs TAKAX CYMM ObLIH
HaliJleHbl ABHBIE BBIPAJKEHUSA; MMEHHO, TAKHE (DOPMYJIbI OBLIN MOJYYEHbI IS
CIIy9aeB
D=2 c=(c1y...5Cr) - m060ii ¢ ycioBuem = < 5;
D=3, c¢ wumeersux (1,2,1,2,...,1,2),(1,2,2,2,...,2,2,1);
D >2 -jgwoboe, c=(c,c,¢y...,C).

M.A. Koponés Npo6u Papesn



ITpomeskyTKmM Mexxay apobsimu a/q ¢ ycinosuem q = 0(mod 3

Metox C. CoBELI, M. VAJAITU u A. ZAHARESCU OblJI IPUMEHEH K CJIeAYIOIIei
3ajade:

[Tycts 7 > 2, u nycTh Vp(Q) - 105l Tex HAGOPOB AJUHBI T + 1, COCTOSAIUX U3
moCIea0BaTeNLHEIX Apobeit Papes paga Pg ¢ ycaoBuaMn:

9 =¢qr4+1 =0 (mod 3), 4qi1,...,9- Z0 (mod 3)

(B obmiem wmcse HAGOPOB C €JUHCTBEHHLIM yciIoBHeM go = 0 (mod 3)).
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ITpomeskyTKmM Mexxay apobsimu a/q ¢ ycinosuem q = 0(mod 3

Vike npu HeOONbIMHUX 3HAUEHUAX Q panbl Pg JOCTABIAIOT IPUMEDHI, KOTAA
’
a
MeX/y 9MCJIaMU — ¥ — MMEETCsS JIBE, TPH, Y€THIPe, IsTh 1 6osiee npobeit co
q
3HAMeHaTeNsIMH, He JeasiuMucsa Ha 3. Hanmensmum Q, mpu koTopoM B P
7’
a a

CyIIEeCTBYeT IPOMEXKYTOK <7, —I) , comepxxkarmuit » = 10 gpobeit, orBedaeT
q q

Q = 31. Ogun u3 cOOTBETCTBYOWMX (hPParMeHToB psaga P31 mmeer BuI:

8 3 7 4 9 5 6 7 8 9 10

1
27 10 23 13 29 16 19 22 25 28 31 3
Amnajiorudssle mOACYETH Aa0T 1 ¢ = 20, 30, 40, 50 3HaUEeHHST
Q = 67,103,139 u 175 COOTBETCTBEHHO.

Onucanue BO3HUKAIONIUX IIPH 3TOM HEIYCTHIX obJacTeil U sBHOE BBIYHCJIEHHE UX
mroma/geil 7aéT BO3MOXKHOCTD HAMUCATH SBHBIE (DOPMYJIBI IS IPEHETbHBIX
BeJIMYUH Vp,

vr(Q) — vr.
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IIpomeskyTKu Mexkay apobsvu a/q ¢ ycaoBuem g = 0(mod 3)

Teopema 1. Umerom mecmo pasencmea

e () 2<L + 1n3> — 0.175176694195345 . . .,
V3

87
o = 4(l —In 3) — 2! — 0.375034016550147 . . .,
V3 35
53132
vs =12In3 — = 0.208500089169941 . . .,
095
528 904 x
va =272 4™ 4 1n3) = 0.0920339300712315.. . .,
45045 V3
. 4164383
vs =2 = —1n3) — =" _ 0.0708242239352303 . . .,
V3 3063 060
3089
ve = — 0.0363048715989892.. . .,
85085
54097
vr = —=°1  _ 0.0139429713733119... .
3879876
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IIpomeskyTKu Mexkay apobsvu a/q ¢ ycaoBuem g = 0(mod 3)

Teopema 2. Ilycmvo m > 1, 0 < ¢ < 4 - yeavie wucaa, 1 = 5m + ¢ > 8. Tozda
CNPABEIAUBY, PABEHCMEE

n
vy = Z P;j(m), e komopuz n = n(i) =

{3, ecau i = 3,
j=1

2, 8 0CMAALHYT CAYHGAL,

a PzJ (’I’TL) - POYUOHAABHDYLE ¢yH7€uUU U3 C/LE()yTOU,;SZO cnucka:

B 6(8m — 1)
Po1(m) = (3m — 1)(6m — 1)(12m — 1)(12m + 1)’
2
020 = (Gm — D) (6m + D(12m — 1)’
Pra(m) — 6(8m + 1)
A= Bm + 1) (6m + 1)(12m — 1)(12m + 1)
2
P12 = (om — 1) 6m + D(12m + 1)’
B 6(4m + 1)
P21 (m) = (83m + 1)(6m + 1)(12m + 1)(12m + 5)
u m.d.
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IIpomeskyTKu Mexkay apobsvu a/q ¢ ycaoBuem g = 0(mod 3)

