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Analytical Liouvølle-Arnold theorem
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Gubkin University
abrarov@yandex.ru

The classical Liouville-Arnold theorem for Hamiltonian systems ([1]) with an analytic
smoothness class is considered. The analyticity of dynamics plays a key role in theoretical issues
and is important for applications. The case of three degrees of freedom is considered as the base
case. It turns out that classical data such as Liouville tori with rectilinear windings, Liouville
foliations, action-angle variables in this case are corrected as a result of an apriori existing analytical
continuation at t 7→ ∞. These data take the form of data that canonically describe the derivative
�ow of great circles on the three-dimensional sphere S3.

In this case of three degrees of freedom, a one-to-one correspondence between classical data
and analytical continuation data arises. Analytical continuation data has a completely constructive
form ([2]). In particular, the analityzed phase space has the structure of a canonical global Hopf
bundle for the sphere S3 with a canonical explicit symplectic structure and canonical coordinates in
the form of Lie duality for the simple exceptional algebra e8 ([3]). The phase �ow has a canonical
complete set of integrals and has the structure of an analytic complete intersection with the Galois
group action structure; its trajectory potential has a special zeta-functional form.

The case of an arbitrary number of degrees of freedom is obtained from the case of three
degrees of freedom by an inductive procedure. The continuous analogue of the Liouville-Arnold
theorem, corresponding to the continuous continuation of classical phase trajectories in t 7→ ∞, is
discussed separately.

The mechanical and physical meaning of all these globally emerging analytical structures is
discussed.

The relationship between KAM-theory and its equivariant analytical continuation is analyzed
in the context of the Diophantine geometry of small denominators.
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Asymptotic ergodic higher invariant of magnetic lines
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Assume we have a divergent-free vector �elds without critical points inside a compact
domain Ω, which is tangent to the boundary surface (a magnetic �eld in a magnetic tube).
Such a con�guration relates with dynamics and is completely determined by the Poincaré section
di�eomorphism. We consider all ordered 5-uple points, the initial points of trajectories of the �eld,
and present an ergodic asymptotic integral, analogously with the construction [1], Ch III, 4.3, by
the average of the corresponding explicit density function over arbitrary initial point con�gurations.

Theorem 1. 1. With the assumption above an asymptotic ergodic integral exists and has the
dimension Gs20

cm14 .
2. The integral is de�ned by the integration of a density function (an integrable function in

L1(Ω5)) for ordered 5-uple initial points of trajectories, the density function is an invariant with
respect to uncompressible di�eomorphisms of the domain.
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3. The symmetrization of the invariant is well de�ned as a function on Ω3/sim of the
con�guration space of all non-ordered triples.

4. In the case all trajectories in a 5-uple are closed, the density function for the corresponding
partition is de�ned using two-variable Conway polynomial of 5-component link, is determined by the
collection of lines. The symmetrization of the density function is de�ned using one-variable Conway
polynomial of 3-component links, which are proper sublinks for the 5-component link.

The theorem has an application in MHD: the condition (1) is agree with the magnetic �ow for
Kolmogorov MHD spectrum [2]. The condition (2),(3) shows that the density function for small-scale
magnetic �elds gives an invariant for MHD-turbulence.

In my talk I will prove the statement (2). The proof is based on the individual Birkho�'s
theorem and on the Arnold short paths construction (with a minor addition).
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Many physical, geometric, and probabilistic problems use parabolic partial di�erential
equations. New problems in information propagation and processes with memory require considering
parabolic type equations with various operators acting on spatial variables. This talk presents mean
value theorems for a singular parabolic equation. The singularity arises due to the presence of the
Laplace-Bessel operator.

We consider a maximum and minimum principle for a solution to the singular parabolic
equation of the form

ut = a2∆γu, u = u(x, t), (1)

where ∆γ =
n∑
k=1

(Bγk)xk is the Laplace-Bessel operator (Bγk)xk =
∂2

∂x2k
+
γk
xk

∂

∂xk
is the Bessel

operator and k = 1, ..., n. For problems with Bessel operator we will consider the orthant
Rn+ = {x ∈ Rn, x1>0, . . . , xn>0} (see [1]).

Let t ∈ [0, T ], x ∈ Ω+, where Ω+ is a bounded simply connected domain in Rn+,
S+ = ∂Ω+. We deal with a cylinder C+

T in the space Rn+1
+ = {(x, t) : x ∈ Rn+, t ≥ 0} of the form

C+
T = {(x, t) : x ∈ Ω+, 0 < t < T}.

The part of the boundary of the cylinder C+
T , consisting of its lower base where t = 0 and

surface, will be denoted by Γ+.
Theorem 1. The function u = u(x, t) that satis�es equation (1) in the cylinder C+

T and is
continuous up to its boundary takes the maximal and minimal values on Γ+.

From Theorem 1 is immediately follows that the solution to the problem
ut = a2(∆γ)xu,
u(x, 0) = φ(x),
∂u
∂xi

|xi=0= 0, i = 1, . . . , n,

u |S+= ψ(x, t), x ∈ S+
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is unique.
The domain G+ ⊂ R n

+ is called Green-suitable if G+ is a union of domains G+
1 , . . . , G

+
m

without common interior points. Each domain G+
j ⊂ R n

+ be such that each line perpendicular to

the plane xi = 0, i = 1, . . . , n, either does not intersect G+
j or has only one common segment with

G+
j (possibly degenerating into a point) of the form

αji (x
′) ≤ xi ≤ βji (x

′), x′=(x1, . . . , xi−1, xi+1, . . . , xn), i = 1, . . . , n,

where αi, βi are smooth for i=1, ..., n.
Theorem 2. Let D+⊂Rn+1

+ be Green-suitable domain. A function u=u(x, t) such that
u∈C2(D+), uxi |xi=0= 0, i = 1, .., n, be a solution of the equation

(∆γ)xu− ut = 0

if and only if the equality ∫
∂D+

(
− ∂u

∂ν⃗ ′ + uνn+1

)
xγ dS = 0

holds. Here ν⃗ = (ν⃗ ′, νn+1) is the exterior unit normal to ∂D
+, ν⃗ ′ = (ν1, ..., νn) is vector consisting

of the �rst n components of ν⃗, ∂u
∂ν⃗ ′ =

∂u
∂x1

ν1 + ...+ ∂u
∂xn

νn.

Theorem 3. Let u = u(x, t) ∈ C2(D+) uxi |xi=0= 0, i = 1, .., n, be a solution to the equation

(∆γ)xu− ut = 0

in a Green-suitable domain D+ ⊂ Rn+1
+ . Then for (x0, t0) ∈ D+ and for almost every su�ciently

small r the next formula is valid

u(x0, t0) = −
∫

Γγ(x0,t0,r)

u
∂kγ(x

0, x, t0, t)

∂ν⃗ ′ xγ dS.

dS is the n-dimensional measure on surface Γγ(x
0, t0, r), ν⃗ = (ν⃗ ′, νn+1) is the exterior unit

normal to Γγ(x
0, t0, r), ν⃗

′ = (ν1, ..., νn) is vector consisting of the �rst n components of ν⃗,
∂kγ(x0,x,t0,t)

∂ν⃗ ′ =
∂kγ(x0,x,t0,t)

∂x1
ν1 + ...+

∂kγ(x0,x,t0,t)
∂xn

νn.
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The focus of the article is on conducting a thorough examination of second-order linear
equations with almost periodic coe�cient. By utilizing an asymptotic method, the study derived
a set of equations that describe the parametric subresonant growth of oscillation amplitudes.
Additionally, the time of a turning point from the growing of the amplitude to the bounded
oscillations in the slow variable was found.
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We are investigating an equation with time-dependent almost periodic coe�cient [1]:

u′′ + (ω2 + ϵq(t))u = 0, (1)

here q(t) is almost periodic function and ϵ is a small positive parameter:

q(t) =

∞∑
n=1

1

nk
cos

(
(2− 1

np
)t

)
, k > 1, p > 0, (2).

The equation (2) provides a clear and simple representation of the e�ects observed in the
subresonance case. The amplitude tends to zero, the frequency tends to resonant, and this is a
typical case when subresonance solutions appear.

The parameter ω di�ers little from 1: ω = 1 + δ. Here δ is the parameter and de�nes the
di�erence from the exact subresonant frequency. The goal is to identify the areas of stability of
solutions of the equation depending on the parameters δ and ϵ. Let us construct an asymptotic
solution in the form:

u ∼ u0 + ϵu1, (3)

By substituting expression (3) into equation (1) and combining terms with the same degree
ϵ. Obtain the equation for the main term:

d2

dt2
u0 + ω2u0 = 0.

Let us look for its solution in the form of u0 = a(τ) cos(ωt) + b(τ) sin(ωt), using two scale method,
where τ = ϵγt is slow time. We use a standard approach in the theory of two scale asymptotics: fast
time is associated with oscillations, and slow time determines the change in amplitude.

The equation for the �rst correction:

d2

dt2
u1 + u1 ω

2 + q(t) (b sin (ωt) + a cos (ωt))− 2a1ω sin (ωt) + 2b1ω cos (ωt) = 0 (4)

here a1 = ϵγ−1a′ and b1 = ϵγ−1b′, a stroke means a slow-time derivative τ .
The functions a, b, a1, b1 are considered as constants when they are di�erentiated, integrated

over fast time. The task is to �nd the dependence on τ for a and b.
Let us introduce a replacement in the integrand function ωt̃ ≡ t̃+ δt̃ = t̃+ κτ . κ = δ/ϵγ . We

use the asymptotics calculated in [2],[3]. As a result , a system of equations is obtained:

d

dτ
w =

Bw

τα
+ v κ,

d

dτ
v = −wκ− Bv

τα
.

Asymptotic solution can be obtained by the WKB method:

w ∼ C1

exp(
∫ t
0

√
1− λ2

θ2α
+ αλ

θα+1dt)

4

√
1− λ2

θ2α
+ αλ

θα+1

.

So the turning point to change the growing character of the solution is located in a
neighbourhood of the point

θ∗ ∼ λ1/α.
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On simple singularities of symmetric or skew-symmetric matrix families
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There exists a number of papers devoted to the classi�cation of smooth or analytic matrix
families. Such families naturally appear in the study of binary di�erential equations, dependency sets
of vector �elds on manifolds, as well as in connection with other problems in di�erential geometry.
It is natural to consider such families up to G-equivalence, i. e., up to parameter-dependent linear
base changes and parameter changes.

In [1] analytic families of square matrices, which can be viewed as linear maps between
equidimensional spaces, are considered. In particular, normal forms of G-simple mappings (i. e.,
those having a �nite number of adjacencies) are obtained. An ideologically similar paper [2] is
devoted to the study of analytic families of symmetric matrices. In [3] analytic families of skew-
symmetric matrices are considered. In particular, a complete classi�cation of two-parameter and a
partial classi�cation of three-parameter 4× 4 simple skew-symmetric matrix families are obtained.

We obtain a necessary existence condition for G-simple analytic symmetric and skew-
symmetric matrix families that are even or odd in the totality of parameters in terms of number
of parameters, matrix size and 1-jet rank. We also classify symmetric and skew-symmetric matrix
families that are odd in the totality of parameters with 1-jet of corank zero. The work is generally
inspired by aforementioned papers [1]�[3]. Some of the results presented can be found in [4].

The talk is based on our joint work with N. Abdrakhmanova and A. Terentiev.
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For natural n and real k > 1 consider the Emden�Fowler type equation

y(n) = |y|k sgn y. (1)

We study an asymptotic behavior of blow-up solutions to this equation, that is, solutions
tending at the end point x∗ of its domain to in�nity with their derivatives up to the n-th order.

Immediate calculations show the function Ynk(x) = C(−x)−α to be a solution to (1) whenever
α = n/(k − 1) and Ck−1 =

∏n−1
j=0 (α+ j).

1This work was partially supported by RSF, grant 20-11-20272.
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For n = 1 the functions y(x) = ±Ynk(x∗ − x) with arbitrary x∗ ∈ R are the only non-trivial
solutions to (1). For n = 2 in [1, chapter V]) and for n ∈ {3, 4} in [2, chapter 5.3], it was shown that
any blow-up solution to (1) (and more general equations including (1)) has power-law asymptotic
behaviour, namely, y(x) ∼ ±C(x∗ − x)−α as x → x∗ − 0 with the same constants α and C. As for
n > 4, this statement was proven only for weak non-linearity in (1), i. e. for 1 < k < Kn with some
constant Kn > 1 (see [3]).

For stronger non-linearity, the statement generally does not hold. In [4] for su�ciently great
n and in [5] for any n ⩾ 12, the existence of other blow-up solutions to equation (1) was shown.
Namely, for some k > 1 depending on n, equation (1) has an asymptotically non-power solution
y = (x∗ − x)−α h(log (x∗ − x)) with a non-constant continuous positive periodic function h de�ned
on R. Moreover, for greater n the power-law asymptotic behaviour can become atypical. In [6] this
was shown for any integer n ∈ [12, 203] and su�ciently strong non-linearity. The result followed
from

Theorem 1 [6, Corollary 1]. If the equation

n−1∏
j=0

(λ+ j) =
n−1∏
j=0

(j + 1) (2)

has no pure imaginary root, but has at least one root with positive real part other than 1, then there
exists kn > 1 such that, for any k > kn and any point x0 ∈ R, the set of initial data of asymptotically
power-law solutions to equation (1) has measure zero.

We study roots of the above polynomial equation by using the notation

Pn(ω) =

n−1∏
j=0

ω2 + j2

(1 + j)2
and Sn(ω) =

n−1∑
j=0

arg(j + ωi)

with arg z ∈ [0, 2π) for all z ∈ C \ {0}, as well as
Lemma. If PN (ω) > 1 for some ω > 0 and some N ∈ N, then equation (2) with n ⩽ N

cannot have more than ⌊SN (ω)/2π⌋ pairs of complex conjugate roots with nonnegative real parts.
On the contrary, if PN (ω) < 1, then equation (2) with n ⩾ N has at least ⌊SN (ω)/2π⌋ pairs of
complex conjugate roots with positive real parts.

In [6], when using a similar lemma and computer calculations of the above product and
sum, one met non-exact computer representation, in C-type programming languages, of fractional
and su�ciently large integer numbers as well as rounding errors of operations, which made unsure
any comparison of the results obtained even with 1 and especially with 2π. So, instead of exact
calculations, some estimates were obtained with permanent comparison of intermediate results with
a su�ciently large integer constant 9 · 1015 having exact binary representation in the computer
memory when using the 64-bit �oat format of the IEEE 754 standard. This succeeded for n ⩽ 203
only.

However, in the Python programming Language, it is possible to use long integer objects of
arbitrary size. So, for ω ∈ Q, we can obtain Pn(ω) as a rational number with very long numerator
and denominator and Sn(ω) as the sum of a multiple of π/2 and arctan s with some rational s.

Thus, for several N ∈ N and specially found values of ωN ∈ Q, we have obtained estimates for
PN (ωN ) and SN (ωN ) showing that equation (2) has no pure imaginary roots whenever n ⩽ 100000
while the number of its roots with positive real and imaginary parts equals 0 if 1 ⩽ n < 12, 1 if
12 ⩽ n < 62, 2 if 62 ⩽ n < 204, 3 if 204 ⩽ n < 540, 4 if 540 ⩽ n < 1250, 5 if 1250 ⩽ n < 2645,
6 if 2645 ⩽ n < 5230, 7 if 5230 ⩽ n < 9815, 8 if 9815 ⩽ n < 17663, 9 if 17663 ⩽ n < 30702, 10
if 30702 ⩽ n < 51826, 11 if 51826 ⩽ n < 85309, 12 if 85309 ⩽ n ⩽ 100000.

By the way, some of integers used in the proof have more than 1500000 decimal digits.
Nevertheless, we have

Theorem 2. If 12 ⩽ n ⩽ 100000, then there exists kn > 1 such that at any point x0 ∈ R the
set of initial data of asymptotically power-law solutions to equation (1) has zero Lebesgue measure
whenever k > kn.
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A bifurcation that occurs in a multiparameter family is a Cartesian product if it splits into
two factors in the sense that one bifurcation takes place in one part of the phase space, another
one � in another part, and they are in a sense independent, do not interact with each other.

To understand how a family bifurcates, it is su�cient to study it in a neighborhood of the
so-called large bifurcation support [1]. Given a family of vector �elds on S2 that unfolds a �eld
v0, the respective large bifurcation support is a closed v0-invariant subset of the sphere indicating
parts of the phase portrait a�ected by bifurcations. An intuitive approach to Cartesian products of
bifurcations suggests that one should consider disconnected large bifurcation supports in order to
obtain Cartesian products for sure.

The main goal of the talk is to formulate a su�cient condition when a family with disconnected
large bifurcation support is equivalent to a Cartesian product of bifurcations.
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Payne nodal set conjecture for the Riesz fractional p-Laplacian
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Let p ∈ (1,+∞), s ∈ (0, 1) and let Ω be a bounded domain in RN , N ≥ 1. Consider the
eigenvalue problem with Dirichlet boundary condition, i.e. the boundary value problem{

(−∆)sp u = λ|u|p−2u in Ω,

u = 0 on ∂Ω,
(D)

where (−∆)sp, p > 1, is the Riesz, or semi-restricted, fractional p-Laplacian de�ned for su�ciently
regular functions as

(−∆)spu(x) = const · lim
ε→0+

∫
RN\B(0,ε)

|u(y)− u(x)|p−2(u(y)− u(x))

|y − x|N+ps
dy.

The second eigenfunction, de�ned per standard Lyusternik-Shnirelmann argument, is a sign-
changing function. The Payne nodal set conjecture for Steiner symmetric domains asserts that
the nodal set of any second eigenfunction intersects the boundary ∂Ω. In the local settings with
s = 1, the conjecture was proven in [3] and [2] in the linear case p = 2 and in [1] in the nonlinear
case p ∈ (1,+∞). We extend and generalize these results to the nonlocal nonlinear case s ∈ (0, 1)
and p ∈ (1,+∞).

Theorem 1. Assume that Ω is Steiner symmetric with respect to the hyperplane
H0 := {(x1, . . . , xN ) ∈ RN : x1 = 0}. Let u be a second eigenfunction of (D). Then

dist(suppu−, ∂Ω) = 0 and dist(suppu+, ∂Ω) = 0.

A similar result is obtained for least energy nodal solutions of the equation (−∆)sp u = f(u)
under nonlocal Dirichlet boundary conditions, where the model case of f being a subcritical and
superlinear nonlinearity, i.e. f(u) = |u|q−2u with q ∈ (p, p∗s).

The proof is based on properties of polarization speci�c to the nonlocal case s ∈ (0, 1).
Most importantly, in a strong contrast to the local case, the polarization strictly decreases certain
strong functionals associated with the Slobodetski seminorm of a given function unless the polarized
function coincides with either the original function or its re�ection. Curiously, we do not require any
assumptions on smoothness of ∂Ω, and even connectedness and boundedness of Ω can be weakened.
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We consider the Cauchy problem for the non-stationary two-dimensional Dirac equation with
a linear potential U = x1 and localized initial condition (h is a small parameter):ih

∂u
∂t = x1u+

(
−ih ∂

∂x1
− h ∂

∂x2

)
v,

ih ∂v
∂t =

(
−ih ∂

∂x1
+ h ∂

∂x2

)
u+ x1v,

u|t=0 = h−2u0
(x
h

)
, v|t=0 = h−2v0

(x
h

)
, x = (x1, x2) ∈ R2.

The solution is localized in the disk {|x| ⩽ t} at a �xed time t ⩾ 0. A WKB-approximation
outside of the singular diameter {x2 = 0, |x1| ⩽ t} has been constructed in [1]. We study the
approximation in a neighborhood of this diameter. The leading term of the approximation contains
logarithm of the small parameter. It is connected with the multiplicity change phenomenon of the
Hamiltonians (i. e. of the eigenvalues of the matrix symbol of the di�erential operator from the right
hand side of the equation.
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We consider the following boundary value problem
−∆pu = up

∗−1 in Ω,

|Du|p−2∂nu+ λup−1 = 0 on ∂Ω,

u > 0 in Ω,

(1)

where Ω is a bounded smooth domain in Rn, p ∈ (1, n), ∆pu = div(|Du|p−2Du) is the p-Laplacian
operator, λ > 0, and p∗ = np

n−p stands for the critical Sobolev exponent.

Since the embeddingW 1
p (Ω) → Lp∗(Ω) is not compact, the standard variation method cannot

be applied directly. For p = 2 some results on solvability of the problem (1) were obtained by
X.-J. Wang in [1].

We use a variant of the concentration-compactness method by P.-L. Lions and give some sharp
su�cient conditions for solvability of the problem (1).

The talk is based on a joint work with A. I. Nazarov.

2The work is supported by RSF (the grant 24-11-00213), INI, and LMS.
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Undercompressive shocks and their role in solving Riemann problem are studied. Solutions to
a special system of two hyperbolic equations representing conservation laws are investigated. On the
one hand, this system of equations makes it possible to demonstrate the non-standard solutions to
the Riemann problem, on the other hand, this system of equations describes longitudinal-torsional
waves in elastic rods. We use the traveling wave criterion for admissibility of shocks as the additional
jump condition. If the dissipation parameters included in each of the equations of the system are
di�erent, then there are undercompressed waves.

Caricature of Hydrodynamics
for the Hamiltonian �Field�Crystal� System

Dudnikova T.V. (Russia, Moscow)
Keldysh Institute of Applied Mathematics RAS

tdudnikov@mail.ru

One of the central problem of nonequilibrium statistical physics is the mathematically rigorous
derivation of macroscopic evolution equations from the microscopic dynamics of a particle system.
In the talk, we discuss this problem for the Hamiltonian system consisting of a real scalar Klein�
Gordon �eld ψ(x) and its momentum π(x), x ∈ Rd, coupled to a harmonic crystal described by
the deviations u(k) ∈ Rn of particles (atoms, molecules, ions, etc) from their equilibrium position
and their velocities v(k) ∈ Rn, k ∈ Zd, d, n ⩾ 1. The Hamiltonian functional of the coupled system
reads

H(ψ, u, π, v) :=
1

2

∫ (
|∇ψ(x)|2 +m2

0|ψ(x)|2 + |π(x)|2
)
dx

+
1

2

∑
k∈Zd

( ∑
k′∈Zd

u(k) · V (k − k′)u(k′) + |v(k)|2
)
+
∑
k∈Zd

∫
R(x− k) · u(k)ψ(x) dx,

where the coupled function R(x) is a Rn-valued smooth function exponentially decaying at in�nity,
m0 > 0, V is a real interaction matrix in the crystal, V (k) ∈ Rn × Rn. To derive the transport
equation we introduce a small (scale) parameter ε and consider a family of the initial measures
{µε0, ε > 0} satisfying some conditions. In particular, we assume that the measures µε0 are locally
spatially homogeneous (w.r.t. the translations in Zd) or �slowly vary� under order shifts less than
ε−1, and inhomogeneous under shifts of the order ε−1. Given nonzero τ ∈ R and z ∈ Rd, we
study the distribution µετ/εκ,z/ε of the random solution close to the spatial point [z/ε] and at time

moments τ/εκ with an κ, κ > 0. In the case κ < 1, we prove that the measures µετ/εκ,z/ε converge
to a limit measure as ε→ 0, which is Gaussian and its covariance matrix does not depend on τ . For
κ = 1, lim

ε→0
µετ/ε,z/ε = µτ,z, where µτ,z is a Gaussian measure. In particular, we derive the explicit

formulas for the covariance matrix of the limit measure. These formulas allow us to conclude that
in the Bloch�Floquet�Zak transform the limit covariance matrix evolves according to the following
equation:

∂τfτ,z(θ) = i C(θ)∇Ω(θ) · ∇zfτ,z(θ), C(θ) =

(
0 Ω−1(θ)

−Ω(θ) 0

)
, (2)
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where z ∈ Rd, τ > 0, θ ∈ [−π, π]d, and, roughly, Ω(θ) is the �dispersion relation� of our model.
Eqn (1) can be considered as the analog of the Euler equation, see [1] for details. Furthermore, we
derive the equation for �the next approximations� to the limiting Euler equation (2) (i.e., we obtain
in (2) the additional terms of the order εκ, κ = 1, 2, . . .). To do it we study the asymptotic behavior
as ε→ 0 of correlation functions of distributions of the solutions at times τ/εκ, κ = 2, 3, . . ., and at
space points close to [z/ε]. After an appropriate change of variables in the limit expressions (τ → t:
τ = εκ−1t), we obtain the equation of a form

∂tf = i C(θ)

(
∇Ω(θ) · ∇zf +

i ε

2
∇2Ω(θ) · ∇2

zf + · · ·+ (i ε)κ−1

κ!
∇κΩ(θ) · ∇κ

zf

)
. (3)

In particular, if κ = 2, then Eq. (3) can be considered as an equation of the Navier�Stokes type.
For the harmonic crystals, Eqns (2), (3) were derived in [2], [3] in one-dimensional case and in [4]
for multidimensional case.
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We consider a Hamiltonian chain of N ⩾ 2 rotators (in general nonlinear) in which the �rst
rotator is damped. We are interested in the rate of total energy dissipation for high energies. This
problem is motivated by nonequilibrium statistical mechanics of crystals for which a Hamiltonian
chain of interacting particles, where the �rst and last particles are damped and driven by a stochastic
perturbation, is a classical model. Controlling the energy decay for high energies, provided by the
damping, is crucial for studying large time behaviour of such systems.

We show that the time derivative of energy H is bounded by −H−2N−3 once H is su�ciently
large. This upper bound coincides with that obtained in paper [1], in which the authors also give
numerical evidence that this estimate is optimal, so the energy decay is very slow indeed. The
method employed in [1] is based on a KAM-like procedure, is technically complicated, and the
authors assume very special initial conditions. On the contrary, our proof is simple, short and holds
for arbitrary initial conditions. We adopt completely di�erent approach going back to Maliso� and
Mazenec [2], relying on a method that allows under mild conditions to construct a strict Lyapunov
function once a non-strict one is given (in our case the latter is the Hamiltonian).

This is a joint work with Lev Lokutsievskiy and Andrey Sarychev.

References

[1] Cuneo N., Eckmann J.-P., Wayne C.E. Energy dissipation in Hamiltonian chains of rotators //
Nonlinearity 2017. Vol. 30. R81.

[2] Maliso� M., Mazenec F. Construction of strict Lyapunov functions. Springer-Verlag. 2009.

33



Chimera states in a 2D system of neurons with superdiffusion coupling

Fateev I. S. (Russia, Moscow)
P.N. Lebedev Physical Institute of the Russian Academy of Sciences

i.fateev@lebedev.ru

Polezhaev A.A. (Russia, Moscow)
P.N. Lebedev Physical Institute of the Russian Academy of Sciences

polezhaevaa@lebedev.ru

Chimera states are important dynamical phenomena that manifest themselves in ensembles
of initially homogeneous dynamical oscillators by breaking their symmetry. The counterintuitive
nature of this phenomenon lies in the coexistence of spatial coherence and incoherence, which are
formed within the system under consideration. In terms of the many applications of chimera states,
it is possible to highlight their relationship to the bump states observed in the cerebral cortex
and many other cognitive processes. This fact provides the importance of applying mathematical
methods of the theory of distributed dynamical systems to the problems of collective behavior of
neurons [1].

As part of our study, we proposed a system that describes the dynamics of action potential
propagation in a network of interacting neurons. To form a universal model based on one of the
main non-equilibrium mechanisms found in nature, we chose the reaction-superdi�usion approach:

∂u/∂t = −Du(−∆x,y)
αu/2u+ v − au3 + bu2 −m+ Iext,

∂v/∂t = −Dv(−∆x,y)
αv/2v + c− du2 − v,

∂m/∂t = r
(
s(u− u0)−m

)
.

(1)

The kinetic part is based on the fractional Laplace operator −(−∆x,y)
αi/2, i = {u, v}. The discrete-

di�erence approximation scheme of this operator forms a network with anisotropic properties.
Moreover, this scheme naturally forms a system with both local di�usive type interaction for
(αu = 2, αv = 2) and non-local superdi�usive type for (αu < 2, αv < 2). A set of nonlinear
functions of the Hindmarsh-Rose neuron model is used as the basis of the distributed system and
describes the activation dynamics of local elements.

Fig. 1: Dynamical regimes observed in the parameter space of the fractional Laplace operator
exponents for a sample of two di�erent initial conditions uniformly distributed on the interval
(−1, 1) for two-component system. To demonstrate the uni�cation of the synchronization transition,
data are presented for three indicators (from left to right): the local order parameter averaged over
the space-time domain ⟨L(αu, αv)⟩r,t the synchronization factor R(αu, αv), and the strength of
incoherence SI(αu, αv).

We analyzed the synchronization transition for two-component system in the parameter space
of the fractional Laplace operator (αu, αv). Also, di�erent kinds of chimera states for two-component
and three-component systems caused by the target-wave process in the isolated region were found
[2]. The study agrees and allows to extrapolate data obtained for a one-dimensional system [3], and
can be useful for computational neuroscience tasks.
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The system under consideration is described by the following equations:

dun
dt

= −N(vn+1 − vn) + µun − u3n,
dvn
dt

= −N(un − un−1), (1)

u0 = 0, vN+1 = β
duN
dt

, n = 1, 2, . . . , N. (2)

Of particular interest is the regime where N ≫ 1, prompting the transition to a continuous
model:

∂u

∂t
= −∂v

∂x
+ µu− u3,

∂v

∂t
= −∂u

∂x
, (3)

u|x=0 = 0,

(
β
∂v

∂x
+ v

) ∣∣∣∣
x=1

= β(µu− u3)|x=1. (4)

In this model, as µ→ 0, a quasi-normal form is derived using conventional methods (see, for
example, [1], [2]):

η̇l =

[
δl − dl ηl −

∞∑
m=1
m̸=l

dl,m ηm

]
ηl, l ⩾ 1. (5)

The equilibrium states of system (5) are investigated through numerical methods. We conduct
a series of experiments by integrating the system:

η̇l =

[
δl − dl ηl −

N∑
m=1
m ̸=l

dl,m ηm

]
ηl, l = 1, 2, . . . , N, (6)

which is an approximation of system (5), for �nite values of N and initial conditions featuring a
�xed number of nonzero components.

The computations are carried out using a program written in the Python programming
language and the scipy library for mathematical computations. Numerical integration employs
the Runge-Kutta 8th order method.

The computational experiments revealed the existence of what are termed single-mode regimes
in system (6), wherein all components, except the j-th, tend towards zero. However, the presence
of other equilibrium states (multi-mode regimes) could not be demonstrated within the speci�ed
precision.

Let us examine the evolution of stable equilibrium states of the problem (1)-(2). To accomplish
this, based on the stable regimes of system (6), we will construct initial conditions for the original
problem and investigate the phase transitions of these regimes as the parameter µ increases from
small values to values of the order of 1. It has been demonstrated that for system (1)-(2) at di�erent
values of the parameter µ, stable invariant tori and cycles exist.

3This work was supported by the Russian Science Foundation (project No. 22-11-00209),
https://rscf.ru/en/project/22-11-00209/
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In [1] a problem of topological classi�cation in a class P of polar �ows on closed four-
dimensional manifolds in assumption that for any f t ∈ P the set of saddle equilibrium states
consists only of points with two-dimensional stable and unstable manifolds is solved. It is shown
that Kirby diagram, which is an framed link on a sphere intersecting the trajectories of the �ow,
is a complete topological invariant for �ows in P . We use Kirby calculus on the set of framed links
developed in [2] to describe all possible types of bifurcations of �ows from P , that does not change
a topology of the ambient manifold.

Acknowledgments: This work is an output of a research project implemented as part of the
Basic Research Program at the National Research University Higher School of Economics (HSE
University). The author is grateful to E. Gurevich for setting the problem.
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On the maximal Lp − Lq regularity theorem for the linearized Magnetic
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We consider the two-phase conjugation problem for linearized electro-magnetic �eld equations.
This problem arises when studying the free boundary problem of magnetohydrodynamics, which
describes the motion of viscous incompressible liquid inside another viscous incompressible liquid
under the action of magnetic �eld. As the interface between the liquids is unknown, we use Hanzawa
coordinate transform to reduce the free boundary problem to a �xed domain problem. The linearized
problem can be decomposed in two parts: hydrodynamic and magnetic, since the coupling terms
are semi-linear. We prove the maximal Lp − Lq regularity theorem for the magnetic part [1]. This
result is obtained by applying the Weis Fourier multiplier theorem. The maximal Lp−Lq regularity
theorem for the hydrodynamic part has been proved by J. Pruess and G. Simonett, S. Maryani and
H. Saito. Combination of these results yields local well-posedness for MHD problem in the case of
two incompressible liquids separated by a closed interface [2].

The talk is based on the joint work with Yoshihiro Shibata (Waseda University, Japan).
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Estimates for the fractal dimension of the global attractors of dissipative evolution PDEs are
traditionally related with the number of the degrees of freedom involved in the description of the
long-time behaviour of the solutions. The dimension estimates, in turn, are based on the bounds
for the N -traces of the linearized evolution overator. Therefore inequalities for systems that are
orthonormal with respect to the underlying Hilbert phase space naturally come into play.

In the case of the 2D Navier�Stokes equations inequalities for the L2-orthonormal systems of
vector functions (the celebrated Lieb�Thirring inequalities) play the esential role in �nding good
or even optimal estimates for the dimension of the global attractors. We review a few classical and
new results for certain models in mathematical �uid mechanics both in 2D and 3D.

Another popular example of an equation served by the attractor theory is a weakly damped
nonlinear hyperbolic system. Here the key role is played by the inequalities for systems with
orthonormal gradients. Based on them, a sharp two sided estimate for the fractal dimension of
the global attractor is obtained in the limit of a small damping coe�cient.

Finally, as a by-product of the technique developed, �rst order Lp−L2−L2 type interpolation
inequalities with asymptotically sharp constants are obtained for the 2D torus and 2D sphere.
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We study a di�erence Riccati equation

Φ(x) + ρ(x)
1

Φ(x− ω)
= v(x), (1)

where ρ and v are known smooth 1-periodic functions and ω ∈ T1 = R/Z is irrational.
Such an equation is strongly related to a linear di�erence equation

Ψ⃗(x+ ω) = H(x)Ψ⃗(x), Ψ⃗(x) ∈ R2 (2)

with a 1-periodic SL(2,R)-valued functions H via a transformation Φ(x) = Ψ1(x+ω)
Ψ1(x)

.
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A formal solution of the equation (1) can be represented as a continued fraction

Φ(x) = b0(x) +
1

b1(x) +
1

b2(x) + · · ·

= b0(x) +K∞
j=1

1

bj(x)
, (3)

where b0(x) = v(x) and bj(x) = −
v(x− (j + 1)ω)

ρ(x− jω)
for j ∈ N.

If continued fraction (3) converges, it de�nes a true solution of (1). Unfortunately, theory of
continued fractions provides not so many su�cient conditions, which can be applied in general case.
One of such condition reads (see e.g. [1])

|b(x)| > 2, ∀ x ∈ T1

and seems to be very rough.

Denote by Φn(x) = b0+K
n
j=1

1

bj(x)
a �nite continued fraction and introduce a transformation

An : T1 → SL(2,R) as

An(x) =

(
bn+1(x) 1

−1 0

)
.

This transformation generates a cocycle

Mn(x) = A1(x) · · ·An(x).

Then it is known (see e.g. [2]) that

Φn(x) = b0(x) +
(Mn(x)e⃗1, e⃗2)

(Mn(x)e⃗1, e⃗1)
,

where {e⃗1, e⃗2} is the standard basis in R2.
Using the critical set method ([3]) we study hyperbolic properties of the cocycle M and

formulate su�cient conditions for the convergence of continued fraction (3). We apply these results
to reconstruct solutions of (1).
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Global Bifurcations and Multistability of Limit Cycles
in a Special Polynomial Li�enard System
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We consider a generalized Li�enard equation

ẍ+ h(x) ẋ2 + f(x) ẋ+ g(x) = 0 (1)

and the corresponding dynamical system

ẋ = y, ẏ = −g(x)− f(x) y − h(x) y2. (2)
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There are many examples in the natural sciences and technology in which this and related
systems are applied [1�6]. Such systems are often used to model either mechanical or electrical, or
biomedical systems, and in the literature, many systems are transformed into Li�enard type to aid in
the investigations. They can be used, e. g., in certain mechanical systems, where f(x) represents a
coe�cient of the damping force and g(x) represents the restoring force or sti�ness, when modeling
wind rock phenomena and surge in jet engines. Such systems can be also used to model resistor-
inductor-capacitor circuits with non-linear circuit elements. Recently, e. g., system (2) has been
shown to describe the operation of an optoelectronics circuit that uses a resonant tunneling diode
to drive a laser diode to make an optoelectronic oscillator. There are also some examples of using
such systems in ecology and epidemiology.

We suppose that system (2), where g(x), h(x) and f(x) are arbitrary polynomials, has an
anti-saddle (a node or a focus, or a center) at the origin and write it in the form

ẋ = y,

ẏ = −x (1 + a1 x+ . . .+ a2l x
2l) + y (α0 + α1 x+ . . .+ α2k x

2k)

+ y2(c0 + c1 x+ . . .+ c2n x
2n).

(3)

We suppose also that system (3) has at least three singular points in a �nite part of the plane,
which are symmetric with respect to the origin. Such a system can be used to simulate robotic
dynamical systems that describe, in particular, the movement of humanoid robots that have a head
with a torso, two legs with thighs, shins and feet, two arms with shoulders, forearms and hands
(and, possibly, with other body parts). We will call this system a humanoid dynamical system.

Following [1�6], we carry out the global qualitative analysis and, �rst of all, study global
bifurcations and multistability of limit cycles in this special polynomial Li�enard system by means
of a canonical system containing �eld rotation parameters.

Theorem 1. The humanoid dynamical system with limit cycles can be reduced to the canonical
form: ẋ = y,

ẏ = x (x± 1)(x± 2) . . . (x± l)

+ y(α0−β1−. . .−β2k−1+β1x+α2x
2+. . .+β2k−1x

2k−1+α2kx
2k)

+ y2(c0 + c1 x+ . . .+ c2n x
2n),

(4)

where α0, α2, . . . , α2k are �eld rotation parameters and β1, β3, . . . , β2k−1 are semi-rotation
parameters.

Theorem 2. System (4) can have at most k + l + 1 limit cycles, k + 1 surrounding the origin and
l surrounding one by one the other singularities of (4).
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Nonuniqueness of cycles in some gene networks models4
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We study periodic trajectories of 3D dynamical system

dx1
dt

= L(x3)− x1;
dx2
dt

= L(x1)− x2;
dx3
dt

= L(x2)− x3; (1)

considered as a model of functioning of a simple gene network, cf. [1], [2]. Here L is a non-negative
monotonically decreasing three-steps function

L(w) = 2c for 0 ≤ w < c− ε; L(w) = c+ ε for c− ε ≤ w < c;

L(w) = c− ε for c ≤ w < c+ ε; L(w) = 0 for c+ ε ≤ w <∞, (2)

which describes negative feedback in the gene network; the non-negative variables xj denote
concentrations of its components. Here and below, c > ε > 0, j = 1, 2, 3.

The cubes Q∗ = [c − ε; c + ε] × [c − ε; c + ε] × [c − ε; c − ε] and Q = [0, 2c] × [0, 2c] × [0, 2c]
are positively invariant domains of the dynamical system (1), (2).

Following [3], [4], we decompose Q by the planes xj = c − ε, xj = c, and xj = c + ε to 64
blocks, and enumerate these blocks by four symbols A, 0, 1, B multi-indices {s1s2s3}:

sj = A, if in this block 0 ≤ xj < c− ε; sj = 0, if in this block c− ε ≤ xj < c;

sj = 1, if in this block c ≤ xj < c+ ε; sj = B if in this block c+ ε ≤ xj ≤ 2c.

Let W1 ⊂ Q∗ be the union of six blocks listed in a circular diagram

. . .→ {001} → {011} → {010} → {110} → {100} → {101} → {001} → . . . (3)

and W2 ⊂ (Q \Q∗) be the union of 18 blocks listed in a similar circular diagram:

. . .→ {BBA} → {B1A} → {B0A} → {BAA} → {BA0} → {BA1} → {BAB} →

→ {1AB} → {0AB} → {AAB} → {A0B} → {A1B} → {ABB} → (4)

→ {AB1} → {AB0} → {ABA} → {0BA} → {1BA} → {BBA} → . . .

Let
1

4
< γ <

1

3
be such that 1− 3γ − γ2 − γ3 = 0.

Theorem. If ε ≤ γc then the system (1), (2) has a cycle C1 ⊂W1, and a cycle C2 ⊂W2.
These cycles travel from block to block according to the arrows of the diagrams (3) and (4),
respectively.

This theorem and results of [3] imply the following
Lemma. The system (1), (2) does not have cycles which are not symmetric with respect to

the cyclic permutations of the variables x1 → x2 → x3 → x1. The domain W1 is positively invariant
and contains one cycle exactly.

This cycle C1 ⊂ W1 is stable, it is an example of a Hidden Attractor, see [4], and the cycle
C2 ⊂W2 is an example of a nonlocal oscillation.

For the dynamical systems of the type (1) with one-step function L, considered in [1], [2], [3],
non-uniqueness of cycles was observed in higher-dimensional cases only, see [5].
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Discrete Lorenz attractors in three-dimensional maps
with axial symmetry5

Gonchenko A. S. (Russia, Nizhny Novgorod)
National Research University Higher School of Economics
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We consider quadratic 3D maps with the axial symmetry and constant Jacobian. We show
that such maps can have discrete Lorenz attractors, including those of new types in which one-
dimensional unstable separatrices of a saddle �xed point are twisted. We also show that such
attractors can be robustly chaotic (pseudohyperbolic).

Classification of axiom A diffeomorphisms
with orientable codimension one basic sets6

Grines V. Z. (Russia, Nizhny Novgorod)
Laboratory of Dynamical Systems and Applications

National Research University Higher School of Economics

Medvedev V. S. (Russia, Nizhny Novgorod)
Laboratory of Dynamical Systems and Applications

National Research University Higher School of Economics
medvedev@unn.ac.ru

Zhuzhoma E.V. (Russia, Nizhny Novgorod)
Laboratory of Dynamical Systems and Applications

National Research University Higher School of Economics
zhuzhoma@mail.ru

Let Gcod1k (Mn), k ≥ 1, be the set of axiom A di�eomorphisms such that the non-wandering
set of any f ∈ Gcod1k (Mn) consists of k orientable connected codimension one expanding attractors
and contracting repellers where Mn is a closed orientable n-manifold, n ≥ 3. We classify the
di�eomorphisms from Gcod1k (Mn) up to the global conjugacy on non-wandering sets. In addition,
we show that any f ∈ Gcod1k (Mn) is Ω-stable and is not structurally stable. One describes the
topological structure of supporting manifold Mn.

5This work was carried out in the framework of the Russian Science Foundation under Grant No. 23-71-30008.
6The authors are supported by the Russian Science Foundation under grant 22-11-00027. This work was done in

Laboratory of Dynamical Systems and Applications of National Research University Higher School of Economics.
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New obstruction for Morse-Smale cascades
to embed in topological flows7

Gurevich E.Ya. (Russia, Nizhny Novgorod)
National Research University Higher School of Economics
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J. Palis found necessary conditions for a Morse-Smale di�eomorphism on a closed
n-dimensional manifold Mn to embed into a topological �ow and proved that these conditions
are also su�cient for n = 2 (see [1]). For the case n = 3 a possibility of wild embedding of
closures of separatrices of saddles is an additional obstacle for Morse-Smale cascades to embed into
topological �ows. A criterion for Morse-Smale di�eomorphisms on 3-dimensional manifolds to embed
into a topological �ow is obtained in [2]. In [3] it is proved that if Mn is homeomorphic to sphere
Sn of dimension n ≥ 4 and a Morse-Smale di�eomorphism f : Mn → Mn have no heteroclinic
intersections, then f embeds in a topological �ow if and only if its non-wandering set consists of
�xed points. In the report, we discuss new surprising obstructions to embedding in a �ow, and
solution of the problem, for Morse-Smale di�eomorphisms with locally �at closures of separatricies,
given on manifolds of dimension n ≥ 4.
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On the chain rule property for the divergence operator8
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Let p ⩾ 1 and let v : Rd → Rd be a compactly supported vector �eld with v ∈ Lp(Rd) and
divv = 0 (in the sense of distributions). The divergence operator A(ρ) := div(ρv) is said to have
the chain rule property if for any ρ ∈ L∞(Rd) the equality A(ρ) = 0 implies that A(β ◦ ρ) = 0 for
any β ∈ C1(R) such that β(0) = 0 and β′ is bounded. The chain rule property is important in the
context of the continuity equation, where it allows one to deduce uniqueness of weak solutions (via
the renormalization property).

It is well-known that for d ⩾ 3 the chain rule property may fail even when p = ∞. However
in the two-dimensional setting the chain rule property holds for p = ∞, but it may fail for p < 2.
We show that for d = 2 the chain rule property holds whenever p ⩾ 2. We also discuss uniqueness
of weak solutions of the Cauchy problem for the continuity equation.

The talk is based on a joint work with M.V. Korobkov.

7This work is supported by Basic Research Program at the National Research University Higher School of
Economics (HSE University).

8This work was supported by the RSF project 24-21-00315.
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Analysis of the one-dimensional diffusion equation
with the spatial fractional differential Riesz operator

by the perturbation method
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The properties of the solution to the initial boundary value problem for the di�usion equation
(1) with Riesz fractional derivative are studied[1]:

∂

∂t
U(x, t) =

∂α

∂|x|α
U(x, t). (1)

U(0, t) = U(L, t) = 0. (2)

U(x, 0) = g(x). (3)

Riesz fractional di�erential operator for n − 1 < α ⩽ n, α ̸= 1, α ∈ R, n ∈ Z, on a �nite
interval 0 ⩽ x ⩽ L is de�ned [2] as:

∂α

∂|x|α
U(x, t) = − 1

2 cos(πα2 )
(0D

α
x + xD

α
L)U(x, t). (4)

0D
α
xU(x, t) =

1

Γ(n− α)

∂n

∂xn

∫ x

0

U(s, t)

(x− s)α+1−nds. (5)

xD
α
LU(x, t) =

(−1)n

Γ(n− α)

∂n

∂xn

∫ L

x

U(s, t)

(s− x)α+1−nds. (6)

Problems for the di�usion equation with fractional derivatives arise when studying
mathematical models of a wide range of physical phenomena � from non-Brownian random walks
[3] to nuclear magnetic resonance tomography of biological tissues [4]. The report is devoted to the
study of the asymptotic properties of solutions to problem (1)-(3) with the order of the derivative α
close to the second. Problems similar in formulation can be found, for example, in[5] . We study the
behavior of the solution at large times using the method of many scales [6]. The obtained asymptotic
solutions are used to verify the numerical method for solving the di�usion equation with a fractional
derivative in a highly heterogeneous medium.
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Regularization of predator-prey dynamical systems
with variable structure9
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The talk is devoted to the problem of regularization of variable structure dynamical systems.
In particular, the following predator-prey hybrid system is considered

ẋ = x(a− b(x, y)y − cx), ẏ = y(kb(x, y)x−m),

where

b(x, y) =

{
b, if x

y > λ1,

0, if x
y < λ2,

where x = x(t), y = y(t) are prey and predator, respectively, state variables, a, b, c,m, k, λi are
positive constants, i = 1, 2, λ1 < λ2. The above system describes switchings between two modes:
interaction (x > λ1y) and refuge (x < λ2y). If one set λ1 = λ2, that is usually done while
modeling population dynamical systems with variable structure, then a sliding regime occurs. The
latter implies chattering impossible for ecological processes which are characterized by su�ciently
large persistence. Thus, in order to avoid chattering, the regularization of the system by using two
switching lines is provided. The main question is how the regularization procedure in�uences limit
sets structure. Results concerning this problem are presented in the talk. Besides, other approaches
to the regularization procedure are considered as well.

The talk is partially based on the joint research with A.M. Sazonov ([1], [2]).
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On synchronization in Kuramoto model with delay10
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We study synchronization in Kuramoto model with delay with a focus on the distribution
of the oscillators' frequencies. We consider a heterogeneous assembly of N oscillators with delayed
coupling

θ̇j(t) = ωj −
K

2i
(R(t− τ)e−iθj(t) −R∗(t− τ)eiθj(t)), (1)

where i = 1, ..., N is the unit number, θi ∈ S1 are the phase variables, ωi are the natural frequencies,
K is the global coupling strength, τ is the coupling delay, and R is the Kuramoto complex order
parameter characterizing the degree of synchrony in the population and de�ned as

R(t) =
1

N

∑
j

eiθj(t). (2)

9The study was funded by RSF, project number 23�21�00092.
10The work is supported by the Russian Science Foundation, grant No. 19-72-10114.
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In the limit N → ∞, the macroscopic state of the system is described by the probability
density function f(θ, ω, t), which obeys the continuity equation. The Kuramoto parameter in this
case equals

R(t) =

∫ ∞

−∞
dω

∫ 2π

0
f(θ, ω, t)eiθdθ. (3)

Following the theory of Ott and Antonsen [1], [2], the long-term solution of the continuity equation
can be found in the form

f(θ, ω, t) =
g(ω)

2π

(
1 +

∞∑
n=1

[
(z∗(ω, t))n einθ + c.c.

])
, (4)

where g(ω) is the probability density function of the natural frequencies and z(ω, t) is the local
complex order parameter of the subpopulation with the natural frequency ω. We assume the
following distributions g(ω):

gn(ω) =
cn

(ω − Ω)2n +∆2n
, (5)

where n is natural, Ω is the mean frequency, ∆ is the distribution half-width, and
cn = 1

πn sin
π
2n∆

2n−1 is the normalization constant. If function z(ω, t) is analytically extended to
complex ω, the integration contour in Eq. (3) can be closed by an in�nitely large arc in the upper
complex half-plane, which allows to estimate the integral using the reidue theorem.

Then the continuity equation can be transformed into the following closed set of n delay
di�erential equations for complex variables

żk = i(Ω +∆eiαk)zk +
a

2
(1− z2k) +

K

2
(Rτ −R∗

τz
2
k), (6a)

R = −i sin π

2n

n∑
k=1

eiαkzk, (6b)

where k = 1, n and αk = π(k − 0.5)/n. This set of DDEs governs the collective dynamics of the
population in the thermodynamic limit N → ∞.

We performed the bifurcation analysis of Eqs. (6) and calculated the critical coupling Kc at
which the oscillators start to synchronize and Andronov-Hopf bifurcation takes place in system (6).
The most important results is that the dependency Kc(τ) looks very di�erent for n = 1 (Lorentzian
distribution) and n > 1. For n = 1 the delay τ > 0 always increases the critical coupling with
respect to the delayless case, while for n > 1 some values of delay can reduce the critical coupling
and thus promote synchronization.
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On the blow-up of solutions of second-order elliptic inequalities
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We study non-negative solutions of the inequality

−divA(x,∇u) ⩾ f(u) in Rn, (1)
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where n ⩾ 2 and A is a Caratheodory function such that

C1|ξ|p ⩽ ξA(x, ξ), |A(x, ξ)| ⩽ C2|ξ|p−1, C1, C2 > 0, p > 1,

for almost all x ∈ Rn and for all ξ ∈ Rn and f : [0,∞) → [0,∞) is a nondecreasing function on the
interval [0, ε] for some real number ε > 0.

We say that u ∈W 1
p,loc(Rn) is a solution of (1) if f(u) ∈ L1,loc(Rn) and∫

Rn

A(x,∇u)∇φdx ⩾
∫
Rn

f(u)φdx

for any non-negative function φ ∈ C∞
0 (Rn).

A partial case of (1) is the inequality

−∆pu ⩾ f(u) in Rn, (2)

where ∆pu = div(|∇u|p−2∇u) is the p-Laplace operator.
Without loss of generality, one can assume that solutions of (1) satisfy the relation

ess inf
Rn

u = 0; (3)

otherwise we replace u by u− α, where

α = ess inf
Rn

u.

In so doing, the left-hand side of (1) does not change and the right-hand side transforms to f(u+α).
We obtain exact conditions for any non-negative solution of (1), (3) to be identically zero. Let

us note that the only relevant case is n > p. Really, if n ⩽ p, then any non-negative solution of the
inequality

−divA(x,∇u) ⩾ 0 in Rn

is a constant [1]. For n > p, in papers [2-4], it was shown that (2) has no positive solutions if

lim inf
ζ→+0

f(ζ)

ζn(p−1)/(n−p) > 0.

We manage to strengthen this result (see Theorems 1 and 2).
Theorem 1. Let n > p and ∫ ε

0

f(ζ) dζ

ζ1+n(p−1)/(n−p) = ∞.

Then any non-negative solution of (1), (3) is identically zero.
Theorem 2. Let n > p and ∫ ε

0

f(ζ) dζ

ζ1+n(p−1)/(n−p) <∞.

Then problem (2), (3) has a positive solution.
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Exact Solutions of 3D Navier�Stokes Equations
With Finite Lifetime
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We consider 3D Navier � Stokes equations for motion of incompressible medium

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= −∂(p+Φ)

∂x
+

1

Re
∆u, (1)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= −∂(p+Φ)

∂y
+

1

Re
∆v, (2)

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= −∂(p+Φ)

∂z
+

1

Re
∆w, (3)

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0. (4)

Where u, v, w, p denote main unknowns; Φ is the potential of external force; Re is nonnegative
parameter caled Reynolds number.

We consider equations (1-4) in relation to movement in deep water when the in�uence of
limiting surfaces can be neglected and the role of external force is played by gravity. So the potential
of external force can be given as Φ = gz.

For this case, it is proposed to consider solutions with asymptotic boundary conditions at
depth

u→ u0, v → v0, w → w0, (5)

when

x =
cx
ε

+ o(
1

ε
), y =

cy
ε

+ o(
1

ε
), z =

cz
ε

+ o(
1

ε
), ε→ +0. (6)

Where u0, v0, w0 are given limit values of velocities at in�nity, cx, cy, cz are given coe�cients.
As a result of applying the method described in works [1-2] an exact solution was obtained in

the form

u = −
A1sh(

Reθ1
2 )−B1sin(

Reλ1
2 )

2(cos2(Reλ14 ) + sh2(Reθ14 ))
+
B3sh(

Reθ3
2 ) +A3sin(

Reλ3
2 )

2(cos2(Reλ34 ) + sh2(Reθ34 ))
,

v = −
A2sh(

Reθ2
2 )−B2sin(

Reλ2
2 )

2(cos2(Reλ24 ) + sh2(Reθ24 ))
+
B1sh(

Reθ1
2 ) +A1sin(

Reλ1
2 )

2(cos2(Reλ14 ) + sh2(Reθ14 ))
, (7)

w = −
A3sh(

Reθ3
2 )−B3sin(

Reθ3
2 )

2(cos2(Reλ34 ) + sh2(Reθ34 ))
+
B2sh(

Reθ2
2 ) +A2sin(

Reλ2
2 )

2(cos2(Reλ24 ) + sh2(Reθ24 ))
,

p− p0 = −gz − u2 + v2 + w2

2
− ∂φ

∂t
. (8)

Where notation is used
φ = φ1 + φ2 + φ3,

φk =
2

Re
ln(cos2

Reλk
4

+ sh2
Reθk
4

), k = 1, 2, 3.

θ1 = A1(x− x0)−B1(y − y0), λ1 = B1(x− x0) +A1(y − y0).

θ2 = A2(y − y0)−B2(z − z0), λ2 = B2(y − y0) +A2(z − z0), (9)

θ3 = A3(z − z0)−B3(x− x0), λ3 = B3(z − z0) +A3(x− x0).
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Whereas A1(t), B1(t) are arbitrary functions of time and A2(t), B2(t), A3(t), B3(t) are
expressed through them according to the equalities

A2(t) = −v0 +B1(t), B2(t) =
v20 − u20 + w2

0 − 2u0A1(t)− 2v0B1(t)

2w0
,

A3(t) =
v20 − u20 − w2

0 − 2u0A1(t)− 2v0B1(t)

2w0
, , B3(t) = u0 +A1(t). (10)

The solution given by formulas (7-10) has interesting properties. In particular if

cx = 1, cy = 2, cz = −3, u0 = 0, v0 = 0, w0 = 4, A1(t) = 0, B1(t) = t,

then the indicated solution exists only when 0 < t < t∗, when t∗ = 3. So for this solution the
lifetime is 3.
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Generic bifurcations of tori in 3D integrable Hamiltonian systems
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We study singularities of the Lagrangian �bration given by a completely integrable
Hamiltonian system with 3 degrees of freedom (d.o.f.). We discuss several approaches to the study
(and subsequent classi�cation) of generic singularities of integrable systems.

The �rst approach is to study bifurcations of equilibria of the reduced system (obtained
by reduction w.r.t. a �rst integral). Using it, Lerman and Umanskii [1] introduced the so-called
parabolic singular periodic orbits in 2 d.o.f. integrable systems and proved their structural stability
under (small enough) integrable perturbations of the system.

Another approach is to consider integrable systems with �toric� symetries, in which some �rst
integrals generate a Hamiltonian torus action. By combining these two approaches, Duistermaat
[2] and van der Meer [3] studied the Hamiltonian Hopf bifurcation and its generalization to higher
order resonances. They proved persistence of such bifurcations of equilibria in generic families of
S1-symmetric 2 d.o.f. integrable systems.

A third approach is to study bifurcations of periodic orbits instead of bifurcations of equilibria
(thus multiplicities of the periodic orbit can be di�erent from 1, allowing a �twist� of the orbit).
By combining this approach with the previous one (concerning the presence of S1-symmetry),
Kalashnikov [4] introduced an in�nite series of the so-called parabolic singular periodic orbits
with resonances in 2 d.o.f. integrable systems, and proved their structural stabiliy under small
S1-symmetry preserving perturbations.

The existence of a toric symmetry near a compact orbit was proved by Zung [5],[6] under
(very mild) assumptions, thereby showing that the Kalashnikov assumption about the existence
of S1-symmetry near the periodic orbit can often be omitted. We extended [7] this result to so-
called �hidden� toric symmetries. Such a symmetry is a Hamiltonian torus action generated by �rst
integrals, some of which are multiplied with

√
−1. We proved the persistence of such a �hidden� toric

symmetry under small real-analytic integrable perturbations of the system, thereby showing that the
Duistermaat, van der Meer and Kalashnikov assumptions on the perturbed system to be symmetry-
preserving can be omitted. We classi�ed [7] such toric symmetries up to symplectomorphisms.
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Using �hidden� toric symmetries and the third approach (about a �twist� of the orbit),
we extend the Duistermaat series of bifurcations of equilibria to periodic orbits with nontrivial
multiplicities in 3 d.o.f. integrable systems. We introduce hyperbolic and focus-focus analogues of
these singularities forming 2 new series. We described [7],[8] a series of corank-1 singularities of 3
d.o.f. integrable systems that are bifurcations of the Kalashnikov parabolic orbits with resonances.
We prove structural stability of all these singularities under (small) integrable perturbations of the
system.

The talk is based on a joint work with L. Lerman.
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Quantum phase estimation stability
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QPE is an algorithm to estimate a phase of a given unitary matrix U with a given eigenvector
Ψ [1]. An equation for the eigenvalues and eigenvectors is the following:

UΨ = ΨΛ, Λ = diag(e2iπω1 , e2iπω2 , . . . , e2iπωn), ωk ∈ [0, 1). (1)

If to multiply a given vector |x⟩ by the unitary matrix U :

U t|x⟩ =

ψ11e
2πiω1tx1 + ψ12e

2πiω2tx2 + · · ·+ ψ1ne
2πiωntxn

. . .
ψn1e

2πiω1tx1 + ψn2e
2πiω2tx2 + · · ·+ ψnne

2πiωntxn

 . (2)

This transformation appears as a value series of the vector U t|x⟩ along the parameter t.
The expression bellow represents frequencies of the Fourier series:

ϕj = 2π
k∑
s=1

2−sjs, j = 0.j1j2 . . . jk, j∈{0, 1}. (3)
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Let H be the initial Hermitian matrix for which QPE �nds the eigenvalues. This matrix splits into
matrix H0 and its perturbation ϵH1 = H ′, such that H = H0 + ϵH1 = H0 + H ′, 0 < ϵ ≪1. The
same idea comes for the eigenvalues and eigenvectors respectively:

En = E0
n + ϵE1

n|ψn⟩ = |ψ0
n⟩+ ϵ|ψ1

n⟩. (4)

Where n is the index of an eigenvalue and eigenvector respectively.
The expressions below describes the result of computations above as a single perturbed

eigenvalue and eigenvector respectively:

E1
n = ⟨ψ0

n|H1|ψ0
n⟩|ψ1

n⟩ =
∑
m ̸=n

⟨ψ0
m|H1|ψ0

n⟩
E0
n − E0

m

|ψ0
m⟩. (5)

Di�erent sights for QPE error analysis was considered in [2, 3]. According to the QPE � mainly
the step of phase setting, one should consider the exponent

U2k = ei(H0+ϵH1)2k , k ∈ 0, . . . , n. (6)

For n qubits, the largest number that can be encoded equals 2n−1. Therefore, the largest
perturbation term must be less than the order O(1) to keep the di�erence between the perturbed
and original phases small: ϵ2n ≪ 1.

Theorem 1. The more precision in the output eigenvalues leads to less precisely known digits
of this eigenvalue:

n≪ − log(ϵ). (7)

If the eigenvalues are uniformly distributed and m is a distance between two neighborhood
eigenvalues, then the relation between eigenvalue estimation precision and this distance is the
following: 2n < m.

Theorem 2. If the perturbation component exceeds the phase resolution, the phases in the
neighborhood become imperceptible.
Here the phase resolution is a distance between two phases caused by two neighboring uniformly
distributed eigenvalues.

Corollary 1. The set size of imperceptible phases is limited by the amplitude of the
perturbation component.
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Resonance properties of a beam with a moving boundary lying
on an elastic foundation
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The approximate Kantorovich�Galerkin method is considered in relation to solving a problem
describing the oscillations of a beam with a moving boundary lying on an elastic foundation. The
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mathematical formulation of the problem includes a partial di�erential equation with respect to the
desired displacement function and inhomogeneous boundary conditions. The Kantorovich�Galerkin
method [4] allows one to take into account the initial conditions, but they do not a�ect the resonant
properties of linear systems, so they are not taken into account in this case. The solution is made
in dimensionless variables up to second-order values of smallness relative to small parameters
characterizing the speed of motion of the boundary. The results obtained for the amplitude of
oscillations corresponding to the nth dynamic mode are presented, which makes it possible to use
the results obtained to analyze the oscillations of technical objects with moving boundaries.

One-dimensional systems, the boundaries of which move, are widespread in technology: ropes
of lifting installations, �exible gear links, solid fuel rods, drill strings [1, 2], etc. The presence
of moving boundaries causes signi�cant di�culties in describing such systems. Of the analytical
methods, the most e�ective is the method that consists in selecting new variables that stop the
boundaries and leave the wave equation invariant. However, exact solution methods are limited to
the wave equation and relatively simple boundary conditions, so in the case of moving boundaries,
approximate solution methods are mainly used.

Thus, the application of the Kantorovich�Galerkin method allows one to obtain a relatively
simple expression for the amplitude of forced vibrations of a rod of variable length, which allows the
results obtained to be used to analyze the vibrations of technical objects with moving boundaries.
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The H�older estimate for divergence type equations on stratified sets

Medvedev K.M. (Russia, St. Petersburg)
St. Petersburg State University

medvedev13k@gmail.com

We consider divergence type elliptic equations on �3-�oored� strati�ed sets (all strata have
dimension n, n − 1 or n − 2) under the 2-connectedness assumption (each pair of strata can be
connected by a connected chain of strata in which the dimensions of neighboring strata di�er by
exactly one).

We limit ourselves to linear homogeneous equations of the simplest form. This means that
the operator on the stratum of maximum dimension does not contain lower-order terms, and the
operators on the other strata include conormal derivatives from adjacent "upper �oors".

Fig. 1
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We establish a local estimate of the H�older norm in a vicinity of an internal point of the
stratum of dimension n − 2 (denote it by Λ), adjacent to strata of larger dimensions. The main
model case here is one n-dimensional stratum (Ω) and two (n− 1)-dimensional strata (Γ+ and Γ−),
the angle between which at all points of the stratum Λ is separated from zero (see Fig. 1 left). Due
to the locality of the H�older property, we consider the following equation in straightened coordinates
(see Fig. 1 right):

−Di(aijDju) = 0 in Ω,

−Dµ(a
±
µτDτu)− anjDju = 0 in Γ±,

−Dl(αlmDmu)− a+n−1,τD
+
τ u+ a−n−1,τD

−
τ u = 0 in Λ.

(1)

Here indices i, j vary from 1 to n, µ, τ � from 1 to n−1, l,m � from 1 to n−2, and the summation
on the repeated indicies is assumed. D±

τ u are the limiting values on Λ of the derivatives Dτu from
the side of Γ±.

Theorem 1. If a function u ∈ W 1
2 (Ω) ∩ W 1

2 (Γ) ∩ W 1
2 (Λ) is a generalized solution of the

problem (1) then it satis�es the H�older condition on any subset Ω separated from ∂Ω \Γ. Moreover,
the H�older exponent depends only on ν and n.

The talk is based on the joint paper with A.I. Nazarov, see [1].
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Whispering Gallery-Type Asymptotics in a Solid Torus
and Corresponding Classical Billiards11
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The eigenproblem for the Laplacian inside a three-dimensional domain of revolution Ω is
considered. The domain Ω is di�eomorphic to a solid torus and the Dirichlet conditions on the
boundary are set. A series {Ek, uk}∞k=k0 of asymptotic eigenvalues and eigenfunctions (quasimodes)
of the whispering gallery-type is constructed (see [1]):

∥∆uk − Ekuk∥L2(Ω) = O(k2/3), ∥uk∥L2(Ω) ∼ 1, Ek ≍ k2, Ek+1 − Ek ≍ k, k → ∞.

Namely, the short-wave asymptotic eigenfunctions that are localized near the boundary (or a part of
the boundary) are of interest. Reduction of the initial problem to one-dimensional ones is done using
the adiabatic approximation in the form of operator separation of variables (that was discribed in
[2]). The relationship between quasimodes and almost integrable classical billiards is also discussed
(see Fig. 1).

11The work was done together with S.A. Sergeev in Lomonosov MSU with support by RSF grant 22-71-10106.
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Fig. 1: The domain Ω with classical biilliard in it (left), projection of the asymptotic eigenfunction
and projection of billiard trajectories onto cross-section S (right).
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The Aleksandrov�Bakelman�Krylov maximum principle
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Let n ⩾ 2. A book-type strati�ed set is a union of K copies of n-dimensional half-plane
Rn ∩ {xn ⩾ 0} embedded into Rn+1 and intersecting by Rn−1 × {(0, 0)}. We denote this set by

R⊛
+ and assume �rst n − 1 coordinates be common for all K half-planes, and x

[k]
n ⩾ 0 be the n-th

coordinate on k-th half-plane. We consider the strati�ed ball B+ = {x ∈ R⊛
+ | |x| < R} (see Fig.1)

and the strati�ed cylinder Q+ = (0, T ) × B+. Denote by ∂
′Q+ = (0, T ) × ∂B+ ∪ {0} × B+ the

parabolic boundary of Q+. We set Q0 = Q+ ∩ {xn = 0}. Then Q+ \ Q0 is a disjoint union of K

half-cylinders which we denote by Q
[k]
+ .

Consider K uniformly parabolic operators L[k] de�ned in Q
[k]
+ respectively:

L[k]u = ∂tu−
n∑

i,j=1

a
[k]
ij DiDju+

n∑
i=1

b
[k]
i Diu,

a
[k]
ij ∈ L∞

(
Q

[k]
+

)
, (a

[k]
ij )

n
i,j=1 ⩾ νIn, b[k] = (b

[k]
i )ni=1 ∈ Ln+1

(
Q

[k]
+

)
,

and a uniformly parabolic tangential operator B in Q0:

Bu = ∂tu−
n−1∑
l,m=1

αl,mDlDmu+

n−1∑
l=1

βlDlu+ J u,

αlm ∈ L∞
(
Q0

)
, (αlm)

n−1
l,m=1 ⩾ νIn−1, β′ = (βl)

n−1
l=1 ∈ Ln

(
Q0

)
,
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Fig. 1: Strati�ed ball B+ with n = 2,K = 3

where J is an operator of conjugation:

J u =
K∑
k=1

β[k]n (x′) lim
x
[k]
n →0+

Dnu(x
′, x[k]n ), β[k]n ⩽ 0.

For a domain Q, by ∥f∥n,Q we denote the norm of function f in the space Ln(Q), f+ := max{0, f},
and Qu is the set Q ∩ {u > 0}.

Now we can formulate the main result, which was obtained in [1].

Theorem. For any u ∈
⋂
k C

1,2
t,x

(
Q

[k]
+

)
∩ C

(
Q+

)
s.t. u|∂′Q+ < 0:

max
Q+

u+ ⩽ N1 ·
K∑
k=1

∥∥∥∥
(
L[k]u

)
+

νn/(n+1)

∥∥∥∥
n+1,

(
Q

[k]
+

)
u

+ N2 ·
∥∥∥∥
(
Bu
)
+

ν(n−1)/n

∥∥∥∥
n,
(
Q0

)
u

where

N1 = N0(n) ·

(
R

n
n+1 +

K∑
k=1

∥∥∥∥ |b[k]|
νn/(n+1)

∥∥∥∥n
n+1,

(
Q

[k]
+

)
u

+

∥∥∥∥ |β′|
ν(n−1)/n

∥∥∥∥ n2

n+1

n,
(
Q0

)
u

)
,

N2 = N0(n) ·

(
R

n−1
n +

K∑
k=1

∥∥∥∥ |b[k]|
νn/(n+1)

∥∥∥∥n2−1
n

n+1,
(
Q

[k]
+

)
u

+

∥∥∥∥ |β′|
ν(n−1)/n

∥∥∥∥n−1

n,
(
Q0

)
u

)
and N0(n) is some positive constant depending only on n.

For K = 2 the strati�ed ball B+ can be embedded into Rn and the maximum principle was
proven in [2]. The general case is more complicated and needs additional constructions.
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Synthesis of motion algorithm for underactuated system
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The report considers problem of uncertain underactuated system control. The system is
represented by pendulum on wheel structure. The system model is designed in accordance to [1].

To reveal the problem of underactuated system control, the system is moved from initial point
to �nal along straight line. During the system motion, the pendulum has to be stabilized around its
upper equilibrium position. The desired trajectory describing the desired system motion is designed
as a piecewise trajectory considering applied limitations as local optimization problems.

For provision of the system motion along the desired trajectory modal controller is chosen.
The controller is designed and tuned on theoretical basis of [2] and [3].

Finally, the controller performance is considered and analyzed for the cases of no uncertainty in
the system model, uncertainty in the pendulum length parameter, and uncertainty in the pendulum
mass parameter.
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Mathematical modeling of the infection progression
with inflammation12
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Propagation of the virus infection in the tissue or cell culture can be described with a reaction-
di�usion wave [1]. In this work, we propose an extended model of such propagation for investigating
the role of in�ammation in resolving the virus infection. The model is based on non-local reaction-
di�usion equations. We investigate both dynamic and reaction-di�usion systems. In the dynamic
system, we found the stationary points and determined the conditions of their stability with the
�rst method of Lyapunov. In the reaction-di�usion system, we determine the basic physiology-
meaningful characteristics of the system, namely, the total viral load, which is the integral of the
virus concentration, and the estimate of the speed of the infection wave propagation. The dependence
of these characteristics on the in�ammation parameters as well as their asymptotic behavior and
connection with the previous results are investigated [2].
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Nazarov A. I. (Russia, St. Petersburg)
PDMI RAS
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We discuss the best constant mp,a,b(C) in inequalities of the type

mp,a,b(C)
∫
C

|y|a|z|−b−p|u|p dz ⩽
∫
C

|y|a|z|−b|∇u|p dz , u ∈ C∞
c (C) ,

where C ⊆ Rd is a cone, p > 1, and a, b ∈ R. Here z = (x, y) is the variable in Rd ≡ Rd−k × Rk.

The talk is based on the joint work with G. Cora and R. Musina (Italy).
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Finite-time stability of cascade systems
with integral virtual control
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Consider the linear cascade control plant

ẋ1 = A11 (ξ)x1 + a12 (ξ)x2, (1)

ẋ2 = aT21 (ξ)x1 + a22 (ξ)x2 + b (ξ)u, (2)

where x1 =
(
x11 · · · x1n

)T ∈ Rn is the state space of the output subsystem, without loss of

generality suppose x2 ∈ R1, x =
(
xT
1 x2

)T
, u ∈ R1 is a control, A11 (ξ) =

(
0 In−1

an1 · · · ann

)
,

a12 (ξ) =
(
0 · · · an

)T
, a21 (ξ) is a row (1× n), a22 (ξ), b (ξ) are scalars, ξ ∈ Ξ is a vector of

unknown parameters, Ξ is a set of admitted values of ξ. Control plant is controllable for ∀ξ ∈ Ξ,
and sign b (ξ), sign an (ξ) are known.

Control objectives are the boundedness of all trajectories, and the achievement of the
objective inequality e → 0 as t → ∞, where e = (e1 · · · en)T = x1 − x∗

1 is tracing error,
x∗
1 = (x∗11 · · ·x∗1n)

T ∈ Rn is the desired output subsystem trajectory speci�ed by a reference model
either in state space

ẋ∗
1 = A∗x

∗
1 + b∗r, (3)

or input-output operator equation g (p)x∗11 = g0r, where r is continuous and bounded with

its derivative function, b∗ =
(
0 · · · g0

)T
, p = d/dt , g (p) = pn + gn−1p

n−1 + · · · + g0,

A∗ =

(
0 In−1

−g0 · · · −gn−1

)
is Hurwitz matrix.

Introduce a virtual control x2virt that is the desired input of the output subsystem. Consider
the extended output subsystem with virtual control and new input v

ẋ1 = A11 (ξ)x1 + a12 (ξ)x2virt,

56



ẋ2virt = v. (4)

Propose the following control law

y = x2 − x̄2virt, (5)

u = −γ · sign (b) · sign (y) , (6)

v = −γsign (y) + γmsgn (σ) , (7)

σ = x2 − x2virt, (8)

x̄2virt = −θT1 x1 + θn+1r. (9)

θ̇1 =

n∑
i=1

eihinΓ1ex1, θ̇n+1 = −
n∑
i=1

eihinγ̃e(n+1)r, (10)

where H =

h11 · · · h1n
...

. . .
...

hn1 · · · hnn

 is a solution of Lyapunov equation HA∗ +AT
∗ H = −G,

G = GT > 0, Γe1 = diag {γe1, ..., γen} > 0, γ̃ei = sign (an (ξ)) γei, γei > 0.
Theorem 1. Consider system consisting of a plant (1), (2), a reference model (3), deviation from
manifold (8), information output (5), desired virtual control (9), new input (7), a control (6),
adaptation law (10), and integrator (4). For any initial conditions, there exist γ∗m > 0 and γ∗ > 0
so that for γm > γ∗m, γ > γ∗, all of the trajectories are bounded, and control objective e → 0 as
t → ∞ is achieved, and there exist t∗, t

∗ so that σ ≡ 0 for t ⩾ t∗, and y ≡ 0 for t ⩾ t∗, and there
exists a Lyapunov function

V (e, y, σ, θ) = Qy (y) +R (σ) +Qe (e) +
1

2
(θ − θ∗)TΓ−1

e (θ − θ∗) ,

where Γe = diag
{
γe1, ..., γe(n+1)

}
> 0, θ = diag {θ1, θn+1}.
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Topology of the Generalized Constrained Three-Vortex Problem
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Consider the system of three magnetic vortices with a constraint imposed on one of the vortices
(see [1],[2]). For equal polarities, the system describes the motion of two free vortex �laments in
a perfect �uid in the �eld of a topographic vortex (see, e.g., [3]). The generalized equations of
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motion for free vortices α = 1, 2, with relative intensities Γα and relative polarities λα at positions
rα = (xα, yα) have the following form:

H =
Γ1

λ1
ln |r1|+

Γ2

λ2
ln |r2|+

Γ1Γ2

λ1λ2
ln |r1 − r2|, Γαẋα =

∂H

∂yα
, Γαẏα = − ∂H

∂xα
. (1)

The system has an additional �rst integral F = Γ1|r1|2 + Γ2|r2|2, which makes it completely
Liouville-integrable with two degrees of freedom. The total vortical moment

M
def
= Γ1(x1ẏ1 − y1ẋ1) + Γ2(x2ẏ2 − y2ẋ2), M = −Γ1

λ1
− Γ2

λ2
− Γ1Γ2

λ1λ2
, (2)

for system (1) was derived in [2]. With this work, we aim to investigate the topology of the Liouville
foliation of (1) at zero total vortical moment (2), that is, at M = 0.

For topological analysis, we use an augmented bifurcation diagram Σ, a set of points over
which the integral map F(x) = (F (x), H(x)), x = (x1, y1, x2, y2), is not locally trivial. The set of
critical values Σ′ = F(C), C = {x | rank dF(x) < 2}, is always included in Σ but does not always
coincide with it.

Let ki = ki(Γ1,Γ2, λ1, λ2) be the i
th real root of

λ2k
3 + (Γ2 + λ2)k

2 − (Γ1 + λ1)k − λ1 = 0 (3)

for ki ̸= −1. Let D be the discriminant of (3), and

mi = Γ2k
2
i + Γ1, ηi =

Γ1Γ2

λ1λ2
ln(ki + 1)2 +

Γ2

λ2
ln k2i +M ln |mi|.

Then, for M = 0, there is always a root k01 = −Γ2λ2 − 1. The type of Σ′ depends on sgnD (Fig. 1):
if D < 0, then Σ′ = Σ′

1, where

Σ′
1 =

{
(f, h) | f sgnm1 > 0, h =

η1
2

}
,

which is an open horizontal interval on the plane of the �rst integrals R2(f, h); if D > 0, then
Σ′ = Σ′

1 ∪ Σ′
2 ∪ Σ′

3, where

Σ′
2 =

(
0,
η2
2

)
, Σ′

3 =
(
0,
η3
2

)
;

if D = 0, then Γ1 = −Γ2 = 2λ2, λ1 ̸= λ2, and Σ′ consists of one isolated point

Σ′ = (0, ln 16) .

Consider an isoenergy surface Q3
h = {x | H(x) = h}. For h1 = η1/2, the isoenergy surface

Q3
h1

is singular, that is, at some of its points dH = 0. Moreover, at level h1 the isoenergy surface
undergoes a saddle-type bifurcation of the form

S1 × Cyl2 →
(
S1 ∪̇S1

)
× Cyl2 → 2S1 × Cyl2.

Such surfaces admit both compact and noncompact �bers of the Liouville foliation.
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Fig. 1: Examples of augmented bifurcation diagrams Σ for zero total vortical momentM and D < 0
(a), D > 0 (b), D = 0 (c).
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Improved resolvent approximations in homogenization
of higher order operators
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In Rd, d⩾2, consider di�erential operators Lε of even order 2m ⩾ 4 with ε-periodic coe�cients,
ε ∈ (0, 1), formally acting on functions u : Rd→Cn (d ⩾ 2, n ⩾ 1) as follows:

(Lεu)j = (−1)m
n∑
k=1

∑
|α|=|β|=m

Dα(Ajkαβ(x/ε)D
βuk), j = 1, . . . , n. (1)

Here, α=(α1, . . . , αd) is a multiindex of length |α|=
∑

i αi; αj ∈ Z⩾0; the coe�cients A = {Ajkαβ(y)}
are measurable 1-periodic complex-valued functions for integers 1 ⩽ j ⩽ n, 1 ⩽ k ⩽ n and
multiindices α, β, |α|=|β|=m. Let Aαβ = {Ajkαβ}

n
j,k=1 be (n× n)-matrices for �xed α and β. Then

(1) can be written shorter:

Lεu = (−1)m
∑

|α|=|β|=m

Dα(Aαβ(x/ε)D
βu).

The coe�cients in (1) satisfy the following conditions: ∥A∥L∞(Rd) ⩽ λ1 and

Re
∑

|α|=|β|=m

(Dαφ,AαβD
βφ) ⩾ λ0

∑
|α|=m

∥Dαφ∥2 ∀φ ∈ C∞
0 (Rd;Cn)

for some positive constants λ1 and λ0. The simpli�ed notation (F,G) = (F,G)L2(Rd;Cn),

∥F∥ = ∥F∥L2(Rd;Cn) = (F, F )1/2 is used here. Consider the equation

uε ∈ Hm(Rd), Lεu
ε + uε = f, (2)
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where f∈L2(Rd)=L2(Rd;Cn) and Hm(Rd)=Hm(Rd;Cn) is a Sobolev space of order m.
Our goal is to �nd an approximation of the resolvent (Lε+ I)

−1 in the energy operator norm,
that is (L2(Rd)→Hm(Rd))-norm, with an error of the order ε2. To this end, we �rstly construct a
two-scale approximation wε for the solution uε of (2). This is

wε(x) = u,ε(x) + εm U εm(x) + εm+1 U εm+1(x), (3)

where the �rst term is u,ε(x) = Θε(u(x)+ εu1(x)) with the suitable smoothing operator Θε and the
functions u, u1 ∈ Hm(Rd) being the solutions of the homogenized equations

L̂u+ u = f, L̂ = (−1)m
∑

|α|=|β|=m

DαÂαβD
β,

L̂u1 + u1 = −Bu, Bu = (−1)m
n∑
k=1

∑
|α|=m,|δ|=m+1

DαbkαδD
δuk.

The (n×n)-matrices of constant coe�cients Âαβ and the constant n-vectors bkαδ, for all speci�ed
multiindices α, β and integers k, are de�ned with the help of solutions to auxiliary problems on the
periodicity cell Y=[−1/2, 1/2)d. Other terms in (3) are

U εm(x) =
n∑
k=1

∑
|γ|=m

Nk
γ (x/ε)D

γu,εk (x), U εm+1(x) =

n∑
k=1

∑
|δ|=m+1

Nk
δ (x/ε)D

δu,εk (x).

Here 1-periodic vector functions Nk
γ (y) and N

k
δ (y) are solutions of the aforementioned cell problems.

In the approximation (3), we can take Θε=SεSεSε with the iteration of the Steklov smoothing
operator. We remind its de�nition: (Sεφ)(x) =

∫
Y φ(x− εω) dω .

Theorem. The function wε de�ned in (3) approximates the solution of the problem (2) with
the estimate ∥uε − wε∥Hm(Rd) ⩽ Cε2∥f∥L2(Rd), where C = const(d, n, λ0, λ1).

By the properties of the operator Θε, we can simplify the approximation wε in the above
estimate and then rewrite it in the operator terms as follows:

∥(Lε + I)−1 − Uε∥L2(Rd)→Hm(Rd) ⩽ Cε2, (4)

where
Uε = (L̂+ I)−1 − ε(L̂+ I)−1B(L̂+ I)−1 + εmKm(ε) + εm+1Km+1(ε),

Km(ε)f =
n∑
k=1

∑
|γ|=m

(Nk
γ )
ε)DγΘεuk,

Km+1(ε)f =
n∑
k=1

(
∑

|δ|=m+1

(Nk
δ )
εDδΘεuk +

∑
|γ|=m

(Nk
γ )
εDγΘεu1k)

with the solutions u=(L̂+ I)−1f and u1=−(L̂+ I)−1B(L̂+ I)−1f of the homogenized equations.
Estimate (4) extends the result of [1], where the case of scalar (i.e., n=1 in (1)) selfadjoint

operators Lε with real coe�cients was studied.

References

[1] Pastukhova S. E. Improved approximations of resolvent in homogenization of higher order operators.
Selfadjoint case // J. Math. Sciences 2022. Vol. 262. No 3. P. 312�328.

60
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Quantum control studies the abilities to manipulate quantum systems such as atoms,
molecules, etc. It attracts high interest of researchers for fundamental reasons related with
determination of the fundamental limits on the abilities to manipulate quantum systems and due to
various practical applications in quantum technologies [1]. Often controlled systems are interacting
with the environment, so that they should be considered as open quantum systems. Moreover,
in some circumstances the environment can be exploited as a useful resource to manipulate the
system. In this talk, we overview several topics and results in such environment- or measurement-
assisted quantum control of open systems, namely, Turing uncomputability of discretized quantum
control [2], applications of incoherent control by the environment, either inducing time-dependent
decoherence rates [3] or using quantum measurements [4], such as, e.g., control of quantum gate
generation [5], determining structure of optimal controls for a qubit interacting with the environment
[6], controlling systems with dynamical symmetry [7], incoherent GRAPE (inGRAPE) approach,
etc.
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Topological properties of solution
sets of fractional differential inclusions of an order q ∈ (1, 2)

with an almost lower semicontinuous multimap14
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In recent decades the fractional calculus has become one of the most popular and important
areas of contemporary mathematics. Interest to this topic has increased as the result of the fact that
numerous modern problems of science and technology �nd a fairly adequate description in terms of
fractional di�erential equations and inclusions (see, e.g., paper [4]).

We study topological properties of solution sets the Cauchy type problem for semilinear
fractional di�erential inclusions in a separable Banach space E of the following form:

CDq
0x(t) ∈ Ax(t) + F (t, x(t)), t ∈ [0, T ], (1)

x(0) = x0, x
′(0) = x1, (2)

where CDq
0, 1 < q < 2, is the Gerasimov�Caputo fractional derivative, F : [0, T ] × E ⊸ E is

an almost lower semicontinuous multivalued map with compact values, A : D(A) ⊂ E → E is a
closed linear (not necessarily bounded) operator in E and x0, x1 ∈ E. We prove that the solution
set of Cauchy problem (1)-(2) possesses the classical Kneser connectedness property. To study the
properties of solution sets we will use topological methods of nonlinear analysis (see, e.g., [1]-[3]).
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Horizontal rays in a deep sea in the presence of a synoptic eddy
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We consider the Helmholtz equation describing sound propagation in a deep sea in the presence
of a synoptic eddy. The eddy is taken into account as a perturbation of the background sound speed
pro�le. Under certain assumptions on its symmetry, the propagation of sound in this problem can be

14The work was supported by the Russian Science Foundation (project number 22-71-10008).
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considered by semi-analytic formulae in the framework of normal modes theory. Three-dimensional
acoustic �eld p(x, y, z) is represented as an expansion over (local) normal modes ϕj(z, x, y)

p(x, y, z) =
N∑
j=1

Aj(x, y)ϕj ,

where Aj(x, y) are called mode amplitudes. In the adiabatic propagation regime, these amplitudes
satisfy the so-called horizontal refraction equations

∂2Aj
∂x2

+
∂2Aj
∂y2

+ k2jAj = −ϕj(zs)δ(x− x0)δ(y) ,

where kj = kj(x, y) is the horizontal wavenumber of the j-th mode, and the Dirac delta on the right-
hand side of the equation represents the point source. Semi-analytical solution of this equation is
obtained in terms of a series over cylindrical harmonics and analysed numerically.

The geometry of horizontal rays for di�erent vertical modes within this problem formulation
is also investigated, and the acoustic shadow zones that are not insoni�ed by the point source due
to the presence of an eddy are identi�ed. The implications of the presence of an eddy for acoustic
navigation systems are also discussed.

Phase diagram for open quantum systems driven
by coherent and incoherent controls
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Quantum control which studies methods for manipulation of individual quantum systems is
an important tool necessary for development of quantum technologies [1]. Often in experimental
circumstances controlled systems can not be isolated from the environment, so that they are open
quantum systems. Moreover, in some cases the environment can be used for actively controlling
quantum systems, as for example in incoherent control [2,3]. While in some cases the solution for
the optimal shape of the control can be obtained analytically, often it is not the case and various
numerical optimization methods are needed. A large class of methods are gradient-based numerical
optimization algorithms, one of which is GRadient Ascent Pulse Engineering (GRAPE) developed
originally for design of NMR pulse sequences [4] and later applied to various problems, e.g. [5,6].

In this talk, we consider dynamics of an open two-level quantum system (qubit) whose
evolution is governed by master equation with GKSL-type dissipative terms driven by coherent
and incoherent controls [7,8]. General form of the GKSL master equation in the absence of controls
was derived in particular in the weak coupling limit and in the stochastic limit of quantum theory.
We consider the speci�c model of such master equation which includes coherent and incoherent
controls. The state of the system is represented by a vector in the Bloch ball. We consider constant
controls as a basic approach to studying the system dynamics. Due to low dimension of the system,
the corresponding 3 × 3 evolution matrix exponentials can be analytically diagonalized. For that
we compute eigenvalues of the right-hand side matrix of the system evolution equation. We �nd
that in the case of constant coherent and incoherent controls u ∈ R and n ∈ R+, the half-plane
R×R+ ∋ (u, n) can be divided into two domains with di�erent dynamics, similar to phase diagram.
In suitable coordinates, the dividing these two domains curve is a plane cubic curve with a casp.
Di�erent dynamic behaviour of the system in two domains was analyzed.
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Sub-Lorentzian extremals15
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We consider a left-invariant (sub-)Lorentzian structure on a Lie group. We assume that this
structure is de�ned by a closed convex salient cone in the corresponding Lie algebra and a continuous
antinorm [1] associated with this cone. We derive conditions for normal extremal trajectories that
keep their causal type and consider some examples.

Let G be a real Lie group and g be the corresponding Lie algebra. Consider a closed convex
salient cone C ⊂ g and a continuous antinorm α associated with the cone C. Let us formulate the
sub-Lorentzian problem as the following optimal control problem:

g ∈ Lip([0, t1], G), u ∈ L∞([0, t1], C \ 0), ġ(t) = Lg(t)∗u(t),

g(0) = id, g(t1) = g1,
t1∫
0

α(u(t)) dt→ max,
(1)

where the terminal time t1 is free, and Lg denotes left-shift by an element g ∈ G.
This is generalization of Minkowski geometry in three natural directions. First, we consider an

arbitrary Lie group instead of R1,n. Second, we replace the future cone de�ned by a non-degenerate
quadratic form q of signature (1, n) in Minkowski geometry by an arbitrary closed convex salient
cone. Note, that this cone could be non-solid. Third, we replace the integral function

√
q(u(t)) of

the quality functional by an arbitrary continuous antinorm α(u(t)).
There are three causal types of tangent vectors of admissible curves: spacelike, lightlike and

timelike depending to position of a tangent vector with respect to the left-shift of the cone C �
outside, on the relative boundary or in the relative interior, respectively.

15The work was supported by the Russian Science Foundation under grant 22-11-00140
(https://rscf.ru/en/project/22-11-00140/) and performed in Ailamazyan Program Systems Institute of Russian
Academy of Sciences.
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The cone C∨ = {p ∈ g∗ | p|C ⩽ 0} ⊂ g∗ is called the negative dual cone for the cone C. An
antisphere of radius r for an antinorm α is the set Sr = {v ∈ V |α(v) = r}. The dual function for
the antinorm α is the function α∨ : g∗ → R ∪ {−∞} such that

α∨(p) = − sup
v∈S1

⟨p, v⟩, p ∈ g∗.

The following theorem provides conditions for normal extremal trajectories of problem (1)
that keep their causal type.

Theorem 1. Consider optimal control problem (1) de�ned by a closed convex salient cone
C and an associated continuous antinorm α. Assume that the dual function α∨ is an antinorm
associated with the dual cone C∨.
(1) Then causal type of tangent vectors of a normal extremal trajectory is constant.
(2) Tangent vectors of abnormal extremal trajectories are either light-like vectors or tangent
vectors of sub-Riemannian abnormal trajectories determined by the distribution of subspaces
Lg∗span C ⊂ TgG. In particular, light-like arcs are not strictly abnormal.

Corollary 1. (1) In the Lorentzian case, i.e., span C = g, any abnormal extremal trajectory
is light-like. In particular, any abnormal extremal trajectory is not strictly abnormal.
(2) If the distribution Lg∗span C is contact [2], then all abnormal extremal trajectories of the sub-
Lorentzian problem (1) are light-like and in particular not strictly abnormal.

The following corollary allows us to use quadratic functional as in sub-Riemannian
geometry [2] in the case when an antinorm is de�ned by a quadratic form.

Corollary 2. Assume that the antinorm α is de�ned by a quadratic form q of signature
(1, r) on the Lie algebra g, i.e., α(u) =

√
q(u), Then normal extremal trajectories of problem (1)

geometrically coincide with normal time-like and light-like extremal trajectories of the same control
system with quadratic functional

1

2

t1∫
0

q(u) dt→ max,

where the terminal time t1 is �xed and u ∈ L∞([0, t1], g \ 0) is a control.
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We consider the system {
st + f(s, c)x = 0,

(cs+ a(c))t + (cf(s, c))x = 0,

most commonly used to describe the �ood of the oil reservoir with a chemical solution. The �ow
function f is commonly assumed to be S-shaped in s. The adsorption function a is often concave
and usually represented by the Langmuir adsorption isotherm. In our work, we limit ourselves to
functions f monotone in c.
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This system is neither strictly hyperbolic nor genuinely non-linear, therefore known results
for strictly hyperbolic genuinely non-linear systems of conservation laws are not directly applicable.

The solutions for some boundary-initial problems for this system were explored, for example, in
[1] (Riemann problem), [2] and [3] (slug injection). The last two papers use the Lagrange coordinate
transformation to split the equations and the characteristics method to construct solutions. However,
the question of the uniqueness of the constructed solutions is not covered.

We use the proposed coordinate change to prove a Kru�zkov-type uniqueness theorem for the
Cauchy problem with several limitations on the initial data and the class of weak solutions under
consideration. The vanishing viscosity method is utilized to determine admissible shocks.

This talk is based on the joint work with S. G. Matveenko.
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Gaussian and Poisson suspensions over Sidon automorphisms,
entropy invariants, and factors with Lebesgue spectrum
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Among the Sidon transformations preserving the sigma-�nite measure there is a large class
of automorphisms T with singular spectrum whose convolution powers are Lebesgue [5]. The
corresponding Gaussian automorphisms G(T ) and Poisson suspensions P (T ) (see [1]-[3]) have zero
entropy, and their spectra contain singular and Lebesgue components. For the above T the properties
of G(T ) and P (T ) can be very di�erent: for example, Gaussian automorphisms are in�nitelly
divisible, hence, G(T ) have large centralizers, while P (T ) have the trivial ones (this follows from
[3],[4]). The even factors Gev(T ) (see [2]) of such Gaussian automorphisms are spectrally isomorphic:
their spectra are Lebesgue of in�nite multiplicity. What non-spectral invariants of these factors can
distinguish them? This question leads us to the entropy invariants.

Kirillov-Kushnirenko P-entropy. Let P = {Pj} be a sequence of �nite subsets in a
countably in�nite group G. For a measure-preserving action S = {Sg} of the group G, we de�ne

hj(S, ξ) =
1

|Pj |
H

 ∨
p∈Pj

Spξ

 ,

hP (S, ξ) = lim sup
j

hj(S, ξ),

hP (S) = sup
ξ
hP (S, ξ),

where ξ denotes a �nite measurable partition of the spaceX, andH(ξ) is the entropy of the partition
ξ:

H({C1, C2, . . . , Cn}) = −
n∑
i=1

µ(Ci) lnµ(Ci).

Consider the following particular case G = Z, when Pj are growing progressions:
Pj = {j, 2j, . . . , L(j)j}, for some sequence L(j) → ∞.
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If hP (S, ξ) > 0 for all non-trivial partitions ξ, then according [6] we say that S has completely
positive P -entropy.

Theorem 1. For any automorpism S of zero entropy for some sequence P of growing
progressions hP (S) = 0 and there is a Sidon automorphism T such that

(i) the Poisson supension P (T ) has completely positive P -entropy, and its centralizer is trivial;
(ii) the corresponding Gaussian automorphisms G(T ) has no factors with singular spectrum,

but spectrum of G(T ) has the singular component, the centralizer of G(T ) is large;
(iii) the even factor Gev(T ) of G(T ) has completely positive P -entropy and Lebesgue spectrum;
Corollary. There is an uncountable family of Sidon automorphisms T such that the

corresponding pairwise non-isomorphic even factors Gev(T ) have the same spectrum and di�erent
entropy properties.

References

[1] Kornfeld I. P., Sinai Ya.G., Fomin S.V. Ergodic theory, Nauka, M., 1980.

[2] Newton D., Parry W., On a factor automorphism of a normal dynamical system // Ann. Math. Stat.
37 (1966), 1528-1533.

[3] Parreau F., Roy E. Prime Poisson suspensions // Ergodic Theory Dynam. Systems. 35:7 (2015),
2216-2230.

[4] Ryzhikov V.V., Thouvenot J.-P. On the centralizer of an in�nite mixing Rank-one transformation //
Funct. Anal. Appl. 49:3 (2015), 230-233.

[5] Ryzhikov V.V. Polynomial rigidity and spectrum of Sidon automorphisms, preprint,
arXiv:2310.10370 (2023).

[6] Ryzhikov V.V., Thouvenot J.-P. Quasi-similarity, entropy and disjointness of ergodic actions //
Funktsional. Anal. i Prilozhen. 58:1 (2024), 117-124.

Fast performance of a group of controlled objects
of variable composition

Saburova S. P. (Russia, Moscow)
Moscow Aviation Institute (National Research University)

saburova.sera�ma.mai@gmail.com

The problem of fast performance of a group of controlled objects of variable composition
is considered [1-3]. The motion is started by one composite control object (carrier). It moves
rectilinearly with limited acceleration and velocity. At some moment of time several simple objects
are separated from it and are directed to the speci�ed terminal states (targets). The movement of
each simple object is rectilinear with limited acceleration and velocity, and the maximum velocity
of the simple object is less than the maximum velocity of the composite object. Rotations of control
objects are performed at the moment of stopping, i.e. at zero linear velocity. The rotation time
proportional to the angle value is taken into account in the minimised functional.

The optimal control of rectilinear motion is found using the maximum principle. The point of
separation of objects is determined approximated as a result of numerical optimisation on densifying
meshes in the state space.

The algorithm for solving the problem is developed for plane motion of a group of controlled
objects. The programme implementing the proposed algorithm is written in Python language in
PyCharm environment. It allows to obtain an approximate solution of the problem, to graphically
represent optimal trajectories of the group movement, to calculate the time of goal achievement.
The e�ectiveness of the programme is demonstrated on examples of multi-target fast performance
of a group of moving objects. A graphical shell is developed with QtDesigner to simplify data entry
for the task.
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Two sub-Lorentzian problems on the Martinet �at distribution are studied. For the �rst one,
the attainable set has a nontrivial intersection with the Martinet plane, but for the second one it
does not. Attainable sets, optimal trajectories, sub-Lorentzian distances and spheres are described.
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In this research we consider the situation when a mechanical system with n > 1 degrees of
freedom has a non-degenerate Lyapunov unstable equilibrium position, the degree of instability of
which ν lies within 1 ≤ ν ≥ n − 1. We prove the existence of localized solutions in small vicinity
of equilibrium position. We de�ne as localized solutions those solutions that begin at the boundary
of the region of possible motion, determined by the corresponding small positive initial value of the
total energy of the system, and in further motion do not leave this vicinity. For natural systems with
two degrees of freedom, localized motions are periodic, similar to the result of the corresponding
theorem for Lyapunov systems. In the general case, our proof does not require the conditions of non-
resonance of purely imaginary roots of the characteristic equation and the presence of an analytical
�rst integral of the dynamical system. With addition of gyroscopic forces and of dissipative forces
(with or without complete dissipation), and possibly time-dependent ones, the existence of localized
motions is also proven. An example of a problem that falls into the class of systems considered in
our study may be the movement of a point along the surface of a hyperbolic paraboloid in a gravity
�eld. To prove the following theorem, the topological Ważewski method applying the concept of
retract is used [1]. Let us present the theorem for the case of two degrees of freedom.

Theorem 1. Consider mechanical system with generalized coordinates q = (q1, q2). Let q = 0
� non-degenerate and Lyapunov unstable equilibrium position, its degree of instability ν = 1. Let
gyroscopic forces are small. Then for any su�ciently small ε > 0 il exist h0 > 0, such that for
any h : 0 ≤ h ≤ h0 il exist solution q(t), with initial energy h, which will be always in the area
q21 + q22 < ε.

16Work supported by Russian Scienti�c Foundation, grant 22-11-00140, https://rscf.ru/project/22-11-00140/.
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A discussion of localization time is given in the following theorem.
Theorem 2. Let us �x the energy level h and consider the motions that begin on that part of

the boundary of the region of possibility of motion that lies in the vicinity of unstable equilibrium
position. If localized motion exists, then for any large time T > 0, in the vicinity of this motion there
are the trajectories that do not leave the vicinity of equilibrium during the time T . The measure of
such trajectories is di�erent from zero.

As an example of application of the presented theorems, consider the planar restricted circular
three-body problem. On rotating orbital plane associated with two massive mutually gravitating
bodies, three of the �ve relative equilibrium positions of a small-mass body � collinear libration
points � have degree of instability 1. Numerical analysis of localized motions in the vicinity of these
points illustrates the proven theorems.
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We say that a Morse�Smale di�emomorhism f : Mn → Mn belongs to a class G(Mn), if f
has no any saddle periodic points with one-dimensional unstable manifolds, and for any periodic
point σ of Morse index (n− 1) its unstable manifolds do not intersect stable invariant manifolds of
saddle periodic points di�erent from σ.

Theorem 1. Let Mn be a closed manifold, n ≥ 4, and f ∈ G(Mn). Then Mn is simply
connected.

Let us remark that for n ∈ 2, 3, the unique simply connected manifold is sphere S3. For n ≥ 4,
there are numerous simply connected manifolds not homeomorphic to sphere (for instance, Sk×Sl,
k, l ≥ 2, k + l = n), but a complete classi�cation of simply connected manifolds is known only for
n = 4 due to non-trivial results of Rochlin, Freedman, Donaldson and Furuta (see a book [1]).

It follows from Morse inequalities that if k1 = 0, then a one-dimensional homology group
H1(M

n) of manifold Mn is trivial. However, it does not mean that the fundamental group π1(M
n)

of Mn is trivial. To proof Theorem 1, we obtain the following topological version of well known
smooth result that can be of independent interest:

Proposition. Let Qn−1, Mn be closed topological manifolds, Qn−1 is simply connected
and locally �at in Mn. Then there exists an embedding e : Qn−1 × [−1, 1] →Mn such that
e(Qn−1 × {0}) = Qn−1.

Aknowledgements. The author thanks E.Y. Gurevich for setting the problem and fruitful
discussions.
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On the H�enon problem for the spectral fractional Laplacian
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Let B be the unit ball in Rn (n ⩾ 2), q > 1, α > 0 and s ∈ (0, 1). We consider the problem{
(−∆)su+ u = |x|αuq−1 in B,

u > 0 in B.
(1)

Here the spectral fractional Neumann Laplacian (−∆)s is the self-adjoint operator restored
from the quadratic form

[u]2B ≡
(
(−∆)su, u

)
B
:=

+∞∑
j=0

µsj(u, φj)
2
B,

where µj and φj are, respectively, eigenvalues and orthonormal eigenfunctions of the Neumann
Laplacian in B. It is known that for s ∈ (0, 1) the domain of this quadratic form coincides with the
Sobolev�Slobodetskii space Hs(B).

A problem similar to (1) for the H�enon type equation driven by p-Laplacian operator was
considered in [1].

We consider a functional

Qq,α(u) =
[u]2B + ∥u∥2L2(B)(∫
B
|x|α|u|qdx

)2/q

de�ned on Hs(B). Its minimizer, under proper normalization, is a weak (generalized) solution of
the problem (1).

We show that for q ∈
[
1;

2(n+ α)

n− 2s

)
the embedding of the subspace of radial functions in

Hs(B) into the weighted space Lq(B, |x|αdx) is compact. So it means that the problem (1) has a
positive radial solution.

Theorem 1. Let s > 1/2, q ∈
(
2(n− 1)

n− 2s
,

2n

n− 2s

)
. There exists α̂(s, q) such that for any

α > α̂ the minimizer of Qq,α over the whole space H
s(B) isn't a radial function. So, the problem (1)

has a nonradial positive solution.
Theorem 2. Let s > 1/2. There exists q̃(s) > 2 such that for any q ∈ (2, q̃) positive radial

solution of (1) is a local minimizer of Qq,α for any α su�ciently large.

Conjecture: the statement of Theorem 2 holds for all q ∈
(
2,

2(n− 1)

n− 2s

)
.
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In recent years, arti�cial neural networks demonstrated signi�cant success in modeling
solutions to boundary value problems for various partial di�erential equations. When training
such neural networks, the residuals functional is usually used as a loss functional [1], however,
quasiclassical functionals from variational formulations for nonpotential operators [2] can also be
used for neural networks training, provided that the quasiclassical functional can be estimated using
Monte Carlo integration.

We study the problem of constructing a loss functional based on the quasiclassical variational
formulation of the boundary value problem for one-dimensional wave equation

∂ttu− ∂xxu = 0, (x, t) ∈ Ω = [0, π]× [0, π] (1)

with boundary conditions 
u |t=0 = φ (x) ,

∂tu |t=0 = ψ (x) ,
u |x=π = χ (t) .

(2)

(complete statement of problem (1)-(2) indicating classes of the solution u and boundary functions
φ,ψ, χ is given in [3]).

Quasiclassical variational formulation of the boundary value problem (1)-(2) can be obtained
using the method of symmetrizing operator by V.M. Shalov [4], [5].

Based on the approach by V.M. Filippov [3], the following statement is proven.
Theorem. The variational functional for the boundary value problem (1)-(2) can be written

in the form

D [u] =

∫
Ω

(
u2 (x, t) + (Θ (x, t)− 2Φ (x, t)) u (x, t)

)
dxdt, (3)

Θ (x, t) =


Ψ(x+ t)−Ψ(x− t) , x ∈ (0, π) , t > 0, t < x, t < π − x,

Ψ(2π − x− t)−Ψ(x− t) , t ∈ (0, π) , x < π, x > t, x > π − t,

Ψ(2π − x− t)−Ψ(0) , x ∈ (0, π) , t < π, t > x, t > π − x,

Ψ(x+ t)−Ψ(0) , t ∈ (0, π) , x > 0, x < t, x < π − t,

Φ (x, t) =

{
φ (x+ t) , x+ t < π,

χ (x+ t− π) , x+ t > π,
Ψ(ξ) = φ (ξ)−

ξ∫
0

ψ (λ) dλ.

Functional (3) does not contain derivatives of unknown function u (x, t), can be estimated
using Monte Carlo integration method (with sampling from Ω) and can be used for training of a
neural network that approximates the solution of the boundary value problem (1)-(2).
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The talk is devoted to approximate Lipschitz stability estimates for monochromatic phaseless
inverse scattering with background information in dimension d ≥ 2. Moreover, these stability
estimates are given in terms of non-overdetermined and incomplete data.

Related results for reconstruction from phaseless Fourier transforms are also given. This talk
is based on article [1]. Prototypes of these estimates for the phased case were given in [2].
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We consider the second mixed problem for the Vlasov�Poisson system in a half�space. This
problem models the kinetics of high temperature plasma in a fusion reactor. If plasma reaches a
boundary of the domain, it can lead to the destruction of the reactor. Therefore we study solutions
of the above mentioned mixed problem such that the supports of density distribution functions
of charged particles are located strictly inside the domain. For this purpose we use an external
magnetic �eld. It will be obtained su�cient conditions for external magnetic �eld, which provide
existence of global classical solutions having supports of density distribution functions inside the
domain [1].
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After a transform the model we consider is transformed into

x′i = mi
s− λi
s+ ai

xi, (1a)

s′ =

(
1− s−

n∑
i=1

xi
s+ ai

)
s, (1b)

Here the new variables are normalized populations of predators xi and the prey s and the
parameters are positive. We mainly consider the case for two predators, that is i = 1, 2.

For this system there is no equilibrium at which predators coexist (except in some non-generic
cases). Thus any coexistence is described by cyclic or more complicated trajectories and we study
the system using Poincar�e maps.

In some cases the behaviour can be well approximated by iterates of one-dimensional maps.
We discuss some known properties of these approximations and formulate some open questions for
di�erent families of maps. Both the maps and the original system can have two attractors for small
ranges of parameters.

We also discuss the case when Poincar�e maps cannot be approximated by one-dimensional
maps and give some examples, where we have more than two coexisting attractors. We formulate
some open problems about the structure and bifurcations of these attractors.

Most of known properties of this system are presented in the reference and references therein,
but we also present some news from latest time.
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This work is devoted to studying the attitude motion of a dynamically symmetric rigid-body
satellite in a central Newtonian gravitational �eld with its center of mass O moving in a circular
orbit about the gravitating center G0. The attitude motion is described by Euler angles ψ, θ, φ
introduced between the satellite's principal axes Oxyz and an orbital reference frame OXY Z as
shown on Fig. 1-a.

Due to dynamical symmetry the coordinate φ becomes cyclic and the satellite rotates at a
constant rate about its �gure axis Oz. In this case there exist three particular types of motions
known as Regular precessions [1]. Regular precessions are characterized by the axis Oz remaining
stationary in respect to the orbital frame OXY Z and describing a cylinder, a cone or a hyperboloid,
respectively, in the absolute space. The axis Oz can also wobble periodically about a Regular
precession (Fig. 1-b). It can be shown using Lyapunov's theory [2] that in a small neighborhood of a
stable Regular precession there exist at least two families of these periodic motions: short-periodic
ones with period TS = 2π

ωS
and long-periodic ones with period TL = 2π

ωL
where ωS and ωL are
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Fig. 1: Attitude coordinates ψ, θ, φ of the satellite (a) and its periodic motion in the neighborhood
of a Regular precession (b). Here s is the trace of the �gure axis Oz on the unit sphere and Oz0
denotes the position of the �gure axis in case of the precession.

frequencies of the linearized system. If the frequencies are in resonance there can exist additional
families of long-periodic motions. Existence and linear orbital stability of these periodic motions
was previously investigated in [3].

In this work the nonlinear orbital stability problem for periodic motions originating from the
satellite's Hyperboloidal precession in case of third-order resonance is considered. The nonlinear
analysis is conducted using the novel method proposed in [4]. This method is based on introducing
local coordinates in the neighborhood of the periodic motion and reducing the initial 2DOF problem
to a 1DOF one. This allows to draw conclusions on the orbital stability by analyzing the stability of
a stationary point of the phase �ow generated by the reduced system [5]. An algorithm implementing
the method was proposed [6]. It is employed in this work to construct the orbital stability diagrams
of the considered periodic motions in the problem's parameter space.
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Existence and relaxation of BV solutions
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We study a discontinuous sweeping process involving prox-regular sets and a multivalued
perturbation in a separable Hilbert space. The variation of the moving set is controlled by a positive
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Radon measure and the values of the perturbation are closed, not necessarily convex sets. A solution
of the sweeping process is a pair consisting of a right continuous function of bounded variation whose
di�erential measure is absolutely continuous with respect to some positive Radon measure and an
integrable selector of the perturbation considered on this function.

Along with the original perturbation we consider the perturbation with the convexi�ed values.
We prove theorems of existence and relaxation of solutions. The latter means the density of the
solution set of the sweeping process with the original perturbation in the solution set of the sweeping
process with the convexi�ed perturbation. These solution sets are considered as subsets of the
Cartesian product of the space of right continuous regular functions and the space of integrable
functions. These spaces are endowed with the topology of uniform convergence on an interval and
the weak topology, respectively.

On the set of solutions to a system of fractional semilinear
differential inclusions with Hille-Yosida operators in Banach spaces

Ul'vacheva T.A. (Russia, Voronezh)
Voronezh State Pedagogical University

tanya438@mail.ru

Let E1, ..., En be separable Banach spaces. We will consider the Banach space E = E1×...×En
equipped with the norm ∥x∥E = max1≥i≤n ∥xi∥Ei , where x = (x1, ..., xn).

We will study the following system of semilinear di�erential inclusions of fractional order in
the space E : 

CDq1
0 x1(t) ∈ A1x1(t) + F1(t, x1(t), ..., xn(t)), t ∈ [0, T ],

....................................................................
CDqn

0 xn(t) ∈ Anxn(t) + Fn(t, x1(t), ..., xn(t)), t ∈ [0, T ],

(1)

where CDqi
0 are Caputo derivatives of orders qi, 0 < qi < 1, i = 1, ..., n; linear operators

Ai : D(Ai) ⊆ Ei → Ei, i = 1, ..., n satisfy the following conditions:

(A1i) each Ai is the Hille-Yosida operator, i.e., there exist constants ωi ∈ R and Ci > 0 such that
(ωi,+∞) ⊂ ρ(Ai) and ∥λI −Ai)

−k∥L(Ei) ≤
Ci

(λ−ωi)k
for all λ > ωi, k ≥ 1.

For each i = 1, ..., n, let E0i = D(Ai) and A0i be the part of the operator Ai de�ned as
A0ix = Aix for x ∈ D(A0i) = {x ∈ D(Ai) : Ax ∈ E0i}.

It is known (see, [1]) that each operator A0i generates a C0-semigroup of linear operators
{Ti(t)}t≥0 on E0i. We assume that

(A2i) each semigroup {Ti(t)}t≥0 is uniformly bounded, i.e., there exists Mi ≥ 1 such that
supt≥0 ∥T (t)∥L(E) ≤Mi.

De�ne the multivalued nonlinearity F : [0, T ]× E → Kv(E) as F (t, x) = F1(t, x) × ...
×Fn(t, x), where each multioperator Fi : [0, T ]× E → Kv(Ei), i = 1, ..., n satis�es the following
conditions:

(F1i) for each x ∈ E the multifunction Fi(·, x) : [0, T ] → Kv(Ei) admits a measurable selection;

(F2i) for a.e. t ∈ [0, T ] the multimap Fi(t, ·) : E → Kv(Ei) is u.s.c.;

(F3i) there exists a function αi(·) ∈ Lpi+ (0, T ) with pi >
1
qi
such that

∥Fi(t, x)∥Ei := sup{∥y∥Ei : y ∈ Fi(t, x)} ≤ αi(t)(1 + ∥xi∥Ei) a.e. t ∈ [0, T ].

Introduce the vector Hausdor� MNC X in the space E by setting, for a bounded set Ω ⊂ E:

X (Ω) =
(
χ1(Ω1), ..., χn(Ωn)

)T
∈ Rn+, where χi is the Hausdor� MNC in the space Ei and Ωi

denotes the projection of the space Ω onto Ei, i = 1, ..., n. We will assume now that the multivalued
nonlinearities Fi satisfy the following condition:
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(F4i) there exist functions µi ∈ Lpi+ , i = 1, ..., n such that for each bounded set Ω ⊂ E we have
X
(
F (t,Ω)

)
≤ M(t)X (Ω) a.e. t ∈ (0, T ), where M(t) has the form:

M(t) =


µ1(t) 0 ... 0
0 µ2(t) ... 0
... ... ... ...
0 0 ... µn(t)


We consider the problem on the existence of mild solutions x(t) = (x1(t), ..., xn(t)) of system

(1) satisfying initial conditions

x1(0) = x01 ∈ E01, ..., xn(0) = x0n ∈ E0n. (2)

We can formulate now the following existence result for problem (1), (2).
Theorem 1. Under conditions (A1i), (A2i), (F1i), (F2i), (F3i), (F4i) the set of all mild

solutions of system (1)-(2) is nonempty and compact.
Denote C = C([0, T ];E), Ci = C([0, T ];Ei), i = 1, ..., n.
Theorem 2. Under conditions (A1i), (A2i), (F1i), (F2i), (F3i), (F4i) the set of all mild

solutions of system (1)-(2) is an Rδ-subset of C, i.e., it can be presented as the intersection of
a decreasing sequence of compact, contractible sets.

References

[1] Obukhovskii V., Zecca P. On semilinear di�erential inclusions in Banach spaces with nondensely
de�ned operators // J. Fixed Point Theory Appl. 2011. Vol. 9, No. 1. P. 85-100.

A generalization of the Hardy inequality
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Let n,m ≥ 1, and let P and D be (n × n)-matrices with real entries, skew symmetric and
symmetric respectively; b ∈ R is a parameter. We consider the Hardy-type functional

I[u] :=
∫
Rm

[
|x|2|∇u|2 − 2b⟨Pu,∇u · x⟩+ ⟨Du, u⟩

]
|x|2γdx. (1)

In this talk we provide the criterion for nonnegativity of the functional (1):
Theorem 1. Let γ > −m

2 . The necessary and su�cient condition of nonnegativity of the
functional I[u] on the set u ∈ C∞

0 (Rm → Rn) consists of two inequalities:

D + (m+2γ)2

4 I ≥ 0; |b| ≤ b0 := min
y∈Cn : ⟨Py,y⟩≠0

√
⟨
(
D + (m+2γ)2

4 I
)
y, y⟩⟨y, y⟩

|⟨Py, y⟩|
. (2)

In the case b = 0 the �rst inequality in (2) coincides with the condition for the classical Hardy
inequality. For n = 2 the necessary and su�cient conditions (2) were given explicitly in [1].

The talk is based on the joint work with A.I. Nazarov [2].
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Trapping behavior in quantum control landscapes20
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Quantum control is an important tool for quantum technologies development [1]. A typical
quantum control problem can be often formulated as a problem maximizing the objective functional.
This objective functional is determined by the state of the quantum system. A trap in a quantum
control landscape is a point of local but not global optimum of the objective functional. In more
general sense, traps are controls from which it is di�cult to escape by local search optimization
methods. Studying quantum landscapes for the presence or absence of traps is an important problem
in the theory of quantum control [2]. It is known that there are no traps for case of the control of a
one qubit [3,4]. Trapping behavior can arise in the quantum landscapes of problems of controlling of
multi-level quantum systems [5]. The notion of the n-th order trap, de�ned by the Taylor expansion
of the objective functional up to the n-th order, was introduced in [6,7]. In [6,7], it was shown
that the constant zero control is the third order trap for the case of the control of the three-level
Λ-atom system. We show that constant zero control is the trap of the order (2N − 3) for the N -
level controllable quantum systems with the "chained"interaction Hamiltonian [8]. We also show
that that constant zero control is the trap of the seventh order for the case of the control of the
three-level degenerate Ξ quantum system [9].
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Estimation of the average time benefit from resource extraction
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A population dynamic in the absence of exploitation is given by a system of ordinary
di�erential equations and at certain time of moment, part of the population, is extracted from
resources. Conditions are obtained to estimate the upper bounds and the lower bounds of the average
time bene�t from resource extraction for some models. The result obtained here is illustrated with an
example of competition model and could be applied to other various models of population dynamics
([1], [2]).

Let us consider a population model whose dynamics in the absence of exploitation is given by
a system of di�erential equations

ẋ = f(x), x ∈ Rn+
.
= {x ∈ Rn : x1 ⩾ 0, . . . , xn ⩾ 0}.

We assume that at time τ(k) = kd, where d > 0, some share of a renewable resource

u(k) =
(
u1(k), . . . , un(k)

)
∈ [0, 1]n, k = 1, 2, . . . ,

is extracted from the population, which leads to an instant decrease in its quantity. If n = 1, then
the population is called homogeneous. For n ⩾ 2 the population is structured, that is, either it
consists of individual species x1, . . . , xn, or divided into n age groups. Note that, ui(k) indicates the
share of the resource i-th type removed from the population at the time kd.

Thus, we consider an exploited population whose dynamics is given by a controlled system
with an impulse action

ẋi = fi(x), t ̸= kd, xi(kd) =
(
1− ui(k)

)
· xi(kd− 0), (1)

where xi(kd− 0) and xi(kd), i = 1, . . . , n, k = 1, 2, . . . . are the amount of resource of the i-th type
before and after harvesting at time kd respectively. We assume that the solutions of the system
ẋ = f(x) are right continuous and the functions f1(x), . . . , fn(x) are de�ned and continuously
di�erentiable for all x ∈ Rn+.

Let us denote by φ(t, x) =
(
φ1(t, x), . . . , φn(t, x)

)
the solution of the system ẋ = f(x) (without

impulse in�uence) satisfying the initial condition φ(0, x) = x, where t ∈ R+, x ∈ Rn+. We assume
that the solution φ(t, x) is non-negative for any non-negative initial conditions.

Let Xi(k) = xi(kd − 0) be the amount of resource of the i-th type before harvesting at the
time kd, k = 1, 2, . . . , x(0) is the initial amount and Ci ⩾ 0 is the resource cost of the i-th type.

Then the total cost of the harvested resource at the moment kd is given by Y (k) =
n∑
i=1

CiXi(k)ui(k).

De�nition 1. Let u
.
=
(
u(1), . . . , u(k), . . .

)
∈ [0, 1]∞. The average time bene�t from resource

extracting is given by the function H as follows.

H∗
(
u, x(0)

) .
= lim

k→∞

1

k

k∑
j=1

Y (j) = lim
k→∞

1

k

k∑
j=1

n∑
i=1

CiXi(j)ui(j) .

Consider a population whose dynamics is given by the system (1). Note that
X(1) = φ(d, x(0)), therefore Xi(1) = φi(d, x(0)), i = 1, . . . , n.

Let us introduce the following functions: D(x)
.
=

n∑
i=1

Ci
(
φi(d, x)−xi

)
and L(x)

.
=

n∑
i=1

Cifi(x).

Theorem 1 ([1]). We assume that the function D(x) attains its maximum value at x∗ ∈ Rn+
and x∗i ⩽ φi(d, x

∗) ̸= 0 for all i = 1, . . . , n. Then for any x(0) ∈ Rn+ such that φi(d, x(0)) ⩾ x∗i ,
i = 1, . . . , n, the maximum value of the function H∗

(
u, x(0)

)
will be

H
(
u∗, x(0)

)
= D(x∗) =

n∑
i=1

Ci
(
φi(d, x

∗)− x∗i
)
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on the set U with the following exploiting mode:

u∗(1) =
(
1− x∗1

X1(1)
, . . . , 1− x∗n

Xn(1)

)
;

u∗(k) =
(
1− x∗1

φ1(d, x∗)
, . . . , 1− x∗n

φn(d, x∗)

)
, k ⩾ 2.

Lemma 1 ([1]). Let d > 0 be �xed. Then

max
x∈Rn

+

D(x) ⩽ d · max
x∈Rn

+

L(x).

Example 1. Let's consider a model of competition of two species x1 and x2 :{
ẋ1 = (c1 − a1x1 − b1x2)x1,

ẋ2 = (c2 − a2x2 − b2x1)x2,

where a > b. By virtue of the theorem 1, the average time bene�t for any u ∈ U is estimated from
above

H
(
u, x(0)

)
⩽ H

(
u∗, x(0)

)
⩽ D(x∗) ⩽ c2d ·max

{ C1C2(C1 + C2)(a− b)

4a2C1C2 − b2(C1 + C2)2
,
C1

4a
,
C2

4a

}
.

Moreover, by choosing a control u ∈ U, it is possible to estimate the function H, for certain values
x(0) ∈ Rn+ as follows,

H
(
u, x(0)

)
⩾ max

{C1

a
,
C2

a
,
C1 + C2

a+ b

}c (ecd/2 − 1)

ecd/2 + 1
.
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Ïóñòü h > 0 è l2,h(Z) � ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé x = {xj}j∈Z òàêèõ, ÷òî∑
j∈Z

|xj |2 < ∞, ñ íîðìîé ∥x∥l2,h(Z) =

(
h
∑
j∈Z

| xj |2
)1/2

. Îïåðàòîðû ðàçäåëåííûõ ðàçíîñòåé

îïðåäåëÿþòñÿ ðàâåíñòâàìè ∆1
hx = ∆hx =

{
xj+1−xj

h

}
j∈Z

,∆m
h x = ∆h

(
∆m−1
h x

)
.

Ïóñòü n ∈ N. Ïðåäïîëîæèì, ÷òî äëÿ êàæäîé ïîñëåäîâàòåëüíîñòè x ∈ l2,h(Z) íåòî÷íî
èçâåñòíû ðàçäåëåííûå ðàçíîñòè k1, k2, . . . , kn ïîðÿäêîâ (0 ⩽ k1 < k2 < . . . < kn), òî åñòü

èçâåñòíû ïîñëåäîâàòåëüíîñòè y1, y2, . . . , yn òàêèå, ÷òî ∥∆kj
h x − yj∥l2,h(Z) ⩽ δj , j = 1, . . . , n.

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ îïåðàòîðà k-òîé ðàçäåëåííîé ðàçíîñòè
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∆k
hx (k ∈ Z+) ïîñëåäîâàòåëüíîñòè x ∈ l2,h(Z). Â êà÷åñòâå ìåòîäà âîññòàíîâëåíèÿ ðàññìîòðèì

âñåâîçìîæíûå îòîáðàæåíèÿ φ : (l2,h(Z))n → l2,h(Z). Ïîãðåøíîñòüþ ìåòîäà íàçîâåì âåëè÷èíó

e(l2,h(Z),K, δ, φ) = sup
x∈l2,h(Z)

Y ∈(l2,h(Z))n

∥∆
kj
h x−yj∥l2,h(Z)⩽δj , j=1,...,n

∥∆k
hx− φ(Y )∥l2,h(Z),

ãäå K = (k1, k2, . . . , kn), δ = (δ1, δ2, . . . , δn), Y = (y1, y2, . . . , yn). Ïîãðåøíîñòüþ îïòèìàëüíîãî
âîññòàíîâëåíèÿ íàçîâåì çíà÷åíèå ýêñòðåìàëüíîé çàäà÷è

E(l2,h(Z),K, δ) = inf
φ: (l2,h(Z))n→l2,h(Z)

e(l2,h(Z),K, δ, φ),

à ìåòîä φ̂, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü � îïòèìàëüíûì ìåòîäîì.
Ïóñòü k, k1, k2, . . . , kn ∈ Z+, 0 ⩽ k1 < k2 < . . . ⩽ kn, δ > 0. Ïîëîæèì

M = co {(kj , ln 1/δj), 1 ⩽ j ⩽ n}+
{(

t, t ln
h

2

)
: t ⩾ 0

}
,

ãäå coA îáîçíà÷àåò âûïóêëóþ îáîëî÷êó ìíîæåñòâà A. Ïóñòü ôóíêöèÿ θ· íà ïðîìåæóòêå
[0,+∞) çàäàíà ðàâåíñòâîì θ(k) = max{x : (k, x) ∈ M}, ãäå ks1 , ks2 , . . . ksr � òî÷êè èçëîìà.
Îáîçíà÷èì

λ̂sjL =
ksj+1 − k

ksj+1 − ksj

(
δsj+1

δsj

)2
k−ksj

ksj+1−ksj
, λ̂sjR =

k − ksj
ksj+1 − ksj

(
δsj
δsj+1

)2
ksj+1−k

ksj+1−ksj
, t(ω) =

2 sin
hω

2
h


2

.

Òåîðåìà 1. Äëÿ ëþáîãî k ⩾ 0 ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ ðàâíà
E(l2,h(Z),K, δ) = e−θ(k).

1. Åñëè k1 > 0, 0 ⩽ k < k1, òî ëþáîé ìåòîä ÿâëÿåòñÿ îïòèìàëüíûì;

2. åñëè k = ksj , 1 ⩽ j ⩽ r, òî ìåòîä φ̂ òàêîé, ÷òî φ̂(Y ) = ysj , ÿâëÿåòñÿ îïòèìàëüíûì;

3. åñëè r ⩾ 2, k ∈ (ksj , ksj+1), 1 ⩽ j ⩽ r − 1, òî ëþáîé ìåòîä âèäà φ̂(Y ) = βsjL ∗ ysj +
βsjR∗ysj+1 ÿâëÿåòñÿ îïòèìàëüíûì, ãäå βsjL , βsjR � ïîñëåäîâàòåëüíîñòè, ïðåîáðàçîâàíèå
Ôóðüå êîòîðûõ óäîâëåòâîðÿåò óñëîâèÿì:

∣∣∣∣(FβsjL)(ω)− λ̂sjL

(
eihω − 1

h

)k−ksj
λ̂sjRt

ksj+1−ksj 1(ω) + λ̂sjL

∣∣∣∣ ⩽√
λ̂sjL λ̂sjRt

k−ksj+1 (ω)

λ̂sjR + λ̂sjLt
ksj−ksj+1 (ω)

·
√
λ̂sjLt

ksj−k(ω) + λ̂sjRt
ksj+1−k(ω)− 1,

(FβsjR)(ω) =

(
eihω − 1

h

)k−ksj+1

−
(
eihω − 1

h

)ksj−ksj+1

αsjL(ω).

4. åñëè k > ksr , òî ìåòîä φ̂ òàêîé, ÷òî φ̂(Y ) = ∆
k−ksr
h ysr , ÿâëÿåòñÿ îïòèìàëüíûì.
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Ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó

ẋ = φ(t, x, u), u(t) ∈ U äëÿ ï. â. t ∈ [t0, t1], (1)

f(x(t0), x(t1)) ⩽ 0, g(x(t0), x(t1)) = 0 (2)

íà ïðîñòðàíñòâå ïàð (x, u) ∈ AC([t0, t1], Rn)× L∞([t0, t1], Rr), ãäå îòîáðàæåíèå
φ : R× Rn × Rr → Rn ïåðåìåííûõ t, x è u íåïðåðûâíî âìåñòå ñî ñâîåé ÷àñòíîé ïðîèçâîäíîé
ïî x, îòîáðàæåíèÿ f : Rn × Rn → Rm1 è g : Rn × Rn → Rm2 ïåðåìåííûõ ζi ∈ Rn, i = 0, 1,
äèôôåðåíöèðóåìû, U � íåïóñòîå ïîäìíîæåñòâî Rr.

Îïðåäåëèì ìíîæåñòâî äîñòèæèìîñòè äëÿ ñèñòåìû (1), (2) îòíîñèòåëüíî îòêðûòîãî
ìíîæåñòâà V ⊂ C([t0, t1], Rn): R(V ) = { y = (y1, y2) ∈ Rm1 × Rm2 | ∃ (x, u) ∈ AC([t0, t1], Rn) ×
L∞([t0, t1], Rr) : âûïîëíåíî (1), f(x(t0), x(t1)) ⩽ y1, g(x(t0), x(t1)) = y2, x ∈ V }.

Ñêàæåì, ÷òî ñèñòåìà (1), (2) óïðàâëÿåìà îòíîñèòåëüíî ôóíêöèè x̂ ∈ C([t0, t1], Rn) è åå
îêðåñòíîñòè V , åñëè ñïðàâåäëèâî âêëþ÷åíèå 0 ∈ intR(V ).

Âàæíî îòìåòèòü, ÷òî çäåñü ôóíêöèÿ x̂ íå îáÿçàíà áûòü äîïóñòèìîé òðàåêòîðèåé äëÿ
ñèñòåìû (1), (2), íî, êàê íåòðóäíî âèäåòü, èç óïðàâëÿåìîñòè ñëåäóåò, ÷òî V ñîäåðæèò è
äîïóñòèìûå òðàåêòîðèè äëÿ ýòîé ñèñòåìû.

Ðàíåå àâòîðàìè áûëî ââåäåíî ïîíÿòèå ëîêàëüíîé óïðàâëÿåìîñòè ñèñòåìû (1), (2)
îòíîñèòåëüíî ôóíêöèè x̂ ∈ C([t0, t1], Rn), êîòîðîå îòëè÷àåòñÿ îò ïðèâåäåííîãî òåì, ÷òî
âêëþ÷åíèå 0 ∈ intR(V ) äîëæíî âûïîëíÿòüñÿ äëÿ ëþáîé îêðåñòíîñòè V ôóíêöèè x̂.

Íàøà öåëü � ïîëó÷èòü äîñòàòî÷íûå óñëîâèÿ óïðàâëÿåìîñòè îòíîñèòåëüíî ôóíêöèè x̂ íå
òîëüêî äëÿ èñõîäíîé ñèñòåìû (1), (2), íî è äëÿ �áëèçêèõ� ê íåé ñèñòåì.

Ñîïîñòàâèì ñèñòåìå (1), (2) ñëåäóþùóþ âûïóêëóþ óïðàâëÿåìóþ ñèñòåìó

ẋ=
k∑
i=1

αi(t)φ(t, x, ui(t)), α ∈ Ak, u ∈ Uk, f(x(t0), x(t1)) ⩽ 0, g(x(t0), x(t1)) = 0, (3)

ãäå Ak = {α = (α1, . . . , αk) ∈ (L∞([t0, t1]))
k : α(t) ∈ Σkäëÿ ï. â. t ∈ [t0, t1] }, Σk = {α =

(α1, . . . , αk) ∈ Rk+ :
∑k

i=1 αi = 1 } è U = {u ∈ L∞([t0, t1], Rr) : u(t) ∈ U äëÿ ï. â. t ∈ [t0, t1] }.
Ïóñòü k ∈ N è òðîéêà (x̂, α̂, û), ãäå α̂ = (â1, . . . , âk) è û = (û1, . . . , ûk), äîïóñòèìà äëÿ

âûïóêëîé ñèñòåìû (3). Îáîçíà÷èì ÷åðåç Λ(x̂, α̂, û) ìíîæåñòâî íàáîðîâ (λf , λg, p) ∈ (Rm1)∗+ ×
(Rm2)∗ ×AC([t0, t1], (Rn)∗), óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì:

ṗ(t) = −p(t)
k∑
i=1

α̂i(t)φx(t, x̂(t), ûi(t)), p(t0) = f̂∗ζ0λf + ĝ∗ζ0λg, p(t1) = −f̂∗ζ1λf − ĝ∗ζ1λg,

⟨λf , f(x̂(t0), x̂(t1))⟩ = 0,

max
u∈U

⟨p(t), φ(t, x̂(t), u)⟩ = ⟨p(t), ˙̂x(t)⟩ ï. â. íà [t0, t1].
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Ïóñòü ρ > 0, ∆(ρ) = { (t, x, u) ∈ R × Rn × U : |x − x̂(t)| ⩽ ρ, t ∈ [t0, t1] } è B(ρ) �
çàìêíóòûé øàð â R2n ñ öåíòðîì â òî÷êå (x̂(t0), x̂(t1)) ðàäèóñà ρ.

Îáîçíà÷èì L = C(∆(ρ), Rn)× C(B(ρ), Rm1)× C(B(ρ), Rm2) (ïðîèçâåäåíèå ïðîñòðàíñòâ
íåïðåðûâíûõ îãðàíè÷åííûõ îòîáðàæåíèé ñ sup-íîðìîé).

Ñîïîñòàâèì ëþáîé òðîéêå íåïðåðûâíûõ îòîáðàæåíèé (φ̃, f̃ , g̃) : L → Rn × Rm1 × Rm2

ñèñòåìó âèäà (1), (2), â êîòîðîé îòîáðàæåíèÿ φ, f è g çàìåíåíû ñîîòâåòñòâåííî íà îòîáðàæåíèÿ
φ̃, f̃ è g̃. Áóäåì ãîâîðèòü î òàêîé òðîéêå êàê î ñèñòåìå (φ̃, f̃ , g̃).

Òåîðåìà. Ïóñòü k è òðîéêà (x̂, α̂, û) òàêîâû, ÷òî Λ(x̂, α̂, û) = {0}. Òîãäà äëÿ êàæäîé
îêðåñòíîñòè V0 ôóíêöèè x̂ íàéäåòñÿ îêðåñòíîñòü W0 íóëÿ â L òàêàÿ, ÷òî ëþáàÿ ñèñòåìà
(φ̃, f̃ , g̃), äëÿ êîòîðîé (φ̃− φ, f̃ − f, g̃ − g) ∈W0, óïðàâëÿåìà îòíîñèòåëüíî x̂ è V0.

Çàìåòèì, ÷òî äëÿ óïðàâëÿåìîñòè áëèçêîé (â óêàçàííîì ñìûñëå) ñèñòåìû (φ̃, f̃ , g̃) ê
ñèñòåìå (φ, f, g) äîñòàòî÷íî òîëüêî íåïðåðûâíîñòè îòîáðàæåíèé φ̃, f̃ è g̃.

Ñëåäñòâèå. Â óñëîâèÿõ òåîðåìû èñõîäíàÿ ñèñòåìà (φ, f, g) ëîêàëüíî óïðàâëÿåìà
îòíîñèòåëüíî ôóíêöèè x̂.

Èññëåäîâàíèå óñòîé÷èâîñòè êîëëèíåàðíîé òî÷êè ëèáðàöèè
â îãðàíè÷åííîé ýëëèïòè÷åñêîé ôîòîãðàâèòàöèîííîé çàäà÷å òð¼õ òåë
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Ðàññìàòðèâàåòñÿ äâèæåíèå òåëà ìàëîé ìàññû ïîä äåéñòâèåì ãðàâèòàöèîííûõ è
ðåïóëüñèâíûõ ñèë ñâåòîâîãî äàâëåíèÿ, äåéñòâóþùèõ ñî ñòîðîíû äâóõ ìàññèâíûõ èçëó÷àþùèõ
òåë, äâèæóùèõñÿ ïî êåïëåðîâñêèì ýëëèïòè÷åñêèì îðáèòàì. Ðàññìàòðèâàåòñÿ ñëó÷àé ïëîñêîãî
äâèæåíèÿ, êîãäà òåëî ìàëîé ìàññû âñ¼ âðåìÿ ðàñïîëàãàåòñÿ â ïëîñêîñòè îðáèò ýòèõ òåë. Òàêàÿ
ïîñòàíîâêà çàäà÷è èçâåñòíà êàê ïëîñêàÿ îãðàíè÷åííàÿ ýëëèïòè÷åñêàÿ ôîòîãðàâèòàöèîííàÿ
çàäà÷à òð¼õ òåë. Äàííàÿ çàäà÷à èìååò õîðîøî èçâåñòíîå ÷àñòíîå ðåøåíèå, îïèñûâàþùåå
äâèæåíèå, ïðè êîòîðîì òåëî ìàëîé ìàññû íàõîäèòñÿ ìåæäó ïðèòÿãèâàþùèìè òåëàìè íà
îäíîé ñ íèìè ïðÿìîé. Â êîîðäèíàòàõ Íåõâèëà äàííîìó äâèæåíèþ ñîîòâåòñòâóåò ïîëîæåíèå
îòíîñèòåëüíîãî ðàâíîâåñèÿ òåëà ìàëîé ìàññû, êîòîðîå â êëàññè÷åñêîé çàäà÷å òð¼õ òåë
íàçûâàåòñÿ êîëëèíåàðíîé òî÷êîé ëèáðàöèè L1. Çàäà÷à îá óñòîé÷èâîñòè òî÷êè ëèáðàöèè L1

ðàññìàòðèâàëàñü âî ìíîãèõ ðàáîòàõ. Íàèáîëåå ïîëíî èññëåäîâàíà óñòîé÷èâîñòü L1 â êðóãîâîé
ôîòîãðàâèòàöèîííîé çàäà÷å òð¼õ òåë [1], [2], [3]. Â ñëó÷àå ýëëèïòè÷åñêèõ îðáèò ìàññèâíûõ
òåë çàäà÷à îá óñòîé÷èâîñòè L1 çíà÷èòåëüíî ìåíåå èññëåäîâàíà. Â ÷àñòíîñòè, ëèíåéíûé àíàëèç
óñòîé÷èâîñòè äàííîé çàäà÷è ïðîâîäèëñÿ â [4]. Äëÿ ÷àñòíîãî ñëó÷àÿ, êîãäà ìàññèâíûå òåëà
èìåþò ðàâíûå ìàññû è îäèíàêîâûå èíòåíñèâíîñòè èçëó÷åíèÿ, à ýêñöåíòðèñèòåò èõ îðáèò ìàë,
áûë âûïîëíåí íåëèíåéíûé àíàëèç óñòîé÷èâîñòè [5].

Â äàííîé ðàáîòå âûïîëíåíî íåëèíåéíîå èññëåäîâàíèå óñòîé÷èâîñòè êîëëèíåàðíîé òî÷êîé
ëèáðàöèè L1. Ðàññìîòðåí ñëó÷àé, êîãäà ýêñöåíòðèñèòåò îðáèò ïðèòÿãèâàþùèõ è èçëó÷àþùèõ
òåë ìàë, à íà ìàññû òåë è èíòåíñèâíîñòè èõ èçëó÷åíèÿ íå íàëîæåíî íèêàêèõ îãðàíè÷åíèé.
Ïðåäïîëîæåíèå î ìàëîñòè ýêñöåíòðèñèòåòà ïîçâîëèëî ïðèìåíèòü ìåòîä ìàëîãî ïàðàìåòðà è
ïðîâåñòè àíàëèç óñòîé÷èâîñòè àíàëèòè÷åñêè. Áûëà ïðèìåíåíà ñëåäóþùàÿ ìåòîäèêà èññëå-
äîâàíèÿ óñòîé÷èâîñòè. Ôóíêöèÿ Ãàìèëüòîíà óðàâíåíèé âîçìóù¼ííîãî äâèæåíèÿ ñ ïîìîùüþ
ìåòîäà Äåïðè-Õîðè áûëà ïðèâåäåíà ê íîðìàëüíîé ôîðìå. Íîðìàëèçàöèÿ ãàìèëüòîíèàíà
ïðîâîäèëàñü â ïîëÿðíûõ êîîðäèíàòàõ, ÷òî ïîçâîëèëî ñóùåñòâåííî óïðîñòèòü ïðîöåäóðó
âû÷èñëåíèÿ êîýôôèöèåíòîâ íîðìàëüíîé ôîðìû. Íà îñíîâàíèè àíàëèçà êîýôôèöèåíòîâ
íîðìàëüíîé ôîðìû áûëè ñäåëàíû âûâîäû îá óñòîé÷èâîñòè äëÿ áîëüøèíñòâà íà÷àëüíûõ
óñëîâèé è î ôîðìàëüíîé óñòîé÷èâîñòè. Áûë èññëåäîâàí êàê íåðåçîíàíñíûé ñëó÷àé, òàê
è ñëó÷àè ðåçîíàíñîâ òðåòüåãî è ÷åòâ¼ðòîãî ïîðÿäêîâ. Áûë òàêæå ðàññìîòðåí ñëó÷àé,
êîãäà ìàññèâíûå òåëà èìåþò ðàâíûå ìàññû è îäèíàêîâûå èíòåíñèâíîñòè èçëó÷åíèÿ, à
ýêñöåíòðèñèòåò èõ îðáèò ìîæåò ïðèíèìàòü ëþáûå çíà÷åíèÿ èç èíòåðâàëà [0; 1]. Â ýòîì
ñëó÷àå êîýôôèöèåíòû íîðìàëüíîé ôîðìû îïðåäåëÿëèñü ÷èñëåííî ïðè ïîìîùè ìåòîäà
ñèìïëåêòè÷åñêèõ îòîáðàæåíèé.
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Ðåçóëüòàòû èññëåäîâàíèÿ ïðåäñòàâëåíû â âèäå äèàãðàìì óñòîé÷èâîñòè, ïîñòðîåííûõ â
ïðîñòðàíñòâå ïàðàìåòðîâ çàäà÷è.

Ëèòåðàòóðà

[1] Êóíèöûí À.Ë., Òóðåøáàåâ À.Ò. Î êîëëèíåàðíûõ òî÷êàõ ëèáðàöèè ôîòîãðàâèòàöèîííîé çàäà÷è
òð¼õ òåë // Ïèñüìà â àñòðîíîìè÷åñêèé æóðíàë. 1983. Ò. 9. Âûï. 7. Ñ. 432�435.

[2] Ëóêüÿíîâ Ë. Ã. Îá óñòîé÷èâîñòè ëàãðàíæåâûõ òî÷åê â îãðàíè÷åííîé ôîòîãðàâèòàöèîííîé çàäà÷å
òð¼õ òåë // Àñòðîíîìè÷åñêèé æóðíàë. 1986. Ò. 63. 6. Ñ. 1222�1229.

[3] Bardin B. S., Avdyushkin A.N. On Stability of the Collinear Libration Point L1 in the Planar
Restricted Circular Photogravitational Three-Body Problem // Rus. J. Nonlin. Dyn. 2022. Vol. 18.
No. 4. Pp. 543�562.

[4] Òõàé Â.Í., Çèìîâùèêîâ À.Ñ. Äèàãðàììû óñòîé÷èâîñòè äëÿ ãåòåðîãåííîãî àíñàìáëÿ ÷àñòèö â
êîëëèíåàðíûõ òî÷êàõ ëèáðàöèè ôîòîãðàâèòàöèîííîé çàäà÷è òðåõ òåë // Ïðèêëàäíàÿ ìàòåìàòèêà
è ìåõàíèêà. 2010. Ò. 74. Âûï. 2. Ñ. 221�229.

[5] Bardin B. S., Avdyushkin A.N. Stability of the collinear point L1 in the planar restricted
photogravitational three-body problem in the case of equal masses of primaries // IOP Conf. Ser.:
Mater. Sci. Eng. 2020. Vol. 927.

Èíòåãðèðóåìûå ìàãíèòíûå ãåîäåçè÷åñêèå ïîòîêè
íà äâóìåðíûõ ïîâåðõíîñòÿõ

Àãàïîâ Ñ.Â. (Ðîññèÿ, Íîâîñèáèðñê)
Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ

agapov.sergey.v@gmail.com

Èññëåäóþòñÿ ãåîäåçè÷åñêèå ïîòîêè íà äâóìåðíûõ ïîâåðõíîñòÿõ â íåíóëåâîì ìàãíèòíîì
ïîëå. Â òî âðåìÿ êàê òðåáîâàíèå èíòåãðèðóåìîñòè òàêèõ ïîòîêîâ îäíîâðåìåííî íà
ðàçëè÷íûõ óðîâíÿõ ýíåðãèè ÿâëÿåòñÿ âåñüìà îãðàíè÷èòåëüíûì (ñì., íàïðèìåð, [1], [2]),
õîðîøî èçâåñòíû ïðèìåðû ìåòðèê è ìàãíèòíûõ ïîëåé, äîïóñêàþùèõ äîïîëíèòåëüíûé
èíòåãðàë ëèøü ïðè ôèêñèðîâàííîé ýíåðãèè. Òàê, íàïðèìåð, â [3], [4] äîêàçàíî, ÷òî íà
äâóìåðíîì òîðå ñóùåñòâóþò ñåìåéñòâà àíàëèòè÷åñêèõ ðèìàíîâûõ ìåòðèê è ìàãíèòíûõ ïîëåé
ñ äîïîëíèòåëüíûì êâàäðàòè÷íûì ïî èìïóëüñàì ïåðâûì èíòåãðàëîì. Â [5] â ÿâíîì âèäå
ïîñòðîåíî áîëüøîå êîëè÷åñòâî ëîêàëüíûõ ðàöèîíàëüíûõ ïî èìïóëüñàì ïåðâûõ èíòåãðàëîâ
ìàãíèòíûõ ãåîäåçè÷åñêèõ ïîòîêîâ íà ôèêñèðîâàííîì óðîâíå ýíåðãèè.

