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lctopuyeckasa cnpagka

MaTtemaTtnuyeckan reHeanoruna: U.A.Pemumzos — npeacrasutens
MOCKOBCKOM LWKO/bI TEOPUM QYHKLMI, ydeHUK O.I.CMonsHoBa

CTpenikaMu NOKa3aHbl LEMOUYKN KYUUTENb-YUEHUKY Ha YPOBHE HayUHOTO PYKOBO/ACTBA N0 KaHAUAATCKUM JUCCEPTALMAM:

[.®.Eropos OcHoBaTenun Takre H.H. lysuH — ocHoBaTe b ¥ PYKOBOAUTEIb KPYMHOM
MoCKOBCKO# WKObI MOCKOBCKON MYNLTUAUCLUNIMHAPHOW MaTeMaTUUECKoM LIKOABI,
H.H.Jlysuu Teopuu GyHKUMUI MU3BECTHOW KaK JlysutaHus

A.H.Konmoropos O.I.CMonsiHoB (1938-2021) — sacnyeHHbIH

npodeccop MIY, U3BECTHbII CNELUanmncT no
TOMO/IOTMYECKMM BEKTOPHBIM NPOCTPaHCTBaM,
a TaK)Ke Mo TeopMM Mepbl, MHTETPaILHOMY 1
AvddepeHUUanbHOMY NCUUCIEHNIO B
NpoCTpaHCTBax GeCKOHEUHOW pasMepHOCTU

| C.B.®omux | | U.M.lensdang |

B.M.Boraues | | E.T.llasrynuase ” A.B.Yrnauos || B.}O.BeHTKyC | |A.IO Xp | | n.A.P | | it |
L J
I

Cpepu yuenukos O.I.CmonaHoBa 6onee 40 KaHAMAATOB HayK, Gonee 8 LOKTOPOB HayK
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Bknag B Hayky
N.[.Pemuszos BxoguT B MupoBoili Ton-5 cneynanucToB no npubamxeHHomy
BbIYMCAEHMNIO IKCMOHEHT OT AndpdepeHLmnanbHbIX OnepaTopos C
nepeMeHHbIMN ko3buLmeHTaMm npu noMmowy Teopembl HepHosa. Bceero B
MUpe MO 3TUM BOMPOCAM HACYUTLIBAETCS npuMepHO 20 3KCNepToB.
N.[.PemnsoBy B 3TOli TeMe NpuHaanexar:

» Hosbie koHuenuun (kacavme no YepHosy, kBa3udeliHMaHOBCKIE
copMybl, anNPOKCMMaLMOHHOE NOAMNPOCTPAHCTBO, ObICTPO 1
CBEPXObICTPO CXOASILIMECS HEPHOBCKUE annpoKCMMAaLuK, NMOCTPOEHHbIE
Ha onepatope cagura dpyHkuyun YepHosa u ap.)

> DyHgameHTanbHbIE Pe3ynbTaThl (MPUMEPBI CXOAALLMXCS C Hanepég
3a/laHHOM CKOPOCTBIO YEPHOBCKUX annpoKCcMaLmii, Teopema ob oueHke
CBEPXY Ha CKOPOCTb CXOAVMOCTN YEPHOBCKMX anmpoKCUMaLnii -
cosmecTHo ¢ O.E.lankuHbimM, yHnBepcanbHblii MeTOh annpokcmmaLmin
rpynn YHUTapHbIX ONEepaTOPOB, YEPHOBCKME annpoKCcMMaLmm
pe30NbBEHT)

» MHoro HoBbIx hOPMYJS, SIBHO BbIPaXkatoLLMX CKOJIb YrOAHO TOYHbIE
annpoKCMMaLMn K 3KCNoHeHTe oT auddepeHumansHoro onepaTopa
yepes ero nepeMeHHble KO3PPUUNEHTLI - B pa3HbIX NPOCTPAHCTBAX

> mennas dopmyna R(t) = e(5(1)=1)

> YucneHHble 3KkCnepuMeHTbl (COBMECTHO CO CTyfeHTamu)
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MogpobHee o TemaTuke
WNepapxusi TemaTuk: maTemaTuka O (DyHKLUOHANBHbLIN aHanu3 D
O4HOMapaMEeTPUYHECKUE NONYTPYNNbl ONEPATOPOB D YEPHOBCKUE
annpokcumauun Co-nosayrpynn.

