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Âêëàä â íàóêó
È.Ä.Ðåìèçîâ âõîäèò â ìèðîâîé òîï-5 ñïåöèàëèñòîâ ïî ïðèáëèæ¼ííîìó
âû÷èñëåíèþ ýêñïîíåíò îò äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ
ïåðåìåííûìè êîýôôèöèåíòàìè ïðè ïîìîùè òåîðåìû ×åðíîâà. Âñåãî â
ìèðå ïî ýòèì âîïðîñàì íàñ÷èòûâàåòñÿ ïðèìåðíî 20 ýêñïåðòîâ.
È.Ä.Ðåìèçîâó â ýòîé òåìå ïðèíàäëåæàò:

I Íîâûå êîíöåïöèè (êàñàíèå ïî ×åðíîâó, êâàçèôåéíìàíîâñêèå
ôîðìóëû, àïïðîêñèìàöèîííîå ïîäïðîñòðàíñòâî, áûñòðî è
ñâåðõáûñòðî ñõîäÿùèåñÿ ÷åðíîâñêèå àïïðîêñèìàöèè, ïîñòðîåííûå
íà îïåðàòîðå ñäâèãà ôóíêöèè ×åðíîâà è äð.)

I Ôóíäàìåíòàëüíûå ðåçóëüòàòû (ïðèìåðû ñõîäÿùèõñÿ ñ íàïåð¼ä
çàäàííîé ñêîðîñòüþ ÷åðíîâñêèõ àïïðîêñèìàöèé, òåîðåìà îá îöåíêå
ñâåðõó íà ñêîðîñòü ñõîäèìîñòè ÷åðíîâñêèõ àïïðîêñèìàöèé -
ñîâìåñòíî ñ Î.Å.Ãàëêèíûì, óíèâåðñàëüíûé ìåòîä àïïðîêñèìàöèè
ãðóïï óíèòàðíûõ îïåðàòîðîâ, ÷åðíîâñêèå àïïðîêñèìàöèè
ðåçîëüâåíò)

I Ìíîãî íîâûõ ôîðìóë, ÿâíî âûðàæàþùèõ ñêîëü óãîäíî òî÷íûå
àïïðîêñèìàöèè ê ýêñïîíåíòå îò äèôôåðåíöèàëüíîãî îïåðàòîðà
÷åðåç åãî ïåðåìåííûå êîýôôèöèåíòû - â ðàçíûõ ïðîñòðàíñòâàõ

I Èìåííàÿ ôîðìóëà R(t) = e ia(S(t)−I )

I ×èñëåííûå ýêñïåðèìåíòû (ñîâìåñòíî ñî ñòóäåíòàìè)
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Ïîäðîáíåå î òåìàòèêå
Èåðàðõèÿ òåìàòèê: ìàòåìàòèêà ⊃ ôóíêöèîíàëüíûé àíàëèç ⊃
îäíîïàðàìåòðè÷åñêèå ïîëóãðóïïû îïåðàòîðîâ ⊃ ÷åðíîâñêèå
àïïðîêñèìàöèè C0-ïîëóãðóïï.

Êàê îïðåäåëèòü ýêñïîíåíòó? Åñëè t > 0, òî ìîæíî èñïîëüçîâàòü

îïðåäåëåíèå ñ ïîìîùüþ ðÿäà etL =
∑∞

k=0

(tL)k

k! â ñëó÷àå, åñëè:
I L � âåùåñòâåííîå èëè êîìïëåêñíîå ÷èñëî
I L � âåùåñòâåííàÿ èëè êîìïëåêñíàÿ ìàòðèöà
I L � îãðàíè÷åííûé ëèíåéíûé îïåðàòîð â âåùåñòâåííîì èëè

