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Â ñòàòüå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: Rm�m-ìåðíîå åâ-
êëèäîâî ïðîñòðàíñòâî òî÷åê x = (x1, . . . , xm) ñ âåùåñòâåííûìè êîîðäè-
íàòàìè, Zm

+� ìíîæåñòâî òî÷åê ïðîñòðàíñòâà Rm, ñ íåîòðèöàòåëüíûìè
öåëûìè êîîðäèíàòàìè, Tm = [0, 2π)m.

C(Tm)�ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé èìåþùèõ ïåðèîä 2π ïî
êàæäîé ïåðåìåííîé ñ íîðìîé ∥f∥∞ := maxx∈Tm |f(x)|

Ïóñòü p = (p1, . . . pm), τ = (τ1, . . . τm), α = (α1, . . . αm) è pj, τj ∈
(1,∞), αj ∈ R, j = 1, ...,m. ×åðåç L∗p,α,τ(Tm) îáîçíà÷èì àíèçîòðîïíîå
ïðîñòðàíñòâî Ëîðåíöà�Çèãìóíäà � âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé
m ïåðåìåííûõ f èìåþùèõ ïåðèîä 2π ïî êàæäîé ïåðåìåííîé è äëÿ êîòî-
ðûõ âåëè÷èíà

∥f∥∗p,α,τ := ∥ . . . ∥f ∗1,...,∗m∥p1,α1,τ1 . . . ∥pm,αm,τm <∞,

ãäå f ∗1,...,∗m(t1, ..., tm) - íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f(2πx)|
ïî êàæäîé ïåðåìåííîé xj ∈ [0, 1) ïðè ôèêñèðîâàííûõ îñòàëüíûõ ïåðå-
ìåííûõ (ñì. [1]) è

∥g∥p,α,τ :=

{� 1

0

(
g(t)

)τ(
1 + | log2 t|

)ατ
t
τ
p−1dt

} 1
τ

.

Äëÿ αj = 0, j = 1, ...,m ïðîñòðàíñòâî L∗p,α,τ(Tm) ÿâëÿåòñÿ àíèçîòðîï-
íûì ïðîñòðàíñòâîì Ëîðåíöà è îáîçíà÷àåòñÿ L∗p,τ(Tm) , à ∥f∥∗p̄,ᾱ,τ̄ = ∥f∥∗p̄,τ̄
(ñì. [1]).

Åñëè αj = 0 è pj = τj = p , j = 1, ...,m, òî L∗p,α,τ(Tm) = Lp(Tm) �
èçâåñòíîå ïðîñòðàíñòâî Ëåáåãà ñ íîðìîé ∥f∥p.

lp � ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé {an}n∈Zm
+
äåéñòâèòåëüíûõ ÷è-

ñåë ñ íîðìîé∥∥∥{an}
n∈Zm

+

∥∥∥
lp
=
{ ∞∑
nm=0

[
...
[ ∞∑
n1=0

|an|p1
]p2

p1 ...
] pm

pm−1

} 1
pm
< +∞,

äëÿ 1 ≤ pj < +∞, j = 1, 2, ...,m, p = (p1, . . . , pm) è
∥∥{an}∥∥l∞ = sup

n∈Zm
+

|an|

äëÿ pj =∞, j = 1, ...,m.
Ââåäåì îáîçíà÷åíèÿ : an(f)�êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈

L1(Tm) ïî ñèñòåìå {ei⟨n,x⟩} è ⟨y, x⟩ =
m∑
j=1

yjxj,

δs (f, x) =
∑
n∈ρ(s)

an (f) e
i⟨n,x⟩,
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ãäå ρ(s̄) =
{
k = (k1, ..., km) ∈ Zm : [2sj−1] ≤ |kj| < 2sj , j = 1, ...,m

}
, [y]�

öåëàÿ ÷àñòü äåéñòâèòåëüíîãî ÷èñëà y è sj ∈ Z+.
Â òåîðèè ôóíêöèé è åå ïðèëîæåíèÿõ âàæíîå çíà÷åíèå èìååò Sr

p,θB�
ïðîñòðàíñòâî Íèêîëüñêîãî�Áåñîâà â ïðîñòðàíñòâå Ëåáåãà Lp(Tm), 1 ⩽
p <∞ è åãî ðàçëè÷íûå îáîáùåíèÿ (ñì. [2], [3]).

Ðàññìàòðèâàåòñÿ àíàëîã êëàññà Íèêîëüñêîãî�Áåñîâà â àíèçîòðîïíîì
ïðîñòðàíñòâå Ëîðåíöà�Çèãìóíäà:

Sr
p,α,τ ,θ

B :=
{
f ∈ L̊∗p,α,τ(Tm) : ∥f∥∗p,α,τ+

∥∥∥{ m∏
j=1

2sjrj∥δs(f)∥∗p,α,τ
}
s∈Zm

+

∥∥∥
lθ

≤ 1
}
,

ãäå p = (p1, ..., pm), α = (α1, ..., αm), τ = (τ1, ..., τm), θ = (θ1, ..., θm),
r = (r1, ..., rm), 1 < pj, τj < ∞, 0 < θj ⩽ +∞, 0 < rj < +∞, αj ∈ R,
j = 1, ...,m.

Â ñëó÷àå αj = 0 è τj = pj = p, j = 1, . . . ,m êëàññ Sr̄p,α,τB, ñîâïàäàåò ñ
èçâåñòíûì êëàññîì Íèêîëüñêîãî � Áåñîâà Srp,θB â ïðîñòðàíñòâå Ëåáåãà
Lp(Tm), 1 < p <∞ (ñì. [2], [3]).

Äëÿ ôóíêöèè f ∈ C(Tm) ðàññìàòðèâàåòñÿ eM(f)∞ � íàèëó÷øåå M�
÷ëåííîå òðèãîíîìåòðè÷åñêîå ïðèáëèæåíèå,M ∈ N (ñì. [4], [5]). Åñëè F �
íåêîòîðûé ôóíêöèîíàëüíûé êëàññ â ïðîñòðàíñòâå C(Tm) , òî ïîëîæèì
eM(F )∞ = supf∈F eM(f)∞.

Îöåíêè ïîðÿäêà M�÷ëåííîãî ïðèáëèæåíèÿ ôóíêöèé êëàññ
Íèêîëüñêîãî�Áåñîâà Srp,θB â ðàâíîìåðíîé ìåòðèêå óñòàíîâëåíû Ý.Ñ.
Áåëèíñêèì [4], À.Ñ. Ðîìàíþêîì [5] ñîîòâåòñòâåííî â ñëó÷àÿõ θ = ∞ è
2 ⩽ θ < ∞, 1 ⩽ p ⩽ ∞, r1 > max{1/p, 1/2}. Ïðè ìàëûõ ãëàäêîñòÿõ
1/p < r1 ⩽ 1/2 îöåíêè âåëè÷èíû eM(Srp,∞B)∞ óñòàíîâëåíû â íåäàâíåé
ñîâìåñòíîé ðàáîòå Â. Í. Òåìëÿêîâà è Ò. Óëüðèõà [6], òåîðåìû 6.2�6.3.

Â äîêëàäå áóäóò ïðåäñòàâëåíû îöåíêè âåëè÷èíû eM(Sr̄p,α,τB)∞.
Â ÷àñòíîñòè,
Òåîðåìà. Ïóñòü p = (p1, . . . , pm), τ = (τ1, . . . , τm), θ = (θ1, . . . , θm),

α = (α1, . . . , αm), r = (r1, . . . , rm) è 1 < pj, τj <∞, 1 ⩽ θj ≤ ∞, αj ∈ R,
j = 1, ...,m è 0 < rj0 −max{ 1

pj0
, 12} = min{rj −max{ 1

pj
, 12} : j = 1, ...,m},

A = {j : rj −max{ 1
pj
, 12} = rj0 −max{ 1

pj0
, 12}, j = 1, ...,m}, j1 = min{j ∈

A}.
1. Åñëè 2 ⩽ θj ≤ +∞, pj ∈ (1, 2) ∪ (2,∞), 1 < τj < ∞, j = 1, ...,m,

òî

eM
(
Sr̄
p,α,τ ,θ

B
)
∞ ≪M

−(rj0−(
1

pj0
− 1

2 )+)(logM)
(|A|−1)(rj0−(

1
pj0
− 1

2 )+)−
∑
j∈A

αj

×(logM)

∑
j∈A\{j1}

( 12−
1
θj
)

(logM)1/2,

14



ïðè óñëîâèè min{
∑

j∈A\{j1}
(12 −

1
θj
)−

∑
j∈A\{j′}

αj,
1
2 −

1
θ
j
′
− αj′} > 0, ãäå j

′
=

max{j ∈ A}.
2. Åñëè αj = 0 è 2 ⩽ θj ≤ +∞, pj ∈ (1, 2) ∪ (2,∞), 1 < τj < ∞,

j = 1, ...,m, òî

M
−(rj0−(

1
pj0
− 1

2 )+)(logM)
(|A|−1)(rj0−(

1
pj0
− 1

2 )+)(logM)

∑
j∈A\{j1}

( 12−
1
θj
)

≪ eM
(
Sr
p,0,τ ,θ

B
)
∞

3. Åñëè pj = 2 è 1 < τj <∞, 2 ⩽ θj ⩽∞, αj = 0, j = 1, ...,m, òî

eM
(
Sr
2,0,τ ,θ

B
)
∞ ≪

( log|A|−1
M

)rj0
(logM)

∑
j∈A\{j1}

( 12−
1
θj
)+
∑
j∈A

( 12−
1
τj
)+

(logM)1/2.

Òåîðåìà äîêàçàíà êîíñòðóêòèâíûì ìåòîäîì, ñ èñïîëüçîâàíèåì ëåììû
6. 1 [7].

Çàìå÷àíèå. Â ñëó÷àå τj = pj = p, θj = θ, αj = 0, äëÿ j = 1, ...,m èç
ñôîðìóëèðîâàííîé òåîðåìû ñëåäóåò òåîðåìà 1 [5].
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Ïðåäëîæåíà îïòèìèçàöèÿ àëãîðèòìîâ ìîäåëèðîâàíèÿ ïåðåõîäíûõ ïðîöåññîâ â
íåëèíåéíûõ êîìáèíèðîâàííûõ äèíàìè÷åñêèõ ñèñòåìàõ íà îñíîâå ïðîåêöèîííîãî
ìåòîäà Ãàëåðêèíà è ¾æåñòêî óñòîé÷èâûõ¿ ìåòîäîâ ÷èñëåííîãî èíòåãðèðîâàíèÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: êîìáèíèðîâàííûå äèíàìè÷åñêèå ñèñòåìû, ïðîåêöèîííûé ìåòîä.

Optimization of algorithms for modeling the
dynamics of hybrid systems1

D. K. Andreichenko, D. V. Melnichuk, G. E. Rokakh
(Saratov, Russia)

andreichenkodk@gmail.com, melnichukdv@sgu.ru, g.rokah@yandex.ru

Optimization of algorithms for modeling transients in nonlinear hybrid dynamical
systems based on the Galerkin projection method and "rigidly stable"methods of
numerical integration of ordinary di�erential equations is proposed

Keywords: hybrid dynamical systems, projection method.

Ââåäåíèå

Êîìáèíèðîâàííûå äèíàìè÷åñêèå ñèñòåìû (ÊÄÑ) [1] ÿâëÿþòñÿ ìàòåìà-
òè÷åñêèìè ìîäåëÿìè òåõíè÷åñêèõ ñèñòåì ñ îáúåêòàìè óïðàâëåíèÿ ñ ñî-
ñðåäîòî÷åííûìè è ðàñïðåäåëåííûìè ïî ïðîñòðàíñòâó ïàðàìåòðàìè. Ìî-
äåëèðîâàíèå ïåðåõîäíûõ ïðîöåññîâ â ÊÄÑ ïîñëå äèñêðåòèçàöèè ïî íåçà-
âèñèìûì ïðîñòðàíñòâåííûì ïåðåìåííûì ïðèâîäèò ê ÷èñëåííîìó èíòå-
ãðèðîâàíèþ ¾æåñòêèõ¿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé áîëüøîé ðàçìåðíîñòè è çíà÷èòåëüíî óñêîðÿåòñÿ íà îñíîâå ¾æåñòêî
óñòîé÷èâûõ¿ ìåòîäîâ [2] ïðè îïòèìèçàöèè âû÷èñëåíèÿ ìàòðèöû ßêîáè.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Àíäðåé÷åíêî Ä. Ê., Ìåëüíè÷óê Ä. Â., Ðîêàõ Ã. Å., 2024
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Àëãîðèòìû ìîäåëèðîâàíèÿ äèíàìèêè

Óðàâíåíèÿ äâèæåíèÿ íåëèíåéíîé ÊÄÑ ñ âõîäíîé x : R→ RNx è âûõîä-
íîé y : R→ RNy ôóíêöèÿìè âðåìåíè t â ôîðìå ñâÿçàííûõ ïîñðåäñòâîì
ãðàíè÷íûõ óñëîâèé è óñëîâèé ñâÿçè ñèñòåì îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé è óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïðè ñîîòâåòñòâó-
þùèõ íà÷àëüíûõ óñëîâèÿõ ìîæíî ïðèâåñòè ê âèäó, àíàëîãè÷íîìó [3]

ẏ = f(t,x,y,h); h =
�
S H(u)dS (1)

u̇ = F(t,u,x,y, ẏ), r ∈ Ω; G(u,y)|S = 0, S = ∂Ω (2)
y(0) = y0, u(r, 0) = u0(r) (3)

Çäåñü r ∈ RNr � íåçàâèñèìûå ïðîñòðàíñòâåííûå êîîðäèíàòû, Ω ⊂ RNr

� îáëàñòü, çàíÿòàÿ îáúåêòàìè ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, S � ãðà-
íèöà îáëàñòè, u : RNr×R→ RNu õàðàêòåðèçóåò äâèæåíèå îáúåêòîâ ñ ðàñ-
ïðåäåëåííûìè ïàðàìåòðàìè, h : R→ RNh, f : R×RNx×RNy×RNh → RNy ,
îïåðàòîðû F, G, H ñîîòâåòñòâóþò óðàâíåíèÿì â ÷àñòíûõ ïðîèçâîäíûõ,
ãðàíè÷íûì óñëîâèÿì è óñëîâèÿì ñâÿçè; ()̇ = d()/dt ëèáî ()̇ = ∂()/∂t.
Íà÷àëüíûå óñëîâèÿ ñîîòâåòñòâóþò ðàâíîâåñíîìó ñîñòîÿíèþ, è y0, u0(r)

ÿâëÿþòñÿ ðåøåíèåì (1), (2) ïðè ()̇ ≡ 0. Ôóíêöèÿ f äèôôåðåíöèðóåìà ïî
y, h, à îïåðàòîðû F, G, H äèôôåðåíöèðóåìû ïî Ôðåøå ïî u è äèôôå-
ðåíöèðóåìû ïî y, h, ẏ. ÏóñòüWk(r), Wk:Ω→ RNu k = 1, 2, . . . � ïîëíàÿ
ñèñòåìà ôóíêöèé â îáëàñòè Ω; Γk(r|s), Γk : S → RNG , k = 1, 2, . . . � ïîë-
íàÿ ñèñòåìà ôóíêöèé íà ãðàíèöå S. Äèñêðåòèçàöèÿ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ è ãðàíè÷íûõ óñëîâèé (2) ïî íåçàâèñèìûì ïðîñòðàíñòâåí-
íûì ïåðåìåííûì r âûïîëíÿåòñÿ ïðîåêöèîííûì ìåòîäîì Ãàë¼ðêèíà

u(r, t) ≈
∑NΩ+NS

k=1 uk(t)Wk(r);
�
S G(u,y) · Γk(r)dS = 0, k = 1, NS�

Ω u̇ ·Wk(r)dΩ =
�
Ω F(t,u,x,y, ẏ) ·Wk(r)dΩ, k = 1, NΩ

(4)

ãäå () · () � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ. Èç (1), (4) ñëåäóåò çàäà÷à
Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ẏ = F(t,Y), Y(0) = Y0; Y = (y1, y2, . . . , yNy
, u1, u2, . . . , uNΩ

)T (5)
F(−0,Y0) = 0 (6)

Ëèíåéíûå óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ ÊÄÑ èìåþò âèä

˙̂y = ∂f(t,x,y,h)
∂y ŷ + ∂f(t,x,y,h)

∂h ĥ; ĥ =
�
S

∂H(u)
∂u ûdS

˙̂u = ∂F(t,u,x,y,ẏ)
∂u û+ ∂F(t,u,x,y,ẏ)

∂y ŷ + ∂F(t,u,x,y,ẏ)
∂ẏ

˙̂y, r ∈ Ω;(
∂G(u,y)

∂u û+ ∂G(u,y)
∂y ŷ

)∣∣∣
S
= 0

(7)
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Äèñêðåòèçàöèÿ (7) íà îñíîâå (4) ïðèâîäèò ê ëèíåéíîé ñèñòå-
ìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî Ŷ =
(ŷ1, ŷ2, . . . , ŷNy

, û1, û2, . . . , ûNΩ
)T . ×èñëåííîå ðåøåíèå (6) ìåòîäîì Íüþòî-

íà è äàëüíåéøåå ÷èñëåííîå èíòåãðèðîâàíèå (5) íà îñíîâå ¾æåñòêî óñòîé-
÷èâûõ¿ ìåòîäîâ òðåáóåò âû÷èñëåíèÿ ìàòðèöû ßêîáè ∂F(t,Y)/∂Y, ÷òî
âåñüìà òðóäîåìêî äëÿ çàäà÷ áîëüøîé ðàçìåðíîñòè. Ýôôåêòèâíîå âû÷èñ-
ëåíèå ìàòðèöû ßêîáè ðåàëèçóåòñÿ íà îñíîâå ñëåäóþùèõ óòâåðæäåíèé:

Òåîðåìà. Åñëè ôóíêöèÿ f äèôôåðåíöèðóåìà ïî y, h, îïåðàòîðû F,
G, H äèôôåðåíöèðóåìû ïî Ôðåøå ïî u è äèôôåðåíöèðóåìû ïî y, h, ẏ,
òî, â ïðåäïîëîæåíèè Ŷ = [Ŷj], Ŷj = δjk, k, j = 1, Ny +NΩ (δjk � ñèìâîë
Êðîíåêåðà), k-é ñòîëáåö ìàòðèöû ßêîáè ∂F(t,Y)/∂Y ìîæåò áûòü
âû÷èñëåí ïðèìåíåíèåì ê ëèíåéíûì óðàâíåíèÿì âîçìóùåííîãî äâèæå-
íèÿ ÊÄÑ (7) òîãî æå âàðèàíòà ïðîåêöèîííîãî ìåòîäà (4), íà îñíî-
âå êîòîðîãî èç èñõîäíûõ íåëèíåéíûõ óðàâíåíèé ÊÄÑ (1)-(3) ïîëó÷åíà
íåëèíåéíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (5).

Ñëåäñòâèå. Ñòîëáöû ìàòðèöû ∂F(t,Y)/∂Y ìîãóò áûòü âû÷èñëå-
íû íåçàâèñèìî, ò.å. ïàðàëëåëüíî.