Äîêëàä îñíîâàí íà ñîâìåñòíûõ ðàáîòàõ ñ Ì. Áÿëûì, À.À. Âàëþæåíè÷åì, À.Å. Ìèðîíî-
âûì, À.È. Ïîòàøíèêîâûì, Â.Â. Øóáèíûì.
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Êà÷åñòâåííûå ñâîéñòâà äèñêðåòíîãî ñïåêòðà
â ìîäåëè Ôðèäðèõñà ñ èíâîëþöèåé21

Àãàôîíêèí Ã.À. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

agafgr.an@yandex.ru

Ìîäåëü Ôðèäðèõñà � ýòî ìîäåëü êîìïàêòíîãî âîçìóùåíèÿ îïåðàòîðà óìíîæåíèÿ íà
àðãóìåíò â L2[−1, 1]. Èçâåñòíî (ñì. [1], [2]), ÷òî åñëè âîçìóùåíèå çàäàíî ñàìîñîïðÿæåííûì
èíòåãðàëüíûì îïåðàòîðîì ñ ÿäðîì K(x, y), ã¼ëüäåðîâûì ñ ïîêàçàòåëåì α > 1

2 , òî ó
âîçìóùåííîãî îïåðàòîðà áóäåò íå áîëåå ÷åì êîíå÷íûé äèñêðåòíûé ñïåêòð, à åñëè α = 1

2 ,
òî åãî ñïåêòðàëüíàÿ ìåðà ìîæåò èìåòü ëþáóþ íàïåðåä çàäàííóþ ñèíãóëÿðíóþ íåïðåðûâíóþ
è äèñêðåòíóþ êîìïîíåíòû.

Íàøà çàäà÷à ñîñòîèò â èññëåäîâàíèè âîçìóùåíèÿ îïåðàòîðà ¾óìíîæåíèÿ ñ èíâîëþöèåé¿

H0f(x) = ixf(−x)

èíòåãðàëüíûì îïåðàòîðîì V ñ ñèììåòðè÷íûì ã¼ëüäåðîâûì ÿäðîì K(x, y). Ìû ïîêàæåì, ÷òî
ïðè ïîêàçàòåëå ã¼ëüäåðîâîåòè ÿäðà α > 1

2 äèñêðåòíûé ñïåêòð âîçìóùåííîãî îïåðàòîðà íå
áîëåå ÷åì êîíå÷åí. Òàêæå â ñëó÷àå êîíå÷íîìåðíîãî ÿäðà

K(x, y) = ε
n∑
j=1

kj(x)kj(y),

ãäå ε > 0 � ìàëûé ïàðàìåòð, ìû ïîëó÷èì îöåíêè êîëè÷åñòâà ñîáñòâåííûõ çíà÷åíèé âíå
îòðåçêà [−1, 1] íåïðåðûâíîãî ñïåêòðà â çàâèñèìîñòè îò ε è ïðèâåäåì äîñòàòî÷íûå óñëîâèÿ
òîãî, ÷òî çàäàííûé íàáîð òî÷åê íà [−1, 1] ïîïàäàåò â äèñêðåòíûé ñïåêòð.
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Çàäà÷à Êðàñîâñêîãî îá óñïîêîåíèè ìíîãîìåðíîé íåñòàöèîíàðíîé
ñèñòåìû óïðàâëåíèÿ ñ ïîñëåäåéñòâèåì âûðîæäàþùåãîñÿ òèïà22

Àäõàìîâà À.Ø. (Ðîññèÿ, Ìîñêâà)
Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ èìåíè Ïàòðèñà Ëóìóìáû
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Â ðàáîòå [1] Í. Í. Êðàñîâñêèé ñôîðìóëèðîâàë è èçó÷èë çàäà÷ó îá óñïîêîåíèè ñèñòåìû
ñ ïîñëåäåéñòâèåì, îïèñûâàåìîé äèôôåðåíöèàëüíî-ðàçíîñòíûì óðàâíåíèåì çàïàçäûâàþùåãî
òèïà. À. Ë. Ñêóáà÷åâñêèé â ðàáîòå [2] îáîáùèë çàäà÷ó Í. Í. Êðàñîâñêîãî íà ñëó÷àé, êîãäà
óðàâíåíèå, îïèñûâàþùåå óïðàâëÿåìóþ ñèñòåìó, ñîäåðæèò òàêæå ñòàðøèå ÷ëåíû ñ çàïàçäûâà-
íèåì. Â ñòàòüÿõ [3], [4] áûëà èññëåäîâàíà çàäà÷à îá óñïîêîåíèè ñèñòåìû íåéòðàëüíîãî òèïà
ñ ïåðåìåííûìè ìàòðè÷íûìè êîýôôèöèåíòàìè è íåñêîëüêèìè çàïàçäûâàíèÿìè. Â ñòàòüå [5]
áûëà èññëåäîâàíà çàäà÷à îá óñïîêîåíèè ñèñòåìû çàïàçäûâàþùåãî òèïà.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó óïðàâëåíèÿ, îïèñûâàåìóþ ñèñòåìîé äèôôåðåíöèàëüíî-
ðàçíîñòíûõ óðàâíåíèé

M∑
k=0

Ak(t)y
′(t− kτ) +

M∑
k=0

Bk(t)y(t− kτ) = u(t), 0 < t < T. (1)

21Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÍÔ � 20-11-20261.
22Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè

(ìåãàãðàíò ñîãëàøåíèå � 075-15-2022-1115).
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Çäåñü y(t) = (y1(t), . . . , ym(t))
T �íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ, îïèñûâàþùàÿ ñîñòîÿíèå

ñèñòåìû, u(t) = (u1(t), . . . , un(t))
T � âåêòîð-ôóíêöèÿ óïðàâëåíèÿ, Ak(t), Bk(t) = {akij(t)},

{bkij(t)}, i = 1, . . . , n, j = 1, . . . ,m � ìàòðèöû ïîðÿäêà n ×m ñ ýëåìåíòàìè akij(t)b
k
ij(t) êîòîðûå

ÿâëÿþòñÿ âåùåñòâåííûìè íåïðåðûâíî äèôôåðåíöèðóåìûìè ôóíêöèÿìè íà R, τ = const > 0�
çàïàçäûâàíèå.

Ïðåäûñòîðèÿ ñèñòåìû çàäàåòñÿ íà÷àëüíûì óñëîâèåì

y(t) = φ(t), t ∈ [−Mτ, 0]. (2)

Çäåñü φ(t) = (φ1(t), . . . , φm(t))
T �íåêîòîðàÿ âåêòîð-ôóíêöèÿ.

Ðàññìîòðèì çàäà÷ó î ïðèâåäåíèè ñèñòåìû (1) ñ íà÷àëüíûì óñëîâèåì (2) â ïîëîæåíèå
ðàâíîâåñèÿ ïðè t ≥ T. Äëÿ ýòîãî ìû íàéäåì òàêîå óïðàâëåíèå u(t), 0 < t < T, ÷òî:

y(t) = 0, t ∈ [T −Mτ, T ], (3)

ãäå T > (M + 1)τ, T −Mτ = τN.
Áóäåì èñêàòü óïðàâëåíèå, äîñòàâëÿþùåå ìèíèìóì ôóíêöèîíàëó ýíåðãèè

T∫
0

|u(t)|2dt→ min,

ãäå |.|� åâêëèäîâà íîðìà â Rn. Òàêèì îáðàçîì, â ñèëó (1) ìû ïîëó÷àåì âàðèàöèîííóþ çàäà÷ó
î ìèíèìóìå ôóíêöèîíàëà

J(y) :=

T∫
0

∣∣∣∣∣
M∑
k=0

Ak(t)y
′(t− kτ) +

M∑
k=0

Bk(t)y(t− kτ)

∣∣∣∣∣
2

dt→ min. (4)

Áûëà ðàññìîòðåíà çàäà÷à îá óñïîêîåíèè íåñòàöèîíàðíîé ñèñòåìû óïðàâëåíèÿ,
îïèñûâàåìîé ñèñòåìîé äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé âûðîæäàþùåãîñÿ òèïà ñ
ìàòðè÷íûìè êîýôôèöèåíòàìè, ñ ðàçëè÷íûì ÷èñëîì âõîäîâ è âûõîäîâ è íåñêîëüêèìè
çàïàçäûâàíèÿìè. Ýòà çàäà÷à ýêâèâàëåíòíà êðàåâîé çàäà÷å äëÿ ñèñòåìû äèôôåðåíöèàëüíî-
ðàçíîñòíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ âûðîæäåíèåì. Ïîëó÷åíû àïðèîðíûå îöåíêè
ðåøåíèé. Äîêàçàíû òåîðåìû î ðàçðåøèìîñòè ðàññìàòðèâàåìîé êðàåâîé çàäà÷è.
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Àíàëèç àñèìïòîòè÷åñêîé ñõîäèìîñòè ïåðèîäè÷åñêîãî ðåøåíèÿ
óðàâíåíèÿ Ìýêè�Ãëàññà ê ðåøåíèþ ïðåäåëüíîãî ðåëåéíîãî óðàâíåíèÿ

Àëåêñååâ Â.Â. (Ðîññèÿ, ßðîñëàâëü)
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ÐÍÎÌÖ ¾Öåíòð èíòåãðèðóåìûõ ñèñòåì¿
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Ðàññìàòðèâàåòñÿ óðàâíåíèå Ìýêè�Ãëàññà [1], ïîñëå ïåðåíîðìèðîâêè ïàðàìåòðîâ è
ïåðåõîäà ê ëîãàðèôìè÷åñêîé øêàëå ïðèíèìàþùåå âèä

ẋ = −β + α
ex(t−1)−x

1 + eγx(t−1)
, (1)

ãäå a, b, γ � ïîëîæèòåëüíûå ïàðàìåòðû.
Óñòðåìëÿÿ γ → +∞ â óðàâíåíèè (1), ïîëó÷àåì ðåëåéíîå óðàâíåíèå:

ẋ = −β + α exp(x(t− 1)− x)H(exp(x(t− 1))), (2)

ãäå ôóíêöèÿ ïåðåêëþ÷åíèÿ H(u) îïðåäåëÿåòñÿ êàê

H(u) = lim
γ→+∞

1

1 + uγ
=


0, u > 1,
1
2 , u = 1,

1, u < 1.

(3)

Ââåä¼ì îáîçíà÷åíèÿ:

t0 =
x0
β

+ 1, (4)

T =
1

β
ln

(
1

2
α2e2β(t1 − t0 − 1)2 + αeβ(t1 − t0) + 1

)
, (5)

ãäå t1 � êîðåíü óðàâíåíèÿ

eβ(t−t0) − αeβ(t− t0 − 1)− 1 = 0, (6)

t2 = t0 + T. (7)

Çàôèêñèðóåì ïîëîæèòåëüíûå ïàðàìåòðû x0, p, q, òàêèå ÷òî p < q. Â êà÷åñòâå ìíîæåñòâà
íà÷àëüíûõ ôóíêöèé äëÿ óðàâíåíèé (1) è (2) âîçüìåì

S = {φ ∈ C[−1, 0] : 0 < p ⩽ φ(t) ⩽ q ïðè t ∈ [−1, 0], φ(0) = x0}. (8)

Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1. Ïóñòü ïàðàìåòðû α, β > 0 óäîâëåòâîðÿþò óñëîâèÿì

α > min

{
− βe−β

W (−e−β−1)
, eβ − e−β

}
, (9)

ãäå W � ôóíêöèÿ Ëàìáåðòà, ò. å. îáðàòíàÿ ê ôóíêöèè t 7→ tet, ðàññìàòðèâàåìîé ïðè
t ∈ [−1;+∞),

α >
eβ(t1−t0+1)

1 + eβ(t1 − t0)
. (10)
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Òîãäà óðàâíåíèå (2) ñ íà÷àëüíîé ôóíêöèåé èç ìíîæåñòâà (8) èìååò T -ïåðèîäè÷åñêîå ðåøåíèå

x∗(t) =


x0 − βt, t ∈ [0, t0],

x0 − βt+ ln(αeβ(t− t0) + 1), t ∈ [t0, t0 + 1],

x0 − βt+ ln(α
2

2 e
2β(t− t0 − 1)2 + αeβ(t− t0) + 1), t ∈ [t0 + 1, t1],

x0 − βt+ ln(α
2

2 e
2β(t1 − t0 − 1)2 + αeβ(t1 − t0) + 1), t ∈ [t1, t2].

(11)

Òåîðåìà 2. Ïóñòü ïàðàìåòðû α, β > 0 óäîâëåòâîðÿþò óñëîâèÿì (9), (10). Òîãäà
ñóùåñòâóþò òàêèå çíà÷åíèÿ ïàðàìåòðîâ x0, p, q è òàêîå äîñòàòî÷íî áîëüøîå γ0, ÷òî ïðè
âñåõ γ > γ0 óðàâíåíèå (1) ñ íà÷àëüíîé ôóíêöèåé èç ìíîæåñòâà (8) îáëàäàåò ïåðèîäè÷åñêèì
ðåøåíèåì x∗γ(t) ïåðèîäà Tγ, êîòîðîå óäîâëåòâîðÿåò ïðåäåëüíûì ðàâåíñòâàì

lim
γ→+∞

max
0⩽t⩽Tγ

|x∗γ(t)− x∗(t)| = 0, lim
γ→+∞

Tγ = T. (12)
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Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

tonych777@googlemail.com

Âàæíûì ìåòîäîì èññëåäîâàíèÿ ñâîéñòâ ðåøåíèÿ ëèíåéíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
îò äâóõ ïåðåìåííûõ ñ ÷àñòíûìè ïðîèçâîäíûìè ÿâëÿåòñÿ èçó÷åíèå åãî õàðàêòåðèñòèê.
Óðàâíåíèå åãî õàðàêòåðèñòèê ÿâëÿåòñÿ íåÿâíûì äèôôåðåíöèàëüíûì óðàâíåíèåì. Äèôôåðåí-
öèàëüíîå óðàâíåíèå çàäà¼ò ïîâåðõíîñòü â òð¼õìåðíîì ïðîñòðàíñòâå (x, y, p), ãäå p = dy

dx , ñ
êîíòàêòíîé ñòðóêòóðîé, åñòåñòâåííî îïðåäåëÿåìîé óðàâíåíèåì ïîëÿ ïëîñêîñòåé pdx = dy.

Íîðìàëüíûå ôîðìû íåÿâíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ èçó÷àëèñü íà ïðîòÿæåíèè
ìíîãèõ ëåò â ðàáîòàõ ìíîãèõ ìàòåìàòèêîâ (èñòîðèþ âîïðîñà ìîæíî íàéòè â ðàáîòàõ [1] è [2]).

Ðåçóëüòàò, ñôîðìóëèðîâàííûé â äàííîì äîêëàäå, ïîäñêàçàí çàìå÷àíèåì 3 ðàáîòû Â. È.
Àðíîëüäà [3]. Äîêàçàòåëüñòâî èäåéíî îñíîâûâàåòñÿ íà ýòîé ñòàòüå. Äàííûé ðåçóëüòàò óñèëåí
â ðàáîòå È. À. Áîãàåâñêîãî [2]. Â íåé ïîëó÷åíû ôîðìàëüíûå íîðìàëüíûå ôîðìû ïåðåñòðîåê
íåÿâíîãî äèô. óð-ÿ îòíîñèòåëüíî áîëåå óçêîãî êëàññà ïðåîáðàçîâàíèé ïðîñòðàíñòâà.

Ïåðåéä¼ì ê ôîðìóëèðîâêå îñíîâíîãî ðåçóëüòàòà.
Äàíî òð¼õìåðíîå êîíòàêòíîå ïðîñòðàíñòâî ñ êîíòàêòíîé ñòðóêòóðîé, â îêðåñòíîñòè íóëÿ

çàäàâàåìîé óðàâíåíèåì θ = 0, ãäå θ = dz + pdq−qdp
2 .

Ðàññìîòðèì óðàâíåíèå
H(p, q, z, ε) = 0,

ãäå
à) H � ôîðìàëüíûé ðÿä ïî ïåðåìåííûì p, q, z è ïàðàìåòðó ε;
á) H = H1 +H2 + ..., ãäå Hk, k = 1, 2, ... � îäíîðîäíûå ìíîãî÷ëåíû ïî ïåðåìåííûì p, q, z

è ïàðàìåòðó ε;
â) H1 = ε;
ã) H2|ε=0 � íåâûðîæäåííàÿ êâàäðàòè÷íàÿ ôîðìà ïî p, q, z;
H2|ε=0, z=0 � íåâûðîæäåííàÿ êâàäðàòè÷íàÿ ôîðìà ïî p, q.

Îïðåäåëåíèå. Ïðåîáðàçîâàíèå íàçîâ¼ì äîïóñòèìûì, åñëè îíî ÿâëÿåòñÿ ôîðìàëüíûì
êîíòàêòîìîðôèçìîì, ñîõðàíÿþùèì íà÷àëî êîîðäèíàò (p = 0, q = 0, z = 0, ε = 0) è çàâèñÿùèì
îò ïàðàìåòðà ε; èëè óìíîæåíèåì óðàâíåíèÿ íà ôîðìàëüíûé ðÿä, çàâèñÿùèé îò ïàðàìåòðà ε;
èëè ôîðìàëüíîé çàìåíîé ïàðàìåòðà ε; èëè àëãåáðàè÷åñêèì ïðåîáðàçîâàíèåì.
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Òåîðåìà. Óðàâíåíèå H(p, q, z, ε) = 0, ãäå H óäîâëåòâîðÿåò óñëîâèÿì à)-ã), ïðè ïîìîùè
äîïóñòèìûõ ïðåîáðàçîâàíèé ïðèâîäèòñÿ ê îäíîé èç òð¼õ íîðìàëüíûõ ôîðì:

p2 + q2 ± z2 = c(ε)z3 + ε

èëè
p2 − q2 + z2 = c(ε)z3 + ε,

ãäå c(ε) � ôîðìàëüíûé ðÿä ïî ε.
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Â ðàáîòå ðàññìîòðåíî èñïîëüçîâàíèå ñòðåëî÷íûõ ôîðìóë äëÿ âû÷èñëåíèÿ èíâàðèàíòîâ
Âàñèëüåâà äî ÷åòâåðòîãî ïîðÿäêà èçîòîïè÷åñêèõ êëàññîâ óçëîâ ïî èõ êîìáèíàòîðíîìó
îïèñàíèþ - ãàóññîâûì äèàãðàììàì. Äàííûå âû÷èñëåíèÿ ÿâëÿþòñÿ íåòðèâèàëüíûìè è òðåáóþò
äàëüíåéøèõ îáîáùåíèé. Ïîäñ÷åòû îïèðàþòñÿ íà ñòðåëî÷íûå ôîðìóëû èç ðàáîò [1], [2] è [3]
äëÿ èíâàðèàíòîâ Âàñèëüåâà óçëîâ ïîðÿäêà íå âûøå ÷åòûðåõ. Âîïðîñ ðåàëèçóåìîñòè äèàãðàìì
Ãàóññà õîðîøî èçâåñòåí è ðàññìàòðèâàëñÿ ðàçíûìè àâòîðàìè, â ÷àñòíîñòè èññëåäîâàëñÿ â [4].

Â ðàáîòå ìû ïðèâîäèì ïðèìåð ñåðèþ óçëîâ, ïîëó÷åííûõ èç óçëà 41 ÷åòíûì
ïåðåêðó÷èâàíèåì åãî äâóõ ñîñåäíèõ âåòâåé. Ïîëó÷àåìûå àëüòåðíèðîâàííûå óçëû çàäàþò óçëû
ïåðâûìè ïðåäñòàâèòåëÿìè êîòîðîé ÿâëÿþòñÿ ñëåäóþùèå òàáëè÷íûå óçëû: 41, 62, 82, 102.
Äàííàÿ ñåðèÿ óçëîâ H2n+2 èçîáðàæåíà íà ðèñóíêå 1.

Äèàãðàììû Ãàóññà òàêèõ óçëîâ ïîêàçàíû íà ðèñóíêå 2. Ïî ñòðåëî÷íûì ôîðìóëû èç
ðàáîòû [1, 5] ïîëó÷èì çíà÷åíèÿ èíâàðèàíòîâ íà ðàññìàòðèâàåìîì êëàññå óçëîâ.

Óòâåðæäåíèå 1. Åñëè G(H2n+2) � äèàãðàììà Ãàóññà óçëà H2n+2, òî

V i
4 (H2n+2) = ⟨P i4,G(H2n+2)⟩ i = 1, 2

ÿâëÿåòñÿ èíâàðèàíòîì Âàñèëüåâà ÷åòâåðòîãî ïîðÿäêà, ãäå ñòðåëî÷íûå ôîðìóëû P i4
îïðåäåëÿþòñÿ âûðàæåíèÿìè:
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Äëÿ êàæäîãî ñëàãàåìîãî ñòðåëî÷íîé äèàãðàììû ôîðìóëû ïîäñ÷èòàåì ÷èñëî âëîæåíèé
å¼ â äèàãðàììó Ãàóññà óçëîâ H2n+2:
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Ðèñ. 1 Ðèñ. 2

V 1
4 (H2n+2) =

1
44n+ 1

2n(n− 1),
V 2
4 (H2n+2) = 4n+ 2n(n− 1) + 21

6n(n− 1)(2n2 − 13n+ 12)− 1
2n(n− 1)(2n− 3),

Óòâåðæäåíèå 2. Èíâàðèàíòû Âàñèëüåâà ïîðÿäêà íå âûøå ÷åòûðåõ íà óçëàõ H2n+2

ðàâíû: V2(H2n+2) =
1
2n(n− 3), V3(H2n+2) =

1
6n(n− 1)(7− 2n),

V 1
4 (H2n+2) =

1
2n(n+ 1), V 2

4 (H2n+2) =
1
6n(4n

3 − 24n2 + 47n− 3).
Îáîáùåíèÿ ïðèâåäåííûõ âû÷èñëåíèé ìîæåò ïîìî÷ü â íàõîæäåíèè íîâûõ èíòåðïðåòàöèé

èíâàðèàíòîâ Âàñèëüåâà óçëîâ ìàëûõ ïîðÿäêîâ.
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Àííîòàöèÿ. Îïèñàíû êîðîòêîâîëíîâûå àñèìïòîòè÷åñêèå ðåøåíèÿ ëèíåàðèçîâàííûõ
óðàâíåíèé ìåëêîé âîäû â ñëó÷àå, êîãäà ðåëüåô äíà è âíåøíèé ïîòîê ìåíÿþòñÿ ñêà÷êîîáðàçíî
âáëèçè íåêîòîðîé êðèâîé. Îñíîâíîé ðåçóëüòàò � àñèìïòîòè÷åñêèé ðÿä äëÿ ðåøåíèÿ çàäà÷è
Êîøè.

Ñòðîèì àñèìïòîòè÷åñêèå ðÿäû äëÿ ëèíåàðèçîâàííûõ óðàâíåíèé ìåëêîé âîäû ñ
íà÷àëüíûìè óñëîâèÿìè â âèäå áûñòðîîñöèëëèðóþùèõ ôóíêöèé. Âñå êîýôôèöèåíòû ñèñòåìû

çàâèñÿò îò áûñòðîé ïåðåìåííîé y =
Φ(x)

ε
(Φ(x) � íåêîòîðàÿ ãëàäêàÿ ôóíêöèÿ, ε � ìàëûé

ïàðàìåòð), ÷òî è îçíà÷àåò, ÷òî ðåëüåô äíà è âíåøíèé ïîòîê ìåíÿþòñÿ ñêà÷êîîáðàçíî
âáëèçè íåêîòîðîé êðèâîé Φ(x) = 0. Ïîëó÷àåì äâà ðàçëè÷íûõ ñëó÷àÿ ïîâåäåíèÿ âíåøíåãî
ïîòîêà, çàòåì èç õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ïîëó÷àåì òðè ðàçëè÷íûå ôàçû: äâå
ãèäðîäèíàìè÷åñêèå è îäíà âèõðåâàÿ. Èçó÷àÿ àñèìïòîòèêó ðåøåíèÿ äëÿ êàæäîãî ñëó÷àÿ
ïîâåäåíèÿ âíåøíåãî ïîòîêà, ïîëó÷àåì ïðîøåäøèå è îòðàæåííûå âîëíû îò êðèâîé Φ(x) = 0,
ãäå ðàçëè÷íûå ìîäû ìîãóò ïåðåõîäèòü äðóã â äðóãà, à òàêæå ïîÿâëÿþòñÿ îáðàòíûå âîëíû,
êîãäà ôàçîâàÿ è ãðóïïîâàÿ ñêîðîñòè íàïðàâëåíû â ðàçíûå ñòîðîíû.
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Òàêæå, â çàâèñèìîñòè îò òèïà ñêà÷êà âíåøíåãî ïîòîêà (òàíãåíöèàëüíûé èëè
íîðìàëüíûé) èçó÷åíû êðèâûå Ïåòðîâñêîãî è ðàçëè÷íûå ìîäû ïðîøåäøèõ è îòðàæåííûõ
âîëí. Àñèìïòîòèêà âûðàæàåòñÿ ÷åðåç âñïîìîãàòåëüíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå
óðàâíåíèå; ïîêàçàíî, ÷òî ýòî óðàâíåíèå âûðîæäàåòñÿ (ò.å. åãî ïîðÿäîê ìåíüøå, ÷åì â ñëó÷àå
ãèïåðáîëè÷åñêèõ ñèñòåì îáùåãî ïîëîæåíèÿ).
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ñî ñíîñîì è L2+δ-îöåíêè ðåøåíèé23
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Íèæå D ⊂ Rn, ãäå n > 1, îçíà÷àåò îãðàíè÷åííóþ ñòðîãî ëèïøèöåâó îáëàñòü, à
F ⊂ ∂D � çàìêíóòîå ìíîæåñòâî. Äëÿ ïîñòàíîâêè çàäà÷è Çàðåìáû ââåäåì ïðîñòðàíñòâî
ôóíêöèé W 1

2 (D,F ) êàê ïîïîëíåíèå áåñêîíå÷íî äèôôåðåíöèðóåìûõ â çàìûêàíèè D ôóíêöèé,
ðàâíûõ íóëþ â îêðåñòíîñòè F ôóíêöèé, ïî íîðìå ïðîñòðàíñòâà Ñîáîëåâà W 1

2 (D). Àïðèîðè
äëÿ ôóíêöèé v ∈W 1

2 (D,F ) òðåáóåòñÿ âûïîëíåíèå íåðàâåíñòâà Ôðèäðèõñà∫
D

v2 dx ⩽ C

∫
D

|∇v|2 dx. (1)

Ïîëàãàÿ G = ∂D \ F , ðàññìîòðèì çàäà÷ó Çàðåìáû

Lu := ∆u+ b · ∇u = l â D, u = 0 íà F,
∂u

∂ν
= 0 íà G, (2)

ãäå ∂u
∂ν îçíà÷àåò âíåøíþþ íîðìàëüíóþ ïðîèçâîäíóþ ôóíêöèè u, à l ÿâëÿåòñÿ

ëèíåéíûì ôóíêöèîíàëîì â ïðîñòðàíñòâå, ñîïðÿæåííîì ê W 1
2 (D,F ). Âåêòîð-ôóíêöèÿ

b(x) = (b1(x), . . . , bn(x)) â (2) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

bj(x) ∈ Lp(D), p = n, åñëè n > 2, j = 1, . . . n, (3)

23Ðåçóëüòàòû Þ.À. Àëõóòîâà â òåîðåìàõ 1 è 3 ïîëó÷åíû â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÂëÃÓ (ïðîåêò
FZUN-2023-0004), à ðåçóëüòàòû Ã.À, ×å÷êèíà â òåîðåìå 2 ïîääåðæàíû ãðàíòîì ÐÍÔ (ïðîåêò 20-11-20272).
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bj(x) ∈ Lp(D), p > 2, åñëè n = 2, j = 1, 2. (4)

Ïîä ðåøåíèåì çàäà÷è (2) ïîíèìàåòñÿ ôóíêöèÿ u ∈ W 1
2 (D,F ), äëÿ êîòîðîé âûïîëíåíî

èíòåãðàëüíîå òîæäåñòâî ∫
D

∇u · ∇φdx−
∫
D

(b · ∇u)φdx =

∫
D

f · ∇φdx (5)

äëÿ âñåõ ïðîáíûõ ôóíêöèé φ ∈W 1
2 (D,F ), â êîòîðîì êîìïîíåíòû âåêòîð-ôóíêöèè

f = (f1, . . . , fn) ∈ (L2(D))n ÿâëÿþòñÿ ïðåäñòàâëåíèåì ëèíåéíîãî íåïðåðûâíîãî ôóíêöèîíàëà
l. Òàêîå ïðåäñòàâëåíèå âûòåêàåò èç òðåáóåìîãî íåðàâåíñòâà Ôðèäðèõñà (1).

Â ôîðìóëèðîâêå íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ íà ìíîæåñòâî F ⊂ ∂D äëÿ
ñïðàâåäëèâîñòè (1) òðåáóåòñÿ ïîíÿòèå ¼ìêîñòè. Îáîçíà÷èì ÷åðåç Qd îòêðûòûé êóá ñ äëèíîé
ðåáðà d è ãðàíÿìè, ïàðàëëåëüíûìè êîîðäèíàòíûì îñÿì, ïðåäïîëàãàÿ, ÷òî îáëàñòü D èìååò
äèàìåòð d è D ⊂ Qd. Îïðåäåëèì åìêîñòü C2(K,Q2d) êîìïàêòà K ⊂ Qd ïî îòíîøåíèþ ê êóáó
Q2d ðàâåíñòâîì

C2(K,Q2d) = inf

{ ∫
Q2d

|∇φ|2 dx : φ ∈ C∞
0 (Q2d), φ ⩾ 1 íà K

}
.

Èç ðåçóëüòàòîâ Â.Ã. Ìàçüè (ñì. [1, �14.1.2]) ñëåäóåò, ÷òî äëÿ ôóíêöèé v ∈ W 1
2 (D,F )

íåðàâåíñòâî (1) èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà

C2(F,Q2d) > 0. (6)

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Åñëè âûïîëíåíû óñëîâèÿ (3) èëè (4) è (6), òî çàäà÷à Çàðåìáû (2) îäíîçíà÷íî

ðàçðåøèìà â W 1
2 (D,F ) è äëÿ åå ðåøåíèÿ ñïðàâåäëèâà îöåíêà

∥ ∇u ∥L2(D)⩽ C∥f∥L2(D) (7)

ñ ïîñòîÿííîé C, çàâèñÿùåé òîëüêî îò îáëàñòè D è ðàçìåðíîñòè ïðîñòðàíñòâà.
Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ î ïîâûøåííîé ñóììèðóåìîñòè ãðàäèåíòà ðåøåíèÿ

çàäà÷è Çàðåìáû (2) íàì ïîòðåáóåòñÿ ïîíÿòèå Cq(K) - åìêîñòè êîìïàêòà K ⊂ Rn, êîòîðàÿ
ïðè 1 < q < n îïðåäåëÿåòñÿ ðàâåíñòâîì

Cq(K) = inf

{ ∫
Rn

|∇φ|q dx : φ ∈ C∞
0 (Rn), φ ⩾ 1 íà K

}
.

Íèæå Bx0
r îçíà÷àåò îòêðûòûé n-ìåðíûé øàð ðàäèóñà r ñ öåíòðîì â òî÷êå x0. Ïðåäïîëàãàåòñÿ,

÷òî äëÿ ïðîèçâîëüíîé òî÷êè x0 ∈ F ïðè r ⩽ r0 âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

Cq(F ∩Bx0
r ) ⩾ c0r

n−q, q =
2n

n+ 2
, åñëè n > 2 (8)

è
Cq1(F ∩Bx0

r ) ⩾ c0r
2−q1 , q1 =

p

p− 1
, åñëè n = 2, (9)

â êîòîðûõ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c0 íå çàâèñèò îò x0 è r.
Îòìåòèì, ÷òî óñëîâèÿ (8) è (9) îáåñïå÷èâàþò âûïîëíåíèå íåðàâåíñòâà Ôðèäðèõñà (1).

Ñôîðìóëèðóåì ðåçóëüòàòû î ïîâûøåííîé ñóììèðóåìîñòè ãðàäèåíòà ðåøåíèé çàäà÷è Çàðåìáû
(2).

Òåîðåìà 2. Åñëè n > 2, âûïîëíåíû óñëîâèÿ (3) è (8), à f ∈
(
L2+δ0(D)

)n
, ãäå δ0 > 0, òî

ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå δ(n, δ0) < δ0 è C òàêèå, ÷òî äëÿ ðåøåíèÿ çàäà÷è
(2) ñïðàâåäëèâà îöåíêà ∫

D

|∇u|2+δdx ⩽ C

∫
D

|f |2+δ dx, (10)
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ãäå C çàâèñèò òîëüêî îò δ0, ðàçìåðíîñòè ïðîñòðàíñòâà n, âåëè÷èíû c0 èç (8), à òàêæå îò
îáëàñòè D è ∥b∥Ln(D).

Òåîðåìà 3. Åñëè n = 2, âûïîëíåíû óñëîâèÿ (4) è (9), à f ∈
(
L2+δ0(D)

)2
, ãäå δ0 > 0, òî

ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå δ(p, δ0) < δ0 è C òàêèå, ÷òî äëÿ ðåøåíèÿ çàäà÷è
(2) ñïðàâåäëèâà îöåíêà (10), â êîòîðîé C çàâèñèò òîëüêî îò δ0, âåëè÷èíû c0 èç (9), à òàêæå
îò îáëàñòè D è ∥b∥Lp(D).

Âñå ïðèâåäåííûå âûøå óòâåðæäåíèÿ îñòàþòñÿ â ñèëå, åñëè âìåñòî îïåðàòîðà Ëàïëàñà
â ãëàâíîé ÷àñòè óðàâíåíèÿ ðàññìîòðåòü ëèíåéíûé ðàâíîìåðíî ýëëèïòè÷åñêèé îïåðàòîð
âòîðîãî ïîðÿäêà ñ èçìåðèìûìè êîýôôèöèåíòàìè. Òåîðåìà 2 è òåðåìà 3 ÿâëÿþòñÿ îáîáùåíèåì
ðåçóëüòàòîâ ðàáîòû [2], â êîòîðîé çàäà÷à Çàðåìáû ðàññìîòðåíà äëÿ äèâåðãåíòíûõ ðàâíîìåðíî
ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà áåç ìëàäøèõ êîýôôèöèåíòîâ.

Ëèòåðàòóðà

[1] Maz'ya V. Sobolev Spaces with Applications to Elliptic Partial Di�erential Equations. Berlin: Springer-
Verlag, 2011.

[2] Alkhutov Yu.A., Chechkin G.A., Maz'ya V.G. On the Bojarski�Meyers Estimate of a Solution to the
Zaremba Problem // Arch. Rational Mech. Anal. 2022. V. 245. P. 1197�1211.

Íàèñêîðåéøàÿ ñòàáèëèçàöèÿ îáðàòíîãî ìàÿòíèêà
ñ ïîìîùüþ äèíàìè÷åñêîãî ãàñèòåëÿ

Àíàíüåâñêèé È.Ì. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðîáëåì ìåõàíèêè èì. À.Þ. Èøëèíñêîãî ÐÀÍ

anan@ipmnet.ru

Ðàññìàòðèâàåòñÿ çàäà÷à ñèíòåçà îïòèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ ëèíåéíîé óïðàâëÿå-
ìîé ñèñòåìû ÷åòâåðòîãî ïîðÿäêà. Ñèñòåìà îïèñûâàåò â ëèíåéíîì ïðèáëèæåíèè ïåðåìåùåíèå
îêîëî âåðòèêàëüíîãî ïîëîæåíèÿ æåñòêîãî ñòåðæíÿ c çàêðåïëåííûì íà âåðõíåì êîíöå ãðóçîì
(ïåðåâåðíóòûé ìàÿòíèê) ñ ïîìîùüþ àêòèâíîãî äèíàìè÷åñêîãî ãàñèòåëÿ ñ ïîñòóïàòåëüíî
ïåðåìåùàþùåéñÿ âäîëü ãîðèçîíòàëüíîé ïðÿìîé ìàññîé. Óïðàâëÿþùåé âåëè÷èíîé ñëóæèò ñèëà
âçàèìîäåéñòâèÿ ìåæäó ìàññîé ãàñèòåëÿ è ãðóçîì. Òðåáóåòñÿ çà ìèíèìàëüíîå âðåìÿ ñ ïîìîùüþ
îãðàíè÷åííîé ïî ìîäóëþ ñèëû ïðèâåñòè ñòåðæåíü â âåðòèêàëüíîå ñîñòîÿíèå è îñòàíîâèòü
ìàññó ãàñèòåëÿ â çàäàííîì ïîëîæåíèè.

Â áåçðàçìåðíûõ ïåðåìåííûõ äèíàìèêà ñèñòåìû îïèñûâàåòñÿ óðàâíåíèÿìè

ẋ = −x− u, ẏ = y − u, v̇ = u, ż = v.

Îãðàíè÷åíèå íà óïðàâëÿþùóþ ïåðåìåííóþ èìååò âèä |u| ⩽ 1.
Íà îñíîâå ïðèíöèïà ìàêñèìóìà ðåøåíà çàäà÷à ñèíòåçà îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ

óïðàâëåíèÿ, ïîñòðîåíû ïîâåðõíîñòè ïåðåêëþ÷åíèÿ. Ðåøåíèå ïîëó÷åíî â íåñêîëüêî ýòàïîâ.
Ñíà÷àëà ðåøàåòñÿ çàäà÷à îïòèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ ñèñòåìû âòîðîãî ïîðÿäêà,
ñîñòîÿùåé èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû. Íà âòîðîì ýòàïå ðåøàåòñÿ òà æå çàäà÷à äëÿ
ñèñòåìû èç òðåõ óðàâíåíèé, à çàòåì � äëÿ ïîëíîé ñèñòåìû. Íà êàæäîì ýòàïå èñïîëüçóþòñÿ
ðåçóëüòàòû, ïîëó÷åííûå íà ïðåäûäóùåì äëÿ ñèñòåìû ìåíüøåé ðàçìåðíîñòè.

Ëèòåðàòóðà
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Ñèíòåç îïòèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ ëèíåéíîãî îáðàòíîãî
ìàÿòíèêà ñ äèíàìè÷åñêèì ãàñèòåëåì

Àíàíüåâñêèé È.Ì. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðîáëåì ìåõàíèêè èì. À.Þ. Èøëèíñêîãî ÐÀÍ

anan@ipmnet.ru

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà ÷åòâåðòîãî ïîðÿäêà, êîòîðàÿ îïèñûâàåò
äèíàìèêó ëèíåàðèçîâàííîãî îáðàòíîãî ìàÿòíèêà, óïðàâëÿåìîãî ñ ïîìîùüþ àêòèâíîãî
äèíàìè÷åñêîãî ãàñèòåëÿ. Íà îñíîâå ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà èçó÷àåòñÿ çàäà÷à
ñèíòåçà îïòèìàëüíîãî óïðàâëåíèÿ, ïðèâîäÿùåãî ñèñòåìó â ñîñòîÿíèå ïîêîÿ çà ìèíèìàëüíîå
âðåìÿ. Íà ïðèìåðå ýòîé çàäà÷è ïîêàçàíî, êàê â íåêîòîðûõ ñëó÷àÿõ ðåøåíèå çàäà÷è
îïòèìàëüíîãî áûñòðîäåéñòâèÿ ìîæåò áûòü ñâåäåíî ê ðåøåíèþ àíàëîãè÷íîé çàäà÷è äëÿ
ñèñòåìû ìåíüøåé ðàçìåðíîñòè.

Î ôàçîâûõ ïîðòðåòàõ ïîëèíîìèàëüíûõ äèíàìè÷åñêèõ ñèñòåì

Àíäðååâà È.À. (Ðîññèÿ, Ñàíêò-Ïåòåðáóðã)
Ñàíêò-Ïåòåðáóðãñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò Ïåòðà Âåëèêîãî

irandr@inbox.ru

Êîíäðàòüåâà Í.Â. (Ðîññèÿ, Ñàíêò-Ïåòåðáóðã)
Ñàíêò-Ïåòåðáóðãñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò Ïåòðà Âåëèêîãî

knat0202@mail.ru

Â äîêëàäå îáñóæäàþòñÿ ðåçóëüòàòû èçó÷åíèÿ ðÿäà ñåìåéñòâ êóáè÷åñêèõ ñèñòåì îáùåãî
âèäà

dx

dt
= p0x

3 + p1x
2y + p2xy

2 + p3y
3 ≡ X(x, y),

dy

dt
= ax2 + bxy + cy2 ≡ Y (x, y), (1)

ïðè óñëîâèÿõ, ÷òî a, b, c, p0, . . . , p3 ïðåäñòàâëÿþò ñîáîþ âåùåñòâåííûå ïàðàìåòðû,
äëÿ êîòîðûõ âûïîëíåí íàáîð òðåáîâàíèé: c p3 ̸= 0, à X, Y � âçàèìíî ïðîñòûå
ìíîãî÷ëåíû. Çàäà÷à èññëåäîâàíèÿ, áàçèðóþùåãîñÿ íà ìåòîäàõ ëîêàëüíîé êà÷åñòâåííîé òåîðèè
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîñòîèò â âûÿñíåíèè âèäîâ âñåõ òîïîëîãè÷åñêè
ðàçëè÷àþùèõñÿ ôàçîâûõ ïîðòðåòîâ ñèñòåì âèäà (1) è èõ ïîñòðîåíèè â êðóãå Ïóàíêàðå Ω, ñ
èíäèêàöèåé êðèòåðèåâ ñóùåñòâîâàíèÿ êàæäîãî òàêîãî ïîðòðåòà. Â õîäå ôîðìàëèçàöèè çàäà÷è
ââîäèì äëÿ ñèñòåìû ñïåöèàëüíûå ìíîãî÷ëåíû

P (u) := X(1, u) ≡ p0 + p1u+ p2u
2 + p3u

3,

Q(u) := Y (1, u) ≡ a+ bu+ cu2. (2)

Ïîíÿòíî, ÷òî âåùåñòâåííûå êîðíè ìíîãî÷ëåíà P (u) (Q(u)) âûñòóïàþò â ðîëè óãëîâûõ
êîýôôèöèåíòîâ èçîêëèí áåñêîíå÷íîñòè (íóëÿ). Ñ îïîðîé íà íèõ èññëåäóåì îñîáûå òî÷êè íàøèõ
ñèñòåì âèäà (1) � êîíå÷íûå è áåñêîíå÷íî óäàëåííûå.

Òåîðåìà 1. Äèíàìè÷åñêèå ñèñòåìû, ïðèíàäëåæàùèå ê âèäó (1), íå áóäóò èìåòü
ïðåäåëüíûõ öèêëîâ.

Äîêàçàòåëüñòâî îñíîâûâàåòñÿ íà ôîðìóëå èíäåêñà îñîáîé òî÷êè È.Î.Áåíäèêñîíà.
Â êðóãå Ïóàíêàðå Ω äëÿ îòíîñÿùåéñÿ ê âèäó (1) ïîëèíîìèàëüíîé äèíàìè÷åñêîé ñèñòåìû

åå ôàçîâûé ïîðòðåò çàâèñèò îò ñëåäóþùèõ êëþ÷åâûõ ìîìåíòîâ:
1) îò ÷èñëîâîé ïàðû (m,n), ãäå m ∈ {3, 2, 1} (n ∈ {2, 1, 0}) ðàâíÿåòñÿ ÷èñëó èìåþùèõñÿ

ó äèíàìè÷åñêîé ñèñòåìû èçîêëèí áåñêîíå÷íîñòè (èçîêëèí íóëÿ),
2) îò ïîðÿäêà, â êîòîðîì ýòè m + n èçîêëèí ñëåäóþò äðóã çà äðóãîì, åñëè, äâèãàÿñü â

íàïðàâëåíèè âîçðàñòàíèÿ u (= y/x), ñîâåðøèòü ïîëóîáõîä òî÷êè O(0, 0) â îáëàñòè x > 0,
3) îò ðàñïîëîæåíèÿ èçîêëèí áåñêîíå÷íîñòè ïî îòíîøåíèþ ê îñè y = 0.
Îïðåäåëåíèå 1. Ðàññìîòðèì m ∈ {3, 2, 1}, n ∈ {2, 1, 0}, (m,n) êàê ôèêñèðîâàííóþ

÷èñëîâóþ ïàðó. Ñîâîêóïíîñòü äèíàìè÷åñêèõ ñèñòåì âèäà (1), ó êîòîðûõ ñïåöèàëüíûé
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ìíîãî÷ëåí P (u) îáëàäàåò m âåùåñòâåííûìè êîðíÿìè, à ñïåöèàëüíûé ìíîãî÷ëåí Q(u)
îáëàäàåò n âåùåñòâåííûìè êîðíÿìè, íàçîâåì (m,n)- ñåìåéñòâîì ñèñòåì.

Èç îïðåäåëåíèÿ 1 âûòåêàåò, ÷òî ãëîáàëüíûé âèä ñèñòåì (1) âêëþ÷àåò ñëåäóþùèå (m,n)-
ñåìåéñòâà:

(3, 2), (2, 2), (3, 1), (2, 1), (3, 0), (2, 0), (1, 2), (1, 1), (1, 0). (3)

Cåìåéñòâà ïîëèíîìèàëüíûõ äèíàìè÷åñêèõ ñèñòåì èññëåäóþòñÿ â ðàìêàõ åäèíîé
ïðîãðàììû ñ ó÷åòîì "ðàçáåãàíèÿ"ïî ïîäñåìåéñòâàì î÷åðåäíûõ ñëîåâ åñòåñòâåííîé èõ
èåðàðõèè, äîñòèãàþùåé 4-ãî ïîäóðîâíÿ. Èòîã ðàáîòû çàêëþ÷àåòñÿ â êîíñòðóèðîâàíèè
âîçíèêàþùèõ ïðèíöèïèàëüíî ðàçëè÷íûõ â òîïîëîãè÷åñêîì ïîíèìàíèè âèäîâ ôàçîâîãî
ïîðòðåòà êàæäîãî èç ïîäñåìåéñòâ, âûÿñíåíèè ÷èñëà (ïðåâûñèâøåãî 250) è äåòàëåé òàêèõ
ïîðòðåòîâ [1, 2].
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Àñèìïòîòèêà ðåøåíèé äèñêðåòíîãî óðàâíåíèÿ Ïåíëåâå I
è àíñàìáëè ñëó÷àéíûõ íîðìàëüíûõ ìàòðèö

Àïòåêàðåâ À.È. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì Ì.Â. Êåëäûøà ÐÀÍ
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Ìû ðàññìîòðèì àñèìïòîòèêè (â ðàçëè÷íûõ ðåæèìàõ) ðåøåíèé äèñêðåòíîãî óðàâíåíèÿ
Ïåíëåâå I (dP_I). Èíòåðåñ ê ýòîìó óðàâíåíèþ âûçâàí òåì, ÷òî åãî ðåøåíèÿ ôîðìèðóþò
êîýôôèöèåíòû ðåêóððåíòíîãî ñîîòíîøåíèÿ, ãåíåðèðóþùåãî ìíîãî÷ëåíû îðòîãîíàëüíûå ïî
ïëîñêîé ìåðå, íîñèòåëü êîòîðîé ÿâëÿåòñÿ îáëàñòüþ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ ñîáñòâåííûõ
çíà÷åíèé íåêîòîðîãî àíñàìáëÿ ñëó÷àéíûõ íîðìàëüíûõ ìàòðèö. Ýòà îáëàñòü òàêæå âîçíèêàåò
â îäíîé ìîäåëè äâóìåðíîãî ðîñòà Ëàïëàñà, òàê íàçûâàåìûé ¾droplet¿.

Îñîáûé èíòåðåñ äëÿ íàñ ïðåäñòàâëÿåò ÂÊÁ-ðåæèì: êîãäà äèñêðåòíàÿ ïåðåìåííàÿ n
è ïàðàìåòð N â êîýôôèöèåíòå óðàâíåíèÿ dP_I, ñîãëàñîâàííî ñòðåìÿòñÿ ê áåñêîíå÷íîñòè:
n/N → t. Ïðè ýòîì t èìååò ñìûñë âðåìåíè ðîñòà ¾droplet¿-à. Àñèìïòîòèêà ðåøåíèé
dP_I â ýòîì ðåæèìå, â ñâîþ î÷åðåäü ïîçâîëèò îïðåäåëèòü ãëàâíûé ÷ëåí àñèìïòîòèêè
ñîîòâåòñòâóþùèõ îðòîãîíàëüíûõ ìíîãî÷ëåíîâ è, êàê ñëåäñòâèå, êðèòè÷åñêîå âðåìÿ
îáðàçîâàíèÿ îñîáåííîñòè (êàñïà) íà ãðàíèöå ¾droplet¿-à.

Ñîâìåñòíàÿ ðàáîòà ñ Â.Þ. Íîâîêøåíîâûì.

Ñâîáîäíûå ãðàíèöû â çàäà÷å ñ ãèñòåðåçèñîì

Àïóøêèíñêàÿ Ä.Å. (Ðîññèÿ, Ìîñêâà)
Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ èìåíè Ïàòðèñà Ëóìóìáû

apushkinskaya@gmail.com

Äîêëàä ïðåäñòàâëÿåò ñîáîé îáçîð, ïîñâÿùåííûé ïàðàáîëè÷åñêèì çàäà÷àì ñî ñâîáîäíûìè
ãðàíèöàìè, â êîòîðûõ ó÷àñòâóåò îïåðàòîð ñ ðàçðûâíûì ãèñòåðåçèñîì. Òàêèå çàäà÷è îïèñûâàþò
áèîëîãè÷åñêèå, ñîöèîëîãè÷åñêèå è õèìè÷åñêèå ïðîöåññû �ñ ïàìÿòüþ�, â êîòîðûõ ðàçëè÷íûå
âåùåñòâà âçàèìîäåéñòâóþò ïî çàêîíó ãèñòåðåçèñà.

Íàøà îñíîâíàÿ öåëü � îáñóäèòü ðàçðåøèìîñòü çàäà÷ ñ ãèñòåðåçèñîì, ñòðóêòóðó ñâîáîä-
íûõ ãðàíèö è êà÷åñòâåííûå ñâîéñòâà òàê íàçûâàåìûõ �ñèëüíûõ ðåøåíèé�, ïðèíàäëåæàùèõ
àíèçîòðîïíîìó ñîáîëåâñêîìó êëàññó W 2,1

q ïðè äîñòàòî÷íî áîëüøîì q.
Äîêëàä îñíîâàí íà ðåçóëüòàòàõ, ïîëó÷åííûõ ñîâìåñòíî ñ Í.Í. Óðàëüöåâîé.
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Óïðàâëÿåìîñòü îáùåé ìîäåëè êîëåñíîãî ðîáîòà ñ äâóìÿ ïðèöåïàìè24

Àðäåíòîâ À.À. (Ðîññèÿ, Ïåðåñëàâëü-Çàëåññêèé)
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Èñõîäÿ èç íåãîëîíîìíûõ îãðàíè÷åíèé íà äâèæåíèå êîëåñ áåç ïðîñêàëüçûâàíèÿ,
ðàññìîòðåíà ñëåäóþùàÿ óïðàâëÿåìàÿ ñèñòåìà äëÿ ðîáîòà ñ äâóìÿ ïðèöåïàìè ñ îáùèì âèäîì
ñâÿçêè ðîáîòà ñ ïðèöåïàìè:

ẋ = u1 cosϑ,

ẏ = u1 sinϑ,

ϑ̇ = u2,

ϕ̇1 = − 1
l2

(
u1 sinϕ1 + u2

(
l2 + l1 cosϕ1

))
,

ϕ̇2 =
1
l2l4

(
u1
(
(l4 + l3 cosϕ2) sinϕ1 − l2 cosϕ1 sinϕ2

)
+

+u2l1
(
cosϕ1(l4 + l3 cosϕ2) + l2 sinϕ1 sinϕ2

))
,

(1)

ãäå x, y ñóòü êîîðäèíàòû öåíòðà ðîáîòà; ϑ åñòü óãîë îðèåíòàöèè ðîáîòà; ϕ1, ϕ2 ñóòü
óãîë îðèåíòàöèè ïåðâîãî ïðèöåïà îòíîñèòåëüíî ðîáîòà è óãîë îðèåíòàöèè âòîðîãî ïðèöåïà
îòíîñèòåëüíî ïåðâîãî ïðèöåïà; l1 ̸= 0 è l2 ̸= 0 ñóòü ôèêñèðîâàííûå ðàññòîÿíèÿ îò ïåðâîé
òî÷êè ñöåïêè äî öåíòðîâ ðîáîòà è ïåðâîãî ïðèöåïà; l3 ̸= 0 è l4 ̸= 0 ñóòü ôèêñèðîâàííûå
ðàññòîÿíèÿ îò âòîðîé òî÷êè ñöåïêè äî öåíòðîâ ïåðâîãî è âòîðîãî ïðèöåïà; à íåîãðàíè÷åííûå
óïðàâëåíèÿ u1, u2 ñóòü ëèíåéíàÿ è óãëîâàÿ ñêîðîñòè ðîáîòà.

Íà ðèñóíêå âûøå ïðèâåäåí ïðèìåð ìîäåëè êîëåñíîãî ðîáîòà ñ äâóìÿ ïðèöåïàìè ïðè
l1 = 1/3, l2 = 1/2, l3 = 2/3, l4 = 1 äëÿ êîíôèãóðàöèè ñ êîîðäèíàòàìè x = 0, y = 0, ϑ = π/2,
ϕ1 = π/2, ϕ2 = π/6.

Ñ ïîìîùüþ òåîðåìû Ðàøåâñêîãî-×æîó [1] áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà îá
óïðàâëÿåìîñòè ðàññìàòðèâàåìîé ñèñòåìû (1) (ïðè îòñóòñòâèè îãðàíè÷åíèé íà óïðàâëåíèÿ).

Òåîðåìà 1. Ïóñòü li > 0, i = 1 . . . 4, òîãäà

� åñëè l1 ̸= l2, l3 ̸= l4, (l1 − l4)
2 + (l2 − l3)

2 ̸= 0, òî ñèñòåìà (1) óïðàâëÿåìà.

� åñëè l1 = l2, cos
φ1

2 = 0 èëè l3 = l4, cos
φ2

2 = 0, òî ñèñòåìà (1) íåóïðàâëÿåìà (ýòîò ñëó÷àé
óíàñëåäîâàí îò ñèñòåìû ¾ðîáîò ñ îäíèì ïðèöåïîì¿); â ñëó÷àå, êîãäà âûïîëíÿþòñÿ îáà
óñëîâèÿ, ñèñòåìà èìååò âåêòîð ðîñòà (2, 3), èíà÷å âåêòîð ðîñòà ðàâåí (2, 3, 4).

� åñëè l3 = l2, l4 = l1, òî ñèñòåìà íåóïðàâëÿåìà; â ñëó÷àå, êîãäà âûïîëíåíî

cosφ2 = −2l1l2 + (l21 + l22) cosφ1

l21 + 2l1l2 cosφ1 + l22
, sinφ2 =

(l21 − l22) sinφ1

l21 + 2l1l2 cosφ1 + l22
,

ñèñòåìà (1) èìååò âåêòîð ðîñòà (2, 3, 4) ïðè l1 ̸= l2.

24Èññëåäîâàíèå âûïîëíåíî â ÈÏÑ èì. À.Ê. Àéëàìàçÿíà ÐÀÍ çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà
� 22-11-00140, https://rscf.ru/project/22-11-00140/.
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Àâòîìîäåëüíûå ðåøåíèÿ âûðîæäàþùåãîñÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà

Àðçèêóëîâ Ç.Î. (Óçáåêèñòàí, Ôåðãàíà)
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Ïðè ïîñòðîåíèè àâòîìîäåëüíûõ ðåøåíèé âûðîæäàþùèõñÿ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè ãèïåðãåîìåòðè÷åñêèå ôóíêöèè ìíîãèõ ïåðåìåííûõ âûñîêîãî
ïîðÿäêà èìåþò îãðîìíîå çíà÷åíèå.

Ââåäåì â ðàññìîòðåíèå ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ òðåòüåãî ïîðÿäêà [1]

F 1:0
0:2 (a;b, c;x) =

∞∑
|k|=0

(a)|k|

n∏
j=1

x
kj
j

kj ! (bj)kj (cj)kj
, (1)

ãäå a, bj è cj - äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì bj , cj ̸= 0,−1,−2, ..., j = 1, n.
Íåòðóäíî óñòàíîâèòü, ÷òî ôóíêöèÿ z(x) = F 1:0

0:2 (a;b, c;x), îïðåäåëåííàÿ ðàâåíñòâîì (1)
óäîâëåòâîðÿåò ñëåäóþùåé ñèñòåìå óðàâíåíèé:{

x2j
∂3z

∂x3j
+ (bj + cj + 1)xj

∂2z

∂x2j
+ bjcj

∂z

∂xj
−

n∑
k=1

xj
∂z

∂xj
− az = 0, j = 1, n. (2)

Òåîðåìà. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (2) âáëèçè íà÷àëà êîîðäèíàò èìååò
3n ëèíåéíî íåçàâèñèìûå ðåøåíèÿ.

×òîáû ïîëó÷èòü îáùèé èíòåãðàë ñèñòåìû (2), äîñòàòî÷íî çàìåòèòü, ÷òî îíà íå ìåíÿåò
ôîðìó ïðè çàìåíå

z(x) =

n∏
k=1

x
λj
j · F 1:0

0:2 (a;b, c;x) , (3)

ãäå λj � ïðîèçâîëüíûå ÷èñëà, ïîäëåæàùèå ê îïðåäåëåíèþ. Âû÷èñëèâ íåîáõîäèìûå
ïðîèçâîäíûå îò ôóíêöèè (3) è ïîäñòàâèâ èõ ñèñòåìó (2), ïîëó÷èì{

λj (λj − 1 + bj) (λj − 1 + cj) = 0, j = 1, n, (4)

èìåþùóþ 3n ðåøåíèé:
Òåïåðü ðàññìîòðèì óðàâíåíèå

n∏
j=1

x
mj

j · ∂u
∂t

− tl
n∑
k=1

 n∏
j=1,j ̸=k

x
mj

j

 ∂3u

∂x3k
= 0, l > 0, mj > 0, j = 1, n (5)

â îáëàñòè Ω = {(x, t) : x1 > 0, ..., xn > 0, t > 0}. Çäåñü è äàëåå x := (x1, ..., xn) . Ðåøåíèå
óðàâíåíèÿ (5) áóäåì èñêàòü â âèäå

u = Pω(ξ), (6)

ãäå

P =
l + 1

ntl+1
, ξ := (ξ1, ..., ξn) , ξj = − l + 1

n (mj + 3)3 tl+1
x
mj+3
j .
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Ïîäñòàâëÿÿ (6) â óðàâíåíèå (5), ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ
ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà

n∑
j=1

{
ξ2jωξjξjξj +

2mj + 3

mj + 3
ξjωξjξj + [(mj + 1) (mj + 2)− nξj ]ωξj

}
− nω = 0, (7)

êîòîðîå ðàâíîñèëüíî ñëåäóþùåé ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé{
ξ2jωξjξjξj + (1 + αj) ξjωξjξj +

1 + 2αj
3

· 2 + αj
3

ωξ −
n∑
k=1

ξkωξk − ω = 0, j = 1, n,

ãäå

αj =
mj

mj + 3
.

Ñðàâíèâàÿ òåïåðü ïîñëåäíþþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ñèñòåìîé
(2), ëåãêî âûïèñàòü âñå 3n àâòîìîäåëüíûå ðåøåíèÿ âûðîæäàþùåãîñÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ (5). Çäåñü ìû îãðàíè÷èìñÿ óêàçàíèåì îäíîãî (ïåðâîãî)
èç íèõ:

u1(x, t) = λ1 t
−k−1F 1:0

0:2

(
1;

2 + α1

3
,
1 + 2α1

3
, ...,

2 + αn
3

,
1 + 2αn

3
ξ1, ..., ξn

)
.

Îòìåòèì, ÷òî àâòîìîäåëüíûå ðåøåíèÿ îäíîãî òðåõìåðíîãî âûðîæäàþùåãîñÿ äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà ïîñòðîåíû â [2].
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Ôóíêöèÿ óñëîâíîé ñòîèìîñòè è íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè
äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ íà áåñêîíå÷íîì èíòåðâàëå âðåìåíè ñ îáùèìè
êîíöåâûìè îãðàíè÷åíèÿìè ñâîäèòñÿ ê ñåìåéñòâó ñòàíäàðòíûõ çàäà÷ íà êîíå÷íûõ èíòåðâàëàõ,
ñîäåðæàùèõ âåëè÷èíó óñëîâíîé ñòîèìîñòè ôàçîâîãî âåêòîðà â êà÷åñòâå òåðìèíàëüíîãî
÷ëåíà. Ïðè ïîìîùè ðàçâèòîãî ïîäõîäà äëÿ çàäà÷è ñ îáùèì àñèìïòîòè÷åñêèì êîíöåâûì
îãðàíè÷åíèåì ïîëó÷åí íîâûé âàðèàíò ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà, ñîäåðæàùèé ÿâíîå
îïèñàíèå ñîïðÿæåííîé ïåðåìåííîé. Â ñëó÷àå çàäà÷è ñî ñâîáîäíûì ïðàâûì êîíöîì äàííûé
ïîäõîä ïðèâîäèò ê âàðèàíòó ïðèíöèïà ìàêñèìóìà â íîðìàëüíîé ôîðìå, ñôîðìóëèðîâàííîìó
ïîëíîñòüþ â òåðìèíàõ ôóíêöèè óñëîâíîé ñòîèìîñòè.
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Ìåòîäîì ìîíîòîííûõ (ïî Áðàóäåðó-Ìèíòè) îïåðàòîðîâ â âåùåñòâåííîì ïðîñòðàíñòâå

Ëåáåãà L2(0, 1) ñ îáû÷íîé íîðìîé ∥u∥p =

(
1∫
0

|u(x)|2dx
)1/2

èçó÷àþòñÿ íåëèíåéíûå

èíòåãðàëüíûå óðàâíåíèÿ

λ · F [x, u(x)] +
1∫

0

K(x, t)u(t) dt = f(x), (1)

u(x) + λ

1∫
0

K(x, t)F [t, u(t)] dt = f(x), (2)

u(x) + λ · F

x, 1∫
0

K(x, t)u(t) dt

 = f(x), (3)

ñ ÿäðîì Òåïëèöà-Ãàíêåëÿ K(x, t) = φ(|x− t|) + ψ(x+ t) (òàê íàçûâàåìîå Toeplitz plus Hankel
kernel [1]), ãäå φ(x) åñòü âûïóêëàÿ âíèç ôóíêöèÿ, ψ(x) = x−ν , 0 < ν < 1, è íåëèíåéíîñòüþ
F (x, t), êîòîðàÿ îïðåäåëåíà ïðè x ∈ [0, 1], t ∈ R è óäîâëåòâîðÿåò èçâåñòíûì óñëîâèÿì
Êàðàòåîäîðè: îíà èçìåðèìà ïî x ïðè êàæäîì ôèêñèðîâàííîì t ∈ R è íåïðåðûâíà ïî t ïî÷òè
äëÿ âñåõ x ∈ [0, 1].

Ïðåæäå ÷åì ñôîðìóëèðîâàòü îñíîâíûå ðåçóëüòàòû, îáîçíà÷èì ÷åðåç L+
2 (0, 1) ìíîæåñòâî

âñåõ íåîòðèöàòåëüíûõ ôóíêöèé èç L2(0, 1) è ââåäåì ñëåäóþùèé êëàññ Ω(0, 1] [2]. Ñêàæåì, ÷òî
φ ∈ Ω(0, 1], åñëè φ(x) åñòü íåïðåðûâíàÿ íåâîçðàñòàþùàÿ âûïóêëàÿ âíèç â ïðîìåæóòêå (0, 1]

ôóíêöèÿ òàêàÿ, ÷òî
x∫
0

φ(x) dx ≥ 0.

Ñëåäóÿ ðàáîòå [2] è èñïîëüçóÿ ñâîéñòâà èíòåãðàëüíûõ îïåðàòîðîâ ñ ÿäðîì Òåïëèöà
φ(|x− t|) [3] è ÿäðîì Ãàíêåëÿ ψ(x + t) [4], áåç îãðàíè÷åíèé íà ïàðàìåòð λ > 0 äîêàçûâàþòñÿ
ñëåäóþùèå ãëîáàëüíûå òåîðåìû î ñóùåñòâîâàíèè, åäèíñòâåííîñòè è îöåíêàõ ðåøåíèÿ äëÿ
óðàâíåíèé (1)�(3).

Òåîðåìà 1. Ïóñòü φ ∈ Ω(0, 1], 0 < ν < 1 è F (x, t) óäîâëåòâîðÿåò óñëîâèÿì:
1) |F (x, t)| ≤ c(x) + d1|t|, ãäå c ∈ L+

2 (0, 1) è d1 > 0;
2) F (x, t) íå óáûâàåò ïî t ïî÷òè ïðè êàæäîì ôèêñèðîâàííîì x ∈ [0, 1];
3) F (x, t) · t ≥ d2|t|2 −D(x), ãäå D ∈ L+

1 (0, 1) è d2 > 0.
Òîãäà ïðè ëþáûõ λ > 0 è f ∈ L2(0, 1) óðàâíåíèå (1) èìååò åäèíñòâåííîå ðåøåíèå

u∗ ∈ L2(0, 1). Êðîìå òîãî, åñëè óñëîâèå 3) âûïîëíÿåòñÿ ïðè D(x) = 0, ñïðàâåäëèâà îöåíêà:
∥u∗∥2 ≤ λ−1d−1

2 ∥f∥2.
Òåîðåìà 2. Ïóñòü φ ∈ Ω(0, 1], 0 < ν < 1 è F (x, t) óäîâëåòâîðÿåò óñëîâèÿì 1) è 2)

òåîðåìû 1. Òîãäà ïðè ëþáûõ λ ≥ 0 è f ∈ L2(0, 1) óðàâíåíèå (2) èìååò åäèíñòâåííîå ðåøåíèå
u∗ ∈ L2(0, 1). Êðîìå òîãî, åñëè âûïîëíÿþòñÿ óñëîâèÿ 1) è 3) ïðè c(x) = D(x) = 0, ñïðàâåäëèâà
îöåíêà: ∥u∗∥2 ≤ d1d

−1
2 ∥f∥2.

Òåîðåìà 3. Ïóñòü φ ∈ Ω(0, 1], 0 < ν < 1 è F (x, t) óäîâëåòâîðÿåò óñëîâèÿì 1)�3) òåîðå-
ìû 1, ïðè÷åì F (x, t) ñòðîãî âîçðàñòàåò ïî t. Òîãäà ïðè ëþáûõ λ ≥ 0 è f ∈ L2(0, 1) óðàâíåíèå
(3) èìååò åäèíñòâåííîå ðåøåíèå u∗ ∈ L2(0, 1). Êðîìå òîãî, åñëè âûïîëíÿþòñÿ óñëîâèÿ 1) è

3) ïðè c(x) = D(x) = 0, ñïðàâåäëèâà îöåíêà: ∥u∗ − f∥2 ≤ 2λd21d
−1
2

(
1

1−ν + ∥φ∥1
)
∥f∥2.

25Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé
Ôåäåðàöèè (ïðîåêò FEGS-2020-0001).
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Îöåíêà ñðåäíåé âðåìåííîé âûãîäû
äëÿ ìîäåëè êîíêóðåöèè äâóõ âèäîâ

Áàçóëêèíà À.À. (Ðîññèÿ, Âëàäèìèð)
Âëàäèìèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. À.Ã. è Í.Ã. Ñòîëåòîâûõ

hirasawa33rus@gmail.com

Èññëåäîâàíèÿ ñðåäíåé âðåìåííîé âûãîäû äëÿ ìîäåëåé ïîïóëÿöèé, çàäàííûõ ñèñòåìàìè
äèôôåðåíöèàëüíûõ óðàâíåíèé, îòðàæåíû â ðàáîòàõ [1, 2]. Â ìîåé ðàáîòå ïîëó÷åíû îöåíêè
äàííîé õàðàêòåðèñòèêè äëÿ ìîäåëè êîíêóðåíöèè äâóõ âèäîâ.

Ðàññìîòðèì ìîäåëü äèíàìèêè ïîïóëÿöèè, ðàçâèòèå êîòîðîé ïðè îòñóòñòâèè ýêñïëóàòà-
öèè çàäàíî àâòîíîìíîé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = f(x), ãäå x ∈ Rn+. (1)

Åñëè n ⩾ 2, òî ïîïóëÿöèÿ ÿâëÿåòñÿ íåîäíîðîäíîé, òî åñòü îíà ëèáî ñîñòîèò èç îòäåëüíûõ
âèäîâ x1, . . . , xn, ëèáî ðàçäåëåíà íà n âîçðàñòíûõ ãðóïï.

Ïðåäïîëàãàåì, ÷òî â ìîìåíòû âðåìåíè τ(k) = kd, d > 0 èç ïîïóëÿöèè èçâëåêàåòñÿ
íåêîòîðàÿ äîëÿ áèîëîãè÷åñêîãî ðåñóðñà u(k) = (u1(k), . . . , un(k)) ∈ [0, 1]n, k = 1, 2, . . . . Ñ
ó÷åòîì ýêñïëóàòàöèè ïîëó÷àåì óïðàâëÿåìóþ ñèñòåìó

ẋi = fi(x), t ̸= kd, xi(kd) =
(
1− ui(k)

)
· xi(kd− 0), (2)

ãäå xi(kd − 0) è xi(kd) � êîëè÷åñòâî ðåñóðñà i-ãî âèäà äî è ïîñëå ñáîðà â ìîìåíò
τ(k) = kd ñîîòâåòñòâåííî, i = 1, . . . , n, k = 1, 2, . . . . Ïðåäïîëàãàåì, ÷òî ðåøåíèÿ ýòîé
ñèñòåìû íåïðåðûâíû ñïðàâà, ôóíêöèè fi íåïðåðûâíû ïî ñîâîêóïíîñòè ïåðåìåííûõ è
óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà, ðåøåíèÿ ñèñòåì (1), (2) ÿâëÿþòñÿ íåîòðèöàòåëüíûìè ïðè
ëþáûõ íåîòðèöàòåëüíûõ íà÷àëüíûõ óñëîâèÿõ.

Ïóñòü Xi(k) = xi(kd − 0) � êîëè÷åñòâî ðåñóðñà i-ãî âèäà äî ñáîðà â ìîìåíò kd,
k = 1, 2, . . . , xi(0) = x0i � íà÷àëüíîå êîëè÷åñòâî ðåñóðñà, Ci ⩾ 0 � àãðåãèðîâàííàÿ ñòîèìîñòü
óñëîâíîé åäèíèöû i-ãî âèäà, U

.
=
{
u : u = (u(1), . . . , u(k), . . .)

}
.

Îïðåäåëåíèå 1. Ñðåäíåé âðåìåííîé âûãîäîé îò èçâëå÷åíèÿ ðåñóðñà íàçûâàåòñÿ

ôóíêöèÿ H∗
(
u, x(0)

) .
= lim

k→∞

1

k

k∑
j=1

n∑
i=1

CiXi(j)ui(j) .

Ðåøåíèÿ ñèñòåìû (1) áóäåì îáîçíà÷àòü φ(t, x), ãäå φ(0, x) = x. Ââåäåì â ðàññìîòðåíèå

ôóíêöèþ D(x)
.
=

n∑
i=1

Ci
(
φi(d, x)− xi

)
è ìíîæåñòâî

D+
.
=
{
x ∈ Rn+ : xi ⩽ φi(d, x) ̸= 0, i = 1, . . . , n

}
=
{
x ∈ Rn+ : x ⩽ φ(d, x) ̸= 0

}
.

Äëÿ ñèñòåìû (1) íà ìíîæåñòâå Rn+ ðàññìîòðèì âåðõíþþ ñèñòåìó ñðàâíåíèÿ

ẋ = g(x), ãäå x ∈ Rn+, (3)
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òî åñòü òàêóþ ñèñòåìó, ÷òî

fi(x1, x2, . . . , xn) ⩽ gi(y1, y2, . . . , yi−1, xi, yi+1, . . . , yn), i = 1, . . . , n. (4)

äëÿ ëþáûõ t ⩾ t0, x ⩽ y, x ∈ Rn+, y ∈ Rn+.
Îáîçíà÷èì ÷åðåç ψ(t, x) ðåøåíèÿ (3), óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì ψ(0, x) = x.

Ïðåäïîëàãàåì, ÷òî äëÿ ôóíêöèè g âûïîëíåíû òàêèå æå ñâîéñòâà, êàê è äëÿ f . Ïóñòü

D̃(x)
.
=

n∑
i=1

Ci
(
ψi(d, x)− xi

)
, D̃+

.
=
{
x ∈ Rn+ : x ⩽ ψ(d, x) ̸= 0

}
, ÷åðåç H̃∗

(
u, x(0)

)
îáîçíà÷èì

ñðåäíþþ âðåìåííóþ âûãîäó äëÿ ïîïóëÿöèè, ðàçâèòèå êîòîðîé ïðè îòñóòñòâèè ýêñïëóàòàöèè
çàäàíî ñèñòåìîé (3).

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî ñèñòåìà (3) ÿâëÿåòñÿ âåðõíåé ñèñòåìîé ñðàâíåíèÿ
äëÿ (1) íà ìíîæåñòâå Rn+. Òîãäà äëÿ ëþáûõ u ∈ U è x(0) ∈ Rn+ âûïîëíåíû íåðàâåíñòâà

H∗
(
u, x(0)

)
⩽ max

x∈D+

D(x) ⩽ max
x∈D̃+

D̃(x).

Âûïèøåì íèæíþþ ñèñòåìó ñðàâíåíèÿ äëÿ ñèñòåìû (1):

ẋ = v(x), ãäå x ∈ Rn+ (5)

è îáîçíà÷èì ÷åðåç ξ(t, x) åå ðåøåíèÿ, óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì ξ(0, x) = x.

Ïóñòü D̂(x)
.
=

n∑
i=1

Ci
(
ξi(d, x) − xi

)
, D̂+

.
=
{
x ∈ Rn+ : x ⩽ ξ(d, x) ̸= 0

}
, Ĥ∗

(
u, x(0)

)
� ñðåäíÿÿ

âðåìåííàÿ âûãîäà äëÿ ïîïóëÿöèè, çàäàíîé ñèñòåìîé (5).
Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî ñèñòåìà (5) ÿâëÿåòñÿ íèæíåé ñèñòåìîé ñðàâíåíèÿ äëÿ

(1) íà ìíîæåñòâå Rn+ è max
x∈D̂+

D̂(x) = D̂(x∗), ãäå x∗ ∈ D̂+. Òîãäà ñóùåñòâóåò u∗ ∈ U, òàêîå,

÷òî H∗
(
u∗, x(0)

)
⩾ max

x∈D̂+

D̂(x) äëÿ âñåõ x(0) ∈ Rn+, äëÿ êîòîðûõ ξ(d, x(0)) ⩾ x∗.

Ïðèìåð 1.
Íàéäåì îöåíêó ñðåäíåé âðåìåííîé âûãîäû äëÿ ìîäåëè êîíêóðåíöèè äâóõ âèäîâ,

çàäàííóþ ñèñòåìîé óðàâíåíèé {
ẋ1 = a1x1 + b12x1x2 − c1x

2
1,

ẋ2 = a2x2 + b21x1x2 − c2x
2
2,

(6)

ãäå ai > 0 � ïîñòîÿííûå ñîáñòâåííîé ñêîðîñòè ðîñòà âèäîâ, ci > 0 � ïîñòîÿííûå
ñàìîîãðàíè÷åíèÿ ÷èñëåííîñòè, b12 < 0, b21 < 0 � ïîñòîÿííûå âçàèìîäåéñòâèÿ âèäîâ.

Íèæíåé ñèñòåìîé ñðàâíåíèÿ äëÿ (6) áóäåò ñëåäóþùàÿ ìîäåëü êîíêóðåíöèè:{
ẋ1 = ax1 − bx1x2 − cx21,

ẋ2 = ax2 − bx1x2 − cx22.
(7)

Èç (4) ñëåäóåò, ÷òî a = min(a1, a2), b = −min(b12, b21), c = max(c1, c2).
Ïðåäïîëîæèì, ÷òî b > c. Ïðè ïîìîùè òåîðåìû 2 è ñ ó÷åòîì ðåçóëüòàòîâ ðàáîòû [1]

(ïðèìåð 1) ïîëó÷àåì, ÷òî äëÿ íåêîòîðûõ u∗ ∈ U è x(0) ∈ R2
+ âûïîëíåíî

H∗
(
u∗, x(0)

)
⩾ max

x∈D̂+

D̂(x) ⩾ max
{C1

b
,
C2

b
,
C1 + C2

b+ c

}a(ead/2 − 1)

ead/2 + 1
. (8)

Â ÷àñòíîñòè, èç (8) ñëåäóåò, ÷òî ïðè âûïîëíåíèè bmin(C1, C2) ⩾ cmax(C1, C2) äëÿ
ñèñòåìû (7) áîëåå âûãîäíîé ÿâëÿåòñÿ äîáû÷à äâóõ âèäîâ ðåñóðñà.

Åñëè b ⩽ c, òî èç ðåçóëüòàòîâ ñòàòüè [1] ñëåäóåò, ÷òî çäåñü âûãîäíåå ýêñïëóàòèðîâàòü
òîëüêî îäèí èç âèäîâ (êîòîðûé èìååò áîëüøóþ ñòîèìîñòü). Ïîýòîìó äëÿ íåêîòîðûõ u∗ ∈ U,
x(0) ∈ R2

+ èìååò ìåñòî îöåíêà

H∗
(
u∗, x(0)

)
⩾ max

x∈D̂+

D̂(x) = max(C1, C2)
a(ead/2 − 1)

b(ead/2 + 1)
.
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Âåðõíåé ñèñòåìîé ñðàâíåíèÿ äëÿ ñèñòåìû (6) â îáëàñòè R2
+ ÿâëÿåòñÿ ñèñòåìà,

îïðåäåëÿþùàÿ ìîäåëü íåéòðàëèçìà. Ñëåäîâàòåëüíî, ïðè âñåõ u ∈ U èìååì îöåíêó ñâåðõó
ñðåäíåé âðåìåííîé âûãîäû äëÿ èñõîäíîé ñèñòåìû (6):

H∗
(
u, x(0)

)
⩽ max

x∈R2
+

D̃(x) ⩽ d

2∑
i=1

Ciai(e
aid/2 − 1)

ci(eaid/2 + 1)
.

Ëèòåðàòóðà

[1] Âîëäåàá Ì.Ñ., Ðîäèíà Ë.È. Î ñïîñîáàõ äîáû÷è áèîëîãè÷åñêîãî ðåñóðñà, îáåñïå÷èâàþùèõ
ìàêñèìàëüíóþ ñðåäíþþ âðåìåííóþ âûãîäó // Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé.
Ìàòåìàòèêà. 2022. Âûï. 1. Ñ. 12�24.

[2] Âîëäåàá Ì.Ñ., Ðîäèíà Ë.È. Î ñïîñîáàõ äîáû÷è âîçîáíîâëÿåìîãî ðåñóðñà èç ñòðóêòóðèðîâàííîé
ïîïóëÿöèè // Âåñòíèê ðîññèéñêèõ óíèâåðñèòåòîâ. Ìàòåìàòèêà. 2022. Ò. 27, � 137. Ñ. 16�26.

Ïåðèîäè÷åñêèå ðåøåíèÿ êëàññà äèôôåðåíöèàëüíûõ óðàâíåíèé
âòîðîãî ïîðÿäêà c çàïàçäûâàíèåì è íåëèíåéíîñòüþ,

èìåþùåé ïðîñòîå ïîâåäåíèå íà áåñêîíå÷íîñòè

Áàèí Ä.Ä. (Ðîññèÿ, ßðîñëàâëü)
ßðîñëàâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ï.Ã. Äåìèäîâà

danila.bain@yandex.com

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå ñ çàïàçäûâàíèåì âòîðîãî ïîðÿäêà

ẍ+ bẋ+ cx = F (x(t− T )), (1)

ãäå b, c > 0, ôóíêöèÿ F íåïðåðûâíî äèôôåðåíöèðóåìà, è äëÿ íå¼ ñóùåñòâóþò êîíå÷íûå
ïðåäåëû íà áåñêîíå÷íîñòè:

f+ = lim
x→+∞

F (x), f− = lim
x→−∞

F (x). (2)

Ïóñòü x∗ � ýòî ñîñòîÿíèå ðàâíîâåñèÿ óðàâíåíèÿ (1), òî åñòü cx∗ = F (x∗).
Ëèíåàðèçóÿ ñèñòåìó îêîëî ýòîãî ñîñòîÿíèÿ ðàâíîâåñèÿ, ïîëó÷èòñÿ ëèíåéíàÿ ñèñòåìà
ÿ + bẏ + cy = F ′(x∗)y(t− T ). Êëàññè÷åñêèì ìåòîäîì äëÿ îïðåäåëåíèÿ óñòîé÷èâîñòè ñîñòîÿíèÿ
ðàâíîâåñèÿ x∗ ÿâëÿåòñÿ èññëåäîâàíèå âåùåñòâåííûõ ÷àñòåé êîðíåé õàðàêòåðèñòè÷åñêîãî
êâàçèìíîãî÷ëåíà ëèíåàðèçîâàííîãî óðàâíåíèÿ λ2 + bλ + c = F ′(x∗)e

−λT : åñëè âñå åãî êîðíè
èìåþò îòðèöàòåëüíóþ âåùåñòâåííóþ ÷àñòü, òî ñîñòîÿíèå ðàâíîâåñèÿ óñòîé÷èâî, åñëè îíî
èìååò êîðåíü ñ ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ, òî ñîîòâåòñòâåííî íåóñòîé÷èâî [1]. Ïî
èòîãàì ýòîãî àíàëèçà ïîëó÷àåòñÿ ÿâíîå óñëîâèå, îïðåäåëÿþùåå óñòîé÷èâîñòü x∗ ïðè ëþáûõ
ïàðàìåòðàõ b, c, T > 0 è F ′(x∗).

Îêîëî íåãðóáûõ ñîñòîÿíèé ðàâíîâåñèÿ ñòðîèòñÿ íîðìàëüíàÿ ôîðìà áèôóðêàöèè
Àíäðîíîâà-Õîïôà [2], ïðè ïîìîùè êîòîðîé ïîëó÷åíû óñëîâèÿ ðîæäåíèÿ (ïðè ε-ìàëîì
èçìåíåíèè ïàðàìåòðîâ) ïåðèîäè÷åñêèõ ðåøåíèé ìàëîé àìïëèòóäû âèäà

x(t, τ) = x∗ +
√
ερ(τ) cos(wt+ φ(τ)) + εx2(t, τ) + ε

3
2x3(t, τ) +O(ε2),

ãäå τ = εt � ¾ìåäëåííîå âðåìÿ¿.
Ðàññìîòðèì òåïåðü ÷àñòíûé ñëó÷àé óðàâíåíèÿ (1):

ẍ+ εẋ+ x = F (x(t− T )), (3)

ãäå 0 < ε≪ 1 � ìàëûé ïîëîæèòåëüíûé ïàðàìåòð. Ó äàííîãî óðàâíåíèÿ èùåòñÿ ïåðèîäè÷åñêîå
ðåøåíèå áîëüøîé àìïëèòóäû âèäà

x(t, τ) = ε−1ρ(τ) cos
(
t+ φ(τ)

)
+ x0(t, τ) +O(ε), (4)

ãäå τ = εt � ¾ìåäëåííîå âðåìÿ¿.
Òåîðåìà. Óðàâíåíèå (3) èìååò óñòîé÷èâîå ïåðèîäè÷åñêîå ðåøåíèå âèäà (4) òîãäà è

òîëüêî òîãäà, êîãäà (f+ − f−) sin(T ) < 0.
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Ðàññìàòðèâàþòñÿ äâà îñíîâíûõ òåëà (äâå çâåçäû) îäíîé ìàññû m0, êîòîðûå äâèæóòñÿ
âîêðóã îáùåãî öåíòðà ìàññ O ïî êðóãîâîé îðáèòå ðàäèóñà R. Íàðÿäó ñ íèìè ðàññìàòðèâàþòñÿ
äâà ìàëûõ òåëà A è B (äâà àñòåðîèäà) îäíîé ìàññû m, äâèæóùèåñÿ ïðîèçâîëüíî â ïëîñêîñòè
îðáèòû îñíîâíûõ òåë. Ñ÷èòàåòñÿ, ÷òî m ≪ m0, ïîýòîìó ìàëûå òåëà íà çâ¼çäû íå âëèÿþò,
îäíàêî àñòåðîèäû èñïûòûâàþò âçàèìíîå ïðèòÿæåíèå. Ýòà çàäà÷à ðàçáèðàëàñü â [1], íî åù¼
ðàíüøå îíà áûëà ðàññìîòðåíà â [2], ãäå áûëè íàéäåíû îòíîñèòåëüíûå ïîëîæåíèÿ ðàâíîâåñèÿ
(öåíòðàëüíûå êîíôèãóðàöèè) è óñòàíîâëåí êëàññ äâèæåíèé, íàçûâàåìûõ â ýòîé ðàáîòå
âíóòðåííèìè.

Ââåä¼í ìàëûé ïàðàìåòð ε êàê îòíîøåíèå ìàññû ìàëîãî òåëà ê ìàññå îñíîâíîãî. Íàéäåíû
êîëëèíåàðíûå è òðåóãîëüíûå îòíîñèòåëüíûå ðàâíîâåñèÿ ìàëûõ òåë â âèäå ðÿäîâ ïî ε,
ïîêàçàíî, ÷òî âñå îíè íåóñòîé÷èâû. Äàëåå ðàññìàòðèâàþòñÿ âíóòðåííèå äâèæåíèÿ ñèñòåìû,
îïðåäåëÿåìûå òåì, ÷òî öåíòð ìàññ àñòåðîèäîâ âñ¼ âðåìÿ ñîâïàäàåò ñ öåíòðîì ìàññ çâ¼çä,
ïðè ýòîì ìàëûå òåëà íàõîäÿòñÿ òàê áëèçêî ê äðóã äðóãó, ÷òî ñèëû ïðèòÿæåíèÿ ìåæäó íèìè
ïðåâîñõîäÿò ñèëû ïðèòÿæåíèÿ ñî ñòîðîíû îñíîâíûõ òåë. Çàïèñàíû óðàâíåíèÿ â îñêóëèðóþùèõ
ýëåìåíòàõ a, e, ω è M , îïèñûâàþùèå âîçìóù¼ííîå äâèæåíèå ìàëûõ òåë, îíè ïðèâåäåíû ê
áåçðàçìåðíîìó âèäó, à çàòåì óñðåäíåíû ïî ñðåäíåé àíîìàëèè M .

Â óñðåäí¼ííûõ óðàâíåíèÿõ áåçðàçìåðíàÿ áîëüøàÿ ïîëóîñü ã = ã0 = const. Ïîñëå çàìåíû

β = ω − ã
3
2
0 ε

− 1
2 t̃, ãäå t̃ � áåçðàçìåðíîå âðåìÿ, çàêëþ÷àþùåéñÿ â ïåðåõîäå îò èíåðöèàëüíûõ

îñåé ê ñèíîäè÷åñêèì, óñðåäí¼ííûå óðàâíåíèÿ èìåþò àâòîíîìíûé âèä è äîïóñêàþò èíòåãðàë
1
8

√
εã0

√
1− e2 +W ∗ (ã0, e, β) = const, ïðîèñõîäÿùèé èç èíòåãðàëà ßêîáè ñòðîãèõ óðàâíåíèé

äâèæåíèÿ.
Ïîñòðîåí ôàçîâûé ïîðòðåò óñðåäí¼ííîé ñèñòåìû íà öèëèíäðå (0, 1) × S1 â ïåðåìåííûõ

e, β, èññëåäîâàíû åãî áèôóðêàöèè ïðè èçìåíåíèè áåçðàçìåðíîé áîëüøîé ïîëóîñè ã0,
â ÷àñòíîñòè, ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ ñòàöèîíàðíûõ òî÷åê. Ïîêàçàíî, ÷òî ïðè

ã
3
2
0 <

1
36

√
ε ñòàöèîíàðíûõ òî÷åê íåò, åñòü çîíà òðàåêòîðèé ñ e → 1 è çîíà òðàåêòîðèé

ðîòàöèîííîãî òèïà. Ïðè ã
3
2
0 >

1
36

√
ε óñðåäí¼ííàÿ ñèñòåìà èìååò ãèïåðáîëè÷åñêèå ñòàöèîíàðíûå

òî÷êè íà èíâàðèàíòíîé êðèâîé e = 0, öåíòðû e = e∗, β = 0, β = π è òðè çîíû ñ ðàçíûì
õàðàêòåðîì ôàçîâûõ êðèâûõ: çîíà ñ e → 1, çîíû òðàåêòîðèé ðîòàöèîííîãî è ëèáðàöèîííîãî
òèïîâ, ðàçäåë¼ííûå ñåïàðàòðèñàìè.

Â çàâåðøåíèå äîêëàäà îáñóæäàþòñÿ ðåøåíèÿ ñòðîãèõ óðàâíåíèé äâèæåíèÿ, ñëåäóþùèå
èç ðåçóëüòàòîâ óñðåäíåíèÿ (ïåðèîäè÷åñêèå è óñëîâíî-ïåðèîäè÷åñêèå ðåæèìû), à òàêæå
ôåíîìåíû, êîòîðûå èç óñðåäíåíèÿ íå ñëåäóþò: ðàñùåïëåíèå ñåïàðàòðèñ è ñòîõàñòè÷åñêèé ñëîé,
ñîäåðæàùèé e = 0.
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Èññëåäîâàíèå óñòîé÷èâîñòè ïåðèîäè÷åñêèõ äâèæåíèé â êëàññè÷åñêîé è íåáåñíîé
ìåõàíèêå ÷àñòî ñâîäèòñÿ ê çàäà÷å îá óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ íåàâòîíîìíîé
ïåðèîäè÷åñêîé ãàìèëüòîíîâîé ñèñòåìû. Àíàëèç óñòîé÷èâîñòè, êàê ïðàâèëî, íà÷èíàåòñÿ ñ
èññëåäîâàíèÿ ëèíåàðèçîâàííîé â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû, ãàìèëüòîíèàí
êîòîðîé ìîæåò çàâèñåòü îò îäíîãî èëè íåñêîëüêèõ ïàðàìåòðîâ. Åñëè ïðè îïðåäåëåííûõ
çíà÷åíèÿõ ïàðàìåòðîâ õàðàêòåðèñòè÷åñêîå óðàâíåíèå ëèíåàðèçîâàííîé ñèñòåìû èìååò êîðåíü
ñ ìîäóëåì îòëè÷íûì îò åäèíèöû, òî ãîâîðÿò, ÷òî èìååò ìåñòî ÿâëåíèå ïàðàìåòðè÷åñêîãî
ðåçîíàíñà [1], êîòîðîå ïðèâîäèò ê íåóñòîé÷èâîñòè.

Ðàññìîòðèì ÷àñòíûé ñëó÷àé ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû, ãàìèëüòîíèàí êîòîðîé
èìååò âèä

H = H(0)(q, p) + εH(1)(q, p, t, ε), (1)

ãäå ε � îäèí èç ïàðàìåòðîâ çàäà÷è. Ïðåäïîëàãàåòñÿ, ÷òî q = p = 0 ÿâëÿåòñÿ ïîëîæåíèåì
ðàâíîâåñèÿ ñèñòåìû, êîòîðîå ïðè ε = 0 óñòîé÷èâî ïî Ëÿïóíîâó. Áóäåì òàêæå ñ÷èòàòü,
÷òî â îêðåñòíîñòè íà÷àëà êîîðäèíàò ãàìèëüòîíèàí H ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé
êàíîíè÷åñêèõ ïåðåìåííûõ q, p, à åãî íåàâòîíîìíàÿ ÷àñòü H(1) 2π-ïåðèîäè÷åñêè çàâèñèò îò t.

Åñëè ε≪ 1, òî ÿâëåíèå ïàðàìåòðè÷åñêîãî ðåçîíàíñà â äàííîé ñèñòåìå âîçíèêàåò,
êîãäà ÷àñòîòà ω ñîáñòâåííûõ êîëåáàíèé ñèñòåìû, ëèíåàðèçîâàííîé â îêðåñòíîñòè ïîëîæåíèÿ
ðàâíîâåñèÿ q = p = 0, áëèçêà ê öåëîìó èëè ïîëóöåëîìó ÷èñëó, ò.å. ω ≈ n/2, n ∈ N

⋃
{0}.

Â ïëîñêîñòè ïàðàìåòðîâ ω, ε îáëàñòè ïàðàìåòðè÷åñêîãî ðåçîíàíñà èñõîäÿò èç òî÷åê ñ
êîîðäèíàòàìè (n/2; 0). Ãðàíèöû ýòèõ îáëàñòåé ìîæíî ïîñòðîèòü ïðè ïîìîùè ìåòîäà ìàëîãî
ïàðàìåòðà â âèäå ðÿäîâ ïî ñòåïåíÿì ε [2].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îñîáûé ñëó÷àé, êîãäà îáëàñòè ïàðàìåòðè÷åñêîãî
ðåçîíàíñà ñèñòåìû ñ ãàìèëüòîíèàíîì (1) âûðîæäàþòñÿ â êðèâûå è ëèíåéíàÿ ñèñòåìà
óñòîé÷èâà ïðè ω ≈ N/2. Â ýòîì îñîáîì ñëó÷àå ìåòîä ìàëîãî ïàðàìåòðà íå ïîçâîëÿåò ïîëó÷èòü
âûâîäû îá óñòîé÷èâîñòè. Ïîêàçàíî, ÷òî â êà÷åñòâå àëüòåðíàòèâíîé ìåòîäèêè èññëåäîâàíèÿ
óñòîé÷èâîñòè ìîæåò áûòü èñïîëüçîâàí ïîäõîä, ïðåäëîæåííûé â [3]. Ýòîò ïîäõîä îñíîâàí íà
ïðèìåíåíèè òåîðèè áåñêîíå÷íûõ îïðåäåëèòåëåé Õèëëà äëÿ èññëåäîâàíèÿ ðåøåíèé ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè.

Ïðè ïîìîùè äàííîãî ïîäõîäà èññëåäîâàíà óñòîé÷èâîñòü ïîëîæåíèÿ ðàâíîâåñèÿ â äâóõ
çàäà÷àõ êëàññè÷åñêîé è íåáåñíîé ìåõàíèêè: â ôîòîãðàâèòàöèîííîé ýëëèïòè÷åñêîé çàäà÷å
Ñèòíèêîâà è â çàäà÷å î äâèæåíèè ìàÿòíèêà ïåðåìåííîé äëèíû. Ïîêàçàíî, ÷òî â îáåèõ çàäà÷àõ
èìååò ìåñòî âûðîæäåíèå îáëàñòåé ïàðàìåòðè÷åñêîãî ðåçîíàíñà. Ïðîâåäåí íåëèíåéíûé àíàëèç
è ïîëó÷åíû ñòðîãèå âûâîäû îá óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ.

26Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 24-11-00162,
https://rscf.ru/project/24-11-00162/ â Ìîñêîâñêîì àâèàöèîííîì èíñòèòóòå (íàöèîíàëüíîì èññëåäîâàòåëüñêîì
óíèâåðñèòåòå).
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Ðàññìàòðèâàåòñÿ ïëîñêàÿ êðóãîâàÿ îãðàíè÷åííàÿ çàäà÷à ÷åòûðåõ òåë, ò.å èññëåäóåòñÿ
äâèæåíèå òåëà ìàëîé ìàññû ïîä äåéñòâèåì ñèë ãðàâèòàöèîííîãî ïðèòÿæåíèÿ òðåõ ìàññèâíûõ
ïðèòÿãèâàþùèõ òåë. Òåëî ìàëîé ìàññû íå îêàçûâàåò âëèÿíèÿ íà äâèæåíèå ìàññèâíûõ
òåë, êîòîðûå íàõîäÿòñÿ â ëàãðàíæåâûõ òî÷êàõ ëèáðàöèè çàäà÷è òðåõ òåë, ò.å. äâèæóòñÿ
â îäíîé ïëîñêîñòè ïî êðóãîâûì îðáèòàì, ðàñïîëàãàÿñü â âåðøèíàõ ðàâíîñòîðîííåãî
òðåóãîëüíèêà. Ïðåäïîëàãàåòñÿ, ÷òî âûïîëíåíî óñëîâèå Ðàóñà, ò.å. äâèæåíèå ïðèòÿãèâàþùèõ
òåë óñòîé÷èâî. Óðàâíåíèÿ äâèæåíèÿ òåëà ìàëîé ìàññû äîïóñêàþò ñòàöèîíàðíûå ðåøåíèÿ,
êîòîðûå îïèñûâàþò ïîëîæåíèÿ îòíîñèòåëüíîãî ðàâíîâåñèÿ ýòîãî òåëà âî âðàùàþùåéñÿ âìåñòå
ñ ïðèòÿãèâàþùèìè òåëàìè ñèñòåìå êîîðäèíàò. Â àáñîëþòíîé ñèñòåìå êîîðäèíàò ýòèì ÷àñòíûì
ðåøåíèÿì ñîîòâåòñòâóþò öåíòðàëüíûå êîíôèãóðàöèè, êîãäà âñå ÷åòûðå òåëà îáðàçóþò
÷åòûðåõóãîëüíèê íåèçìåííîé ôîðìû è ðàçìåðîâ, à ðåçóëüòèðóþùàÿ ñèëà ïðèòÿæåíèÿ,
äåéñòâóþùàÿ íà òåëî ìàëîé ìàññû, íàïðàâëåíà ê öåíòðó ìàññ ñèñòåìû.

Àíàëèç óñòîé÷èâîñòè óêàçàííûõ öåíòðàëüíûõ êîíôèãóðàöèé â ëèíåéíîì ïðèáëèæåíèè
ïðîâîäèëñÿ â ðàáîòàõ [1�5]. Â ñëó÷àå ðàâíûõ ìàññ äâóõ ïðèòÿãèâàþùèõ òåë â ðàáîòå [3] áûë
âûïîëíåí íåëèíåéíûé àíàëèç óñòîé÷èâîñòè.

Â äàííîé ðàáîòå â ñòðîãîé íåëèíåéíîé ïîñòàíîâêå ðåøàåòñÿ çàäà÷à îá óñòîé÷èâîñòè
äàííûõ öåíòðàëüíûõ êîíôèãóðàöèé â ñëó÷àå, êîãäà ìàññà îäíîãî èç ïðèòÿãèâàþùèõ òåë,
ìíîãî ìåíüøå ìàññ äâóõ äðóãèõ ïðèòÿãèâàþùèõ òåë. Äëÿ îòâåòà íà âîïðîñ îá óñòîé÷èâîñòè
áûëà ïîëó÷åíà êàíîíè÷åñêàÿ çàìåíà ïåðåìåííûõ, ïðèâîäÿùàÿ ãàìèëüòîíèàí óðàâíåíèé
âîçìóùåííîãî äâèæåíèÿ ê íàèáîëåå ïðîñòîé (íîðìàëüíîé) ôîðìå. Çàäà÷à îá óñòîé÷èâîñòè
ïî Ëÿïóíîâó èñõîäíîé ñèñòåìû óðàâíåíèé âîçìóùåííîãî äâèæåíèÿ ýêâèâàëåíòíà çàäà÷å îá
óñòîé÷èâîñòè ïî Ëÿïóíîâó íîðìàëèçîâàííîé ñèñòåìû. Äëÿ ðåøåíèÿ ïîñëåäíåé çàäà÷è áûëè
ïðèìåíåíû èçâåñòíûå óñëîâèÿ óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ãàìèëüòîíîâûõ ñèñòåì. Íàëè÷èå
â ðàññìàòðèâàåìîé çàäà÷å ìàëîãî ïàðàìåòðà ïîçâîëèëî ïðîâåñòè èññëåäîâàíèå àíàëèòè÷åñêè.
Â ïëîñêîñòè ïàðàìåòðîâ çàäà÷è áûëè íàéäåíû îáëàñòè óñòîé÷èâîñòè è íåóñòîé÷èâîñòè
ïîëîæåíèé îòíîñèòåëüíîãî ðàâíîâåñèÿ òåëà ìàëîé ìàññû, ñîîòâåòñòâóþùèõ öåíòðàëüíûì
êîíôèãóðàöèÿì. Âûâîäû îá óñòîé÷èâîñòè áûëè ïîëó÷åíû êàê ïðè îòñóòñòâèè ðåçîíàíñîâ, òàê
è â ñëó÷àÿõ ðåçîíàíñîâ âòîðîãî, òðåòüåãî è ÷åòâåðòîãî ïîðÿäêîâ.
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Ñòðóêòóðà áàññåéíîâ äâóìåðíûõ ãèïåðáîëè÷åñêèõ àòòðàêòîðîâ
3-äèôôåîìîðôèçìîâ27
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Â ðàáîòå ðàññìàòðèâàþòñÿ äèôôåîìîðôèçìû, çàäàííûå íà ãëàäêèõ çàìêíóòûõ òðåõ-
ìåðíûõ ìíîãîîáðàçèÿõ. Äèôôåîìîðôèçì f : M3 → M3 íàçûâàåòñÿ A-äèôôåîìîðôèçìîì,
åñëè åãî íåáëóæäàþùåå ìíîæåñòâî NW (f) ãèïåðáîëè÷íî è ïåðèîäè÷åñêèå òî÷êè ïëîòíû
â NW (f). Äëÿ òàêèõ äèôôåîìîðôèçìîâ èìååò ìåñòî òåîðåìà Ñ. Ñìåéëà î ñïåêòðàëüíîì
ðàçëîæåíèè [1]: íåáëóæäàþùåå ìíîæåñòâî A-äèôôåîìîðôèçìà ïðåäñòàâëÿåòñÿ â âèäå
êîíå÷íîãî îáúåäèíåíèÿ íåïåðåñåêàþùèõñÿ ìíîæåñòâ, íàçûâàåìûõ áàçèñíûìè, êàæäîå èç
êîòîðûõ ÿâëÿåòñÿ êîìïàêòíûì, èíâàðèàíòíûì è òîïîëîãè÷åñêè òðàíçèòèâíûì. Åñëè áàçèñíîå
ìíîæåñòâî ÿâëÿåòñÿ ïåðèîäè÷åñêîé îðáèòîé, òî åãî íàçûâàþò òðèâèàëüíûì, â ïðîòèâíîì
ñëó÷àå îíî íåòðèâèàëüíîå. Êàæäàÿ òî÷êà x áàçèñíîãî ìíîæåñòâà îáëàäàåò óñòîé÷èâûì W s

x

è íåóñòîé÷èâûì W u
x ìíîãîîáðàçèÿìè, îïðåäåëÿåìûìè ñëåäóþùèì îáðàçîì: W s

x = {y ∈ M3 :
lim

n→+∞
d(fn(x), fn(y)) = 0}, W u

x = {y ∈ M3 : lim
n→+∞

d(f−n(x), f−n(y)) = 0}, ãäå d � ìåòðèêà íà

ìíîãîîáðàçèè M3.
Åñëè ó êîìïàêòíîãî ìíîæåñòâà Λ ñóùåñòâóåò îêðåñòíîñòü U òàêàÿ, ÷òî cl f(U) ⊂ U

è
+∞⋂
n=1

fn(U) = Λ, òî Λ íàçûâàåòñÿ àòòðàêòîðîì äèôôåîìîðôèçìà f . Àòòðàêòîð äëÿ f−1

íàçûâàåòñÿ ðåïåëëåðîì äëÿ f . Ìíîæåñòâà W s
A è W u

R íàçûâàþòñÿ áàññåéíàìè àòòðàêòîðà A
è ðåïåëëåðà R ñîîòâåòñòâåííî. Ñîãëàñíî À. Áðàóíó [2], äâóìåðíûå ñâÿçíûå ãèïåðáîëè÷åñêèå
àòòðàêòîðû áûâàþò òîëüêî äâóõ òèïîâ:

� ïîâåðõíîñòíûå àòòðàêòîðû, â ýòîì ñëó÷àå àòòðàêòîð A ãîìåîìîðôåí 2-òîðó, ðó÷íî
âëîæåííîìó âM3, è îãðàíè÷åíèå äèôôåîìîðôèçìà f íàA ñîïðÿæåíî ñ ãèïåðáîëè÷åñêèì
àâòîìîðôèçìîì òîðà;

� ðàñòÿãèâàþùèåñÿ àòòðàêòîðû, ïðè ýòîì ðàçìåðíîñòü íåóñòîé÷èâûõ ìíîãîîáðàçèé
òî÷åê àòòðàêòîðà ðàâíà äâóì, à ñàì àòòðàêòîð èìååò ëîêàëüíóþ ñòðóêòóðó ïðÿìîãî
ïðîèçâåäåíèÿ êàíòîðîâà ìíîæåñòâà íà äèñê.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà î ñòðóêòóðå áàññåéíîâ ãèïåðáîëè÷åñêèõ àòòðàêòîðîâ,
äîêàçàííàÿ â ðàáîòå [3].

Òåîðåìà 1. Ïóñòü Λ � äâóìåðíûé ñâÿçíûé ãèïåðáîëè÷åñêèé àòòðàêòîð
A-äèôôåîìîðôèçìà f : M3 → M3 è B � êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâà W s

Λ \ Λ.
Òîãäà

� åñëè Λ � ïîâåðõíîñòíûé àòòðàêòîð, òî B ãîìåîìîðôíî T2 × R;

� åñëè Λ � ðàñòÿãèâàþùèéñÿ àòòðàêòîð, òî B ãîìåîìîðôíî ëèáî S2 ×R, ëèáî RP 2 ×R.
27Èññëåäîâàíèå îñóùåñòâëåíî â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé ÍÈÓ ÂØÝ.
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Ñòðóêòóðà áàññåéíîâ àòòðàêòîðîâ è ðåïåëëåðîâ íåïîñðåäñòâåííî âëèÿåò íà íåáëóæäàþ-
ùåå ìíîæåñòâî A-äèôôåîìîðôèçìà â öåëîì. Îïèðàÿñü íà òåîðåìó 1, â ðàáîòàõ [3] è [4] áûëè
äîêàçàíû ñëåäóþùèå ôàêòû.

Òåîðåìà 2. Åñëè âñå áàçèñíûå ìíîæåñòâà A-äèôôåîìîðôèçìà f :M3 →M3 ÿâëÿþòñÿ
äâóìåðíûìè, òî ëèáî âñå îíè ïîâåðõíîñòíûå, ëèáî ïîâåðõíîñòíûõ íåò.

Òåîðåìà 3. Ïóñòü f : M3 → M3 � Ω-óñòîé÷èâûé äèôôåîìîðôèçì, íåáëóæäàþùåå
ìíîæåñòâî êîòîðîãî ñîäåðæèò äâóìåðíûé ïîâåðõíîñòíûé àòòðàêòîð. Òîãäà ñóùåñòâóåò
íåòðèâèàëüíîå áàçèñíîå ìíîæåñòâî äèôôåîìîðôèçìà f , íå ÿâëÿþùååñÿ àòòðàêòîðîì.
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Â ýòîì äîêëàäå áóäóò ðàññìàòðèâàòüñÿ Ω-óñòîé÷èâûå n-äèôôåîìîðôèçìû, çàäàííûå íà
îðèåíòèðóåìûõ ìíîãîîáðàçèÿõ, âñå íåòðèâèàëüíûå áàçèñíûå ìíîæåñòâà êîòîðûõ ÿâëÿþòñÿ
äâóìåðíûìè ðàñòÿãèâàþùèìèñÿ àòòðàêòîðàìè è ñæèìàþùèìèñÿ ðåïåëëåðàìè. Êëàññè÷åñêèì
ïðèìåðîì òàêîãî äèôôåîìîðôèçìà ñ äâóìåðíûì îðèåíòèðóåìûì ðàñòÿãèâàþùèìñÿ àòòðàêòî-
ðîì ÿâëÿåòñÿ DA-äèôôåîìîðôèçì íà òðåõìåðíîì òîðå, ïîëó÷åííûé õèðóðãè÷åñêîé îïåðàöèåé
Ñìåéëà èç àëãåáðàè÷åñêîãî àâòîìîðôèçìà 3-òîðà. Âïåðâûå ýòà îïåðàöèÿ áûëà îïèñàíà
Ñìåéëîì â 1967 ãîäó [1]. Â äîêëàäå áóäåò îïèñàí ïåðåõîä îò ñèñòåìû ñ íåðåãóëÿðíîé äèíàìèêîé
ê ñèñòåìå ñ ðåãóëÿðíîé äèíàìèêîé, êîòîðóþ áóäåì íàçûâàòü ¾Ðåãóëÿðíûé ñïóòíèê¿.

Â îòëè÷èå îò ïîòîêîâ, êàñêàäû íå âñåãäà îáëàäàþò ýíåðãåòè÷åñêîé ôóíêöèåé (ñì.,
íàïðèìåð, îáçîð [2]). Ïåðâûé ïðèìåð òàêîãî êàñêàäà áûë ïîñòðîåí Ä. Ïèêåòîíîì â 1977 ãîäó
íà òðåõìåðíîé ñôåðå [3] è ïðåäñòàâëÿë ñîáîé äèôôåîìîðôèçì Ìîðåà-Ñìåéëà ñ ÷åòûðüìÿ
íåïîäâèæíûìè òî÷êàìè. Â òîé æå ðàáîòå Ïèêåòîí äîêàçàë ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé
ôóíêöèè Ìîðñà äëÿ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà, çàäàííûõ íà ïîâåðõíîñòÿõ. Â ðàáîòàõ
Â. 3. Ãðèíåñà, Î.Â. Ïî÷èíêè, Ì.Ê. Áàðèíîâîé áûëè âûäåëåíû íåñêîëüêî êëàññîâ 2- è
3-äèôôåîìîðôèçìîâ, îáëàäàþùèõ ýíåðãåòè÷åñêèìè ôóíêöèÿìè [4], [5], [6]. Â 2022 ãîäó
Ì.Ê. Áàðèíîâà âûäåëèëà êëàññ äèíàìè÷åñêèõ ñèñòåì íà ïîâåðõíîñòÿõ, ó êîòîðûõ íåò
ýíåðãåòè÷åñêèõ ôóíêöèé [7]. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùåé
òåîðåìû:

Òåîðåìà 1. Ω-óñòîé÷èâûé äèôôåîìîðôèçì f :Mn →Mn, çàäàííûé íà îðèåíòèðóåìîì
ìíîãîîáðàçèè, âñå íåòðèâèàëüíûå áàçèñíûå ìíîæåñòâà êîòîðîãî ÿâëÿþòñÿ ðàñòÿãèâà-
þùèìèñÿ àòòðàêòîðàìè èëè ñæèìàþùèìèñÿ ðåïåëëåðàìè êîðàçìåðíîñòè 1, îáëàäàåò
ýíåðãåòè÷åñêîé ôóíêöèåé òîãäà è òîëüêî òîãäà, êîãäà åãî "ðåãóëÿðíûé ñïóòíèê" îáëàäàåò
ýíåðãåòè÷åñêîé ôóíêöèåé.

28Èññëåäîâàíèå îñóùåñòâëåíî â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé ÍÈÓ ÂØÝ.
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Èíòåãðèðîâàíèå ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè
äëÿ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè Ëàóðè÷åëëû

Áåçðîäíûõ Ñ.È. (Ðîññèÿ, Ìîñêâà)
Ôåäåðàëüíûé èññëåäîâàòåëüñêèé öåíòð �Èíôîðìàòèêà è óïðàâëåíèå� ÐÀÍ

sbezrodnykh@mail.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñèñòåìà óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè,
êîòîðàÿ áûëà ââåäåíà Äæ. Ëàóðè÷åëëîé â ñâÿçè ñ èçó÷åíèåì ãèïåðãåîìåòðè÷åñêîé ôóíêöèè

F
(N)
D , ñì. [1], [2]:

zj(1− zj)
∂2u

∂zj2
+ (1− zj)

N∑
k=1
k ̸=j

zk
∂2u

∂zj∂zk
+

+
[
c− (1 + aj + b)zj

] ∂u
∂zj

− aj

N∑
k=1
k ̸=j

zk
∂u

∂zk
− ajb u = 0, j = 1, N ; (1)

çäåñü u = u(a; b, c; z) � èñêîìàÿ ôóíêöèÿ, z := (z1, . . . , zN ) ∈ CN � êîìïëåêñíîå âåêòîðíîå
ïåðåìåííîå, a := (a1, . . . , aN ) ∈ CN è b, c ∈ C � êîìïëåêñíûå ïàðàìåòðû. Ãîëîìîðôíûé ðàíã
ñèñòåìû (1) ðàâåí N +1 è, òàêèì îáðàçîì, êàæäûé áàçèñ â ïðîñòðàíñòâå ðåøåíèé (1) ñîñòîèò
èç (N + 1)-é ôóíêöèè.

Ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ëàóðè÷åëëû F
(N)
D îïðåäåëÿåòñÿ ñ ïîìîùüþ ñëåäóþùåãî

N�êðàòíîãî ðÿäà [1], [2]:

F
(N)
D (a; b, c; z) :=

∞∑
|k|=0

(b)|k|(a1)k1 · · · (aN )kN
(c)|k|k1! · · · kN !

zk11 · · · zkNN ; (2)

çäåñü ñóììèðîâàíèå âåäåòñÿ ïî ìóëüòèèíäåêñó k := (k1, . . . , kN ) ñ íåîòðèöàòåëüíûìè öåëûìè
êîìïîíåíòàìè kj ≥ 0, j = 1, N , ïðè÷åì |k| :=

∑N
j=1 kj . Ôèãóðèðóþùèé â (2) ñèìâîë

Ïîõãàììåðà (a)m îïðåäåëÿåòñÿ ÷åðåç ãàììà�ôóíêöèþ Γ(s) ïî ôîðìóëå (a)m := Γ(a+m)/Γ(a) =
a(a + 1) · · · (a + m − 1). Ïàðàìåòð c â ôîðìóëå (2) íå ïðèíèìàåò öåëûõ íåïîëîæèòåëüíûõ
çíà÷åíèé, ò.å. c /∈ Z−. Ðÿä (2) ñõîäèòñÿ â åäèíè÷íîì ïîëèêðóãå UN . Ðÿä (2) ÿâëÿåòñÿ
ãîëîìîðôíûì â òî÷êå (0, . . . , 0) ðåøåíèåì ñèñòåìû (1) è ïðåäñòàâëÿåò ñîáîé îäíî èç íàèáîëåå
åñòåñòâåííûõ îáîáùåíèé ôóíêöèè Ãàóññà íà ñëó÷àé ìíîãèõ ïåðåìåííûõ.
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Â äîêëàäå áóäåò ïðåäñòàâëåí âèä íåêîòîðûõ áàçèñîâ â ïðîñòðàíñòâå ðåøåíèé ñèñòåìû
(1), à òàêæå ôîðìóëû ïåðåõîäà ìåæäó íèìè. Â òîì ÷èñëå, ìû ïðèâåäåì íàáîð ôîðìóë,
äàþùèé ðåøåíèå ïðîáëåìû àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ôóíêöèè Ëàóðè÷åëëû (2) â CN .
Ýôôåêòèâíûé ñïîñîá ïîñòðîåíèÿ òàêèõ ôîðìóë óêàçàí â [3], [4]. Â äîêëàäå òàêæå áóäåò
ïðîäåìîíñòðèðîâàíî ïðèìåíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ê ðåøåíèþ ïðîáëåìû ïàðàìåòðîâ
èíòåãðàëà Êðèñòîôôåëÿ � Øâàðöà â ñèòóàöèè êðîóäèíãà [3], [4]; îá ýôôåêòå êðîóäèíãà ñì.
[5], [6].
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Îïòèìàëüíàÿ ýêñïëóàòàöèÿ âîçîáíîâëÿåìîãî ðåñóðñà
èç äâóõ óäàëåííûõ èñòî÷íèêîâ ïðè òðàíñïîðòíûõ èçäåðæêàõ

Áåëÿêîâ À.Î. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

Áàíê Ðîññèè29

ÍÈÒÓ ÌÈÑÈÑ
a_belyakov@inbox.ru

Ïëàòîâ À.Ñ. (Ðîññèÿ, Ìîñêâà)
ÍÈÒÓ ÌÈÑÈÑ
platovmm@mail.ru

Ïîñòàíîâêà çàäà÷è.
Ðàññìàòðèâàåòñÿ ìàêñèìèçàöèÿ àãðåãèðîâàííîé äèñêîíòèðîâàííîé (ñ íîðìîé r > 0)

ïðèáûëè îò ýêñïëóàòàöèè ñ èíòåíñèâíîñòÿìè v1 è v2 äâóõ óäàë¼ííûõ èñòî÷íèêîâ
âîçîáíîâëÿåìîãî ðåñóðñà ñ êâàäðàòè÷íûìè èçäåðæêàìè íà òðàíñïîðòèðîâêó äî òî÷êè v3,
ðàñïîëîæåíèå êîòîðîé âûáèðàåòñÿ ìåæäó èñòî÷íèêàìè áåç äîïîëíèòåëüíûõ èçäåðæåê â
êàæäûé ìîìåíò âðåìåíè∫ T

0
e−rt

[
z1 v1

(
1− a3 v3 − b3 v

2
3

)
+ z2 v2

(
1− a3 (1− v3)− b3 (1− v3)

2
)
−

− a1 v1 − a2 v2 − b1 v
2
1 − b2 v

2
2

]
dt→ max

v1,v2,v3
, v1(t), v2(t), v3(t) ∈ [0, 1] ∀t ∈ [0, T ],

ãäå êîýôôèöèåíòû ai, bi, i = 1, 2, 3, ïîëîæèòåëüíû; óïðàâëåíèÿ v1, v2, v3 îãðàíè÷åíû. Ðåñóðñû
z1 è z2 â èñòî÷íèêàõ âîññòàíàâëèâàþòñÿ ïî ëîãèñòè÷åñêîìó çàêîíó

ż1 = α (β − z1) z1 − δ z1 v1, z1(0) = z01 > 0,

ż2 = α (β − z2) z2 − δ z2 v2, z2(0) = z02 > 0,

29Ñîäåðæàíèå è ðåçóëüòàòû äàííîãî èññëåäîâàíèÿ íå ñëåäóåò ðàññìàòðèâàòü, â òîì ÷èñëå öèòèðîâàòü â êàêèõ-
ëèáî èçäàíèÿõ, êàê îôèöèàëüíóþ ïîçèöèþ Áàíêà Ðîññèè.
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ñ îäèíàêîâûìè ïàðàìåòðàìè α > 0, β > 0 è δ > 0, ãäå òî÷êà ñâåðõó ïåðåìåííîé îçíà÷àåò
ïðîèçâîäíóþ ïî âðåìåíè.

Óñëîâèÿ îïòèìàëüíîñòè.
Ïðîèçâîäíûå ôóíêöèè Ãàìèëüòîíà-Ïîíòðÿãèíà â òåêóùèõ ñîïðÿæ¼ííûõ ïåðåìåííûõ

∂H
∂v1

= z1
(
1− a3 v3 − b3 v

2
3

)
− δ z1 θ1 − a1 − 2b1v1,

∂H
∂v2

= z1
(
1− a3 (1− v3)− b3 (1− v3)

2
)
− δ z2 θ2 − a2 − 2b2v2,

∂H
∂v3

= z2 v2 (a3 + 2b3 (1− v3))− z1 v1 (a3 + 2b3 v3)

= (z2 v2 − z1 v1) a3 + 2b3 z2 v2 − 2b3 (z2 v2 + z1 v1) v3,

è ñîïðÿæ¼ííûå óðàâíåíèÿ

−θ̇1 = v1
(
1− a3 v3 − b3 v

2
3

)
+ (α (β − 2z1)− (δ v1 + r)) θ1,

−θ̇2 = v2
(
1− a3 (1− v3)− b3 (1− v3)

2
)
+ (α (β − 2z2)− (δ v2 + r)) θ2.

ñ óñëîâèÿìè òðàíñâåðñàëüíîñòè ïðèíöèïà ìàêñèìóìà ïðè êîíå÷íîì ãîðèçîíòå ïëàíèðîâàíèÿ

θ1(T ) = 0, θ2(T ) = 0,

ïîçâîëÿþò íàéòè ÷èñëåííî îïòèìàëüíîå ðåøåíèå ìåòîäîì ãðàäèåíòíîãî ñïóñêà.
Äëÿ ìàëîé è áîëüøîé öåíû òðàíñïîðòèðîâêè îáíàðóæåíî êà÷åñòâåííîå ðàçëè÷èå âèäîâ

ðåøåíèé, ïðåäñòàâëåííûõ íà âåðõíèõ è íèæíèõ ïàðàõ ãðàôèêîâ Ðèñ. 1, ñîîòâåòñòâåííî. Ïðè
ìàëîé öåíå òðàíñïîðòèðîâêè â ñåðåäèíå èíòåðâàëà âðåìåíè èíòåíñèâíîñòè ñáîðà ñòðåìÿòñÿ
ê ïîñòîÿííûì çíà÷åíèÿì, à òî÷êà, êóäà ñâîçèòñÿ ðåñóðñ, ê ðàâíîóäàë¼ííîñòè îò èñòî÷íèêîâ
ðåñóðñà (v3 ≈ 0.5). Äëÿ áîëüøîé öåíû òðàíñïîðòèðîâêè âûãîäíî ðàñïîëàãàòü òî÷êó ñâîçà
ðåñóðñà òî â îäíîì (v3 = 0), òî â äðóãîì (v3 = 1) èñòî÷íèêå ðåñóðñà. Ïðè ýòîì â
ñåðåäèíå èíòåðâàëà âðåìåíè ïîëîæåíèå öåíòðà ñáîðà íå ñòàáèëèçèðóåòñÿ ïðè óâåëè÷åíèè
ãîðèçîíòà ïëàíèðîâàíèÿ T è íàïîìèíàåò ``äðåáåçæàíèå'' chattering, õîòÿ ó íà÷àëà è îêîí÷àíèÿ
âðåìåííîãî ïðîìåæóòêà óïðàâëåíèÿ âûãëÿäÿò ïåðèîäè÷åñêèìè è íå ìåíÿþòñÿ äëÿ áîëüøèõ
T .
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Ïðè ìàëîé öåíå òðàíñïîðòèðîâêè a3 = 0.01
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0
 = [0.4         0.4],  dt =0.4,  dv =7.6407e−005,  Val =4.333
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 = [0.4         0.4],  dt =0.4,  dv =7.6407e−005,  Val =4.333
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Ïðè âûñîêîé öåíå òðàíñïîðòèðîâêè a3 = 0.1
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 = [0.4         0.4],  dt =0.005,  dv =0.00056595,  Val =4.1123
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Ðèñ. 1: Èíòåíñèâíîñòè ñáîðà âîçîáíîâëÿåìîãî ðåñóðñà íà ïåðâîì v1 è âòîðîì v2 ó÷àñòêå, è
ðàñïîëîæåíèå òî÷êè v3, êóäà ñâîçèòñÿ ñîáðàííûé ðåñóðñ. Óðîâíè âîçîáíîâëÿåìîãî ðåñóðñà íà
ïåðâîì z1 è âòîðîì z2 ó÷àñòêå.
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Ê ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ îêîëîðåçîíàíñíûõ âîçäåéñòâèé
â ãàçîâûõ ñðåäàõ
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Ó÷åò âÿçêîñòè è òåïëîïðîâîäíîñòè â óðàâíåíèÿõ, ìîäåëèðóþùèõ ãàçîäèíàìè÷åñêèå
ïðîöåññû, ïîçâîëÿåò ââîäèòü ñêà÷êîîáðàçíûå èçìåíåíèÿ ïàðàìåòðîâ ñðåäû (óäàðíûå âîëíû)
â ïîëå ðàññìàòðèâàåìîãî òå÷åíèÿ êàê î÷åíü áûñòðûå, íî íåïðåðûâíûå èçìåíåíèÿ (÷òî
ñîîòâåòñòâóåò èõ ïðèðîäå), â ïðîòèâîïîëîæíîñòü îáû÷íî ïðèìåíÿåìîìó ðàçðûâíîìó (óäàð-
íîâîëíîâîìó) ïåðåõîäó èç îäíîãî ñîñòîÿíèÿ â äðóãîå [1]. Ó÷åò âÿçêîñòè è òåïëîïðîâîäíîñòè
â óðàâíåíèÿõ ãàçîâîé äèíàìèêè ïðèâîäèò ê ïîâûøåíèþ èõ ïîðÿäêà, íî ýòî èñêóïàåòñÿ
ïîÿâëÿþùåéñÿ ïðè òàêîì ïîäõîäå âîçìîæíîñòüþ ìîäåëèðîâàíèÿ âñåãî ïðîöåññà â öåëîì, áåç
ïðèâëå÷åíèÿ äîïîëíèòåëüíûõ ñîîáðàæåíèé î ìåñòå ðàñïîëîæåíèÿ ðàçðûâà è ò.ï.

Ïåðèîäè÷åñêèå âîçäåéñòâèÿ íà ãàçîâóþ ñðåäó, áëèçêèå ïî ÷àñòîòå ê ÷àñòîòå âîçìîæíûõ
ñîáñòâåííûõ êîëåáàíèé ñðåäû (îêîëîðåçîíàíñíûå âîçäåéñòâèÿ) ïðèâîäÿò ê ðàçâèòèþ
îêîëîðåçîíàíñíûõ êîëåáàíèéÿ � ïåðèîäè÷åñêèõ èçìåíåíèé ïàðàìåòðîâ ñðåäû (ïðîöåññà),
òî ìåäëåííûõ, òî î÷åíü áûñòðûõ, áëèçêèõ ê ñêà÷êîîáðàçíûì. Êîëåáàíèÿ òàêîãî ðîäà
îáíàðóæèâàþò ñåáÿ, íàïðèìåð, â êàíàëàõ ðàçëè÷íîãî óñòðîéñòâà ïðè áëèçîñòè ÷àñòîòû
âíåøíèõ âîçäåéñòâèé íà ñðåäó êàíàëà ê ÷àñòîòå âîçìîæíûõ ñîáñòâåííûõ åå êîëåáàíèé â ýòîì
óñòðîéñòâå � â òàêîì ñëó÷àå â íåì âîçíèêàþò è ðàñïðîñòðàíÿþòñÿ ïî íåìó ïåðèîäè÷åñêèå
ñêà÷êè ñæàòèÿ � óäàðíûå âîëíû. Íåëèíåéíûå îêîëîðåçîíàíñíûå êîëåáàíèÿ â ãàçå ÿâëÿþòñÿ
îäíîé èç âàæíûõ ïðîáëåì ãàçîâîé äèíàìèêè, ïîñêîëüêó ðàçâèòèå òàêîãî ðîäà ïðîöåññîâ
ìîæåò ïðåäñòàâëÿòü ñåðüåçíóþ óãðîçó ðàáîòå ìåõàíè÷åñêèõ ñèñòåì [2]. Îñîáî ñëåäóåò îòìåòèòü
âîçìîæíîñòü óñòàíîâëåíèÿ ðàçâèòèÿ ïðîöåññà àâòîêîëåáàíèé, òàêèå êîëåáàíèÿ íå èñ÷åçàþò è
ïîñëå ïðåêðàùåíèÿ äåéñòâèÿ âûíóæäàþùåé ñèëû, ò.å. ÿâëÿþòñÿ àâòîêîëåáàíèÿìè. Ïðèìåðîì
ìîãóò ñëóæèòü îêîëîðåçîíàíñíûå êîëåáàíèÿ â ýêçîòåðìè÷åñêîé ñðåäå [3].
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Â ðàáîòàõ Ñ.Þ.Äîáðîõîòîâà è Â.Å.Íàçàéêèíñêîãî [1], [2] ïî êâàçèêëàññè÷åñêîìó
ïðèáëèæåíèþ äëÿ âûðîæäåííîãî âîëíîâîãî óðàâíåíèÿ âîçíèêëà çàäà÷à èññëåäîâàíèÿ
ãåîäåçè÷åñêîãî ïîòîêà ðèìàíîâîé ìåòðèêè, ñòðåìÿùåéñÿ ê áåñêîíå÷íîñòè íà ãðàíèöå îáëàñòè.
Ïîñëå ðåãóëÿðèçàöèè çàäà÷à ñâîäèòñÿ ê èçó÷åíèþ âûðîæäåííîãî áèëëèàðäà òèïà Áèðêãîôà.
Áóäåò ïîëó÷åíà íîðìàëüíàÿ ôîðìà ðåãóëÿðèçîâàííîãî ãåîäåçè÷åñêîãî ïîòîêà âáëèçè ãðàíèöû
è äîêàçàí âàðèàíò òåîðåìû Ëàçóòêèíà [3] äëÿ ñîîòâåòñòâóþùåãî áèëüÿðäíîãî îòîáðàæåíèÿ.
Äîêëàä îñíîâàí íà ðàáîòå [4].
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Óñòîé÷èâîñòü ðåøåíèé íåëèíåéíîé êðàåâîé çàäà÷è
ïàðàáîëè÷åñêîãî òèïà
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Ðàññìàòðèâàåòñÿ íåñòàöèîíàðíàÿ êðàåâàÿ çàäà÷à{
∂E
∂t = ∂2E

∂x2
+ ∂E

∂xE − fH(E,E0),

E(0, t) = E(1, t) = E0, E(x, 0) = Ẽ(x),
(1)

ãäå f � ïîëîæèòåëüíàÿ êîíñòàíòà, H(E,E0) = G(E) − G(E0), à ôóíêöèÿ G(E) êëàññà C2

óäîâëåòâîðÿåò óñëîâèÿì:
1) ôóíêöèÿ G(E) ïðè E > 0 èìååò ðîâíî äâå òî÷êè ýêñòðåìóìà: E1 � ëîêàëüíûé

ìàêñèìóì, E2 � ëîêàëüíûé ìèíèìóì, ïðè÷åì E1 < E2;
2) G′(E) > 0 ïðè E ∈ [0, E1) ∪ (E2,+∞), G′(E) < 0 ïðè E ∈ (E1, E2).
Ðàññìîòðèì ñòàöèîíàðíóþ çàäà÷ó{

E′′ + E′E = fH(E,E0),

E(0) = E(1) = E0.
(2)

Óòâåðæäåíèå 1. 1) Åñëè 0 < E0 ⩽ E1 èëè E0 ⩾ E2, òî çàäà÷à (2) èìååò òîëüêî
òðèâèàëüíîå ðåøåíèå E(x) = E0;

2) åñëè E0 ∈ (E1, E2), òî çàäà÷à (2) èìååò áèôóðêàöèîííûå ðåøåíèÿ E
γ
k (x, f) ïðè ëþáîì

f > fk, ãäå fk = −H ′(E0)
−1(E2

0/4 + π2k2), k = 1, 2, . . . , γ = +,− [1].
Óòâåðæäåíèå 2. 1) Åñëè E1 < E0 < E2, òî óðàâíåíèå H(E,E0) = 0 èìååò ðîâíî òðè

ïîëîæèòåëüíûõ ðåøåíèÿ 0 < E1(E0) < E0 < E2(E0), ïðè÷åì H ′
E(Ei(E0), E0) > 0, i = 1, 2;

2) ñóùåñòâóåò åäèíñòâåííîå E∗
0 òàêîå, ÷òî∫ E

E1(E∗
0 )
H(s, E∗

0)ds

{
> 0 if E ∈ (E1(E

∗
0), E2(E

∗
0)),

= 0 if E = E2(E
∗
0).

Òåîðåìà 1 [2]. Åñëè E1 < E0 < E∗
0 , òî ïðè f > f1 ðåøåíèå E

−
1 (x, f) çàäà÷è (2) ÿâëÿåòñÿ

àñèìïòîòè÷åñêè óñòîé÷èâûì â H1
0 (0, 1);

2) åñëè E∗
0 < E0 < E2, òî ïðè f > f1 ðåøåíèå E+

1 (x, f) çàäà÷è (2) ÿâëÿåòñÿ
àñèìïòîòè÷åñêè óñòîé÷èâûì â H1

0 (0, 1);
3) åñëè E0 = E∗

0 , òî ïðè f > f1 îáà ðåøåíèÿ Ep1m(x, f) çàäà÷è (2) ÿâëÿþòñÿ
àñèìïòîòè÷åñêè óñòîé÷èâûìè â H1

0 (0, 1).
Òåîðåìà 2 [2]. Ïðè ëþáîì E0 ∈ (E1, E2) è ëþáîì k = 2, 3, . . . ðåøåíèÿ E∓

k (x, f) íå
óñòîé÷èâû â H1

0 (0, 1) ïðè f > fk.
Òåîðåìà 3 [2]. Ðåøåíèå E(x, f) ≡ E0 àñèìïòîòè÷åñêè óñòîé÷èâî â H

1
0 (0, 1) ïðè 0 < f < f1

è íå óñòîé÷èâî ïðè f > f1.
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Âî ìíîãèõ ïðàêòè÷åñêè âàæíûõ çàäà÷àõ ìåõàíèêè, ôèçèêè, ýêîíîìèêè, ÷àñòè
òåõíè÷åñêèõ ñèñòåì ïîäâåðæåíû âîçäåéñòâèþ íåêîíòðîëèðóåìûõ ôàêòîðîâ è øóìîâ. Â ýòîì
ñëó÷àå êîððåêòíîå îïèñàíèå òàêîãî ðîäà ñèñòåì äîëæíî ó÷èòûâàòü ñëó÷àéíûå ôàêòîðû,
è ïðèìåíèòåëüíî ê çàäà÷àì ñòàáèëèçàöèè è óïðàâëåíèÿ ýòî îñîáåííî âàæíî. Â òåîðèè
óïðàâëåíèÿ íà ïðèìåðå ïåðåâåðíóòîãî ìàÿòíèêà êàê ýòàëîíà íåóñòîé÷èâîé ñèñòåìû ñòðîÿòñÿ
ìíîãèå àëãîðèòìû óïðàâëåíèÿ.

Èññëåäîâàíà âîçìîæíîñòü ñòàáèëèçàöèè îáðàòíîãî ìàÿòíèêà ïîñðåäñòâîì îñöèëëÿöèé
íèæíåé òî÷êè êðåïëåíèÿ. Äâèæåíèå íèæíåé òî÷êè êðåïëåíèÿ ïðîèñõîäèò ïî ñòîõàñòè÷åñêîìó
çàêîíó: àìïëèòóäà åå êîëåáàíèé åñòü ñóììà äåòåðìèíèðîâàííîé è ñëó÷àéíîé ñîñòàâëÿþùåé.

Ìîäåëü ïåðåâåðíóòîãî ìàÿòíèêà ñ îñöèëëèðóþùåé òî÷êîé ïîäâåñà áûëà ïðåäëîæåíà â
ïèîíåðñêèõ ðàáîòàõ Ï.Ë. Êàïèöû [1, 2]. Çàêîí äâèæåíèÿ èìååò ñëåäóþùèé âèä:φ̈− 1

L
[g + f̈(t)] sinφ = 0,

φ(t)|t=0 = φ0, ˙φ(t)|t=0 = φ1,
(1)

ãäå φ = φ(t) � óãîë îòêëîíåíèÿ ìàÿòíèêà îò âåðòèêàëè, L � äëèíà ìàÿòíèêà, g �
óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ, f(t) � çàêîí äâèæåíèÿ òî÷êè ïîäâåñà, à ïîñòîÿííûå φ0 è φ1

çàäàþòñÿ íà÷àëüíûìè óñëîâèÿìè. Êàê õîðîøî èçâåñòíî, åñëè äâèæåíèå òî÷êè ïîäâåñà íîñèò
ãàðìîíè÷åñêèé õàðàêòåð, òî óðàâíåíèå (1) ñâîäèòñÿ ê óðàâíåíèþ Ìàòü¼.

Â íàñòîÿùåé ðàáîòå ïîêàçàíî, ÷òî ñêîëü óãîäíî ìàëûå ñòîõàñòè÷åñêèå ðàññîãëàñîâàíèÿ
àìïëèòóäû êîëåáàíèé ïðèâîäÿò ê íåâîçìîæíîñòè ñòàáèëèçàöèè âåðõíåãî ïîëîæåíèÿ. Ýòîò
ðåçóëüòàò îñíîâàí íà àíàëèòè÷åñêîé çàâèñèìîñòè ñîáñòâåííûõ ÷èñåë ìàòðèöû ìîíîäðîìèè îò
÷èñëà êîëåáàíèé. Â ðàáîòå ïîëó÷åí çàêîí óáûâàíèÿ ìåðû îáëàñòè óñòîé÷èâîñòè â ïðîñòðàíñòâå
ïàðàìåòðîâ ñ óâåëè÷åíèåì ÷èñëà êîëåáàíèé â óñëîâèÿõ ñòîõàñòè÷åñêèõ ðàññîãëàñîâàíèé
àìïëèòóäû.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò ñäåëàòü âûâîä: åñëè ðàññìàòðèâàåìàÿ ñèñòåìà èëè
óïðàâëåíèå ñîäåðæèò äàæå î÷åíü ñëàáóþ íåîïðåäåëåííîñòü, òî òàêàÿ ñèñòåìà íå ìîæåò áûòü
ñòàáèëèçèðîâàíà â ïðèíöèïå.
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âîçìóùåí îïåðàòîðîì ìàëîãî ñäâèãà. Äàííûé ñäâèã èíòåðïðåòèðóåòñÿ êàê ìàëûé ïàðàìåòð
â çàäà÷å. Îñíîâíàÿ öåëü ðàáîòû � ïîëó÷èòü àñèìïòîòèêó ñîáñòâåííûõ çíà÷åíèé äëÿ áîëüøèõ
íîìåðîâ, êîòîðàÿ áóäåò ðàâíîìåðíà ïî ìàëîìó ïàðàìåòðó. Ðàíåå çàäà÷è ñ ìàëûì ïàðàìåòðîì
èçó÷àëèñü òîëüêî äëÿ îòäåëüíûõ ìîäåëüíûõ ñëó÷àåâ îïåðàòîðîâ (ñì. [1] è èñïîëüçóåìóþ òàì
ëèòåðàòóðó), êîòîðûå ñîäåðæàëè ìàëûé ïàðàìåòð ïðè ñòàðøåé ïðîèçâîäíîé.

Äàäèì ïîäðîáíóþ ïîñòàíîâêó çàäà÷è. Â ïðîñòðàíñòâå L2(0, 1) ðàññìîòðèì îïåðàòîð A
âèäà Ay = −y′′, êîòîðûé ìû áóäåì ñ÷èòàòü íåâîçìóùåííûì. Â êà÷åñòâå îáëàñòè îïðåäåëåíèÿ
îïåðàòîðà A áóäåò âûñòóïàòü ïðîñòðàíñòâî W̊ 2

2 (0, 1), ò. å. ïîäïðîñòðàíñòâî ôóíêöèé èç
ïðîñòðàíñòâà Ñîáîëåâà W 2

2 (0, 1), îáðàùàþùèõñÿ â íóëü íà êîíöàõ îòðåçêà. Ïðè ýòîì îïåðàòîð
A ñàìîñîïðÿæåí.

Ââåäåì â ðàññìîòðåíèå äâà âñïîìîãàòåëüíûõ îïåðàòîðà. ×åðåç L îáîçíà÷èì îïåðàòîð
ïðîäîëæåíèÿ íóëåì âíå èíòåðâàëà (0, 1), êîòîðûé ðàññìàòðèâàåì êàê äåéñòâóþùèé èç L2(0, 1)
â L2(R), à ÷åðåç R � îïåðàòîð ñóæåíèÿ íà (0, 1), äåéñòâóþùèé èç L2(R) â L2(0, 1). Îáà
ââåäåííûõ îïåðàòîðà çàäàþòñÿ ñëåäóþùèì îáðàçîì: Ly = y â (0, 1) è Ly = 0 âíå (0, 1), à
òàêæå Ry = y íà (0, 1). Äàëåå â L2(R) îïðåäåëèì ñëåäóþùèì îáðàçîì îïåðàòîð T ε ìàëîãî
ñäâèãà (T εy)(x) = y(x+ ε), x ∈ (0, 1), ãäå ε > 0 � ìàëûé ïàðàìåòð.

Ïóñòü V è S � êîìïëåêñíîçíà÷íûå ôóíêöèè èç ïðîñòðàíñòâà C1[0, 1]. Òîãäà äëÿ
ïðîèçâîëüíîé ôóíêöèè y ∈ L2(0, 1) îñíîâíîé âîçìóùàþùèé îïåðàòîð Bε â ïðîñòðàíñòâå
L2(0, 1) äåéñòâóåò ñëåäóþùèì îáðàçîì:

(Bεy)(x) = −V (x)y(x)− S(x)
(
y(x+ ε)− y(x)

)
,

ãäå ôóíêöèÿ y ñ÷èòàåòñÿ ïðîäîëæåííîé íóëåì âíå îòðåçêà [0, 1], à ðåçóëüòàò äåéñòâèÿ ñóæàåòñÿ
íà äàííûé îòðåçîê. Õîðîøî âèäíî, ÷òî ïðè ε = 0 îïåðàòîð Bε ïðåâðàùàåòñÿ â îáû÷íûé
îïåðàòîð óìíîæåíèÿ íà ïîòåíöèàë −V . Òàêèì îáðàçîì, îñíîâíûì îáúåêòîì èçó÷åíèÿ â
íàñòîÿùåé ðàáîòå ÿâëÿåòñÿ îïåðàòîð Hε = A − Bε, äåéñòâóþùèé â L2(0, 1) íà îáëàñòè
îïðåäåëåíèÿ W̊ 2

2 (0, 1).
Íåñëîæíî óñòàíîâèòü, ÷òî îïåðàòîð Hε èìååò êîìïàêòíóþ ðåçîëüâåíòó è åãî ñïåêòð

ñîñòîèò èç ñ÷åòíîãî ÷èñëà ñîáñòâåííûõ çíà÷åíèé ñ åäèíñòâåííîé òî÷êîé íàêîïëåíèÿ â
áåñêîíå÷íîñòè. Îáîçíà÷èì ñîáñòâåííûå çíà÷åíèÿ ÷åðåç λn, n ∈ N, è ïðîíóìåðóåì èõ â ïîðÿäêå
âîçðàñòàíèÿ èõ ìîäóëåé. ×åðåç χI = χI(x) áóäåì îáîçíà÷àòü õàðàêòåðèñòè÷åñêóþ ôóíêöèþ
îòðåçêà I íà âåùåñòâåííîé ïðÿìîé.

30Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 23-11-00009,
https://rscf.ru/project/23-11-00009/.
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Íàø îñíîâíîé ðåçóëüòàò ïîñâÿùåí àñèìïòîòèêå ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Hε ïðè
áîëüøèõ íîìåðàõ n.