Kak onpegenutb skcnoHenTy? Ecam t > 0, To MOXHO UCNO/IB30BaTh
onpegenenne ¢ nomowpio paga et = 372 (t,fl)k B CAyYae, ecnu:

» | — BELECTBEHHOE MJIN KOMMIEKCHOE YNCNO

P> [ — BELLECTBEHHAS WM KOMMJIEKCHAs MaTpuua

P> | — orpaHWYeHHbIi NNHEHbIA onepaTop B BELLECTBEHHOM WJIK

KOMMJIEKCHOM OaHaXOBOM MPOCTPaHCTBE

B cnyyae, ecnn L — HeorpaHuYeHHbIii SIMHERHbIA onepaTop B
BaHaxoBoM npocTpaHcTBe F, TO Takasi 3KCMOHEHTA CYLLUECTBYET yXKE HE
ans ntoboro L, v psig pns onpeseneHnst 3KCNOHEHTbI MCMOJIb30BaTh
yxe Henb3s. Mog akcnoHenToii el B 3Tom cnyyae nonumarot
Co-nonyrpynny (Co-semigroup) ¢ reHepatopom L, T.e. Takoe
otobpaxenue V: [0, +00) — Z(F), 4to npu kaxgom t > 0
onepaTop V/(t) otobpaxaeT F B F NNHEHHO 1 HENPEPBLIBHO, ANt
kaxporo f € F sepvo V(0)f =f, V(t1 + t)f = V(t1)V(t2)f pns
BCeX ty, tp € [0, 400), dyHkums t — V/(t)f nenpepbiena n V/(0) = L.
Toraa nuuyt V(t) = el
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Applications of semigroups

This is the contents of the famous book K.J.Engel, R.Nagel.
One-parameter semigroups for linear evolution equations

(Springer, 2000):
[ Contents
[ Preface
[ Prelude
> [ Linear Dynamical Systems
> [ Semigroups, Generators, and Resolvents
> [ Perturbation and Approximation of Semigroups
> [ Spectral Theory for Semigroups and Generators

> [l Asymptotics of Semigroups

> [ Semigroups Everywhere

> [ A Brief History of the Exponential Function
> [ Appendix
> [ Epilogue

[l References

[ symbols and Abbreviations

[ index

We will discuss only few of applications of semigroups, and will select

v [ Semigroups Everywhere

[ Semigroups for Population Equations

[1 Semigroups for the Transport Equation

[ Semigroups for Second-Order Cauchy Problems
[ Semigroups for Ordinary Differential Operators
[1 Semigroups for Partial Differential Operators

[1 Semigroups for Delay Differential Equations

[l Semigroups for Volterra Equations

[ Semigroups for Control Theory

[l Semigroups for Nonautonomous Cauchy Problems

only some of those that your lecturer uses or created.



Theorem (summary of well known facts). Suppose that (A, D(A)) generates

a Go-semigroup (€™);>¢ in Banach space . Then:
1. For each uy € D(A) Cauchy problem

U'(t) = AU(t),t >0 (1)
U(O) = Ug
has a solution U € C*(]0, +cc), F) which is unique in C*([0, +00), F) and
tA

is given by the formula U(t) = e up.
2. For each up € D(A), f € C([0,+0o0), F) Cauchy problem

{U’(t) = AU(t) + f(t),t >0
U(O) = Up

has a solution U € C1([0, +00), F) which is unique in C1([0, +0c0), F) and
is given as U(t) = ePug + [ e=94f(s)ds.

3. For each ug € F Cauchy problem (1) in the integral form

U(t) = up + Afot U(s)ds has a solution U € C([0, +00), F) which is unique
in C([0, +00), F) and is given as U(t) = e ug. This solution is called the
mild solution of (1) and exists for all up € F.