Ìîäåëèðîâàíèå öèëèíäðè÷åñêîãî ãèäðîäèíàìè÷åñêî-
ãî ïîäâåñà

Ìàòåìàòè÷åñêàÿ ìîäåëü ïîäâåñà â áåçðàçìåðíûõ ïåðåìåííûõ èìååò âèä

πβ(ρ2/ρ− 1)ÿ = π(ρ2/ρ− 1)γ(g − a) +N, πρ2Jω̇/ρ = −βG/σ (8)

g = (0,−1)T , h = 1− y · er − 1
2β(y · eφ)

2, er = (cosφ, sinφ)T

vr = −(1− βξ)
� ξ

0 dξ∂vφ/∂φ, p = p|ξ=0 + β
� ξ

0 (v2φ + 2vφ)dξ

∂
∂φ

� h

0 vφdξ =
∂
∂φ [(1 + βh)(y · er − ẏ · eφ)] , eφ = (− sinφ, cosφ)T (9)

∂vφ
∂t

+ [1 + (1− βξ)vφ]
∂vφ
∂φ

+ vr
∂vφ
∂ξ

+ βvr(2 + vφ) = (10)

= −(1− βξ) ∂p
∂φ

+
1

σ

(
∂2vφ
∂ξ2

+ β
∂vφ
∂ξ

+ β2∂
2vφ
∂φ2

)
vφ|ξ=0 = −ω, vφ|ξ=h(φ,t) = β(y · er − ẏ · eφ) (11)

N =

� 2π

0

(
β

σ

∂vφ
∂ξ
− ∂p

∂φ

)∣∣∣∣
ξ=0

eφdφ, G = 2πβω +

� 2π

0

∂vφ
∂ξ

∣∣∣∣
ξ=0

dφ (12)

Çäåñü y = (y1, y2)
T è ω � ñìåùåíèå âíóòðåííåãî òåëà è ðàçíîñòü óãëî-

âûõ ñêîðîñòåé âíåøíåãî è âíóòðåííåãî òåë; a = (a1, a2)
T � âåêòîð ïåðå-

ãðóçîê; xêäñ(t) = a(t), yêäñ(t) = (y1(t), y2(t), ω(t))
T - âõîäíàÿ è âûõîäíàÿ

ôóíêöèè; β � îòíîñèòåëüíûé çàçîð; N, G � ñèëà è ìîìåíò ñèë; ρ2, ρ �
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ïëîòíîñòè âíóòðåííåãî òåëà è æèäêîñòè; ξ, φ � ðàäèàëüíàÿ êîîðäèíàòà è
ïîëÿðíûé óãîë; h � òîëùèíà ïîääåðæèâàþùåãî ñëîÿ; p, vr, vφ � äàâëåíèå
è êîìïîíåíòû ñêîðîñòè â æèäêîñòè; σ � êîëåáàòåëüíîå ÷èñëî Ðåéíîëüä-
ñà. Ïî ñðàâíåíèþ ñ [4] â (10) ó÷òåíî ñëàãàåìîå β2σ−1∂2vφ/∂φ

2. Ïîñëå
ïåðåõîäà ê äåôîðìèðîâàííîé êîîðäèíàòå x = ξ/h ê (8)-(12) ïðèìåíÿëñÿ
ïðîåêöèîííûé ìåòîä (4) ïðè vφ(x, φ, t) ≈

∑Nx+2
n=0

∑Nφ

k=−Nφ
vφnk

(t)Tn(2x −
1)eikφ, vφn,−k

= v̄φnk
, ∂p/∂φ|x=0 ≈

∑Nφ

k=1 (pk(t)e
ikφ + p−k(t)e

−ikφ), p−k =
p̄−k, Tn(x) = cos(n arccosx). ×èñëåííîå èíòåãðèðîâàíèå ïîëó÷åííîé ñè-
ñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âûïîëíÿëîñü ÿâíî-
íåÿâíûì ìåòîäîì Àäàìñà ïåðåìåííîãî øàãà è ïîðÿäêà ñ 1 ïî 13 ëèáî
¾æåñòêî óñòîé÷èâûì¿ ÔÄÍ-ìåòîäîì [2] ïåðåìåííîãî øàãà è ïîðÿäêà ñ 1
ïî 5, â òîì ÷èñëå è ñ ðàñïàðàëëåëèâàíèåì âû÷èñëåíèé. Ìàòåìàòè÷åñêàÿ
ìîäåëü (8)-(12) ïðèâîäèò ê ìåíüøèì ñìåùåíèÿì âíóòðåííåãî òåëà è àì-
ïëèòóäàì åãî êîëåáàíèé ïî ñðàâíåíèþ ñ [4]. Äëÿ ïîäâåñà ñ ïàðàìåòðàìè
β = 0.2, ρ2/ρ = 0.594, J = 0.5, γ = 1.847, σ = 10 ïðè a(t) = (0, a · 1(t))T ,
a = 0.355 äàííûå î çàòðàòàõ âðåìåíè ïðè ìîäåëèðîâàíèè âûõîäíûõ
ôóíêöèé íà ïðîöåññîðå Intel i7 1065G7 x4 ïðèâåäåíû â òàáëèöå 1.

Òàáëèöà 1: Âðåìÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ, ñ.
Nx Nφ Àäàìñ, ïîñëåä. ÔÄÍ, ïîñëåä. ÔÄÍ, ïàðàë.

7 10 4909 23.8 10.9

9 10 25346 41.3 17.3

11 10 45783 58.7 23.6

13 10 66220 76.2 29.9

15 10 86657 93.6 36.2

7 15 13434 125 54.0

Ïåðåõîä ê îïòèìèçèðîâàííîé âåðñèè àëãîðèòìà íà îñíîâå ÔÄÍ-
ìåòîäà ïîçâîëÿåò íà ïîðÿäîê ñîêðàòèòü âðåìÿ êîìïüþòåðíîãî ìîäåëèðî-
âàíèÿ. Äàëåå, îïòèìèçèðîâàííûé àëãîðèòì îùóòèìî óñêîðÿåòñÿ çà ñ÷åò
ðàñïàðàëëåëèâàíèÿ âû÷èñëåíèÿ ñòîëáöîâ ìàòðèöû ßêîáè. Ñîêðàùåíèå
âðåìåíè êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñîñòàâëÿåò îò 250 äî 2400 ðàç.
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Áóäóò îáñóæäàòüñÿ ñâîéñòâà ïðåääóàëüíûõ ïðîñòðàíñòâ äëÿ ïðîñòðàíñòâ ìóëü-
òèïëèêàòîðîâ ïàðû ïðîñòðàíñòâ Ëåáåãà íà Rm, m ≥ 1, è èõ ïðèìåíåíèå â çàäà÷å
Ñòå÷êèíà î íàèëó÷øåì ïðèáëèæåíèè â ïðîñòðàíñòâàõ Ëåáåãà íà îñè îïåðàòîðà
äèôôåðåíöèðîâàíèÿ ïîðÿäêà k íà êëàññå n ðàç (0 ≤ k < n) äèôôåðåíöèðóå-
ìûõ ôóíêöèé. Áóäóò ïðèâåäåíû íîâûå ñëó÷àè ðåøåíèÿ çàäà÷è Ñòå÷êèíà è äâó-
ñòîðîííèå êîíñòðóêòèâíûå îöåíêè çíà÷åíèÿ çàäà÷è ïðè êîíêðåòíûõ çíà÷åíèÿõ
ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: Ïðîñòðàíñòâà ìóëüòèïëèêàòîðîâ, ïðåääóàëüíîå ïðîñòðàíñòâî,
îïåðàòîð äèôôåðåíöèðîâàíèÿ, çàäà÷à Ñòå÷êèíà, íåðàâåíñòâî Êîëìîãîðîâà.

Approximation of di�erentiation operators
in Lebesgue spaces on the axis

and related problems in predual spaces
of spaces of multiplier1

V. V. Arestov (Ekaterinburg, Russia)
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We will discuss the properties of predual spaces of the spaces of multipliers for a pair
of Lebesgue spaces in Rm, m ≥ 1, and their application to Stechkin's problem on the
best approximation in Lebesgue spaces on the axis of the di�erentiation operator of
order k on the class of n times (0 ≤ k < n) di�erentiable functions. New cases of
solving Stechkin's problem and two-sided constructive estimates of the value of the
problem for particular values of the parameters will be given.

Keywords: spaces of multipliers, predual space, di�erentiation operator, Stechkin
problem, Kolmogorov inequality.

Ïðåääóàëüíîå ïðîñòðàíñòâî äëÿ
ïðîñòðàíñòâà (p, q)-ìóëüòèïëèêàòîðîâ

Íèæå èñïîëüçóþòñÿ ñòàíäàðòíûå îáîçíà÷åíèÿ êëàññè÷åñêèõ ôóíêöèî-
íàëüíûõ êîìïëåêñíûõ ïðîñòðàíñòâ: Lγ = Lγ(Rm), 1 ≤ γ < ∞ � ïðîñò-
ðàíñòâî Ëåáåãà èçìåðèìûõ íà Rm ôóíêöèé x, ó êîòîðûõ |x|γ ñóììèðóåì
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(CC-BY 4.0)
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íà Rm; L∞ = L∞(Rm) � ïðîñòðàíñòâî èçìåðèìûõ ñóùåñòâåííî îãðàíè-
÷åííûõ ôóíêöèé íà Rm, C = C(Rm) � ïðîñòðàíñòâî íåïðåðûâíûõ îãðà-
íè÷åííûõ ôóíêöèé íà Rm è C0 = C0(Rm) � ïîäïðîñòðàíñòâî ôóíêöèé
èç C, èìåþùèõ íóëåâîé ïðåäåë íà áåñêîíå÷íîñòè.

Ïóñòü S åñòü ïðîñòðàíñòâî áûñòðî óáûâàþùèõ áåñêîíå÷íî äèôôåðåí-
öèðóåìûõ ôóíêöèé íà Rm, à S ′ � ñîîòâåòñòâóþùåå äâîéñòâåííîå ïðîñò-
ðàíñòâî îáîáùåííûõ ôóíêöèé, ñì., íàïðèìåð, [1]. Çíà÷åíèå ôóíêöèîíàëà
θ ∈ S ′ íà ýëåìåíòå x ∈ S áóäåì îáîçíà÷àòü ÷åðåç ⟨θ, x⟩. Ïðîñòðàíñòâî
S ′ ñîäåðæèò ìíîæåñòâî L = L(Rm) ôóíêöèé x, èçìåðèìûõ, ëîêàëüíî
ñóììèðóåìûõ íà Rm è óäîâëåòâîðÿþùèõ óñëîâèþ

�
(1+ |t|)d|x(t)|dt <∞

ñ íåêîòîðûì d = d(x) ∈ R; çäåñü è íèæå â èíòåãðàëàõ ïî Rm ìíîæåñòâî
èíòåãðèðîâàíèÿ íå óêàçûâàåòñÿ. Ôóíêöèè x ∈ L ñîïîñòàâëÿåòñÿ ôóíê-
öèîíàë x ∈ S ′ ïî ôîðìóëå ⟨x, ϕ⟩ =

�
x(t)ϕ(t)dt, ϕ ∈ S.

Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèé (ïî êðàéíåé ìåðå, èç ïðîñòðàíñòâà
L = L1(Rm)) îïðåäåëèì ôîðìóëîé x̂ (t) =

�
e−2πtηix(η) dη; îáðàòíîå ïðå-

îáðàçîâàíèå Ôóðüå áóäåì îáîçíà÷àòü ñèìâîëîì x̌. Ïðåîáðàçîâàíèå Ôóðüå
θ̂ ôóíêöèîíàëà θ ∈ S ′ åñòü ôóíêöèîíàë θ̂ ∈ S ′, äåéñòâóþùèé ïî ôîðìóëå
⟨θ̂, x⟩ = ⟨θ, x̂⟩, x ∈ S.

Äëÿ 1 ≤ p, q ≤ ∞ îáîçíà÷èì ÷åðåç Tp,q = Tp,q(Rm) ìíîæåñòâî ëèíåé-
íûõ îãðàíè÷åííûõ îïåðàòîðîâ èç Lp = Lp(Rm) â Lq = Lq(Rm), èíâàðè-
àíòíûõ îòíîñèòåëüíî (ëþáîãî) ñäâèãà. Ñâîéñòâàì èíâàðèàíòíûõ îãðàíè-
÷åííûõ îïåðàòîðîâ ïîñâÿùåíû îáøèðíûå èññëåäîâàíèÿ (ñì. [1�3] è ïðè-
âåäåííóþ òàì áèáëèîãðàôèþ). Òàê èçâåñòíî, ÷òî åñëè p > q, òî [2, òåî-
ðåìà 1.1] ïðè p < ∞ ìíîæåñòâî Tp,q ñîñòîèò ëèøü èç îïåðàòîðà T ≡ 0,
à ïðè p =∞ ñóæåíèå îïåðàòîðà T ∈ T∞,q íà ìíîæåñòâî (L∞)0 ôóíêöèé
èç L∞, èìåþùèõ íóëåâîé ïðåäåë íà áåñêîíå÷íîñòè, åñòü íóëåâîé îïåðà-
òîð. Â ñâÿçè ñ ýòèì íèæå áóäåò ïðåäïîëàãàòüñÿ, ÷òî 1 ≤ p ≤ q ≤ ∞.

A.Fig�a-Talamanca è G. I.Gaudry (1967) â ñîâìåñòíîé ðàáîòå [4] äî-
êàçàëè, ÷òî ïðè 1 ≤ p ≤ q < ∞ ïðîñòðàíñòâî Tp,q(G) ëèíåéíûõ îãðà-
íè÷åííûõ îïåðàòîðîâ èç Lp(G) â Lq(G) íà ëîêàëüíî êîìïàêòíîé àáå-
ëåâîé ãðóïïå G, èíâàðèàíòíûõ îòíîñèòåëüíî ñäâèãà (òî÷íåå, îïåðàöèè
ãðóïïû), ÿâëÿåòñÿ ñîïðÿæåííûì ïðîñòðàíñòâîì äëÿ êîíñòðóêòèâíî îïè-
ñàííîãî èìè ôóíêöèîíàëüíîãî ïðîñòðàíñòâà Ap,q(G). Äâóìÿ ãîäàìè ðà-
íåå (1965) A. Fig�a-Talamanca [5] ïîëó÷èë ïîäîáíûé ðåçóëüòàò äëÿ ñëó÷àÿ
1 < q = p < ∞. Îòíîñèòåëüíî ïàðû ëèíåéíûõ íîðìèðîâàííûõ ïðîñ-
òðàíñòâ X, Y ñî ñâîéñòâîì, ÷òî Y ÿâëÿåòñÿ ñîïðÿæåííûì äëÿ X, ò. å.
X∗ = Y, ãîâîðÿò òàêæå, ÷òî ïðîñòðàíñòâî X ÿâëÿåòñÿ ïðåääóàëüíûì
äëÿ Y. Â ýòîé òåðìèíîëîãèè ïðîñòðàíñòâî Ap,q(G) ÿâëÿåòñÿ ïðåääóàëü-
íûì äëÿ ïðîñòðàíñòâà Tp,q(G).

Ðåçóëüòàòû A.Fig�a-Talamanca è G. I.Gaudry ñïðàâåäëèâû, â ÷àñòíî-
ñòè, äëÿ ïðîñòðàíñòâ Tp,q(Rm) ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç
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ïðîñòðàíñòâà Lp(Rm) â ïðîñòðàíñòâî Lq(Rm), èíâàðèàíòíûõ îòíîñèòåëü-
íî ãðóïïû ñäâèãîâ.

Èçâåñòíî (ñì. [2, òåîðåìà 1.2] èëè [1, ãë. I, òåîðåìà 3.16]), ÷òî åñ-
ëè q ≥ p, òî íà S îïåðàòîð T ∈ Tp,q = Tp,q(Rm) èìååò âèä ñâåðòêè
Tx = θ ∗ x, x ∈ S, ñ ýëåìåíòîì θ = θT ∈ S ′. Ìíîæåñòâî Mp,q =
{θT : T ∈ Tp,q} ⊂ S ′ ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì îòíîñèòåëüíî
íîðìû ∥θT∥Mp,q

= ∥T∥Lp→Lq
. Ýëåìåíòû θ ∈ Mp,q, 1 ≤ p ≤ q ≤ ∞, íàçû-

âàþò (p, q)-ìóëüòèïëèêàòîðàìè.
Êîíñòðóêòèâíîå îïèñàíèå ìóëüòèïëèêàòîðîâ èçâåñòíî ëèøü â îòäåëü-

íûõ ñëó÷àÿõ. Èçâåñòíà ñòðóêòóðà ïðîñòðàíñòâ M(2, 2) è M(p,∞) =
M(1, p′) (ñì., íàïðèìåð, [2, � 1.2], [1, ãë. 1, � 3]); à èìåííî, ñïðàâåäëèâû
ðàâåíñòâà (âìåñòå ñ ðàâåíñòâîì íîðì ýëåìåíòîâ)

M2,2 = L̂∞ = {θ̂ : θ ∈ L∞},

Mp,∞ =M1,p′ = Lp′ ïðè 1 ≤ p <∞,

M∞,∞ =M1,1 = V ;

çäåñü V = V (Rm) åñòü ïðîñòðàíñòâî (êîìïëåêñíûõ) îãðàíè÷åííûõ áîðå-
ëåâñêèõ ìåð íà Rm.

Ïðè 1 ≤ p ≤ q ≤ ∞ îïðåäåëèì íà ìíîæåñòâå S ôóíêöèîíàë

∥ϕ∥p,q = sup{|⟨θ, ϕ⟩| : θ ∈Mp,q, ∥θ∥Mp,q
≤ 1}, ϕ ∈ S. (1)

Ïðè âñåõ 1 ≤ p ≤ q ≤ ∞ ôóíêöèîíàë (1) íà ìíîæåñòâå S êîíå÷åí è
ÿâëÿåòñÿ íîðìîé.

Ïðè 1 ≤ p ≤ q ≤ ∞ îáîçíà÷èì ÷åðåç Fp,q = Fp,q(Rm) ïîïîëíåíèå
ïðîñòðàíñòâà S îòíîñèòåëüíî íîðìû (1). Ïðîñòðàíñòâî Fp,q îïèñàíî â
äðóãèõ òåðìèíàõ â ñðàâíåíèè ñ ïðîñòðàíñòâîì Ap,q = Ap,q(Rm) A.Fig�a-
Talamanca è G. I.Gaudry [4], îäíàêî ïðîñòðàíñòâî Fp,q òàêæå ÿâëÿåòñÿ
ïðåääóàëüíûì äëÿ ïðîñòðàíñòâà ìóëüòèïëèêàòîðîâMp,q, ò. å. äëÿ ëþáûõ
1 ≤ p ≤ q ≤ ∞ èìååò ìåñòî ðàâåíñòâî

F ∗p,q =Mp,q. (2)

Êîíñòðóêöèÿ ïðîñòðàíñòâà Fp = Fp,p è äîêàçàòåëüñòâî ñâîéñòâà (2) áûëè
äàíû â ðàáîòàõ àâòîðà [6] è [7] ñîîòâåòñòâåííî ïðè q = p è â îáùåì ñëó÷àå
p ≤ q.

Ïðèâåäåì íåñêîëüêî ñâîéñòâ ïðîñòðàíñòâ Fp,q äëÿ êîíêðåòíûõ çíà÷å-
íèé ïàðàìåòðîâ.

Òåîðåìà 1. Ïðîñòðàíñòâî Fp,q îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.
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1. Ïðè q =∞ (p = 1)

F (p,∞) = F (1, p′) = Lp, 1 ≤ p <∞,
F (∞,∞) = F (1, 1) = C0.

2. Ïðè q = p = 2

F2,2 = Ľ = {f ∈ C0 : f̂ ∈ L}, ∥f∥F2,2
= ∥f̂ ∥L, f ∈ F2,2.

