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Memories from OPSO 2021 - Feynman path integrals
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Memories from OPSO 2021 - Feynman path integrals

Assumption (Feynman, 1948)

The integral kernel u:(x,y) of any Schrédinger propagator U(t) =

—itH
e n
quantum Hamiltonian H can be represented as a path integral:

with

ue(x,y) = /G%S[V]D%

where S[y] = [; L(7(7),%(r),T)d is the action functional (L being the
classical Lagrangian) correspond/ng to a path «y satisfying v(0) = y and v(t) =
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Memories from OPSO 2021 - Trotter sequential approach

Consider H = Hy + V with Hy = —A/2. Recall two basic facts:
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Memories from OPSO 2021 - Trotter sequential approach

Consider H = Hy + V with Hy = —A/2. Recall two basic facts:

m The integral representation for the free particle propagator

eitory = 2 [ e LI gy, £ e sre)
rhit)2 Jpa = P\h 2t Y ‘
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Memories from OPSO 2021 - Trotter sequential approach

Consider H = Hp + V with Hy = —A/2. Recall two basic facts:

m The integral representation for the free particle propagator

eitory = — L oo TP p)ay, e s@e)
Qrhit)a2 Ja - P\h 2t Y, ‘

m The Trotter product formula: under suitable assumptions on the
potential V we have
U(t)f = e #tHHV)F — im E,(t)f, f e L2(RY),
n—o0

where the Feynman-Trotter approximate propagators are

Ea(t) = (e Fitbe i),
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Memories from OPSO 2021 - Trotter sequential approach

Consider H = Hp + V with Hy = —A/2. Recall two basic facts:

m The integral representation for the free particle propagator

eitory = — L oo TP p)ay, e s@e)
Qrhit)a2 Ja - P\h 2t Y, ‘

m The Trotter product formula: under suitable assumptions on the
potential V we have

u(t)f = e_%t(Ho-’_v)f: lim E,(t)f, fe¢ L2(Rd)’

n—oo

where the Feynman-Trotter approximate propagators are
i i n
En(t) = (efﬁiH"efﬁv) .

Combining the two results gives a representation of U(t) = e~ 7t(Ho+V) a5
(strong) limit of a sequence of integral operators.
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Memories from OPSO 2021 - convegence of kernels?

. the limit exists and we may write

K(b, —||m/ // 'S[ba]dxl dXz . de,l (%)
e—0 A A

[where A = (2mifie/m)*? and Ne = t, — t,] ...

. we shall write the sum over all paths in a less restrictive notation as

K(b,a) = /tb 1A Dy (1) (%)

ta

which we shall call a path integral.

— Feynman and Hibbs, Quantum Mechanics and Path Integrals (1965)
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Memories from OPSO 2021 - convegence of kernels?

... The Trotter product formula shows that the transition from (%) to (%)
can be made rigorously on the level of operators rather than integral
kernels, under suitable conditions on the potential V...

— Folland, Quantum Field Theory - A Tourist Guide for Mathematicians (2008)
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Memories from OPSO 2021 - Feynman was right!

Set h = 1/27 for convenience. Our problem:

i0:) = 21 Hot)
¥(0,x) = f(x),
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Memories from OPSO 2021 - Feynman was right!

Set h = 1/27 for convenience. Our problem:

{iatw — 21 Ho) o o

¥(0,x) = f(x),

where Hp is the Weyl quantization of a real quadratic form Q(x, &) on R?¢
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Memories from OPSO 2021 - Feynman was right!

Set h = 1/27 for convenience. Our problem:

Ho = Q%, Ve FM(RY).

{i@t@b = 21(Ho + V)
¥(0,x) = f(x),

where Hp is the Weyl quantization of a real quadratic form Q(x, &) on R?¢
and V is the Fourier transform of a finite measure on RY.
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Memories from OPSO 2021 - Feynman was right!

Set h = 1/27 for convenience. Our problem:

{/atw =2n(Ho+ V)¢ Ho = Q%, V& FM(RY).

