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The spectrum of a periodic dimer
near the bottom of the potential

Anikin A. Yu.
Moscow Institute of Physics and Technology
anikin83@inbox.ru

We consider a two-dimensional Schrodinger operator with the potential
which is periodic in one variable and raises at infinity in the other. The
variables do not separate. Such operators discribe so-called dimers moving
on a periodic substrate [1].

We study the semi-classical asymptotics of the part of the spectrum
near the global minimum of the potential (the well). We show that it
has a band structure similar to a one-dimensional Schrodinger (or Sturm-
Liouville) operator. We calculate asymptotic formula for the widths of bands
and the asymptotics for dispersion relations, i.e. formulas connecting energy
and quasimomentum. Like in the case a two-dimensional operator with a
double well potential (see e.g. |2]|) asymptotic formulas appeal to trajectories
of a classical Hamiltonian system with the inverted potential. Namely, those
trajectories are doubly asymptotic ones to unstable equilibria and librations,
i.e. periodic trajectories with velocity vanishing twice on a period. We discuss
in detail different situations connected with the behaivior of global minima of
the potential, corresponding librations and their influence to the spectrum.
This work was prepared in collaboration with S. Yu. Dobrokhotov and A.
Fasolino. The work was supported by RFBR, grant 14-01-00521.
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Periodic solutions of singularly perturbed
Hamiltonian system

Batkhin A.B.

Keldysh Institute of Applied Mathematics
batkhin@gmail.com

We consider nonintegrable Hamiltonian system with two degrees of free-
dom with singular perturbation at the origin of coordinate subspace. Two
limiting problems of the original one are constructed, each of which is
integrable. These problems describe the phase flow dynamics far away from
the singularity and near the singularity correspondingly. The arc-solutions,
which are such solutions of the limiting problems that start and finish at
the origin — the singular point of the perturbative function, are obtained.
The set of generating solutions (see |1, 2| for details) of families of periodic
orbits is described in terms of obtained arc-solutions.

The generating solution makes it possible to predict such properties of
corresponding family of periodic orbits as type of symmetry, global multiplici-
ty of the orbit of solution and first approximation of initial conditions of
the solution. An algorithm for investigation of families of periodic solutions
over its generating sequence was constructed [3]. This algorithm is applied
to finding families of symmetric periodic obits of the well-known celestial
mechanics problem — Hill problem. More than thirty new families of periodic
solutions with different types of symmetry were found out and completely
described [4]. For continuation of the family of periodic solution a variant of
predictor-corrector method is used, which essentially explores the structure
of the monodromy matrix of the periodic solution and provides the monitoring
of bifurcations of solutions.

It is possible to provide quite natural generalization of the original problem,
which include the singular perturbation with the opposite sign. The set of
generating solution for such generalized problem can be build as mentioned
above. In the case of Hill problem the Hamiltonian function of the generalized
one takes form

~ 1 o

H = (y% + y%) + Toy1 — T1Y2 — X7 + 5933 + -
where r = /22 + 22 and 0 = +1. For value ¢ = —1 one gets the Hamiltonian
of the classical case. We call the problem with ¢ = 41 as anti-Hill problem.

DO | —
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The structure of periodic solutions of anti-Hill problem is considerably simpler
then in Hill problem and could be totally described with its generating
solutions.

It was shown by numerical computations that all the known families of
periodic solutions of Hill problem are continued to periodic solutions of anti-
Hill problem but not all anti-Hill problem’s families can be continued into
Hill problem ones. More over, the further numerical experiment demonstrated
that all families of Hill and anti-Hill problems form the common network
connecting to each other by common generating solutions and by sharing
common orbits with integer multiplicity of different families as well [5].
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Left-handedness: flows that are suspensions inf many ways
Dehornoy P.

Institut Fourier, Grenoble
pierre.dehornoy@Qugf-grenoble. fr

Among 3-dimensional flows, those that can be written as suspensions
are particularly interesting, since their study reduces to the study of the
first-return map, a 2-dimensional homeomorphism. Sadly, few flows are
suspensions. The notion of left-handedness weakens this notion but keeps
most of the interesting properties: a flow is left-handed if after removing
any finite collection of periodic orbits it is a suspension. We will see some
implications of this definition, and study several examples, in particular we

will see that many geodesic flows on unit tangent bundles to surfaces are
left-handed.



Global instability in the ERTBP
Delshams A.

Universitat Politecnica de Catalunya
Amadeu.Delshams@upc. edu

The (planar) ERTBP describes the motion g of a massless particle (a
comet) under the gravitational field of two massive bodies (the primaries,
say the Sun and Jupiter) with mass ratio u revolving around their center of
mass on elliptic orbits with eccentricity e. The aim of this talk is to show that
there exist trajectories of motion such that its angular momentum G := ¢xgq
performs arbitary excursions in the region 1 < G < 1/e, assuming a small
eccentricity and an even smaller mass ratio: 0 < pu << e. In particular, for
any 1 < G < Gy < 1/e, there exist trajectories satisfying G(0) < G and
G(T) > G for some time T, so that there is global instability (“diffusion”
is the term usually used) in the angular momentum of this problem.

The diffusive trajectories considered have a small energy, so in terms of
position their semimajor axis only changes slightly and it consists of ellipses
closer to parabolas.

Such diffusion takes no place in the (planar and circular) RTBP, when
the eccentricity vanishes and hence the two primaries revolve along circular
orbits, since the RTBP is governed by an autonomous Hamiltonian with
two degrees of freedom. It is known that, for a non-zero mass parameter
small enough, the RTBP is not integrable, although for large G its chaotic
zones have a size which is exponentially small in G. This exponentially small
phenomenon adds a first difficulty in proving the global instability of the
angular momentum G in the ERTBP for large values of G.

The framework for proving this results consists on considering the motion
close to the parabolic orbits of the Kepler problem that takes place when the
mass parameter is zero. In other words, studying the infinity manifold, which
turns out to be an invariant object topogically equivalent to a normally
hyperbolic invariant manifold (NHIM). Close to this NHIM, it is possible to
define a scattering map, which contains the map structure of the homoclinic
trajectories to the NHIM. Unfortunately, the inner dynamics inside the
NHIM is trivial, which adds a second difficulty, since it cannot be used
to be combined with the scattering map to design adequate pseudo-orbits
for diffusion. Because of this, we introduce the use of two different scattering
maps whose combination produces the desired diffusive pseudo-orbits, which

5



eventually give rise to true trajectories of the system with the help of
standard shadowing techniques.