3. Ïóñòü q = p è p = max{p, p′}. Ïðîñòðàíñòâî Fp,p ïî p íå óáûâàåò,
à òî÷íåå, åñëè 2 ≤ p1 ≤ p2 ≤ ∞, òî

Fp1,p1 ⊂ Fp2,p2 è ∥f∥Fp2,p2
≤ ∥f∥Fp1,p1

, f ∈ Fp1,p1,

â ÷àñòíîñòè, ïðè âñåõ çíà÷åíèÿõ p, 1 ≤ p ≤ ∞,

Fp,p ⊂ C0 è ∥f∥Fp,p
≥ ∥f∥C0

, f ∈ Fp.p,

F2,2 ⊂ Fp,p è ∥f∥Fp,p
≤ ∥f∥F2,2

= ∥f̂ ∥L, f ∈ F2.2.

Ïðîñòðàíñòâà Fp,q ïîÿâèëèñü â èññëåäîâàíèÿõ àâòîðà çàäà÷è Ñòå÷êè-
íà î íàèëó÷øåì ïðèáëèæåíèè îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ îãðàíè-
÷åííûìè ëèíåéíûìè îïåðàòîðàìè â ïðîñòðàíñòâàõ Ëåáåãà íà îñè (ñì.
èñòîðèþ â [7]).

Ïðèìåíåíèå â çàäà÷å Ñòå÷êèíà
î íàèëó÷øåì ïðèáëèæåíèè
îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ

Ïóñòü p, q, r, s � ïàðàìåòðû, óäîâëåòâîðÿþùèå îãðàíè÷åíèÿì 1 ≤
p, q, r, s ≤ ∞. Äëÿ öåëîãî n ≥ 1 îïðåäåëèì ïðîñòðàíñòâî W n

r,p ôóíêöèé
f ∈ Lr, êîòîðûå n− 1 ðàç íåïðåðûâíî äèôôåðåíöèðóåìû íà îñè, ïðîèç-
âîäíàÿ f (n−1) ïîðÿäêà n−1 ëîêàëüíî àáñîëþòíî íåïðåðûâíà, à f (n) ∈ Lp.
Â ïðîñòðàíñòâåW n

r,p âûäåëèì êëàññQn
r,p = {f ∈ W n

r,p : ∥f (n)∥Lp
≤ 1}. Îáî-

çíà÷èì ÷åðåç B(Lr, Ls) ìíîæåñòâî âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïåðàòî-
ðîâ èç Lr â Ls, à ÷åðåç B(N ;Lr, Ls) ïðè N > 0 � ìíîæåñòâî îïåðàòîðîâ
T ∈ B(Lr, Ls) ñ íîðìîé ∥T∥Lr→Ls

≤ N. Ïóñòü 0 ≤ k < n � öåëûå, ïðè÷åì
k > 0, åñëè r = s. Äëÿ îïåðàòîðà T ∈ B(Lr, Ls) ïîëîæèì

U(T ) = sup{∥f (k) − Tf∥Lq
: f ∈ Qn

r,p}.

Ïðè N > 0 âåëè÷èíà

En,k(N) = En,k(N ; r, s; p, q) = inf{U(T ) : T ∈ B(N ;Lr, Ls)} (3)
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åñòü íàèëó÷øåå ïðèáëèæåíèå (â ïðîñòðàíñòâå Lq) îïåðàòîðà äèôôåðåí-
öèðîâàíèÿ Dk ïîðÿäêà k íà êëàññå Qn

r,p ìíîæåñòâîì ëèíåéíûõ îãðàíè-
÷åííûõ îïåðàòîðîâ B(N ;Lr, Ls). Çàäà÷à Ñòå÷êèíà ñîñòîèò â âû÷èñëåíèè
âåëè÷èíû (3) è ýêñòðåìàëüíîãî îïåðàòîðà, íà êîòîðîì â (3) äîñòèãàåòñÿ
íèæíÿÿ ãðàíü; ñì. [8] è îáçîð èññëåäîâàíèé â [9] è [10].

Íàèáîëåå ïîëíî èññëåäîâàíà çàäà÷à Ñòå÷êèíà (3) â òðåõïàðàìåòðè÷å-
ñêîì âàðèàíòå, ò. å. ïðè s = q. Â ýòîì ñëó÷àå èñïîëüçóåòñÿ îöåíêà ñíèçó
Ñòå÷êèíà âåëè÷èíû íàèëó÷øåãî ïðèáëèæåíèÿ (3) ÷åðåç íàèëó÷øóþ êîí-
ñòàíòó â íåðàâåíñòâå Êîëìîãîðîâà ìåæäó íîðìàìè Ëåáåãà ôóíêöèè è åå
ïðîèçâîäíûõ [9]. Â ÷åòûðåõïàðàìåòðè÷åñêîì ñëó÷àå, äëÿ s è q, íå ñâÿ-
çàííûõ ìåæäó ñîáîé, â èññëåäîâàíèè çàäà÷è Ñòå÷êèíà âàæíîå çíà÷åíèå
èìååò ñâîéñòâî èíâàðèàíòíîñòè çàäà÷è (3) îòíîñèòåëüíî ñäâèãà. Èìåííî
ýòî ñâîéñòâî ïðèâîäèò ê òåîðåìå 2, ñì. áèáëèîãðàôèþ â [10].

Ïóñòü K = Kn,k(r, s; p, q) åñòü íàèëó÷øàÿ êîíñòàíòà â íåðàâåíñòâå

∥x(k)∥C ≤ K∥x∥αr,s∥x(n)∥1−αp,q , (4)

α =
n− k + 1/q − 1/p

n+ 1/q − 1/p+ 1/r − 1/s
, β = 1− α.

Òåîðåìà 2. Åñëè s ≥ r ≥ 1, q ≥ p > 1, ïðè÷åì s > r ïðè k = 0, òî
äëÿ ëþáîãî çíà÷åíèÿ N > 0 èìååò ìåñòî ðàâåíñòâî

En,k(N ; r, s; p, q) = βαα/βK1/βN−α/β,

ãäå K � íàèìåíüøàÿ êîíñòàíòà â (4).

Òåîðåìà 2 ïîçâîëèëà àâòîðó ïîëó÷èòü òî÷íîå èëè áëèçêîå ê òî÷íîìó
ðåøåíèå çàäà÷è Ñòå÷êèíà â ðÿäå íîâûõ ñëó÷àåâ, ñì. [10] è ïðèâåäåííóþ
òàì áèáëèîãðàôèþ. Òàê èìååò ìåñòî òàêîå óòâåðæäåíèå.

Äëÿ ïàðàìåòðîâ 1 ≤ r, p ≤ ∞ ïîëîæèì r = max{r, r′}, p =
max{p, p′}. Â óòâåðæäåíèÿõ òåîðåìû 3 áóäåò ïðèñóòñòâîâàòü óñëîâèå

r1 ≤ r2, p1 ≤ p2, (5)

íà äâå ïàðû ïàðàìåòðîâ r1, r2 è p1, p2.

Òåîðåìà 3. Ïðè 1 ≤ r ≤ ∞, 1 < p ≤ ∞, 0 < k < n äëÿ âåëè÷èíû
En,k(N ; r, r; p, p) ñïðàâåäëèâû ñëåäóþùèå äâà óòâåðæäåíèÿ.

1. Ïðè ëþáîì N > 0 çíà÷åíèå En,k(N ; r, r; p, p) çàäà÷è Ñòå÷êèíà íå
óáûâàåò ïî ïàðàìåòðàì r, p, à òî÷íåå, åñëè äâå ïàðû ïàðàìåòðîâ r1, r2
è p1, p2 óäîâëåòâîðÿþò óñëîâèÿì (5), òî èìååò ìåñòî íåðàâåíñòâî

En,k(r1, r1; p1, p1) ≤ En,k(r2, r2; p2, p2).
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2. Ïðè ëþáîì N > 0 äëÿ çíà÷åíèé çàäà÷è Ñòå÷êèíà ñïðàâåäëèâû
äâóñòîðîííèå îöåíêè

βαα/βN−α/β ≤ En,k(N ; r, r; p, p) ≤ βαα/β (π/2)1/β N−α/β,

ãäå α = (n− k)/n, β = k/n.

Äàííîå ñîîáùåíèå ïðîäîëæàåò òåìàòèêó ñîîáùåíèÿ àâòîðà íà ïðåäû-
äóùåé, 21-é ìåæäóíàðîäíîé Ñàðàòîâñêîé çèìíåé øêîëå [11].

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
[1] Ñòåéí È., Âåéñ Ã. Ââåäåíèå â ãàðìîíè÷åñêèé àíàëèç íà åâêëèäîâûõ ïðîñòðàí-

ñòâàõ. Ì. : Ìèð, 1974. 333 ñ.

[2] Õåðìàíäåð Ë. Îöåíêè äëÿ îïåðàòîðîâ, èíâàðèàíòíûõ îòíîñèòåëüíî ñäâèãà. Ì. :
Èçä-âî èíîñòð. ëèò., 1962. 71 ñ.

[3] Larsen R. An introduction to the theory of multipliers. Berlin etc. : Springer, 1971.
282 p.

[4] Fig�a-Talamanca A., Gaudry G. I. Density and representation theorems for
multipliers of type (p, q) // J. Australian Math. Soc. 1967. Vol. 7, � 1. P. 1�6.

[5] Fig�a-Talamanca A. Translation invariant operators in Lp // Duke. Math. J. 1965.
Vol. 32. P. 495�502.

[6] Àðåñòîâ Â.Â. Î ñîïðÿæåííîñòè ïðîñòðàíñòâà ìóëüòèïëèêàòîðîâ // Òð. Èí-òà
ìàò. ìåõ. ÓðÎ ÐÀÍ. 2019. Ò. 25, � 4. C. 3�15.

[7] Arestov V.V. Predual spaces for the space of (p, q)-multipliers and their application
in Stechkin's problem on approximation of di�erentiation operators // Anal. Math.
2023. Vol. 49, � 1. P. 43�65.

[8] Ñòå÷êèí Ñ.Á. Íàèëó÷øåå ïðèáëèæåíèå ëèíåéíûõ îïåðàòîðîâ // Ìàò. çàìåòêè.
1967. Ò. 1, � 2. C. 137�148.

[9] Àðåñòîâ Â.Â. Ïðèáëèæåíèå íåîãðàíè÷åííûõ îïåðàòîðîâ îãðàíè÷åííûìè è ðîä-
ñòâåííûå ýêñòðåìàëüíûå çàäà÷è // Óñïåõè ìàò. íàóê. 1996. Ò. 51, � 6. Ñ. 89�124.

[10] Arestov V.V. Approximation of di�erentiation operators by bounded linear
operators in Lebesgue spaces on the axis and related problems in the spaces of
(p, q)-multipliers and their predual // Ural Math. J. 2023. Vol. 9, � 2. P. 4�27.

[11] Àðåñòîâ Â.Â. Ïðåääóàëüíûå ïðîñòðàíñòâà äëÿ ïðîñòðàíñòâà (p, q)-ìóëüòè-
ïëèêàòîðîâ è èõ ïðèìåíåíèå â çàäà÷å Ñòå÷êèíà î ïðèáëèæåíèè îïåðàòîðîâ
äèôôåðåíöèðîâàíèÿ // Ñîâðåìåííûå ïðîáëåìû òåîðèè ôóíêöèé è èõ ïðèëî-
æåíèÿ: ìàòåðèàëû 21-é ìåæäóíàðîäíîé Ñàðàòîâñêîé çèìíåé øêîëû. Ñàðàòîâ :
Ñàðàòîâñêèé óíèâåðñèòåò, 2022. Ñ. 33�39.

26



ÓÄÊ 517.9
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(Áåëãîðîä, Ðîññèÿ)
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Â ðàáîòå ðàññìàòðèâàåòñÿ ïåðèîäè÷åñêèé àíàëîã îäíîãî èíòåãðàëüíîãî ïðåîáðà-
çîâàíèÿ, êîòîðîå ïðèìåíÿëîñü äëÿ ïîñòðîåíèÿ ðåøåíèé äèñêðåòíûõ ýëëèïòè÷å-
ñêèõ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé â êîíè÷åñêèõ îáëàñòÿõ. Ðàññìîòðåí
ñëó÷àé óãëà íà ïëîñêîñòè è âûïèñàí ÿâíûé âèä ýòîãî ïðåîáðàçîâàíèÿ, ñîäåðæà-
ùèé ïåðèîäè÷åñêèé àíàëîã ïðåîáðàçîâàíèÿ Ãèëüáåðòà.

Êëþ÷åâûå ñëîâà: äèñêðåòíûé ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð, äèñêðåòíîå
ïðåîáðàçîâàíèå, ïåðèîäè÷åñêèé àíàëîã ïðåîáðàçîâàíèÿ Ãèëüáåðòà.

On periodic analogue of a certain integral
transform1

A. B. Afanaseva, V. B.`Vasilyev, A. B. Kamanda Bongay
(Belgorod, Russia)

vbv57@inbox.ru
We consider periodic analogue of a certain integral transform which was applied
for constructing solutions for discrete elliptic pseudo-di�erential equations in conical
domains. the case of a plane sector was considered and explicit form for this transform
with periodic analogue of the Hilbert transform is written.

Keywords: digital pseudo-di�erential operator, discrete transform, periodic analogue
of the Hilbert transform.

Ââåäåíèå

Â ðàáîòàõ [1,2,3] èçó÷àëèñü âîïðîñû ðàçðåøèìîñòè ýëëèïòè÷åñêèõ ïñåâ-
äîäèôôåðåíöèàëüíûõ óðàâíåíèé â êîíè÷åñêèõ îáëàñòÿõ. Äëÿ ìîäåëü-
íûõ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé áûëè ïîñòðîåíû ðåøåíèÿ â
ïðîñòûõ êàíîíè÷åñêèõ îáëàñòÿõ ñ ïîìîùüþ ñïåöèàëüíîé ôàêòîðèçàöèè
ýëëèïòè÷åñêèõ ñèìâîëîâ. îäíàêî ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ ïîëó-
÷åííûå ôîðìóëû òðóäíî èñïîëüçîâàòü è â ñâÿçè ñ ýòèì ïîÿâèëàñü íåîá-
õîäèìîñòü äèñêðåòèçàöèè ïîëó÷åííûõ ðåçóëüòàòîâ. Ïîÿâèëàñü êîíöåï-
öèÿ äèñêðåòíûõ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ [4] è íåêîòîðûå
ðåçóëüòàòû ïîëó÷èëè äèñêðåòíóþ èíòåðïðåòàöèþ.Ïðè ïîñòðîåíèè ðåøå-
íèé â íåïðåðûâíîì ñëó÷àå èñïîëüçîâàëèñü íåêîòîðîå èíòåãðàëüíîå ïðå-
îáðàçîâàíèå, äèñêðåòíûé àíàëîã êîòîðîãî ïðèâîäèòñÿ â ýòîé çàìåòêå.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Äèñêðåòíûå ôóíêöèè è îïåðàòîðû

Ïóñòü Z2 � öåëî÷èñëåííàÿ ðåøåòêà íà ïëîñêîñòè, h > 0, ℏ = h−1. Îáî-
çíà÷èì Kn = {x ∈ R2 : x = (x1, x2), x2 > an|x1|an > 0} óãîë ðàñ-
òâîðà 2 arctg an, ãäå an ìîæåò ïðèíèìàòü çíà÷åíèÿ âèäà n, 1/n, n ∈ N,
Kn,d = hZ2 ∩ Kn. Ìû ðàáîòàåì ñ ôóíêöèÿìè äèñêðåòíîé ïåðåìåííîé
ud(x̃), x̃ = (x̃1, x̃2) ∈ hZ2.

Îáîçíà÷èì T2 = [−π, π]2, ℏ = h−1. Ôóíêöèè, îïðåäåëåííûå íà ℏT2,
ìû òðàêòóåì êàê ïåðèîäè÷åñêèå ôóíêöèè íà R2 ñ îñíîâíûì êâàäðàòîì
ïåðèîäîâ ℏT2.

Íà ôóíêöèÿõ ud äèñêðåòíîãî àðãóìåíòà ìîæíî îïðåäåëèòü äèñêðåò-
íîå ïðåîáðàçîâàíèå Ôóðüå

(Fdud)(ξ) ≡ ũd(ξ) =
∑
x̃∈hZ2

eix̃·ξud(x̃)h
2, ξ ∈ ℏT2,

Ïî çàäàííîé â R2 èçìåðèìîé ïåðèîäè÷åñêîé ôóíêöèè Ãd(ξ) (íàçûâà-
åìîé ñèìâîëîì) ñ îñíîâíûì êâàäðàòîì ïåðèîäîâ ℏT2 ìîæíî îïðåäåëèòü
äèñêðåòíûé ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð Ad â äèñêðåòíîì óãëå
Kn,d ñëåäóþùåé ôîðìóëîé

(Adud)(x̃) =
∑
ỹ∈hZ2

h2
�

ℏT2

Ãd(ξ)e
i(x̃−ỹ)·ξũd(ξ)dξ, x̃ ∈ Kn,d.

Äèñêðåòíûå è ïåðèîäè÷åñêèå ïðåîáðàçîâàíèÿ

Ïðè èññëåäîâàíèè ðàçðåøèìîñòè óðàâíåíèÿ

(Adud)(x̃) = vd(x̃), x̃ ∈ Kn,d (1)

âîçíèêàåò íåîáõîäèìîñòü ïðèìåíåíèÿ çàìåíû ïåðåìåííûõ, êîòîðàÿ ïåðå-
âîäèò òî÷êè äèñêðåòíîãî óãëà Kn,d â òî÷êè âåðíåé ïîëóïëîñêîñòè. Áîëåå
òî÷íî, äëÿ x̃ ∈ Kn,d íîâûå ïåðåìåííûå âûãëÿäÿò òàê

ỹ1 = x̃1

ỹ2 = x̃2 − an|x̃1| .

Åñëè îáîçíà÷èòü îïåðàòîð çàìåíû ïåðåìåííîé Tan, òî ìû ïîëó÷èì

(Tanud)(ỹ) = ud(x̃1, x̃2 − an|x̃1|).

Ðåøåíèå óðàâíåíèÿ (1) êîíñòðóèðóåòñÿ â îáðàçàõ Ôóðüå, è ïîýòîìó æåëà-
òåëüíî çíàòü, êàê âûãëÿäèò â îáðàçàõ Ôóðüå îïåðàòîð Tan, äåéñòâóþùåãî
íà äèñêðåòíóþ ôóíêöèþ, ñîñðåäîòî÷åííóþ íà Kn,d.
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(FdTanud)(ξ) = lim
τ→+0

∑
x̃∈hZ2

eix̃·ξud(x̃1, x̃2 − an|x̃1|)h2 =

=
∑
x̃1∈hZ

heix̃1·ξ1

(∑
x̃2∈hZ

eix̃2·ξ2ud(x̃1, x̃2 − an|x̃1|)h

)
=

=
∑
x̃1∈hZ

heix̃1·ξ1
∑
ỹ2∈hZ

ei(ỹ2+an|x1|)·ξ2ud(x̃1, ỹ2)h

ïîñëå çàìåíû ỹ2 = x̃2 − an|x̃1|. Òîãäà

(FdTanud)(ξ) =
∑
x̃1∈hZ

heix̃1·ξ1eian|x̃1|·ξ2ûd(x1, ξ2),

ãäå ûd(x1, ξ2) - äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå ïî âòîðîé ïåðåìåííîé.
Ïîëîæèì Z+ = {0, 1, 2, . . . }, Z− = Z \ Z+ è ðàçîáüåì ïîñëåäíþþ ñóììó
íà äâà ñëàãàåìûõ. Òîãäà

(FdTanud)(ξ) =
∑

x̃1∈hZ+

heix̃1·(ξ1+anξ2)ûd(x1, ξ2) +
∑

x̃1∈hZ−

heix̃1·(ξ1−anξ2)ûd(x1, ξ2)

Ïîñëåäíèå äâå ñóììû âû÷èñëÿëèñü â [5] ïðè h = 1 ïóòåì ðåãóëÿðèçàöèè
ââåäåíèåì êîìïëåêñíîãî ïàðàìåòðà è ïðèìåíåíèÿ ñâîéñòâà ïðåîáðàçîâà-
íèÿ Ôóðüå î ñâåðòêå. Â ðåçóëüòàòå èìååì ñëåäóþùåå âûðàæåíèå

(FdTanud)(ξ) =
ũd(ξ1 + anξ2, ξ2) + ũd(ξ1 + anξ2, ξ2)

2
+

+v.p.
ih

4π

ℏπ�

−ℏπ

ctg
h(ξ1 + anξ2 − η1)

2
ũd(η1, ξ2)dη1−

−v.p. ih
4π

ℏπ�

−ℏπ

ctg
h(ξ1 − anξ2 − η1)

2
ũd(η1, ξ2)dη1.