êîìïëåêñíîì áàíàõîâîì ïðîñòðàíñòâå
Â ñëó÷àå, åñëè L � íåîãðàíè÷åííûé ëèíåéíûé îïåðàòîð â
áàíàõîâîì ïðîñòðàíñòâå F , òî òàêàÿ ýêñïîíåíòà ñóùåñòâóåò óæå íå
äëÿ ëþáîãî L, è ðÿä äëÿ îïðåäåëåíèÿ ýêñïîíåíòû èñïîëüçîâàòü
óæå íåëüçÿ. Ïîä ýêñïîíåíòîé etL â ýòîì ñëó÷àå ïîíèìàþò
C0-ïîëóãðóïïó (C0-semigroup) ñ ãåíåðàòîðîì L, ò.å. òàêîå
îòîáðàæåíèå V : [0,+∞)→ L (F), ÷òî ïðè êàæäîì t ≥ 0
îïåðàòîð V (t) îòîáðàæàåò F â F ëèíåéíî è íåïðåðûâíî, äëÿ
êàæäîãî f ∈ F âåðíî V (0)f = f , V (t1 + t2)f = V (t1)V (t2)f äëÿ
âñåõ t1, t2 ∈ [0,+∞), ôóíêöèÿ t 7→ V (t)f íåïðåðûâíà è V ′(0) = L.
Òîãäà ïèøóò V (t) = etL.
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Applications of semigroups

This is the contents of the famous book K.J.Engel, R.Nagel.
One-parameter semigroups for linear evolution equations
(Springer, 2000):

We will discuss only few of applications of semigroups, and will select
only some of those that your lecturer uses or created.
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Theorem (summary of well known facts). Suppose that (A,D(A)) generates
a C0-semigroup (etA)t≥0 in Banach space F . Then:
1. For each u0 ∈ D(A) Cauchy problem{

U ′(t) = AU(t), t ≥ 0

U(0) = u0
(1)

has a solution U ∈ C 1([0,+∞),F) which is unique in C 1([0,+∞),F) and
is given by the formula U(t) = etAu0.
2. For each u0 ∈ D(A), f ∈ C ([0,+∞),F) Cauchy problem{

U ′(t) = AU(t) + f (t), t ≥ 0

U(0) = u0

has a solution U ∈ C 1([0,+∞),F) which is unique in C 1([0,+∞),F) and
is given as U(t) = etAu0 +

∫ t

0
e(t−s)Af (s)ds.

3. For each u0 ∈ F Cauchy problem (1) in the integral form

U(t) = u0 + A
∫ t

0
U(s)ds has a solution U ∈ C ([0,+∞),F) which is unique

in C ([0,+∞),F) and is given as U(t) = etAu0. This solution is called the
mild solution of (1) and exists for all u0 ∈ F .
4. If ‖etA‖ ≤ Mewt , then for each λ ∈ C satisfying Reλ > w and for each
g ∈ F equation λf − Af = g has a solution f ∈ D(A), which is unique in

D(A) and is given by the formula f = R(λ,A)g =
∫ +∞
0

e−λtetAgdt.
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Example 1. Consider

F = UCb(R) = {f ∈ RR|f is uniformly continuous and bounded}

which is a Banach space with the so-called ¾uniform norm¿
‖f ‖ = supx∈R |f (x)|. Suppose that functions a, b, c ∈ UCb(R) are some
known parameters, and de�ne operator A by equality

(Af )(x) = a(x)f ′′(x) + b(x)f ′(x) + c(x)f (x) for all x ∈ R, f ∈ D(A).

Let (A,D(A)) be closed linear operator with D(A) satisfying

UC 2

b (R) = {f ∈ UCb(R)|f ′, f ′′ ∈ UCb(R)} ⊂ D(A) ⊂ UCb(R).