This talk is based in a joint work with Vadim Kaloshin, Abraham de la
Rosa and Tere M. Seara

Quasiperiodic dynamics of low-dimensional
ensemble of oscillators

Doroshenko V.M., Kuznetsov A.P., Turukina L.V.

Saratov State University,

Saratov Branch of Kotelnikovs Institute of
Radio-Engeneering and Electronics of RAS
dorvalentina9@qgmail.com

In this paper we consider the phase models describing the dynamics of
chains and rings of three and four coupled self-oscillatory elements. Focus
is on the influence of the type and configuration of the coupling setup on
the structure of parameter space. The variation of the coupling parameter
allows to study the transition from the chain configuration to the case of
global coupling. In this paper we consider both the cases of positive coupling
parameter (dissipative coupling) and negative ("active’ coupling). The latter
case is of interest for laser physics and can be implemented in the array
of coupled lasers [1,2|, and also in neurodynamics [3,4]. The structure of
the space of frequency detuning parameters of the oscillators is studied,
the space is two-dimensional in the case of three oscillators, and three-
dimensional when there are four. We discuss the configuration of domains
of regular oscillations and two-, three- and four-frequency quasiperiodic
regimes. System is investigated by the method of Lyapunov exponents charts
[5,6]. The shape of the full synchronization area depends on the type of
coupling and on the number of oscillators in the system. In the case of a chain
of three phase oscillators the area of full synchronization is a parallelogram
[7], which lies at the intersection of two strips of two-frequency modes
corresponding to the fundamental resonances in the system. Areas of higher
order resonant two-frequency modes are fan-shaped structures that diverge
from the vertices of a parallelogram and shipped into the area of three-
frequency modes. In the case of a ring of three phase oscillators the shape of
a region of full synchronization depends on the type of coupling. If coupling
is dissipative, then it has the form of an oval, and if active - the six-pointed
star. The borders of the area of full synchronization coincide with the saddle-
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node bifurcation curves of the stable equilibriums corresponding to in-phase
and anti-phase synchronization. We discuss the changes in the configuration
of these curves at the transition from the chain to the ring. For a chain of
the four phase oscillators the domain of full synchronization takes the form
of inclined parallelepiped. The faces, edges and vertices correspond to the
bifurcations of different codimension. Cross section of a parallelepiped in
the case of small fixed values of the third frequency detuning parameter
has the form of a hexagon, which with increasing value of the parameter is
initially transformed into a triangle, and then disappears. Similarly, in the
case of the chain of four phase oscillators, the band corresponding to the
two-frequency regime disappears eventually with the growth of one of the
parameters of frequency detuning. It turns into a square and a diamond,
each located at the intersections of bands of three-frequency regimes. When
switching from a chain of four phase oscillators to the ring, the complete
synchronization area undergo transformations in a specific manner. Also
discussed are the discrete analogs of the systems studied, which are the
mappings on the torus. Under such a transformation the dynamics to a
certain extent inherits the properties of the flow prototype. However, there
are effects, such as resonance Arnold web, that are the consequences of the
equations discretization. This work was supported by a grant from the Pre-
sident for the Russian leading scientific schools of Russia NS-1726.2014.2
and RFBR project 14-02-00085.
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The effect of weak dissipation
on the system with Arnold’s Diffusion

Felk E.V., Kuznetsov A.P., Savin A.V.

Saratov State University named after N.G. Chernyshevsky
FelkEkaterina@yandex.ru

We investigate the effect of weak dissipation on the hamiltonian system
with more than two degrees of freedom. It is well known that in such systems
the resonance stochastic layers cross each other forming some web in the
phase space. This makes the unlimited diffusion possible for any small values
of non-integrable perturbation unlike the systems with 2 degrees of freedom.
This diffusion was revealed by V.I. Arnold [1] and is known as Arnold’s
diffusion. We consider the system of two coupled twist maps:

o1 =1+ 11 Py =po+ I
I;:oJlJrsd‘ff (14, 02+ L) |Ly=al+e¢

7
1

d(ff/l (o1 + 11, 02 + I3)
with smooth and periodic function.The dynamics of (1) in conservative case
(a—=1) and for {(1;,15)=1/(cos(¢1)+cos(p2)+const) have been studied in [2].
We investigated the transformations of the actions plane (I1,15) structure
by calculating both the orbits of the map (1) with dissipative perturbations
and its Lyapunov exponents.

It was found that at low values of dissipation in the system attractors
appear that are fixed points and invariant curves. Although attractors are
regular the chaotic transition process is observed and its duration depends
on the initial position so that the regions with the slowest transition form
the square-like lattice.

The work was supported by REBR, (project Ne14-02-31067) and RF Presi-
dent program for leading Russian research schools NSh-1726.2014.2
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Influence of oscillatory ensembles properties
to excitation propagation

Gavrilova K. A., Kryukov A.K., Osipov G.V.

Lobachevsky State University of Nizhny Novgorod
gavrilovakseniaan @gmail.com

We study synchronization in ensembles of locally diffusive coupled Bonho-
effer - Van der Pol oscillators. Individual elements frequencies influence on
excitation propagation in one and two dimensional media is investigated.
We show that excitation propagation speed depends on frequency mismatch
between synchronization frequency and elements’ individual frequencies. We
study formation of waves with free ends in excitation propagation through
the boundary of nonuniform media. Qualitative and quantitative results
describing this effect are numerical modeling data and analytical research.

Local linear operator
Glebsky Lev

IICO-UASLP
glebsky@cactus.itco.uaslp. mx

Consider an evolutionary PDE
Uy = f(U) + Lu,

where v = u(t,z1,x2,...,2;), L — linear differential (in z) operator, f —
nonlinear function, f(0) = 0. Suppose that we have local stationary solution
u(t,z) = uy(z) for the PDE (lim ug(Z) = 0). Then the superposition of

T—00

shifts of such a solution (Y, uo(Z + hi) often behave as interacting particles
if h;, are sufficiently large. Mathematically, it means the existence of a
finite dimensional central manifold around the superposition. The first (and
important) step in showing the existence of such a manifold is study the
spectra of the linearized operator around the superposition.