¥(0,x) = f(x),

where Hp is the Weyl quantization of a real quadratic form Q(x, &) on R?¢
and V is the Fourier transform of a finite measure on RY.

Nicola, Trapasso - Comm. Math. Phys. 2020

Let en¢(x,y) and ue(x, y) be the integral kernels of E,(t) and U(t) resp.
For any fixed t € R\ € (= up to exceptional times) we have

€n,t, Ut € Cb(de) and

ent — Uy uniformly on compact subsets of R
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A natural, interesting question

What about rates of convergences for e, — u;?
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A natural, interesting question

What about rates of convergences for e, — u;?

What about rates of convergence for E,(t) — U(t) in Ls(L?(R?))?

What about convergence in operator norm?
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A natural, interesting question

What about rates of convergences for e, — u;?

What about rates of convergence for E,(t) — U(t) in Ls(L?(R?))?
What about convergence in operator norm?

The lack of information in this connection is a well-known limitation of the
unitary Trotter formula — it is a qualitative strong convergence result that
can be hardly refined or extended to other topologies.
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Are we able to tailor better time slicing approximate propagators,

still leading to pointwise convergence at the level of kernels,
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A natural, interesting question

What about rates of convergences for e, — u;?

What about rates of convergence for E,(t) — U(t) in Ls(L?(R?))?
What about convergence in operator norm?

The lack of information in this connection is a well-known limitation of the
unitary Trotter formula — it is a qualitative strong convergence result that
can be hardly refined or extended to other topologies.

Are we able to tailor better time slicing approximate propagators,
still leading to pointwise convergence at the level of kernels,

also with precise rates of convergence?

6/21 S. Ivan Trapasso Pointwise convergence of path integral kernels



Some ingredients of the proof
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Some ingredients of the proof

m Hy = QY coincides with a metaplectic operator ;(S;) € U(L*(R?))
associated with the classical flow S; € Sp(d,R) in phase space.
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Some ingredients of the proof

m Hy = QY coincides with a metaplectic operator (S;) € U(L3(R?))
associated with the classical flow S; € Sp(d,R) in phase space.

m Except for a set &, 1(S;) can be represented as an integral operator (a
“quadratic” Fourier transform):

Un(e)f(x) = <(e) | ().

where ®; is a real quadratic form associated with S;.
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Some ingredients of the proof

m Hy = QY coincides with a metaplectic operator (S;) € U(L3(R?))
associated with the classical flow S; € Sp(d,R) in phase space.

m Except for a set &, (S;) can be represented as an integral operator (a
“quadratic” Fourier transform):

Un(e)f(x) = <(e) | ().

where ®; is a real quadratic form associated with S;.

m The quantum propagator evolves Gabor wave packets along the
classical flow: for any t € R, N € N there exists C; y > 0s. t.
[{u(Se)m(2)g. m(w)g)| < C(L+|w —Sez)) ™", w,z e R*,

where g € S(RY) and 7(x,£)g(y) = €™ “g(y — x), (x,£) € R*.
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m The potential V (viewed as a function in C,(R9)) has a peculiar

8/21

phase space regularity. Precisely, its Gabor wave packet transform

VeV, = (Vor(x. ) = [ e EViy)aly —x)dy

belongs to L>1(R?9). Hence V € M>}(R9) (modulation space).
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m The potential V (viewed as a function in C,(R9)) has a peculiar
phase space regularity. Precisely, its Gabor wave packet transform

VeV, = (Vor(x. ) = [ e Eviy)aly —x)dy
belongs to L>1(R?9). Hence V € M>}(RY) (modulation space).

m The Sjostrand class is a Banach algebra of symbols: for every
o € M>1(R29), the Weyl pseudodifferential operator

W Ti(x—y)- +
oV f(x) = /dee2 ( y)50<x2y,€>f()/)dyd§

is bounded on L?(R?). Moreover, if 01,00 € M>1(R29) then

oy oy = (o1#02)Y, o1#03 € I\/Ioo’l(]de).
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m The potential V (viewed as a function in C,(R9)) has a peculiar
phase space regularity. Precisely, its Gabor wave packet transform