Suppose that (A,D(A)) generates a C0-semigroup (etA)t≥0. Then Cauchy
problem for second order linear parabolic PDE for u : [0,+∞)× R→ R{

ut(t, x) = a(x)uxx(t, x) + b(x)ux(t, x) + c(x)u(t, x), t ≥ 0, x ∈ R
u(0, x) = u0(x), x ∈ R

has solution u(t, x) = (etAu0)(x), U(t) = u(t, ·) = [x 7→ u(t, x)].
Moreover second order linear ODE for f : R→ R

a(x)f ′′(x) + b(x)f ′(x) + (c(x)− λ)f (x) = −g(x), x ∈ R

has solution f (x) =
∫ +∞
0

e−λt(etAg)(x)dt.
7 / 13



Example 2. Consider dimension d ∈ N, x = (x1, x2, . . . , xd) ∈ Rd and

F = UCb(Rd) = {f ∈ RRd

|f is uniformly continuous and bounded}
which is a Banach space with the so-called ¾uniform norm¿
‖f ‖ = supx∈Rd |f (x)|. Suppose that functions aij , bi , c ∈ UCb(Rd) are some
known parameters, and de�ne operator A by equality

(Af )(x) =
d∑

i,j=1

aij(x)fxixj (x) +
d∑

i=1

bi (x)fxi (x) + c(x)f (x) for all x ∈ Rd .

Suppose that (A,D(A)) generates a C0-semigroup (etA)t≥0. Then Cauchy
problem for second order linear parabolic PDE, u : [0,+∞)× Rd → Rut(t, x) =

d∑
i,j=1

aij(x)uxixj (t, x) +
d∑

i=1

bi (x)uxi (t, x) + c(x)u(t, x), t ≥ 0, x ∈ Rd

u(0, x) = u0(x), x ∈ Rd

has solution u(t, x) = (etAu0)(x), U(t) = u(t, ·) = [x 7→ u(t, x)].
Moreover second order linear elliptic PDE for f : Rd → R

d∑
i,j=1

aij(x)fxixj (x) +
d∑

i=1

bi (x)fxi (x) + (c(x)− λ)f (x) = −g(x), x ∈ Rd

has solution f (x) =
∫ +∞
0

e−λt(etAg)(x)dt.
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Cherno� approximations of C0-semigroups

De�nition.1 Operator-valued function G is called Cherno�-tangent to
the operator L i� all conditions are met:
(CT0)Let us use symbol L (F) to denote the set of all linear bounded
operators in a Banach space F . Let the operator L : F ⊃ D(L)→ F
be linear and closed.
(CT1) G is de�ned on [0,+∞), takes values in L (F), and the
function t 7−→ G (t)f is continuous for each f ∈ F .
(CT2) G (0) = I , i.e. G (0)f = f for each f ∈ F .
(CT3) There exists such a dense subspace D ⊂ F that for each f ∈ D
there exists a limit

G ′(0)f = lim
t→0

G (t)f − f

t
.

(CT4) The closure of the operator (G ′(0),D) is equal to (L,D(L)).
Remark. Informal meaning: G (t) = I + tL+ o(t) as t → 0.

1I.D. Remizov. Quasi-Feynman formulas � a method of obtaining the evolution
operator for the Schr�odinger equation// Journal of Functional Analysis, 270:12
(2016)
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Cherno� approximations of C0-semigroups
Remark. In the de�nition of the Cherno� tangency the family
(G (t))t≥0 usually does not have a semigroup composition property,
which in fact is a reason why we often can �nd a simple formula for
G (t). Each C0-semigroup

(
etL
)
t≥0 is Cherno�-tangent to its generator

L, but if L is a di�erential operator with variable coe�cients then
usually we do not have a simple formula for etL. We should not expect
to have such a formula beacause the Cauchy problem for parabolic
equation [u′t(t) = Lu(t), u(0) = u0] has the solution u(t) = etLu0, so
�nding a formula for etL is equivalent to �nding a formula that solves
this Cauchy problem for each u0 ∈ F , which is usually not an easy
task. However, we can obtain approximations to etLu0 via the Cherno�
theorem.
Remark. Cherno�'s theorem says that if etL exists, G is
Cherno�-taangent to L, and ‖G (t)‖ behaves similar to ‖etL‖ then
G (t/n)n → etL as n→∞. It is a natural fact because for the trivial
case R = F = L (F) we have G : [0,+∞)→ R, and condition