In the talk I plan to present a rather old and general theorem of L. Lerman
and myself about linear operators that is useful for the cases described above.



Invariant Characteristics of Attractor and Diffusion Chaos
in Reaction-diffusion Equation in the Dumbbell Domain

Glyzin S.D.
150000 Yaroslavl, Sovetskaya st., 14, YSU

glyzin@Quniyar.ac.ru

We consider a problem of homogeneous cycle stability loss in a distributed
dynamical system of reaction-diffusion type in the case when space domain
boundary changes while its measure is preserved. We study the case of
dumbbell domain. Consider the following equation of reaction-diffusion type
with Neumann boundary condition:

U =vDAu+ F(u), a—lj =0, (1)
o1 |yq
where u = u(t,z) € R™, t >0, x € R¥, 1 < k < 3, A — Laplas operator,
and diagonal matrix D is of the form D = diag{dy,...,dn}, d; >0, j=
1,...,m, parameter v > 0 is responsible for proportional decreasing of
diffusion coefficients. Let 7 be an outward normal for piecewise smooth
boundary 9 of bounded domain Q C R”.

Suppose the boundary problem (1) permits a spatially homogeneous cycle
u = up(t) (up(t +7T) = uo(T)). Consider the following problem: suppose v
small enough but above the critical value when the homogeneous cycle looses
stability. Choose the domain €2 to be a pair of rectangles interconnected with
a bridge. The bridge width is a bifurcation parameter of the problem and
is changed in such a way that the measure of the domain is preserved. The
conditions on chaotic oscillations emergence were studied and the dependence
of invariant characteristics of the attractor on the bridge width was construc-
ted. By decreasing the bridge width the homogeneous cycle looses stability
and then the spatially inhomogeneous chaotic attractor emerges. For the
obtained attractor we compute Lyapunov exponents and Lyapunov dimension
and notice that the dimension grows as the parameter decreases but is
bounded. We show that the dimension growth is connected with the growing
complexity of stable solutions distribution with respect to the space variable.

This work was supported by the Russian Science Foundation (project
nos. 14-21-00158).
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Exponentially small splitting of separatrices to whiskered tori
with quadratic frequencies

Gonchenko M.

Technische Universitat Berlin
gonchenk@math.tu-berlin.de

In this talk we will study the splitting of invariant manifolds of whiskered
(hyperbolic) tori with two frequencies in nearly-integrable Hamiltonian sys-
tems such that the hyperbolic part is given by a pendulum. We will consider
2-dimensional tori whose frequency ratios are quadratic irrational numbers.
Applying the Poincaré-Melnikov method, we provide an asymptotic estimate
for the maximal splitting distance, and show the existence of 4 transverse
homoclinic orbits to the whiskered tori with an asymptotic estimate for their
transversality. These estimates are exponentially small in the perturbation
parameter, and the functions in the exponents satisfy a periodicity property.
This is a joint work with Amadeu Delshams and Pere Gutiérrez.

O muddbemopdbuszmax Mopca-Cwmeiina
Ha JIOKAJIbHO-TPUBUAJIbHBIX PACCJIOEHUAX HAJ OKPY>KHOCTBHIO

Gurevich E., Zinina S.

Havyuonarvnui uccredosamenverutdl yrusepcumem
Buicwas wxonra sx0HoMUKY
equrevich@hse.ru

JToK1a1 TIOCBSIIEH M3JI0KEHWIO Pe3yIhTATOB, MOJYIEHHBIX COBMECTHO C
B.3. I'punecowm.

Hudpeomopdpusm f: M" — M"™ cBSI3HONO 3aMKHYTOI'O I'JIaJIKOI'O MHO-
roobpasust M" pazmepHocTu n HasbiBaercs dugppeomoppusmom Mopca-Cmedi-
A, eCIN ero HeOIy K jaolee MHOXKeCTBO {2y KOHEYHO U COCTOUT TOJILKO 13
MUIePOOINIECKUX EPUOJIMIECKUX TOUYEK, U JIJIsl JIIOObIX PA3JIMIHbBIX CEIJ10-
BBIX MEPUOJIMIECKUX TOUEK p,q € {2y muBapuanTHbIe MHOrooOpasusa Wi
W,' 1mbo ne nepecekarorcst, Jmbo nepecekaioTes Tpancsepcanbao. Obosna-
YUM KJIACC COXPaHAONMX opuenTaiuio jguddeomopduzmon Mopca-Cwmeitira,
Ha OPUEHTHPYEMbIX MHOr0OOpasusax depes MS(M™).

C.Cwmeitn mokasaJi, 4To rpaJIMeHTHBIA MoToK GyHKIH Mopca Ha npous-
BOJIbHOM MHOrooopasum M" MoxeT ObITh CKOJIb YIOZHO OJIM3KO AIPOKCHU-
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muposat (B Cl-tomosnorun) norokom Mopca-Cmeiisa, 9To J0Ka3biBaeT Cy-
mectBoBanue jJuddeomopdusmo Mopca-CMmeiisa Ha J1F0OOM MHOI00Opa3uu
(HarmpuMep, SIBJISTIONIMXCS CABUTAMU Ha €JMHMUILY BPEMEHU BJOJIb TPAEKTO-
puii norokos Mopca-Cwueiisia).

Hudpeomopduzmbr Mopca-Cumeitna 00HaAPYKUBAIOT 3aMedaTe/IbHY 0 B34
UMOCBSI3b MEXKJIy JIMHAMUKOI M TOIOJIOTHEH HeCcyIero MHOrooopasus. Tax,
B pabore 1] nokazano, uro ecim muddeomopdusm f € MS(M?) ne umeer
reTePOKJINHNYECKUX KPUBBIX, TO MHOroobpasue M3 nuddeomopdHo 1160
chepe S3, mubo cBazHON cyMMe MHOroobpazmii S? x S'. Jlnsd rpajueHTHO-
noobubIx uddeomopduzmos (muddeomopduzmo Mopca-Cwmeiisa 6e3 re-
TEPOKJIMHUIECKUX TOYEK ) HA 3-MHOI00OPa3UsiX ¢ TPUBUAIBHO BIIOKEHHBIMU
cemapaTpucaMu B paboTe |2| yecTaHOBIEHBI COOTHOIIEHUST MEXKJLYy CTPYKTY-
poii MHOXKeCTBa HeOJIYKIAloNIUX OPOUT U pas3/ioxKeHneM Xeropa HecylIero
MHOTro0oOpa3usi.