Òåîðåìà 1. Äëÿ ñîáñòâåííûõ çíà÷åíèé λn îïåðàòîðà Hε ñïðàâåäëèâà ñëåäóþùàÿ
àñèìïòîòèêà

λn =π2n2 + 2

1∫
0

V (x) sin2 πnx dx

+ 2

1∫
0

S(x) sinπnx
(
χ[0,1−ε](x) sinπn(x+ ε)− sinπnx

)
dx

− sinπnε

2πn

1∫
0

(
S(x)− V (x)

) x∫
max{0,x−ε}

S(t) dt− ε

1−ε∫
0

S(t) dt

 dx

+
sin 2πnε

2πn

1−ε∫
0

S(x)

 x∫
max{0,x−ε}

S(t) dt− ε

2

1−ε∫
0

S(t) dt

 dx+O(n−2),

ïðè n→ +∞. Îöåíêà îñòàòî÷íîãî ÷ëåíà ðàâíîìåðíà ïî ε.
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Â ïðîöåññå ñîçäàíèÿ êîíñòðóêöèé ñîâðåìåííîé òåõíèêè âñå áîëüøåå ìåñòî çàíèìàåò
ðàñ÷åòíîå èññëåäîâàíèå ïðîöåññîâ äèíàìèêè êîíñòðóêöèé, âçàèìîäåéñòâóþùèõ ñ ïîòîêàìè
æèäêîñòè è ãàçà. Â íàñòîÿùåå âðåìÿ äëÿ ðåøåíèÿ çàäà÷ ýòîãî êëàññà øèðîêî ïðèìåíÿþòñÿ
÷èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Íåñîìíåííî, ÷òî ýòî íàïðàâëåíèå
áóäåò ïîëó÷àòü áîëüøîå ðàçâèòèå, ñòèìóëèðóåìîå êàê çàïðîñàìè ïðàêòèêè, òàê è ïðîãðåññîì
êîìïüþòåðíûõ òåõíîëîãèé. Âìåñòå ñ òåì, ÷èñëåííûå ìåòîäû è èõ ïðîãðàììíàÿ ðåàëèçàöèÿ
òðåáóþò îáîñíîâàíèÿ ïîëó÷àåìûõ ñ èõ ïîìîùüþ ðåøåíèé, êîòîðîå âî ìíîãèõ ñëó÷àÿõ íå ìîæåò
áûòü äîñòèãíóòî òðàäèöèîííûìè ìåòîäàìè. Â ñâÿçè ñ ýòèì íåîáõîäèìî ñîçäàòü ìåòîäèêó
âåðèôèêàöèè ïðîãðàììíûõ êîäîâ, îñíîâûâàÿñü íà áàçîâûõ àíàëèòè÷åñêèõ çàäà÷àõ. Â äàííîé
ðàáîòå ïðèâîäèòñÿ ðåøåíèå è âåðèôèêàöèÿ äâóõ çàäà÷ àýðî- è ãèäðîóïðóãîñòè:

� Çàäà÷à ãèäðîóïðóãîñòè î êîëåáàíèÿõ ëèíåéíîãî îñöèëëÿòîðà â ïîòîêå íåñæèìàåìîé
æèäêîñòè. Îñîáåííîñòüþ ïðèíÿòîé ïîñòàíîâêè ÿâëÿåòñÿ ó÷åò èçìåíåíèÿ êîýôôèöèåíòà
ãèäðîäèíàìè÷åñêîãî ñîïðîòèâëåíèÿ âñëåäñòâèå èçìåíåíèÿ ÷èñëà Ðåéíîëüäñà â òå÷åíèå
ïåðèîäà êîëåáàíèé [1]. Ðåøåíèå çàäà÷è ïîëó÷åíî äâóìÿ ñïîñîáàìè: ÷èñëåííî è
àíàëèòè÷åñêè ñ èñïîëüçîâàíèåì ìåòîäà ãàðìîíè÷åñêîé ëèíåàðèçàöèè ïî Áîãîëþáîâó �
Ìèòðîïîëüñêîìó [2]. Ïîëó÷åííûå ðåøåíèÿ èñïîëüçîâàíû äëÿ âåðèôèêàöèè ïðîãðàììíûõ
êîäîâ, îñíîâàííûõ íà ÷èñëåííûõ ðåøåíèÿõ óðàâíåíèé Íàâüå-Ñòîêñà ïî ìåòîäó êîíå÷íûõ
îáúåìîâ ñ èñïîëüçîâàíèåì ïðîãðàììíîãî êîäà FlowVision.
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� Çàäà÷à î ðàñòÿæåíèè êðóãëîé óïðóãîé ïðîíèöàåìîé ìåìáðàíû ïðè íåëèíåéíûõ
äåôîðìàöèÿõ ïîä äåéñòâèåì ïîòîêà ãàçà ñâîçü íåå. Ýòà çàäà÷à ÿâëÿåòñÿ ìîäåëüíîé
äëÿ òåñòèðîâàíèÿ ïðîãðàììíîãî êîäà FlowVision, ñâÿçàííîãî ñ ðàñ÷åòîì ïàðàøþòíûõ
ñèñòåì. Ïðåäëîæåí ïîäõîä ê ðåøåíèþ çàäà÷è, îñíîâàííûé íà ñâåäåíèè èçâåñòíîé
ñèñòåìû óðàâíåíèé îòíîñèòåëüíî íîðìàëüíîãî ïðîãèáà è ôóíêöèè íàïðÿæåíèé [3] ê
îäíîìó íåëèíåéíîìó óðàâíåíèþ îòíîñèòåëüíî ðàäèàëüíîãî íàïðÿæåíèÿ, ñîäåðæàùåìó
åäèíñòâåííé ñâîáîäíûé ïàðàìåòð � êîýôôèöèåíò Ïóàññîíà ìàòåðèàëà. Ðåøåíèå ýòîãî
óðàâíåíèÿ ïîëó÷åíî ÷èñëåííî è, áëàãîäàðÿ èñïîëüçîâàíèþ áåçðàçìåðíûõ ïàðàìåòðîâ,
ÿâëÿåòñÿ óíèâåðñàëüíûì äëÿ îäíîãî èç âàæíûõ êëàññîâ íåëèíåéíûõ çàäà÷ òåîðèè
îáîëî÷åê è óäîáíûì äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ, â ÷àñòíîñòè, äëÿ âåðèôèêàöèè
ïðîãðàììíûõ êîäîâ FlowVision.
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Ðàññìàòðèâàþòñÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ íåïðåðûâíûìè äèíàìè÷åñêèìè
ñèñòåìàìè ñ ôàçîâûìè îãðàíè÷åíèÿìè [1]. Ïðåäïîëàãàåòñÿ, ÷òî òðàåêòîðèþ ñèñòåìû ìîæíî
ðàçáèòü íà ó÷àñòêè, íà êàæäîì èç êîòîðûõ íàáîð àêòèâíûõ ôàçîâûõ îãðàíè÷åíèé èçâåñòåí.
Òàêèå òðàåêòîðèè õàðàêòåðíû äëÿ ãèáðèäíûõ ñèñòåì, â êîòîðûõ ïåðåõîä îò îäíîãî ó÷àñòêà ê
äðóãîìó ñ÷èòàåòñÿ ïåðåêëþ÷åíèåì. Ïðèìåíÿÿ íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè ãèáðèäíûõ
ñèñòåì ñ ïðîìåæóòî÷íûìè îãðàíè÷åíèÿìè [2], ïîëó÷àåì ðåøåíèå ïåðâîíà÷àëüíîé çàäà÷è
ñ ôàçîâûìè îãðàíè÷åíèÿìè. Ñâåäåíèå íåïðåðûâíûõ äèíàìè÷åñêèõ ñèñòåì ñ ôàçîâûìè
îãðàíè÷åíèÿìè ê ãèáðèäíûì ñèñòåìàì ñ ïðîìåæóòî÷íûìè óñëîâèÿìè äåìîíñòðèðóåòñÿ íà
ïðèìåðàõ.

Ïðåäëàãàåìûé ïîäõîä ìîæíî ïðèìåíèòü ê çàäà÷àì îïòèìàëüíîãî óïðàâëåíèÿ
ãèáðèäíûìè ñèñòåìàìè ïåðåìåííîé ðàçìåðíîñòè ñ ôàçîâûìè îãðàíè÷åíèÿìè. Åñëè òðàåêòîðèÿ
ãèáðèäíîé ñèñòåìû ðàçáèâàåòñÿ íà ó÷àñòêè ñ èçâåñòíûìè íàáîðàìè àêòèâíûõ ôàçîâûõ
îãðàíè÷åíèé, òî äëÿ åå îïòèìèçàöèè ìîæíî èñïîëüçîâàòü íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè
ãèáðèäíûõ ñèñòåì ñ ïðîìåæóòî÷íûìè óñëîâèÿìè [2]. Çàìåòèì, ÷òî â ïðèêëàäíûõ çàäà÷àõ
ïîñëåäîâàòåëüíîñòü, â êîòîðîé ìåíÿþòñÿ àêòèâíûå ôàçîâûå îãðàíè÷åíèÿ, êàê ïðàâèëî,
èçâåñòíà. Ïîýòîìó ïðåäëàãàåìûé ïîäõîä êàæåòñÿ àêòóàëüíûì.
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Î çàäà÷å Íåéìàíà äëÿ p-ëàïëàñèàíà
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Áðîâêèí Â.Â. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

brovvadim2015@gmail.com

Ïóñòü M � ñâÿçíîå n-ìåðíîå îðèåíòèðîâàííîå ïîëíîå ðèìàíîâî ìíîãîîáðàçèå ñ êðàåì
(âîçìîæíî ïóñòûì). Ðàññìîòðèì çàäà÷ó

∆pu = f íà M, |∇u|p−2 ∂u

∂ν

∣∣∣∣
∂M

= h,

∫
M

|∇u|p dV <∞, (1)

ãäå ∆p, p > 1, � îïåðàòîð p-Ëàïëàñà-Áåëüòðàìè, ν � âåêòîð âíåøíåé íîðìàëè ê ∂M , à f è
h � íåêîòîðûå ôóíêöèè èç D′(M), ïðè÷åì supph ⊂ ∂M . Ðåøåíèÿ çàäà÷è (1) áóäåì ïîíèìàòü
â îáîáùåííîì ñìûñëå [1].

Ìíîãîîáðàçèå M íàçûâàåòñÿ p-ãèïåðáîëè÷åñêèì, åñëè capp(M) > 0, ãäå capp(M) �
p-åìêîñòü ìíîãîîáðàçèÿ M [1]. Â ïðîòèâíîì ñëó÷àå ìíîãîîáðàçèå M íàçûâàåòñÿ p-
ïàðàáîëè÷åñêèì.

Îáîçíà÷èì
NΩ(l) = sup

φ∈C∞
0 (Ω), ∥φ∥

L1
p(Ω)

=1
|(l, φ)|,

ãäå Ω ⊂M � îòêðûòîå ìíîæåñòâî, l ∈ D′(Ω) è ∥φ∥L1
p(Ω) � ïîëóíîðìà â L1

p(Ω) [2].
Ìíîæåñòâî E ⊂ M íàçûâàåòñÿ ìîäåëüíûì êîíöîì ìíîãîîáðàçèÿ M , åñëè îíî

ïðåäñòàâèìî â âèäå E = D×[r0,∞), ãäåD � (n−1)-ìåðíîå êîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå
ñ êðàåì (âîçìîæíî ïóñòûì) è r0 > 0 � íåêîòîðîå âåùåñòâåííîå ÷èñëî, ïðè÷åì íà E çàäàíà
ìåòðèêà ds2 = a2(r) dr2 + b2(r)g̃ij(θ) dθ

idθj , ãäå a è b � ïîëîæèòåëüíûå áåñêîíå÷íî ãëàäêèå
ôóíêöèè íà [r0,∞), à g̃ij è θ

i � ìåòðè÷åñêèé òåíçîð è ëîêàëüíûå êîîðäèíàòû íà D.
Ãîâîðèì, ÷òî E � ìîäåëüíûé êîíåö p-ãèïåðáîëè÷åñêîãî òèïà, åñëè∫ ∞

r0

a(r) dr

b(n−1)/(p−1)(r)
<∞.

Â ïðîòèâíîì ñëó÷àå E íàçûâàåòñÿ ìîäåëüíûì êîíöîì p-ïàðàáîëè÷åñîãî òèïà.
Íåñëîæíî óâèäåòü, ÷òî âñå ìîäåëüíûå êîíöû p-ïàðàáîëè÷åñêîãî ìíîãîîáðàçèÿ èìåþò p-

ïàðàáîëè÷åñêèé òèï. Â òî æå âðåìÿ p-ãèïåðáîëè÷åñêîå ìíîãîîáðàçèå ìîæåò èìåòü êîíöû êàê
p-ãèïåðáîëè÷åñêîãî, òàê è p-ïàðàáîëè÷åñêîãî òèïà.

Áóäåì ïðåäïîëàãàòü, ÷òî M = ω ∪ E1 ∪ . . . ∪ Ek, ãäå ω � ëèïøèöåâà îáëàñòü ñ
êîìïàêòíûì çàìûêàíèåì, à Eτ = Dτ × [r0,τ ,∞) � ìîäåëüíûå êîíöû ìíîãîáðàçèÿ M ñ
ìåòðèêîé ds2τ = a2τ (r) dr

2 + b2τ (r)g̃ij,τ (θ) dθ
idθj , τ = 1, ..., k.

Ïîëîæèì Ω = ω ∪D1 × [r0,1, r1,1) ∪ . . . ∪Dk × [r0,k, r1,k) è Ωi,τ = Dτ × (ri−1,τ , ri+2,τ ), ãäå
ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ ÷èñåë {ri,τ}∞i=1 äëÿ êàæäîãî τ ∈ {1, . . . , k} îïðåäåëÿåòñÿ èç
ñîîòíîøåíèé ∫ ∞

ri+1,τ

a(s) ds

b(n−1)/(p−1)(s)
=

1

2

∫ ∞

ri,τ

a(s) ds

b(n−1)/(p−1)(s)

â ñëó÷àå, åñëè Eτ � ìîäåëüíûé êîíåö p-ãèïåðáîëè÷åñêîãî òèïà, è∫ r1,τ

r0,τ

a(s) ds

b(n−1)/(p−1)(s)
= 1,

∫ ri+1,τ

r0,τ

a(s) ds

b(n−1)/(p−1)(s)
= 2

∫ ri,τ

r0,τ

a(s) ds

b(n−1)/(p−1)(s)

â ñëó÷àå, åñëè Eτ � ìîäåëüíûé êîíåö p-ïàðàáîëè÷åñêîãî òèïà.
Òåîðåìà 1. Ïóñòü M � p-ãèïåðáîëè÷åñêîå ìíîãîîáðàçèå. Òîãäà äëÿ ðàçðåøèìîñòè

çàäà÷è (1) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

NΩ(f − h) <∞ è
k∑
τ=1

∞∑
i=1

N
p/(p−1)
Ωi,τ

(f − h) <∞. (2)
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Òåîðåìà 2. Ïóñòü M � p-ïàðàáîëè÷åñêîå ìíîãîîáðàçèå. Òîãäà äëÿ ðàçðåøèìîñòè
çàäà÷è (1) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûëî âûïîëíåíî (2), è ïðè ýòîì ñóùåñòâîâàëà
ïîñëåäîâàòåëüíîñòü ôóíêöèé ηi ∈ C∞

0 (M) òàêàÿ, ÷òî

lim
i→∞

(f − h, ηi) = 0, lim
i→∞

∥ηi∥L1
p(M) = 0 è ηi

∣∣
K

= 1, i = 1, 2, . . . ,

ãäå K � íåêîòîðûé êîìïàêò ïîëîæèòåëüíîé ìåðû.
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Òàãàíðîãñêèé èíñòèòóò èìåíè À.Ï. ×åõîâà (ôèëèàë)

Ðîñòîâñêîãî ãîñóäàðñòâåííîãî ýêîíîìè÷åñêîãî óíèâåðñèòåòà (ÐÈÍÕ)
bulanovtgpi@mail.ru

Ïðåäñòàâëåíû ðàçíîâèäíîñòè êðèòåðèåâ óñòîé÷èâîñòè ïî Ëÿïóíîâó ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â âèäå íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé.
Êðèòåðèè êîíñòðóèðóþòñÿ â óñëîâèÿõ ñóùåñòâîâàíèÿ è íåïðåðûâíîñòè ðåøåíèÿ íà ïîëóîñè,
íåïðåðûâíîñòè ïðàâîé ÷àñòè ñèñòåìû è åå íåïðåðûâíîé äèôôåðåíöèðóåìîñòè íà ïîëóîñè.
Ìóëüòèïëèêàòèâíàÿ è àääèòèâíàÿ ôîðìà êðèòåðèåâ âëå÷åò âîçìîæíîñòü ïðîãðàììíîé
ðåàëèçàöèè â ðåæèìå ðåàëüíîãî âðåìåíè.

Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ íåëèíåéíîé ñèñòåìû ÎÄÓ

dY

dt
= F ( t , Y ), Y ( t0 ) = Y0. (1)

Ïðåäïîëàãàåòñÿ, ÷òî â îáëàñòèR : {t0 ⩽ t < ∞; Ỹ (t), Y (t) :
∥∥∥Ỹ0 − Y0

∥∥∥ ⩽ δ, δ > 0}
äëÿ (1) âûïîëíåíû âñå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ è ôóíêöèÿ F (t, Y )
îïðåäåëåíà, íåïðåðûâíà è íåïðåðûâíî äèôôåðåíöèðóåìà ïî t.

Íà îñíîâå ìóëüòèïëèêàòèâíûõ ïðåîáðàçîâàíèé ðàçíîñòíûõ ñõåì ÷èñëåííîãî èíòåãðèðî-
âàíèÿ ïîëó÷åíî ñîîòíîøåíèå äëÿ âåëè÷èíû âîçìóùåíèÿ [1]

ỹk(t)− yk(t) = lim
i→∞

i∏
ℓ=0

(1 + hD
(k)
i−ℓ)(ỹk0 − yk0), k = 1, 2, ..., n. (2)

Òåîðåìà 1. Â ðàññìàòðèâàåìûõ óñëîâèÿõ ìóëüòèïëèêàòèâíûå êðèòåðèè óñòîé÷èâî-
ñòè è àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèÿ çàäà÷è (1) èìåþò âèä [1]:∣∣∣∣∣ limi→∞

i∏
ℓ=0

(1 + hD
(k)
i−ℓ)

∣∣∣∣∣ ⩽ c̃1, c̃1 = const, ∀t ∈ [t0,∞) , k = 1, 2, ..., n. (3)

lim
t→∞

∣∣∣∣∣ limi→∞

i∏
ℓ=0

(1 + hD
(k)
i−ℓ )

∣∣∣∣∣ = 0, k = 1, 2, ..., n. (4)
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Òàê êàê, ñîãëàñíî (2) lim
i→∞

i∏
ℓ=0

( 1 + hD
( k )
i− ℓ ) = ỹ k(t)− yk (t)

ỹk 0 − yk 0
òî êðèòåðèè (3), (4) ìîæíî

ïðåäñòàâèòü â ýêâèâàëåíòíîé ôîðìå∣∣∣∣ ỹk(t)− yk(t)

ỹk 0 − yk 0

∣∣∣∣ ⩽ c̃1, c̃1 = const,∀t ∈ [t0,∞) , k = 1, 2, ..., n.

lim
t→∞

∣∣∣∣ ỹk(t)− yk(t)

ỹk 0 − yk 0

∣∣∣∣ = 0, k = 1, 2, ..., n.

Ïî àíàëîãèè ñ (2), íà îñíîâå àääèòèâíûõ ïðåîáðàçîâàíèé ðàçíîñòíûõ ñõåì ÷èñëåííîãî
èíòåãðèðîâàíèÿ âåëè÷èíà âîçìóùåíèÿ îïðåäåëÿåòñÿ èç ñëåäóþùåãî ñîîòíîøåíèÿ

ỹk(t)− yk(t) =

ỹk(t0)− yk(t0) + lim
i→∞

i∑
ℓ=0

h(fk(ti−ℓ, Ỹi−ℓ)− fk(ti−ℓ, Yi−ℓ))

ỹk(t0)− y k(t0)
× (ỹk(t0)− yk(t0)),

k = 1, 2, ..., n.

Òåîðåìà 2. Äëÿ óñòîé÷èâîñòè ðåøåíèÿ çàäà÷è (1) íåîáõîäèìî è äîñòàòî÷íî

ñóùåñòâîâàíèå ∆, 0 < ∆ ⩽ δ òàêîãî, ÷òî ∀Ỹ (t) : 0 <
∥∥∥Ỹ0 − Y0

∥∥∥ ⩽ ∆ âûïîëíÿåòñÿ
ñîîòíîøåíèå∣∣∣∣∣∣∣∣∣

ỹk(t0)− yk(t0) + lim
i→∞

i∑
ℓ=0

h(fk(ti−ℓ, Ỹi−ℓ)− fk(ti−ℓ, Yi−ℓ))

ỹk(t0)− yk(t0)

∣∣∣∣∣∣∣∣∣ ⩽ c̃2, c̃2 = const, ∀t ∈ [t0,∞) ,

k = 1, 2, ..., n.

Äëÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèÿ çàäà÷è (1) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

îíî áûëî óñòîé÷èâî è ñóùåñòâîâàëî ∆1 ⩽ ∆, òàêîå, ÷òî íåðàâåíñòâî 0 <
∥∥∥Ỹ0 − Y0

∥∥∥ ⩽ ∆1

âëå÷åò âûïîëíåíèå ñîîòíîøåíèÿ

lim
t→∞

lim
i→∞

∣∣∣∣∣∣∣∣∣
ỹk(t0)− yk(t0) + lim

i →∞

i∑
ℓ=0

h (fk(ti−ℓ, Ỹi−ℓ)− fk(ti−ℓ, Yi−ℓ))

ỹk(t0)− yk(t0)

∣∣∣∣∣∣∣∣∣ = 0,

k = 1, 2, ..., n.
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Èçó÷åíèå âîëíîâûõ ïðîöåññîâ â ìîðå ñ ïëàâàþùèì ëåäÿíûì ïîêðîâîì àêòóàëüíî äëÿ
èçó÷åíèÿ åãî ðåàêöèè íà ðàçëè÷íûå ãèäðîäèíàìè÷åñêèå âîçìóùåíèÿ, äâèæóùèåñÿ íàäâîäíûå
è ïîäâîäíûå ñóäà, ïðîöåññû ðàñïàäà ëåäÿíûõ ïîëåé â èíòåðåñàõ ñóäîõîäñòâà, à òàêæå
ñîâåðøåíñòâîâàíèÿ ìåòîäîâ äèñòàíöèîííîãî çîíäèðîâàíèÿ ïîâåðõíîñòè ëåäÿíîãî ïîêðûòèÿ.
Ïîâåðõíîñòíûå âîçìóùåíèÿ ëåäÿíîãî ïîêðîâà, êîòîðûå ìîãóò áûòü çàðåãèñòðèðîâàíû ñ
ïîìîùüþ ñïåöèàëüíûõ ðàäèîëîêàöèîííûõ è îïòè÷åñêèõ ñèñòåì, íåñóò èíôîðìàöèþ íå
òîëüêî îá èñòî÷íèêàõ âîçìóùåíèé, íî è î õàðàêòåðèñòèêàõ ìîðñêîé ñðåäû ïîäî ëüäîì.
Ïëàâàþùèé ëåäÿíîé ïîêðîâ, îïðåäåëÿþùèé äèíàìè÷åñêîå âçàèìîäåéñòâèå ìåæäó îêåàíîì
è àòìîñôåðîé, âëèÿåò íà äèíàìèêó íå òîëüêî ìîðñêîé ïîâåðõíîñòè, íî è ïîäïîâåðõíîñòíûõ
âîä, òàê êàê â îáùåì äâèæåíèè ïî âåðòèêàëè ó÷àñòâóåò êàê ëåäÿíîé ïîêðîâ, òàê è âñÿ
ìàññà æèäêîñòè ïîä íèì. Îáû÷íî ïðåäïîëàãàåòñÿ, ÷òî ëåäÿíîé ïîêðîâ ÿâëÿåòñÿ ñïëîøíûì
(åãî ãîðèçîíòàëüíûå ìàñøòàáû ïðåâûøàþò äëèíû âîçáóæäàåìûõ âîëí), è ïðè äîñòàòî÷íî
îáùèõ óñëîâèÿõ ìîäåëèðóåòñÿ òîíêîé óïðóãîé ôèçè÷åñêè ëèíåéíîé ïëàñòèíîé, äåôîðìàöèè
êîòîðîé ìàëû. Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ðåøåíèå çàäà÷è î ïîñòðîåíèè àñèìïòîòèê
äàëüíèõ âîëíîâûõ âîçìóùåíèé ëåäÿíîãî ïîêðîâà, âîçáóæäàåìûõ ëîêàëèçîâàííûì èñòî÷íèêîì
â ïîòîêå îäíîðîäíîé æèäêîñòè áåñêîíå÷íîé ãëóáèíû. Ïîêàçàíî, ÷òî ïðè èçìåíåíèè
îñíîâíûõ ïàðàìåòðîâ âîëíîâîé ãåíåðàöèè (èçìåíåíèå ñêîðîñòåé ïîòîêà è òîëùèíû ëüäà)
ïðîèñõîäèò çàìåòíàÿ êà÷åñòâåííàÿ ïåðåñòðîéêà ôàçîâûõ êàðòèí âîçáóæäàåìûõ âîëíîâûõ
ïîëåé íà ãðàíèöå ðàçäåëà ëüäà è æèäêîñòè. Äèñïåðñèîííûå çàâèñèìîñòè ìîãóò ïðåäñòàâëÿòü
çàìêíóòûå, âñþäó âûïóêëûå êðèâûå, à òàêæå ìîãóò èìåòü äâå ïàðû òî÷åê ïåðåãèáà,
êîòîðûå ñóùåñòâóþò òîëüêî ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ âîëíîâûõ ÷èñåë è ðàñïîëîæåíû
ñèììåòðè÷íî. Óñëîæíåíèå òîïîëîãèè äèñïåðñèîííûõ çàâèñèìîñòåé ïðèâîäèò ê ãåíåðàöèè
äîïîëíèòåëüíîé ñèñòåìû ïîïåðå÷íûõ âîëí è ïîÿâëåíèþ ñîîòâåòñòâóþùèõ ïàð âîëíîâûõ
ôðîíòîâ. Â ýòîì ñëó÷àå ôàçîâûå êàðòèíû äåìîíñòðèðóþò ïðîñòðàíñòâåííûå ñòðóêòóðû òèïà
¾ëàñòî÷êèíà õâîñòà¿, êîãäà â ôèêñèðîâàííîé òî÷êå íàáëþäåíèÿ ïðîèñõîäèò êà÷åñòâåííàÿ
ïåðåñòðîéêà îäíîâðåìåííî ïðèõîäÿùèõ âîëíîâûõ ôðîíòîâ. Íàèáîëåå èíòåðåñíûìè ñ
ïðàêòè÷åñêîé òî÷êè çðåíèÿ ÿâëÿþòñÿ ëîêàëüíûå ýêñòðåìóìû äèñïåðñèîííûõ çàâèñèìîñòåé,
òàê êàê àñèìïòîòèêè äàëüíèõ âîëíîâûõ ïîëåé â îêðåñòíîñòè ñîîòâåòñòâóþùèõ âîëíîâûõ
ôðîíòîâ è êàóñòèê, îòâå÷àþùèõ ýòèì ýêñòðåìóìàì, ìîæíî îïèñàòü ñ ïîìîùüþ ìåòîäà
ýòàëîííûõ èíòåãðàëîâ. Ñëîæíîñòü òîïîëîãèè äèñïåðñèîííûõ çàâèñèìîñòåé òðåáóåò äëÿ
êîððåêòíîãî àñèìïòîòè÷åñêîãî èññëåäîâàíèÿ äàëüíèõ ïîëåé ïðèìåíåíèÿ ñïåöèàëüíîãî
ìàòåìàòè÷åñêîãî àïïàðàòà. Ïîñòðîåííûå àñèìïòîòèêè äàëüíèõ ïîëåé äàþò âîçìîæíîñòü
ýôôåêòèâíî ðàññ÷èòûâàòü îñíîâíûå õàðàêòåðèñòèêè âîëíîâûõ âîçìóùåíèé íà ãðàíèöå
ðàçäåëà ëåäÿíîãî ïîêðîâà è êà÷åñòâåííî àíàëèçèðîâàòü ïîëó÷åííûå ðåøåíèÿ. Ïîëó÷åííûå
àñèìïòîòè÷åñêèå ðåçóëüòàòû ñ ðàçëè÷íûìè çíà÷åíèÿìè âõîäÿùèõ â íèõ ôèçè÷åñêèõ
ïàðàìåòðîâ ïîçâîëÿþò ïðîâåñòè îöåíêó õàðàêòåðèñòèê âîçìóùåíèé ëåäÿíîãî ïîêðîâà,
íàáëþäàåìûõ â ðåàëüíûõ ìîðñêèõ óñëîâèÿõ è ðàññ÷èòûâàòü äàëüíèå âîëíîâûå ïîëÿ, â
òîì ÷èñëå, è îò íåëîêàëüíûõ èñòî÷íèêîâ âîçìóùåíèé ðàçëè÷íîé ôèçè÷åñêîé ïðèðîäû. Â
ðåçóëüòàòå ïðîâåäåíèÿ ìîäåëüíûõ ìíîãîâàðèàíòíûõ ðàñ÷åòîâ ïî àñèìïòîòè÷åñêèì ôîðìóëàì
ñìîäåëèðîâàííàÿ âîëíîâàÿ ñèñòåìà ìîæåò áûòü ïðèáëèæåíà ê íàáëþäàåìûì â íàòóðíûõ
óñëîâèÿõ âîëíîâûì êàðòèíàì, ÷òî äàåò âîçìîæíîñòü îöåíèòü ôèçè÷åñêèå ïàðàìåòðû ðåàëüíûõ
èñòî÷íèêîâ â ìîðñêîé ñðåäå c ëåäîâûì ïîêðûòèåì è îïðåäåëèòü îñíîâíûå õàðàêòåðèñòèêè
íà÷àëüíûõ âîçìóùåíèé, âàðüèðóÿ ìîäåëüíûå çíà÷åíèÿ èñõîäíûõ ïàðàìåòðîâ.
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Êîììóòàòîðû ñèíãóëÿðíûõ K-ïñåâäîäèôôåðåíöèàëüíûõ
îïåðàòîðîâ â Rn
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Ïóñòü Rn={x = (x1, . . . , xn)}, R+
n={x : (x1 > 0, . . . , xn > 0)}, R+

n={x : (x1 ⩾ 0, . . . , xn ⩾ 0)}.
Èññëåäîâàíèÿ óðàâíåíèé ñ ñèíãóëÿðíûì äèôôåðåíöèàëüíûì îïåðàòîðîì Áåññåëÿ, â
êîòîðîì ïàðàìåòð îïåðàòîðà áûë îòðèöàòåëüíûì, èíèöèèðîâàíî È.À. Êèïðèÿíîâûì.
Òàêèå èññëåäîâàíèÿ íà÷àòû â ðàáîòå [1] äëÿ îïåðàòîðîâ âèäà

∆B−γ =
n∑
i=1

Bγi , Bγi =
∂2

∂x2i
− γi
xi

∂

∂xi
, −γ = (−γ1, . . . ,−γn) , −γi ∈ (−1, 0),

Ïóñòü µi =
γi+1
2 , i = 1, n. Ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé ñèíãóëÿðíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ Áåññåëÿ ñ îòðèöàòåëüíûì ïàðàìåòðîì B−γ u+u = 0 ÿâëÿþòñÿ J-ôóíêöèè
Áåññåëÿ [2]:

J−µi(x) = Γ(1− µi) 2
−µi xµii J−µi(x) = x2µii j−µi , Jµ(t) = Γ(1 + µ) 2µ tµ Jµ(t) = t2µjµ .

ãäå J∓µi � ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà è j∓µi � j-ôóíêöèè Áåññåëÿ. Ïóñòü Jµ(x) =
n∏
i=1

Jµi ,

ãäå µ = (µ1, . . . , µn) ìóëüòèíäåêñ, êîîðäèíàòû êîòîðîãî µi ∈
(
1
2 , 1
)
. ×åðåç Sev = Sev(R+

n )
áóäåì îáîçíà÷àòü ïîäïðîñòðàíñòâî ïðîñòðàíñòâà îñíîâíûõ ôóíêöèé Ë. Øâàðöà, ñîñòîÿùåå èç
÷åòíûõ ïî Êèïðèÿíîâó ôóíêöèé [3, c.21].

Ïóñòü s � äåéñòâèòåëüíîå ÷èñëî. ×åðåç Ξs−γ = Ξs−γ(R+
n × R+

n ) áóäåì îáîçíà÷àòü êëàññ
áåñêîíå÷íî äèôôåðåíöèðóåìûõ ÷åòíûõ ïî x è ξ ôóíêöèé a(x, ξ). Êëàññ ôóíêöèé Ξs−γ
áóäåì íàçûâàòü ïðîñòðàíñòâîì ñèìâîëîâ ïîðÿäêà s. ×åðåç Hs

−γ(R+
n ) îáîçíà÷èì ïîïîëíåíèå

ìíîæåñòâà Sev ïî íîðìå ∥u∥2Hs
−γ

=
∫
R+
n

(
1 + |ξ|2

)s |û(ξ)|2 ξ−γ dξ, ãäå û � ÷åòíîå J-ïðåîáðàçîâàíèå

(ñì. [2]).
Îïðåäåëåíèå 1. Îïåðàòîðû, äåéñòâóþùèå íà ôóíêöèþ, ïðèíàäëåæàùóþ ïðîñòðàí-

ñòâó Sev(0,∞), ïî ôîðìóëå

Au(x) =

∫
R+
n

∫
R+
n

Tyx Jµ(xξ) a(x, ξ) u(y) y
−γ dy ξ−γ dξ , (1)

ãäå

Tyxf(x) =
π∫

0

. . .

π∫
0

f
(
x

α→ y
) n∏
i=1

Γ
(
γi+3
2

)
Γ
(
1
2

)
Γ
(
γi+2
2

) (xi yi)
γi+1

(xi
αi→ yi )γi+1

(sinαi)
γi+1 dαi,

(x
α→ y ) =

(√
x21 + y21 − 2x1 y1 cosα1 , . . . ,

√
x2n + y2n − 2xn yn cosαn

)
, áóäåì íàçûâàòü ñèíãó-

ëÿðíûìè K-ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè (äàëåå K-ÏÄÎ). Ôóíêöèÿ a(x, ξ) ∈ Ξm−γ
íàçûâàåòñÿ ñèìâîëîì îïåðàòîðà A ïîðÿäêà m.

Ïðèâåäåì ôîðìóëèðîâêè òåîðåìû î ïîðÿäêå ñèíãóëÿðíûõ K-ÏÄÎ ñ ñèìâîëîì èç Ξmev è
òåîðåìû î ïðîèçâåäåíèè è êîììóòàòîðå.

Òåîðåìà 1. Ñèíãóëÿðíûé K-ÏÄÎ (1) ñ ñèìâîëîì a(x, ξ) ∈ Ξmev, ÿâëÿåòñÿ îïåðàòîðîì
ïîðÿäêà m, ò.å.

∥A u∥Hs
−γ

⩽ C ∥u∥Hs+m
−γ

(5)

Ïóñòü a1(x, ξ) ∈ Ξm1
ev , a2(x, ξ) ∈ Ξm2

ev , à A1 è A2 � ñîîòâåòñòâóþùèå ýòèì ñèìâîëàì
ñèíãóëÿðíûå K- ÏÄÎ. Óòâåðæäåíèå, àíàëîãè÷íîå òåîðåìå 1, ñïðàâåäëèâî äëÿ ïðîèçâåäåíèÿ

32Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00387).
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A1A2 è ñèíãóëÿðíîãî K- ÏÄÎ ñ ñèìâîëîì, ðàâíûì ïðîèçâåäåíèþ ñèìâîëîâ îïåðàòîðîâ A1 è
A2. Ýòîò îïåðàòîð áóäåì îáîçíà÷àòü A1 ◦A2.

Òåîðåìà 2. Îïåðàòîð A1A2 − A1 ◦ A2 èìååò ïîðÿäîê m1 + m2 − 1 â ïðîñòðàíñòâå
Hs

−γ (Rn), ò.å.
∥(A1A2 −A1 ◦A2)u∥Hs−m1−m2+1

−γ
⩽ C∥u∥Hs

−γ
.

Ëèòåðàòóðà

[1] Ëÿõîâ Ë.Í., Ñàíèíà Å.Ë. Îïåðàòîð Êèïðèÿíîâà�Áåëüòðàìè ñ îòðèöàòåëüíîé ðàçìåðíîñòüþ
îïåðàòîðîâ Áåññåëÿ è ñèíãóëÿðíàÿ çàäà÷à Äèðèõëå äëÿ B-ãàðìîíè÷åñêîãî óðàâíåíèÿ //
Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 2020. Ò. 56. �12. Ñ. 1610�1620.

[2] Ëÿõîâ Ë.Í., Áóëàòîâ Þ.Í., Ðîùóïêèí Ñ.À., Ñàíèíà Å.Ë. Ïñåâäîñäâèã è ôóíäàìåíòàëüíîå
ðåøåíèå ∆B-îïåðàòîðà Êèïðèÿíîâà // Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 2022. Ò. 58. �12. Ñ. 1654�
1665.

[3] Êèïðèÿíîâ È.À. Ñèíãóëÿðíûå ýëëèïòè÷åñêèå êðàåâûå çàäà÷è. Ì.: Íàóêà, 1997.

Òåìïåðàòóðíûé ïîãðàíè÷íûé ñëîé ðåîëîãè÷åñêè ñëîæíîé ñðåäû33

Áóëàòîâà Ð.Ð. (Ðîññèÿ, Ìîñêâà)
ÍÈÒÓ ÌÈÑÈÑ

bulatova.rr@misis.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ, âîçíèêàþùåãî âáëèçè
ïîâåðõíîñòè ïëàñòèíû â ñëó÷àå, êîãäà òåìïåðàòóðû ïîâåðõíîñòè îáòåêàåìîãî òåëà è
íàáåãàþùåãî ïîòîêà ðàçëè÷íû, òåì ñàìûì, ìåæäó òåëîì è ñðåäîé ïðîòåêàåò ïðîöåññ
òåïëîîáìåíà.

Â ñëó÷àå äâóìåðíîãî ñòàöèîíàðíîãî òå÷åíèÿ ìîäèôèöèðîâàííàÿ ñèñòåìà óðàâíåíèé
ïîãðàíè÷íîãî ñëîÿ èìååò âèä:

ν(1 + k(uy)
2)uyy − uux − vuy = −U(x)U ′(x), ux + vy = 0. (1)

aTyy − uTx − vTy = −ν
c
(uy)

2. (2)

Çäåñü u è v � ïðîäîëüíàÿ è ïîïåðå÷íàÿ êîìïîíåíòû ñêîðîñòè æèäêîñòè â ïîãðàíè÷íîì
ñëîå, ν > 0 � ðåîëîãè÷åñêàÿ êîíñòàíòà ñðåäû, k � ìàëàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, êîòîðàÿ
çàâèñèò îò ñâîéñòâ ñðåäû, ïëîòíîñòü æèäêîñòè ïðåäïîëàãàåòñÿ ðàâíîé åäèíèöå. T (x, y) �
òåìïåðàòóðà ñðåäû â òî÷êå (x, y), a è c � çàäàííûå ôèçè÷åñêèå ïàðàìåòðû ðàññìàòðèâàåìîé
æèäêîñòè. U(x) � ïðîäîëüíàÿ ñîñòàâëÿþùàÿ ñêîðîñòè ñðåäû âî âíåøíåì ïîòîêå. Çàäàííàÿ
ôóíêöèÿ U(x) ñâÿçàíà ñ äàâëåíèåì p(x) ñîîòíîøåíèåì Áåðíóëëè

U2(x) + 2p(x) = const.

Ñèñòåìà óðàâíåíèé (1), (2) ðàññìàòðèâàåòñÿ â îáëàñòè D = {0 < x < X, 0 < y < ∞} ñ
ãðàíè÷íûìè óñëîâèÿìè

u(0, y) = 0, u(x, 0) = 0, v(x, 0) = v0(x), u(x, y) ⇒ U(x) ï y → ∞ (3)

T (x, 0) = Tw(x), T (x, y) ⇒ T∞ ïðè y → ∞ (4)

Ôóíêöèè v0(x), Tw(x), îáîçíà÷àþùèå, ñîîòâåòñòâåííî, ñêîðîñòü âäóâà (îòñîñà) æèäêîñòè
â ïîòîê (èç ïîòîêà) â òî÷êå x íèæíåé ñòåíêè îáëàñòè è òåìïåðàòóðó ñòåíêè â òî÷êå x,
ïðåäïîëàãàþòñÿ çàäàííûìè. Ïîñòîÿííàÿ T∞ ÿâëÿåòñÿ òåìïåðàòóðîé âíåøíåãî ïîòîêà.

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Êðîêêî: ξ = x, η = u(x, y)/U(x) ñèñòåìà óðàâíåíèé (1)
ñâîäèòñÿ ê îäíîìó êâàçèëèíåéíîìó óðàâíåíèþ âèäà

ν(1 + 3kU2w2)w2wηη − ηUwξ + (η2 − 1)Uξwη − ηUξw + 6νkU2w2
ηw

3 = 0.

33Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÍÔ � 20-11-20272
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Îáëàñòü D ïåðåõîäèò â îáëàñòü G = {0 < x < X, 0 < η < 1}, à ãðàíè÷íûå óñëîâèÿ (3) â
ñëåäóþùèå óñëîâèÿ äëÿ w

w|η=1 = 0, (ν(1 + 3kU2w2)w2wηη − v0w + Uξ)|η=0 = 0

Ïðè çàìåíå Êðîêêî óðàâíåíèå (2) äëÿ òåìïåðàòóðû èìååò âèä

aw2Tηη − ηUTξ − [(ν(1 + 3kU2w2)− a)wwη + (1− η2)Uξ]Tη = −ν
c
U2w2

Ïîñëåäíåå óðàâíåíèå â îáëàñòè G îáëàäàåò òåìè æå îñîáåííîñòÿìè, ÷òî è óðàâíåíèå (2) â D:
îíî âûðîæäàåòñÿ ïðè η = 1, η = 0 è ξ = 0.

Èçó÷åíî óðàâíåíèå äëÿ òåìïåðàòóðû, äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü îñíîâíîé
êðàåâîé çàäà÷è äëÿ ýòîãî óðàâíåíèÿ.
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Íà ïðèìåðàõ îáñóæäàþòñÿ îñîáåííîñòè ðåàëèçàöèè îäíî- è äâóõñòîðîííèõ ãîëîíîìíûõ
ñâÿçåé, çàäàííûõ êóñî÷íî-äèôôåðåíöèðóåìûìè ôóíêöèÿìè, â ÷àñòíîñòè, ÷óâñòâèòåëüíîñòü
ñâîéñòâ ðàâíîâåñèé ñèñòåì, ñòåñí¼ííûõ ñâÿçÿìè, ê ñïîñîáó ðåàëèçàöèè ýòèõ ñâÿçåé.

Ïðèìåð. Òÿæ¼ëàÿ ìàòåðèàëüíàÿ òî÷êà äâèæåòñÿ â îáëàñòè âåðòèêàëüíîé
ïëîñêîñòè, çàäàâàåìîé íåðàâåíñòâîì

f = |x| − y ⩽ 0, (1)

ãäå Oxy � ñèñòåìà îòñ÷¼òà, îñü Ox êîòîðîé ãîðèçîíòàëüíà, à îñü Oy íàïðàâëåíà âäîëü
âîñõîäÿùåé âåðòèêàëè. Ñïðàøèâàåòñÿ, êàê àêêóðàòíî äîêàçàòü òî, ÷òî òî÷êà (0, 0) �
óñòîé÷èâîå ïîëîæåíèå ðàâíîâåñèÿ.

Ðåøåíèå. Ôîðìàëüíî ãîâîðÿ, ñëåäóåò ïðèìåíèòü ìåòîä ìíîæèòåëåé Ëàãðàíæà: äëÿ
îòûñêàíèÿ êðèòè÷åñêèõ òî÷åê è èññëåäîâàíèÿ èõ òèïà âûïèñàòü ôóíêöèþ Ëàãðàíæà

W = U +mgλf, U = mgy

ãäå m � ìàññà òî÷êè, g > 0 � óñêîðåíèå ñèëû òÿæåñòè, è ðàññìîòðåòü çàäà÷ó íà áåçóñëîâíûé
ýêñòðåìóì. Îäíàêî, òðóäíîñòü óæå ïðè âûïèñûâàíèè óðàâíåíèé äâèæåíèÿ ñîñòîèò â òîì,
÷òî íåïðåðûâíàÿ ôóíêöèÿ y = |x|, îïðåäåëÿþùàÿ ãðàíèöó íåóäåðæèâàþùåé ñâÿçè (1),
íåäèôôåðåíöèðóåìà â êëàññè÷åñêîì ñìûñëå â òî÷êå (0, 0).

Ðàäè ïðåîäîëåíèÿ òàêèõ òðóäíîñòåé ïðåäñòàâèì ñâÿçü (1) êàê îáúåäèíåíèå äâóõ
íåóäåðæèâàþùèõ ñâÿçåé

f1 = x− y ⩽ 0, f2 = −x− y ⩽ 0 (2)

34Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÍÔ, ãðàíò 24-21-20143.
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è äëÿ îñâîáîæäåíèÿ îò ñâÿçåé ñîñòàâèì ïîòåíöèàë ïî ïðàâèëó (ñð. [1-7])

UN =
1

2
Nφ(x, y), φ(x, y) = φ1(x, y) + φ2(x, y), (3)

Çäåñü N > 0 � áåçðàçìåðíûé ïàðàìåòð,

φ1(x, y) =

{
0, x− y ⩽ 0

(x− y)2, x− y > 0
, φ2(x, y) =

{
0, −x− y ⩽ 0

(x+ y)2, −x− y > 0
.

Â îáëàñòè |x| + y ⩽ 0 ôóíêöèÿ W = mgy + N
(
x2 + y2

)
� ãëàäêàÿ. Å¼ åäèíñòâåííàÿ

êðèòè÷åñêàÿ òî÷êà, îïðåäåëÿåìàÿ èç óðàâíåíèé

Wx = 2Nx = 0, Wy = mg + 2Ny = 0,

çàäà¼ò åäèíñòâåííîå ðàâíîâåñèå, èìåþùåå âèä

x(N) = 0, y(N) = −mg
2N

Îíî ðàñïîëîæåíî â ðàññìàòðèâàåìîé îáëàñòè è ñ óâåëè÷åíèåì æ¼ñòêîñòè N → ∞ ñòðåìèòñÿ ê
íà÷àëó êîîðäèíàò � èíòóèòèâíî ïîíÿòíîìó ðàâíîâåñèþ èñõîäíîé ñèñòåìû, ñòåñí¼ííîé ñâÿçüþ.
Â ñèëó ïîëîæèòåëüíîñòè îáîèõ êîýôôèöèåíòîâ Ïóàíêàðå ýòî ðàâíîâåñèå óñòîé÷èâî, ÷òî,
âïðî÷åì, ïîíÿòíî èç ïðèíöèïà Òîððè÷åëëè.
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Ñêîðîñòü ïåðåìåøèâàíèÿ äëÿ ñèíóñ-ïðîöåññà
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Â äîêëàäå äàåòñÿ êâàäðàòè÷íàÿ âåðõíÿÿ îöåíêà óáûâàíèÿ âðåìåííûõ êîððåëÿöèé
ìóëüòèïëèêàòèâíûõ ôóíêöèîíàëîâ ñèíóñ-ïðîöåññà � ñêåéëèíîâîãî ïðåäåëà ðàäèàëüíûõ
÷àñòåé ìåð Õààðà íà óíèòàðíûõ ãðóïïàõ ðàñòóùåãî ôîðìàòà.

Âîïðîñ îá óáûâàíèè âðåìåííûõ êîððåëÿöèé ýðãîäè÷åñêîé äèíàìè÷åñêîé ñèñòåìû �
îäèí èç ñàìûõ òîíêèõ â ýðãîäè÷åñêîé òåîðèè. Ýòî âèäíî óæå íà ïðèìåðå ñäâèãà Áåðíóëëè,
îòâå÷àþùåãî ñõåìå íåçàâèñèìûõ èñïûòàíèé ñ äâóìÿ èñõîäàìè. Êóïìàíîâ óíèòàðíûé îïåðàòîð,
îòâå÷àþùèé ñäâèãó Áåðíóëëè, èìååò ñ÷åòíîêðàòíûé ëåáåãîâñêèé ñïåêòð � è íàéäåòñÿ
êâàäðàòè÷íî-èíòåãðèðóåìàÿ íàáëþäàåìàÿ, ÷üè âðåìåííûå êîððåëÿöèè ñõîäÿòñÿ êàê óãîäíî
ìåäëåííî è ÷üè âðåìåííûå ñðåäíèå, òàêèì îáðàçîì, ñõîäÿòñÿ ê ïðîñòðàíñòâåííîìó ñðåäíåìó
ìåäëåííåå ëþáîé íàïåðåä çàäàííîé ñêîðîñòè ñõîäèìîñòè. Äëÿ ïîëó÷åíèÿ ýôôåêòèâíûõ îöåíîê
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óæå â ýòîì ñàìîì ïðîñòîì ñëó÷àå íåîáõîäèìî îáðàòèòüñÿ ê åñòåñòâåííîé ã¼ëüäåðîâñêîé
ñòðóêòóðå íà ïðîñòðàíñòâå äâîè÷íûõ ïîñëåäîâàòåëüíîñòåé � âðåìåííûå êîððåëÿöèè
ã¼ëüäåðîâñêèõ ôóíêöèé óáûâàþò ýêñïîíåíöèàëüíî, à åñëè çàêîäèðîâàòü ñäâèã Áåðíóëëè
îòîáðàæåíèåì óäâîåíèÿ óãëà è âçÿòü íàáëþäàåìóþ, ãîëîìîðôíî ïðîäîëæàåìóþ íà êîëüöî,
òî ïîëó÷àåòñÿ è ñóïåðýêñïîíåíöèàëüíîå óáûâàíèå êîðåëÿöèé.

Ñèíóñ-ïðîöåññ, êàê è ëþáîé äåòåðìèíàíòíûé òî÷å÷íûé ïðîöåññ, çàäàâàåìûé âîñïðîèç-
âîäÿùèì ÿäðîì ãèëüáåðòîâà ïðîñòðàíñòâà, óäîâëåòâîðÿåò çàêîíó 0-1 Êîëìîãîðîâà: õâîñòîâàÿ
ñèãìà-àëãåáðà íàøåãî òî÷å÷íîãî ïðîöåññà òðèâèàëüíà (ýòî óñòàíîâèëè Ëàéîíñ, Îñàäà-
Îñàäà, Öüþ è Øàìîâ â ñîâìåñòíîé ðàáîòå ñ äîêëàä÷èêîì). Äîêàçàòåëüñòâî òðèâèàëüíîñòè
õâîñòîâîé ñèãìà-àëãåáðû èñïîëüçóåò ëèøü âîñïðîèçâîäÿùåå ñâîéñòâî ÿäðà, îäíàêî íå äà¼ò,
è, â òàêîé îáùíîñòè, íå ìîæåò äàòü íèêàêîé ñêîðîñòè ñõîäèìîñòè. ßâíûå îöåíêè ñêîðîñòè
óáûâàíèÿ âðåìåííûõ êîððåëÿöèé ñèíóñ-ïðîöåññà îïèðàþòñÿ íà ïðåäñòàâëåíèå ìàòåìàòè÷åñêèõ
îæèäàíèé ìóëüòèïëèêàòèâíûõ ôóíêöèîíàëîâ ñèíóñ-ïðîöåññà äåòåðìèíàíòàìè îïåðàòîðîâ
Âèíåðà-Õîïôà � òî åñòü, íåïðåðûâíûìè àíàëîãàìè äåòåðìèíàíòîâ Ò¼ïëèöà � çàòåì, íà
ñêåéëèíãîâûé ïðåäåë ôîðìóëû Âèäîìà äëÿ äåòåðìèíàíòà Ôðåäãîëüìà îïåðàòîðà Ãàíêåëÿ,
à òàêæå íà ñêåéëèíãîâûé ïðåäåë ôîðìóëû Áîðîäèíà-Îêóíüêîâà-Äæåðîíèìî-Êåéñà, äàþùåé
ÿâíîå âûðàæåíèå äëÿ îñòàòî÷íîãî ÷ëåíà âî âòîðîé òåîðåìå Ñåã¼ â ôîðìå Èáðàãèìîâà.

Ñèñòåìû óðàâíåíèé òåïëîïðîâîäíîñòè â íåãîëîíîìíîì ðåïåðå

Áóõøòàáåð Â.Ì. (Ðîññèÿ, Ìîñêâà)
Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ

buchstab@mi-ras.ru

Äîêëàä ïîñâÿùåí òåîðèè è ïðèëîæåíèÿì ñèñòåì óðàâíåíèé òåïëîïðîâîäíîñòè
â íåãîëîíîìíîì ðåïåðå èíòåãðèðóåìûõ â ãèïåðýëëèïòè÷åñêèõ ñèãìà-ôóíêöèÿõ.
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Î ðàçðåøèìîñòè çàäà÷è Äèðèõëå â ìíîãîìåðíîé îáëàñòè ñ ðàçðåçîì

Âàñèëüåâ Â.Á. (Ðîññèÿ, Áåëãîðîä)
Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò

vbv57@inbox.ru
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Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò
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Â ðàáîòàõ [1,2] èçó÷àëèñü ýëëèïòè÷åñêèå ïñåâäîäèôôåðåíöèàëüíûå óðàâíåíèÿ â
îáëàñòÿõ ñ íåãëàäêîé ãðàíèöåé, íà ïëîñêîñòè ýòî áûëè îáëàñòè ñ óãëîâûìè òî÷êàìè.
Èññëåäîâàíèå ïðîâîäèëîñü ïðè íàëè÷èè ñïåöèàëüíîé âîëíîâîé ôàêòîðèçàöèè ýëëèïòè÷åñêîãî
ñèìâîëà [1], ýòî ïîçâîëÿëî îïèñàòü ïîëíóþ êàðòèíó ðàçðåøèìîñòè ìîäåëüíîãî óðàâíåíèÿ â
óãëå íà ïëîñêîñòè â çàâèñèìîñòè îò èíäåêñà âîëíîâîé ôàêòîðèçàöèè. Â ðàáîòå [3] ðàññìîòðåí
ñëó÷àé óðàâíåíèÿ â ïëîñêîì óãëå ñ óñëîâèÿìè Äèðèõëå íà ñòîðîíàõ óãëà è âûïèñàíî
èíòåãðàëüíîå óðàâíåíèå, ñîîòâåòñòâóþùåå ñëó÷àþ, êîãäà ðàñòâîð óãëà ñòðåìèòñÿ ê íóëþ. çäåñü
ìû ðàññìàòðèâàåì îáîáùåíèå ýòîé çàäà÷è íà ìíîãîìåðíûé ñëó÷àé.
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Ìîäåëüíûé ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð A â îáëàñòè D ⊂ Rm ñ ñèìâîëîì A(ξ)
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

(Au)(x) =

∫
D

∫
Rm

A(ξ)u(y)ei(y−x)ξdξdy, x ∈ D

â ïðåäïîëîæåíèè, ÷òî ñèìâîë A(ξ) óäîâëåòâîðÿåò óñëîâèþ

c1 < |A(ξ)(1 + |ξ|)−α| < c2, ξ ∈ Rm, c1, c2 > 0.

Çäåñü ðàññìàòðèâàåòñÿ ìîäåëüíîå óðàâíåíèå

(Au)(x) = f(x), x ∈ Rm \W a
+, (1)

ðàçðåøèìîñòü êîòîðîãî èññëåäóåòñÿ â ïðîñòðàíñòâå Hs(Rm \W a
+) ñ íîðìîé

∥u∥2s =
∫
Rm

|ũ(ξ)|2(1 + |ξ|)2sdξ,

W a
+ = {x ∈ Rm : x2 > a|x1|, a > 0}, çíàê "∼"íàä ôóíêöèåé îáîçíà÷àåò åå ïðåîáðàçîâàíèå

Ôóðüå.
Â ïðåäïîëîæåíèè, ÷òî ñèìâîë A(ξ) äîïóñêàåò âîëíîâóþ ôàêòîðèçàöèþ [1] îòíîñèòåëüíî

W a
− = −W a

+ ñ èíäåêñîì æ, òàêèì, ÷òî æ − s = 1 + δ, |δ| < 1
2 , ìîæíî âûïèñàòü îáùåå

ðåøåíèå, çàâèñÿùåå îò äâóõ ïðîèçâîëüíûõ ôóíêöèé, çàäàííûõ íà ðåáðàõ. Äëÿ èõ îäíîçíà÷íîãî
îïðåäåëåíèÿ çàäàþòñÿ ãðàíè÷íûå óñëîâèÿ Äèðèõëå

u|ax1−x2=0 = g1(ax1 + x2, x
′
), u|ax1+x2=0 = g2(ax1 − x2, x

′
), (2)

x
′
= (x3, x4, ....xm), g1, g2 ∈ Hs−1/2(Rm−1).

Çàäà÷à (1),(2) ðàññìàòðèâàëàñü ðàíåå â [1]. Çäåñü æå èññëåäóåòñÿ ñèòóàöèÿ î ïîâåäåíèè
ðåøåíèÿ çàäà÷è (1),(2) ïðè a → ∞ � ýòî ñîîòâåòñòâóåò ñëó÷àþ, êîãäà â ïðîñòðàíñòâå Rm
èìååòñÿ ðàçðåç â âèäå (m− 1)-ìåðíîãî ïîëóïðîñòðàíñòâà. Âûïèñàíî èíòåãðàëüíîå óðàâíåíèå,
îäíîçíà÷íàÿ ðàçðåøèìîñòü êîòîðîãî ýêâèâàëåíòíà ðàçðåøèìîñòè ïðåäåëüíîé çàäà÷è (1),(2).
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äèôôåîìîðôèçìà ñ ãîìîêëèíè÷åñêîé òî÷êîé
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Ðàññìàòðèâàåòñÿ äèôôåîìîðôèçì ïëîñêîñòè â ñåáÿ ñ íåïîäâèæíîé ãèïåðáîëè÷åñêîé
òî÷êîé â íà÷àëå êîîðäèíàò è íåòðàíñâåðñàëüíîé ãîìîêëèíè÷åñêîé ê íåé òî÷êîé.
Ïðåäïîëàãàåòñÿ, ÷òî êàñàíèå óñòîé÷èâîãî ìíîãîîáðàçèÿ ñ íåóñòîé÷èâûì â ãîìîêëèíè÷åñêîé
òî÷êå íå ÿâëÿåòñÿ êàñàíèåì êîíå÷íîãî ïîðÿäêà. Ïðèìåð äâóìåðíîãî äèôôåîìîðôèçìà ñ
òàêèì êàñàíèåì óñòîé÷èâîãî ìíîãîîáðàçèÿ ñ íåóñòîé÷èâûì ïðèâåäåí â [1]. Èçâåñòíî [2], ÷òî â
ýòîì ñëó÷àå â ïðîèçâîëüíîé îêðåñòíîñòè ãîìîêëèíè÷åñêîé òî÷êè ìîæåò ëåæàòü áåñêîíå÷íîå
ìíîæåñòâî îäíîîáõîäíûõ óñòîé÷èâûõ ïåðèîäè÷åñêèõ òî÷åê èñõîäíîãî äèôôåîìîðôèçìà,
ïðè÷åì õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè ýòèõ òî÷åê îòäåëåíû îò íóëÿ.
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Â ðàáîòàõ [3], [4] èçó÷àëàñü îêðåñòíîñòü íåòðàíñâåðñàëüíîé ãîìîêëèíè÷åñêîé òî÷êè, â
ïðåäïîëîæåíèè, ÷òî ãîìîëèíè÷åñêàÿ òî÷êà ÿâëÿåòñÿ òî÷êîé ñ êîíå÷íûì ïîðÿäêîì êàñàíèÿ
óñòîé÷èâîãî è íåóñòîé÷èâîãî ìíîãîîáðàçèÿ. Èç ýòèõ ðàáîò ñëåäóåò, ÷òî íàëè÷èå áåñêîíå÷íîãî
ìíîæåñòâà óñòîé÷èâûõ äâóõîáõîäíûõ è òðåõîáõîäíûõ ïåðèîäè÷åñêèõ òî÷åê çàâèñèò îò
îòíîøåíèÿ ëîãàðèôìîâ ñîáñòâåííûõ ÷èñåë ìàòðèöû ßêîáè èñõîäíîãî äèôôåîìîðôèçìà
â ãèïåðáîëè÷åñêîé òî÷êå. Èç [2] ñëåäóåò, ÷òî íàëè÷èå â îêðåñòíîñòè ãîìîêëèíè÷åñêîé
òî÷êè ìíîæåñòâà óñòîé÷èâûõ ïåðèîäè÷åñêèõ òî÷åê â ñëó÷àå, êîãäà êàñàíèå óñòîé÷èâîãî
ìíîãîîáðàçèÿ ñ íåóñòîé÷èâûì íå ÿâëÿåòñÿ êàñàíèåì êîíå÷íîãî ïîðÿäêà, íå çàâèñèò îò
îòíîøåíèÿ ëîãàðèôìîâ ñîáñòâåííûõ ÷èñåë ìàòðèöû ßêîáè.

Öåëü äîêëàäà � ïîêàçàòü, ÷òî â îêðåñòíîñòè ãîìîêëèíè÷åñêîé òî÷êè ïîìèìî
èíâàðèàíòíûõ ìíîæåñòâ, ïîðîæäåííûõ ¾ïîäêîâàìè Ñìåéëà¿, ìîãóò ëåæàòü íåïðåðûâíûå
êðèâûå, çàïîëíåííûå òî÷êàìè, òðàåêòîðèè êîòîðûõ íå ïîêèäàþò ðàñøèðåííîé îêðåñòíîñòè
íåòðàíñâåðñàëüíîé ãîìîêëèíè÷åñêîé òî÷êè.
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Äëÿ äèíàìè÷åñêîé ñèñòåìû

x′(t) = g(t, x(t)) + f(t, x(t))u(t), (1)

ãäå t ∈ T = [a, b], x(a) = x0, à ôóíêöèè g(·) : T × Rn → Rn è f(·) : T × Rn → Rn

� óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà ïî ñîâîêóïíîñòè ïåðåìåííûõ, ðàññìàòðèâàåòñÿ çàäà÷à
âîññòàíîâëåíèÿ íåèçâåñòíîãî óïðàâëåíèÿ u(·) : T → Q ⊂ Rq (çäåñü Q � âûïóêëûé êîìïàêò),
ïî ðåçóëüòàòàì èçìåðåíèé ñîñòîÿíèé ñèñòåìû x(ti) = xi â óçëàõ ðàçáèåíèÿ T, ãäå ti+1 = ti+∆,

∆ =
b− a

n
. Àáñîëþòíî íåïðåðûâíóþ ôóíêöèþ x(·) : T → Rn, ÿâëÿþùóþñÿ ðåøåíèåì ñèñòåìû

(1) â ñìûñëå Êàðàòåîäîðè, íàçîâåì å¼ äâèæåíèåì, ïîðîæä¼ííûì óïðàâëåíèåì u(·) .
Äëÿ ðåøåíèÿ ýòîé çàäà÷è, ÿâëÿþùåéñÿ íåêîððåêòíîé, â [1] áûë ïðåäëîæåí äèíàìè÷åñêèé

ðåãóëÿðèçèðóþùèé àëãîðèòì (ê.ä.à.), ïîçâîëÿþùèé âîññòàíàâëèâàòü óïðàâëåíèå u∗(·),
îáëàäàþùåå ìèíèìàëüíîé â ïðîñòðàíñòâå L2(T ;R

q) íîðìîé ñðåäè âñåõ óïðàâëåíèé,
ïîðîæäàþùèõ äâèæåíèå x(·). Â åãî îñíîâó ïîëîæåíî óïðàâëåíèå ñèñòåìîé � ìîäåëüþ ïî
ïðèíöèïó îáðàòíîé ñâÿçè, ñ èñïîëüçîâàíèåì ïðîöåäóðû ýêñòðåìàëüíîãî ñäâèãà [2]. Ðåàëèçàöèÿ
òàêîãî ïîäõîäà òðåáóåò âûïîëíåíèÿ êîíå÷íîãî ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé íà êàæäîì
øàãå ðàçáèåíèÿ è íå èñïîëüçóåò òðóäîåìêóþ ïðîöåäóðó ïñåâäîîáðàùåíèÿ ìàòðèö. Ïîñòðîåíèå
ïðèáëèæåíèÿ óïðàâëåíèÿ ñîãëàñíî ê.ä.à. îñóùåñòâëÿåòñÿ â âèäå ôóíêöèè uh(t) = uh(ti)
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ïîñòîÿííîé ïðè t ∈ [ti, ti+1). Ïðè ýòîì èñïîëüçóåòñÿ íåòî÷íàÿ èíôîðìàöèÿ xh(ti) î ñîñòîÿíèè
ñèñòåìû â óçëàõ ðàçáèåíèÿ: |x(ti)− xh(ti)| ⩽ h .

Ïîä÷åðêí¼ì, ÷òî ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è â îáùåì ñëó÷àå ìîæåò îêàçàòüñÿ
íå åäèíñòâåííûì. Ïðàêòèêàìè áûëî âûñêàçàíî ïîæåëàíèå èñïîëüçîâàòü ïðè ïîñòðîåíèè
ïðèáëèæåíèÿ óïðàâëåíèÿ äîñòóïíóþ íåòî÷íóþ èíôîðìàöèè uh(a) î çíà÷åíèè u(a). Öåëü
íàñòîÿùåé ðàáîòû � ïîñòðîåíèå ìîäèôèêàöèè ê.ä.à èç [1], èñïîëüçóþùóþ ýòó àïðèîðíóþ
èíôîðìàöèþ îá óïðàâëåíèè. Ïðè ýòîì ìîäèôèöèðîâàííîå ïðàâèëî ïîñòðîåíèÿ ïðèáëèæåíèÿ
vh(·) äëÿ u(·), îòëè÷íîãî îò íîðìàëüíîãî, ðåàëèçóåòñÿ ñëåäóþùèì îáðàçîì:

vh(ti+1) = vh(ti+1 −∆) + fT (ti+1, xh(ti+1))
xh(ti+1)− wh(ti+1)

α
.

Çäåñü wh(ti+1) � ýòî ñîñòîÿíèå äèñêðåòíîé ñèñòåìû � ìîäåëè, èìåþùåé âèä:

wh(ti+1) = wh(ti) + ∆
(
g(ti+1, xh(ti+1)) + f(ti+1, xh(ti+1))vh(ti)+

+ f(ti+1, xh(ti+1))f
T (ti+1, xh(ti+1))

xh(ti+1)− wh(ti+1)

α

)
. (2)

Ðàññìîòðèì ñîîòâåòñòâóþùóþ åé íåïðåðûâíóþ ñèñòåìó � ìîäåëü ñ çàïàçäûâàíèåì:

w′(t) = g(t, x(t)) + f(t, x(t))v(t−∆) + f(t, x(t))fT (t, x(t))
x(t)− w(t))

α
, (3)

ïðè ýòîì íà ïðîìåæóòêå [a−∆; a] ïîëàãàåòcÿ v(t) ≡ u(a). Ïðàâèëî (2) ìîæíî òðàêòîâàòü êàê
ðåàëèçàöèþ ÷èñëåííîãî ìåòîäà ðåøåíèÿ (3).

Óòâåðæäåíèå. Ïóñòü f(t, x(t)) îáëàäàåò ïîñòîÿííûì ðàíãîì âäîëü äâèæåíèÿ, à u(t)
èìååò îãðàíè÷åííóþ âàðèàöèþ íà T , 0 ∈ Q. Òîãäà, ìîæíî óêàçàòü ñîãëàñîâàíèå ïàðàìåòðû
α = α(h), ∆ = ∆(h) ñ âåëè÷èíîé ïîãðåøíîñòè h, ïðè êîòîðîì wh(t) → x(t) � âñþäó íà Ò, à
vh(t) → u(t) ïî÷òè âñþäó.

Ëèòåðàòóðà

[1] Êðÿæèìñêèé À.Â., Îñèïîâ Þ.Ñ. Î ìîäåëèðîâàíèè óïðàâëåíèÿ â äèíàìè÷åñêîé ñèñòåìå // Èçâ.
ÀÍ ÑÑÑÐ. Òåõí. Êèáåðíåòèêà. 1983. � 2. Ñ. 51�60.

[2] Êðàñîâñêèé Í.Í. Óïðàâëåíèå äèíàìè÷åñêîé ñèñòåìîé. Çàäà÷à î ìèíèìóìå ãàðàíòèðîâàííîãî
ðåçóëüòàòà. Ì.: Íàóêà, 1985. 520 ñ.

×åðíîâñêèå àïïðîêñèìàöèè íà îñíîâå îïåðàòîðà ñäâèãà,
áûñòðî ñõîäÿùèåñÿ ê ðåøåíèþ ïàðàáîëè÷åñêîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè

Âåäåíèí À.Â. (Ðîññèÿ, Íèæíèé Íîâãîðîä)
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Âûñøàÿ øêîëà ýêîíîìèê¿

lcsndr@mail.ru

Àâòîð äîêëàäà ïðåäëàãàåò íîâûé ìåòîä àïïðîêñèìàöèè ðåøåíèÿ ïàðàáîëè÷åñêîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè, îñíîâàííûé íà òåîðèè C0-
ïîëóãðóïï [2], òåîðåìå ×åðíîâà [1] è òåîðåìå Ãàëêèíà-Ðåìèçîâà [3]

Òî÷íîå ðåøåíèå ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïðè îïðåäåëåííûõ
óñëîâèÿõ ìîæíî ïîñòðîèòü ïðè ïîìîùè îäíîïàðàìåòðè÷åñêîé ñèëüíî íåïðåðûâíîé
ïîëóãðóïïû îïåðàòîðîâ (C0-ïîëóãðóïïû) [2]. Â 1968 ãîäó Ïîë ×åðíîâ äîêàçàë òåîðåìó îá
àïïðîêñèìàöèè C0-ïîëóãðóïïû ñ ïîìîùüþ îïåðàòîðíîçíà÷íîé ôóíêöèè, êîòîðóþ ìû ñåé÷àñ
íàçûâàåì ôóíêöèåé ×åðíîâà [1]. Ïðèáëèæåíèÿ, êîòîðûå ìû ñòðîèì íà îñíîâå ýòîé ôóíêöèè,
íàçûâàþòñÿ ÷åðíîâñêèìè àïïðîêñèìàöèÿìè.

Â 2017 ãîäó È.Ä. Ðåìèçîâ ïðåäëîæèë ìåòîä ïîñòðîåíèÿ ÷åðíîâñêèõ àïïðîêñèìàöèé
ê ðåøåíèþ ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà îñíîâå îïåðàòîðà ñäâèãà
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àðãóìåíòà [4]. Â 2022 ãîäó È.Ä. Ðåìèçîâ è Î.Å. Ãàëêèí îöåíèëè ñêîðîñòü ñõîäèìîñòè
÷åðíîâñêèõ àïïðîêñèìàöèé, à òàêæå âûäâèíóëè óñëîâèÿ, ïðè êîòîðûõ ýòó ñêîðîñòü ìîæíî
óâåëè÷èòü [3]. Ñîãëàñíî òåîðåìå Ãàëêèíà-Ðåìèçîâà ïîãðåøíîñòü àïïðîêñèìàöèé, îñíîâàííûõ
íà ìåòîäå, ïðåäëîæåííîì È.Ä. Ðåìèçîâûì [4], îöåíèâàëàñü ÷åðåç C/n, ãäå n � íîìåð
àïïðîêñèìàöèè, à C � íåêîòîðàÿ êîíñòàíòà. Àâòîð äîêëàäà ïðåäëàãàåò çíà÷èòåëüíîå
óñèëåíèå ýòîãî ìåòîäà. À èìåííî, äëÿ êàæäîãî ñêîëü óãîäíî áîëüøîãî íàòóðàëüíîãî
m ïîñòðîåíû àïïðîêñèìàöèè ×åðíîâà, îöåíêà ïîãðåøíîñòè êîòîðûõ óëó÷øåíà äî C/nm.
Àëãîðèòì ïîñòðîåíèÿ òàêèõ àïïðîêñèìàöèé îñíîâàí íà ðåøåíèè íåêîòîðîé ñèñòåìû ëèíåéíûõ
óðàâíåíèé.

Â áîëåå òî÷íîé ôîðìóëèðîâêå ìû ìîæåì ïðåäñòàâèòü ðåçóëüòàò ñëåäóþùèì îáðàçîì.
Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ

ïåðåìåííûìè êîýôôèöèåíòàìè:{
u′t(t, x) = a(x)u′′xx(t, x) + b(x)u′x(t, x) + c(x)u(t, x)
u(0, x) = u0(x),

ãäå x ∈ R, t ≥ 0, u : [0,+∞) × R → R, è ôóíêöèè a, b, c, u0 : R → R îãðàíè÷åíû è ðàâíîìåðíî
íåïðåðûâíû. Ìû ñòðîèì ñåìåéñòâî îïåðàòîðîâ S(t), t ≥ 0, äëÿ êîòîðîãî âûïîëíÿþòñÿ
ñëåäóþùèå óñëîâèÿ:

1. un(t, x) = (S(t/n)nu0)(x)
2. ∥un(t, x)− u(t, x)∥ ≤ C/nm,
3. äëÿ êàæäîãî T > 0: limn→∞ supt∈(0,T ]

∥∥un(t, x)− u(t, x)
∥∥ = 0,

ãäå u(t, x) � òî÷íîå ðåøåíèå, un(t, x) äëÿ êàæäîãî íàòóðàëüíîãî n � ÷åðíîâñêèå
àïïðîêñèìàöèè ê òî÷íîìó ðåøåíèþ, m � íåêîòîðîå ôèêñèðîâàííîå íàòóðàëüíîå ÷èñëî.
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Â êëàññè÷åñêèõ ðàáîòàõ (ñì. [1�4]), óðàâíåíèÿ äëÿ ïîëåé ïðåäëàãàþòñÿ áåç âûâîäà
ïðàâûõ ÷àñòåé. Çäåñü ìû äàåì âûâîä ïðàâûõ ÷àñòåé óðàâíåíèé Ìàêñâåëëà è Ýéíøòåéíà
â ðàìêàõ óðàâíåíèé Âëàñîâà�Ìàêñâåëëà�Ýéíøòåéíà èç êëàññè÷åñêîãî, íî íåìíîãî áîëåå
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îáùåãî ïðèíöèïà íàèìåíüøåãî äåéñòâèÿ [5�11]. Ïîëó÷àþùèéñÿ âûâîä óðàâíåíèé òèïà Âëàñîâà
äà¼ò óðàâíåíèÿ Âëàñîâà-Ýéíøòåéíà îòëè÷íûå îò òîãî, ÷òî ïðåäëàãàëèñü ðàíåå [12�13].
Ïðåäëàãàåòñÿ ñïîñîá ïåðåõîäà îò êèíåòè÷åñêèõ óðàâíåíèé ê ãèäðîäèíàìè÷åñêèì ñëåäñòâèÿì
[5�8], êàê ýòî äåëàëîñü ðàíüøå óæå ñàìèì À.À. Âëàñîâûì [4]. Â ñëó÷àå ãàìèëüòîíîâîé ìåõàíèêè
îò ãèäðîäèíàìè÷åñêèõ ñëåäñòâèé óðàâíåíèÿ Ëèóâèëëÿ âîçìîæåí ïåðåõîä ê óðàâíåíèþ
Ãàìèëüòîíà-ßêîáè, êàê ýòî äåëàëîñü óæå â êâàíòîâîé ìåõàíèêå Å. Ìàäåëóíãîì, à â áîëåå
îáùåì âèäå Â.Â.Êîçëîâûì. Òàêèì îáðàçîì ïîëó÷àþòñÿ â íåðåëÿòèâèñòñêîì ñëó÷àå ðåøåíèÿ
Ìèëíà�Ìàêêðè, à òàêæå íåðåëÿòèâèñòñêèé è ðåëÿòèâèñòñêèé àíàëèç ðåøåíèé òèïà Ôðèäìàíà
íåñòàöèîíàðíîé ýâîëþöèè Âñåëåííîé. Ýòî ïîçâîëÿåò ïðîàíàëèçèðîâàòü Ëÿìáäó Ýéíøòåéíà
è òåìíóþ ýíåðãèþ êàê ïðè÷èíó óñêîðåííîãî ðàñøèðåíèÿ Âñåëåííîé è ïîñòðîèòü òåîðèþ
êîñìîëîãè÷åñêèõ ðåøåíèé. Ýòî ïîçâîëèëî ïåðåîñìûñëèòü è óòî÷íèòü ìíîãèå êëàññè÷åñêèå
è íîâûå âîïðîñû ðàñøèðÿþùåéñÿ âñåëåííîé [1-4].
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ñå÷åíèè x = 0 òðóáîïðîâîäà (íà âûõîäå èç êàìåðû ñãîðàíèÿ äâèãàòåëÿ) çàäàí çàêîí èçìåíåíèÿ
äàâëåíèÿ ðàáî÷åé ñðåäû P = P0 + P∗(t), ãäå P0 � äàâëåíèå â ñîñòîÿíèè ïîêîÿ, P∗(t) �
èçáûòî÷íîå äàâëåíèå. Ñîñòîÿíèþ ïîêîÿ ñîîòâåòñòâóåò ïîëîæåíèå x = l ïîðøíÿ, çàêðåïëåííîãî
ñ ïîìîùüþ ñèñòåìû óïðóãèõ ñâÿçåé è äåìïôåðîâ è ÿâëÿþùåãîñÿ ñîñòàâíîé ÷àñòüþ äàò÷èêà
äàâëåíèÿ, ðàñïîëîæåííîãî â äðóãîì êîíöå òðóáîïðîâîäà. Öåëüþ çàäà÷è ÿâëÿåòñÿ ïîëó÷åíèå
è èññëåäîâàíèÿ óðàâíåíèÿ, ñâÿçûâàþùåãî çàêîí èçìåíåíèÿ äàâëåíèÿ â äâèãàòåëå P∗(t) ñ
âåëè÷èíîé îòêëîíåíèÿ îò ïîëîæåíèÿ ðàâíîâåñèÿ ïîðøíÿ w(t) â ëþáîé ìîìåíò âðåìåíè t.

Ðèñ. 1: Ñõåìà ìåõàíè÷åñêîé ñèñòåìû ¾òðóáîïðîâîä-äàò÷èê äàâëåíèÿ¿

Ìàòåìàòè÷åñêàÿ ìîäåëü ðàññìàòðèâàåìîé ìåõàíè÷åñêîé ñèñòåìû ìîæåò áûòü ïðåäñòàâ-
ëåíà â âèäå

Φtt + 2ΦxΦxt +Φ2
xΦxx =

[
a20 − (χ− 1)

(
Φt +

1

2
Φ2
x

)]
Φxx, (1)

P (0, t) = P0 + P∗(t), (2)

Φx(l∗(t), t) = ẇ(t), l∗ = l + w(t), (3)

mẅ(t) + αẇ(t) + γw(t) = P (l∗(t), t). (4)

Â (1)-(4) Φ(x, t) � ïîòåíöèàë ñêîðîñòè ðàáî÷åé ñðåäû; P (x, t) � äàâëåíèå â ðàáî÷åé ñðåäå (â
æèäêîñòè èëè ãàçå); a0 � ñêîðîñòü çâóêà, ñîîòâåòñòâóþùàÿ ñîñòîÿíèþ ïîêîÿ ðàáî÷åé ñðåäû; χ �
êîýôôèöèåíò Ïóàññîíà; m � ìàññà ïîðøíÿ; α, γ � êîýôôèöèåíòû äåìïôèðîâàíèÿ è æåñòêîñòè
óïðóãîé ñâÿçè; èíäåêñû x, t ñíèçó îáîçíà÷àþò ÷àñòíûå ïðîèçâîäíûå ïî êîîðäèíàòå x è âðåìåíè
t, òî÷êà ñâåðõó � ïðîèçâîäíóþ ïî t.

Óðàâíåíèÿ (1),(4) ñëåäóåò äîïîëíèòü íà÷àëüíûìè óñëîâèÿìè.
Óðàâíåíèå (1) äëÿ ïîòåíöèàëà ñêîðîñòè Φ(x, t) îïèñûâàåò äâèæåíèå ðàáî÷åé ñðåäû (â

ìîäåëè èäåàëüíîãî ñæèìàåìîãî ãàçà) â òðóáîïðîâîäå, óñëîâèå (2) çàäàåò çàêîí èçìåíåíèÿ
äàâëåíèÿ P∗(t) ðàáî÷åé ñðåäû íà âûõîäå èç êàìåðû ñãîðàíèÿ (íà âõîäå â òðóáîïðîâîä x = 0),
óñëîâèå (3) � óñëîâèå íåïðîòåêàíèÿ íà ïîâåðõíîñòè ïîðøíÿ, (4) � óðàâíåíèå, îïèñûâàþùåå
äâèæåíèå ïîðøíÿ. Ïðè ýòîì äàâëåíèå â ïîòîêå îïðåäåëÿåòñÿ èíòåãðàëîì Ëàãðàíæà � Êîøè:

P (x, t) = P0

[
1− χ− 1

a20

(
Φt +

1

2
Φ2
x

)] χ
χ−1

, à ñêîðîñòü ïîòîêà â òðóáîïðîâîäå íàõîäèòñÿ ïî

ôîðìóëå u = Φx.
Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà àíàëîãè÷íîé çàäà÷è òåïëîìàññîîáìåíà äëÿ ìåõàíè÷åñêîé

ñèñòåìû ¾òðóáîïðîâîä-äàò÷èê äàâëåíèÿ¿ èìååò âèä

ρ(ut + uux) = −Px, (5)

ρt + ρux + uρx = 0, (6)

ρcv(Tt + uTx) + Pux = kTxx, (7)

P = RρT, R = cp − cv. (8)

Â (5)-(8) u(x, t), P (x, t), ρ(x, t), T (x, t) � ñêîðîñòü, äàâëåíèå, ïëîòíîñòü è òåìïåðàòóðà ðàáî÷åé
ñðåäû â òðóáîïðîâîäå; R, cp, cv, k � ôèçè÷åñêèå ïîñòîÿííûå.

Êðîìå ãðàíè÷íûõ óñëîâèé (2)-(4), íåîáõîäèìî òàêæå çàäàòü çàêîí èçìåíåíèÿ
òåìïåðàòóðû íà âûõîäå èç êàìåðû ñãîðàíèÿ (íà âõîäå â òðóáîïðîâîä): T (0, t) = T∗(t), è óñëîâèå
òåïëîèçîëÿöèè íà ïîðøíå: Tx(l∗(t), t) = 0.

Ðàçðàáîòàíû ÷èñëåííî-àíàëèòè÷åñêèå ìåòîäû ðåøåíèÿ óêàçàííûõ íà÷àëüíî-êðàåâûõ
çàäà÷.
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Ïóñòü X � ëîêàëüíî êîìïàêòíîå ìåòðè÷åñêîå ïðîñòðàíñòâî, òî åñòü ó êàæäîé åãî
òî÷êè ñóùåñòâóåò îòêðûòàÿ îêðåñòíîñòü, çàìûêàíèå êîòîðîé êîìïàêòíî, f � íåïðåðûâíîå
îòîáðàæåíèå èç X â X. Íàðÿäó ñ èñõîäíîé ìåòðèêîé d íà ïðîñòðàíñòâå X îïðåäåëèì íà X
äîïîëíèòåëüíóþ ñèñòåìó ìåòðèê

dfn(x, y) = max
0⩽i⩽n−1

d(f i(x), f i(y)), f i ≡ f ◦ · · · ◦ f︸ ︷︷ ︸
i

, f0 ≡ idX , x, y ∈ X, n ∈ N.

Çàôèêñèðóåì òî÷êó x ∈ X. Äëÿ âñÿêèõ n ∈ N, r > 0 è ρ > 0 ïîäìíîæåñòâî P øàðà
Bd(x, ρ) = {y : d(x, y) < ρ} íàçûâàåòñÿ (f, r, n, x, ρ)-îòäåëåííûì, åñëè ïîïàðíûå dfn-ðàññòîÿíèÿ
ìåæäó ëþáûìè äâóìÿ òî÷êàìè P áîëüøå, ÷åì r. Ïóñòü Nd(f, r, n, x, ρ) � ìàêñèìàëüíîå ÷èñëî
òî÷åê â (f, r, n, x, ρ)-îòäåëåííîì ìíîæåñòâå, òîãäà ëîêàëüíóþ ýíòðîïèþ äèíàìè÷åñêîé ñèñòåìû
f â òî÷êå x îïðåäåëÿþò ôîðìóëîé [1]

hd(f, x) = lim
r→0

lim
ρ→0

lim
n→∞

1

n
lnNd(f, r, n, x, ρ). (1)

Îòìåòèì, ÷òî ïðåäåëû â ôîðìóëå (1) ñóùåñòâóþò, òàê êàê âåëè÷èíà

lim
n→∞

1

n
lnNd(f, r, n, x, ρ)

íå âîçðàñòàåò ñ óìåíüøåíèåì ρ è íå óáûâàåò ñ óìåíüøåíèåì r.
Òåîðåìà 1 [2]. Ôóíêöèÿ (f, x) 7→ hd(f, x) ïðèíàäëåæèò òðåòüåìó áýðîâñêîìó êëàññó

íà ïðîñòðàíñòâå C(X,X)×X.
Òåîðåìà 2 [3]. Äëÿ ëþáîãî îòîáðàæåíèÿ f ∈ C(X,X) ôóíêöèÿ x 7→ hd(f, x)

ïðèíàäëåæèò âòîðîìó áýðîâñêîìó êëàññó íà ïðîñòðàíñòâå X, à åñëè X ïîëíîå ìåòðè÷åñêîå
ïðîñòðàíñòâî, òî åå ìíîæåñòâî òî÷åê ïîëóíåïðåðûâíîñòè ñíèçó ÿâëÿåòñÿ âñþäó ïëîòíûì
ìíîæåñòâîì òèïà Gδ â ïðîñòðàíñòâå X.

Îáîçíà÷èì ÷åðåç K ñîâåðøåííîå ìíîæåñòâî Êàíòîðà. Â ðàáîòå [3] óñòàíîâëåíî, ÷òî â
ñëó÷àå X = K, íàéäåòñÿ îòîáðàæåíèå f0 ∈ C(X,X) òàêîå, ÷òî ôóíêöèÿ x 7→ hd(f0, x) âñþäó
ðàçðûâíà, à ñëåäîâàòåëüíî íå ïðèíàäëåæèò ïåðâîìó áýðîâñêîìó êëàññó íà ïðîñòðàíñòâå X.

Òåîðåìà 3. Åñëè X = K, òî íàéäåòñÿ îòîáðàæåíèå f0 ∈ C(X,X) òàêîå, ÷òî
ìíîæåñòâî òî÷åê ïîëóíåïðûâíîñòè ñâåðõó ôóíêöèè x 7→ hd(f0, x) ïóñòî.

Ðàññìîòðèì ëîêàëüíî êîìïàêòíîå ìåòðè÷åñêîå ïðîñòðàíñòâîR, ïîñòðîåííîå â ðàáîòå [4].
Òî÷êàìè ïðîñòðàíñòâà R ÿâëÿþòñÿ âñåâîçìîæíûå ïàðû (x, i), ãäå x ∈ K, i ∈ N, à ðàññòîÿíèå
ìåæäó äâóìÿ òî÷êàìè (x, i) ∈ X è (y, j) ∈ X îïðåäåëÿåòñÿ ôîðìóëîé

d((x, i), (y, j)) =

{
|x− y|, åñëè i = j;
1, åñëè i ̸= j.

Â ðàáîòå [2] óñòàíîâëåíî ñóùåñòâîâàíèå òî÷êè x0 ∈ R, òàêîé ÷òî ôóíêöèÿ f 7→ hd(f, x0) íå
ïðèíàäëåæèò âòîðîìó áýðîâñêîìó êëàññó íà ïðîñòðàíñòâå C(X,X).

Òåîðåìà 4. Åñëè X = R, òî äëÿ ëþáîé òî÷êè x0 ∈ X ôóíêöèÿ f 7→ hd(f, x0) íå
ïðèíàäëåæèò âòîðîìó áýðîâñêîìó êëàññó íà ïðîñòðàíñòâå C(X,X).
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57, �10. Ñ. 1005�1013.

Íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè
äëÿ çàäà÷è óïðàâëåíèÿ ïîïóëÿöèåé íà îêðóæíîñòè
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ïîïóëÿöèåé, äèíàìèêà êîòîðîé èìååò
âèä: {

zt = (α(x)zx)x +
(
a(x)− u

)
z − b(x)z2, t ∈ [0, T ], x ∈ [0, τ ],

z(0, x) = v(x),
(1)

ãäå z = z(t, x) � ÷èñëåííîñòü ïîïóëÿöèè â òî÷êå x â ìîìåíò âðåìåíè t. Ôóíêöèÿ
a(x) ∈ C0([0, τ ]) è ïîëîæèòåëüíàÿ ôóíêöèÿ b(x) ∈ C0([0, τ ]) èìåþò ïåðèîä τ . Çäåñü a(x) �
òåìï ïðèðîñòà, à êîýôôèöèåíò b(x) îòâå÷àåò çà íàñûùåíèå ïî ÷èñëåííîñòè ïîïóëÿöèè â òî÷êå
x. Êîýôôèöèåíò äèôôóçèè α(x) ∈ C1([0, τ ]) ïîëîæèòåëüíûé è τ -ïåðèîäè÷íûé. Ôóíêöèÿ
óïðàâëåíèÿ u = u(t, x) îïðåäåëÿåò äîëþ ïîïóëÿöèè, êîòîðàÿ èçûìàåòñÿ â ìîìåíò t â òî÷êå
x. Óïðàâëåíèå ïîïóëÿöèåé ðàññìàòðèâàåòñÿ íà êîíå÷íîì ïðîìåæóòêå âðåìåíè [0, T ], T > 0.
Íà÷àëüíîå ðàñïðåäåëåíèå ïîïóëÿöèè çàäà¼òñÿ ôóíêöèåé v(x) ∈ L2([0, τ ]) è v(x) ⩾ 0 äëÿ
x ∈ [0, τ ]. Ïåðèîäè÷åñêèå ãåòåðîãåííûå ìîäåëè, ïîäîáíûå ðàññìàòðèâàåìîé, èññëåäîâàëèñü
â ðàáîòå [2], à îïòèìèçàöèîííûå çàäà÷è ñ ðàçëè÷íûìè êðèòåðèÿìè êà÷åñòâà äëÿ ýòèõ ñèñòåì
ðàññìàòðèâàëèñü â ðàáîòàõ [1], [3], [4].

Ïîä ìíîæåñòâîì äîïóñòèìûõ óïðàâëåíèé, ïîíèìàåòñÿ ìíîæåñòâî ôóíêöèé
u ∈ L2([0, T ]× [0, τ ]), òàêèõ ÷òî U1 ⩽ u ⩽ U2, ãäå U1, U2 � íåêîòîðûå êîíñòàíòû,
óäîâëåòâîðÿþùèå íåðàâåíñòâàì 0 ⩽ U1 < U2 <∞; äàííîå ìíîæåñòâî îáîçíà÷èì ÷åðåç U .

Ïóñòü (v, u) ∈ L2([0, τ ])×U . Ôóíêöèþ z ∈ L2(0, T ;Hα([0, τ ])), êîòîðàÿ èìååò ïåðèîä τ ïî
ïåðåìåííîé x, áóäåì íàçûâàòü ðåøåíèåì óðàâíåíèÿ (1), åñëè âûïîëíÿþòñÿ

T∫
0

τ∫
0

[
− zφt + α(x)zxφx

]
dxdt =

τ∫
0

v(x)φ(x, 0)dx+

T∫
0

τ∫
0

(
(a(x)− u)z − b(x)z2

)
φdxdt,

∀φ ∈W 1,0
2 ([0, τ ]× [0, T ])∩L2(0, T ;Hα([0, τ ])) : φ

∣∣
t=T

= 0

è ôóíêöèÿ φ èìååò ïåðèîä τ . Çäåñü Hα([0, τ ]) � ãèëüáåðòîâî ïðîñòðàíñòâî ñ íîðìîé

||z||Hα([0,τ ]) =
{
||z||2L2([0,τ ])

+ ||αzx||2L2([0,τ ])

}1/2
.

Êðèòåðèåì êà÷åñòâà â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ ñ äèôôåðåíöèàëüíîé ñâÿçüþ (1)
ÿâëÿåòñÿ ôóíêöèîíàë ñëåäóþùåãî âèäà:

J(u(·)) =
∫ T

0

∫ τ

0
e−rtc(x)u(t, x)z(t, x)dxdt→ max

u∈U
. (2)

Çäåñü r � ïîñòîÿííûé êîýôôèöèåíò äèñêîíòèðîâàíèÿ, r > 0, è c(x) � ôóíêöèÿ öåíû çà
åäèíèöó èçûìàåìîé ïîïóëÿöèè â òî÷êå x, c(x) ∈ C0([0, τ ]).
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Òåîðåìà 1. Ïóñòü u∗ îïòèìàëüíîå óïðàâëåíèå çàäà÷è (1),(2); z∗ � ñîîòâåòñòâóþùåå
åìó ðåøåíèå óðàâíåíèÿ (1) è ψ∗ � âàðèàöèÿ z äëÿ u∗. Òîãäà ñóùåñòâóåò ôóíêöèÿ
λ ∈ C([0, T ];L2(0, τ)) ∩ L2(0, T ;Hα(0, τ)), óäîâëåòâîðÿþùàÿ ñîïðÿæ¼ííîìó óðàâíåíèþ

λt + (α(x)λx)x = −c(x)u∗ + λ(r − a(x) + u∗ + 2b(x)z∗ψ∗)

ñ óñëîâèåì òðàíñâåðñàëüíîñòè
λ(T, x) = 0

è äëÿ ëþáîãî óïðàâëåíèÿ u ∈ U âûïîëíÿåòñÿ íåðàâåíñòâî∫ T

0

∫ τ

0
e−rt(λ− c(x))z∗(u∗ − u)dxdt ⩾ 0.
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Èçó÷àþòñÿ ðåøåíèÿ u(x, t) ⩾ 0, x ∈ R, t ⩾ 0 ñ êîìïàêòíûì íîñèòåëåì [c−, c+] ⊂ R
îäíîìåðíîãî íåëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

u̇ =
(
uux)x + u2 . (1)

Äëÿ ýòèõ ðåøåíèé, êîòîðûå îáëàäàþò îáîñòðåíèåì ðåæèìà (ñì., íàïðèìåð, [1]), ñòðîÿòñÿ
àèñìïòîòè÷åñêèå ñòåïåííûå ðàçëîæåíèÿ

u(x, t) = ∆−1(t)

∞∑
m=0

∆m(t)

∞∑
n=m

εnvm,n(x)

ïî ìàëîìó ïàðàìåòðó ε. Ýòîò ïàðàìåòð ââîäèòñÿ êàê ìåðà îòêëîíåíèÿ íà÷àëüíîé ôóíêöèè
u(x, 0) îò íà÷àëüíîãî çíà÷åíèÿ v0,0(x) àâòîìîäåëüíîãî ðåøåíèÿ óðàâíåíèÿ (1) ñî ñëàáûì
ðàçðûâîì òàê, ÷òî ôóíêöèÿ w(x) ≡ v0,0(x) óäîâëåòâîðÿåò óðàâíåíèþ

aw =
1

2
(w2)′′ + w2
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ñ íåêîòîðîé ïîñòîÿííîé a > 0 è ∆(t) = 1− at. Âûáèðàåòñÿ ñïåöèàëüíîå ÷àñòíîå ðåøåíèå ýòîãî
óðàâíåíèÿ, êîòîðîå óäîâëåòâîðÿåò óðàâíåíèþ

4

3
aw3 − w4 = 2w2w′2 ,

è èìååò âèä

w(x) =
2

3
a cos

[
1 +

√
2

2
(x− x0)

]
.

Îíî ñîñðåäîòî÷åíî íà êîìïàêòíîì íîñèòåëå D = [−π
√
2, π

√
2] + x0.

Ðåøåíèÿ u(x, t) îáðàùàþòñÿ â áåñêîíå÷íîñòü çà êîíå÷íîå âðåìÿ t∗, êîòîðîå íàçûâàåòñÿ
âðåìåíåì îáîñòðåíèÿ, îäíîâðåìåííî âî âñåõ òî÷êàõ íåêîòîðîãî èíòåðâàëà D = [c−, c+] ⊂ R
òàê, ÷òî òàêèå ðåøåíèÿ ñóùåñòâóþò òîëüêî ëèøü íà êîíå÷íîì èíòåðâàëå t ∈ [0, t∗) è
íà êîíå÷íîì èíòåðâàëå äåéñòâèòåëüíîé îñè çíà÷åíèé x. Ïîñòðîåíèå àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ (1) âîçìîæíî âñëåäñòâèå òîãî, ÷òî ñîîòâåòñòâóþùèå åìó ðåøåíèÿ îïðåäåëåíû
òîëüêî â êîìïàêòíîé îáëàñòè ïðîñòðàíñòâà R2 = {⟨x, t⟩}.

Äëÿ ïîñòðîåíèÿ ðàçëîæåíèé (1) ïîëàãàåòñÿ, ÷òî ∆(t) èìååò ïîðÿäîê ε è íà÷àëüíîå
çíà÷åíèå ðåøåíèÿ ïðåäñòàâëÿåòñÿ â âèäå

u(x, 0) =
∞∑
n=0

εnv0,n(x) . (2)

Äëÿ ôóíêöèé v0,n(x)ôîðìóëèðóþòñÿ íåëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå
âòîðîãî ïîðÿäêà. Â ÷àñòíîñòè, ïðè n = 1 òàêîå óðàâíåíèå èìååò âèä

(v0,1w)
′′ + 2v0,1w = 0 .

Äîêàçûâàåòñÿ, ÷òî
Òåîðåìà. Àñèìïòîòè÷åñêîå ðàçëîæåíèå (1) ñóùåñòâóåò.
Ñëåäñòâèåì ñóùåñòâîâàíèÿ ðàçëîæåíèÿ (1) ÿâëÿåòñÿ òî, âðåìÿ îáîñòðåíèÿ t∗ è îáëàñòü

D îáîñòðåíèÿ äëÿ ðåøåíèé u(x, t) òàêæå òàêæå ïðåäñòàâëÿþòñÿ â âèäå ñòåïåííûõ ðàçëîæåíèé

t∗ = t∗0 +
∞∑
m=0

εmt∗m ,

ãäå t∗0 = a−1, è, â ÷àñòíîì ñëó÷àå, êîãäà ðåøåíèå u(x, t) ñèììåòðè÷íî îòíîñèòåëüíî òî÷êè
x = 0, c− = c+ ≡ c∗,

c∗ = c∗0 +

∞∑
m=0

εmc∗m ,

ãäå c∗0 = π
√
2.
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Ðàññìàòðèâàåòñÿ ãðàíè÷íàÿ çàäà÷à

y′′ − qy + λy = 0,

y(0) = y(1) = 0,

ãäå ïîòåíöèàë âûáèðàåòñÿ âíóòðè ñåìåéñòâà

Aγ ⇌

{
q ∈ C[0, 1] : q ⩽ 0,

∫ 1

0
|q|γ dx = 1

}
.

Ñâÿæåì ñ óêàçàííîé çàäà÷åé àïðèîðíóþ ìàæîðàíòó Mγ ⇌ supq∈Aγ
λ0(q) íàèìåíüøåãî

ñîáñòâåííîãî çíà÷åíèÿ. Êàê áûëî óñòàíîâëåíî â [1], [2], [3], [4], ïðè γ ⩾ 1/2 âûïîëíÿåòñÿ
ðàâåíñòâî Mγ = π2, à ïðè γ < 1/3 ñïðàâåäëèâà ñòðîãàÿ îöåíêà Mγ < π2.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå ñïðàâåäëèâîñòè ñòðîãîé îöåíêè
Mγ < π2 òàêæå â ñëó÷àå γ ∈ [1/3, 1/2). Èíà÷å ãîâîðÿ, íàìè óñòàíàâëèâàåòñÿ ñïðàâåäëèâîñòü
ñëåäóþùåãî óòâåðæäåíèÿ:

Òåîðåìà. Ïðè ëþáîì âûáîðå çíà÷åíèÿ γ ∈ (0, 1/2) èìååò ìåñòî ñòðîãàÿ îöåíêà
Mγ < π2.
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Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ íåëîêàëüíîãî óðàâíåíèÿ íåðàçðûâíîñòè

∂tmt +∇ · (f(x,mt)mt) = 0, m0 = m∗,

ãäå P(Rd) � ïðîñòðàíñòâî âåðîÿòíîñòíûõ ìåð, f : Rd × P(Rd) → Rd. Ýòèì óðàâíåíèåì
îïèñûâàåòñÿ ñèñòåìà áåñêîíå÷íîãî ÷èñëà îäíîòèïíûõ ýëåìåíòîâ, ïîä÷èíÿþùèõñÿ óðàâíåíèþ

ẋ = f(x,mt).

Ðåøåíèåì ÿâëÿåòñÿ ìåðîçíà÷íàÿ ôóíêöèÿ, ò.å. ôóíêöèÿ, ñòàâÿùàÿ êàæäîìó ìîìåíòó âðåìåíè
â ñîîòâåòñòâèå âåðîÿòíîñòíóþ ìåðó íàä Rd.

Ãëàâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ìåòîäîâ îïðåäåëåíèÿ óñòîé÷èâîñòè
äèíàìè÷åñêèõ ñèñòåì äëÿ íåëîêàëüíîãî óðàâíåíèÿ íåðàçðûâíîñòè, àíàëîãè÷íûõ ìåòîäàì
Ëÿïóíîâà.

Ñóùåñòâåííûì îãðàíè÷åíèåì ÿâëÿåòñÿ íåëèíåéíîñòü ïðîñòðàíñòâà âåðîÿòíîñòíûõ ìåð.
Ïî ýòîé ïðè÷èíå òðåáóåòñÿ ââåäåíèå ïîíÿòèé, îáîáùàþùèõ ïîíÿòèå äèôôåðåíöèðîâàíèÿ. Äëÿ
áîëüøîãî ÷èñëà èçâåñòíûõ îáîáùåíèé òèïè÷íûé ïðåäñòàâèòåëü ôóíêöèè Ëÿïóíîâà � êâàäðàò
ðàññòîÿíèÿ äî ïîëîæåíèÿ ðàâíîâåñèÿ � ÿâëÿåòñÿ íåäèôôåðåíöèðóåìîé. ×òîáû îáîéòè äàííóþ
ïðîáëåìó, áûëè èñïîëüçîâàíû ìåòîäû íåãëàäêîãî àíàëèçà. Â ÷àñòíîñòè, íàìè áûëî ââåäåíî
ïîíÿòèå áàðèöåíòðè÷åñêîãî ñóïåðäèôôåðåíöèàëà.

Îïðåäåëåíèå 1. Ïóñòü q = p′ = p
p−1 , à ôóíêöèîíàë ϕ : Pp(Rd) → R ïîëóíåïðåðûâåí

ñâåðõó. Òîãäà áàðèöåíòðè÷åñêèì ñóïåðäèôôåðåíöèàëîì ∂+b ϕ(m) ôóíêöèè ϕ â òî÷êå m áóäåì

íàçûâàòü ìíîæåñòâî âñåõ òàêèõ ôóíêöèé γ ∈ Lq(Rd,m;Rd), ÷òî äëÿ ëþáîé ôóíêöèè

b ∈ Lp(Rd,m;Rd) íàéäåòñÿ òàêàÿ ôóíêöèÿ ξ : R → R ñî ñâîéñòâîì ξ(τ) −−−→
τ→0

0, ÷òî äëÿ ëþáîãî

τ > 0 âûïîëíÿåòñÿ ñëåäóþùåå ñîîòíîøåíèå:

ϕ((Id+τb)♯m)− ϕ(m) ≤
∫
Rd

⟨γ(x), τb(x)⟩m(dx) + τξ(τ).

Â ñèëó òîãî, ÷òî ïðîñòðàíñòâî âåðîÿòíîñòíûõ ìåð, íàäåëåííîå ìåòðèêîé Êàíòîðîâè÷à,
ÿâëÿåòñÿ ïîëüñêèì, â íåì ìîæíî åñòåñòâåííûì îáðàçîì ââåñòè ïîíÿòèÿ ïîëîæåíèÿ ðàâíîâåñèÿ
óðàâíåíèÿ íåðàçðûâíîñòè è åãî óñòîé÷èâîñòè.

Êàæäûé èç ìåòîäîâ ïðîèëëþñòðèðîâàí ïðèìåðàìè ñèñòåì, óñòîé÷èâîñòü ïîëîæåíèé
ðàâíîâåñèÿ êîòîðûõ ìîæåò áûòü ïîëó÷åíà ñ èõ ïîìîùüþ.

Òåîðåìà 2. Ïóñòü m̂ ∈ Pp(Rd) � ïîëîæåíèå ðàâíîâåñèÿ óðàâíåíèÿ, ôóíêöèÿ
f : Rd × Pp(Rd) ëèïøèöåâà, à òàêæå ñóùåñòâóåò òàêàÿ íåîòðèöàòåëüíàÿ ëèïøèöåâàÿ íà
ëþáîì îãðàíè÷åííîì ìíîæåñòâå ôóíêöèÿ ϕ : Pp(Rd) → R, ÷òî äëÿ íåêîòîðîãî R > 0 ôóíêöèÿ
ϕ ñóïåðäèôôåðåíöèðóåìà â øàðå BR(m̂), îáðàùàåòñÿ â 0 òîëüêî â òî÷êå m̂ è âûïîëíåíî
ñëåäóþùàÿ îöåíêà:

sup
µ∈BR(m̂)

inf
γ∈∂+b ϕ(µ)

∫
Rd

⟨γ(x), f(x, µ)⟩ µ(dx) ≤ 0.

Òîãäà ïîëîæåíèå ðàâíîâåñèÿ m̂ óñòîé÷èâî.

36Ðàáîòà âûïîëíåíà â ðàìêàõ èññëåäîâàíèé, ïðîâîäèìûõ â Óðàëüñêîì ìàòåìàòè÷åñêîì öåíòðå ïðè
ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (íîìåð ñîãëàøåíèÿ
075-02-2023-913).
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Äàííûé ìåòîä ïîçâîëÿåò îïðåäåëÿòü óñòîé÷èâîñòü ïîëîæåíèé ðàâíîâåñèÿ äëÿ ñèñòåì,
ïîðîæäåííûõ ãðàäèåíòíûì ïîòîêîì, èìåþùèì ñòàöèîíàðíóþ òî÷êó.

Òåîðåìà 3. Ïóñòü f(x,m) = Ax +

∫
Rd

By m(dy), à m̂ ∈ P2(Rd) àáñîëþòíî-

íåïðåðûâíà îòíîñèòåëüíî ìåðû Ëåáåãà. Ïóñòü òàêæå äëÿ êàæäîé íåíóëåâîé ôóíêöèè
ξ èç çàìûêàíèÿ â ïðîñòðàíñòâå L2(Rd, m̂;Rd) ìíîæåñòâà ãðàäèåíòîâ áåñêîíå÷íî-
äèôôåðåíöèðóåìûõ ôóíêöèîíàëîâ íàä Rd ñ êîìïàêòíûì íîñèòåëåì âûïîëíåíî ñîîòíîøåíèå∫

Rd

ξ(x̂)⊤ ·A · ξ(x̂) m̂(dx̂) +

∫
Rd

ξ(x̂)⊤ m̂(dx̂) ·B ·
∫
Rd

ξ(x̂) m̂(dx̂) < 0.

Òîãäà ïîëîæåíèå ðàâíîâåñèÿ m̂ ÿâëÿåòñÿ óñòîé÷èâûì.
Äàííûé ìåòîä ïîçâîëÿåò îïðåäåëÿòü óñòîé÷èâîñòü ìåðû Ãèááñà äëÿ âîçìóùåííîé

ãàìèëüòîíîâîé ñèñòåìû ìàòåìàòè÷åñêèõ ìàÿòíèêîâ.

Óðàâíåíèå Ìàðêîâà íàä ïîëåì âû÷åòîâ ïî ïðîñòîìó ìîäóëþ

Âüþãèí È.Â. (Ðîññèÿ, Ìîñêâà)
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Óðàâíåíèåì Ìàðêîâà íàçûâàåòñÿ äèîôàíòîâî óðàâíåíèå

x2 + y2 + z2 = 3xyz, (x, y, z) ∈ Z3.

ÌíîæåñòâîìM òðîåê Ìàðêîâà (x, y, z) ∈ Z3 íàçûâàåòñÿ ìíîæåñòâî åãî öåëûõ ðåøåíèé. Ëåãêî
ïðîâåðÿåòñÿ, ÷òî ïðåîáðàçîâàíèå

R1 : (x, y, z) 7→ (3yz − x, y, z)

è àíàëîãè÷íî îïðåäåëåííûå ïðåîáðàçîâàíèÿ R2, R3 (âñå îíè ÿâëÿþòñÿ èíâîëþöèÿìè)
ïåðåâîäÿò îäíó òðîéêó Ìàðêîâà â äðóãóþ. Òàêæå î÷åâèäíî, ÷òî òî æå ñàìîå ïðîèñõîäèò è
ñ ïåðåñòàíîâêàìè Π ∈ S3 êîìïîíåíò (x, y, z).

Ñ ïîìîùüþ êëàññè÷åñêîãî ðåçóëüòàòà Ìàðêîâà [1] âñå öåëî÷èñëåííûå ðåøåíèÿ ïîëó÷àþò-
ñÿ èç ðåøåíèÿ (1, 1, 1) ïðèìåíåíèåì óêàçàííûõ âûøå ïðåîáðàçîâàíèé. Åñëè îïðåäåëèòü ãðàô íà
òðîéêàõ Ìàðêîâà, ãäå, íà÷èíàÿ ñ �êîðíÿ� (1, 1, 1), ð¼áðà (x1, y1, z1) → (x2, y2, z2) ðåãóëèðóþòñÿ
(x2, y2, z2) = T (x1, y1, z1), ãäå

T = {R1,R2,R3} ∪ S3, (1)

òî ýòîò ãðàô ñâÿçåí. Ãðàô íàòóðàëüíûõ ðåøåíèé ÿâëÿåòñÿ äåðåâîì.
Áàðàãàð, Áóðãåéí, Ãàìáóðä è Ñàðíàê ïðåäïîëîæèëè, ÷òî ñâîéñòâî ñâÿçíîñòè ñîõðàíÿåòñÿ

ïî ìîäóëþ âñåõ äîñòàòî÷íî áîëüøèõ ïðîñòûõ ÷èñåë è ìíîæåñòâî íåíóëåâûõ ðåøåíèé
Mp óðàâíåíèÿ Ìàðêîâà ïî ìîäóëþ p ìîæíî ïîëó÷èòü èç ìíîæåñòâà òðîåê Ìàðêîâà M,
ðåäóöèðîâàâ èõ ïî ìîäóëþ p. Ýòà ãèïîòåçà îçíà÷àåò, ÷òî ãðàô Xp, àññîöèèðîâàííûé ñ
ïðåîáðàçîâàíèåì, îñòàåòñÿ ñâÿçíûì.

Ñîîòâåòñòâåííî, åñëè ìû îïðåäåëèì Cp ⊆ Mp � ìíîæåñòâî òðîåê â íàèáîëüøåé
êîìïîíåíòå ñâÿçíîñòè, ïðèâåäåííîãî âûøå ãðàôà Xp. Òî â ðàáîòå [3] ïîëó÷ííà îöåíêà.

Òåîðåìà 1. Èìååò ìåñòî ñëåäóþùàÿ îöåíêà

#(Mp \ Cp) ⩽ exp
(
(log p)1/2+o(1)

)
, p→ ∞.

Ìû òàêæå ïîëó÷àåì íèæíèå îöåíêè ðàçìåðîâ îòäåëüíûõ êîìïîíåíò ãðàôà Xp â ñëó÷àå,
åñëè îíè ñóùåñòâóþò.

Òåîðåìà 2. Ðàçìåð ëþáîé êîìïîíåíòû ñâÿçíîñòè Xp íå ìåíåå c(log p)7/9, ãäå c > 0 �
àáñîëþòíàÿ êîíñòàíòà.
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Îöåíêè òåîðåì 1 è 2 ÿâëÿþòñÿ óëó÷øåíèÿìè îöåíîê, ïîëó÷åííûõ â ðàáîòàõ Áóðãåéíà,
Ãàìáóðäà è Ñàðíàêà [2].

Êðîìå ýòèõ ðåçóëüòàòîâ ìû ïëàíèðóåì ïðåäñòàâèòü íîâûå îöåíêè äëÿ ÷èñëà ýëåìåíòîâ
ðåêóððåíòíûõ ïîñëåäîâàòåëüíîñòåé ïî ïðîñòîìó ìîäóëþ p. Â òîì ÷èñëå äëÿ ÷èñåë Ôèáîíà÷÷è,
âçÿòûõ ïî ïðîñòîìó ìîäóëþ. Ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè àêòèâíî èñïîëüçóþòñÿ ïðè
ïîëó÷åíèè îöåíîê òåîðåì 1 è 2.
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Ðîëü èíâàðèàíòîâ â òåîðèè ñòðóé âÿçêîé æèäêîñòè
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Ðàññìàòðèâàåòñÿ íåñêîëüêî çàäà÷ òåîðèè ñòðóé âÿçêîé æèäêîñòè, â êîòîðûõ çíàíèå
èíâàðèàíòîâ îïðåäåëÿþùèõ óðàâíåíèé èãðàåò çíà÷èòåëüíóþ ðîëü.

Õîðîøî èçâåñòíà çàäà÷à îá îñåñèììåòðè÷íîé ñòðóå, âûòåêàþùåé èç òî÷å÷íîãî èñòî÷íèêà
[1] - [3]. Õàðàêòåðèñòèêè òàêîé ñòðóè îïðåäåëÿþòñÿ åäèíñòâåííûì èíâàðèàíòîì - èìïóëüñîì.
Â âûõîäíîì ñå÷åíèè ñòðóè ñêîðîñòü ïðèíèìàåò áåñêîíå÷íîå çíà÷åíèå, à ðàñõîä æèäêîñòè -
íóëåâîå çíà÷åíèå. Ðåàëüíûå ñòðóè âûòåêàþò èç ñîïëà êîíå÷íîãî ðàçìåðà ñ êîíå÷íîé ñêîðîñòüþ,
ò.å. èìååòñÿ íåíóëåâîé ðàñõîä æèäêîñòè ÷åðåç âûõîäíîå ñå÷åíèå ñòðóè. Âïåðâûå êîððåêòíîå
ðåøåíèå â äàëüíåì ïîëå ñòðóè ñ ðàñõîäîì ÷åðåç íà÷àëüíîå ñå÷åíèå áûëî ïîñòðîåíî â ðàáîòå
[4]. Â ýòî ðåøåíèå âîøëè äâå íåèçâåñòíûå êîíñòàíòû. Îäíó èç íèõ îïðåäåëÿë èìïóëüñ ñòðóè,
à âòîðóþ óäàëîñü îïðåäåëèòü â [5], èñïîëüçóÿ íåäàâíî ïîëó÷åííûé èíâàðèàíò [6].

Åñëè îñåñèììåòðè÷íàÿ ñòðóÿ èìååò çàêðóòêó, òî óðàâíåíèÿ äâèæåíèÿ äîïóñêàþò
âîçìîæíîñòü ñóùåñòâîâàíèÿ äâóõ òèïîâ ñòðóé. Â [4] ïîñòðîåíî ðåøåíèå äëÿ ñòðóè, ó êîòîðîé
ñîõðàíÿþòñÿ èìïóëüñ è ìîìåíò êîëè÷åñòâà äâèæåíèÿ, à â [7] ïîñòðîåíî ðåøåíèå äëÿ ñòðóè,
ó êîòîðîé ñîõðàíÿåòñÿ èìïóëüñ è öèðêóëÿöèÿ îêðóæíîé ñêîðîñòè ïî âíåøíåé ãðàíèöå ñòðóè.
Ïîÿâèëñÿ âîïðîñ: ñòðóÿ êàêîãî òèïà ðåàëèçóåòñÿ íà ïðàêòèêå? Ïîëó÷åííûé â [8] ñêðûòûé
èíâàðèàíò óêàçûâàë íà òî, ÷òî â äàëüíåì ïîëå ëþáàÿ çàêðó÷åííàÿ ñòðóÿ äîëæíà âûõîäèòü íà
ñòðóþ [7]. Â [9], [10] óêàçàíî íà îøèáêó [8] ïðè âû÷èñëåíèè ñêðûòîãî èíâàðèàíòà, ïîñëå ÷åãî
ñòàëî ÿñíî, ÷òî äîëæíà ðåàëèçîâûâàòüñÿ ñòðóÿ [4].

Íàëè÷èå èíâàðèàíòà â çàäà÷å î ïëîñêîé ïðèñòåííîé ñòðóå ïîçâîëèëî ïîñòðîèòü
àâòîìîäåëüíîå ðåøåíèå ñ èçâåñòíûì ïàðàìåòðîì àâòîìîäåëüíîñòè [11]. Äëÿ òðåõìåðíîé
ïðèñòåííîé ñòðóè àíàëîãè÷íîãî èíâàðèàíòà ïîëó÷èòü íå óäàëîñü. Ïîýòîìó ñòðîèòñÿ ÷èñëåííîå
ðåøåíèå çàäà÷è, èç êîòîðîãî áûë îïðåäåëåí ïàðàìåòð àâòîìîäåëüíîñòè è óíèâåðñàëüíûå
ïðîôèëè ñêîðîñòè. Îïðåäåëåíà òàêæå òîïîëîãèÿ òå÷åíèÿ.
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Ïðåäèñëîâèå. Äîêëàä ïîñâÿù¼í èçëîæåíèþ ðåçóëüòàòîâ ðàáîòû, âûïîëíåííîé àâòîðîì
ñîâìåñòíî ñ Ñ.Þ. Ãàëêèíîé, È.Ä. Ðåìèçîâûì, À.Â. Âåäåíèíûì, Ê.À. Äðàãóíîâîé,
À.Ò. Èâàíîâîé, Ä.À. Ìèíååâûì è Ï.Þ. Ïàíòåëååâîé. Îñíîâíûì îáúåêòîì èññëåäîâàíèÿ
ÿâëÿþòñÿ ëèíåéíûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ
ïåðåìåííûìè êîýôôèöèåíòàìè, èìåþùèå âèä

a(x)f ′′(x) + b(x)f ′(x) +
(
c(x)− λ

)
f(x) = −g(x), x ∈ R, (1)

ãäå λ ∈ R, à ôóíêöèè a, b, c è g ïðèíàäëåæàò êëàññó UCb(R) âñåõ âåùåñòâåííîçíà÷íûõ
ðàâíîìåðíî íåïðåðûâíûõ îãðàíè÷åííûõ ôóíêöèé íà R. Íàñ èíòåðåñóþò ðåøåíèÿ f
óðàâíåíèÿ (1), ëåæàùèå â êëàññå UC2

b (R) = {h ∈ UCb(R) | h′, h′′ ∈ UCb(R)}.

Òåîðåòè÷åñêèå îñíîâû. Â ðàáîòå Èâàíà Ðåìèçîâà [1] (ñì. â íåé òåîðåìó 6) áûëî
äîêàçàíî, ÷òî åñëè S(t) � ôóíêöèÿ ×åðíîâà äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà

A : f(x) 7→ (Af)(x) = a(x)f ′′(x) + b(x)f ′(x) +
(
c(x)− λ

)
f(x), x ∈ R

íà ïðîñòðàíñòâå UCb(R) ñ îáëàñòüþ îïðåäåëåíèÿ UC2
b (R), òî ïðè îïðåäåëåííûõ óñëîâèÿõ,

íàëîæåííûõ íà S(t), íà ÷èñëî λ è íà êîýôôèöèåíòíûå ôóíêöèè a, b, c, åäèíñòâåííîå
îãðàíè÷åííîå ðåøåíèÿ óðàâíåíèÿ (1) ìîæíî ïðåäñòàâèòü â âèäå ðàâíîìåðíîãî ïðåäåëà
÷åðíîâñêèõ àïïðîêñèìàöèé:

f(x) = lim
n→∞

fn(x) = lim
n→∞

∫ +∞

0
e−λt

([
S(t/n)

]n
g
)
(x) dt, x ∈ R. (2)

Áîëåå òîãî, â òåîðåìå 6 ðàáîòû [1] áûëî ïîëó÷åíà îöåíêà íà ñêîðîñòü ñõîäèìîñòè ýòèõ
àïïðîêñèìàöèé.

×èñëåííûå ýêñïåðèìåíòû. Äëÿ èçó÷åíèÿ çàâèñèìîñòè ñêîðîñòè ñõîäèìîñòè â (2) îò
ôóíêöèé ×åðíîâà è îò ãëàäêîñòè êîýôôèöèåíòíûõ ôóíêöèé a, b, c, g íàìè áûë ïðîâåä¼í ðÿä

37Èññëåäîâàíèå îñóùåñòâëåíî â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé ÍÈÓ ÂØÝ.
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÷èñëåííûõ ýêñïåðèìåíòîâ. Â íèõ èñïîëüçîâàëèñü ñëåäóþùèå äâå ôóíêöèè ×åðíîâà S6(t) è
S8(t), íàéäåííûå, ñîîòâåòñòâåííî, Àëåêñàíäðîì Âåäåíèíûì è Èâàíîì Ðåìèçîâûì:(

S6(t)f
)
(x) =

1

2

(
1 + t · c(x)

)
·
(
f
(
x+

√
2t · a(x) + 2t · b(x)

)
+ f

(
x−

√
2t · a(x)

))
;

(
S8(t)f

)
(x) =

1

4

(
f
(
x+

√
2t · a(x)

)
+ f

(
x−

√
2t · a(x)

))
+

1

2
f
(
x+ 2t · b(x)

)
+ t · c(x)f(x).

Äëÿ ýòèõ ôóíêöèé ×åðíîâà è äëÿ íåñêîëüêèõ êîíêðåòíûõ íàáîðîâ ïåðåìåííûõ êîýôôèöè-
åíòîâ a(x), b(x), c(x), g(x) â õîäå ÷èñëåííûõ ýêñïåðèìåíòîâ áûä îïðåäåëåí ïîêàçàòåëü p äëÿ
ñêîðîñòè C/np ñõîäèìîñòè ê íóëþ ïîãðåøíîñòè

∆n = sup
x∈R

|fn(x)− f(x)|

÷åðíîâñêèõ àïïðîêñèìàöèé fn(x) ê ðåøåíèþ f(x) óðàâíåíèÿ (1).

Ñõåìó íàøèõ ÷èñëåííûõ ýêñïåðèìåíòîâ ìîæíî îïèñàòü ñëåäóþùèì îáðàçîì:
1) Çàäàåì êîýôôèöèåíòû a(x), b(x), c(x) óðàâíåíèÿ (1) èç êëàññà UCb(R), à òàêæå ÷èñëî

λ > supx∈R |c(x)|.
2) Çàäà¼ì ïðåäïîëàãàåìîå ðåøåíèå f(x) óðàâíåíèÿ (1) èç êëàññà UC2

b (R).
3) Âû÷èñëÿåì ïðàâóþ ÷àñòü óðàâíåíèÿ (1) ïî ôîðìóëå

g(x) = −
(
a(x)f ′′(x) + b(x)f ′(x) +

(
c(x)− λ

)
f(x)

)
, x ∈ R.

4) Âûáèðàåì ïîäõîäÿùèå ôóíêöèè ×åðíîâà.
5) Ðåøàåì ïîëó÷åííîå îáûêíîâåííîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ïîìîùüþ

ìåòîäîâ ÷åðíîâñêèõ àïïðîêñèìàöèé è ñ ïîìîùüþ ñåòî÷íûõ ìåòîäîâ Ðóíãå-Êóòòà 4-ãî è
8-ãî ïîðÿäêîâ.

6) Ñðàâíèâàåì ïîëó÷åííûå ðåçóëüòàòû ïî ïîãðåøíîñòè, à òàêæå ïî âðåìåííûì çàòðàòàì íà
âû÷èñëåíèÿ.
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Ôóíêöèè ×åðíîâà âûñîêèõ ïîðÿäêîâ äëÿ C0-ïîëóãðóïïû,
ñãåíåðèðîâàííîé îïåðàòîðîì âòîðîé ïðîèçâîäíîé38
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Äîêëàä ïîñâÿù¼í èçëîæåíèþ ðåçóëüòàòîâ ðàáîòû, âûïîëíåííîé àâòîðîì ñîâìåñòíî ñ
Î.Å. Ãàëêèíûì. Åñëè (X, ∥ · ∥) � áàíàõîâî ïðîñòðàíñòâî, òî ÷åðåç L(X) áóäåì îáîçíà÷àòü
ìíîæåñòâî âñåõ îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ íà X.

Â 1968 ãîäó Ïîëü ×åðíîâ â [1] äîêàçàë ñëåäóþùóþ òåîðåìó:
Òåîðåìà 1 (×åðíîâ; 1968). Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, F (t) � ñèëüíî

íåïðåðûâíàÿ ôóíêöèÿ èç [0,∞) â ïîäìíîæåñòâî ñæèìàþùèõ îïåðàòîðîâ èç L(X), ïðè÷åì
F (0) = I. Ïóñòü çàìûêàíèå A ñèëüíîé ïðîèçâîäíîé F ′(0) ÿâëÿåòñÿ ãåíåðàòîðîì ñæèìàþùåé
C0-ïîëóãðóïïû

(
etA
)
t⩾0

. Òîãäà [F (t/n)]n ñõîäèòñÿ ê etA â ñèëüíîé îïåðàòîðíîé òîïîëîãèè.

Çàìåòèì, ÷òî ýòà òåîðåìà íå ñîäåðæèò îöåíêè ñêîðîñòè ñõîäèìîñòè. Â 2022 ãîäó â [2]
(ñì. òàêæå [3]) áûëà îïóáëèêîâàíà òåîðåìà, êîòîðàÿ äàåò òàêóþ îöåíêó:
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Òåîðåìà 2 (Ãàëêèí, Ðåìèçîâ; 2021). Ïóñòü C0-ïîëóãðóïïà (etA)t⩾0 ñ ãåíåðàòîðîì
(A,D(A)) â áàíàõîâîì ïðîñòðàíñòâå X äëÿ íåêîòîðûõ M1 ≥ 1 è w ∈ R óäîâëåòâîðÿåò óñëî-
âèþ ∥etA∥ ⩽M1e

wt äëÿ âñåõ t ⩾ 0. Ïóñòü, êðîìå òîãî, äëÿ îòîáðàæåíèÿ F : [0,+∞) → L(X)
ïðè íåêîòîðûõ m ∈ N, T > 0 è ëþáûõ ýëåìåíòîâ x ∈ D(Am+1) ⊂ X, t ∈ (0, T ] âåðíî
íåðàâåíñòâî ∥∥∥F (t)x−

m∑
k=0

tk

k!
Akx

∥∥∥ ⩽ Cm(t)
tm+1

(m+ 1)!
∥Am+1x∥,

ãäå Cm(t) > 0 ïðè êàæäîì t ∈ (0, T ]. Ïðåäïîëîæèì òàêæå, ÷òî ∥F (t)k∥ ≤ M2e
kwt ïðè

íåêîòîðîì M2 ≥ 1 äëÿ âñåõ t ∈ [0, T ] è íàòóðàëüíûõ k. Òîãäà äëÿ ëþáûõ x ∈ D(Am+1),
t ∈ (0, T ] è íàòóðàëüíûõ n áóäåò âûïîëíÿòüñÿ îöåíêà∥∥∥[F( t

n

)]n
x− etAx

∥∥∥ ≤
(
Cm

( t
n

)
+M1e

|w|t
n

)M1M2t
m+1ewt

nm(m+ 1)!
∥Am+1x∥.

Îïðåëåëåíèå 1. Îòîáðàæåíèå F : (0, T ] ∈ L(X) íàçûâàåòñÿ ôóíêöèåé ×åðíîâà ïîðÿäêà
m äëÿ îïåðàòîðà A, åñëè îíî óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.

Ïóñòü UCb(R) - áàíàõîâî ïðîñòðàíñòâî âñåõ ðàâíîìåðíî íåïðåðûâíûõ îãðàíè÷åííûõ
ôóíêöèé f : R → R ñ íîðìîé ∥f∥ = supx∈R |f(x)|, è îïåðàòîð L = [f 7→ f ′′] èìååò îáëàñòü
îïðåäåëåíèÿ D(L) = {f ∈ UCb(R) | f ′′ ∈ UCb(R)}. Ôóíêöèþ ×åðíîâà Sm ëþáîãî ïîðÿäêà
m ∈ N äëÿ îïåðàòîðà L ìîæíî ïîñòðîèòü íà îñíîâå ïðîñòðàíñòâåííûõ ñäâèãîâ. Â ýòîì
íàïðàâëåíèè èçâåñòíî, â ÷àñòíîñòè, ñëåäóþùåå:
à) â 2016 ãîäó Èâàí Ðåìèçîâ [4] íàøåë ñëåäóþùóþ ôóíêöèþ ×åðíîâà ïîðÿäêà 1:

[S1(t)f ](x) =
1

2
f(x) +

1

4
f(x+ 2

√
t) +

1

4
f(x− 2

√
t) = f(x) + tf ′′(x) + o(t).

á) â 2019 ãîäó Àëåêñàíäð Âåäåíèí ïîñòðîèë ôóíêöèþ ×åðíîâà óæå ïîðÿäêà 2:

[S2(t)f ](x) =
2

3
f(x) +

1

6
f(x+

√
6t) +

1

6
f(x−

√
6t) = f(x) + tf ′′(x) +

t2

2
f IV (x) + o(t2).

Â îáùåì ñëó÷àå, âåðíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 3. Äëÿ ëþáîãî íàòóðàëüíîãî m ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ ×åðíîâà

Sm ïîðÿäêà m äëÿ îïåðàòîðà A = [f 7→ f ′′], èìåþùàÿ âèä

[Sm(t)f ](x) =
m+1∑
i=1

ai · F (x+ bit
si).

Ïðè ýòîì: (1) s1 = . . . = sm+1 = 1/2; (2) ÷èñëà b1/2, . . . , bm+1/2 ÿâëÿþòñÿ ðàçëè÷íûìè
êîðíÿìè îðòîãîíàëüíûõ ìíîãî÷ëåíà ×åáûøåâà�Ýðìèòà ñòåïåíè m+ 1;
(3) ÷èñëà a1, . . . , am+1 ÿâëÿþòñÿ êîýôôèöèåíòàìè Êðèñòîôôåëÿ, ñîîòâåòñòâóþùèìè
êâàäðàòóðíûì óçëàì b1, . . . , bm+1 è ìîãóò áûòü âû÷èñëåíû ïî ôîðìóëàì

ai =
2m+2(M + 1)!

√
π

(H ′
m+1(bi))

2
, i = 1, . . . ,m+ 1.
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Ðàññìàòðèâàþòñÿ q-ðàçíîñòíûå óðàâíåíèÿ [1] � ôóíêöèîíàëüíûå óðàâíåíèÿ, êîòîðûå
ñâÿçûâàþò çíà÷åíèå ôóíêöèè â òî÷êàõ z è qkz, k = 1, 2, . . . , n äëÿ íåêîòîðîãî ôèêñèðîâàííîãî
÷èñëà q ∈ C \ {0, 1}. Äàëåå òàêæå ïðåäïîëàãàåì, ÷òî qn ̸= 1 ∀n ∈ N.

Ìû èññëåäóåì âîçìîæíîñòü íàõîæäåíèÿ ðåøåíèé àëãåáðàè÷åñêèõ q-ðàçíîñòíûõ
óðàâíåíèé, à òàêæå òàêèõ, ê êîòîðûì ìîãóò áûòü ñâåäåíû íåêîòîðûå àëãåáðàè÷åñêèå q-
ðàçíîñòíûå óðàâíåíèÿ, â êëàññå ôîðìàëüíûõ ðÿäîâ Äþëàêà [2], ïðèâîäèì äîñòàòî÷íûå óñëîâèÿ
íàëè÷èÿ òàêèõ ðàçëîæåíèé (ðàñøèðèâ ðàññìàòðèâàåìûé êëàññ óðàâíåíèé). Ïðèâåäåíû
ïðèìåðû íàõîæäåíèÿ ðåøåíèé â âèäå ôîðìàëüíûõ ðÿäîâ Äþëàêà â îïðåäåëåííûõ ñëó÷àÿõ,
à òàêæå îöåíêè íà ñòåïåíè êîýôôèöèåíòîâ ðàçëîæåíèé â âèäå ðÿäà Äþëàêà ÷åðåç ñòåïåíè
êîýôôèöèåíòîâ íà÷àëüíîãî îòðåçêà ðàçëîæåíèÿ.

Â ÷àñòíîñòè, äîêàçàíà ñëåäóþùàÿ
Òåîðåìà 1. Óðàâíåíèå

L(σ)y = zM(z, logq z, y, σy, . . . , σ
ny),

ãäå (σy)(z) = y(qz), L(σ) =
∑n

j=0 ajσ
j � ìíîãî÷ëåí îò îïåðàòîðà σ, L ̸≡ 0,

M ∈ C[z, logq z, y, . . . , yn] � ìíîãî÷ëåí îò n + 3 ïåðåìåííûõ, îáëàäàåò N -ïàðàìåòðè÷åñêèì
ôîðìàëüíûì ðåøåíèåì â âèäå ðÿäà Äþëàêà, ãäå N � êîëè÷åñòâî êîðíåé ìíîãî÷ëåíà L(s),
êîòîðûå èìåþò âèä qn, n ∈ N ∪ {0}, ñ ó÷¼òîì èõ êðàòíîñòè.
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Î ðåøåíèè áèãàðìîíè÷åñêîãî óðàâíåíèÿ
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ñ èñïîëüçîâàíèåì ïîëèíîìèàëüíîé àïïðîêñèìàöèè39
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Ïðåäñòàâëåííàÿ ðàáîòà ïîñâÿùåíà ðåøåíèþ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â çàäà÷å
îá èçãèáå òîíêîé îðòîòðîïíîé ïëàñòèíû, êîòîðàÿ íàõîäèòñÿ ïîä âîçäåéñòâèåì ïîïåðå÷íîé
íàãðóçêè, íîðìàëüíî ðàñïðåäåëåííîé ïî åå ïîâåðõíîñòè. Ïðåäïîëàãàåòñÿ, ÷òî ìàòåðèàë
ïëàñòèíû â îòíîøåíèè ñâîèõ óïðóãèõ ñâîéñòâ îáëàäàåò òðåìÿ ïëîñêîñòÿìè ñèììåòðèè [1].
Ôóíêöèÿ, àïïðîêñèìèðóþùàÿ ðåøåíèå ýòîãî óðàâíåíèÿ, ïðåäñòàâëåíà â âèäå ðàçëîæåíèÿ
â äâîéíûå ðÿäû ïî ñèñòåìàì îðòîãîíàëüíûõ ìíîãî÷ëåíîâ Ëåæàíäðà è ×åáûøåâà ïåðâîãî

39Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà 24-21-00381.
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ðîäà. Êîíå÷íûå ñóììû ðÿäîâ çàïèñàíû â ìàòðè÷íîì âèäå íà îñíîâå îïðåäåëåíèÿ òåíçîðíîãî
ïðîèçâåäåíèÿ ìàòðèö. Ñ èñïîëüçîâàíèåì êîðíåé ìíîãî÷ëåíîâ â êà÷åñòâå òî÷åê êîëëîêàöèé,
ãðàíè÷íûõ óñëîâèé íà êðàÿõ ïëàñòèíû è ñâîéñòâ ìíîãî÷ëåíîâ Ëåæàíäðà [2] è ×åáûøåâà [2], [3],
êðàåâàÿ çàäà÷à ñâåäåíà ê ðåøåíèþ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
íåèçâåñòíûõ êîýôôèöèåíòîâ â ðàçëîæåíèè ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ. Ïðåäñòàâëåíû
ðåçóëüòàòû âû÷èñëåíèÿ çíà÷åíèé ôóíêöèè èçãèáà ñðåäèííîé ïîâåðõíîñòè ïðè ðàñïðåäåëåííîé
íàãðóçêè ïîñòîÿííîé èíòåíñèâíîñòè, íàãðóçêè âèäà, äîïóñêàþùåãî àíàëèòè÷åñêîå ðåøåíèå
êðàåâîé çàäà÷è, è ñ èíòåíñèâíîñòüþ, ñîîòâåòñòâóþùåé ãèäðîñòàòè÷åñêîìó äàâëåíèþ.
Ïîëó÷åííûå çíà÷åíèÿ îòêëîíåíèé ïîñòðîåííûõ ðåøåíèé ñ èñïîëüçîâàíèåì ìíîãî÷ëåíîâ
Ëåæàíäðà è ×åáûøåâà îò àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è ïðèâåäåíû ïî áåñêîíå÷íîé
íîðìå [4] è êîíå÷íîé íîðìå â ïðîñòðàíñòâå èíòåãðèðóåìûõ ñ êâàäðàòîì ôóíêöèé [4],
[5]. Äëÿ äèñêðåòèçàöèè èíòåãðàëüíîé íîðìû èñïîëüçîâàíî ðàçëîæåíèå ôóíêöèè êâàäðàòà
ýòîãî îòêëîíåíèÿ äëÿ êàæäîãî ïîëó÷åííîãî ðåøåíèÿ â ðÿä ×åáûøåâà, à êîýôôèöèåíòû
â ýòîì ðàçëîæåíèè íàéäåíû ñ èñïîëüçîâàíèåì çíà÷åíèé ôóíêöèè èçãèáà, âû÷èñëåííûå â
êîðíÿõ ìíîãî÷ëåíîâ ×åáûøåâà. Âåðèôèêàöèÿ ïîëó÷åííûõ çíà÷åíèé èíòåãðàëüíîé íîðìû
îñóùåñòâëåíà ñ èñïîëüçîâàíèåì àëãîðèòìà èç [6] â ñèñòåìå êîìïüþòåðíîé àëãåáðû Maple.

Ëèòåðàòóðà

[1] Timoshenko S. P., Woinowsky-Krieger S. Theory of plates and shells. New York: McGraw-Hill, 1959.

[2] Shen J., Tang T., Wang L. Spectral Methods. Berlin: Springer Berlin Heidelberg, 2011.

[3] Mason J., Handscomb D. Chebyshev polynomials. Florida: CRC Press, 2003.

[4] Kosov E., Temlyakov V. Sampling discretization of the uniform norm and applications // J. Math.
Anal. Appl. 2024. no 128431.

[5] Íîâèêîâ Ñ.È. Îá îäíîé çàäà÷å èíòåðïîëÿöèè ñ ìèíèìàëüíûì çíà÷åíèåì L2-íîðìû îïåðàòîðà
Ëàïëàñà // Òð. ÈÌÌ ÓðÎ ÐÀÍ. 2022. Ò. 28. � 4. Ñ. 143�153.

[6] Berntsen J., Espelid T.O., Genz A. Algorithm 698: DCUHRE: an adaptive multi-demensional
integration routine for a vector of integrals // ACM Trans. Math. Softw. 1991. V. 17, no 4. P. 452-456.

Îá àíòàãîíèñòè÷åñêèõ èãðàõ
äëÿ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà40

Ãîìîþíîâ Ì.È. (Ðîññèÿ, Åêàòåðèíáóðã)
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èì. Í.Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ

m.i.gomoyunov@gmail.com

Â òåîðèè àíòàãîíèñòè÷åñêèõ èãð äëÿ äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ îáûêíîâåí-
íûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, âàæíîå ìåñòî çàíèìàþò ñëåäóþùèå äâà âîïðîñà
(ñì., íàïðèìåð, [1], [2], [3], [4]): äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ öåíû èãðû, òî åñòü ñîâïàäåíèÿ
íèæíåé è âåðõíåé öåí, êîòîðûå îáû÷íî îïðåäåëÿþòñÿ â òåðìèíàõ íåóïðåæäàþùèõ ñòðàòåãèé
óïðàâëåíèÿ èãðîêîâ; ðàçðàáîòêà ìåòîäîâ ïîñòðîåíèÿ îïòèìàëüíûõ ñòðàòåãèé óïðàâëåíèÿ ïî
ïðèíöèïó îáðàòíîé ñâÿçè, êîòîðûå ïîçâîëèëè áû èãðîêàì ãàðàíòèðîâàòü âåëè÷èíó öåíû
èãðû ñ ëþáîé íàïåðåä çàäàííîé òî÷íîñòüþ. Â ëèòåðàòóðå èçâåñòíû íåñêîëüêî ïîäõîäîâ ê
èññëåäîâàíèþ ýòèõ âîïðîñîâ. Ñðåäè ïðî÷èõ, õîðîøî çàðåêîìåíäîâàë ñåáÿ ïîäõîä, îñíîâàííûé
íà ïðèíöèïå äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ è îïèðàþùèéñÿ íà ðåçóëüòàòû èç òåîðèè
óðàâíåíèé Ãàìèëüòîíà�ßêîáè è èõ îáîáùåííûõ ðåøåíèé (íàïðèìåð, â ìèíèìàêñíîì [2] èëè
âÿçêîñòíîì [5] ñìûñëå).

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ðàçâèòèþ äàííîãî ïîäõîäà ñ öåëüþ èçó÷åíèÿ äâóõ
âûøåóïîìÿíóòûõ âîïðîñîâ äëÿ áîëåå øèðîêîãî êëàññà àíòàãîíèñòè÷åñêèõ èãð, â êîòîðûõ
äâèæåíèå äèíàìè÷åñêîé ñèñòåìû îïèñûâàåòñÿ íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèåì
Âîëüòåððà ñëåäóþùåãî âèäà:

x(τ) = x0(τ) +

∫ τ

0
K(τ, ξ)f(ξ, x(ξ), u(ξ), v(ξ))dξ, τ ∈ [0, T ], (1)

40Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 21-71-10070,
https://rscf.ru/project/21-71-10070/.
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ãäå x(τ) ∈ Rn � ñîñòîÿíèå ñèñòåìû â òåêóùèé ìîìåíò âðåìåíè τ ; u(ξ) ∈ P ⊂ Rr è
v(ξ) ∈ Q ⊂ Rs � óïðàâëåíèÿ ïåðâîãî è âòîðîãî èãðîêîâ ñîîòâåòñòâåííî â ìîìåíò âðåìåíè ξ,
P è Q � êîìïàêòíûå ìíîæåñòâà; T > 0 � ôèêñèðîâàííûé òåðìèíàëüíûé ìîìåíò
âðåìåíè; íåïðåðûâíàÿ ôóíêöèÿ x0 : [0, T ] → Rn çàäàíà. Ïóòåì âûáîðà óïðàâëåíèé ïåðâûé
èãðîê ñòðåìèòñÿ ìèíèìèçèðîâàòü, à âòîðîé � ìàêñèìèçèðîâàòü çíà÷åíèå òåðìèíàëüíî-
èíòåãðàëüíîãî ïîêàçàòåëÿ êà÷åñòâà

J = σ(x(T )) +

∫ T

0
χ(τ, x(τ), u(τ), v(τ))dτ. (2)

Ïðè îïðåäåëåííûõ óñëîâèÿõ íà ÿäðî K è ôóíêöèè f , σ, χ, ïîçâîëÿþùèõ îõâàòèòü â
òîì ÷èñëå äèôôåðåíöèàëüíûå èãðû äëÿ ñèñòåì ñ ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà, äîêàçàíî,
÷òî èãðà (1), (2) èìååò öåíó, è ïðåäúÿâëåíà êîíñòðóêöèÿ îïòèìàëüíûõ ñòðàòåãèé óïðàâëåíèÿ
èãðîêîâ ïî ïðèíöèïó îáðàòíîé ñâÿçè ñ ïàìÿòüþ èñòîðèè äâèæåíèÿ. Îñíîâó ðåçóëüòàòîâ
ñîñòàâëÿåò òåõíèêà òàê íàçûâàåìûõ íàñëåäñòâåííûõ óðàâíåíèé Ãàìèëüòîíà�ßêîáè [6] è
èñïîëüçîâàíèå ïîäõîäÿùåãî ôóíêöèîíàëà Ëÿïóíîâà�Êðàñîâñêîãî [7].
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Ðàññìàòðèâàåòñÿ èçîìîíîäðîìíîå ñåìåéñòâî Øëåçèíãåðà ôóêñîâûõ ñèñòåì ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé

dy

dz
=

( N∑
i=1

Bi(a)

z − ai

)
y, z ∈ C, y(z) ∈ Cp, (1)

çàâèñÿùåå îò ïàðàìåòðà äåôîðìàöèè a = (a1, . . . , aN ) (ïîëîæåíèÿ îñîáûõ òî÷åê ìàòðè-
öû êîýôôèöèåíòîâ), ïðèíàäëåæàùåãî íåêîòîðîìó äèñêó D êîìïëåêñíîãî ïðîñòðàíñòâà
CN \

⋃
i ̸=j{a ∈ CN | ai = aj}. Òàêîå ñåìåéñòâî õàðàêòåðèçóåòñÿ ñëåäóþùèìè ñâîéñòâàìè:

� ìàòðèöû ìîíîäðîìèè ñèñòåì ñåìåéñòâà ñîõðàíÿþòñÿ ïðè ëîêàëüíîì èçìåíåíèè
ïàðàìåòðà äåôîðìàöèè;

� ìàòðèöû-âû÷åòû Bi(a) óäîâëåòâîðÿþò óðàâíåíèþ Øëåçèíãåðà (ñèñòåìå óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ):

dBi(a) = −
N∑

j=1,j ̸=i

[Bi(a), Bj(a)]

ai − aj
d(ai − aj), i = 1, . . . , N. (2)
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Äîêëàä ïîñâÿùåí ïðîäîëæåíèþ èññëåäîâàíèé ðàáîòû [1] ïî ïîâåäåíèþ ðåøåíèé
óðàâíåíèÿ (2) âíå äèñêà D è èçîìîíîäðîìíîìó ñëèÿíèþ íåñêîëüêèõ îñîáûõ òî÷åê a1, . . . , ak
ñåìåéñòâà (1) â îäíó: a1, . . . , ak → x. Ïîñëåäíåå èìååò ìåñòî, åñëè ñóùåñòâóåò ïðåäåë ìàòðèöû
êîýôôèöèåíòîâ ñåìåéñòâà (1) ïðè a1, . . . , ak → x. Â îáùåì ñëó÷àå ìàòðèöû-âû÷åòû Bi(a)
èìåþò âåòâëåíèå âäîëü ìíîæåñòâà ñëèÿíèÿ C = {a ∈ CN | a1 = . . . = ak}, ïîýòîìó, ãîâîðÿ
î ñóùåñòâîâàíèè ïðåäåëà, ïîäðàçóìåâàþò, ÷òî êàæäàÿ òî÷êà ai ïîäõîäèò ê x, îñòàâàÿñü ïðè
ýòîì â ñâîåì îòêðûòîì ñåêòîðå Si ñ âåðøèíîé â x, i = 1, . . . , k, òàê ÷òî íåïåðåñåêàþùèåñÿ
ñåêòîðû S1, . . . , Sk îáðàçóþò ïîêðûòèå îêðåñòíîñòè òî÷êè x.

Â ÷àñòíîñòè, íàìè èññëåäóåòñÿ âîïðîñ ñîõðàíåíèÿ óðàâíåíèÿ Øëåçèíãåðà (íà
ïðîñòðàíñòâå ïåðåìåííûõ x, ak+1, . . . , aN ) â ñëó÷àå òàêîãî èçîìîíîäðîìíîãî ñëèÿíèÿ, ïðè
êîòîðîì ñóùåñòâóþò ïðåäåëû ìàòðèö-âû÷åòîâ íà ìíîæåñòâå C. Òàêæå ìû ïîëó÷àåì ñåìåéñòâà
ðåøåíèé óðàâíåíèÿ (2) áåç îñîáåííîñòåé íà C (ïîëèíîìèàëüíûå), ñ ïîëÿðíûìè îñîáåííîñòÿìè
âäîëü C (ðàöèîíàëüíûå), ñî ñòåïåííûì âåòâëåíèåì âäîëü C (ïðåäñòàâèìûå â ðàäèêàëàõ).