G (t/n)n = (1+ (tL/n) + o(1/n))n → etL as n→∞

follows from the �second remarkable limit theorem�.
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Cherno� approximations of C0-semigroups

Theorem (P.R. Chernoff, 1968). Let F and L (F) be as before.
Suppose that the operator L : F ⊃ Dom(L)→ F is linear and closed,
and function G takes values in L (F). Suppose that these
assumptions are ful�lled:
(E) There exists a C0-semigroup (etL)t≥0 with the generator (L,D(L)).
(CT) G is Cherno�-tangent to (L,D(L)).
(N) There exists such ω ∈ R, that ‖G (t)‖ ≤ eωt for all t ≥ 0.
Then for each f ∈ F we have (G (t/n))nf → etLf as n→∞ with
respect to norm in F locally uniformly in t, i.e. for each T > 0

lim
n→∞

sup
t∈[0,T ]

∥∥∥etLf − (G (t/n))nf
∥∥∥ = 0. (C )

Remark. Expressions (G (t/n))n are called Cherno� approximations to
the semigroup etL. If condition (C) holds then G is called: a Cherno�
function for operator L and (sometimes) a Cherno� function for the
semigroup (etL)t≥0, also in that case family (G (t))t≥0 is called
Cherno�-equivalent to the semigroup (etL)t≥0.
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Concrete example of Cherno� approximation

Theorem.2 Suppose that d ∈ N is an arbitrary number, and index j runs
from 1 to d . Let ej ∈ Rd be a constant d-dimensional vector with 1 at
position j and 0 at other d − 1 positions. Suppose that functions
aj , bj , c : Rd → R are uniformly continuous and bounded, moreover aj are
positive and bounded from zero. For each x ∈ Rd , t ≥ 0, f ∈ UCb(Rd) and
ϕ ∈ C∞b (Rd) de�ne

(S(t)f )(x) =
1

4d

d∑
j=1

(
f

(
x + 2

√
aj(x)tdej

)
+ f

(
x − 2

√
aj(x)tdej

))
+

+
1

2
f (x + 2tb(x)) + tc(x)f (x),

(Hϕ)(x) =
d∑

j=1

aj(x)ϕxjxj (x) +
d∑

j=1

bj(x)ϕxj (x) + c(x)ϕ(x).

Then etH exists, and for each f ∈ UCb(Rd) we have a convergence

lim
n→∞

((
S(t/n)

)n
f
)
(x) =

(
etH f

)
(x) ∈ R

uniformly in x ∈ Rd and locally uniformly in t ≥ 0.

2I.D.Remizov. Solution-giving formula to Cauchy problem for multidimensional
parabolic equation with variable coe�cients// Journal of Mathematical Physics,
vol 60 (2019)
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Äàëüíåéøàÿ èíôîðìàöèÿ
Ïðîôèëü È.Ä.Ðåìèçîâà íà Îáùåðîññèéñêîì ìàòåìàòè÷åñêîì
ïîðòàëå
https://www.mathnet.ru/php/person.phtml?option_lang=rus&
personid=76353
áûë íåäàâíî îáíîâë¼í è ñîäåðæèò ñëåäóþùèå ðàçäåëû:

I Îñíîâíûå òåìû íàó÷íîé ðàáîòû

I Ïîëó÷åííûå íàó÷íûå ðåçóëüòàòû (ïî ñîñòîÿíèþ íà ìàðò 2023)

I Òåìû â ðàáîòå (ïî ñîñòîÿíèþ íà ìàðò 2023)

I Îáðàçîâàíèå

I Ðàáîòà

I Îðãàíèçàöèîííàÿ ðàáîòà

I Ïðåïîäàâàíèå

I Íàãðàäû è ïðåìèè

I Personalia

I Ñïèñîê ïóáëèêàöèé

I Äîêëàäû è ëåêöèè â áàçå äàííûõ Math-Net.Ru
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