B jiokjajie OyiyT MOJIydeHbl JIOCTATOYHbIE YCJIOBUsI, [IPU BBIIOJHEHUN
KOTOPBIX Hecyllee TpexMmepHoe MHoroobOpasue auddeomopdusma Mopca-
Cweiita siBJISIETCsT JIOKAJTHHO-TPUBUAILHBIM PACCIOCHNEM HAJT OKPYKHOCTHIO.
DTOT Pe3yabTAT MO3BOJUT B MOCIEYIOIMIEM ,, TOHU3UTH PA3MEPHOCTH ™ 3a,1a-
YU O TOTIOJIOIMUIECKON KitaccuduKaluy Takux auddeoMopdu3MoB, cBe/is ee
K TOIIOJIOrnYIecKoil Kiaccudukaruu nuddpeomopduzmoB Mopca-Cwmeiisia Ha,
MOBEPXHOCTSIX ¥ OKPYKHOCTH.

Pabora BblllOJIHEHA 1IPU YAaCTUYHON (PUHAHCOBOW 10JJIEPXKKE I'PAHTOB

POODOU Ne 13-01-12452-0odwu-m, 12-01-00672-a 1 PHD Ne14-11-00446.
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Realization of gradient-like diffeomorphisms on surfaces
by means of automorphisms of three-color graphs

Zinina S.

Ogarev Mordovian State University
kapkaevasvetlana@yandex.ru

M. Peixoto 3] introduced “distinguished graph” for topological classification
of Morse-Smale flows on surfaces. Basic definitions and links on this topic,
see, for example, [1]. A. A. Oshemkov and V. V. Sharko 2] suggested a new
topological invariant — three-color graph — for such flows which is simpler
for checking of isomorphism than Peixoto’s one.

We generalize the construction from [2] and associate with every gradient-
like diffeomorphism given on surface a three-color graph.

More precisely. Let G be a class of orientation preserving Morse-Smale
diffeomorphisms on two-dimensional manifold M?, satisfying to the following
conditions:

1. for any distinct periodic points p, ¢ of a diffeomorphism f € G the set
W5 N W' is empty (i.e. f is gradient-like);

2. restriction of the diffeomorphism f to the unstable manifold W*(p) of
any saddle periodic point p preserves orientation of W*(p).

Automorphism Py of three-color graph T is called periodic of period
m € N, if P/*(a) = a and P;(a) # a for natural u < m for each vertex a
the graph T7.

Theorem 1. Two diffeomorphisms f, f' from class G are topologically
conjugated iff exists isomorphism n : Ty — Ty such that P]'c, =nPm L.

We introduce the class of admissible three-color graphs equipped by
periodic automorphisms and prove the following theorem.

Theorem 2. Let admissible three-color graph T' with automorphism P.
Then there exists a diffeomorphism f € G, for which there is an isomorphism
n:T — T, such as P = nPm L.

The author appreciate V.Z. Grines for the formulation of the problem
and O. V. Pochinka for the useful discussion.

Acknowledgments. This work was supported by the Russian Foundation
for Basic Research (grant 13-01-12452-ofi-m).
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Mixed dynamics in the Pikovsky-Topaj problem
of four coupled rotators

Kazakov A.

Labachevsky State Unwversity of Nizhni Novgorod
kazakovdz@yandex.ru

For the well-known Pikovsky—Topaj model which describes the dynamics
of four symmetrycally coupled rotators the main biffuraction of symmetry
braking is investigated. Me show that these biffuractions lead to the appearing
of a such kind of chaos as mized dynamics. Moreover we explain the reason
for the numerically observed asymmetry of the attractor and repeller which
appears with the increasing of the coupling parameter.

This is a joint work with Gonchenko S.V.

Localized nonlinear modes for NLS with periodic potential:
coding and stability

GL Alfimov!, PP Kizin', DA Zezyulin?

' National Research University of Electronic Technology, Zelenograd,
Moscow, Russia
2Centro de Fisica Tedrica e Computacional,
Universidade de Lisboa, Portugal
galfimov@yahoo.com

Localized nonlinear modes for defocusing NLS equation with periodic
potential

10U (z,t) + 02V (z,t) — V(2)U(z,t) — |U(z,t)[*U(z,t) =0, (1)
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(known also as Gross-Pitaevskii equation with repulsive interactions) are the
solutions of Eq.(1) of the form U(x,t) = e %!4)(x) that satisfy the condition
of localization

lim W(z,t)=0.

r—+00

The function ¢(z) obeys the second order ODE
V(@) + (p = V(2))(z) — ¢ (z) = 0.

Recently, complete description of these solutions for some classes of potential
V() has been presented (G.L. Alfimov, A.I. Avramenko, Physica D 254
(2013) 29-45). This approach allows to code these solutions by words of
finite length consisting of symbols of some finite alphabet. This contribution
is devoted to the two following issues: (i) given the code, how one can restore
the profile of the mode? (ii) is it possible to make a conclusion about the
stability of the mode by its code?

Answering the point (i), we present a numerical algorithm for construction
of the mode profile by its code. In order to study the point (ii) we explore the
linear stability of the nonlinear modes with the simplest codes. The study
was fulfilled for the model case V(z) = Acos2x. Numerical computations
show that the modes with alternating symbols in the code are unstable.
At the same time it has been shown that even the simplest localized mode
with one-symbol code may also reveal oscillatory instability. The stability
results have been verified by several different numerical tools including the
Evans function method and direct solving of eigenvalue stability problem in
Fourier space.