Äîêëàä îñíîâàí íà ðåçóëüòàòàõ ñîâìåñòíîé ðàáîòû ñ Âëàäèìèðîì Äðàãîâè÷åì è
Âàñèëèñîé Øðàì÷åíêî.
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Ðàññìàòðèâàåòñÿ àíàëèòè÷åñêîå óðàâíåíèå Ìàëåðà

F (x, y(x), y(xℓ), . . . , y(xℓ
n
)) = 0, ℓ ∈ N⩾2. (1)

Äëÿ êëàññè÷åñêèõ ñòåïåííûõ ðÿäîâ (ñ öåëî÷èñëåííûìè ïîêàçàòåëÿìè ñòåïåíè),

φ =
∞∑
k=1

ckx
k ∈ C[[x]], (2)

ôîðìàëüíî óäîâëåòâîðÿþùèõ óðàâíåíèþ Ìàëåðà, èìååòñÿ ñëåäóþùèé ðåçóëüòàò îòíîñèòåëüíî
èõ ñõîäèìîñòè.

Òåîðåìà (Æ.-Ï. Áåçèâèí, 1994). Ôîðìàëüíûé ñòåïåííîé ðÿä (2), óäîâëåòâîðÿþùèé
óðàâíåíèþ (1), èìååò íåíóëåâîé ðàäèóñ ñõîäèìîñòè.

Â íàøåì äîêëàäå ìû ðàññêàæåì î äðóãîì äîêàçàòåëüñòâå òåîðåìû Áåçèâèíà, êîòîðîå
îñíîâûâàåòñÿ íà ìåòîäå ìàæîðàíò è êàæåòñÿ áîëåå ïðîñòûì. À òàêæå ìû ðàññêàæåì
îá îáîáùåíèè òåîðåìû Áåçèâèíà íà ñëó÷àé îáîáùåííûõ ñòåïåííûõ ðÿäîâ, ò.å. ðÿäîâ ñ
êîìïëåêñíûìè ïîêàçàòåëÿìè ñòåïåíè.
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Î äèñêðåòíûõ àòòðàêòîðàõ Ëîðåíöà41

Ãîí÷åíêî Ñ.Â. (Ðîññèÿ, Íèæíèé Íîâãîðîä)
Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.È. Ëîáà÷åâñêîãî
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Â ýòîì ãîäó Ëåîíèäó Ïàâëîâè÷ó Øèëüíèêîâó èñïîëíèëîñü áû 90 ëåò. Ñðåäè åãî
âàæíåéøèõ íàó÷íûõ èññëåäîâàíèé, òåìàòèêà, ñâÿçàííàÿ ñ èçó÷åíèåì àòòðàêòîðîâ Ëîðåíöà,
âñåãäà áûëà îäíîé èç ñàìûõ ïðèîðèòåòíûõ. Ðåçóëüòàòû, ïîëó÷åííûå â ýòîé îáëàñòè èì
ñàìèì è åãî ñîàâòîðàìè, â òîì ÷èñëå çíàìåíèòàÿ ãåîìåòðè÷åñêàÿ ìîäåëü Àôðàéìîâè÷à-
Áûêîâà-Øèëüíèêîâà [1,2,3], ñîñòàâëÿþò îñíîâó òåîðèè àòòðàêòîðîâ Ëîðåíöà. Íàñòîÿùóþ
ðàáîòó ìîæíî ðàññìàòðèâàòü â êîíòåêñòå ðàçâèòèÿ ýòîé òåîðèè, íî óæå äëÿ òàê íàçûâàåìûõ
äèñêðåòíûõ àòòðàêòîðîâ Ëîðåíöà ìíîãîìåðíûõ îòîáðàæåíèé. Òàêèå àòòðàêòîðû âïåðâûå
áûëè íàéäåíû ÷èñëåííî â ðàáîòå [4], à îñíîâû èõ êà÷åñòâåííîé òåîðèè áûëè çàëîæåíû
â íàøåé ðàáîòå ñ Ë.Ï. Øèëüíèêîâûì [5]. Â äîêëàäå äàåòñÿ îáçîð ýòèõ è íîâûõ
ðåçóëüòàòîâ ïî òåîðèè äèñêðåòíûõ àòòðàêòîðîâ Ëîðåíöà. Ìû îïèñûâàåì îñíîâíûå ñâîéñòâà
ðàçëè÷íûõ òèïîâ òàêèõ àòòðàêòîðîâ â ñëó÷àå òðåõìåðíûõ îòîáðàæåíèé, óäåëÿÿ îñîáîå
âíèìàíèå áèôóðêàöèîííûì ñöåíàðèÿì, ïðèâîäÿùèì ê èõ âîçíèêíîâåíèþ, à òàêæå ñâîéñòâàì
ðîáàñòíîñòè (ïñåâäîãèïåðáîëè÷íîñòè) èõ õàîòè÷åñêîé äèíàìèêè.
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Îöåíêà âëèÿíèÿ âûíóæäåííîé êîíâåêöèè íà õèìè÷åñêèé ïðîöåññ
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Ãóáàéäóëëèí È.Ì. (Ðîññèÿ, Óôà)
Èíñòèòóò íåôòåõèìèè è êàòàëèçà ÓÔÈÖ ÐÀÍ

irekmars@mail.ru

ßçîâöåâà Î.Ñ. (Ðîññèÿ, Ìîñêâà)
Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ

kurinaos@gmail.com

Íàèáîëåå ñëîæíûì âîïðîñîì ïðè ðàçðàáîòêå ìàòåìàòè÷åñêèõ ìîäåëåé ñëîæíûõ
ïðîöåññîâ è ÿâëåíèé ÿâëÿåòñÿ âîïðîñ î äîïóñòèìîì óïðîùåíèè ìîäåëè. Äîêëàä ïîñâÿùåí
èññëåäîâàíèþ âåëè÷èíû ñêîðîñòè âûíóæäåííîé êîíâåêöèè (ñòåôàíîâñêîãî ïîòîêà), âîçíèêà-
þùåé â õîäå òå÷åíèÿ õèìè÷åñêèõ ðåàêöèé â ïîðèñòîì òåëå (çåðíå êàòàëèçàòîðà) [1]. ßâëåíèå
âûíóæäåííîé êîíâåêöèè ïðè õèìè÷åñêèõ ïðîöåññàõ íàáëþäàåòñÿ ïðè èçìåíåíèè ðåàêöèîííîãî
îáúåìà âñëåäñòâèå ïîãëîùåíèÿ ãàçîîáðàçíûõ âåùåñòâ òâåðäûì âåùåñòâîì [2] èëè â ãîìîãåííûõ
ðåàêöèÿõ ïðè ðåçêèõ èçìåíåíèÿõ ïëîòíîñòè [3] è ò.ä.

Â êà÷åñòâå îáúåêòà èññëåäîâàíèÿ âçÿò ïðîöåññ îêèñëèòåëüíîé ðåãåíåðàöèè öèëèí-
äðè÷åñêîãî çåðíà êàòàëèçàòîðà. Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà íåëèíåéíà è âêëþ÷àåò

41Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÍÔ 24-11-00339.
42Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà íåôòåõèìèè è êàòàëèçà ÓÔÈÖ ÐÀÍ (òåìà

FMRS-2022-0078).
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â ñåáÿ äâóìåðíûå íåñòàöèîíàðíûå óðàâíåíèÿ äèôôóçèè-êîíâåêöèè-ðåàêöèè äëÿ îïèñàíèÿ
ìàòåðèàëüíîãî áàëàíñà çåðíà êàòàëèçàòîðà, ïàðàáîëè÷åñêîå óðàâíåíèå òåïëîïðîâîäíîñòè
ñ èñòî÷íèêîâûì ÷ëåíîì, îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ îïèñàíèÿ
õèìè÷åñêèõ ðåàêöèé [4]. Ïîñêîëüêó êîíâåêöèÿ íîñèò âûíóæäåííûé õàðàêòåð, äëÿ îïèñàíèÿ åå
ñêîðîñòè ââåäåíî äîïîëíèòåëüíîå ñòàöèîíàðíîå óðàâíåíèå ïåðåíîñà ñ èñòî÷íèêîâûì ÷ëåíîì.

Âû÷èñëèòåëüíûé àëãîðèòì íîñèò ÿâíûé õàðàêòåð, â åãî îñíîâå ëåæèò ñõåìà ðàñùåïëåíèÿ
ïî ôèçè÷åñêèì ïðîöåññàì, çàäà÷è õèìèè ðåøåíû â îòäåëüíîì áëîêå òðåõñòàäèéíûì ìåòîäîì
Ðóíãå-Êóòòû ïÿòîãî ïîðÿäêà òî÷íîñòè. Äëÿ ïîâûøåíèÿ òî÷íîñòè ðàñ÷åòà â ïðåäñòàâëåííûé
ðàíåå â [4] àëãîðèòì âíåñåíî èçìåíåíèå â ÷àñòè ðàñ÷åòà ñòåôàíîâñêîãî ïîòîêà: îí âåäåòñÿ íà
îñíîâå âêëàäà õèìè÷åñêèõ ðåàêöèé â ïðîöåññ.

Äëÿ íåñêîëüêèõ ÷èñëåííûõ ýêñïåðèìåíòîâ áûëî ïîëó÷åíî, ÷òî äîëÿ ïîãëîùàåìîãî
êèñëîðîäà îò åãî íà÷àëüíîé êîíöåíòðàöèè ñîñòàâëÿåò ïðèìåðíî 8.4-8.5%, ÷òî ñâèäåòåëüñòâóåò
î íåîáõîäèìîñòè ó÷åòà âûíóæäåííîé êîíâåêöèè â çàäà÷å.
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Âåùåñòâåííàÿ òîïîëîãèÿ êîìïëåêñíûõ êðèâûõ è ðÿäû Ïóàíêàðå
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Â ðàáîòå [1] áûë âû÷èñëåí ðÿä Ïóàíêàðå íàáîðà íîðìèðîâàíèé íà êîëüöå ðîñòêîâ
ãîëîìîðôíûõ ôóíêöèé îò äâóõ ïåðåìåííûõ, îïðåäåëÿåìûõ íåïðèâîäèìûìè êîìïîíåíòàìè
ðîñòêà ïëîñêîé êîìïëåêñíîé êðèâîé (C, 0). Áûëî ïîêàçàíî, ÷òî îí ñîâïàäàåò ñ ìíîãî÷ëåíîì
Àëåêñàíäåðà (îò íåñêîëüêèõ ïåðåìåííûõ) ñîîòâåòñòâóþùåãî àëãåáðàè÷åñêîãî çàöåïëåíèÿ
C ∩ S3

ε. Îòñþäà ñëåäóåò, ÷òî ðÿä Ïóàíêàðå îïðåäåëÿåò êîìáèíàòîðèêó (ìèíèìàëüíîãî)
ðàçðåøåíèÿ êðèâîé C è å¼ òîïîëîãèþ, ò. å. (ëîêàëüíóþ) òîïîëîãèþ ïàðû (C2, C). Äëÿ ðÿäà
Ïóàíêàðå íàáîðà íîðìèðîâàíèé íà ïëîñêîñòè (íàïðèìåð, îïðåäåëÿåìûõ íåïðèâîäèìûìè
êîìïîíåíòàìè ðîñòêà ïëîñêîé êîìïëåêñíîé êðèâîé) èìååòñÿ íåñêîëüêî ýêâèâàëåíòíûõ
ôîðìóë, â ÷àñòíîñòè, â âèäå íåêîòîðîãî èíòåãðàëà ïî îòíîøåíèþ ê ýéëåðîâîé õàðàêòåðèñòèêå
ïî ïðîåêòèâèçàöèè ïðîñòðàíñòâà ðîñòêîâ ôóíêöèé, êàê ýéëåðîâîé õàðàêòåðèñòèêè, òàê
íàçûâàåìîé ðàñøèðåííîé ïîëóãðóïïû íàáîðà íîðìèðîâàíèé.

Áûëî ïðåäëîæåíî ðàññìàòðèâàòü ñîîòâåòñòâóþùèå íîðìèðîâàíèÿ íà êîëüöå ðîñòêîâ
âåùåñòâåííî àíàëèòè÷åñêèõ ôóíêöèé. Â ýòîì ñëó÷àå (ýêâèâàëåíòíûå äëÿ êîëüöà ãîëîìîðôíûõ
ôóíêöèé) ôîðìóëû äàþò, âîîáùå ãîâîðÿ, ðàçíûå ðåçóëüòàòû. Íà îñíîâå ýòèõ ôîðìóë
â [2] áûëè ïðåäëîæåíû (ðàçëè÷íûå) àíàëîãè ðÿäîâ Ïóàíêàðå íàáîðîâ íîðìèðîâàíèé íà
êîëüöå ðîñòêîâ âåùåñòâåííî àíàëèòè÷åñêèõ ôóíêöèé. Ýòè ðÿäû áûëè âû÷èñëåíû äëÿ
îäíîãî íîðìèðîâàíèÿ, îïðåäåëÿåìîãî íåïðèâîäèìûì ðîñòêîì ïëîñêîé (êîìïëåêñíîé) êðèâîé.
Ðàññìîòðåííàÿ ïîñòàíîâêà ïðèâîäèò ê ïîíÿòèþ âåùåñòâåííîé òîïîëîãèè àëãåáðàè÷åñêîãî
óçëà èëè çàöåïëåíèÿ. Áóäåò îáñóæäåíî, íàñêîëüêî ðÿä Ïóàíêàðå îïðåäåëÿåò âåùåñòâåííóþ
òîïîëîãèþ.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ À.Êàìïèëüî è Ô.Äåëüãàäî.
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Îäíîé èç àêòèâíî èñïîëüçóåìûõ ñåãîäíÿ ìîäåëåé äëÿ àíàëèçà äèíàìèêè ðàñïðåäå-
ëåííîãî ðåñóðñà ÿâëÿåòñÿ ìîäåëü Êîëìîãîðîâà-Ïåòðîâñêîãî-Ïèñêóíîâà è Ôèøåðà [1], [2].
Ìû ðàññìàòðèâàåì íåëîêàëüíóþ ìîäåëü òàêîãî òèïà íà êîìïàêòíîì çàìêíóòîì ñâÿçíîì
ìíîãîîáðàçèè áåç êðàÿ M (íàïðèìåð, íà n-ìåðíîì òîðå, åñòåñòâåííî ïîÿâëÿþùåìñÿ ïðè
èçó÷åíèè ðåñóðñà â ïåðèîäè÷åñêîé ñðåäå [3], èëè íà äâóìåðíîé ñôåðå � åñòåñòâåííîé ìîäåëè
ïîâåðõíîñòè Çåìëè [4]). Óðàâíåíèå ìîäåëè èìååò âèä

pt − Lp = ap− bp2,

ãäå p = p(x, t) � íåîòðèöàòåëüíàÿ ïëîòíîñòü èçó÷àåìîãî ðåñóðñà â òî÷êå x ìíîãîîáðàçèÿ
M â ìîìåíò âðåìåíè t, L � ðàâíîìåðíî ýëëèïòè÷åñêèé îïåðàòîð, íåïðåðûâíî çàâèñÿùèé îò
ýòîé òî÷êè, à îãðàíè÷åííûå ôóíêöèè a è b õàðàêòåðèçóþò ñêîðîñòè ïðîöåññîâ âîçîáíîâëåíèÿ
ðåñóðñà è íàñûùåíèÿ èì ñðåäû, ñîîòâåòñòâåííî, èçìåðèìî çàâèñÿò îò òî÷êè x è íåïðåðûâíî
îò ïîêàçàòåëÿ îáúåìà èìåþùåãîñÿ ðåñóðñà, íàïðèìåð, åãî ñóììàðíîé ìàññû, ÷òî è äåëàåò
ìîäåëü íåëîêàëüíîé. Òàêèì îáðàçîì, a = a(x,E), b = b(x,E), ãäå ïîêàçàòåëü E îïðåäåëÿåòñÿ
ñòðîãî ìîíîòîííûì íåïðåðûâíûì ôóíêöèîíàëîì íà êîíóñå íåîòðèöàòåëüíûõ ïëîòíîñòåé
ðàñïðåäåëåíèÿ ñ íóëåâûì çíà÷åíèåì â íóëå. Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè a è b ìîíîòîííî
çàâèñÿò îò E, à èìåííî, ïðè åãî ðîñòå ôóíêöèÿ a íå âîçðàñòàåò, à ôóíêöèÿ b íå óáûâàåò, è ÷òî
ïîñëåäíÿÿ ôóíêöèÿ îòäåëåíà îò íóëÿ, 0 < b0 ⩽ b(., 0).

Ìû ïîêàçûâàåì, ÷òî â èçó÷àåìîé ìîäåëè íå ìîæåò ñóùåñòâîâàòü áîëåå îäíîãî
íåòðèâèàëüíîãî íåîòðèöàòåëüíîãî îãðàíè÷åííîãî ñòàöèîíàðíîãî ðåøåíèÿ; îíî ñóùåñòâóåò è
ÿâëÿåòñÿ ïîëîæèòåëüíûì, åñëè ïðè íóëåâîì çíà÷åíèè E ãëîáàëüíûé àòòðàêòîð íåòðèâèàëüíûõ
íåîòðèöàòåëüíûõ îãðàíè÷åííûõ ðåøåíèé ïîëîæèòåëåí (ñì. [4], [5]). Áîëåå òîãî, ñóùåñòâóåò
ïîñòîÿííûé ðàñïðåäåë¼ííûé îòáîð ðåñóðñà, ÷òî äîáàâëÿåò â ïðàâóþ ÷àñòü óðàâíåíèÿ
ìîäåëè ñëàãàåìîå −up, ñ íåêîòîðûì íåîòðèöàòåëüíûì íåíóëåâûì èçìåðèìûì óïðàâëåíèåì
u, u = u(x), ïðè êîòîðîì åñòü ñòàöèîíàðíîå ïîëîæèòåëüíîå ðåøåíèå. Âîçìîæíî äîáàâëåíèå
ñëàãàåìûõ è äðóãîãî âèäà, ó÷èòûâàþùèõ, íàïðèìåð, ñëîæíîñòü îáíàðóæåíèÿ è/èëè
èçâëå÷åíèÿ ðåñóðñà [5], [6]. Íàêîíåö, â íàøåì ñëó÷àå ïðè íàëè÷èè îãðàíè÷åíèÿ 0 ⩽ u ⩽ U
c íåêîòîðîé îãðàíè÷åííîé èçìåðèìîé ôóíêöèåé U ñóùåñòâóåò äîïóñòèìîå óïðàâëåíèå, ïðè
êîòîðîì ñðåäíèé âðåìåííîé ñáîð ðåñóðñà íà ñîîòâåòñòâóþùåì åìó ñòàöèîíàðíîì ñîñòîÿíèè
íå ìåíüøå, ÷åì ïðè äðóãèõ äîïóñòèìûõ óïðàâëåíèÿõ íà ñîîòâåòñòâóþùèõ èì ñòàöèîíàðíûõ
ñîñòîÿíèÿõ ðåñóðñà.
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Òîæäåñòâî îøèáêè äëÿ çàäà÷ ñ ëèíåéíûì äèôôåðåíöèàëüíûì
îïåðàòîðîì âòîðîãî ïîðÿäêà è ãëàäêèì òåíçîðîì

Äàðîâñêàÿ Ê.À. (Ðîññèÿ, Ìîñêâà)
Ïåðâûé ÌÃÌÓ èìåíè È.Ì. Ñå÷åíîâà

Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ èìåíè Ïàòðèñà Ëóìóìáû
k.darovsk@gmail.com

Ãîâîðÿ î ïðèáëèæåííûõ ðåøåíèÿõ âàðèàöèîííûõ çàäà÷, îòìåòèì, ÷òî äëÿ èçìåðåíèÿ èõ
¾êà÷åñòâà¿ (ò. å. áëèçîñòè ê òî÷íîìó ðåøåíèþ) õîðîøî ñåáÿ çàðåêîìåíäîâàëè ôóíêöèîíàëüíûå
àïîñòåðèîðíûå îöåíêè, ïîñêîëüêó îíè íå íàêëàäûâàþò óñëîâèé íà ñïîñîá ïîñòðîåíèÿ
àïïðîêñèìàöèé. Ýôôåêòèâíàÿ òåõíèêà äëÿ ñëó÷àÿ áèãàðìîíè÷åñêîé çàäà÷è, ñâÿçàííûå ñ
çàäà÷åé òðóäíîñòè è ÷èñëåííîå ìîäåëèðîâàíèå ïîäðîáíî èçëîæåíû â ñòàòüå [1]. Â íåäàâíåé
îáøèðíîé ðàáîòå [2] ôîðìà àïîñòåðèîðíîãî òîæäåñòâà ïîëó÷åíà äëÿ êëàññà çàäà÷ ñ
ìîíîòîííûìè îïåðàòîðàìè.

Îñîáóþ ðîëü â ïîëó÷åíèè àïîñòåðèîðíûõ îöåíîê èãðàåò òàê íàçûâàåìîå ¾òîæäåñòâî
îøèáêè¿, îïèñûâàþùåå ðàçðûâ ìåæäó òî÷íûì ðåøåíèåì çàäà÷è è ïðîèçâîëüíîé ôóíêöèåé
èç ñîîòâåòñòâóþùåãî ýíåðãåòè÷åñêîãî êëàññà. Â ðàìêàõ äîêëàäà ïðåäëàãàåòñÿ íîâûé ïîäõîä
ê åãî ïîëó÷åíèþ äëÿ çàäà÷è ñ ëèíåéíûì äèôôåðåíöèàëüíûì îïåðàòîðîì âòîðîãî ïîðÿäêà
è ãëàäêèì òåíçîðîì è ôîðìóëèðóåòñÿ ñîîòâåòñòâóþùåå îáùåå óòâåðæäåíèå. Óêàçàííûå
ðåçóëüòàòû ÿâëÿþòñÿ ïðîäîëæåíèåì èññëåäîâàíèÿ, îïóáëèêîâàííîãî â [3].

Ðàññìîòðèì âàðèàöèîííóþ çàäà÷ó, ïîðîæäåííóþ ëèíåéíûì äèôôåðåíöèàëüíûì
îïåðàòîðîì Λ:

J(v) =
1

2
(AΛv,Λv)Y − (f, v)L2

−→ min
K
. (1)

Çäåñü Λ äåéñòâóåò èç V � ïðîñòðàíñòâà Ñîáîëåâà H2(Ω) ñ íåêîòîðûìè ãðàíè÷íûìè
óñëîâèÿìè � â ïðîñòðàíñòâî Y = Md×d

sym(L2(Ω)) ñèììåòðè÷åñêèõ ìàòðèö ñ ýëåìåíòàìè èç

L2(Ω) è ñêàëÿðíûì ïðîèçâåäåíèåì (q, g)Y =
∫
Ω

q : g dx, ãäå q : g =
d∑
i=1

d∑
j=1

qijgij . Îáëàñòü

Ω ⊂ Rd ïîëàãàåì îãðàíè÷åííîé, ñâÿçíîé, ñ ëèïøèöåâîé ãðàíèöåé ∂Ω. Êðàåâûå óñëîâèÿ äëÿ
ïðîñòðàíñòâà V äèêòóþòñÿ ïðèëîæåíèÿìè çàäà÷è (1); äëÿ áèãàðìîíè÷åñêîãî ñëó÷àÿ èìè
ÿâëÿþòñÿ v

∣∣
∂Ω

= ∂v
∂n

∣∣
∂Ω

= 0.
Äàëåå, A = {aijkl} , aijkl ∈ L∞(Ω) ðåàëèçóåò ëèíåéíîå íåïðåðûâíîå îòîáðàæåíèå Y → Y

è îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè: aijkl = aklij , aijkl = ajikl è

κ1|σ|2 ⩽ Aσ : σ ⩽ κ2|σ|2 (∀σ ∈ Y ),
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ïîäðîáíåå ñì. â [4]. Íàêîíåö, f ∈ L2(Ω) è K ⊆ V � âûïóêëîå çàìêíóòîå ïîäìíîæåñòâî.
Öåëüþ ÿâëÿåòñÿ ïîëó÷åíèå òîæäåñòâà îøèáêè äëÿ çàäà÷è (1).
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Ðåøåíèÿ ñ àñèìïòîòè÷åñêèì íóë¼ì ñèíãóëÿðíîé ñèñòåìû
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

íà ïîëóáåñêîíå÷íîì èíòåðâàëå43

Äæàáðàèëîâ À.Ë. (Ðîññèÿ, Ãðîçíûé)
×å÷åíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè À.À. Êàäûðîâà
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Èçó÷àåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

y
′
i = fi(x, y1, y2, . . . , yn), x ∈ [a, b] , i = 1, n, (1)

â ïðåäïîëîæåíèè, ÷òî ôóíêöèè fi, i = 1, n íåïðåðûâíû ïî âñåì àðãóìåíòàì â îáëàñòè
D :
{
x ∈ [a, b] , |yi| ⩽ di, i = 1, n

}
, di, i = 1, n, äàííûå ÷èñëà ïðè x = +∞ èìåþò

íåèíòåãðèðóåìóþ îñîáåííîñòü (ñèíãóëÿðíîñòü [1, 2]). Äîïóñêàåòñÿ ñóùåñòâîâàíèå ÷àñòíûõ
ïðîèçâîäíûõ ∂fi

∂yi
ñ òàêèìè æå ñâîéñòâàìè. Íàëàãàþòñÿ ñëåäóþùèå îãðàíè÷åíèÿ:

f
′
iyi (x, y1, y2, . . . , yn) ⩽ −ψi (x) , i = 1, n, (2)

|fi (x, y1, y2, . . . , yi−1, 0, yi+1, . . . , yn)| ⩾ ψ̃i (x) , i = 1, n, (3)

Çäåñü ψi (x) , ψ̃i (x) , i = 1, n, èíòåãðèðóåìûå íåîòðèöàòåëüíûå ôóíêöèè íà [a, +∞),
ïðè÷¼ì

Ki = exp

 +∞∫
a

ψi (t) dt

 +∞∫
a

ψ̃i (t) dt ⩽ di, lim
x→+∞

+∞∫
x

ψ̃i (t) dt = 0, i = 1, n. (4)

Òåîðåìà 1. Ñèñòåìà (1) èìååò ïî êðàéíåé ìåðå îäíî ðåøåíèå yi, i = 1, n
óäîâëåòâîðÿþùåå óñëîâèÿì

lim
x→+∞

yi = 0, i = 1, n. (5)

Ïðè ââåäåííûõ φi (x), òàêèõ ÷òî

φi (x) =

+∞∫
x

e
−

x∫
t
ψi(s)ds

ψ̃i (t) dt, i = 1, n (6)

è
φi (x) ⩽ Ki ⩽ di, lim

x→+∞
φi (x) = 0, i = 1, n. (7)

43Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñ. çàäàíèÿ Ìèíîáðíàóêè ÐÔ (FEGS-2020-0001).
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Ïðèìåð 1. Äèôôåðåíöèàëüíîå óðàâíåíèå

y
′
= −y

x
+

1

x2
, x ∈ [1,+∞)

óäîâëåòâîðÿåò óñëîâèÿì (2)�(7) è èìååò ðåøåíèå y = − 1
2x , óäîâëåòâîðÿþùåå óñëîâèþ

lim
x→+∞

y (x) = 0, lim
x→+∞

(
− 1

2x

)
= 0.

Åñëè ðàññìîòðåòü ñèñòåìó (1) â îáëàñòè D :
{
x ∈ [a, b] , |yi| ⩽ di, i = 1, n,

}
, òî

îãðàíè÷åíèÿ (2)�(7) âèäîèçìåíÿòñÿ ñëåäóþùèì îáðàçîì:

f
′
iyi (x, y1, y2, . . . , yn) ⩽ −ψi (x) , i = 1, n, (8)

|fi (x, y1, y2, . . . , yi−1, 0, yi+1, . . . , yn)| ⩾ ψ̃i (x) , i = 1, n, (9)

Ki = exp

 a∫
−∞

ψi (t) dt

 a∫
−∞

ψ̃i (t) dt ⩽ di, lim
x→−∞

a∫
−∞

ψ̃i (t) dt = 0, i = 1, n, (10)

φi (x) =

x∫
−∞

e
−

x∫
t
ψi(s)ds

ψ̃i (t) dt, i = 1, n, (11)

φi (x) ⩽ Ki ⩽ di, lim
x→−∞

φi (x) = 0, i = 1, n. (12)

Ñèñòåìà (1) áóäåò èìåòü ðåøåíèå yi (x) , i = 1, n, óäîâëåòâîðÿþùåå óñëîâèþ

lim
x→−∞

yi(x) = 0 , i = 1, n. (13)
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Â ïðîöåññå èññëåäîâàíèÿ íåëîêàëüíûõ çàäà÷ áûëà âûÿâëåíà òåñíàÿ âçàèìîñâÿçü çàäà÷
ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè è îáðàòíûìè çàäà÷àìè. Ê íàñòîÿùåìó âðåìåíè
äîñòàòî÷íî õîðîøî èçó÷åíû îáðàòíûå çàäà÷è äëÿ êëàññè÷åñêèõ óðàâíåíèé ìàòåìàòè÷åñêîé
ôèçèêè [1]. Îáðàòíûå çàäà÷è äëÿ óðàâíåíèé ñìåøàííîãî òèïà êàê ïåðâîãî, òàê è âòîðîãî
ðîäà â îãðàíè÷åííûõ îáëàñòÿõ èçó÷åíû â ìîíîãðàôèè [2]. Äëÿ óðàâíåíèé ñìåøàííîãî òèïà
âòîðîãî ðîäà âòîðîãî ïîðÿäêà â íåîãðàíè÷åííûõ îáëàñòÿõ îáðàòíûå çàäà÷è ìàëî èññëåäîâàíû.
×àñòè÷íî âîñïîëíèòü äàííûé ïðîáåë ìû è ïîïûòàåìñÿ â ðàìêàõ ýòîé ðàáîòû.

Â äàííîé ðàáîòå èññëåäóåòñÿ îäíîçíà÷íîå ðàçðåøèìîñòü ëèíåéíîé îáðàòíîé çàäà÷è ñ
ïîëóïåðèîäè÷åñêèì êðàåâûì óñëîâèÿì äëÿ òðåõìåðíîãî óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî
ðîäà, âòîðîãî ïîðÿäêà â íåîãðàíè÷åííîì ïàðàëëåëåïèïåäå.
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Â îáëàñòè

G = (0, 1)× (0, T )×R = Q×R = {(x, t, z);x ∈ (0, 1), 0 < t < T < +∞, z ∈ R}

ðàññìîòðèì òðåõìåðíîå óðàâíåíèå ñìåøàííîãî òèïà âòîðîãî ðîäà âòîðîãî ïîðÿäêà:

Lu = k(t)utt −∆u+ a(x, t)ut + c(x, t)u = ψ(x, t, z), (1)

ãäå ∆u = uxx + uzz- îïåðàòîð Ëàïëàñà, è ïóñòü k(0) ≤ 0 ≤ k(T ).
Çäåñü ψ(x, t, z) = g(x, t, z) + h(x, t)f(x, t, z), g(x, t, z) è f(x, t, z)- çàäàííûå ôóíêöèè, à

ôóíêöèÿ h(x, t) ïîäëåæèò îïðåäåëåíèþ.
Óðàâíåíèå (1) îòíîñèòñÿ ê óðàâíåíèÿì ñìåøàííîãî òèïà âòîðîãî ðîäà, òàê êàê íà çíàê

ôóíêöèè k(t) ïî ïåðåìåííîé t âíóòðè îòðåçêà [0, T ] íå íàëàãàåòñÿ íèêàêèõ îãðàíè÷åíèé [3].
Ïóñòü âñå êîýôôèöèåíòû óðàâíåíèÿ (1) äîñòàòî÷íî ãëàäêèå ôóíêöèè â îáëàñòè Q.

Ëèíåéíàÿ îáðàòíàÿ çàäà÷à. Íàéòè ôóíêöèè {u(x, t, z), h(x, t)} óäîâëåòâîðÿþùèå
óðàâíåíèþ (1) â îáëàñòè G, òàêèå ÷òî, ôóíêöèÿ u(x, t, z) óäîâëåòâîðÿåò ñëåäóþùèì
ïîëóïåðèîäè÷åñêèì êðàåâûì óñëîâèÿì:

u|t=0 = u|t=T , (2)

u|x=0 = u|x=1 = 0, (3)

Äàëåå áóäåì ñ÷èòàòü, ÷òî u(x, t, z) → 0 è uz(x, t, z) → 0 ïðè |z| → ∞,

u(x, t, z) àáñîëþòíî èíòåãðèðóåìà ïî z íà R ïðè ëþáîì (x, t) ∈ Q. (4)

Êðîìå òîãî, ðåøåíèå çàäà÷è (1)-(4) óäîâëåòâîðÿåò äîïîëíèòåëüíîìó óñëîâèþ

u(x, t, l0) = φ0(x, t), l0 ∈ R (5)

è ñ ôóíêöèåé h(x, t) ïðèíàäëåæèò êëàññó

U = {(u, h)|u ∈W 2,3
2 (G);h ∈W 2

2 (Q).}

Çäåñü W 2,3
2 (G) âåñîâàÿ ïðîñòðàíñòâî Ñîáîëåâà ñ íîðìîé

||u||2
W 2,3

2 (G)
= (2π)−1/2

+∞∫
−∞

(
1 + |λ|2

)3 ||û(x, t, λ)||2W 2
2 (Q)dλ,

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ îòíîñèòåëüíî êîýôôèöèåíòîâ, ïðàâîé ÷àñòè
óðàâíåíèÿ (1) è çàäàííîé ôóíêöèè φ0(x, y);
Óñëîâèå 1:
Ïåðèîäè÷íîñòü: a(x, 0) = a(x, T ), c(x, 0) = c(x, T ), g(x, 0, z) = g(x, T, z), f(x, 0, z) = f(x, T, z).
Ãëàäêîñòü: f(x, t, l0) = f0(x, t) ∈ C0,1

x,t (Q), |f0(x, t)| ≥ η > 0, f ∈W 3,3
2 (G), g ∈W 1,3

2 (G).
Óñëîâèå 2:

φ0(x, t) ∈W 3
2 (Q); φ0|t=0 = φ0|t=T ; φ0|x=0 = φ0|x=1 = 0.

Îñíîâíûìè ðåçóëüòàòîì ÿâëÿåòñÿ
Òåîðåìà 1. Ïóñòü âûïîëíåíû âûøåóêàçàííûå óñëîâèÿ 1 è 2, êðîìå òîãî, ïóñòü
2a− |kt|+ µk ≥ B1 > 0, µc(x, t)− ct(x, t) ⩾ b2 > 0, äëÿ âñåõ (x, t) ∈ Q è ïóñòü ñóùå-
ñòâóåò ìàëîå ïîëîæèòåëüíîå ÷èñëî σ- òàêîå, ÷òî äëÿ b0 = min{B1, µ, b2} èìåþò

îöåíêè b0 − 11µ2σ−1 = δ > 0, q =M ∥f∥2
W 3,3

2 (G)
< 1, ãäå M = const

(
σµ2mδ−1η−2 ∥f0∥C0,1

x,t (Q)

)
,

m = 10c1c2c3, c1 =
+∞∫
−∞

λ4dλ
(1+|λ|2)s < +∞, ci(i = 2, 3)-êîýôôèöèåíòû òåîðåìû âëîæåíèÿ Ñîáîëåâà.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ëèíåéíîé îáðàòíîé çàäà÷è (1)-(5) èç óêàçàííîãî
êëàññà U .
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Êàê íàì èçâåñòíî íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ
âûñîêîãî ïîðÿäêà áåç âûðîæäåíèÿ èññëåäîâàíû ìíîãèìè ó÷åííûìè, ïîëíàÿ áèáëèîãðàôèÿ
èìååòñÿ â êíèãå À.Äåçèíà [1], à äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà âûñîêîãî ïîðÿäêà ñ
ëîêàëüíûìè êðàåâûìè óñëîâèÿìè â ðàçëè÷íûõ ïðîñòðàíñòâàõ èññëåäîâàíû â ðàáîòàõ [2,
3], ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè òàêèå çàäà÷è î÷åíü ìàëî èññëåäîâàíû [5, 6].
Â äàííîé ðàáîòå ñ ïðèìåíåíèåì ìåòîäû Ôàýäî-Ãàëåðêèíà, àïðèîðíûõ îöåíîê, è ¾ε-
ðåãóëÿðèçàöèè¿ èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ðåãóëÿðíîãî îáîáùåííîãî ðåøåíèÿ
îäíîé ïîëóíåëîêàëüíîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ðîäà
÷åòâåðòîãî ïîðÿäêà â ïðîñòðàíñòâå Ñîáîëåâà.

Â îáëàñòè

Q = (0, 1)× (0, T ) = {(x, t); 0 < x < 1; 0 < t < T < +∞}

ðàññìîòðèì óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ðîäà ÷åòâåðòîãî ïîðÿäêà:

L2u = Pu−Mu = f(x, t) (1)

Çäåñü Pu =
4∑
i=0

Ki(x, t)D
i
tu; Mu = auxxxx − buxxtt − cuxx ãäå K4(x, t) = K4(t), D

i
tu = ∂iu

∂ti

(i = 0, 1, 2, 3, 4), D0
t u = u,

Ïóñòü äëÿ êîýôôèöèåíòîâ óðàâíåíèÿ (1) âûïîëíåíû ñëåäóþùåå óñëîâèÿ:

K4(t) ∈ C3(0, T ) ∩ C[0, T ]; Ki(x, t) ∈ C2(Q) ∩ C(Q); a, b, c− consts > 0.

K4(0) = K4(T ) = 0; K4t(0) = K4t(0), Ki(x, 0) = Ki(x, T ); i = 0, 2, 3,

äëÿ âñåõ x ∈ [0, 1] . Óðàâíåíèå (1) îòíîñèòñÿ ê óðàâíåíèÿì ñìåøàííîãî òèïà âòîðîãî ðîäà,
òàê êàê íà çíàê ôóíêöèè K4(t) ïî ïåðåìåííîé t âíóòðè îòðåçêà [0, T ] íå íàëàãàåòñÿ íèêàêèõ
îãðàíè÷åíèé [2].

Ïîëóíåëîêàëüíàÿ êðàåâàÿ çàäà÷à: íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (1) èç
ïðîñòðàíñòâà Ñîáîëåâà W 4

2 (Q), óäîâëåòâîðÿþùåå ñëåäóþùèì êðàåâûì óñëîâèÿì

γDp
t u|t=0 = Dp

t u|t=T ; p = 0, 1, 2 (2)
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u|x=0 = u|x=1 = 0; (3)

uxx|x=0 = uxx|x=1 = 0 (4)

ãäå γ âåëè÷èíà îòëè÷íîå îò íóëÿ, êîòîðîãî áóäåò óòî÷íåíà íèæå.
Òåîðåìà. Ïóñòü âûïîëíåíû âûñøåå ïåðå÷èñëåííûå óñëîâèÿ äëÿ êîýôôèöèåíòîâ

óðàâíåíèÿ (1), |K1 (x, t)| > 0 äîñòàòî÷íî áîëüøàÿ ôóíêöèÿ, êðîìå òîãî ïóñòü âûïîëíåíû ñëå-
äóþùèå íåðàâåíñòâî äëÿ êîýôôèöèåíòîâ óðàâíåíèÿ (1); (2K3 + (2j − 3)K4t + 3λK4) ⩾ δ3 > 0,

j = 0, 1, 2; −2K1 + K2t − λK2 ⩾ δ2 > 0, −λK0 + K0t ⩾ δ1 > 0, äëÿ ëþáûõ (x, t) ∈ Q , ãäå
λ = 2

T ln |γ| > 0, |γ| > 1 , äëÿ âñåõ x ∈ [0, 1] . Òîãäà äëÿ ëþáîé ôóíêöèè f(x, t) ∈ W 1
2 (Q),

òàêîé, ÷òî γf(x, 0) = f(x, T ), ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå çàäà÷è (1),(2)-(4)
èç ïðîñòðàíñòâà Ñîáîëåâà W 4

2 (Q).
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Ðàññìàòðèâàåòñÿ êëàññè÷åñêàÿ çàäà÷à îá àíàëèçå âåêîâûõ âîçìóùåíèé êåïëåðîâñêèõ
ýëåìåíòîâ îðáèòû àñòåðîèäà âî âíåøíåé îãðàíè÷åííîé êðóãîâîé çàäà÷å òðåõ òåë, êîãäà
îðáèòà ìàëîãî òåëà ñ ôîêóñîì â Ñîëíöå âîçìóùàåòñÿ ãðàâèòàöèîííûì ïðèòÿæåíèåì ñî
ñòîðîíû âíóòðåííåãî òåëà (Þïèòåðà), äâèãàþùåãîñÿ ïî êðóãîâîé îðáèòå. ×èñëåííûé àíàëèç
âíåøíåé êðóãîâîé îãðàíè÷åííîé çàäà÷è òðåõ òåë õîðîøî èçâåñòåí [1]. Â äîêëàäå äàíî íîâîå
ïðåäñòàâëåíèå âîçìóùàþùåé ñèëîâîé ôóíêöèè â âèäå ñòåïåííîãî ðÿäà ïî îòíîøåíèþ µ = rJ/a.
Êîýôôèöèåíòû ðÿäà èìåþò êîìïàêòíûé âèä è âûðàæàþòñÿ ÷åðåç ãèïåðãåîìåòðè÷åñêèå
ôóíêöèè Ãàóññà è Êëàóçåíà. Ýòî ðàçëîæåíèå îïèñûâàåò ïåðòóðáàöèîííóþ ôóíêöèþ
êàê îäíîçíà÷íóþ àíàëèòè÷åñêóþ ôóíêöèþ ïàðàìåòðà µ, êîòîðóþ ìîæíî ýôôåêòèâíî
ðàñêëàäûâàòü â ðÿäû ïî êåïëåðîâñêèì ýëåìåíòàì îðáèòû, ñòðîèòü åå óñå÷åíèÿ ëþáûõ
ïîðÿäêîâ ìàëîñòè, íàõîäèòü ïðîèçâîäíûå è ò.ä. Îäíà èç öåëåé äîêëàäà � äîêàçàòåëüñòâî
àñèìïòîòè÷íîñòè ñòåïåííîãî ðÿäà â îáëàñòÿõ åãî ðàñõîäèìîñòè. Àñèìïòîòè÷íîñòü ðÿäà
ïîçâîëèò èñïîëüçîâàòü òðàäèöèîííûå ìåòîäû òåîðèè âîçìóùåíèé äëÿ àíàëèçà ýâîëþöèè
äâèæåíèé àñòåðîèäà ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ µ èç èíòåðâàëà (0, 1), çà èñêëþ÷åíèåì
ñëó÷àÿ ðàâíîìåðíî áëèçêèõ îðáèò (µ ≈ 1).
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Êàê èçâåñòíî, âîçìóùàþùàÿ ôóíêöèÿ äëÿ âíåøíåé îãðàíè÷åííîé êðóãîâîé çàäà÷è òðåõ
òåë èìååò âèä:

R = fmJ

[
1

r
+
r3J − r3

r2Jr
2

+
1

r

∞∑
k=2

(rJ
r

)k
Pk (cos γ)

]
,

ãäå f � ïîñòîÿííàÿ òÿãîòåíèÿ, mJ � ìàññà Þïèòåðà, r è rJ � ðàäèóñ-âåêòîðû àñòåðîèäà è
Þïèòåðà, γ � óãîë ìåæäó âåêòîðàìè, à Pk � ïîëèíîì Ëåæàíäðà ñòåïåíè k.

Ïîñëå óñðåäíåíèÿ R ïî λJ � äîëãîòå òåëà Þïèòåðà è l � ñðåäíåé äîëãîòå àñòåðîèäà,
àíàëîãè÷íî [2], áûëî ïîëó÷åíî ïðåäñòàâëåíèå ïåðòóðáàöèîííîé ôóíêöèè â âèäå ñòåïåííîãî
ðÿäà ïî îòíîøåíèÿì rJ/a:

R∗∗ =
fmJ

a
+

fmJ

a
√
1− e2

∞∑
k=1

(rJ
a

)2k
Dk, (1)

çäåñü

Dk = (1 + e)1−2k P2k(0)

(
F2,1

(
1

2
, 1− 2k, 1;

2e

e− 1

)
P2k(0)P2k (cos i) + 2

k∑
n=1

A2k
2n(−1)n cos 2nω

)
,
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e, ω, a � ýñêöåíòðèñèòåò, àðãóìåíò ïåðèöåíòðà è áîëüøàÿ ïîëóîñü îñêóëèðóþùåé îðáèòû
àñòåðîèäà, i � óãîë åå íàêëîíåíèÿ, à F2,1, F
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Êëàóçåíà.
Ðàññìàòðèâàåòñÿ âîïðîñ î ïîâåäåíèè ðÿäà (1) â îáëàñòÿõ ðàñõîäèìîñòè. ×èñëåííî

ïîêàçàíî, ÷òî ýòîò ðÿä ÿâëÿåòñÿ àñèìïòîòè÷åñêèì ïî Ïóàíêàðå, ò.å.

∥R∗∗ −R∗∗
N ∥ ∼ o

(
µN
)

íà êîíå÷íîì ïðîìåæóòêå âðåìåíè, ãäå R∗∗
N � ÷àñòè÷íàÿ ñóììà ðÿäà. Ýòî çíà÷èò, ÷òî òî÷íîñòü

ïðèáëèæåíèÿ ðÿäà åãî ÷àñòè÷íîé ñóììîé � ìàëàÿ âåëè÷èíà âûñîêîãî ïîðÿäêà. Ïîýòîìó, äëÿ
èññëåäîâàíèÿ ýâîëþöèè êåïëåðîâñêèõ ýëåìåíòîâ îðáèòû àñòåðîèäà â îáëàñòÿõ ðàñõîäèìîñòè
ðÿäà (1), ìîæíî èñïîëüçîâàòü êëàññè÷åñêèå ìåòîäû òåîðèè âîçìóùåíèé, îñíîâàííûå íà èäåå
óñå÷åíèÿ ýòîãî ðÿäà.
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Ïðîöåññû Óïðàâëåíèÿ, 2023, Ò. 512, ñ. 33�41.

Êëàññè÷åñêàÿ è âîëíîâàÿ äèíàìèêà äëèííûõ íåëèíåéíûõ
áåðåãîâûõ âîëí è âûðîæäåííûå áèëüÿðäû ñ ïîëóæåñòêèìè ñòåíêàìè44

Äîáðîõîòîâ Ñ.Þ. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðîáëåì ìåõàíèêè èì À.Þ. Èøëèíñêîãî ÐÀÍ

s.dobrokhotov@gmail.com

Ïîä áèëüÿðäàìè ñ ïîëóæ¼ñòêèìè ñòåíêàìè ìû ïîíèìàåì ñïåöèàëüíûå ðåøåíèÿ
ãàìèëüòîíîâûõ ñèñòåì, çàäàâàåìûõ íà äâóìåðíîé ïëîñêîñòè (x1, x2) ãàìèëüòîíèàíàìè
H = D(x1, x2)(p

2
1 + p22), ãäå D(x) � ãëàäêàÿ ôóíêöèÿ, îáðàùàþùàÿñÿ â íîëü íà íåêîòîðîé

44Äîêëàä îñíîâàí íà ñîâìåñòíûõ èññëåäîâàíèÿõ ñ Ì.Ì.Âîòÿêîâîé, Ä.Ñ.Ìèíåíêîâûì, Â.Å.Íàçàéêèíñêèì è
À.Â.Öâåòêîâîé, ÷àñòè÷íî ïîääåðæàííûõ Ðîññèéñêèì íàó÷íûì ôîíäîì (Ïðîåêò 24-11-00213).
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ãëàäêîé çàìêíóòîé êðèâîé Γ, ïðè÷åì ∇D
∣∣∣
Γ
̸= 0. Òàêèå áèëüÿðäû âîçíèêàþò â òåîðèè

âîëí íà âîäå â îãðàíè÷åííûõ è íåîãðàíè÷åííûõ áàññåéíàõ, ôóíêöèÿ D îïèñûâàåò äíî
áàññåéíà è âíóòðè áàññåéíà ïðèíèìàåò ïîëîæèòåëüíûå çíà÷åíèÿ. Êðèâàÿ Γ-áåðåãîâàÿ ëèíèÿ.
Â ðàáîòå [1] ïðè óñëîâèè èíòåãðèðóåìîñòè ãàìèëüòîíîâîé ñèñòåìû ñ ãàìèëüòîíèàíîì H ñ
ïîìîùüþ êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ è ìîäèôèöèðîâàííîãî ïðåîáðàçîâàíèÿ Êàððèåðà-
Ãðèíñïàíà áûëè ïîñòðîåíû ïåðèîäè÷åñêèå ïî âðåìåíè àñèìïòîòè÷åñêèå ðåøåíèÿ íåëèíåéíîé
ñèñòåìû óðàâíåíèé ìåëêîé âîäû â áàññåéíàõ ñ ïîëîãèìè áåðåãàìè, ëîêàëèçîâàííûå â
îêðåñòíîñòè áåðåãîâîé ëèíèè. Ñîîòâåòñòâóþùèå òðàåêòîðèè ãàìèëüòîíîâîé ñèñòåìû îáðàçóþò
íåêîìïàêòíûå (�íåñòàíäàðòíûå�) òîðû Ëèóâèëëÿ, èõ ïðîåêöèè íà ïëîñêîñòè (x1, x2) çàìåòàþò
êîëüöåâóþ îáëàñòü è îòðàæàþòñÿ îò íåêîòîðîé ïðîñòîé êàóñòèêè, íàõîäÿùåéñÿ âíóòðè
áàññåéíà, è áåðåãîâîé ëèíèè, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé ¾íåñòàíäàðòíóþ¿ êàóñòèêó.
Äåôåêò ïîñòðîåííûõ â [1] ðåøåíèé ñîñòîèò â òðåáîâàíèè èíòåãðèðóåìîñòè ââåäåííîé
ãàìèëüòîíîâîé ñèñòåìû, êîòîðîå ïðàêòè÷åñêè íå ìîæåò áûòü âûïîëíåíî â ðåàëüíûõ
ñèòóàöèÿõ. Â ýòîì äîêëàäå ìû â îñíîâíîì ðàññìàòðèâàåì âûðîæäåííûå ñèòóàöèè [2],
êîãäà ¾ñòàíäàðòíàÿ¿ êàóñòèêà ñèëüíî ïðèáëèæàåòñÿ ê áåðåãîâîé ëèíèè (¾íåñòàíäàðòíîé¿
êàóñòèêå). Òîãäà â ãàìèëüòîíîâîé ñèñòåìå ïîÿâëÿþòñÿ �áûñòðûå è ìåäëåííûå ïåðåìåííûå�,
òðåáîâàíèå èíòåãðèðóåìîñòè òîãäà èñ÷åçàåò, è âñåãäà âîçìîæíî ïîñòðîåíèå ýôôåêòèâíûõ
àñèìïòîòè÷åñêèõ âîëíîâûõ ðåøåíèé, èìåþùèõ íåáîëüøîå ÷èñëî îñöèëëÿöèé ïî íîðìàëè ê
áåðåãó (ÿâëÿþùèõñÿ àíàëîãàìè âîëí Ñòîêñà è Óðñåëëà). Ñîîòâåòñòâóþùèå òðàåêòîðèè ñèëüíî
ëîêàëèçîâàíû â óçêîé îêðåñòíîñòè áåðåãà, ïðè ýòîì îíè âñåãäà âõîäÿò â áåðåãîâóþ ëèíèþ è
îòðàæàþòñÿ îò íåå ïîä óãëîì 90 ãðàäóñîâ. Òàêèì îáðàçîì ìû èìååì àñèìïòîòè÷åñêèå ðåøåíèÿ
ïîõîæèå íà èçâåñòíûå â àêóñòèêå ðåøåíèÿ òèïà ¾øåï÷óùåé ãàëåðåè¿, íî ïðè ýòîì äëÿ èõ
ñóùåñòâîâàíèÿ çà ñ÷åò ¾âûðîæäåííîé¿ ñòåíêè (áåðåãîâîé ëèíèè) íå òðåáóåòñÿ âûïóêëîñòè
äâóìåðíîé îáëàñòè, â êîòîðîé ðàñïîëîæåí áàññåéí, òî åñòü îáëàñòè íà äâóìåðíîé ïëîñêîñòè
(x1, x2), â êîòîðûõ D(x1, x2) > 0. Íà ïðèìåðàõ ïîêàçàíà çàâèñèìîñòü ëîêàëüíîé àìïëèòóäû
íåëèíåéíûõ âîëí îò óãëà íàêëîíà, êðèâèçíû áåðåãîâîé ëèíèè è ò.ä.
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Î âûðîæäåííûõ ðåçîíàíñàõ è ñèíõðîíèçàöèè
êâàçèïåðèîäè÷åñêèõ êîëåáàíèé â ïàðàìåòðè÷åñêèõ ñèñòåìàõ45
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äâóìåðíûõ íåëèíåéíûõ ãàìèëüòîíîâûõ ñèñòåì. Ïðåäïîëàãàåòñÿ, ÷òî âîçìóùåííàÿ àâòîíîìíàÿ
ñèñòåìà èìååò ïðåäåëüíûé öèêë, à íåàâòîíîìíàÿ ñèñòåìà èìååò âûðîæäåííûå ðåçîíàíñû.
Ðàññìàòðèâàåòñÿ ïðîáëåìà ñèíõðîíèçàöèè êîëåáàíèé íà âûðîæäåííûõ ðåçîíàíñàõ ïðè
ïàðàìåòðè÷åñêèõ âîçìóùåíèÿõ [1, 2, 3]. Â ýòîì ñëó÷àå óñðåäíåííàÿ ñèñòåìà ìîæåò
èìåòü ïðåäåëüíûé öèêë â îáëàñòè êîëåáàòåëüíûõ äâèæåíèé, ÷òî ïðèâîäèò ê íîâîìó
òèïó ñèíõðîíèçàöèè. Äàþòñÿ âîçìîæíûå òèïû ôàçîâûõ ïîðòðåòîâ óñðåäíåííîé ñèñòåìû â
çàâèñèìîñòè îò âåëè÷èíû îòêëîíåíèÿ ðåçîíàíñíîãî óðîâíÿ îò óðîâíÿ ñ ïðåäåëüíûì öèêëîì.
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Ïðîâåäåíî ÷èñëåííîå èññëåäîâàíèå âîçíèêíîâåíèÿ âèõðåâîãî òå÷åíèÿ â íåñæèìàåìîé
æèäêîñòè âíóòðè êóáè÷åñêîé ÿ÷åéêè ïðè ïîñòîÿííîì âîçäåéñòâèè âíåøíåé ñèëû (ñèëû
Êîëìîãîðîâà) è ñèëû âðàùåíèÿ (ñèëû Êîðèîëèñà) [1]. Â ðåçóëüòàòå ÷èñëåííîãî ýêñïåðèìåíòà
â îáúåìå æèäêîñòè âîçíèêàëè êîãåðåíòíûå ñòîëáîâûå âèõðè, ðàñïîëîæåííûå âäîëü îñè
âðàùåíèÿ. Âðåìÿ ñóùåñòâîâàíèÿ âèõðåé çíà÷èòåëüíî ïðåâûøàëî âðåìÿ âÿçêîãî çàòóõàíèÿ
çà ñ÷åò òðåíèÿ î âåðõíþþ è íèæíþþ ãðàíè êóáà. Óñòàíîâëåíî ñóùåñòâîâàíèå íåñêîëüêèõ
òèïîâ êâàçè-äâóìåðíûõ òå÷åíèé, âèä êîòîðûõ çàâèñèò îò àìïëèòóäû âíåøíåé ñèëû è ÷àñòîòû
âðàùåíèÿ êóáà. Äàííûå òèïû òå÷åíèé òàê æå áûëè îáíàðóæåíû â ðàáîòå [2]. Â òå÷åíèè
âûäåëåíû õàîòè÷åñêèé ðåæèì, ðåæèì íåñêîëüêèõ âèõðåé-öèêëîíîâ íåáîëüøîãî ðàçìåðà,
ðåæèì îäíîãî êðóïíîãî âèõðÿ-öèêëîíà è ðåæèì êðóïíîãî âèõðÿ-öèêëîíà, âíóòðè êîòîðîãî
ïðèñóòñòâóåò èíòåíñèâíûé âèõðü-àíòèöèêëîí. Èññëåäîâàíû ðàäèàëüíûå ïðîôèëè ñðåäíåé
ïî âðåìåíè àçèìóòàëüíîé ñêîðîñòè â êîãåðåíòíûõ âèõðÿõ äëÿ óêàçàííûõ òèïîâ òå÷åíèé.
Ïîêàçàíî, ÷òî îíè îòëè÷àþòñÿ ÷èñëîì è ðàçìåðàìè âèõðåé è èìåþò ðàçëè÷íîå ðàñïðåäåëåíèå
çàâèõðåííîñòè ïî ðàäèóñó âèõðÿ, àíàëîãè÷íî ýêñïåðèìåíòàëüíûì äàííûì [3].
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Î êëàññå ×åðíà�Ëîñèêà ñëîåíèé êîðàçìåðíîñòè 2
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Ìîäèôèöèðîâàííûå êëàññû ×åðíà � Ëîñèêà áûëè îïðåäåëåíû Ëîñèêîì äëÿ ñëîåíèé
êîðàçìåðíîñòè îäèí [1]. Ýòè õàðàêòåðèñòè÷åñêèå êëàññû ïðèíèìàþò çíà÷åíèÿ â êîãîìîëîãèÿõ
ïðîñòðàíñòâà ñòðóé (äæåòîâ) ðåïåðîâ âòîðîãî ïîðÿäêà íà ïðîñòðàíñòâå ëèñòîâ ñëîåíèÿ. Â
ðàáîòàõ [2], [3] êëàññû ×åðíà � Ëîñèêà è Ãîäáèéîíà � Âåÿ � Ëîñèêà áûëè âû÷èñëåíû
äëÿ ñëîåíèÿ Ðèáà ñ ïðîèçâîëüíîé ôóíêöèåé, îïðåäåëÿþùåé àñèìïòîòèêó íåêîìïàêòíûõ
ñëîåâ â îêðåñòíîñòè êîìïàêòíîãî ñëîÿ. Â ÷àñòíîñòè, ïîêàçàíà âîçìîæíàÿ íåòðèâèàëüíîñòü
ìîäèôèöèðîâàííûõ êëàññîâ ïðè òðèâèàëüíîñòè êëàññè÷åñêèõ êëàññîâ Ãîäáèéîíà � Âåÿ.

Â äàííîé ðàáîòå ìû îáîáùàåì êëàññ ×åðíà � Ëîñèêà äëÿ ñëîåíèé êîðàçìåðíîñòè äâà.
Ïîëó÷åíû ÿâíûå ôîðìóëû, îïðåäåëÿþùèå ìîäèôèöèðîâàííûé êëàññ ×åðíà � Ëîñèêà â ýòîé
ñèòóàöèè. Ðàññìîòðåíû ÿâíî ïîñòðîåííûå ñëîåíèÿ êîðàçìåðíîñòè äâà, ïðåäñòàâëÿþùèå ñîáîé
îäíîìåðíûå îáìîòêè íà òðåõìåðíîì òîðå (ïîëíîòîðèè). Ïîêàçàíî, ÷òî â çàâèñèìîñòè îò ïà-
ðàìåòðîâ îáìîòêè âîçìîæíû êàê òðèâèàëüíîñòü, òàê è íåòðèâèàëüíîñòü õàðàêòåðèñòè÷åñêèõ
êëàññîâ ×åðíà � Ëîñèêà. Ðåçóëüòàòû ïîëó÷åíû ñîâìåñòíî ñ ß.Â. Áàçàéêíûì è À.Ñ. Ãàëàåâûì.
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Î C1-ãëàäêèõ Ω-óñòîé÷èâûõ êîñûõ ïðîèçâåäåíèÿõ
îòîáðàæåíèé îêðóæíîñòè íà ìíîãîìåðíûõ òîðàõ46
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Ðàññìîòðåíû C1-ãëàäêèå êîñûå ïðîèçâåäåíèÿ îòîáðàæåíèé îêðóæíîñòè íà òîðàõ
ðàçìåðíîñòè ≥ 3.

Äîêàçàí êðèòåðèé C1-Ω-óñòîé÷èâîñòè (îòíîñèòåëüíî âîçìóùåíèé êëàññà C1-ãëàäêèõ
êîñûõ ïðîèçâåäåíèé); ïðèâåäåíî îïèñàíèå ñòðóêòóðû íåáëóæäàþùåãî ìíîæåñòâà òàêèõ
îòîáðàæåíèé.

Ââåäåíû íîâûå äèíàìè÷åñêèå ìíîãîçíà÷íûå ôóíêöèè, ïðèñïîñîáëåííûå ê îïèñàíèþ
êîñûõ ïðîèçâåäåíèé îäíîìåðíûõ îòîáðàæåíèé íà ìíîãîîáðàçèÿõ ðàçìåðíîñòè ≥ 3. Ñ
èñïîëüçîâàíèåì òàêîãî ðîäà ôóíêöèé â ïðîñòðàíñòâå C1-ãëàäêèõ êîñûõ ïðîèçâåäåíèé
îòîáðàæåíèé îêðóæíîñòè íà òîðàõ ðàçìåðíîñòè ≥ 3 âûäåëåíî íåêîòîðîå ïîäïðîñòðàíñòâî
îòîáðàæåíèé, ñîäåðæàùåå Ω-óñòîé÷èâûå êîñûå ïðîèçâåäåíèÿ.

Äîêàçàíî, ÷òî ìíîæåñòâî ðàññìàòðèâàåìûõ Ω-óñòîé÷èâûõ îòîáðàæåíèé íå îáðàçóåò
âñþäó ïëîòíîãî ïîäìíîæåñòâà â ñîäåðæàùåì åãî ïîäïðîñòðàíñòâå (è òåì áîëåå, âî
âñåì ïðîñòðàíñòâå C1-ãëàäêèõ êîñûõ ïðîèçâåäåíèé) îòîáðàæåíèé îêðóæíîñòè íà òîðàõ
ðàçìåðíîñòè ≥ 3.

46Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà, ãðàíò � 24-21-00242,
https://rscf.ru/en/project/24-21-00242/.
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Âû÷èñëåíèå ñèíãóëÿðíîãî òèïà è îáðàçóþùèõ ôóíäàìåíòàëüíîé ãðóïïû
ëåíòî÷íîé ïîâåðõíîñòè: íîâûé àëãîðèòì
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Äëÿ àëãîðèòìè÷åñêîãî ðåøåíèÿ çàäà÷ ïåðå÷èñëèòåëüíîé êëàññèôèêàöèè ïñåâäîàíîñîâ-
ñêèõ ãîìåîìîðôèçìîâ è äèôôåîìîðôèçìîâ ïîâåðõíîñòåé ñ îäíîìåðíûìè ãèïåðáîëè÷åñêèìè
àòòðàêòîðàìè èñïîëüçóåòñÿ êîìáèíàòîðíîå îïèñàíèå òàê íàçûâàåìûõ ëåíòî÷íûõ ïîâåðõíîñòåé
(ñì. [1]).

Ëåíòî÷íàÿ ïîâåðõíîñòü çàäà¼òñÿ íàáîðîì äàííûõ, íàçûâàåìûõ å¼ êîíôèãóðàöèåé. Îäèí
èç îñíîâíûõ àëãîðèòìîâ, íåîáõîäèìûõ äëÿ ðàáîòû ñ ýòèìè äàííûìè ïðåäïîëàãàåò âû÷èñëåíèå
ïî êîíôèãóðàöèè ñèíãóëÿðíîãî òèïà ëåíòî÷íîé ïîâåðõíîñòè è îáðàçóþùèõ ôóíäàìåíòàëüíîé
ãðóïïû â å¼ êîïðåäñòàâëåíèè, àññîöèèðîâàííûì ñ å¼ åñòåñòâåííûì ìàðêîâñêèì ðàçáèåíèåì.
Òàêîé àëãîðèòì áûë îïèñàí â [1] (àëãîðèòì A).

Ïðåäëàãàåìûé íîâûé àëãîðèòì îñíîâûâàåòñÿ íà ïðåäâàðèòåëüíîì ñîïîñòàâëåíèè ëåí-
òî÷íîé ïîâåðõíîñòè îáîáùåííîé ìàòðèöà ñìåæíîñòè òî÷åê áàçèñíîãî îòðåçêà, ïðèíàäëåæàùèõ
å¼ êðàþ ïî ñâÿçíûì êîìïîíåíòàì ïîñëåäíåãî. Òàêîå ïðåäñòàâëåíèå ïîçâîëÿåò àäàïòèðîâàòü
äëÿ ðåøåíèÿ óêàçàííûõ çàäà÷ ïðîöåäóðó îáõîäà â ãëóáèíó îñòîâíîãî íàáîðà ïðîñòûõ öèêëîâ,
çàäàííîãî â âèäå ìàòðèöû ñìåæíîñòè [2].

Â ñðàâíåíèè ñ àëãîðèòìîì À, íîâûé àëãîðèòì îáëàäàåò òåì ïðåèìóùåñòâîì, ÷òî íå
ïðåäïîëàãàåò çàäàíèÿ âñïîìîãàòåëüíûõ ìíîæåñòâ è èñïîëüçîâàíèÿ ðåêóððåíòíûõ ôóíêöèé,
÷òî çàìåòíî óñêîðÿåò âû÷èñëåíèÿ íà êîìïüþòåðå.
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Î ñóùåñòâîâàíèè ðåøåíèé ôóíêöèîíàëüíîãî âêëþ÷åíèÿ
ñ îòêëîíÿþùèìñÿ àðãóìåíòîì47
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Â äîêëàäå ðàññìàòðèâàåòñÿ ôóíêöèîíàëüíîå âêëþ÷åíèå âèäà

G(t, x(h(t)), x(t)) ∋ 0, t ∈ [a, b]; x(s) = 0, s /∈ [a, b], (1)

îòíîñèòåëüíî íåèçâåñòíîé èçìåðèìîé ôóíêöèè x : [a, b] → Rn.
Çäåñü ìíîãîçíà÷íîå îòîáðàæåíèå G : [a, b]×Rn×Rn ⇒ Rm èìååò êîìïàêòíûå çíà÷åíèÿ è

óäîâëåòâîðÿåò íåñêîëüêî áîëåå îáùèì óñëîâèÿì, ÷åì óñëîâèÿ Êàðàòåîäîðè (ïîäðîáíåå ñì. [1]),

47Èññëåäîâàíèå ïðîâåäåíî ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 23-11-20020,
https://rscf.ru/project/23-11-20020/).
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à èçìåðèìàÿ ôóíêöèÿ h : [a, b] → R òàêîâà, ÷òî äëÿ ëþáîãî èçìåðèìîãî ïî Ëåáåãó ìíîæåñòâà
E ⊂ [a, b] ìåðû µ(E) = 0 âûïîëíåíî µ(h−1(E)) = 0. Ýòè óñëîâèÿ îáåñïå÷èâàþò èçìåðèìîñòü
ñóïåðïîçèöèèG(t, x(h(·)), x(·)) äëÿ ëþáîé èçìåðèìîé ôóíêöèè x(·). Òàêæå ïðåäïîëàãàåòñÿ, ÷òî
îòîáðàæåíèå G(t, x, ·) óïîðÿäî÷åííî íàêðûâàåò ìíîæåñòâî {0} ⊂ Rm, à îòîáðàæåíèå G(t, ·, u)
àíòèòîííî.

Äîêàçàíî, ÷òî åñëè íàéäåòñÿ òàêàÿ èçìåðèìàÿ ôóíêöèÿ u0 : [a, b] → Rn, ÷òî

G(t, u0(h(t)), u0(t)) ∩ Rn+ ̸= ∅, t ∈ [a, b]; x(s) = 0, s /∈ [a, b],

òî âêëþ÷åíèå (1) èìååò èçìåðèìîå ðåøåíèå x ≤ u0.
Ýòî óòâåðæäåíèå àíàëîãè÷íî èçâåñòíûì òåîðåìàì òèïà ×àïëûãèíà (ñì., íàïðèìåð

[2]), óñòàíàâëèâàþùèì ñâÿçü ìåæäó ðåøåíèÿìè ðàçëè÷íûõ ôóíêöèîíàëüíûõ óðàâíåíèé
(ïðåæäå âñåãî, äèôôåðåíöèàëüíûõ è èíòåãðàëüíûõ óðàâíåíèé) è ðåøåíèÿìè ñîîòâåòñòâóþùèõ
íåðàâåíñòâ.

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ èñïîëüçóåò ðåçóëüòàòû [3] îá îïåðàòîðíîì âêëþ÷åíèè
â ÷àñòè÷íî óïîðÿäî÷åííûõ ïðîñòðàíñòâàõ.
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Î âçàèìîñâÿçè ïåðèîäè÷åñêèõ ðåøåíèé íåïðåðûâíûõ è ðàçðûâíûõ
ìîäåëåé ýëåêòðè÷åñêîé àêòèâíîñòè ãîëîâíîãî ìîçãà48
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Ïðåäñòàâëåííûå ðåçóëüòàòû ïðîäîëæàþò èññëåäîâàíèÿ [1], [2] äèôôåðåíöèàëüíûõ
óðàâíåíèé, ñîñòàâëÿþùèõ ìîäåëü Õîïôèëäà ýëåêòðè÷åñêîé àêòèâíîñòè ãîëîâíîãî ìîçãà.
Ïîêàçàíî ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåøåíèé ðàññìàòðèâàåìûõ ñèñòåì è èññëåäóåòñÿ
çàâèñèìîñòü ðåøåíèé îò âðåìåíè δ ≥ 0 àêòèâàöèè íåéðîíîâ.

Ñôîðìóëèðóåì áîëåå òî÷íî ïðåäñòàâëåííûå ðåçóëüòàòû.
Ðàññìîòðèì ñåòü, ñîñòîÿùóþ èç n íåéðîíîâ. Îáîçíà÷èì ÷åðåç vi(t) � ñîñòîÿíèå óðîâíÿ

ýëåêòðè÷åñêîé àêòèâíîñòè íåéðîíà i ∈ 1, n â ìîìåíò âðåìåíè t; wji � ñèëó ñâÿçè íåéðîíà j
ñ íåéðîíîì i; Ii(t) � âíåøíåå âîçäåéñòâèå, îêàçûâàåìîå íà íåéðîí i. Ïðåäïîëîæèì, ÷òî äëÿ
êàæäîãî íåéðîíà ñêîðîñòü èçìåíåíèÿ óðîâíÿ ýëåêòðè÷åñêîé àêòèâíîñòè ïðîïîðöèîíàëüíà ñ
íåêîòîðûì êîýôôèöèåíòîì −α, α > 0, óðîâíþ åãî ýëåêòðè÷åñêîé àêòèâíîñòè. Â çàâèñèìîñòè
îò âðåìåíè δ ≥ 0 ïåðåõîäà íåéðîíà â àêòèâíîå ñîñòîÿíèå áóäåì ðàññìàòðèâàòü íåïðåðûâíóþ
(ïðè δ > 0) èëè ðàçðûâíóþ (ïðè δ = 0) ôóíêöèè àêòèâàöèè fδ, êîòîðûå îïðåäåëèì ôîðìóëàìè

fδ(v) =


0, v < θ,
δ−1(v − θ), θ ⩽ v ⩽ θ + δ,
1, v > θ + δ,

f0(v) =

{
0, v < θ,
1, v ≥ θ,

48Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 23-11-20020,
https://rscf.ru/project/23-11-20020/).
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ãäå θ � íåêîòîðîå ïîðîãîâîå çíà÷åíèå, â êîòîðîì íà÷èíàåòñÿ àêòèâàöèÿ íåéðîíà.
Â ïåðå÷èñëåííûõ ïðåäïîëîæåíèÿõ ìîäåëü ýëåêòðè÷åñêîé àêòèâíîñòè ãîëîâíîãî ìîçãà

ïðèíèìàåò âèä ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

v̇i = −αvi(t) +
n∑
j=1

wjifδ(vj) + Ii(t), t ≥ 0, i = 1, n. (1)

Ôóíêöèè Ii : R+ → Rn áóäåì ïðåäïîëàãàòü ñóììèðóåìûìè (ïî Ëåáåãó) íà êàæäîì
êîíå÷íîì îòðåçêå èç R+. Ðåøåíèåì ñèñòåìû (1) íà ïðîèçâîëüíîì êîíå÷íîì îòðåçêå [0, T ]
áóäåì ñ÷èòàòü àáñîëþòíî íåïðåðûâíóþ íà ýòîì îòðåçêå âåêòîð-ôóíêöèþ v = (v1, . . . , vn),
óäîâëåòâîðÿþùóþ ýòîìó óðàâíåíèþ ïðè ï.â. t ∈ [0, T ].

Òåîðåìà 1. Ïóñòü ïðè ëþáîì i ôóíêöèè Ii ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ñ îäèíàêîâûì
ïåðèîäîì T > 0. Òîãäà ïðè ëþáîì δ ≥ 0 ñóùåñòâóåò T -ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ
(1), ìíîæåñòâî R(δ) ñóæåíèé T -ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1) íà îòðåçîê [0, T ] íå
ïóñòî, çàìêíóòî è îãðàíè÷åíî â ïðîñòðàíñòâå AC([0, T ],Rn), à ìíîãîçíà÷íîå îòîáðàæåíèå
R : R+ ⇒ AC([0, T ],Rn) àíòèòîííî íà R+ è ïîëóíåïðåðûâíî ñâåðõó â òî÷êå δ = 0.

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ èñïîëüçóåò ðåäóêöèþ ïåðèîäè÷åñêîé êðàåâîé
çàäà÷è äëÿ óðàâíåíèÿ (1) ê èíòåãðàëüíîìó óðàâíåíèþ â ïðîñòðàíñòâå L([0, T ],Rn).
Ïîëó÷åííîå èíòåãðàëüíîå óðàâíåíèå èññëåäóåòñÿ ìåòîäàìè òåîðèè ìîíîòîííûõ îòîáðàæåíèé
÷àñòè÷íî óïîðÿäî÷åííûõ ïðîñòðàíñòâ (ñì. [3]). Äîêàçàòåëüñòâî ïîëóíåïðåðûâíîñòè ñâåðõó
â òî÷êå δ = 0 îòîáðàæåíèÿ R îñíîâàíî íà ïîëó÷åííîé àâòîðàìè äîêëàäà òåîðåìå î
ïîëóíåïðåðûâíîé çàâèñèìîñòè îò ïàðàìåòðîâ ìíîæåñòâ íåïîäâèæíûõ òî÷åê îòîáðàæåíèé
÷àñòè÷íî óïîðÿäî÷åííûõ ïðîñòðàíñòâ.
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Ðîáàñòíàÿ ñòàáèëèçàöèÿ ñòîõàñòè÷åñêîé ñèñòåìû
ñî ñëó÷àéíîé ñòðóêòóðîé è ñëó÷àéíûìè ñêà÷êàìè ôàçîâîãî âåêòîðà

Çàâüÿëîâà Ò.Â. (Ðîññèÿ, Ìîñêâà)
ÍÈÒÓ ÌÈÑÈÑ
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Â ðàáîòå ðàññìàòðèâàþòñÿ óñëîâèÿ ðîáàñòíîãî óïðàâëåíèÿ â ñèñòåìå äèôôåðåíöèàëüíûõ
óðàâíåíèé, ïàðàìåòðû êîòîðîé çàâèñÿò îò ñëó÷àéíîãî ïðîöåññà. Ñëó÷àéíûé ïðîöåññ èëè
ñòðóêòóðà îáúåêòà óïðàâëåíèÿ îïèñûâàåòñÿ ïðîñòîé ìàðêîâñêîé öåïüþ ñ êîíå÷íûì ÷èñëîì
ñîñòîÿíèé. Äèíàìèêà ïðîöåññà îñëîæíÿåòñÿ ïðåäïîëîæåíèåì î òîì, ÷òî â ñëó÷àéíûå ìîìåíòû
âðåìåíè ñ èçâåñòíîé âåðîÿòíîñòüþ ñèñòåìà ïåðåõîäèò èç îäíîãî ñîñòîÿíèÿ â äðóãîå. Ïðè
ýòîì ñêà÷êîîáðàçíî èçìåíÿåòñÿ ñëó÷àéíûì îáðàçîì ôàçîâûé âåêòîð ñèñòåìû è ïðîäîëæåíèå
äâèæåíèÿ íà÷èíàåòñÿ ñ íîâûìè íà÷àëüíûìè óñëîâèÿìè. Ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî òàêèõ
íà÷àëüíûõ óñëîâèé äëÿ ïðîäîëæåíèÿ òðàåêòîðèè îãðàíè÷åíî.

Ïóñòü äèíàìèêà ïðîöåññà îïèñûâàåòñÿ ñëåäóþùåé ñèñòåìîé óïðàâëåíèÿ

dx(t) = [A(t, r(t))x+B(t, r(t))u]dt+
l∑

v=1

σv(t, r(t))xdwv (1)
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y = C(r(t))x,

ãäå x ∈ Rn � n-ìåðíûé âåêòîð ôàçîâûõ êîîðäèíàò ñèñòåìû; âðåìÿ t ìîæåò èçìåíÿòüñÿ
â îáëàñòè; I = {t : t ≥ t0} � óïðàâëÿþùåå âîçäåéñòâèå; u ∈ Rm � âåêòîð âûõîäà. Ìàòðèöû-
ôóíêöèè, çàâèñÿùèå îò ñòðóêòóðíîãî ñîñòîÿíèÿ A(r(t)), B(r(t)), σv(r(t)) � çàäàíû.

Âåêòîð-ôóíêöèÿ r(t) ÿâëÿåòñÿ ïðîñòîé ìàðêîâñêîé öåïüþ, ïðè êàæäîì t ∈ I ïðèíèìàåò
çíà÷åíèÿ èç ìíîæåñòâà F = {r1, .., rk}. Ïðîñòàÿ ìàðêîâñêàÿ öåïü äîïóñêàåò ðàçëîæåíèå

P{r(t) = rj | r(s) = ri ̸= rj} = qij(t− s) + o(t− s), (2)

P{r(t) = ri, s ≤ τ ≤ t | r(s) = ri} = 1− qi(t− s) + o(t− s),

ãäå qij � èçâåñòíûå ïåðåõîäíûå âåðîÿòíîñòè èç i-ãî ñîñòîÿíèÿ â j-å, o(t − s) � áåñêîíå÷íî
ìàëàÿ âåëè÷èíà, áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè, ÷åì (t − s), w(t) = {w1(t), . . . , wm(t)} �
m-âåêòîðíûé ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ.

Ïðåäïîëîæèì, ÷òî â ñëó÷àéíûå ìîìåíòû âðåìåíè ñêà÷êîîáðàçíîãî èçìåíåíèÿ r(t)
ôàçîâûé âåêòîð x(t) òàê æå èçìåíÿåòñÿ ñêà÷êîì ïî çàêîíó:

x(τ) = Kijx(τ − 0), (3)

ãäå τ � ìîìåíò ïåðåõîäà ñèñòåìû èç ñîñòîÿíèÿ r(τ − 0) = ri â ñîñòîÿíèå r(τ + 0) = rj ̸= ri;
Kij � ìàòðèöà ðàçìåðíîñòè n ×m, õàðàêòåðèçóþùàÿ ñîñòîÿíèå ôàçîâîãî âåêòîðà â ìîìåíò
ñìåíû ñòðóêòóðíîãî ñîñòîÿíèÿ r(t) ∈ F , îãðàíè÷åíà ||Kij || ≤ δi.

Â äàííîé ðàáîòå ïðåäïîëîæåíèå î ñëó÷àéíî èçìåíÿþùåìñÿ ñêà÷êå ôàçîâîãî âåêòîðà
ÿâëÿåòñÿ íîâûì è ïðîäèêòîâàíî ïðàêòè÷åñêèìè ñîîáðàæåíèÿìè. Óïðàâëÿþùåå âîçäåéñòâèå
èùåòñÿ â âèäå

u = −F (r(t))x,

ãäå F (r(t)) � ìàòðèöà ðàçìåðíîñòè n×m, çàâèñÿùàÿ îò ñòðóêòóðíîãî ñîñòîÿíèÿ ñèñòåìû.
Â ðåàëüíûõ ïðàêòè÷åñêèõ ñèòóàöèÿõ â ìîìåíò ñëó÷àéíîé ñìåíû ñòðóêòóðíîãî ñîñòîÿíèÿ

ñèñòåìû ìàòðèöû Kij òî÷íî íåèçâåñòíû, à çàäàíû ëèøü íîìèíàëüíûå èëè íåêîòîðûå äîïóñêè
åå çíà÷åíèé. Ïîýòîìó âàæíî íàéòè òàêèå ñîîòíîøåíèÿ ïàðàìåòðîâ ñèñòåìû, ïðè êîòîðûõ îíà
áóäåò ñòàáèëèçèðóåìà òåì æå óïðàâëåíèåì.

Äëÿ îïèñàííîãî êëàññà ñèñòåì (1) � (3) ñî ñëó÷àéíîé ñòðóêòóðû ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ ðîáàñòíîé ñòàáèëèçàöèè ñî ñòàòè÷åñêîé îáðàòíîé ñâÿçüþ ïî ñîñòîÿíèþ, à òàêæå
íàéäåíû ñîîòíîøåíèÿ ìåæäó ïàðàìåòðàìè ñêà÷êà ôàçîâîãî âåêòîðà è ïàðàìåòðàìè ñèñòåìû,
ïðè êîòîðîì ðîáàñòíîå óïðàâëåíèå ñóùåñòâóåò. Â ðàáîòå ñìîäåëèðîâàí ôèçè÷åñêèé ïðîöåññ,
îïèñûâàþùèé äâèæåíèå òåëà ñî ñëó÷àéíî èçìåíÿþùåéñÿ ìàññîé. Äëÿ íåãî ïîñòðîåíî
ñòàáèëèçèðóþùåå ðîáàñòíîå óïðàâëåíèå ñ îáðàòíîé ñâÿçüþ ïî âûõîäó.
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Êîððåêòíàÿ ðàçðåøèìîñòü ñìåøàííûõ çàäà÷ ñ èíòåãðàëüíûìè
óñëîâèÿìè äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ ñèíãóëÿðíûì

êîýôôèöèåíòîì

Çàéöåâà Í.Â. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà

zaitseva@cs.msu.ru

Â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t) ∈ R2 : 0 < x < l, 0 < t < T}, ãäå l, T �
ïîëîæèòåëüíûå çàäàííûå ÷èñëà, èññëåäîâàíû íà êîððåêòíóþ ðàçðåøèìîñòü (ñóùåñòâîâàíèå,
åäèíñòâåííîñòü, óñòîé÷èâîñòü ðåøåíèÿ) íà÷àëüíî-ãðàíè÷íûå çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ

utt = uxx +
k

x
ux

ñ èíòåãðàëüíûìè óñëîâèÿìè ïåðâîãî ðîäà

l∫
0

xku(x, t) dx = A, k > −1, k ̸= 0, 0 ≤ t ≤ T,

l∫
0

xu(x, t) dx = A, k ≤ −1, 0 ≤ t ≤ T,

ãäå A �çàäàííîå äåéñòâèòåëüíîå ÷èñëî, è ñ èíòåãðàëüíûìè óñëîâèÿìè âòîðîãî ðîäà

ux(l, t) +

l∫
0

xku(x, t) dx = 0 k > −1, k ̸= 0, 0 ≤ t ≤ T,

(
xk−1u(x, t)

)∣∣∣
x=l

+

l∫
0

xu(x, t) dx = 0, k ≤ −1, 0 ≤ t ≤ T.

Ñ ïîäðîáíûìè ðåçóëüòàòàìè ìîæíî îçíàêîìèòüñÿ â ðàáîòàõ [1], [2].
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Â ïðîöåññå ïðîåêòèðîâàíèÿ íåñóùèõ êîíñòðóêöèé çäàíèé è ñîîðóæåíèé, â òîì ÷èñëå
ìîñòîâ, âûïîëíÿåòñÿ îöåíêà èõ íàäåæíîñòè è óñòîé÷èâîñòè. Îáùåïðèíÿòûìè ÿâëÿþòñÿ
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ìåòîäû ñîïðîòèâëåíèÿ ìàòåðèàëîâ, â îñíîâå êîòîðûõ ëåæèò ðàñ÷åò âñåõ ñèë è ìîìåíòîâ,
äåéñòâóþùèõ íà êîíñòðóêöèþ. Êàê ïðàâèëî, ýòè ìåòîäû äàþò ïðèáëèæåííûé ðåçóëüòàò, èç-
çà ÷åãî ïðî÷íîñòíûå õàðàêòåðèñòèêè ðåàëüíûõ êîíñòðóêöèé ìíîãîêðàòíî óâåëè÷èâàþòñÿ.
Îäíèì èç ôàêòîðîâ, âëèÿþùèõ íà íàäåæíîñòü êîíñòðóêöèè ÿâëÿåòñÿ ïîäâåðæåííîñòü èõ
êîëåáàíèÿì, ïîýòîìó ïðîâåðÿåòñÿ âîçìîæíîñòü âîçíèêíîâåíèÿ ðåçîíàíñà íà ñîáñòâåííûõ
÷àñòîòàõ êîíñòðóêöèè è âû÷èñëÿþòñÿ ïðåäåëû íàãðóçêè. Äëÿ îöåíêè äîïóñòèìûõ âíåøíèõ
âîçìóùåíèé, íàïðèìåð, âåòðîâûõ, ìîæåò áûòü èñïîëüçîâàí àïïàðàò äèôôåðåíöèàëüíûõ
óðàâíåíèé, îïèñûâàþùèõ èçãèáíî-êðóòèëüíûå êîëåáàíèÿ [1].

Êàê çàìå÷åíî â [2], ñîâðåìåííûå êîíñòðóêöèè áàëî÷íûõ ìîñòîâ ïî ñâîèì õàðàêòåðèñòè-
êàì ïðèáëèçèëèñü ê âàíòîâûì è âèñÿ÷èì, èç-çà ÷åãî îíè ñòàëè áîëåå ïîäâåðæåíû âíåøíèì
íàãðóçêàì. Ê òàêîìó òèïó ìîñòîâ îòíîñèòñÿ ëîíäîíñêèé ìîñò Ìèëëåíèóì, êîòîðûé â äåíü
îòêðûòèÿ áûë çàêðûò íà ðåìîíò èç-çà îùóòèìûõ äëÿ ïåøåõîäîâ êîëåáàíèé. Ïîñëå ýòîãî
èíöèäåíòà èíòåðåñ ê èññëåäîâàíèþ óñòîé÷èâîñòè ïåøåõîäíûõ ìîñòîâ óñèëèëñÿ è ïîÿâèëñÿ
ðÿä ðàáîò, â êîòîðûõ àâòîðû äàëè îöåíêè êðèòè÷åñêîìó êîëè÷åñòâó ïåøåõîäîâ, ñïîñîáíûõ
ðàñêà÷àòü ìîñò [3], [4], [5]. Îäíàêî èçâåñòíî, ÷òî ëîêîìîöèÿ ÷åëîâåêà îñíîâàíà íà åãî
åñòåñòâåííîì ñâîéñòâå ñîõðàíÿòü ðàâíîâåñèå, ÷òî äî ñèõ ïîð íå áûëî îòðàæåíî íè â îäíîé
èç ýòèõ ðàáîò, ãäå ìîäåëü ïåøåõîäà ïðåäñòàâëÿåòñÿ êàê ìåõàíè÷åñêèé îñöèëëÿòîð. Â òî æå
âðåìÿ, ñóùåñòâóþò êèáåðíåòè÷åñêèå ìîäåëè ñèñòåì ñ ÷åëîâåêîì-îïåðàòîðîì, îòðàæàþùèå
òàêèå ñâîéñòâà íåðâíîé ñèñòåìû êàê àäàïòàöèÿ è îïòèìèçàöèÿ [6].

Â ñâÿçè ñ ýòèì, â äàííîé ðàáîòå ñèñòåìà ïåøåõîäíîãî ìîñòà ïðåäñòàâëåíà â òåðìèíàõ
òåîðèè àâòîìàòè÷åñêîãî óïðàâëåíèÿ ñ ó÷åòîì äèíàìèêè äâèæåíèÿ ïåøåõîäîâ, íàõîäÿùèõñÿ â
çàìêíóòîì êîíòóðå ñ ìîñòîì è êîìïåíñèðóþùèõ îòêëîíåíèå îò âåðòèêàëè, îðèåíòèðóÿñü ïî
âèçóàëüíîìó ñòèìóëó. Ïåðåäàòî÷íóþ ôóíêöèþ òàêîé ìîäåëè ìîæíî èññëåäîâàòü, ïðèìåíÿÿ
ðàçëè÷íûå êðèòåðèè îöåíêè óñòîé÷èâîñòè. Â äîêëàäå ïðîèëëþñòðèðîâàí àíàëèç óñòîé÷èâîñòè
ñèñòåìû ñ ïîìîùüþ êðèòåðèÿ Ãóðâèöà è ÷àñòîòíîãî êðèòåðèÿ ß.Ç. Öûïêèíà äëÿ ñèñòåì
ñ çàïàçäûâàíèåì. Ïîëó÷åíû âûðàæåíèÿ äëÿ êðèòè÷åñêîãî êîëè÷åñòâà ïåøåõîäîâ è åãî
÷èñëåííûå çíà÷åíèÿ äëÿ ñîõðàíåíèÿ óñòîé÷èâîñòè ñèñòåìû ïðè äàííûõ ïàðàìåòðàõ ìîñòà
Ìèëëåíèóì.
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ ïåðåìåùåíèÿ ïîäâèæíîãî
îáúåêòà èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ â çàäàííîå êîíå÷íîå. Ïëîñêîå äâèæåíèå
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ïðîèñõîäèò ñ ïîñòîÿííîé ëèíåéíîé ñêîðîñòüþ. Óïðàâëåíèå îñóùåñòâëÿåòñÿ âûáîðîì
íàïðàâëåíèÿ äâèæåíèÿ. Íà ïëîñêîñòè çàäàíû çàïðåùåííûå îáëàñòè (çîíû), êîòîðûå îáúåêò
óïðàâëåíèÿ âûíóæäåí îáõîäèòü.

Ïîñòàâëåííàÿ çàäà÷à îòíîñèòñÿ ê çàäà÷àì îïòèìàëüíîãî óïðàâëåíèÿ ñ ôàçîâûìè
îãðàíè÷åíèÿìè. Åå ðåøåíèå íàõîäèòñÿ, èñïîëüçóÿ ãåîìåòðè÷åñêèå ñîîáðàæåíèÿ, ïîñêîëüêó
çàïðåùåííûå îáëàñòè âûáèðàþòñÿ ïðîñòîé ôîðìû â âèäå êðóãîâ èëè âûïóêëûõ ìíîãîóãîëü-
íèêîâ.

Ðàçðàáîòàí àëãîðèòì ðåøåíèÿ çàäà÷è äëÿ îäíîé çàïðåùåííîé îáëàñòè. Ïðîãðàììíàÿ
ðåàëèçàöèÿ àëãîðèòìà âûïîëíåíà â ñðåäå Python. Ïðîãðàììà ïîçâîëÿåò âèçóàëèçèðîâàòü
ïîñòàíîâêó è ðåøåíèå çàäà÷è: èçîáðàçèòü íà÷àëüíîå è êîíå÷íîå ñîñòîÿíèÿ îáúåêòà óïðàâëåíèÿ,
çàïðåùåííûå îáëàñòè, îïòèìàëüíóþ ïî áûñòðîäåéñòâèþ òðàåêòîðèþ äâèæåíèÿ, âû÷èñëèòü
ìèíèìàëüíîå âðåìÿ äîñòèæåíèÿ öåëè. Ýôôåêòèâíîñòü àëãîðèòìà äåìîíñòðèðóåòñÿ íà
ïðèìåðàõ ñ ðàçíûìè çàïðåùåííûìè çîíàìè.
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Äîêëàä ïîñâÿùåí ïîñòðîåíèþ àñèìïòîòè÷åñêèõ ôîðìóë â ðàìêàõ òåõíèêè ïîãðàíè÷íîãî
ñëîÿ.

Â ñåðåäèíå ïðîøëîãî âåêà â ñåðèè ðàáîò Ì.À. Ëåîíòîâè÷à è Â.À. Ôîêà (ñì. ìîíîãðàôèþ
[1] è ëèòåðàòóðó â íåé) áûëî íà÷àòî èññëåäîâàíèå çàäà÷è âûñîêî÷àñòîòíîé äèôðàêöèè íà
ãëàäêîì âûïóêëîì òåëå. Äëÿ èçó÷åíèÿ îáëàñòè âáëèçè ïðåäåëüíîãî ëó÷à (ãðàíèöû ñâåòà
è òåíè), êàñàòåëüíîãî ê òåëó, èìè áûë ïðåäëîæåí íîâûé ïîäõîä, ïîëó÷èâøèé íàçâàíèå
ìåòîäà �ïàðàáîëè÷åñêîãî óðàâíåíèÿ�. Ãëàâíûé ÷ëåí àñèìïòîòèêè âîëíîâîãî ïîëÿ ïðè ýòîì
îïèñûâàåòñÿ �ïàðàáîëè÷åñêèì óðàâíåíèåì� (íà ñàìîì äåëå � óðàâíåíèåì òèïà Øðåäèíãåðà)
ñ ãëàäêèìè êîýôôèöèåíòàìè. Äàííûé ïîäõîä ðàçâèâàëñÿ äëÿ äèôðàêöèè íà ãëàäêèõ
ïðåïÿòñòâèÿõ âî ìíîãèõ ðàáîòàõ, ñðåäè êîòîðûõ îòìåòèì ìîíîãðàôèþ [2], ãäå ðåçóëüòàòû
Ëåîíòîâè÷à è Ôîêà äîâåäåíû äî âûñîêîãî óðîâíÿ ìàòåìàòè÷åñêîé ñòðîãîñòè.

Ìû ðàññìàòðèâàåì êàñàòåëüíóþ äèôðàêöèþ íà íåãëàäêèõ òåëàõ ñ äèôôåðåíöèðóåìîé
ãðàíèöåé è ðàçâèâàåì ìåòîä �ïàðàáîëè÷åñêîãî óðàâíåíèÿ� â äóõå ïîñëåäîâàòåëüíîãî
ïîãðàíñëîéíîãî ïîäõîäà [2]. Â ýòîì ñëó÷àå êîýôôèöèåíòû �ïàðàáîëè÷åñêîãî óðàâíåíèÿ� íå
ÿâëÿþòñÿ ãëàäêèìè. Â äîêëàäå áóäåò ïîäðîáíî îáñóæäàòüñÿ çàäà÷à Ìàëþæèíöà�Ïîïîâà [3],
[4], [5] î ïàäåíèè ïëîñêîé âîëíû âäîëü ïðÿìîé C−, ïåðåõîäÿùåé ñî ñêà÷êîì êðèâèçíû â òî÷êå
O â âûïóêëóþ êðèâóþ C+ (íà ãðàíèöå ïðåäïîëàãàåòñÿ âûïîëíåííûì óñëîâèå Íåéìàíà).
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Â îñâåùåííîé îáëàñòè âìåñòî îòðàæåííîé âîëíû âîçíèêàåò öèëèíäðè÷åñêàÿ äèôðàãè-
ðîâàííàÿ âîëíà, ðàñõîäÿùàÿñÿ èç òî÷êè íåãëàäêîñòè O, îäíàêî ñòðóêòóðà ïîëÿ âî ìíîãîì
íàïîìèíàåò ôîêîâñêóþ. Ïîëå â ïåðåõîäíûõ çîíàõ âîêðóã ïðåäåëüíîãî ëó÷à (âûäåëåíû
ñåðûì íà ðèñóíêå) îïèñûâàþòñÿ ñïåöèàëüíûìè ôóíêöèÿìè, íàïîìèíàþùèìè êëàññè÷åñêèå
èíòåãðàëû Ôîêà.

Êîðîòêî áóäåò ðàññêàçàíî î çàäà÷àõ êàñàòåëüíîé äèôðàêöèè ñ äðóãèìè êîíôèãóðàöèÿìè
êîíòóðà.
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Ðàññìîòðèâàåòñÿ ñèñòåìà, ìîäåëèðóþùàÿ àññîöèàöèþ èç äâóõ íåéðîîñöèëëÿòîðîâ.
Ïðåäïîëàãàåì, ÷òî ïåðâûé íåéðîí îïèñûâàåòñÿ îáîáùåííûì óðàâíåíèåì Õàò÷èíñîíà [1, 2]

u̇ = λfα(u(t− 1))u, (1)

ãäå u = u(t) > 0 � íîðìèðîâàííûé ìåìáðàííûé ïîòåíöèàë, λ ≫ 1 õàðàêòåðèçóåò ñêîðîñòü
ïðîòåêàíèÿ ýëåêòðè÷åñêèõ ïðîöåññîâ, ãëàäêàÿ ôóíêöèÿ fα óäîâëåòâîðÿåò óñëîâèÿì

fα(0) = 1; lim
u→+∞

fα(u) = −α (α > 0); uf
′
α(u), f

′′
α(u) = O(u−2) ïðè u→ +∞.

Îòíîñèòåëüíî âòîðîãî íåéðîîñöèëëÿòîðà ïðåäïîëàãàåì, ÷òî îí ñâÿçàí ñ ïåðâûì, è åãî
íîðìèðîâàííûé ìåìáðàííûé ïîòåíöèàë v = v(t) óäîâëåâîðÿåò óðàâíåíèþ

v̇ = λ(fβ(v(t− h)) + g(u(t)))v. (2)

50Ðàáîòà âûïîëíåíà ÷àñòè÷íî (Ïðåîáðàæåíñêàÿ Ì. Ì.) çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà
� 22-11-00209, https://rscf.ru/project/22-11-00209/.
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Çäåñü ïàðàìåòð λ è ôóíêöèÿ fβ èìåþò òîò æå ñìûñë, ÷òî â óðàâíåíèè (1); äëÿ ôóíêöèè g
òàê æå èçâåñòíû çíà÷åíèÿ ïðè u = 0 è ïðè u→ +∞:

g(0) = −η (η > 0); lim
u→+∞

g(u) = ξ (ξ > 0); g
′
(u), ug

′′
(u) = O(u−2) ïðè u→ +∞.

Â íàñòîÿùåé ðàáîòå äëÿ óðàâíåíèÿ (2) äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåæèìà òàê
íàçûâàåìîãî çàìèðàþùåãî îñöèëëÿòîðà, îñîáåííîñòü êîòîðîãî ñîñòîèò â ñëåäóþùåì. Äëÿ
ëþáîãî íàïåðåä çàäàííîãî ôèêñèðîâàííîãî íàòóðàëüíîãî n ìîæíî ïîäîáðàòü ïàðàìåòðû
α, β, η, ξ, h òàêèì îáðàçîì, ÷òî v ñîâïàäàåò c íåêîòîðîé ïåðèîäè÷åñêîé ôóíêöèåé v0(t) íà
ïåðâûõ n ïåðèîäàõ, à äàëåå, ïîñëå ïåðåõîäíîãî ïðîöåññà ñîâïàäàåò ñ ïåðèîäè÷åñêîé ôóíêöèåé
v1(t). Ïðè ýòîì ôóíêöèÿ v0(t) îáëàäàåò íà ïåðèîäå âûñîêèì (ïîðÿäêà eλ) âñïëåñêîì, à ôóíêöèÿ
v1(t) èìååò ìàëûå çíà÷åíèÿ (ïîðÿäêà e

−λ).
Ïðè ýòîì ðåøåíèå óðàâíåíèÿ (2) îêàçûâàåòñÿ àñèìïòîòè÷åñêè áëèçêèì ê ñîîòâåòñòâóþ-

ùåìó ðåøåíèþ ïðåäåëüíîãî ïðè λ→ +∞ ðåëåéíîãî óðàâíåíèÿ

v̇ = λ(Fβ(v(t− h)) + G(u))v, (3)

êîòîðîå èçó÷àëàñü â ðàáîòàõ [3,4]. Çäåñü

Fβ(u) =

{
−β, 0 < u ≤ 1,

1, u > 1;
G(u) =

{
−η, 0 < u ≤ θ,

ξ, u > 1.

Ñïðàâåäëèâî ïðåäåëüíîå ðàâåíñòâî y∗λ(t) = y∗(t) + O( 1λ) ïðè λ → ∞, ãäå v∗ = eλy
∗(t) �

ðåøåíèå óðàâíåíèÿ (3), v∗λ = eλy
∗
λ(t) � ðåøåíèå óðàâíåíèÿ (2).
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äâèæóùèõñÿ ñ îäíîé è òîé æå ôèêñèðîâàííîé íåíóëåâîé ñêîðîñòüþ è âçàèìîäåéñòâóþùèõ ñî
ñòåðæíåì íå áîëåå îäíîãî ðàçà ïî çàêîíó áèëüÿðäíîãî îòðàæåíèÿ . Íàøà öåëü � äàòü ïîëíîå
îïèñàíèå ôàçîâîãî ïîðòðåòà òàêîé ìîäåëè.

Ïóòåì èçìåíåíèÿ ìàñøòàáà äëèíû, ìû äîáüåìñÿ, ÷òîáû �áîëüøàÿ� ÷àñòü ôëþãåðà îò
îïîðíîé òî÷êè èìåëà äëèíó 1, à �ìåíüøàÿ� � (−a) ïðè a ∈ (−1, 0]. Òàêèì îáðàçîì, åãî îáùàÿ
äëèíà òîãäà ðàâíà 1 − a. Òåïåðü èçìåíåíèåì ìàñøòàáà âðåìåíè ñäåëàåì âåëè÷èíó ñêîðîñòè
ïîòîêà ðàâíîé åäèíèöå.

Îáîçíà÷àÿ ÷åðåç x, x = x(t), óãîë, îáðàçóåìûé â ìîìåíò âðåìåíè t áîëüøåé ÷àñòüþ
ôëþãåðà (îò îïîðíîé òî÷êè) ñ íàïðàâëåíèåì âåêòîðà ñêîðîñòè ïîòîêà, ïðèäåì â ñëåäóþùåìó
óðàâíåíèþ äèíàìèêè

ẍ = −κ
∫ 1

a
(sinx+ rẋ)| sinx+ rẋ|rdr, (1)

ãäå ẋ è ẍ ïåðâàÿ è âòîðàÿ ïðîèçâîäíàÿ îò x ïî t, à ïàðàìåòð κ ðàâåí óäâîåííîìó îòíîøåíèþ
ïëîòíîñòè ïîòîêà ê ìîìåíòó èíåðöèè ôëþãåðà.

Êàê è â [1], ãäå â êà÷åñòâå ôëþãåðà ðàññìàòðèâàëñÿ ñòåðæåíü íà ñïèöå, èíòåãðèðîâàíèå
ïðîèñõîäèò ïî-ðàçíîìó â çàâèñèìîñòè îò çíà÷åíèé x è ẋ. Àíàëîãè÷íî èìåþò ìåñòî ÷åòûðå
ñëó÷àÿ:

(a) sinx+ rẋ ≥ 0 äëÿ âñåõ r ∈ [a, 1].

ẍ = −κ
[
1− a2

2
sin2 x+ 2

1− a3

3
ẋ sinx+

1− a4

4
ẋ2
]

(2)

(b) sinx+ aẋ ≥ 0 è sinx+ ẋ < 0.

ẍ = κ

[
1 + a2

2
sin2 x+ 2

1 + a3

3
ẋ sinx+

1 + a4

4
ẋ2 − 1

6

sin4 x

ẋ2

]
(3)

à òàêæå
(c) sinx+ aẋ < 0 è sinx+ ẋ ≥ 0, è (d) sinx+ rẋ < 0 äëÿ âñåõ r ∈ [a, 1],

â êîòîðûõ ðåçóëüòàò èíòåãðèðîâàíèÿ ñ òî÷íîñòüþ äî çíàêà ðàâåí çíà÷åíèþ â ñëó÷àÿõ
ñîîòâåòñòâåííî (b) è (a) â ñèëó ñèììåòðè÷íîñòè ìîäåëè îòíîñèòåëüíî ñìåíû çíàêà x.

Ñòàíäàðòíûì ââîäîì íîâîé ïåðåìåííîé y = ẋ óðàâíåíèå äèíàìèêè ïåðåïèøåì â âèäå
ñèñòåìû

ẋ = y, ẏ = κv (x, y) , (6)

ãäå v = v (x, y) ñ êîýôôèöèåíòîì κ ðàâíî ïðàâîé ÷àñòè óðàâíåíèÿ â êàæäîì èç ñëó÷àåâ.
Íåòðóäíî âèäåòü, ÷òî ñ òî÷íîñòüþ äî ïåðèîäà ïî x ñèñòåìà èìååò äâå îñîáûå òî÷êè: (0, 0) è
(π, 0), îáå âûðîæäåííûå. Ïî àíàëîãèè ñ [1] ïîêàçûâàåì, ÷òî òîïîëîãè÷åñêè ýòè òî÷êè ÿâëÿþòñÿ
ôîêóñîì è ñåäëîì ñîîòâåòñòâåííî, à çàòåì óñòàíàâëèâàåì, ÷òî ôàçîâûé ïîðòðåò èçó÷àåìîé
ñèñòåìû ñ òî÷íîñòüþ äî ãîìåîìîðôèçìà ñîâïàäàåò ñ ôàçîâûì ïîðòðåòîì êëàññè÷åñêîé ìîäåëè
ìàòåìàòè÷åñêîãî ìàÿòíèêà ñ òðåíèåì ẍ+ αẋ+ k sinx = 0 ñ ïîëîæèòåëüíûìè α è k [2].
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Çàäà÷à î ìèíèìàëüíîì çàïîëíåíèè êîíå÷íîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà ïîÿâèëàñü â [1]
è [2] êàê îáîáùåíèå äâóõ êëàññè÷åñêèõ ïðîáëåì: çàäà÷è Øòåéíåðà î ïîèñêå êðàò÷àéøåé ñåòè,
ñîåäèíÿþùåé çàäàííûé êîíå÷íûé íàáîð òî÷åê ìåòðè÷åñêîãî ïðîñòðàíñòâà, è çàäà÷è Ãðîìîâà
î ìèíèìàëüíîì çàïîëíåíèè ðèìàíîâà ìíîãîîáðàçèÿ. Öåëü äîêëàäà � ðàññêàçàòü î íîâûõ
ðåçóëüòàòàõ â ýòîé îáëàñòè.

Â ýòîì êîíòåêñòå, çàïîëíåíèåì êîíå÷íîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà M íàçûâàåòñÿ
òàêîé ñâÿçíûé ãðàô G = (V,E) ñ âåñîâîé ôóíêöèåé ω íà ðåáðàõ, êîòîðûé ñîåäèíÿåò
òî÷êè ïðîñòðàíñòâà M (òî åñòü M ⊂ V ) òàê, ÷òî âåñ ëþáîãî ïóòè â ãðàôå G ìåæäó
ïðîèçâîëüíûìè òî÷êàìè èçM íå ìåíüøå, ÷åì ðàññòîÿíèå ìåæäó ýòèìè òî÷êàìè â ìåòðè÷åñêîì
ïðîñòðàíñòâåM . ÃðàôG íàçûâàåòñÿòèïîì çàïîëíåíèÿ. Ïóñòü òèïG çàïîëíåíèÿ ôèêñèðîâàí.
Åñëè âåñîâàÿ ôóíêöèÿ ω òàêîâà, ÷òî âåñ çàïîëíåíèÿ ω(G) ìèíèìàëåí, òî çàïîëíåíèå
íàçûâàåòñÿ ìèíèìàëüíûì ïàðàìåòðè÷åñêîì çàïîëíåíèåì òèïà G. Òî÷íàÿ íèæíÿÿ ãðàíü
âåñîâ ω(G) ìèíèìàëüíûõ ïàðàìåòðè÷åñêèõ çàïîëíåíèé ïî âñåì âîçìîæíûì òèïàì G ãðàôîâ,
ñîåäèíÿþùèõM , íàçûâàåòñÿ âåñîì ìèíèìàëüíîãî çàïîëíåíèÿ, à âçâåøåííûé ãðàô, íà êîòîðîì
ýòîò èìôèìóì äîñòèãàåòñÿ � ìèíèìàëüíûì çàïîëíåíèåì ïðîñòðàíñòâà M . Ñóùåñòâîâàíèå
ìèíèìàëüíîãî çàïîëíåíèÿ äëÿ ïðîèçâîëüíîãî êîíå÷íîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà äîêàçàíî
â [1]. Òàì æå ïîêàçàíî, ÷òî â êà÷åñòâå òèïà çàïîëíåíèÿ G äîñòàòî÷íî áðàòü òàê íàçûâàåìûå
áèíàðíûå äåðåâüÿ, òî åñòü äåðåâüÿ, ñòåïåíè âåðøèí êîòîðûõ ðàâíû 1 èëè 3, ïðè÷åì ìíîæåñòâî
âåðøèí ñòåïåíü 1 ñîâïàäàåò ñ M , ñì. ïîäðîáíîñòè â [3].

Ìèíèìàëüíûå çàïîëíåíèÿ êîíå÷íûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ òåñíî ñâÿçàíû ñ
ðåøåíèÿìè ïðîáëåìû Øòåéíåðà � êðàò÷àéøèìè äåðåâüÿìè. Äåéñòâèòåëüíî, ïóñòü M ⊂ X �
êîíå÷íîå ïîäìíîæåñòâî ìåòðè÷åñêîãî ïðîñòðàíñòâà X. Òîãäà ðàññòîÿíèå ìåæäó òî÷êàìè â
X ïðåâðàùàåò M â êîíå÷íîå ìåòðè÷åñêîå ïðîñòðàíñòâî, à êàæäîå äåðåâî ñ âåðøèíàìè â X,
êîòîðîå ñîåäèíÿåòM (òî åñòü ñîäåðæèòM êàê ïîäìíîæåñòâî ìíîæåñòâà ñâîèõ âåðøèí), çàäàåò
çàïîëíåíèå ìåòðè÷åñêîãî ïðîñòðàíñòâàM , åñëè â êà÷åñòâå âåñîâîé ôóíêöèè âçÿòü äëèíó ðåáåð
â X. Ïîýòîìó âåñ ìèíèìàëüíîãî çàïîëíåíèÿ äëÿ M äàåò îöåíêó ñíèçó íà äëèíó êðàò÷àéøåãî
äåðåâà, ñîåäèíÿþùåãî M .

Ââåäåíèå â ðàññìîòðåíèå îáîáùåííûõ çàïîëíåíèé [2] ïîçâîëèëî ïîëó÷èòü îáùóþ
ôîðìóëó âåñà ìèíèìàëüíîãî ïàðàìåòðè÷åñêîãî çàïîëíåíèÿ â òåðìèíàõ òàê íàçûâàåìûõ
íåïðèâîäèìûõ ìóëüòèîáõîäîâ, ñì. [4], ïîäòâåðäèâ, â ìîäèôèöèðîâàííîì âèäå, âûñêàçàííóþ
â [1] ãèïîòåçó î ñâÿçè îáõîäîâ äåðåâà è âåñà ìèíèìàëüíîãî çàïîëíåíèÿ. Îäíàêî, ïîëó÷åííàÿ
ôîðìóëà ïðåäïîëàãàåò ýêñïîíåíöèàëüíî áîëüøîé è êîìáèíàòîðíî ñëîæíûé ïåðåáîð.

Åùå â ðàáîòå [1] áûëî çàìå÷åíî, ÷òî çàäà÷à î ìèíèìàëüíîì ïàðàìåòðè÷åñêîì çàïîëíåíèè
ñâîäèòñÿ ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Äâîéñòâåííàÿ çàäà÷à â ýòîì ñëó÷àå � ýòî
êëàññè÷åñêàÿ çàäà÷à ëèíåéíîãî ïðîãðàììèðîâàíèÿ, åå ìíîæåñòâî äîïóñòèìûõ çíà÷åíèé �
âûïóêëûé ìíîãîãðàííèê ΛG, çàâèñÿùèé òîëüêî îò òèïà G ìèíèìàëüíîãî ïàðàìåòðè÷åñêîãî
çàïîëíåíèÿ, ñì. [5]. Îò ôóíêöèè ðàññòîÿíèÿ íà ìåòðè÷åñêîì ïðîñòðàíñòâå M çàâèñèò
òîëüêî öåëåâàÿ ôóíêöèÿ, ìàêñèìóì êîòîðîé ñîîòâåòñòâóåò âåñó ìèíèìàëüíîãî çàïîëíåíèÿ.
Â ðàáîòàõ [5] è [6], [7] äàíà ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ôîðìóëû Åðåìèíà: òî÷êè
ìíîãîãðàííèêà ΛG ñ ðàöèîíàëüíûìè êîîðäèíàòàìè ñîîòâåòñòâóþò ìóëüòèîáõîäàì äåðåâà G,
à âåðøèíû ìíîãîãðàííèêà ΛG � íåïðèâîäèìûì ìóëüòèîáõîäàì. Òàêèì îáðàçîì, ôîðìóëà
Åðåìèíà ïðåäñòàâëÿåò ñîáîé êëàññè÷åñêèé ðåçóëüòàò òåîðèè ëèíåéíîãî ïðîãðàììèðîâàíèÿ:
ìàêñèìóì öåëåâîé ôóíêöèè ìîæåò áûòü íàéäåí êàê ìàêñèìóì åå çíà÷åíèé â âåðøèíàõ
ìíîãîãðàííèêà äîïóñòèìûõ çíà÷åíèé ΛG. Îòìåòèì, ÷òî ìàêñèìóì ìîæåò äîñòèãàòüñÿ â ëþáîé
âåðøèíå ìíîãîãðàííèêà ΛG, ñì. [6].
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Àâòîðàìè ïîëó÷åí ðÿä îãðàíè÷åíèé íà âîçìîæíóþ êðàòíîñòü íåïðèâîäèìûõ ìóëüòèîá-
õîäîâ äåðåâà áèíàðíîãî, â çàâèñèìîñòè îò åãî ñòðóêòóðû. Íàïîìíèì, ÷òî ïàðà ãðàíè÷íûõ
âåðøèí áèíàðíîãî äåðåâà íàçûâàåòñÿ óñàìè, åñëè ýòè âåðøèíû èìåþò îáùóþ ñîñåäíþþ
âåðøèíó (ñòåïåíü êîòîðîé, î÷åâèäíî, ðàâíà òðåì). Õîðîøî èçâåñòíî, ÷òî êàæäîå áèíàðíîå
äåðåâî ñ ÷åòûðüìÿ è áîëåå ãðàíè÷íûìè âåðøèíàìè èìååò íå ìåíåå äâóõ óñîâ.

Óòâåðæäåíèå 1 ([6, 7, 8]). Êðàòíîñòü íåïðèâîäèìîãî ìóëüòèîáõîäà áèíàðíîãî äåðåâà
ñ äâóìÿ óñàìè ðàâíà 1. Êðàòíîñòü íåïðèâîäèìîãî ìóëüòèîáõîäà áèíàðíîãî äåðåâà ñ òðåìÿ
óñàìè íå ïðåâîñõîäèò 2, ïðè÷åì êàæäîå äåðåâî ñ òðåìÿ óñàìè èìååò ìóëüòèîáõîä
êðàòíîñòè 2.

Óòâåðæäåíèå 2 ([9]). Êðàòíîñòü íåïðèâîäèìîãî ìóëüòèîáõîäà áèíàðíîãî äåðåâà ñ n
âåðøèíàìè ñòåïåíè 1 íå ïðåâîñõîäèò n.
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Ðàññìàòðèâàåòñÿ ñëîé æèäêîñòè êîíå÷íîé ãëóáèíû, îïèñûâàåìûé óðàâíåíèÿìè Ýéëåðà.
Ëåäÿíîé ïîêðîâ ìîäåëèðóåòñÿ ãåîìåòðè÷åñêè íåëèíåéíîé óïðóãîé ïëàñòèíîé Êèðõãîôà-
Ëÿâà. Òðàåêòîðèè ÷àñòèö æèäêîñòè ïîä ëåäÿíûì ïîêðîâîì íàõîäÿòñÿ â ïîëå íåëèíåéíûõ
ïîâåðõíîñòíûõ áåãóùèõ âîëí ìàëîé, íî êîíå÷íîé àìïëèòóäû, à èìåííî êëàññè÷åñêèõ
óåäèíåííûõ âîëí ïîíèæåíèÿ óðîâíÿ [1], êîòîðûå ñóùåñòâóþò â ñèñòåìå ïðè áîëüøèõ
íà÷àëüíûõ íàïðÿæåíèÿõ ñæàòèÿ ëåäÿíîãî ïîêðîâà, à òàêæå îáîáùåííûõ óåäèíåííûõ âîëí
âîçâûøåíèÿ óðîâíÿ. Ðàññìàòðèâàþòñÿ òàêæå íåëèíåéíûå âîëíîâûå ïîâåðõíîñòíûå ñòðóêòóðû
ÿâëÿþùèåñÿ ïðîäóêòîì 1:1 ðåçîíàíñà: óåäèíåííûé âîëíîâîé ïàêåò (ìîíîõðîìàòè÷åñêàÿ âîëíà
ïîä îãèáàþùåé, ñêîðîñòü êîòîðîé ðàâíà ñêîðîñòè îãèáàþùåé) è, òàê íàçûâàåìûé, òåìíûé
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ñîëèòîí (âîëíà, ÿâëÿþùàÿñÿ íåëèíåéíûì ïðîèçâåäåíèåì áîðû è ïåðèîäè÷åñêîé âîëíû) [2], [3],
[4]. Â àíàëèçå èñïîëüçóþòñÿ ÿâíûå àñèìïòîòè÷åñêèå âûðàæåíèÿ äëÿ ðåøåíèé, îïèñûâàþùèõ
óïîìÿíóòûå âîëíîâûå ñòðóêòóðû íà ãðàíèöå ðàçäåëà âîäà-ëåä, à òàêæå àñèìïòîòè÷åñêèå
ðåøåíèÿ äëÿ ïîëÿ ñêîðîñòåé â ñòîëáå æèäêîñòè, ãåíåðèðóåìîãî ýòèìè âîëíàìè.
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Ãëîáàëüíàÿ òåîðèÿ áèôóðêàöèé íà äâóìåðíîé ñôåðå - ìîëîäàÿ âåòâü òåîðèè áèôóðêàöèé,
ðàçâèâàåìàÿ â îñíîâíîì, äîêëàä÷èêîì è åãî ó÷åíèêàìè: Àíäðîñîâûì, Áàêèåâûì, Ãîí÷àðóê,
Äîðîâñêèì, Êóäðÿøîâûì, Ñîëîäîâíèêîâûì, Ôèëèìîíîâûì, Ôèëèïïîâûì, Ùóðîâûì è
äðóãèìè. Â 1985 ãîäó Àðíîëüä ïîñòàâèë âîïðîñû, íà êîòîðûå äîëæíà îòâåòèòü íîâàÿ òåîðèÿ è
ñôîðìóëèðîâàë ãèïîòåòè÷åñêèå îòâåòû. Âñå îòâåòû îêàçàëèñü íåâåðíû, íî âîïðîñû îïðåäåëèëè
íàïðàâëåíèå ðàçâèòèÿ íîâîé òåîðèè. Îáçîð ýòîãî ðàçâèòèÿ è áóäåò äàí â äîêëàäå.

Îñîáûå òî÷êè â òèïè÷íûõ äâóïàðàìåòðè÷åñêèõ ñåìåéñòâàõ
âåêòîðíûõ ïîëåé íà êîìïàêòíûõ äâóìåðíûõ ìíîãîîáðàçèÿõ

Èëüÿøåíêî Þ.Ñ. (Ðîññèÿ, Ìîñêâà)
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Âûñøàÿ øêîëà ýêîíîìèêè¿
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Ñ ñåðåäèíû XX âåêà îñîáîå âíèìàíèå â òåîðèè äèíàìè÷åñêèõ ñèñòåì óäåëÿëîñü
òèïè÷íûì ñâîéñòâàì, õàðàêòåðíûì, êàê äëÿ îòäåëüíûõ âåêòîðíûõ ïîëåé, òàê è äëÿ èõ
êîíå÷íîïàðàìåòðè÷åñêèõ ñåìåéñòâ. Â òåðìèíàõ òèïè÷íîñòè îáû÷íî îïèñûâàþòñÿ òàêèå
ïîíÿòèÿ êàê êîðàçìåðíîñòè áèôóðêàöèé è ñîîòâåòñòâóþùèõ èì âûðîæäåíèé, îäíàêî çà÷àñòóþ
òî÷íûå îïðåäåëåíèÿ òèïè÷íîñòè íåäîñòàòî÷íî ÷¼òêî îïðåäåëåíû. Äëÿ öåëåé íàñòîÿùåé ðàáîòû
ìû áóäåì ïîëüçîâàòüñÿ òîïîëîãè÷åñêîé òèïè÷íîñòüþ:

Îïðåäåëåíèå 1. Ìíîæåñòâî íàçûâàåòñÿ òèïè÷íûì, åñëè îíî ÿâëÿåòñÿ îñòàòî÷íûì, òî
åñòü ïåðåñå÷åíèåì íå áîëåå ÷åì ñ÷¼òíîãî ÷èñëà îòêðûòûõ âñþäó ïëîòíûõ ìíîæåñòâ.

Óäèâèòåëüíî, íî äàæå äëÿ îäíîïàðàìåòðè÷åñêèõ ñåìåéñòâ çíàìåíèòàÿ òåîðåìà
Ñîòîìàéîðà [1] íå èñêëþ÷àåò íåêîòîðûå âûðîæäåíèÿ, êîòîðûå ïðèâîäÿò ê áèôóðêàöèÿì
êîðàçìåðíîñòè äâà è âûøå. Åù¼ ñëîæíåå îáñòîèò äåëî ñ òèïè÷íûìè äâóïàðàìåòðè÷åñêèìè
ñåìåéñòâàìè âåêòîðíûõ ïîëåé íà äâóìåðíûõ êîìïàêòíûõ ìíîãîîáðàçèÿõ. Äëÿ íèõ íåò íè
åäèíîãî ñïèñêà ãëîáàëüíûõ áèôóðêàöèé, íè äàæå ïîëíîãî ðàçáîðà âñåõ óæå èçâåñòíûõ
âûðîæäåíèé êîðàçìåðíîñòè äâà.
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Ïîäðîáíîå îïèñàíèå è èññëåäîâàíèå òèïè÷íûõ äâóïàðàìåòðè÷åñêèõ ñåìåéñòâ ÿâëÿåòñÿ
áîëüøîé è íåïðîñòîé çàäà÷åé. Â íàñòîÿùåé ðàáîòå ñäåëàí ïåðâûé øàã â ýòîì èññëåäîâàíèè �
îïèñàíû âñå òèïû è íàáîðû îñîáûõ òî÷åê, êîòîðûå ìîãóò âñòðå÷àòüñÿ â âåêòîðíûõ ïîëÿõ èç
òàêèõ ñåìåéñòâ.

Îïðåäåëåíèå 2. Îáîçíà÷èì çà V ectr(M2) ìíîæåñòâî âñåõ Cr-ãëàäêèõ âåêòîðíûõ
ïîëåé íà äâóìåðíîì êîìïàêòíîì ìíîãîîáðàçèè M ; q-ãëàäêèì k-ïàðàìåòðè÷åñêèì ñåìåéñòâîì
âåêòîðíûõ ïîëåé íà M íàçîâ¼ì ëþáîå V ∈ Cq([0; 1]k;V ectr(M2)). Íèæå âåçäå ìû áóäåì
ñ÷èòàòü, ÷òî q = r.

Ñàìè ïî ñåáå îñîáûå òî÷êè ðàçëè÷íûõ êîðàçìåðíîñòåé ðàññìàòðèâàëèñü ðàçëè÷íûìè
àâòîðàìè åù¼ â 1970-õ ãîäàõ (íàïðèìåð, [2] è [3]), îäíàêî ïîëíîãî îïèñàíèÿ âñåõ âàðèàíòîâ è
íàáîðîâ äëÿ âåêòîðíûõ ïîëåé â òèïè÷íûõ äâóïàðàìåòðè÷åñêèõ ñåìåéñòâàõ â ýòèõ ðàáîòàõ íåò.

Îïðåäåëåíèå 3. Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ: îñîáóþ òî÷êó òèïà íåâûðîæäåííûé
ñåäëîóçåë áóäåì îáîçíà÷àòü êàê SN, ñåäëîóçåë êðàòíîñòè 2 êàê dSN2, òèïà Àíäðîíîâà�Õîïôà
êàê AH, òèïà Áàóòèíà (Àíäðîíîâà�Õîïôà êðàòíîñòè äâà) êàê dAH2, òèïà Áîãäàíîâà�Òàêåíñà
êàê BT.

Òåîðåìà 1. Ñóùåñòâóåò îñòàòî÷íîå ìíîæåñòâî Asp ⊂ C5([0; 1]2;V ectk(M2)), ïðîõî-
äÿùåå òîëüêî ÷åðåç âåêòîðíûå ïîëÿ, ñîäåðæàùèå íå áîëåå, ÷åì 2 íåãèïåðáîëè÷åñêèå îñîáûå
òî÷êè, ïðè÷¼ì åñëè òî÷åê ðîâíî äâå, òî ýòî ëèáî ñåäëîóçëû, ëèáî îñîáûå òî÷êè òèïà
Àíäðîíîâà-Õîïôà, à åñëè òàêàÿ òî÷êà îäíà, òî ýòî ìîæåò áûòü òîëüêî òî÷êà èç ñïèñêà:
{SN, dSN2, AH, dAH2, BT}.

Êðîìå òîãî, â äàííîé ðàáîòå äîêàçàíà ñëåäóþùàÿ òåîðåìà, êîòîðàÿ áóäåò ïîëåçíà äëÿ
äàëüíåéøåãî èññëåäîâàíèÿ òèïè÷íûõ äâóïàðàìåòðè÷åñêèõ ñåìåéñòâ:

Òåîðåìà 2.Ìíîæåñòâî âåêòîðíûõ ïîëåé íà êîìïàêòíîì äâóìåðíîì ìíîãîîáðàçèè, âñå
îñîáûå òî÷êè êîòîðûõ ãèïåðáîëè÷íû, ëèáî åñòü åäèíñòâåííàÿ íåãèïåðáîëè÷íàÿ îñîáàÿ òî÷êà
èç ñïèñêà: {SN, dSN2, AH, dAH2, BT}, ëèáî åñòü ðîâíî äâå íåãèïåðáîëè÷íûå îñîáûå òî÷êè è
ýòî ëèáî ñåäëîóçëû, ëèáî îñîáûå òî÷êè òèïà Àíäðîíîâà-Õîïôà, îòêðûòî â ïðîñòðàíñòâå
âñåõ âåêòîðíûõ ïîëåé íà ñôåðå. Ëþáîå âåêòîðíîå ïîëå óêàçàííîãî âèäà ñîäåðæèò ëèøü
êîíå÷íîå ÷èñëî îñîáûõ òî÷åê.
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Èçó÷àåìîå óðàâíåíèå èìååò ñëåäóþùåå ïðåäñòàâëåíèå [1]

a11uxx + 2a12uxy + a22uyy + a13ux + a23uy + a33u+ a00 = 0, (1)

ãäå êîýôôèöèåíòû aij ÿâëÿþòñÿ ôóíêöèÿìè òîëüêî x è y â îáùåé äëÿ íèõ îáëàñòè îïðåäåëåíèÿ
D, ëèáî ýòè êîýôôèöèåíòû ïîñòîÿííû. Ðàññìîòðèì âîçìîæíîñòü óïðîùåíèÿ óðàâíåíèÿ
(1) ïðè óñëîâèè a212 − a11a22 < 0. Ïîñòàâèì èçíà÷àëüíî çàäà÷ó îáðàòèòü â íóëü òîëüêî
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îäèí êîýôôèöèåíò. ×òîáû ýëëèïòè÷åñêèé òèï óðàâíåíèÿ ñîõðàíèëñÿ â êà÷åñòâå òàêîâîãî
â ïðåîáðàçîâàííîì óðàâíåíèè äîëæåí îáðàòèòüñÿ â íóëü êîýôôèöèåíò ïðè ñìåøàííîé
ïðîèçâîäíîé: A12 = a11ξxηx + a12(ξxηy + ξyηx) + a22ξyηy = 0.

Çàïèøåì ýòî ðàâåíñòâî â ñëåäóþùåì âèäå

(a11ηx + a12ηy)ξx + (a12ηx + a22ηy)ξy = (a11ξx + a12ξy)ηx + (a12ξx + a22ξy)ηy = 0. (2)

Òàê êàê äëÿ îòûñêàíèÿ çàìåíû äâóõ ïåðåìåííûõ âîçíèêàåò òîëüêî îäíî óðàâíåíèå, òî
èìåþùèéñÿ ïðîèçâîë ìîæíî óñòðàíèòü, ðàññìîòðåâ îäèí èç ÷åòûðåõ âàðèàíòîâ:

1)

{
a11ηx + a12ηy = 0

ξy = 0
; 2)

{
a12ηx + a22ηy = 0

ξx = 0
;

3)

{
a12ξx + a22ξy = 0

ηx = 0
; 4)

{
a11ξx + a12ξy = 0

ηy = 0
.

Âîçìîæíû åù¼ äâà âàðèàíòà ïðèðàâíèâàíèÿ ê íóëþ ñîìíîæèòåëåé â ðàâåíñòâå (2),
îäíîãî ñëåäóåò ξx = ξy = 0 èëè ηx = ηy = 0. Â êàæäîì èç ÷åòûðåõ âàðèàíòîâ îäíà èç
¾íîâûõ¿ ïåðåìåííûõ ñâÿçàíà òîëüêî ñ îäíîé èç ¾ñòàðûõ¿ ïåðåìåííûõ. Èçó÷åíèþ ïîäëåæèò
ëèøü ñëó÷àé, êîãäà âñå òðè êîýôôèöèåíòà a11, a12 è a22, íå îáðàùàþòñÿ â íóëü. Ìîæíî
îñòàíîâèòüñÿ íà ïåðâîì âàðèàíòå. Èç âòîðîãî óðàâíåíèÿ ñëåäóåò, ÷òî ξ = ξ(x). Â ñâÿçè ñ
ïåðâûì óðàâíåíèåì ìîæíî ñôîðìóëèðîâàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà.Äëÿ òîãî, ÷òî áû ôóíêöèÿ η = η(x, y) áûëà ðåøåíèåì óðàâíåíèÿ (2) â îáëàñòè
D, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñîîòíîøåíèå η(x, y) = C îïðåäåëÿëî îáùèé èíòåãðàë
óðàâíåíèÿ a11(x, y)dy − a12(x, y)dx = 0.

Ïîñòàâèì çàäà÷ó: îäíîâðåìåííî ñ ðàâåíñòâîì A12 = 0 ïîäîáðàòü ξ = ξ(x) è η = η(x, y)
òàê, ÷òîáû âûïîëíÿëîñü åù¼ îäíî ðàâåíñòâî A11 = A22, êîòîðîå îáåñïå÷èò ñëåäóþùèé âèä
ãëàâíîé ÷àñòè:

A

(
∂2u

∂ξ2
+
∂2u

∂η2

)
+ F (uξ, uη, u, ξ, η) = 0. (3)

Ïðåäâàðèòåëüíî ïðåîáðàçóåì ðàâåíñòâî (2) ñ ó÷¼òîì òîãî, ÷òî ðàâåíñòâî A12 = 0 ïîëó÷åíî
ïðè óñëîâèÿõ 1):

A11 = a11(ξx)
2, A22 = a11(ηx)

2 + 2a12ηxηy + a11(ηy)
2 = (a11ηx + a12ηy)ηx + (a12ηx + a22ηy)ηy.

Â ñèëó óðàâíåíèÿ (2) ïåðâàÿ ñêîáêà ðàâíà íóëþ, òîãäà A22 = (a12ηx + a22ηy)ηy. Ðàâåíñòâî
A11 = A22 ìîæíî çàïèñàòü â ñëåäóþùåì âèäå a11(ξx)

2 = a12ηxηy + a22(ηx)
2. Ñ ó÷åòîì

íåâûðîæäåííîñòè ïðåîáðàçîâàíèÿ ïîëó÷èì

a11

(
ξx
ηy

)2

= a12
ηx
ηy

+ a22.

Íàéä¼ì îòíîøåíèå etax/ηy èç ñîîòíîøåíèÿ 2) è ïîäñòàâèì â ïîñëåäíåå ðàâåíñòâî(
ξx
ηy

)2

=
a11a22 − a212

a211
> 0.

Òàêèì îáðàçîì, òàêîå ðàâåíñòâî âîçìîæíî. Äëÿ òîãî, ÷òîáû èç íåãî ìîæíî áûëî îïðåäåëèòü
ξ, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

(ξx)
2 =

a11a22 − a212
a211

(ηy)
2. (4)

è ïðàâàÿ ÷àñòü ýòîãî ðàâåíñòâà çàâèñåëà òîëüêî îò x. Âûïîëíåíèå ýòîãî óñëîâèÿ ïîçâîëèò
îïðåäåëèòü ôóíêöèþ ξ = ξ(x) âìåñòå ñ ôóíêöèåé η = η(x, y), íàéäåííîé èç óðàâíåíèÿ
a12ηx+a12ηy = 0. Ýòè äâå ôóíêöèè îïðåäåëÿò âèä óðàâíåíèÿ (3), íàçûâàåìîå êàíîíè÷åñêèì.
Åñëè æå ñ ïîìîùüþ ðàâåíñòâà (3) íåëüçÿ ñðàçó îïðåäåëèòü ξ, òî äëÿ ïðèâåäåíèÿ óðàâíåíèÿ
ýëëèïòè÷åñêîãî òèïà ê êàíîíè÷åñêîìó âèäó ìîæíî èñïîëüçîâàòü âòîðóþ âîçìîæíîñòü,
îïðåäåëèâ îäíó èç íåèçâåñòíûõ èç èíòåãðàëà η(x, y) = C.
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Ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî Ñîáîëåâà W̊n
p [0; 1] (1 ⩽ p ⩽ ∞), ñîñòîÿùåå èç âåùåñòâåí-

íîçíà÷íûõ ôóíêöèé f , îáëàäàþùèõ àáñîëþòíî íåïðåðûâíûìè ïðîèçâîäíûìè äî ïîðÿäêà
n − 1 âêëþ÷èòåëüíî, òàêèõ, ÷òî f (n) ∈ Lp[0; 1], è óäîâëåòâîðÿþùèõ êðàåâûì óñëîâèÿì
f (j)(0) = f (j)(1) = 0, 0 ≤ j ≤ n − 1. Ïðîñòðàíñòâî W̊n

p [0; 1] ñíàáæåíî åñòåñòâåííîé íîðìîé

∥f∥ := ∥f (n)∥Lp[0;1].
Äëÿ êàæäîãî a ∈ (0; 1) è 0 ≤ k ≤ n − 1 ñòàâèòñÿ öåëü èçó÷èòü âåëè÷èíû An,k,p(a),

ÿâëÿþùèåñÿ íàèìåíüøèìè âîçìîæíûìè â íåðàâåíñòâàõ |f (k)(a)| ⩽ An,k,p(a)∥f (n)∥Lp[0;1], à
òàêæå îöåíèòü ãëîáàëüíûé ìàêñèìóì Λn,k,p := maxa∈(0;1)An,k,p(a) ôóíêöèè An,k,p íà îòðåçêå

[0; 1]. ×èñëî Λn,k,p ÿâëÿåòñÿ òî÷íîé êîíñòàíòîé âëîæåíèÿ ïðîñòðàíñòâà W̊
n
p [0; 1] â ïðîñòðàíñòâî

W̊ k
∞[0; 1], 0 ≤ k ≤ n− 1: Λn,k,p = sup{∥f (k)∥L∞[0;1] : ∥f (n)∥Lp[0;1] = 1}.

Â ðàáîòå [1] óñòàíîâëåíà âçàèìîñâÿçü âåëè÷èí An,k,p(a) c îøèáêîé íàèëó÷øåé
ïîëèíîìèàëüíîé àïïðîêñèìàöèè ñïëàéíà âèäà

fn,k,a(x) := (−1)n−k−1 (x− a)n−k−1
−

(n− k − 1)!
≡ (−1)n−k−1 (x− a)n−k−1

(n− k − 1)!
χ[0,a](x)

â ïðîñòðàíñòâå Lp′ [0; 1], ãäå χ[0,a](x) îáîçíà÷àåò õàðàêòåðèñòè÷åñêóþ ôóíêöèþ îòðåçêà [0, a],
1
p +

1
p′ = 1:

An,k,p(a) = min
u∈Pn−1

∥fn,k,a − u∥Lp′ [0,1]
,

çäåñü Pn−1 � ïðîñòðàíñòâî âåùåñòâåííûõ àëãåáðàè÷åñêèõ ïîëèíîìîâ ñòåïåíè, íå ïðåâîñõîäÿ-
ùåé n− 1.

Äàëåå îïðåäåëèì Un(x) =
sin(n+1)θ

sin θ , x = cos θ, x ∈ [−1, 1] � ìíîãî÷ëåí ×åáûøåâà âòîðîãî
ðîäà ñòåïåíè n íà îòðåçêå [−1, 1], ai = sin2 πi

2(n+1) , 1 ≤ i ≤ n � íóëè ìíîãî÷ëåíà Un(2x − 1).
Òàêæå èñïîëüçóåì îáîçíà÷åíèå pn,k,a ∈ Pn−1 äëÿ ïîëèíîìèàëüíîãî èíòåðïîëÿíòà ñòåïåíè n−1
ôóíêöèè fn,k,a ïî òî÷êàì {ai}ni=1. Â äàëüíåéøåì îñîáåííî ïîäðîáíî ðàññìàòðèâàåòñÿ ñëó÷àé
p = ∞. Óòî÷íÿåòñÿ çíà÷åíèå âåëè÷èí An,k,∞(a) íà ìíîæåñòâå [0, a1] ∪ [an, 1]:

Òåîðåìà 1. Íà îòðåçêå a ∈ [0, a1] ñïðàâåäëèâî ðàâåíñòâî

An,k,∞(a) = ∥fn,k,a∥L1[0,1] =
an−k

(n− k)!,

íà îòðåçêå a ∈ [an, 1] âûïîëíåíî An,k,∞(a) = ∥fn,k,a∥L1[0,1] =
(1−a)n−k

(n−k)! .

Íàçîâåì ìàðêîâñêèìè òå çíà÷åíèÿ ïàðàìåòðà a ∈ (a1, an) ⊆ [0, 1], äëÿ êîòîðûõ
ðàçíîñòü (îøèáêà èíòåðïîëÿöèè) fn,k,a − pn,k,a ìåíÿåò çíàê íà èíòåðâàëå (0, 1) â òî÷êàõ
ai, 1 ≤ i ≤ n, è òîëüêî â íèõ. Ìàðêîâñêîå ïîäìíîæåñòâî çíà÷åíèé ïàðàìåòðà a îáîçíà÷àåòñÿ
êàê An,k ⊆ (a1, an). Çíà÷åíèÿ a ∈ (a1, an) \ An,k íàçûâàþòñÿ íåìàðêîâñêèìè. Îñíîâíûìè
äîêàçàííûìè òåîðåìàìè ÿâëÿþòñÿ òåîðåìû îá îïèñàíèè ñòðóêòóðû ìàðêîâñêîãî ìíîæåñòâà, à
òàêæå îá óòî÷íåíèè çíà÷åíèé âåëè÷èí An,k,∞ íà ìàðêîâñêîì ìíîæåñòâå è êîíñòàíò âëîæåíèÿ
Λn,k,∞.

Òåîðåìà 2. Äëÿ ìàðêîâñêèõ çíà÷åíèé a ∈ An,k ⊆ (a1, an) èíòåðïîëÿíò pn,k,a ∈ Pn−1

ÿâëÿåòñÿ ìíîãî÷ëåíîì íàèëó÷øåãî L1[0, 1]-ïðèáëèæåíèÿ ôóíêöèè fn,k,a è

An,k,∞(a) = ∥fn,k,a − pn,k,a∥L1[0,1] =
1

2n−k
|V (k)
n (2a− 1)|,
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ãäå Vn(t) =
(−1)n

(n−1)!

∫ t
−1(t− u)n−1 · sgn(Un(u))du � ÿäðî Ïåàíî ïîðÿäêà n.

Òåîðåìà 3. Ïóñòü 0 ≤ k ≤ n− 2. Îïðåäåëèì a1, ..ak � k ðåøåíèé óðàâíåíèÿ
fn,k,a(0)− pn,k,a(0) = 0 ñ íåèçâåñòíûì a, à a1, ..ak � k ðåøåíèé óðàâíåíèÿ
fn,k,a(1)− pn,k,a(1) = 0 c íåèçâåñòíûì a (ñóùåñòâóþò ñîãëàñíî òåîðåìå 1 èç ðàáîòû [2]),
a1 < a1 < a1 < ... < ak < ak < an. Òîãäà íåìàðêîâñêîå ìíîæåñòâî çíà÷åíèé ïàðàìåòðà
a ∈ (a1, an) \ An,k ïðåäñòàâëÿåò ñîáîé äèçúþíêòíîå îáúåäèíåíèå k èíòåðâàëîâ (ai, ai)
(1 ≤ i ≤ k): (a1, an) \ An,k = ⊔ki=1(ai, ai). Ìàðêîâñêîå è íåìàðêîâñêîå ìíîæåñòâà çíà÷åíèé
ïàðàìåòðà a ñèììåòðè÷íû îòíîñèòåëüíî òî÷êè a = 1

2 .
Òåîðåìà 4. Ïóñòü 0 ≤ k ≤ n− 1, n � íå÷åòíîå, k � ÷åòíîå. Ïðè âûïîëíåíèè óñëîâèÿ

âûïóêëîñòè (âíèç) ôóíêöèè An,k,∞(a) íà íåìàðêîâñêîì ìíîæåñòâå, ñïðàâäåëèâî ðàâåíñòâî

Λn,k,∞ = An,k,∞(1/2) =
1

2n−k
|V (k)
n (0)| = 1

2n−k · (n− k − 1)!

∣∣∣∣∫ 1

0
un−k−1sgn(Un(u))du

∣∣∣∣ .
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Íåèçëó÷àþùèå èñòî÷íèêè è îáðàòíûå çàäà÷è ãðàíè÷íîãî íàáëþäåíèÿ
ñòàöèîíàðíûõ è êâàçèñòàöèîíàðíûõ ýëåêòðîìàãíèòíûõ ïîëåé51
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Ïîä íåèçëó÷àþùèìè èñòî÷íèêàìè ïîíèìàþòñÿ ëîêàëèçîâàííûå â ïðîñòðàíñòâå
èñòî÷íèêè, ïîðîæäàþùèå ëîêàëèçîâàííûå â ïðîñòðàíñòâå ðåøåíèÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé [1]�[5]. Õàðàêòåðèçàöèÿ íåèçëó÷àþùèõ èñòî÷íèêîâ ïîçâîëÿåò îòâå÷àòü íà âîïðîñû
î åäèíñòâåííîñòè ðåøåíèÿ îáðàòíûõ çàäà÷ îá èñòî÷íèêàõ ïî ðåçóëüòàòàì ãðàíè÷íûõ
íàáëþäåíèé è ìîæåò èñïîëüçîâàòüñÿ ïðè ïîñòðîåíèè àëãîðèòìîâ ðåøåíèÿ îáðàòíûõ çàäà÷
[6]�[9].