VeV, = (Vor(x. ) = [ e Eviy)aly —x)dy
belongs to L>1(R?9). Hence V € M>}(RY) (modulation space).

m The Sjostrand class is a Banach algebra of symbols: for every
o € M>1(R29), the Weyl pseudodifferential operator

w mi(x—y)- +
oV f(x) = /dee2 ( y)50<x2y,€>f()/)dyd§

is bounded on L?(R?). Moreover, if 01,00 € M>1(R29) then

oy oy = (o1#02)Y, o1#03 € /\/Ioo’l(de).

m The potential V' x (viewed as a multiplication operator) is the Weyl
quantization of oy = V ® 1 € M>1(R2).

8/21 S. Ivan Trapasso Pointwise convergence of path integral kernels



m The Sjostrand class is also a Banach algebra of complex-valued
functions under pointwise multiplication.

Set py/p = e 229V Then Pt/n € M>>1(R29) and there exists
po € M>1(R29) with ||pol[pyeer < C(t) such that

-t t
e 2TV — p‘t”/n =1+ 27Ti;p8v.
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m The Sjostrand class is also a Banach algebra of complex-valued
functions under pointwise multiplication.

Set py/p = e 229V Then Pt/n € M>>1(R29) and there exists
po € M>1(R29) with ||po|peer < C(t) such that

-t t
e 2TV — p‘t”/n =1+ 27'('/';/)8/.

m Metapletic operators combine well with (and only with!) Weyl
operators - the symplectic covariance property:

" u(S) = u(S)(o o S)".
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As a result, the Trotter approximation ops. can be expanded to obtain

E(t) = (e—27ri%Hoe—27ri%V)n
S(t) =



As a result, the Trotter approximation ops. can be expanded to obtain
(e—27ri%Hoe—27ri%V) "

(vo(t/mezyn)"

En(t)
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As a result, the Trotter approximation ops. can be expanded to obtain
E(t) = (e—27ri%Hoe—27ri%V)n
w n
(Wo(t/mey,)
t \"\"
= <Uo(t/n)(1 +27rigpo> >
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As a result, the Trotter approximation ops. can be expanded to obtain
E(t) = (e—27ri%Hoe—27ri%V)n
w n
= (Wole/mptn)
t W
= <Uo(t/n)(1 +27rigpo> >

= UO(t),O‘,Zt,

for suitable p, ¢ in bounded subsets of M (uniformly w.r.t. n), precisely

n—1
t
Ont = H(l + 27TIE(,00 o Sk%>>.

n
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Operators of the form T = p(S)o™ with o € M>>1(R?) are called
generalized metaplectic operators associated with S - we write
T € FIO(S). In particular, we have that E,(t) € FIO(S;).
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generalized metaplectic operators associated with S - we write
T € FIO(S). In particular, we have that E,(t) € FIO(S;).

FIO-type operators retain some of the properties of metaplectic ones:

m FIO(S;) C L£(L2(RY)) and FIO(SM) o FIO(SP®) c FIO(SM o §(2))
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Operators of the form T = p(S)o™ with o € M>>1(R?) are called
generalized metaplectic operators associated with S - we write
T € FIO(S). In particular, we have that E,(t) € FIO(S;).

FIO-type operators retain some of the properties of metaplectic ones:
m FIO(S;) C L(L2(RY)) and FIO(SM) o FIO(S®)) ¢ FIO(S™) o 5(2))
m Integral representations of E,(t) (except for t € &) are similar:
EA0)F(x) = c(t) [ %0 an (x.)r(y)dy,

now with an extra amplitude a, ¢(x, y) € M>>1(R?9).
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Operators of the form T = p(S)o™ with o € M>>1(R?) are called
generalized metaplectic operators associated with S - we write
T € FIO(S). In particular, we have that E,(t) € FIO(S;).