Transient structures in a two-component
globally coupled reaction-diffusion system

Kostin V. A.%»2 and Osipov G. V.1

L University of Nizhny Novgorod, Nizhny Novgorod 603950, Russia
2 Institute of Applied Physics, Russian Academy of Sciences,
Nizhny Nowvgorod 603950, Russia

vk1@appl-sci.nnov.ru

We study the transient spatio-temporal structures induced by a weak
space-time localized stimulus in an excitable contractile fiber with the two-
component globally-coupled reaction-diffusion model. The employed model
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is based on the two-variable Aliev—Panfilov model for normalized transmemb-
rane potential and effective conductivity of repolarizing ionic channels in the
nonoscillatory (excitable) cardiac tissue with the local diffusion coupling and
depolarizing current of the stretch-activated ionic channels being included.
The various regimes of the excitation propagation are analyzed and the
origin of the induced structures is determined for various contraction types
(determined by the mechanical fixation of the fiber) and the global coupling
strengths. We have identified two main regimes of excitation spreading
along the fiber: (i) the common quasi-steady-state propagation and (ii)
the simultaneous ignition of the major fiber part and have obtained the
analytical estimate for the boundary between the regimes in the parameter
space. The new oscillatory regimes have been found for the FitzHugh—
Nagumo-like system: (i) the propagation of the soliton-like wave with the
boundary reflections and (ii) the clusterized auto-oscillations. The single
space-time localized stimulus has been shown to be able to induce extremely
long-lasting transient activity as a result of the after-excitation effect when
the just excited fiber parts are re-excited due to the global coupling. The
results obtained indicate the significant role of the mechanical fixation proper-
ties (particularly, the contraction type) and the nessecity to take the respective
effects into consideration in similar studies.

On homoclinic bifurcations and chaos in asymmetric
Duffing—Van-der-Pol equation

Kostromina O.S.

Lobachevsky State University of Nizhny Nowvgorod
0s.kostromina@yandezx.ru

Time-periodic perturbations of an asymmetric Duffing—Van-der-Pol equa-
tion close to an integrable equation with a homoclinic “figure-eight” of a
saddle are considered. The Poincaré map on the global cross-section through
the period of the perturbation generated by this equation is studied.

In the first part of the report the problem of the existence of a rough
homoclinic curve for the Poincaré map is considered. The presence of such
a curve depends on the relative position of the invariant manifolds of a
saddle fixed point for the Poincaré map and is a sufficient condition for the
appearance of complicated behavior of solutions. The constructed bifurcation
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diagram of the Poincaré map on the parameters plane defines all possible
cases of the relative position of the separatrices. The presence of an asymmet-
ric term in the perturbation of the initial equation gives a great variety of
homoclinic structures.

In the second part of the report the appearance of the complicated
behavior of solutions before the tangency of the invariant manifolds of
the saddle fixed point is discussed. The moment of transition from simple
dynamics to chaos is studied. If the Poincaré map has several attractors
(stable fixed and periodic points), the structure of the boundaries of their
attraction basins is investigated. It is established that fractal dimension of
these boundaries becomes more than topological one before the tangency
of stable and unstable separatrices of the saddle fixed point. Therefore, the
obtained (using the Melnikov criterion) boundaries of birth of homoclinic
structures are not boundaries of the transition from simple dynamics to
complex one. In this case, the moment of occurrence of nontrivial hyperbolic
structures coincides with the transition moment of the fractal dimension of
boundaries through the unit.

The author is extremely grateful to his supervisor Professor A.D. Morozov
for helpful discussions and attention to the present paper. The author is also
grateful to T.N. Dragunov for the implemented algorithm for calculation of
the fractal dimension of basin boundaries.

This research was carried out by the project No. 1410 financed by the
Ministry of education and science of the Russian Federation.

Some distributed systems with chaotic pattern dynamics
associated with Smale-Williams attractors

Kruglov V.P., Kuznetsov A.S., Kuznetsov S.P., Pikovsky A.

Saratov State University,
Saratov Branch of Kotel’nikov’s Institute of Radio-Engineering and
Electronics of RAS,
Potsdam University
kruglovyacheslav@gmail.com

In recent years examples of spatially distributed systems were introduced
with Smale-Williams solenoid in Poincaré cross-section [1, 2|. The systems
operate in such way that wave patterns arise and decay alternately with
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spatial phase of their Fourier components undergoes an expanding circle
map. The spatial phase is characterized by angular variable fitted along a
filaments of Smale-Williams solenoid.

We discuss three new models with Smale-Williams attractor described by
partially differential equations. The first model is a string with parametric
excitation of standing wave patterns [3]:

p(z) Ofu = — (a +u?) Bu — yu + G(t) Du, (1)

Boundary conditions are periodic. The term — (a + uQ) Oyu provides nonli-
near dissipation, the term —~u provides dissipation of excitations with wave
number k = 0 . Function p(x) = 14-¢ sin mkox describes distribution of mass
along the string. Function G(t) = 1 + a cos® Zt sin 2wyt + bsin® Z sin 2nwot
describes tension of the string. Frequency wy and wave number kj are chosen
equal. Factor m equals ton + 1 or n — 1.

The variation of the tension pumps standing waves with £ = ky and
k = nky alternatively. On each successive period of pumping the spatial
phase transforms by map ¢/ = +n¢ + const (mod2x) with sign depends on
m, thus giving birth of Smale-Williams attractor.

The second system is a modified Brusselator model with space and time

modulation of parameters:

O = (A —u) (14 ecosbx) — Bu + uv + y(t) o 0%, (2)
O = Bu — u*v — 7(t) 0.

Boundary conditions are periodic. Function 1 + €cos6z in (2) describes
inhomogeneity of the medium. Diffusion coefficients y(t) vary periodically
from 1 to /.

Parameters are chosen in such way that Hopf instability is excluded and
only Turing patterns appearance is possible. Due to time modulation the
spatial Fourier harmonics of wave patterns arise and decay with two different
wave numbers £ = 2 and 4 alternately. Intrinsic quadratic nonlinearity
and spatial inhomogeneity provide the excitation transfer between these
harmonics in such way that their spatial phases are transformed by doubly
expanding circle map ¢, 11 = —2¢,, + const (mod2r).

The third system differs from previous two in that it is autonomous [4]:

du+ (1+ (92)2 u = pu+ u® — fuv? + v cos 3z, (3)
o = —v + v + u?
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Boundary conditions are periodic. The first equation in (3) is a modified
Swift-Hohenberg equation. The second equation in (3) is auxiliary. Function
e cos 3x describes inhomogeneity of the medium. The dynamics consists
of sequential birth and death of the spatial patterns. Spatial phases of
Fourier components of these patterns on each next stage of activity are
transformed according to the doubly expanding circle map ¢,.1 = —2¢, +
const (mod2m).