Ñ ïîìîùüþ ïîñëåäíåé ôîðìóëû êîíñòðóèðóåòñÿ ðåøåíèå äèñêðåòíîãî
óðàâíåíèÿ (1).
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Ãðàäèåíòíûå ìåòîäû ìèíèìèçàöèè 1

Ì. Â. Áàëàøîâ (ÈÏÓ ÐÀÍ, Ìîñêâà, Ðîññèÿ)
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Â ðàáîòå îáñóæäàåòñÿ ñîâðåìåííîå ñîñòîÿíèå äåë â ãðàäèåíòíûõ ìåòîäàõ ðåøå-
íèÿ çàäà÷ ïîèñêà ìèíèìóìà ôóíêöèè íà ìíîæåñòâå: ìåòîäå ïðîåêöèè ãðàäèåíòà
è ìåòîäå óñëîâíîãî ãðàäèåíòà. Áóäóò ñôîðìóëèðîâàíû ðåçóëüòàòû î ëèíåéíîé
ñõîäèìîñòè äëÿ âûïóêëûõ çàäà÷, à òàêæå ðàññìîòðåíû âîçìîæíûå îáîáùåíèÿ
ýòèõ ðåçóëüòàòîâ íà íåâûïóêëûé ñëó÷àé.

Êëþ÷åâûå ñëîâà:Ìåòîä ïðîåêöèè ãðàäèåíòà, ìåòîä óñëîâíîãî ãðàäèåíòà, ñèëüíàÿ
âûïóêëîñòü, ëèïøèöåâ ãðàäèåíò, ìåòðè÷åñêàÿ ðåãóëÿðíîñòü, íåãëàäêèé àíàëèç.

Gradient minimization methods 1

M. V. Balashov (ICS RAS, Moscow, Russia)
balashov73@mail.ru

In the paper, we discuss the current state of arts in gradient methods for solving
problems of �nding the minimum of a function on a set: about the gradient projection
method and about the conditional gradient method. Results on linear convergence for
convex problems will be formulated, and possible generalizations of these results to
the non-convex case will be considered.

Keywords: gradient projection method, conditional gradient method, strong convexity,
Lipschitz continuous gradient, metric regularity, nonsmooth analysis.

Ââåäåíèå

Â Rn ÷åðåç (x, y) îáîçíà÷èì ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x, y ∈ Rn

è ñîîòâåòñòâóþùóþ åâêëèäîâó íîðìó ∥x∥ =
√

(x, x). Äëÿ ôóíêöèè f :
Rn → R ÷åðåç f ′(x) áóäåì îáîçíà÷àòü ãðàäèåíò Ôðåøå f â òî÷êå x.

Ðàññìîòðèì çàäà÷ó
f0 = min

x∈Q
f(x), (1)

ãäå Q ⊂ Rn çàìêíóòîå ïîäìíîæåñòâî è f : Rn → R � ôóíêöèÿ ñ íåïðå-
ðûâíûì ïî Ëèïøèöó ãðàäèåíòîì. ×åðåç Ω0 ⊂ Q áóäåì îáîçíà÷àòü íåïó-
ñòîå ìíîæåñòâî ðåøåíèé (1). Óñëîâèå Ëèïøèöà äëÿ ãðàäèåíòà f ′(x) äî-
ñòàòî÷íî òðåáîâàòü â íåêîòîðîé ðàâíîìåðíîé îêðåñòíîñòè ìíîæåñòâà Q.
Âåçäå íèæå ìû áóäåì ïðåäïîëàãàòü, ÷òî ðåøåíèå ïî x çàäà÷è (1) ñóùå-
ñòâóåò, ò.å. Ω0 ̸= ∅ è f0 ∈ R. Ïóñòü PQx � ìåòðè÷åñêàÿ ïðîåêöèÿ òî÷êè
x íà ìíîæåñòâî Q è ϱ(x,Q) � ðàññòîÿíèå îò òî÷êè x äî ìíîæåñòâà Q.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Â äîêëàäå áóäóò îáñóæäàòüñÿ óñëîâèÿ ëèíåéíîé ñõîäèìîñòè, ò.å. ñõî-
äèìîñòè ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì < 1,
ìåòîäà ïðîåêöèè ãðàäèåíòà

x1 ∈ Q, xk+1 ∈ PQ (xk − tf ′(xk)) , t > 0, (2)

è ìåòîäà óñëîâíîãî ãðàäèåíòà x1 ∈ Q

zk ∈ Argmax
x∈Q

(−f ′(xk), x), xk+1 = (1− tk)xk + tkzk, tk ∈ [0, 1]. (3)

Â ÷àñòíîñòè, òî÷êó xk+1 ïî òî÷êàì xk, zk ìîæíî âûáèðàòü â àëãîðèòìå
(3) ïî ïðàâèëó

xk+1 ∈ Arg min
x∈[xk,zk]

f(x). (4)

Äëÿ ïðîñòîòû ìû áóäåì ðàññìàòðèâàòü ñèòóàöèþ âRn, õîòÿ áîëüøèíñòâî
ôàêòîâ ëåãêî ïåðåíîñèòñÿ íà ñëó÷àé âåùåñòâåííîãî ãèëüáåðòîâà ïðîñò-
ðàíñòâà.

Îáùàÿ ñèòóàöèÿ. Ìîíîòîííîñòü àëãîðèòìîâ. Âûïóê-
ëûé ñëó÷àé

Íà÷í¼ì ñ ðàññìîòðåíèÿ àëãîðèòìîâ (2) è (3) äëÿ ïðîèçâîëüíîãî çàìêíó-
òîãî ìíîæåñòâà Q è äîñòàòî÷íî ïðîèçâîëüíîãî âèäà ôóíêöèè f .

Íàïîìíèì, ÷òî ôóíêöèÿ f : U → R ñëàáî âîãíóòà íà âûïóêëîì
ïîäìíîæåñòâå U ⊂ Rn ñ êîíñòàíòîé L1 > 0, åñëè ôóíêöèÿ h(x) =
f(x)−L1

2 ∥x∥
2 âîãíóòà (âûïóêëà ââåðõ) íà U . Äèôôåðåíöèðóåìîñòü ôóíê-

öèè f íå ïðåäïîëàãàåòñÿ. Ñóïåðäèôôåðåíöèàë Ôðåøå ôóíêöèè f â òî÷êå
x0 ∈ U åñòü

∂+F f(x0) =

{
p ∈ Rn : lim sup

x→x0

f(x)− f(x0)− (p, x− x0)
∥x− x0∥

≤ 0

}
.

Äëÿ ñëàáî âîãíóòîé ñ êîíñòàíòîé L1 ôóíêöèè f èìååò ìåñòî ðàâåíñòâî [1,
Proposition 1.107(i)]

∂+F f(x0) = ∂+h(x0) + L1x,

ãäå ∂+h(x0) ñóïåðäèôôåðåíöèàë âîãíóòîé ôóíêöèè h. Áóäåì ãîâîðèòü,
÷òî ôóíêöèÿ óäîâëåòâîðÿåò óñëîâèþ âåðõíåé êâàäðàòè÷íîé àïïðîêñèìà-
öèè ñ êîíñòàíòîé L1, åñëè

f(x) ≤ f(x0)+(f ′(x0), x−x0)+
L1

2
∥x−x0∥2, ∀x0, x, ∀f ′(x0) ∈ ∂+F f(x0).
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Èç îïðåäåëåíèÿ ñëàáîé âîãíóòîñòè ëåãêî âûòåêàåò, ÷òî ñëàáî âîãíóòàÿ
ôóíêöèÿ (è òîëüêî ñëàáî âîãíóòàÿ ôóíêöèÿ) óäîâëåòâîðÿåò óñëîâèþ
âåðõíåé êâàäðàòè÷íîé àïïðîêñèìàöèè ñ îäíîé êîíñòàíòîé L1.

Ëåììà 1. Ïóñòü ôóíêöèÿ f : Rn → R ñëàáî âîãíóòàÿ ñ êîíñòàíòîé
L1 > 0, ìíîæåñòâî Q çàìêíóòî, x1 ∈ Q, t ∈

(
0, 1

L1

)
, ñóïåðãðàäèåíò

Ôðåøå f ′(x1) ∈ ∂+F f(x1) è x2 ∈ PQ
(
x1 − tf ′(x1)

)
ïðîèçâîëüíû. Òîãäà

f(x1)− f(x2) ≥
1

2

(
1

t
− L1

)
∥x2 − x1∥2. (5)

Çàìåòèì, ÷òî â ëåììå 1 ìíîæåñòâî Q, êàê è ôóíêöèÿ f , íå âûïóêëî,
ïîýòîìó ïðîåêöèÿ PQ

(
x1 − tf ′(x1)

)
âîîáùå ãîâîðÿ íå îäíîòî÷å÷íà.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì ïðîèçâîëüíûì îáðàçîì ñóïåðãðàäèåíò
Ôðåøå f ′(x1) ∈ ∂+F f(x1). Ðàññìîòðèì êâàäðàòè÷íóþ ôóíêöèþ

ψ(x) = f(x1) +
(
f ′(x1), x− x1

)
+

1

2t
∥x− x1∥2.

Â ñèëó óñëîâèÿ ñëàáîé âîãíóòîñòè f ñ êîíñòàíòîé L1 âûïîëíåíà êâàäðà-
òè÷íàÿ àïïðîêñèìàöèÿ f , îòêóäà äëÿ âñÿêîãî x ∈ Rn âûïîëíåíà îöåíêà

ψ(x) ≥ f(x) +
1

2

(
1

t
− L1

)
∥x− x1∥2.

Äëÿ ôóíêöèè ψ(x) òî÷êà x1− tf ′(x1) ÿâëÿåòñÿ ãëîáàëüíûì ìèíèìóìîì.
Èç òîãî, ÷òî ëèíèè óðîâíÿ ψ(x) = C � ñôåðû ñ öåíòðîì x1 − tf ′(x1),
ïîëó÷àåì ψ(x2) ≤ ψ(x1). Îòñþäà

f(x1) = ψ(x1) ≥ ψ(x2) ≥ f(x2) +
1

2

(1
t
− L1

)
∥x2 − x1∥2.

Àíàëîãè÷íî, èç óñëîâèÿ âåðõíåé êâàäðàòè÷íîé àïïðîêñèìàöèè â ìå-
òîäå (3), äëÿ âñÿêîãî äëÿ ε ∈ (0, 1) è t ∈ (ε, (2−ε)/L1) íàéä¼òñÿ êîíñòàíòà
C(ε) > 0 òàêàÿ, ÷òî [2, �6]

f(xk+1)− f(xk) ≤ −C(ε)min

{
(f ′(xk), xk − zk

)
,

(
f ′(xk), xk − zk

)2
∥xk − zk∥2

}
≤ 0.

Òàêèì îáðàçîì, äëÿ ñëàáî âîãíóòîé ôóíêöèè àëãîðèòì (3) òàêæå ÿâëÿ-
åòñÿ ñòðîãî ìîíîòîííûì.
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Â äàëüíåéøåì ìû áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ f èìååò ëèïøèöåâ
ãðàäèåíò ñ êîíñòàíòîé L1. Èçâåñòíî, ÷òî òàêèå ôóíêöèè ñëàáî âîãíó-
òûå ñ òîé æå êîíñòàíòîé L1 [3, òåîðåìà 2.1.2]. Ïðèâåä¼ííûå ðåçóëüòàòû
ãàðàíòèðóåò ìîíîòîííîñòü àëãîðèòìà äëÿ òàêîé ôóíêöèè.

Ïðè óñëîâèè ëèïøèöåâîé äèôôåðåíöèðóåìîñòè è âûïóêëîñòè (âû-
ïóêëîñòè âíèç) f , à òàêæå âûïóêëîñòè è êîìïàêòíîñòè ìíîæåñòâà Q,
îöåíêà â àëãîðèòìàõ (2) è (3) ïî ôóíêöèè èìååò âèä

f(xk)− f0 ≤
C

k

äëÿ íåêîòîðîé êîíñòàíòû C > 0, çàâèñÿùåé îò f è Q [2]. Ïðèìåð ôóíê-
öèé fm(x) = x2m, m ∈ N, â çàäà÷å min

x∈Rn
fm(x) (ñ î÷åâèäíûì ðåøåíèåì

x0 = 0) ïîêàçûâàåò, ÷òî ñêîðîñòü ñõîäèìîñòè ∥xk−x0∥ â ìåòîäå ãðàäèåíò-
íîãî ñïóñêà ìîæåò áûòü ñêîëü óãîäíî ìåäëåííîé. Àíàëîãè÷íûé ïðèìåð
ìîæíî ïðèâåñòè äëÿ àëãîðèòìà (3).

Ãðàäèåíòíûé ñïóñê â ñëó÷àå Q = Rn

Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f : Rn → R óäîâëåòâîðÿåò óñëîâèþ
Ëåæàíñêîãî-Ïîëÿêà-Ëîÿñåâè÷à (óñëîâèþ LPL) [4], åñëè f äèôôåðåíöè-
ðóåìà ïî Ôðåøå, ìíîæåñòâî Ω0 = Arg minx∈Rn f(x) åå ãëîáàëüíûõ ìèíè-
ìóìîâ íåïóñòî è ñóùåñòâóåò òàêàÿ êîíñòàíòà µ > 0, ÷òî äëÿ âñåõ x ∈ Rn

∥f ′(x)∥2 ≥ µ
(
f(x)− f(x0)

)
∀x0 ∈ Ω0. (6)

Ñîâìåñòíî ñ ôîðìóëîé (5) ëåììû 1 äëÿ ëèïøèöåâî äèôôåðåíöèðóåìîé
ôóíêöèè f , óäîâëåòâîðÿþùåé óñëîâèþ (6), ïîëó÷àåì äëÿ øàãà 0 < t <
1/L2

f(xk)− f(xk+1) ≥
1

2

(
1

t
− L1

)
∥tf ′(xk)∥2 ≥

µ

2

(
t− t2L1

)
(f(xk)− f0),

è äëÿ q = q(µ, t) = µ
2

(
t− t2L1

)
è φk = f(xk)− f0 èìååì

φk − φk+1 ≥ qφk, φk+1 ≤ (1− q)φk,

ò.å. ïîëó÷àåì ëèíåéíóþ ñõîäèìîñòü {φk} ê íóëþ. Ïî òî÷êå

∥xk+1 − xk∥2 = t2∥f ′(xk)∥2 ≤
φk

1
2(

1
t − L1)

òàêæå ïîëó÷àåì ëèíåéíóþ ñõîäèìîñòü.
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Îòìåòèì, ÷òî ñèëüíî âûïóêëàÿ ñ êîíñòàíòîé κ > 0 ôóíêöèÿ (ò.å. òà-
êàÿ ôóíêöèÿ f , ÷òî ôóíêöèÿ f(x)−κ

2 ∥x∥
2 âûïóêëàÿ âíèç) óäîâëåòâîðÿåò

óñëîâèþ â äóõå (LPL) âèäà

∥p∥2 ≥ κ
(
f(x)− f0

)
∀p ∈ ∂f(x),

ãäå ∂f(x) = {p ∈ Rn : f(z) ≥ f(x) + (p, z − x), ∀z ∈ Rn} åñòü ñóá-
äèôôåðåíöèàë ôóíêöèè f â òî÷êå x (äèôôåðåíöèðóåìîñòü f íå ïðåäïî-
ëàãàåòñÿ). Ñóùåñòâóþò òàêæå íåâûïóêëûå ôóíêöèè, óäîâëåòâîðÿþùèå
óñëîâèþ (LPL). Â ãðàäèåíòíîì ñïóñêå ìîæíî ýôôåêòèâíî ïðèìåíÿòü
øàã Àðìèõî, äëÿ âû÷èñëåíèÿ êîòîðîãî íå íóæíî çíàíèå êîíñòàíò.

Ìèíèìèçàöèÿ íà ìíîãîîáðàçèÿõ

Ðàññìîòðèì ÷àñòíûé ñëó÷àé çàäà÷è (1), êîãäà ìíîæåñòâî Q ÿâëÿåòñÿ
ãëàäêèì êîìïàêòíûì ìíîãîîáðàçèåì áåç êðàÿ, à ôóíêöèÿ f ÿâëÿåò-
ñÿ âåùåñòâåííî-àíàëèòè÷åñêîé, ò.å. äëÿ êàæäîé òî÷êè íàéä¼òñÿ îêðåñò-
íîñòü, ãäå ôóíêöèÿ ïðåäñòàâèìà íåêîòîðûì ñõîäÿùèìñÿ ñòåïåííûì ðÿ-
äîì. Òîãäà äëÿ âñÿêîé òî÷êè x ∈ Q íàéä¼òñÿ δ > 0, α ∈ (1, 2] è µ > 0
òàêèå, ÷òî äëÿ âñÿêîãî y ∈ Q, ∥y−x∥ ≤ δ, âûïîëíåíî íåðàâåíñòâî â äóõå
íåðàâåíñòâà Ëîÿñåâè÷à [5, Proposition 2.2]

µ|f(y)− f(x)| ≤ ∥PTy
f ′(y)∥α, (7)

ãäå Ty � êàñàòåëüíîå ïîäïðîñòðàíñòâî â òî÷êå y ∈ Q ê ìíîãîîáðàçèþ Q.
Êîìïàêòíîå ãëàäêîå ìíîãîîáðàçèå áåç êðàÿ ÿâëÿåòñÿ ïðîêñèìàëüíî

ãëàäêèì ñ íåêîòîðîé êîíñòàíòîé R > 0 [3, òåîðåìà 1.19.1]. Ïîñëåäíåå
ýêâèâàëåíòíî òîìó, ÷òî äëÿ âñÿêîãî r ∈ (0, R) è òî÷åê x0, x1 ∈ Rn,
0 < ϱ(xi,Q) < r, i = 0, 1, âûïîëíåíî óñëîâèå Ëèïøèöà ∥PQx0−PQx1∥ ≤
R

R−r∥x0 − x1∥ [6]. Íàïîìíèì, ÷òî îñíîâíûå ìàòðè÷íûå ìíîãîîáðàçèÿ:
Øòèôåëÿ (ìàòðèöû X ∈ Rn×k: XTX = Ik×k), Ãðàññìàíà (ìîæåò áûòü
ðåàëèçîâàíî êàê ìíîæåñòâî ïðîåêòîðîâ XXT , ãäå X ∈ Rn×k � ìàòðè-
öà ìíîãîîáðàçèÿ Øòèôåëÿ) è ò.ä. ïðîêñèìàëüíî ãëàäêèå; ìíîãîîáðàçèå
Øòèôåëÿ ñ êîíñòàíòîé R = 1, à ìíîãîîáðàçèå Ãðàññìàíà ñ R = 1/

√
2

äëÿ âñåõ n, k, k ≤ n. Ñóùåñòâóþò ýôôåêòèâíûå ôîðìóëû äëÿ ïðîåêòèðî-
âàíèÿ òî÷êè (ìàòðèöû) íà ìàòðè÷íûå ìíîãîîáðàçèÿ ÷åðåç ñèíãóëÿðíîå
ðàçëîæåíèå ìàòðèö [7, 8]. Ìîæíî òàêæå äîêàçàòü, ÷òî àíàëîãîì ôîðìó-
ëû (5) äëÿ äâóõ ïîñëåäîâàòåëüíûõ øàãîâ ìåòîäà ïðîåêöèè ãðàäèåíòà
(2), êîòîðûé ïðèíèìàåò âèä xk+1 = PS(xk − tPTxk

f ′(xk)), íà ãëàäêîì è
ïðîêñèìàëüíî ãëàäêîì ìíîãîîáðàçèè ÿâëÿåòñÿ íåðàâåíñòâî [9, Theorem
2]

f(xk+1)− f(xk) ≤ −∥PTxk
f ′(xk)∥2

(
t− t2

(
L

R
+
L1

2

))
, (8)
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ãäå L è L1 � êîíñòàíòû Ëèïøèöà f è f ′ ñîîòâåòñòâåííî, à R � êîíñòàí-
òà ïðîêñèìàëüíîé ãëàäêîñòè S. Ôîðìóëû (7) è (8) àíàëîãè÷íî ñëó÷àþ
áåçóñëîâíîé ìèíèìèçàöèè äàþò ëèíåéíóþ ñõîäèìîñòü óêàçàííîãî àëãî-
ðèòìà ê ëîêàëüíîìó ìèíèìóìó ñ ñóáëèíåéíîé ñêîðîñòüþ ïðè α < 2 è ñ
ëèíåéíîé ñêîðîñòüþ ïðè α = 2 [10]. Âîçìîæíî ýôôåêòèâíî ïðèìåíÿòü
øàã Àðìèõî [8].