FIO-type operators retain some of the properties of metaplectic ones:
m FIO(S;) C L(L2(RY)) and FIO(SM) o FIO(S®)) ¢ FIO(S™) o 5(2))
m Integral representations of E,(t) (except for t € &) are similar:
EA0)F(x) = c(t) [ e an (x.)F(y)dy,
now with an extra amplitude a, (x, y) € M>1(R29).

m E,(t) are still well localized in phase space near the graph of S;:

[(En(t)m(2)g, m(w)g)| < Hne(w — St2),
for some control function H,, € L}(R?9).
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Just a happy coincidence?

Let H = Ho + V with Hy = QY = u(S;) as above and V = oy} for some
oy € M>®1(R??) (e.g., oy = V@1 with V € M>1(RY) as before).
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Just a happy coincidence?

Let H = Ho + V with Hy = QY = u(S;) as above and V = oy} for some
oy € M>®1(R??) (e.g., oy = V@1 with V € M>1(RY) as before).

It turns out that actually U(t) = e 2™(Ho*V) ¢ FIO(S,) as welll
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Just a happy coincidence?

Let H = Ho + V with Hy = QY = u(S;) as above and V = oy} for some
oy € M>®1(R??) (e.g., oy = V@1 with V € M>1(RY) as before).

It turns out that actually U(t) = e 2™(Ho*V) ¢ FIO(S,) as welll
This can be viewed using the standard perturbation method:

m Recast the problem in integral form (Duhamel):

Bt x) = Up(£)F(x) — 2 /0 Vot — 7)otu(r, x)dr.
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Just a happy coincidence?

Let H = Ho + V with Hy = QY = u(S;) as above and V = oy} for some
oy € M>®1(R??) (e.g., oy = V@1 with V € M>1(RY) as before).

It turns out that actually U(t) = e 2™(Ho*V) ¢ FIO(S,) as welll
This can be viewed using the standard perturbation method:

m Recast the problem in integral form (Duhamel):
t
Bt x) = Up(£)F(x) — 2 / Vot — 7)otu(r, x)dr.
0

m Switch to interaction representation with p(t, x) = Up(—t)y(t, x),
then use symplectic covariance and invariance of M>1:

ot x) = F(x) — 2 /0 Un(— 7)o Un(r) o7 x)d

t
= f(x) — 27ri/ (ov 0 S:)Vp(r,x)dT,
0 b—

c Mool
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The solution of the previous Volterra integral equation is then

p(t,x) = ag'f(x),

where the symbol a; has a Dyson-Phillips expansion:

t
ap = Texp<2ﬂ'i/ (oyo 57)d7'>
0
t 7 Th—1 N
::1—1—2(—271’/)"/ / / H(O’\/OSTk)dT,,"‘dTl.
0 Jo Jooo

n>1
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The solution of the previous Volterra integral equation is then

p(t,x) = ag'f(x),

where the symbol a; has a Dyson-Phillips expansion:

t
ozt:Texp<—27Ti/ (avosT)dT>
0
t 7 Tn—1 "
::1+Z(—2ﬂ'i)"/ / / H(O’VOSTk)dTn"‘dT]_.
0 Jo 0 i

n>1

We have that o, € M1 (R??) (algebra of symbols).
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The solution of the previous Volterra integral equation is then
p(t, x) = ay'f(x),

where the symbol a; has a Dyson-Phillips expansion:

t
op = Texp<—27ri/ (oo ST)O'T>
0
t 71 Tn—1 "
::1+Z(—2ﬂ'i)"/ / / H(O’VOSTk)dTn"‘dT]_.
n>1 0 Jo 0 k=1
We have that a; € M>1(R29) (algebra of symbols).
To conclude,
U(t,x) = Uo(t)e(t, x) = Uo(t)ay f(x),

hence the claim:
U(t) = Uo(t)ay € FIO(S:).
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Another look at the Schrodinger propagator