Equations (1), (2) and (3) have been solved numerically. The results
of numerical simulations suggest that these systems demonstrate hyperbolic
dynamics. Finite dimensional reduced systems for the most significant modes
were also obtained. Histograms for distributions of the angles between the
stable and unstable subspaces on the attractors of reduced models have been
obtained. Histograms for all three models demonstrate that zero values of
the angles are absent. So, the test confirms hyperbolicity of the attractor.

The work of VPK and ASK was supported partially by RFBR grant No
14-02-31162.
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Mixed dynamics in reversible maps with
figure-8 homoclinic connections

Lazaro T.

Universitat Politecnica de Catalunya (UPC)
jose.tomas.lazaro@Qupc. edu

In this talk we will study the dynamics and bifurcations of two-dimensional
reversible maps with a symmetric saddle fixed point having an asymmetric
pair of non-transversal homoclinic orbits (roughly speaking, a figure-8 symmetric
non-transversal homoclinic connections). For a one-parameter family of maps
unfolding the initial homoclinic tangency, it will be proved the existence of
“Mixed Dynamics that is, appearance of cascades of bifurcations related to
the birth of asymptotically stable, unstable and elliptic periodic orbits.

Stabilizers of Morse functions on surfaces
under the action of symplectic difeomorphisms

Maksymenko S. 1.

Institute of Mathematics of NAS of Ukraine
maks@imath.kiev.ua

Let (M, w) be a closed orientable surface endowed with symplectic structu-
re. The group Symp(M,w) of symplectic diffeomorphisms of M acts on the
space C°(M) of smooth functions on M by the following rule: the result
of the action of a symplectic diffeomorphism h € Symp(M,w) on a smooth
function f € C*°(M) is just a composition f o h. Let

S(f) ={feh=f|heSymp(M,w)}

be the stabilizer of f with respect to this action. The aims of this talk is to
describe the homotopy types of connected components of S(f) for the case
when f is a Morse function.
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Kpurepunii Tomosorundeckoii conpskeéanoctu 3-auddpeomopdn3MoB
C OJTHOII OpOUTOIl reTepOKJIMHNIECKOTO KaCaHUA

MwuTtpsakosa T. M.
HHI'Y um. H.U. Jlobauesckozo

tatiana.mitryakova@yandex.ru

Pesyabrars! nosnydenn: copMmectro ¢ O.B. [Tounnkoii.

B nacrosameit pabore paccmarpuBaercs Kiace W nuddeomopdusmon f,
3aJAHHBIX Ha IVIQJIKAX TPEXMEPHBIX 3aMKHYTBIX OPHEHTHPYEMbBIX MHOT000-
paszusx M3 u 0bIaJJaoNnX CJIeVIOMMUME CBOACTBAMMU:

1) nebuyxgaiomee muoxkectso {1y auddeomopdusma f cocrour us ko-
HETHOI'O UUCJIa THIEPOOJINIECKAX TOUEK;

2) Jisl PA3JIMIHBIX CEJIOBLIX TOYEK 01,0y € {1; nepecedenne Wi Nnwg
HE 1yCTO TOJBKO B cayvae, Korja dim W7 = dim W7 = 2, npu srom
OHO SIBJISIETCS TPAHCBEPCATILHLIM BCIOJIY, KPOME, BO3MOXKHO, OJIHON OPOUTEHI
KaCAHUSI;

3) OKPECTHOCTDL KarK/I0i CeJIOBOI TOYKHU JIOIYCKAET 02—JH/IHeapI/ISaLLI/HO.

st pOpMyJIMPOBKYM OCHOBHOI'O pe3yJibTaTa BBEJEM cejyroliue 0603Ha-
yenus 1js guddeomopdusma f € WU,

Hust i € {0,1,2,3} oboznauum 4epes §2; nogmuozkectBo {)f, cocrosiiee
u3 Touek p rakux, uro dim Wi =i Honoxum Ay = W§ o, By = W3 .,
Vi = M3\ (A;URy) u Vy = V;/f. Muoecrsa Ay, Ry, Vi u Vy ssisuor-
Cs1 CBSI3HBIMH, Vf SIBJISIETCSI TJIQJIKMM 3aMKHYTBIM 3-MHOTOOOPAa3ueM 1 ecTe-
CTBEeHHast npoekiust p, @ Vi — Vf SIBJISIETCST HAKPBITUEM, WHILYIHUPYOITAM
snMMophusM 7, m(Vy) = Z. Tlonoxmnm Wje = U W; nWe = (J W;;L

pEh pEfds
KoMIoHEeHTBI CBSI3HOCTHU Wps C ch u VAV;L C szﬁ b0 He IIepeceKaroTCs,
MO0 TIEPECEKAIOTCST TPAHCBEPCAIHHO, JIMDO TTePEeCceKalTCsT HETPAHCBEPCAIb-
HO ¢ HApPYIIEHUEM YCJIOBUS TPAHCBEPCAJBHOCTH MEPECETeHNs] B TOYHOCTU B
OJIHOM TOYKE.

O6o3naunM uepe3 A MHOXKECTBO TOYEK MeTEPOKJIUHUIECKOIO KACAHHUSI.
Hust moboit Touku a € A obo3HaunM 4epes o, U Oy CeJJIOBble TOYKN Ta-
KM€, ITO (@ NPUHAJIEIKUT [EPECEUCHUIO MHBAPUAHTHBIX MHOr00Opasuit W,

") 1o

u S
u Wy Obosnaunm uepes fi, (Aq) cobersentoe snadenue Toukn o, (o,

MOJLyJTt0 OosibIiiee (MeHbllee) equHuIbl. [1omoKuM A= p;,(A). na a € A

_ Inp,

MOJIOXKUM O e
a

3amernM, uTo ©4 He 3aBUCUT OT BBLIOOpA TOUKH B
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wmoxectse p, - (@). Tlomoxum Cr = {04 a ¢ A}

Onpeznenenne Habop Sy = (Vf, e ) i ) " é'f) HA30BEM CXeMOil Jud-
dbeomopdusma f € V.

Onpenenenne Cxembl Sy u Sy nuddeomopdusmon f, f’ € U Hazo-
BEM SKBUBAJEHTHBIMHU, €CJIA CYIIECTBYET TOMEOMOP(MU3M @ : Vf — Vf/ co
CJIEJIYIOIIMU CBOHCTBAMU:

D)y =m.04 ) )

2) p(W}) = wa n (W) = Wi,
3) O4 = Oy e O, € Cy.