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé,
âîçíèêàþùèõ ïðè îïèñàíèè ðàçëè÷íûõ ñòàöèîíàðíûõ è êâàçèñòàöèîíàðíûõ ïðèáëèæåíèé
äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà [10], [11]. Ïðèâîäÿòñÿ ðåçóëüòàòû î õàðàêòåðèçàöèè
íåèçëó÷àþùèõ èñòî÷íèêîâ äëÿ ðàññìàòðèâàåìûõ ñèñòåì. Âûäåëÿþòñÿ êëàññû åäèíñòâåííîñòè
ðåøåíèÿ îáðàòíûõ çàäà÷ îá èñòî÷íèêàõ ïî ðàçëè÷íûì ãðàíè÷íûì íàáëþäåíèÿì. Îáñóæäàþòñÿ
àëãîðèòìû ðåøåíèÿ ýòèõ çàäà÷.
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Î äèñêðåòíûõ àíàëîãàõ èíòåãðàëüíûõ è èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ÷àñòíûìè èíòåãðàëàìè
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Ðîññèéñêàÿ àêàäåìèÿ íàðîäíîãî õîçÿéñòâà è ãîñóäàðñòâåííîé ñëóæáû
ïðè Ïðåçèäåíòå Ðîññèéñêîé Ôåäåðàöèè
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Ê èíòåãðàëüíûì óðàâíåíèÿì ñ ÷àñòíûìè èíòåãðàëàìè è èõ ÷àñòíûì ñëó÷àÿì ïðèâîäÿòñÿ
çàäà÷è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Áàðáàøèíà, ìåõàíèêè ñïëîøíûõ ñðåä è ðÿäà
äðóãèõ ïðèêëàäíûõ çàäà÷ [1�3].

x(t, s) =

t∫
a

l(t, s, τ)x(τ, s)dτ +

d∫
c

m(t, s, σ)x(t, σ)dσ +

t∫
a

d∫
c

n(t, s, τ, σ)x(τ, σ)dτdσ + f(t, s) (1)

Íàéòè ÿâíîå ðåøåíèå ëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ (1) óäàåòñÿ â äîñòàòî÷íî
ðåäêèõ ñëó÷àÿõ. Ïîýòîìó àêòóàëüíîé çàäà÷åé ÿâëÿåòñÿ ðàçðàáîòêà ñõåì ïðèáëèæåííîãî è
àëãîðèòìîâ ÷èñëåííîãî ðåøåíèÿ ýòîãî óðàâíåíèÿ. Áóäåì ðàññìàòðèâàòü ÷àñòíûé ñëó÷àé
èíòåãðàëüíîãî óðàâíåíèÿ (1)

x(t, s) =

t∫
a

c(τ, s)x(τ, s)dτ +

t∫
a

d∫
c

k(τ, s, σ)x(τ, σ)dτdσ + f(t, s), (2)

ñ ÷àñòíûìè èíòåãðàëàìè, ãäå t ∈ [a, b], s ∈ [c, d], çàäàííûå ôóíêöèè c(τ, s), k(τ, s, σ), f(t, s) è
f ′t(t, s) íåïðåðûâíû ïî ñîâîêóïíîñòè ïåðåìåííûõ, à èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà.
Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (2) ÿâëÿåòñÿ ðåøåíèåì èíòåãðî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ Áàðáàøèíà (ÈÄÓÁ)

∂x(t, s)

∂t
= c(t, s)x(t, s) +

d∫
c

k(t, s, σ)x(τ, σ)dτdσ + f ′t(t, s), x(a, s) = f(a, s). (3)

Çàäà÷à Êîøè (3) ýêâèâàëåíòíà ñëåäóþùåìó äâóìåðíîìó èíòåãðàëüíîìó óðàâíåíèþ:

x(t, s) =

t∫
a

d∫
c

r(t, s, τ, σ)x(τ, σ)dτdσ + g(t, s) ≡ (Rx)(t, s) + g(t, s) (4)
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Äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ (4) ìîãóò áûòü èñïîëüçîâàíû ìíîãî÷èñëåííûå ìåòîäû
ðåøåíèÿ ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé, â ÷àñòíîñòè, ìåòîä ìåõàíè÷åñêèõ êâàäðàòóð
(ÌÌÊ). Ïðè ïðèìåíåíèè ÌÌÊ ê óðàâíåíèþ (4) ïåðåõîäèì ê äèñêðåòíîìó àíàëîãó

tp∫
a

d∫
c

r(tp, sq, τ, σ)x(τ, σ)dτdσ = hg

p∑
i=0

Q∑
j=0

γpqijrpqijx(ti, sj) + rpq. (5)

ãäå rpqij = r(tp, sq, ti, sj), à rpq � îñòàòîê â ôîðìóëå (5). Â ðåçóëüòàòå èíòåãðàëüíîå óðàâíåíèå
(4) çàìåíÿåòñÿ ñèñòåìîé óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ x(ti, sj). Îòáðàñûâàÿ â ýòîé
ñèñòåìå óðàâíåíèé îñòàòêè, ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ ïðèáëèæåííûõ çíà÷åíèé xpq
ôóíêöèè x â òî÷êàõ (tp, sq)

xpq = hg

p∑
i=0

Q∑
j=0

γpqijrpqijxij + fpq + δpq (p = 0, 1, . . . , P ; q = 0, 1, . . . , Q), (6)

Òåîðåìà. Ïóñòü â ôîðìóëå (5) îñòàòêè ñòðåìÿòñÿ ê íóëþ ðàâíîìåðíî îòíîñèòåëüíî p, q
ïðè h, g → 0, |γpqij | ⩽ A < ∞ è ïîãðåøíîñòè âû÷èñëåíèé ñòðåìÿòñÿ ê íóëþ ðàâíîìåðíî
îòíîñèòåëüíî p, q ïðè h, g → 0. Òîãäà ïðè âñåõ äîñòàòî÷íî ìàëûõ h è g ïðèáëèæåííîå ðåøåíèå
xpq(p = 0, 1, . . . , P ; q = 0, 1, . . . , Q) ìîæåò áûòü íàéäåíî èç ñèñòåìû (6), ïðè÷åì äëÿ ëþáîãî
çàäàííîãî ε > 0 ñóùåñòâóþò òàêèå h0 è g0, ÷òî ïðè h < h0 è g < g0 |xpq − x(tp, sq)| < ε
(p = 0, 1, . . . , P ; q = 0, 1, . . . , Q).

Àíàëîãè÷íûé ïîäõîä ìîæåò áûòü ðàñïðîñòðàíåí íà íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ
ñ ÷àñòíûìè èíòåãðàëàìè âèäà

x(t, s) =

t∫
a

c(τ, s)x(τ, s)dτ +

t∫
a

d∫
c

k(τ, s, σ, x(τ, σ))dτdσ + f(t, s), (7)

ãäå t ∈ [a, b], s ∈ [c, d], u ∈ (−∞,+∞), çàäàííûå ôóíêöèè c(τ, s), k(τ, s, σ, u), f(t, s) è ôóíêöèÿ
f ′t(t, s) íåïðåðûâíû ïî ñîâîêóïíîñòè ïåðåìåííûõ, ôóíêöèÿ k(τ, s, σ, u) óäîâëåòâîðÿåò óñëîâèþ
Ëèïøèöà |k(τ, s, σ, u)− k(τ, s, σ, v)| ⩽ N |u− v|, à èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà.

Äëÿ ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé ìîæíî èñïîëüçîâàòü ìåòîä Íüþòîíà-
Êàíòîðîâè÷à [1]. Ñ ïðèìåíåíèåì äàííûõ àëãîðèòìîâ áûëè ðàçðàáîòàíû ïðîãðàììû è
ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, ïîêàçûâàþùèå äîñòàòî÷íî õîðîøèå ðåçóëüòàòû.
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Ëîêàëèçàöèÿ èíâàðèàíòíûõ êîìïàêòîâ è ãëîáàëüíàÿ óñòîé÷èâîñòü
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Îäíà èç âîçìîæíîñòåé ôóíêöèîíàëüíîãî ìåòîäà ëîêàëèçàöèè èíâàðèàíòíûõ êîìïàêòîâ
(ÔÌËÈÊ) ñîñòîèò â àíàëèçå àñèìïòîòè÷åñêîãî ïîâåäåíèÿ òðàåêòîðèé äèíàìè÷åñêîé
ñèñòåìû [1]. Â ÷àñòíîñòè, èñïîëüçîâàíèå ìåòîäà ïîçâîëÿåò óñòàíàâëèâàòü ôàêò ãëîáàëüíîé
àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ.

Ãëîáàëüíóþ óñòîé÷èâîñòü ïîëîæåíèÿ ðàâíîâåñèÿ ìîæíî äîêàçàòü ñ ïîìîùüþ ïðÿìîãî
ìåòîäà Ëÿïóíîâà è åãî îáîáùåíèé. Â ÷àñòíîñòè, äëÿ àâòîíîìíûõ ñèñòåì äèôôåðåíöèàëüíûõ
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óðàâíåíèé èçâåñòåí ïðèíöèï èíâàðèàíòíîñòè Ëà-Ñàëëÿ, ñîãëàñíî êîòîðîìó òðàåêòîðèÿ,
íà÷èíàþùàÿñÿ â ïîëîæèòåëüíî èíâàðèàíòíîì êîìïàêòíîì ìíîæåñòâå Q, ñòðåìèòñÿ ê
ìàêñèìàëüíîìó èíâàðèàíòíîìó ïîäìíîæåñòâó â V̇ = 0, ãäå ôóíêöèÿ V óäîâëåòâîðÿåò â Q
íåðàâåíñòâó V̇ ⩽ 0. Àíàëîãè÷íûé ïðèíöèï ñóùåñòâóåò è äëÿ íåàâòîíîìíûõ ñèñòåì.

Äëÿ ïðîèçâîëüíîé ôóíêöèè φ, îïðåäåëåííîé íà ôàçîâîì ïðîñòðàíñòâå àâòîíîìíîé
ñèñòåìû, ìíîæåñòâî S(φ) = {x : φ̇(x) = 0} áóäåì íàçûâàòü óíèâåðñàëüíûì ñå÷åíèåì,
ñîîòâåòñòâóþùèì ôóíêöèè φ. Ïîëàãàÿ äëÿ ïðîèçâîëüíîãî ìíîæåñòâà Q â ôàçîâîì
ïðîñòðàíñòâå φinf(Q) = inf{φ(x) : x ∈ S(φ ∩ Q)}, φsup(Q) = sup{φ(x) : x ∈ S(φ ∩ Q)},
ââåäåì ìíîæåñòâî Ω(φ,Q) = {x ∈ Q : φinf(Q) ⩽ φ(x) ⩽ φsup(Q)}. Ýòî ìíîæåñòâî
íàçûâàåòñÿ ëîêàëèçèðóþùèì, ïîñêîëüêó âñå èíâàðèàíòíûå êîìïàêòû, öåëèêîì ëåæàùèå â
Q, ðàñïîëîæåíû òàêæå â Ω(φ,Q) [2].

Ñôîðìóëèðîâàííîå óòâåðæäåíèå ëåæèò â îñíîâå ôóíêöèîíàëüíîãî ìåòîäà ëîêàëèçàöèè.
Îòìåòèì, ÷òî ýòîò ìåòîä ðàáîòàåò â øèðîêîì êëàññå äèíàìè÷åñêèõ ñèñòåì, ïîñêîëüêó â
ñâîåé ñóùíîñòè ÿâëÿåòñÿ òîïîëîãè÷åñêèì (íàïðèìåð, íåàâòîíîìíûå ñèñòåìû, ñèñòåìû ñ
óïðàâëåíèåì è âîçìóùåíèåì, äèôôåðåíöèàëüíûå âêëþ÷åíèÿ, ñèñòåìû äèñêðåòíîãî âðåìåíè).

Ãëîáàëüíóþ àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü ïîëîæåíèÿ ðàâíîâåñèÿ ìîæíî äîêàçàòü,
ïðîéäÿ òðè ýòàïà: à) ïîñòðîèòü ïîëîæèòåëüíî èíâàðèàíòíîå êîìïàêòíîå ìíîæåñòâî Q,
ÿâëÿþùååñÿ îáëàñòüþ çàõâàòà; á) äëÿ ìíîæåñòâà Q ïîñòðîèòü ôóíêöèþ φ, äëÿ êîòîðîé
φ̇ ⩽ 0 â Q; â) äîêàçàòü, ÷òî åäèíñòâåííûé èíâàðèàíòíûé êîìïàêò â ìíîæåñòâå S(φ) ∩ Q
åñòü ðàññìàòðèâàåìîå ïîëîæåíèå ðàâíîâåñèÿ.

Ïðèíöèï èíâàðèàíòíîñòè ñðàáàòûâàåò íà ýòàïå á). Îäíàêî íà ýòîì ýòàïå ìîæåò
èñïîëüçîâàòüñÿ è ìåòîä ëîêàëèçàöèè (íóæíî φ ïîäîáðàòü òàê, ÷òî S(φ) áóäåò ìíîæåñòâîì
óðîâíÿ ôóíêöèè φ). Ñâÿçü ïðèíöèïà èíâàðèàíòíîñòè Ëà-Ñàëëÿ ñ ôóíêöèîíàëüíûì ìåòîäîì
ëîêàëèçàöèè ðàññìîòðåíà â [2]. Ýòàï à) òàêæå âî ìíîãèõ ñëó÷àÿõ ìîæåò áûòü ðåàëèçîâàí ñ
ïîìîùüþ ôóíêöèîíàëüíîãî ìåòîäà ëîêàëèçàöèè, à ýòàï â) òðåáóåò ñïåöèàëüíîãî àíàëèçà.

Îïèñàííûé ïîäõîä èëëþñòðèðóåòñÿ íà ïðèìåðå îäíîé 6-ìåðíîé ïîïóëÿöèîííîé ìîäåëè
ðàêà [3], êîòîðàÿ ñîäåðæèò ñëàãàåìîå ñ çàïàçäûâàíèåì:

ẋ1 = a1x1

(
1− x1

k1

)
− q1x1x2 −

p1x1y

A1 + x1
,

ẋ2 = a2x2

(
1− x2

k2

)
− q2x1x2 −

p2x2y

A2 + x2
− δx2,

ẏ = ∆−
[
ξ +

c1x1
A1 + x1

+
c2x2

A2 + x2

]
y,

u̇1 = b1u1

(
1− u1

l1

)
− r1u1u2 −

s1u1z

B1 + u1
,

u̇2 = b2u2

(
1− u2

l2

)
− r2u1u2 − κx2u2 −

s2u2z

B2 + u2
+ εδx2(t− τ),

ż = Φ−
[
η +

d1u1
B1 + u1

+
d2u2

B2 + u2

]
z.

Â ñèñòåìå âñå ôàçîâûå ïåðåìåííûå íåîòðèöàòåëüíû, à ïàðàìåòðû ïîëîæèòåëüíû.
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Êðàåâûå çàäà÷è äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, çàäàííûå â âèäå ñâÿçè çíà÷åíèé
èñêîìîé ôóíêöèè èëè åå ïðîèçâîäíûõ â ðàçëè÷íûõ òî÷êàõ îáëàñòè èëè ãðàíèöû ÿâëÿþòñÿ
íåëîêàëüíûìè çàäà÷àìè. Çàäà÷à òàêîãî òèïà âïåðâûå áûëà èññëåäîâàíà â ðàáîòå [1]. Äàëåå, â
ðàáîòå [2] ïîäðîáíî îïèñàíî âîçíèêíîâåíèå òàêèõ çàäà÷ ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè
íåêîòîðûõ ïðîöåññîâ â ïëàçìå. Ñâåäåíèÿ î ìåòîäàõ ðåøåíèè è ïðèëîæåíèÿõ íåëîêàëüíûõ
êðàåâûõ çàäà÷ òèïà Áèöàäçå-Ñàìàðñêîãî ê çàäà÷àì ôèçèêè è òåõíèêè èçëîæåíû â [3]. Êðàåâûå
çàäà÷è ñ ïðåîáðàçîâàííûìè àðãóìåíòàìè ðàññìîòðåíû â ðàáîòå [4]. Íåêîòîðûå íåëîêàëüíûå
êðàåâûå çàäà÷è c îòîáðàæåíèÿìè òàêîãî æå òèïà â n-ìåðíîì ñëó÷àå ïðèâîäÿòñÿ â [5,6].

Ïóñòü Ω = {x : |x| < 1} � åäèíè÷íûé øàð â Rn è S1, S2 � äåéñòâèòåëüíûå
êîììóòàòèâíûå îðòîãîíàëüíûå n × n ìàòðèöû òàêèå, ÷òî Slii = E, li ∈ N, i = 1, 2,
ãäå l1, l2 ∈ N ∪ {0}. Îáîçíà÷èì ℓ = l2l1. Ââåäåì îïåðàòîð Ra, îáðàçîâàííûé âåêòîðîì
a = (a(0,0), ..., a(0,l1−1), a(1,0), ..., a(1,l1−1), ..., a(l2−2,l1−1), ..., a(l2−1,l1−1)) â âèäå

Ra[u](x) =

(l2−1,l1−1)∑
(i2,i1)=0

a(i2,i1)u
(
Si22 S

i1
1 x
)
,

ãäå (i2, i1) ≡ i2l1+i1. Ïóñòü i⊕j = (i2, i1)⊕(j2, j1) ≡ ((i2+j2mod l2), (i1+j1mod l1)). Îïðåäåëèì
ìàòðèöó A(2)(a) = (ai,j)i,j=0,...,ℓ−1 = (aj⊖i)i,j=0,...,ℓ−1.

Òåîðåìà 1. Ñîáñòâåííûé âåêòîð ìàòðèöû A(2)(a) ñ íîìåðîì k = (k2, k1) = 0, . . . , ℓ− 1

ìîæíî ïðåäñòàâèòü â âèäå ek =
(
λjk

)t
j=0,...,ℓ−1

≡
(
λj2k2λ

j1
k1

)t
(j2,j1)=0,...,(l2−1,l1−1)

, ãäå

λks = ei2πks/ls � êîðåíü ñòåïåíè ls èç åäèíèöû, s = 1, 2.
Òåîðåìà 2. Ïóñòü ÷èñëà {ak : k = 0, . . . , ℓ− 1} òàêèå, ÷òî a ·etk ̸= 0 ïðè k = 0, . . . , ℓ−1

è f ∈ Cλ(Ω̄), g ∈ Cλ+2(∂Ω), 0 < λ < 1. Òîãäà ðåøåíèå çàäà÷è Äèðèõëå

∆u(x) = f(x), x ∈ Ω, Ra[u]|∂Ω = g(x), x ∈ ∂Ω

ñóùåñòâóåò, åäèíñòâåííî, ïðèíàäëåæèò êëàññó Cλ+2(Ω̄) è ïðåäñòàâëÿåòñÿ â âèäå

u(x) =

∫
Ω
G (x, y) f(y)dy +

1

ωn

∫
∂Ω

1− |x|2

|x− y|n
Rb[g](y)dsy,

ãäå êîìïîíåíòû âåêòîðà b îïðåäåëÿþòñÿ êàê bj =
1
ℓ

∑ℓ−1
k=0 λ

j
k/µk, j = 0, . . . , ℓ− 1.

Òåîðåìà 3. Åñëè a · ek ̸= 0 ïðè k = 0, . . . , ℓ − 1 è äëÿ ôóíêöèé f ∈ C1
(
Ω
)
, g ∈ C (∂Ω)

âûïîëíåíî óñëîâèå
∫
∂Ω g(ξ) dsξ =

∫
ΩRa[f ](ξ) dξ. Òîãäà ðåøåíèå çàäà÷è Íåéìàíà

∆u(x) = f(x), x ∈ Ω, Ra

[∂u
∂ν

]
|∂Ω = g(x), x ∈ ∂Ω

ñóùåñòâóåò è ìîæåò áûòü çàïèñàíî â âèäå

u(x) =
1

ωn

∫
∂Ω

N2(x, ξ)Rb[g](ξ) dsξ −
1

ω n

∫
Ω
N2(x, ξ)f(ξ)dξ + C,

ãäå N2(x, ξ) � ôóíêöèÿ Ãðèíà çàäà÷è Íåéìàíà [7].
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Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü êèáåðàòàê, îïèñûâàåìàÿ ìàðêîâñêîé öåïüþ ñ
íåïðåðûâíûì âðåìåíåì [1, 2]. Ìîäåëèðóåìàÿ ñèñòåìà èìååò ñëåäóþùèé íàáîð ñîñòîÿíèé:
s0 � áåçîïàñíîå ñîñòîÿíèå, òî åñòü ñîñòîÿíèå, â êîòîðîì àòàêè îòñóòñòâóþò, s1, . . . , sn �
òðàíçèòíûå ñîñòîÿíèÿ, õàðàêòåðèçóþùèåñÿ ïîÿâëåíèåì êèáåðàòàê, sn+1 � ïîãëîùàþùåå
ñîñòîÿíèå (îòêàç áåçîïàñíîñòè). Âõîäíûìè ïàðàìåòðàìè ìîäåëè ÿâëÿþòñÿ ñëåäóþùèå
âåëè÷èíû: λ = (λ1, λ2, . . . , λn) � èíòåíñèâíîñòè ïîòîêîâ êèáåðàòàê, µ = (µ1, µ2, . . . , µn) �
èíòåíñèâíîñòè ïîòîêîâ îòðàæåíèé êèáåðàòàê, r = (r1, r2, . . . , rn) � âåðîÿòíîñòè îòðàæåíèÿ
êèáåðàòàê. Äèíàìèêà ïåðåõîäîâ ìåæäó ñîñòîÿíèÿìè ìîäåëè îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé
Êîëìîãîðîâà:

ṗ0(t) = −p0(t)
n∑
k=1

λk +

n∑
k=1

µkrkpk(t),

ṗi(t) = −p0(t)
n∑
k=1

λk − µipi(t), i = 1, . . . , n, (1)

ṗn+1(t) =

n∑
k=1

µk (1− rk) pk(t).

Çäåñü òî÷êîé îáîçíà÷åíà ïðîèçâîäíàÿ ïî âðåìåíè t.
Âàæíûì ïàðàìåòðîì, õàðàêòåðèçóþùèì ýôôåêòèâíîñòü çàùèòíûõ ìåõàíèçìîâ ñèñòå-

ìû, ÿâëÿåòñÿ âðåìÿ äî îòêàçà áåçîïàñíîñòè � âðåìÿ, çà êîòîðîå ñèñòåìà èç íà÷àëüíîãî

52Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 24-21-20025,
https://rscf.ru/project/24-21-20025/.
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ñîñòîÿíèÿ s0 ïåðåéäåò â ïîãëîùàþùåå ñîñòîÿíèå sn+1. Äàííàÿ ñëó÷àéíàÿ âåëè÷èíà èìååò
ïëîòíîñòü ðàñïðåäåëåíèÿ f(t) = ṗn+1(t), à å¼ ìàòåìàòè÷åñêîå îæèäàíèå ðàâíî

τ =

∫ ∞

0
tṗn+1(t)dt. (2)

Â ñëó÷àå, êîãäà âñå ïàðàìåòðû ìîäåëè ÿâëÿþòñÿ ïîñòîÿííûìè âåëè÷èíàìè, ñèñòåìà
óðàâíåíèé (1) èíòåãðèðóåòñÿ ñòàíäàðòíûìè ìåòîäàìè è äëÿ ñðåäíåãî âðåìåíè äî îòêàçà
áåçîïàñíîñòè ìîæíî ïîëó÷èòü àíàëèòè÷åñêîå âûðàæåíèå [1]. Áîëåå ðåàëèñòè÷íîé ÿâëÿåòñÿ
ñèòóàöèÿ, êîãäà èíòåíñèâíîñòè àòàê ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ôóíêöèÿìè âðåìåíè. Â
íàñòîÿùåì èññëåäîâàíèè ìû èçó÷àåì ñèòóàöèþ, êîãäà èíòåíñèâíîñòè àòàê ÿâëÿþòñÿ
ïðîñòåéøèìè ãàðìîíè÷åñêèìè ôóíêöèÿìè âèäà

λi(t) = λ0i + εi sin(ωit+ ϕi), (3)

ãäå λi0, εi, ωi è ϕi � íåêîòîðûå ïîñòîÿííûå, i = 1, . . . , n. Óðàâíåíèÿ Êîëìîãîðîâà (1) â
ýòîì ñëó÷àå íå äîïóñêàþò òî÷íîå èíòåãðèðîâàíèå, ïîýòîìó â äîêëàäå îñíîâíîå âíèìàíèå
óäåëÿåòñÿ êà÷åñòâåííûì è ïðèáëèæ¼ííûì ìåòîäàì èññëåäîâàíèÿ äàííîé ñèñòåìû, îñíîâàííûì
íà òåîðèè Ôëîêêå. Èçó÷àåòñÿ òàêæå çàâèñèìîñòü ñðåäíåãî âðåìåíè äî îòêàçà áåçîïàñíîñòè τ
îò ïàðàìåòðîâ εi è ωi.
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Ïîãðàíñëîéíûå àñèìïòîòèêè â áèôóðêàöèîííûõ çàäà÷àõ
äëÿ ïàðàáîëè÷åñêèõ ñèñòåì ñ áûñòðî è ñ ìåäëåííî
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Ïðèíöèï óñðåäíåíèÿ Êðûëîâà-Áîãîëþáîâà ÿâëÿåòñÿ îäíèì èç íàèáîëåå ìîùíûõ è
õîðîøî ðàçðàáîòàííûõ ìåòîäîâ àñèìïòîòè÷åñêîãî àíàëèçà. Äëÿ óðàâíåíèé ñ çàïàçäûâàíèåì
ýòîò ìåòîä ïîëó÷èë îáîñíîâàíèå â ðàáîòåÞ.Ñ. Êîëåñîâà. Â ñëó÷àå ñèñòåì óðàâíåíèé ïàðàáîëè-
÷åñêîãî òèïà äëÿ ïðèìåíèìîñòè ìåòîäà óñðåäíåíèÿ íåîáõîäèìî íàëîæèòü äîâîëüíî ñåðüåçíûå
îãðàíè÷åíèÿ. Ðàíåå àâòîðîì ðàññìàòðèâàëñÿ âîïðîñ î ïðèìåíèìîñòè ìåòîäà óñðåäíåíèÿ äëÿ
ñèñòåì ïàðàáîëè÷åñêèõ óðàâíåíèé ñ áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè è ïåðåìåííîé
îáëàñòüþ îïðåäåëåíèÿ. Ïîêàçàíî, ÷òî àëãîðèòìè÷åñêàÿ ÷àñòü èññëåäîâàíèÿ ñîäåðæèò êàê
ðåãóëÿðíûå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ, òàê è ïîãðàíñëîéíûå, òåîðèÿ êîòîðûõ ðàçâèòà
â ðàáîòàõ Áóòóçîâà Â.Ô. è Âàñèëüåâîé À.Á. Çäåñü èññëåäóåòñÿ âîïðîñ î ëîêàëüíîé � â

53Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ ðåãèîíàëüíîãî íàó÷íî-îáðàçîâàòåëüíîãî
ìàòåìàòè÷åñêîãî öåíòðà (ßðÃÓ) ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÔ
(Ñîãëàøåíèå î ïðåäîñòàâëåíèè èç ôåäåðàëüíîãî áþäæåòà ñóáñèäèè � 075-02-2024-1442).
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îêðåñòíîñòè óñòàíîâèâøåãîñÿ ðåæèìà � äèíàìèêå, âàæíîé äëÿ ïðèëîæåíèé ïàðàáîëè÷åñêîé
êðàåâîé çàäà÷è

∂u

∂t
= d(τ)

∂2u

∂x2
+ r(τ)[1− a(τ)u(t− T (τ), x)]u, (1)

∂u

∂x

∣∣∣∣∣
x=0

= α1(τ)u

∣∣∣∣∣
x=0

,
∂u

∂x

∣∣∣∣∣
x=1

= α2(τ)u

∣∣∣∣∣
x=1

, τ = ωt. (2)

B (1), (2) u = u(t, x) ⩾ 0. Âñå êîýôôèöèåíòû ïåðèîäè÷íû ïî τ . Êîýôôèöèåíòû d(τ), r(τ), a(τ)

è T (τ) ïîëîæèòåëüíû, à α1(τ) è α2(τ) èìåþò íóëåâîå ¾ñðåäíåå¿:
P∫
0

d−1(τ)αj(τ)dτ = 0, (j = 1, 2).

Îñíîâíîå ïðåäïîëîæåíèå ñîñòîèò â òîì, ÷òî ïàðàìåòð ω ÿâëÿåòñÿ äîñòàòî÷íî áîëüøèì: ω ≫ 1.
Ïîñòðîåíà óñðåäíåííàÿ äëÿ (1), (2) êðàåâàÿ çàäà÷à. Ïîêàçàíî, ÷òî îíà èìååò

ïîëîæèòåëüíîå ñîñòîÿíèå ðàâíîâåñèÿ u0 =
(
M(r(τ)a(τ))

)−1
M(r(τ)). Êðàåâàÿ çàäà÷à (1), (2)

òîãäà èìååò áëèçêîå ê u0 ðåøåíèå u0(t, ω) = u0 + ω−1u1(τ, ω) + . . . , ãäå uj(τ, ω)-ïåðèîäè÷íû
ïî τ è ω. Èññëåäîâàí âîïðîñ îá óñòîé÷èâîñòè u0(t, ω) è âûäåëåí êðèòè÷åñêèé ñëó÷àé.
Äëÿ ýòîãî ñëó÷àÿ ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ ëîêàëüíîãî èíâàðèàíòíîãî èíòåãðàëüíîãî
ìíîãîîáðàçèÿ S(t, ω) â îêðåñòíîñòè u0(t, ω) è ñâåäåíèÿ íà íåãî êðàåâîé çàäà÷è (1), (2). Ýòîò
àëãîðèòì ñîäåðæèò êàê ðåãóëÿðíûå, òàê è ïîãðàíñëîéíûå ðÿäû. Àíàëèç ïîâåäåíèÿ ðåøåíèé
íà S(t, ω) ïîçâîëèë ðåøèòü âîïðîñ î ïîâåäåíèè ïðè t → ∞ âñåõ ðåøåíèé (1), (2) èç ìàëîé è
íå çàâèñÿùåé îò ω îêðåñòíîñòè u0(t, ω).

Ìîäåëèðîâàíèå èíòåãðèðóåìûìè áèëëèàðäàìè
èíâàðèàíòîâ ãðàäèåíòíî-ïîäîáíûõ ïîòîêîâ íà ïîâåðõíîñòÿõ54
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Ãðàäèåíòíî-ïîäîáíûå ïîòîêè Ìîðñà-Ñìåéëà íà äâóìåðíûõ ïîâåðõíîñòÿõ äîïóñêàþò
êëàññèôèêàöèþ ñ òî÷íîñòüþ äî òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè è ñîïðÿæåííîñòè ñ ïîìîùüþ
êîìáèíàòîðíûõ èíâàðèàíòîâ, ñì. îáçîð [1]. Íàì áóäåò óäîáåí èíâàðèàíò, ïîñòðîåííûé
À.À.Îøåìêîâûì è Â.Â.Øàðêî è íàçâàííûé òðåõöâåòíûì ãðàôîì [2]. Êàæäóþ ÿ÷åéêó íà
M2, îãðàíè÷åííóþ ÷åòûðüìÿ ñåïàðàòðèñàìè ñåäåë, ðàçäåëèì ïðîèçâîëüíîé òðàåêòîðèåé ti îò
èñòî÷íèêà ê ñòîêó. Óñòîé÷èâûå è íåóñòîé÷èâûå ñåïàðàòðèñû îáîçíà÷èì si, ui. Äâîéñòâåííûé
ãðàô èìååò âåðøèíû ñòåïåíè 3, ïðè÷åì èíöèäåíòíûå âåðøèíå ðåáðà èìååò ðàçíûå òèïû u, s, t.

Ïîñòðîåííûå èíâàðèàíòû îêàçàëèñü ñâÿçàíû ñ äðóãèì êëàññîì ñèñòåì � èíòåãðè-
ðóåìûìè ãàìèëüòîíîâûìè ñèñòåìàìè (ÈÃÑ). Òåîðèÿ òîïîëîãè÷åñêîé êëàññèôèêàöèè èõ
ñëîåíèé Ëèóâèëëÿ (ðàçáèåíèÿ ôàçîâîãî ïðîñòðàíñòâàM4 íà ñâÿçíûå êîìïîíåíòû ñîâìåñòíûõ
óðîâíåé ýíåðãèè H è íåçàâèñèìîãî ñ íåé ïåðâîãî èíòåãðàëà F ) áûëà ïîñòðîåíà â ðàáîòàõ
À.Ò.Ôîìåíêî è åãî íàó÷íîé øêîëû [2] â ïðåäïîëîæåíèè íåâûðîæäåííîñòè îñîáåííîñòåé.
Âàæíûì ðàçëè÷àþùèì èíâàðèàíòîì ñëîåíèé íà íåîñîáîé èçîýíåðãåòè÷åñêîé ïîâåðõíîñòè
Q3
h : H = h â M4 ÿâëÿåòñÿ ìîëåêóëà W � áàçà ñëîåíèÿ Ëèóâèëëÿ, ÿâëÿþùàÿñÿ ãðàôîì,

êàæäàÿ âåðøèíà êîòîðîé îñíàùàåòñÿ 3-àòîìîì: êëàññîì ïîñëîéíîé ãîìåîìîðôíîñòè ñëîåíèÿ
â ñâÿçíîé êîìïîíåíòå ïðîîáðàçà F−1([φ− ε, φ+ ε] îêðåñòíîñòè îñîáîãî çíà÷åíèÿ F = φ.

Ðàíåå Â.Â.Âåäþøêèíîé è È.Ñ.Õàð÷åâîé [3] áûëî ïîêàçàíî, ÷òî â êëàññå ñëîåíèé
Ëèóâèëëÿ èíòåãðèðóåìûõ áèëëèàðäíûõ ñèñòåì íà ñîôîêóñíûõ áèëëèàðäíûõ êíèæêàõ (ñòîëàõ-
êîìïëåêñàõ ñ öèêëè÷åñêèìè ïåðåñòàíîâêàìè íà 1-êëåòêàõ) ðåàëèçóåòñÿ ïðîèçâîëüíàÿ ìîëåêóëà
íåâûðîæäåííîé ÈÃÑ c íåâûðîæäåííûìè (áîòòîâñêèìè) 3-àòîìàìè. Ëèñòû êíèæêè X2 ïðè
ïðîåêöèè π : X2 → R2(x, y) èçîìåòðè÷íû ïëîñêèì áèëëèàðäàì, îãðàíè÷åííûì äóãàìè
ñîôîêóñíûõ êâàäðèê (b − λ)x2 + (a − λ)y2 = (a − λ)(b − λ). Èíòåãðàë Λ òàêèõ áèëëèàðäîâ
ñîõðàíÿåòñÿ è ïðè äâèæåíèè íà X2.

54Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÍÔ 22-71-10106 â ÌÃÓ èì. Ì.Â.Ëîìîíîñîâà.
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Êíèæêà X2, ìîäåëèðóþùàÿ ìîëåêóëó, ñêëååíà èç ñëåäóþùèõ ëèñòîâ e2i . Êàæäûé èç íèõ
îãðàíè÷åí äóãàìè äâóõ ñîôîêóñíûõ ãèïåðáîë b < λα < λβ ⩽ a è ýëëèïñà ñ ïàðàìåòðîì λ0 (äëÿ
âñåõ ëèñòîâ λ0, λα, λβ � îáùèå), à òàêæå äóãîé ýëëèïñà b > λi > λ0 äëÿ i = 1, . . . , 2m. Ïðè
ýòîì ïî ãðàíèöå λ = λi ñêëååíî ðîâíî äâà ëèñòà (ò.å. äëÿ i ∃!j ̸= i : λi = λj). Îáîçíà÷èì ÷åðåç
σ0 ïåðåñòàíîâêó èç S2n, îòâå÷àþùóþ óðîâíþ λ0. Åå íåçàâèñèìûå öèêëû îòâå÷àåò êîðåøêàì
ñêëåéêè e1γ (1-êëåòêàì X

2), ïðîåöèðóþùèõñÿ ïðè π íà äóãó ýëëèïñà λ0. Îáîçíà÷èì êëàññ òàêèõ
êíèæåê ÷åðåç B.

Òåîðåìà 1. Äëÿ êàæäîé áèëëèàðäíîé êíèæêè èç êëàññà B îïðåäåëåí êîìáèíàòîðíûé
èíâàðèàíò, èçîìîðôíûé òðåõöâåòíîìó ãðàôó ãðàäèåíòíî�ïîäîáíîãî ïîòîêà íà äâóìåðíîé
ïîâåðõíîñòè. Ïðè ýòîì êàæäûé òðåõöâåòíûé ãðàô ðåàëèçóåòñÿ ïîäõîäÿùåé áèëëèàðäíîé
êíèæêîé.

Â îñíîâå ëåæèò ñëåäóþùåå íàáëþäåíèå. Ðàññìîòðèì â èçîýíåðãåòè÷åñêîé ïîâåðõíîñòè
Q3 : H = h > 0 äâóìåðíûé ïðîîáðàç Λ−1 ◦ π−1 ãèïåðáîëû λα < λ < λβ . Èñêëþ÷èì
óðîâíè λ ⩾ λγ . Òîãäà ìíîæåñòâî òàêèõ ïàð �òî÷êà ñòîëà � âåêòîð ñêîðîñòè� ðàçáèâàåòñÿ íà
÷åòûðåõóãîëüíèêè êðèâûìè, îòâå÷àþùèìè èëè ñêëåéêàì ëèñòîâ ïî ýëëèïñó λ0 (t-êðèâûå) è
ïî ýëëèïñàì λi = λj (u-êðèâûå) èëè êàñàíèþ òðàåêòîðèåé íà ëèñòå ei êàóñòèêè ïðè λ0 < λ < λi
(s-êðèâûå). Òàêæå ìû îáñóäèì âîïðîñ î åäèíñòâåííîñòè ðåàëèçàöèè ñëîåíèÿ ñ íåêîòîðîé
ìîëåêóëîé â êëàññå êíèæåê B.
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Êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ
ñ ëèíåéíîé çàâèñèìîñòüþ îò ñïåêòðàëüíîãî ïàðàìåòðà55
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Â ðàáîòå ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è ïðîèçâîëüíîãî ïîðÿäêà ñ ëèíåéíî
çàâèñÿùèìè îò ñïåêòðàëüíîãî ïàðàìåòðà êðàåâûìè óñëîâèÿìè:

ℓ(y) = y(n) + pn−1(x)y
(n−1) + · · ·+ p0(x)y = λy

Ui(y, λ) = U0
i (y)− λU1

i (y) = 0, i = 1, . . . ,m

Ui(y, λ) = U0
i (y) = 0, i = m+ 1, . . . , n

(1)

ãäå ëèíåéíûå ôîðìû Uνi (y) =
n−1∑
k=0

aνi,ky
(k)(0) +

n−1∑
k=0

bνi,ky
(k)(1), ν ∈ {0, 1}, i ∈ {1, . . . , n},

aνi,k, b
ν
i,k ∈ C è êîýôôèöèåíòû äèôôåðåíöèàëüíîãî âûðàæåíèÿ pi(x) ∈ L1[0, 1].
×àñòíûå ñëó÷àè ðàññìàòðèâàåìîé çàäà÷è äëÿ óðàâíåíèé âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ

ðàññìàòðèâàëèñü â ðàáîòàõ [1]�[4] è äðóãèõ (ñì. èìåþùèåñÿ â ýòèõ ðàáîòàõ ññûëêè). Êðîìå
òîãî, âî âñåõ ýòèõ ðàáîòàõ ïðåäïîëàãàëèñü äîïîëíèòåëüíûå óñëîâèÿ, êîòîðûå îáåñïå÷èâàëè
âîçìîæíîñòü ñâåäåíèÿ ñîîòâåòñòâóþùèõ çàäà÷ ê çàäà÷àì íà ñîáñòâåííûå çíà÷åíèÿ äëÿ
ñàìîñîïðÿæåííûõ îïåðàòîðîâ èëè ñàìîñîïðÿæåííûõ îïåðàòîðîâ â ïðîñòðàíñòâå Ïîíòðÿãèíà.
Â îòëè÷èå îò öèòèðîâàííûõ ðàáîò ìû èçó÷àåì îáùóþ çàäà÷ó (1), ïðåäïîëàãàÿ òîëüêî, ÷òî

55Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÍÔ � 20-11-20261.
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ðàññìàòðèâàåìàÿ çàäà÷à ðåãóëÿðíà (èëè óñèëåííî ðåãóëÿðíà) â ñìûñëå îïðåäåëåíèé ðàáîòû
[5], à ñèñòåìà ëèíåéíûõ ôîðì {U0

i }ni=1

⋃
{U1

j }mj=1 ÿâëÿåòñÿ ëèíåéíî íåçàâèñèìîé. Ïðè òàêèõ
ïðåäïîëîæåíèÿõ èç ðåçóëüòàòîâ ðàáîòû [5] ìîæíî èçâëå÷ü, ÷òî ñîáñòâåííûå è ïðèñîåäèíåííûå
ôóíêöèè (ÑÏÔ) çàäà÷è (1) íå îáðàçóþò ìèíèìàëüíóþ ñèñòåìó â L2[0, 1], íåîáõîäèìî óäàëèòü
èç ýòîé ñèñòåìû êîíå÷íîå ÷èñëî ôóíêöèé, ÷òîáû îíà ñòàëà ìèíèìàëüíîé. Çàäà÷à ñîñòîèò â
òîì, êàêèå ôóíêöèè íàäî óäàëèòü, ÷òîáû îñòàâøàÿñÿ ñèñòåìà ñòàëà ìèíèìàëüíîé èëè áàçèñîì.

Ñ çàäà÷åé (1) ñâÿæåì îïåðàòîð

L :
(
y U1

1 (y) . . . U1
m(y)

)
→
(
ℓ(y) U0

1 (y) . . . U0
m(y)

)
, (2)

äåéñòâóþùèé â ðàñøèðåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå H = L2[0, 1] ⊕ Cm ñ îáëàñòüþ
îïðåäåëåíèÿ D(L) = {y ∈Wn

2 [0, 1] | Ui(y) = 0, i = m+ 1, . . . , n} .
Òåîðåìà 1. Ïóñòü çàäà÷à (1) ðåãóëÿðíà, à ôîðìû {U0

i }ni=1

⋃
{U1

i }mi=1 ëèíåéíî
íåçàâèñèìû. Òîãäà ñïåêòð îïåðàòîðà L ñîâïàäàåò ñî ñïåêòðîì çàäà÷è (1), à ïðîåêöèè {yk}∞k=1

ÑÏÔ îïåðàòîðà L íà ïðîñòðàíñòâî L2[0, 1] ñîâïàäàþò ñ ÑÏÔ ýòîé çàäà÷è. Ïðè ýòîì
ñèñòåìà ÑÏÔ îïåðàòîðà L îáðàçóåò áàçèñ Ðèññà, âîçìîæíî ñî ñêîáêàìè, â ïðîñòðàíñòâå H.
Ïðè äîïîëíèòåëüíîì óñëîâèè óñèëåííîé ðåãóëÿðíîñòè çàäà÷è (1) ñèñòåìà ÑÏÔ îïåðàòîðà L
îáðàçóåò áåçóñëîâíûé áàçèñ â H.

Òåîðåìà 2. Ïðè âûïîëíåíèè óñëîâèé Òåîðåìû 1 ñîïðÿæåííàÿ çàäà÷à ê çàäà÷å (1)
ïîðîæäàåòñÿ äèôôåðåíöèàëüíûì âûðàæåíèåì ℓ∗(y) è êðàåâûìè óñëîâèÿìè òàêîãî æå
âèäà, êàê â (1) ñ çàìåíîé ëèíåéíûõ ôîðì Uνi íà íåêîòîðûå ôîðìû V ν

i , à ëèíåàðèçóþùèé
ñîïðÿæåííóþ çàäà÷ó îïåðàòîð L∗ èìååò òàêæå âèä (2) ñ çàìåíîé äèôôåðåíöèàëüíîãî
âûðàæåíèÿ ℓ íà ℓ∗ è ëèíåéíûõ ôîðì Uνi íà V ν

i . Ïðè ýòîì îïåðàòîðû L è L∗ âçàèìíî
ñîïðÿæåíû. Ñèñòåìà ïðîåêöèé {yk}∞k=1 \ {ykj}mj=1 îáðàçóåò áàçèñ Ðèññà, âîçìîæíî ñî
ñêîáêàìè, â ïðîñòðàíñòâå L2[0, 1] òîãäà è òîëüêî òîãäà, êîãäà∣∣∣∣∣∣

V 1
1 (zk1) . . . V 1

1 (zkm)
. . . . . . . . .

V 1
m(zk1) . . . V 1

m(zkm)

∣∣∣∣∣∣ ̸= 0, (3)

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ À.À.Øêàëèêîâûì.
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Äèôôóçèÿ è ôîðìàëüíàÿ óñòîé÷èâîñòü â ãàìèëüòîíîâûõ ñèñòåìàõ
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Áóäåò ðàññêàçàíî î íîâûì ìåõàíèçìå äèôôóçèè â ãàìèëüòîíîâûõ ñèñòåìàõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé, êîòîðûé îòëè÷àåòñÿ îò ìåõàíèçìà ïåðåõîäíûõ öåïî÷åê, ïðåäëîæåííîãî
Â.È. Àðíîëüäîì. Îáñóæäàþòñÿ âîïðîñû ñóùåñòâîâàíèÿ èíâàðèàíòíûõ òîðîâ àíàëèòè÷åñêèõ
ãàìèëüòîíîâûõ ñèñòåì, êîòîðûå îáëàäàþò ëèøü êîíå÷íîé ãëàäêîñòüþ, èëè êîòîðûå òîëüêî
íåïðåðûâíû. Áóäåò ïðèâåäåí ïðèìåð àíàëèòè÷åñêîé ãàìèëüòîíîâîé ñèñòåìû ñ ôîðìàëüíî
óñòîé÷èâûì ïîëîæåíèåì ðàâíîâåñèÿ, íî êîòîðîå íà ñàìîì äåëå íåóñòîé÷èâî ïî Ëÿïóíîâó.
Ïðè àíàëèçå óñòîé÷èâîñòè çäåñü èñïîëüçóåòñÿ íîâûé ìåõàíèçì äèôôóçèè.
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Ïî÷åìó óñòîé÷èâûå êîíå÷íî-ðàçíîñòíûå ñõåìû ìîãóò ñõîäèòüñÿ
ê ðàçíûì ðåøåíèÿì: àíàëèç äëÿ îáîáùåííîãî óðàâíåíèÿ Õîïôà56

Êîëîìèéöåâ Ã.Â. (Ðîññèÿ, Ìîñêâà)
Ìàòåìàòè÷åñêèé èíñòèòóò èìåíè Â. À. Ñòåêëîâà ÐÀÍ

kolomiytsev@theor.mephi.ru

Òîìàøåâà À.Ì. (Ðîññèÿ, Ìîñêâà)
Ìàòåìàòè÷åñêèé èíñòèòóò èìåíè Â. À. Ñòåêëîâà ÐÀÍ

anastasiatomasheva@gmail.com

Îáîáùåííîå óðàâíåíèå Õîïôà

∂v

∂t
+
∂ϕ(v)

∂x
= 0, v = v(x, t) (1)

âûðàæàåò ñêàëÿðíûé çàêîí ñîõðàíåíèÿ ôóíêöèè v(x, t), ãäå x è t � êîîðäèíàòà è âðåìÿ
ñîîòâåòñòâåííî. Ôóíêöèÿ ϕ(v), íàçûâàåìàÿ ôóíêöèåé ïîòîêà, ÿâëÿåòñÿ äâàæäû íåïðåðûâíî
äèôôåðåíöèðóåìîé.

Èíòåãðàëüíàÿ ôîðìà óðàâíåíèÿ (1)∮
v dx− ϕ(v) dt = 0 (2)

èìååò îáîáùåííûå ðàçðûâíûå ðåøåíèÿ â âèäå áåãóùèõ (óäàðíûõ) âîëí

v(x, t) =

{
v1, x−Wt < 0,

v2, x−Wt > 0,
(3)

ãäå W � ñêîðîñòü âîëíû, v1, v2 � çíà÷åíèÿ ôóíêöèè v çà è ïåðåä ðàçðûâîì ñîîòâåòñòâåííî.
Ïðè ýòîì âåëè÷èíû v1,2 â (3) óäîâëåòâîðÿþò óñëîâèþ íà ðàçðûâå

W =
ϕ(v2)− ϕ(v1)

v2 − v1
. (4)

Ñôîðìóëèðóåì äëÿ (1) çàäà÷ó Ðèìàíà î ðàñïàäå ïðîèçâîëüíîãî ðàçðûâà ñëåäóþùèì
îáðàçîì:

∂v

∂t
+
∂ϕ(v)

∂x
= 0, t > 0, x ∈ R,

v(x, 0) =

{
vl, x < 0,

vr, x > 0.

Â ñëó÷àå ñòðîãî âûïóêëîé ϕ(v) çàäà÷à Ðèìàíà èìååò åäèíñòâåííîå ðåøåíèå â âèäå
áåãóùåé (óäàðíîé) èëè ïðîñòîé âîëíû. Åñëè æå ϕ(v) îáëàäàåò òî÷êàìè ïåðåãèáà, òî çàäà÷à
Ðèìàíà ìîæåò îáëàäàòü ìíîæåñòâîì ðåøåíèé [1]. Ýòî ïðîÿâëÿåòñÿ, â ÷àñòíîñòè, â òîì, ÷òî
óðàâíåíèå (4) ìîæåò èìåòü íåñêîëüêî ðåøåíèé äëÿ îäíîé è òîé æå âåëè÷èíû W .

Íà ïðèìåðå äâóõ ñåìåéñòâ êîíå÷íî-ðàçíîñòíûõ ñõåì (êîíñåðâàòèâíûõ è íåêîíñåð-
âàòèâíûõ) ïîêàçàíî [2], ÷òî â îáùåì ñëó÷àå ÷èñëåííîå ðåøåíèå çàäà÷è Ðèìàíà äëÿ
îáîáùåííîãî óðàâíåíèÿ Õîïôà (1) çàâèñèò îò êîíå÷íî-ðàçíîñòíîé ñõåìû. ×èñëåííîå ðåøåíèå
ìîæåò îòëè÷àòüñÿ êàê êîëè÷åñòâåííî, òàê è êà÷åñòâåííî. Ïðè÷èíà ýòîãî çàêëþ÷àåòñÿ
â íååäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Ðèìàíà äëÿ îáîáùåííîãî óðàâíåíèÿ Õîïôà. Â
ñëó÷àå ôóíêöèè ïîòîêà ñ äâóìÿ òî÷êàìè ïåðåãèáà óäàåòñÿ äîáèòüñÿ åäèíñòâåííîñòè, åñëè
èñêóññòâåííî ââåñòè äèññèïàöèþ è äèñïåðñèþ, ò.å. ïåðåéòè ê îáîáùåííîìó óðàâíåíèþ
Êîðòåâåãà-äå Âðèçà-Áþðãåðñà. Â äîêëàäå ïðåäëàãàåòñÿ ìåòîä ïîäáîðà êîýôôèöèåíòîâ
äèññèïàöèè è äèñïåðñèè. Ìåòîä ïîçâîëÿåò ïîëó÷èòü ôèçè÷åñêè îáîñíîâàííîå åäèíñòâåííîå
÷èñëåííîå ðåøåíèå, êîòîðîå íå çàâèñèò îò ðàçíîñòíîé ñõåìû.

56Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîíäà ïî ãðàíòó �20-11-20141,
https://rscf.ru/project/23-11-45003/.
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ÑÀÔÓ èìåíè Ì.Â. Ëîìîíîñîâà

n.konechnaya@narfu.ru

Ìèðçîåâ Ê.À. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà
Ìîñêîâñêèé öåíòð ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè

mirzoev.karahan@mail.ru

Ïóñòü a1, a2, . . . , an è λ � êîìïëåêñíûå ÷èñëà, p1, p2, . . . , pn � êîìïëåêñíîçíà÷íûå
èçìåðèìûå íà R+(:= [0,+∞)) ôóíêöèè, òàêèå, ÷òî

|p1|+ (1 + |p2 − p1|)
n∑
j=2

|pj | ∈ L1
loc(R+).

Â äîêëàäå áóäåò ïðåäñòàâëåíà êîíñòðóêöèÿ, ïîçâîëÿþùàÿ ïðè âûïîëíåíèè ýòîãî óñëîâèÿ
îïðåäåëèòü, â êàêîì ñìûñëå ñëåäóåò òðàêòîâàòü óðàâíåíèå âèäà

y(n) + (a1 + p1(x))y
(n−1) + (a2 + p′2(x))y

(n−2) + . . .+ (an + p′n(x))y = λy, (1)

ãäå âñå ïðîèçâîäíûå ïîíèìàþòñÿ â ñìûñëå òåîðèè ðàñïðåäåëåíèé. Äàëåå, èñïîëüçóÿ
ýòó êîíñòðóêöèþ è íàêëàäûâàÿ äîïîëíèòåëüíûå óñëîâèÿ èíòåãðàëüíîãî óáûâàíèÿ íà
áåñêîíå÷íîñòè ôóíêöèé p1, p2, . . . , pn, áóäåò ïîêàçàíî, ÷òî ãëàâíûé ÷ëåí àñèìïòîòèêè ïðè
x → +∞ ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé óðàâíåíèÿ (1) è èõ ïðîèçâîäíûõ îïðåäåëÿåòñÿ
ïî êîðíÿì ìíîãî÷ëåíà

Q(z) = zn + a1z
n−1 + a2z

n−2 + . . .+ an − λ.

Â äîêëàäå, â ÷àñòíîñòè, áóäóò èçëîæåíû äîêàçàòåëüñòâà ñëåäóþùèõ òåîðåì:
Òåîðåìà 1. Ïóñòü â óðàâíåíèè (1) ÷èñëî λ îòëè÷íî îò an, à ôóíêöèè p1, p2, . . . , pn

òàêèå, ÷òî

xm−1(|p1|+ (1 + |p2 − p1|)
n∑
j=2

|pj |) ∈ L1(R+),

ãäå m � íàèáîëüøåå èç ÷èñåë, ðàâíûõ êðàòíîñòÿì êîðíåé ìíîãî÷ëåíà Q(z). Òîãäà óðàâíåíèå
(1) èìååò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé yj, j = 1, 2, . . . n, òàêóþ, ÷òî åñëè z1 � êîðåíü
ìíîãî÷ëåíà Q(z) êðàòíîñòè l1, òî óðàâíåíèå (1) èìååò ïîäñèñòåìó ôóíäàìåíòàëüíûõ
ðåøåíèé yj, j = 1, 2, . . . l1, òàêóþ, ÷òî ïðè x→ +∞ ñïðàâåäëèâû ðàâåíñòâà

yj = ez1xxj−1(1 + o(1)). (2)

Òàêóþ æå àñèìïòîòèêó èìååò è äðóãàÿ ïîäñèñòåìà ôóíäàìåíòàëüíûõ ðåøåíèé yj,
j = l1 + 1, . . . l1 + l2, îòâå÷àþùàÿ êîðíþ z2 ìíîãî÷ëåíà Q(z) êðàòíîñòè l2, è ò.ä.

57Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò �20-11-20261).
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Òåîðåìà 2. Ïóñòü â óðàâíåíèè (1) a1 = a2 = . . . = an = λ = 0, à ôóíêöèè p1, p2, . . . , pn
òàêèå, ÷òî

|p1|+ (1 + x|p2 − p1|)
n∑
j=2

xj−2|pj | ∈ L1(R+).

Òîãäà óðàâíåíèå (1) èìååò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé yj, j = 1, 2, . . . n, òàêóþ, ÷òî
ïðè x→ +∞ ñïðàâåäëèâû ðàâåíñòâà

yj =
xj−1

(j − 1)!
(1 + o(1)). (3)

Îòìåòèì, ÷òî àñèìïòîòè÷åñêèå ôîðìóëû (2) è (3) äîïóñêàþò äèôôåðåíöèðîâàíèå äî
(n− 2)-ãî ïîðÿäêà âêëþ÷èòåëüíî.

Ëèòåðàòóðà

[1] Êîíå÷íàÿ Í.Í., Ìèðçîåâ Ê.À. Ãëàâíûé ÷ëåí àñèìïòîòèêè ðåøåíèé ëèíåéíûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ êîýôôèöèåíòàìè-ðàñïðåäåëåíèÿìè ïåðâîãî ïîðÿäêà // Ìàòåì. çàìåòêè. 2019.
Ò. 106. � 1. Ñ. 74�83.

Óïðàâëÿåìîñòü ëèíåéíûõ íåñòàöèîíàðíûõ ñèñòåì
ñ êóñî÷íî-ïîñòîÿííîé ïðàâîé ÷àñòüþ

Êîðíååâà Î.À. (Ðîññèÿ, Âëàäèìèð)
Âëàäèìèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. À.Ã. è Í.Ã. Ñòîëåòîâûõ

korneevaolya@bk.ru

Ìàñòåðêîâ Þ.Â. (Ðîññèÿ, Âëàäèìèð)
Âëàäèìèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. À.Ã. è Í.Ã. Ñòîëåòîâûõ

Jura.masterkov@yandex.ru

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ íåñòàöèîíàðíàÿ óïðàâëÿåìàÿ ñèñòåìà

ẋ = A(t)x+B(t)u, t ∈ [0, T ], (x, u) ∈ Rn × Rm, (1)

â ïðåäïîëîæåíèè, ÷òî ìàòðè÷íàÿ ôóíêöèÿ t → (A(t), B(t)) ÿâëÿåòñÿ êóñî÷íî-ïîñòîÿííîé íà
îòðåçêå [0, T ].

Ñèñòåìà (1) íàçûâàåòñÿ âïîëíå óïðàâëÿåìîé íà îòðåçêå [0, T ], åñëè äëÿ ëþáûõ òî÷åê
x0, x1 ∈ Rn, ñóùåñòâóåò òàêîå èçìåðèìîå óïðàâëåíèå ũ(t), ÷òî ñîîòâåòñòâóþùåå åìó ðåøåíèå
x̃(t)

.
= x(t, ũ(·)) óäîâëåòâîðÿåò óñëîâèÿì: x̃(0) = x0; x̃(T ) = x1. Èçâåñòíî (ñì. [1]), ÷òî âïîëíå

óïðàâëÿåìîñòü ñèñòåìû (1) ýêâèâàëåíòíà óñëîâèþ óïðàâëÿåìîñòè â íóëü (èç íóëÿ) äàííîé
ñèñòåìû, è ìíîæåñòâî òî÷åê, äîñòèæèìûõ èç íóëÿ, ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì,
êîòîðîå áóäåì îáîçíà÷àòü L(T ) è íàçûâàòü ïðîñòðàíñòâîì óïðàâëÿåìîñòè ñèñòåìû (1) íà
îòðåçêå [0, T ] .

Ïóñòü θ
.
= (t1, t2, t3...tk−1) � k − 1-ìåðíûé âåêòîð, îïðåäåëÿþùèé ðàçáèåíèå îòðåçêà [0, T ]

(0 = t0 < t1 < t2 < ... < tk−1 < T
.
= tk) íà k îòðåçêîâ [ti−1, ti], i = 1, k. Ïðåäïîëàãàåòñÿ, ÷òî

(A(t), B(t)) = (Ai, Bi) íà ïðîìåæóòêàõ ∆i
.
= (ti−1, ti], i = 1, k.

Ââåäåì â ðàññìîòðåíèå ñèñòåìû

ẋ = Aix+Biu, (x, u) ∈ Rn × Rm. (ξi)

×åðåç Li îáîçíà÷èì ïðîñòðàíñòâî óïðàâëÿåìîñòè ñèñòåìû (ξi). Èçâåñòíî, (ñì. [1])
÷òî Li � ñóòü ëèíåéíàÿ îáîëî÷êà ñòîëáöîâ ìàòðèöû óïðàâëÿåìîñòè ñèñòåìû ξi, ò. å.
Li = Lin(Bi, AiBi, ..., A

n−1
i B).

Ëåììà. Ïóñòü k = 2, ò.å. [0, T ] = [0, t1]∪ [t1, t2] è L1+L2 = Rn. Òîãäà äëÿ ëþáîãî T > 0
ñèñòåìà (1) âïîëíå óïðàâëÿåìà â Rn.
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Òåîðåìà 1. Ïóñòü L1 + L2 + . . . + Lk = Rn.Òîãäà ñóùåñòâóåò ϑ0 > 0, ÷òî äëÿ ëþáîãî
ðàçáèåíèÿ θ

.
= (t1, t2, t3...tk−1) îòðåçêà [0, T ], òàêîãî, ÷òî ti − ti−1 < ϑ0, i = 1, k ñèñòåìà (1)

âïîëíå óïðàâëÿåìà â Rn, ò.å. L(T ) = Rn.
Çàìåòèì, ÷òî óñëîâèå

L1 + L2 + . . .+ Lk = Rn (2)

íå ÿâëÿåòñÿ íè íåîáõîäèìûì, íè äîñòàòî÷íûì óñëîâèåì âïîëíå óïðàâëÿåìîñòè ñèñòåìû (1)
íà îòðåçêå [0, T ]. Îäíàêî ïî÷òè äëÿ âñåõ ðàçáèåíèé θ îòðåçêà [0, T ] óñëîâèå (2) äîñòàòî÷íî äëÿ
òîãî, ÷òîáû L(T ) = Rn.

Òåîðåìà 2. Ïóñòü Li+Li+1 = Rn äëÿ íåêîòîðîãî 1 ⩽ i < k. Òîãäà äëÿ ëþáîãî ðàçáèåíèÿ
θ îòðåçêà [0, T ] ñèñòåìà (1) âïîëíå óïðàâëÿåìà â Rn íà îòðåçêå [0, T ], ò.å. L(T ) = Rn.

Îáîçíà÷èì ÷åðåç Φi(τ), i = 1, k ôóíäàìåíòàëüíûå ìàòðèöû ñèñòåì (ξi), óäîâëåòâîðÿþùèå
íà÷àëüíûì óñëîâèÿì Φi(0) = E, ãäå E � åäèíè÷íàÿ ìàòðèöà.

Òåîðåìà 3. Ïóñòü äëÿ íåêîòîðîãî i, 1 < i < k âûïîëíåíî óñëîâèå

Φi(τi)Li−1 + Li + Li+1 = Rn,

ãäå τi = ti− ti−1. Òîãäà ñèñòåìà (1) âïîëíå óïðàâëÿåìà â Rn íà îòðåçêå [0, T ], ò.å. L(T ) = Rn.
Áîëåå òîãî, ñèñòåìà (1) áóäåò âïîëíå óïðàâëÿåìà íà îòðåçêå [0, ti+1].

Ëèòåðàòóðà

[1] Ëè Ý.Á, Ìàðêóñ Ë. Îñíîâû òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ, Ì: Íàóêà, 1972.

Àñèìïòîòèêè ïî ñïåêòðàëüíîìó ïàðàìåòðó
äëÿ ðåøåíèé n× n ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé58

Êîñàðåâ À.Ï. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

ruterminals@gmail.com

Ðàññìàòðèâàåòñÿ n× n ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

y′ −B(x)y − C(x, λ)y = λA(x)y, x ∈ [0, 1], (1)

ãäå
A = diag{a1(x), . . . , an(x)}, B = {bij(x)}, C = {cij(x, λ)}, y = (y1, . . . , yn)

T ,

à λ � áîëüøîé ñïåêòðàëüíûé ïàðàìåòð. Ýëåìåíòû ìàòðèö A, B è C ïðåäïîëàãàþòñÿ
ñóììèðóåìûìè íà îòðåçêå [0, 1], ïðè÷åì ∥cij(x, λ)∥L1 → 0 ïðè λ→ ∞, λ ∈ C.

Íàøà çàäà÷à � ïîëó÷èòü àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíäàìåíòàëüíîé ìàòðèöû Y (x, λ)
ðåøåíèé ñèñòåìû (1).

Áóäåì ãîâîðèòü, ÷òî óñëîâèå óïîðÿäî÷åííîñòè Áèðêãîôà âûïîëíÿåòñÿ â òî÷êå θ0 ∈ [0, 2π),
åñëè ñóùåñòâóåò òàêàÿ ïåðåñòàíîâêà σ èíäåêñîâ {1, . . . , n} ôóíêöèé aj , ÷òî íåðàâåíñòâà

ℜeiθaσ(1)(x) ⩽ ℜeiθaσ(2)(x) . . . ⩽ ℜeiθaσ(n)(x) ï.â. x ∈ [0, 1] (2)

âåðíû äëÿ θ = θ0. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî óñëîâèå (2) âûïîëíÿåòñÿ
äëÿ θ = 0.

Äëÿ ôîðìóëèðîâêè îñíîâíîãî ðåçóëüòàòà îïðåäåëèì ìàòðèöû

M(x) = diag{e
∫ x
0 b11dt, . . . , e

∫ x
0 bnndt}, E(x, λ) = diag{eλ

∫ x
0 a1dt, . . . , eλ

∫ x
0 andt}.

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå Áèðêãîôà (2) äëÿ θ = 0, è äëÿ âñåõ èíäåêñîâ j ̸= k
íàéäóòñÿ ÷èñëà p, q ∈ [1,∞] (âîçìîæíî, çàâèñÿùèå îò j è k) òàêèå, ÷òî

aj − ak ∈ Lp[0, 1], (aj − ak)
−1 ∈ Lq[0, 1], 1/p+ 1/q = 1.

58Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ No 20-11-20261.
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Òîãäà ïðè ëþáûõ ôèêñèðîâàííûõ κ, h ⩾ 0 â ïîëóïîëîñàõ

Π±
κ,h = ±{λ ∈ C | ℜλ ⩾ −κ, |ℑλ| ⩽ h}

ñóùåñòâóþò ôóíäàìåíòàëüíûå ìàòðèöû Y±(x, λ) ðåøåíèé óðàâíåíèÿ (1), êîòîðûå èìåþò
àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ

Y±(x, λ) =M(x) (I +R±(x, λ))E(x, λ), (3)

ãäå
∣∣∣R±

ij(x, λ)
∣∣∣→ 0 ðàâíîìåðíî ïî x ∈ [0, 1] è λ ∈ Π±

κ,h ïðè λ→ ∞.

Åñëè äëÿ íåêîòîðîé ïåðåñòàíîâêè σ óñëîâèå óïîðÿäî÷åííîñòè (2) âûïîëíåíî ïðè âñåõ
θ ∈ [−ε, ε], òîãäà àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ (3) âåðíû â ñåêòîðàõ

Λ±
κ,ε = ±{λ− κ, λ ∈ C | |arg λ| ⩽ ε}.

Äëÿ ìàòðèö R±(x, λ) ìîæíî ïîëó÷èòü àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ïî ñòåïåíÿì λ
−1,

åñëè ïðè íåêîòîðîì m ∈ N îíè èìåþòñÿ äëÿ ìàòðèöû C(x, λ)

C(x, λ) =

m∑
i=1

λ−iBi(x)y + λ−mCm(x, λ), ∥cmij (·, λ)∥L1 → 0 ïðè λ→ ∞,

è êîýôôèöèåíòû óðàâíåíèÿ äîñòàòî÷íî ãëàäêèå, à èìåííî

ai ∈Wm
1 [0, 1], bii ∈Wm−1

1 [0, 1], bjk ∈Wm
1 [0, 1], j ̸= k, i, j, k = 1, . . . , n,

bsjk ∈Wm−s
1 [0, 1], j, k = 1, . . . , n, s = 1, . . . ,m.

Òîãäà ïðè äîïîëíèòåëüíîì óñëîâèè aj(x) ̸= ak(x) ∀x ∈ [0, 1] ôóíäàìåíòàëüíûå ìàòðèöû
Y±(x, λ) â ïîëóïîëîñàõ Π±

κ,h (èëè â ñåêòîðàõ Λ±
κ,ε) äîïóñêàþò ïðåäñòàâëåíèå

Y±(x, λ) =M(x)
(
I + λ−1P1(x) + · · ·+ λ−mPm(x) + λ−mR±(x, λ)

)
E(x, λ),

ãäå
∣∣∣R±

ij(x, λ)
∣∣∣→ 0 ðàâíîìåðíî ïî x ∈ [0, 1] è λ ∈ Π±

κ,h (λ ∈ Λ±
κ,ε) ïðè λ→ ∞.

Ìàòðèöû P1, . . . , Pm çàâèñÿò îò ìàòðèö A,B,B1, . . . , Bm, è ôîðìóëû äëÿ íèõ
âûïèñûâàþòñÿ ÿâíî.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ À.À. Øêàëèêîâûì.

Êâàçèíîðìàëüíûå ôîðìû îäíîé ïðîñòðàíñòâåííî-ðàñïðåäåëåííîé
êðàåâîé çàäà÷è â íåñêîëüêèõ êðèòè÷åñêèõ ñëó÷àÿõ59

Êîñòåðèí Ä.Ñ. (Ðîññèÿ, ßðîñëàâëü)
ßðîñëàâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ï.Ã. Äåìèäîâà

kosterin.dim@mail.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé

∂u

∂t
= (A0 + εA1)u+ F2(u, u) + F3(u, u, u) + (D0 + εD1)

1

2π

2π∫
0

u(t, x+ s)ds

ñ ïåðèîäè÷åñêèì êðàåâûì óñëîâèåì

u(t, x+ 2π) = u(t, x).

Çäåñü u = u(t, x) ∈ Rn, t ≥ 0, x ∈ R, A0, A1, D0, D1 � ìàòðèöû ðàçìåðà n × n, F (∗, ∗),
F3(∗, ∗, ∗) � ëèíåéíûå ïî êàæäîìó àðãóìåíòó âåêòîð-ôóíêöèè, ε � ìàëûé ïîëîæèòåëüíûé
ïàðàìåòð.

59Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 22-11-00209,
https://rscf.ru/project/22-11-00209/.
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Èññëåäóåòñÿ äèíàìèêà äàííîé êðàåâîé çàäà÷è â îêðåñòíîñòè å¼ íóëåâîãî ðåøåíèÿ.
Óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ îïðåäåëÿåòñÿ â ãëàâíîì ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèö A0

è A0 +D0. Åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ýòèõ ìàòðèö èìåþò îòðèöàòåëüíóþ âåùåñòâåííóþ
÷àñòü, òî íóëåâîå ðåøåíèå êðàåâîé çàäà÷è àñèìïòîòè÷åñêè óñòîé÷èâî.

Áóäåì ñ÷èòàòü â äàëüíåéøåì, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A0 + D0 èìåþò
îòðèöàòåëüíóþ âåùåñòâåííóþ ÷àñòü.

Ïóñòü ìàòðèöà A0 èìååò ïðîñòîå íóëåâîå ñîáñòâåííîå çíà÷åíèå, âñå îñòàëüíûå
ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A0 èìåþò îòðèöàòåëüíóþ âåùåñòâåííóþ ÷àñòü. Áóäåì èñêàòü
ðåøåíèå êðàåâîé çàäà÷è â âèäå àñèìïòîòè÷åñêîãî ðÿäà

u(t, x, ) = εξ(τ, x)a+ ε2u2(t, τ, x) + . . .

Ïîäñòàâèâ åãî â èñõîäíóþ ñèñòåìó óðàâíåíèé, ïðèðàâíÿåì ìåæäó ñîáîé êîýôôèöèåíòû
ïðè ðàçíûõ ñòåïåíÿõ ε. Òîãäà ïðè ε2 ïîëó÷èì êðàåâóþ çàäà÷ó

∂ξ

∂τ
= λξ + δ(ξ2 −M(ξ2)), ξ(τ, x+ 2π) = ξ(τ, x)

ñ äîïîëíèòåëüíûì óñëîâèåì
M(ξ) = 0.

Çäåñü è â äàëüíåéøåì M(ξ) = 1
2π

2π∫
0

ξ(τ, x)dx. Òàêóþ êðàåâóþ çàäà÷ó áóäåì íàçûâàòü

êâàçèíîðìàëüíîé ôîðìîé.
Åñëè â êâàçèíîðìàëüíîé ôîðìå δ = 0, òî ðåøåíèå áóäåì èñêàòü â âèäå

u(t, x) = ε1/2ξ(τ, x) + εu2(t, τ, x) + ε3/2u3(t, τ, x) + . . .

Òîãäà êâàçèíîðìàëüíàÿ ôîðìà áóäåò èìåòü âèä

∂ξ

∂τ
= λξ + δ1(ξ

3 −M(ξ3)), ξ(τ, x+ 2π) = ξ(τ, x), M(ξ) = 0.

Ïóñòü òåïåðü ìàòðèöà A0 èìååò ïàðó ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà÷åíèé ±iω, âñå
îñòàëüíûå å¼ ñîáñòâåííûå çíà÷åíèÿ èìåþò îòðèöàòåëüíóþ âåùåñòâåííóþ ÷àñòü. Òîãäà ðåøåíèå
èñõîäíîé çàäà÷è áóäåì èñêàòü â âèäå àñèìïòîòè÷åñêîãî ðÿäà

u(t, x) = ε1/2(aξ(τ, x) exp(iωt) + aξ(τ, x) exp(−iωt)) + εu2(t, τ, x) + ε3/2u3(t, τ, x) + . . .

Â ýòîì ñëó÷àå êâàçèíîðìàëüíîé ôîðìîé áóäåò ÿâëÿòüñÿ êðàåâàÿ çàäà÷à

∂ξ

∂τ
= λξ + σ(ξ|ξ|2 −M(ξ|ξ|2)) + βξM(|ξ|2) + γξM(ξ2), ξ(τ, x+ 2π) = ξ(τ, x),

M(ξ) = 0.

Â ðàáîòå ïîêàçàíî íàëè÷èå êóñî÷íî-ïîñòîÿííûõ ïî x ðåøåíèé ó ïåðå÷èñëåííûõ
êâàçèíîðìàëüíûõ ôîðì, ïðåäñòàâëåíû ðåçóëüòàòû îá óñòîé÷èâîñòè ýòèõ ðåøåíèé. Ìåòîäû
èññëåäîâàíèÿ êâàçèíîðìàëüíûõ ôîðì îïèðàþòñÿ íà àíàëîãè÷íûå, ïðåäñòàâëåííûå â ðàáîòàõ
[1], [2].
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Ãàøåíèå ïðîäîëüíûõ êîëåáàíèé ñòåðæíÿ
êóñî÷íî-ïîñòîÿííîé ïî äëèíå ñèëîé â ñå÷åíèè60

Êîñòèí Ã.Â. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðîáëåì ìåõàíèêè èì. À.Þ. Èøëèíñêîãî ÐÀÍ

kostin@ipmnet.ru

Èññëåäîâàíèå óïðàâëÿåìîñòè äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè
� âàæíîå íàïðàâëåíèå â òåîðèè óïðàâëåíèÿ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Íà
îñíîâå îáîáùåííîé ôîðìóëèðîâêè íà÷àëüíî-êðàåâîé çàäà÷è â [1] ïîêàçàíî, ÷òî äîïóñòèìîå
âðåìÿ óïðàâëåíèÿ ïðîäîëüíûìè êîëåáàíèÿìè ñâîáîäíîãî óïðóãîãî ñòåðæíÿ ñîêðàùàåòñÿ â
N ðàç, åñëè ê êðàåâîé ñèëå äîáàâèòü N îäèíàêîâûõ ïüåçîýëåêòðè÷åñêèõ àêòþàòîðîâ (ÏÀ),
ðàñïîëîæåííûõ áåç ïðîìåæóòêîâ âäîëü îñè è ñîçäàþùèõ êóñî÷íî-ïîñòîÿííóþ íîðìàëüíóþ
ñèëó â ïîïåðå÷íîì ñå÷åíèè. Â [2] äîêàçàíî, ÷òî áåç ãðàíè÷íîé ñèëû äîñòèæèìûìè îêàçûâàþòñÿ
ëèøü ïåðèîäè÷åñêèå òåðìèíàëüíûå ñîñòîÿíèÿ ñâîáîäíîãî ñòåðæíÿ ñ äëèííîé âîëíû îáðàòíî
ïðîïîðöèîíàëüíîé ÷èñëó ÏÀ. Â [3] ðàññìîòðåíà ñõåìà, â êîòîðîé ÏÀ ðàñïîëîæåíû ñ
ïðîìåæóòêàìè ïåðèîäè÷åñêè, è ïðåäëàãàåòñÿ àëãîðèòì îïòèìàëüíîãî ãàøåíèÿ êîëåáàíèé.
Â ýòîé ðàáîòå èçó÷åíà âîçìîæíîñòü óïðàâëåíèÿ ïðîäîëüíûìè êîëåáàíèÿìè êîíñîëüíî
çàêðåïëåííîãî îäíîðîäíîãî óïðóãîãî ñòåðæíÿ ñ ïîìîùüþ îäíîãî ÏÀ. Àíàëèçèðóåòñÿ
óïðàâëÿåìîñòü ñèñòåìû â çàâèñèìîñòè îò ðàñïîëîæåíèÿ è äëèíû ÏÀ.

Ðàññìîòðèì ïðîäîëüíûå êîëåáàíèÿ îäíîðîäíîãî óïðóãîãî ñòåðæíÿ åäèíè÷íîé äëèíû (â
áåçðàçìåðíûõ ïàðàìåòðàõ) íà èíòåðâàëå âðåìåíè t ∈ T = (0, T ). Îäèí êîíåö ñòåðæíÿ (x = 0)
æåñòêî çàêðåïëåí, äðóãîé � ñâîáîäåí îò íàãðóçîê. Âäîëü îñè íà èíòåðâàëå x ∈ U = (x−, x+)
ðàñïîëîæåí ÏÀ, êîòîðûé ñîçäàåò â ïîïåðå÷íîì ñå÷åíèè ðàâíîìåðíî ðàñïðåäåëåííóþ íà
îòðåçêå U íîðìàëüíóþ óïðàâëÿþùóþ ñèëó:

x ∈ U : f(t, x) = u(t), x /∈ U : f(t, x) = 0. (1)

Â îáëàñòè (t, x) ∈ D = T × X , X = (0, 1), ñîñòîÿíèå ñòåðæíÿ âûðàæàåòñÿ ÷åðåç
ïàðó ôóíêöèé (v, w). Çäåñü w : D → R � ýòî ïåðåìåùåíèå åãî òî÷åê, à v : D → R �
äèíàìè÷åñêèé ïîòåíöèàë. Ïåðâàÿ ïðîèçâîäíàÿ ïîòåíöèàëà ïî âðåìåíè îïðåäåëÿåò íîðìàëüíóþ
ñèëó â ïîïåðå÷íîì ñå÷åíèè s = vt, à ïðîèçâîäíàÿ ïî ïðîñòðàíñòâåííîé êîîðäèíàòå çàäàåò
ëèíåéíóþ ïëîòíîñòü èìïóëüñà p = vx.

Ñôîðìóëèðóåì îáîáùåííóþ êðàåâóþ çàäà÷ó î äâèæåíèè ñòåðæíÿ. Ïóñòü çàäàíû
íà÷àëüíûå ðàñïðåäåëåíèÿ v0, w0 → H1(X ) è äîïóñòèìàÿ ñèëà f ∈ L2(D). Òðåáóåòñÿ
íàéòè äèíàìè÷åñêóþ è êèíåìàòè÷åñêóþ ïåðåìåííûå (v∗(t, x), w∗(t, x)), êîòîðûå ìèíèìèçèðóþò
ôóíêöèîíàë ñîñòîÿíèÿ

Φ[v∗, w∗] = min
v,w

Φ[v, w] = 0, Φ =

∫
D

(
(vx − wt)

2 + (vt − wx − f)2
)
dD;

v(0, x) = v0(x), w(0, x) = w0(x), v(2, x) = w(2, x) = v(t, 1) = w(t, 0) = 0.
(2)

Ìîæíî ïîêàçàòü, ÷òî ïðè òàêîì îáåçðàçìåðèâàíèè ñèñòåìà íå óïðàâëÿåìà, åñëè
x+ + x− = 2(2m− 1)(2k − 1)−1 ⩽ 2 è ℓ = 4n(2k − 1)−1 < 1, ãäå k > 1, m,n > 0 � öåëûå ÷èñëà.
Ïðè òàêèõ ïàðàìåòðàõ íåëüçÿ âëèÿòü íà ìîäû êîëåáàíèé ñ íîìåðàìè k, êîòîðûì ñîîòâåòñòâóåò
ñîáñòâåííûå ÷àñòîòû ωk = kπ − π/2.

Äëÿ ðàññìîòðåííîé ñèñòåìû âðåìÿ óïðàâëåíèÿ T = 2, çà êîòîðîå âîçìîæíî ïîãàñèòü
ïðîèçâîëüíûå êîëåáàíèÿ, ÿâëÿåòñÿ êðàò÷àéøèì èç äîïóñòèìûõ. Äëÿ ýòîãî êðèòè÷åñêîãî
âðåìåíè óäàåòñÿ ïîñòðîèòü ðåøåíèå êðàåâîé çàäà÷è (1), (2) â ðÿäàõ ñ óïðàâëåíè-
åì u =

∑
k∈N(akek(t) + bke

′
k(t)) (èñêëþ÷àÿ óïîìÿíóòûå ñëó÷àè íåóïðàâëÿåìîñòè). Çäåñü

ek(x) = 2ω−1
k sinωkx � ôîðìà k-é ìîäû êîëåáàíèé, à êîýôôèöèåíòû ak, bk âûðàæàþòñÿ ÿâíî

÷åðåç ãåîìåòðè÷åñêèå ïàðàìåòðû x± è èíòåãðàëüíûå ïðîåêöèè íà÷àëüíûõ ðàñïðåäåëåíèé v0 è
w0 íà ôóíêöèè ek è e

′
k, ñîîòâåòñòâåííî.

60Ðàáîòà âûïîëíåíà ïî òåìå ãîñóäàðñòâåííîãî çàäàíèÿ (124012500443-0).

192



Ëèòåðàòóðà

[1] Kostin G., Gavrikov A. Optimal motion of an elastic rod controlled by piezoelectric actuators and
boundary forces // 2022 16th International Conference on Stability and Oscillations of Nonlinear
Control Systems (Pyatnitskiy's Conference). 2022, IEEE.

[2] Kostin G., Gavrikov A. Controllability and optimal control design for an elastic rod actuated by
piezoelements // IFAC-PapersOnLine. 2022. Vol. 55, No. 16. P. 350-�355.

[3] Ãàâðèêîâ À.À., Êîñòèí Ã.Â. Îïòèìèçàöèÿ ïðîäîëüíûõ äâèæåíèé óïðóãîãî ñòåðæíÿ ñ ïîìîùüþ
ïåðèîäè÷åñêè ðàñïðåäåëåííûõ ïüåçîýëåêòðè÷åñêèõ ñèë // Èçâ. ÐÀÍ. ÒèÑÓ. 2023. � 6. Ñ. 93�109.

Î êâàçèïåðèîäè÷åñêèõ ïàðàìåòðè÷åñêèõ âîçìóùåíèÿõ
óðàâíåíèÿ ìàÿòíèêîâîãî òèïà ñ íåìîíîòîííûì âðàùåíèåì61

Êîñòðîìèíà Î.Ñ. (Ðîññèÿ, Íèæíèé Íîâãîðîä)
Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.È. Ëîáà÷åâñêîãî
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Èçó÷àþòñÿ íåêîíñåðâàòèâíûå êâàçèïåðèîäè÷åñêèå äâóõ÷àñòîòíûå âîçìóùåíèÿ óðàâíå-
íèÿ ìàÿòíèêîâîãî òèïà ñ íåìîíîòîííûì âðàùåíèåì â ñëó÷àå, êîãäà âîçìóùåíèå ñîäåðæèò
íåëèíåéíûå ïàðàìåòðè÷åñêèå ÷ëåíû. Ïðîâîäèòñÿ èññëåäîâàíèå òîïîëîãèè âûðîæäåííîé
ðåçîíàíñíîé çîíû ñ ïîðÿäêîì âûðîæäåíèÿ, ðàâíûì äâóì. Óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå
êâàçèïåðèîäè÷åñêèõ ðåøåíèé íîâîãî òèïà, âîçíèêàþùèõ ïðè ïàðàìåòðè÷åñêîì ðåçîíàíñå.
Ðàññìàòðèâàåòñÿ çàäà÷à î ñèíõðîíèçàöèè êâàçèïåðèîäè÷åñêèõ êîëåáàíèé â âûðîæäåííîì
ñëó÷àå.

Ðàâíîâåñèå â ñòàòè÷åñêèõ è äèíàìè÷åñêèõ ìîäåëÿõ ñëîæíûõ ñèñòåì
êàê òî÷êà ñîâïàäåíèÿ äâóõ îòîáðàæåíèé

Êîòþêîâ À.Ì. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èì. Â.À. Òðàïåçíèêîâà ÐÀÍ

amkotyukov@mail.ru

Ïàâëîâà Í. Ã. (Ðîññèÿ, Ìîñêâà)
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Äîêëàä ïîñâÿùåí âîïðîñàì, ñâÿçàííûì ñ ïîíÿòèåì ïîëîæåíèÿ ðàâíîâåñèÿ â ìîäåëÿõ
ñëîæíûõ ñèñòåì, â ÷àñòíîñòè, ýêîíîìè÷åñêèõ. Ïîëîæåíèåì ðàâíîâåñèÿ íà ðûíêå íàçûâàåòñÿ
ñèòóàöèÿ, ïðè êîòîðîé ñïðîñ íà âñå òîâàðû ðàâåí ïðåäëîæåíèþ ýòèõ òîâàðîâ. Â ñòàòè÷åñêîì
ñëó÷àå âîïðîñ î ñóùåñòâîâàíèè è ïîëó÷åíèè ïîëîæåíèÿ ðàâíîâåñèÿ ñâîäèòñÿ ê èññëåäîâàíèþ
ñèñòåìû íåÿâíûõ àëãåáðàè÷åñêèõ óðàâíåíèé è íåðàâåíñòâ, à â äèíàìè÷åñêîì ñëó÷àå � ñèñòåìû
íåÿâíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè ðàçëè÷íûõ îãðàíè÷åíèÿõ. Ïðåäëàãàåòñÿ íîâûé
ïîäõîä ê èññëåäîâàíèþ ìîäåëåé ðûíêà íà ïðåäìåò ïîëîæåíèÿ ðàâíîâåñèÿ, à èìåííî: ïîëîæåíèå
ðàâíîâåñèÿ ðàññìàòðèâàåòñÿ êàê òî÷êà ñîâïàäåíèÿ îòîáðàæåíèé ñïðîñà è ïðåäëîæåíèÿ,
äåéñòâóþùèõ èç ìåòðè÷åñêîãî ïðîñòðàíñòâà öåí â ìåòðè÷åñêîå ïðîñòðàíñòâî îáúåìîâ òîâàðîâ.
Ïðåèìóùåñòâî äàííîãî ïîäõîäà ñîñòîèò â òîì, ÷òî îòîáðàæåíèÿ íå äîëæíû áûòü ãëàäêèìè,
÷òî ÿâëÿåòñÿ ñóùåñòâåííûì òðåáîâàíèåì â áîëüøèíñòâå èçâåñòíûõ ïîäõîäîâ. Äëÿ ïîëó÷åíèÿ
äîñòàòî÷íûõ óñëîâèé ñóùåñòâîâàíèÿ ïîëîæåíèÿ ðàâíîâåñèÿ, à òàêæå äëÿ èññëåäîâàíèÿ èõ
ñâîéñòâ èñïîëüçóåòñÿ ïîíÿòèå íàêðûâàþùåãî îòîáðàæåíèÿ.

Îïðåäåëåíèå. Ïóñòü α > 0. Îòîáðàæåíèå Ψ : X → Y , ãäå (X, ρX), (Y, ρY ) � ìåòðè÷åñêèå
ïðîñòðàíñòâà ñ ìåòðèêàìè ρX è ρY ñîîòâåòñòâåííî, íàçûâàåòñÿ α-íàêðûâàþùèì íà ìíîæåñòâå
M ⊆ X, åñëè äëÿ ëþáûõ x ∈M , r > 0 òàêèõ, ÷òî BX(x, r) ⊆M , âûïîëíåíî âêëþ÷åíèå

Ψ(BX(x, r)) ⊇ BY (Ψ(x), αr),

61Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ÐÍÔ, ãðàíò � 24-21-00050.
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ãäå BX(x, r), BY (y, r) � çàìêíóòûå øàðû ñ öåíòðàìè â òî÷êàõ x ∈ X, y ∈ Y ðàäèóñà r > 0
ñîîòâåòñòâåííî.

Â [1] áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ òî÷êè ñîâïàäåíèÿ
íàêðûâàþùåãî è ëèïøèöåâîãî îòîáðàæåíèé.

Òåîðåìà. Ïóñòü ïðîñòðàíñòâî X ïîëíîå è çàäàíû α > 0, x0 ∈ X è R > 0. Ïóñòü
òàêæå Ψ : X → Y ÿâëÿåòñÿ α-íàêðûâàþùèì íà BX(x,R) è çàìêíóòûì. Òîãäà äëÿ ëþáîãî
íåîòðèöàòåëüíîãî β < α è ëþáîãî îòîáðàæåíèÿ Φ : BX(x0, R) → Y , óäîâëåòâîðÿþùåãî
óñëîâèþ Ëèïøèöà ñ êîíñòàíòîé β òàêîãî, ÷òî

ρY (Ψ(x0),Φ(x0)) ≤ (α− β)R,

äëÿ îòîáðàæåíèé Ψ è Φ ñóùåñòâóåò òî÷êà ñîâïàäåíèÿ ξ ∈ X, ò.å. Ψ(ξ) = Φ(ξ), òàêàÿ, ÷òî

ρX(x0, ξ) ≤
ρY (Ψ(x0),Φ(x0))

α− β
.

Ñ ïîìîùüþ ýòîé òåîðåìû áûëè ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ ïîëîæåíèÿ
ðàâíîâåñèÿ â ñòàòè÷åñêèõ è äèíàìè÷åñêèõ ìîäåëÿõ ðûíêà (ñì., íàïðèìåð, [2]), à òàêæå
ðàçðàáîòàí àëãîðèòì ÷èñëåííîãî ïîèñêà ïîëîæåíèÿ ðàâíîâåñèÿ, îñíîâàííûé íà èòåðàöèîííîì
ïðîöåññå íàõîæäåíèÿ òî÷åê ñîâïàäåíèÿ äâóõ îòîáðàæåíèé (ñì., íàïðèìåð, [3]). Ïðîâåäåíû
ñîîòâåòñòâóþùèå ÷èñëåííûå ýêñïåðèìåíòû.
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Èññëåäîâàíà çàäà÷à î ïîñòóïàòåëüíî-âðàùàòåëüíûõ äâèæåíèÿõ ñèììåòðè÷íîé ãàíòåëè
ìàëîé ìàññû â îáîáùåííîé ýëëèïòè÷åñêîé çàäà÷å Ñèòíèêîâà [1]. Ïîëó÷åíû óðàâíåíèÿ
äâèæåíèÿ ãàíòåëè â èíåðöèàëüíîì ïðîñòðàíñòâå, äîêàçàíî ñóùåñòâîâàíèå èíòåãðàëüíîãî
ìíîãîîáðàçèÿ ¾ãðàâèòàöèîííûé ïðîïåëëåð¿, íà êîòîðîì öåíòð ìàññ ãàíòåëè ïåðåìåùàåòñÿ
âäîëü íîðìàëè ê ïëîñêîñòè îðáèòàëüíîãî äâèæåíèÿ îñíîâíûõ òåë, à ñàìà ãàíòåëü âðàùàåòñÿ
âîêðóã ýòîé íîðìàëè, îáðàçóÿ ñ íåé ïîñòîÿííûé óãîë π/2 (ñì. ðèñ. 1) Ðàíåå, ïîäîáíûå
äâèæåíèÿ áûëè èññëåäîâàíû â êðóãîâîé çàäà÷å Ñèòíèêîâà [2,3].

Ïîëó÷åíà ñèñòåìà íåàâòîíîìíûõ óðàâíåíèé äâèæåíèÿ íà ýòîì ìíîãîîáðàçèè. Ñîñòàâëåíî
óðàâíåíèå ïëîñêèõ êîëåáàíèé ãàíòåëè, êîãäà öåíòð ìàññ ãàíòåëè ñîâïàäàåò ñ öåíòðîì ìàññ
îñíîâíûõ òåë. Ïîêàçàíî, ÷òî åñëè äëèíà ãàíòåëè áåñêîíå÷íî ìàëàÿ, òî ýòî óðàâíåíèå
ñîâïàäàåò ñ óðàâíåíèåì Áåëåöêîãî. Èññëåäóþòñÿ ìàëûå êîëåáàíèÿ ïðè ëþáûõ äëèíàõ s
ãàíòåëè, êîãäà óðàâíåíèå êîëåáàíèé ñîäåðæàò äâà ìàëûõ ïàðàìåòðà: õàðàêòåðíîå çíà÷åíèå
àìïëèòóäû êîëåáàíèé è ýêñöåíòðèñèòåò îðáèòû îñíîâíûõ òåë. Ïîëó÷åíû äâà òèïà ðåãóëÿðíûõ
óðàâíåíèé ïðè ñòåïåííîé ðåäóêöèè ìåæäó ìàëûìè ïàðàìåòðàìè. Îïèñàíû èçîëèðîâàííûå
ïåðèîäè÷åñêèå êîëåáàíèÿ ãàíòåëè, à òàêæå êâàçèïåðèîäè÷åñêèå êîëåáàíèÿ [4]. Èññëåäîâàíû
íåêîòîðûå ðåçîíàíñíûå ýôôåêòû.
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Исследована задача о поступательно-вращательных движениях симметричной

гантели малой массы в обобщенной эллиптической задаче Ситникова [1]. Получены

уравнения движения гантели в инерциальном пространстве, доказано существование

интегрального многообразия «гравитационный пропеллер», на котором центр масс

гантели перемещается вдоль нормали к плоскости орбитального движения основных

тел, а сама гантель вращается вокруг этой нормали, образуя с ней постоянный

угол π/2 (см. рис. 1) Ранее, подобные движения были исследованы в круговой

задаче Ситникова [2,3].
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Рис. 1: Движение гантели на многообразии «гравитационный пропеллер»

Получена система неавтономных уравнений движения на этом многообразии.

Составлено уравнение плоских колебаний гантели, когда центр масс гантели совпадает

Ðèñ. 1: Äâèæåíèå ãàíòåëè íà ìíîãîîáðàçèè ¾ãðàâèòàöèîííûé ïðîïåëëåð¿
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Çàäà÷à ëîêàëèçàöèè âîçíèêëà â ñåðåäèíå 90-õ ãîäîâ â ñâÿçè ñ ÷èñëåííûìè
ìåòîäàìè ïîñêà ïåðèîäè÷åñêèõ òðàåêòîðèé. Èçâåñòíûé ìåòîä Ïóàíêàðå ñâîäèò çàäà÷ó
ïîèñêà ïåðèîäè÷åñêîé òðàåêòîðèè ï-ìåðíîé àâòîíîìíîé ñèñòåìû ê ÷èñëåííîìó ïîñòðîåíèþ
îòîáðàæåíèÿ ñå÷åíèÿ Ïóàíêàðå (n−1-ìåðíîé ïîâåðõíîñòè) â ñåáÿ è íàõîæäåíèþ íåïîäâèæíîé
òî÷êè ýòîãî îòîáðàæåíèÿ. Ïðè ýòîì âàæíûìè îêàçûâàþòñÿ äâà âîïðîñà: êàê âûáèðàòü ñå÷åíèå
Ïóàíêàðå è êàê äîëãî èíòåãðèðîâàòü ïðè ïîñòðîåíèè îòîáðàæåíèÿ åãî â ñåáÿ? Îêàçàëîñü [1],
÷òî ëþáàÿ ïåðèîäè÷åñêàÿ òðàåêòîðèÿ èìååò íå ìåíåå îäíîé îáùåé òî÷êè ñ S � ìíîæåñòâîì
íóëåé ïðîèçâîäíîé â ñèëó ñèñòåìû ëþáîé ãëàäêîé ôóíêöèè h è âñå ïåðèîäè÷åñêèå òðàåêòîðèè
ñîäåðæàòñÿ â ìíîæåñòâå {infS h ⩽ h ⩽ supS h}. Àíàëîãè÷íîå óòâåðæäåíèå ñïðàâåäëèâî è äëÿ
âñåõ èíâàðèàíòíûõ êîìïàêòíûõ ìíîæåñòâ ñèñòåìû

Òåîðåìà 1. [2] Âñå êîìïàêòíûå èíâàðèàíòíûå ìíîæåñòâà ñèñòåìû ẋ = f(x),
x ∈M ⊆ Rn, f ∈ C1(M) ñîäåðæàùèåñÿ â ìíîæåñòâå U ⊆M , äëÿ ëþáîé ôóíêöèè h ∈ C1(M)
ñîäåðæàòñÿ â ëîêàëèçèðóþùèõ ìíîæåñòâàõ

{h(x) ≤ hsup(U)} ∩ U, {hinf(U) ≤ h(x)} ∩ U, {hinf(U) ≤ h(x) ≤ hsup(U)} ∩ U, (1)

ãäå
hinf(U) = inf{h(x) | x ∈ S(h, U)}; hsup(U) = sup{h(x) | x ∈ S(h, U)}, (2)

à S(h, U) = S(h) ∩ U = {x ∈ U |ḣ(x) = 0}, S(h) = {x ∈M |ḣ(x) = 0}.
Ñâîéñòâà ëîêàëèçèðóþùèõ ìíîæåñòâ.
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1. Åñëè êîìïàêòíîå ìíîæåñòâî U ïîëîæèòåëüíî èíâàðèàíòíî, òî è ëîêàëèçèðóþùèå
ìíîæåñòâà (1) ïîëîæèòåëüíî èíâàðèàíòíû.

2. Ôóíêöèÿ ḣ ñîõðàíÿåò çíàê íà êàæäîé êîìïîíåíòå ñâÿçíîñòè ìíîæåñòâà U \L, ãäå L �
ëîêàëèçèðóþùåå ìíîæåñòâî èç (1).

3. Åñëè ìíîæåñòâî U ïîëîæèòåëüíî èíâàðèàíòíî, à ïðîèçâîäíàÿ ḣ ïîëîæèòåëüíà â
{h < hinf(U)} ∩ U è îòðèöàòåëüíà â {h > hsup(U)} ∩ U , òî ðàñøèðåíèÿ ëîêàëèçèðóþùèõ
ìíîæåñòâ (1), à èìåííî ìíîæåñòâà {h(x) ≤ hsup(U) + τ} ∩ U , {hinf(U) − ν ≤ h(x)} ∩ U è
{hinf(U)− ν ≤ h(x) ≤ hsup(U) + τ} ∩ U ïîëîæèòåëüíî èíâàðèàíòíû äëÿ ëþáûõ τ > 0, ν > 0.

Ýòè è äðóãèå ñâîéñòâà ëîêàëèçèðóþùèõ ìíîæåñòâ è ïîâåðõíîñòåé óðîâíÿ ôóíêöèè h
îêàçàëèñü ïîëåçíûìè ïðè äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ àòòðàêòîðà â ñèñòåìå, àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè ïîëîæåíèé ðàâíîâåñèÿ è óñòîé÷èâîñòè â öåëîì, à òàêæå ïðè ïîñòðîåíèè
îöåíîê îáëàñòåé ïðèòÿæåíèÿ è èññëåäîâàíèè äðóãèõ âîïðîñîâ ïîâåäåíèÿ òðàåêòîðèé ñèñòåìû.

Â êà÷åñòâå èëëþñòðàöèè ïðèâîäèòñÿ èññëåäîâàíèå òðåõìåðíîé ñèñòåìû äèíàìèêè
ïîïóëÿöèé [3].
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çàäàííûõ íà 3-ìíîãîîáðàçèè
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Â äîêëàäå èçëàãàþòñÿ ðåçóëüòàòû, ïîëó÷åííûå â äëèòåëüíîì ñîòðóäíè÷åñòâå ñ
Â.Ç. Ãðèíåñîì è Î.Â. Ïî÷èíêîé. Íà çàìêíóòîì òðåõìåðíîì ìíîãîîáðàçèè M3 ðàññìàò-
ðèâàþòñÿ À-äèôôåîìîðôèçìû, íåáëóæäàþùèå ìíîæåñòâà êîòîðûõ ñîäåðæàò äâóìåðíûé
ðàñòÿãèâàþùèéñÿ àòòðàêòîð. Â 1979 ãîäó Â.Ç. Ãðèíåñîì è Å.Â. Æóæîìîé áûëè ïîëó÷åíû
óñëîâèÿ ñóùåñòâîâàíèÿ ãîìåîìîðôèçìà, ñîïðÿãàþùèå îãðàíè÷åíèÿ òàêèõ äèôôåîìîðôèçìîâ
íà áàçèñíûå ìíîæåñòâà, à â 2002 ãîäó òåìè æå àâòîðàìè áûëî ïîêàçàíî, ÷òî äëÿ
òàêèõ äèôôåîìîðôèçìîâ M3 ãîìåîìîðôíî òîðó T3 è àíîíñèðîâàíà èõ òîïîëîãè÷åñêàÿ
êëàññèôèêàöèÿ íà âñ¼ì íåñóùåì ìíîãîîáðàçèè. À èìåííî, ïóñòü f : T3 → T3 �
ñòðóêòóðíî óñòîé÷èâûé äèôôåîìîðôèçì, íåáëóæäàþùåå ìíîæåñòâî NW (f) ñîäåðæèò
äâóìåðíûé ðàñòÿãèâàþùèéñÿ àòòðàêòîð Λ. Êëàññ òàêèõ äèôôåîìîðôèçìîâ îáîçíà÷èì G.
×åðåç W u(y) (W s(y)) áóäåì îáîçíà÷àòü íåóñòîé÷èâîå (óñòîé÷èâîå) ìíîãîîáðàçèå òî÷êè y.
Òàê êàê äëÿ ïðîèçâîëüíîé òî÷êè x ∈ Λ dimW s(x) = 1, òî ìíîæåñòâî W s(x)\x ñîñòîèò èç
äâóõ êîìïîíåíò ñâÿçíîñòè, ïðè÷åì íå ìåíåå, ÷åì îäíà èç íèõ èìååò íåïóñòîå ïåðåñå÷åíèå ñ
ìíîæåñòâîì Λ. Òî÷êà x ∈ Λ íàçûâàåòñÿ ãðàíè÷íîé, åñëè ó íå¼ èìååòñÿ êîìïîíåíòà ñâÿçíîñòè
W s∅(x) ⊂ W s(x)\x, íå ïåðåñåêàþùàÿñÿ ñ Λ. Ìíîæåñòâî âñåõ ãðàíè÷íûõ òî÷åê àòòðàêòîðà
Λ íå ïóñòî è ñîñòîèò èç êîíå÷íîãî ÷èñëà ïåðèîäè÷åñêèõ òî÷åê, êîòîðûå ðàçáèâàþòñÿ
íà àññîöèèðîâàííûå ïàðû (p, q) òî÷åê îäèíàêîâîãî ïåðèîäà òàêèì îáðàçîì, ÷òî 2-ñâÿçêà
W u(p) ∪ W u(q) ÿâëÿåòñÿ äîñòèæèìîé èçíóòðè ãðàíèöåé íåêîòîðîé êîìïîíåíòû ñâÿçíîñòè
Vpq ìíîæåñòâà T3 \ Λ. Ïóñòü T (f) = NW (f) è Tpq = T (f) ∩ Vpq. Â D 2002 ãîäó
Â.Ç. Ãðèíåñîì è Å.Â. Æóæîìîé áûëî ïîêàçàíî, ÷òî ñóùåñòâóåò íàòóðàëüíîå ÷èñëî kpq òàêîå,
÷òî ìíîæåñòâî Tpq ñîñòîèò èç kpq ïåðèîäè÷åñêèõ èñòî÷íèêîâ α1, ..., αkpq è kpq−1 ïåðèîäè÷åñêèõ

ñåäëîâûõ òî÷åê p1, ..., pkpq−1, ïðè÷¼ì äóãà lpq = W s∅(p) ∪
kpq−1⋃
i=1

W s(pi) ∪
kpq⋃
i=1

αi ∪ W s∅(q)
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ïðîñòàÿ. Îñîáåííîñòüþ äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì íà òðåõìåðíûõ ìíîãîîáðàçèÿõ
ÿâëÿåòñÿ âîçìîæíîñòü íåòðèâèàëüíîãî âëîæåíèÿ ñåïàðàòðèñ, à èìåííî, çàìûêàíèÿ äâóìåðíîé
ñåïàðàòðèñû è îäíîé èç îäíîìåðíûõ ñåïàðàòðèñ ñåäëîâîé íåïîäâèæíîé òî÷êè ìîãóò áûòü
èíâàðèàíòíûìè äèêî âëîæåííîé äâóìåðíîé ñôåðîé è äóãîé ñîîòâåòñòâåííî. Ñëåäñòâèåì ýòîãî,
â ÷àñòíîñòè, ÿâèëîñü äîêàçàííîå â 2000 ãîäó Õ. Áîíàòòè è Â.Ç. Ãðèíåñîì ñóùåñòâîâàíèå
íà òðåõìåðíîì îðèåíòèðóåìîì ìíîãîîáðàçèè ñ÷åòíîãî ÷èñëà òîïîëîãè÷åñêè íåñîïðÿæåííûõ
äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà, íåáëóæäàþùåå ìíîæåñòâî êàæäîãî èç êîòîðûõ ñîñòîèò èç
îäíîé ñåäëîâîé, îäíîé èñòî÷íèêîâîé è äâóõ ñòîêîâûõ íåïîäâèæíûõ òî÷åê. Òàêèì îáðàçîì,
äëÿ çàâåðøåíèÿ òîïîëîãè÷åñêîé êëàññèôèêàöèè äèôôåîìîðôèçìîâ èç êëàññà G íà âñ¼ì
íåñóùåì ìíîãîîáðàçèè íå õâàòàëî äîêàçàòåëüñòâà ðó÷íîñòè ñåïàðàòðèñ ñ¼äåë pi è ìíîæåñòâ
W s∅(p), W s∅(q), êîòîðîå áûëî ïîëó÷åíî â ðàáîòå [1]. Ýòî ïîçâîëèëî äîêàçàòü, ÷òî: 1) åñëè
äèôôåîìîðôèçìû f, f ′ ∈ G è ñóùåñòâóåò ãîìåîìîðôèçì h : T3 → T3 òàêîé, ÷òî h(Λ) = Λ′ è
f |Λ = h−1f ′|Λ′h, ãäå Λ′ � ðàñòÿãèâàþùèéñÿ àòòðàêòîð äèôôåîìîðôèçìà f ′, òî îòîáðàæåíèå h
ìîæåò áûòü ïðîäîëæåíî íà ìíîæåñòâî T3 \ Λ [2]; 2) ñóùåñòâóåò ïðîñòàÿ äóãà, ñîåäèíÿþùàÿ
ïðîèçâîëüíûé äèôôåîìîðôèçì èç êëàññà G è DA-äèôôåîìîðôèçì, òî åñòü äèôôåîìîðôèçì
èç êëàññà G, ó êîòîðîãî íåò èçîëèðîâàííûõ ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê [3].
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Â 1890 ãîäó íåìåöêèé ìàòåìàòèê è ìåõàíèê Â. Ãåññ [1] óêàçàë íîâûé ÷àñòíûé
ñëó÷àé èíòåãðèðóåìîñòè óðàâíåíèé Ýéëåðà � Ïóàññîíà äâèæåíèÿ òÿæåëîãî òâåðäîãî òåëà
ñ íåïîäâèæíîé òî÷êîé. Â 1963 ãîäó Ë. Í. Ñðåòåíñêèé â ñâîåé ðàáîòå [2] ïîêàçàë, ÷òî
÷àñòíûé ñëó÷àé èíòåãðèðóåìîñòè, àíàëîãè÷íûé ñëó÷àþ Ãåññà, áóäåò ñóùåñòâîâàòü è â
çàäà÷å î äâèæåíèè òÿæåëîãî ãèðîñòàòà � òÿæåëîãî òâåðäîãî òåëà ñ íåïîäâèæíîé òî÷êîé, â
êîòîðîì ðàñïîëîæåí âðàùàþùèéñÿ îäíîðîäíûé ìàõîâèê. Â äàëüíåéøåì â ðàáîòàõ [3�7] áûëè
ïðåäëîæåíû ìíîãî÷èñëåííûå îáîáùåíèÿ ñëó÷àÿ Ãåññà, èìåþùèå ìåñòî ïðè äâèæåíèè òâåðäîãî
òåëà è ãèðîñòàòà ñ íåïîäâèæíîé òî÷êîé â ðàçëè÷íûõ ñèëîâûõ ïîëÿõ. Íàèáîëåå îáùèå óñëîâèÿ,
ïðè êîòîðûõ ñóùåñòâóåò ÷àñòíûé ñëó÷àé èíòåãðèðóåìîñòè, àíàëîãè÷íûé ñëó÷àþ Ãåññà, áûëè
óêàçàíû â ðàáîòå À. À. Êîñîâà [6].

Ïåðâûå ðàáîòû, â êîòîðûõ ïðèâîäèëîñü êà÷åñòâåííîå îïèñàíèå äâèæåíèÿ òÿæåëîãî
òâåðäîãî òåëà â èíòåãðèðóåìîì ñëó÷àå Ãåññà áûëè îïóáëèêîâàíû ïðàêòè÷åñêè ñðàçó ïîñëå
òîãî, êàê ýòîò ñëó÷àé áûë óêàçàí. Â 1892 ãîäó Ï. À. Íåêðàñîâ ïîêàçàë [8,9], ÷òî ðåøåíèå
çàäà÷è î äâèæåíèè òÿæåëîãî òâåðäîãî òåëà ñ íåïîäâèæíîé òî÷êîé ïðè óñëîâèÿõ Ãåññà
ñâîäèòñÿ ê èíòåãðèðîâàíèþ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
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ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Àíàëîãè÷íûé âûâîä â îòíîøåíèè çàäà÷è î äâèæåíèè
ãèðîñòàòà â èíòåãðèðóåìîì ñëó÷àå Ãåññà áûë ñäåëàí â ðàáîòå Ë. Í. Ñðåòåíñêîãî [2]. Â
äàííîé ðàáîòå ïðåäñòàâëåí âûâîä ñîîòâåòñòâóþùåãî óðàâíåíèÿ âòîðîãî ïîðÿäêà è ïîêàçàíî,
êàê ïðèâåñòè êîýôôèöèåíòû ýòîãî óðàâíåíèÿ ê âèäó ðàöèîíàëüíûõ ôóíêöèé. Çàòåì ïðè
ïîìîùè àëãîðèòìà Êîâà÷è÷à [10] èññëåäóåòñÿ âîïðîñ î ñóùåñòâîâàíèè ëèóâèëëåâûõ ðåøåíèé
ó ñîîòâåòñòâóþùåãî ëèíåéíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà. Ïîëó÷åíû óñëîâèÿ íà ïàðàìåòðû
çàäà÷è, ïðè âûïîëíåíèè êîòîðûõ óðàâíåíèÿ äâèæåíèÿ òÿæåëîãî ãèðîñòàòà ñ íåïîäâèæíîé
òî÷êîé â ñëó÷àå Ãåññà èíòåãðèðóþòñÿ â êâàäðàòóðàõ.
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Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à (ÊÇ)

ut + uxxxx + b1uxx + b2(u
2)xx + b3(u

3)xx + a(u2)x = 0, b1, b2, b3, a ∈ R, (1)

u(t, x+ 2π) = u(t, x). (2)

Óðàâíåíèå (1), åñëè a ̸= 0, ýòî êîíâåêòèâíîå óðàâíåíèå Êàíà-Õèëëèàðäà (ÓÊÕ) [1,2]. Ïðè a = 0
èìååì êëàññè÷åñêèé âàðèàíò ÓÊÕ. ÓÊÕ è åãî ìîäèôèêàöèè èìåþò ïðèëîæåíèÿ â õèìè÷åñêîé
êèíåòèêå, ãèäðîäèíàìèêå [1-3].
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ÊÇ (1), (2) èìååò îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ïðîñòðàíñòâåííî îäíîðîäíûõ

ñîñòîÿíèé ðàâíîâåñèÿ u(t, x) = α ∈ R. Ïóñòü M(u) =
1

2π

π∫
−π

u(t, x)dx. Äëÿ ðåøåíèé ÊÇ (1),

(2) ïîëó÷àåì, ÷òî M(u) = α, ãäå α � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Âûïîëíèì çàìåíó

u(t, x) = α+ v(t, x), α =M(u(t, x)). (3)

Äëÿ v(t, x) ïîëó÷àåì âñïîìîãàòåëüíóþ ÊÇ

vt = A(α)v + F (v, α), (4)

v(t, x+ 2π) = v(t, x), M(v) = 0, (5)

ãäå A(α)v = −vxxxx − b(α)vxx − a(α)vx, b(α) = −(b1 + 2b2α+ 3b3α
2), a(α) = 2αa,

F (v, α) = −b2(α)(v2)xx − a(v2)x − b3(v
3)xx, b2(α) = b2 + 3b3α.

Ïóñòü
b(α) = m2(1 + νµ), m ∈ N, ν = ±1 èëè 0. (6)

Äàëåå α = α(m,µ) âûáèðàåì êàê îäèí èç êîðíåé óðàâíåíèÿ (6).
Òåîðåìà 1. Ïóñòü α = α(m,µ). Ñóùåñòâóåò µ0 = µ0(m) òàêàÿ, ÷òî ïðè âñåõ

µ ∈ (0, µ0) ó ÊÇ (4), (5) ñóùåñòâóåò ïðåäåëüíûé öèêë C(m,µ), ïîðîæäàåìûé ñåìåéñòâîì t �
ïåðèîäè÷åñêèõ ðåøåíèé v(t, x,

√
µ,m,φm), φm ∈ R, äëÿ êîòîðûõ ïîëó÷åíû àñèìïòîòè÷åñêèå

ôîðìóëû. Ïðè m ̸= 1 ýòè öèêëû ñåäëîâûå, à ïðè m = 1 îòâåò îá èõ óñòîé÷èâîñòè çàâèñèò
îò çíàêà ëÿïóíîâñêîé âåëè÷èíû.

Èç òåîðåìû 1 è çàìåíû (3) âûòåêàåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ.
Òåîðåìà 2. Ïðè âñåõ µ ∈ (0, µ0) öèêëó C(m,µ) ñîîòâåòñòâóåò äâóìåðíîå

èíâàðèàíòíîå ìíîãîîáðàçèå V2(m,µ) ÊÇ (1), (2), ñôîðìèðîâàííîå t ïåðèîäè÷åñêèìè
ðåøåíèÿìè u(t, x, µ,m) = α(m,µ) + v(t, x,

√
µ,m,φm). Ïðè m ̸= 1 ìíîãîîáðàçèå V2(m,µ)

ñåäëîâîå. Ïðè m = 1 îíî ñåäëîâîå, åñëè ñåäëîâûì ÿâëÿåòñÿ öèêë C(1, µ). Íàêîíåö, V2(1, µ)
ëîêàëüíûé àòòðàêòîð, åñëè àíàëîãè÷íîå óòâåðæäåíèå ñïðàâåäëèâî äëÿ C(1, µ).

Äîáàâèì, ÷òî ìîæíî óêàçàòü âàðèàíòû ÊÇ (1), (2), ó êîòîðîé ñóùåñòâóåò ëþáîå ÷èñëî
èíâàðèàíòíûõ ìíîãîîáðàçèé V2(m,µ), âêëþ÷àÿ âàðèàíò, êîãäà èìååòñÿ èõ ñ÷åòíûé íàáîð, à
òàêæå êîãäà îíè îòñóòñòâóþò.

Íåêîòîðûå èç ýòèõ ðåçóëüòàòîâ áûëè ïîëó÷åíû â ðàáîòàõ [4,5].
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Äèñêðåòíûå áåãóùèå âîëíû â öåïè íåëèíåéíûõ îñöèëëÿòîðîâ
òèïà öåïî÷êè Òîäû62

Êóòóçîâà À.À. (Ðîññèÿ, ßðîñëàâëü)
Öåíòð èíòåãðèðóåìûõ ñèñòåì, ßðÃÓ èì. Ï. Ã. Äåìèäîâà
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Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ óðàâíåíèé, îïèñûâàþùèõ äèíàìèêó âçàèìîñâÿçàííûõ
íåëèíåéíûõ îñöèëëÿòîðîâ. Â îáùåì ñëó÷àå ñèñòåìà èìååò âèä [1]

Mr̈j = f(rj+1) + f(rj−1)− 2f(rj). (1)

Âïåðâûå òàêóþ ñèñòåìó ðàññìàòðèâàë Ìîðêèäçó Òîäà [2,3] ïðè èçó÷åíèè äèíàìèêè
ïîâåäåíèÿ ýëåìåíòîâ êðèñòàëëè÷åñêîé ðåøåòêè. Â ñâîåé ðàáîòå îí èçó÷àë ñèñòåìó (1) äëÿ
f(r) = −a(1 − e−br). Â íàñòîÿùåé ðàáîòå ìû ðàññìîòðèì êóñî÷íî-ïîñòîÿííóþ ôóíêöèþ f(r),
îïðåäåëåííóþ ñëåäóþùåé ôîðìóëîé:

f(r) =


α, r > 0,
0, r = 0,
−β, r < 0,

(2)

ãäå α è β íåîòðèöàòåëüíûå ïàðàìåòðû.
Äëÿ ñèñòåìû èç m îäèíàêîâûõ îñöèëëÿòîðîâ, ñâÿçàííûõ â êîëüöî, ïîñòðîèì ãëàäêîå

ïåðèîäè÷åñêîå ðåøåíèå â âèäå äèñêðåòíîé áåãóùåé âîëíû. Òåõíèêà ïîñòðîåíèÿ ðåøåíèé òàêîãî
òèïà ðàññìîòðåíà â ðàáîòàõ [4,5]. Ýòî îçíà÷àåò, ÷òî âñå êîìïîíåíòû ïðåäñòàâëåíû îäíîé è òîé
æå ïåðèîäè÷åñêîé ôóíêöèåé r(t) ñî ñäâèãîì, êðàòíûì íåêîòîðîìó ïàðàìåòðó ∆ (êîòîðûé
ïðåäñòîèò íàéòè):

rj = r(t+ j∆), j = 0, 1, . . . ,m. (3)

Äëÿ ïîèñêà îïèñàííûõ ðåøåíèé â íàñòîÿùåé ðàáîòå îñóùåñòâëÿåòñÿ ïåðåõîä îò
íåëèíåéíîé ñèñòåìû ê óðàâíåíèþ ñ çàïàçäûâàíèåì îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè r(t)

r̈(t) = f(r(t−∆)) + f(r(t−m∆))− 2f(r(t)). (4)

Äëÿ ïîëó÷åííîãî óðàâíåíèÿ óäàåòñÿ ïîñòðîèòü ïåðèîäè÷åñêîå ðåøåíèå ñ ïåðèîäîì T è
ïàðàìåòðîì ∆, óäîâëåòâîðÿþùèìè óðàâíåíèþ nT (∆) = (m+1)∆, n ∈ Z\{0}, ÷òî îáåñïå÷èâàåò
ñóùåñòâîâàíèå ñîîòâåòñòâóþùåãî ïåðèîäè÷åñêîãî ðåøåíèÿ ñèñòåìû (1). Èññëåäîâàíû åãî
ñâîéñòâà óñòîé÷èâîñòè.
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Êëàññè÷åñêèå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè Ãàóññà F (a b, c, z), Àïïåëÿ

F1(a1 a2, b, c, z1, z2) è Ëàóðè÷åëàà F
(n)
D (a1, . . . , an, b, c, z1, . . . , zn) [1. 
2, 3] îïðåäåëÿþòñÿ

â îêðåñòíîñòÿõ íà÷àëà êîîðäèíàò ñîîòâåòñòâóùèõ êîìïëåêñíûõ ïðîñòðàíñòâ C, C2, Cn
îäíîòèïíûìè ñõîäÿùèìèñÿ ñòåïåííûìè ðÿäàìè, ñ ïàðàìåòðàìè âõîäÿùèìè â èõ
êîýôôèöèåíòû

F (a b, c, z) =

∞∑
k=0

(a)k(b)k
(c)kk!

zk, (1)

ãäå (a)k, (b)k, (c)k åñòü ñèìâîëû Ïîõãàììåðà äëÿ ÷èñåë a, b, c, òî åñòü ïðîèçâåäåíèÿ âèäà
(a)k = a(a+ 1) · · · (a+ k − 1).

F1(a1 a2, b, c, z1, z2) =
∑

k1, k2∈Z+

(b)k1+k2(a1)k1(a2)k2
(c)k1+k2k1!k2!

zk11 z
k2
2 , (2)

F
(n)
D (a1, . . . , an, b, c, z1, . . . , zn) =

∞∑
|k|=0

(b)|k|(a1)k1 · · · (an)kn
(c)|k|k1! · · · kn!

zk11 · · · zkn . (3)

Çäåñü |k| = k1 + · · · kn � ñóììà öåëûõ íåîòðèöàòåëüíûõ ïîêàçàòåëåé ñòåïåíåé

ïåðåìåííûõ. Î÷åâèäíî, ÷òî ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ëàóðè÷åëëà F
(n)
D ÿâëÿåòñÿ

íåïîñðåäñòâåííûì îáîáùåíèåì ôóíêöèé Ãàóññà F (a b, c, z) è Àïïåëÿ F1(a1 a2, b, c, z1, z2) íà
ñëó÷àé ïðîèçâîëüíîãî ÷èñëà ïåðåìåííûõ n.

Àíàëèòè÷åñêèå ïðîäîëæåíèÿ ôóíêöèé Ãàóññà, Àïïåëëÿ è Ëàóðè÷åëëà îïðåäåëÿþòñÿ
èíòåãðàëàìè ýéëåðîâà òèïà

F (a b, c, z) =
Γ(c)

Γ(b)Γ(c− b)

1∫
0

tb−1(1− t)c−b−1(1− tz)−adt, (4)

F1(a1 a2, b, c, z1, z2) =
Γ(c)

Γ(b)Γ(c− b)

1∫
0

tb−1(1− t)c−b−1(1− tz1)
−a1(1− tz2)

−a2dt. (5)

F
(n)
D (a1, . . . , an, b, c, z1, . . . , zn) =

Γ(c)

Γ(b)Γ(c− b)

1∫
0

tb−1(1− t)c−b−1
n∏
i=1

(1− tzi)
−aidt. (6)

Ôóíêöèè Ãàóññà F (a b, c, z), Àïïåëÿ F1(a1, a2, b, c, z1, z2) è Ëàóðè÷åëëà

F
(n)
D (a1, . . . , an, b, c, z1, . . . , zn) ÿâëÿþòñÿ ïðåäñòàâèòåëÿìè êëàññà ãèïåðãåîìåòðè÷åñêèõ

ôóíêöèé, èìåþùèõ èíòåãðàëüíîå ïðåäñòàâëåíèå ñëåäóþùåãî âèäà

I(β1, β2, . . . , βn, z1, z2, . . . , zn) = const

∫
γ

n∏
j=1

(t− zj)
βjdt, (7)

òî åñòü ïðåäñòàâëåííûå îáû÷íûìè (íåêðàòíûìè) êðèâîëèíåéíûìè èíòåãðàëàìè ïî
ïåðåìåííîé t îò ïðîèçâåäåíèÿ ñòåïåíåé ëèíåéíûõ ôóíêöèé [1, 2, 3]. Ñ äðóãîé ñòîðîíû ñèñòåìû
Æîðäàíà-Ïîõãàììåðà

dyi =
n∑

j=1, j ̸=i
(βjyi(z)− βiyj(z))

d(zi − zj)

zi − zj
(8)
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èìåþò ðåøåíèÿ, êîìïîíåíòû êîòîðûõ yi(z) åñòü èíòåãðàëû òèïà (7), à ñàìè ñèñòåìûÆîðäàíà-
Ïîõãàììåðà ïðèñóòñòâóþò âî ìíîãèõ ìîäåëÿõ ìàòåìàòè÷åñêîé ôèçèêè [4-5], â êîòîðûõ
èìåþòñÿ ïàðàìåòðû. Ìû âûðàæàåì êîìïîíåíòû ðåøåíèé íåêîòîðûõ ìîäåëåé ìàòåìàòè÷åñêîé
ôèçèêè ÷åðåç ñòàíäàðòíûå ãèïåðãåîìåòðèñêèå ôóíêöèè, îïèñàííûå âûøå, âûðàæàÿ èõ
ïàðàìåòðû ÷åðåç ïàðàìåòðû ìîäåëåé.
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Ðå÷ü ïîéäåò îá óïðàâëåíèè äâèæåíèåì äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ ïðè
ïîìîùè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, â óñëîâèÿõ íåêîíòðîëèðóåìûõ ïîìåõ
è/èëè ïðîòèâîäåéñòâèÿ. Öåëü óïðàâëåíèÿ � îïòèìèçèðîâàòü çàðàíåå çàäàííûé ïîêàçàòåëü,
îöåíèâàþùèé êà÷åñòâî äâèæåíèÿ íà êîíå÷íîì âðåìåííîì ïðîìåæóòêå. Â ðàìêàõ òåîðåòèêî-
èãðîâîãî ïîäõîäà ñòàâèòñÿ âîïðîñ î íàõîæäåíèè îïòèìàëüíîãî ãàðàíòèðîâàííîãî ðåçóëüòàòà è
ïîñòðîåíèè ñòðàòåãèè óïðàâëåíèÿ, îáåñïå÷èâàþùåé ýòîò ðåçóëüòàò. Îáñóæäàþòñÿ ñòðóêòóðà
è ñâîéñòâà îïòèìàëüíûõ ñòðàòåãèé â çàâèñèìîñòè îò ñâîéñòâ îïòèìèçèðóåìîãî ïîêàçàòåëÿ
êà÷åñòâà, íàëè÷èÿ ðåñóðñíûõ îãðàíè÷åíèé, çàïàçäûâàíèÿ â óïðàâëåíèè. Óêàçûâàþòñÿ ìåòîäû
ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è â ëèíåéíî-âûïóêëîì ñëó÷àå. Ïðèâîäÿòñÿ èëëþñòðèðóþùèå
ïðèìåðû.
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Ìíîãî÷èñëåííûå çàäà÷è, ïîðîæäåííûå ñôåðè÷åñêîé ñèììåòðèåé, ïðèâîäÿò ê ïðåáðàçî-
âàíèþ Ðàäîíà ñïåöèàëüíîãî âèäà, ââåäåííîãî â [1]:

Kγ [f ](θ; p) =
∫
R+
n
f(x)Pγx1 δ(p− ⟨x, θ⟩)xγ1 dx, γ > 0,

ãäå ⟨x, θ⟩ � ñêàëÿðíîå ïðîèçâåäåíèå n - ìåðíûõ âåêòîðîâ, θ � åäèíè÷íûé âåêòîð íîðìàëè
ê ïëîñêîñòè ⟨x, θ⟩=p, à ñèìâîë P

γ
x1 (γ > 0) îáîçíà÷àåò äåéñòâèå îïåðàòîðà Ïóàññîíà

ïî ïåðåìåííîé x1 (ñì. [1], [2]). Ýòî ïðåîáðàçîâàíèå íàçûâàåòñÿ ïðåîáðàçîâàíèåì Ðàäîíà�
Êèïðèÿíîâà.

Âðàùåíèå f(x1, x
′) → f

(√
z21 + z22 , x

′
)
=f̃(z, x′) ïîçâîëÿåò çàïèñàòü ïðåîáðàçîâàíèå

Ðàäîíà�Êèïðèÿíîâà â âèäå

Kγ [f ](θ; p) = C(γ)

∫
{p=⟨z,Θ⟩}+

f̃(z) zγ−1
2 dΓ(z),

ãäå ââåäåíû îáîçíà÷åíèÿ z = (z1, z2, x
′) ∈ R+

n+1={z: z2>0}, {p=⟨z, Θ̃⟩}+=Θ+
⊥ � ïîëóïëîñêîñòü

èíòåãðèðîâàíèÿ, îïðåäåëåííàÿ íåðàâåíñòâîì (z2 > 0). Ïðè ôèêñèðîâàííîì âåêòîðå Θ ïðèìåì
îáîçíà÷åíèå Kγ [f ](Θ; p) = Kγ,Θ[f ](p).

Ñëåäóÿ [2], çàïèøåì ïðåîáðàçîâàíèå Ðàäîíà�Êèïðèÿíîâà â âèäå èíòåãðàëà ïî
ïîëóïëîñêîñòè Θ+

⊥ â ∈R+
n+1 :

Kγ,Θ[f ](p) = C(γ)
∫
Θ+

⊥
f̃(pΘ+ z)zγ−1

2 dΓ(z).

Äâîéñòâåííîå ïðåîáðàçîâàíèå â R1. ×åðåç Sev = S+
ev(R+

n ) îáîçíà÷èì ïîäïðîñòðàí-
ñòâî ïðîñòðàíñòâà Ë.Øâàðöà ïðîáíûõ ôóíêöèé, ÷åòíûõ ïî Êèïðèÿíîâó (ñì. [3], ñ.21) ïî
ïåðåìåííîé x1. Ïóñòü f ∈ Sev(R+

n ) è g ∈ Sev(R+
1 ). Ââåäåì ëèíåéíóþ ôîðìó â R1∫

R1

Kγ,Θ[f ](p) g(p) dp = C(γ)

∫
R1

∫
Θ+

⊥

f̃(pΘ+ z) g(p) zγ−1
2 dΓ(z)dp.

Ïîëîæèâ y = pΘ+ z ∈ R+
n+1={y=(z1, z2, x

′) : z2>0 }, ïîëó÷èì∫
R1

Kγ,θ[f ](p) g(p) dp =

∫
R+
n

f(x)K#
γ,θg(x) x

γ
1dx1 dx

′

ñ äâîéñòâåííûì îïåðàòîðîì
K#
γ,θ g(x) = Pγx1 (g(θ, ⟨θ, x⟩)) .

K#
γ g(x) =

∫
S+
1 (n)K

#
γ,θg(x)x

γ
1dx � îïåðàòîð, ïîëó÷åííûé äîïîëíèòåëüíûì èíòåãðèðîâàíè-

åì ïî ñôåðå ôóíêöèè K#
γ,θg(x).

Òåîðåìà 1. Ïóñòü f ∈ Sev(R+
n ). Òîãäà

f =
1

2
(2π)(1−n)I−αK#Iα−n+1g, g = Rf,

ãäå ëèíåéíûé îïåðàòîð Iα îïðåäåëÿåòñÿ ðàâåíñòâîì (Iα)̂(θ) = |θ|−αf(θ).
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Ïðåäñòàâëåíèå ñèíãóëÿðíûõ Dα
B-îïåðàòîðîâ Áåññåëÿ

â îáðàçàõ J-ïðåîáðàçîâàíèé Áåññåëÿ64
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Dα
B−γ

-îïåðàòîðîì Áåññåëÿ íàçûâàåòñÿ ñëåäóþùèé îïåðàòîð

Dα
B−γ

=

{
Bk

−γ , åñëè α = 2k
d
dxB

k
−γ , åñëè α = 2k + 1

∣∣∣∣ , k = 0, 1, 2, . . . , B−γ =
d2

dx2
− γ

x

d

dx
.

Ïóñòü γ ∈ (0, 1) è µ = γ+1
2 . Ðàññìîòðèì óðàâíåíèå B−γu + u = 0. Êàê ïîêàçàíî â [1],

ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ôóíêöèè

u1 = J−µ(t) =
∞∑
k=0

(−1)k Γ (1− µ)

k! Γ (k + 1− µ)

(
t

2

)2k

= Γ(1− µ) 2−µ tµJ−µ(t) = t2µ j−µ(t) ,

u2 = Jµ(t) =
∞∑
k=0

(−1)k Γ(1 + µ)

k! Γ (k + 1 + µ)

t2(k+µ)

22k
= Γ(1 + µ) 2µ tµ Jµ(t) = t2µ jµ(t) ,

ãäå Jµ è J−µ � ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà, a jµ è j−µ � j-ôóíêöèè Áåññåëÿ [2].
Èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà [3]: (Jµ(t))′ = 2µ t Jµ−1(t).
×åòíîå J-ïðåîáðàçîâàíèå Áåññåëÿ íà îñíîâå J-ôóíêöèé Áåññåëÿ ââåäåíî â [1]. Ïî

îïðåäåëåíèþ ïîëàãàåì

F(1)
B−γ

= f̂(ξ) =

∞∫
0

Jµ(ξ y) f(y) y−γ dy ,

(
F(1)
B−γ

)−1
=

1

(Γ (1 + µ))2 22µ

∞∫
0

Jµ(ξ x) f̂(ξ) ξ−γ dξ .

Îáðàòèìîñòü ýòèõ ïðåîáðàçîâàíèé âûòåêàåò èç ïðåäñòàâëåíèÿ ôóíêöèé èíòåãðàëîì Ôóðüå-
Ãàíêåëÿ [1].

Íå÷åòíîå J-ïðåîáðàçîâàíèå Áåññåëÿ îñíîâàíî íà ôóíêöèè Áåññåëÿ ñëåäóþùåãî âèäà
1
ξ (Jµ(ξ x))

′
x = 2µ(ξ x) · Jµ−1(ξ x) = 2µ ξ x Jµ−1(ξ x) èìååò âèä

F(2)
B−γ

[f ](ξ) = −1

2

∞∫
−∞

f(x)
1

ξ
(Jµ(ξ x))′x x

−γ dx.

Ëåììà 1. Ïóñòü f ÷åòíàÿ ôóíêöèÿ èç ïðîñòðàíñòâà îñíîâíûõ ôóíêöèé Øâàðöà. Òîãäà

F(2)
B−γ

[f ′](ξ) = ξ F(1)
B−γ

[f ](ξ) = ξ f̂(ξ)

Èç ëåììû 1 âèäíî, ÷òî ïðåîáðàçîâàíèå F(2)
B−γ

ïðîèçâîäíîé ÷åòíîé ôóíêöèè ñâåëîñü ê

ïðåîáðàçîâàíèþ F(1)
B−γ

. Ïîýòîìó óäîáíî ââåñòè îäíî ïðåîáðàçîâàíèå ñî ñìåøàííûì ÿäðîì

1

2
Λ(xξ) =

1

2
Jµ(xξ)− µ xξ Jµ−1(xξ).

64Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00387).
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Ïðè ýòîì, ïîëàãàÿ f(x) = f(x)+f(−x)
2 + f(x)−f(−x)

2 = fev(x) + fod(x), ïîëó÷èì

L[f ](ξ) =
1

2

+∞∫
−∞

f(x) Λ(xξ) x−γdx = F(1)
B−γ

[fev](ξ) + F(2)
B−γ

[fod](ξ),

ãäå ïåðâîå ñëàãàåìîå ïðåäñòàâëÿåò ñîáîé ÷åòíîå J-ïðåîáðàçîâàíèå Áåññåëÿ, à âòîðîå íå÷åòíîå
J-ïðåîáðàçîâàíèå Áåññåëÿ.

Òåîðåìà 1. (î ñèìâîëå Dα
B−γ

-îïåðàòîðà). Äëÿ f ∈ S(Rn) èìååò ìåñòî ôîðìóëà

L[Dα
B−γ

f ](ξ) =
{
ξ2k f̂(ξ) åñëè α=2k ÷åòíîå

ξ2k+1 f̂(ξ) åñëè α=2k+1 íå÷åòíîå

∣∣∣ k = 0, 1, 2, . . . .
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×åðåç γ = (γ1, . . . , γn) îáîçíà÷èì ìóëüòèèíäåêñ, êîîðäèíàòû êîòîðîãî γi > −1 (i = 1, n),
ïðè ýòîì ÷èñëî |γ| = γ1 + . . . + γn (îáû÷íî íàçûâàåìîå äëèíîé ìóëüòèèíäåêñà) ìîæåò áûòü
îòðèöàòåëüíûì, íî âñåãäà n+ |γ| > 0.

Ðàçìåðíîñòü Õàóñäîðôà, ïîðîæäåííàÿ ñêðûòîé ñôåðè÷åñêîé ñèììåòðèåé.
Êëàññè÷åñêîå îïðåäåëåíèå ðàçìåðíîñòè Õàóñäîðôà dH ãåîìåòðè÷åñêîãî îáúåêòà Ω
ñóùåñòâåííî çàâèñèò îò âûáðàííîé ìåðû ïîêðûòèÿ. Â êà÷åñòâå ïîêðûòèÿ óäîáíî èñïîëüçîâàòü
ñôåðû ìàëîãî ðàäèóñà δ, à â êà÷åñòâå òàêîé ìåðû ïîêðûòèÿ � ìåðó Ëåáåãà�Êèïðèÿíîâà

dµγn =
n∏
i=1

xγii dx, γi > −1 (ââåäåíà â [1]).

Ðàçìåðíîñòü Õàóñäîðôà-Áåçèêîâè÷à dH ïðåäñòàâëÿåò ñîáîé ¾êðèòè÷åñêîå ÷èñëî
d¿ òàêîå, ÷òî ìåðà Md ìíîæåñòâà Ω èçìåíÿåò çíà÷åíèå ñ íóëÿ íà áåñêîíå÷íîñòü:

Md =
∑
η(d) δd = η(d)N(δ)δd →

{
0 ïðè d > dH
∞ ïðè d < dH

, ãäå η(d) � ãåîìåòðè÷åñêèé êîýôôèöèåíò.

Â ýòîì îïðåäåëåíèè ñóùåñòâåííî, ÷òî ïðè îïðåäåëåíèè ðàçìåðíîñòè íåîáõîäèìî ïîêðûâàòü
ìíîæåñòâî ýëåìåíòàìè âñåâîçìîæíûõ ôîðì, ðàçìåðû êîòîðûõ íå ïðåâûøàþò íåêîòîðîå
ìàëîå çíà÷åíèå, è îïðåäåëèòü in�mum âûðàæåíèÿ η(d)

∑
δd. Ïðåäïîëîæèì, ÷òî ïîêðûòèå

îáëàñòè Ω â Rn îñóùåñòâëÿåòñÿ ñôåðàìè (îòðåçêàìè äëÿ n=1) ðàäèóñà ε, à ìèíèìàëüíîå
ïîêðûòèå Ω ñîñòîèò èç N(ε) ñëàãàåìûõ. Ïðåäïîëîæèì òàêæå íàëè÷èå ñêðûòîé ñôåðè÷åñêîé
ñèììåòðèè ñ ïàðàìåòðàìè γ(ε) = (γ1(ε), . . . , γn(ε)), −1 < γi(ε) ⩽ 0. Â êàæäîì øàðå
ïîêðûòèÿ ââåäåì ëîêàëüíûå êîîðäèíàòû ñ íà÷àëîì â öåíòðå øàðà ïîêðûòèÿ. Âåñîâàÿ
ìåðà êàæäîé èç ñôåð ïîêðûòèÿ îïðåäåëÿåòñÿ ïî ôîðìóëå Kγ,ε =

∫
|x|<ε

∏n
i=1 |xi|γi(ε) dx =

|S1(n)|γ εd

d , ãäå d = n + |γ| > 0. Èñõîäÿ èç îïðåäåëåíèÿ ðàçìåðíîñòè Õàóñäîðôà�Áåçèêîâè÷à
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ïðåäïîëîæèì, ÷òî ïðè γi > −1 ñóùåñòâóåò òàêîå êîíå÷íîå ïîëîæèòåëüíîå ÷èñëî C, ÷òî

lim
ε→0

|S1(n)|γ εd

d N(ε) = C. Ñëåäîâàòåëüíî dH = lim
ε→0

d = lim
ε→0

lnC−ln
|S1(n)|γ

d
−lnN(ε)

ln ε . Ó÷èòûâàÿ,

÷òî êîíñòàíòà C ïðåäïîëàãàåòñÿ êîíå÷íîé, ìîæåì ñ÷èòàòü C = 1. Òîãäà ïîëó÷èì ðàâåíñòâî
dH = n+ |γ| = lim

ε→0

lnN(ε)

ln 1
ε

. Çäåñü âûðàæåíèå lim
ε→0

lnN(ε)

ln 1
ε

= df � õîðîøî èçâåñòíàÿ êëåòî÷íàÿ

ðàçìåðíîñòü ôðàêòàëüíîé ñòðóêòóðû, à dH ðàçìåðíîñòü Õàóñäîðôà�Áåçèêîâè÷à. Îòñþäà
ïîëó÷àåì ôàêò ïðèñóòñòâèÿ ñêðûòîé ñôåðè÷åñêîé ñèììåòðèè âî ôðàêòàëüíûõ ñòðóêòóðàõ,
äëÿ êîòîðûõ êëåòî÷íàÿ è õàóñäîðôîâà ðàçìåðíîñòè ñîâïàäàþò (àôèííî-ñàìîïîäîáíûå
ôðàêòàëû). ×èñëî |γ| (γi > −1) íàçîâåì êîýôôèöèåíòîì ñêðûòîé ñôåðè÷åñêîé ñèììåòðèè
åâêëèäîâîé îáëàñòè èíòåãðèðîâàíèÿ Ω.

Òåîðåìà 1. Åñëè ñîâïàäàþò õàóñäîðôîâà è ôðàêòàëüíàÿ ðàçìåðíîñòè dH = df îáëàñòè
Ω ∈ Rn, òî ñóùåñòâóåò êîýôôèöèåíò |γ| ñêðûòîé ñôåðè÷åñêîé ñèììåòðèè îáëàñòè Ω,
îïðåäåëÿåìûé ïî ôîðìóëå |γ| = df − n .

Óòâåðæäåíèå 1. Êîýôôèöèåíò ñêðûòîé ñôåðè÷åñêîé ñèììåòðèè γ ñàìîïîäîáíûõ
ñòðóêòóð, óäîâëåòâîðÿþùèõ óñëîâèþ êëåòî÷íîé ðàçìåðíîñòè è îòâå÷àþùèõ ìàñøòàáó

ε(m) =

{
0, m = 0
1/km, m ⩾ 1

, ãäå k è m ñîîòâåòñòâóþùèå íàòóðàëüíûå ÷èñëà, âû÷èñëÿåòñÿ

èç óðàâíåíèÿ dKγ = n+ |γ(m)| = −
ln

|S+
1 (n)|γ(m)
n+|γ(m)|
ln ε(m) + df , γ(0) = 0.

Âåëè÷èíó dKγ = n + |γ(m)| áóäåì íàçûâàòü ðàçìåðíîñòüþ Êèïðèÿíîâà ñàìîïîäîáèÿ
ôðàêòàëà, îòâå÷àþùåãî ìàñøòàáó ε(m).

Â äîêëàäå áóäóò ïðèâåäåíû ðàçìåðíîñòè ñàìîïîäîáèé è êîýôôèöèåíòû ñêðûòîé
ñôåðè÷åñêîé ñèììåòðèè äëÿ êëàññè÷åñêèõ ôðàêòàëîâ, äëÿ êîòîðûõ îòíîøåíèå lnN(ε)

ln 1
ε

=

const = lim
ε→0

lnN(ε)

ln 1
ε

= df , ò.å. íå çàâèñèò îò ε (ìíîæåñòâà Êàíòîðà, êîâåð è ñàëôåòêà

Ñåðïèíñêîãî, êðèâàÿ Êîõà, êðèâàÿ Ãèâåíà è äð.).
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Ðàññìîòðèì óðàâíåíèå

Dα
0tu(t)− λu(t) = f(t), 0 < t < 1, (1)

ãäå α ∈ (n− 1, n], Dα
0t � îïåðàòîð Ðèìàíà�Ëèóâèëëÿ [1]

Dα
stg(t) =


sign(t−s)
Γ(−α)

t∫
s

g(ξ)dξ
|t−ξ|α+1 , α < 0;

g(t), α = 0;

signn(t− s) dn

dtnD
α−n
st g(t), n− 1 < α ≤ n, n ∈ N,

(2)

λ � ïðîèçâîëüíàÿ êîíñòàíòà.
Â ðàáîòå ñòðîèòñÿ ðåãóëÿðíîå ðåøåíèå îáîáùåííîé êðàåâîé çàäà÷è òèïà Øòóðìà äëÿ

óðàâíåíèå (1) è äîêàçûâàåòñÿ òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ýòîé çàäà÷è.

65Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñ. çàäàíèÿ Ìèíîáðíàóêè ÐÔ ïî ïðîåêòó: Íåëèíåéíûå ñèíãóëÿðíûå èíòåãðî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ è êðàåâûå çàäà÷è (FEGS-2020-0001).
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Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) íàçîâ¼ì ôóíêöèþ u(t) òàêóþ, ÷òî
u(t) ∈ L(0, 1), Dα−n

0t u(t) ∈ Cn(0, 1) è óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) äëÿ âñåõ 0 < t < 1.
Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì

n∑
k=1

aik lim
t→0

Dα−k
0t u(t) = ci, i = 1, p,

n∑
k=1

bjk lim
t→1

Dα−k
0t u(t) = dj , j = 1, q,

ãäå p, q ≥ 1 è p+ q = n.
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Äëÿ ðåøåíèÿ âîïðîñà îá óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ãàìèëüòîíîâîé ñèñòåìû,
÷àñòî áûâàåò äîñòàòî÷íî, îãðàíè÷èòüñÿ àíàëèçîì óêîðî÷åííîé ñèñòåìû, ñîõðàíÿÿ â
ðàçëîæåíèè ôóíêöèè Ãàìèëüòîíà â ðÿä â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ëèøü ÷ëåíû
äî ÷åòâåðòîé ñòåïåíè âêëþ÷èòåëüíî. Âìåñòå ñ òåì, äëÿ íåêîòîðûõ çàäà÷ êëàññè÷åñêîé
è íåáåñíîé ìåõàíèêè ïðåäñòàâëÿþò èíòåðåñ òàêæå è îñîáûå êðèòè÷åñêèå ñëó÷àè, êîãäà
äëÿ ïîëó÷åíèÿ ñòðîãèõ âûâîäîâ îá óñòîé÷èâîñòè íåîáõîäèìî ó÷èòûâàòü â ðàçëîæåíèè
ãàìèëüòîíèàíà óðàâíåíèé âîçìóù¼ííîãî äâèæåíèÿ ÷ëåíû âûøå ÷åòâåðòîé ñòåïåíè. Òàêèå
îñîáûå ñëó÷àè òðåáóþò îòäåëüíîãî èññëåäîâàíèÿ.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ãàìèëüòîíîâà ñèñòåìà ñ îäíîé ñòåïåíüþ ñâîáîäû,
ïåðèîäè÷åñêè çàâèñÿùàÿ îò âðåìåíè. Ïðåäïîëàãàåòñÿ, ÷òî ðàçëîæåíèå ôóíêöèè Ãàìèëüòîíà
ýòîé ñèñòåìû â ðÿä â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ íå ñîäåðæèò ÷ëåíîâ íå÷¼òíûõ
ñòåïåíåé è èìååò ìåñòî, óêàçàííûé âûøå, îñîáûé êðèòè÷åñêèé ñëó÷àé, êîãäà äëÿ ðåøåíèÿ
âîïðîñà îá óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ íåîáõîäèìî ïðîâîäèòü àíàëèç ñ ó÷¼òîì
÷ëåíîâ äî øåñòîé ñòåïåíè âêëþ÷èòåëüíî. Äëÿ ðåçîíàíñîâ òðåòüåãî, ÷åòâ¼ðòîãî è øåñòîãî
ïîðÿäêà îïèñàí àëãîðèòì ïîñòðîåíèÿ ñèìïëåêòè÷åñêîãî îòîáðàæåíèÿ, ãåíåðèðóåìîãî äàííîé
ãàìèëüòîíîâîé ñèñòåìîé. Âûïîëíåíà íîðìàëèçàöèÿ äàííîãî îòîáðàæåíèÿ è ïîëó÷åíû
äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè íåïîäâèæíîé òî÷êè.

