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In the present paper we continue the research started in [1] and [2]. Let
X and P be Banach spaces and h: X x P — RU {400} be a lower semi-
continuous function. Consider the problem

Pr: minimize h(z,p) over z € X

with parameter p € P. The optimal value of P, at p € P is hiye(p) =
infyex h(z,p) and x € X is called a solution of P, at p € P if h(z,p) =
hint(p) € R. A sequence {x} C X is called minimizing for P, at p € P if
limpso0 h(k, p) = hint(p)-

Let Pj, admit at py € P a unique solution xy. Define the function
Appo: P —[0,+00) as

A = inf lim inf — , e P.
hpo (p) {zr} is a minimizinlgnsequence for Py, at p lkn—l>£ ka mOH P

The problem Py, is called approzimately well-posed (AWP) at pg € P if it

admits a unique solution at pg, hiye(p) is finite for p in some neighborhood

of pp and

plig)lo Ah,po (p) =0.
If, in addition, there exists a constant L > 0 such that Ay, , (p) < L|lp—po|
for all p in some neighborhood of pg, then the problem Py, is called Lipschitz
approzimately well-posed (LAWP) at py with constant L.
We elaborate some subdifferential calculus of the optimal value (marginal)
function hine(-) provided that Pp is AWP or LAWP. Then we state some
sufficient conditions for P, to be AWP and LAWP.

Given a function f: X — RU {+oc0} and € > 0, the Fréchet e-subdiffer-
ential of f at zo € dom f :={r € X: f(x) € R} is

oFe f(xo) = {z* € X*: Vnp > 036 >0: Vo € Bs(xo)
(@, = wo) < f(z) = f(0) + (e + M)z — oll},
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where Bs(zo) = {z € X: |z — zo|| < 6}. If ¢ = 0, then ¥ f := 9P f is
called the Fréchet subdifferential.

The Mordukhovich limiting subdifferential O f(zq) at xo € dom f is the
set of * € X* such that there exist e | 0, xp, — zo with f(xr) — f(z0),
and zj — x* weakly star and x} € 0 f(xy,) for all k € N.

We use 0F*¢h(x, p) and 0% h(z, p) to denote respectively the Fréchet e-sub-
differential and the limiting subdifferential of h at (x,p) € domh with re-
spect to the norm ||(z,p)|| = ||z|| + ||p|| in X x P. We denote by 0f*h(z, p)
the Fréchet e-subdifferential of the function A(-,p) at the point . We shall
use OLh(z,p) to denote the set of z* € X* such that there exist g | 0,
(xk,pe) = (xo,po) with h(xzk,pr) — h(z,p), and z; — z* weakly star
and z} € 0 h(xy,px) for all k € N. Similarly we define 857611(30,])) and
OLh(x,p).

A function f: X — RU{+oo} is called lower regular at a point € dom f
(see [3]) whenever L f(z) = 0F f ().

Theorem 1. Let xg € X be a solution of Py at pg € P. Then for all
e>0

{0} x 8" hint(po) C 0"°h(x0,po) C 8% h(xo,po) X D2 h(wo,po)-
If, in addition, Pp is AWP at pg, then
{0} x " hint(po) C 0" h(zo,p0) C OLh(wo, po) X OF h(zo,po).

Theorem 1 correlates with the results of Thibault [5, Proposition 3.1] and
those of Ngai, Luc and Théra [6, Theorem 2.5].

The next theorem provides sufficient conditions for P, to be LAWP (and
consequently AWP).

Theorem 2. Let zg € X, pg € P and A > 0, pu,v € R be such that for
all p in some neighborhood of po and for all x € X
h(z,p) > h(zo,po) + Allz — 2o — pllp — poll,
h(zo,p) < h(zo,po) + 7P — poll-

Then Py, admits a unique solution xog at pg and Py is LAWP at py with
constant L = (u + )/ .
The rest of the paper is devoted to the infimal convolution problem.

The Moreau-type infimal convolution of two functions f,g: X — R U
{+o0} is
(fB9)(p) = inf (f(z) +9(p—2)), peX.
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The infimal convolution problem Py, at a point p € X is the problem Py,
with

ha,p) = f(z) +9(p—=), z,peX.
From now on we assume that functions f and g are lower semicontinuous,
which guarantees lower semicontinuity of h(z,p) = f(z) + g(p — z).

Theorem 3. Let x9 € X be a solution of Psq at po € X. Then for
all e >0
0" (fBg)(po) C (97 f(x0)) N (97g(po — 0))-
If, in addition, Py 4 is AWP at po, then

" (fBg)(po) C (0" f(z0)) N (9"g(po — x0)).

If, in addition, f is continuously differentiable in some neighborhood of xg
or g is continuously differentiable in some neighborhood of py — xg, then
the latter two inclusions are equalities.

Theorem 4. Suppose that xg € X is the solution of Prg alt po € X
and the problem Py g is LAWP at po with constant L. Then for all € >0

(07 f (o)) N (87 g(po — wo)) C OTEEFVE(f 8 g)(po).-

If, in addition, f and g are lower regular at points xo and py — xo respec-
tively, then fH g is lower regular at pg.

Theorem 5. Suppose that x9,20 € X, o, ,vyE€R, a+5>0, f: X —
RU {400} and g: X — R are such that for all x,z € X

f(@) = f(xo) = allz — zol|, (1)

z) — g(z0) = Bllz — 2ol (2)
z) — g(z0) < 7llz — 2. 3)
Then Py4 admits a unique solution xo at po = xo + 20 and Py 4 is LAWP
at po with constant L = (|8| +v)/(a+ B).

If, in addition, f and g are lower reqular at points xo and zy respectively,
then fH g is lower regular at pg.

g

(
g(

Theorems 3-5 improve Theorem 5.5 in [4], Theorems 3.1, 3.2 in [1] and
Theorems 3.1, 4.2 in [2].
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HyCTI) JBU>KEHIE praBHHeMOﬁ CHUCTEMBbI Ha IIJIOCKOCTH OIIMChIBACTCA JIU-

HAMMKO}1 IIPOCTHIX JBuzKeHuit [1]:

T=u+w, weP, ve, tel0,9], ¢>0.

*Pabora BbinmosHena npu dunancopoil mnojguepxkke PODPU (upoekr 15-01-07909)
u nporpammel [Ipesugnyma PAH “Maremarudeckne 3aacu COBPEMEHHOU TEOPHH
yIpaBjeHus’ .
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