Îáùàÿ ñèòóàöèÿ

Íåñòåðîâ è äð. äîêàçàëè [11], ÷òî åñëè â çàäà÷å (1) ñ âûïóêëîé è ëèïøè-
öåâî äèôôåðåíöèðóåìîé ôóíêöèåé f è âûïóêëûì êîìïàêòíûì ìíîæå-
ñòâîì Q âûïîëíåíî óñëîâèå êâàäðàòè÷íîãî ðîñòà

∃ν > 0 f(x)− f0 ≥ νϱ2(x,Ω0) ∀x ∈ Q, (9)

òî àëãîðèòì (2) ñ äîñòàòî÷íî ìàëûì ôèêñèðîâàííûì øàãîì t > 0 ñõî-
äèòñÿ ê ðåøåíèþ (1) ñ ëèíåéíîé ñêîðîñòüþ. Ïðî àëãîðèòì (3) äàâíî
èçâåñòíî [2], ÷òî äëÿ åãî ëèíåéíîé ñõîäèìîñòè äîñòàòî÷íî íåðàâåíñòâî
inf
x∈Q
∥f ′(x)∥ > 0 è óñëîâèå ñèëüíîé âûïóêëîñòè ìíîæåñòâà Q ñ ðàäèóñîì

R > 0, ò.å. Q =
⋂
x∈X

BR(x) åñòü ïåðåñå÷åíèå çàìêíóòûõ åâêëèäîâûõ øà-

ðîâ BR(x) äëÿ íåêîòîðîãî R > 0 è ïðîèçâîëüíîãî ìíîæåñòâà öåíòðîâ
øàðîâ X ⊂ Rn. Â ðàáîòå [12] áûëî îòìå÷åíî, ÷òî äëÿ ëèíåéíîé ñõîäè-
ìîñòè äîñòàòî÷íî, ÷òîáû óñëîâèå ñèëüíîé âûïóêëîñòè âûïîëíÿëîñü ëî-
êàëüíî, â òî÷êå-ðåøåíèè x0 ∈ Q ìíîæåñòâî Q äîëæíî èìåòü ëîêàëüíûé
ìîäóëü âûïóêëîñòè âòîðîãî ïîðÿäêà.

Êðîìå òîãî, èçâåñòíî, ÷òî åñëè â çàäà÷å (1) ôóíêöèÿ (ì.á. íåâûïóê-
ëàÿ) èìååò ëèïøèöåâ ãðàäèåíò ñ êîíñòàíòîé L1 > 0, ìíîæåñòâîQ ñèëüíî
âûïóêëî ñ ðàäèóñîì R > 0 è ∥f ′(x)∥ ≥ m > 0 ïðè âñåõ x ∈ Q, òî ïðè
óñëîâèè RL1

m < 1 àëãîðèòì (3) ñõîäèòñÿ ïðè âûáîðå xk+1 = zk. Ýòîò ðå-
çóëüòàò è íåêîòîðûå åãî óòî÷íåíèÿ ìîãóò áûòü íàéäåíû â [4]. Ìû òàêæå
ðåêîìåíäóåì íåäàâíèé îáçîð [13], ïîñâÿùåííûé ìåòîäó óñëîâíîãî ãðàäè-
åíòà.

Ïðè ïîïûòêå îòêàçà îò âûïóêëîñòè ìû âñòðå÷àåìñÿ ñ îïðåäåëåííûìè
òðóäíîñòÿìè. Òàê, óñëîâèå (9) íå ÿâëÿåòñÿ â îáùåì ñëó÷àå äîñòàòî÷íûì
äëÿ ñõîäèìîñòè àëãîðèòìà (2) â íåâûïóêëîì ñëó÷àå, ò.ê. ìîãóò ñóùå-
ñòâîâàòü ëîêàëüíûå ýêñòðåìóìû. Ïðî àëãîðèòì (3) àâòîðó íå èçâåñòíû
êàêèå-ëèáî óñëîâèÿ åãî ñõîäèìîñòè ñ íåâûïóêëûì ìíîæåñòâîì Q.

Äëÿ ðåøåíèÿ ðÿäà çàäà÷ âèäà (1) â âûïóêëîì è íåâûïóêëîì ñëó-
÷àå ìû ïëàíèðóåì îáñóäèòü îïîðíîå óñëîâèå ñèëüíîé âûïóêëîñòè äëÿ
êîìïàêòíîãî è â îáùåì ñëó÷àå íåâûïóêëîãî ìíîæåñòâà Q [14]. Îïîð-
íîå óñëîâèå äëÿ êîìïàêòíîãî ìíîæåñòâà Q îïðåäåëÿåòñÿ íàïðàâëåíèåì
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Ðèñ. 1: Áëèæàéøèå òî÷êè ìíîæåñòâ R(3) (ìíîæåñòâî ñïðàâà) èM (ìíî-
æåñòâî ñëåâà), ðàçíûé ðàêóðñ. Ðåøàåòñÿ çàäà÷à min

∥p∥=1
s(p,R(3)+ (−M)).

åäèíè÷íîãî âåêòîðà p ∈ Rn è ðàäèóñîì R è îçíà÷àåò, ÷òî

Q ⊂ BR(Q(p)−Rp), Q(p) = argmax
x∈Q

(p, x). (10)

Îêàçûâàåòñÿ, ÷òî ýòî óñëîâèå è íåêîòîðîå ñîîòíîøåíèå êîíñòàíò äîñòà-
òî÷íî äëÿ ñõîäèìîñòè ðÿäà àëãîðèòìîâ âèäà (2) è (3) ñ xk+1 = zk.

Ïðèâåä¼ì ïðèìåð, ñì. ðèñ. 1. Ðàññìîòðèì â R3 ìíîæåñòâî äîñòèæèìî-

ñòè R(t) =
t�
0

eAsU ds äëÿ t = 3, U = [−e3, e3]. Ìàòðèöà A èìååò âèä æîð-

äàíîâîé êëåòêè 3×3 ñ ñîáñòâåííûì çíà÷åíèåì λ = −1.3, àM åñòü ñóììà
Ìèíêîâñêîãî íåêîòîðûõ äâóõ ýëëèïñîèäîâ. Íèæå â òàáëèöå 1 ïðèâåäåíà
ñêîðîñòü ñõîäèìîñòè îïîðíîé ôóíêöèè f(p) = s(p,R(3)+(−M)) ê ìèíè-
ìóìó (ò.å. f(pk)−f0 ≤ Cqk) â àëãîðèòìå (2) ïðè Q = {p ∈ Rn : ∥p∥ = 1}
äëÿ ðàçíûõ øàãîâ t. Ïðè t > 0.4 àëãîðèòì ìîæåò ðàçîéòèñü.

Òàáëèöà 1: Ñêîðîñòü ëèíåéíîé ñõîäèìîñòè

Øàã t 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Ïîêàçàòåëü q 0.914 0.829 0.744 0.660 0.574 0.633 0.862
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ÓÄÊ 517.9

Ïðåäñòàâëÿþùèå ñèñòåìû èç
âîñïðîèçâîäÿùèõ ÿäåð â ïðîñòðàíñòâàõ

àíàëèòè÷åñêèõ ôóíêöèé 1
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Â ðàáîòå ýëåìåíòàðíûìè ìåòîäàìè ïîñòðîåíû ïðåäñòàâëÿþùèå ñèñòåìû èç âîñ-
ïðîèçâîäÿùèõ ÿäåð â ïðîñòðàíñòâå Hp, 1 ≤ p < ∞, â øàðå, ïîëèäèñêå è ïîëó-
ïëîñêîñòè.
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Representing systems of reproducing kernels
in spaces of analytic functions1
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We give an elementary construction of representing systems of the Cauchy kernels in
the Hardy spaces Hp, 1 ≤ p <∞, the ball, polydisc and half-plane.

Keywords: Hardy space, weighted Hardy space, reproducing kernel, representing
system.
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Ââåäåíèå

Ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ {xn}∞n=1 áåñêîíå÷íîìåðíîãî òîïîëîãè÷å-
ñêîãî âåêòîðíîãî ïðîñòðàíñòâà X íàä C íàçûâàåòñÿ ïðåäñòàâëÿþùåé
äëÿ X, åñëè äëÿ ëþáîãî ýëåìåíòà x ∈ X ñóùåñòâóåò òàêàÿ ïîñëåäî-
âàòåëüíîñòü êîìïëåêñíûõ ÷èñåë {cn}∞n=1, ÷òî

x =
∞∑
n=1

cnxn,

ãäå ðÿä ñõîäèòñÿ â òîïîëîãèè ïðîñòðàíñòâà X. Ïðåäñòàâëÿþùàÿ ñèñòåìà
â ëîêàëüíî-âûïóêëîì ïðîñòðàíñòâå X íàçûâàåòñÿ àáñîëþòíî ïðåäñòàâ-
ëÿþùåé, åñëè ëþáîé ýëåìåíò x ∈ X äîïóñêàåò òàêîå ïðåäñòàâëåíèå è

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Áàòåí¼â Ò. Ã., 2024
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ðÿä ñõîäèòñÿ àáñîëþòíî. Â îòëè÷èå îò õîðîøî èçâåñòíîãî ïîíÿòèÿ áàçè-
ñà Øàóäåðà, â ñëó÷àå ïðåäñòàâëÿþùèõ ñèñòåì íå òðåáóåòñÿ, ÷òîáû êî-
ýôôèöåíòû â ðàçëîæåíèè îïðåäåëÿëèñü åäèíñòâåííûì îáðàçîì.

Ñèñòåìàòè÷åñêè ïðåäñòàâëÿþùèå ñèñòåìû âïåðâûå èçó÷àëèñü â ðà-
áîòàõ À.Ô. Ëåîíòüåâà, ïîäûòîæåííûõ ìîíîãðàôèåé [1]. Ïðè ýòîì íàèáî-
ëåå ãëóáîêèå ðåçóëüòàòû áûëè ïîëó÷åíû äëÿ ëîêàëüíî-âûïóêëûõ ïðîñ-
òðàíñòâ èëè äëÿ íåêîòîðûõ ñïåöèàëüíûõ ñåìåéñòâ ôóíêöèé (íàïðèìåð,
ïðåäñòàâëÿþùèå ñèñòåìû èç ýêñïîíåíò â ðàçëè÷íûõ ïðîñòðàíñòâàõ Ôðå-
øå àíàëèòè÷åñêèõ ôóíêöèé, ñì. [2, 3]). Îäíàêî, îêàçàëîñü, ÷òî ïðåä-
ñòàâëÿþùèå ñèñòåìû èç âîñïðîèçâîäÿùèõ ÿäåð â êëàññè÷åñêèõ ïðîñòðàí-
ñòâàõ àíàëèòè÷åñêèõ ôóíêöèé íå èçó÷àëèñü äî íåäàâíåãî âðåìåíè.

Ôóíêöèîíàëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî H íà ìíîæåñòâå X íàçû-
âàåòñÿ ïðîñòðàíñòâîì ñ âîñïðîèçâîäÿùèì ÿäðîì, åñëè äëÿ ëþáîãî y ∈ X
ôóíêöèîíàë âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè â òî÷êå Gyf = f(y) íåïðå-
ðûâåí. Òîãäà ïî òåîðåìå Ðèññà f(y) = (f, ky) äëÿ íåêîòîðîãî ýëåìåíòà
ky ∈ H. Ôóíêöèÿ k(x, y) = ky(x) íàçûâàåòñÿ âîñïðîèçâîäÿùèì ÿäðîì
ïðîñòðàíñòâà H. Âîñïðîèçâîäÿùèå ÿäðà ÷àñòî îêàçûâàþòñÿ ñîáñòâåí-
íûìè ôóíêöèÿìè ðàçëè÷íûõ îïåðàòîðîâ, íàïðèìåð, äèôôåðåíöèàëüíûõ
èëè îïåðàòîðîâ Ò¼ïëèöà.

Â ðàáîòå [4] Ý. Ôðèêåíà, Ë. Õ. Êõîÿ è Ï. Ëåôåâðà çàäàëè ñëåäóþùèé
âîïðîñ. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî ñ âîñïðîèçâîäÿùèì ÿäðîì
íà ìíîæåñòâå X è kHx åãî âîñïðîèçâîäÿùåå ÿäðî â òî÷êå x ∈ X. Êàê
îõàðàêòåðèçîâàòü ïîñëåäîâàòåëüíîñòü {xn}n≥1 ⊂ X òàêóþ, ÷òî {kxn

}n≥1
åñòü ïðåäñòàâëÿþùàÿ ñèñòåìà (àáñîëþòíî ïðåäñòàâëÿþùàÿ ñèñòåìà) äëÿ
çàìûêàíèÿ ñâîåé ëèíåéíîé îáîëî÷êè?

Â òîé æå ðàáîòå [4] Ý. Ôðèêåí, Ë. Õ. Êõîé è Ï. Ëåôåâð ïîêàçàëè, ÷òî
âî ìíîãèõ êëàññè÷åñêèõ ïðîñòðàíñòâàõ àíàëèòè÷åñêèõ ôóíêöèé â êðóãå,
òàêèõ êàê ïðîñòðàíñòâà Õàðäè, Äèðèõëå, Áåðãìàíà, íåêîòîðûå ïðîñò-
ðàíñòâà äå Áðàíæà-Ðîâíÿêà, íå ñóùåñòâóåò àáñîëþòíî ïðåäñòàâëÿþùèõ
ñèñòåì èç âîñïðîèçâîäÿùèõ ÿäåð. Âîïðîñ æå î ñóùåñòâîâàíèè ïðåäñòàâ-
ëÿþùèõ ñèñòåì äëÿ H2(D) îñòàâàëñÿ îòêðûòûì.

Ïîëîæèòåëüíûé îòâåò íà ýòîò âîïðîñ áûë äàí Ê.Ñ. Ñïåðàíñêèì è
Ï.À. Òåð¼õèíûì â ðàáîòàõ [5, 6]. Èõ ìåòîä îñíîâàí íà îáîáù¼ííîì ïîíÿ-
òèè ôðåéìà â áàíàõîâîì ïðîñòðàíñòâå (ñì. [7]).

Â ðàáîòå À.Ä. Áàðàíîâà è Ò.Ã. Áàòåí¼âà [8] áûëà îïèñàíà ýëåìåíòàð-
íàÿ êîíñòðóêöèÿ ïðåäñòàâëÿþùèõ ñèñòåì èç ÿäåð Êîøè äëÿ ïðîñòðàíñòâ
Hp(D) ïðè p ∈ [1,∞), à òàêæå ïðåäñòàâëÿþùèõ ñèñòåì èç âîñïðîèçâî-
äÿùèõ ÿäåð â âåñîâûõ ïðîñòðàíñòâàõ Õàðäè.

Â äàííîé ðàáîòå àíàëîãè÷íûå ðåóçëüòàòû ïîëó÷åíû äëÿ ïðîñòðàí-
ñòâà Õàðäè â ïîëóïëîñêîñòè, à òàêæå äëÿ ïðîñòðàíñòâ â ïîëèäèñêå è
ìíîãîìåðíîì øàðå.
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Òåîðåìà 1. Ïóñòü Kλ(z) � âîñïðîèçâîäÿùåå ÿäðî ïðîñòðàíñòâà
Õàðäè H2(C+) â âåðõíåé ïîëóïëîñêîñòè, hk > 0, hk → 0, Rk → ∞, dk ∈
N, dkhk ≥ 2MRk,M > (1 +

√
5)/2,

Ek,j =

[
−Rk + j

2Rk

dk
,−Rk + (j + 1)

2Rk

dk

]
, j = 0, ..., dk − 1,

tk,j ∈ Ek,j, λk,j = tk,j + ihk. Òîãäà ñèñòåìà {Kλk,j
(z)}k,j ÿâëÿåòñÿ ïðåä-

ñòàâëÿþùåé äëÿ Hp(C+) ïðè ëþáîì p ∈ (1,∞).

Òåîðåìà 2. Ïóñòü Kλ(z) � âîñïðîèçâîäÿùåå ÿäðî ïðîñòðàíñò-
âà Õàðäè H2(BN) â åäèíè÷íîì øàðå, rk → 1, Ek,j � äèçúþíêòíûå
(ïî j) èçìåðèìûå ïîäìíîæåñòâà åäèíè÷íîé ñôåðû SN â CN , j =

1, ..., nk, diam Ek,j ≤ dk, (1 − rk)
Nd−1k ≥ M, M > N/2,

nk⋃
j=1

Ek,j = SN

äëÿ ëþáîãî k, è ïóñòü Λ = {λk,j = rkζk,j : ζk,j ∈ Ek,j}. Òîãäà {Kλ}λ∈Λ
ÿâëÿåòñÿ ïðåäñòàâëÿþùåé ñèñòåìîé äëÿ Hp(BN) ïðè ëþáîì p ∈ (1,∞).

Òåîðåìà 3. Ïóñòü Kλ(z) � âîñïðîèçâîäÿùåå ÿäðî ïðîñòðàíñòâà
Õàðäè H2(DN) â ïîëèäèñêå, rk → 1, Ek,j � äèçúþíêòíûå (ïî j) èçìåðè-
ìûå ïîäìíîæåñòâà TN , j = 1, ..., nk, diam Ek,j ≤ dk, (1 − rk)

Nd−1k ≥

M, M > N/2N ,
nk⋃
j=1

Ek,j = TN äëÿ ëþáîãî k, è ïóñòü Λ = {λk,j = rkζ
k,j :

ζk,j ∈ Ek,j}. Òîãäà {Kλ}λ∈Λ ÿâëÿåòñÿ ïðåäñòàâëÿþùåé ñèñòåìîé äëÿ
Hp(TN) ïðè ëþáîì p ∈ (1,∞).
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ÓÄÊ 517.5

Îá îïðåäåëåíèè îáîáùåííîé âàðèàöèè
ôóíêöèè ÷åðåç äâóìåðíûå êîëåáàíèÿ1

À. Í. Áàõâàëîâ (Ìîñêâà, Ðîññèÿ)
an-bakh@yandex.ru

Ïîêàçàíî, ÷òî äëÿ íåêîòîðûõ äâóìåðíûõ êëàññîâ Âàòåðìàíà â îïðåäåëåíèèè
êëàññà íåëüçÿ çàìåíèòü ñìåøàííîå ïðèðàùåíèå äâóìåðíûì êîëåáàíèåì, ò.å. òî÷-
íîé âåðõíåé ãðàíüþ ñìåøàííûõ ïðèðàùåíèé ïî âëîæåííûì ïðÿìîóãîëüíèêàì.