4. If |[e*A|| < Me", then for each A € C satisfying ReX > w and for each

g € F equation \f — Af = g has a solution f € D(A ) which is unique in
D(A) and is given by the formula f = R(\, A)g = [, e e gdt.

6/13



Example 1. Consider
F = UGy(R) = {f € R¥|f is uniformly continuous and bounded}

which is a Banach space with the so-called «uniform norm»
| f]| = supyer |f(x)|. Suppose that functions a, b, c € UC,(R) are some
known parameters, and define operator A by equality

(AF)(x) = a(x)f"(x) + b(x)f'(x) + c(x)f(x) for all x € R, f € D(A).
Let (A, D(A)) be closed linear operator with D(A) satisfying
UCZ(R) = {f € UC(R)|f',f" € UCK(R)} C D(A) C UCy(R).

Suppose that (A, D(A)) generates a Co-semigroup (€*4);>¢. Then Cauchy
problem for second order linear parabolic PDE for u: [0, +00) x R — R

{ut(t, x) = a(X)uxx(t, x) + b(x)ux(t, x) + c(x)u(t,x),t > 0,x € R
u(0,x) = up(x),x € R

has solution u(t, x) = (e up)(x), U(t) = u(t,-) = [x — u(t,x)].
Moreover second order linear ODE for f: R — R

a(x)f"(x) + b(x)f'(x) + (c(x) = N)f(x) = —g(x),x € R

has solution f(x) = ;"™ e~*(e"g)(x)d.
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Example 2. Consider dimension d € N, x = (x1, %o, ...,Xq) € R? and
F = UGy(RY) = {f RRd\f is uniformly continuous and bounded}

which is a Banach space with the so-called «uniform norm»
|| = supyege |F(x)|. Suppose that functions aj;, b;, c € UC,(R?) are some
known parameters, and define operator A by equality
d
(Af)(x) = Z ajj(x) fx; (x) + Z bi(x + ¢c(x)f(x) for all x € RE.
ij=1

Suppose that (A, D(A)) generates a Co-semigroup (€*);>¢. Then Cauchy
problem for second order linear parabolic PDE, u: [0, +00) x R — R

d

d

ue(t,x) = 3 ay(x)uex (£, x) + 2 bi(x)ux (£, x) + c(x)u(t, x), t > 0,x € R
ij=1 i=1

u(0,x) = up(x),x € R

has solution u(t, x) = (e up)(x), U(t) = u(t,-) = [x = u(t,x)].
Moreover second order Imear elliptic PDE for f: RY » R

d
> ay(x )+ Z bi(x (c(x) — A)f(x) = —g(x),x € RY
ij=1

has solution f(x) = [,"* e_/\t(e g)(x)dt.
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Chernoff approximations of Cy-semigroups

Definition.! Operator-valued function G is called Chernoff-tangent to
the operator L iff all conditions are met:
(CTO)Let us use symbol -Z(F) to denote the set of all linear bounded
operators in a Banach space F. Let the operator L: F D D(L) - F
be linear and closed.
(CT1) G is defined on [0, +c0), takes values in Z(F), and the
function t — G(t)f is continuous for each f € F.
(CT2) G(0) =1, i.e. G(O)f = f for each f € F.
(CT3) There exists such a dense subspace D C F that for each f € D
there exists a limit

G'(0)f = fim SO =F

t—0

(CT4) The closure of the operator (G

'(0), ) is equal to (L, D(L)).
Remark. Informal meaning: G(t) =/ + tL

+o(t)as t — 0.