B UACTMHOCTNU, UMEIOM MECMO PABEHCMEA:

12797
vg = ————— = 0.00571 70555 62256.. . .
2238390
18662
vg = ————— = 0.00507 48431 95720. ..
3677355
284
vigo = = 0.00345 39373 66980. ..
82225
1444
Vi1 = ————— = 0.00250 87955 52273 ...
575575
11402
Vizg = ——————— = 0.00185 8312247633 ...
6135675
100 349
vz = —————— = 0.00120 25739 53342...
83 445 180
3931
Via = ————— = 0.00122 4828084737 ...
3209 430

O6HapyKUBAOTCA JIOGOIBITHBIE 30 dhEKTH: (a) BCe YUCHAA Vp, T > 6 -
panmoHanbHEE, U (6) HOCIEL0BATENIBHOCTD Yy - HE MOHOTOHHA:

via > V13, Vig > V18, V29 > V30 > V28, U T.A.
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O6aactu T (k1,...,k,) 1 KOHTUHYaHTbI

ObnacTu, MWIOMAIH KOTOPBIX BXOAAT B (POPMYJIbI Aist goseh vp, 1 < 7 < 6.

M.A. Koponés Npo6u Papesn



O6uactu T (k1,...,k,) U KOHTUHYaHTBI

ITo ompemenenuo,
Tk, ke) = Ty VT (Tiy) N T2 (Tig) M-+ N T=C=D (7, )

CuenoBarensHO, TouKa (€, Y) TPeyronbHUKa T IPUHALIEKHT 00IACTH
T (k1,...,kyr) TOrIa, ¥ TOIBKO TOI/AA, KOT/A BLIIOJHEHBI yCIOBHUS:

@) € Tiys T(@:9) € Thgy T(@,9) € Tigs -+, T V(@,9) € Ti,
ITpek e BCcero, nmeeMm:

1+ x

+x

<ki+1

14+ x 1+=x
+ <y< 2 .
ki +1 k1

1
(x,y) € Ty < { ] =k1 <& ki<

& kiy<ltz<(k1+1l)y &
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O6uactu T (k1,...,k,) U KOHTUHYaHTBI

Yto Tenepsb o3navaer ycnosue T'(x,y) € T, ? Ipexae Beero,

r1 =Y,

T(z,y) = (z1,91) = (¥, k1ry — ), { _
y1 = k1y — =,

orkyna yciaosue (€1,y1) € T, IPUMET BUA:

(k2 + D)z +1 _ kez 1

k <1 k 1 < .
2Y1 + 1 < (k2 +1y1 < k2 + k1 — 1 YS ok — 1

CrenoBaresnsno, yenosue (¢, y) € T (k1, k2) paBHOCHIBHO cucTeME JUHEHAHBIX
HEPABEHCTB

14+ ax <1—|—m
k1 +1 Sk
(k2 + 1)z +1 o kex 41

(k2+1)k1—1 y\kzkl—l.

Buaunt, obaacts T (k1, k2) - 1160 mycTOE MHOXKECTBO, MO0 BBIILYKJIbIH
MHOIOYTOJIBHUK (KAK IIE€PECEIeHnEe KOHEUHOTO 9UC/Ia MOy IIOCKOCTEH).
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CaoiictBa BCZ-npeobpazoBaHus

O6uractu T, n o k =1,2,3,4.
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O6uactu T (k1,...,k,) U KOHTUHYaHTBI

B obmewm caygae obmacts T (K1, ..., kr) 3ama8rcsa cucTeMol JTUHERHBIX
HEPABEHCTB THUIIA,

Csx+1 Asxz+1
SDS <y< SBS , s=1,2,...,7,
rae
As = 60s_1(k2,...,ks—1,ks), Bs =0s(k1,...,ks—1,ks),

Cs = 6s—l(k27~-'7ks—1a ks + 1)5 Dy = 65(k17- corks—1,ks + 1)7

0s(+) - KOHTUHYAHTBI, T.€. IIOJIMHOMBI, OIPEAEJIIEMbIE DEKYPPEHTHBIM
COOTHOIMIEHUEM

53(”17 oo »ns) = nsés—l(nl’ . -7ns—1) - 63—2(”1, . -1ns—2)

¢ HagaJabHBIME ycaoBuaMa do( ) = 1, d1(n1) = nq.
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O6uactu T (k1,...,k,) U KOHTUHYaHTBI

Muoxectso A, rab0poB (K1,...,kr), yIaCTBYOMIHUX B MOACIETE DOIA Uy,
MOJHOCTBIO OMHUCHIBAETCA YCIOBHAMHE:

obmacts T (k1,...,kr) Hemycra,
0s(k1y...,ks) Z0 (mod 3), s=1,2,...,7r—1,
6r(k1,...,ks) =0 (mod 3).