Êëþ÷åâûå ñëîâà: îáîáùåííàÿ âàðèàöèÿ, êëàññû Âàòåðìàíà, äâóìåðíûå êîëåáà-
íèÿ..

On the de�nition of the generalized variation
of a function by means of two-dimensional

oscillations1
A. N. Bakhvalov (Moscow, Russia)

an-bakh@yandex.ru
It is proved that for certain two-dimensional Waterman classes, the di�erence in the
de�nition of the calss cannot be replaced by the two-dimensional oscillation, i.e. by
the supremum of the di�erences over the subrectangles.

Keywords: generalized variation, Waterman classes, two-dimensional oscillations.

Õîðîøî èçâåñòíî ñëåäóþùèé ïðîñòîé ôàêò: ïðè îïðåäåëåíèè âàðèà-
öèè ôóíêöèè íà îòðåçêå âìåñòî ñóïðåìóìà îáû÷íûõ âàðèàöèîííûõ ñóìì

VT (f) =
n∑

k=1

|f(xk)− f(xk−1)|, ãäå T = {a = x0 < x1 · · · < xn = b}, ìîæíî

ðàññìàòðèâàòü ñóïðåìóì âåëè÷èí V o
T (f) =

n∑
k=1

osc(f, [xk−1, xk]), ãäå äëÿ

ìíîæåñòâà I ïîëîæåíî osc(f, I) = supx,y∈I |f(x)− f(y)|.
Ýòîò ôàêò ëåãêî ïåðåíîñèòñÿ íà ñëó÷àé ðàçëè÷íûõ êëàññîâ îáîáùåí-

íîé îãðàíè÷åííîé âàðèàöèè íà îòðåçêå, íàïðèìåð, äëÿ îïðåäåëåííûõ
íèæå êëàññîâ ôóíêöèé îãðàíè÷åííîé Λ-âàðèàöèè îí èñïîëüçîâàëñÿ êàê
î÷åâèäíûé óæå â ðàáîòå Âàòåðìàíà [1].

Äëÿ ôóíêöèé äâóõ ïåðåìåííûõ, èìåþùèõ îãðàíè÷åííóþ âàðèàöèþ
íà ïðÿìîóãîëüíèêå â ñìûñëå Õàðäè, àíàëîãè÷íîå óòâåðæäåíèå áûëî èñ-
ïîëüçîâàíî (áåç ïîäðîáíîãî äîêàçàòåëüñòâà) â ðàáîòå Ìîðèöà [2].

Â äàííîé çàìåòêå ìû ïîêàæåì, ÷òî äëÿ äâóìåðíûõ êëàññîâ îãðàíè-
÷åííîé Λ-âàðèàöèè àíàëîãè÷íîå óòâåðæäåíèå, âîîáùå ãîâîðÿ, íå âûïîë-
íÿåòñÿ.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Äëÿ ïðîìåæóòêà ∆ íà ïðÿìîé ÷åðåç Ω(∆) îáîçíà÷èì ìíîæåñòâî âñåõ
êîíå÷íûõ ñèñòåì ïîïàðíî íåïåðåñåêàþùèõñÿ èíòåðâàëîâ {In}Nn=1, òàêèõ,
÷òî In ⊂ ∆.

Íàçîâ¼ì ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë Λ = {λn}∞n=1 äî-

ïóñòèìîé, åñëè îíà íå óáûâàåò, ñòðåìèòñÿ ê áåñêîíå÷íîñòè è
∞∑
n=1

1
λn

=∞.

Äëÿ èíòåðâàëîâ In = (an, bn) è Jk = (αk, βk) ïîëîæèì f(In, y0) =
f(bn, y0) − f(an, y0) è f(In × Jk) = f(In, βk) − f(In, αk). Ñëåäóÿ [2], ðàñ-
ñìîòðèì òàêæå äâóìåðíûå êîëåáàíèÿ

osc2(f, In × Jk) = sup
x,x′∈In, y,y′∈Jk

|f(x, y)− f(x, y′)− f(x′, y) + f(x′, y′)|.

Îïðåäåëåíèå (Âàòåðìàí [3]). Ïóñòü Λ � äîïóñòèìàÿ. Ôóíêöèÿ
f(x) èìååò îãðàíè÷åííóþ Λ-âàðèàöèþ íà ïðîìåæóòêå I, åñëè

VΛ(f ; I) = sup
{In}∈Ω(I)

∑
n

|f(In)|
λn

<∞.

Äëÿ ôóíêöèè äâóõ ïåðåìåííûõ âîçüìåì äâå äîïóñòèìûå ïîñëåäîâà-
òåëüíîñòè Λ èM . Áóäåì îáîçíà÷àòü ÷åðåç V 1

Λ (f(x, y0); I) è V
2
M(f(x0, y); I)

åå Λ-âàðèàöèþ èM -âàðèàöèþ êàê ôóíêöèè x ïðè ôèêñèðîâàííîì y = y0
è îò y ïðè x = x0 ñîîòâåòñòâåííî. Äâóìåðíîé êîìïîíåíòîé âàðèàöèè áó-
äåì íàçûâàòü

V 1,2
Λ,M(f ; I × J) = sup

{In}∈Ω(I)
{Jk}∈Ω(J)

∑
n,k

|f(In × Jk)|
λnµk

.

Îïðåäåëåíèå (Ñààêÿí [4], Ñàáëèí [5]). Ôóíêöèÿ f èìååò îãðàíè-
÷åííóþ (Λ,M)-âàðèàöèþ íà ïðÿìîóãîëüíèêå D = I × J (îáîçíà÷àåì
f ∈ (Λ,M)BV (D)), åñëè êîíå÷íà åå ïîëíàÿ (Λ,M)-âàðèàöèÿ

VΛ,M(f ;D) = V 1,2
Λ,M(f ;D) + sup

y0∈J
V 1
Λ (f(x, y0); I) + sup

x0∈I
V 2
M(f(x0, y); J).

Â îñíîâå ïðèìåðà, êîòîðûé ìû ñòðîèì, ëåæèò ñëåäóþùàÿ ëåììà,
èäåÿ è ÷àñòíûå ñëó÷àè êîòîðîé ïðèíàäëåæàò Ñààêÿíó [4, ôîðìóëà (6)]
è Äüÿ÷åíêî [6, Òåîðåìà 1].

Ëåììà. Ïóñòü N ôèêñèðîâàíî, à ìíîæåñòâî E ⊂ [0, 1]2 òàêîâî,
÷òî ëþáîå åãî ñå÷åíèå âåðòèêàëüíîé èëè ãîðèçîíòàëüíîé ïðÿìîé ñî-
ñòîèò èç íå áîëåå ÷åì N îòðåçêîâ (âîçìîæíî, íåêîòîðûå èëè âñå îò-
ðåçêè âûðîæäàþòñÿ â òî÷êè). Ïóñòü äîïóñòèìûå Λ è M òàêîâû, ÷òî

∞∑
k=1

1

λkµk
<∞. (1)
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Òîãäà χE(x, y) ∈ (Λ,M)BV ([0, 1]2).

Äîêàçàòåëüñòâî. Ïóñòü f(x, y) = χE(x, y). Ðàññìîòðèì ïðîèçâîëüíûé
ôèêñèðîâàííûé èíòåðâàë I = (a, b). Ïîñêîëüêó äëÿ ëþáîãî J ïîëîæåíî
f(I × J) = f(b, J) − f(a, J), òî f(I × J) ìîæåò áûòü îòëè÷íî îò íóëÿ
ëèøü òîãäà, êîãäà ëèáî f(b, J) ̸= 0, ëèáî f(a, J) ̸= 0. Íî åñëè âçÿòà
ñèñòåìà {Jj}pj=1 ∈ Ω([0, 1]), òî äëÿ ôèêñèðîâàííîé òî÷êè x ñðåäè âåëè÷èí
|f(x, Jj)| åñòü íå áîëåå 2N åäèíèö, à îñòàëüíûå ðàâíû íóëþ. Îòñþäà
ñëåäóåò , ÷òî ñðåäè |f(I × Jj)| åñòü íå áîëåå 4N íåíóëåâûõ, ïî ìîäóëþ
íå ïðåâîñõîäÿùèõ äâîéêè. Òåì ñàìûì àâòîìàòè÷åñêè ïîëó÷àåì îöåíêó

V y
M(f, [0, 1]) ≤ 2

2N∑
k=1

1

µk
.

Âàðèàöèÿ ïî x îöåíèâàåòñÿ àíàëîãè÷íî.
Ðàññìîòðèì òåïåðü åùå è ñèñòåìó {Ik}pk=1 ∈ Ω([0, 1]). Äëÿ êàæäîãî

k ïîëîæèì j(k) = min{j : f(Ik × Jj) ̸= 0}. Åñëè æå òàêèõ j íåò, òî
âîçüìåì j(k) = p+ k. Òîãäà

S =
∑
k,j

|f(Ik × Jj)|
λkµj

≤ 8N
∑
k

1

λkµj(k)
.

Ïî ïîñòðîåíèþ âñå çíà÷åíèÿ j = j(k) > p ïðèíèìàþòñÿ òîëüêî îäèí ðàç.
Åñëè æå j = j(k) ≤ p, òî f(Ik × Jj) ̸= 0. Ïîýòîìó, êàê è â ðàññóæäåíèÿõ
âûøå, äëÿ ôèêñèðîâàííîãî j0 ìîæåò íàéòèñü íå áîëåå 4N øòóê òàêèõ k,
÷òî j(k) = j0. Ïîëîæèì j′(k) = j(k) äëÿ òîãî èç íèõ, ãäå ïðîèçâåäåíèå
λkµj(k) íàèìåíüøåå, à äëÿ îñòàëüíûõ îïðåäåëèì j′(k) ïðîèçâîëüíî, íî
òàê, ÷òîáû âñå çíà÷åíèÿ j′(k) áûëè ðàçëè÷íû. Òîãäà S ≤ 32N 2

∑
k

1
λkµj′(k)

.

Íî åñëè A ≥ a è B ≥ b, òî AB + ab ≥ Ab + aB. Ïîýòîìó â ñèëó ìîíî-
òîííîñòè ïîñëåäîâàòåëüíîñòåé Λ è M ïîëó÷àåì, ÷òî S ≤ 32N 2

∑
k

1
λkµk

.

Òîãäà â ñèëó (1) èìååì

V 1,2
Λ,M(f, [0, 1]2) ≤ 32N 2

∑
k

1

λkµk
.

Ëåììà äîêàçàíà.

Â êà÷åñòâå êëàññà, óäîâëåòâîðÿþùåãî óñëîâèþ (1), ìîæíî âçÿòü, íà-
ïðèìåð, êëàññ ôóíêöèé ({na}, {nb})BV ([0, 1]2) ïðè a+ b > 1.

Òåîðåìà. Ïóñòü äîïóñòèìûå ïîñëåäîâàòåëüíîñòè Λ è M óäîâëå-
òâîðÿþò óñëîâèþ (1). Òîãäà ñóùåñòâóåò èçìåðèìàÿ ôóíêöèÿ f èç
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êëàññà (Λ,M)BV ([0, 1]2), äëÿ êîòîðîé

sup
{In}∈Ω([0,1]), {Jk}∈Ω([0,1])

∑
n,k

osc2(f, In × Jk)|
λnµk

= +∞, (2)

è, òåì áîëåå,

sup
{In}∈Ω([0,1]) {Jk}∈Ω([0,1])

∑
n,k

osc2(f, In × Jk)|
λnµk

= +∞.

Äîêàçàòåëüñòâî. Êàê ïîêàçàíî, íàïðèìåð, â [7, ãë. 10, ï. 20], ñóùåñòâó-
åò âñþäó ïëîòíîå íà [0, 1]2 èçìåðèìîå ìíîæåñòâî E, êîòîðîå ïåðåñå-
êàåòñÿ ñ êàæäîé âåðòèêàëüíîé è ãîðèçîíòàëüíîé ïðÿìîé íå áîëåå ÷åì
ïî îäíîé òî÷êå. Âîçüì¼ì f = χE. Ïî ëåììå îíà ïðèíàäëåæèò êëàññó
(Λ,M)BV ([0, 1]2). Â òîæå âðåìÿ, äëÿ ëþáîé ïàðû íåâûðîæäåííûõ èí-
òåðâàëîâ (I, J) â ñèëó ïëîòíîñòè ìíîæåñòâà E íàéäóòñÿ äâå ðàçëè÷íûõ
òî÷êè (x, y) è (x′, y′), ëåæàùèå â (I×J)∩E. Ïî ñâîéñòâàì ìíîæåñòâà E
òîãäà x ̸= x′, y ̸= y′, (x′, y) /∈ E è (x, y′) /∈ E. Îòñþäà ïîëó÷àåì ðàâåíñòâî

f(x, y)− f(x, y′)− f(x′, y) + f(x′, y′) = 2,

÷òî àâòîìàòè÷åñêè âëå÷¼ò îöåíêó osc2(f, I × J) ≥ 2. (Èç ñâîéñòâ ìíîæå-
ñòâà E ëåãêî óâèäåòü, ÷òî çäåñü èìååò ìåñòî ðàâåíñòâî, íî ýòî è íå íóæíî
äëÿ äîêàçàòåëüñòâà.) Òåì ñàìûì äëÿ ëþáûõ ñèñòåì {In}Nn=1 ∈ Ω([0, 1]) è
{Jk}Kk=1 ∈ Ω([0, 1]) ïîëó÷àåì íåðàâåíñòâî

∑
n,k

osc2(f, In × Jk)|
λnµk

≥ 2
N∑
n=1

1

λn
·

K∑
k=1

1

µk
,

à ïðè óâåëè÷åíèè N è K ïðèõîäèì ê (2). Òåîðåìà äîêàçàíà.
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Î ñå÷åíèÿõ ñîëíö â òð¼õìåðíûõ
öèëèíäðè÷åñêèõ ïðîñòðàíñòâàõ1

Á. Á. Áåäíîâ (Ìîñêâà, Ðîññèÿ)
bednov_b_b@sta�.sechenov.ru

Cå÷åíèå ñîëíöà ïëîñêîñòüþ óðîâíÿ êðàéíåãî ôóíêöèîíàëà â òð¼õìåðíîì öèëèí-
äðè÷åñêîì ïðîñòðàíñòâå îñòà¼òñÿ ñîëíöåì â ñîîòâåòñòâóþùåé íîðìå.

Êëþ÷åâûå ñëîâà: ñîëíöå, ñå÷åíèå, öèëèíäð.

On cross sections of suns in three-dimensional
cylindrical spaces1

B. B. Bednov (Moscow, Russia)
bednov_b_b@sta�.sechenov.ru

The cross section of the sun by the level plane of the extreme functional in a three-
dimensional cylindrical space stays the sun in the corresponding norm.

Keywords: sun, cross section, cylinder.

Ðàññòîÿíèåì îò ýëåìåíòà x áàíàõîâà ïðîñòðàíñòâà X = (X, ∥ · ∥)
äî íåïóñòîãî ìíîæåñòâà M ⊂ X, íàçûâàåòñÿ âåëè÷èíà ρ(x,M) :=
inf
y∈M
∥x − y∥. Ìíîæåñòâî âñåõ áëèæàéøèõ òî÷åê (ýëåìåíòîâ íàèëó÷øå-

ãî ïðèáëèæåíèÿ) èç ìíîæåñòâà M äëÿ çàäàííîãî x ∈ X îáîçíà÷àåòñÿ
PM(x) = {y ∈M | ρ(x,M) = ∥x− y∥}.

Äëÿ íåïóñòîãî ïîäìíîæåñòâà M ⊂ X òî÷êà x ∈ X \M íàçûâàåòñÿ
òî÷êîé ñîëíå÷íîñòè, åñëè ñóùåñòâóåò òàêàÿ òî÷êà y ∈ PM(x) (òî÷êà
ñâåòèìîñòè), ÷òî y ∈ PM

(
(1 − λ)y + λx

)
äëÿ âñåõ λ ≥ 0, òî åñòü äëÿ

êàæäîé òî÷êè íà ëó÷å, âûõîäÿùåì èç y ê x, òî÷êà y ÿâëÿåòñÿ áëèæàéøåé
â M . Ìíîæåñòâî M ⊂ X íàçûâàåòñÿ ñîëíöåì [1], åñëè êàæäàÿ òî÷êà
x ∈ X \M ÿâëÿåòñÿ òî÷êîé ñîëíå÷íîñòè äëÿ M .

Òð¼õìåðíîå ïðîñòðàíñòâîX íàçûâàåòñÿ öèëèíäðè÷åñêèì, åñëè ñôåðà
S ïðîñòðàíñòâà X åñòü öèëèíäð, òî åñòü X = Y ⊕∞R è ∥(x1, x2, x3)∥X =
max{∥(x1, x2)∥Y , |x3|}.

Äàëåå X � òð¼õìåðíîå öèëèíäðè÷åñêîå ïðîñòðàíñòâî. Ïóñòü H �
êðàéíèé åäèíè÷íûé ôóíêöèîíàë èç X∗, KerH � ÿäðî ôóíêöèîíàëà
H. Ìíîæåñòâî KerH + ζ åñòü ïëîñêîñòü (äâóìåðíîå àôôèííîå ïîä-
ïðîñòðàíñòâî òð¼õìåðíîãî ïðîñòðàíñòâà X), ïàðàëëåëüíàÿ KerH. Íà

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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òàêîì àôôèííîì ïîäïðîñòðàíñòâå ðàññìàòðèâàåòñÿ íîðìà, èíäóöèðî-
âàííàÿ íîðìîé ïðîñòðàíñòâà X íà KerH: â êà÷åñòâå íà÷àëà êîîðäè-
íàò ïëîñêîñòè KerH + ζ ìîæíî âûáðàòü ëþáóþ òî÷êó θ èç KerH + ζ,
à åäèíè÷íûé øàð BH ïðîñòðàíñòâà KerH + ζ îïðåäåëÿåòñÿ ïåðåñå÷å-
íèåì (S(X) ∩ KerH) + θ. Òàêèì îáðàçîì, BH � ïðÿìîóãîëüíèê, åñëè
H ̸= (0, 0, 1). Ïðè H = (0, 0, 1) âåðíî ðàâåíñòâî SH = S(Y ).