Â êà÷åñòâå ïðèëîæåíèÿ ðàññìîòðåíà çàäà÷à îá îðáèòàëüíîé óñòîé÷èâîñòè ìàÿòíèêîâûõ
ïåðèîäè÷åñêèõ äâèæåíèé òâ¼ðäîãî òåëà ñ îäíîé íåïîäâèæíîé òî÷êîé, ãëàâíûå ìîìåíòû
èíåðöèè êîòîðîãî îòíîñÿòñÿ êàê 4:1:4. Ðàíåå ýòà çàäà÷à èññëåäîâàëàñü â [1-3]. Â ðàáîòå
[1] íà îñíîâå ëèíåéíîãî àíàëèçà óñòîé÷èâîñòè áûëî ïîêàçàíî, ÷òî ìàÿòíèêîâûå âðàùåíèÿ
îðáèòàëüíî íåóñòîé÷èâû ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðîâ. Äëÿ ìàÿòíèêîâûõ êîëåáàíèé,
óñòîé÷èâûõ â ëèíåéíîì ïðèáëèæåíèè, â [2,3] áûë ïðîâåäåí íåëèíåéíûé àíàëèç è ïîëó÷åíû
ñòðîãèå âûâîäû îá îðáèòàëüíîé óñòîé÷èâîñòè ïî÷òè äëÿ âñåõ çíà÷åíèé ïàðàìåòðîâ çàäà÷è.
Íåèññëåäîâàííûìè îñòàëèñü ëèøü îñîáûå ðåçîíàíñíûå ñëó÷àè. Íà îñíîâàíèè óïîìÿíóòûõ
âûøå ðåçóëüòàòîâ äàííîé ðàáîòû áûë âûïîëíåí àíàëèç îðáèòàëüíîé óñòîé÷èâîñòè â ýòèõ
îñîáûõ ðåçîíàíñíûõ ñëó÷àÿõ. Äàííîå èññëåäîâàíèå ïîçâîëèëî ïîëó÷èòü ïîëíîå è ñòðîãî
ðåøåíèå çàäà÷è îá îðáèòàëüíîé óñòîé÷èâîñòè ìàÿòíèêîâûõ äâèæåíèé ïðè ðåçîíàíñàõ
òðåòüåãî, ÷åòâ¼ðòîãî è øåñòîãî ïîðÿäêîâ.
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Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ èìåíè Ïàòðèñà Ëóìóìáû
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Îñèïåíêî Ê.Þ. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà
Èíñòèòóò ïðîáëåì ïåðåäà÷è èíôîðìàöèè èì. À.À. Õàðêåâè÷à ÐÀÍ
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ ñèñòåìû ëèíåéíûõ
äèôôåðåíöèàëüíûõ îäíîðîäíûõ óðàâíåíèé ïî èñõîäíîé èíôîðìàöèè, çàäàííîé ñî ñëó÷àéíîé
îøèáêîé. Ðàññìîòðåíû ðàçëè÷íûå âàðèàíòû çàäàíèÿ èñõîäíîé èíôîðìàöèè: çàäà÷à ðåøàåòñÿ â
ïðåäïîëîæåíèè, ÷òî íà÷àëüíàÿ òî÷êà ïðèíàäëåæèò íåêîòîðîìó ýëëèïñîèäó è åå êîîðäèíàòû â
íà÷àëüíûé ìîìåíò âðåìåíè èçâåñòíû ñî ñëó÷àéíîé îøèáêîé. Òðåáóåòñÿ âîññòàíîâèòü ðåøåíèå
â ìîìåíò âðåìåíè τ > 0. Òàêæå ðàññìàòðèâàåòñÿ çàäà÷à, â êîòîðîé ðåøåíèå èçâåñòíî ñ
íåêîòîðîé ñëó÷àéíîé îøèáêîé â ìîìåíò âðåìåíè t = T . Òðåáóåòñÿ âîññòàíîâèòü ðåøåíèå â
íåêîòîðûé ìîìåíò âðåìåíè 0 < t < τ . Ïðè ýòîì ìû íå îãðàíè÷èâàåìñÿ ëèøü íîðìàëüíûì
ðàñïðåäåëåíèåì ñëó÷àéíîé âåëè÷èíû, à áóäåì ðàññìàòðèâàòü ïðîèçâîëüíûå ðàñïðåäåëåíèÿ
ñëó÷àéíîãî âåêòîðà ñ ôèêñèðîâàííûì ìàòåìàòè÷åñêèì îæèäàíèåì è ôèêñèðîâàííîé îöåíêîé
äëÿ äèñïåðñèè. Êàê è â çàäà÷àõ ñ äåòåðìèíèðîâàííîé îøèáêîé çäåñü áûëè îáíàðóæåíû òàêèå
ýôôåêòû, êàê ëèíåéíîñòü îïòèìàëüíîãî ìåòîäà è âîçìîæíîñòü èñïîëüçîâàòü íå âñþ äîñòóïíóþ
äëÿ èçìåðåíèé èíôîðìàöèþ.

Ïîñòàíîâêà çàäà÷è
Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ñèñòåìû ëèíåéíûõ îäíîðîäíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé
dx

dt
= Ax, x(0) = x0, (1)

ãäå x(t) ∈ Rn, t ⩾ 0 è
A = (aij), aij ∈ R.

Ïðåäïîëîæèì, ÷òî ìàòðèöà A ÿâëÿåòñÿ ñàìîñîïðÿæåííîé,

µ1 ≥ µ2 ≥ . . . ≥ µn

� ñîáñòâåííûå ÷èñëà ìàòðèöû A. Îáîçíà÷èì ÷åðåç {ej}nj=1 îðòîíîðìèðîâàííûé áàçèñ èç
ñîáñòâåííûõ âåêòîðîâ, ñîîòâåòñòâóþùèõ ñîáñòâåííûì çíà÷åíèÿì µj , j = 1, . . . , n. Ïóñòü

x0 =
n∑
j=1

xjej .

Òîãäà ðåøåíèå çàäà÷è (1) çàïèñûâàåòñÿ â âèäå

x(t) =

n∑
j=1

eµjtxjej .
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Ïðåäïîëîæèì, ÷òî êîîðäèíàòû íà÷àëüíîé òî÷êè x0 èçâåñòíû ñî ñëó÷àéíîé îøèáêîé.
Ïóñòü, êðîìå òîãî, èçâåñòåí íåêîòîðûé ýëëèïñîèä, â êîòîðîì íàõîäèòñÿ òî÷êà x0. Òðåáóåòñÿ
âîññòàíîâèòü ðåøåíèå â ìîìåíò τ > 0.

Ïîëîæèì äëÿ x = (x1, . . . , xn) ∈ Rn

W =

{
x ∈ Rn :

n∑
j=1

νjx
2
j ⩽ 1.

}
, Tx = (eµ1τx1, . . . , e

µnτxn), Ix = (x1, . . . , xn).

Çàôèêñèðóåì δ > 0 è äëÿ êàæäîãî x ∈W áóäåì ðàññìàòðèâàòü ìíîæåñòâî ñëó÷àéíûõ âåêòîðîâ

Yδ(x) = { y = (y1, . . . , yn) : M(y) = Ix, D(yj) ⩽ δ2, j = 1, . . . , n }.

Îáîçíà÷èì ÷åðåç ln2 ïðîñòðàíñòâî âåêòîðîâ x = (x1, . . . , xn) ñ íîðìîé ∥x∥ln2 =

(∑n
j=1 |xj |2

)1/2

.

Âñÿêèé ìåòîä âîññòàíîâëåíèÿ ñîïîñòàâëÿåò ñëó÷àéíîìó âåêòîðó y ∈ Yδ(x) ýëåìåíò èç
ïðîñòðàíñòâà ln2 , ïðèíèìàåìûé çà ïðèáëèæåíèå ê çíà÷åíèþ Tx. Çàäà÷à ñîñòîèò â íàõîæäåíèè
ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ

E(T,W, I, δ) = inf
φ : Rn→ln2

(
sup

x∈W, y∈Yδ(x)
M
(
∥Tx− φ(y)∥2ln2

))1/2

è ìåòîäà, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåìûì îïòèìàëüíûì.
Îáîçíà÷èì

γj =

√
νj

eµjτ
, ξj =

( j∑
k=1

νk

(
γj
γk

− 1

))1/2

, j = 1, . . . , n.

Òåîðåìà: Ïóñòü 1/δ ∈ (ξs, ξs+1] ïðè íåêîòîðûõ 1 ⩽ s ⩽ n − 1 èëè 1/δ ∈ (ξn,+∞) (â ýòîì
ñëó÷àå ñ÷èòàåì s = n). Òîãäà

E(T,W, I, δ) = δ

( s∑
k=1

e2µkτ
(
1− γk(1− c1)

γ1

))1/2

,

ãäå

c1 = 1−

δ2γ1

s∑
k=1

νk
γk

1 + δ2
s∑

k=1

νk

,

à ìåòîä

φ(y) =

s∑
k=1

(
1− γk(1− c1)

γ1

)
eµkτykek

ÿâëÿåòñÿ îïòèìàëüíûì.
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Îòîáðàæåíèÿ îòðåçêà [a; b] ñ äâóìÿ ïðîìåæóòêàìè ìíîíîòîííîãî ðîñòà (ëîðåíöåâñêèå)
ìîäåëèðóþò îòîáðàæåíèÿ Ïóàíêàðå ñèñòåì ñ àòòðàêòîðîì Ëîðåíöà [1] è óíèìîäàëüíûå
îòîáðàæåíèÿ [2]. Îòîæäåñòâèâ êîíöåâûå òî÷êè îòðåçêà, ìû ìîæåì ðàññìîòðåòü ëîðåíöåâñêîå
îòîáðàæåíèå êàê îòîáðàæåíèå îêðóæíîñòè, äëÿ êîòîðîãî îïðåäåëåíî ìíîæåñòâî âðàùåíèÿ �
òî÷êà èëè ñâÿçíûé çàìêíóòûé èíòåðâàë [3]. Íåâûðîæäåííîñòü èíòåðâàëà âðàùåíèÿ ÿâëÿåòñÿ
ñèëüíîé õàîòè÷åñêîé õàðàêòåðèñòèêîé ñèñòåìû. Ê ïðèìåðó, â [4] äîêàçûâàåòñÿ, ÷òî èç
íåâûðîæäåííîñòè èíòåðâàëà âðàùåíèÿ ëîðåíöåâñêîãî îòîáðàæåíèÿ ñëåäóåò ïîëîæèòåëüíîñòü
òîïîëîãè÷åñêîé ýíòðîïèè.

Ëîðåíöåâñêèå îòîáðàæåíèÿ ìîãóò áûòü îïèñàíû â òåðìèíàõ ñèìâîëè÷åñêîé äèíàìèêè.
Ðàçáèåíèå îòðåçêà íà äâå ÷àñòè òî÷êîé ðàçðûâà ïîçâîëÿåò ñîïîñòàâèòü êàæäîé òðàåê-
òîðèè ïîñëåäîâàòåëüíîñòü íàä äâóõñèìâîëüíûì àëôàâèòîì {−; +}, íàçûâàåìóþ íèäèíã-
ïîñëåäîâàòåëüíîñòüþ. Â [5] ïîêàçàíî, ÷òî äâå íèäèíã-ïîñëåäîâàòåëüíîñòè, ñîïîñòàâëåííûå
êðàéíèì òî÷êàì îòðåçêà (íèäèíã-èíâàðèàíòû K0(f) è K1(f)), ÿâëÿþòñÿ ïîëíûì ñèìâîëè÷å-
ñêèì îïèñàíèåì ëîðåíöåâñêîãî îòîáðàæåíèÿ (â ñëó÷àå ïëîòíîñòè ïðîîáðàçîâ òî÷åê ðàçðûâà �
ïîëíûì èíâàðèàíòîì òîïîëîãè÷åñêîé ñîïðÿæ¼ííîñòè). Â [6] óñòàíîâëåíû îãðàíè÷åíèÿ íà f -
äîïóñòèìûå íèäèíã-ïîñëåäîâàòåëüíîñòè ëîðåíöåâñêîãî îòîáðàæåíèÿ f , à â [4] îïèñàíà ñâÿçü
äîïóñòèìûõ ïîñëåäîâàòåëüíîñòåé è èíòåðâàëà âðàùåíèÿ.

Äîêëàä ïîñâÿù¼í îòîáðàæåíèÿì, íèäèíã-èíâàðèàíòû êîòîðûõ ïåðèîäè÷íû. Ïåðèîäè-
÷åñêèå ïîñëåäîâàòåëüíîñòè ðàññìàòðèâàþòñÿ êàê êîíå÷íûå ñëîâà (òî÷íûå ïåðèîäè÷åñêèå
÷àñòè) íàä äâóõáóêâåííûì àëôàâèòîì {−; +}. Íà ìíîæåñòâå êîíå÷íûõ ñëîâ ââîäèòñÿ
ëåêñèêîãðàôè÷åñêèé ïîðÿäîê, à òàêæå îïåðàöèè èíâåðñèè I, èíâåðñèè ïåðâîé áóêâû I1,
öèêëè÷åñêîé ïåðåñòàíîâêè σ. Íàðÿäó ñ êëàññè÷åñêèì îòíîøåíèåì ñîïðÿæåííîñòè (äâà ñëîâà
A è B ñ÷èòàþòñÿ ñîïðÿæ¼ííûìè, åñëè ïðè íåêîòîðîì n: σn(A) = B) ââîäèòñÿ îòíîøåíèå
ïîëóñîïðÿæ¼ííîñòè � ñîïðÿæ¼ííîñòè ñ òî÷íîñòüþ äî èíâåðñèè. Äîêàçûâàåòñÿ, ÷òî â êà÷åñòâå
íèäèíã-èíâàðèàíòîâ ìîãóò âûñòóïàòü òîëüêî òå ïîñëåäîâàòåëüíîñòè, ïåðèîäè÷åñêàÿ ÷àñòü
êîòîðûõ ÿâëÿåòñÿ ñëîâîì Ëèíäîíà � íàèìåíüøåé èç öèêëè÷åñêèõ ïåðåñòàíîâîê ïðèìèòèâíîãî
ñëîâà. Äàëåå íà ìíîæåñòâå ñëîâ Ëèíäîíà âûäåëÿþòñÿ ñëîâà K, óäîâëåòâîðÿþùèå ïðè
íåêîòîðîì n íåðàâåíñòâó:

σn(K) > I1(K), (1)

Òàêèå ñëîâà äîïóñêàþò ðàçëîæåíèå K = EV,W = −V + W , ãäå | − V | � íàèìåíüøåå
n, ïðè êîòîðîì íåðàâåíñòâî (1) âûïîëíåíî. Äîïóñòèìîñòü íèäèíã-ïîñëåäîâàòåëüíîñòåé âèäà
(EV,W ) ïðè âûïîëíåíèè íåêîòîðûõ ñîïóòñòâóþùèõ óñëîâèé âëå÷¼ò íåòðèâèàëüíîñòü èíòåðâàëà
âðàùåíèÿ. Â ÷àñòíîñòè, ñïðàâåäëèâà

Òåîðåìà 1. Ëîðåíöåâñêîå îòîáðàæåíèå f ñ ïåðèîäè÷åñêèìè íèäèíã-èíâàðèàíòàìè
èìååò íåâûðîæäåííûé èíòåðâàë âðàùåíèÿ òîãäà è òîëüêî òîãäà, êîãäà â íåé f -äîïóñòèìà
ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü K, ïåðèîäè÷åñêàÿ ÷àñòü êîòîðîé ïîëóñîïðÿæåíà ñ EV,W ,
è ñïðàâåäëèâî íåðàâåíñòâî:

wp(v + 1) ̸= (vp + 1)(w + 1), (2)

ãäå v = |V |;w = |W |, à vp è wp - êîëè÷åñòâî ñèìâîëîâ ′′+′′ â ñîîòâåòñòâóþùèõ ñëîâàõ.
Îïðåäåëèì äëÿ íèäèíã-ïîñëåäîâàòåëüíîñòè K âåëè÷èíó ρ(K), ðàâíóþ âåðõíåé

àñèìïòîòè÷åñêîé ïëîòíîñòè íîìåðîâ, ñîîòâåòñòâóþùèõ ñèìâîëó + â ïîñëåäîâàòåëüíîñòè. Ýòà
âåëè÷èíà ðàâíà ÷èñëó âðàùåíèÿ òðàåêòîðèè, ñîïîñòàâëåííîé íèäèíã-ïîñëåäîâàòåëüíîñòè K
[2][4].
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Ñëåäóþùèé ðåçóëüòàò, ÿâëÿþùèéñÿ ñëåäñòâèåì òåîðåìû 1, ïîçâîëÿåò îáîñíîâàòü ïðîñòîé
àëãîðèòì âû÷èñëåíèÿ òî÷íûõ ãðàíèö èíòåðâàëà âðàùåíèÿ:

Òåîðåìà 2. Åñëè íèäèíã-èíâàðèàíòû ëîðåíöåâñêîãî îòîáðàæåíèÿ K0(f) ̸= (EV,W ) è
K1(f) ̸= (I(EV,W )), òî åãî èíòåðâàë âðàùåíèÿ â òî÷íîñòè [ρ(K0(f)); ρ(K1(f))]. Åñëè æå
K0 = (EV,W ), òî êðàéíÿÿ ëåâàÿ òî÷êà èíòåðâàëà âðàùåíèÿ ðàâíà ρ(V+); àíàëîãè÷íî åñëè
K0 = (I(EV,W )), òî êðàéíÿÿ ïðàâàÿ òî÷êà èíòåðâàëà âðàùåíèÿ 1− ρ(V+).
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Â äîêëàäå ðàññìîòðåíû âîïðîñû ñóùåñòâîâàíèÿ òåíçîðíûõ èíâàðèàíòîâ (çàêîíîâ
ñîõðàíåíèÿ) è èõ ñâÿçü ñ ïîâåäåíèåì ñèñòåìû íà ïðèìåðå íåãîëîíîìíûõ ìåõàíè÷åñêèõ
ñèñòåì. Çíà÷èòåëüíîå âíèìàíèå óäåëåíî âîçìîæíîñòè ïðåäñòàâëåíèÿ óðàâíåíèé äâèæåíèÿ â
êîíôîðìíî-ãàìèëüòîíîâîé ôîðìå.

Íàðÿäó ñ ïåðâûìè èíòåãðàëàìè ìû ðàññìàòðèâàåì áîëåå ñëîæíûå çàêîíû ñîõðàíåíèÿ,
òàêèå êàê ïîëÿ ñèììåòðèé, èíâàðèàíòíàÿ ìåðà, ïóàññîíîâà ñòðóêòóðà. Èññëåäîâàíèå ñèñòåìû
ïðè îïðåäåëåííûõ íàáîðàõ òåíçîðíûõ èíâàðèàíòîâ ïîçâîëÿåò ïîëó÷èòü äîñòàòî÷íî ïîäðîáíóþ
êà÷åñòâåííóþ èíôîðìàöèþ î äâèæåíèè [1], [2]. Êðîìå òîãî, ýòè èíâàðèàíòû èñïîëüçóþòñÿ ïðè
èíòåãðèðîâàíèè óðàâíåíèé íåãîëîíîìíîé ìåõàíèêè.

Âîçìîæíû ðàçëè÷íûå ñïîñîáû èíòåãðèðîâàíèÿ, èñïîëüçóþùèå óêàçàííûå òåíçîðíûå
èíâàðèàíòû. Ìû, â ÷àñòíîñòè, ñîñðåäîòî÷èìñÿ íà âîïðîñå î âçàèìîñâÿçè ìåæäó
èíòåãðèðóåìîñòüþ è ïðèâîäèìîñòüþ óðàâíåíèé ê ãàìèëüòîíîâîé ôîðìå ñ ïîìîùüþ çàìåí
êîîðäèíàò è, âîçìîæíî, âðåìåíè. Ýòîò ìåòîä áûë âïåðâûå ïðåäëîæåí ×àïëûãèíûì è áûë
íàçâàí èì ìåòîäîì ïðèâîäÿùåãî ìíîæèòåëÿ [3]. Ìû ñóùåñòâåííî ðàñøèðÿåì êëàññ ñèñòåì,
èíòåãðèðóåìûõ ýòèì ìåòîäîì è íàçûâàåì ýòè ñèñòåìû îáîáùåííûìè ñèñòåìàìè ×àïëûãèíà.
Îêàçûâàåòñÿ, ÷òî ê òàêèì îáîáùåííûì ñèñòåìàì îòíîñèòñÿ ðÿä êëàññè÷åñêèõ è ñðàâíèòåëüíî
íîâûõ ñèñòåì íåãîëîíîìíîé ìåõàíèêè (âêëþ÷àÿ çàäà÷ó î êà÷åíèè ðåçèíîâîãî òåëà [4]).

Êðîìå óïîìÿíóòûõ âûøå çàêîíîâ ñîõðàíåíèÿ, ïðè íàëè÷èè íåêîòîðûõ äèñêðåòíûõ
ñèììåòðèé, îáóñëîâëåííûõ ãåîìåòðèåé ïîâåðõíîñòè è ðàñïðåäåëåíèåì ìàññ â êàòÿùåìñÿ
òåëå, óðàâíåíèÿ äâèæåíèÿ ìîãóò äîïóñêàòü ðàçëè÷íûå íàáîðû èíâîëþöèé, êîòîðûå òàêæå
îêàçûâàþò áîëüøîå âëèÿíèå íà äèíàìèêó. Îòìåòèì, ÷òî ðàññìàòðèâàåìûå íåãîëîíîìíûå
ñèñòåìû äàþò íàèáîëåå åñòåñòâåííûå ïðèìåðû ðàçëè÷íûõ òèïîâ îáðàòèìûõ ïîòîêîâ, òîãäà
êàê áîëüøèíñòâî èññëåäîâàíèé ïî îáðàòèìûì ñèñòåìàì ðàññìàòðèâàåò ñèñòåìàòè÷åñêè òîëüêî
ôîðìàëüíûå äèñêðåòíûå îòîáðàæåíèÿ [5].
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Ïîëó÷åíû ÿâíûå ôîðìóëû äëÿ ÷àñòîò íåëèíåéíûõ êîëåáàíèé àâòîíîìíîé ãàìèëüòîíîâîé
ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû ñ òî÷íîñòüþ äî âòîðîé ñòåïåíè îòíîñèòåëüíî íà÷àëüíûõ
îòêëîíåíèé ñèñòåìû îò å¼ óñòîé÷èâîãî ïîëîæåíèÿ ðàâíîâåñèÿ.

Â ñëó÷àå êîíñåðâàòèâíîé ñèñòåìû, ïðåäñòàâëÿþùåé ñîáîé ìàòåðèàëüíóþ òî÷êó,
äâèæóùóþñÿ ïî íåïîäâèæíîé àáñîëþòíî ãëàäêîé ïîâåðõíîñòè â îäíîðîäíîì ïîëå òÿæåñòè,
èçó÷åí õàðàêòåð íåëèíåéíûõ êîëåáàíèé â ïðåäïîëîæåíèè îá îòñóòñòâèè ðåçîíàíñîâ
äî ÷åòâ¼ðòîãî ïîðÿäêà âêëþ÷èòåëüíî. Äàíî ïðèáëèæåííîå àíàëèòè÷åñêîå ïðåäñòàâëåíèå
êîëìîãîðîâñêîãî ìíîæåñòâà óñëîâíî-ïåðèîäè÷åñêèõ êîëåáàíèé è óêàçàíà îöåíêà ìåðû ýòîãî
ìíîæåñòâà.

Â êà÷åñòâå êîíêðåòíîãî ïðèìåðà íåðåçîíàíñíîé çàäà÷è èññëåäîâàíû íåëèíåéíûå
êîëåáàíèÿ äâîéíîãî ìàÿòíèêà â îêðåñòíîñòè åãî óñòîé÷èâîãî ðàâíîâåñèÿ íà âåðòèêàëè.
Ïîêàçàíî, ÷òî äëÿ áîëüøèíñòâà íà÷àëüíûõ óñëîâèé äâèæåíèå ìàÿòíèêà ÿâëÿåòñÿ óñëîâíî-
ïåðèîäè÷åñêèì, à îòíîñèòåëüíàÿ ìåðà ìíîæåñòâà, äîïîëíèòåëüíîãî ê ýòîìó áîëüøèíñòâó,
ýêñïîíåíöèàëüíî ìàëà.

Ïðîâåäåííûé àíàëèç îïèðàåòñÿ íà ñîâðåìåííûå ìåòîäû èññëåäîâàíèÿ íåëèíåéíûõ
äèíàìè÷åñêèõ ñèñòåì [1],[2]. Ïðè ïðîâåäåíèè íåîáõîäèìûõ âû÷èñëåíèé èñïîëüçóþòñÿ
ïðåîáðàçîâàíèå Áèðêãîôà [3] è åãî ìîäèôèêàöèè [4],[5], óäîáíûå äëÿ ïðèìåíåíèÿ ìåòîäîâ
êîìïüþòåðíîé àëãåáðû.
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Ðàññìîòðèì óðàâíåíèå

∂2

∂x2
u(x, y) +Dβ

0yu(x, y) = f(x, y), 1 < β < 2, (1)

â îáëàñòè Ω = {(x, y) : |x| < ∞, 0 < y < T}, ãäå Dβ
0yu(x, y) � äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà β

Ðèìàíà-Ëèóâèëëÿ [1], [2].
Óðàâíåíèå (1) ïðè β = 2, êàê ñëåäóåò èç îïðåäåëåíèÿ îïåðàòîðîâ äðîáíîãî

äèôôåðåíöèðîâàíèÿ Ðèìàíà-Ëèóâèëëÿ, îáðàùàåòñÿ â óðàâíåíèå Ïóàññîíà.
Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà, â ÷àñòíîñòè, óðàâíåíèÿ âèäà (1),

èìåþò ýôôåêòèâíûå ïðèëîæåíèÿ ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè
ñîöèàëüíî-ýêîíîìè÷åñêèõ ñèñòåì [3].

Çàäà÷à Äèðèõëå äëÿ îáîáùåííîãî óðàâíåíèÿ Ëàïëàñà â ïîëóïëîñêîñòè è â ÷åò-
âåðòè ïëîñêîñòè ðàññìîòðåíà â ðàáîòàõ [4],[5].

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω íàçîâåì ôóíêöèþ u(x, y) òàêóþ, ÷òî

y2−βu ∈ C(Ω̄), uxx, D
β
0yu ∈ C(Ω) è óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) äëÿ âñåõ (x, y) ∈ Ω.

Â äàííîé ðàáîòå èññëåäóåòñÿ ñëåäóþùàÿ
Çàäà÷à. Íàéòè â îáëàñòè Ω ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå

êðàåâûì óñëîâèÿì

lim
y→0

Dβ−2
0y u = τ(x), Dβ−2

0T u = φ(x), −∞ < x <∞.
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òâåðäîòåëüíîãî ãèðîñêîïà, â êîòîðîì èñïîëüçóåòñÿ ñâîéñòâî èíåðòíîñòè âîëí, âîçáóæäàåìûõ
â îñåñèììåòðè÷íûõ îáîëî÷êàõ, îïèñûâàåòñÿ òèõîíîâñêîé ñèñòåìîé [1]. Âûâåäåííàÿ â [1] íåëè-
íåéíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü îïèñûâàåò âî âçàèìîñâÿçàííîé ôîðìå ìåõàíè÷åñêèå êîëåáàíèÿ
ðåçîíàòîðà ãèðîñêîïà è ýëåêòðè÷åñêèå ïðîöåññû â êîíòóðå óïðàâëåíèÿ êîëåáàíèÿìè, ïðè÷¼ì
ñèíãóëÿðíî âîçìóù¼ííûìè ÿâëÿþòñÿ óðàâíåíèÿ ýëåêòðè÷åñêèõ ïðîöåññîâ. Â äàííîé ðàáîòå ê
ìàòåìàòè÷åñêîé ìîäåëè äèíàìèêè ãèðîñêîïà ïðèìåí¼í ìåòîä ãîëîìîðôíîé ðåãóëÿðèçàöèè,
êîòîðûé ïîçâîëÿåò ñòðîèòü ïðèáëèæ¼ííûå ðåøåíèÿ íåëèíåéíûõ ñèíãóëÿðíî âîçìóù¼ííûõ
çàäà÷ â âèäå ðÿäîâ ïî ìàëîìó ïàðàìåòðó, ñõîäÿùèõñÿ íå òîëüêî àñèìïòîòè÷åñêè, íî è â
îáû÷íîì ñìûñëå [2], [3].

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ òèõîíîâñêîé ñèñòåìû â âèäå, ñîîòâåòñòâóþùåì
ìàòåìàòè÷åñêèì ìîäåëÿì äèíàìèêè ðåçîíàòîðîâ âîëíîâûõ òâåðäîòåëüíûõ ãèðîñêîïîâ [1],
ñëåäóþùåé ñòðóêòóðû: ñèíãóëÿðíî âîçìóù¼ííûå óðàâíåíèÿ ëèíåéíû îòíîñèòåëüíî áûñòðûõ
ïåðåìåííûõ, ìàòðèöà ñèíãóëÿðíî âîçìóù¼ííîé ÷àñòè ñèñòåìû ÿâëÿåòñÿ äèàãîíàëüíîé,
îñòàëüíûå óðàâíåíèÿ ñëàáî íåëèíåéíû:

dx

dt
= A(t)x+ f(t,x,y),

ε
dy

dt
= D(t,x)y + h(t,x),

x(0, ε) = x0, y(0, ε) = y0,

(1)

ãäå ε - ìàëûé ïàðàìåòð; x = {x1, . . . , xm}, y = {y1, . . . , yn};
f(t,x,y) = {f1(t,x,y), . . . , fm(t,x,y)}, h(t,x) = {h1(t,x), . . . , hn(t,x)};
D(t,x) = diag {d1(t,x), d2(t,x), . . . dn(t,x)} - äèàãîíàëüíàÿ ìàòðèöà.

Ïóñòü äëÿ çàäà÷è (1) âûïîëíåíû óñëîâèÿ òåîðåìû À.Í. Òèõîíîâà î ïðåäåëüíîì ïåðåõîäå
[4]. Ïóñòü äîïîëíèòåëüíî A(t)x + f(t,x,y),D(t,x)y + h(t,x) - àíàëèòè÷åñêèå ôóíêöèè â
íåêîòîðîé çàìêíóòîé îáëàñòè Ω̄ ⊂ Rm+n+1, D(t,x)y + h(t,x) ̸= 0 â Ω, è òî÷êà

(
0,x0,y0

)
ïðèíàäëåæèò Ω.

Äëÿ ïðèìåíåíèÿ ê ñèñòåìå (1) ìåòîäà ãîëîìîðôíîé ðåãóëÿðèçàöèè, ââåä¼ì äèôôåðåí-
öèàëüíûå îïåðàòîðû:

LA =
∂

∂t
+

m∑
k=1

((e∗k,Ax) + fk(t,x,y))
∂

∂xk
, LD =

n∑
k=1

(dk(t,x)yk + hk(t,x))
∂

∂yk
,

ãäå e∗k = (0, . . . , 1, . . . , 0) - âåêòîð-ñòðîêà ñ åäèíèöåé â k-ì ïîëîæåíèè.
Òîãäà óðàâíåíèå ïåðâûõ èíòåãðàëîâ ñèñòåìû (1) ïðèìåò ñëåäóþùèé âèä:

εLAU+ LDU = 0. (2)

Â (2) ââåä¼í âåêòîð

U(t,x,y, ε) = (U1(t,x,y, ε), . . . , Um+n(t,x,y, ε))
T ,

ïîñêîëüêó íàì ïîíàäîáèòñÿ ïîñòðîåíèå m+ n íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ ñèñòåìû (1).
Ñ÷èòàÿ îïåðàòîð LA ïîä÷èíåííûì îïåðàòîðó LD, áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (2)

â âèäå ðåãóëÿðíîãî ðÿäà ïî ñòåïåíÿì ε, ò.å.

U(t,x,y, ε) = U[0](t,x,y) + εU[1](t,x,y) + . . .+ εkU[k](t,x,y) + . . . . (3)

Êîýôôèöèåíòû â (3) ìîãóò áûòü íàéäåíû â ðåçóëüòàòå ðåøåíèÿ ñåðèè óðàâíåíèé

LDU[0] = 0, LDU[1] = −LAU[0], . . . LDU[k] = −LAU[k−1], . . . . (4)

Â êà÷åñòâå ðåøåíèÿ ïåðâîãî óðàâíåíèÿ ñåðèè (4) âîçüì¼ì âåêòîð

U[0] =
(
φ1(t), . . . , φn(t), x1 − X̂1(t), . . . , xm − X̂m(t)

)T
,
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ãäå φ1(t), . . . , φn(t) - àíàëèòè÷åñêèå íà [0, T ] ôóíêöèè. Çíà÷åíèÿ

U
[0]
n+j(t,x,y) = xj − X̂j(t), j = 1 . . .m,

âûáèðàþòñÿ òàê, ÷òîáû íå áûëî çàâèñèìîñòè îò y, îáû÷íî ïîëàãàþò X̂ =
(
X̂1(t), . . . , X̂m(t)

)T
- ðåøåíèå âûðîæäåííîé çàäà÷è, ñîîòâåòñòâóþùåé (1), îäíàêî ìîæåò áûòü âûáðàíà è äðóãàÿ
ôóíêöèÿ, íàïðèìåð, ïðèáëèæåíèå ê ðåøåíèþ âûðîæäåííîé çàäà÷è. Äëÿ ðåøåíèÿ îñòàëüíûõ
óðàâíåíèé â (4) ìîæíî âîñïîëüçîâàòüñÿ èíòåãðàëüíûì ñïîñîáîì ðåøåíèÿ íåîäíîðîäíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ [5].

Ìîæíî óêàçàòü, ÷òî

U
[1]
j (t,x,y) = −

φ′
j(t)

dj(t,x)
ln

(
dj(t,x)yj + hj(t,x)

dj(t,x)y0j + hj(t,x)

)
, j = 1, . . . , n.

Â èòîãå, ïîëó÷àåòñÿ ñèñòåìà n + m íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ, àíàëèòè÷åñêèõ â
òî÷êå ε = 0 [2], [3], êîòîðûå çàïèøåì â ñëåäóþùåì âèäå{

−U [1]
j − εU

[2]
j − . . . =

φj
ε
, j = 1, . . . , n,

xj − X̂j + εU
[1]
n+j + ε2U

[2]
n+j + . . . = 0, j = 1, . . . ,m.

(5)

Ðåøåíèå x(t, ε), y(t, ε) çàäà÷è Êîøè (1) íàçûâàåòñÿ ïñåâäîãîëîìîðôíûì â òî÷êå ε = 0,

åñëè ïðè ïðåäñòàâëåíèè x(t, ε) = X
(
t, φ(t)

ε , ε
)
, y(t, ε) = Y

(
t, φ(t)

ε , ε
)
, ôóíêöèè X(t,η, ε) è

Y(t,η, ε), àíàëèòè÷íû ïî òðåòüåé ïåðåìåííîé â òî÷êå ε = 0 ðàâíîìåðíî ïî t ∈ [0, T ] ïðè
êàæäîì η èç íåêîòîðîãî íåîãðàíè÷åííîãî ìíîæåñòâà, ò.å. ïðåäñòàâëÿþùèå èõ ðÿäû

x(t, ε) =
∞∑
k=0

X[k](t,η) · εk, y(t, ε) =
∞∑
k=0

Y[k](t,η) · εk (6)

ñõîäÿòñÿ â íåêîòîðîé îêðåñòíîñòè çíà÷åíèÿ ε = 0 (çàâèñÿùåé îò t è η ).
Åñëè âûïîëíåíû óêàçàííûå âûøå óñëîâèÿ ïðèìåíåíèÿ ìåòîäà ãîëîìîðôíîé ðåãóëÿðè-

çàöèè, òî ðåøåíèå X(t,η, ε), Y(t,η, ε) çàäà÷è Êîøè (1) ÿâëÿåòñÿ ïñåâäîãîëîìîðôíûì â òî÷êå
ε = 0 [3].

Îïðåäåëèì y = Y[0](t,η), x = X[0](t), èç óðàâíåíèé, ïîëó÷åííûõ ââîäÿ â (5)
η : ηj = φj(t)/ε, j = 1, . . . , n, è ïîëàãàÿ äàëåå ε = 0:

Y
[0]
j

(
t,
φj
ε

)
=

(
y0j +

hj
dj

)
exp

(
dj
φ′
j(t)

φj(t)

ε

)
− hj
dj
, j = 1, . . . , n,

è òàêæå èìååì X[0] = X̂(t).
Çàïèñûâàÿ (5) â âèäå{

−U [1]
j − εU

[2]
j − . . . = ηj , j = 1, . . . , n,

xj − X̂j + εU
[1]
n+j + ε2U

[2]
n+j + . . . = 0, j = 1, . . . ,m,

è äèôôåðåíöèðóÿ ïî ε, ìîæíî îïðåäåëèòü êîýôôèöèåíòû ðàçëîæåíèé (6), ïðè k = 1, 2, . . ..
Íàïðèìåð, äëÿ k = 1, ïîëó÷èì ñèñòåìó

J(z)
∂z

∂ε
= −∂U

[1]

∂ε
,

ãäå z = (x1, . . . , xm, y1, . . . , yn)
T , J(z) - ìàòðèöà ßêîáè,

Jij =
∂U

[1]
i

∂zj
, i, j = 1, . . . ,m+ n.
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Òîãäà

X[1] =
∂x

∂ε

∣∣∣∣
ε=0, x=X̂(t), y=Y0(t,φ(t)/ε)

, Y[1] =
∂y

∂ε

∣∣∣∣
ε=0, x=X̂(t), y=Y0(t,φ(t)/ε)

.

Òàêèì îáðàçîì, ïîêàçàíà ñõåìà ïðèìåíåíèÿ ìåòîäà ãîëîìîðôíîé ðåãóëÿðèçàöèè ê
ìàòåìàòè÷åñêîé ìîäåëè äèíàìèêè ðåçîíàòîðà ãèðîñêîïà.
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Ðàññìàòðèâàåòñÿ íåñòàöèîíàðíàÿ óïðàâëÿåìàÿ ñèñòåìà

ẋ = f(t, x, u), t ∈ [0, T ], x ∈ Rn, u ∈ Ω. (1)

Ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî Ω ⊂ Rm, ñîäåðæèò íåêîòîðóþ îêðåñòíîñòü íà÷àëà êîîðäèíàò.
Ïóñòü (0 = t0 < t1 < t2 < ... < tk−1 < T

.
= tk) � çàäàííîå ðàçáèåíèå îòðåçêà [0, T ] íà k

ïîëóèíòåðâàëîâ ∆i
.
= (ti−1, ti], i = 1, k.

Ïðåäïîëàãàåòñÿ, ÷òî f(t, 0, 0) = 0 äëÿ âñåõ t ∈ [0, T ] è êîìïîíåíòû âåêòîð-ôóíêöèè
f(t, x, u) íåïðåðûâíû ïî ñîâîêóïíîñòè ïåðåìåííûõ íà êàæäîì èç ìíîæåñòâ ∆i è èìåþò
íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ∂pfs/∂x

p
j , ∂

pfs/∂u
p
l , ∂

pfs/∂t
p (s, j ∈ 1, n, l ∈ 1,m) äî

ïîðÿäêà n.
Ñèñòåìà (1) íàçûâàåòñÿ ëîêàëüíî óïðàâëÿåìîé íà îòðåçêå [0, T ], åñëè äëÿ ëþáîãî

x0 ∈ Rn, ñóùåñòâóåò òàêîå èçìåðèìîå óïðàâëåíèå ũ(t), ÷òî ñîîòâåòñòâóþùåå åìó ðåøåíèå
x̃(t)

.
= x(t, ũ(·)) óäîâëåòâîðÿåò óñëîâèÿì: x̃(0) = x0; x̃(T ) = 0.
Äëÿ äîñòàòî÷íî ãëàäêîé ñèñòåìû èçâåñòíî äîñòàòî÷íîå óñëîâèå ëîêàëüíîé óïðàâëÿ-

åìîñòè ïî ïåðâîìó ïðèáëèæåíèþ (ñì. [1]). Îäíàêî äëÿ ðàçðûâíûõ ñèñòåì èçâåñòíî ëèøü
äîñòàòî÷íîå óñëîâèå ëîêàëüíîé óïðàâëÿåìîñòè ëèíåéíîé íåñòàöèîíàðíîé ñèñòåìû (ñì. [2]).

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé óïðàâëÿåìîñòè ñèñòåìû (1).
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Äîêëàä ïîñâÿùåí èññëåäîâàíèþ ÷åòûðåõìåðíîãî ðàñøèðåíèÿ ìîäåëè Ïåòèòî-×èòòè-
Ñàðòè [1] çàâåðøåíèÿ êîíòóðîâ çðèòåëüíîé êîðîé ãîëîâíîãî ìîçãà. Êîíôèãóðàöèîííîå
ïðîñòðàíñòâî íåéðîíîâ çðèòåëüíîé êîðû èíòåðïðåòèðóåòñÿ êàê öåíòðàëüíîå ðàñøèðåíèå
ãðóïïû äâèæåíèé ïëîñêîñòè M = SE(2). Ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå êàñàòåëüíûõ
ïîäïðîñòðàíñòâ ìîäåëèðóåò âîçìîæíûå íàïðàâëåíèÿ óñòàíîâëåíèÿ íåéðîííîé ñâÿçè.
Ñóáðèìàíîâî ðàññòîÿíèå ïðîïîðöèîíàëüíî ýíåðãèè, çàòðà÷èâàåìîé íà àêòèâàöèþ ïðîìåæó-
òî÷íûõ íåéðîíîâ ìåæäó äâóìÿ âîçáóæäåííûìè ïîãðàíè÷íûìè íåéðîíàìè. Â èññëåäóåìîé
ìîäåëè ïîâðåæäåííûå êîíòóðû èçîáðàæåíèÿ âîññòàíàâëèâàþòñÿ ñ ïîìîùüþ ñóáðèìàíîâûõ
ãåîäåçè÷åñêèõ â ïðîñòðàíñòâå M ïîëîæåíèé, îðèåíòàöèé è òîëùèí êîíòóðîâ. Àëüòåðíàòèâíîå
óòî÷íåíèå, ïóòåì âêëþ÷åíèÿ êðèâèçíû êîíòóðîâ, ïðåäëîæåíî â ðàáîòå [2].

Ðàññìàòðèâàåìàÿ ñóáðèìàíîâà ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé ñ ìàêñèìàëüíî íåèí-
òåãðèðóåìûì äâóìåðíûì ðàñïðåäåëåíèåì íà ÷åòûðåõìåðíîé ãðóïïå Ëè. Òàêèå ñòðóêòóðû
íàçûâàþòñÿ ñòðóêòóðàìè ýíãåëåâà òèïà. Ïîëíàÿ êëàññèôèêàöèÿ ñóáðèìàíîâûõ ñòðóêòóð
ýíãåëåâà òèïà ïîëó÷åíà â ðàáîòå [3]. Ñîãëàñíî êëàññèôèêàöèè ñóùåñòâóåò äâóõïàðàìåòðè÷å-
ñêîå ñåìåéñòâî òàêèõ ñòðóêòóð. Ìåòîäàìè ãåîìåòðè÷åñêîé òåîðèè óïðàâëåíèÿ [4] èññëåäóåòñÿ
çàäà÷à ïîèñêà ãåîäåçè÷åñêèõ íà M .

Çàäà÷à ôîðìóëèðóåòñÿ â âèäå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

θ̇ =
√
βu1 + α

√
βu2,

ẋ =
sin θ√
β
u2,

ẏ = −cos θ√
β
u2,

k̇ = −ku2,

(θ, x, y, k) ∈ SE(2)× R+ =M,
(u1, u2) ∈ R2,
γ(0) = (0, 0, 0, 1), γ(T ) = (θ1, x1, y1, k1),
T∫
0

√
u21(t) + u22(t) dt.→ min,

ãäå α ≥ 0 è β > 0 � ïàðàìåòðû, êîòîðûå îäíîçíà÷íî (ñ òî÷íîñòüþ äî ëîêàëüíûõ èçîìåòðèé)
îïðåäåëÿþò ñóáðèìàíîâó ñòðóêòóðó íà M .

Äîêàçàíû ïîëíàÿ óïðàâëÿåìîñòü è ñóùåñòâîâàíèå îïòèìàëüíûõ óïðàâëåíèé. Ñ ïîìîùüþ
ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà âûïèñàíà ãàìèëüòîíîâà ñèñòåìà íà ýêñòðåìàëè. Ïîëó÷åíî
ÿâíîå âûðàæåíèå àíîìàëüíûõ ãåîäåçè÷åñêèõ è äîêàçàíà èíòåãðèðóåìîñòü ïî Ëèóâèëëþ
íîðìàëüíîãî ãåîäåçè÷åñêîãî ïîòîêà äëÿ âñåãî ñåìåéñòâà ñóáðèìàíîâûõ ñòðóêòóð. Â ÷àñòíîì
ñëó÷àå α = 0, β = 1 ïîëó÷åíî ÿâíîå âûðàæåíèå äëÿ ýêñòðåìàëüíûõ óïðàâëåíèé è òðàåêòîðèé.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ È. Ãàëÿåâûì.
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Âïåðâûå ïîíÿòèå ¾ñåðâîñâÿçü¿ áûëî ââåäåíî Áåãåíîì, à ïîçæå Ï. Àïïåëü ñôîðìóëèðîâàë
íåêîòîðûå ïðèíöèïû èññëåäîâàíèÿ ìåõàíè÷åñêèõ ñèñòåì ñ ñåðâîñâÿçÿìè [1]. Â ðàáîòå
[2] àâòîð îáñóæäàåò äèíàìèêó ñèñòåì ñ ñåðâîñâÿçÿìè â ñìûñëå Áåãåíà, êîãäà ñâÿçè
ðåàëèçóþòñÿ ïîñðåäñòâîì óïðàâëÿåìûõ ñèë è ïîñðåäñòâîì èçìåíåíèÿ èíåðöèîííûõ ñâîéñòâ
ñèñòåìû. Â [3] íàìè áûëà ðàññìîòðåíà êîíêðåòíàÿ ìåõàíè÷åñêàÿ ñèñòåìà, ïðåäñòàâëÿþùàÿ
ñîáîé ñôåðè÷åñêèé ðîáîò ñ ìàÿòíèêîâûì ïðèâîäîì, óïðàâëåíèå êîòîðûì îñóùåñòâëÿëîñü
ïîñðåäñòâîì ñåðâîñâÿçåé, çàäàþùèõ ðîáîòó ïðîãðàììó äâèæåíèÿ. Â íàó÷íîé ëèòåðàòóðå
ñóùåñòâóåò è ðÿä íåñòàíäàðòíûõ ïîäõîäîâ ê èññëåäîâàíèþ ñèñòåì ñ ñåðâîñâÿçÿìè. Íàïðèìåð, â
[4] àâòîð ïðåäëàãàåò ïîäõîä, çàêëþ÷àþùèéñÿ â ìàòåìàòè÷åñêîì îñâîáîæäåíèè îò ñåðâîñâÿçåé.
Îäíàêî, íåäîñòàòêîì íåêîòîðûõ ðàáîò ÿâëÿåòñÿ àáñòðàêòíîñòü ðåøàåìûõ çàäà÷, òî åñòü
îòñóòñòâèå óïîìèíàíèÿ î ìåõàíèçìàõ, ðåàëèçóþùèõ ñåðâîñâÿçè.

Îòìåòèì ðÿä îñîáåííîñòåé, îòëè÷àþùèõ ñåðâîñâÿçè è ñèñòåìû ñ ñåðâîñâÿçÿìè îò
íåãîëîíîìíûõ ñâÿçåé è ñèñòåì

� íåãîëîíîìíûå ñâÿçè âîçíèêàþò åñòåñòâåííûì îáðàçîì, ñåðâîñâÿçè ñîçäàþòñÿ èñêóñ-
ñòâåííî ñ ïîìîùüþ äîïîëíèòåëüíûõ ìåõàíèçìîâ è óïðàâëåíèÿ ýòèìè ìåõàíèçìàìè èëè
èíåðöèîííûìè ñâîéñòâàìè ñèñòåìû;

� êëàññ ñèñòåì ñ ñåðâîñâÿçÿìè ãîðàçäî øèðå êëàññà íåãîëîíîìíûõ ñèñòåì;

� èññëåäîâàíèå ñèñòåì ñ ñåðâîñâÿçÿìè íå ìîæåò ïðîèñõîäèòü â îòðûâå îò ôèçè÷åñêèõ
ìåõàíèçìîâ ðåàëèçàöèè ñåðâîñâÿçåé. Â íàó÷íîé ëèòåðàòóðå ÷àñòî óïðàâëÿþùèå
ìåõàíèçìû íàçûâàþò åäèíûì òåðìèíîì ¾ñëåäÿùèå ñèñòåìû¿, ïîäðàçóìåâàÿ íå÷òî
àáñòðàêòíîå, õîòÿ îíè ïðåäñòàâëÿþò ñîáîé øèðîêèé êëàññ àâòîìàòè÷åñêèõ ñèñòåì
ýëåêòðè÷åñêîé, ãèðîñêîïè÷åñêîé è äðóãîé íàïðàâëåííîñòè. Ðàçíîâèäíîñòü ¾ñëåäÿùåé
ñèñòåìû¿ è ñïîñîáû óïðàâëåíèÿ òàêæå áóäóò îêàçûâàòü âëèÿíèå íà äèíàìèêó ñèñòåìû.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ñðàâíåíèå ìàòåìàòè÷åñêèõ ïðèíöèïîâ ïîñòðîåíèÿ
óðàâíåíèé äâèæåíèÿ â ñëó÷àå íåãîëîíîìíûõ ñèñòåì è ñèñòåì ñ ñåðâîñâÿçÿìè è èëëþñòðàöèÿ
óêàçàííûõ ïîëîæåíèé íà êîíêðåòíûõ ìåõàíè÷åñêèõ ñèñòåìàõ. Áóäåò ðàññìîòðåíî óïðàâëÿåìîå
ïîñðåäñòâîì ñåðâîñâÿçåé äâèæåíèå ñôåðè÷åñêîãî ðîáîòà ñ ìàÿòíèêîâûì ïðèâîäîì è
ñôåðè÷åñêîé îáîëî÷êè ñ òâåðäûì òåëîì âíóòðè, êîíòàêòèðóþùèì ñî ñôåðè÷åñêîé îáîëî÷êîé
îìíèêîëåñàìè.

Òàê êàê ìåõàíè÷åñêèå ñèñòåìû, äâèæåíèå êîòîðûõ ïîä÷èíåíî ñåðâîñâÿçÿì, ÿâëÿþòñÿ
ïðèêëàäíûìè ñèñòåìàìè, òî, îáîçíà÷àÿ ïðèðîäó óïðàâëÿþùèõ ìåõàíèçìîâ, ìîæíî âûçâàòü
ê èññëåäîâàíèÿì â äàííîé îáëàñòè áîëüøîé èíòåðåñ êîëëåêòèâîâ, ðàáîòàþùèõ â îáëàñòè
ðîáîòîòåõíèêè.
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Î öèêëàõ â ìîäåëÿõ êîëüöåâûõ ãåííûõ ñåòåé
ñ íåëèíåéíîé äåãðàäàöèåé êîìïîíåíò71
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Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó

dx1
dt

= L1(x3)− Γ1(x1);
dx2
dt

= L2(x1)− Γ2(x2);
dx3
dt

= L3(x2)− Γ3(x3), (1)

ìîäåëèðóþùóþ êîëüöåâóþ ãåííóþ ñåòü, â êîòîðîé âçàèìîäåéñòâóþò òðè âåùåñòâà ñ
êîíöåíòðàöèÿìè xj > 0, j = 1, 2, 3, j − 1 := 3 ïðè j = 1. Ñêîðîñòè ñèíòåçà êàæäîé
êîìïîíåíòû çàâèñÿò îò êîíöåíòðàöèè ïðåäûäóùåãî âåùåñòâà è îïèñûâàþòñÿ ãëàäêèìè
ìîíîòîííî óáûâàþùèìè ôóíêöèÿìè Lj(xj−1). Ïðîöåññó ðàçëîæåíèÿ êîìïîíåíò ñîîòâåòñòâóþò
ãëàäêèå ìîíîòîííî âîçðàñòàþùèå ôóíêöèè Γj . Ïðèìåðû ïîäîáíûõ ìîäåëåé áûëè ïðèâåäåíû
â ðàáîòå [1].

Îãðàíè÷èìñÿ ñëó÷àåì, êîãäà supΓj(xj) ⩾ maxLj(xj−1) = Lj(0). Òîãäà
Ëåììà 1. Îáëàñòü Q3 = [0,Γ−1

1 (L1(0))] × [0,Γ−1
2 (L2(0))] × [0,Γ−1

3 (L3(0))] ÿâëÿåòñÿ
ïîëîæèòåëüíî èíâàðèàíòíîé äëÿ òðàåêòîðèé ñèñòåìû (1).

Ëåììà 2. Îáëàñòü Q3 ñîäåðæèò åäèíñòâåííóþ ñòàöèîíàðíóþ òî÷êó ñèñòåìû (1).
Äëÿ èññëåäîâàíèÿ ôàçîâîãî ïîðòðåòà â îêðåñòíîñòè ñòàöèîíàðíîé òî÷êè ïðîâåäåì

ëèíåàðèçàöèþ ñèñòåìû (1).
Òåîðåìà 1. Åñëè âûïîëíÿåòñÿ óñëîâèå (p1+p2+p3)(p1p2+p1p3+p2p3) < p1p2p3+q1q2q3,

ãäå ïîëîæèòåëüíûå ïàðàìåòðû pj = Γ′
j, −qj = L′

j � ïðîèçâîäíûå ìîíîòîííûõ ôóíêöèé Γj,

Lj, âû÷èñëåííûå â ñòàöèîíàðíîé òî÷êå, òî ó ñèñòåìû (1) ñóùåñòâóåò öèêë C3, êîòîðûé
ñîäåðæèòñÿ â èíâàðèàíòíîé îáëàñòè Q3.

Òðàåêòîðèè äèíàìè÷åñêîé ñèñòåìû (1) ëåæàò íà äâóìåðíîé èíâàðèàíòíîé ïîâåðõíîñòè,
ïîñòðîåíèå êîòîðîé îïèñàíî â [2].

Äàëåå, ðàññìîòðèì øåñòèìåðíóþ ìîäåëü ãåííîé ñåòè,

dxj
dt

= Lj(yj−1)− Γj(xj);
dyj
dt

= Gj(xj)− γj(yj) (2)

ñ îòðèöàòåëüíûìè è ïîëîæèòåëüíûìè îáðàòíûìè ñâÿçÿìè, âûðàæåííûìè ãëàäêèìè
ìîíîòîííûìè ôóíêöèÿìè Lj è Gj ñîîòâåòñòâåííî. Äåãðàäàöèÿ êîìïîíåíò îïèñûâàåòñÿ
ãëàäêèìè ìîíîòîííî âîçðàñòàþùèìè ôóíêöèÿ Γj è γj . Àíàëîãè÷íàÿ ñèììåòðè÷íàÿ ìîäåëü
ìîëåêóëÿðíîãî ðåïðåññèëÿòîðà ïðåäëîæåíà â [3].

Â äàííîé ðàáîòå ðàññìàòðèâàåì òîëüêî ôóíêöèè, óäîâëåòâîðÿþùèå íåðàâåíñòâàì
supΓj(xj) ⩾ maxLj(yj−1) = Lj(0), sup γj(yj) ⩾ supG(xj). Â ýòîì ñëó÷àå îïðåäåëåíû çíà÷åíèÿ
îáðàòíûõ ôóíêöèé.

Ëåììà 3. Øåñòèìåðíûé ïàðàëëåëåïèïåä Q6 =
3∏
j=1

[0,Γ−1
j (Lj(0))] × [0, γ−1

j (supGj)]

ÿâëÿåòñÿ èíâàðèàíòíûì äëÿ òðàåêòîðèé ñèñòåìû (2).
Ëåììà 4. Äèíàìè÷åñêàÿ ñèñòåìà (2) èìååò åäèíñòâåííóþ ñòàöèîíàðíóþ òî÷êó

âíóòðè èíâàðèàíòíîé îáëàñòè Q6.

71Ðàáîòà ïîääåðæàíà ÐÍÔ ãðàíò � 23�21�00019, https://rscf.ru/project/23-21-00019/.
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Ïàðàëëåëåïèïåä Q6 ðàçáèâàåòñÿ íà òðè ïîäîáëàñòè. Ïîäðîáíîå îïèñàíèå äèñêðåòèçàöèè
ôàçîâîãî ïîðòðåòà ïðèâåäåíî, íàïðèìåð, â [4]. Áóäåì èçó÷àòü ïîâåäåíèå òðàåêòîðèé â
èíâàðèàíòíîé ïîäîáëàñòè W1.

Òåîðåìà 2 Åñëè õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ìàòðèöû ëèíåàðèçàöèè ñèñòåìû (2)
èìååò õîòÿ áû äâà êîìïëåêñíî ñîïðÿæåííûõ êîðíÿ ñ ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ
è ïðè ýòîì íå èìååò ÷èñòî ìíèìûõ êîðíåé, òî ó ñèñòåìû (2) ñóùåñòâóåò öèêë C6 â
èíâàðèàíòíîé ïîäîáëàñòè W1 .

Àíàëîãè÷íûì îáðàçîì äëÿ øåñòèìåðíîé ñèñòåìû ìîæíî ïîñòðîèòü äâóìåðíóþ
èíâàðèàíòíóþ ïîâåðõíîñòü, ñîäåðæàùóþ òðàåêòîðèè ñèñòåìû.
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Îïòè÷åñêèé ïîòîê â çàäà÷àõ óïðàâëåíèÿ áåñïèëîòíûìè ñðåäñòâàìè

Ìèëëåð Á.Ì. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðîáëåì ïåðåäà÷è èíôîðìàöèè èì. À.À. Õàðêåâè÷à

bmiller@iitp.ru

Â ñîâðåìåííûõ óñëîâèÿõ óïðàâëåíèå áåñïèëîòíûìè àïïàðàòàìè (ÁÀ) â àâòîíîìíîì
ðåæèìå, êàê ïðàâèëî èñïîëüçóåò ñïóòíèêîâûå ñðåäñòâà íàâèãàöèè, òàêèå êàê GPS è
GLONAS. Îäíàêî, âî ìíîãèõ ïðèëîæåíèÿõ èñïîëüçîâàíèå ñïóòíèêîâûõ ñðåäñòâ ÿâëÿåòñÿ
íåâîçìîæíûì. Íàâèãàöèÿ ïî íàáëþäåíèÿì òåêóùåãî âèäåîèçîáðàæåíèÿ ÿâëÿåòñÿ îäíèì
èç íàèáîëåå ïåðñïåêòèâíûõ ñðåäñòâ íàâèãàöèè è óïðàâëåíèÿ áåñïèëîòíûìè àïïàðàòàìè â
óñëîâèÿõ îãðàíè÷åííîãî ïðèìåíåíèÿ ñïóòíèêîâûõ ñðåäñòâ íàâèãàöèè. Â ðåæèìå àâòîíîìíîãî
äâèæåíèÿ ïðîñòîå äîáàâëåíèå âèäåîêàìåðû ïðè îòñóòñòâèè ñðåäñòâ ðàñïîçíàâàíèÿ è
èíòåðïðåòàöèè ê ñèñòåìå èíåðöèàëüíîé íàâèãàöèè íå äàåò çíà÷èìîãî ýôôåêòà. Ïîýòîìó
èçâëå÷åíèå íàâèãàöèîííîé èíôîðìàöèè èç ïîñëåäîâàòåëüíîñòè èçîáðàæåíèé èãðàåò êëþ÷åâóþ
ðîëü. Âàæíîé õàðàêòåðèñòèêîé íàáëþäàåìûõ èçîáðàæåíèé ÿâëÿåòñÿ ýâîëþöèÿ ïîðîæäàåìîãî
èíôîðìàöèîííîãî ïîòîêà. Ïðèìåðàìè ÿâëÿþòñÿ îïòè÷åñêèé ïîòîê ïðè âèäåîíàáëþäåíèè [1],
äîïëåðîâñêîå èçìåðåíèå àáñîëþòíîé ñêîðîñòè è ýâîëþöèÿ ðåëüåôà èçìåðåííîé äàëüíîñòè ïðè
èñïîëüçîâàíèè ìíîãîëó÷åâûõ ñîíàðîâ [2]. Ñ àëãîðèòìè÷åñêîé òî÷êè çðåíèÿ îíè âåñüìà áëèçêè,
÷òî ïîçâîëÿåò îáúåäèíèòü èõ îáñóæäåíèå â äàííîì îáçîðå [3].
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Êîììóòèðóþùèå äèôôåðåíöèàëüíûå îïåðàòîðû ðàíãà îäèí
êàê ïðåäåë êîììóòèðóþùèõ ðàçíîñòíûõ îïåðàòîðîâ

Ìèðîíîâ À.Å. (Ðîññèÿ, Íîâîñèáèðñê)
Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ

mironov@math.nsc.ru

Ìû ïîêàæåì, ÷òî îáûêíîâåííûå êîììóòèðóþùèå äèôôåðåíöèàëüíûå îïåðàòîðû ðàíãà
îäèí ìîãóò áûòü ðàñøèðåíû äî êîììóòèðóþùèõ ðàçíîñòíûõ îïåðàòîðîâ. Êîýôôèöèåíòû
ðàçíîñòíûõ îïåðàòîðîâ çàâèñÿò îò ìàëîãî ïàðàìåòðà. Ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê
íóëþ ðàçíîñòíûå îïåðàòîðû ïåðåõîäÿò â äèôôåðåíöèàëüíûå. Ïðè ýòîì ñïåêòðàëüíûå äàííûå
äëÿ ðàçíîñòíûõ îïåðàòîðîâ ïîëó÷àþòñÿ èç ñïåêòðàëüíûõ äàííûõ äëÿ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ íåêîòîðûì ðàñøèðåíèåì. Â êà÷åñòâå ïðèìåðà áóäåò ðàññìîòðåí îïåðàòîð Ëàìå
è åãî ðàçíîñòíûé àíàëîã. Ðåçóëüòàòû ïîëó÷åíû ñîâìåñòíî ñ Ã.Ñ. Ìàóëåøîâîé.

Îáðàòíàÿ çàäà÷à äëÿ ýâîëþöèîííîãî óðàâíåíèÿ
ñ äðîáíîé ïðîèçâîäíîé Êàïóòî � Ôàáðèöèî72

Íàãóìàíîâà À.Â. (Ðîññèÿ, ×åëÿáèíñê)
×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

urazaeva_anna@mail.ru

Ïóñòü U , Z � áàíàõîâû ïðîñòðàíñòâà, ÷åðåç L(U ,Z) áóäåì îáîçíà÷àòü áàíàõîâî
ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ äåéñòâóþùèõ èç U â Z. Ðàññìîòðèì
îáðàòíóþ çàäà÷ó äëÿ ýâîëþöèîííîãî óðàâíåíèÿ

Dα
0tz(t) = Az(t) +B(t)u+ g(t), (1)

ãäå Dα
0t � äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî � Ôàáðèöèî, 0 < α < 1, A � ëèíåéíûé íåïðåðûâíûé

îïåðàòîð â áàíàõîâîì ïðîñòðàíñòâå Z (A ∈ L(U ,Z)), îïåðàòîðíàÿ ôóíêöèÿ B(t) îïðåäåëåíà
íà îòðåçêå [0, T ] (B ∈ C([0, T ],L(U ,Z))), ôóíêöèÿ g(t) ∈ C([0, T ],Z), ñ íà÷àëüíûì óñëîâèåì

z(0) = z0, (2)

è óñëîâèåì ïåðåîïðåäåëåíèÿ
T∫
0

z(t)dµ(t) = zT ∈ Z. (3)

Ïóñòü a, b ∈ R, a < b, 0 < α < 1, f ∈ H1(a, b). Äðîáíîé ïðîèçâîäíîé Êàïóòî � Ôàáðèöèî
ïîðÿäêà α ïî âðåìåííîé ïåðåìåííîé íàçûâàåòñÿ

Dα
atf(t) =

1

1− α

t∫
a

e−
α

1−α
(t−τ)f ′(τ)dτ.

Ðåøåíèåì çàäà÷è (1)�(3) áóäåì íàçûâàòü ïàðó (z(t), u), ãäå ôóíêöèÿ z(t) ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è (1), (2) ñ ñîîòâåòñòâóþùèì u ∈ U , óäîâëåòâîðÿþùåå (3).

Ââåä¼ì îïåðàòîð

Z(t) =
1

2πi

∫
Γ

(
s

s(1− α) + α
−A

)−1

estds,

ãäå Γ � êîíòóð Ãàíêåëÿ.

72Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà è Ïðàâèòåëüñòâà ×åëÿáèíñêîé îáëàñòè,
ãðàíò � 24-21-20015.
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Òåîðåìà 1. Ïóñòü A � ëèíåéíûé íåïðåðûâíûé îïåðàòîð â áàíàõîâîì ïðîñòðàíñòâå Z
ñ íîðìîé ||A|| < 1

1− α
, ýëåìåíò u ∈ U èçâåñòåí, îïåðàòîðíàÿ ôóíêöèÿ B ∈ C([0, T ],L(U ,Z)),

B(0) = 0, ôóíêöèÿ g ∈ C([0, b];Z), g(0) = 0, z0 ∈ kerA. Òîãäà åäèíñòâåííûì êëàññè÷åñêèì
ðåøåíèåì çàäà÷è Êîøè (1), (2) ÿâëÿåòñÿ ôóíêöèÿ

z(t) = z0 +

∫ t

0
Z(t− s)(B(s)u+ g(s))ds.

Çàäà÷ó (1)�(3) íàçîâ¼ì êîððåêòíîé, åñëè äëÿ ëþáûõ z0 ∈ kerA è zT ∈ Z ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå u ∈ U , óäîâëåòâîðÿþùåå îöåíêå

∥u∥U ≤ C(∥z0∥Z + ∥zT ∥Z + ∥g∥C1([0,T ]Z)).

Ââåä¼ì îïåðàòîðû

χ(A) ≡
T∫
0

dµ(t)

t∫
0

Z(t− s)B(s)ds, (4)

ψ(A) ≡ zT − V T
0 (µ(t))z0 −

T∫
0

dµ(t)

t∫
0

Z(t− s)g(s)ds, (5)

ãäå V T
0 (µ(t)) � âàðèàöèÿ ôóíêöèè µ(t) íà îòðåçêå [0, T ].
Òåîðåìà 2. Ïóñòü A � ëèíåéíûé íåïðåðûâíûé îïåðàòîð â áàíàõîâîì ïðîñòðàíñòâå

Z ñ íîðìîé ||A|| < 1

1− α
, µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè, îïåðàòîðíàÿ

ôóíêöèÿ B ∈ C([0, T ],L(U ,Z)),B(0) = 0, ôóíêöèÿ g ∈ C([0, b];Z), g(0) = 0, z0 ∈ kerA.
Òîãäà îáðàòíàÿ çàäà÷à (1)-(3) êîððåêòíà â òîì è òîëüêî òîì ñëó÷àå , êîãäà ñóùåñòâóåò
χ−1(A) ∈ L(Z,U). Ïðè ýòîì ðåøåíèå èìååò âèä u = χ−1(A)ψ(A) .
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Îá îöåíêå ñâåðõó ðàçìåðíîñòè ÿäðà çàäà÷è Øâàðöà
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Ïóñòü âñå ñîáñòâåííûå ÷èñëà ìàòðèöû J ∈ Cℓ×ℓ ëåæàò â âåðõíåé ïîëóïëîñêîñòè. Íàçîâåì
êîìïëåêñíóþ ℓ-âåêòîð-ôóíêöèþ ϕ = ϕ(z) ∈ C1(D) àíàëèòè÷åñêîé ïî Äóãëèñó [1] ñ ìàòðèöåé

J, åñëè îíà óäîâëåòâîðÿåò óðàâíåíèþ
∂ϕ

∂y
− J · ∂ϕ

∂x
= 0, z ∈ D.

Ïóñòü ãëàäêèé êîíòóð Γ = ∂D. Ðàññìîòðèì ñëåäóþùóþ îäíîðîäíóþ çàäà÷ó Øâàðöà [1].
Òðåáóåòñÿ íàéòè àíàëèòè÷åñêóþ ïî Äóãëèñó â îáëàñòè D ôóíêöèþ ϕ(z) ïî ãðàíè÷íîìó
óñëîâèþ

Reϕ(z)
∣∣
Γ
= 0. (1)

ßäðîì çàäà÷è Øâàðöà íàçûâàåòñÿ ëèíåéíîå ïðîñòðàíñòâî ðåøåíèé çàäà÷è (1).
Ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà 2×2-ìàòðèöà J èìååò ðàçíûå ñîáñòâåííûå ÷èñëà λ, µ,

ïðè÷åì Imλ > 0, Imµ > 0. Çäåñü ÿäðî çàäà÷è Øâàðöà ñîäåðæèò, â ÷àñòíîñòè, äâà ëèíåéíî
íåçàâèñèìûõ òðèâèàëüíûõ ýëåìåíòà ϕ ≡ ic, ãäå c ∈ R2. Ïðèâåäåì ïðèìåð íåòðèâèàëüíîãî
ÿäðà.
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Ïðèìåð 1. Ïóñòü

J =

(
−i 3
2 4i

)
, ϕ(z) =

(
−3(x2 + 2y2) i

x2 + 8y2 − 4− 4xyi

)
. (2)

Ôóíêöèÿ ϕ(z) â (2) ÿâëÿåòñÿ àíàëèòè÷åñêîé ïî Äóãëèñó ñ ìàòðèöåé J. Ïðè ýòîì ìàòðèöà
J èìååò ðàçíûå ñîáñòâåííûå ÷èñëà λ = i, µ = 2i. Èìååì: Reϕ(z)

∣∣
Γ

= 0 íà ýëëèïñå
Γ : x2 + 8y2 = 4.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Ïóñòü îáëàñòü D ïðåäñòàâëÿåò ñîáîé ýëëèïñ, ñèììåòðè÷íûé îòíîñè-

òåëüíî êîîðäèíàòíûõ îñåé. Òîãäà ðàçìåðíîñòü íåòðèâèàëüíîé ñîñòàâëÿþùåé ÿäðà çàäà÷è
Øâàðöà äëÿ èçó÷àåìîãî òèïà ìàòðèö J íå ïðåâîñõîäèò äâóõ.
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Èññëåäîâàíèå ñòðóêòóðû ôàçîâîãî ïðîñòðàíñòâà
ìàòåìàòè÷åñêîé ìîäåëè Õîôôà73
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Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C∞. Ðàññìîòðèì ìîäåëü
Õîôôà [1]

(µ+∆)ut = αu+ βu3, x ∈ Ω, t ∈ (0, T ), (1)

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ). (2)

Ìîäåëü Õîôôà îïèñûâàåò äèíàìèêó äåôîðìàöèè äâóòàâðîâîé áàëêè. Íåèçâåñòíàÿ ôóíêöèÿ
u = u(x, t) ìîäåëèðóåò îòêëîíåíèå áàëêè îò ïîëîæåíèÿ ðàâíîâåñèÿ. Ïàðàìåòð µ ∈ R
õàðàêòåðèçóåò ïðîäîëüíóþ íàãðóçêó íà áàëêó, à ïàðàìåòðû α, β ∈ R, õàðàêòåðèçóþò ñâîéñòâà
ìàòåðèàëà áàëêè.

Â ðàáîòå [2] ïîêàçàíî, ÷òî ôàçîâîå ïðîñòðàíñòâî ìîäåëè (1), (2) ÿâëÿåòñÿ ïðîñòûì
áàíàõîâûì C∞-ìíîãîîáðàçèåì â ñëó÷àå αβ > 0 è ïðèíèìàåò ñëåäóþùèé âèä

B =

u ∈ L4(Ω) :

∫
Ω

(α+ βu2)uφldx = 0, l : µ = λl

 ,

ãäå {λl}, {φl} � ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îäíîðîäíîé çàäà÷è Äèðèõëå
îïåðàòîðà (−∆).

Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ èçó÷åíèå ñòðóêòóðû ôàçîâîãî ïðîñòðàíñòâà
ìîäåëè (1), (2) â ñëó÷àå Ω ⊂ R2 è âûÿâëåíèå óñëîâèé íàêëàäûâàåìûõ íà ïàðàìåòðû α, β
(αβ < 0), ïðè êîòîðûõ ôàçîâîå ïðîñòðàíñòâî èìååò îñîáåííîñòè ïðè dimker(µ + ∆) = 1 è
dimker(µ+∆) = 2 [3].

73Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 24-11-20037,
https://rscf.ru/project/24-11-20037/.
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Îáîçíà÷èì ÷åðåç {λl1, l2}, {φl1, l2} ñåìåéñòâà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ
ôóíêöèé îäíîðîäíîé çàäà÷è Äèðèõëå äëÿ îïåðàòîðà Ëàïëàñà (−∆).
Åñëè µ = λl1, l2 è l1 = l2, òî ìíîæåñòâî B C∞-äèôôåîìîðôíî ìíîæåñòâó

B1 =

{
(s1, u

⊥) ∈ R× L4(Ω) : s
3
1∥φl1, l2∥4L4(Ω) + 3s21

∫∫
Ω

φ3
l1, l2

u⊥ dxdy +

+ s1

(
3
∫∫
Ω

φ2
l1, l2

(u⊥)2 dxdy + αβ−1

)
+
∫∫
Ω

φl1, l2(u
⊥)3 dxdy = 0

}
.

Åñëè µ = λl1, l2 è l1 ̸= l2, òî ìíîæåñòâî B C∞-äèôôåîìîðôíî ìíîæåñòâó

B2 =
{
(s1, s2, u

⊥) ∈ R2 × L4(Ω) :
β
∫∫
Ω

φl2, l1(u
⊥)3 dxdy + β

∫∫
Ω

φl1, l2(u
⊥)3 dxdy + αs1 + αs2+

+ 3βs1
∫∫
Ω

φ2
l1, l2

(u⊥)2 dxdy + 3βs2
∫∫
Ω

φl1, l2φl2, l1(u
⊥)2 dxdy+

+ 3βs1
∫∫
Ω

φl1, l2φl2, l1(u
⊥)2 dxdy + 3βs2

∫∫
Ω

φ2
l2, l1

(u⊥)2 dxdy+

+ 3βs21
∫∫
Ω

φ3
l1, l2

u⊥ dxdy + 3βs22
∫∫
Ω

φl1, l2φ
2
l2, l1

u⊥ dxdy+

+3βs22
∫∫
Ω

φ3
l2, l1

u⊥ dxdy + 3βs21
∫∫
Ω

φ2
l1, l2

φl2, l1u
⊥ dxdy+

+ 3βs21s2
∫∫
Ω

φ3
l1, l2

φl2, l1 dxdy + 3βs1s
2
2

∫∫
Ω

φ2
l1, l2

φ2
l2, l1

dxdy +

+ 3βs21s2
∫∫
Ω

φ2
l1, l2

φ2
l2, l1

dxdy + 3βs1s
2
2

∫∫
Ω

φl1, l2φ
3
l2, l1

dxdy +

+βs31∥φl1, l2∥4L4(Ω) + βs32
∫∫
Ω

φl1, l2φ
3
l2, l1

dxdy+

+ βs32∥φl2, l1∥4L4(Ω) + βs31
∫∫
Ω

φ3
l1, l2

φl2, l1 dxdy = 0

}
.

Òåîðåìà 1. Ïóñòü µ, α, β ∈ R è αβ < 0, òîãäà
(i) åñëè l1 = l2, òî ìíîæåñòâî B1 îáðàçóåò 2-ñáîðêó Óèòíè;
(ii) åñëè l1 ̸= l2, òî ìíîæåñòâî B2 îáðàçóåò k-ñáîðêó Óèòíè.
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Ðàçëè÷èå èíòåãðàëüíîãî è äèôôåðåíöèàëüíîãî ñîõðàíåíèé

Îâñÿííèêîâ Â.Ì. (Ðîññèÿ, Ìîñêâà)
Ðîññèéñêèé óíèâåðñèòåò òðàíñïîðòà (ÐÓÒ-ÌÈÈÒ)
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Ïîíÿòèå ñîõðàíåíèÿ â ôèëîñîôèè âîçíèêëî äàâíî â ðàçëè÷íûõ ÷àñòÿõ ìèðà íåçàâèñèìî
äðóã îò äðóãà. Íî áûëî îäíî ñõîäñòâî. Âñå ôèëîñîôû èìåëè ââèäó èíòåãðàëüíîå ñîõðàíåíèå.
Åâðîïåéñêàÿ ôèëîñîôèÿ ïîëó÷èëà çàêîí ñîõðàíåíèÿ èç ðóê ÷ëåíà ïèôàãîðåéñêîãî ñîîáùåñòâà
Ýìïåäîêëà (490 ã. � 430 ã. äî í.ý.) óæå ïîçæå ñìåðòè Ïèôàãîðà (570 ã. � 490 ã. äî í.ý.). Çàêîí
ñîõðàíåíèÿ îí èçëîæèë â òàêîé ôîðìóëèðîâêå: ¾Íè÷òî íå ìîæåò ïðîèçîéòè èç íè÷åãî, è íèêàê
íå ìîæåò òî, ÷òî åñòü, óíè÷òîæèòüñÿ¿.

Ýòîò çàêîí â Äðåâíîñòè ìîã èìåòü òîëüêî èíòåãðàëüíîå òîëêîâàíèå, áóäó÷è îòíåñåí
ê îäíîé èçîëèðîâàííîé îáëàñòè. Ñîçäàíèå â áîëåå ïîçäíèé ïåðèîä Ëåéáíèöåì è Íüþòîíîì
äèôôåðåíöèàëüíîãî èñ÷èñëåíèÿ ïîñòàâèëî âîïðîñ î ïðèìåíåíèè ïîíÿòèÿ ñîõðàíåíèÿ èëè
íåñîõðàíåíèÿ ê äèôôåðåíöèàëüíûì îáúåìàì, êîòîðûõ ìíîãî, êàæäûé èç êîòîðûõ îêðóæåí â
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ñïëîøíîé ñðåäå ñî âñåõ ñòîðîí òàêèìè æå äèôôåðåíöèàëüíûìè îáúåìàìè. Èçîëèðîâàííîñòü
êîíòðîëüíîãî îáúåìà îò ñîñåäíèõ íå ãàðàíòèðîâàíà. Äëÿ äâèæóùåéñÿ ñïëîøíîé ñðåäû
äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ ðàññìàòðèâàåò ïîíÿòèå ÿêîáèàíà âòîðîãî è òðåòüåãî ïîðÿäêîâ,
ôèçè÷åñêèé ñìûñë êîòîðûõ � ìåðà èñêàæåíèÿ ïðîñòðàíñòâà, îïðåäåëÿþùàÿñÿ êîìïëåêñàìè
èç ïðîèçâîäíûõ êîìïîíåíò ñêîðîñòè ïî êîîðäèíàòàì. Èç ýòèõ ÿêîáèàíîâ ñîñòàâëåíû
êâàäðàòè÷íûé I2 è êóáè÷íûé I3 èíâàðèàíòû òåíçîðà ñêîðîñòåé äåôîðìàöèé.

Ýéëåð â 1752 ã. ãåîìåòðè÷åñêè âûâåë óðàâíåíèå íåðàçðûâíîñòè äëÿ íåñæèìàåìîé
æèäêîñòè [1], [2], [3]

∂u

∂x
+
∂v

∂y
+
∂w

∂z
+ (t− t0)I2 + (t− t0)

2I3 = 0,

ãäå êâàäðàòè÷íûé (âòîðîé) èíâàðèàíò ðàâåí ñóììå ÿêîáèàíîâ âòîðîãî ïîðÿäêà

I2 =
∂(u, v)

∂(x, y)
+
∂(v, w)

∂(y, z)
+
∂(w, u)

∂(z, x)
,

à êóáè÷íûé (òðåòèé) èíâàðèàíò ðàâåí ÿêîáèàíó òðåòüåãî ïîðÿäêà

I3 =
∂(u, v, w)

∂(x, y, z)
.

Çäåñü u, v, w � êîìïîíåíòû ñêîðîñòè âäîëü êîîðäèíàòíûõ îñåé x, y, z, t � âðåìÿ, t − t0 �
èíòåðâàë âðåìåíè äåôîðìàöèè êîíòðîëüíîé ôèãóðû.

Ë.È.Ñåäîâ óêàçàë íà 75-îé ñòðàíèöå I òîìà ¾Ìåõàíèêè ñïëîøíîé ñðåäû¿ [4] íà òî,
÷òî ñóùåñòâóþùèå êóðñû äèñöèïëèí òåîðèè óïðóãîñòè, ãèäðîäèíàìèêè, ýëåêòðîäèíàìèêè
îñòàíîâèëèñü íà ðóáåæå ïðåíåáðåæåíèÿ âûñøèìè èíâàðèàíòàìè I2, I3.

Âåëè÷èå ôèëîñîôîâ, óêàçàâøèõ íà î÷åíü øèðîêîå âûïîëíåíèå èíòåãðàëüíîãî çàêîíà
ñîõðàíåíèÿ, ñäåðæèâàåò îñâîåíèå è ó÷åò âûñøèõ èíâàðèàíòîâ â ïðàêòè÷åñêîé äåÿòåëüíîñòè
ãèäðîäèíàìèêîâ, ýëåêòðîäèíàìèêîâ è ñïåöèàëèñòîâ ïî òåîðèè óïðóãîñòè. Ïðîèçâîäèòñÿ
èñêóññòâåííîå ñäåðæèâàíèå äèôôåðåíöèàëüíîãî ïîäõîäà ðåøåíèÿ çàäà÷, íàâÿçûâàíèåì
äèôôåðåíöèàëüíîãî ñîõðàíåíèÿ, îáåäíåíèÿ ðåøåíèé, äàþùèõñÿ ìàòåìàòè÷åñêèì àïïàðàòîì.
Áåñêîíå÷íî ìàëûõ âåëè÷èí íå ñóùåñòâóåò. Ïîýòîìó âîçìîæíî, êàê ñîõðàíåíèå, òàê è
íåñîõðàíåíèå äëÿ êîíå÷íî-ðàçíîñòíûõ óðàâíåíèé, êîãäà ∆t ̸= 0. Ðå÷ü èäåò î ëîêàëüíîì
ñîõðàíåíèè èëè íåñîõðàíåíèè çà ìàëûé, íî êîíå÷íûé èíòåðâàë âðåìåíè ∆t. Òåðìèí
¾ëîêàëüíîå íåñîõðàíåíèå¿ âîçíèê â ÈÏÌ èì. Ì.Â.Êåëäûøà ïðè ðàçâèòèè ÷èñëåííîãî ìåòîäà
ðåãóëÿðèçàöèè óðàâíåíèé ãèäðîãàçàäèíàìèêè äëÿ ðåøåíèÿ çàäà÷ íà êîìïüþòåðå.

Ïðè ðàññìîòðåíèè ïîâåäåíèÿ æèäêîñòè âî âðåìåíè t èíòåðâàë ∆t íå ìîæåò áûòü
íóëåâûì. Îí ìàë, íî êîíå÷åí. Ïîýòîìó âîëíîâîå óðàâíåíèå, îïèñûâàþùåå ïîâåäåíèå æèäêîñòè,
ñîäåðæèò êâàäðàòè÷íûé è êóáè÷íûé èíâàðèàíòû, óìíîæåííûå íà ∆t â ðàçëè÷íûõ ñòåïåíÿõ.
Óðàâíåíèå íåðàçðûâíîñòè áûëî çàïèñàíî Â.Ì.Îâñÿííèêîâûì [5] â 2006 ã. äëÿ ñæèìàåìîé
æèäêîñòè â âèäå

∂ρ

∂t
+
∂(ρu)

∂x
+
∂(ρv)

∂y
+
∂(ρw)

∂z
+ (t− t0)ρI2 + (t− t0)

2ρI3 = 0.

Â 2007 ã. Â.Ì.Îâñÿííèêîâûì ìåòîäîì àêóñòè÷åñêîé àíàëîãèè Ëàéòõèëëà áûëî ïîëó÷åíî
âîëíîâîå óðàâíåíèå âòîðîãî ïîðÿäêà ïî âðåìåíè [6], [7]

∂2p

∂x2
+
∂2p

∂y2
+
∂2p

∂z2
− c−2

0

∂2p

∂t2
= ρ0I2 + (t− t0)ρ02I3.

Çäåñü p � âîëíîâîå äàâëåíèå, ρ0 � òåðìîäèíàìè÷åñêàÿ ïëîòíîñòü, c0 � ñêîðîñòü
ðàñïðîñòðàíåíèÿ çâóêà.

Ðàçâèòèå àêóñòèêè ïîêàçûâàåò âîçìîæíîñòè ñîãëàñîâàíèÿ ãàðìîíè÷åñêèõ êîëåáàíèé,
ëîêàëüíîãî íåñîõðàíåíèÿ ïëîòíîñòè â ñæèìàåìîé ñðåäå ñ èíòåãðàëüíûì ñîõðàíåíèåì îáùåãî
êîëè÷åñòâà âîçäóõà â çàìêíóòîì ïîìåùåíèè. Ãåíåðàöèÿ íîâûõ âîëí äàâëåíèÿ è ïëîòíîñòè
ïðîèñõîäèò çà ñ÷åò ïîÿâëåíèÿ íåîäíîðîäíûõ ÷ëåíîâ â âîëíîâîì óðàâíåíèè. Ó÷åò âûñøèõ
èíâàðèàíòîâ â çàäà÷àõ ãèäðîäèíàìèêè è ýëåêòðîäèíàìèêè äàåò îïèñàíèå ðàíåå íåèçâåñòíûõ
ôèçè÷åñêèõ ïðîöåññîâ.
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Êàê èçâåñòíî, ëþáîå ñâÿçíîå çàìêíóòîå òðåõìåðíîå ìíîãîîáðàçèå åäèíñòâåííûì îáðàçîì
ðàñêëàäûâàåòñÿ â ñâÿçíóþ ñóììó òàê íàçûâàåìûõ ïðîñòûõ ìíîãîîáðàçèé � òåõ, ÷òî íå ìîãóò
áûòü ïðåäñòàâëåíû êàê ñâÿçíàÿ ñóììà äâóõ îòëè÷íûõ îò òðåõìåðíîé ñôåðû ìíîãîîáðàçèé.
Ýòîò ðåçóëüòàò èçâåñòåí êàê òåîðåìà Êíåçåðà-Ìèëíîðà [1], [2], è îíà âåðíà è äëÿ ñëó÷àÿ
íåîðèåíòèðóåìûõ ìíîãîîáðàçèé [3].

Ìû â ñâîåé ðàáîòå ðàññìàòðèâàåì ñâÿçíûå ãëàäêèå çàìêíóòûå 3-ìíîãîîáðàçèÿ M3,
äîïóñêàþùèå äèôôåîìîðôèçìû Ìîðñà-Ñìåéëà áåç ãåòåðîêëèíè÷åñêèõ êðèâûõ. Îêàçàëîñü,
÷òî òîïîëîãèÿ ñëàãàåìûõ ðàçëîæåíèÿ òàêèõ ìíîãîîáðàçèé ìîæåò áûòü ñóùåñòâåííî óòî÷íåíà.

Êëàññèôèêàöèÿ äëÿ ñëó÷àÿ îðèåíòèðóìûõ ìíîãîîáðàçèé áûëà ïîëó÷åíà Ê. Áîíàòòè,
Â.Ç. Ãðèíåñîì, Â.Ñ. Ìåäâåäåâûì è Ý. Ïåêó â 2002 ãîäó. Ìû îáîáùàåì èõ ðåçóëüòàò,
ïðèâîäÿ èñ÷åðïûâàþùåå îïèñàíèå ðàçëîæåíèÿ â ñâÿçíóþ ñóììó ëþáûõ 3-ìíîãîîáðàçèé M3,
êîòîðûå ÿâëÿþòñÿ íåñóùèì ìíîãîîáðàçèåì íåêîòîðîãî äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà áåç
ãåòåðîêëèíè÷åñêèõ êðèâûõ.
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Àðòåðèîâåíîçíàÿ ìàëüôîðìàöèÿ ãîëîâíîãî ìîçãà (ÀÂÌ) � âðîæäåííàÿ ñîñóäèñòàÿ
ïàòîëîãèÿ, ïðè êîòîðîé àðòåðèàëüíîå è âåíîçíîå ðóñëà ñîåäèíÿþòñÿ êëóáêîì ñðîñøèõñÿ
ïàòîëîãè÷åñêèõ ñîñóäîâ. Ðàñïðîñòðàíåííûé è ïðåäïî÷òèòåëüíûé ñïîñîá åå ëå÷åíèÿ �
ïðîâåäåíèÿ íåéðîõèðóðãè÷åñêîé îïåðàöèè ïî ýìáîëèçàöèè. Ïðè ýòîì ïàòîëîãè÷åñêèå ñîñóäû
çàïîëíÿþòñÿ ñïåöèàëüíûì òâåðäåþùèì âåùåñòâîì (ýìáîëè÷åñêèì àãåíòîì).

Ïðåäëîæåí ïîäõîä ê ìîäåëèðîâàíèþ ãåìîäèíàìèêè â ÀÂÌ è åå ñîñóäèñòîì îêðóæåíèè
âî âðåìÿ ýìáîëèçàöèè. Ìàòåìàòè÷åñêè ìîäåëèðóþòñÿ ðàöåìîçíûå (ìåëêîñîñóäèñòûå) ÀÂÌ
èëè îòäåëüíûå ðàöåìîçíûå ÷àñòè (êîìïàðòìåíòû) ÀÂÌ. Äëÿ ó÷åòà èçìåíåíèÿ êðîâîòîêà â
îêðóæåíèè ïàòîëîãèè, âîçíèêàþùåãî âñëåäñòâèå çàïîëíåíèÿ ÀÂÌ ýìáîëè÷åñêèì àãåíòîì,
îäíîìåðíàÿ ìîäåëü äâóõôàçíîé ôèëüòðàöèè äëÿ ïàòîëîãèè ñîïðÿãàåòñÿ ñ ãèäðàâëè÷åñêîé
ìîäåëüþ îêðóæàþùèõ ïàòîëîãèþ ñîñóäîâ. Ïðîèçâîäèòñÿ ìîäåëèðîâàíèå ïîòîêà êðîâè íà
âõîäå â ïàòîëîãèþ âìåñòî èñïîëüçîâàíèÿ êëèíè÷åñêèõ äàííûõ îá ýòîì ïîòîêå. Òàêîé ïîäõîä
íå òðåáóåò îïèñàíèÿ ïåðåòîêîâ êðîâè èç çäîðîâîãî àðòåðèàëüíîãî áàññåéíà â âåíîçíûé,
äàííûå î êîòîðûõ êëèíè÷åñêè ïîëó÷èòü çàòðóäíèòåëüíî. Ýòî ïîçâîëÿåò ïðè íàëè÷èè äàííûõ
î ôèëüòðàöèîííûõ ñâîéñòâàõ ïàòîëîãèè è åå ãåìîäèíàìè÷åñêîì îêðóæåíèè ïðîâîäèòü
ïðåäîïåðàöèîííûå îöåíêè õîäà ýìáîëèçàöèè è ïåðåñòðîéêè ãåìîäèíàìèêè â îêðåñòíîñòè
ïàòîëîãèé.

Ìàòåìàòè÷åñêè ìîäåëü îïèñûâàåòñÿ öåïî÷êîé èíòåãðî-äèôôåðåíöèàëüíûõ ãèïåðáî-
ëè÷åñêèõ óðàâíåíèé. Äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ è ôóíêöèé, âõîäÿùèõ â ìîäåëü,
èñïîëüçóþòñÿ ðåàëüíûå êëèíè÷åñêèå äàííûå ïàöèåíòîâ. Íà îñíîâå ìîäåëè ïîñòàâëåíà è
÷èñëåííî èññëåäîâàíà â ñïåöèàëüíîì êëàññå óïðàâëåíèé çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ
ìíîãîýòàïíîé ýìáîëèçàöèåé. Äëÿ ÷èñëåííîãî ðåøåíèÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ ñ íåâûïóêëîé ôóíêöèåé ïîòîêà, âîçíèêàþùåãî ïðè ìîäåëèðîâàíèè äâóõôàçíîé
ôèëüòðàöèè, ïðèìåíÿåòñÿ ìîíîòîííàÿ ìîäèôèêàöèÿ ìåòîäà CABARET, êîòîðûé ñ âûñîêîé
òî÷íîñòüþ ëîêàëèçóåò ñèëüíûå è ñëàáûå ðàçðûâû, âîçíèêàþùèå ïðè ðåøåíèè äàííîé
çàäà÷è. Îïòèìàëüíûå ðåæèìû ýìáîëèçàöèè äëÿ ðåàëüíûõ ïàöèåíòîâ íàõîäÿòñÿ ñ ïîìîùüþ
ìîäèôèöèðîâàííîãî ¾ìåòîäà ðîÿ ÷àñòèö¿ � ÷èñëåííîãî ìåòîäà ãëîáàëüíîé îïòèìèçàöèè.
Íàéäåííûå îïòèìàëüíûå ðåæèìû ýìáîëèçàöèè äåìîíñòðèðóþò õîðîøåå ñîâïàäåíèå ðàñ÷åòíûõ
äàííûõ ñ êëèíè÷åñêèìè. Ïðåäëîæåííûé ïîäõîä ìîæåò áûòü èñïîëüçîâàí äëÿ ïîëó÷åíèÿ
ïðåäîïåðàöèîííûõ ðåêîìåíäàöèé îá îïòèìàëüíîé òàêòèêå õèðóðãè÷åñêîãî âìåøàòåëüñòâà.
Äëÿ ýòîãî äîëæíû áûòü çàäàíû èç ìåäèöèíñêèõ ñîîáðàæåíèé äâà ïàðàìåòðà � ìàêñèìàëüíî
äîïóñòèìîå àðòåðèàëüíîå äàâëåíèå â òå÷åíèè îïåðàöèè è ìèíèìàëüíîå âåíîçíîå äàâëåíèå â
êîíöå îïåðàöèè. Â ýòîì ñëó÷àå, èìåÿ äàííûå î ïîòîêå, äàâëåíèè è ãåîìåòðèè ñîñóäîâ âáëèçè
ïàòîëîãèè äî íà÷àëà îïåðàöèè (ïðåäîïåðàöèîííûå äàííûå ãåìîäèíàìèêè) ìîæíî îïðåäåëèòü
ïàðàìåòðû ìîäåëè è ðàññ÷èòàòü ïðèáëèæåííûé îïòèìàëüíûé ðåæèì ýìáîëèçàöèè.
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Áèôóðêàöèè êîðàçìåðíîñòè îäèí, âîçíèêàþùèå â òðåõìåðíûõ
äèíàìè÷åñêèõ ñèñòåìàõ ñ íåèçîëèðîâàííûìè îñîáûìè òî÷êàìè76
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Ðàññìàòðèâàåòñÿ äèíàìè÷åñêàÿ ñèñòåìà âèäà

ẋ = xφ1(x, y, z) + yφ2(x, y, z),

ẏ = xψ1(x, y, z) + yψ2(x, y, z),

ż = xχ1(x, y, z) + yχ2(x, y, z),

(1)

ãäå ôóíêöèè φi, ψi, χi ïðåäïîëàãàþòñÿ äîñòàòî÷íî ãëàäêèìè. Òàêèå ñèñòåìû, à òàêæå èõ
áèôóðêàöèè, âîçíèêàþò â èññëåäîâàíèÿõ äèíàìèêè ìíîãîôàçíûõ ñðåä. Äèíàìè÷åñêèå ñèñòåìû
ñ íåèçîëèðîâàííûìè îñîáûìè òî÷êàìè èçó÷àëèñü, íàïðèìåð, â ðàáîòàõ [1], [2]. Â äîêëàäå áóäåò
ðàññêàçàíî î áèôóðêàöèÿõ ñèñòåìû (1), âîçíèêàþùèõ â îêðåñòíîñòè òî÷êè îñîáîé êðèâîé
γ = {x = y = 0}, â êîòîðîé ëèíåéíàÿ ÷àñòü ñèñòåìû èìååò äâà íóëåâûõ ñîáñòâåííûõ çíà÷åíèÿ.
Áóäóò ïðåäñòàâëåíû òîïîëîãè÷åñêèå íîðìàëüíûå ôîðìû áèôóðêàöèé êîðàçìåðíîñòè îäèí.
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Ïàíîâ Å.Þ. (Ðîññèÿ, Âåëèêèé Íîâãîðîä)
Íîâãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè ßðîñëàâà Ìóäðîãî

evpanov@yandex.ru

Â îáëàñòè t, x > 0 ðàññìàòðèâàåòñÿ ìíîãîôàçíàÿ çàäà÷à Ñòåôàíà

ut = a2iuxx, ui < u < ui+1, i = 0, . . . ,m, (1)

ãäå u0 < u1 < · · · < um < um+1 = +∞, ui, i = 1, . . . ,m � òåìïåðàòóðû ôàçîâûõ ïåðåõîäîâ,
ai > 0, i = 0, . . . ,m, � êîýôôèöèåíòû äèôôóçèè äëÿ i-îé ôàçû. Ðàññìàòðèâàþòñÿ íåïðåðûâ-
íûå, íåâîçðàñòàþùèå ïî x ðåøåíèÿ u = u(t, x), óäîâëåòâîðÿþùèå (1) â êëàññè÷åñêîì ñìûñëå â
îáëàñòÿõ ui < u(t, x) < ui+1, i = 0, . . . ,m. Íà íåèçâåñòíûõ ëèíèÿõ x = xi(t) ôàçîâûõ ïåðåõîäîâ,
ãäå u = ui, äîëæíî âûïîëíÿòüñÿ óñëîâèå Ñòåôàíà

dix
′
i(t) + kiux(t, xi(t)−)− ki−1ux(t, xi(t)+) = 0, (2)

76Ðàáîòû âûïîëíåíà ïðè ïîääåðæêè ãðàíòà ÐÍÔ � 23-11-00142.
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â êîòîðîì ki > 0 � êîýôôèöèåíò òåïëîïðîâîäíîñòè i-îé ôàçû, à di ⩾ 0 � ñêðûòàÿ óäåëüíàÿ
òåïëîòà i-ãî ôàçîâîãî ïåðåõîäà. Äîáàâèì ê íàøåé çàäà÷å òàêæå íà÷àëüíîå è êðàåâîå óñëîâèÿ

u(0, x) = u0, ux(t, 0) = bN t
−1/2, (3)

ãäå bN < 0. Ââèäó èíâàðèàíòíîñòè çàäà÷è (1),(2),(3) îòíîñèòåëüíî ãðóïïû ïðåîáðàçîâàíèé
(t, x) → (λ2t, λx), λ > 0, åñòåñòâåííî èñêàòü àâòîìîäåëüíîå ðåøåíèå u = u(t, x) = u(ξ),
ξ = x/

√
t. Èç óñëîâèÿ (3) ñëåäóåò, ÷òî u′(0) = bN , u(+∞)

.
= lim

ξ→+∞
u(ξ) = u0. Òàê êàê bN < 0,

ôóíêöèÿ u(ξ) íå âîçðàñòàåò. Áóäåì íàçûâàòü òèïîì ðåøåíèÿ êîëè÷åñòâî ó÷àñòâóþùèõ â í¼ì
ôàçîâûõ ïåðåõîäîâ n ∈ 0,m, òàê ÷òî un < u(0) ⩽ un+1. Ðåøåíèå çàäà÷è (1), (2), (3) òèïà n
ïîëó÷àåòñÿ �ñêëåèâàíèåì� àâòîìîäåëüíûõ ðåøåíèé óðàâíåíèé òåïëîïðîâîäíîñòè (1) è èìååò
âèä:

u(ξ) = ui +
ui+1 − ui

F (ξi+1/ai)− F (ξi/ai)
(F (ξ/ai)− F (ξi/ai)), ξi+1 < ξ < ξi, i = 0, . . . , n− 1,

u(ξ) = un + anbN
√
π(F (ξ/an)− F (ξn/an)), 0 < ξ < ξn.

ãäå +∞ = ξ0 > ξ1 > · · · > ξn > ξn+1 = 0, F (ξ) = 1√
π

∫ ξ
0 e

−s2/4ds (ñ÷èòàåì, ÷òî F (+∞) = 1). Ïðè

n > 0 òî÷êè ξ = ξi, i = 1, . . . , n, íà êîòîðûõ u = ui, íåèçâåñòíû è ïîäëåæàò îïðåäåëåíèþ èç
óñëîâèé (2). Îêàçàëîñü, ÷òî ýòè óñëîâèÿ ñâîäÿòñÿ ê ðàâåíñòâó ∇E = 0, ãäå ôóíêöèÿ

E(ξ̄) = −
n−1∑
i=0

ki(ui+1 − ui) ln(F (ξi/ai)− F (ξi+1/ai))

+knanbN
√
πF (ξn/an) +

1

4

n∑
i=1

diξ
2
i , ξ̄ = (ξ1, . . . , ξn) ∈ Ω,

çàäàíà è ñòðîãî âûïóêëà â îòêðûòîì êîíóñå Ω ⊂ Rn, îïðåäåëÿåìûì íåðàâåíñòâàìè
ξ1 > · · · > ξn > 0. Òàêèì îáðàçîì, ðåøåíèå òèïà n ñîîòâåòñòâóåò åäèíñòâåííîé òî÷êå
ãëîáàëüíîãî ìèíèìóìà ôóíêöèè E(ξ̄). Äëÿ ñóùåñòâîâàíèÿ ýòîãî ãëîáàëüíîãî ìèíèìóìà
íåîáõîäèìûì è äîñòàòî÷íûì ÿâëÿåòñÿ óñëîâèå

kn > k̄n
.
= − kn−1(un − un−1)√

πan−1bNF (ξ0n−1/an−1)
, (4)

â êîòîðîì ξ0n−1 òî÷êà ôàçîâîãî ïåðåõîäà (ñ òåìïåðàòóðîé un−1) äëÿ àâòîìîäåëüíîãî ðåøåíèÿ
uD(ξ) çàäà÷è Ñòåôàíà (1), (2) ñ íà÷àëüíûì óñëîâèåì u(0, x) = u0 è êðàåâûì óñëîâèåì Äèðèõëå
u(t, 0) = un (äîêàçûâàåòñÿ, ÷òî âñåãäà ñóùåñòâóåò åäèíñòâåííîå àâòîìîäåëüíîå ðåøåíèå ýòîé
çàäà÷è è îíî íå çàâèñèò íè îò bN , íè îò ïàðàìåòðîâ ai, ki, di ïðè i ⩾ n). Ïðè n = 1 ïîëàãàåì
â (4) ξ0n−1 = +∞, òàê ÷òî F (ξ0n−1/an−1) = 1. Åñëè çíà÷åíèå kn − k̄n > 0 äîñòàòî÷íî ìàëî, òî
âûïîëíåíî è óñëîâèå

u(0) = un − anbNF (ξn/an) ⩽ un+1,

îçíà÷àþùåå, ÷òî òèï ðåøåíèÿ äåéñòâèòåëüíî ðàâåí n. Ïðè n = 0 ýòî óñëîâèå èìååò âèä
u0 − a0bN ⩽ u1 è ìîæåò áûòü äîñòèãíóòî âûáîðîì a0. Âûáèðàÿ ïîñëåäîâàòåëüíî ïàðàìåòðû
a0, ki, i = 1, . . . ,m, ìû ìîæåì äîáèòüñÿ âûïîëíåíèÿ (èëè íàðóøåíèÿ) óñëîâèé ñóùåñòâîâàíèÿ
ðåøåíèé òèïà n ïðè âñåõ n = 0, . . . ,m. Ïîýòîìó, äëÿ ëþáîãî ïîäìíîæåñòâà I ⊂ 0,m ìîæíî
òàê âûáðàòü ïàðàìåòðû çàäà÷è, ÷òî ñóùåñòâóþò ðåøåíèÿ òåõ è òîëüêî òåõ òèïîâ n, êîòîðûå
âõîäÿò â I. Â ÷àñòíîñòè, â îáùåì ñëó÷àå íàðóøåíû êàê ñóùåñòâîâàíèå, òàê è åäèíñòâåííîñòü
ðåøåíèÿ.
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Îáñóæäàåòñÿ ìîäåëèðîâàíèÿ ñòðåìèòåëüíûõ êðèçèñîâ â õîäå èíâàçèîííîãî ïðîöåññà íà
îñíîâå óðàâíåíèé, ãäå ñòîõàñòè÷åñêèå ôàêòîðû ó÷òåíû âîçìóùåíèåì çàïàçäûâàíèÿ. Ïðîáëåìà
ìîäåëèðóåìîé ñèòóàöèè èíâàçèè â òîì, ÷òî ðåãóëèðóåìîå ïðîòèâîäåéñòâèå àãðåññèâíî
ðàçìíîæàþùåìóñÿ âèäó â áèîëîãè÷åñêîì ñîîáùåñòâå âûðàáàòûâàåòñÿ ñ çàïàçäûâàíèåì è
ïðèâîäèò ê ðåçêîìó ïåðåõîäó â ôàçó äåïðåññèè ÷èñëåííîñòè âñåëåíöà, íî ýòî çàïàçäûâàíèå íå
êîíñòàíòà. Íàïðàâëåíèå ïðîäîëæàåì ðàçâèâàòü â ìîäèôèêàöèè ñ Ṅ = rF (N(t))Θ:

dN

dt
= rN(t)

(1−N(t)/(K + ϑN)Θ

(1−N(t))/K(1− γ)
.

Ðåøåíèÿ ïîäîáíûõ ìîäåëåé îïèñûâàþò óðàâíîâåøèâàþùèåñÿ ïðîöåññû ∀N(0) > 0. Íå âñå
óðàâíåíèÿ èìååò ñìûñë äîïîëíÿòü âêëþ÷åíèåì t−τ . Îòëè÷èå ìîäåëåé îãðàíè÷åííîãî ðîñòà �
ïîëîæåíèå òî÷êè ïåðåãèáà Np ̸= 0 íà ãðàôèêå N(t). Äëÿ ìîäåëè îðäèíàòà òî÷êè ïåðåãèáà
Np = K/2, àáñöèññà tp = r−1 ln(K − N(0))/N(0). Ïîëîæåíèå îðäèíàòû òî÷êè ïåðåãèáà Np

óñòàíîâèì äëÿ îïòèìàëüíîé ýêñïëóàòàöèè c èçúÿòèåì Ṅ = rf(N(t))−Q.
Ñðàâíèì äèíàìèêó ìîäåëè èíâàçèîííîãî ïðîöåññà äëÿ àãðåññèâíîãî âñåëåíöà ñ

N(t− τ) è ìîäåëü èíâàçèè â ôîðìå óðàâíåíèÿ ñ îòêëîíÿþùèìñÿ àðãóìåíòîì, ãäå âåëè÷èíà
çàïàçäûâàíèÿ τ âîçìóùåíà ðàâíîìåðíî ðàñïðåäåëåííîé ñëó÷àéíîé âåëè÷èíîé γ ∈ [−0.5, 0.5],
÷òî îòðàæàåò âëèÿíèå ñëó÷àéíûõ ôàêòîðîâ íà íåáîëüøóþ èñõîäíóþ ãðóïïó îñîáåé-âñåëåíöåâ.
Äëÿ âêëþ÷åíèÿ ñòîõàñòè÷åñêîé êîìïîíåíòû ëó÷øå âîçìóùàòü èìåííî âåëè÷èíó çàïàçäûâàíèÿ
γτ , ÷òî êà÷åñòâåííî îòðàçèòñÿ íà ñöåíàðèÿõ çàâåðøåí6èÿ èíâàçèîííîãî ïðîöåññà. Ýôôåêòû
çàïàçäûâàíèÿ ðàçäåëåíû íà òðè òèïà ïî áèîëîãè÷åñêîìó ãåíåçèñó è ðîëè â ðàçâèòèè ïðîöåññîâ.
Èíâàçèîííûå ïðîöåññû ïðîõîäÿò ýòàï êðèçèñíîé äèíàìèêè N(t) → 0 + ϵ è ñîïðîâîæäàþòñÿ
äëèòåëüíûìè îñöèëëÿöèÿìè. B ðåçóëüòàòå áèîñèñòåìà ïîëó÷èò íåñêîëüêî ñöåíàðèåâ äèíàìèêè
êðèçèñà, âêëþ÷àÿ ãèáåëü N(t∞) = 0.

Çàäàäèì ïîðîãîâîå ðàçâèòèå èíâàçèîííîãî ïîïóëÿöèîííîãî ïðîöåññà â óðàâíåíèè
c ôóíêöèåé ñîïðîòèâëåíèÿ ñðåäû Ṅ = F (N(t− τ))−Ψ(N(t− ν)). Ïîðîãîâûé ýôôåêò
ðåàêöèè àãðåññèâíîìó ðîñòó ÷èñëåííîñòè âñåëåíöà âûðàçèì lnK-ðåãóëÿöèåé â ôóíêöèè
ïðîòèâîäåéñòâèÿ Ψ(N(t − ν)) è ïðè Q > q,m ≥ 2, N(0) < J < K. Çàïàçäûâàíèå ν â ìîäåëè
âîçìóùåííî ðàâíîìåðíî ðàñïðåäåëåííîé ñëó÷àéíîé âåëè÷èíîé ν × γ íà îòðåçêå [0, 0.5ν]:

dN

dt
= rN(t) ln

(
K

N(t− τ)

)
−QN

m(t− ν × γ)

(J −N(t))2
− qN(t). (1)

Âìåñòî ñòàáèëèçàöèè N(t) → K,N(tS) < K è ïðåâûøåíèÿ ðàâíîâåñèÿ K ñòàäèÿ êðèçèñà
ñ âîçðàñòàíèåì F (N2; J−1) ïðè N → J è ïîòåíöèàë ðîñòà íå íèâåëèðîâàí lnK-ðåãóëÿöèåé.
Âðåìÿ àêòèâàöèè âàðèàòèâíî, íî íå ìåíåå τ1. Ïóñòü τ1 âàðüèðóåòñÿ ñëó÷àéíîé âåëè÷èíîé
γ â îãðàíè÷åííîì äèàïàçîíå. Ïðåäëîæèì ìîäåëü ñ âîçìóùåííûì ðàâíîìåðíîé ñëó÷àéíîé
âåëè÷èíîé çàïàçäûâàíèåì (t− τ1γ):

dN

dt
= rN(t) ln

(
K

N(t− τγ)

)
− δN2(t− τ1γ)

(J −N(t))2
− qN(t), δ > q, γ(ω) ∈ [1, 2]. (2)

Ïðè ïðèáëèæåíèè N(t) ê ïîðîãîâîìó çíà÷åíèþ J,N(0) < J < K ðåçêèé ïåðåõîä â ãëóáîêèé
ïîïóëÿöèîííûé êðèçèñ N(t) → 0+ϵ. Ñöåíàðèé ïðåîäîëåíèÿ êðèçèñà c îáðàçîâàíèåì êîëåáàíèé
N(t) → N∗(t), maxN∗(t) < J çàâèñèò îò ñòîõàñòè÷åñêèõ âðåìåííûõ ôàêòîðîâ. Ïîïóëÿöèÿ
ïîãèáàåò ïðè óâåëè÷åíèè ðåïðîäóêòèâíîãî ïîòåíöèàëà r. Ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò
r = r̄, ÷òî äëÿ ñîáûòèÿ limt→t̄N(t; r̄τ) = 0 âåðîÿòíîñòü P > 0 è ∃r̂ > r̄, t <∞ ðåàëèçóåòñÿ äëÿ
äàííîãî ñîáûòèÿ P = 1. r̂ êðèòè÷åñêèé ïîðîã ðåïðîäóêòèâíîé àêòèâíîñòè.

77Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ, ïðîåêò 23− 21− 00339.
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Ìåõàíèçì âîçáóæäåíèÿ ÷àíäëåðîâñêîãî êîëåáàíèÿ çåìíîãî ïîëþñà ÿâëÿåòñÿ îäíèì èç
èíòåðåñíåéøèõ âîïðîñîâ íàóêè. Èññëåäîâàíèå ïåðåìåííîñòè ïàðàìåòðîâ îñíîâíûõ êîìïîíåíò
êîëåáàíèé çåìíîãî ïîëþñà (êàê ÷àíäëåðîâñêîé, òàê è ãîäè÷íîé) âàæíî äëÿ çàäà÷è
ïðîãíîçèðîâàíèÿ äâèæåíèÿ ïîëþñà è íåîáõîäèìî äëÿ èçó÷åíèÿ ìåõàíèçìà âîçáóæäåíèÿ è
ïîääåðæàíèÿ ÷àíäëåðîâñêîããî êîëåáàíèÿ.

Ñèíôàçíîñòü âàðèàöèé ïàðàìåòðîâ îñíîâíûõ êîìïîíåíò (÷àíäëåðîâñêîãî è ãîäè÷íîãî
êîëåáàíèé) äâèæåíèÿ çåìíîãî ïîëþñà è ïðåöåññèè ëóííîé îðáèòû áûëà óñòàíîâëåíà â [1]-
[3]. Âûÿâëåí íåñòàöèîíàðíûé õàðàêòåð àìïëèòóä íàéäåííîãî êîëåáàòåëüíîãî ïðîöåññà â
÷àíäëåðîâñêîé è ãîäè÷íîé êîìïîíåíòàõ, à ÷àñòîòû è ôàçû äîñòàòî÷íî ñòàáèëüíû [1]-
[3]. Ýòî óêàçûâàåò íà íàëè÷èå ðåãóëÿðíîñòè âîçìóùåíèé, à ðàçìûòîñòü ïèêîâ â ñïåêòðå,
âîçíèêàþùàÿ âñëåäñòâèå íåñòàöèîíàðíîñòè àìïëèòóä, � íà âëèÿíèå ãåîôèçè÷åñêèõ ïðîöåññîâ.
Â òî æå âðåìÿ, íàéäåííûå ãàðìîíèêè òîëüêî ÷àñòè÷íî ìîãóò áûòü îáóñëîâëåíû êîëåáàíèÿìè
ïîäâèæíûõ ñðåä àòìîñôåðû è îêåàíà [4].

Ïðîñòåéøàÿ ìîäåëü äâèæåíèÿ ïîëþñà [5] ïðåäñòàâëÿåò ñîáîé äèôôåðåíöèàëüíûå
óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè îòíîñèòåëüíî êîîðäèíàò ïîëþñà xp, yp,
ñîäåðæàùèå äèññèïàòèâíûå ñëàãàåìûå, è ïðàâîé ÷àñòüþ µx, µy, îáóñëîâëåííîé âîçìóùåíèÿìè
ðàçëè÷íîãî õàðàêòåðà (ãðàâèòàöèîííûìè, àòìîñôåðíûìè, îêåàíè÷åñêèìè è äðóãèìè),
ïðèâîäÿùèìè ê íàáëþäàåìîìó äâèæåíèþ ïîëþñà. Îäíàêî èññëåäóåìûå âàðèàöèè äàæå ñ
ó÷¼òîì èçâåñòíûõ ãåîôèçè÷åñêèõ âîçìóùåíèé íå óäà¼òñÿ îáúÿñíèòü â ðàìêàõ ïðîñòåéøåé
ìîäåëè.

Â äàííîé ðàáîòå èññëåäóåòñÿ ìåõàíèçì âîçáóæäåíèÿ íàéäåííûõ êîëåáàíèé íà îñíîâå
áîëåå ñëîæíîé ìîäåëè ïîëþñíîãî ïðèëèâà â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ äâèæåíèÿ
ïîëþñà:

ẋp − (N + acxΩ cosΩ + asxΩ sinΩ) yp = σxp + µx, xp(t0) = x0,
ẏp +

(
N + acyΩ cosΩ + asyΩ sinΩ

)
xp = σyp + µy, yp(t0) = y0,

(1)

ãäå N � ÷àíäëåðîâñêàÿ ÷àñòîòà, σ � êîýôôèöèåíò äèññèïàöèè, Ω � äîëãîòà âîñõîäÿùåãî óçëà
ëóííîé îðáèòû, µx, µy � âîçìóùåíèÿ.

Â ìîäåëè (1) ó÷èòûâàþòñÿ ïðèëèâíûå äåôîðìàöèè ìàíòèè Çåìëè, êîòîðûå ïîëó÷àþòñÿ
êàê êîìáèíàöèÿ âëèÿíèé ñìåùåíèÿ ïîëþñà è äîëãîïåðèîäè÷åñêîãî âîçìóùåíèÿ îò Ëóíû.
Óðàâíåíèÿ (1) ïðåäñòàâëÿþò ñîáîé óðàâíåíèÿ ñ ìåäëåííî ìåíÿþùèìèñÿ ïàðàìåòðàìè,
à èìåííî ñ 18-ëåòíåé âàðèàöèåé ÷àíäëåðîâñêîé ÷àñòîòû, êîòîðàÿ äîñòàòî÷íî õîðîøî
íàáëþäàåìà â ÷àíäëåðîâñêîì ïåðèîäå.

Íà îñíîâå ìîäåëè (1) äâèæåíèÿ ïîëþñà è ÷èñëåííîé îáðàáîòêè äàííûõ íàáëþäåíèé
îïðåäåëåíû ïàðàìåòðû óðàâíåíèé (1), ñîîòâåòñòâóþùèå íàáëþäàåìîìó êîëåáàòåëüíîìó
ïðîöåññó ñ ÷àñòîòîé ïðåöåññèè ëóííîé îðáèòû êàê â ÷àíäëåðîâñêîé êîìïîíåíòå, òàê è â
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ãîäè÷íîé. Èñïîëüçîâàíèå ìîäåëè ïîçâîëÿåò ñóùåñòâåííî ïîâûñèòü òî÷íîñòü ïðîãíîçèðîâàíèÿ
ïîëîæåíèÿ ïîëþñà.
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Ñîëíöå è Ëóíà îêàçûâàþò íàèáîëüøåå âîçäåéñòâèå íà äâèæåíèå Çåìëè ïî îðáèòå è
ïåðåìåùåíèå å¼ ïîäâèæíûõ ñðåä. Ìîìåíò ñèë ãðàâèòàöèîííîãî âîçìóùåíèÿ îò Ëóíû ïðèâîäèò
ê èçìåíåíèþ óãëîâ ïðåöåññèè è íóòàöèè Çåìëè, êîòîðûå èñïûòûâàþò íàèáîëüøèå âàðèàöèè ñ
ïåðèîäîì 18.61 ëåò ïðåöåññèè îðáèòû Ëóíû [1]. Ìîæíî ïîêàçàòü, ÷òî óêàçàííûå âàðèàöèè
ïðèñóùè è äâèæåíèþ ìãíîâåííîé îñè âðàùåíèÿ Çåìëè â ñâÿçàííîé ñèñòåìå êîîðäèíàò.
Ðàíåå áûëî ïðåäëîæåíî ïðåîáðàçîâàíèå êîîðäèíàò çåìíîãî ïîëþñà, ïîçâîëÿþùåå óñòàíîâèòü
ñèíôàçíîñòü âàðèàöèé â åãî äâèæåíèè è ïðåöåññèè ëóííîé îðáèòû [2]-[4]. Ïåðåõîä îò èñõîäíîé
çåìíîé ñèñòåìû êîîðäèíàò (x, y) ê íîâîé ñèñòåìå (ξp, ηp), â êîòîðîé ïîëþñ ñîâåðøàåò
êîëåáàíèÿ, ñèíôàçíûå ñ ïðåöåññèîííûì äâèæåíèåì ëóííîé îðáèòû, â ìàòðè÷íîé çàïèñè
çàäà¼òñÿ âûðàæåíèåì:(

ξp
ηp

)
= Π(w2 − w1)

[
Π(w1)

(
x− cx
y − cy

)
−
(
a0
0

)]
, (1)

w2 =

{
wh, åñëè ah < ach,
wch, åñëè ach < ah,

w1 =

{
wch, åñëè ah < ach,
wh, åñëè ach < ah,

ẇh = νω∗, ẇch = Nω∗.

Çäåñü Π(α) � ìàòðèöà ïëîñêîãî ïîâîðîòà íà óãîë α; a0 � ñðåäíåå çíà÷åíèå àìïëèòóäû
êîëåáàíèé ïîëþñà ïðè åãî äâèæåíèè âîêðóã �ñðåäíåé òî÷êè� çà 6-ëåòíèé öèêë (áåç
òðåíäîâîé ñîñòàâëÿþùåé); cx, cy çàäàþò ïîëîæåíèå �ñðåäíåé òî÷êè� ïîëþñà è ñîäåðæàò
êîíñòàíòû, âåêîâûå ñëàãàåìûå è âàðèàöèè ñ ïåðèîäàìè áîëåå øåñòè ëåò; ach, ah � àìïëèòóäû
÷àíäëåðîâñêîé è ãîäè÷íîé ãàðìîíèê ñ ôàçàìè wch, wh, ñîîòâåòñòâåííî; N ∼= 0.843, ν = 1 �
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÷àíäëåðîâñêàÿ è ãîäè÷íàÿ ÷àñòîòû, èçìåðÿåìûå â öèêëàõ/ãîä; ω∗ � ñðåäíåå äâèæåíèå
áàðèöåíòðà ñèñòåìû Çåìëÿ-Ëóíà ïî îðáèòå âîêðóã Ñîëíöà; ẇ2 − ẇ1 = ± νT ω∗ � ÷àñòîòà
øåñòèëåòíåé öèêëè÷íîñòè äâèæåíèÿ ïîëþñà.

Â äàííîé ðàáîòå ïðåäëîæåí âòîðîé ñïîñîá ïðåîáðàçîâàíèÿ êîîðäèíàò çåìíîãî ïîëþñà
ê ñèñòåìå, â êîòîðîé åãî äâèæåíèå ïðîèñõîäèò ñèíôàçíî ñ èçìåíåíèåì îðèåíòàöèè ïëîñêîñòè
ëóííîé îðáèòû ïî îòíîøåíèþ ê ýêâàòîðó Çåìëè. Ïåðâûé ñïîñîá ïðåîáðàçîâàíèÿ èñïîëüçîâàë
òîëüêî ÷èñëåííóþ îáðàáîòêó äàííûõ íàáëþäåíèé, à âòîðîé îñíîâàí íà êèíåìàòè÷åñêèõ
ñâîéñòâàõ äâèæåíèÿ ïîëþñà.

Ñ ïîìîùüþ ÷èñëåííîé îáðàáîòêè ðÿäà C01 äàííûõ íàáëþäåíèé è èçìåðåíèé î
äâèæåíèè çåìíîãî ïîëþñà íà äëèòåëüíîì èíòåðâàëå âðåìåíè, íà÷èíàÿ ñ 1900 ãîäà, âûäåëåí
êîëåáàòåëüíûé ïðîöåññ çåìíîãî ïîëþñà, ñâÿçàííûé ñ ïðåöåññèîííûì äâèæåíèåì îðáèòû Ëóíû.
Ïîêàçàíî, ÷òî â íîâîé ñèñòåìå êîîðäèíàò (ξp, ηp) ïîñëå ïðåîáðàçîâàíèÿ ïîëÿðíûé ðàäèóñ b
ñîâåðøàåò êîëåáàíèÿ, ñèíôàçíûå ñ êîëåáàíèÿìè óãëà íàêëîíà ïëîñêîñòè ëóííîé îðáèòû ê
çåìíîìó ýêâàòîðó, à êîëåáàíèÿ ïîëÿðíîãî óãëà δφ ïðîèñõîäÿò ñèíôàçíî ñ îòêëîíåíèåì θ âäîëü
ýêâàòîðà òî÷êè ïåðåñå÷åíèÿ ëóííîé îðáèòû ñ ýêâàòîðîì.
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Òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè äëÿ îäíîãî êëàññà
èíòåãðàëüíûõ óðàâíåíèé òèïà Ãàììåðøòåéíà

ñ ìîíîòîííîé íåëèíåéíîñòüþ78
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Äîêëàä ïîñâÿùåí èññëåäîâàíèþ âîïðîñîâ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè íåîòðèöà-
òåëüíîãî íåòðèâèàëüíîãî è îãðàíè÷åííîãî ðåøåíèÿ îäíîãî êëàññà íåëèíåéíûõ èíòåãðàëüíûõ
óðàâíåíèé òèïà Ãàììåðøòåéíà. Òàêèå óðàâíåíèÿ âîçíèêàþò â êèíåòè÷åñêîé òåîðèè ãàçîâ
â ðàìêàõ ìîäèôèöèðîâàííîé ìîäåëè Áõàòíàãàðà-Ãðîññà-Êðóêà ïðè èçó÷åíèè íåëèíåéíîãî
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Áîëüöìàíà. Äîêàçûâàåòñÿ êîíñòðóêòèâíàÿ òåîðåìà
ñóùåñòâîâàíèÿ íåîòðèöàòåëüíîãî íåòðèâèàëüíîãî è îãðàíè÷åííîãî ðåøåíèÿ. Èññëåäóåòñÿ
àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ íà áåñêîíå÷íîñòè. Â îïðåäåëåííîì ïîäêëàññå íåîòðè-
öàòåëüíûõ íåòðèâèàëüíûõ è îãðàíè÷åííûõ ôóíêöèé äîêàçûâàåòñÿ òàêæå åäèíñòâåííîñòü
ïîñòðîåííîãî ðåøåíèÿ. Ïðèâîäÿòñÿ êîíêðåòíûå ïðèêëàäíûå ïðèìåðû ÿäðà è íåëèíåéíîñòè
èññëåäóåìîãî óðàâíåíèÿ.

78Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà ïî íàóêå ÐÀ â ðàìêàõ íàó÷íîãî ïðîåêòà
no. 21T-1A047.
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Â äîêëàäå ðàññìîòðåíà ïî÷òè ëîðåíöåâà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ íà ïëîñêîñòè
Ãðóøèíà â ñëåäóþùåé ïîñòàíîâêå:

q̇ = u1X1(q) + u2X2(q),

q ∈M = R2
x,y

q(0) = q0 = (0, 0), q(t1) = q1 = (x1, y1),

X1 =
∂

∂x
, X2 = x

∂

∂y
.

Èñ÷åðïûâàþùå èññëåäîâàíû íîðìàëüíûå è àíîðìàëüíûå îïòèìàëüíûå òðàåêòîðèè (ëîðåíöåâû
äëèííåéøèå) ñ èñïîëüçîâàíèåì ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà, âû÷èñëåíî ìíîæåñòâî
äîñòèæèìîñòè, ñôåðû è ðàññòîÿíèå â ëîðåíöåâîé ìåòðèêå äëÿ ñëåäóþùèõ êëàññîâ óïðàâëåíèÿ
è ôóíêöèîíàëîâ êà÷åñòâà :

u ∈ U = {(u1, u2) ∈ R2 | u1 ≥ |u2|}, l =

∫ t1

0

√
u21 − u22 dt→ max,

u ∈ U = {(u1, u2) ∈ R2 | u2 ≥ |u1|}, l =

∫ t1

0

√
u22 − u21 dt→ max,

u ∈ U = {(u1, u2) ∈ R2 | u1, u2 ≥ 0}, l =

∫ t1

0

√
u1u2 dt→ max .
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Äðîáíûå óðàâíåíèÿ è èõ àïïðîêñèìàöèÿ80
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Ìû ðàññìàòðèâàåì äèñêðåòèçàöèÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ðàçíîñòíûìè
ñõåìàìè. À èìåííî, ðàññìàòðèâàþòñÿ äðîáíûå óðàâíåíèÿ

Dαu(t) = Au(t) + f(t), u(0) = u0,

â áàíàõîâîì ïðîñòðàíñòâå è îíè àïïðîêñèìèðóþòñÿ ÿâíûìè è íåÿâíûìè ðàçíîñòíûìè ñõåìàìè.
Òàêèå çàäà÷è îòëè÷àþòñÿ îò êëàññè÷åñêèõ òåì, ÷òî ãëàäêîñòü íà÷àëüíûõ äàííûõ è ñêîðîñòü
ñõîäèìîñòè ðàçíîñòíûõ ñõåì èìåþò [1] � [4] ñïåöèôè÷åñêóþ ñâÿçü O(τα).

Î òàêîé ñïåöèôèêå äëÿ äðîáíûõ óðàâíåíèé ìû è ïîãîâîðèì.

79Èññëåäîâàíèå âûïîëíåíî â ÈÏÑ èì. À.Ê.Àéëàìàçÿíà ÐÀÍ çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà
� 22-11-00140, https://rscf.ru/project/22-11-00140/.

80Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÍÔ N 23-21-00005.
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Â ïîñëåäíèå äåñÿòåëèòèÿ çàäà÷è îá èññëåäîâàíèè äèíàìèêè ñëîæíûõ ñåòåâûõ ñèñòåì
ïðèâëåêàþò ñïåöèàëèñòîâ â ðàçëè÷íûõ îáëàñòÿõ íàóêè. Ñàìûì èçó÷åííûì ñîñòîÿíèåì
äèíàìè÷åñêîé ñåòè ÿâëÿåòñÿ ñîñòîÿíèå ñèíõðîíèçàöèè, äëÿ êîòîðîãî áûëî ââåäåíî íåñêîëüêî
îïðåäåëåíèé [1] è ïîëó÷åíî ìíîæåñòâî ðåçóëüòàòîâ, â òîì ÷èñëå è ìàòåìàòè÷åñêèõ.
Äðóãèå âîçìîæíûå ñîñòîÿíèÿ äèíàìè÷åñêèõ ñåòåé ìàëî èçó÷åíû íà äàííûé ìîìåíò,
îñîáåííî ìàëî ïîëó÷åíî ìàòåìàòè÷åñêèõ ðåçóëüòàòîâ. Â äàííîé ðàáîòå ââîäèòñÿ îïðåäåëåíèå
êîîðäèíàòíîé äåñèíõðîíèçàöèè è ïðèâîäèòñÿ òåîðåìà, óñòàíàâëèâàþùàÿ äîñòàòî÷íûå óñëîâèÿ
äåñèíõðîíèçàöèè â íåëèíåéíûõ äèíàìè÷åñêèõ ñåòÿõ. Ïðèâåäåííûå ðåçóëüòàòû îñíîâàíû íà
ðàáîòàõ Â.À. ßêóáîâè÷à î êîëåáàòåëüíîñòè äèíàìè÷åñêèõ ñèñòåì [2], [3].

Ðàññìîòðèì N îáúåêòîâ (ïðîöåññîâ) ñ ñîñòîÿíèÿìè xi(t) ñî çíà÷åíèÿìè â Rn. Ââåäåì
äëÿ íèõ ñðåäííþþ äèíàìèêó x̄ = 1/N

∑N
i=1 xi è îøèáêè ñèíõðîíèçàöèè ei = xi − x̄.

Îïðåäåëåíèå 1. Ñåòü èç N îáúåêòîâ (ïðîöåññîâ) áóäåì íàçûâàòü ÷àñòè÷íî
äåñèíõðîíèçèðîâàííîé, åñëè ñóùåñòâóþò âûõîä ψ = η(ei), ãäå η : Rn → R � íåïðåðûâíàÿ
ôóíêöèÿ, è äîñòàòî÷íî áîëüøèå ∆i > 0 òàêèå, ÷òî äëÿ íåêîòîðûõ i = 1, . . . , N âûõîä
ψ = η(ei) ÿâëÿåòñÿ (α, β)-êîëåáàòåëüíûì è âûïîëíåíû íåðàâåíñòâà β − α ⩾ ∆i, ∀t ⩾ 0.

Åñëè íåðàâåíñòâà âûïîëíåíû äëÿ âñåõ i = 1, . . . , N , òî ñåòü íàçûâàåòñÿ ïîëíîñòüþ
äåñèíõðîíèçèðîâàííîé.

Ðàññìîòðèì îäíîðîäíóþ ñåòü èç N íåëèíåéíûõ ñèñòåì â íîðìàëüíîé ôîðìå:

ẏi(t) = fy(yi(t), zi(t))− ui(t),

żi(t) = f z(yi(t), zi(t)),
(1)

ãäå yi, ui ∈ Rm � âûõîä è âõîä i-é ñèñòåìû,ñîîòâåòñòâåííî, à zi ∈ Rn−m � åå íîëü-äèíàìèêà.
Âåêòîð-ôóíêöèè fy : Rm × Rn−m → Rm, f z : Rm × Rn−m → Rn−m ÿâëÿþòñÿ ëîêàëüíî
ëèïøèöåâûìè.

Ïóñòü ñâÿçè ìåæäó ñèñòåìàìè áóäóò ëèíåéíûìè äèôôóçèîííûìè:

ui(t) =

N∑
j=1

aij [yj(t)− yi(t)], (2)

ãäå aij � êîýôôèöèåíòû ñâÿçè ìåæäó ñîîòâåòñòâóþùèìè óçëàìè. Ââåäåì âåêòîðû ñîñòîÿíèÿ
xi = col(yi, zi) êàæäîé ñèñòåìû (1).

Òåîðåìà 1. Ïóñòü âñå ðåøåíèÿ ñåòè (1), (2) îãðàíè÷åíû, à ãðàô ñåòè ÿâëÿåòñÿ
íåîðèåíòèðîâàííûì. Ïóñòü âñå ïîëîæåíèÿ ðàâíîâåñèÿ x∗

j íåñâÿçàííîé ñèñòåìû (1)
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ÿâëÿþòñÿ ëîêàëüíî óñòîé÷èâûìè, à âñå ìàòðèöû ëèíåàðèçîâàííîé ñåòè (1), (2) âîêðóã
êàæäîãî èç ïîëîæåíèé ðàâíîâåñèÿ col(x∗

j , . . . ,x
∗
j )N , èìåþò õîòÿ áû îäíî ñîáñòâåííîå ÷èñëî ñ

ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ è íå èìåþò ÷èñòî ìíèìûõ ñîáñòâåííûõ ÷èñåë. Òîãäà
ñåòü (1), (2) ÿâëÿåòñÿ ÷àñòè÷íî äåñèíõðîíèçèðîâàííîé ïðè íåêîòîðîì ∆ > 0. Åñëè (N − 1)n
ñîáñòâåííûõ ÷èñëåë ìàòðèö ëèíåàðèçîâàííîé ñåòè èìåþò ïîëîæèòåëüíûå âåùåñòâåííûå
÷àñòè, òî ñåòü (1), (2) áóäåò ïîëíîñòüþ äåñèíõðîíèçèðîâàíà ïðè íåêîòîðîì ∆ > 0, åñëè
íà÷àëüíûå äàííûå íå ëåæàò â ìíîæåñòâå Ω = {x : x = x∗

j}.
Äîêàçàòåëüñòâî äàííîé òåîðåìû îñíîâàíî íà êîîðäèíàòíîì ïðåîáðàçîâàíèè, îïèñàííîì

â ðàáîòå [4], ïîçâîëÿþùåì ðàññìîòðåòü ñèñòåìó (1), (2) â íîâûõ êîîðäèíàòàõ ñðåäíÿÿ
äèíàìèêà � îøèáêè ñèíõðîíèçàöèè, è ïðèìåíåíèè òåîðåìû î êîëåáàòåëüíîñòè, ïðåäëîæåííîé
Â.À. ßêóáîâè÷åì ê ñèñòåìå èç îøèáîê ñèíõðîíèçàöèè.
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Ìîäåëèðîâàíèå äâèæåíèÿ òðàíñïîðòíîãî ïîòîêà
íà ó÷àñòêàõ ñ ðàçëè÷íûìè ñêîðîñòíûìè ðåæèìàìè81

Ïîãðåáíÿê Ì.À. (Ðîññèÿ, ßðîñëàâëü)
ßðîñëàâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ï.Ã. Äåìèäîâà

pogrebnyakmaksim@mail.ru

Ðàáîòà ïîñâÿùåíà ðàñøèðåíèþ ìàòåìàòè÷åñêîé ìîäåëè äâèæåíèÿ òðàíñïîðòíîãî ïîòîêà,
ïðåäëîæåííîé â [1, 2]. Ðàñøèðåííàÿ ìîäåëü îïèñûâàåò äèíàìèêó äâèæåíèÿ íåñêîëüêèõ
àâòîìîáèëåé íà ó÷àñòêàõ ñ ðàçëè÷íûìè ñêîðîñòíûìè ðåæèìàìè.

Ðàçäåëèì âåñü ó÷àñòîê äîðîãè íà M ∈ N èíòåðâàëîâ. Îáîçíà÷èì çà φm íà÷àëî m-îãî
èíòåðâàëà.

Áóäåì ñ÷èòàòü, ÷òî âîäèòåëü òðàíñïîðòíîãî ñðåäñòâà ñòðåìèòñÿ åõàòü ñ ìàêñèìàëüíîé
äîïóñòèìîé ñêîðîñòüþ íà êàæäîì ó÷àñòêå:

V m
max,n = vmmax,n, åñëè φm ≤ xn(t) < φm+1.

Ââåäåì ôóíêöèþ V m
min,n âèäà:

V m
min,n = min(ẋn−1(t− τ), vm+1

max,n), ïðè n > 1 è φm ≤ xn(t) < φm+1,

áóäåò îïèñûâàòü ñêîðîñòü ïîä êîòîðóþ òðàíñïîðòíîå ñðåäñòâî äîëæíî ïîäñòðàèâàòü ñâîþ
òåêóùóþ ñêîðîñòü (V m

min,1 = V m+1
max,1).

Òðàíñïîðòíîå ñðåäñòâî äîëæíî çàðàíåå îáðàòèòü âíèìàíèå íà íà÷àëî ñëåäóþùåãî
èíòåðâàëà è ïîäñòðîèòü ñâîþ ñêîðîñòü:

Φmn =

{
min(φm+1

n , xn−1(t− τ)), φm ≤ xn(t) < φm+1 è ẋn ≥ V m+1
max,n,

xn−1(t− τ), φm ≤ xn(t) < φm+1 è ẋn < V m+1
max,n.

Òàêèì îáðàçîì, ìîäåëü äëÿ äâèæåíèÿ òðàíñïîðòíîãî ïîòîêà íà ó÷àñòêàõ ñ ðàçëè÷íûìè
ñêîðîñòíûìè èíòåðâàëàìè áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:

ẍ1(t) =R
m
1

[
a1
(
V m
max,1 − ẋ1(t)

)]
− (1−Rm1 )Hm

1 ,

ẍn(t) =R
m
n [an (P

m
n − ẋn(t))]− (1−Rmn )H

m
n ,

xn(t) = λn, ẋn(t) = vn, ïðè t ∈ [−τ, 0],
81Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò �21-71-30011).

236



ãäå an > 0 � êîýôôèöèåíò ÷óâñòâèòåëüíîñòè. Pmn � ëîãèñòè÷åñêàÿ ôóíêöèÿ âèäà:

Pmn =
V m
max,n − V m

n

1 + exp[kn(−∆xmn (t, τ) + Smn )]
+ V m

n ,

â êîòîðîé ∆xmn (t, τ) = Φmn −xn(t), kn > 0 � ñêîðîñòü ëîãèñòè÷åñêîãî ðîñòà. Ôóíêöèÿ V m
n èìååò

âèä:
V m
n = min (ẋn−1(t− τ), V m

max,n) ïðè n > 1, V m
1 = V m

max,1.

Sn � ïàðàìåòð ëîãèñòè÷åñêîé êðèâîé, êîòîðûé îòðàæàåò ðàññòîÿíèå, íà÷èíàÿ ñ êîòîðîãî
âëèÿíèå âïåðåäè èäóùåãî àâòîìîáèëÿ ïåðåñòàåò ïðåâàëèðîâàòü íàä ïðåñëåäóþùèì:

Smn = (τ + tb)ẋn(t) + ẋ2n(t)/2µg + ln + τ∆ẋmn (t, τ),

â êîòîðîé ∆ẋmn (t, τ) = V m
min,n − ẋn(t), τ � âðåìÿ ðåàêöèè âîäèòåëÿ, τb � âðåìÿ ñðàáàòûâàíèÿ

òîðìîçíîé ñèñòåìû, µ � êîýôôèöèåíò òðåíèÿ ñêîëüæåíèÿ, g � óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ.
Ïàðàìåòð ln � ñóììà áåçîïàñíîãî ðàññòîÿíèÿ ìåæäó äâóìÿ ñîñåäíèìè àâòîìîáèëÿìè è äëèíû
âïåðåäè èäóùåé ìàøèíû.

Ôóíêöèÿ Õåâèñàéäà Hm
n èìååò âèä:

Hm
n =


qn

(
ẋn(t)

∆ẋmn (t, τ)

∆lxmn (t, τ)

)2

, qn

(
ẋn(t)

∆ẋmn (t, τ)

∆lxmn (t, τ)

)2

≤ µg,

µg, qn

(
ẋn(t)

∆ẋmn (t, τ)

∆lxmn (t, τ)

)2

> µg.

ãäå ∆lx
m
n (t, τ) = Φmn − xn(t)− ln, à qn > 0 îïèñûâàåò èíòåíñèâíîñòü òîðìîæåíèÿ àâòîìîáèëÿ.

Ðåëåéíàÿ ôóíêöèÿ Rmn èìååò âèä:

Rmn =

{
1, åñëè ∆xmn (t, τ) > (τ + tb)ẋn(t) + ẋ2n(t)/2µg + ln,

0, åñëè ∆xmn (t, τ) ≤ (τ + tb)ẋn(t) + ẋ2n(t)/2µg + ln.
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Çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåì äðîáíîãî ïîðÿäêà,
îïèñûâàåìûõ äèôôóçèîííî-âîëíîâûì óðàâíåíèåì

Ïîñòíîâ Ñ.Ñ. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èì. Â.À. Òðàïåçíèêîâà ÐÀÍ

postnov.sergey@inbox.ru

Ïóñòü ïîâåäåíèå ñèñòåìû îïèñûâàåòñÿ äèôôóçèîííî-âîëíîâûì óðàâíåíèåì:

r(x)C0 D
α
t Q(x, t) =

∂

∂x

[
w(x)

∂Q(x, t)

∂x

]
− q(x)Q(x, t) + u(x, t), α ∈ (0, 2), (1)

ãäå Q(x, t) � ñîñòîÿíèå ñèñòåìû, u(x, t) � ðàñïðåäåë¼ííîå óïðàâëåíèå, C0 D
α
t � ëåâîñòîðîííèé

îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ ïî âðåìåíè â ñìûñëå îïðåäåëåíèÿ Êàïóòî, t ≥ 0,
x ∈ [0, L], (x, t) ∈ Ω = [0, L] × [0,∞). Ôóíêöèè r(x), w(x) > 0, q(x) ñ÷èòàþòñÿ íåïðåðûâíûìè
íà îòðåçêå [0, L.]
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Íà÷àëüíûå óñëîâèÿ äëÿ óðàâíåíèÿ (1):

∂kQ(x, 0+)

∂tk
= φk(x), x ∈ [0, L], k = 0, . . . , [α]. (2)

Ãðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèÿ (1):[
bi
∂Q(x, t)

∂x
+ aiQ(x, t)

]
x=xi

= ui(t), t ≥ 0, i = 1, 2, (3)

ãäå ai è bi � êîýôôèöèåíòû, b1 ≤ 0, b2 ≥ 0; x1 = 0, x2 = L. Ãðàíè÷íûå óïðàâëåíèÿ
u1,2(t) ñ÷èòàþòñÿ ýëåìåíòàìè ïðîñòðàíñòâà Lp[0, T ], p > 1 è ìîãó áûòü îáúåäèíåíû â âåêòîð
U(t) = (u1(t), u2(t)). Ðàñïðåäåë¼ííîå óïðàâëåíèå ðàññìàòðèâàåòñÿ â âèäå ïîäâèæíîãî
óïðàâëåíèÿ [1]:

u(x, t) = p(t)ψ(x− x0(t)),

ãäå p(t) ∈ Lp[0, T ] îïðåäåëÿåò èíòåíñèâíîñòü óïðàâëÿþùåãî âîçäåéñòâèÿ, x0(t) ∈ Lp[0, T ] �
ïîëîæåíèå èñòî÷íèêà ýòîãî âîçäåéñòâèÿ, à ôóíêöèÿ ψ(x) îïðåäåëÿåò ïðîñòðàíñòâåííóþ ôîðìó
âîçäåéñòâèÿ (ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå èíòåíñèâíîñòè âîçäåéñòâèÿ).

Óïðàâëåíèå äîëæíî îáåñïå÷èòü äîñòèæåíèå ñèñòåìîé çàäàííîãî (æåëàåìîãî) ñîñòîÿíèÿ
Q∗(x) â çàäàííûé ìîìåíò âðåìåíè T > 0 :

Q(x, T ) = Q∗(x), T > 0, x ∈ [0, L]. (4)

Ðàññìàòðèâàþòñÿ äâå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ [2]: íàéòè óïðàâëåíèÿ u(x, t),
u1,2(t) òàêèå, ÷òî ñèñòåìà, îïèñûâàåìàÿ óðàâíåíèåì (1) ñ íà÷àëüíûìè óñëîâèÿìè (2) è
ãðàíè÷íûìè óñëîâèÿìè (3) äîñòèãàåò ïðè t = T ñîñòîÿíèÿ (4) è ïðè ýòîì ëèáî íîðìà
óïðàâëåíèé áóäåò ìèíèìàëüíîé ïðè çàäàííîì âðåìåíè T, ëèáî âðåìÿ ïåðåõîäà â çàäàííîå
ñîñòîÿíèå áóäåò ìèíèìàëüíûì ïðè çàäàííîì îãðàíè÷åíèè íà íîðìó óïðàâëåíèé ∥U(t)∥ ≤ l
(l > 0 � çàäàííîå ÷èñëî).

Ñôîðìóëèðîâàííûå âûøå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñâîäÿòñÿ ê íåêîòîðîé
îáîáù¼ííîé ïðîáëåìå ìîìåíòîâ, à â ñëó÷àå ïðèáëèæ¼ííîãî ðåøåíèÿ äèôôóçèîííî-âîëíîâîãî
óðàâíåíèÿ � ê îáû÷íîé êîíå÷íîìåðíîé l-ïðîáëåìå ìîìåíòîâ [3].

Â ñëó÷àå çàäà÷è ãðàíè÷íîãî óïðàâëåíèÿ ñîîòâåòñòâóþùàÿ êîíå÷íîìåðíàÿ ïðîáëåìà
ìîìåíòîâ, ïðè îïðåäåë¼ííûõ óñëîâèÿõ, èìååò òî÷íîå ðåøåíèå, íà îñíîâå êîòîðîãî ñòðîèòñÿ
ðåøåíèå çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ. Â ðàáîòå ïðîàíàëèçèðîâàíû ïðèìåðû, êîãäà
ðåøåíèå çàäà÷è áûñòðîäåéñòâèÿ ìîæåò íå ñóùåñòâîâàòü, â òî âðåìÿ êàê ðåøåíèå ñîîòâåò-
ñòâóþùåé ïðîáëåìû ìîìåíòîâ ñóùåñòâóåò [4]. Ýòè ïðèìåðû äåìîíñòðèðóþò êà÷åñòâåííîå
îòëè÷èå ðåøåíèé çàäà÷è áûñòðîäåéñòâèÿ äëÿ óðàâíåíèé äðîáíîãî ïîðÿäêà îò å¼ ðåøåíèé äëÿ
àíàëîãè÷íûõ óðàâíåíèé öåëîãî ïîðÿäêà (äèôôóçèè è êîëåáàíèé).