ITocTpoenne A,:

JIJ1st KaXKJOro T CTPOMM MHO2KeCTBO A% HaGOpOB, y KOTOPBIX MOC/IEIHEE YCIOBHE
3aMEHEHO Ha:
O0r(k1,...,kr) Z0 (mod 3).

Owernmro, A} coctout u3 Bcex k1 Z 0 (mod 3). Ecim AY_ | mocTpoero, To
dukcupyem npousBossHsli Habop (K1,...,kr—1) € A} u nepebupaem Bce

HabOpEL BUIA
(k1y...,kr k), k=1,2,3,...

(HemycTHIM 06JIACTSIM OTBEYAET JIUIIL KOHEUHOE YUCII0 HAOOpoB). Ecau mnsd
HeKOTOPOro k koHTHHYaHT d,41 = 0 (mod 3), To momemaem HaGop B A, 1; B
IIPOTUBHOM CJIydae IOMEIIaeM ero B A:+1.
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O6uactu T (k1,...,k,) U KOHTUHYaHTBI

Hpobnenne obnacru T (K1, ..., kr) Ha mogobaactu T (Ki,...,kr, k),
k=1,2,3,...
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O6uactu T (k1,...,k,) U KOHTUHYaHTBI

-

T(ry . by, ) S

«I'eHeasormyeckoes epeBO HeMyCTHIX oOnacTeii. Habop AIUHBI 7, TOMEYeHHBI
cumBosoM «0», BXOZUT B pACIér LOMH Vp, HO B JaJbHeHmeM IPOOIEHUHN He
yYacTBYeT (<«yMUpaeTs )
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O6uactu T (k1,...,k,) U KOHTUHYaHTBI

Tpu Tuma 6€CKOHEYHBIX I€PEBHEB:

1) nepeso Ay, mopoxgaemoe Habopom Buga (2, (4,1)™) = (2,4,1,...,4,1).
N———
n
2) pepeeo Br, mopoxmaemoe nabopom suza (5, (1,4)") = (5,1,4,...,1,4).
| ——
n
3) mepeBo Cr,, mopoxkmaemoe naGopom suaa (1,2") = (1,2,...,2).
——
n

Jepeso Cy, OTHOCHTCA K OZHOMY M3 TPEX MOATHIOB - B 32aBUCHMOCTH OT OCTaTKa
n (mod 3).

IIpeumymecTa cay4das D = 3: BeTBU JepeBbEB HEJOJITOBEYHBI - PAHO
IPECEKAOTCST; BETBICHUH CPABHUTEJHHO MAJIO - KaK IPABUIO, He O0jee AByX.
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O6uactu T (k1,...,k,) U KOHTUHYaHTBI

/ (2, (4, 1) 4) — Ay
A, (27 (4, l)n)* (27 (4,1)", 3)* - (27 (4,1)™,3, 2)*_’

- (2, (4,1)", 3, 22)*_' e _,(2, (4,1)", 3, 2311,—2)*—’

(2,(4,1)",3,2°°2,1)°  (2,(4,1)",3,2271,1)°
4 @, (4,1)", 3,28 1)" (2, (4,1)", 3,25")"—
4 (2, (4,1)",3,2%",1)° 4 (2, (4,1)",3,2%"1,1)°
(2, (4,1)",3,28+1) L (2, (4,1)7, 3, 25"+2)"— (2, (4,1)",3,23"+2,1)°

IepeBo An, mopoxaaemoe Habopom Buza (2, (4,1)™) = (2,4,1,...,4,1).
————

n
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r) U KOHTHHYAHTBI

B ciywae amanorngHO# 3ama9m ¢ geauMocThio Ha D = 5 (BMecTo gesmMocTH Ha
D = 3) BO3HHKAIOT ropaszo 60Jiee CIOKHbIE JePEBbI:

— YHCJIO PA3JNYHBIX THIIOB OKA3BIBAETCS CYIECTBEHHO GOJIBIIHM,
— BeTBJEHHI HosbIire,

— «YMHWpaHHE» HACTYMAET «B CPEJIHEM» TO3IHO.

TeMm He MeHee, 331a9a HE KaXKeTCst 0€3HALEKHOMN.

OTKpPBITHIH BOIPOC: YTO IPOUCXOMUT B ciaydae D = p, p > 7 - npocroe?

Koponé po6u dapes



CIIACUBO 3A BHUMAHUE!

M.A. Koponés Npo6u Papesn