OCHOBHbIM pe3yﬂbTaTOM JIAHHOH PabOThI SIBJISIETCST CIEIYIONIAs TEOPEMA.

Teopema Iuddpeomopdusmul f, f/ € ¥ Tonosornueckn ConpsizKennl To-
IJ1a ¥ TOJBKO TOTJA, KOIrja cxeMbl Sy u Sy 9KBUBAJICHTHBL.

Baazodaprocmu. Crathst Hamrcana npu nogaep:kke rpanata 12-01-00672
PO®U u rpanra Munobpuayku P® B pamkax rocy/lapcTBeHHOIO 3a/laHusl
Ne2014 /134 wa BBIMOJHEHHE TOCYIAPCTBEHHBIX paboT B cdepe HaydHOl Jie-
areabroctu B 2014-2016 rr.
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On bifurcations in nearly integrable Hamiltonian systems
Morozov A.D.

Lobachevsky State University of Nizhny Novgorod
morozov@mm.unn.ru

We consider bifurcations for nearly integrable Hamiltonian systems with
3/2 degrees of freedom. The bifurcations are related mainly to resonances.
Definitions of non-degenerate, degenerate resonances and a degeneration
order j are given. The basic attention is given to degenerate resonances in
Hamiltonian systems. On the basis of the analysis of average systems are
studied bifurcations in neighborhood of degenerate resonances. We distinguish
cases when j is even or odd. The results for 7 = 2 and j = 3 are presented.
The case j = 2 is characterized by existence of "vortex pairs”, and 7 = 3 by
"Karman vortex streets”.

The work was partially supported by the Russian Foundation for Fundamen-
tal Research, grants 13-01-00589, 14-01-00344, the Russian Scientific Founda-
tion, grant 14-41-00044 and the Ministry of education and science of Russian
Federation, project 1410.

Synchronization in a system of oscillators coupled via
periodically and randomly driven common load

Pankratova E.V., Belykh V.N.

Volga State Academy of Water Transport
pankratova@ugavt-nn.ru

This work aims to investigate the role of fluctuations and periodic forcing
in the dynamics of n nonlinear oscillators dynamically coupled by a common
linear system (common load) |1]. Particularly, we consider the case where
the common load is driven by periodic signal or/and subjected to stochastic
force modelled as a white Gaussian noise with zero mean (£(¢)) = 0 and with
the correlation function (£(¢)€(t + 7)) = DJ(7). It is shown that when the
noise intensity D exceeds a certain threshold value D*, consequential noise-
induced synchronization with in-phase oscillations of both the nonlinear
oscillators and common linear system is observed [2]. It should be noted that
for autonomous system this regime does not exist: the in-phase synchronized
oscillators are always in anti-phase synchronized mode with oscillations of
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the load. In this report we present comparative analysis of synchronous
solutions observed for the considered system, for oscillators subjected to a
common noise [3], and for oscillators inertially coupled via common load
driven by a periodic signal.

This work is supported by the Russian Foundation for Basic Research
(projects 12-01-00694 and 14-02-31727).
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[2] E.V. Pankratova, V.N. Belykh. Consequential noise-induced synchroni-
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Topics 222, 2509-2515 (2013).
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Dynamics of gradient-like 3-diffeomorphism
and the characteristic spaces

O. V. Pochinka

National Research University Higher School of Economics, Nizhni Novgorod
olga-pochinka@yandex.ru

We consider gradient-like diffeomorphisms given on closed orientable 3-
manifolds M?3. The dynamics of such a diffeomorphism f can be represented
as a moving from a connected attractor A to a connected repeller Ry.
In this case, for manifold V; = M?\ (A;U Ry) the space of orbits (the
characteristic space) Vf = V}/f is a smooth connected 3-manifold, which in
the simplest case (for example, when a diffeomorphism f is embedded to a
flow) is the direct product of S, x S!. where S, orientable surface of genus
g > 0. The object of study is the class G, of gradient-like diffeomorphisms
(which are not, in general, a one time shift along the trajectories of a flow)
f: M3 — M3 for which the characteristic manifold Vf is diffeomorphic to
S, x S'. In this paper we prove that any saddle point of the diffeomorphism
f € Gg4,9 > 0 has the positive type of orientation. Also states that the
manifold admitting a diffeomorphism f € G4, g > 0 without heteroclinic
curves is the connected sum of g copies of S? x S! for ¢ > 0 and 3-sphere
S3 for g = 0.
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The method of generating of the strongly continuous groups of
operators leading to the new type of Feynman-like formulas for
the linear evolutionary PDEs
Ivan D. Remizov
Bauman Moscow State Technical University
ivremizov@Qyandex.ru

Introduction. Feynman formula is a representation of a solution to the
Cauchy problem for a PDE in a form of the limit of the multiple integral
where the multiplicity tends to infinity. Having appeard first in the pioneering
works of R.P.Feynman on the physical level of rigor, they were extremely
useful for physicists as a source of numerical methods in studying the Schrodinger
equation. Later mathematicians developed a consistent theory of such formulas
and still continue founding more and more applications of Feynman’s idea.
The history of research in Feynman formulas up to 2009 can be found in [1].

Main result. Suppose we are given a real constant a and a family
of bounded self-adjoint operators (S;);>o which is Chernoff-equivalent to a
(in most interesting cases unbounded) self-adjoint densely defined operator
H. Note that Stone’s theorem guarantees the existence of the strongly
continuous group (e'),cg with the generator iaH. Then we introduce a
short formula R, = exp |ia(S) — I)sign(t)] for another family of (unitary,
thanks to the Stone’s theorem) operators (R;)icr. We prove that this new
family is Chernoff-equivalent to the strongly continuous group (e'™#);cg.
Applying the Chernoff theorem [2] to (R;);er we obtain the representation
of the group (e"),cg in the form of Chernoff approximations of a new
type. If operators (Sy)i>0 are integral operators, then the formulas obtained
include both multiple integration (like Feynman formulas) and summation
(not like Feynman formulas). Such formulas give us one of the ways to
solve the Cauchy problem for the PDE w}(t,x) = iaHu(t,x). We call this
PDE the general Schrodinger equation, and the group (e/);cg the general
Schrédinger group for two reasons. First, we allow H to be more complicated
than a second-order differential (with respect to the spatial coordinate x)
operator. Second, we admit that x can range over more complicated spaces
than R3.