Â ñëó÷àå ïîäâèæíîãî óïðàâëåíèÿ ïîëó÷àåìàÿ ïðîáëåìà ìîìåíòîâ ÿâëÿåòñÿ íåëèíåéíîé.
Äëÿ íå¼ èññëåäîâàíû âîïðîñû ðàçðåøèìîñòè è ÷àñòíûå ðåøåíèÿ.
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Ìåòîäû àíàëèçà ðåæèìîâ òå÷åíèÿ Êîëìîãîðîâà
â êâàäðàòíîé ÿ÷åéêå
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posudnevskaia.ao@phystech.edu
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Îáúåäèíåííûé èíñòèòóò âûñîêèõ òåìïåðàòóð ÐÀÍ
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Ñðåäè ðàñïðîñòðàíåííûõ â ïðèðîäå õàîòè÷åñêèõ ÿâëåíèé îñîáûé èíòåðåñ ïðåäñòàâëÿþò
êâàçèäâóìåðíûå òå÷åíèÿ, äëÿ êîòîðûõ õàðàêòåðíî âîçíèêíîâåíèå êîãåðåíòíûõ ñòðóêòóð
(âèõðåé) [1], [2], [3]. Â ðàáîòå ðàññìàòðèâàåòñÿ äâóìåðíîå òå÷åíèå âÿçêîé ñëàáîñæèìàåìîé
æèäêîñòè â êâàäðàòíîé ÿ÷åéêå, êîòîðîå âîçáóæäàåòñÿ âíåøíåé ñèëîé (íàêà÷êîé) ñ
õàðàêòåðíîé äëèíîé ìåíüøå ðàçìåðîâ ÿ÷åéêè (Òå÷åíèå Êîëìîãîðîâà).

Â ðàáîòå [4] ïóòåì ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà
÷èñëåííûì ìåòîäîì Ìàê-Êîðìàêà ñ èñïîëüçîâàíèåì ìîäåëè ñëàáîñæèìàåìîé æèäêîñòè
ïîëó÷åíû ðàçëè÷íûå òèïû êðóïíîìàñøòàáíûõ òå÷åíèé: âèõðåâîé, â êîòîðîì äîìèíèðóåò
áîëüøîé âèõðü ñ õîðîøî îïðåäåëåííûì ñðåäíèì ïðîôèëåì, õàîòè÷åñêèé, ïðè êîòîðîì
ñóùåñòâóþò âèõðè ðàçëè÷íîãî ìàñøòàáà è âðåìåíè æèçíè, è ëàìèíàðíûé. Õàðàêòåð òå÷åíèÿ
çàâèñèò îò âåëè÷èí âíåøíåé âîçáóæäàþùåé ñèëû, êîýôôèöèåíòà êèíåìàòè÷åñêîé âÿçêîñòè
æèäêîñòè, âîëíîâîãî âåêòîðà âíåøíåé ñèëû è êîýôôèöèåíòà òðåíèÿ î äíî.

Â äàííîé ðàáîòå ïðåäñòàâëåíû ðàçëè÷íûå ñïîñîáû àíàëèçà õàðàêòåðèñòèê òå÷åíèé,
âîçíèêàþùèõ â èññëåäóåìîé çàäà÷å. Ðàññìàòðèâàþòñÿ ñëåäóþùèå ìåòîäû àíàëèçà ðåæèìîâ
òå÷åíèé: ðàíãîâîå ðàñïðåäåëåíèå ïîëÿ çàâèõðåííîñòè, õàðàêòåð ïîâåäåíèÿ êîîðäèíàòû ñ
ìàêñèìàëüíîé çàâèõðåííîñòüþ è êîìïîíåíò ðàçëîæåíèÿ Ôóðüå ïîëÿ ñêîðîñòè. Âûäåëåíû
õàðàêòåðíûå äëÿ îïðåäåëåííûõ òèïîâ òå÷åíèÿ ñâîéñòâà èññëåäóåìûõ ïàðàìåòðîâ.

Ëèòåðàòóðà

[1] Kraichnan R.H. Inertial Ranges in Two-Dimensional Turbulence // Phys. Fluids. 1967. Vol. 10.
P. 1417-1423.

[2] Batchelor G.K. Computation of the Energy Spectrum in Homogeneous Two?Dimensional
Turbulence // Phys. Fluids. 1969. Vol. 12, Suppl. II. P. 233-239.

[3] Kolokolov I. V., Lebedev V.V. Large-scale �ow in two-dimensional turbulence at static pumping //
JETP Lett. 2017. Vol. 106, 10. P. 659�661.

[4] Doludenko A.N., Fortova S.V., Kolokolov I. V., Lebedev V.V. Coherent vortex in a spatially restricted
two-dimensional turbulent �ow in absence of bottom friction // Physics of Fluids. 2021. V. 33.
P. 011704.

Êëàññèôèêàöèÿ íåîñîáûõ 4-ïîòîêîâ
ñ íåñêðó÷åííîé ñåäëîâîé îðáèòîé

Ïî÷èíêà Î.Â. (Ðîññèÿ, Íèæíèé Íîâãîðîä)
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Âûñøàÿ øêîëà ýêîíîìèêè¿

olga-pochinka@yandex.ru

Òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè ìàëîìåðíûõ ïîòîêîâ Ìîðñà-Ñìåéëà áåç íåïîäâèæíûõ
òî÷åê (ÍÌÑ-ïîòîêîâ) â ïðåäïîëîæåíèÿõ ðàçëè÷íîé îáùíîñòè ïîñâÿùåí öåëûé ðÿä ðàáîò.
Íà÷èíàÿ ñ ðàçìåðíîñòè 4 èìååòñÿ ïîêà íåçíà÷èòåëüíîå ÷èñëî êëàññèôèêàöèîííûõ ðåçóëüòàòîâ.
Îäíàêî, èçâåñòíî, ÷òî ñóùåñòâóþò ÷åòûðåõìåðíûå íåîñîáûå ïîòîêè ñ äèêî âëîæåííûìè
èíâàðèàíòíûìè ñåäëîâûìè ìíîãîîáðàçèÿìè. Â íàñòîÿùåé ñòàòüå ðàññìîòðåí êëàññ íåîñîáûõ
ïîòîêîâ Ìîðñà-Ñìåéëà, çàäàííûõ íà çàìêíóòûõ îðèåíòèðóåìûõ 4-ìíîãîîáðàçèÿõ è èìåþùèõ
åäèíñòâåííóþ ñåäëîâóþ îðáèòó, êîòîðàÿ ÿâëÿåòñÿ íåñêðó÷åííîé. Óñòàíîâëåíî, ÷òî ïîëíûì

239



èíâàðèàíòîì äëÿ íèõ ÿâëÿåòñÿ êëàññ ýêâèâàëåíòíîñòè óçëà, âëîæåííîãî â ìíîãîîáðàçèå
S2 × S1. Ïî ëþáîìó óçëó â S2 × S1, ïîñòðîåí ñòàíäàðòíûé ïðåäñòàâèòåëü â êëàññå
ðàññìàòðèâàåìûõ ïîòîêîâ. Òàêæå äîêàçàíî, ÷òî íåñóùèì ìíîãîîáðàçèåì âñåõ òàêèõ ïîòîêîâ
ÿâëÿåòñÿ ìíîãîîáðàçèå S3 × S1.
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Òåêñò ñ îñíîâíûìè ïîëîæåíèÿìè äîêëàäà.
Õîðîøî èçâåñòíî, ÷òî ôðàêòàëüíîå ìíîæåñòâî íå ÿâëÿåòñÿ ïîäìíîãîîáðàçèåì îáúåìëþ-

ùåãî ïðîñòðàíñòâà. Îäíàêî, ôðàêòàëû âîçíèêàþò, êàê èíâàðèàíòíûå ïîäìíîæåñòâà, äàæå â
áåñêîíå÷íî ãëàäêèõ äèíàìè÷åñêèõ ñèñòåìàõ è ðàçìåðíîñòü Ìèíêîâñêîãî ñëóæèò â ýòîì ñëó÷àå
õàðàêòåðèñòèêîé ñëîæíîñòè òàêîãî ìíîæåñòâà. Íàïðèìåð, â ìîìåíò ïîòåðè óñòîé÷èâîñòè
ñîñòîÿíèåì ðàâíîâåñèÿ ïðè áèôóðêöèè Àíäðîíîâà-Õîïôà, çàìûêàíèå íåîñîáîé òðàåêòîðèè
ÿâëÿåòñÿ ïàðàìåòðè÷åñêè çàäàííîé êðèâîé ôðàêòàëüíîãî òèïà. Â íàñòîÿùåé ðàáîòå âû÷èñëåíà
ôðàêòàëüíàÿ ðàçìåðíîñòü òàêèõ êðèâûõ. Êðîìå òîãî, èññëåäîâàíî äâóõïàðàìåòðè÷åñêîå
ñåìåéñòâî ôóíêöèé, ðàçìåðíîñòü Ìèíêîâñêîãî ãðàôèêîâ êîòîðûõ âàðüèðóåòñÿ â ïðîìåæóòêå
îò 1 äî 2. Ïîëó÷åííûé ðåçóëüòàò ïîçâîëÿåò ðåàëèçîâàòü ðåãóëÿðíóþ äèíàìè÷åñêóþ ñèñòåìó,
çàìûêàíèå äâóìåðíîãî óñòîé÷èâîãî ìíîãîîáðàçèÿ èçîëèðîâàííîé ãèïåðáîëè÷åñêîé òî÷êè
êîòîðîé ìîæåò èìåòü ðàçìåðíîñòü Ìèíêîâñêîãî áîëüøå 2. Âû÷èñëåíèå ðàçìåðíîñòè ãðàôèêà
îñíîâàíî íà ðàçáèåíèè îòðåçêà àðãóìåíòà, åãî çàäàþùåãî, íà äâå ÷àñòè. Ðàçìåðíîñòü îäíîé
÷àñòè ãðàôèêà ïðè ýòîì âîçìîæíî îöåíèòü ñâåðõó ñ ïîìîùü íåïîñðåäñòâåííîãî âû÷èñëåíèÿ
äëèíû ñîîòâåòñòâóþùåé êðèâîé. Ðàçìåðíîñòü äðóãîé îöåíèâàåòñÿ ñâåðõó ÷åðåç ïëîùàäü
ïðÿìîóãîëüíèêà, â êîòîðîé îí ëåæèò. Îöåíêà ðàçìåðíîñòè Ìèíêîâñêîãî ñíèçó îñíîâàíà íà
âû÷èñëåíèè ìîùíîñòè ε-ðàçëè÷èìîãî ìíîæåñòâà òî÷åê ãðàôèêà.
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Èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ íà÷àëüíîé çàäà÷è
äëÿ âîëíîâîãî óðàâíåíèÿ íà ãåîìåòðè÷åñêîì ãðàôå-çâåçäå

áåç ãðàíè÷íûõ âåðøèí

Ïðÿäèåâ Â.Ë. (Ðîññèÿ, Âîðîíåæ)
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Ïóñòü Γ =
m
∪
i=1

[a; bi] ⊂ Rn, ãäå a ̸= bi ̸= bj ïðè i ̸= j, � ãåîìåòðè÷åñêèé ãðàô-çâåçäà, è

ïóñòü J = {a} ∪
{
bi
∣∣ i = 1,m

}
� ìíîæåñòâî åãî âíóòðåííèõ âåðøèí. Ðàññìîòðèì çàäà÷ó

uxx(x, t) = utt(x, t), x ∈ Γ \ J, t > 0, (1)

∑
h∈D(c)

u+h (c, t) = 0, c ∈ J, t > 0, (2)

u(x, 0) = φ(x) è ut(x, 0) = 0, x ∈ Γ, (3)

ãäå ïðîèçâîäíàÿ ïî x ïîíèìàåòñÿ â ñîîòâåòñòâèè ñ [1], u+h (c, t) � ïðàâàÿ ïðîèçâîäíàÿ u â òî÷êå
c ïî äîïóñòèìîìó îòíîñèòåëüíî Γ åäèíè÷íîìó âåêòîðó h, D(c) � ìíîæåñòâî òàêîâûõ âåêòîðîâ,
φ çàäàíà. Ðåøåíèå çàäà÷è (1)�(3) ïîíèìàåòñÿ êëàññè÷åñêè.

Ïóñòü ôóíêöèÿ G : Γ3 → R íåïðåðûâíà è
1) Gxx(x, s1, s2) = 0 ïðè x ∈ Γ \ (J ∪ {s1, s2}),
2)

∑
h∈D(c)

G+
h (c, s1, s2) = 0 ïðè c ∈ J \ {s1, s2},

3) åñëè s1 ̸= s2, òî
∑

h∈D(si)

G+
h (si, s1, s2) = (−1)i � äëÿ i ∈ {1; 2} (çäåñü ïðîèçâîäíûå � ïî ïåðâîìó

àðãóìåíòó),
4)
∫
Γ

G(x, s1, s2) dx = 0.

Ïóñòü C � îïåðàòîðíàÿ êîñèíóñ-ôóíêöèÿ, ïîñòðîåííàÿ â [2].
Òåîðåìà. Ïóñòü ñóæåíèå φ′′ íà ëþáîå èç ð¼áåð (a; bi) ðàâíîìåðíî íåïðåðûâíî è, êðîìå

òîãî, ∑
h∈D(c)

φ+
h (c, t) = 0, c ∈ J, è φ++

hh (a) = φ++
ηη (a) h, η ∈ D(a).

Òîãäà ðåøåíèå çàäà÷è (1)�(3) ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâèìî â âèäå:

u(x, t) =

(
m∑
i=1

|bi − a|

)−1
∫

Γ

φ(s)ds−
∫
Γ

∫
Γ

g(x, t, s1, s2)φ
′′(s1) ds1ds2

 ,

ãäå g(x, t, s1, s2) = [C(t)G( · , s1, s2)] (x).
Çàìå÷àíèå. Ôóíêöèÿ G êóñî÷íî-ëèíåéíà ïî ïåðâîìó àðãóìåíòó.
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ludmila.pulkina@gmail.com

Â äîêëàäå ðàññìàòðèâàåòñÿ óðàâíåíèå

uyy − (aux)x − (buxyy)x + cu = f(x, y),

êîòîðîå ìîæíî èíòåðïðåòèðîâàòü êàê îáîáùåíèå óðàâíåíèÿ Áóññèíåñêà-Ëÿâà è ñòàâèòü äëÿ
íåãî íà÷àëüíî-êðàåâûå çàäà÷è, òàê è êàê óðàâíåíèå ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé,
è ðàññìàòðèâàòü äëÿ íåãî çàäà÷è ñ óñëîâèÿìè íà õàðàêòåðèñòèêàõ. Ïðîâåäåííûå èññëåäîâàíèÿ
ïîçâîëèëè èñïîëüçîâàòü ýòó îñîáåííîñòü è óâèäåòü âîçìîæíîñòü êîìáèíèðîâàíèÿ ìåòîäîâ
èññëåäîâàíèÿ ðàçðåøèìîñòè íà÷àëüíî-êðàåâûõ è õàðàêòåðèñòè÷åñêèõ çàäà÷. Òàêîé ïîäõîä
îêàçàëñÿ îñîáåííî ïîëåçíûì â òîì ñëó÷àå, êîãäà íåêîòîðûå èç óñëîâèé çàäà÷è ÿâëÿþòñÿ
íåëîêàëüíûìè.

Ïðÿìîå ðåøåíèå óðàâíåíèé Ìàêñâåëëà

Ðàáèíîâè÷ Ñ. (Èçðàèëü, Òåëü-Àâèâ)
Ìåäèöèíñêèé öåíòð Èõèëîâ
shaul.rabinovich@gmail.com

Ìàëþòèí Â.Á. (Áåëàðóñü, Ìèíñê)
Èíñòèòóò ìàòåìàòèêè ÍÀÍ Áåëàðóñè

malyutin@im.bas-net.by

Óðàâíåíèÿ Ìàêñâåëëà äëÿ ýëåêòðîìàãíèòíîãî ïîëÿ

divE = 4πi0, divH = 0,
1

c
∂0E− rotH = −4π

c
I,

1

c
∂0H+ rotE = 0,

ãäå E = (E1, E2, E3), H = (H1, H2, H3), I = (i1, i2, i3), ÿâëÿþòñÿ âèäèìî íàèáîëåå èçâåñòíûìè
óðàâíåíèÿìè ôèçèêè.

Çà ïîëóòîðàñòîëåòíþþ èñòîðèþ áûëî ïðåäëîæåíî ìíîæåñòâî ïîäõîäîâ è óòî÷íåíèé èõ
ðåøåíèÿ. Â ýòîé çàìåòêå ìû ïðåäëàãàåì íîâûé ïîäõîä äëÿ çàïèñè ðåøåíèé ýòèõ óðàâíåíèé,
êîòîðûé íå èñïîëüçóåò ïîòåíöèàëû. Â ðàññìàòðèâàåìîì ïîäõîäå èñïîëüçóþòñÿ êâàòåðíèîíû,
êîòîðûå øèðîêî ïðèìåíÿþòñÿ â ôèçèêå è ìàòåìàòèêå [1], [2]. Ìû ïîêàæåì êàê íåòðàäèöèîííàÿ
çàïèñü âåäåò íåïîñðåäñòâåííî ê íàõîæäåíèþ ôóíêöèè Ãðèíà äëÿ ýòèõ óðàâíåíèé.

Ñòàðòîâîé òî÷êîé ýòîãî ïîäõîäà ÿâëÿåòñÿ çàïèñü Kuni Imaeda [3]

DF∗(X) = −4πI, (1)

ãäåD = 1
c∂0−e1∂1−e2∂2−e3∂3, ∂j =

∂
∂xj

, F(x) =
∑3

j=0 ej(Ej+iHj), E0 = H0 = 0, I =
∑3

j=0 ejij ,

e0 = 1, e2j = 1, e1e2 = −e2e1 = ie3 è òàê äàëåå.
Â íàøåì ñëó÷àå ôîðìàëüíàÿ çàïèñü (1) ðàñïàäàåòñÿ íà ÷åòûðå óðàâíåíèÿ êîòîðûå è

ÿâëÿþòñÿ â òî÷íîñòè óðàâíåíèÿìè Ìàêñâåëëà. Óðàâíåíèÿ ñ íóëåâîé ïðàâîé ÷àñòüþ ÿâëÿþòñÿ
òî÷íûì àíàëîãîì óðàâíåíèé Êîøè-Ðèìàíà äëÿ êîìïëåêñíîçíà÷íîé ôóíêöèè êîïëåêñíîãî
ïåðåìåííîãî. Ðåøåíèå òàêèõ óðàâíåíèé çàïèñûâàþò â âèäå ïîëèíîìîâ Ôþòåðà [4].

Âèäíî, ÷òî çàïèñü (1) ýòî îäíî äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ
ïåðâîãî ïîðÿäêà. Êàê ïðèíÿòî â òàêèõ ñëó÷àÿõ ìû áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ äëÿ
ôóíêöèè Ãðèíà

DG(x) = δ(x).
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Ìîæíî ðåøèòü ýòè óðàâíåíèÿ çàìåòèâ, ÷òî îïåðàòîðD ôàêòîðèçóåò îïåðàòîð Äàëàìáåðà
2 = − 1

c2
∂2

∂x20
+ ∂2

∂x21
+ ∂2

∂x22
+ ∂2

∂x23
. Èìåííî, −DD† = −D†D = 2, ãäåD† = 1

c
∂
∂x0

+e1
∂
∂x1

+e2
∂
∂x2

+e3
∂
∂x3

.

Òàêèì îáðàçîì, äëÿ G = −D†G2 âåðíî DG(x) = δ(x) è ðåøåíèå óðàâíåíèé Ìàêñâåëëà
îáðåòåò ôîðìó

E− iH = 4π

∫
D†G2(x− x′)I(x′)dx′. (2)

Â îáùåì ñëó÷àå ôóíêöèþ G2 ìîæíî âûáðàòü â âèäå ëèíåéíîé êîìáèíàöèè

G2 = −c1
δ(cx0 + r)

4πr
− c2

δ(−cx0 + r)

4πr
, r =

√
x21 + x22 + x23, c1 + c2 = 1.

Âû÷èñëÿÿ îïåðàòîð D† îò ôóíêöèè −G2 ìû ïîëó÷èì ôóíêöèþ Ãðèíà G äëÿ íàøåé
çàäà÷è.

G = −D†G2 = c1
δ′(cx0 + r)

4πr
− c2

δ′(−cx0 + r)

4πr
+ (3)

+

[
−c1

δ(cx0 + r)

4πr2
− c2

δ(−cx0 + r)

4πr2
+ c1

δ′(cx0 + r)

4πr
+ c2

δ′(−cx0 + r)

4πr

]
x1e1 + x2e2 + x3e3

r
.

Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùåå
Óòâåðæäåíèå 1. Ðåøåíèå óðàâíåíèé Ìàêñâåëëà (1) çàïèñûâàåòñÿ â âèäå ðàâåíñòâà

(2), ãäå D†G2 îïðåäåëÿåòñÿ ôîðìóëîé (3).
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Î ñêîðîñòè ñòàáèëèçàöèè ðåøåíèé çàäà÷è Êîøè
äëÿ äâóìåðíîãî êèíåòè÷åñêîãî óðàâíåíèÿ Áðîäâåëëà

ñ ïåðèîäè÷åñêèìè íà÷àëüíûìè äàííûìè

Ðàäêåâè÷ Å.Â. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

evrad07@gmail.com

Âàñèëüåâà Î.À. (Ðîññèÿ, Ìîñêâà)
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Ìîñêîâñêèé ãîñóäàðñòâåííûé ñòðîèòåëüíûé óíèâåðñèòåò

Ðîññèéñêèé õèìèêî-òåõíîëîãè÷åñêèé óíèâåðñèòåò èìåíè Ä.È. Ìåíäåëååâà
vasiljeva.ovas@yandex.ru

Ôèëèïïîâ Ã.À. (Ðîññèÿ, Ìîñêâà)
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Ìîñêîâñêèé ãîñóäàðñòâåííûé ñòðîèòåëüíûé óíèâåðñèòåò

g.philippov@yandex.ru

Áóäåò ïîêàçàíî, ÷òî ðåøåíèÿ çàäà÷è Êîøè ñ ïåðèîäè÷åñêèìè íà÷àëüíûìè äàííûìè
(ïåðèîäè÷åñêèå âîçìóùåíèÿ ñîñòîÿíèÿ ðàâíîâåñèÿ) ñèñòåìû Áðîäâåëëà:

∂tn1 + c∂xn1 =
1

ε
(n3n4 − n1n2),

∂tn2 − c∂xn2 =
1

ε
(n3n4 − n1n2),
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∂tn3 + c∂yn3 =
1

ε
(n1n2 − n3n4),

∂tn4 − c∂yn4 =
1

ε
(n1n2 − n3n4),

ñòàáèëèçèðóþòñÿ ê ñîñòîÿíèþ ðàâíîâåñèÿ ýêñïîíåíöèàëüíî áûñòðî.
Èñïîëüçóåòñÿ ìåòîä Ôóðüå ðåøåíèé ñèñòåìû äëÿ êîýôôèöèåíòîâ Ôóðüå, ïðîåêöèåé íà

îäíó ïåðåìåííóþ, íàïðèìåð, zk,l (z-ïðîåêöèÿ).
1) Âîçíèêàåò ïðåïÿòñòâèå ê ñòàáèëèçàöèè äëÿ (k, l), (k2 − l2)k = 0. Ïðîöåññ íàçîâåì

ðåãóëÿðíûì, åñëè äëÿ íà÷àëüíûõ äàííûõ z0k,k = z0k,−k = z00,l = 0 äëÿ ëþáûõ k, l ∈ Z, à òàê æå

z00,0 = u00,0 = v00,0 = w0(0, 0) = 0. Ðåãóëÿðíûé ïðîöåññ ñòàáèëèçèðóþòñÿ ê ñîñòîÿíèþ ðàâíîâåñèÿ
ýêñïîíåíöèàëüíî áûñòðî.

2) Äëÿ íåðåãóëÿðíîãî ïðîöåññà, êîãäà êîýôôèöèåíòû Ôóðüå z0k,k, z
0
k,−k, z

0
0,l ìîãóò

áûòü íå ðàâíû íóëþ, íî âûïîëíåíû òðè óñëîâèÿ ñîãëàñîâàíèÿ êîýôôèöèåíòîâ Ôóðüå
íà÷àëüíûõ äàííûõ ïðåïÿòñòâèé, òàêæå ïðîöåññ ñòàáèëèçèðóþòñÿ ê ñîñòîÿíèþ ðàâíîâåñèÿ
ýêñïîíåíöèàëüíî áûñòðî.

3) È ïîñëåäíåå, åñëè íå âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ ïðåïÿòñòâèé, âîçíèêàåò
íåîáõîäèìîñòü ïîäêëþ÷åíèÿ âòîðîé ïðîåêöèè äëÿ ïîñòðîåíèÿ Ôóðüå ðåøåíèÿ (íàïðèìåð, u-
ïðîåêöèè). Ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Êîøè êàê ñóììû äâóõ ðåøåíèé, îòâå÷àþùèõ ýòèì
ïðîåêöèÿì (çà ñ÷åò ñîîòâåòñòâóþùåé ðàçáèâêè íà äâå ãðóïïû íà÷àëüíûõ äàííûõ), ïîçâîëÿåò
äîêàçàòü ýêñïîíåíöèàëüíî áûñòðóþ ñòàáèëèçàöèþ ðåøåíèÿ ê ñîñòîÿíèþ ðàâíîâåñèÿ.

Ðåøåíèå çàäà÷è óïðàâëåíèÿ äëÿ äèíàìè÷åñêîé ñèñòåìû
â ÷àñòíûõ ïðîèçâîäíûõ ðàçíîãî ïîðÿäêà ñ äîïîëíèòåëüíûì óñëîâèåì

Ðàåöêàÿ Å.Â. (Ðîññèÿ, Âîðîíåæ)
Âîðîíåæñêèé ãîñóäàðñòâåííûé ëåñîòåõíè÷åñêèé óíèâåðñèòåò èì. Ã.Ô. Ìîðîçîâà

raetskaya@inbox.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà â ÷àñòíûõ ïðîèçâîäíûõ ðàçíîãî ïîðÿäêà:

∂2x(t, s)

∂t2
= B

∂x(t, s)

∂s
+D

∂u(t, s)

∂s
, (1)

c óñëîâèÿìè
x(0, s) = α(s), (2)

x(T, s) = β(s), (3)

x(t, 0) = γ(t), (4)

ãäå t ∈ [0, T ], s ∈ [0, S]; x(t, s) ∈ Rn; u(t, s) ∈ Rm; B, D � ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ.
Ñóùåñòâîâàíèå òàêîãî óïðàâëåíèÿ u(t, s), êîòîðîå ïåðåâîäèò ñèñòåìó (1) èç ïðîèçâîëü-

íîãî ñîñòîÿíèÿ (2) â ïðîèçâîëüíîå ñîñòîÿíèå (3), ïðè ýòîì ñîñòîÿíèå x(t, s) óäîâëåòâîðÿåò
óñëîâèþ (4), ïîäðàçóìåâàåò ïîëíóþ óïðàâëÿåìîñòü ñèñòåìû (1).

Ðåøàåòñÿ çàäà÷à óïðàâëåíèÿ, à èìåííî, ðåàëèçàöèÿ ïðîöåäóðû ñòðóêòóðíîãî àíàëèçà
èññëåäóåìîé ñèñòåìû ñ öåëüþ âûÿâëåíèÿ ñâîéñòâà ìàòðè÷íûõ êîýôôèöèåíòîâ, âëåêóùèõ
ïîëíóþ óïðàâëÿåìîñòü èëè íåóïðàâëÿåìîñòü ñèñòåìû (1). Â ñëó÷àå âûÿâëåíèÿ ñâîéñòâà ïîëíîé
óïðàâëÿåìîñòè ñèñòåìû ïðîèçâîäèòñÿ

- óñòàíîâëåíèå ñâîéñòâ ôóíêöèé α(s), β(s), γ(t) â óñëîâèÿõ (2), (3), íåîáõîäèìûõ äëÿ
ðåàëèçàöèè óïðàâëÿåìîãî ïðîöåññà;

- ïîëó÷åíèå ôîðìóë äëÿ ïîñòðîåíèÿ ôóíêöèè óïðàâëåíèÿ u(t, s) è ñîîòâåòñòâóþùåé
ôóíêöèè ñîñòîÿíèÿ x(t, s).

Còðîèòñÿ ðåøåíèå çàäà÷è ïðîãðàììíîãî óïðàâëåíèÿ, à èìåííî, â àíàëèòè÷åñêîì âèäå
ðàññ÷èòûâàåòñÿ ôóíêöèÿ ñîñòîÿíèÿ, óäîâëåòâîðÿþùàÿ çàäàííûì èçíà÷àëüíî óñëîâèÿì, çàòåì
ñòðîèòñÿ ñîîòâåòñòâóþùàÿ ôóíêöèÿ óïðàâëåíèÿ.
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Îñíîâíûì ìåòîäîì èññëåäîâàíèÿ ÿâëÿåòñÿ ìåòîä êàñêàäíîé äåêîìïîçèöèè, õîðîøî
çàðåêîìåíäîâàâøèé ñåáÿ ïðè ðåøåíèè çàäà÷ óïðàâëåíèÿ è íàáëþäåíèÿ äëÿ ðàçëè÷íûõ
äèíàìè÷åñêèõ ñèñòåì, à òàêæå ïðè èññëåäîâàíèè ðÿäà èõ ñâîéñòâ (íàïðèìåð, [1] � [3]).
Ïðåäëîæåííûé ïîäõîä ïîçâîëÿåò èçáåæàòü ðåøåíèÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ;
èñêîìûå ôóíêöèè íàõîäÿòñÿ ñ ïîìîùüþ àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé è ðåøåíèÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðàêòè÷åñêàÿ ðåàëèçàöèÿ ìåòîäà ïîçâîëÿåò
èçáåæàòü ãðîìîçäêèõ ìàòðè÷íûõ ïðåîáðàçîâàíèé è îáîéòèñü ïðîöåäóðîé çàìåíû ïåðåìåííûõ.
Ìåòîä áàçèðóåòñÿ íà ñâîéñòâàõ ìàòðè÷íîãî êîýôôèöèåíòà ïðè ôóíêöèè óïðàâëåíèÿ è
çàêëþ÷àåòñÿ â ïîøàãîâîì ýêâèâàëåíòíîì ïåðåõîäå îò èñõîäíîé ñèñòåìû ê ðåäóöèðîâàííûì
ñèñòåìàì â ïîäïðîñòðàíñòâàõ. Âûÿâëÿåòñÿ ôóíêöèÿ, ïðèíàäëåæàùàÿ ïîäïðîñòðàíñòâó
ìèíèìàëüíîé ðàçìåðíîñòè, íàçâàííàÿ îïðåäåëÿþùåé.

Çà êîíå÷íîå êîëè÷åñòâî øàãîâ äåêîìïîçèöèè âûÿâëÿþòñÿ ñâîéñòâà ìàòðè÷íûõ
êîýôôèöèåíòîâ, âëåêóùèå ïîëíóþ óïðàâëÿåìîñòü ñèñòåìû, à òàêæå ñâîéñòâà ôóíêöèé â
çàäàííûõ óñëîâèÿõ, äîñòàòî÷íûå äëÿ ðåàëèçàöèè óïðàâëÿåìîãî ïðîöåññà.

Âûâîäèòñÿ êðèòåðèé ïîëíîé óïðàâëÿåìîñòè èñõîäíîé ñèñòåìû. Äëÿ ïîëíîñòüþ
óïðàâëÿåìîé ñèñòåìû ïðîèçâîäèòñÿ ïîñòðîåíèå îïðåäåëÿþùåé ôóíêöèè, óäîâëåòâîðÿþùåé
âñåì äîïîëíèòåëüíûì, âîçíèêàþùèì âñëåäñòâèå ðåäóêöèè èñõîäíûõ, óñëîâèÿì, ÷òî
çàêëàäûâàåò ïðåäïîñûëêè äëÿ ïîñòðîåíèÿ ôóíêöèé ñîñòîÿíèÿ è óïðàâëåíèÿ èñõîäíîé
ñèñòåìû. Óñòàíîâëåíî, ÷òî âèä óêàçàííûõ ôóíêöèé îïðåäåëÿåòñÿ âûáîðîì âèäà îïðåäåëÿþùåé
ôóíêöèè; ïðèâåäåíû ôîðìóëû äëÿ ïîñòðîåíèÿ ýòèõ ôóíêöèé.

Ëèòåðàòóðà

[1] Zubova S. P., Raetskaya E.V. Solution of the multi-point control problem for a dynamic system in
partial derivatives // Mathematical Methods in the Applied Sciences. New York : AIMS Press. 2021.
Vol. 44. � 15. Ð. 11998�12009.

[2] Ðàåöêàÿ Å.Â. Ñòðóêòóðíûé àíàëèç ôóíêöèè óïðàâëåíèÿ äèíàìè÷åñêîé ñèñòåìîé â ÷àñòíûõ
ïðîèçâîäíûõ ðàçíîãî ïîðÿäêà // Ìîäåëèðîâàíèå ñèñòåì è ïðîöåññîâ. 2023. Ò. 16. � 1. Ñ. 93�
104.

[3] Ðàåöêàÿ Å.Â. Àëãîðèòì ïîñòðîåíèÿ ïîëèíîìèàëüíîãî ðåøåíèÿ çàäà÷è ïðîãðàììíîãî óïðàâëåíèÿ
äëÿ äèíàìè÷åñêîé ñèñòåìû â ÷àñòíûõ ïðîèçâîäíûõ // Ìîäåëèðîâàíèå ñèñòåì è ïðîöåññîâ. 2023.
Ò. 16. � 3. Ñ. 94�104.

Êîððåêòíàÿ ðàçðåøèìîñòü âîëüòåððîâûõ èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé, âîçíèêàþùèõ â òåîðèè âÿçêîóïðóãîñòè82

Ðàóòèàí Í.À. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà
Ìîñêîâñêèé öåíòð ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè

nadezhda.rautian@math.msu.ru

Èññëåäóþòñÿ àáñòðàêòíûå âîëüòåððîâû èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ, êîòîðûå
ÿâëÿþòñÿ îïåðàòîðíûìè ìîäåëÿìè çàäà÷ òåîðèè âÿçêîóïðóãîñòè. Ê ðàññìàòðèâàåìîìó
êëàññó óðàâíåíèé îòíîñÿòñÿ òàêæå èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ Ãóðòèíà-Ïèïêèíà,
îïèñûâàþùèå ïðîöåññ ðàñïðîñòðàíåíèÿ òåïëà â ñðåäàõ ñ ïàìÿòüþ. Â êà÷åñòâå ÿäåð
èíòåãðàëüíûõ îïåðàòîðîâ ìîãóò áûòü ðàññìîòðåíû, â ÷àñòíîñòè, ñóììû óáûâàþùèõ
ýêñïîíåíò èëè ñóììû ôóíêöèé Ðàáîòíîâà ñ ïîëîæèòåëüíûìè êîýôôèöèåíòàìè, èìåþùèå
øèðîêîå ïðèìåíåíèå â òåîðèè âÿçêîóïóãîñòè è òåîðèè ðàñïðîñòðàíåíèÿ òåïëà. Óïîìÿíóòûå
àáñòðàêòíûå èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ìîãóò áûòü ðåàëèçîâàíû, êàê èíòåãðî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, âîçíèêàþùèå â áîëüøîì ÷èñëå
ïðèêëàäíûõ çàäà÷.

Ïîëó÷åíû ðåçóëüòàòû î ñóùåñòâîâàíèè ñèëüíî íåïðåðûâíîé ñæèìàþùåé ïîëóãðóïïû,
ïîðîæäàåìîé âîëüòåððîâûì èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèåì ñ îïåðàòîðíûìè

82Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ â ðàìêàõ ðåàëèçàöèè ïðîãðàììû
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êîýôôèöèåíòàìè â ãèëüáåðòîâîì ïðîñòðàíñòâå, äîêàçàíà òåîðåìà îá ýêñïîíåíöèàëüíîé
óñòîé÷èâîñòè ïîëó÷åííîé ïîëóãðóïïû ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ î ÿäðàõ
èíòåãðàëüíûõ îïåðàòîðîâ.

Ïðèâåäåíà ôîðìóëèðîâêà ñîîòâåòñòâóþùåé çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ïåðâîãî ïîðÿäêà â ðàñøèðåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ òåîðåìà î êîððåêòíîé ðàçðåøèìîñòè ýòîé
çàäà÷è, à òàêæå íà÷àëüíîé çàäà÷è äëÿ èñõîäíîãî àáñòðàêòíîãî âîëüòåððîâà èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Óñòàíàâëèâàåòñÿ ñâÿçü ìåæäó êëàññè÷åñêèìè ðåøåíèÿìè ýòèõ
çàäà÷ (ñì. [1]-[3]).
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Î äâèæåíèè òåëà ñ ïîäâèæíîé âíóòðåííåé ìàññîé
ïî íàêëîííîé øåðîõîâàòîé ïëîñêîñòè
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Ðàññìàòðèâàåòñÿ ìåõàíè÷åñêàÿ ñèñòåìà, ñîñòîÿùàÿ èç òâåðäîãî òåëà (êîðïóñà),
îïèðàþùåãîñÿ ñâîåé ïëîñêîé ãðàíüþ íà íàêëîííóþ øåðîõîâàòóþ ïëîñêîñòü, è ìàòåðèàëüíîé
òî÷êè, äâèæóùåéñÿ âíóòðè òåëà â âåðòèêàëüíîé ïëîñêîñòè ïî êðóãîâîé òðàåêòîðèè, öåíòð
êîòîðîé ñîâïàäàåò ñ öåíòðîì ìàññ òåëà. Ìîäóëü ñêîðîñòè äâèæåíèÿ òî÷êè ïî îêðóæíîñòè
ïðåäïîëàãàåòñÿ ïîñòîÿííûì. Ñèëà òðåíèÿ ìåæäó êîðïóñîì è îïîðíîé ïîâåðõíîñòüþ
îïèñûâàåòñÿ ìîäåëüþ ñóõîãî êóëîíîâñêîãî òðåíèÿ. Ðàíåå ðàññìàòðèâàëàñü çàäà÷à î äâèæåíèè
óêàçàííîé ìåõàíè÷åñêîé ñèñòåìû ïî ãîðèçîíòàëüíîé øåðîõîâàòîé ïëîñêîñòè áåç îòðûâà
îò ïîâåðõíîñòè [1-4]. Áûëî âûïîëíåíî ïîëíîå êà÷åñòâåííîå èññëåäîâàíèå âñåõ âîçìîæíûõ
ðåæèìîâ äâèæåíèÿ â ïðåäïîëîæåíèè, ÷òî íà êîðïóñ äåéñòâóåò êàê ñèëà ñóõîãî êóëîíîâñêîãî
òðåíèÿ [1-3], òàê è ñèëà âÿçêîãî òðåíèÿ [4]. Â äàííîé ðàáîòå âûïîëíåíî èññëåäîâàíèå
êà÷åñòâåííîãî õàðàêòåðà äâèæåíèÿ êîðïóñà ïî íàêëîííîé ïëîñêîñòè áåç îòðûâà îò
ïîâåðõíîñòè äëÿ âñåõ äîïóñòèìûõ çíà÷åíèé ïàðàìåòðîâ çàäà÷è è ïðîèçâîëüíûõ íà÷àëüíûõ
ñêîðîñòåé êîðïóñà.

Â äàííîé çàäà÷å èìååòñÿ 3 áåçðàçìåðíûõ ïàðàìåòðà: µ � ïàðàìåòð, îïèñûâàþùèé
ãåîìåòðè÷åñêèå è äèíàìè÷åñêèå õàðàêòåðèñòèêè ñèñòåìû; k � êîýôôèöèåíò ñóõîãî òðåíèÿ;
β � óãîë íàêëîíà ïëîñêîñòè, ïî êîòîðîé äâèæåòñÿ êîðïóñ.

Äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà. Åñëè äëÿ íàáîðà çíà÷åíèé ïàðàìåòðîâ ñèñòåìû (µ∗, k∗, β∗) âûïîëíÿþòñÿ

ñîîòíîøåíèÿ k∗ < tanβ∗ è µ∗ cosβ∗ ≥ 1, òî íå ñóùåñòâóåò ïåðèîäè÷åñêèõ ðåæèìîâ
äâèæåíèÿ êîðïóñà ïî íàêëîííîé ïëîñêîñòè áåç îòðûâà îò ïîâåðõíîñòè.

Òàêæå áûëî ïîêàçàíî, ÷òî åñëè óñëîâèå k∗ < tanβ∗ òåîðåìû íå âûïîëíÿåòñÿ, òî ìîæåò
ñóùåñòâîâàòü òîëüêî åäèíñòâåííûé ïåðèîäè÷åñêèé ðåæèì äâèæåíèÿ áåç îòðûâà êîðïóñà îò
îïîðíîé ïîâåðõíîñòè. Õàðàêòåð ïåðèîäè÷åñêîãî ðåæèìà ñóùåñòâåííî çàâèñèò îò çíà÷åíèé
ïàðàìåòðîâ çàäà÷è. Ïðè èññëåäîâàíèè õàðàêòåðà ïåðèîäè÷åñêîãî äâèæåíèÿ ñóùåñòâåííóþ
ðîëü èãðàþò èíòåðâàëû âðåìåíè, íà êîòîðûõ óñêîðåíèå êîðïóñà âñåãäà íàïðàâëåíî ïðîòèâ åãî
ñêîðîñòè (èëè ðàâíî íóëþ, åñëè êîðïóñ ïîêîèòñÿ). Òàêèå èíòåðâàëû íàçûâàþò èíòåðâàëàìè
çàìåäëåíèÿ, à ñîîòâåòñòâóþùèå èì ó÷àñòêè òðàåêòîðèè äâèæåíèÿ ïîäâèæíîé ìàññû � çîíàìè
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çàìåäëåíèÿ. Áûëî ïîêàçàíî, ÷òî ïåðèîäè÷åñêèå ðåæèìû ÿâëÿþòñÿ ïðåäåëüíûìè ðåæèìàìè
äâèæåíèÿ. Óñòàíîâëåíî, ÷òî íà ïåðèîäè÷åñêèé ðåæèì äâèæåíèÿ ñ îñòàíîâêîé õîòÿ áû â
îäíîé èç çîí çàìåäëåíèÿ êîðïóñ âûõîäèò çà êîíå÷íûé èíòåðâàë âðåìåíè. Ïðè îïðåäåëåííûõ
çíà÷åíèÿõ ïàðàìåòðîâ âîçìîæåí ïåðèîäè÷åñêèé ðåæèì äâèæåíèÿ, ïðè êîòîðîì îñòàíîâêè
êîðïóñà ïðîèñõîäÿò âíå çîí çàìåäëåíèÿ. Âûõîä íà òàêîé ðåæèì äâèæåíèÿ çà êîíå÷íûé
èíòåðâàë âðåìåíè íåâîçìîæåí. Äâèæåíèå êîðïóñà àññèìïòîòè÷åñêè ïðèáëèæàåòñÿ ê äàííîìó
ðåæèìó.

Áûëî ïîêàçàíî, ÷òî â ïðåäåëüíîì ñëó÷àå k = tanβ ñóùåñòâóåò ñåìåéñòâî ïåðèîäè÷åñêèõ
äâèæåíèé êîðïóñà. Äëÿ òàêèõ äâèæåíèé ïåðåìåùåíèå êîðïóñà çà ïåðèîä îáîðîòà âíóòðåííåé
ìàññû çàâèñèò òîëüêî îò çíà÷åíèÿ åãî íà÷àëüíîé ñêîðîñòè.
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Èññëåäîâàíà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñèëîé òÿãè èíåðöèîííîãî îáúåêòà ïðè
åãî ñêîðîñòíîì ìàíåâðèðîâàíèè â ïëîñêîñòè. Ñèëà òÿãè ïîñòîÿííà è ìàêñèìàëüíà ïî
âåëè÷èíå. Â îáùåì ñëó÷àå íà÷àëüíàÿ ñêîðîñòü íå ðàâíà íóëþ. Çàäà÷à ñîñòîèò â óïðàâëåíèè
íàïðàâëåíèåì òÿãè òàêèì îáðàçîì, ÷òîáû ïåðåâåñòè îáúåêò íà çàäàííóþ ïðÿìóþ â ïëîñêîñòè
äâèæåíèÿ è ìàêñèìèçèðîâàòü ñêîðîñòü âäîëü ýòîé ïðÿìîé. Ïðåäëîæåíî íåñêîëüêî âèäîâ
ýôôåêòèâíîãî óïðàâëåíèÿ ðàññìàòðèâàåìûì îáúåêòîì, âêëþ÷àÿ íåïðåðûâíîå îïòèìàëüíîå
óïðàâëåíèå, ïîñòðîåííîå íà îñíîâå òàê íàçûâàåìîãî çàêîíà ëèíåéíîãî òàíãåíñà, è ðåëåéíûå
ñóáîïòèìàëüíûå óïðàâëåíèÿ, ìàêñèìóì ñ îäíèì èëè äâóìÿ ïåðåêëþ÷åíèÿìè. Ïðåäëîæåíî
óïðàâëåíèå íàïðàâëåíèåì òÿãè, ó÷èòûâàþùåå ôàçîâûå è ñìåøàííûå îãðàíè÷åíèÿ, èñïîëüçó-
þùåå ìîäèôèöèðîâàííûé çàêîí ëèíåéíîãî òàíãåíñà. Ðàññìîòðåíû ïðèëîæåíèÿ ðåçóëüòàòîâ
ê óïðàâëåíèþ ìîáèëüíûìè ðîáîòèçèðîâàííûìè ñèñòåìàìè. Ïðè ýòîì èññëåäîâàíû çàäà÷è
òðàåêòîðíîé îïòèìèçàöèè è çàäà÷è óêëîíåíèÿ îò ñòîëêíîâåíèÿ ñ ïðîòÿæ¼ííûì ïðåïÿòñòâèåì.

Òåîðåìà ñðàâíåíèÿ äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
è åå ïðèìåíåíèå äëÿ îöåíêè õàðàêòåðèñòèê ñáîðà ðåñóðñà
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Äîêàçàí îäèí èç âàðèàíòîâ òåîðåìû ñðàâíåíèÿ äëÿ ñèñòåìû îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé

ẋ = f(t, x), x ∈ Rn (1)
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â ïðåäïîëîæåíèè, ÷òî âåêòîð-ôóíêöèÿ f íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ è
óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà ïî àðãóìåíòàì x1, . . . , xn. Ïóñòü φ(t) = φ(t, t0, x

0) ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû (1), óäîâëåòâîðÿþùèì íà÷àëüíîìó óñëîâèþ φ(t0) = x0. Âìåñòå ñ ñèñòåìîé
(1) èññëåäóåì ñèñòåìó

ẋ = g(t, x), x ∈ Rn (2)

ñ òàêèìè æå óñëîâèÿìè äëÿ âåêòîð-ôóíêöèè g. Íåðàâåíñòâî x ⩽ y, çàïèñàííîå äëÿ âåêòîðîâ
x ∈ Rn, y ∈ Rn, áóäåì ïîíèìàòü, êàê íåðàâåíñòâà xi ⩽ yi, i = 1, . . . , n.

Áóäåì ãîâîðèòü, ÷òî ñèñòåìà (2) ÿâëÿåòñÿ âåðõíåé ñèñòåìîé ñðàâíåíèÿ äëÿ (1), à ñèñòåìà
(1) ÿâëÿåòñÿ ñîîòâåòñòâåííî íèæíåé ñèñòåìîé ñðàâíåíèÿ äëÿ (2) â îáëàñòè P ⊆ Rn ïðè t ⩾ t0,
åñëè èìååò ìåñòî ñëåäóþùåå óñëîâèå.

Óñëîâèå 1. Äëÿ ëþáûõ t ⩾ t0, x ⩽ y, x ∈ P, y ∈ P âûïîëíåíû íåðàâåíñòâà

fi(t, x1, x2, . . . , xn) ⩽ gi(t, y1, y2, . . . , yi−1, xi, yi+1, . . . , yn), i = 1, . . . , n.

Ìíîæåñòâî P ⊆ Rn íàçûâàåòñÿ ïîëîæèòåëüíî èíâàðèàíòíûì îòíîñèòåëüíî ñèñòåìû
(1), åñëè äëÿ ëþáîé íà÷àëüíîé òî÷êè x0 ∈ P òðàåêòîðèÿ åå ðåøåíèÿ φ(t, t0, x

0) ñîäåðæèòñÿ â
P ïðè âñåõ t ⩾ t0. Îáîçíà÷èì ÷åðåç ψ(t) = ψ(t, t0, x

0) ðåøåíèå ñèñòåìû (2), óäîâëåòâîðÿþùåå
íà÷àëüíîìó óñëîâèþ ψ(t0) = x0.

Òåîðåìà 1. Ïóñòü ìíîæåñòâî P ⊆ Rn ïîëîæèòåëüíî èíâàðèàíòíî îòíîñèòåëüíî
ñèñòåì (1), (2) è âûïîëíåíî óñëîâèå 1. Òîãäà äëÿ ëþáûõ x0 ⩽ y0, x0 ∈ P, y0 ∈ P íåðàâåíñòâî
φ(t, t0, x

0) ⩽ ψ(t, t0, y
0) ñïðàâåäëèâî äëÿ âñåõ t ⩾ t0.

Ïðè ïîìîùè äàííîé òåîðåìû ñðàâíåíèÿ ìîæíî íàéòè îöåíêè õàðàêòåðèñòèê ñáîðà
âîçîáíîâëÿåìîãî ðåñóðñà â ñëó÷àÿõ, êîãäà íå èçâåñòíû àíàëèòè÷åñêèå ðåøåíèÿ ñèñòåì.
Ðàññìîòðèì ñòðóêòóðèðîâàííóþ ïîïóëÿöèþ, ñîñòîÿùóþ èç îòäåëüíûõ âèäîâ x1, . . . , xn, ëèáî
ðàçäåëåííóþ íà n âîçðàñòíûõ ãðóïï. Ïðåäïîëàãàåì, ÷òî äèíàìèêà ïîïóëÿöèè ïðè îòñóòñòâèè
ýêñïëóàòàöèè çàäàíà ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ẋ = f(x), à â ìîìåíòû âðåìåíè
τ(k) = kd, d > 0 èç ïîïóëÿöèè èçâëåêàåòñÿ íåêîòîðàÿ äîëÿ áèîëîãè÷åñêîãî ðåñóðñà
u(k) ∈ [0, 1]n, k = 1, 2, . . . .

Ïóñòü Xi(k) � êîëè÷åñòâî ðåñóðñà i-ãî âèäà äî ñáîðà â ìîìåíò kd, k = 1, 2, . . . ,
xi(0) = x0i � íà÷àëüíîå êîëè÷åñòâî ðåñóðñà, Ci ⩾ 0 � àãðåãèðîâàííàÿ ñòîèìîñòü óñëîâíîé
åäèíèöû i-ãî âèäà. Òîãäà îáùàÿ ñòîèìîñòü ñîáðàííîãî ðåñóðñà â ìîìåíò âðåìåíè kd ðàâíà
n∑
i=1

CiXi(k)ui(k). Îäíîé èç õàðàêòåðèñòèê ñáîðà ðåñóðñà ÿâëÿåòñÿ ñðåäíÿÿ âðåìåííàÿ âûãîäà

(ñì. [1], [2]) �

H∗
(
u, x(0)

) .
= lim

k→∞

1

k

k∑
j=1

n∑
i=1

CiXi(j)ui(j) .

Ïîëó÷åííûå ðåçóëüòàòû ïðîèëëþñòðèðîâàíû íà ïðèìåðàõ ìîäåëåé âçàèìîäåéñòâèÿ äâóõ
âèäîâ òàêèõ, êàê ñèìáèîç è êîíêóðåíöèÿ. Ïîêàçàíî, ÷òî äëÿ ìîäåëåé ñèìáèîçà è íåéòðàëèçìà
íàèáîëüøåå çíà÷åíèå ñðåäíåé âðåìåííîé âûãîäû äîñòèãàåòñÿ ïðè îäíîâðåìåííîé ýêñïëóàòàöèè
ðåñóðñà äâóõ âèäîâ. Äëÿ ïîïóëÿöèé, ìåæäó êîòîðûìè íàáëþäàåòñÿ âçàèìîäåéñòâèå òèïà
¾êîíêóðåíöèÿ¿ âûäåëåíû ñëó÷àè, â êîòîðûõ öåëåñîîáðàçíî ïðîèçâîäèòü äîáû÷ó ðåñóðñà
òîëüêî îäíîãî âèäà èëè äîáû÷ó ðåñóðñà äâóõ âèäîâ.

Ëèòåðàòóðà
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Óïðàâëåíèå êîëåáàíèÿìè äâèæóùåãîñÿ óïðóãîãî ïîëîòíà

Ðîìàíåíêîâ À.Ì. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò (íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò)

ÔÈÖ ÈÓ ÐÀÍ
romanaleks@gmail.com

Áóäåì ðàññìàòðèâàòü ìàòåìàòè÷åñêóþ ìîäåëü ìàëûõ ïîïåðå÷íûõ êîëåáàíèé äâèæó-
ùåãîñÿ óïðóãîãî ïîëîòíà. Ïóñòü ôóíêöèÿ u(x, t)− îòêëîíåíèå äâèæóùåãîñÿ ïîëîòíà îò
ïîëîæåíèÿ ðàâíîâåñèÿ â òî÷êå x â ìîìåíò âðåìåíè t. Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì
ñëåäóþùåé ãèïåðáîëè÷åñêîé íà÷àëüíî-êðàåâîé çàäà÷è:

utt + 2v0utx +
(
v20 − c2

)
uxx +

D

m
uxxxx = f(x, t), (1)

u|x=0 = uxx|x=0 = u|x=l = uxx|x=l = 0, (2)

u|t=0 = u0(x), ut|t=0 = u1(x), (3)

ãäå v0− ñêîðîñòü äâèæåíèÿ ïîëîòíà, c− ñêîðîñòü ðàñïðîñòðàíåíèÿ êîëåáàíèé (ñêîðîñòü çâóêà)
â ïîêîÿùåìñÿ ïîëîòíå, ïðè ýòîì v0 < c, D− êîýôôèöèåíò æåñòêîñòè íà èçãèá, m− óäåëüíàÿ
ìàññà ïîëîòíà íà åäèíèöó ïëîùàäè, f(x, t)− âíåøíåå âîçäåéñòâèå. Êðàåâûå óñëîâèÿ (2)
ÿâëÿþòñÿ óñëîâèÿìè øàðíèðíîãî çàêðåïëåíèÿ ïîëîòíà ïî êðàÿì, à óñëîâèÿ (3) ÿâëÿþòñÿ
íà÷àëüíûìè îòêëîíåíèåì è ñêîðîñòüþ ïîëîòíà ñîîòâåòñòâåííî. Äëÿ äàííîé çàäà÷è óñòàíîâëåí
çàêîí ñîõðàíåíèÿ ýíåðãèè, à èìåííî, èìååò ìåñòî òåîðåìà.

Òåîðåìà 1. Îïðåäåëèì â ìîìåíò âðåìåíè t > 0 ýíåðãèþ äâèæóùåãîñÿ ïîëîòíà:

E(t) =

∫ l

0

(
u2t −

(
v20 − c2

)
u2x +

D

m
u2xx

)
dx.

Òîãäà ïðè f(x, t) ≡ 0 è ∀T > 0 èìååò ìåñòî òîæäåñòâî E(T ) = E(0).
Çàìåòèì, ÷òî èç òåîðåìû 1 ñëåäóåò òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ îäíîðîäíîé

íà÷àëüíî-êðàåâîé çàäà÷è (1)− (3). Äàëåå, ìåòîäîì àâòîìîäåëüíûõ ðåøåíèé ïîëó÷åíî ðåøåíèå
ýòîé çàäà÷è â âèäå ôóíêöèîíàëüíîãî ðÿäà ïî ñèñòåìå áàçèñíûõ ôóíêöèé [1]:

un(x, t) = e
±cλn

√
1− D

mc2
λ2nteλn(x−v0t), (4)

çäåñü λn = i

√√
a2

4 +
(
πn
l

)2 (
a+

(
πn
l

)2)− a
2 , ïðè ýòîì a = m

D

(
c2 − v20

)
[2]. Áëàãîäàðÿ ÿâíî

ïîëó÷åííîé ñèñòåìå ôóíêöèé (4) ìîæíî ïðèìåíèòü ìåòîä ìîìåíòîâ ê çàäà÷å óïðàâëåíèÿ
êîëåáàíèÿìè äâèæóùåãîñÿ ïîëîòíà (1) − (3) ïðè íóëåâûõ íà÷àëüíûõ óñëîâèÿõ (3) è ïðàâîé
÷àñòè f(x, t) = g(t)s(x). Òî åñòü, íåîáõîäèìî îïðåäåëèòü ôóíêöèþ g(t) òàê, ÷òî

u|t=T = y0(x) ut|t=T = y1(x). (5)

Ñ ïîìîùüþ ïðèìåíåíèÿ ìåòîäà ðåøåíèÿ ýòîé ïðîáëåìû ìîìåíòîâ èç [3] ïîëó÷åíî
ïðåäñòàâëåíèå g(t) â âèäå ðÿäà Ôóðüå.
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Ðàçðàáîòêà òóðáóëåíòíîé ìîäåëè
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Èíñòèòóò ñèñòåìíîãî ïðîãðàììèðîâàíèÿ èì. Â.Ï. Èâàííèêîâà ÐÀÍ
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

romanovadi@gmail.com

Â ðàáîòå ïðîâåäåíî èññëåäîâàíèå àëãîðèòìîâ ìàøèííîãî îáó÷åíèÿ äëÿ ïðåäñêàçàíèÿ
òóðáóëåíòíîé âÿçêîñòè íà ïðèìåðå ðàçëè÷íûõ òå÷åíèé, â òîì ÷èñëå òå÷åíèÿ çà îáðàòíûì
óñòóïîì, à òàêæå äðóãèõ ñäâèãîâûõ ïîòîêîâ. Äàííûå äëÿ îáó÷åíèÿ ïîëó÷åíû ñ ïîìîùüþ
ðàñ÷¼òà ñ ïðèìåíåíèåì ïðîãðàììíîãî êîìïëåêñà OpenFOAM è îïòèìèçèðîâàííîé ìîäåëè
òóðáóëåíòíîñòè k− ε. Äëÿ ïðåäñêàçàíèÿ òóðáóëåíòíîé âÿçêîñòè âûïîëíåí àíàëèç çíà÷èìîñòè
ïàðàìåòðîâ òå÷åíèÿ, âêëþ÷àþùèõ ïóëüñàöèè ñêîðîñòåé, ãðàäèåíòû äàâëåíèÿ è ñêîðîñòè,
èíâàðèàíòû òåíçîðà ñêîðîñòåé äåôîðìàöèé è èõ êîìáèíàöèè. Ïðîèçâåäåíî ñðàâíåíèå
ðàçëè÷íûõ àëãîðèòìîâ ìàøèííîãî îáó÷åíèÿ è ïðîàíàëèçèðîâàíà çíà÷èìîñòü âõîäíûõ
ïðèçíàêîâ.

Ìàëûå âîçìóùåíèÿ îáîáùåíèÿ çàäà÷è Ôóëëåðà ñ óïðàâëåíèåì èç êðóãà

Ðîíæèíà Ì.È. (Ðîññèÿ, Ìîñêâà)
ÐÃÓ íåôòè è ãàçà (ÍÈÓ) èìåíè È.Ì. Ãóáêèíà

ronzhina.m@gubkin.ru

Ìàíèòà Ë.À. (Ðîññèÿ, Ìîñêâà)
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Âûñøàÿ øêîëà ýêîíîìèêè¿

ÌÈÝÌ
lmanita@hse.ru

Äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ, àôôèííûõ ïî ñêàëÿðíîìó îãðàíè÷åííîìó
óïðàâëåíèþ, îáëàäàþùèõ îñîáûìè ðåøåíèÿìè ïîðÿäêà 2, âàæíóþ ðîëü â ïîñòðîåíèè ñèíòåçà
â îêðåñòíîñòè îñîáîãî ðåæèìà èãðàåò çàäà÷à Ôóëëåðà:

∞∫
0

x2(t)dt→ inf, ẋ = y, ẏ = u, |u| ≤ 1, x, y, u ∈ R.

Â çàäà÷å Ôóëëåðà äëÿ ëþáîé íà÷àëüíîé òî÷êè ñîîòâåòñòâóþùàÿ îïòèìàëüíàÿ òðàåêòîðèÿ
ÿâëÿåòñÿ ÷åòòåðèíã-òðàåêòîðèåé, à èìåííî, ïðèõîäèò â íà÷àëî êîîðäèíàò (îñîáóþ òî÷êó
ïîðÿäêà 2) çà êîíå÷íîå âðåìÿ, ïðè ýòîì îïòèìàëüíîå óïðàâëåíèå èìååò ñ÷åòíîå ÷èñëî
ïåðåêëþ÷åíèé ñ 1 íà −1 (è íàîáîðîò). Â [1] áûëî ïîêàçàíî, ÷òî äëÿ äîñòàòî÷íî øèðîêîãî
êëàññà çàäà÷ â îêðåñòíîñòè îñîáîé ýêñòðåìàëè âòîðîãî ïîðÿäêà èìåþòñÿ ÷åòòåðèíã-òðàåêòîðèè
è ñòðóêòóðà îïòèìàëüíîãî ñèíòåçà îïðåäåëÿåòñÿ ðåøåíèÿìè çàäà÷è Ôóëëåðà. À èìåííî,
áûëî äîêàçàíî, ÷òî ïðè âûïîëíåíèè íåêîòîðûõ óñëîâèé â îêðåñòíîñòè îñîáîé ýêñòðåìàëè
âòîðîãî ïîðÿäêà ôàçîâîå ïðîñòðàíñòâî ðàññëàèâàåòñÿ íàä ìíîãîîáðàçèåì îñîáûõ òðàåêòîðèé
íà äâóìåðíûå ñëîè, çàïîëíåííûå îïòèìàëüíûìè ÷åòòåðèíã-òðàåêòîðèÿìè, àíàëîãè÷íûìè
ðåøåíèÿì çàäà÷è Ôóëëåðà. Ìû ïîêàæåì, ÷òî ðåçóëüòàòû òàêîãî æå òèïà ìîæíî ïîëó÷èòü
è â ñëó÷àå âåêòîðíîãî óïðàâëåíèÿ.

Â äîêëàäå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ,
àôôèííûõ ïî äâóìåðíîìó óïðàâëåíèþ èç êðóãà. Ìû ïðåäïîëàãàåì, ÷òî ñòðóêòóðà ðåøåíèé â
îêðåñòíîñòè îñîáûõ ýêñòðåìàëåé âòîðîãî ïîðÿäêà äëÿ òàêèõ çàäà÷ îïðåäåëÿåòñÿ ðåøåíèÿìè
àíàëîãà çàäà÷è Ôóëëåðà ñ äâóìåðíûì óïðàâëåíèåì èç êðóãà:

∞∫
0

⟨x(t), x(t)⟩ dt→ inf, ẋ = y, ẏ = u, ∥u∥ ≤ 1, x, y, u ∈ R2. (1)
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Äëÿ çàäà÷è (1) äîêàçàíî [1]-[2], ÷òî íà÷àëî êîîðäèíàò ÿâëÿåòñÿ îñîáîé òî÷êîé ïîðÿäêà 2, è
äëÿ íåêîòîðûõ íà÷àëüíûõ òî÷åê íàéäåíû îïòèìàëüíûå ÷åòòåðèíã-òðàåêòîðèè è îïòèìàëüíûå
òðàåêòîðèè òèïà ëîãàðèôìè÷åñêèõ ñïèðàëåé, ïðè÷åì ñïèðàëè ïðèõîäÿò â íà÷àëî êîîðäèíàò
çà êîíå÷íîå âðåìÿ, è óïðàâëåíèå íà íèõ ñîâåðøàåò áåñêîíå÷íîå ÷èñëî îáîðîòîâ (çà êîíå÷íîå
âðåìÿ) âäîëü åäèíè÷íîé îêðóæíîñòè.

Äëÿ ïðîèçâîëüíîé çàäà÷è, àôôèííîé ïî óïðàâëåíèþ èç êðóãà, ýêñòðåìàëè â âèäå
ëîãàðèôìè÷åñêèõ ñïèðàëåé áûëè íàéäåíû â îêðåñòíîñòè îñîáîé ýêñòðåìàëè ïîðÿäêà 2 â
ñëó÷àå áîëüøîé ðàçìåðíîñòè [3]. Äëÿ ìàëîé ðàçìåðíîñòè áûëà äîêàçàíà îïòèìàëüíîñòü
ëîãàðèôìè÷åñêèõ ñïèðàëåé äëÿ îáîáùåíèÿ çàäà÷è (1) â êëàññå ëèíåéíûõ óïðàâëÿåìûõ ñèñòåì
âòîðîãî ïîðÿäêà ñ êâàäðàòè÷íûì ôóíêöèîíàëîì è óïðàâëåíèåì èç êðóãà [4]. Â äîêëàäå áóäåò
ðàññìîòðåíî íåëèíåéíîå âîçìóùåíèå çàäà÷è (1):

∞∫
0

⟨x(t), x(t)⟩ dt→ inf, ẋ = y, ẏ = u+ f(x, y), ∥u∥ ≤ 1, x, y, u ∈ R2. (2)

Áóäåò ïîêàçàíî, ÷òî ïðè íåêîòîðûõ óñëîâèÿõ íà ôóíêöèþ f(x, y) â îêðåñòíîñòè îñîáîé
ýêñòðåìàëè âòîðîãî ïîðÿäêà â çàäà÷å (2) èìåþòñÿ ýêñòðåìàëè â âèäå ëîãàðèôìè÷åñêèõ
ñïèðàëåé, íà êîòîðûõ óïðàâëåíèå çà êîíå÷íîå âðåìÿ ñîâåðøàåò áåñêîíå÷íîå ÷èñëî îáîðîòîâ
âäîëü îêðóæíîñòè.
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Ðàññìàòðèâàåòñÿ çàäà÷à î ïåðèîäè÷åñêèõ ðåøåíèÿõ óðàâíåíèÿ

utt + uxxxx − auxx + h(x, t, u) = 0, 0 < x < π, t ∈ R; (1)

u(x, t+ T ) = u(x, t); 0 < x < π, t ∈ R. (2)

Ïðåäïîëàãàåòñÿ âûïîëíåíèå ñëåäóþùèõ ãðàíè÷íûõ óñëîâèé:

u(0, t) = ux(0, t) = 0, t ∈ R; (3)

u(π, t) = uxx(π, t) + hux(π, t) = 0, t ∈ R. (4)
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Êîíñòàíòû h, a è ïåðèîä âðåìåíè T óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

a > 0, h > 0, T = 2π
b

c
, b, c ∈ N, (b, c) = 1; (5)

b

(
a+

1

8
+

2h

π

)
/∈ N. (6)

Ðàññìàòðèâàåìîå óðàâíåíèå îïèñûâàåò êîëåáàíèÿ ïðîâîäîâ è áàëêè, ïîäâåðæåííîé
ðàñòÿæåíèþ âäîëü ãîðèçîíòàëüíîé îñè. Ãðàíè÷íûå óñëîâèÿ (3),(4) ñîîòâåòñòâóþò ñëó÷àþ
æåñòêî çàäåëàííîãî ëåâîãî è óïðóãî çàêðåïëåííîãî ïðàâîãî êîíöîâ áàëêè.

Áóäåì ïðåäïîëàãàòü, ÷òî íåëèíåéíîå ñëàãàåìîå h(x, t, u) óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì:

h ∈ C1(Ω×R) è íå óáûâàåò ïî u; (7)

h(x, t,−u) = −h(x, t, u) ∀(x, t, u) ∈ Ω×R; (8)

(A1 + δ)|u|r−1 +A2 ⩾ |h(x, t, u)| ⩾ A1|u|r−1 −A3 ∀(x, t, u) ∈ Ω×R, (9)

ãäå
r > 2, (10)

A1, A2, A3, δ åñòü ïîëîæèòåëüíûå êîíñòàíòû è

δ <
r − 2

2
A1. (11)

Òåîðåìà 2. Ïðåäïîëîæèì âûïîëíåíû óñëîâèÿ (5) − (11). Òîãäà çàäà÷à (1) − (4)
èìååò íå îãðàíè÷åííóþ â Lr(Ω) ïîñëåäîâàòåëüíîñòü îáîáùåííûõ ðåøåíèé èç ïðîñòðàíñòâà

H2(Ω) ∩ C1(Ω), èìåþùèõ íåïðåðûâíóþ âòîðóþ ïðîèçâîäíóþ ïî x.
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Â ðàìêàõ ïëîñêîé òåîðèè óïðóãîñòè èçó÷àåòñÿ äèíàìè÷åñêàÿ ìîäåëü òåðìîóïðóãîãî
òåëà, ñîäåðæàùåãî òîíêèå âêëþ÷åíèÿ (âîëîêíà). Âêëþ÷åíèÿ ïàðàëëåëüíû äðóã äðóãó, è,
òàêèì îáðàçîì, çàäà÷à ñîäåðæèò ìàëûé ïîëîæèòåëüíûé ïàðàìåòð ε, êîòîðûé îïèñûâàåò
ðàññòîÿíèå ìåæäó äâóìÿ ñîñåäíèìè âêëþ÷åíèÿìè. Îïèðàÿñü íà ñëàáóþ ôîðìóëèðîâêó çàäà÷è,
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ìû èññëåäóåì ïîâåäåíèå ðåøåíèé ïðè ε ñòðåìÿùèìñÿ ê íóëþ. Â ðåçóëüòàòå ìû ïîëó÷àåì
õîðîøî ïîñòàâëåííóþ ãîìîãåíèçèðîâàííóþ (îñðåäíåííóþ) ìîäåëü àíèçîòðîïíîãî êîìïîçèòà,
â êîòîðîé íåò íåîáõîäèìîñòè ó÷èòûâàòü êàæäîå îòäåëüíîå âêëþ÷åíèå. Ïðîöåññ ãîìîãåíèçàöèè
îñíîâàí íà èñïîëüçîâàíèè òåîðèè äâóõìàñøòàáíîé ñõîäèìîñòè.
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Â ïîñëåäíåå âðåìÿ ïðèìåíåíèå ìåòîäîâ, îñíîâàííûõ íà ìàòåìàòè÷åñêîì è êîìïüþòåðíîì
ìîäåëèðîâàíèè, ñòàëî øèðîêî èñïîëüçóåìûì ïîäõîäîì â íåéðîíàóêàõ. Îäíàêî èñïîëüçîâàíèå
òàêèõ ìîäåëåé òðåáóåò èõ èäåíòèôèêàöèè, òî åñòü êîððåêòíîãî îïðåäåëåíèÿ çíà÷åíèé
ïàðàìåòðîâ ìîäåëè íà îñíîâå äàííûõ, ïîëó÷åííûõ â õîäå ýêñïåðèìåíòîâ. Ïðîáëåìà ñòàíîâèòñÿ
ñëîæíåå, åñëè òðåáóåòñÿ îöåíèòü çíà÷åíèÿ ïàðàìåòðîâ íå îäíîãî íåéðîíà, à ïîïóëÿöèè
íåéðîíîâ èëè íåéðîííîé ñåòè, ñîñòîÿùåé èç áîëüøîãî ÷èñëà âçàèìîñâÿçàííûõ íåéðîíîâ.

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à èäåíòèôèêàöèè äèíàìè÷åñêîé ñåòè, ñîñòàâëåííîé èç N
ìîäåëåé íåéðîíîâ ÔèòöÕüþ-Íàãóìî [1], [2]:

u̇k = uk −
u3k
3 − vk + Iext + σ

N∑
j=1

Akj [Buu(uj − uk) +Buv(vj − vk)],

v̇k = ε(uk − a− bvk) + σ
N∑
j=1

Akj [Bvu(uj − uk) +Bvv(vj − vk)],

(1)

ãäå k ∈ 1 : N, uk(t), vk(t)�ïåðåìåííûå ñîñòîÿíèÿ, σ, Akj , Buu, Buv, Bvu, Bvv �íåêîòîðûå
êîýôôèöèåíòû ñâÿçè ìåæäó íåéðîíàìè, Iext, ε, a, b�ïàðàìåòðû, çíà÷åíèÿ êîòîðûõ òðåáóåòñÿ
îöåíèâàòü ïî ðåçóëüòàòàì íàáëþäåíèé.

Â îñíîâå ðåøåíèÿ ëåæèò ìåòîä ñêîðîñòíîãî ãðàäèåíòà äëÿ èíòåãðàëüíîãî öåëåâîãî
ôóíêöèîíàëà [3]. Ïî ïðè÷èíå íåèçìåðÿìîñòè íà ïðàêòèêå ïåðåìåííûõ vk(t) è ïðîèçâîäíûõ
âñåõ ïåðåìåííûõ, (1) ïðåîáðàçóåòñÿ ê âèäó ñèñòåìû èç äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî
ïîðÿäêà è ôèëüòðóåòñÿ ñ ïîìîùüþ ðåàëüíûõ äèôôåðåíöèàòîðîâ. Ïîñëåäóþùåå ïðèìåíåíèå
ìåòîäà ñêîðîñòíîãî ãðàäèåíòà ïîçâîëÿåò ïîëó÷èòü çàêîí íàñòðîéêè ïàðàìåòðîâ:

θ̇ = −γδ(x, θ, t)z(x, t), (2)

ãäå γ > 0, θ(t)� âåêòîð îöåíîê èñòèííûõ çíà÷åíèé ïàðàìåòðîâ ïðåîáðàçîâàííîé ìîäåëè,
x(t)� âåêòîð ñîñòîÿíèÿ ïðåîáðàçîâàííîé ìîäåëè, z(x, t)� âåêòîð íàáëþäàåìûõ âåëè÷èí,
δ(x, θ, t) = (θ − θ∗)Tz(x, t).
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Îïðåäåëåíèå 1. Âåêòîð-ôóíêöèÿ z(t) óäîâëåòâîðÿåò óñëîâèþ ïîñòîÿííîãî âîçáóæäå-
íèÿ, åñëè ñóùåñòâóþò ïîëîæèòåëüíûå L,α, t0 òàêèå, ÷òî äëÿ ëþáîãî t > t0 âûïîëíÿåòñÿ:

t+L∫
t

z(s)z(s)Tds ⩾ αI.

Òåîðåìà 1 [4]. Åñëè âåêòîð-ôóíêöèÿ z(x(t), t) óäîâëåòâîðÿåò óñëîâèþ ïîñòîÿííîãî
âîçáóæäåíèÿ, òî äëÿ ñåòè èç ìîäåëåé ÔèòöÕüþ-Íàãóìî àëãîðèòì (2) îáåñïå÷èâàåò
äîñòèæåíèå öåëè èäåíòèôèêàöèè: θ(t)− θ∗ → 0 ïðè t→ ∞.

Â äîêëàäå ðàññìîòðåí ïðàêòè÷åñêè âàæíûé ñëó÷àé, êîãäà íà íåéðîííóþ ñåòü (1) äåéñòâó-
þò îãðàíè÷åííûå âîçìóùåíèÿ (âêëþ÷àþùèå, íàïðèìåð, ïîãðåøíîñòè èçìåðåíèÿ). Ïðåäëîæåíî
ðåãóëÿðèçèðîâàòü çàêîí óïðàâëåíèÿ (2) ââåäåíèåì ïàðàìåòðè÷åñêîé îòðèöàòåëüíîé îáðàòíîé
ñâÿçè è íàéäåíû óñëîâèÿ âûïîëíåíèÿ îñëàáëåííîé öåëè èäåíòèôèêàöèè: |θ(t) − θ∗∥ ⩽ ∆̃ ïðè
t > t∗ äëÿ íåêîòîðûõ ∆̃, t∗.

Ïîëó÷åííûå ðåçóëüòàòû ïîêàçûâàþò, ÷òî ïðèìåíåíèå ìåòîäà ñêîðîñòíîãî ãðàäèåíòà äëÿ
èäåíòèôèêàöèè ñåòè èç ìîäåëåé íåéðîíîâ ÔèòöÕüþ-Íàóãìî ïîçâîëÿåò ïîëó÷èòü òåîðåòè÷åñêè
îáîñíîâàííûå àëãîðèòìû îöåíèâàíèÿ ïàðàìåòðîâ, êîòîðûå ìîæíî èñïîëüçîâàòü ïðè ðàáîòå ñ
ðåàëüíûìè äàííûìè ýëåêòðè÷åñêîé àêòèâíîñòè ìîçãà, ïîëó÷àåìûìè, íàïðèìåð, ñ ïîìîùüþ
ýëåêòðîýíöåôàëîãðàôèè.
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Ñàêáàåâ Â.Æ. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì.Â. Êåëäûøà ÐÀÍ
fumi2003@mail.ru

Íà áåñêîíå÷íîìåðíîì ôàçîâîì ïðîñòðàíñòâå, ñíàáæåííîì òðàíñëÿöèîííî èíâàðèàíòíîé
ñèìïëåêòè÷åñêîé ôîðìîé, ââîäÿòñÿ íåîòðèöàòåëüíûå êîíå÷íî-àääèòèâíûå ìåðû, èíâàðèàíò-
íûå îòíîñèòåëüíî ãðóïïû ñäâèãîâ. Â ïðîñòðàíñòâå ôóíêöèé, êâàäðàòè÷íî èíòåãðèðóåìûõ
ïî ïîñòðîåííûì èíâàðèàíòíûì ìåðàì, ïîëó÷åíî óíèòàðíîå ïðåäñòàâëåíèå áåñêîíå÷íîìåðíûõ
ãàìèëüòîíîâûõ ïîòîêîâ. Ïîëó÷åíî ðàçëîæåíèå èíâàðèàíòíûõ ìåð íà ýðãîäè÷åñêèå îòíîñè-
òåëüíî ïîòîêà êîìïîíåíòû. Èññëåäîâàíû ñâîéñòâà ïîëó÷åííûõ ïðåäñòàâëåíèé, â ÷àñòíîñòè,
ñâîéñòâà ñèëüíîé íåïðåðûâíîñòè è ñïåêòðàëüíûå ñâîéñòâà ãåíåðàòîðîâ êóïìàíîâñêîé
óíèòàðíîé ãðóïïû. Ïîêàçàíî, ÷òî óñðåäíåíèå ãàóññîâñêèõ ñëó÷àéíûõ áëóæäàíèé â
áåñêîíå÷íîìåðíîì ïðîñòðàíñòâå ïîðîæäàåò ïîëóãðóïïó ñàìîñîïðÿæåííûõ ïðåîáðàçîâàíèé
ïðîñòðàíñòâà êâàäðàòè÷íî èíòåãðèðóåìûõ ïî èíâàðèàíòíîé ìåðå ôóíêöèé. Ïîëó÷åíû
óñëîâèÿ, íåîáõîäèìûå è äîñòàòî÷íûå äëÿ ñèëüíîé íåïðåðûâíîñòè ïîëóãðóïïû, ïðè
âûïîëíåíèè êîòîðûõ èññëåäîâàí ãåíåðàòîð ïîëóãðóïïû ñàìîñîïðÿæåííûõ ñæàòèé. Ïðè
íàðóøåíèè óñëîâèé ñèëüíîé íåïðåðûâíîñòè ïîêàçàíî, ÷òî óñðåäíåíèå ãàóññîâñêèõ ñëó÷àéíûõ
áëóæäàíèé îïèñûâàåò ïåðåõîä èç âåêòîðíîãî ñîñòîÿíèÿ ýâîëþöèîíèðóþùåé ñèñòåìû â
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ñìåøàííîå ñèíãóëÿðíîå ñîñòîÿíèå, ïðè ýòîì ñåìåéñòâî ïðåîáðàçîâàíèé âåêòîðíîé êîìïîíåíòû
ñîñòîÿíèÿ îáðàçóåò ðàçðûâíóþ îäíîïàðàìåòðè÷åñêóþ ïîëóãðóïïó.

Ñåòü ïðîñòðàíñòâ Ñîáîëåâà-Âåéëÿ
ïîòåíöèàëüíûõ è âèõðåâûõ ïîëåé

Ñàêñ Ð.Ñ. (Ðîññèÿ, Óôà)
Èíñòèòóò ìàòåìàòèêè c ÂÖ ÓÔÈÖ ÐÀÍ

romen-saks@yandex.ru

Ðàññìàòðèâàþòñÿ ïðîñòðàíñòâà Ak è Vm ïîòåíöèàëüíûõ è âèõðåâûõ ïîëåé,
îáðàçîâàííûå ñîáñòâåííûìè ïîëÿìè pj è q±

j îïåðàòîðîâ: ãðàäèåíò äèâåðãåíöèè è ðîòîð. Ýòè

îïåðàòîðû è èõ ñàìîñîïðÿæ¼ííûå ðàñøèðåíèÿ Nd è S â L2(Ω) çàäàþò â Ak è Vm áàçèñû.
Ïðîñòðàíñòâà Ak è Vk ÿâëÿþòñÿ ïðîåêöèÿìè âåêòîðíûõ ïðîñòðàíñòâ Ñîáîëåâà Hk(Ω) íà
îðòîãîíàëüíûå ïîäïðîñòðàíñòâà A è B ïîòåíöèàëüíûõ è âèõðåâûõ ïîëåé â L2(Ω) (k,m - öåëûå,
îáëàñòü Ω ⊂ R3 - ãîìåîìîðôíà øàðó).

Ðàçëîæåíèå L2(Ω) = A⊕ B âïåðâûå îáíàðóæèë Ã. Âåéëü (H.Weyl) â 1941 ãîäó.

Â åãî ÷åñòü Ñ.Ë. Ñîáîëåâ èñïîëüçîâàë áóêâó "W" ïðè îáîçíà÷åíèè ïðîñòðàíñòâW
(l)
p (Ω).

Ñëåäóÿ Ñ.Ë., Ak è Vm íàçîâ¼ì ïðîñòðàíñòâàìè Ñîáîëåâà-Âåéëÿ.
Ðàññìàòðèâàþòñÿ òàêæå êëàññû C(k,m) ≡ Ak ⊕ Vm ïðÿìûõ ñóìì ïðîñòðàíñòâ Ak è

Vm äëÿ âñåõ -öåëûõ k è m. Îíè îáðàçóþò ñåòü ïðîñòðàíñòâ.
Êëàññû C(m,m) = Hm; C(k,m) ⊂ H0, åñëè k,m ≥ 0.
Â ýòîé ñåòè ìû èçó÷èëè êðàåâûå çàäà÷è äëÿ ìîäåëüíûõ îïåðàòîðîâ (∇ div)p + λ I è

(rot)p + λI ñ ïàðàìåòðîì λ ïðè p = 1, 2. Íàïðèìåð,
Çàäà÷à 12. Çàäàíî ïîëå f ∈ C(k,m) ⊂ L2(Ω). Íàéòè ïîëå u â L2(Ω) òàêîå, ÷òî

rot2 u− λu = f â Ω, γ(n · u) = γ(n · rotu) = 0, (1)

(ò.å. ïîëå u ∈ L2(Ω), äëÿ êîòîðîãî (u, (rot2 − λ I)v) = (f ,v) ∀v ∈ C∞
0 (Ω) è âûïîëíÿþòñÿ

óñëîâèÿ: γ(n · u) = γ(n · rotu) = 0, åñëè ñëåäû γ(n · u) è γ(n · rotu) íà ãðàíèöå Ω ñóùåñòâóþò).
Äîêàçàíî, ÷òî ýòà çàäà÷à ðàçðåøèìà ïî Ôðåäãîëüìó, à ïðè λ∈Sp(rot2) îïåðàòîð

rot2 − λI (è îáðàòðûé) îòîáðàæàþò êëàññ C(k,m+2) íà C(k,m) âçàèìíî îäíîçíà÷íî
è íåïðåðûâíî.

Ðàññìîòðåíà òàêæå çàäà÷à C äëÿ îïåðàòîðà Ñòîêñà ñ ïàðàìåòðîì λ:

ν(∆ + λ I)u−∇ p = f , divu = 0 â Ω, γ(n · u) = γ(n · rotu) = 0. (C)

Ýòà çàäà÷à òàêæå ðàçðåøèìà ïî Ôðåäãîëüìó.
Ïðè λ ̸= Sp(S2), ãäå îïåðàòîð S � ñàìîñîïðÿæ¼ííîå ðàñøèðåíèå ðîòîðà â L2(Ω),

çàäà÷à (C) áåçóñëîâíî è îäíîçíà÷íî ðàçðåøèìà, à å¼ ðåøåíèå, ïàðà (∇ p,u), èìååò âèä
−∇ p = ∇h ≡ fA, u = −ν−1(S2 − λ)−1fB, ãäå fA + fB = f .

Ïðè÷¼ì (∇h,u) ∈ (Ak,Wm+2), åñëè ïàðà (fA, fB) ∈ C(k,m) ≡ (Ak,Wm).
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Îá óïðàâëÿåìîñòè íåñàìîñîïðÿæåííîé ïàðàáîëè÷åñêîé ñèñòåìû

Ñàïàðìóðàäîâ À.Ñ. (Òóðêìåíèñòàí, Àøõàáàä)
Òóðêìåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ìàõòóìêóëè
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Â ðàáîòå èññëåäóåòñÿ ìíîæåñòâî äîñòèæèìîñòè ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè,
çàäàâàåìûõ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ ïåðâîãî ïîðÿäêà ïî âðåìåíè è íåñàìîñîïðÿ-
æåííûì äèôôåðåíöèàëüíûì îïåðàòîðîì ïðîèçâîëüíîãî ïîðÿäêà ïî ïðîñòðàíñòâåííîé ïåðå-
ìåííîé. Óïðàâëÿþùèå äåéñòâèÿ âõîäÿò â ñìåøàííûå ãðàíè÷íûå óñëîâèÿ ñîîòâåòñòâóþùèõ
íà÷àëüíî-êðàåâûõ çàäà÷ [1,2].

Ðàññìàòðèâàåòñÿ ñèñòåìà

∂

∂t
u(x, t) = (σu(., t)(x), x ∈ (0, 1), t ∈ (0, T ) (1)

ñ íà÷àëüíûì è ãðàíè÷íûìè óñëîâèÿìè

U(x, 0) = u0(x), τju(., t) =

r∑
j=1

βljυl(t), t ∈ (0, T ), j = 1, 2, ..., 2n, (2)

ãäå äèôôåðåíöèàëüíîå âûðàæåíèå

(σu)(x) = (−1)n−1
2n∑
ν=0

pν(x)u
(2n−ν)(x), x ∈ (0, 1),

ãðàíè÷íûå îïåðàòîðû τj , j = 1, 2, · · · , 2n

τju =
2n−1∑
ν=0

[
α0
jνu

(ν)(0) + α1
jνu

(ν)(1)
]
, βlj , α

0
jν , α

1
jν- ïîñòîÿííûå ÷èñëà.

Ïðåäïîëàãàåòñÿ, ÷òî a) pν(.) ∈ W 2n−ν
2 (0, 1), p0(x) > 0, x ∈ [0, 1], á) ãðàíè÷íûå óñëîâèÿ

τju = 0, j = 1, 2, ..., 2n óñèëåííî ðåãóëÿðíû [3]. Óïðàâëÿþùèå âîçäåéñòâèÿ υ
l
(.), l = 1, 2, · · · , r

âûáèðàþòñÿ èç êëàññà
o
Wm

2 (0, T ). Çàäà÷à (1)-(2) èìååò îáîáùåííîå ðåøåíèå, êîòîðîå ñóùåñòâóåò
è åäèíñòâåííî ïðè ëþáûõ çàäàííûõ υl(t). Â êîíå÷íûé ìîìåíò âðåìåíè T ðåøåíèå çàäà÷è (1)-
(2) îïðåäåëÿåò ôóíêöèþ u1(x) è ïóñòü îíà èìååò ïðåäñòàâëåíèå

u1(x) =
∑
k,s

u1k,sXks(x),
∑
k,s

| u1ks |2<∞,

ãäå Xks(x) � ñåìåéñòâî ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà

(Cu)(x) = (−1)n
2n∑
ν=0

pν(x)
d2n−ν

dx2n−ν
u(x)

ñ îáëàñòüþ îïðåäåëåíèÿ ∆ = {u | u ∈W 2n
2 (0, 1), τju = 0, j = 1, 2, · · · , 2n}.

Âîïðîñ îá óïðàâëÿåìîñòè ñèñòåìû ýêâèâàëåíòåí ñëåäóþùåé ïðîáëåìå ìîìåíòîâ [4]:

u1ks − e−λ
2nT
k

rk−s∑
i=0

(−1)iT i

i!
=

r∑
l=1

2n∑
j=1

rk−s∑
i=0

βljγ
j
ks+i

T∫
0

υl(t)
(−1)i(T − t)i

i!
e−λ

2n(T−t)
k dt. (4)
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Ïðåäñòàâëÿÿ ìîìåíòíûå ñîîòíîøåíèÿ â âèäå Aυ = b, ìîæíî ïîêàçàòü, ÷òî

A : L2[0, T ] → lα2 , α < 2(n−m)− 1.

Çäåñü ÷åðåç m îáîçíà÷åí íàèáîëüøèé ïîðÿäîê ïðîèçâîäíîé îò u(x, t) ïî x, âõîäÿùåé
â âûðàæåíèå γjks+i = τ̃∗j (ψks), lαp -ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé bk, äëÿ êîòîðûõ

ðÿä
∞∑
k=1

λαk |bk|p ñõîäèòñÿ, ãäå α-äåéñòâèòåëüíîå ÷èñëî, çàâèñÿùåå îò p, ðàçìåðíîñòè

îáëàñòè ïðîñòðàíñòâåííûõ ïðîèçâîäíûõ, ïîðÿäêà äèôôåðåíöèàëüíîãî îïåðàòîðà è ïîðÿäêà
ïðîèçâîäíîé îò èñêîìîé ôóíêöèè, âõîäÿùåé â ãðàíè÷íûå óñëîâèÿ.

Òåîðåìà 1. Åñëè ìíîæåñòâî óïðàâëåíèé υl(t) îãðàíè÷åíî â ïðîñòðàíñòâå Lp(0, T ), òî
ìíîæåñòâî ïîñëåäîâàòåëüíîñòåé, îïðåäåëÿåìîå ðàâåíñòâàìè (4) êîìïàêòíî â ïðîñòðàíñòâå
lαp , α < (2n−m)p− 2n− 1.
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Ñòðóêòóðíî óñòîé÷èâûå ëèíåéíûå ðàñøèðåíèÿ
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Ñèñòåìà
φ̇ = ω, ẋ = A(φ)x, x ∈ R2, (1)

ãäå φ � óãëîâûå êîîðäèíàòû íà òîðå, ω � âåêòîð ñ ðàöèîíàëüíî íåçàâèñèìûìè êîìïîíåíòàìè,
à ìàòðèöà A(φ) ÿâëÿåòñÿ ôóíêöèåé íà òîðå, îïðåäåëÿåò ïîòîê, êîòîðûé íàçûâàåòñÿ ëèíåéíûì
ðàñøèðåíèåì êâàçèïåðèîäè÷åñêîãî ïîòîêà íà òîðå. Áóäåì ñ÷èòàòü, ÷òî ñëåä ìàòðèöû A(φ)
ðàâåí íóëþ, ò.å. îíà ïðåäñòàâèìà â âèäå

A(φ) = a(φ)

(
0 −1
1 0

)
+ b(φ)

(
0 1
1 0

)
+ c(φ)

(
1 0
0 −1

)
. (2)

Ñîãëàñíî ñïåêòðàëüíîé òåîðåìå ([1], òåîðåìà 3) ìíîæåñòâî âñåõ ïîêàçàòåëåé Ëÿïóíîâà
ëèíåéíîãî ðàñøèðåíèÿ � ñïåêòð ïîêàçàòåëåé Ëÿïóíîâà, ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå
íåïåðåñåêàþùèõñÿ çàìêíóòûõ èíòåðâàëîâ. Â íàøåì ñëó÷àå ñïåêòð ëèáî {−β, β}, ëèáî [−β, β],
ëèáî {0} [1]. Ñâîéñòâà ñïåêòðà ïîçâîëÿþò ââåñòè ñëåäóþùóþ êëàññèôèêàöèþ. Ëèíåéíîå
ðàñøèðåíèå íàçûâàåòñÿ

1. ðàâíîìåðíî ãèïåðáîëè÷åñêèì, åñëè åãî ñïåêòð {−β, β};
2. ýëëèïòè÷åñêèì, åñëè ñïåêòð {0} è âñå ðåøåíèÿ (1) îãðàíè÷åíû;
3. ïàðàáîëè÷åñêèì, åñëè ñïåêòð {0} è åñòü êàê îãðàíè÷åííûå, òàê è íåîãðàíè÷åííûå

ðåøåíèÿ (1);
4. íåðàâíîìåðíî ãèïåðáîëè÷åñêèì, åñëè ñïåêòð íåâûðîæäåííûé èíòåðâàë [−β, β].
Ýòà ñèñòåìà îïðåäåëÿåò ïðîåêòèâíûé ïîòîê, èíäóöèðóåìûé ëèíåéíîé ñèñòåìîé.

Êîìïàêòèôèêàöèÿ ôàçîâîãî ïðîñòðàíñòâà ñèñòåìû (1) ïðåîáðàçóåò åe â ñèñòåìó íà
òðåõìåðíîì òîðå T3:

φ̇ = ω, θ̇ = 2a(φ) + 2b(φ) cos θ − 2c(φ) sin θ. (3)
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Ïðåäåë

ϱ = lim
t→∞

θ(t, φ0, θ0)

t
,

ãäå θ(t, φ0, θ0) � ðåøåíèå (3), íàçûâàåòñÿ ÷èñëîì âðàùåíèÿ ñëîÿ. Ýòîò ïðåäåë íå çàâèñèò îò
íà÷àëüíûõ äàííûõ è ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé ïàðàìåòðîâ ñèñòåìû [2]. Ðåçîíàíñîì
ñèñòåìû (3) íàçûâàåòñÿ ðàâåíñòâî ⟨k, ω⟩ + lϱ = 0, (k, l) ∈ Z3. Còóïåíüêè íà ãðàôèêå ÷èñëà
âðàùåíèÿ ñëîÿ â çàâèñèìîñòè îò ïàðàìåòðà íàçûâàþòñÿ èíòåðâàëàìè çàõâàòà ôàçû.

Òåîðåìà. Ëèíåéíîå ðàñøèðåíèå êâàçèïåðèî-

Ðèñ. 1: ×èñëî âðàùåíèÿ ñëîÿ.

äè÷åñêîãî ïîòîêà íà òîðå ñòðóêòóðíî óñòîé÷èâî
òîãäà è òîëüêî òîãäà, êîãäà

1. ëèíåéíîå ðàñøèðåíèå ðàâíîìåðíî ãèïåðáî-
ëè÷íî;

2. íåáëóæäàþùåå ìíîæåñòâî ïðîåêòèâíîãî
ïîòîêà ñîñòîèò èç äâóõ èíâàðèàíòíûõ òîðîâ
(ýêñïîíåíöèàëüíî óñòîé÷èâîãî è íåóñòîé÷èâîãî),
ÿâëÿþùèõñÿ êîíå÷íî-ëèñòíûì íàêðûòèåì áàçû;

3. ÷èñëî âðàùåíèÿ ñëîÿ ðåçîíàíñíîå è ïðèíàä-
ëåæèò íåêîòîðîìó èíòåðâàëó çàõâàòà ôàçû.

Äîêàçàòåëüñòâî ýòîãî ðåçóëüòàòà ÿâëÿåòñÿ
ïðèëîæåíèåì òåîðèè ïðîåêòèâíûõ ïîòîêîâ Äæ.
Ñåëãðåéäà [3].
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Ðàññìàòðèâàåòñÿ îáîáùåííàÿ ïî÷òè ðèìàíîâà çàäà÷à Ãðóøèíà, îòëè÷àþùàÿñÿ îò
êëàññè÷åñêîé çàäà÷è Ãðóøèíà [1] ïðîèçâîëüíîé ñòåïåíüþ âûðîæäåíèÿ k > 0 áàçèñíîãî
âåêòîðíîãî ïîëÿ íà îñîáîì ìíîæåñòâå. Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

� Äîêàçàíà ïîëíàÿ óïðàâëÿåìîñòü äëÿ ëþáîãî k ≥ 2, k ∈ N.

� Ïîäðîáíî èçó÷åí ñëó÷àé k = 2.

� Äîêàçàíî ñóùåñòâîâàíèå îïòèìàëüíûõ òðàåêòîðèé.

� Ýêñòðåìàëüíûå òðàåêòîðèè ïàðàìåòðèçîâàíû ôóíêöèÿìè ßêîáè.

� Èçó÷åíû ñèììåòðèè ñèñòåìû, íàéäåíî ñîîòâåòñòâóþùèå âðåìåíà Ìàêñâåëëà.

83Èññëåäîâàíèå âûïîëíåíî â ÈÏÑ èì. À.Ê.Àéëàìàçÿíà ÐÀÍ çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà
� 22-11-00140, https://rscf.ru/project/22-11-00140/.
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� Äîêàçàíî, ÷òî âðåìÿ ðàçðåçà ðàâíî ïåðâîìó âðåìåíè Ìàêñâåëëà.

� Ïîñòðîåí îïòèìàëüíûé ñèíòåç.

� Èññëåäîâàíû ðàññòîÿíèå è ñôåðû.

� ×àñòü ïîëó÷åííûõ ðåçóëüòàòîâ îáîáùåíà äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî k.

� Íåêîòîðûå ðåçóëüòàòû ïîëó÷åíû äëÿ îáùåãî äåéñòâèòåëüíîãî k > 0.
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Ðåàëüíûå ñèñòåìû íå âñåãäà îáëàäàþò îáëàäàþò ñâîéñòâîì óñòîé÷èâîñòè ïî Ëÿïóíîâó,
äåìîíñòðèðóÿ, òåì íå ìåíåå, ïðèåìëåìîå ïîâåäåíèå, ê ïðèìåðó, êîëåáàíèÿ â îêðåñòíîñòè
(íåóñòîé÷èâîãî) ðàâíîâåñèÿ. Ó÷åò ñëó÷àéíûõ âíåøíèõ âîçìóùåíèé äîïîëíèòåëüíî îñëîæíÿåò
îáîñíîâàíèå ñâîéñòâà ìàòåìàòè÷åñêîé óñòîé÷èâîñòè. Ýòè ñîîáðàæåíèÿ ïðèâåëè ê íåîáõîäèìî-
ñòè îïðåäåëåíèÿ ïîäõîäÿùèõ ìîäèôèêàöèé ïîíÿòèÿ óñòîé÷èâîñòè. Îäíèì èç ïåðâûõ ïîíÿòèé
ñòàëà òåõíè÷åñêàÿ óñòîé÷èâîñòü, ïðåäëîæåííàÿ Í.Ä. Ìîèñååâûì [1]; â íàñòîÿùåå âðåìÿ â
ëèòåðàòóðå ÷àùå èñïîëüçóåòñÿ ïîíÿòèå ¾ïðàêòè÷åñêàÿ óñòîé÷èâîñòü¿ [2].

Èçâåñòíî, ÷òî äëÿ àíàëèçà ñâîéñòâ óñòîé÷èâîñòè ñèñòåì ñ çàïàçäûâàíèåì ïðîèçâîäíàÿ
ôóíêöèè Ëÿïóíîâà îöåíèâàåòñÿ íå âî âñåé îêðåñòíîñòè íà÷àëà êîîðäèíàò, à ëèøü â
åå ÷àñòè [3,4]. Ïðè ýòîì îöåíêè ïðîèçâîäíîé èìåþò âèä, àíàëîãè÷íûé ïîëó÷åííûì
äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé; â ÷àñòíîñòè, òðàäèöèîííàÿ îöåíêà,
ãàðàíòèðóþùàÿ ïðàêòè÷åñêóþ óñòîé÷èâîñòü, èìååò âèä ñóììû îòðèöàòåëüíî îïðåäåëåííîé
ôóíêöèè è ïîëîæèòåëüíîãî ñëàãàåìîãî. Â äàííîé ðàáîòå ïîëó÷åíû êàê óñëîâèÿ ïðàêòè÷åñêîé
óñòîé÷èâîñòè, òàê è îöåíêè ñõîäèìîñòè ðåøåíèé, ïðè ýòîì â îöåíêå ïðîèçâîäíîé ôóíêöèè
Ëÿïóíîâà íå îáÿçàòåëüíî âûäåëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííàÿ ñîñòàâëÿþùàÿ.

Ðàññìîòðèì ñèñòåìó ñ çàïàçäûâàíèåì âèäà:

ẋ(t) = X(t, xt), X(t, 0) ≡ 0, (1)

ãäå ôóíêöèîíàë X : R+ × C → Rn óäîâëåòâîðÿåò ïðåäïîëîæåíèÿì èç [5].
Èñïîëüçóåìûå çäåñü îáîçíà÷åíèÿ ñòàíäàðòíûå: R+ = [0,+∞), C = C([−r, 0], Rn) �

áàíàõîâî ïðîñòðàíñòâî ñ ñóïðåìóì-íîðìîé ∥·∥ (r > 0); äëÿ ôóíêöèè x(t) ∈ C([t0−r, t0+β), Rn)
ýëåìåíò xt ∈ C îïðåäåëÿåòñÿ ðàâåíñòâîì xt(s) = x(t + s), −r ≤ s ≤ 0, ẋ(t) îáîçíà÷àåò
ïðàâîñòîðîííþþ ïðîèçâîäíóþ. Ðåøåíèå ñèñòåìû (1), óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ
xt0 = φ0, îáîçíà÷èì x(t; t0, φ0).

Îïðåäåëèì ñêàëÿðíóþ ôóíêöèþ Ëÿïóíîâà V (t, x) ∈ C1([−r,+∞)×Rn, R+), òàêóþ, ÷òî
V (t, 0) = 0 äëÿ âñåõ t ∈ R+, è åå ïðîèçâîäíóþ â ñèëó ñèñòåìû (1):

V ′(t, φ) =
∂V (t, φ(0))

∂t
+

n∑
i=1

∂V (t, φ(0))

∂xi
Xi(t, φ).

Â äàííîé ðàáîòå îöåíêè ñõîäèìîñòè ðåøåíèé óðàâíåíèÿ (1) îñíîâàíû íà ñëåäóþùåé
ëåììå:

Ëåììà. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò a > 0, a ∈ R, à òàêæå ôóíêöèè η ∈ K,
V ∈ C1(R+ ×Rn, R+) è p ∈ C([−r,+∞), R), q ∈ C([−r,+∞), R+), G ∈ C(R+, R+) òàêèå, ÷òî:
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1. V ′(t, φ) ⩽ −p(t)V (t, φ(0)) + q(t)G(V (t, φ(0))) ïðè âñåõ t ∈ R+ è φ ∈ Ωt(V, η), ãäå
Ωt(V, η) = {φ ∈ C : V (t+ s, φ(s)) ⩽ η(V (t, φ(0))), −r ⩽ s ⩽ 0};

2. äëÿ âñåõ t ∈ [−r,+∞), s ∈ [0, r] âûïîëíÿþòñÿ íåðàâåíñòâà a ⩽
∫ t+s
t p(θ)dθ ⩽ a,

η(u) ⩾ eau äëÿ u > 0;

Òîãäà äëÿ ïðîèçâîëüíîãî ðåøåíèÿ x(t) = x(t; t0, φ0) ñèñòåìû (1) ïðè âñåõ t ⩾ t0 ôóíêöèÿ
v(t) = V (t, x(t)) äîïóñêàåò îöåíêó

v(t) ⩽ ∥vt0∥e
−(

∫ t
t0
p(θ)dθ+a)

+G(∥vt0∥)
∫ t

0
q(s)e−

∫ t
s p(θ)dθ,

ãäå a = min{0, a}.
Â ÷àñòíîñòè, (ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ) ïîëó÷åíû óñëîâèÿ

ãëîáàëüíîé ðàâíîìåðíîé ïðàêòè÷åñêîé ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè.
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Êàóñòèêîé íàçûâàåòñÿ ìíîæåñòâî êðèòè÷åñêèõ çíà÷åíèé ëàãðàíæåâà îòîáðàæåíèÿ.
Ðîñòîê ëàãðàíæåâà îòîáðàæåíèÿ ÿâëÿåòñÿ ðîñòêîì ðàçâåðòêè ãðàäèåíòíîãî îòîáðàæåíèÿ.
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òèïîâ A,D,E. Ìóëüòèîñîáåííîñòüþ ëàãðàíæåâà îòîáðàæåíèÿ â òî÷êå ïðîñòðàíñòâà-îáðàçà
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Çàäà÷à èäåíòèôèêàöèè äèíàìè÷åñêèõ ðåæèìîâ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì
îòíîñÿòñÿ ê ÷èñëó âàæíûõ è àêòóàëüíûõ ïðîáëåì â ñîâðåìåííîé íàóêå è òåõíèêå.
Íàèáîëåå åñòåñòâåííûé ìåòîä èäåíòèôèêàöèè äèíàìè÷åñêèõ ðåæèìîâ ñâÿçàí ñ âû÷èñëåíèåì
ïîêàçàòåëåé Ëÿïóíîâà. Cîâðåìåííûå ìåòîäû ðåøåíèÿ ýòîé çàäà÷è, òàêèå, êàê àëãîðèòì
Áåíåòòèíà, àëãîðèòì Âîëüôà, àëãîðèòì Êàíòöà è äð., ïðèìåíèìû ëèøü ê ñèñòåìàì ñ ãëàäêèìè
íåëèíåéíîñòÿìè. Íàñòîÿùàÿ ðàáîòà ðàñøèðÿåò âîçìîæíîñòè ìåòîäîâ èäåíòèôèêàöèè
äèíàìè÷åñêèõ ðåæèìîâ íà ñëó÷àé, êîãäà ïðàâûå ÷àñòè ñîäåðæàò íåëèíåéíîñòè ãèñòåðåçèñíîé
ïðèðîäû (êîòîðûå, â ñâîþ î÷åðåäü, ÷àñòî âñòðå÷àþòñÿ â çàäà÷àõ ìîäåëèðîâàíèÿ òåõíè÷åñêèõ
ñèñòåì, ñîäåðæàùèõ ôåððîìàãíèòíûå è ñåãíåòîýëåêòðè÷åñêèå ìàòåðèàëû, ïðåîáðàçîâàòåëè-
íàêîïèòåëè ýíåðãèè, ìíîãîðàçðÿäíûå çàïîìèíàþùèå óñòðîéñòâà), à èìåííî, íåëèíåéíîñòè â
âèäå ïðåîáðàçîâàòåëÿ Ïðåéçàõà [1-3].

Àëãîðèòì âû÷èñëåíèÿ ïîêàçàòåëåé Ëÿïóíîâà äëÿ ñèñòåì ñ îïåðàòîð Ïðåéçàõà îñíîâàí
íà êëàññè÷åñêîì ìåòîäå Áåíåòòèíà.

Âûáåðåì íåêîòîðîå íà÷àëüíîå óñëîâèå x⃗0, êîòîðîå ïîäâåðãàåòñÿ âîçìóùåíèþ δx⃗
(0)
i ,

i = 1, . . . , n. Ðàññìîòðèì ðàçáèåíèå âðåìåííîãî èíòåðâàëà [t0, T ] =
m⋃
j=1

[tj−1, tj ]. Äëÿ íåêîòîðîãî

ôèêñèðîâàííîãî j ∈ [1,m] ÷åðåç íåáîëüøîé ïðîìåæóòîê âðåìåíè ∆tj = tj − tj−1: x⃗
(j) = x⃗(tj)

è δx⃗
(j)
i = δx⃗i(j), i = 1, 2, . . . , n.
Èç-çà ñóùåñòâåííîãî ðàçëè÷èÿ ñìåùåíèé îò íåâîçìóùåííîé òðàåêòîðèè â ðàçíûõ

ïðîñòðàíñòâåííûõ íàïðàâëåíèÿõ äëÿ ñîõðàíåíèÿ òî÷íîñòè ðàñ÷åòîâ èñïîëüçóåòñÿ ïðîöåäóðà
Ãðàìà�Øìèäòà. Ïîëó÷àåì îöåíêó ñïåêòðà Ëÿïóíîâà:

λi =
1

T

J∑
j=1

ln |δx⃗(j)i |.

Â îòëè÷èå îò êëàññè÷åñêîãî àëãîðèòìà Áåíåòòèíà, ãäå ìîìåíòû t1, t2, . . . , tJ
ôèêñèðóþòñÿ íà ïðîòÿæåíèè âñåãî ðàñ÷åòà, â ïðåäëàãàåìîì àëãîðèòìå íàáîð ýòèõ ìîìåíòîâ
óâåëè÷èâàåòñÿ íà τd, d = 1, . . . , D, ãäå τd ñîîòâåòñòâóåò òî÷êàì ðàçðûâà èëè ïîòåðè ãëàäêîñòè â
óðàâíåíèè. Âû÷èñëåíèå ìàòðèöû ßêîáè íà÷èíàåòñÿ â ìîìåíòû âðåìåíè td+0 è çàêàí÷èâàåòñÿ
â ìîìåíò td+1−0. Âû÷èñëåíèå íàêîïëåííûõ ñóìì îñòàíàâëèâàåòñÿ â òî÷êàõ, ñîîòâåòñòâóþùèõ
îñîáåííîñòÿì; íà î÷åðåäíîé èòåðàöèè öèêëà ìàòðèöà ßêîáè âû÷èñëÿåòñÿ íà ñëåäóþùåì
ó÷àñòêå ãëàäêîñòè.

Ïðåäëîæåííûé àëãîðèòì ïðèìåíèìû è ê ñèñòåìàì ñ ãèñòåðåçèñíûìè íåëèíåéíîñòÿìè,
ôîðìàëèçóåìûìè äðóãèìè ìîäåëÿìè: ìîäåëü Áîóêà�Âåíà, ìîäåëü Ïðàíäòëÿ�Èøëèíñêîãî è
ò. ä.
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Ìàòåìàòè÷åñêèå çàäà÷è â òåîðèè òîïîëîãè÷åñêèõ äèýëåêòðèêîâ84

Ñåðãååâ À. Ã. (Ðîññèÿ, Ìîñêâà)
Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ

sergeev@mi-ras.ru

Äîêëàä ïîñâÿùåí òåîðèè òîïîëîãè÷åñêèõ äèýëåêòðèêîâ. Ïîìèìî åå âàæíîñòè äëÿ
òåîðåòè÷åñêîé ôèçèêè ýòà òåîðèÿ òåñíî ñâÿçàíà ñ ðàçëè÷íûìè ìàòåìàòè÷åñêèìè äèñöèïëè-
íàìè òàêèìè êàê òåîðèÿ ãîìîòîïèé è K-òåîðèÿ, êëèôôîðäîâû àëãåáðû è íåêîììóòàòèâíàÿ
ãåîìåòðèÿ.

Òîïîëîãè÷åñêèå äèýëåêòðèêè õàðàêòåðèçóþòñÿ íàëè÷èåì øèðîêîé ýíåðãåòè÷åñêîé ùåëè,
óñòîé÷èâîé îòíîñèòåëüíî ìàëûõ äåôîðìàöèé, ÷òî ÿâëÿåòñÿ îñíîâàíèåì äëÿ èñïîëüçîâàíèÿ
òîïîëîãè÷åñêèõ ìåòîäîâ ïðè èõ èçó÷åíèè.

Êëþ÷åâóþ ðîëü â èõ èññëåäîâàíèè èãðàþò ãðóïïû ñèììåòðèè ýòèõ îáúåêòîâ. Îïèñàíèå
âîçìîæíûõ òèïîâ ñèììåòðèé âîñõîäèò ê Êèòàåâó, êîòîðûé ïðåäëîæèë êëàññèôèêàöèþ
òîïîëîãè÷åñêèõ äèýëåêòðèêîâ, îñíîâàííóþ íà èçó÷åíèè èõ ãðóïï ñèììåòðèé è ïðåäñòàâëåíèé.

Â äîêëàäå îñíîâíîå âíèìàíèå áóäåò óäåëåíî òîïîëîãè÷åñêèì äèýëåêòðèêàì, èíâà-
ðèàíòíûì îòíîñèòåëüíî îáðàùåíèÿ âðåìåíè. Ïðèìåðîì ïîäîáíûõ ñèñòåì ìîæåò ñëóæèòü
êâàíòîâûé ñïèíîâûé äèýëåêòðèê Õîëëà, îáëàäàþùèé íåòðèâèàëüíûì òîïîëîãè÷åñêèì Z2-
èíâàðèàíòîì, ââåäåííûì Êåéíîì è Ìèëîì. Ìàòåìàòè÷åñêàÿ òåîðèÿ òàêèõ äèýëåêòðèêîâ
ñâÿçàíà ñ èíâîëþòèâíûìè òîïîëîãè÷åñêèìè ïðîñòðàíñòâàìè è êâàòåðíèîííûìè ðàññëîåíèÿìè
íàë íèìè.

Îïòèìàëüíîå âîññòàíîâëåíèå ëèíåéíûõ îïåðàòîðîâ
íà ñîáîëåâñêîì êëàññå ôóíêöèé

Ñèâêîâà Å.Î. (Ðîññèÿ, Ìîñêâà)
Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà ÐÀÍ

e.o.sivkova@mail.ru

Ïóñòü d è n � öåëûå ÷èñëà. Ïîëîæèì

Wn
2 (Rd) = { f(·) ∈ L2(Rd) :

∫
Rd

|ξ|2n|F [f ](ξ)|2dξ <∞},

ãäå F [f ](·) � ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f(·).
Ïðîñòðàíñòâî Wn

2 (Rd) íàçûâàåòñÿ îäíîðîäíûì ñîáîëåâñêèì ïðîñòðàíñòâîì. Îíî èãðàåò
âàæíóþ ðîëü â òåîðèè ôóíêöèîíàëüíûõ ïðîñòðàíñòâ.

Îïðåäåëèì ñëåäóþùåå ìíîæåñòâî

Wn
2 (Rd) = { f(·) ∈ Wn

2 (Rd) :
1

(2π)d

∫
Rd

|ξ|2n|F [f ](ξ)|2dξ ⩽ 1 },

êîòîðîå áóäåì íàçûâàòü ñîáîëåâñêèì êëàññîì.
Ïóñòü a(·) � íåïðåðûâíàÿ íåóáûâàþùàÿ ôóíêöèÿ íà R+, a(0) = 0 è a(η) → +∞ ïðè

η → +∞. Îïðåäåëèì ñåìåéñòâî îïåðàòîðîâ Λa(t) : L2(Rd) → L2(Rd), t ⩾ 0, äåéñòâóþùèõ â
îáðàçàõ Ôóðüå ïî ôîðìóëàì

F [Λa(t)f(·)](ξ) = e−ta(|ξ|)F [f ](ξ) äëÿ ï. â. ξ ∈ Rd, ∀ f(·) ∈ L2(Rd),

ãäå | · | � åâêëèäîâà íîðìà â Rd. Î÷åâèäíî, ÷òî ýòî ñåìåéñòâî ëèíåéíûõ íåïðåðûâíûõ
îïåðàòîðîâ â L2(Rd).

Ìû ñòàâèì ñëåäóþùóþ çàäà÷ó. Ïóñòü ïðè t = T > 0 èìååòñÿ âîçìîæíîñòü èçìåðèòü
çíà÷åíèå îïåðàòîðà Λa(T ) â ìåòðèêå L2(Rd) ñ òî÷íîñòüþ äî δ > 0, ò. å. íàì èçâåñòíà ôóíêöèÿ
g(·) ∈ L2(Rd) òàêàÿ, ÷òî ∥Λa(T )f(·) − g(·)∥L2(Rd) ⩽ δ ïðè íåêîòîðîì f(·) ∈ Wn

2 (Rd). Ïî ýòîé
èíôîðìàöèè ìû õîòèì âîññòàíîâèòü çíà÷åíèå îïåðàòîðà Λa(τ), ãäå 0 ≤ τ < T .

84Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîíäà (ïðîåêò � 24-11-00196).
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Òî÷íàÿ ïîñòàíîâêà ñîñòîèò â òîì, ÷òîáû íàéòè âåëè÷èíó

E(τ,Wn
2 (Rd), δ) = inf

φ
sup

f(·)∈Wn
2 (Rd), g(·)∈L2(Rd),

∥Λa(T )f(·)−g(·)∥L2(Rd)
⩽δ

∥Λa(τ)f(·)− φ(g(·))(·)∥L2(Rd),

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì îòîáðàæåíèÿì (ìåòîäàì âîññòàíîâëåíèÿ)
φ : L2(Rd) → L2(Rd) è íàéòè îïòèìàëüíûå ìåòîäû φ̂, ò. å. òå, íà êîòîðûõ íèæíÿÿ ãðàíü
äîñòèãàåòñÿ.

Îáîçíà÷èì ÷åðåç h(·) ôóíêöèþ íà R+, çàäàííóþ ïàðàìåòðè÷åñêè:

x(ξ) = |ξ|2ne2Ta(|ξ|), y(ξ) = e2(T−τ)a(|ξ|), ξ ∈ Rd.

Ñóùåñòâóåò íàèìåíüøàÿ âîãíóòàÿ íåïðåðûâíàÿ ôóíêöèè θτ (·), ìàæîðèðóþùàÿ h(·).
Òåîðåìà. Ïóñòü 0 ⩽ τ < T è δ > 0. Òîãäà

E(τ,Wn
2 (Rd), δ) = δ

√
θτ (δ−2) .

Ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà λ̂i = λ̂i(δ, a(·)), i = 1, 2 ïðè óñëîâèè, ÷òî, òàêèå,
÷òî ìíîæåñòâî èçìåðèìûõ ôóíêöèé ω(·) íà Rd, ðàâíûõ íóëþ âíå ìíîæåñòâà
D = { ξ ∈ Rd : λ̂2ξ2ne2τa(|ξ|) ⩽ 1 } è òàêèõ, ÷òî

|ω(ξ)|2e2Ta(|ξ|)

λ̂1
+

|1− ω(ξ)|2

λ̂2 |ξ|2n
⩽ e2τa(|ξ|)

äëÿ ï. â. ξ ∈ D, íåïóñòî, è äëÿ êàæäîé òàêîé ôóíêöèè ω(·) ìåòîä φ̂ω, îïðåäåëåííûé ôîðìóëîé

φ̂ω(g(·))(·) = (K ∗ g)(·),

ãäå F [K](ξ) = ω(ξ)e(T−τ)a(|ξ|) äëÿ ï. â. ξ ∈ Rd, ÿâëÿåòñÿ îïòèìàëüíûì.
Îïòèìàëüíûå ìåòîäû îïðåäåëåíû êîððåêòíî, ïîñêîëüêó ôóíêöèÿ ω(·) ðàâíà íóëþ âíå

D, òî ïðåîáðàçîâàíèå Ôóðüå K(·) òàêæå ðàâíî íóëþ âíå D è, î÷åâèäíî, îãðàíè÷åíî íà D.
Ñëåäîâàòåëüíî, F [K](·) ∈ L2(Rd) è ïîýòîìó K(·) ∈ L2(Rd), à òîãäà φ̂ω(g(·))(·) ∈ L2(Rd) êàê
ñâåðòêà äâóõ ôóíêöèé èç L2(Rd).

Åñëè a(|ξ|) = |ξ|2, òî òåîðåìà äàåò îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ ðàñïðåäåëåíèÿ
òåìïåðàòóðû â Rd â ìîìåíò âðåìåíè τ ïî íåòî÷íîìó åå èçìåðåíèþ â ìîìåíò âðåìåíè T > τ
ïðè óñëîâèè, ÷òî íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû f(·) ïðèíàäëåæèò êëàññó Wn

2 (Rd).
Åñëè æå a(|ξ|) = |ξ|, òî â çàäà÷å Äèðèõëå äëÿ ïîëóïðîñòðàíñòâà { (x, y) ∈ Rd+1 : y > 0 }

ýòà òåîðåìà äàåò îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ ãàðìîíè÷åñêîé ôóíêöèè íà
ãèïåðïëîñêîñòè y = y0 ïî íåòî÷íûì åå èçìåðåíèÿì íà ãèïåðïëîñêîñòè y = Y > y0 ïðè óñëîâèè,
÷òî ãðàíè÷íàÿ ôóíêöèÿ f(·) ïðèíàäëåæèò êëàññó Wn

2 (Rd).

Èññëåäîâàíèå äâèæåíèÿ ñïóòíèêà â ãðàâèòàöèîííîì ïîëå
ñ ïîìîùüþ îòîáðàæåíèÿ, àïïðîêñèìèðóþùåãî ôàçîâûé ïîòîê ñèñòåìû

Ñèäîðåíêî Â.Â. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì.Â. Êåëäûøà ÐÀÍ

vvsidorenko@list.ru

Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ äâèæåíèå îñåñèììåòðè÷íîãî ñïóòíèêà îòíî-
ñèòåëüíî öåíòðà ìàññ ïîä äåéñòâèåì ãðàâèòàöèîííîãî ìîìåíòà. Öåíòð ìàññ ñïóòíèêà
äâèæåòñÿ ïî êðóãîâîé îðáèòå â öåíòðàëüíîì ãðàâèòàöèîííîì ïîëå. Åñëè ïðîåêöèÿ
âåêòîðà êèíåòè÷åñêîãî ìîìåíòà ñïóòíèêà íà îñü åãî ñèììåòðèè ðàâíà íóëþ, òî âîçìîæíû
"ïëîñêèå"äâèæåíèÿ � äâèæåíèÿ, â êîòîðûõ îñü ñèììåòðèè ïåðåìåùàåòñÿ â ïëîñêîñòè îðáèòû.

Â ôàçîâîì ïðîñòðàíñòâå ãàìèëüòîíîâîé ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû, îïèñûâàþ-
ùåé äâèæåíèå îñåñèììåòðè÷íîãî ñïóòíèêà îòíîñèòåëüíî öåíòðà ìàññ, ïëîñêèì äâèæåíèÿì
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îòâå÷àþò ôàçîâûå òðàåêòîðèè, ëåæàùèå íà äâóìåðíîì èíâàðèàíòíîì ìíîãîîáðàçèè.
Ïîâåäåíèå ôàçîâûõ òðàåêòðèé íà ýòîì ìíîãîîáðàçèè àíàëîãè÷íî ïîâåäåíèþ òðàåêòîðèé
íà ôàçîâîì ïîðòðåòå ìàòåìàòè÷åñêîãî ìàÿòíèêà � ñåïàðàòðèñû ðàçäåëÿþò òðàåêòîðèè,
ñîîòâåòñòâóþùèå âðàùåíèÿì è êîëåáàíèÿì ñïóòíèêà îòíîñèòåëüíî ìåñòíîé âåðòèêàëè. Â [1, 2]
èçó÷àëàñü óñòîé÷èâîñòü ïëîñêèõ äâèæåíèé îñåñèììåòðè÷íîãî ñïóòíèêà. Öåëü íàøåãî àíàëèçà
çàêëþ÷àëàñü â ìàêñèìàëüíî ïîäðîáíîì îïèñàíèè äèíàìèêè ñèñòåìû â òîì ñëó÷àå, êîãäà
ôàçîâûå òðàåêòîðèè ðàñïîëàãàþòñÿ â îêðåñòíîñòè ñåïàðàòðèñíîãî êîíòóðà.

Ìåòîäû èññëåäîâàíèÿ. Îáùèé ïîäõîä ê èññëåäîâàíèþ ãàìèëüòîíîâûõ ñèñòåì ñ äâóìÿ
ñòåïåíÿìè ñâîáîäû, â ôàçîâîì ïðîñòðàíñòâå êîòîðûõ èìåþòñÿ èíâàðèàíòíûå ìíîãîîáðàçèÿ
ñ ðàñïîëàãàþùèìèñÿ íà íèõ ñåïàðàòðèñíûìè êîíòóðàìè, áûë ðàçâèò Ë.Ì. Ëåðìàíîì [3].
Îñíîâíàÿ èäåÿ äàííîãî ïîäõîäà ñîñòîèò â ïîñòðîåíèè ìåòîäàìè òåîðèè âîçìóùåíèé
îòîáðàæåíèÿ, àïïðîêñèìèðóþùåãî îòîáðàæåíèå, ïîðîæäàåìîãî ôàçîâûì ïîòîêîì ñèñòåìû
â îêðåñòíîñòè ñåïàðàòðèñíîãî êîíòóðà. Àïïðîêñèìèðóþùåå îòîáðàæåíèå ïðåäñòàâëÿþò
êîìáèíàöèþ îïåðàòîðà ïîâîðîòà, îïèñûâàþùåãî ïîâåäåíèå ôàçîâîãî ïîòîêà â îêðåñòíîñòè
ïîëîæåíèé íåóñòîé÷èâîãî ðàâíîâåñèÿ, âõîäÿùåãî â ñîñòàâ ñåïàðàòðèñíîãî êîíòóðà, è
ëèíåéíîãî îòîáðàæåíèÿ, îïèñûâàþùåãî ïîâåäåíèå ôàçîâîãî ïîòîêà ïðè ïåðåìåùåíèè
âäîëü ñåïàðàòðèñû. Â [4] ïîäõîä Ë.Ì. Ëåðìàíà áûë ïðèìåíåí äëÿ àíàëèçà äèíàìèêè
êîíêðåòíîé ìåõàíè÷åñêîé ñèñòåìû � íåêîòîðîé ðàçíîâèäíîñòè äâîéíîãî ìàÿòíèêà. Ïëîñêèå
êîëåáàíèÿ îñåñèììåòðè÷íîãî ñïóòíèêà îêîëî ìåñòíîé âåðòèêàëè îòëè÷àþòñÿ îò êîëåáàíèé
ìàÿòíèêà ôèçè÷åñêîé íåýêâèâàëåíòíîñòüþ ñèòóàöèé, ñîîòâåòñòâóþùèõ ðàçíûì íàïðàâëåíèÿì
îòíîñèòåëüíîé óãëîâîé ñêîðîñòè. Ïîýòîìó íàì ïîòðåáîâàëîñü âíåñòè ðÿä èçìåíåíèé â
êîíñòðóêöèþ ñåïàðàòðèñíîãî îòîáðàæåíèÿ, èñïîëüçîâàííîãî â [3, 4].

Ðåçóëüòàòû èññëåäîâàíèÿ. Áûëî ïîñòðîåíî îòîáðàæåíèå, àïïðîêñèìèðóþùåå
ôàçîâûé ïîòîê â çàäà÷å î äâèæåíèè îñåñèììåòðè÷íîãî ñïóòíèêà. Ïðîèçâåäåíà ïðîâåðêà åãî
êîððåêòíîñòè ñðàâíåíèåì ñ ÷èñëåííî ïîñòðîåííûìè ñå÷åíèÿìè Ïóàíêàðå ôàçîâîãî ïîòîêà
ñèñòåìû. Ñ ïîìîùüþ àïïðîêñèìèðóþùåãî îòîáðàæåíèÿ óäàëîñü îïèñàòü ñåðèþ áèôóðêàöèé,
â ðåçóëüòàòå êîòîðûõ èç ïëîñêèõ äâèæåíèé ðîæäàþòñÿ ñåìåéñòâà ïðîñòðàíñòâåííûõ
ïåðèîäè÷åñêèõ äâèæåíèé ñïóòíèêà. Èññëåäîâàíà óñòîé÷èâîñòü íàéäåííûõ ñåìåéñòâ ïåðèî-
äè÷åñêèõ äâèæåíèé äëÿ ðàçíûõ çíà÷åíèé îòíîøåíèÿ ïðîäîëüíîãî è ïîïåðå÷íîãî ìîìåíòîâ
èíåðöèè ñïóòíèêà. Èññëåäîâàíà óñòîé÷èâîñòü ñåïàðàòðèñíîãî êîíòóðà, ðàçäåëÿþùåãî
ïëîñêèå âðàùàòåëüíûå è êîëåáàòåëüíûå äâèæåíèÿ ñïóòíèêà. Íàéäåíî êðèòè÷åñêîå çíà÷åíèå
îòíîøåíèÿ ìîìåíòîâ èíåðöèè ñïóòíèêà, ïðè êîòîðîì ïðîèñõîäèò ïîòåðÿ óñòîé÷èâîñòè
êîíòóðà. Óñòàíîâëåíà ôðàêòàëüíîñòü äèíàìè÷åñêîé ñòðóêòóðû ôàçîâîãî ïðîñòðàíñòâà çàäà÷è.
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Èøåìè÷åñêàÿ áîëåçíü ñåðäöà (ÈÁÑ) ÿâëÿåòñÿ âåäóùåé ïðè÷èíîé ñìåðòíîñòè âî
âñåì ìèðå, íà åå äîëþ ïðèõîäèòñÿ ïðèìåðíî 12.8% âñåõ ñìåðòåé. Êîìïüþòåðíàÿ
òîìîãðàôèÿ êîðîíàðíûõ àðòåðèé â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ ñòàíäàðòíûì äèàãíîñòè÷åñêèì
èíñòðóìåíòîì äëÿ îöåíêè ðàñïðîñòðàíåííîñòè ÈÁÑ. Â íàñòîÿùåå âðåìÿ êàòåòåðíûé òåñò íà
ôðàêöèîííûé ðåçåðâ êðîâîòîêà (FFR) ñ÷èòàåòñÿ çîëîòûì ñòàíäàðòîì äëÿ îöåíêè òÿæåñòè
ÈÁÑ è îïðåäåëåíèÿ íåîáõîäèìîñòè ÷ðåñêîæíîãî êîðîíàðíîãî âìåøàòåëüñòâà (×ÊÂ). Äëÿ
îöåíêè òÿæåñòè ÈÁÑ òàê æå èñïîëüçóþòñÿ ïîêàçàòåëè ðåçåðâà êîðîíàðíîãî êðîâîòîêà (CFR)
è ìãíîâåííîãî áåçâîëíîâîãî ñîîòíîøåíèÿ (iFR). Ïîêàçàòåëè FFR, CFR è iFR õàðàêòåðèçóþò
òÿæåñòü ïîðàæåíèÿ êðóïíûõ êîðîíàðíûõ àðòåðèé äèàìåòðîì áîëåå 0.5 ìì. Ïðèìåðíî ó 30-50

Ñîâðåìåííûå ìàòåìàòè÷åñêèå ìîäåëè êîðîíàðíîãî êðîâîîáðàùåíèÿ ÷àñòî íå âêëþ÷àþò
äàííûå î ïåðôóçèè äëÿ îöåíêè ÈÁÑ [1, 2]. Ìû èñïîëüçóåì ðàíåå ðàçðàáîòàííóþ è
àïðîáèðîâàííóþ îäíîìåðíóþ ìîäåëü ãåìîäèíàìèêè, êîòîðàÿ îñíîâàíà íà ôèçè÷åñêîé
ìîäåëè ïîòîêà æèäêîñòè ÷åðåç ñåòü ýëàñòè÷íûõ ñîñóäîâ [3]. Â ýòîé ìîäåëè ìû
âû÷èñëÿåì êîýôôèöèåíò òðàíñìóðàëüíîãî ïåðôóçèííîãî îòíîøåíèÿ (TPR) äëÿ îïðåäåëåííûõ
ïîëüçîâàòåëåì ñåãìåíòîâ ëåâîé êîðîíàðíîé àðòåðèè. Ïðè óâåëè÷åíèè TPR ïðîèñõîäèò
íèæåíèå òåðìèíàëüíîãî ñîñóäèñòîãî ñîïðîòèâëåíèÿ. Ïîëó÷åííàÿ ìîäåëü ìîæåò áûòü
èñïîëüçîâàíà â êà÷åñòâå ìåæäèñöèïëèíàðíîãî âû÷èñëèòåëüíîãî èíñòðóìåíòà äëÿ îöåíêè
èçìåíåíèé êîðîíàðíîé ãåìîäèíàìèêè äî è ïîñëå ÷ðåñêîæíîãî êîðîíàðíîãî âìåøàòåëüñòâà
(×ÊÂ) ó 11 ïàöèåíòîâ. Äëÿ íàñòðîéêè ïàðàìåòðîâ ìîäåëè èñïîëüçóþòñÿ íåèíâàçèâíûå äàííûå
î ïàöèåíòàõ.

Íàøè ðåçóëüòàòû ïîêàçûâàþò, ÷òî èñïîëüçîâàíèå äàííûõ TPR äëÿ ìîäåëèðîâàíèÿ
ïîêàçàòåëåé óëó÷øàåò òî÷íîñòü äî 3% ïðè ñòàíäàðòíîì îòêëîíåíèè 0.04. Âûñîêèå çíà÷åíèÿ
FFR è iFR êàê â êðàòêîñðî÷íîé, òàê è â äîëãîñðî÷íîé ïåðñïåêòèâå íå îáÿçàòåëüíî
êîððåëèðóþò ñ óëó÷øåíèåì CFR è äîëãîñðî÷íûì âîññòàíîâëåíèåì êîðîíàðíîãî êðîâîòîêà.
Íàøè ðàñ÷åòû òàêæå ïîêàçûâàþò, ÷òî ×ÊÂ ïðè ñòåíîçå ïðèâîäèò ê ïîâûøåíèþ ïîêàçàòåëåé
ãåìîäèíàìèêè â ñîñåäíèõ ñîñóäàõ ñî ñòåíîçàìè, ïðè÷åì ýôôåêò áîëåå âûðàæåí â äîëãîñðî÷íîé
ïåðñïåêòèâå.

Ëèòåðàòóðà

[1] Carson J.M., Pant S., Roobottom C., et. al. Non?invasive coronary CT angiographyderived fractional
�ow reserve: A benchmark study comparing the diagnostic performance of four di�erent computational
methodologies // International journal for numerical methods in biomedical engineering. 2019. V. 35.
e3235.

[2] Lu M.T., Ferencik M., Roberts R. S. et. al. Noninvasive FFR Derived From Coronary CT Angiography:
Management and Outcomes in the PROMISE Trial // JACC Cardiovascacular Imaginging. 2017. V.
10. P. 1350-1358.

[3] Gamilov T., Kopylov P., Serova M., et. al. Computational analysis of coronary blood �ow: The role of
asynchronous pacing and arrhythmias // Mathematics. 2020. V. 8. No. 8. 1205.

85Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÍÔ �21-71-30023.

265



Âåùåñòâåííàÿ òîïîëîãèÿ êîìïëåêñíûõ êðèâûõ è ðÿäû Ïóàíêàðå

Ñèòíèê Ñ.Ì. (Ðîññèÿ, Áåëãîðîä)
Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò

sitnik@bsu.edu.ru

Ïîëîâèíêèíà Ì.Â. (Ðîññèÿ, Âîðîíåæ)
Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èíæåíåðíûõ òåõíîëîãèé

polovinkina-marina@yandex.ru

Ïîëîâèíêèí È.Ï. (Ðîññèÿ, Âîðîíåæ)
Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

polovinkin@yandex.ru

Ïóñòü x′=(x1, . . . , xn), x
′′=(xn+1, . . . , xN ), RN+ = {x = (x′, x′′), x1>0, . . . , xn>0},

γ = (γ1, . . . , γn), νκ = (γκ − 1)/2, xγ = (x′)γ =
n∏
κ=1

xγκκ , γκ > 0, κ = 1, . . . , n.

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

∂u/∂t = ∆Bu, x ∈ RN+ , t > 0, x > 0,

u(x, 0) = u0(x), x ∈ RN+ , ∂u/∂xκ(+0, t) = 0, t ⩾ 0, κ = 1, . . . , n

ãäå Â � ýëëèïòè÷åñêèé îïåðàòîð ∆B, íàçûâàåìûé òàêæå îïåðàòîðîì Ëàïëàñà�Áåññåëÿ,
îïðåäåëÿåòñÿ ôîðìóëîé

∆Bu =
n∑
k=1

(
∂2u

∂x2k
+
γk
xk

∂u

∂xk

)
+

N∑
k=n+1

∂2u

∂x2k
=

n∑
k=1

Bxku+

N∑
k=n+1

∂2u

∂x2k
,

ãäå Bxk = Bxk,γk � îïåðàòîð Áåññåëÿ, äåéñòâóþùèé ïî ïåðåìåííîé xk ïî ôîðìóëå
Bxku = ∂2u/∂x2k + γkx

−1
k ∂u/∂xk. Ìû ïðåäïîëàãàåì, ÷òî u0(·) ∈ Lγ2(RN+ ).

Ïîñòàâèì ñëåäóþùóþ çàäà÷ó. Ïóñòü ôóíêöèè yj(·) ∈ Lγ2(RN+ ) èçâåñòíû â ìîìåíòû
0 ⩽ t1 < · · · < tp è ∥u(·, tj) − yj(·)∥Lγ

2 (RN
+ ) ⩽ ϵj , j = 1, . . . , p,ãäå ϵj > 0, j = 1, . . . , p. Òðåáóåòñÿ

êàæäîìó òàêîìó íàáîðó ôóíêöèé ïîñòàâèòü â ñîîòâåòñòâèå ôóíêöèþ èç Lγ2(R+), êîòîðàÿ
â íåêîòîðîì ñìûñëå íàèëó÷øèì îáðàçîì àïïðîêñèìèðîâàëà áû èñòèííîå ðàñïðåäåëåíèå
òåìïåðàòóðû â RN+ â ôèêñèðîâàííûé ìîìåíò âðåìåíè τ . Äëÿ êëàññè÷åñêîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè ýòà çàäà÷à áûëà ïîñòàâëåíà è ðåøåíà â [1]. Ìû ïîëüçóåìñÿ òåðìèíîëîãèåé
è ìåòîäàìè ýòîé ðàáîòû.

Ñëåäóÿ [1], ëþáîå îòîáðàæåíèå m : Lγ2(RN+ )× · · · × Lγ2(RN+ ) −→ Lγ2(RN+ ) ìû
íàçûâàåì ìåòîäîì âîññòàíîâëåíèÿ (òåìïåðàòóðû â RN+ â ìîìåíò τ ñîãëàñíî
ýòîé èíôîðìàöèè). Ïóñòü y(·) = (y1(·), . . . , yp(·)), u0(·) ∈ Lγ2(RN+ ), y(·) ∈ (Lγ2(RN+ ))p,
ϵ = (ϵ1, . . . , ϵp), U = {(u0(·), y(·)) : ∥u(·, tj)− yj(·)∥Lγ

2 (RN
+ ) ⩽ ϵj , j = 1, . . . , p}. Çíà÷åíèå

e(τ, ϵ,m) = sup
U

∥u(·, τ)−m(y(·))(·)∥Lγ
2 (RN

+ ),íàçûâàåòñÿ îøèáêîé ýòîãî ìåòîäà. Çíà÷åíèå

E(τ, ϵ) = inf
m:(Lγ

2 (RN
+ ))p−→Lγ

2 (RN
+ )
e(τ, ϵ,m)

íàçûâàåòñÿ îøèáêîé îïòèìàëüíîãî âîññòàíîâëåíèÿ. Ìåòîä m̂, äëÿ êîòîðîãî
E(τ, ϵ) = e(τ, ϵ, m̂),íàçûâàåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.

Íà äâóìåðíîé ïëîñêîñòè (t, y) ïîñòðîèì ìíîæåñòâî

M = co

{(
tj , ln

(
1

ϵj

))
j = 1, . . . , p

}
+ {(t, 0) : t ⩾ 0} ,

ãäå c oA îçíà÷àåò âûïóêëóþ îáîëî÷êó ìíîæåñòâà A. Ââåäåì ôóíêöèþ
θ(t) = max{y : (t, y) ∈M},íà ëó÷å [0,+∞), ïðåäïîëàãàÿ, ÷òî θ(t) = −∞, åñëè (t, y) /∈ M
ïðè âñåõ y. Íà ëó÷å [t1,+∞) ãðàôèê ôóíêöèè θ(t) � íàïðàâëåííàÿ ââåðõ âûïóêëàÿ (âîãíóòàÿ)
ëîìàíàÿ ëèíèÿ. Ïóñòü t1 = ts1 < ts2 < · · · < tsϱ ñóòü òî÷êè åå èçëîìîâ.
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Òåîðåìà [2]. Äëÿ ëþáîãî τ > 0 ðàâåíñòâî E(τ, ϵ) = e−θ(τ)èìååò ìåñòî.
Åñëè ϱ ⩾ 2, τ ∈ (tsj , tsj+1), òî îïòèìàëüíûì ÿâëÿåòñÿ ìåòîä m̂, îïðåäåëåííûé

ôîðìóëîé m̂(y(·))(·) = (Ψsj ∗ ysj )γ(·) + (Φsj+1 ∗ ysj+1)γ(·),ãäå Ψsj (·), Φsj+1(·) � ôóíêöèè, îáðàçû
Ôóðüå�Áåññåëÿ êîòîðûõ èìåþò âèä

FγΨsj (ξ) =
(tsj+1 − τ)ϵ2sj+1

e−|ξ|2(τ−tsj )

(tsj+1 − τ)ϵ2sj+1
+ (τ − tsj )ϵ

2
sje

−2|ξ|2(tsj+1−tsj )
,

FγΦsj+1(ξ) =
(τ − tsj )ϵ

2
sje

−|ξ|2(τ+tsj+1−2tsj )

(tsj+1 − τ)ϵ2sj+1
+ (τ − tsj )ϵ

2
sje

−2|ξ|2(tsj+1−tsj )
.
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Ñîêîëîâ Â.Ô. (Ðîññèÿ, Ñûêòûâêàð)
Ôèçèêî-ìàòåìàòè÷åñêèé èíñòèòóò Êîìè íàó÷íîãî öåíòðà ÓðÎ ÐÀÍ
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Ïîäàâëÿþùåå áîëüøèíñòâî èññëåäîâàíèé â òåîðèè ðîáàñòíîãî óïðàâëåíèÿ îòíîñèòñÿ ê
H∞-òåîðèè, ñîîòâåòñòâóþùåé äëÿ ñèñòåì ñ äèñêðåòíûì âðåìåíåì ñèãíàëüíîìó ïðîñòðàíñòâó
ℓ2. Ïîñêîëüêó â H∞-òåîðèè íå óäàåòñÿ ïîëó÷èòü ÿâíûå ïðåäñòàâëåíèÿ äëÿ ñîîòâåòñòâóþùèõ
ýòîé òåîðèè ïîêàçàòåëåé êà÷åñòâà óïðàâëåíèÿ, çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ è
èäåíòèôèêàöèè ñèñòåì â óñëîâèÿõ íåïîëíîé àïðèîðíîé èíôîðìàöèè îñòàþòñÿ íåðåøåííûìè
è àêòóàëüíûìè äî íàñòîÿùåãî âðåìåíè. Â ℓ1-òåîðèè, ñîîòâåòñòâóþùåé ñèãíàëüíîìó
ïðîñòðàíñòâó îãðàíè÷åííûõ ïîñëåäîâàòåëüíîñòåé ℓ∞ [1], [2], ïîëó÷åíû ÿâíûå ïðåäñòàâëåíèÿ
äëÿ èíäóöèðîâàííûõ íîðì ñèñòåì ñî ñòðóêòóðèðîâàííûìè îïåðàòîðíûìè âîçìóùåíèÿìè [3],
[4]. Ýòî îòêðûâàåò âîçìîæíîñòè äëÿ ðåøåíèÿ íåêîòîðûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ è
èäåíòèôèêàöèè â óñëîâèÿõ íåïîëíîé àïðèîðíîé èíôîðìàöèè. Íèæå ðàññìàòðèâàåòñÿ îäíà èç
òàêèõ îïòèìàëüíûõ çàäà÷.

Îáúåêò óïðàâëåíèÿ îïèñûâàåòñÿ ðàçíîñòíûì óðàâíåíèåì

a(q−1)yt = b(q−1)ut + vt , t = 1, 2, 3 . . . , (1)

ãäå yt ∈ R � âûõîä îáúåêòà â ìîìåíò âðåìåíè t, ut ∈ R � óïðàâëåíèå, vt ∈ R � ñóììàðíîå
âîçìóùåíèå. Ïîëèíîìû a(λ) = 1 + a1λ + . . . + anλ

n è b(λ) = b1λ + . . . + bmλ
m õàðàêòåðèçóþò

íîìèíàëüíóþ ìîäåëü îáúåêòà (ò.å. îáúåêòà áåç âîçìóùåíèé), q−1 � îïåðàòîð ñäâèãà íàçàä
(q−1yt = yt−1). Íà÷àëüíûå äàííûå y1−n, . . . , y0 ïðîèçâîëüíû, ut = 0 ïðè t < 0. Ñóììàðíîå
âîçìóùåíèå vt óäîâëåòâîðÿåò îãðàíè÷åíèþ

|vt − cw| ⩽ δw + δy max
t−µ⩽k<t

|yk|+ δu max
t−µ⩽k<t

|uk| , (2)

ãäå cw � ñìåùåíèå âíåøíåãî âîçìóùåíèÿ, δw � âåðõíÿÿ ãðàíèöà íåñìåùåííîãî âíåøíåãî
âîçìóùåíèÿ δww ñ íåèçâåñòíûì íîðìèðîâàííûì âîçìóùåíèåì w, supt |wt| ⩽ 1, δy > 0 è δu > 0
� êîýôôèöèåíòû óñèëåíèÿ (èíäóöèðîâàííûå íîðìû) îïåðàòîðíûõ âîçìóùåíèé ïî âûõîäó è
óïðàâëåíèþ ñîîòâåòñòâåííî. Îïåðàòîðíûå âîçìóùåíèÿ ïî âûõîäó è óïðàâëåíèþ îïèñûâàþò
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íå ìîäåëèðóåìóþ äèíàìèêó îáúåêòà (1). Êîíå÷íàÿ ïàìÿòü µ îïåðàòîðíûõ âîçìóùåíèé
âûáèðàåòñÿ êîíñòðóêòîðîì äîñòàòî÷íî áîëüøîé áåç óùåðáà äëÿ ãàðàíòèðóåìîãî êà÷åñòâà
óïðàâëåíèÿ è ãàðàíòèðóåò íåçàâèñèìîñòü êà÷åñòâà îò íà÷àëüíûõ äàííûõ.

Àïðèîðíàÿ èíôîðìàöèÿ. Çàäàííûå ïîëèíîìû a(λ) è b(λ) - òåñòèðóåìûå ïàðàìåòðû
íîìèíàëüíîé ìîäåëè, b1 ̸= 0, ïîëèíîì b(λ)/λ óñòîé÷èâ (ìîäóëè åãî êîðíåé áîëüøå åäèíèöû).
Âñå ïàðàìåòðû ñóììàðíîãî âîçìóùåíèÿ v íåèçâåñòíû.