Èññëåäîâàíèþ ñîëíö â òð¼õìåðíûõ öèëèíäðè÷åñêèõ ïðîñòðàíñòâàõ
óæå ïîñâÿùåíû íåñêîëüêî ðàáîò (íà÷àëî ïîëîæåíî â [2]), è åñòü åù¼
íåñêîëüêî íåðåø¼ííûõ âîïðîñîâ, íà îäèí èç êîòîðûõ îòâå÷àåò ñëåäóþ-
ùàÿ

Òåîðåìà. Ïóñòü M � ñîëíöå â òð¼õìåðíîì öèëèíäðè÷åñêîì ïðî-
ñòðàíñòâå X, H � êðàéíèé ôóíêöèîíàë èç X∗. Òîãäà M ∩ (KerH + x)
ëèáî ïóñòî, ëèáî ñîëíöå â ïðîñòðàíñòâå KerH + x.
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Ðåøåíèå ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà
Ëàïëàñà â îáëàñòÿõ ñî âõîäÿùèì óãëîì1
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Äîêëàä ïîñâÿùåí ýôôåêòèâíîìó âû÷èñëåíèþ ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ
ôóíêöèé îïåðàòîðà Ëàïëàñà â îáëàñòÿõ g, ñî ñìåøàííûì îäíîðîäíûì óñëîâèåì
Äèðèõëå � Íåéìàíà íà ãðàíèöå ∂g, êîòîðàÿ ñîäåðæèò âõîäÿùèé óãîë ðàñòâîðà
πβ, β ∈ (1, 2). Èñêîìûå ñîáñòâåííûå ôóíêöèè {Um} ïðåäñòàâëåíû â âèäå ïðå-
äåëîâ ëèíåéíûõ êîìáèíàöèé àïïðîêñèìàòèâíûõ ôóíêöèé èç íàáîðà {ωm}, ãäå
êàæäàÿ ôóíêöèÿ ωm òîæäåñòâåííî óäîâëåòâîðÿåò óðàâíåíèþ ∆ωm + λωm = 0 ñ
ïàðàìåòðîì λ > 0 â îáëàñòè g è êðàåâîìó óñëîâèþ íà ÷àñòè åå ãðàíèöû. Ñîáñòâåí-
íûå ÷èñëà íàéäåíû ïóòåì ðåøåíèÿ ñïåöèàëüíûõ òðàíñöåíäåíòíûõ óðàâíåíèé.
Ïðåäñòàâëåíû ðåçóëüòàòû ðåøåíèÿ óêàçàííîé ñïåêòðàëüíîé çàäà÷è íà ïðèìåðå
íåñèììåòðè÷íîé L�îáðàçíîé îáëàñòè.

Êëþ÷åâûå ñëîâà: Ñïåêòðàëüíûå çàäà÷è, L�îáðàçíàÿ îáëàñòü, ãëîáàëüíûå àïïðîê-
ñèìàòèâíûå ñèñòåìû ôóíêöèé.

Solution of the spectral problem for the
Laplace operator in a domain with reentrant

corner1
S. I. Bezrodnykh, A. A. Ivannikova

(Moscow, Russia, FRC CSC of the RAS)
sbezrodnykh@mail.ru, aivannikova94@gmail.com

The talk considers the issue of e�ective calculation of eigenvalues and eigenfunctions of
the Laplace operator in domains g with mixed uniform Dirichlet � Neumann condition
on its boundary ∂g, which contains a reentrant corner πβ, β ∈ (1, 2). The desired
eigenfunctions {Um} are represented as limits of linear combinations of approximative
functions {ωm}, where each function ωm satis�es the equation ∆ωm + λωm = 0 with
the parameter λ > 0 in the domain g and satis�es to the uniform boundary condition
on a part of its boundary. The eigenvalues are found by solving special transcendental
equations. We present results of solving the spectral problem using the example of a
non�symmetric L-shaped domain.

Keywords: Spectral problems, L�shaped domains, global approximative systems of
fuctions.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñïåêòðàëüíàÿ çàäà÷à:

∆U(x) + λU(x) = 0, x ∈ g, (1)

U(x) = 0, x ∈ C ∪ D, ∂νU(x) = 0, x ∈ N , (2)

â ïëîñêîé êîíå÷íîé îäíîñâÿçíîé îáëàñòè g ñ êóñî÷íî�ãëàäêîé ãðàíèöåé
∂g áåç òî÷åê âíåøíåãî è âíóòðåííåãî çàîñòðåíèÿ; ïîëÿðíûå êîîðäèíàòû

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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íà ïëîñêîñòè ïåðåìåííîãî x = (x1, x2) îáîçíà÷àåì (r, φ). Äóãà C, ÿâëÿþ-
ùàÿñÿ ÷àñòüþ óãëà ðàñòâîðà πβ, β ∈ (1, 2), îïðåäåëÿåòñÿ ïî ôîðìóëå

C := C− ∪ C+, C± :=
{
r ∈ [0, r±], φ = ±πβ/2

}
, r± > 0.

Ïðåäïîëàãàåì, ÷òî D = ∪sDs è N = ∪jNj, òàê ÷òî êðèâàÿ D ∪ N
ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà ïîñëåäîâàòåëüíî ñîåäèíåííûõ
çâåíüåâ Ds, Nj; ñèìâîë ∂ν îçíà÷àåò ïðîèçâîäíóþ ïî âíåøíåé íîðìàëè â
òî÷êàõ ãëàäêîñòè N ⊂ ∂g.

Ïðåäñòàâëåííîå â äîêëàäå ðåøåíèå ñïåêòðàëüíîé çàäà÷è (1), (2) ïî-
ñòðîåíî ñ ïîìîùüþ ðàçâèòèÿ ðåçóëüòàòîâ ðàáîò [1]� [4]. Äëÿ ïîñòðîåíèÿ
ñîáñòâåííûõ ôóíêöèé Um = Um(x, λm) áóäåì èñïîëüçîâàòü àïïðîêñè-
ìàòèâíóþ ñèñòåìó ôóíêöèé

{
ωm(x, λ)

}
m∈N, îïðåäåëÿåìûõ â ïîëÿðíûõ

êîîäèíàòàõ (r, φ) ïî ñëåäóþùèì ôîðìóëàì:

ωm(x, λ) = Jm/β

(
λ1/2r

)
sin
(
m
(φ
β
+
π

2

))
, m = 1, 2, . . . , (3)

ãäå Js(ρ) � ôóíêöèè Áåññåëÿ ïîðÿäêà s, ñì. [5]. Íåòðóäíî óáåäèòüñÿ â
òîì, ÷òî ôóíêöèè ωm(x, λ), m ∈ N, òîæäåñòâåííî óäîâëåòâîðÿþò óðàâ-
íåíèþ (1) â áåñêîíå÷íîé óãëîâîé îáëàñòè g0 := {(r, φ) : r ∈ (0,∞), φ ∈
(−πβ/2, πβ/2)} è îäíîðîäíîìó óñëîâèþ Äèðèõëå (2) íà åå ãðàíèöå ∂g0:

∆ωm(x, λ) + λωm(x, λ) = 0, x ∈ g0,
ωm(x, λ) = 0, x ∈ ∂g0.

(4)

Äëÿ íóìåðàöèè ðåøåíèé {Um(x), λm} ñïåêòðàëüíîé çàäà÷è (1), (2) äà-
ëåå ìû èñïîëüçóåì ïàðó èíäåêñîâ: {Uk,n(x), λk,n}, k, n ∈ N. Áóäåì èñêàòü
Uk,n(x) â âèäå ïðåäåëà

Uk,n(x) = lim
M→∞

Uk,n(M ;x), (5)

ãäå ïðèáëèæåííûå ñîáñòâåííûå ôóíêöèè Uk,n(M ;x) èìåþò âèä ëèíåéíûõ
êîìáèíàöèé

Uk,n(M ;x) :=
∑M

s=1
as,k(M)ωs+k−1(x, λk,n(M)); (6)

ôèãóðèðóþùèå çäåñü ôóíêöèè ωm(x, λ) îïðåäåëåíû ïî ôîðìóëå (3), à êî-
ýôôèöèåíòû as,k(M) è ïðèáëèæåííûå ñîáñòâåííûå ÷èñëà λk,n = λk,n(M),
n = 1, 2, . . . , ïîäëåæàò íàõîæäåíèþ. Ó÷èòûâàÿ (4), íåòðóäíî óâèäåòü,
÷òî ëèíåéíûå êîìáèíàöèè (6) òîæäåñòâåííî óäîâëåòâîðÿþò óðàâíåíèþ
(3) â îáëàñòè g è îäíîðîäíîìó óñëîâèþ Äèðèõëå íà C ïðè ëþáûõ çíà-
÷åíèÿõ êîýôôèöèåíòîâ as,k(M). Òàêèì îáðàçîì, äëÿ ïîñòðîåíèÿ ïðè-
áëèæåííîé ñîáñòâåííîé ôóíêöèè Uk,n(M ;x) íåîáõîäèìî òàê ïîäîáðàòü
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êîýôôèöèåíòû as,k(M) è çíà÷åíèÿ λk,n(M), ÷òîáû ïðè M → ∞ ïîñëå-
äîâàòåëüíîñòü ôóíêöèé {Uk,n(M ;x)} ñòðåìèëàñü ê íóëþ íà D, à ïîñëå-
äîâàòåëüíîñòü {∂νUk,n(M ;x)} ñòðåìèëàñü ê íóëþ íà N .

Äëÿ ïîñòðîåíèÿ âû÷èñëèòåëüíîãî àëãîðèòìà ìû âûïîëíÿåì óêàçàí-
íîå òðåáîâàíèå â ïðîåêöèîííîì ñìûñëå â L2(D ∪N ). Îïðåäåëèì TU(x)
òàê, ÷òî TU(x) = U(x), x ∈ D, è TU(x) = ∂νU(x), x ∈ N . Ïðîåêòèðóÿ
TUn,k(x), ãäå Un,k îïðåäåëåíû â (6), íà ñïåöèàëüíî âûáðàííóþ ñèñòåìó
ôóíêöèé {hj,k(x)}, j = 1,M , ïðèõîäèì ê ñëåäóþùåé ñèñòåìå èçM óðàâ-
íåíèé äëÿ êîýôôèöèåíòîâ as,k(M), s = 1,M :

PM,k(λ)qk = 0, (7)

ãäå qk := (a1,k, . . . , aM,k) � èñêîìûé âåêòîð; PM,k(λ) � ìàòðèöà ðàçìåðà
M ×M , ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ ïðîåêöèè ωs+k−1(x, λ) íà ïðèìå-
íÿåìóþ ñèñòåìó ôóíêöèé {hj,k(x)}, j = 1,M ; ïðèìåðû âûáîðà òàêèõ
ñèñòåì ñì. â [4].

Ñèñòåìà (7) îäíîðîäíà, ïîýòîìó äëÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíî-
ãî ðåøåíèÿ qk ïîòðåáóåì, ÷òîáû äåòåðìèíàíò ìàòðèöû PM,k îáðàòèëñÿ
â íóëü. Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùåå òðàíñöåíòåíòîå óðàâíåíèå
îòíîñèòåëüíî λ:

det PM,k(λ) = 0, (8)

ðåøåíèÿìè êîòîðîãî ÿâëÿþòñÿ ïðèáëèæåííûå ñîáñòâåííûå ÷èñëà
λk,n(M). Ïîñëå íàõîæäåíèÿ êîðíÿ λk,n(M) ñ íîìåðîì n óðàâíåíèÿ (8)
ïîäñòàâèì åãî âìåñòî λ â ñèñòåìó (7), âû÷åðêíåì èç íåå ïîñëåäíåå óðàâ-
íåíèå è ïîëîæèì a1,k(M) = 1. Ðåøàÿ ïîñòðîåííóþ òàêèì ñïîñîáîì ñè-
ñòåìó ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî (a2,k, . . . , aM,k), íàõîäèì êîýô-
ôèöèåíòû â ôîðìóëàõ (6).

Â äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû ðåàëèçàöèè èçëîæåííîãî àëãî-
ðèòìà ðåøåíèÿ ñïåêòðàëüíîé çàäà÷è íà ïðèìåðå íåñèììåòðè÷íîé L�
îáðàçíîé îáëàñòè.
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Îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ âûñøèõ

ïîðÿäêîâ1

Í. Ï. Áîíäàðåíêî (Ñàðàòîâ, Ðîññèÿ)
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Â ñòàòüå ðàññìàòðèâàåòñÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à, ñîñòîÿùàÿ â âîñ-
ñòàíîâëåíèè äèôôåðåíöèàëüíîãî âûðàæåíèÿ ïðîèçâîëüíîãî ïîðÿäêà n ≥ 2 ñ
êîýôôèöèåíòîì-ðàñïðåäåëåíèåì ïî ñïåêòðàëüíûì äàííûì � ñîáñòâåííûì çíà-
÷åíèÿì (n−1) êðàåâîé çàäà÷è ñ ðàñïàäàþùèìèñÿ óñëîâèÿìè è ñîîòâåòñòâóþùèì
âåñîâûì ÷èñëàì. Ïðåäñòàâëåíà òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà-
÷è, êðàòêî îïèñàí êîíñòðóêòèâíûé ìåòîä åå ðåøåíèÿ, ñôîðìóëèðîâàíû íåîáõî-
äèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à, äèôôåðåíöèàëüíûå óðàâíåíèÿ
âûñøèõ ïîðÿäêîâ, òåîðåìà åäèíñòâåííîñòè, ìåòîä ñïåêòðàëüíûõ îòîáðàæåíèé,
íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà â Ñàðàòîâñêîì ãîñóäàðñòâåííîì óíè-
âåðñèòåòå ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 21-71-10001),
https://rscf.ru/project/21-71-10001/.

An inverse spectral problem for the
higher-order di�erential operators1

N. P. Bondarenko (Saratov, Russia)
bondarenkonp@sgu.ru

In this paper, we consider the inverse spectral problem that consists in the recovery of
the di�erential expression of arbitrary order n ≥ 2 with a distribution coe�cient from
the spectral data � the eigenvalues of (n−1) boundary value problems with separated
boundary conditions and the corresponding weight numbers. The uniqueness theorem
for solution of the inverse problem is presented, a constructive method for its solution
is brie�y described, and the necessary and su�cient conditions for the problem
solvability are formulated.

Keywords: inverse spectral problem, higher-order di�erential equations, uniqueness
theorem, method of spectral mappings, necessary and su�cient conditions.
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Äîêëàä ïîñâÿùåí îáðàòíîé ñïåêòðàëüíîé çàäà÷å äëÿ óðàâíåíèÿ

ℓn(y) :=y
(n) +

⌊n/2⌋−1∑
k=0

(τ2k(x)y
(k))(k)

+

⌊(n−1)/2⌋−1∑
k=0

(
(τ2k+1(x)y

(k))(k+1) + (τ2k+1(x)y
(k+1))(k)

)
= λy, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
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ãäå n ≥ 2, x ∈ (0, 1), îáîçíà÷åíèå ⌊a⌋ èñïîëüçóåòñÿ äëÿ öåëîé ÷àñòè
âåùåñòâåííîãî ÷èñëà a, τν ∈ W ν−1

2 [0, 1], ν = 0, n− 2, λ � ñïåêòðàëüíûé
ïàðàìåòð.

Óðàâíåíèå (1) ñ êîýôôèöèåíòîì τ0, ÿâëÿþùèìñÿ îáîáùåííîé ôóíê-
öèåé èç êëàññà W−1

2 [0, 1], ïîíèìàåòñÿ â ñìûñëå ðåãóëÿðèçàöèîííîãî ïîä-
õîäà ðàáîòû [1]. À èìåííî, óðàâíåíèå (1) ñâîäèòñÿ ê ñèñòåìå ïåðâîãî
ïîðÿäêà âèäà

Y ′(x) = (F (x) + Λ)Y (x), x ∈ (0, 1), (2)

ãäå Y (x) � âåêòîð-ôóíêöèÿ (ñòîëáåö) ðàçìåðà n, Λ � ìàòðèöà ðàçìåðà
(n × n), ó êîòîðîé ýëåìåíò â ïîçèöèè (n, 1) ðàâåí λ, à âñå îñòàëüíûå
ýëåìåíòû � íóëåâûå, F (x) = [fk,j(x)]

n
k,j=1 � ìàòðèöà-ôóíêöèÿ ñ ñóììè-

ðóåìûìè íà (0, 1) ýëåìåíòàìè, ñîãëàñîâàííàÿ ñ äèôôåðåíöèàëüíûì âû-
ðàæåíèåì ℓn(y) è ïîñòðîåííàÿ â ñîîòâåòñòâèè ñ ðåçóëüòàòàìè ðàáîòû [2].
Ñ èñïîëüçîâàíèåì ìàòðèöû F (x) ââîäÿòñÿ êâàçèïðîèçâîäíûå

y[0] := y, y[k] := (y[k−1])′ −
k∑

j=1

fk,jy
[j−1], k = 1, n.

Äëÿ êàæäîãî k ∈ {1, 2, . . . , n− 1} îáîçíà÷èì ÷åðåç {λl,k}l≥1 ñîáñòâåí-
íûå çíà÷åíèÿ êðàåâîé çàäà÷è Lk äëÿ óðàâíåíèÿ (1) ñ êðàåâûìè óñëîâè-
ÿìè

y[j−1](0) = 0, j = 1, k, y[s−1](1) = 0, s = 1, n− k.
Áóäåì ñ÷èòàòü, ÷òî âûïîëíåíû ñëåäóþùèå ïðåäïîëîæåíèÿ:
(A-1) Ïðè êàæäîì k = 1, n− 1 ñîáñòâåííûå çíà÷åíèÿ {λl,k}l≥1 ïðî-

ñòûå.
(A-2) {λl,k}l≥1 ∩ {λl,k+1}l≥1 = ∅ äëÿ k = 1, n− 1.
Äëÿ k ∈ {1, 2, . . . , n} îáîçíà÷èì ÷åðåç Ck(x, λ) ðåøåíèå óðàâíåíèÿ

(1), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

C
[j−1]
k (0, λ) = δk,j, j = 1, n,

ãäå δk,j � ñèìâîë Êðîíåêåðà, è ââåäåì ôóíêöèè

∆k,k(λ) := det
(
[C [n−j]

r (1, λ)]nj,r=k+1

)
,

∆k+1,k(λ) := det
(
[C [n−j]

r (1, λ)]j=k+1,n,r=k,k+2,n

)
.

Çàìåòèì, ÷òî íóëè öåëîé àíàëèòè÷åñêîé ôóíêöèè ∆k,k(λ) ñîâïàäàþò ñ
ñîáñòâåííûìè çíà÷åíèÿìè {λl,k}l≥1. Îïðåäåëèì âåñîâûå ÷èñëà:

βl,k := −
∆k+1,k(λl,k)
d
dλ∆k,k(λl,k)

, l ≥ 1, k = 1, n− 1,
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è ðàññìîòðèì ñëåäóþùóþ îáðàòíóþ çàäà÷ó.
Îáðàòíàÿ çàäà÷à 1. Ïî ñïåêòðàëüíûì äàííûì {λl,k, βl,k}l≥1, k=1,n−1

ïîñòðîèòü êîýôôèöèåíòû {τν}n−2ν=0 óðàâíåíèÿ (1).
Äîêàçàíà òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è 1:
Òåîðåìà 1. Ñïåêòðàëüíûå äàííûå {λl,k, βl,k}l≥1, k=1,n−1 îäíîçíà÷íî

îïðåäåëÿþò êîýôôèöèåíòû τν ∈ W ν−1
2 [0, 1] ïðè âûïîëíåíèè óñëîâèé (A-

1) è (A-2).
Ïîëó÷åíî êîíñòðóêòèâíîå ðåøåíèå îáðàòíîé çàäà÷è 1, îñíîâàííîå íà

ðàçâèòèè èäåé ìåòîäà ñïåêòðàëüíûõ îòîáðàæåíèé (ñì. [3, 4]). À èìåííî,
íåëèíåéíàÿ îáðàòíàÿ çàäà÷à ñâåäåíà ê ëèíåéíîìó óðàâíåíèþ

(I − R̃(x))ψ(x) = ψ̃(x), (3)

â áàíàõîâîì ïðîñòðàíñòâå m îãðàíè÷åííûõ áåñêîíå÷íûõ ïîñëåäîâàòåëü-
íîñòåé. Çäåñü ψ(x), ψ̃(x) ∈ m, R̃(x) � êîìïàêòíûé îïåðàòîð è I � åäè-
íè÷íûé îïåðàòîð â m. Âåêòîð ψ̃(x) è îïåðàòîð R̃(x) ïîñòðîåíû ïî ñïåê-
òðàëüíûì äàííûì {λl,k, βl,k} íåèçâåñòíîé çàäà÷è è ìîäåëüíîé çàäà÷å òîãî
æå âèäà, íî ñ äðóãèìè êîýôôèöèåíòàìè {τ̃ν}n−2ν=0. Ïî âåêòîðó ψ(x) ìîãóò
áûòü íàéäåíû êîýôôèöèåíòû {τν}n−2ν=0 (ñì. ïîäðîáíîñòè â [5, 6]).