11.D. Remizov. Quasi-Feynman formulas — a method of obtaining the evolution
operator for the Schrédinger equation// Journal of Functional Analysis, 270:12

(2016)
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Chernoff approximations of Cy-semigroups
Remark. In the definition of the Chernoff tangency the family
(G(t))e>0 usually does not have a semigroup composition property,
which in fact is a reason why we often can find a simple formula for
G(t). Each Cy-semigroup (etL)t>0 is Chernoff-tangent to its generator

L, but if L is a differential operator with variable coefficients then
usually we do not have a simple formula for et!. We should not expect
to have such a formula beacause the Cauchy problem for parabolic
equation [u}(t) = Lu(t), u(0) = ug] has the solution u(t) = etup, so
finding a formula for et! is equivalent to finding a formula that solves
this Cauchy problem for each uy € F, which is usually not an easy
task. However, we can obtain approximations to eflug via the Chernoff
theorem.

Remark. Chernoff’s theorem says that if et exists, G is
Chernoff-taangent to L, and ||G(t)|| behaves similar to ||| then
G(t/n)" — et as n — oo. It is a natural fact because for the trivial
case R = F = Z(F) we have G: [0,+00) — R, and condition

G(t/n)" = (1 + (tL/n) + o(1/n))" — e as n — oo

follows from the “second remarkable limit theorem”.
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Chernoff approximations of Cy-semigroups

Theorem (P. R. CHERNOFF, 1968). Let F and .Z(F) be as before.
Suppose that the operator L: F D Dom(L) — F is linear and closed,
and function G takes values in .Z(F). Suppose that these
assumptions are fulfilled:

(E) There exists a Co-semigroup (et!):>o with the generator (L, D(L)).
(CT) G is Chernoff-tangent to (L, D(L)).

(N) There exists such w € R, that ||G(t)]| < e“* for all t > 0.

Then for each f € F we have (G(t/n))"f — et'f as n — oo with
respect to norm in F locally uniformly in t, i.e. for each T >0

lim sup Heth—(G(t/n))”f

n=00 telo, 7]

‘:o. (C)

Remark. Expressions (G(t/n))" are called Chernoff approximations to
the semigroup eft. If condition (C) holds then G is called: a Chernoff
function for operator L and (sometimes) a Chernoff function for the
semigroup (et)s>o, also in that case family (G(t))¢>o is called

Chernoff-equivalent to the semigroup (et)¢>o.
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Concrete example of Chernoff approximation

Theorem.? Suppose that d € N is an arbitrary number, and index j runs
from 1 to d. Let e; € R¥ be a constant d-dimensional vector with 1 at
position j and 0 at other d — 1 positions. Suppose that functions

aj, bj, c: RY — R are uniformly continuous and bounded, moreover a; are
positive and bounded from zero. For each x € RY, t > 0, f € UC,(R9) and
¢ € C°(R?) define

(S(t)F)(x) = 4d2( <x+2\/mej)+f(x—2\/mej>)+

+; f(x + 2tb(x)) + tc(x)f(x),
d

ZaJ X)Pxx X)-l-zb x)ipx; (x) + c(x)ip(x).

Jj=1 Jj=1

Then et exists, and for each f € UC,(RY) we have a convergence

im ((S(t/n))"f) (x) = (e™f) (x) € R

n—r

uniformly in x € R and locally uniformly in t > 0.

2].D.Remizov. Solution-giving formula to Cauchy problem for multidimensional
parabolic equation with variable coefficients// Journal of Mathematical Physics,
vol 60 (2019)
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NanbHeiiwas nHdopmauus

Mpocbune N.[.Pemuszosa Ha Obwepoccuiickom maTemMaTnyeckom
nopTase
https://www.mathnet.ru/php/person.phtml?option_lang=rus&
personid=76353

Obin HefaBHO ODHOBIEH U COLEPXNT CEAyIOLLME Pa3Aenbl:

» OCHOBHbIE TEMbI Hay4HOIli paboTel

MonyueHHble Hay4Hble pe3ynbTaThl (N0 cocTosiHMIO HAa mMapT 2023)
Tembl B pabote (no coctosiHuto Ha mapT 2023)

ObpasosaHue

Pabora

OpranuzaymnoHnas pabota

Mpenogasatne

Harpagbl n npemun

Personalia

Cnucok nybnnkauuii
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Hoknagbl n nekuun B base ganubix Math-Net.Ru
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