Motivated by the fact that U(t) = Up(t)a} with

t
ap = ’Texp<—27ri/ (oy o sT)dT) € M>1(R?9)
0

[ Ta—1 _N
:1+Z(—2m)"/ / / [(ovoS)dr---dm,
0 Jo 0 1

n>1
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Another look at the Schrodinger propagator

Motivated by the fact that U(t) = Up(t)a} with

t
ap = ’Texp<—27ri/ (oy o sT)dT) € M>1(R?9)
0

t 7 Th—1 "
= 1+Z(—27ri)”/ / / [I(oveS,)dra---dm,
n>1 0 Jo 0 k=1
we consider novel F/O-type short-time parametrices of the form

E(t) = ()7

where
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Another look at the Schrodinger propagator

Motivated by the fact that U(t) = Up(t)a} with

t
ap = Texp<—27ri/ (ov o ST)dT> e M>1(R?9)
0

[ Ta—1 _N
:1+Z(—2m)"/ / / [(ovoS)dr---dm,
0 Jo 0 1

n>1

we consider novel FIO-type short-time parametrices of the form
E(t) = Uo(t)7,

where

't
pr = exp(—27ri/ (ovo 57)d7'> € M>=L(R?9)
0
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Another look at the Schrodinger propagator

Motivated by the fact that U(t) = Up(t)a} with

t
oy = ’Texp<—27ri/ (oy o sT)dT) € M>1(R?9)

=1+ Z 27TI / / / H oy © STk dTn dT17

n>1

we consider novel FIO-type short-time parametrices of the form

E(t) = Uo(t)5Y,

where

t
pr = exp( 27ri/ (cyoS )d'r) e M>1(R?9)

=1+ —2mi) / / / H oy oS, )dr,---dm.
0

k=1
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The resulting time-slicing approximation are then given by

Ex(t) = (Ee/m)" = (Wo(t/m,)"
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The resulting time-slicing approximation are then given by

Ex(t) = (Ee/m)" = (Wo(t/m,)"

Arguments similar to those used before for handling the Trotter
parametrices eventually yield

En(t) = Uo(t)py,

for suitable f, ¢ in bounded subsets of M°! (uniformly w.r.t. n).
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The resulting time-slicing approximation are then given by

Ex(t) = (Ee/m)" = (Wo(t/m,)"

Arguments similar to those used before for handling the Trotter
parametrices eventually yield

Eq(t) = Up(t)pY,

for suitable f, ¢ in bounded subsets of M°! (uniformly w.r.t. n).

This proves that E;(t) € FIO(S;), as expected.

15/21 S. lvan Trapasso Pointwise convergence of path integral kernels



Why this should be better?

Short summary: we are looking for FIO-type approximations of

U(t) = e 2" HHHY) — Ug(t)ay € FIO(Sy),

t
ay =T exp (—27ri/ (oyo ST)dT>.
0
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Why this should be better?

Short summary: we are looking for FIO-type approximations of

U(t) = e 2" HHHY) — Ug(t)ay € FIO(Sy),
t
ay =T exp (—27ri/ (oyo ST)dT>.
0

Two options so far, respectively Trotter-type or “Dyson-type” parametrices:

n : t
En(t) = (Uo(t/m)o}),)"s  pesn = exp(—2mi—ov ),

— t/n
En(t) = (Uo(t/n)p),)"s  Bejn = exp (—27ri/0 (ovo ST)dT>.
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Why this should be better?

Short summary: we are looking for FIO-type approximations of

U(t) = e 2" HHHY) — Ug(t)ay € FIO(Sy),
t
ay =T exp (—27ri/ (oyo ST)dT>.
0
Two options so far, respectively Trotter-type or “Dyson-type” parametrices:
.t
En(t) = (Uo(t/m)o}),)"s  pesn = exp(—2mi—ov ),

— t/n
En(t) = (Uo(t/n)p),)"s  Bejn = exp (—27ri/0 (ovo ST)dT>.

They have a crucially different short-time approximation power!