This work has been supported by the Russian Scientific Foundation Grant
14-41-00044.

References:
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Method of critical subsystems as a way to calculate the types
of critical points in integrable systems
with three degrees of freedom

Mikhail P. Kharlamov V), Pavel E. Ryabov 2

U Russian Presidential Academy of National Economy and Public Adm.

2) Financial University under the Government of the Russian Federation

mharlamov@uags.ru, PERyabov@fa.ru

Consider an integrable Hamiltonian system with three degrees of freedom
and its integral mapping defined by three functionally independent first
integrals in involution. The critical set of this mapping is a union of the
so-called critical subsystems, which are almost Hamiltonian systems with
less than three degrees of freedom. Critical subsystems are described in two
ways. First, they are defined as the sets of critical points lying on the zero
level of some naturally arising general first integral. Second, the phase spaces
of such critical subsystems are described by the pair of invariant relations.
Using this integral and the invariant relations one can explicitly calculate
the eigenvalues of the corresponding symplectic operator, thus obtaining the
type of critical points belonging to the subsystem with respect to transversal
cross-sections (the outer type). If the rank of some critical point is less
than two, then it belongs to two or three critical subsystems and the the
corresponding outer types form the complete type of the point.

In this talk, we investigate the integrable Hamiltonian system with three
degrees of freedom found by V.V. Sokolov and A.V. Tsiganov [1]. This
system is known as the generalized two-field gyrostat. We find the pairs of
the invariant relations describing invariant 4-dimensional manifolds bearing
the critical subsystems which generalize the famous Appelrot classes of
critical motions of the Kowalevski top [2].

For each subsystem we point out a commutative pair of independent
integrals, describe the sets of degeneration of the induced symplectic structure.
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With the help of the obtained invariant relations, for each subsystem we
calculate the outer type of its points considered as critical points of the
initial integrable system with three degrees of freedom.

The work is partially supported by RFBR, research project No. 14-01-
00119.
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The effect of weak dissipation on
the dynamics of degenerate Hamiltonian system

E.V. Felk, A.P. Kuznetsov, A.V. Savin, D.V. Savin

Saratov State University, Saratov, Russia
AVSavin@rambler.ru

We investigate the effect of weak dissipation on the dynamics of degenerate
in terms of KAM-theorem Hamiltonian systems which are known to have a
special structure of phase space called the stochastic web usually [1]. Since
the nonlinearly driven harmonic oscillator is known to be the simplest system
of this type [1| we consider it with two types of dissipation: linear (1) and
van-der-Pole-like nonlinear (2):

K 400
i — 2y% + wir = —W; sin x Z d(t —nT), (1)
CUOK

sinz Y ot —nT). (2)

n=—oo

i — (v — pa?)i + wir = —
We study the transition to chaos with the increase of nonlinearity parameter

K for different resonance orders ¢ = 2w /woT. We have revealed that rigid
transitions are typical for practically all cases except of the third-order
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resonance in the system (2). In this case the infinite cascade of period-
doublings and the "crossroad area’” structures on the plane "nonlinear parame-
ter K - nonlinear dissipation p” exist.

Also the bifurcation scenarios of attractors evolution with the increase of
dissipation parameters were revealed.

The work was supported by RFBR (project No. 14-02-31067) and RF
President program for leading Russian research schools NSh-1726.2014.2.
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Diffusion through non-transversal transition chains
Simon, A.
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The main goal of our work is to understand the geometric mechanism that
gives rise the instability shown by Colliander et al (2010) in the Nonlinear
Schrodinger Equation with cubic defocusing. It can be seen as a diffusion
mechanism, but it appears that the geometric skeleton of the system is not
the standard for Arnold Diffusion: instead of having a sequence of non-
resonant invariant tori connected along transverse heteroclinic orbits we
have a non-transversal situation.

We expose that the instability (diffusion) can be achieved due to the
large dimension of the system, while we try to generate a scheme for this
new kind of diffusion that could be applied to other infinitely dimensional
Hamiltonian systems.

This is a joint work with Amadeu Delshams and Piotr Zgliczcynski.
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Problems of controlling a spherical robot with pendulum drive are conside-
red. A mathematical model of the dynamics of this robot is constructed and
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control laws in the form of state feedback that provide robot motion along
a given trajectory on a horizontal or a non-horizontal plane are synthesized.

A spherical robot is a spherical shell with material bodies inside it. This
work is devoted to investigation and synthesis of a control for a spherical
robot, driven by a pendulum mechanism. The mathematical model of robot
motion has the form

(M +m)& +mlé = =N~ + (M 4+ m)gryo + P,
Jo=-Q+rMmn P, (1)

mi?[e, €] + 7082 + mlle, &) = Q + mlgle, Yol

¢ — position of the center of mass of the spherical shell, w, ) — vectors of
angular velocity of spherical shell and pendulum, e — unit vector, directed
from the center of joint to the center of mass of the pendulum; ) — control
torque, P — friction force, N — magnitude of the reaction force orthogonal
to the support surface applied to the center of the spherical shell, M u m —
masses of sphere and pendulum, J u j, — moments of inertia of sphere and
pendulum, r — radius of spherical shell, [ — distance between center of sphere
and center of mass of pendulum. Numerical results of computer simulation
that demonstrate efficiency of the proposed control laws are presented.
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We consider a system which consists of a circular cylinder subject to
gravity interacting with N vortices in a perfect fluid. Generically, the circula-
tion about the cylinder is different from zero.
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The governing equations are Hamiltonian and admit evident integrals of
motion: the horizontal and vertical components of the momentum; the latter
is obviously non-autonomous.

We then focus on the study of a configuration of the Foppl type: a falling
cylinder is accompanied with a vortex pair (N = 2). Now the circulation
about the cylinder is assumed to be zero and the governing equations are
considered on a certain invariant manifold. It is shown that, unlike the Foppl
configuration, the vortices cannot be in a relative equilibrium.

A restricted problem is considered: the cylinder is assumed to be sufficiently
massive and thus its falling motion is not affected by the vortices. Both
restricted and general problems are studied numerically and remarkable
qualitative similarity between the problems is outlined: in most cases, the
vortex pair and the cylinder are shown to exhibit scattering.

30