Çàäà÷è. Òðåáóåòñÿ îöåíèòü â îíëàéí ðåæèìå ïàðàìåòðû âîçìóùåíèé è êà÷åñòâî
íîìèíàëüíîé ìîäåëè è ïîñòðîèòü óïðàâëåíèå îáúåêòîì (1), ãàðàíòèðóþùåå ìèíèìèçàöèþ ñ
çàäàííîé òî÷íîñòüþ ãàðàíòèðîâàííîé âåðõíåé ãðàíèöû àñèìïòîòè÷åñêîé îøèáêè îòñëåæèâà-
íèÿ çàäàííîãî îãðàíè÷åííîãî ñèãíàë r ∈ ℓ∞:

sup
v

limsupt→+∞ |yt − rt| → min ,

ãäå ñóïðåìóì âû÷èñëÿåòñÿ íà ìíîæåñòâå ñóììàðíûõ âîçìóùåíèé v, óäîâëåòâîðÿþùèõ
îãðàíè÷åíèþ (2). Ñëîæíîñòü çàäà÷ çàêëþ÷àåòñÿ â íåèäåíòôèöèðóåìîñòè âñåõ íåèçâåñòíûõ
ïàðàìåòðîâ. Ðåøåíèå çàäà÷ áàçèðóåòñÿ íà èñïîëüçîâàíèè îïòèìàëüíîãî çíà÷åíèÿ ïîêàçàòåëÿ
êà÷åñòâà çàäà÷è óïðàâëåíèÿ êàê èäåíòèôèêàöèîííîãî êðèòåðèÿ è ïîëèýäðàëüíîì îíëàéí
îöåíèâàíèè íåèçâåñòíûõ ïàðàìåòðîâ, ñîãëàñîâàííûõ ñ äàííûìè èçìåðåíèé.
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ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ íåëîêàëüíûìè êðàåâûìè
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Ïðèìåð. Ïóñòü p = m+1
m , ΩT = Q × (0, T ), Q = (0, 2) × G, G ⊂ Rn−1, ∂G ∈ C∞,

x′ = (x2, . . . , xn). Ðàññìîòðèì óðàâíåíèå

∂tw(x, t) + ∆pw(x, t) = f(x, t) (x ∈ Q, t ∈ (0, T )), (1)

ãäå ∆pw = −
∑

1⩽i⩽n
∂i
(
sign(∂iw)|∂iw|p−1

)
, c íà÷àëüíûìè óñëîâèÿìè

w|t=0 = ψ x ∈ Q (1)

è íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè Áèöàäçå�Ñàìàðñêîãî

w|x′∈∂G = 0, w|x1=0 = γw|x1=1, w|x1=2 = γw|x1=1. (3)

Ïóñòü Lp(0, T ;W
1
p,γ(Q)) = {w ∈ Lp(0, T ;W

1
p (Q)) : w óäîâëåòâîðÿåò (3)},

86Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè
(ìåãàãðàíò ñîãëàøåíèå � 075-15-2022-1115).
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Wγ = {w ∈ Lp(0, T ;W
1
p,γ(Q)) ∩ L2(ΩT ) : ∂tw ∈ Lq(0, T ;W

−1
q (Q)) + L2(ΩT ) =: V∗}.

Ïðè |γ| < 1 äëÿ ëþáûõ f ∈ V∗ è ψ ∈ L2(Q) çàäà÷à (1)�(3) èìååò åäèíñòâåííîå îáîáùåííîå
ðåøåíèå w ∈Wγ ⊂ C(0, T ;L2(Q)).

Óòâåðæäåíèå ïðèìåðà îñíîâàíî íà ñëåäóþùåé òåîðåìå:
Òåîðåìà. Ïóñòü p ∈ (0, 2], W = {w ∈ Lp(0, T ; W̊

1
p (Q)) ∩ L2(ΩT ) : ∂tw ∈ V∗},

RQ : L2(ΩT ) → L2(ΩT ) � íåâûðîæäåííûé, îãðàíè÷åííûé, ëèíåéíûé, ïîëîæèòåëüíî
îïðåäåëåííûé îïåðàòîð, AR :W → V∗ � îãðàíè÷åííûé, äåìèíåïðåðûâíûé, ñèëüíî
ìîíîòîííûé îïåðàòîð. Òîãäà äëÿ ëþáûõ f ∈ V∗ è φ ∈ L2(Q) ñóùåñòâóåò åäèíñòâåííîå
ðåøåíèå u ∈W îïåðàòîðíîãî óðàâíåíèÿ

∂tRQu+ARu = f, u|t=0 = φ. (4)

Î ñëàáîé àïïðîêñèìàöèè ðåøåíèÿ
çàäà÷è äèíàìè÷åñêîé ðåêîíñòðóêöèè óïðàâëåíèé87
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Ðàññìàòðèâàåòñÿ çàäà÷à ðåêîíñòðóêöèè óïðàâëåíèé (ÇÐÓ) ïî íåòî÷íûì äèñêðåòíûì
çàìåðàì íàáëþäàåìîé òðàåêòîðèè äëÿ àôôèííî-óïðàâëÿåìûõ äåòåðìèíèðîâàííûõ ñèñòåì.
Èçâåñòíû íåâûïóêëûå ãåîìåòðè÷åñêèå îãðàíè÷åíèÿ íà óïðàâëåíèÿ. Â ïîäîáíûõ ñëó÷àÿõ ìîãóò
âîçíèêàòü óïðàâëåíèÿ ñî ñêîëüçÿùèìè ðåæèìàìè.

Êàê ïðàâèëî, óïðàâëåíèå, ïîðîæäàþùåå íàáëþäàåìóþ òðàåêòîðèþ, íå åäèíñòâåííîå.
Ñðåäè ìíîæåñòâà òàêèõ óïðàâëåíèé åäèíñòâåííûì îáðàçîì âûäåëÿåòñÿ íîðìàëüíîå
óïðàâëåíèå. Äëÿ ýòîãî ïðèìåíÿåòñÿ òåîðèÿ îáîáùåííûõ óïðàâëåíèé [1,2]. Öåëüþ ÇÐÓ ÿâëÿåòñÿ
ïîñòðîåíèå ïî íåòî÷íûì çàìåðàì íàáëþäàåìîé òðàåêòîðèè àïïðîêñèìàöèé íîðìàëüíîãî
óïðàâëåíèÿ, êîòîðûå ñõîäÿòñÿ ê íåìó ïðè ñòðåìëåíèè ê íóëþ ïàðàìåòðîâ çàìåðîâ. Ïðè ýòîì
òðàåêòîðèè, ïîðîæäàåìûå àïïðîêñèìàöèÿìè, äîëæíû ðàâíîìåðíî ñõîäèòüñÿ ê íàáëþäàåìîé.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà
Òåîðåìà 1. Ïóñòü U ⊂ L2 � ìíîæåñòâî èçìåðèìûõ ñ êâàäðàòîì ôóíêöèé ñî

çíà÷åíèÿìè èç íåêîòîðîãî êîìïàêòà â Rm. Òîãäà âûïóêëàÿ îáîëî÷êà ìíîæåñòâà U ñîâïàäàåò
ñ çàìûêàíèåì U â ñëàáîé òîïîëîãèè ïðîñòðàíñòâà L2.

Ïðåäëàãàåòñÿ ìåòîä ïîñòðîåíèÿ êóñî÷íî-ïîñòîÿííûõ àïïðîêñèìàöèé íîðìàëüíîãî
óïðàâëåíèÿ òàêèõ, ÷òî: èõ çíà÷åíèÿ óäîâëåòâîðÿþò çàäàííûì íåâûïóêëûì îãðàíè÷åíèÿì
íà óïðàâëåíèÿ; òðàåêòîðèè, ïîðîæäàåìûå ýòèìè àïïðîêñèìèðóþùèìè óïðàâëåíèÿìè,
ðàâíîìåðíî ñõîäÿòñÿ ê íàáëþäàåìîé; ñàìè àïïðîêñèìèðóþùèå óïðàâëåíèÿ ñõîäÿòñÿ ñëàáî
â L2 ê íîðìàëüíîìó. Ìåòîä áàçèðóåòñÿ íà ïîäõîäå ê ðåøåíèþ ÇÐÓ, îïèñàííîì è
îáîñíîâàííîì àâòîðàìè äîêëàäà â ðàáîòàõ [3,4]. Ïðè ýòîì èñïîëüçóþòñÿ êîíñòðóêöèè èç
íåêëàññè÷åñêèõ âñïîìîãàòåëüíûõ çàäà÷ âàðèàöèîííîãî èñ÷èñëåíèÿ. Îñîáåííîñòüþ ïîäõîäà
ÿâëÿåòñÿ èñïîëüçîâàíèå ôóíêöèîíàëîâ, èíòåãðàíòû êîòîðûõ ïðåäñòàâëÿþò ñîáîé ðàçíèöó
äâóõ âûïóêëûõ ôóíêöèé (ÿâëÿþòñÿ d.c.-ôóíêöèÿìè).

Äëÿ ïðåäëàãàåìîãî ìåòîäà ïîëó÷åíû îöåíêè áëèçîñòè ê íàáëþäàåìîé òðàåêòîðèè
òðàåêòîðèé, ïîðîæäàåìûõ àïïðîêñèìèðóþùèìè óïðàâëåíèÿìè.

Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîé ðåàëèçàöèè ìåòîäà íà ïðèìåðå ðåêîíñòðóêöèè
óïðàâëåíèé äëÿ ìåõàíè÷åñêîé ñèñòåìû.

87Ðàáîòà âûïîëíåíà â ðàìêàõ èññëåäîâàíèé, ïðîâîäèìûõ â Óðàëüñêîì ìàòåìàòè÷åñêîì öåíòðå ïðè
ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (íîìåð ñîãëàøåíèÿ
075-02-2024-1377).
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Î çàäà÷å äèíàìè÷åñêîãî âîññòàíîâëåíèÿ ïîðÿäêà äðîáíîé ïðîèçâîäíîé
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Äðîáíûé àíàëèç ÿâëÿåòñÿ ñåé÷àñ îäíîé èç àêòèâíî ðàçâèâàþùèõñÿ îáëàñòåé ìàòåìàòèêè.
Ïîêà îñíîâíàÿ ÷àñòü ïóáëèêàöèé â ýòîé îáëàñòè íîñèò òåîðåòè÷åñêèé õàðàêòåð, âñå ÷àùå
ôóíäàìåíòàëüíûå ðåçóëüòàòû èñïîëüçóþòñÿ â ïðèêëàäíûõ èññëåäîâàíèÿõ [1]. Áîëüøîå ÷èñëî
ðàáîò ïîñâÿùåíî çàäà÷àì óïðàâëåíèÿ â ðàçëè÷íûõ ïîñòàíîâêàõ è ñìåæíûì èì çàäà÷àì
èäåíòèôèêàöèè. Ìû áóäåì ðàññìàòðèâàòü çàäà÷ó âîññòàíîâëåíèÿ íåèçâåñòíîé õàðàêòåðèñòèêè
ñèñòåìû äðîáíîãî ïîðÿäêà â ðåæèìå îíëàéí. Ïóñòü óïðàâëÿåìàÿ ñèñòåìà äðîáíîãî ïîðÿäêà
çàäàíà â âèäå

[D
u(t)
∗ x](t) = f(t), t ∈ T := [σ, θ], x(σ) = x0, (1)

ãäå x(t) ∈ Rd � ôàçîâûé âåêòîð, t ∈ T � êîíå÷íûé îòðåçîê, u � âíåøíåå âîçäåéñòâèå,
u(t) ∈ (0, 1) ⊂ R, f � çàäàííàÿ íåïðåðûâíàÿ ôóíêöèÿ, è òàêæå èñïîëüçîâàíî îáîçíà÷åíèå äëÿ
äðîáíîé ïðîèçâîäíîé Êàïóòî ïåðåìåííîãî ïîðÿäêà u(t):

[D
u(t)
∗ x](t) :=

1

Γ(1− u(t))

∫ t

σ

ẋ(s)

(t− s)u(t)
ds,

çäåñü Γ(z) � ãàììà-ôóíêöèÿ. Ðàçâèòèå è ïðèìåíåíèå ïðîèçâîäíûõ äðîáíîãî ïåðåìåííîãî
ïîðÿäêà îòðàæåíû â îáçîðàõ [2], [3]. Äâèæåíèå ñèñòåìû (1) îïðåäåëÿåòñÿ âíåøíèì
âîçäåéñòâèåì u(·), êîòîðîå çàðàíåå íåèçâåñòíî. Ñàìà òðàåêòîðèÿ ñèñòåìû òàêæå íåèçâåñòíà
è äîñòóïíà äëÿ íåïðåðûâíûõ èçìåðåíèé ñ íåêîòîðîé ïîãðåøíîñòüþ â ðåæèìå îíëàéí, ò.å. â
êàæäûé ìîìåíò t ∈ T èìåþòñÿ âåêòîð ξh(t) ∈ Rd, îòâå÷àþùèå óñëîâèþ

∥x(t)− ξh(t)∥Rd ⩽ h, t ∈ T, (2)

ãäå h ∈ (0, 1) � äîïóñòèìàÿ ïîãðåøíîñòü. Ñòàâèòñÿ ñëåäóþùàÿ çàäà÷à. Â ïðåäïîëîæåíèè,
÷òî òðàåêòîðèÿ x(·) è âíåøíåå âîçäåéñòâèå u(·) çàðàíåå íåèçâåñòíû, à èíôîðìàöèÿ
î ïîçèöèè ñèñòåìû ïîñòóïàåò îäíîâðåìåííî ñ åå ôóíêöèîíèðîâàíèåì â âèäå âåêòîðîâ
ξh(·), óäîâëåòâîðÿþùèõ (2), òðåáóåòñÿ ïîñòðîèòü àäàïòèâíûé ðàáîòàþùèé â ðåæèìå
îíëàéí àëãîðèòì ïðèáëèæåííîãî íàõîæäåíèÿ âîçäåéñòâèÿ u(·), óñòîé÷èâûé ê ïîãðåøíîñòÿì
âû÷èñëåíèé. Ðàññìàòðèâàåìàÿ çàäà÷à îòíîñèòñÿ ê êëàññó îáðàòíûõ çàäà÷à äèíàìèêè è äëÿ
åå ðåøåíèÿ èñïîëüçóåòñÿ ìåòîä äèíàìè÷åñêîãî îáðàùåíèÿ [4]. Äàííûé ìåòîä îñíîâûâàåòñÿ
íà èñïîëüçîâàíèè ïðèíöèïà ýêñòðåìàëüíîãî ïðèöåëèâàíèÿ Í.Í. Êðàñîâñêîãî â ñî÷åòàíèè
ñ ìåòîäîì ðåãóëÿðèçàöèè À.Í. Òèõîíîâà. Ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ àïïðîêñèìàöèé
íåèçâåñòíîãî âíåøíåãî âîçäåéñòâèÿ â ðåæèìå îíëàéí, è óñòàíîâëåíà åãî ñõîäèìîñòü.
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Âàðèàöèîííûå çàäà÷è è ýëëèïòè÷åñêèå óðàâíåíèÿ
ñ íåñòàíäàðòíûìè óñëîâèÿìè ðîñòà: íàñëåäèå Â.Â. Æèêîâà è äàëåå

Ñóðíà÷¼â Ì.Ä. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì.Â. Êåëäûøà ÐÀÍ

peitsche@yandex.ru

Â 1950-õ è 1960-õ ãîäàõ â îñíîâîïîëàãàþùèõ ðàáîòàõ E. DiGiorgi, Ch.B. Morrey, J. Moser,
S. Campanato, M. Giaquinta, J. Serrin, G. Stampacchia, Î.À. Ëàäûæåíñêîé, Í.Í. Óðàëüöåâîé
è äð. áûëà â îñíîâíûõ ÷åðòàõ ïîñòðîåíà òåîðèÿ ðåãóëÿðíîñòè ìèíèìèçàíòîâ èíòåãðàëüíûõ
ôóíêöèîíàëîâ âèäà ∫

D

f(x, u,∇u) dx, (1)

ñ èíòåãðàíòîì f(x, u, ξ), âûïóêëûì ïî ξ, êîòîðûé óäîâëåòâîðÿåò óñëîâèÿì êîýðöèòèâíîñòè è
ðîñòà âèäà

C1|ξ|α − f1(x, u) ≤ f(x, u, ξ) ≤ C2|ξ|α + f2(x, u),

ãäå α > 1, C1, C2 > 0, ñ ïîäõîäÿùèìè óñëîâèÿìè íà ôóíêöèè f1, f2. Óðàâíåíèÿ Ýéëåðà�
Ëàãðàíæà äëÿ (1) èìåþò âèä

divA(x, u,∇u) = B(x, u,∇u), (2)

ãäå, íàïðèìåð, ìîæíî ðàññìàòðèâàòü óñëîâèÿ êîýðöèòèâíîñòè è ðîñòà âèäà

A(x, u, ξ) · ξ ≥ c3|ξ|α − ψ3(x, u), c3 > 0,

|A(x, u, ξ)| ≤ c1|ξ|α−1 + ψ1(x, u), |B(x, u, ξ)| ≤ c2|ξ|α−1 + ψ2(x, u),

ñ ôóíêöèÿìè ψ1, ψ2, ψ3, óäîâëåòâîðÿþùèìè ïîäõîäÿùèì óñëîâèÿì. Ñîîòâåòñòâóþùèå
ðåçóëüòàòû è ìåòîäû ïîäðîáíî îñâåùåíû â ìîíîãðàôèÿõ [1]�[3].

Â 1980-õ ãîäàõ Â.Â. Æèêîâûì [4] áûëî íà÷àòî èçó÷åíèå çàäà÷ ñ �íåñòàíäàðòíûìè�
óñëîâèÿìè êîýðöèòèâíîñòè è ðîñòà (èíòåãðàíò äàëåå ïðåäïîëàãàåòñÿ íå çàâèñÿùèì îò u)

C1|ξ|α − C ≤ f(x, ξ) ≤ C2|ξ|β + C,

èëè æå äëÿ óðàâíåíèÿ (2),

|A(x, ξ)|β′ ≤ c1A(x, ξ) · ξ + c3, A(x, ξ) · ξ ≥ c2|ξ|α − c3, 1 < α < β.

Ïðèìåðàìè (èçîòðîïíûõ) èíòåãðàíòîâ òàêîãî ðîäà ÿâëÿþòñÿ

p(x)-ýíåðãèÿ f(x, ξ) =
|ξ|p(x)

p(x)
, 1 < α ≤ p(x) ≤ β <∞,

âåñîâàÿ ýíåðãèÿ f(x, ξ) = a(x)
|ξ|2

2
, 0 ≤ a, a−1 ∈ Lt(D), t > 1,

äâóõôàçíàÿ ýíåðãèÿ f(x, ξ) = |ξ|α + a(x)|ξ|β, 1 < α < β, a(x) ≥ 0.

271



Äëÿ çàäà÷è ñ p(x)-ýíåðãèåé áûëî îáíàðóæåíî ñóùåñòâîâàíèå äâóõ òèïîâ ìèíèìèçàíòîâ (ñîîòâ.
ðåøåíèé äëÿ óðàâíåíèé Ýéëåðà-Ëàãðàíæà), ïðè÷¼ì îáëàäàþùèõ ðàçëè÷íûìè ñâîéñòâàìè
� îäíî èç íèõ â ïîñòðîåííîì ïðèìåðå áûëî ðàçðûâíûì, äðóãîå íåïðåðûâíûì. Ïðèìåðû
èíîãî ðîäà (àíèçîòðîïíûå) áûëè ïîñòðîåíû â ðàáîòå [5]. Âîïðîñàì ñóùåñòâîâàíèÿ ðåøåíèé
è ïåðåõîäà ê ïðåäåëó ïîñâÿù¼í îáçîð [6].

Â äîêëàäå ïëàíèðóåòñÿ îáñóäèòü ðåçóëüòàòû î ðåãóëÿðíîñòè ðåøåíèé ýëëèïòè÷åñêèõ
óðàâíåíèé ñ íåñòàíäàðòíûìè óñëîâèÿìè êîýðöèòèâíîñòè è ðîñòà.
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Íåðàâåíñòâî Õàðíàêà äëÿ ýëëèïòè÷åñêîãî (p, q)-ëàïëàñèàíà88

Ñóðíà÷¼â Ì.Ä. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì. Â. Êåëäûøà ÐÀÍ

peitsche@yandex.ru

Òèõîìèðîâ Ð.Í. (Ðîññèÿ, Âëàäèìèð)
Âëàäèìèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. À.Ã. è Í.Ã. Ñòîëåòîâûõ
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Ðàññìîòðèì â îãðàíè÷åííîé îáëàñòè D ⊂ Rn, ãäå n ⩾ 2, ýëëèïòè÷åñêîå óðàâíåíèå

div
(
|∇u|p(x)−2∇u

)
= 0 (1)

ñ äâóõôàçíûì êóñî÷íî-ïîñòîÿííûì ïîêàçàòåëåì p(x). Ïðåäïîëàãàåòñÿ, ÷òî îáëàñòü
D ðàçäåëåíà ãèïåðïëîñêîñòüþ Σ = {x : xn = 0} íà ÷àñòè D(1) = D ∩ {x : xn > 0} è
D(2) = D ∩ {x : xn < 0}, è

p(x) =

{
q â D(1),

p â D(2),
1 < q < p. (2)

Äëÿ îïðåäåëåíèÿ ðåøåíèÿ, ââåä¼ì êëàññ ôóíêöèé

Wloc(D) = {u : u ∈W 1
1,loc(D), |∇u|p(x) ∈ L1

loc(D)},

ãäå W 1
1 (D) � êëàññè÷åñêîå ïðîñòðàíñòâî Ñîáîëåâà. Ïîä ðåøåíèåì óðàâíåíèÿ (1) ïîíèìàåòñÿ

ôóíêöèÿ u ∈Wloc(D), äëÿ êîòîðîé ñïðàâåäëèâî èíòåãðàëüíîå òîæäåñòâî∫
D

|∇u|p(x)−2∇u · ∇φdx = 0 (3)

íà ôèíèòíûõ ïðîáíûõ ôóíêöèÿõ φ ∈Wloc(D).

88Ðåçóëüòàòû Ð.Í. Òèõîìèðîâà ïîëó÷åíû â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÂëÃÓ (ïðîåêò FZUN-2023-0004).
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Åñëè p = q, òî ñâîéñòâà ðåøåíèé óðàâíåíèÿ (1) ïîäðîáíî èññëåäîâàíû (ñì. [1]). Â
÷àñòíîñòè (ñì. [2]), â øàðå B4R ⊂ D óñòàíîâëåíî êëàññè÷åñêîå íåðàâåíñòâî Õàðíàêà:

inf
BR

u ⩾ C sup
BR

u (4)

ñ ïîëîæèòåëüíîé ïîñòîÿííîé C, íå çàâèñÿùåé îò R è u.
Äëÿ ïîñòîÿííûõ ïîêàçàòåëåé p è q èç (2) â ðàáîòàõ [3]-[4] óñòàíîâëåíî îòñóòñòâèå

êëàññè÷åñêîãî íåðàâåíñòâà Õàðíàêà (3) â øàðàõ ñ öåíòðîì íà ðàçäåëÿþùåé ãèïåðïëîñêîñòè
Σ è ïðèâåä¼í àíàëîã íåðàâåíñòâà Õàðíàêà äëÿ íåîòðèöàòåëüíûõ ðåøåíèé â øàðàõ B4R ⊂ D ñ
öåíòðîì íà Σ âèäà

inf
BR

u+R ⩾ C1 sup
B−

R

u, (5)

ãäå B−
R = {x ∈ BR : xn < −R

2 } è 0 < C1(n, p, q) < 1.
Íàñòîÿùåå ñîîáùåíèå ïîñâÿùåíî îáîáùåíèþ ðåçóëüòàòà ðàáîòû [3]. Íèæå äëÿ

ïîñòîÿííûõ p è q èç (2) ïîëàãàåòñÿ
p− q = h > 0. (6)

Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ îáîçíà÷èì ÷åðåç BR îòêðûòûé øàð ðàäèóñà R, ãäå
R ⩽ 1, ñ öåíòðîì íà Σ òàêîé, ÷òî B4R ⊂ D è M = 1 + sup

D′
u, ãäå D′ ⊂ D êàêàÿ-ëèáî ñòðîãî

âíóòðåííÿÿ ïîäîáëàñòü îáëàñòè D, ñîäåðæàùàÿ øàð B4R è D
(2)
R = D(2) ∩BR.

Òåîðåìà 1. Ïóñòü u � íåîòðèöàòåëüíîå â øàðå B4R ðåøåíèå óðàâíåíèÿ (1) è
âûïîëíåíî óñëîâèå (6). Òîãäà ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòîÿííàÿ C = C(n, p, q) òàêàÿ,
÷òî ñïðàâåäëèâî íåðàâåíñòâî

inf
D

(2)
R

u+MRν ⩾ K sup
D

(2)
R

u, ãäå ν =
p− q

p
=
h

p
è K = C−C1/h

. (7)

Îöåíêà (7) ÿâëÿåòñÿ àíàëîãîì êëàññè÷åñêîãî íåðàâåíñòâà Õàðíàêà â ïîëóøàðå D
(2)
R .

Ñëåäñòâèåì îöåíîê (5) è (7) ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå
Òåîðåìà 2. Ïóñòü u � íåîòðèöàòåëüíîå â øàðå B4R ðåøåíèå óðàâíåíèÿ (1) è

âûïîëíåíî óñëîâèå (6). Ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòîÿííàÿ C = C(n, p, q), òàêàÿ, ÷òî
ñïðàâåäëèâî íåðàâåíñòâî

inf
BR

u+MRν ⩾ K sup
D

(2)
R

u, ãäå K = C−C1/h
.
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Î ÿâëåíèÿõ íåëèíåéíîé äèíàìèêè
ñîñòàâíûõ íåñóùèõ è óïðàâëÿþùèõ ïîâåðõíîñòåé ËÀ

Òëåóëèíîâ Ì.Ê. (Ðîññèÿ, Êàçàíü)
Êàçàíñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé

òåõíè÷åñêèé óíèâåðñèòåò èì. À.Í. Òóïîëåâà � ÊÀÈ
mktleulinov@kai.ru

Èññëåäîâàíèÿ äèíàìèêè íåñóùèõ è óïðàâëÿþùèõ ïîâåðõíîñòåé ëåòàòåëüíûõ àïïàðàòîâ â
ãåîìåòðè÷åñêè íåëèíåéíîé ïîñòàíîâêå ïîçâîëèëè îáíàðóæèòü ðàçëè÷íûå íåëèíåéíûå ÿâëåíèÿ
è ýôôåêòû.

Â ñîñòàâíûõ íåñóùèõ è óïðàâëÿþùèõ ïîâåðõíîñòÿõ, íàïðèìåð, îïåðåíèè ñ ðóëåì, ñ òðåìÿ
è áîëåå øàðíèðàìè íàâåñêè, ïðè îòêëîíåíèè ðóëåâîé ïîâåðõíîñòè âîçíèêàþò ëîáîâûå ðåàêöèè,
ëåæàùèå â ïëîñêîñòè ðóëÿ. Ýòè ðåàêöèè òåì áîëüøå, ÷åì áîëüøå ëîáîâàÿ èçãèáíàÿ æåñòêîñòü
ðóëåâîé ïîâåðõíîñòè. Â ñîâðåìåííûõ ëåòàòåëüíûõ àïïàðàòàõ, ãäå ýòî ñîîòíîøåíèå ìîæåò
äîñòèãàòü 50-100 è áîëåå ðàç, ýòè ðåàêöèè ìîãóò îêàçàòüñÿ áîëüøå íîðìàëüíûõ è ñóùåñòâåííî
èçìåíèòü êàðòèíó íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ êîíñòðóêöèè. Áîëåå òîãî, îíè
ìîãóò ïðèâåñòè ê âîçíèêíîâåíèþ íîâîãî ÿâëåíèÿ � êîëåáàíèÿì êàòàñòðîôè÷åñêîãî èçìåíåíèÿ
ôîðìû ñîñòàâíûõ íåñóùèõ è óïðàâëÿþùèõ ïîâåðõíîñòåé ëåòàòåëüíûõ àïïàðàòîâ (ÿâëåíèþ
êîëåáàíèé ¾ïðîùåëêèâàíèÿ¿). Ñóòü ýòîãî ÿâëåíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî â îïðåäåëåííûé
ìîìåíò êîíñòðóêöèÿ ðåçêî, ñêà÷êîì ïåðåõîäèò èç îäíîãî ñîñòîÿíèÿ ðàâíîâåñèÿ â äðóãîå, ïðè
ýòîì ñóùåñòâåííî ìåíÿþòñÿ ïðîãèáû è óãëû çàêðó÷èâàíèÿ � ïðîèñõîäèò æåñòêàÿ áèôóðêàöèÿ
(êàòàñòðîôà). Êàòàñòðîôè÷åñêîå óìåíüøåíèå óãëîâ îòêëîíåíèÿ óïðàâëÿþùåé ïîâåðõíîñòè â
ïîòîêå ðåçêî ñíèæàåò âíåøíþþ (àýðîäèíàìè÷åñêóþ) íàãðóçêó íà îïåðåíèå. Êðèâèçíà íåñóùåé
ïîâåðõíîñòè íà÷èíàåò óìåíüøàòüñÿ, ÷òî óìåíüøàåò êðèâèçíó îñè øàðíèðîâ è, êàê ñëåäñòâèå,
ëîáîâóþ íàãðóçêó óïðàâëÿþùåé ïîâåðõíîñòè â ïëîñêîñòè õîðä. Êðèâèçíà óïðàâëÿþùåé
ïîâåðõíîñòè â ïëîñêîñòè õîðä è åå óãëû çàêðó÷èâàíèÿ óìåíüøàþòñÿ, è ïðîèñõîäèò ïåðåñêîê
â èñõîäíîå ïîëîæåíèå � îáðàòíàÿ êàòàñòðîôà. Ýòî âîññòàíàâëèâàåò óãëû îòêëîíåíèÿ ðóëÿ è
âíîâü âûçûâàåò óâåëè÷åíèå íàãðóçêè íà îïåðåíèå â öåëîì. Äàëåå îïèñàííûé öèêë ïîâòîðÿåòñÿ.
Ýòî ÿâëåíèå áûëî ïîäòâåðæäåíî ýêñïåðèìåíòîì â àýðîäèíàìè÷åñêîé òðóáå.

Â ñîñòàâíûõ àâèàöèîííûõ êîíñòðóêöèÿõ ìîãóò òàêæå âîçíèêíóòü òàêèå ÿâëåíèÿ
íåëèíåéíîé äèíàìèêè, êàê õàîòè÷åñêèå êîëåáàíèÿ. Âîçíèêíîâåíèå õàîòè÷åñêèõ êîëåáàíèé
ñâÿçàíî ñ äèíàìè÷åñêèì äåôîðìèðîâàíèåì ñîñòàâíûõ íåñóùèõ è óïðàâëÿþùèõ ïîâåðõíîñòåé
ËÀ. Çäåñü ìîãóò âîçíèêíóòü õàîòè÷åñêèå êîëåáàíèÿ êàê íåñóùåé, òàê è óïðàâëÿþùåé
ïîâåðõíîñòè. Èññëåäîâàíèÿ ïîêàçûâàþò, ÷òî êîëåáàíèÿ òàêèõ êîíñòðóêöèé èìåþò ñëîæíûé
õàðàêòåð, è, â ðÿäå ñëó÷àåâ, èìåþò õàîòè÷åñêóþ ñîñòàâëÿþùóþ, î ÷åì ñâèäåòåëüñòâóþò
ðàñõîæäåíèå ôàçîâûõ òðàåêòîðèé è âûõîä õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé Ëÿïóíîâà â
ïîëîæèòåëüíóþ îáëàñòü.

Ïðè ÷èñëåííûõ èññëåäîâàíèÿõ íåëèíåéíûõ êîëåáàíèé ìåòîäàìè ïðÿìîãî èíòåãðèðîâà-
íèÿ ïî âðåìåíè ìîãóò âîçíèêíóòü ðàñõîäÿùèåñÿ íåëèíåéíûå ïðîöåññû. Äëÿ ðåøåíèÿ ýòîé
ïðîáëåìû áûëè ðàçðàáîòàíû ìåòîä ïðÿìîãî èíòåãðèðîâàíèÿ è ñïåöèàëüíàÿ ìåòîäèêà ÷èñ-
ëåííîãî äèíàìè÷åñêîãî ðàñ÷åòà. Â äîêëàäå ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ
ïî èññëåäîâàíèþ êîëåáàíèé êàòàñòðîôè÷åñêîãî èçìåíåíèÿ ôîðìû è õàîòè÷åñêèõ êîëåáàíèé
ñîñòàâíûõ íåñóùèõ è óïðàâëÿþùèõ ïîâåðõíîñòåé ëåòàòåëüíûõ àïïàðàòîâ.

Îá îäíîé çàäà÷å áåñêîíå÷íîìåðíîé òåîðèè Ôëîêå

Òðåùåâ Ä.Â. (Ðîññèÿ, Ìîñêâà)
Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ

treschev@mi.ras.ru

ß ðàññìàòðèâàþ îïåðàòîð Øðåäèíãåðà, îïèñûâàþùèé äèíàìèêó êâàíòîâîé ÷àñòèöû
íà îêðóæíîñòè â ïîëå ïåðèîäè÷åñêîãî ïî âðåìåíè ïîòåíöèàëà. Ñîîòâåòñòâóþùåå óðàâíåíèå
Øðåäèíãåðà � ýòî ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå íà ãèëüáåðòîâîì ïðîñòðàíñòâå
H êâàäðàòè÷íî èíòåãðèðóåìûõ ôóíêöèé íà îêðóæíîñòè. Çàäà÷à ñîñòîèò â ïîñòðîåíèè
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ïåðèîäè÷åñêîé ïî âðåìåíè óíèòàðíîé çàìåíû ïåðåìåííûõ íà H, ïðåîáðàçóþùåé îïåðàòîð
Øðåäèíãåðà â îïåðàòîð, íå çàâèñÿùèé îò âðåìåíè.

Ñìåøàííûå çàäà÷è äëÿ òðåõìåðíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ
ñ òðåìÿ ñèíãóëÿðíûìè êîýôôèöèåíòàìè

Òóëàêîâà Ç. Ð. (Óçáåêèñòàí, Ôåðãàíà)
Ôåðãàíñêèé ôèëèàë Òàøêåíòñêîãî óíèâåðñèòåòà èíôîðìàöèîííûõ òåõíîëîãèé

ziyodacoders@gmail.com

Â íàñòîÿùåå âðåìÿ èçâåñòíû ôóíäàìåíòàëüíûå ðåøåíèÿ òðåõìåðíîãî ýëëèïòè÷åñêîãî
óðàâíåíèÿ ñ òðåìÿ ñèíãóëÿðíûìè êîýôôèöèåíòàìè

Hα,β,γ(u) ≡ uxx + uyy + uzz +
2α

x
ux +

2β

y
uy +

2γ

z
uz = 0, 0 < 2α, 2β, 2γ < 1 (1)

â ïåðâîì áåñêîíå÷íîì îêòàíòå x > 0, y > 0, z > 0, áëàãîäàðÿ êîòîðûì ðåøåíèÿ îñíîâíûõ
êðàåâûõ çàäà÷ äëÿ òðåõìåðíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ ñ òðåìÿ ñèíãóëÿðíûìè
êîýôôèöèåíòàìè â áåñêîíå÷íîé (â ïåðâîì îêòàíòå) è êîíå÷íîé (â îäíîì èç îêòàíòîâ øàðà)
îáëàñòÿõ ïîëó÷åíû â ÿâíûõ ôîðìàõ.

Èññëåäîâàíèþ ñìåøàííîé çàäà÷è äëÿ ñèíãóëÿðíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ïîñâÿùåíû
ñðàâíèòåëüíî ìàëî ðàáîò. Ïåðâàÿ ðàáîòà â ýòîì íàïðàâëåíèè � ðàáîòà Ì.Ì.Ñìèðíîâà [1], â
êîòîðîé ïîñòðîåíà òåîðèÿ ïîòåíöèàëà ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ

uxx + uyy +
2β

y
uy = 0, 0 < 2β < 1, y > 0.

Ê òàêîìó íàïðàâëåíèþ èññëåäîâàíèé ïðèìûêàåò òàêæå ðàáîòà [2].
Ïóñòü D ⊂ R3 � êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ ïëîñêîñòÿìè x = 0, y = 0, z = 0 è

ïîëó÷åòâåðòüþ ñôåðû S : {(x, y, z) : x2 + y2 + z2 = R2, x > 0, y > 0, z > 0}.
Çàäà÷à DN2 Íàéòè ðåãóëÿðíîå ðåøåíèå u(x, y, z) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå

óñëîâèÿì

u|x=0 = τ1(y, z), y
2β ∂u

∂y

∣∣∣∣
y=0

= ν2(x, z), z
2γ ∂u

∂z

∣∣∣∣
z=0

= ν3(x, y),
∂u

∂N

∣∣∣∣
S

= φ(x, y, z),

ãäå τ1(y, z), ν2(x, z), ν3(x, y), φ(x, y, z) � çàäàííûå íåïðåðûâíûå è äîñòàòî÷íî ãëàäêèå
ôóíêöèè, N− âíåøíÿÿ íîðìàëü ê ñôåðå S.

Çàäà÷à D2N. Íàéòè ðåãóëÿðíîå ðåøåíèå u(x, y, z) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå
óñëîâèÿì

u|x=0 = τ1(y, z), u|y=0 = τ2(x, z), z
2γ ∂u

∂z

∣∣∣∣
z=0

= ν3(x, y),
∂u

∂N

∣∣∣∣
S

= φ(x, y, z),

ãäå τ1(y, z), τ2(x, z), ν3(x, y), φ(x, y, z) � çàäàííûå íåïðåðûâíûå è äîñòàòî÷íî ãëàäêèå
ôóíêöèè, ïðè÷åì ôóíêöèè τ1(y, z) è τ2(x, z) óäîâëåòâîðÿþò óñëîâèþ ñîãëàñîâàíèÿ:
τ1(0, z) = τ2(0, z).

Çàäà÷à D3. Íàéòè ðåãóëÿðíîå ðåøåíèå u(x, y, z) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå
óñëîâèÿì

u|x=0 = τ1(y, z), u|y=0 = τ2(x, z), u|z=0 = τ3(x, y),
∂u

∂N

∣∣∣∣
S

= φ(x, y, z),

ãäå τ1(y, z), τ2(x, z), τ3(x, y), φ(x, y, z) � çàäàííûå íåïðåðûâíûå è äîñòàòî÷íî ãëàäêèå ôóíê-
öèè, ïðè÷åì τ2(x, 0) = τ3(x, 0), τ1(y, 0) = τ3(0, y), τ1(0, z) = τ2(0, z), τ1(0, 0) = τ2(0, 0) = τ3(0, 0).

Òåîðåìà. Åñëè ðåøåíèå çàäà÷è DN2 (D2N, D3) ñóùåñòâóåò, òî îíî åäèíñòâåííî.
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Ñóùåñòâîâàíèå ðåøåíèÿ ïîñòàâëåííûõ ñìåøàííûõ çàäà÷ äîêàæåì ìåòîäîì ôóíêöèè
Ãðèíà. Íàïðèìåð, ôóíêöèÿ Ãðèíà çàäà÷è DN2 èìååò âèä:

G1 (x, y, z; x0, y0, z0) = q1 (x, y, z; x0, y0, z0)−
(
a

R0

)3−2α+2β+2γ

q1 (x, y, z; x̃0, ỹ0, z̃0) ,

ãäå q1 (x, y, z; x0, y0, z0) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1):

q1(x, y, z;x0, y0, z0) = k1
(xx0)

1−2αx2αy2βz2γ

r3−2α+2β+2γ
F

(3)
A

[
3
2 − α+ β + γ, 1− α, β, γ;

2− 2α, 2β, 2 γ;
ξ, η, ζ

]
,

F
(3)
A � ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ëàóðè÷åëëà îò òðåõ ïåðåìåííûõ,

ξ = −4xx0
r2

, η = −4yy0
r2

, ζ = −4zz0
r2

; r2 = (x− x0)
2 + (y − y0)

2 + (z − z0)
2;

R2
0 = x20 + y20 + z20 , x̃0 =

a2

R2
0

x0, ỹ0 =
a2

R2
0

y0, z̃0 =
a2

R2
0

z0.

Ãëàâíûé ðåçóëüòàò äàííîãî ñîîáùåíèÿ çàêëþ÷àåòñÿ â òîì ÷òî, ðåøåíèÿ ïîñòàâëåííûõ
çàäà÷ ïðåäîñòàâëÿþòñÿ â ÿâíûõ ôîðìàõ.
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Î êðèòåðèè Ìîë÷àíîâà êîìïàêòíîñòè ðåçîëüâåíòû
äëÿ íåñàìîñîïðÿæ¼ííîãî îïåðàòîðà Øòóðìà�Ëèóâèëëÿ

Òóìàíîâ Ñ.Í. (Ðîññèÿ, Ìîñêâà)
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

sntumanov@yandex.ru

Äëÿ êîìïëåêñíîçíà÷íîãî q ∈ L1,loc(R+) ââåäåì äèôôåðåíöèàëüíîå âûðàæåíèå

l(y) = −y′′ + qy (1)

è ëèíåàëû

D =
{
y ∈ L2(R+)

∣∣ y, y′ ∈ ACloc(R+), l(y) ∈ L2(R+)
}
,

D0 =
{
y ∈ D

∣∣ y(0) = y′(0) = 0, ∃x0 > 0 ∀x ⩾ x0 y(x) = 0
}
,

DU =
{
y ∈ D

∣∣U(y) = 0
}
,

ãäå U � íåêîòîðàÿ ôîðìà êðàåâûõ óñëîâèé â x = 0:

U(y) = Ay(0) +By′(0), A,B ∈ C, |A|+ |B| > 0.

Îïðåäåëèì äèôôåðåíöèàëüíûå îïåðàòîðû L0 ⊂ LU â L2(R+) íà ñîîòâåòñòâóþùèõ
îáëàñòÿõ îïðåäåëåíèÿ D0 ⊂ DU äèôôåðåíöèàëüíûì âûðàæåíèåì (1).

Îïåðàòîð L0 íàçîâåì ìèíèìàëüíûì.
Áóäåì ãîâîðèòü, ÷òî ïîòåíöèàë q óäîâëåòâîðÿåò óñëîâèþ Ìîë÷àíîâà, åñëè äëÿ ëþáîãî

a > 0

lim
x→+∞

x+a∫
x

|q(ξ)| dξ = +∞,
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Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ó ìèíèìàëüíîãî îïåðàòîðà L0 â L2(R+) ñóùåñòâîâàëî
ðàñøèðåíèå ñ êîìïàêòíîé ðåçîëüâåíòîé, íåîáõîäèìî, ÷òîáû q óäîâëåòâîðÿë óñëîâèþ
Ìîë÷àíîâà.

Îïðåäåëåíèå 1. Ñêàæåì, ÷òî äëÿ q âûïîëíåíî R−�óñëîâèå, åñëè ïðè âñåõ äîñòàòî÷íî
áîëüøèõ x > x0 ⩾ 0 çíà÷åíèÿ q(x) ëåæàò â ñåêòîðå α ⩽ arg(q(x) − q0) ⩽ β äëÿ íåêîòîðûõ
−π < α ⩽ β < π è q0 ∈ C.

Îïðåäåëåíèå 2. Ïîòåíöèàë q íàçîâ¼ì ñåêòîðèàëüíûì, åñëè äëÿ íåãî âûïîëíåíî R−�
óñëîâèå ñ β − α < π.

Òåîðåìà 2. Ïóñòü ïîòåíöèàë q ñåêòîðèàëüíûé. Òîãäà îïåðàòîð LU èìååò
êîìïàêòíóþ ðåçîëüâåíòó òîãäà è òîëüêî òîãäà, êîãäà q óäîâëåòâîðÿåò óñëîâèþ Ìîë÷àíîâà.

Êàê ïîêàçûâàåò ñëåäóþùàÿ òåîðåìà, óñëîâèå β − α < π íå ìîæåò áûòü îñëàáëåíî.
Òåîðåìà 3. Ñóùåñòâóåò ïîòåíöèàë q, ïðèíèìàþùèé ÷èñòî ìíèìûå çíà÷åíèÿ q(x) ∈ iR
ïðè x ∈ R+, òàêîé, ÷òî |q| → +∞ ïðè x → +∞, íî ìèíèìàëüíûé îïåðàòîð L0 íå èìååò
ðàñøèðåíèé ñ êîìïàêòíîé ðåçîëüâåíòîé.

Äëÿ ýòîãî ïîòåíöèàëà β − α = π, è, î÷åâèäíî, îí óäîâëåòâîðÿåò óñëîâèþ Ìîë÷àíîâà.
Îïåðàòîð LU ñ êðàåâûìè óñëîâèÿìè Äèðèõëå U(y) = y(0) èìååò îãðàíè÷åííóþ ðåçîëüâåíòó,
ïî ìåíüøåé ìåðå â ëåâîé ïîëóïëîñêîñòè.

Ñëåäóþùàÿ òåîðåìà äà¼ò äîñòàòî÷íîå óñëîâèå êîìïàêòíîñòè ðåçîëüâåíò îïåðàòîðîâ ñ
ïîòåíöèàëàìè, óäîâëåòâîðÿþùèìè R−�óñëîâèþ ñ β − α > π. Ïðè ýòîì òåðÿåòñÿ ñâîéñòâî
ñåêòîðèàëüíîñòè ñàìèõ ðàññìàòðèâàåìûõ îïåðàòîðîâ, â ÷àñòíîñòè, ÷èñëîâîé îáðàç LU ìîæåò
çàìåòàòü âñþ êîìïëåêñíóþ ïëîñêîñòü.

Òåîðåìà 4. Ïóñòü äëÿ íåêîòîðîãî x0 > 0 ïðè âñåõ x ⩾ x0 > 0 |q(x)| ⩾ 1 è
äîïîëíèòåëüíî:

� q ∈ ACloc[x0,+∞),

� äëÿ íåêîòîðîãî 0 < κ < π

−π + κ < arg q(x) < π − κ, x ⩾ x0,

� äëÿ íåêîòîðîãî 0 < δ < 1 ∣∣∣∣ q′(x)q3/2(x)

∣∣∣∣ < 4δ sin
κ
2
, x ⩾ x0.

Òîãäà äëÿ êîìïàêòíîñòè ðåçîëüâåíòû LU äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî a > 0

lim
x→+∞

x+a∫
x

|q(x)|1/2 dx = +∞.

Ãèïåðáîëè÷åñêèå ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ñ ñèíãóëÿðíîñòÿìè

Ôèëèìîíîâ À.Ì. (Ðîññèÿ, Ìîñêâà)
Ðîññèéñêèé óíèâåðñèòåò òðàíñïîðòà (ÌÈÈÒ)

am�limonov@yandex.ru

Êàê èçâåñòíî, ïðîöåññû ñ êîíå÷íîé ñêîðîñòüþ ðàñïðîñòðàíåíèÿ âîçìóùåíèé, ÷àñòî
îïèñûâàþòñÿ ãèïåðáîëè÷åñêèìè óðàâíåíèÿìè è ñèñòåìàìè. Îäíàêî, âñòðå÷àþòñÿ è ìîäåëè
(ñì., íàïðèìåð, [1], [2], [3]) â âèäå óðàâíåíèé èëè ñèñòåì, êîòîðûå ïî ñâîåé ñòðóêòóðå ìîæíî
îòíåñòè ê ãèïåðáîëè÷åñêîìó òèïó, îäíàêî â êîòîðûõ ÷àñòü õàðàêòåðèñòèê ïàðàëëåëüíà îñè x,
÷òî ìîæíî èíòåðïðåòèðîâàòü, êàê áåñêîíå÷íóþ ñêîðîñòü ðàñïðîñòðàíåíèÿ ñèãíàëà äëÿ ÷àñòè
èñêîìûõ ôóíêöèé: {

∂
∂t ū+B(x, t, ū, v̄) ∂∂x ū = f̄(x, t, ū, v̄),
∂
∂x v̄ = ḡ(x, t, ū, v̄),

(1)
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ãäå B � ìàòðèöà, ū = (u1, ..., um)
T , v̄ = (v1, ..., vn)

T .
Â ñëó÷àå êâàçèëèíåéíûõ ñèñòåì, íåñèãóëÿðíàÿ ÷àñòü êîòîðûõ ïðèâîäèìà ê èíâàðèàíòàì

Ðèìàíà, ñõîäíûå çàäà÷è ðàññìàòðèâàëèñü â [4], à äëÿ ñèñòåì îáùåãî âèäà, íî ïðè âåñüìà
ñïåöèàëüíîãî âèäà êðàåâûõ óñëîâèÿõ è ñîîòâåòñòâóþùèõ ñïåöèàëüíûõ ïðåäïîëîæåíèÿõ,
îòíîñÿùèõñÿ ê íåñèíãóëÿðíîé ÷àñòè ñèñòåìû, â ðàáîòå [5].

Â äîêëàäå îïèñûâàåòñÿ äîñòàòî÷íî øèðîêèé êëàññ êðàåâûõ óñëîâèé äëÿ íåñèíãóëÿðíîé
÷àñòè ñèñòåì îáùåãî âèäà (1), ïîçâîëÿþùèé ïîëó÷èòü ëîêàëüíóþ ðàçðåøèìîñòü (â îáîáùåííîì
ñìûñëå) ñìåøàííîé çàäà÷è.
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Çàäà÷è î ãèïåðóïðóãèõ òåëàõ ñ æåñòêèìè âêëþ÷åíèÿìè
è òðåùèíàìè ñ óñëîâèÿìè íåïðîíèêàíèÿ89
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Ðàññìàòðèâàåìûå çàäà÷è îïèñûâàþò äåôîðìèðóåìûå òåëà, ñîäåðæàùèå æåñòêèå
âêëþ÷åíèÿ ðàçëè÷íîé ïðèðîäû: îáúåìíûå è òîíêèå, à òàêæå õàðàêòåðèçóþùèåñÿ íàëè÷èåì
òðåùèí ìåæäó âêëþ÷åíèÿìè è îêðóæàþùåé ñðåäîé. Ïðåäïîëàãàåòñÿ, ÷òî òåëà ãèïåðóïðóãèå,
èõ äåôîðìàöèè ìîãóò áûòü áîëüøèìè, â ñâÿçè ñ ÷åì çàäà÷è ôîðìóëèðóþòñÿ â ðàìêàõ
íåëèíåéíîé òåîðèè óïðóãîñòè. Áîëåå òîãî, ïðèìåíÿþòñÿ óñëîâèÿ âçàèìíîãî íåïðîíèêàíèÿ,
êîòîðûå ïðåäîòâðàùàþò ôèçè÷åñêè íåæåëàòåëüíûé ýôôåêò âçàèìîïðîíèêíîâåíèÿ ìàòåðèè.
Óêàçàííûå óñëîâèÿ íåïðîíèêàíèÿ ïî ñâîåé ïðèðîäå ìîãóò áûòü êàê îäíîñòîðîííèìè
îãðàíè÷åíèÿìè íà çàðàíåå íåèçâåñòíûå ïîëîæåíèÿ òî÷åê âêëþ÷åíèé è îêðóæàþùåé ñðåäû,
òàê è ãëîáàëüíûìè óñëîâèÿìè èíúåêòèâíîñòè äåôîðìàöèé. Äëÿ çàäà÷ ðàâíîâåñèÿ òåë,
ñîäåðæàùèõ âêëþ÷åíèÿ è òðåùèíû, îáñóæäàþòñÿ êðàåâûå çàäà÷è ñ óñëîâèÿìè íåïðîíèêàíèÿ.
Òàêæå èññëåäóþòñÿ ñîïóòñòâóþùèå çàäà÷è ìèíèìèçàöèè ýíåðãèè è äîêàçûâàåòñÿ, ÷òî çàäà÷è
ðàâíîâåñèÿ èìåþò ñëàáûå ðåøåíèÿ.

89Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìàòåìàòè÷åñêîãî Öåíòðà â Àêàäåìãîðîäêå (ñîãëàøåíèå � 075-15-2022-
282 ñ Ìèíèñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè).
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Î êîíñòðóêòèâíîé ðàçðåøèìîñòè îäíîãî êëàññà
íåëèíåéíûõ ìíîãîìåðíûõ èíòåãðàëüíûõ óðàâíåíèé

òèïà Ãàììåðøòåéíà-Âîëüòåððà90

Õà÷àòðÿí Õ.À. (Àðìåíèÿ, Åðåâàí)
Åðåâàíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò

khachatur.khachatryan@ysu.am

Ðàññìàòðèâàåòñÿ ìíîãîìåðíîå èíòåãðàëüíîå óðàâíåíèå òèïà Ãàììåðøòåéíà-Âîëüòåððà ñ
ìîíîòîííîé è âîãíóòîé íåëèíåéíîñòüþ. Óêàçàííûé êëàññ óðàâíåíèé èìååò íåïîñðåäñòâåííîå
ïðèìåíåíèå â ãàçîâîé äèíàìèêå è ìàòåìàòè÷åñêîé òåîðèè ïðîñòðàíñòâåííî-âðåìåííîãî
ðàñïðîñòðàíåíèÿ ýïèäåìè÷åñêèõ çàáîëåâàíèé. Äîêàçûâàåòñÿ êîíñòðóêòèâíàÿ òåîðåìà íåîò-
ðèöàòåëüíîãî è îãðàíè÷åííîãî ðåøåíèÿ.

Áîëåå òîãî, äëÿ ðàçíîñòè ñîñåäíèõ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïîëó÷àåòñÿ
ðàâíîìåðíàÿ îöåíêà, ïðàâàÿ ÷àñòü â êîòîðîé ñòðåìèòñÿ ê íóëþ ñî ñêîðîñòüþ íåêîòîðîé
ãåîìåòðè÷åñêîé ïðîãðåññèè.

Â êëàññå íåîòðèöàòåëüíûõ è îãðàíè÷åííûõ ôóíêöèé óñòàíàâëèâàåòñÿ òàêæå òåîðåìà
åäèíñòâåííîñòè ðåøåíèÿ.

Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ äëÿ ïîñòðîåíèÿ ãëîáàëüíîãî ðåøåíèÿ çàäà÷è
Êîøè îäíîãî êëàññà íåëèíåéíûõ óðàâíåíèé òåïëîïðîâîäíîñòè. Ðàçðàáîòàííûå ìåòîäû
èñïîëüçóþòñÿ òàêæå äëÿ ïîñòðîåíèÿ ïîëîæèòåëüíîãî ðåøåíèÿ çàäà÷è Êîøè îäíîé íåëèíåéíîé
äèíàìè÷åñêîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé âîçíèêàþùåå â çàäà÷å ðàñïðîñòðàíåíèÿ
ýïèäåìèè â ðàìêàõ ìîäåëè Äèêìàíà-Êàïåðà.

Î ôîðìóëå òèïà Êîøè
êàê óñëîâèè òðàíñâåðñàëüíîñòè íà áåñêîíå÷íîñòè

Õëîïèí Ä.Â. (Ðîññèÿ, Åêàòåðèíáóðã)
Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè èì. Í.Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ

khlopin@imm.uran.ru

Äîêëàä ïîñâÿùåí óñëîâèÿì òðàíñâåðñàëüíîñòè â çàäà÷àõ óïðàâëåíèÿ

ìèíèìèçèðîâàòü l(y(0)) +

∫ ∞

0
f0(τ, y(τ), u(τ)) dτ

ïðè óñëîâèÿõ
dy(t)

dt
= f(t, y(t), u(t)) ï.â., y(t) ∈ Rm, u(t) ∈ U, y(0) = x∗.

Íåîáõîäèìûå óñëîâèÿ äëÿ òàêèõ çàäà÷ â âèäå ïðèíöèïà ìàêñèìóìà Ë.Ñ.Ïîíòðÿãèíà áûëè
äîêàçàíû óæå â [1], íî èìåþùèéñÿ òàì ïðèíöèï ìàêñèìóìà íå ïîëîí: îí íå ñîäåðæèò óñëîâèå
òðàíñâåðñàëüíîñòè íà áåñêîíå÷íîñòè. Ïîñòðîåíèå òàêîãî íåîáõîäèìîãî óñëîâèÿ, äîïîëíÿþùåãî
ïðèíöèï ìàêñèìóìà, çàòðóäíåíî ïðåæäå âñåãî ïîòîìó, ÷òî óïðàâëÿåìûå ïðîöåññû íå îáÿçàíû
îáëàäàòü êàêèìè-ëèáî õîðîøèìè àñèìïòîòè÷åñêèìè ñâîéñòâàìè íà áåñêîíå÷íîñòè, ê ïðèìåðó,
ñóììèðóåìîñòüþ òåõ èëè èíûõ ôóíêöèîíàëîâ íà âñåé ïîëóîñè.

Â ÷àñòíîñòè, ýòî îçíà÷àåò, ÷òî íåîáõîäèìîñòü ýòèõ óñëîâèé çà÷àñòóþ ïîêàçàíà
ëèøü â ïðåäïîëîæåíèè òåõ èëè èíûõ àñèìïòîòè÷åñêèõ ñâîéñòâ ñàìîé ñèñòåìû, ïðîâåðêà
êîòîðûõ ñàìà ïî ñåáå çàäà÷åé ÿâëÿåòñÿ íåïðîñòîé, à òî è íåâîçìîæíîé. Âî-âòîðûõ,
â ñèëó âîçìîæíîé ðàñõîäèìîñòè ôóíêöèîíàëà êà÷åñòâà, â ëèòåðàòóðå ñôîðìóëèðîâàíà
ìàññà êðèòåðèåâ [2] îïòèìàëüíîñòè äëÿ óïðàâëåíèé íà áåñêîíå÷íîì ïðîìåæóòêå, ïðè ýòîì
åñòåñòâåííî ïðèìåíåíèå áîëåå ñèëüíîãî êðèòåðèÿ îïòèìàëüíîñòè äîëæíî äàâàòü áîëåå
ñèëüíîå óñëîâèå òðàíñâåðñàëüíîñòè, ñðàâíèòå óñëîâèÿ â [3, Theorem 1], [3, Theorem 2],
[4], [5]. Â-òðåòüèõ, óæå â ëèíåéíûõ çàäà÷àõ óïðàâëåíèÿ, ïðè íåäîñòàòî÷íî ñèëüíûõ
àñèìïòîòè÷åñêèõ ïðåäïîëîëîæåíèÿõ íà ñèñòåìó, íå ñòîèò íàäåÿòüñÿ íà òî, íåîáõîäèìîå

90Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà ïî íàóêå ÐÀ â ðàìêàõ íàó÷íîãî ïðîåêòà
no. 23RL-1A027.
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óñëîâèå íà ñîïðÿæåííóþ òðàåêòîðèþ âûäåëèò ðîâíî îäíó ñðåäè âñåõ óäîâëåòâîðÿþùèõ
ïðèíöèïó ìàêñèìóìà, ñì. ïðèìåð â [3, Example 5]. Ñ äðóãîé ñòîðîíû, â òîì ÷èñëå èç
ñîîáðàæåíèé óäîáñòâà, íåîáõîäèìîñòü òàêèõ, ãàðàíòèðóþùèõ åäèíñòâåííîñòü ñîïðÿæåííîé
òðàåêòîðèè, óñëîâèé òðàíñâåðñàëüíîñòè äåéñòâèòåëüíî ïîëåçíî ïîëó÷èòü ïðè ìàêñèìàëüíî
øèðîêèõ ïðåäïîëîæåíèÿõ íà ñèñòåìó.

Ñàìûì ïîïóëÿðíûì óñëîâèåì, ãàðàíòèðóþùèõ åäèíñòâåííîñòü ñîïðÿæåííîé òðàåêòî-
ðèè, ÿâëÿåòñÿ ïðåäëîæåííàÿ À.Â. Êðÿæèìñêèì è Ñ.Ì. Àñååâûì â [6] ôîðìóëà íà îñíîâå
ôóíäàìåíòàëüíîé ìàòðèöû Êîøè A âäîëü îïòèìàëüíîãî ïðîöåññà (ŷ, û):

−p(0) = lim
θ↑∞

∫ θ

0

∂f0
∂x

(
τ, ŷ(τ), û(τ)

)
A(τ) dτ, λ = 1,

÷òî ýêâèâàëåíòíî (ñì. [4]) óñëîâèþ

lim
θ↑∞

p(θ)A(θ) = 0, λ = 1.

Â äîêëàäå ïðåäïîëàãàåòñÿ îáñóäèòü êàê îòíîñèòåëüíî îáùèå àñèìïòîòè÷åñêèå ïðåäïîëîæåíèÿ
íà ñèñòåìó, ãàðàíòèðóþùèå íåîáõîäèìîñòü òàêîãî óñëîâèÿ (ñì. [3,7]), òàê è ìîäèôèêàöèè ýòîãî
óñëîâèÿ äëÿ çàäà÷ óïðàâëåíèÿ ñ àñèìïòîòè÷åñêèì òåðìèíàëüíûì óñëîâèåì íà áåñêîíå÷íîñòè.
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Õóäàéêóëèåâ Á.À. (Òóðêìåíèñòàí, Àøõàáàä)
Òóðêìåíñêèé ãîñóäàðñòâåííûé èíñòèòóò ôèíàíñîâ

bazargeldyh@yandex.ru

Ïóñòü G ⊂ Rn, n ≥ 3, � îáëàñòü ñ êîíè÷åñêîé òî÷êîé Bρ = B(0, ρ)-øàð ðàäèóñà ρ, ρ < 1,
ñ öåíòðîì â íà÷àëå êîîðäèíàò.

Ïóñòü Ω = G∩Bρ ⊂ Rn, n ≥ 3, è ∂Ω � ãðàíèöà îáëàñòè Ω. Ïðåäïîëàãàåòñÿ, ÷òî ãðàíèöà
∂Ω îáëàñòè Ω ÿâëÿåòñÿ, êðîìå íà÷àëà êîîðäèíàò, äîñòàòî÷íî ãëàäêîé. Íàïîìíèì, ÷òî îáëàñòü
G ⊂ Rn, n ≥ 3, íàçûâàåòñÿ îáëàñòüþ ñ êîíè÷åñêîé òî÷êîé, åñëè åå ãðàíèöà ∂Ω ÿâëÿåòñÿ
áåñêîíå÷íî ãëàäêîé âñþäó, êðîìå íà÷àëà êîîðäèíàò O, à â íåêîòîðîé îêðåñòíîñòè íà÷àëà
êîîðäèíàò îáëàñòü G ñîâïàäàåò ñ êîíóñîì Σ, âåðøèíîé êîòîðîãî ÿâëÿåòñÿ òî÷êà O. Â îáëàñòè
Ω ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ íåîòðèöàòåëüíîé ôóíêöèè u(x) òàêîé, ÷òî

−∆u = V (x)u, x ∈ Ω, (1)
u(x) = ϕ(x), x ∈ ∂Ω, (2)
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ãäå x =
(
x1, x2, · · · , xn

)
è ∆ � îïåðàòîð Ëàïëàñà.

Â êà÷åñòâå ðåøåíèÿ óðàâíåíèÿ (1) ïîíèìàåòñÿ îáîáùåííàÿ ôóíêöèÿ u ∈ D
/
(Ω) òàêàÿ,

÷òî u(x) ≥ 0, V u ∈ L1
loc(Ω), è u = ϕ äëÿ ïî÷òè âñåõ x ∈ ∂Ω.

Ïðåäïîëàãàåòñÿ, ÷òî 0 ≤ V ∈ L1
loc(Ω) è ϕ(x) çàäàííàÿ íåîòðèöàòåëüíàÿ íåïðåðûâíàÿ

íà ãðàíèöå ∂Ω ôóíêöèÿ, ãäå L1
loc(Ω) � ïðîñòðàíñòâî ëîêàëüíî èíòåãðèðóåìûõ â Ω ôóíêöèé,

D
/
(Ω)-ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé (ðàñïðåäåëåíèé).

Ââåäåì ñôåðè÷åñêèå êîîðäèíàòû (r, ω), r = |x|, ω =
(
ω1, ω2, · · ·ωn−1

)
ñ öåíòðîì â íà÷àëå

êîîðäèíàò. Îïåðàòîð Ëàïëàñà â ñôåðè÷åñêèõ êîîðäèíàòàõ èìååò âèä

∆ =
∂2

∂r2
+
n− 2

r
· ∂
∂r

+
1

r2
∆ω,

ãäå ∆ω � îïåðàòîð Áåëüòðàìè.
Ïóñòü λρ � íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà Áåëüòðàìè íà G∩∂Bρ ñ íóëåâûì

êðàåâûì óñëîâèåì Äèðèõëå íà ∂G ∩ ∂Bρ è Yρ(ω) � ñîáñòâåííàÿ ôóíêöèÿ, ñîîòâåòñòâóþùàÿ
íàèìåíüøåìó ñîáñòâåííîìó çíà÷åíèþ λρ. Ïóñòü ϕ(x) = |x|−α · Yρ(ω). Íàéäåì ôóíêöèþ V0(x),

óäîâëåòâîðÿþùóþ óðàâíåíèþ ∆φ+V0(x)φ = 0 â D
/
(Ω). Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì

(r, ω), ïîëó÷àåì
−∆φ = [α(n− 2− α) + λρ] · |x|−2φ,

òàê ÷òî −∆φ/φ =
(
c+ λρ

)
· |x|−2, ãäå c = α(n− 2− α).

Ïîëîæèì

V0(x) =
(
c+ λρ

)
· |x|−2, x ∈ Ω. (3)

Êîãäà φ(x) = |x|−a · Yρ(ω) > 0, óñëîâèå ∆φ(x) ∈ L1(Ω) îçíà÷àåò, ÷òî n − 2 − α > 0.
Ïîñëåäíåå âûïîëíÿåòñÿ, åñëè c > 0 (è α > 0).

Çàìåòèì, ÷òî ïðè 0 ≤ c ≤ C∗ = (n− 2)2/4 âåëè÷èíà α îïðåäåëÿåòñÿ ðàâåíñòâîì

α =
n− 2

2
−
√

(n− 2)2

4
− c.

Â ðàáîòå [1] ïîêàçàíî, ÷òî ïðè 0 ≤ c ≤ C∗ è 0 ≤ V (x) ≤ V0(x) â îáëàñòè Ω, çàäà÷à
(1), (2) èìååò íåîòðèöàòåëüíîå îáîáùåííîå ðåøåíèå ïðè ëþáîé íåîòðèöàòåëüíîé íåïðåðûâíîé
ãðàíè÷íîé ôóíêöèè ϕ(x); à ïðè c > C∗ è V ≥ V0, ýòà çàäà÷à íå èìååò íåîòðèöàòåëüíûõ
ðåøåíèé, åñëè ϕ(x) > 0.

Òåïåðü ðàññìîòðèì ôóíêöèþ

φ(x) = |x|−(n−2)/2
∣∣ln |x|α/2∣∣ · Yρ(ω).

Íàéäåì ôóíêöèþ V0(x), óäîâëåòâîðÿþùóþ óðàâíåíèþ ∆φ + V0φ = 0 â D
/
(Ω). Ïåðåõîäÿ ê

ñôåðè÷åñêèì êîîðäèíàòàì (r, ω), ïîëó÷àåì

−∆φ

φ
=

(n− 2)2

4|x|2
+

α(2− α)

4|x|2ln2 |x|
+

λρ
|x|2

.

Ïîëîæèì

V0(x) =
(n− 2)2

4|x|2
+

c

4|x|2ln2 |x|
+

λρ
|x|2

, x ∈ Ω,

ãäå c = α(2−α). Çàìåòèì, ÷òî ïðè 0 ≤ c ≤ 1 ÷èñëî α îïðåäåëÿåòñÿ èç ðàâåíñòâà α = 1−
√
1− c

è ∆φ ∈ L1(Ω) ïðè 0 < α ≤ 1.
Â ðàáîòå äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. 1. Ïóñòü V (x) ≥ 0. Åñëè 0 ≤ c ≤ 1 è V (x) ≤ V0(x) â îáëàñòè Ω, òî çàäà÷à

(1), (2) èìååò íåîòðèöàòåëüíîå îáîáùåííîå ðåøåíèå ïðè ëþáîé íåîòðèöàòåëüíîé íåïðåðûâíîé
ãðàíè÷íîé ôóíêöèè ϕ(x).
2. Åñëè c > 1 è V (x) ≥ V0(x) â îáëàñòè Ω, òî ïðè ϕ > 0 çàäà÷à (1), (2) íå èìååò íåîòðèöàòåëüíûõ
ðåøåíèé.
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Î ãåîìåòðè÷åñêîì ïîäõîäå ê ïîñòðîåíèþ
ãëîáàëüíûõ àñèìïòîòèê ãàóññîâûõ ïó÷êîâ91

Öâåòêîâà À.Â. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðîáëåì ìåõàíèêè èì. À.Þ. Èøëèíñêîãî ÐÀÍ

annatsvetkova25@gmail.com

Äîêëàä ïîñâÿùåí îïèñàíèþ ïîäõîäà ê ïîñòðîåíèþ àñèìïòîòèêè ãàóññîâûõ ïó÷êîâ,
îñíîâàííîìó íà òåîðèè êàíîíè÷åñêîãî îïåðàòîðà Ìàñëîâà [1] è èçó÷åíèè äèíàìèêè è
îñîáåííîñòåé ñîîòâåòñòâóþùèõ ëàãðàíæåâûõ ìíîãîîáðàçèé. Ýòîò ïîäõîä ïîçâîëÿåò, â
÷àñòíîñòè, ïîëó÷èòü ãëîáàëüíûå àñèìïòîòèêè â âèäå ñïåöèàëüíûõ ôóíêöèé äëÿ ïó÷êîâ
Ëàãåððà-Ãàóññà, êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè ïàðàêñèàëüíîãî óðàâíåíèÿ Ãåëüìãîëüöà [2].

Â ñëó÷àå, êîãäà ïó÷îê îïðåäåëÿåòñÿ êëàññè÷åñêèìè ïîëèíîìàìè Ëàãåððà, àñèìïòîòèêà
â öåíòðå ïó÷êà îïèñûâàåòñÿ ôóíêöèåé Áåññåëÿ [3]. Ìû òàêæå îáñóäèì ñèòóàöèþ, êîãäà
ïó÷êè îïðåäåëÿþòñÿ ïðèñîåäèíåííûìè ïîëèíîìàìè Ëàãåððà. Â ýòîì ñëó÷àå àñèìïòîòèêà
îïèñûâàåòñÿ ôóíêöèåé Ýéðè.

Îäíèì èç ïðåèìóùåñòâ îáñóæäàåìîãî ïîäõîäà ÿâëÿåòñÿ òîò ôàêò, ÷òî îí ïîçâîëÿåò
îòêàçàòüñÿ îò ïàðàêñèàëüíîãî ïðèáëèæåíèÿ è èçó÷àòü äèíàìêó ëàãðàíæåâà ìíîãîîáðàçèÿ
âäîëü ãàìèëüòîíîâà âåêòîðíîãî ïîëÿ, ñîîòâåòñòâóþùåãî èñõîäíîìó óðàâíåíèþ Ãåëüìãîëüöà,
÷òî òàêæå áóäåò ïðîèëëþñòðèðîâàíî íà ïðèìåðàõ.

Äîêëàä îñíîâàí íà ñîâìåñòíûõ ðàáîòàõ ñ Ñ.Þ. Äîáðîõîòîâûì è Â.Å. Íàçàéêèíñêèì.
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Î âûðîæäåííûõ îñîáûõ òî÷êàõ âåùåñòâåííûõ áèíàðíûõ óðàâíåíèé

×åðåïàíîâà Å.À. (Ðîññèÿ, ×åëÿáèíñê)
×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

gloomson13@mail.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ òàê íàçûâàåìûå áèíàðíûå óðàâíåíèÿ, òî åñòü íåÿâíûå
äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà

ap2 + 2bp+ c = 0, p =
dy

dx

ñ àíàëèòè÷åñêèìè â (R2, 0) êîýôôèöèåíòàìè a, b, c, òàêèìè, ÷òî

a(0, 0) = b(0, 0) = c(0, 0) = 0.

Áèíàðíîå óðàâíåíèå íàçûâàþò ëèíåéíûì, åñëè âñå åãî êîýôôèöèåíòû � ëèíåéíûå
ôóíêöèè.

91Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääðåæêå ÐÍÔ (ïðîåêò 24-11-00213).
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Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ áèíàðíûõ óðàâíåíèé áûëà ïîëó÷åíà â [1]; âñå
òîïîëîãè÷åñêèå íîðìàëüíûå ôîðìû èç ýòîé ðàáîòû � ëèíåéíû. Îäíàêî àíàëèòè÷åñêàÿ (è
äàæå ôîðìàëüíàÿ) êëàññèôèêàöèÿ áèíàðíûõ óðàâíåíèé ÿâëÿåòñÿ ñóùåñòâåííî áîëåå ñëîæíîé
èç-çà íàëè÷èÿ ôóíêöèîíàëüíûõ ìîäóëåé. ×àñòíûì ðåçóëüòàòîì åå èññëåäîâàíèÿ ÿâëÿåòñÿ
ñëåäóþùàÿ òåîðåìà î æåñòêîñòè.

Òåîðåìà. Äëÿ òèïè÷íûõ áèíàðíûõ óðàâíåíèé:
� èç ôîðìàëüíîé ýêâèâàëåíòíîñòè ñëåäóåò àíàëèòè÷åñêàÿ ýêâèâàëåíòíîñòü;
� èç ôîðìàëüíîé ëèíåàðèçóåìîñòè ñëåäóåò àíàëèòè÷åñêàÿ ëèíåàðèçóåìîñòü.

Îòìåòèì, ÷òî îáà óòâåðæäåíèÿ òåîðåìû áûëè ïîëó÷åíû ðàíåå â êîìïëåêñíîì ñëó÷àå
(ñì. [2]), îäíàêî èñïîëüçîâàííûå ïðè ýòîì îãðàíè÷åíèÿ òèïè÷íîñòè ïîëíîñòüþ èñêëþ÷àëè
âåùåñòâåííî-àíàëèòè÷åñêèå óðàâíåíèÿ.

Ëèòåðàòóðà
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×èñëåííîå ðåøåíèå çàäà÷è îïòèìàëüíîãî âäóâà-îòñîñà
äëÿ òå÷åíèÿ Ïóàçåéëÿ â êàíàëå êâàäðàòíîãî ñå÷åíèÿ92
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Íå÷åïóðåíêî Þ.Ì. (Ðîññèÿ, Ìîñêâà)
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èìåíè Ì.Â. Êåäûøà ÐÀÍ
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yumnech@yandex.ru

Â äîêëàäå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ãàðìîíè÷åñêèì âäóâîì-
îòñîñîì ñ ïðîäîëüíûì âîëíîâûì ÷èñëîì α äëÿ ñîçäàíèÿ íîðìèðîâàííûõ â L2-íîðìå îïòèìàëü-
íîãî âîçìóùåíèÿ è âåäóùåé ìîäû äëÿ òå÷åíèÿ Ïóàçåéëÿ â êàíàëå êâàäðàòíîãî ñå÷åíèÿ [1]. Ïðè
ýòîì ìèíèìèçèðóåòñÿ ñðåäíåêâàäðàòè÷íàÿ ñêîðîñòü âäóâà-îòñîñà. Äàííàÿ çàäà÷à ñâîäèòñÿ ê
çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
âèäà

dx

dt
= Ax+ Cu,

ãäå A� ìàòðèöà n×n, C � ìàòðèöà n×p, x� n-êîìïîíåíòíûé âåêòîð âíóòðåííèõ ïåðåìåííûõ,
à u � íåïðåðûâíàÿ p-êîìïîíåíòíàÿ âåêòîðíàÿ ôóíêöèÿ (p ≪ n). Ïîñëåäíÿÿ, â ñâîþ î÷åðåäü,
ñâîäèòñÿ ê ñëåäóþùåé ïðèáëèæåííîé ìàòðè÷íîé çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ:

∥x(T )− xT ∥2 ≤ ε∥xT ∥2, ∥u∥L2 → min,

ãäå xT � çàäàííûé âåêòîð, ε � çàäàííàÿ òî÷íîñòü, à x è u óäîâëåòâîðÿþò èñõîäíîé ñèñòåìå.
Íåîáõîäèìîñòü ñâåäåíèÿ ê ïðèáëèæåííîé çàäà÷å âîçíèêàåò èç-çà ïëîõîé îáóñëîâëåííîñòè
èñõîäíîé. Ïðèìåíÿåòñÿ îðèãèíàëüíûé ÷èñëåííûé àëãîðèòì, èñïîëüçóþùèé ðåçóëüòàòû ðàáîò
[2], [3], [4].

92Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò �22-71-10028).
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Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ñ ïðèìåíåíèåì äàííîãî àëãîðèòìà, ïðåäñòàâëåí-
íûå â òàáëèöå 1, ïîçâîëÿþò ñäåëàòü âûâîä, ÷òî çàòðàòû íà ñîçäàíèå îïòèìàëüíîãî âîçìóùåíèÿ
âûøå çàòðàò íà ñîçäàíèå âåäóùåé ìîäû ïðèìåðíî â 104 ðàç, à îïòèìàëüíîå âîçìóùåíèå ñ
âûñîêîé òî÷íîñòüþ âîîáùå íå óäàëîñü ñîçäàòü.

α ε Âåäóùàÿ ìîäà
Îïòèìàëüíîå
âîçìóùåíèå

0
10−1 5.77× 10−2 2.13× 102

1.86× 10−3 1.08× 10−1 1.98× 103

10−7 2.89× 10−1 �

0.1
10−1 1.21 6.76× 104

6.78× 10−2 1.45 1.28× 105

10−5 7.19 �

1
9× 10−1 5.52× 10−1 1.043× 103

7.24× 10−1 2.06 7.86× 105

10−4 5.02× 102 �

Òàáëèöà 4: Çàòðàòû äëÿ ñîçäàíèÿ âîçìóùåíèé ñ ðàçëè÷íîé òî÷íîñòüþ ε ïðè ðàçëè÷íûõ
çíà÷åíèÿõ âîëíîâîãî ÷èñëà α.
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Î ïîâûøåííîé ñóììèðóåìîñòè ðåøåíèé p-ýëëèïòè÷åñêèõ óðàâíåíèé
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Èññëåäóþòñÿ èíòåãðàëüíûå ñâîéñòâà îáîáù¼ííûõ ðåøåíèé íåîäíîðîäíîãî p-ýëëèïòè-
÷åñêîãî óðàâíåíèÿ, ãäå p > 1, çàäà÷è Çàðåìáû â îãðàíè÷åííîé ñòðîãî ëèïøèöåâîé îáëàñòè
D ⊂ Rn, ãäå n > 1 (ïîäðîáíåå ñì. [1]). Îáîçíà÷èì F ⊂ ∂D � çàìêíóòîå ìíîæåñòâî, ïóñòü
W 1
p (D,F ) � ïîïîëíåíèå áåñêîíå÷íî äèôôåðåíöèðóåìûõ â çàìûêàíèè D ôóíêöèé, ðàâíûõ

íóëþ â îêðåñòíîñòè F , ïî íîðìå ïðîñòðàíñòâà W 1
p (D). Àïðèîðè äëÿ ôóíêöèé v ∈ W 1

p (D,F )
ïðåäïîëàãàåòñÿ âûïîëíåíèå íåðàâåíñòâà Ôðèäðèõñà�Ìàçüè∫

D

|v|p dx ⩽ C

∫
D

|∇v|p dx.

Ïðåäïîëîæèì, ÷òî ìàòðèöà A = (aij)n×n ñ èçìåðèìûìè êîìïîíåíòàìè ÿâëÿåòñÿ ñèììåòðè÷å-
ñêîé è ðàâíîìåðíî ïîëîæèòåëüíî îïðåäåë¼ííîé. Îáîçíà÷èì ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû
λ1, . . . , λn. Ïóñòü âûïîëíåíî ñîîòíîøåíèå

λmax
λmin

⩽

(
p+ 2

√
p− 1

p− 2

)2

,

ãäå λmax = max
j

sup
D

{λj(x)}, λmin = min
j

inf
D
{λj(x)}.
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Ïîëàãàÿ G = ∂D \ F , ðàññìîòðèì çàäà÷ó Çàðåìáû äëÿ p-ýëëèïòè÷åñêîãî óðàâíåíèÿ âèäà
Lpu := div(|∇u|p−2A∇u) = div f â D,

u = 0 íà F,
∂u

∂γ
= 0 íà G,

(1)

ãäå ∂u
∂γ � âíåøíÿÿ êîíîðìàëüíàÿ ïðîèçâîäíàÿ ôóíêöèè u, à f = (f1, . . . , fn), fi ∈ Lp′(D),

p′ = p/(p− 1).
Äëÿ ôîðìóëèðîâêè ðåçóëüòàòà íàì ïîòðåáóåòñÿ ïîíÿòèå ¼ìêîñòè. Îïðåäåëèì äëÿ

êîìïàêòà K ⊂ Rn åìêîñòü Cq(K), êîòîðàÿ ïðè 1 < q < n îïðåäåëÿåòñÿ ðàâåíñòâîì

Cq(K) = inf

{ ∫
Rn

|∇φ|q dx : φ ∈ C∞
0 (Rn), φ ⩾ 1 íà K

}
.

Âåëè÷èíà ïîêàçàòåëÿ q ñâÿçàíà ñî çíà÷åíèåì ïîêàçàòåëÿ p èç (1), ðàçìåðíîñòüþ
ïðîñòðàíñòâà n è îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: åñëè p ∈ (1, n/(n− 1)], òî q = (p+1)/2, à
åñëè p ∈ (n/(n− 1), n], ãäå n > 2, òî q = np/(n+ p).

Íèæå Bx0
r îçíà÷àåò îòêðûòûé øàð ðàäèóñà r ñ öåíòðîì â òî÷êå x0. Ñôîðìóëèðóåì

îãðàíè÷åíèå íà ìíîæåñòâî F .
A. Åñëè 1 < p ⩽ n, òî ïðåäïîëàãàåòñÿ âûïîëíåíèå ñëåäóþùåãî óñëîâèÿ: äëÿ ïðîèçâîëüíîé
òî÷êè x0 ∈ F ïðè r ⩽ r0 ñïðàâåäëèâî íåðàâåíñòâî

Cq(F ∩Bx0
r ) ⩾ c0r

n−q, (2)

â êîòîðîì ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c0 íå çàâèñèò îò x0 è r.
B. Åñëè p > n, òî ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî F íå ïóñòî: F ̸= ∅.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Åñëè f ∈ Lp′+δ0(D), ãäå δ0 > 0, p′ = p/(p−1), òî ñóùåñòâóåò ïîëîæèòåëüíàÿ
ïîñòîÿííàÿ δ(n, p, δ0) < δ0 òàêàÿ, ÷òî äëÿ ðåøåíèÿ çàäà÷è (1) ñïðàâåäëèâà îöåíêà∫

D

|∇u|p+δ dx ⩽ C

∫
D

|f |p′(1+δ/p) dx,

â êîòîðîé êîíñòàíòà C ïðè 1 < p ⩽ n çàâèñèò òîëüêî îò p, δ0, n, âåëè÷èíû c0 èç (2) è
îáëàñòè D. Ïðè p > n çàâèñèìîñòü C îò c0 îòñóòñòâóåò.
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Íàïîìíèì, ÷òî èíâàðèàíòíîå ìíîæåñòâî B ãîìåîìîðôèçìà f íàçûâàåòñÿ àòòðàêòîðîì,
åñëè ñóùåñòâóåò çàìêíóòàÿ îêðåñòíîñòü U ìíîæåñòâà B òàêàÿ, ÷òî f(U) ⊂ int U ,

⋂
j≥0

f j(U) = B.

Àòòðàêòîð äëÿ ãîìåîìîðôèçìà f−1 íàçûâàåòñÿ ðåïåëëåðîì ãîìåîìîðôèçìà f .
Ñîõðàíÿþùèé îðèåíòàöèþ ãîìåîìîðôèçì P : Sg → Sg çàìêíóòîé îðèåíòèðóåìîé

ïîâåðõíîñòè ðîäà g > 1 íàçûâàåòñÿ ïñåâäîàíîñîâñêèì îòîáðàæåíèåì c ðàñòÿæåíèåì λ > 1,
åñëè íà ïîâåðõíîñòè Sg ñóùåñòâóåò ïàðà P -èíâàðèàíòíûõ òðàíñâåðñàëüíûõ ñëîåíèé Fs

P , Fu
P ñ

ìíîæåñòâîì ñåäëîâûõ îñîáåííîñòåé S è òðàíñâåðñàëüíûìè ìåðàìè µs, µu òàêàÿ, ÷òî:

93Èññëåäîâàíèå îñóùåñòâëåíî â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé ÍÈÓ ÂØÝ.
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� êàæäàÿ ñåäëîâàÿ îñîáåííîñòü èç S èìååò íå ìåíåå òðåõ ñåïàðàòðèñ;

� µs(P (α)) = λµs(α) (µu(P (α)) = λ−1µu(α)) äëÿ ëþáîé äóãè α, òðàíñâåðñàëüíîé Fs
P (Fu

P ).

Ïîäïðîñòðàíñòâî X òîïîëîãè÷åñêîãî ïðîñòðàíñòâà Y íàçûâàåòñÿ öèëèíäðè÷åñêèì
âëîæåíèåì â Y òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X̄, åñëè ñóùåñòâóåò ãîìåîìîðôèçì íà îáðàç
h : X̄ × [−1, 1] → Y òàêîé, ÷òî X = h(X̄ × {0}).

Íàñòîÿùèé äîêëàä ïîñâÿùåí èññëåäîâàíèþ êëàññó ãîìåîìîðôèçìîâ G, êàæäîå
îòîáðàæåíèå f êîòîðîãî ÿâëÿåòñÿ ñîõðàíÿþùèì îðèåíòàöèþ ãîìåîìîðôèçìîì çàìêíóòîãî
îðèåíòèðóåìîãî òîïîëîãè÷åñêîãî 3-ìíîãîîáðàçèÿ M3, íåáëóæäàþùåå ìíîæåñòâî NW (f)
êîòîðîãî ñîñòîèò èç êîíå÷íîãî ÷èñëà êîìïîíåíò ñâÿçíîñòè B0, . . . , Bm−1, óäîâëåòâîðÿþùèõ
äëÿ ëþáîãî i ∈ {0, . . . ,m− 1} ñëåäóþùèì óñëîâèÿì:

1. Bi ÿâëÿåòñÿ öèëèíäðè÷åñêèì âëîæåíèåì çàìêíóòîé îðèåíòèðóåìîé ïîâåðõíîñòè ðîäà
áîëüøåãî åäèíèöû;

2. ñóùåñòâóåò íàòóðàëüíîå ÷èñëî ki òàêîå, ÷òî fki(Bi) = Bi, f
k̃i(Bi) ̸= Bi äëÿ ëþáîãî

íàòóðàëüíîãî k̃i < ki è îãðàíè÷åíèå îòîáðàæåíèÿ fki |Bi òîïîëîãè÷åñêè ñîïðÿæåíî
ñîõðàíÿþùåìó îðèåíòàöèþ ïñåâäîàíîñîâñêîìó ãîìåîìîðôèçìó;

3. Bi ÿâëÿåòñÿ ëèáî àòòðàêòîðîì, ëèáî ðåïåëëåðîì ãîìåîìîðôèçìà fki .

Â äîêëàäå áóäåò îïèñàíî ïîñòðîåíèå êëàññà Φ êîñûõ ïðîèçâåäåíèé ïñåâäîàíîñîâñêèõ
îòîáðàæåíèé ïîâåðõíîñòè è ñòðóêòóðíî-óñòîé÷èâûõ äèôôåîìîðôèçìîâ îêðóæíîñòè, ïðèíàä-
ëåæàùèõ êëàññó G.

Ãîìåîìîðôèçìû f1 : X → X è f2 : Y → Y òîïîëîãè÷åñêèõ ìíîãîîáðàçèé X è Y
íàçûâàþòñÿ îáúåìëþùå Ω-ñîïðÿæåííûìè, åñëè ñóùåñòâóåò ãîìåîìîðôèçì h : X → Y òàêîé,
÷òî h(NW (f1)) = NW (f2) è hf1|NW (f1) = f2h|NW (f1).

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ëþáîé ãîìåîìîðôèçì èç êëàññà G ÿâëÿåòñÿ îáúåìëþùå Ω-ñîïðÿæåííûì

íåêîòîðîìó ãîìåîìîðôèçìó èç êëàññà Φ.

Ëèòåðàòóðà

[1] Grines V. Z., Pochinka O.V., Chilina E. E. Dynamics of 3-Homeomorphisms with Two-Dimensional
Attractors and Repellers //Journal of Mathematical Sciences. � 2023. � Ñ. 1-10.

[2] Grines V. Z., Pochinka O.V., Chilina E. E., On Homeomorphisms of Three-Dimensional Manifolds
with Pseudo-Anosov Attractors and Repellers // Regular and Chaotic Dynamics, 2024, Volume 29,
Number 1, pp. 156-173

Ðåîëîãèÿ ñëîæíûõ ñðåä â çàäà÷àõ ìåõàíèêè:
ýêñïåðèìåíò è ìîäåëèðîâàíèå

×óïàõèí À.Ï. (Ðîññèÿ, Íîâîñèáèðñê)
Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ

chupakhin@hydro.nsc.ru

Ïàðøèí Ä.Â. (Ðîññèÿ, Íîâîñèáèðñê)
Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ

parshin@hydro.nsc.ru

Êîïòþã À.Â. (Øâåöèÿ, Îñòåðñóíä)
Mid Sweden University, SportsTech Research Center

andrey.koptyug@miun.se

Áåñîâ À.Ñ. (Ðîññèÿ, Íîâîñèáèðñê)
Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ

besov@catalysis.ru

286



Ðàçëè÷íûå çàäà÷è ìåäèöèíû è ñïîðòà âûñîêèõ äîñòèæåíèé ïðèâîäÿò ê íåîáõîäèìîñòè
èññëåäîâàíèÿ ïðî÷íîñòíûõ ñâîéñòâ è ðåàêöèè íà âíåøíþþ íàãðóçêó ñëîæíûõ ìàòåðèàëîâ
â çàâèñèìîñòè îò ðàçëè÷íûõ âèäîâ íàãðóçîê è âíåøíèõ óñëîâèé. Áèîìàòåðèàëû, ýìáîëè-
çèðóþùèå ôëþèäû è ñíåã èìåþò ñëîæíóþ ñòðóêòóðó, õàðàêòåðèçóþùóþñÿ íåñêîëüêèìè
ìàñøòàáàìè õàðàêòåðíûõ ðàçìåðîâ, êîòîðûå îïðåäåëÿþò èõ ôèçè÷åñêèå ñâîéñòâà. Äëÿ ñòåíîê
êðîâåíîñíûõ ñîñóäîâ � ýòî ðàçíîìàñøòàáíàÿ ñòðóêòóðà áåëêîâûõ âîëîêîí. Äëÿ ñíåãà � ýòî
êðèñòàëëè÷åñêàÿ ñòðóêòóðà, çàâèñÿùàÿ îò ìíîãèõ ôàêòîðîâ: èñòîðèè íàãðóæåíèÿ, èñòîðèè
âíåøíèõ óñëîâèé ñðåäû, òàê è îò òåêóùèõ òåìïåðàòóðû, âëàæíîñòè, àòìîñôåðíîãî äàâëåíèÿ
è âîçäåéñòâóþùåé íà íåãî íàãðóçêè. Äëÿ êëåÿùèõ ïîëèìåðîâ, êîòîðûå èñïîëüçóþòñÿ â
ìåäèöèíå � ýòî òåìïåðàòóðà è ìîäóëü ñäâèãà, êîòîðûé äëÿ ñîñóäîâ ïî ñóòè ïðåäñòàâëÿåò
îòíîøåíèå ñêîðîñòè ïîòîêà êðîâè è ñå÷åíèÿ ñîñóäà. Íà ýòó êðóïíîìàñøòàáíóþ êàðòèíó
ïîâåäåíèÿ ñëîæíîãî ìàòåðèàëà íàêëàäûâàþòñÿ ìåëêîìàñøòàáíóþ ïî ñóòè, íî íå ïî çíà÷åíèþ
ÿâëåíèÿ: òå÷åíèå êðîâè â ñîñóäå, ñêîëüæåíèå ëûæè ïî ñíåæíîé ïîâåðõíîñòè, ðàñïðåäåëåíèå
ýìáîëèçèðóþùåãî ôëþèäà ñ ñåòè ñîñóäîâ àðòåðèîâåíîçíîé ìàëüôîðìàöèè èëè îïóõîëè.
Àäåêâàòíîå îïèñàíèå ïðîöåññà â öåëîì äîëæíî âêëþ÷àòü â ñåáÿ âçàèìîäåéñòâèå ìàêðî
è ìèêðîìàñøòàáíûõ ÿâëåíèé. Â íàñòîÿùåå âðåìÿ ýòà òåìàòèêà èíòåíñèâíî ðàçâèâàåòñÿ
êàê ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ [1, 2], òàê è
ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé [3]. Îòìåòèì, ÷òî âî âñåõ ïîäîáíûõ çàäà÷àõ ðåîëîãè÷åñêèå
ñâîéñòâà ìàòåðèàëîâ íå ìîãóò ðàññìàòðèâàòüñÿ â êàêîé-òî åäèíîé òî÷êå ïðèìåíèòåëüíî ê
çàäà÷àì, â êîòîðûõ òàêèå ìàòåðèàëû èñïîëüçóþòñÿ: ýìáîëèçàò, òêàíü ñîñóäà èëè ñíåã. Â
ïðèðîäíîì èëè æèçíåííîì ïðîöåññå ìàòåðèàë ¾íàêàïëèâàåò¿ îïðåäåëåííûõ õàðàêòåðèñòèêè,
êîòîðûå îêàçûâàþò, ïîðîé ñóùåñòâåííîå, âëèÿíèå íà åãî ñâîéñòâà â òåêóùèé ìîìåíò âðåìåíè.

Ðàáîòà âûïîëíåíà ñîâìåñòíî ñ êîëëåêòèâîì õèðóðãîâ ÍÌÈÖ èì. àê. Å.Í. Ìåøàëêèíà, à òàêæå
íàó÷íîé ãðóïïîé Mid Sweden University, SportsTech Research Center, Ostersund, Sweden.
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óðàâíåíèé. Íàïðèìåð, íàëè÷èå èíâàðèàíòíîé äèôôåðåíöèàëüíîé ôîðìû ôàçîâîãî îáúåìà
ïîçâîëÿåò óìåíüøèòü êîëè÷åñòâî òðåáóåìûõ ïåðâûõ èíòåãðàëîâ. Äëÿ êîíñåðâàòèâíûõ ñèñòåì
ýòîò ôàêò åñòåñòâåí, íî äëÿ ñèñòåì, îáëàäàþùèõ ïðèòÿãèâàþùèìè èëè îòòàëêèâàþùèìè
ïðåäåëüíûìè ìíîæåñòâàìè, íå òîëüêî íåêîòîðûå ïåðâûå èíòåãðàëû, íî è ñàìè èíâàðèàíòíûå
ôîðìû äîëæíû, âîîáùå ãîâîðÿ, âêëþ÷àòü ôóíêöèè ñ ñóùåñòâåííî îñîáûìè òî÷êàìè (ñì.
òàêæå [4�6]).

Â êà÷åñòâå ïðèìåðîâ òåíçîðíûõ èíâàðèàíòîâ ïðèâåäåì ñêàëÿðíûå èíâàðèàíòû �
ýòî ïåðâûå èíòåãðàëû ñèñòåìû. Èíâàðèàíòíûå âåêòîðíûå ïîëÿ � ïîëÿ ñèììåòðèé (îíè
êîììóòèðóþò ñ âåêòîðíûì ïîëåì ðàññìàòðèâàåìîé ñèñòåìû). Ôàçîâûå ïîòîêè ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé, ïîðîæäàåìûõ ýòèìè ïîëÿìè, ïåðåâîäÿò ðåøåíèÿ ðàññìàò-
ðèâàåìîé ñèñòåìû â ðåøåíèÿ òîé æå ñèñòåìû. Èíâàðèàíòíûå âíåøíèå äèôôåðåíöèàëüíûå
ôîðìû ïîðîæäàþò èíòåãðàëüíûå èíâàðèàíòû ñèñòåìû. Ïðè ýòîì, î÷åâèäíî, ñàìî âåêòîðíîå
ïîëå ðàññìàòðèâàåìîé ñèñòåìû ÿâëÿåòñÿ îäíèì èç èíâàðèàíòîâ (òðèâèàëüíûé èíâàðèàíò).
Çíàíèå òåíçîðíûõ èíâàðèàíòîâ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé îáëåã÷àåò è åå
èíòåãðèðîâàíèå, è êà÷åñòâåííîå èññëåäîâàíèå. Íàø ïîäõîä ñîñòîèò â òîì, ÷òî äëÿ òî÷íîãî
èíòåãðèðîâàíèÿ àâòîíîìíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïîðÿäêà m ïîìèìî
óïîìÿíóòîãî òðèâèàëüíîãî èíâàðèàíòà íàäî çíàòü åùå m − 1 íåçàâèñèìûé òåíçîðíûé
èíâàðèàíò.

Êàê ïîêàçàíî ðàíåå, çàäà÷à î äâèæåíèè (n + 1)-ìåðíîãî ìàÿòíèêà íà îáîáùåííîì
ñôåðè÷åñêîì øàðíèðå â íåêîíñåðâàòèâíîì ïîëå ñèë, êîòîðûé ìîæíî îáðàçíî îïèñàòü,
êàê �ïîòîê íàáåãàþùåé ñðåäû, çàïîëíÿþùåé âñåîáúåìëþùåå (n + 1)-ìåðíîå ïðîñòðàíñòâî�,
ïðèâîäèò ê ñèñòåìå íà êàñàòåëüíîì ðàññëîåíèè ê n-ìåðíîé ñôåðå, ïðè ýòîì ìåòðèêà
ñïåöèàëüíîãî âèäà íà íåé èíäóöèðîâàíà äîïîëíèòåëüíûìè ãðóïïàìè ñèììåòðèé [7].
Äèíàìè÷åñêèå ñèñòåìû, îïèñûâàþùèå äâèæåíèå òàêîãî ìàÿòíèêà, îáëàäàþò çíàêîïåðåìåííîé
äèññèïàöèåé, ïîëíûé ñïèñîê ïåðâûõ èíòåãðàëîâ ñîñòîèò èç ôóíêöèé, èìåþùèõ ñóùåñòâåííî
îñîáûå òî÷êè, âûðàæàþùèõñÿ ÷åðåç êîíå÷íóþ êîìáèíàöèþ ýëåìåíòàðíûõ ôóíêöèé. Òî æå
ôàçîâîå ïðîñòðàíñòâî åñòåñòâåííî âîçíèêàåò â çàäà÷å î äâèæåíèè òî÷êè ïî n-ìåðíîé ñôåðå
ñ èíäóöèðîâàííîé ìåòðèêîé îáúåìëþùåãî (n + 1)-ìåðíîãî ïðîñòðàíñòâà. Îòìåòèì òàêæå
çàäà÷è î äâèæåíèè òî÷êè ïî áîëåå îáùèì n-ìåðíûì ïîâåðõíîñòÿì âðàùåíèÿ, â ïðîñòðàíñòâå
Ëîáà÷åâñêîãî è ò. ä.

Â äàííîé ðàáîòå äëÿ ðàññìàòðèâàåìîãî êëàññà äèíàìè÷åñêèõ ñèñòåì ïðåäúÿâëåíû
ïîëíûå íàáîðû èíâàðèàíòíûõ äèôôåðåíöèàëüíûõ ôîðì äëÿ îäíîðîäíûõ ñèñòåì íà
êàñàòåëüíûõ ðàññëîåíèÿõ ê ãëàäêèì êîíå÷íîìåðíûì ìíîãîîáðàçèÿì (îá àíàëîãè÷íûõ
èññëåäîâàíèÿõ äëÿ ñèñòåì ìåíüøåé ðàçìåðíîñòè ñì. [6]). Ïîêàçàíà ñâÿçü íàëè÷èÿ äàííûõ
èíâàðèàíòîâ è ïîëíûì íàáîðîì ïåðâûõ èíòåãðàëîâ, íåîáõîäèìûõ äëÿ èíòåãðèðîâàíèÿ
ãåîäåçè÷åñêèõ, ïîòåíöèàëüíûõ è äèññèïàòèâíûõ ñèñòåì. Ïðè ýòîì ââîäèìûå ñèëîâûå ïîëÿ
âíîñÿò â ñèñòåìû äèññèïàöèþ ðàçíîãî çíàêà è îáîáùàþò ðàíåå ðàññìîòðåííûå.
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Õîðîøî èçâåñòíî, ÷òî êîðîòêîâîëíîâûå àñèìïòîòè÷åñêèå ðåøåíèÿ ëèíåéíûõ ñòðîãî
ãèïåðáîëè÷åñêèõ ïî Ïåòðîâñêîìó ñèñòåì, êîýôôèöèåíòû êîòîðûõ íå çàâèñÿò îò ìàëîãî
ïàðàìåòðà (èëè çàâèñÿò îò íåãî ðåãóëÿðíî), îïèñûâàþòñÿ â òåðìèíàõ êàíîíè÷åñêîãî îïåðàòîðà
Ìàñëîâà íà íàáîðå ëàãðàíæåâûõ ïîâåðõíîñòåé. Ýòè ïîâåðõíîñòè èíâàðèàíòíû îòíîñèòåëüíî
ãàìèëüòîíîâûõ ïîëåé, ãàìèëüòîíèàíû êîòîðûõ óäîâëåòâîðÿþò õàðàêòåðèñòè÷åñêîìó óðàâíå-
íèþ äëÿ ñòàðøåãî ñèìâîëà ãèïåðáîëè÷åñêîé ñèñòåìû.

Åñëè êîýôôèöèåíòû ðàçðûâíû, èëè çàâèñÿò îò ìàëîãî ïàðàìåòðà ñèíãóëÿðíî (ò.å.
èõ ñëàáûå ïðåäåëû íå ãëàäêèå), ðåøåíèå èìååò áîëåå ñëîæíûé âèä âáëèçè íîñèòåëÿ
ñèíãóëÿðíîñòè; â îáùåì ñëó÷àå ñîîòâåòñòâóþùàÿ òåîðèÿ íå ðàçðàáîòàíà. Â äîêëàäå
îïèñûâàåòñÿ àñèìïòîòèêà ðåøåíèÿ çàäà÷è Êîøè â ñëó÷àå, êîãäà êîýôôèöèåíòû ìåíÿþòñÿ
ñêà÷êîîáðàçíî, ò.å. îíè èëè èõ ñëàáûå ïðåäåëû òåðïÿò ðàçðûâ íà íåêîòîðîé ãèïåðïîâåðõíîñòè
â ïðîñòðàíñòâå íåçàâèñèìûõ ïåðåìåííûõ. Â ýòîé ñèòóàöèè ëàãðàíæåâû ïîâåðõíîñòè
ïåðåñòðàèâàþòñÿ â òî÷êàõ, ñîîòâåòñòâóþùèõ óêàçàííîé ïîâåðõíîñòè, ïðè÷åì ïåðåñòðîéêà
óïðàâëÿåòñÿ ãåîìåòðèåé ïðîåêòèâíîé ãèïåðïîâåðõíîñòè â äâîéñòâåííîì ïðîñòðàíñòâå,
îïðåäåëÿåìîé ñòàðøèì ñèìâîëîì ñèñòåìû. Äîêàçàíî, ÷òî ðåøåíèå ðàçëàãàåòñÿ â àñèìï-
òîòè÷åñêèé ðÿä, ñëàãàåìûå êîòîðîãî âûðàæàþòñÿ ÷åðåç êàíîíè÷åñêèé îïåðàòîð Ìàñëîâà
íà ïåðåñòðàèâàþùèõñÿ ëàãðàíæåâûõ ïîâåðõíîñòÿõ; ôóíêöèè, ê êîòîðûì ïðèìåíÿþòñÿ
ýòè îïåðàòîðû, óäîâëåòâîðÿþò âñïîìîãàòåëüíîé çàäà÷å ðàññåÿíèÿ äëÿ ëèíåéíîé ñèñòåìû
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, à êîýôôèöèåíòû îïåðàòîðà ìîíîäðîìèè òàêîé
çàäà÷è îïðåäåëÿþò êîýôôèöèåíòû îòðàæåíèÿ è ïðîõîæäåíèÿ âîëí ÷åðåç ïîâåðõíîñòü ñêà÷êà
êîýôôèöèåíòîâ.

Îá îáðàùåíèè îòîáðàæåíèÿ Àáåëÿ�Ïðèìà
è åãî ïðèìåíåíèè ê èíòåãðèðóåìûì ñèñòåìàì
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Îòîáðàæåíèå Àáåëÿ ÿâëÿåòñÿ êëàññè÷åñêèì èíñòðóìåíòîì òåîðèè èíòåãðèðóåìûõ
ñèñòåì. Äëÿ ñèñòåì, èíâàðèàíòíûå òîðû êîòîðûõ ìîæíî ïðåäñòàâèòü êàê ÿêîáèàíû
àëãåáðàè÷åñêèõ êðèâûõ (íàïðèìåð, äëÿ ñèñòåìû Êîâàëåâñêîé), îíî äà¼ò êâàäðàòóðíóþ
ôîðìóëó äëÿ òðàåêòîðèé â âèäå A(γ) = It + ϕ0, ãäå I � íàáîð ôóíêöèé îò ïåðåìåííûõ
äåéñòâèÿ, ϕ0 � íà÷àëüíûå ïåðåìåííûå óãëà, γ � íàáîð èñõîäíûõ ôàçîâûõ êîîðäèíàò. Òåì ñàìûì
òðàåêòîðèè "ëèíåàðèçóþòñÿ" íà ÿêîáèàíàõ, òî åñòü ÿâëÿþòñÿ èõ ïðÿìîëèíåéíûìè îáìîòêàìè.
Äëÿ ïîëó÷åíèÿ óðàâíåíèÿ òðàåêòîðèè â èñõîäíûõ êîîðäèíàòàõ (ò.å. â âèäå γ = γ(t)),
äîñòàòî÷íî ïðèìåíèòü îáðàòíîå îòîáðàæåíèå ßêîáè, äëÿ êîòîðîãî èìåþòñÿ ôîðìóëû â
θ-ôóíêöèÿõ. Ñîâðåìåííîå ðàçâèòèå ïðåäúÿâèëî èíòåãðèðóåìûå ñèñòåìû, èíâàðèàíòíûå òîðû
êîòîðûõ ÿâëÿþòñÿ àáåëåâûìè ìíîãîîáðàçèÿìè äðóãîãî êëàññà � ìíîãîîáðàçèÿìè Ïðèìà,
èëè ïðèìèàíàìè. Òàêèìè ÿâëÿþòñÿ ñèñòåìû Õèò÷èíà ñ ïðîñòûìè ñòðóêòóðíûìè ãðóïïàìè.
Ïðèìèàíû âîçíèêàþò è ïðè ðàññìîòðåíèè êëàññè÷åñêèõ ñèñòåì (ñì. [3] äëÿ ñèñòåìû
Êîâàëåâñêîé, [1] äëÿ ñèñòåìû Êëåáøà). Îäíàêî îïèñàííàÿ âûøå ñõåìà èíòåãðèðîâàíèÿ,
îñíîâàííàÿ íà ïðèìåíåíèè îáðàùåíèÿ ßêîáè, â ñëó÷àå èíâàðèàíòíûõ òîðîâ-ïðèìèàíîâ
íåïðèìåíèìà. Ïðåïÿòñòâèå çàêëþ÷àåòñÿ â òîì, ÷òî ïðîîáðàç òî÷êè ïðèìèàíà ïðè îòîáðàæåíèÿ
Àáåëÿ�Ïðèìà ñîñòîèò èç âäâîå áîëüøåãî ÷èñëà ýëåìåíòîâ, ÷åì ýòî íåîáõîäèìî äëÿ îáðàùåíèÿ.
Ïðåäìåòîì íàñòîÿùåãî äîêëàäà ÿâëÿåòñÿ ñëó÷àé, êîãäà àíàëîã îáðàùåíèÿ ßêîáè âñ¼-òàêè
ìîæíî îïðåäåëèòü.
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Òåîðåìà 1. Ïóñòü Σ � êðèâàÿ ñ ïàðîé êîììóòèðóþùèõ ãîëîìîðôíûõ èíâîëþöèé τ1, τ2,
ïðè÷¼ì äèôôåðåíöèàëû Ïðèìà îòíîñèòåëüíî τ1 èíâàðèàíòíû îòíîñèòåëüíî τ2, Σi = Σ/τi,
Prymi(Σ) � å¼ ïðèìèàí îòíîñèòåëüíî èíâîëþöèè τi, hi = dimPrymi(Σ). Òîãäà â çàâèñèìîñòè
îò òèïîâ âåòâëåíèÿ Σ → Σi (i = 1, 2) èìååò ìåñòî îäèí èç ñëåäóþùèõ ñëó÷àåâ:

Prym1(Σ) ≃ Symh1Σ2 èëè Prym1(Σ) ≃ (Symh1Σ2)/Z2,

ãäå çíàê ≃ îáîçíà÷àåò áèðàöèîíàëüíóþ ýêâèâàëåíòíîñòü.
Ïðè íàëè÷èè íà êðèâîé äâóõ èíâîëþöèé ñ óêàçàííûìè ñâîéñòâàìè, äëÿ íå¼ è å¼

ïðèìèàíà èìååò ìåñòî ñëåäóþùàÿ âåðñèÿ îáðàùåíèÿ ßêîáè.
Òåîðåìà 2. 1◦. Äëÿ ϕ ∈ Prym1(Σ) ÷èñëî ýëåìåíòîâ â A−1(ϕ) ðàâíî 2h1. Îíè

ðàçáèâàþòñÿ íà h1 ïàð, âíóòðè êîòîðûõ òî÷êè ñâÿçàíû èíâîëþöèåé τ2.
2◦. Ïóñòü P1, . . . , Ph1 ∈ A−1(ϕ) � ïðåäñòàâèòåëè ýòèõ ïàð, Σ ïðåäñòàâëåíà êàê
(ðàçâåòâë¼ííîå) íàêðûòèå ðèìàíîâîé ñôåðû: π : Σ → P1 è π(Pi) = xi, i = 1, . . . , h1,
σk(ϕ) = xk1 + . . .+ xkh1. Òîãäà äëÿ ôóíêöèé σk èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

σk(ϕ) = c−
∑

Q∈π−1(∞)

h1∑
i=1

Di ln θ(A(Q)− ϕ−∆),

ãäå Di � äèôôåðåíöèàëüíûé îïåðàòîð ïî ϕ (âèä êîòîðîãî áóäåò óòî÷í¼í â äîêëàäå), c ∈ C,
∆ ∈ Ch1 � êîíñòàíòû.

Ïðè k = 1, . . . , h1 ñîîòíîøåíèÿ σk(ϕ) = xk1 + . . . + xkh1 ïîçâîëÿþò âûðàçèòü êîîðäèíàòû
x1, . . . , xh1 òî÷åê ïðîîáðàçà ÷åðåç ϕ, ñ òî÷íîñòüþ äî ïîðÿäêà, è, ïîäñòàâëÿÿ ϕ = It + ϕ0,
ïîëó÷èòü òðàåêòîðèþ ñèñòåìû â òýòà-ôóíêöèÿõ. Â [4] òàê âïåðâûå ðåøåíà ñèñòåìà Õèò÷èíà ñî
ñòðóêòóðíîé ãðóïïîé SO(4) íà êðèâîé ðîäà 2. Òåîðåìà 1 ïðèâîäèò ê êà÷åñòâåííûì âûâîäàì
îá èíâàðèàíòíûõ òîðàõ èíòåãðèðóåìûõ ñèñòåì. Íàïðèìåð, ïîçâîëÿåò óòî÷íèòü ðåçóëüòàò,
ïîëó÷åííûé â [2], ÷òî èíâàðèàíòíûå òîðû ñèñòåìû Õèò÷èíà ñî ñòðóêòóðíîé ãðóïïîé SL2 �
ýòî ÿêîáèàíû êðèâûõ ðîäà 3 (íà ñàìîì äåëå � ôàêòîðû òàêèõ ÿêîáèàíîâ ïî Z2), èëè âûâåñòè
èçâåñòíûé ôàêò, ÷òî òðàåêòîðèè ñèñòåìû Êîâàëåâñêîé ëèíåàðèçóþòñÿ íà ÿêîáèàíàõ êðèâûõ
ðîäà 2.
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Òî÷íûå îöåíêè ïðîèçâîäíûõ â ïðîñòðàíñòâàõ Ñîáîëåâà
è çàäà÷è íàèëó÷øåãî ïðèáëèæåíèÿ ìíîãî÷ëåíàìè ñïëàéíîâ

ñïåöèàëüíîãî âèäà94

Øåéïàê È.À. (Ðîññèÿ, Ìîñêâà)
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Ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî Ñîáîëåâà W̊n
p [0; 1], ñîñòîÿùåå èç âåùåñòâåííûõ ôóíê-

öèé y, îáëàäàþùèõ àáñîëþòíî íåïðåðûâíûìè ïðîèçâîäíûìè äî ïîðÿäêà n − 1, òà-
êèõ, ÷òî y(n) ∈ Lp[0; 1] (1 ⩽ p ⩽ ∞ è âûïîëíÿþòñÿ êðàåâûå óñëîâèÿ y(j)(0) = y(j)(1) = 0
(j = 0, 1, . . . , n− 1).

94Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÍÔ (ïðîåêò � 20-11-20261).
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Äëÿ ïðîèçâîëüíîé òî÷êè a ∈ (0; 1) èçó÷àþòñÿ âåëè÷èíû An,k,p(a), êîòîðûå ÿâëÿþòñÿ
íàèìåíüøèìè âîçìîæíûìè â íåðàâåíñòâàõ

|y(k)(a)| ⩽ An,k,p(a)∥y(n)∥Lp[0;1], y ∈ W̊n
p [0; 1], k = 0, 1, . . . , n− 1.

Òàêæå öåëüþ ÿâëÿåòñÿ ïîëó÷åíèå òî÷íûõ êîíñòàíò âëîæåíèÿ ïðîñòðàíñòâà W̊n
p [0; 1] â

ïðîñòðàíñòâî W̊ k
∞[0; 1]

Λn,k,∞ := max
a∈[0;1]

An,k,p(a).

Îïðåäåëèì Pm � ïðîñòðàíñòâî âåùåñòâåííûõ ìíîãî÷ëåíîâ

Pm =


m∑
j=0

cjx
j , x, cj ∈ R, 0 ⩽ j ⩽ m


ñòåïåíè íå âûøå m. Òàêæå ðàññìîòðèì ñïëàéíû âèäà

Sn,k,a(x) :=


(x− a)n−k−1

n− k − 1)!
, x ∈ [0; a]

0, x ∈ (a; 1]

Òåîðåìà 1. Äëÿ âåëè÷èí An,k,p(a) ñïðàâåäëèâî ðàâåíñòâî

An,k,p(a) = min
u∈Pn−1

∥Sn,k,a − u∥L′
p[0;1]

.

Çàìåòèì, ÷òî ñëó÷àé p = 2 èçó÷åí â [1] ïðè âñåõ n ∈ N è k = 0, 1, . . . , n− 1.
Äàëåå íàñ èíòåðåñóåò ñëó÷àé p = ∞. Íà îñíîâàíèè ðåçóëüòàòîâ î íàèëó÷øåì

ïðèáëèæåíèè ìíîãî÷ëåíàìè õàðàêòåðèñòè÷åñêîé ôóíêöèè â L1[0; 1] (ñì. [2]) äîêàçàíà
ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Åñëè k = n − 1 ÷åòíî, òî òî÷êà a = 1/2 ÿâëÿåòñÿ òî÷êîé ãëîáàëüíîãî
ìàêñèìóìà ôóíêöèè An,n−1,∞. Åñëè k = n − 1 íå÷åòíî, òî òî÷êà a = 1/2 ÿâëÿåòñÿ òî÷êîé
ëîêàëüíîãî ìèíèìóìà ôóíêöèè An,n−1,∞.

Ïðè ÷åòíîì n òî÷êàìè ãëîáàëüíîãî ìàêñèìóìà ôóíêöèè An,n−1,∞ ÿâëÿþòñÿ òî÷êè

sin2 πn
4(n+1) è sin2 π(n+2)

4(n+1) (áëèæàéøèå ê 1/2 òî÷êè èç ìíîæåñòâà
{
aj = sin2 πj

2(n+1)

}n
j=1

). Òàêèì

îáðàçîì,

Λn,n−1,∞,∞ =
1

2
tg

π

2(n+ 1)
, åñëè n íå÷åòíî,

Λn,n−1,∞,∞ =
1

2
tg

π

2(n+ 1)
sin

πn

2(n+ 1)
, åñëè n ÷åòíî.

Ñâîéñòâà ôóíêöèé An,0,∞ (k = 0) ìîæíî îïèñàòü â òåðìèíàõ ÿäðà Ïåàíî (ñì. [3]), êîòîðîå
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

Vn(t) :=
2
√
2(n+ 1)

πn!

(
1− t2

2

)n+1/2

·
∫ 1

−1

(1− x2)n

1− (t+ ix
√
1− t2)2(n+1)

dx.

Íà îñíîâàíèè ñâîéñòâ ÿäðà Ïåàíî è ñïëàéíà Sn,0,a óñòàíàâëèâàåòñÿ ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 3. Ñïðàâåäëèâà ôîðìóëà

An,0,∞(a) =
Vn(2a− 1)

2n
, a ∈ [0; 1].

Òåîðåìà 4. Òî÷íûå êîíñòàíòû âëîæåíèÿ Λn,0,∞ îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì

Λn,0,∞ = An,0,∞(1/2) =
Vn(0)

2n
=

n+ 1

πn!22(n−1)

∫ 1

0

(1− x2)n

1 + (−1)nx2(n+1)
dx.
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Èñïîëüçóÿ ïðåäñòàâëåíèå äëÿ Λn,0,∞ ïðè n → ∞, ìîæíî ïîëó÷èòü èõ àñèìïòîòè÷åñêîå
ïîâåäåíèå.

Ñëåäñòâèå 1. Äëÿ êîíñòàíò âëîæåíèÿ Λn,0,∞ ñïðàâåäëèâà àñèìïòîòèêà

Λn,0,∞ ∼
√
n√

πn!22n−1
, n→ ∞.

Ëèòåðàòóðà

[1] Ãàðìàíîâà Ò.À., Øåéïàê È.À. Î òî÷íûõ îöåíêàõ ïðîèçâîäíûõ ÷åòíîãî ïîðÿäêà â ïðîñòðàíñòâàõ
Ñîáîëåâà // Ôóíêöèîíàëüíûé àíàëèç è åãî ïðèëîæåíèÿ. � 2021. � Ò. 55, âûï. 1. � Ñ. 43�55.

[2] Äåéêàëîâà Ì.Â. Èíòåãðàëüíîå ïðèáëèæåíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè ñôåðè÷åñêîé
øàïî÷êè àëãåáðàè÷åñêèìè ìíîãî÷ëåíàìè // Òð. ÈÌÌ ÓðÎ ÐÀÍ. � 2010. � Ò. 16, � 4. � Ñ. 144�
155.

[3] Fiedler H., Jukart W.B. L1-Approximation by Polinomials //Journal of Approximation Theory. �
1983. � V. 37. � P. 260�292.

Íîâîå â ñòàðîé çàäà÷å î ãèðîñêîïè÷åñêîé ñòàáèëèçàöèè
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Ëèíåàðèçîâàííûå óðàâíåíèÿ äâèæåíèÿ ìåõàíè÷åñêèõ ñèñòåì ÷àñòî çàïèñûâàþò â ôîðìå

Rẍ+Bẋ+ Cx = 0, x = x(t),

ãäå R,B,C ñèììåòðè÷åñêèå îïåðàòîðû â ïîäõîäÿùåì ãèëüáåðòîâîì ïðîñòðàíñòâå H.
Çàäà÷à îá óñòîé÷èâîñòè ðåøåíèé ýòîãî óðàâíåíèÿ òåñíî ñâÿçàíà ñ çàäà÷åé î ñîáñòâåííûõ

çíà÷åíèÿõ êâàäðàòè÷íîãî ïó÷êà îïåðàòîðîâ

L(λ) = Rλ2 + λB + C.

Îäíà èç çàäà÷, ðàññìàòðèâàåìûõ â äîêëàäå � çàäà÷à î ãèðîêîïè÷åñêîé ñòàáèëèçàöèè,
ïðåäñòàâëÿþùàÿ èíòåðåñ äàæå â ñëó÷àå êîíå÷íîìåðíîãî ïðîñòðàíñòâà H. Ïóñòü B = ωB0, ãäå
B0 � ôèêñèðîâàííàÿ ìàòðèöà, à ω → ∞. Íàéòè äèíàìèêó äâèæåíèÿ ñîáñòâåííûõ çíà÷åíèé
ïó÷êà L(λ) ïðè ω → ∞. Îêàçûâàåòñÿ, ýòà äèíàìèêà ìîæåò áûòü ïîëíîñòüþ îïèñàíà â òåðìèíàõ
ñîáñòâåííûõ çíà÷åíèé ëèíåéíûõ ïó÷êîâ Rλ+B, Bλ+ C è Rλ+ C.

Â äîêëàäå áóäóò èñïîëüçîâàíû ðåçóëüòàòû ñîâìåñòíîé ðàáîòû ñ À.Àðàê÷ååâûì.

Îá îäíîé íåëèíåéíîé çàäà÷å óïðàâëåíèÿ ñ ïîìåõîé
â òåðìèíàõ äèôôåðåíöèàëüíîé èãðû óáåãàíèÿ95
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Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èãðà Γ(x0) äâóõ ëèö: ïðåñëåäîâàòåëÿ P è
óáåãàþùåãî E. Äèíàìèêà èãðû îïèñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = f(x, u, v), u ∈ U, v ∈ V, x(0) = x0,

ãäå x ∈ Rk � ôàçîâûé âåêòîð, u � óïðàâëåíèå ïðåñëåäîâàòåëÿ P , v � óïðàâëåíèå óáåãàþùåãî
E; V = {v1, . . . , vm}, vi ∈ Rl, i = 1, . . . ,m. Ìíîæåñòâî U ⊂ Rs � êîìïàêò. Ôóíêöèÿ

95Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÔ â ðàìêàõ
ãîñóäàðñòâåííîãî çàäàíèÿ, ïðîåêò FEWS-2024-0009.
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f : Rk × U × V → Rk � äëÿ êàæäîãî v ∈ V íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ x, u
è óäîâëåòâîðÿåò ïî x óñëîâèþ Ëèïøèöà ñ ïîñòîÿííîé, íå çàâèñÿùåé îò u.

Ïîä ðàçáèåíèåì σ ïðîìåæóòêà [t0,∞) áóäåì ïîíèìàòü íåîãðàíè÷åííóþ ñâåðõó
ïîñëåäîâàòåëüíîñòü {τq}∞q=0 òàêóþ, ÷òî 0 = τ0 < τ1 < τ2 < · · · < τq < . . . .

Îïðåäåëåíèå 1. Êóñî÷íî-ïîñòîÿííîé ñòðàòåãèåé W óáåãàþùåãî E íà ïðîìåæóòêå
[0, T ]

(
[0,∞)

)
íàçûâàåòñÿ ïàðà (σ,Wσ), ãäå σ � ðàçáèåíèå ïðîìåæóòêà [0, T ]

(
[0,∞)

)
, à Wσ �

ñåìåéñòâî îòîáðàæåíèé dr, r = 0, 1, . . . , η − 1, ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì (τr, x(τr))
ïîñòîÿííîå óïðàâëåíèå vr(t) ≡ vr ∈ V , t ∈ [τr, τr+1).

Ïîä óïðàâëåíèåì ïðåñëåäîâàòåëÿ áóäåì ïîíèìàòü ïðîèçâîëüíóþ èçìåðèìóþ ôóíêöèþ
u : [0,∞) → V . Äëÿ ïîñòðîåíèÿ óïðàâëåíèÿ ïðåñëåäîâàòåëþ P â íà÷àëüíûé ìîìåíò âðåìåíè
èçâåcòíî íà÷àëüíîå ïîëîæåíèå x0 è âûáðàííàÿ ñòðàòåãèÿ W óáåãàþùåãî E. Êðîìå òîãî,
èãðîêàì èçâåñòíû äèíàìèêà ñèñòåìû, òî åñòü ôóíêöèÿ f , è ìíîæåñòâà U , V .

Îïðåäåëåíèå 2. Â èãðå Γ(x0) ïðîèñõîäèò óáåãàíèå íà ïðîìåæóòêå [0, T ]
(
[0,∞)

)
, åñëè

ñóùåñòâóþò ε > 0 è êóñî÷íî-ïîñòîÿííàÿ ñòðàòåãèÿ W óáåãàþùåãî E íà ïðîìåæóòêå [0, T ](
[0,∞)

)
òàêèå, ÷òî äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ u(·) ïðåñëåäîâàòåëÿ P âûïîëíåíî

íåðàâåíñòâî ∥x(τ)∥ ⩾ ε äëÿ ëþáîãî τ ∈ [0, T ]
(
[0,∞)

)
.

Öåëüþ óáåãàþùåãî ÿâëÿåòñÿ îñóùåñòâëåíèå óáåãàíèÿ íà ïðîìåæóòêå [0, T ]
(
[0,∞)

)
. Öåëü

ïðåñëåäîâàòåëÿ � âîñïðåïÿòñòâîâàòü ýòîìó.
Îïðåäåëåíèå 3. ([1]) Ñîâîêóïíîñòü âåêòîðîâ a1, . . . , an ∈ Rk íàçûâàåòñÿ ïîëîæèòåëü-

íûì áàçèñîì åñëè äëÿ ëþáîé òî÷êè ξ ∈ Rk ñóùåñòâóþò ÷èñëà µ1, . . . , µn ⩾ 0 òàêèå, ÷òî
ξ =

∑n
i=1 µiai.
Îáîçíà÷èì ⟨a, b⟩ � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ a, b;
Òåîðåìà 1. Ïóñòü

min
j=1,...,n

max
v∈V

min
u∈U

⟨f(0, u, v), pj⟩ = β > 0,

äëÿ íåêîòîðîãî íàáîðà âåêòîðîâ A = {p1, . . . , pn} ⊂ Rk, êîòîðûå îáðàçóþò ïîëîæèòåëüíûé
áàçèñ è ∥pj∥ = 1, j = 1, . . . , n. Òîãäà äëÿ ëþáîãî x0 ∈ Rk, x0 ̸= 0, â èãðå Γ(x0)
ïðîèñõîäèò óáåãàíèå íà ïðîìåæóòêå [0,∞). Êðîìå òîãî, óáåãàþùåìó äëÿ ïîñòðîåíèÿ
ñòðàòåãèè äîñòàòî÷íî èñïîëüçîâàòü ðàçáèåíèå âðåìåííîãî èíòåðâàëà ñ ôèêñèðîâàííûì
øàãîì.
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Ðàññìàòðèâàþòñÿ ñðåäû, êîòîðûå âåäóò ñåáÿ êàê òâåðäûå òåëà, òî åñòü, ïîä äåéñòâèåì ñèë
íå äâèæóòñÿ èëè äâèæóòñÿ áåç äåôîðìèðîâàíèÿ, ïîêà èíòåíñèâíîñòü êàñàòåëüíûõ íàïðÿæåíèé
â íèõ ìåíüøå íåêîòîðîé âåëè÷èíû, íàçûâàåìîé ïðåäåëîì òåêó÷åñòè, íî òåêóò êàê æèäêîñòè,
êîãäà èíòåíñèâíîñòü êàñàòåëüíûõ íàïðÿæåíèé ïðåâîñõîäèò ïðåäåë òåêó÷åñòè. Òàê âåäóò
ñåáÿ, íàïðèìåð, ìíîãèå áèîëîãè÷åñêèå æèäêîñòè, â ÷àñòíîñòè, êðîâü; ðàñïëàâû è ðàñòâîðû
ïîëèìåðîâ; ãåëè, êðåìû, ïàñòû; ìàñëÿíûå êðàñêè; ãåëåîáðàçíûå àâèàöèîííûå òîïëèâà;
òÿæåëûå íåôòè; áóðîâûå ðàñòâîðû; áóìàæíàÿ ïóëüïà; ïðèíòåðíûå ÷åðíèëà; ðàñïëàâëåííûå
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ìåòàëëû âáëèçè òåìïåðàòóðû êðèñòàëëèçàöèè, êåò÷óï, çóáíûå ïàñòû, ñòî÷íûå ãðÿçè, à òàêæå
âóëêàíè÷åñêàÿ ëàâà è äâèæóùèéñÿ â ñíåæíîé ëàâèíå ñíåã.

Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè òå÷åíèé òàêèõ æèäêîñòåé ââîäèòñÿ ïîíÿòèå
ýôôåêòèâíîé âÿçêîñòè, êàê âåëè÷èíû, õàðàêòåðèçóþùåé îòíîøåíèå âåëè÷èíû ñäâèãîâûõ
íàïðÿæåíèé ê âåëè÷èíå ñêîðîñòåé äåôîðìàöèé. Ýôôåêòèâíàÿ âÿçêîñòü íåíüþòîíîâñêèõ
æèäêîñòåé çàâèñèò îò âåëè÷èíû ñêîðîñòåé äåôîðìàöèé. Ïîýòîìó, èçìåíÿÿ ñêîðîñòè
ïðîâåäåíèÿ ïðîöåññà, ìîæíî ñóùåñòâåííî âëèÿòü íà ïàðàìåòðû ïîòîêà.

Â äîêëàäå íà ïðèìåðå òå÷åíèé íåíüþòîíîâñêèõ æèäêîñòåé ñ ïðåäåëîì òåêó÷åñòè
â òðóáàõ, â ÷àñòíîñòè, æèäêîñòåé, îïèñûâàåìûõ ðåîëîãè÷åñêîé ìîäåëüþ Õåøåëÿ-Áàëêëè,
äåìîíñòðèðóåòñÿ âëèÿíèå íàëîæåíèÿ ïóëüñàöèé ïåðåïàäà äàâëåíèÿ íà ïåðâîíà÷àëüíî
ñòàöèîíàðíûé ïîòîê. Ôîðìóëèðóþòñÿ óñëîâèÿ, ïðè êîòîðûõ òàêîå ñîçäàíèå íåñòàöèîíàðíîñòè
ïðèâîäèò ê óâåëè÷åíèþ èëè óìåíüøåíèþ ñðåäíåãî ïî ïåðèîäó ðàñõîäà. Îñîáîå âíèìàíèå
óäåëåíî èññëåäîâàíèþ âëèÿíèÿ ïðåäåëà òåêó÷åñòè.
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Ïðèáëèæåííûå ôîðìóëû äëÿ ýôôåêòèâíûõ óïðóãèõ ìîäóëåé
êîìïîçèòîâ è ïîðèñòûõ ìàòåðèàëîâ è îöåíêè èõ ïîãðåøíîñòè
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yakubta@mail.ru

Ðàññìàòðèâàþòñÿ ìèêðîíåîäíîðîäíûå óïðóãèå ìàòåðèàëû ñ ïåðèîäè÷åñêîé ñòðóêòóðîé è
çàäà÷è, â êîòîðûõ îòíîøåíèå å òèïè÷íîãî ëèíåéíîãî ìàñøòàáà íåîäíîðîäíîñòè ê ãëîáàëüíîìó
ìàñøòàáó ìàëî. Òîãäà ìàòåðèàë ìîæíî ñìîäåëèðîâàòü íåêèì ýôôåêòèâíûì îäíîðîäíûì
ìàòåðèàëîì. Óðàâíåíèÿ, îïèñûâàþùèå ïîâåäåíèå ýòîãî îäíîðîäíîãî ìàòåðèàëà, ìîãóò áûòü
ïîëó÷åíû ñ èñïîëüçîâàíèåì èçâåñòíîãî ìåòîäà äâóõìàñøòàáíûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé.
Ïðè ýòîì äëÿ ðàñ÷åòà ýôôåêòèâíûõ óïðóãèõ ìîäóëåé íåîáõîäèìî íàéòè ðåøåíèÿ òàê
íàçûâàåìûõ çàäà÷ íà ÿ÷åéêå. Êàê ïðàâèëî, ýòî ìîæíî ñäåëàòü òîëüêî ÷èñëåííî. Îäíàêî.
åñëè çàäà÷à íà ÿ÷åéêå ñîäåðæèò äîïîëíèòåëüíûé ìàëûé ïàðàìåòð q, òî ìîæíî ïîñòðîèòü
ÿâíîå ïðèáëèæåííîå ðåøåíèå è âûâåñòè ÿâíûå ïðèáëèæåííûå ôîðìóëû äëÿ ýôôåêòèâíûõ
ìîäóëåé. Â äîêëàäå ïðåäñòàâëåíû ïðèìåðû òàêèõ ôîðìóë äëÿ ïîðèñòûõ ìàòåðèàëîâ, â
êîòîðûõ ðàçìåð ïîð â îäíîì íàïðàâëåíèè ìíîãî áîëüøå, ÷åì ðàçìåðû â äðóãèõ íàïðàâëåíèÿõ,
à òàêæå äëÿ êîìïîçèòîâ, â êîòîðûõ äîïîëíèòåëüíûé ìàëûé ïàðàìåòð ñâÿçàí ñ îòíîøåíèåì
óïðóãèõ ìîäóëåé è îáúåìíûõ äîëåé âêëþ÷åíèé è ìàòðèöû. Ïðîâåäåíî ñðàâíåíèå âåëè÷èí
ýôôåêòèâíûõ óïðóãèõ ìîäóëåé, ïîëó÷åííûõ ïî ÿâíûì ïðèáëèæåííûì ôîðìóëàì, ñ èõ
çíà÷åíèÿìè, ïîëó÷åííûìè ñ ïîìîùüþ ÷èñëåííîãî ðåøåíèÿ çàäà÷ íà ÿ÷åéêå.
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Â íàñòîÿùåå âðåìÿ âîçðàñòàåò àêòóàëüíîñòü ïðèìåíåíèÿ ìàòåìàòè÷åñêèõ ñðåäñòâ äëÿ
èññëåäîâàíèÿ ïðîöåññîâ õèìè÷åñêîé òåõíîëîãèè. Ìàòåìàòè÷åñêèå ìîäåëè â ýòîé îáëàñòè
èìåþò âèä íåëèíåéíûõ ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ è îïèñûâàþò ìàòåðèàëüíûé
è òåïëîâîé áàëàíñû ïðîöåññà [1]. Î÷åâèäíî, ÷òî ââèäó íåîáõîäèìîñòè ó÷åòà ìíîæåñòâà ôèçèêî-
õèìè÷åñêèõ ÿâëåíèé ïîëó÷àåìûå ìîäåëè ñëîæíû è òðåáóþò îñîáûõ ìåòîäîâ èññëåäîâàíèÿ.
Íàèáîëåå ðàñïðîñòðàíåííûé ïîäõîä ê ðåøåíèþ çàäà÷ ïîäîáíîé ñëîæíîñòè � ðàçðàáîòêà
âû÷èñëèòåëüíûõ àëãîðèòìîâ. Îäíàêî, áîëüøàÿ ðàçíèöà â õàðàêòåðíûõ âðåìåíàõ ïðîöåññîâ
ðàçëè÷íîé ïðèðîäû ïðèâîäèò ê íåïðèåìëåìî ìàëîìó øàãó èíòåãðèðîâàíèÿ ïî âðåìåíè [2], à
ñóùåñòâåííàÿ íåëèíåéíîñòü ñâîäèò ê íóëþ ýôôåêòèâíîñòü íåÿâíûõ ñõåì [3].

Îäíèì èç ñïîñîáîâ ñíèæåíèÿ ñëîæíîñòè çàäà÷è ÿâëÿåòñÿ ãèïåðáîëèçàöèÿ ïàðà-
áîëè÷åñêèõ óðàâíåíèé [4]. Îíà çàêëþ÷àåòñÿ â äîáàâëåíèè ÷ëåíà, ñîäåðæàùåãî âòîðóþ
ïðîèçâîäíóþ ïî âðåìåíè, äîìíîæåííîãî íà ìàëûé ïàðàìåòð â ïàðàáîëè÷åñêèå óðàâíåíèÿ. Ýòî
çíà÷èòåëüíî îñëàáëÿåò óñëîâèå óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû ïðè ñðàâíèòåëüíî íåáîëüøîì
îòêëîíåíèè âîçìóùåííîãî ðåøåíèÿ îò èñõîäíîãî [5]. Ïðèìåíåíèå òàêîãî ïîäõîäà ê óðàâíåíèþ
òåïëîïðîâîäíîñòè ïðåäñòàâëåíî â [6].

Íàñòîÿùèé äîêëàä ïîñâÿùåí ãèïåðáîëèçàöèè ñèñòåìû íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ, îòâå÷àþùèõ ìàòåìàòè÷åñêîé ìîäåëè îêèñëèòåëüíîé ðåãåíåðàöèè ñôåðè÷åñêîãî
çåðíà êàòàëèçàòîðà. Ðàçíîñòíàÿ ñõåìà äëÿ ãèïåðáîëèçèðîâàííûõ ïàðàáîëè÷åñêèõ óðàâíåíèé â
ìîäåëè íîñèò ÿâíûé õàðàêòåð. Â âû÷èñëèòåëüíûõ ýêñïåðèìåíòàõ íàáëþäàåòñÿ ñóùåñòâåííîå
óâåëè÷åíèå øàãà èíòåãðèðîâàíèÿ ïî âðåìåíè, ÷òî ïîçâîëÿåò ñíèçèòü îáùåå ðàñ÷åòíîå âðåìÿ
çàäà÷è. Îöåíêà ñõîäèìîñòè àëãîðèòìà ïîêàçûâàåò õîðîøóþ ñõîäèìîñòü äàæå äëÿ íåáîëüøîãî
êîëè÷åñòâà ðàñ÷åòíûõ ÿ÷ååê. Ñðàâíåíèå ñ ðåçóëüòàòàìè ðàñ÷åòà ïðè èñïîëüçîâàíèè ïàðàáî-
ëè÷åñêèõ óðàâíåíèé ïîêàçûâàåò õîðîøåå ñîâïàäåíèå ðåøåíèé, ïðåâûøàþùåå òåîðåòè÷åñêóþ
òî÷íîñòü ìåòîäà.
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Ñèíõðîíèçàöèÿ ìåäëåííî îñöèëëèðóþùèõ ðåøåíèé
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Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé íåéòðàëüíîãî òèïà{
ẋ+ x = α · sign(ẋ(t− T )) + γ(y − x),

ẏ + y = α · sign(ẏ(t− T )) + γ(x− y),
(1)

ãäå α < 0, T > 0, γ ⩾ 0, ñ íà÷àëüíûì óñëîâèåì{
ẋ(t) > 0, t ∈ [−T, 0], x(0) = h1,

ẏ(t) > 0, t ∈ [−T, 0], y(0) = h2.
(2)

Ïðè γ = 0 ñèñòåìà (1) ïðåäñòàâëÿåò ñîáîé äâà íåçàâèñèìûõ äèôôåðåíöèàëüíûõ
óðàâíåíèÿ îäíîãî è òîãî æå âèäà, ðåøåíèÿ êîòîðûõ áûëè èçó÷åíû â ðàáîòå [1].

Òåîðåìà 1. Ïðè h1 = h2 = h∗ = α
1− eT

1 + eT
∈ (−|α|, |α|) ðåøåíèå ñèñòåìû (1) ñ

íà÷àëüíûì óñëîâèåì (2) ÿâëÿåòñÿ ñèíõðîíèçèðîâàííûì (ò.å. x(t) = y(t)) è ïåðèîäè÷åñêèì, à
ïðè âûïîëíåíèè óñëîâèé

h1, h2 ∈ (−|α|, |α|),
h1 < h2,

min(h1, h2) >
α+ γmax(h1, h2)

1 + γ
,

max(h1, h2) <
min(h1, h2)(1 + 2γ − e2γT )− 2αe2γT

1 + 2γ + e2γT
.

ñîîòâåòñòâóþùèå ðåøåíèÿ ñòðåìÿòñÿ ê ýòîìó ñèíõðîíèçèðîâàííîìó è ïåðèîäè÷åñêîìó
ðåøåíèþ.

Ðàññìîòðèì òåïåðü íà÷àëüíûå óñëîâèÿ
ẋ > 0 ïðè t ∈ [−T,−θT ],
ẋ < 0 ïðè t ∈ [−θT, 0],
ẏ > 0 ïðè t ∈ [−T, 0],
x(0) = h1, y(0) = h2,

(3)

ãäå θ ∈ [0, 1] � ïàðàìåòð âåëè÷èíû ðàññèíõðîíèçàöèè. Ñëó÷àé θ = 0 ñîîòâåòñòâóåò ñëó÷àþ
ñèíõíîíèçàöèè (x(t) = y(t)), ñëó÷àé θ = 1 ñîîòâåòñòâóåò ñëó÷àþ àíòèñèíõðîíèçàöèè
(x(t) = −y(t)).

Òåîðåìà 2. Ñóùåñòâóþò åäèíñòâåííûå h∗1, h
∗
2 ò.÷. åñëè h1 = h∗1, h2 = h∗2 è

e−T
(
h1 + h2

2
− α

)
− e−T (1+2γ)(1 + 2γ)

h1 − h2
2

− αe−T (1+2γ)θ + αe−Tθ > 0, (4)

òî ðåøåíèå óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì (3) ÿâëÿåòñÿ ïåðèîäè÷åñêèì. Ïðè ýòîì
ýòî ïåðèîäè÷åñêîå ðåøåíèå ÿâëÿåòñÿ óñòîé÷èâûì, à äëÿ íà÷àëüíîãî óñëîâèÿ (3) ïðè h1
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è h2 äîñòàòî÷íî áëèçêèõ ê h∗1 è h∗2 âñå ðåøåíèÿ ýêñïîíåíöèàëüíî ñòðåìÿòñÿ ê ýòîìó
ïåðèîäè÷åñêîìó ðåøåíèþ.

Èç àíàëèçà íåðàâåíñòâà (4) ñëåäóåò, ÷òî äëÿ íåáîëüøèõ T è γ ñîñóùåñòâóþò
ðàññèíõðîíèçèðîâàííûå ïåðèîäè÷åñêèå ðåøåíèÿ äëÿ ëþáûõ âåëè÷èí ðàññèíõðîíèçàöèè θ; ïðè
óâåëè÷åíèè T è γ ÷àñòü ðåæèìîâ ñòàíîâèòñÿ íåâîçìîæíîé, è îñòàþòñÿ òîëüêî ðåæèìû áëèçêèå
ê ñèíõîíèçèðîâàííîìó èëè àíòèñèíõðîíèçèðîâàííîìó.
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ßñüêîâ Ï.À. (Ðîññèÿ, Ìîñêâà)
Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíîëîãè÷åñêèé óíèâåðñèòåò ¾ÌÈÑÈÑ¿
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Â 1984 ã. Äýâèñ è Ìîíðî [1] ïîñòàâèëè çàäà÷ó î çíà÷åíèÿõ ïàðàìåòðà ε > 0, äëÿ êîòîðûõ
ðàñïðåäåëåíèå µε âèíåðîâñêîãî ïðîöåññà Bε = B+εF ñ íåëèíåéíûì ñíîñîì εF (êàê ñëó÷àéíîãî
ýëåìåíòà â C[0, 1]) àáñîëþòíî íåïðåðûâíî îòíîñèòåëüíî âèíåðîâñêîé ìåðû µ íà C[0, 1], ãäå
B = (B(t))t∈[0,1] � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ, F (t, τ) =

√
(t− τ)+ ïðè t ∈ [0, 1], à τ �

íåçàâèñÿùèé îò B ñëó÷àéíûé ìîìåíò âîçíèêíîâåíèÿ ñíîñà, ðàâíîìåðíî ðàñïðåäåëåííûé íà
[0, 1]. Äàííàÿ çàäà÷à òåñíî ñâÿçàíà ñ òåîðèåé ãàóññîâà ìóëüòèïëèêàòèâíîãî õàîñà.

Õîðîøî èçâåñòíî, ÷òî â ñëó÷àå ëèíåéíîãî ñíîñà F (t) = (t − τ)+ âñåãäà èìååò ìåñòî
àáñîëþòíàÿ íåïðåðûâíîñòü. Ðàññìîòðåííûé â [1] ñëó÷àé ñòåïåííîãî ÿâëÿåòñÿ êðèòè÷åñêèì:
åñëè ïîêàçàòåëü ñòåïåíè ñíîñà α > 0, òî äëÿ âñåõ ε > 0 óêàçàííûå ìåðû µε áóäóò ýêâèâàëåíòíû
µ (µε ∼ µ) ïðè α > 1/2 è ñèíãóëÿðíû µ (µε ⊥ µ) ïðè α < 1/2. Ïðè α = 1/2, êàê
ïîêàçàíî â [1], µε ≪ µ, ò. å. ìåðà µε àáñîëþòíî íåïðåðûâíà îòíîñèòåëüíî µ, ïðè ε < 2 è
µε ⊥ µ ïðè ε >

√
8 . Â äîêëàäå èññëåäóåòñÿ èíòåðâàë çíà÷åíèé ε ∈ [2,

√
8 ], ãäå ïðîèñõîäèò

ôàçîâûé ïåðåõîä. Ñ ïîìîùüþ èäåé îäíîìåðíîé òåîðèè ãàóññîâà ìóëüòèïëèêàòèâíîãî õàîñà
áóäåò äîêàçàíà ñëåäóþùàÿ òåîðåìà, äàþùàÿ èñ÷åðïûâàþùåå ðåøåíèå çàäà÷è Äýâèñà-Ìîíðî:

Òåîðåìà 1. µε ∼ µ ïðè 0 < ε <
√
8 è µε ⊥ µ ïðè ε ⩾

√
8 .

Ëèòåðàòóðà

[1] Davis B., Monroe I. Randomly started signals with white noise // Ann. Probab. 1984. Vol. 12. Is. 3.
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