Hat/n - Pt/nHMOOfl Se t/n, Hat/n - ﬁt/n”MO@l St (t/”)2-
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Main results - convergence of symbols

The better short-time behaviour allows one to obtain a nice control when
compositions are taken into account: recall that

U(t) = Uo(t)ay,  En(t) = Uo(t)5y
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Main results - convergence of symbols

The better short-time behaviour allows one to obtain a nice control when
compositions are taken into account: recall that

U(t) = Up(t)ay,  En(t) = Up(t)py,.
We obtain indeed

. C(t
fete = Fnellama < S,

Note the loss of approximation power when dealing with compositions!
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Main results - convergence of symbols

The better short-time behaviour allows one to obtain a nice control when
compositions are taken into account: recall that

U(t) = Up(t)ay,  En(t) = Up(t)py,.
We obtain indeed

. C(t
loe = Bellapoon < f7).

Note the loss of approximation power when dealing with compositions!

The proof relies on the generalization of an ingenious argument introduced
by D. Fujiwara to handle sophisticate path integral approximations obtained
by oscillatory integral operators (Duke Math. J., 1980).
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Main results - convergence of operators, with rates

The previous result allows us to obtain convergence E,(t) — U(t) in the
norm operator topology, with precise rates of convergence:
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The previous result allows us to obtain convergence E,(t) — U(t) in the
norm operator topology, with precise rates of convergence:

NU(t) = En(t)|l 212 = [Uo(t)af — Uo(t)pn ell 212
<o) 2= 2llaf = P elliz—i2
< G(t)Cllar — pntllmeer,
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Main results - convergence of operators, with rates

The previous result allows us to obtain convergence E,(t) — U(t) in the
norm operator topology, with precise rates of convergence:

1U(8) = En(t)]l 22 = [ Uo(8)al — Uo(£)3% Il 1212

<o) 2= 2llaf = P elliz—i2
< G(t)Cllar — pntllmeer,
hence

C'(t)

1U(t) = En(t)]l 22 <
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Main results - convergence of kernels, with rates!

Recall that FIO-ops. have an integral representation:
VW) = [ ulen)f)dy. B = | ailxp)fndy.

where the kernels are functions in C,(R?“) for non-exceptional times t € €.
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VW) = [ ulen)f)dy. B = | ailxp)fndy.
where the kernels are functions in C,(R?“) for non-exceptional times t € €.
Let W € C°(R2?) be a real-valued bump function. Then

I[ur — enelVlFir Sew llar — Pt oo
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Main results - convergence of kernels, with rates!

Recall that FIO-ops. have an integral representation:
VW) = [ alen)f)dy. B = | alxp)fndy.
where the kernels are functions in C,(R?“) for non-exceptional times t € €.

Let W € C°(R??) be a real-valued bump function. Then

[[ur — gn,vt]“"HJle St,\v e — 5n,t||Moo71-

For any compact subset K C R2? and a bump function Wi on K, we
obtain locally uniform convergence of kernels:

. C"(t
o ) = B e .
zeK n
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More details?

The talk is based on the papers:

Fabio Nicola and S. Ivan Trapasso

On the pointwise convergence of the integral kernels in the
Feynman-Trotter formula.

Comm. Math. Phys. 376 (2020), no. 3, 2277-2299.

S. Ivan Trapasso

On the convergence of a novel family of time slicing approximation
operators for Feynman path integrals.

Preprint arXiv:2107.00886 (2021)
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Hear ye, hear yel

We are glad to announce a forthcoming monograph on these topics:

Fabio Nicola & S. Ivan Trapasso

Wave Packet Analysis of Feynman Path Integrals

To appear soon in the Springer series

Lecture Notes in Mathematics
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We are glad to announce a forthcoming monograph on these topics:

Fabio Nicola & S. Ivan Trapasso

Wave Packet Analysis of Feynman Path Integrals

To appear soon in the Springer series

Lecture Notes in Mathematics

Thank you for your kind attention!
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