Áóäåì ãîâîðèòü, ÷òî {τν}n−2ν=0 ∈ W+
simp, åñëè τν ∈ W ν−1

2 [0, 1], in+ντν(x)

� âåùåñòâåííûå ôóíêöèè ïðè ν = 0, n− 2 è ñîîòâåòñòâóþùèå ñîáñòâåí-
íûå çíà÷åíèÿ {λl,k}l≥1, k=1,n−1 óäîâëåòâîðÿþò óñëîâèÿì (A-1) è (A-2). Äëÿ
äâóõ çàäà÷ ñ êîýôôèöèåíòàìè {τν}n−2ν=0 è {τ̃ν}n−2ν=0 èç W

+
simp ââåäåì îáîçíà-

÷åíèå

ξl :=
n−1∑
k=1

(
l−(n−1)|λl,k − λ̃l,k|+ l−n|βl,k − β̃l,k|

)
, l ≥ 1.

Ïîëó÷åíû ñëåäóþùèå äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè îáðàòíîé
çàäà÷è 1.

Òåîðåìà 2. Ïóñòü ÷èñëà {λl,k, βl,k}l≥1, k=1,n−1 óäîâëåòâîðÿþò (A-1),
(A-2) è ñëåäóþùèì óñëîâèÿì:

λl,k = (−1)nλl,n−k, βl,k = (−1)nβl,n−k ̸= 0, l ≥ 1, k = 1, n− 1,

Ïðè n = 2p : (−1)p+1βl,p > 0, l ≥ 1.

Ïðè n = 2p+ 1: (−1)p+1Reλl,p > 0, l ≥ 1.

Ïðåäïîëîæèì òàêæå, ÷òî ñóùåñòâóåò ìîäåëüíàÿ çàäà÷à ñ êîýôôèöè-
åíòàìè {τ̃ν}n−2ν=0 ∈ W+

simp, òàêàÿ, ÷òî {ln−2ξl}l≥1 ∈ l2. Òîãäà ó îáðàòíîé
çàäà÷è 1 ïî äàííûì {λl,k, βl,k}l≥1, k=1,n−1 ñóùåñòâóåò åäèíñòâåííîå ðå-
øåíèå {τν}n−2ν=0, ïðè÷åì {τν}n−2ν=0 ∈ W+

simp.
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Ïðè ÷åòíîì n óñëîâèÿ òåîðåìû 2 ÿâëÿþòñÿ íå òîëüêî äîñòàòî÷íûìè,
íî è íåîáõîäèìûìè. Ïðè íå÷åòíîì n ïî íåîáõîäèìîñòè âûïîëíÿþòñÿ âñå
óñëîâèÿ, êðîìå (−1)p+1Reλl,p > 0.

Äîêàçàòåëüñòâî òåîðåìû 2 ïðèâåäåíî â [6]. Íàèáîëåå òðóäíàÿ åãî
÷àñòü ñîñòîèò â èññëåäîâàíèè ðàçðåøèìîñòè îñíîâíîãî óðàâíåíèÿ (3).
Â [6] äîêàçàíà òåîðåìà 5.1 î äîñòàòî÷íûõ óñëîâèÿõ åãî ðàçðåøè-
ìîñòè, êîòîðàÿ ÿâëÿåòñÿ íîâûì ðåçóëüòàòîì íå òîëüêî äëÿ ñëó÷àÿ
êîýôôèöèåíòîâ-ðàñïðåäåëåíèé, íî è äëÿ ðåãóëÿðíûõ êîýôôèöèåíòîâ.
Óñëîâèå {ln−2ξl}l≥1 ∈ l2 â òåîðåìå 2 îçíà÷àåò ñîâïàäåíèå êîýôôèöèåí-
òîâ c̃j,k = cj,k è d̃j,k = dj,k â òî÷íûõ àñèìïòîòè÷åñêèõ ôîðìóëàõ äëÿ
ñïåêòðàëüíûõ äàííûõ

λl,k = ln
(
c0,k + c1,kl

−1 + c2,kl
−2 + · · ·+ cn−1,kl

−(n−1) + l−(n−1)κl,k

)
,

βl,k = −λl,k
(
1 + d1,kl

−1 + d2,kl
−2 + · · ·+ dn−2,kl

−(n−2) + l−(n−2)κ0
l,k

)
.

äëÿ îñíîâíîé çàäà÷è è ìîäåëüíîé. Çäåñü {κl,k}, {κ0
l,k} ∈ l2. Îäíàêî íà-

õîæäåíèå êîýôôèöèåíòîâ cj,k è dj,k äëÿ óðàâíåíèé âûñîêèõ ïîðÿäêîâ
ÿâëÿåòñÿ òåõíè÷åñêè òðóäíîé çàäà÷åé. Òî÷íûå àñèìïòîòè÷åñêèå ôîðìó-
ëû è ñîîòâåòñòâóþùèå òåîðåìû î õàðàêòåðèçàöèè ñïåêòðàëüíûõ äàííûõ
áåç òðåáîâàíèÿ ñóùåñòâîâàíèÿ ìîäåëüíîé çàäà÷è ê íàñòîÿùåìó ìîìåíòó
ïîëó÷åíû òîëüêî äëÿ n = 2, 3, 4 (ñì. [6�8]).
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Ïîëó÷åíû ïîðÿäêîâûå îöåíêè êîëìîãîðîâñêèõ ïîïåðå÷íèêîâ ïåðåñå÷åíèÿ ïðî-
èçâîëüíîãî ñåìåéñòâà êîíå÷íîìåðíûõ øàðîâ â ñìåøàííîé íîðìå â ïðîñòðàíñòâå
lm,k
q,σ ïðè 2 ≤ q, σ <∞.

Êëþ÷åâûå ñëîâà: Êîëìîãîðîâñêèå ïîïåðå÷íèêè, ïåðåñå÷åíèÿ øàðîâ, ñìåøàííûå
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Kolmogorov widths of an intersection of a
family of �nite-dimensional balls in a mixed

norm1

A. A. Vasil'eva (Moscow, Russian Federation)
vasilyeva_nastya@inbox.ru

Order estimates for the Kolmogorov widths of an intersection of an arbitrary family
of �nite-dimensional balls in a mixed norm in the space lm,k

q,σ for 2 ≤ q, σ < ∞ are
obtained.

Keywords: Kolmogorov widths, intersections of balls, mixed norms.

Äëÿ N ∈ N, 1 ≤ s ≤ ∞, (xi)
N
i=1 ∈ RN ïîëàãàåì ∥(xi)Ni=1∥lNs =( N∑

i=1

|xi|s
)1/s

ïðè s <∞, ∥(xi)Ni=1∥lNs = max1≤i≤N |xi| ïðè s =∞.

Ïóñòü m, k ∈ N, 1 ≤ p ≤ ∞, 1 ≤ θ ≤ ∞. ×åðåç lm,k
p,θ îáîçíà÷èì

ïðîñòðàíñòâî Rmk = {(xi,j)1≤i≤m, 1≤j≤k : xi,j ∈ R} ñ íîðìîé

∥(xi,j)1≤i≤m, 1≤j≤k∥lm,k
p,θ

=
∥∥∥(∥(xi,j)mi=1∥lmp

)k
j=1

∥∥∥
lkθ

.

×åðåç Bm,k
p,θ îáîçíà÷èì åäèíè÷íûé øàð ïðîñòðàíñòâà lm,k

p,θ .
Ïóñòü A � íåïóñòîå ìíîæåñòâî, äëÿ êàæäîãî α ∈ A çàäàíû ÷èñëà

pα ∈ [1,∞], θα ∈ [1, ∞], να > 0, ïðè ýòîì (pα, θα) ̸= (pβ, θβ) ïðè α ̸= β.
Îáîçíà÷èì

M = ∩α∈AναBm,k
pα, θα

. (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Âàñèëüåâà À. À., 2024
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Èññëåäóåòñÿ çàäà÷à îá îöåíêå êîëìîãîðîâñêîãî n-ïîïåðå÷íèêà
dn(M, lm,k

q,σ ).
Äëÿ 1 ≤ p ≤ q ïîëîæèì

ωp,q =

{
min

{
1/p−1/q
1/2−1/q , 1

}
, åñëè q > 2,

1, åñëè q = 2.

Îïðåäåëèì âåëè÷èíû Φ(p, θ) = Φ(p, θ; q, σ, m, k, n) ñëåäóþùèì îá-
ðàçîì:

1. ïðè p ≥ q, θ ≥ σ ïîëîæèì Φ(p, θ) = m1/q−1/pk1/σ−1/θ;

2. ïðè p ≥ q, θ ≤ σ ïîëîæèì Φ(p, θ) =

min
{
m1/q−1/p, m1/q−1/p(n−

1
2m

1
2k

1
σ )ωθ,σ

}
;

3. ïðè θ ≥ σ, p ≤ q ïîëîæèì Φ(p, θ) =

min
{
k1/σ−1/θ, k1/σ−1/θ(n−

1
2m

1
qk

1
2 )ωp,q

}
;

4. ïðè 2 ≤ p ≤ q, 1 ≤ θ ≤ σ, ωp,q ≤ ωθ,σ ïîëîæèì

Φ(p, θ) = min
{
1, (n−

1
2m

1
qk

1
σ )ωp,q , m1/q−1/p(n−

1
2m

1
2k

1
σ )ωθ,σ

}
;

5. ïðè 2 ≤ θ ≤ σ, 1 ≤ p ≤ q, ωθ,σ ≤ ωp,q ïîëîæèì

Φ(p, θ) = min
{
1, (n−

1
2m

1
qk

1
σ )ωθ,σ , k1/σ−1/θ(n−

1
2m

1
qk

1
2 )ωp,q

}
;

6. ïðè 1 ≤ p ≤ 2, 1 ≤ θ ≤ 2 ïîëîæèì Φ(p, θ) = min{1, n− 1
2m

1
qk

1
σ}.

Äëÿ α, β, γ ∈ A ÷åðåç ∆α,β,γ îáîçíà÷èì òðåóãîëüíèê ñ âåðøèíàìè
(1/pα, 1/θα), (1/pβ, 1/θβ), (1/pγ, 1/θγ). Áóäåì ïèñàòü ∆α,β,γ ∈ R, åñëè
âåðøèíû ýòîãî òðåóãîëüíèêà íå ëåæàò íà îäíîé ïðÿìîé.

Îïðåäåëèì ìíîæåñòâà Nj (1 ≤ j ≤ 7) è âåëè÷èíû Ψj (0 ≤ j ≤ 7)
ñëåäóþùèì îáðàçîì:

N1 =
{
(α, β) ∈ A× A : pα ̸= q, ∃λ̂α,β ∈ (0, 1) : 1

q =
1−λ̂α,β

pα
+

λ̂α,β

pβ

}
,

1

θ̂α,β
:=

1−λ̂α,β

θα
+

λ̂α,β

θβ
, (α, β) ∈ N1,

(2)

N2 =
{
(α, β) ∈ A× A : θα ̸= σ, ∃µ̂α,β ∈ (0, 1) : 1

σ =
1−µ̂α,β

θα
+

µ̂α,β

θβ

}
,

1
p̂α,β

:=
1−µ̂α,β

pα
+

µ̂α,β

pβ
, (α, β) ∈ N2,

(3)
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N3 =
{
(α, β) ∈ A× A : pα ̸= 2, ∃λ̃α,β ∈ (0, 1) : 1

2 =
1−λ̃α,β

pα
+

λ̃α,β

pβ

}
,

1
θ̃α,β

:=
1−λ̃α,β

θα
+

λ̃α,β

θβ
, (α, β) ∈ N3,

(4)

N4 =
{
(α, β) ∈ A× A : θα ̸= 2, ∃µ̃α,β ∈ (0, 1) : 1

2 =
1−µ̃α,β

θα
+

µ̃α,β

θβ

}
,

1
p̃α,β

:=
1−µ̃α,β

pα
+

µ̃α,β

pβ
, (α, β) ∈ N4,

(5)

N5 = {(α, β) ∈ A× A : ∃λα,β ∈ (0, 1), pα,β ∈ (2, q), θα,β ∈ (2, σ) :
1

pα,β
=

1−λα,β

pα
+

λα,β

pβ
, 1

θα,β
=

1−λα,β

θα
+

λα,β

θβ
,

1/pα,β−1/q
1/2−1/q =

1/θα,β−1/σ
1/2−1/σ ,

ïðè ýòîì 1/pα−1/q
1/2−1/q ̸=

1/θα−1/σ
1/2−1/σ

}
,

(6)

N6 = {(α, β, γ) ∈ A× A× A : ∃τα, τβ, τγ > 0 : τα + τβ + τγ = 1,
1
q =

τα
pα

+
τβ
pβ

+
τγ
pγ
, 1

σ = τα
θα

+
τβ
θβ

+
τγ
θγ
, ∆α,β,γ ∈ R

}
,

(7)

N7 = {(α, β, γ) ∈ A× A× A : ∃τα, τβ, τ γ > 0 : τα + τβ + τ γ = 1,
1
2 =

τα
pα

+
τβ
pβ

+
τγ
pγ
, 1

2 =
τα
θα

+
τβ
θβ

+
τγ
θγ
, ∆α,β,γ ∈ R

}
,

(8)

Ψ0 = inf
α∈A

ναΦ(pα, θα), Ψ1 = inf
(α, β)∈N1

ν1−λ̂α,β
α ν

λ̂α,β

β Φ(q, θ̂α,β),

Ψ2 = inf
(α, β)∈N2

ν1−µ̂α,β
α ν

µ̂α,β

β Φ(p̂α,β, σ), Ψ3 = inf
(α, β)∈N3

ν1−λ̃α,β
α ν

λ̃α,β

β Φ(2, θ̃α,β),

Ψ4 = inf
(α, β)∈N4

ν1−µ̃α,β
α ν

µ̃α,β

β Φ(p̃α,β, 2), Ψ5 = inf
(α, β)∈N5

ν1−λα,β
α ν

λα,β

β Φ(pα,β, θα,β),

Ψ6 = inf
(α, β, γ)∈N6

νταα ν
τβ
β ν

τγ
γ Φ(q, σ), Ψ7 = inf

(α, β, γ)∈N7

νταα ν
τβ
β ν

τγ
γ Φ(2, 2)

(ñ÷èòàåì, ÷òî èíôèìóì ïóñòîãî ìíîæåñòâà ðàâåí +∞); çäåñü ÷èñëà θ̂α,β,
λ̂α,β è ò. ä. îïðåäåëåíû â ôîðìóëàõ (2)�(8).

Òåîðåìà. Ïóñòü 2 ≤ q <∞, 2 ≤ σ <∞, m, k ∈ N, n ∈ Z+, n ≤ mk
2 ,

ìíîæåñòâî M îïðåäåëåíî ôîðìóëîé (1). Òîãäà

dn(M, lm,k
q,σ ) ≍

q,σ
min
0≤j≤7

Ψj.
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Ïðèáëèæåíèå ëèíåéíûìè ñðåäíèìè ðÿäîâ
Ôóðüå ïî ìóëüòèïëèêàòèâíûì ñèñòåìàì â

ïðîñòðàíñòâàõ Sp(χ)1
Ñ. Ñ. Âîëîñèâåö, À. Í. Ìèíãà÷åâ (Ñàðàòîâ, Ðîññèÿ)

VolosivetsSS@mail.ru
Äàíû îöåíêè ïðèáëèæåíèÿ ñðåäíèìè Çèãìóíäà-Ðèññà, Ýéëåðà è Àáåëÿ-Ïóàññîíà
â ïðîñòðàíñòâàõ Sp(χ) ôóíêöèé f ñ êîíå÷íîé íîðìîé, ðàâíîé lp-íîðìå ïîñëåäî-
âàòåëüíîñòè êîýôôèöèåíòîâ Ôóðüå (1 ≤ p < ∞) ïî ìóëüòèïëèêàòèâíîé ñèñòåìå
÷åðåç ïîäõîäÿùèé K-ôóíêöèîíàë. Äëÿ ýòîãî K-ôóíêöèîíàëà ïîëó÷àåì ïðÿìûå
è îáðàòíûå òåîðåìû ïðèáëèæåíèÿ. Òàêæå õàðàêòåðèçóþòñÿ êëàññû Ëèïøèöà,
ñâÿçàííûå ñ ïðîñòðàíñòâàìè Sp(χ) è ñòàíäàðòíûì ìîäóëåì íåïðåðûâíîñòè, â
òåðìèíàõ ïðèáëèæåíèÿ óêàçàííûìè âûøå ñðåäíèìè.

Êëþ÷åâûå ñëîâà: îáîáùåííàÿ àáñîëþòíàÿ ñõîäèìîñòü, ìóëüòèïëèêàòèâíàÿ ñèñòå-
ìà, íàèëó÷øåå ïðèáëèæåíèå, K-ôóíêöèîíàë, ïðÿìûå è îáðàòíûå òåîðåìû ïðè-
áëèæåíèÿ.

Approximation by linear means of Fourier
series with respect to multiplicative systems in

spaces Sp(χ)1
S. S. Volosivets, A.N.Mingachev (Saratov, Russia)

VolosivetsSS@mail.ru
We give estimates of approximation by Riesz-Zygmund, Euler and Abel-Poisson means
in Sp(χ) spaces of functions f with �nite norm equal to the lp-norm of the sequence
of Fourier coe�cients (1 ≤ p < ∞) with respect to multiplicative system in terms of
appropriate K-functional. For this K-functional instead of modulus of continuity we
obtain direct and converse approximation theorems. Also we characterize Lipschitz
classes connected with Sp(χ) spaces and standard modulus of continuity in terms of
approximation by cited above means.

Keywords: generalized absolute convergence, multiplicative systems, best
approximation, K-functional, direct and converse theorems of approximation.

Ââåäåíèå

Ïóñòü P={pj}∞j=1 � ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë, òàêàÿ ÷òî
2 ≤ pj ≤ N ïðè âñåõ j ∈ N è Zj = {0, 1, . . . , pj − 1}. Îïðåäåëèì ïîñëå-
äîâàòåëüíîñòü {mj}∞j=0 ñëåäóþùèì îáðàçîì: m0 = 1, mn = mn−1pn ïðè
n ∈ N. Òîãäà ëþáîå ÷èñëî x ∈ [0, 1) ïðåäñòàâèìî â âèäå

x =
∞∑
j=1

xjm
−1
j , xj ∈ Zj, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Âîëîñèâåö Ñ. Ñ., Ìèíãà÷åâ À. Í., 2024
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à êàæäîå k ∈ Z+ îäíîçíà÷íî ïðåäñòàâèìî â âèäå

k =
∞∑
j=1

kjmj−1, kj ∈ Zj. (2)

Ðàçëîæåíèå (1) òàêæå îäíîçíà÷íî, åñëè ïðè x = s/mn, 0 < s < mn,
s ∈ Z, áðàòü êîíå÷íîå ÷èñëî íåíóëåâûõ xj.

Äëÿ ÷èñåë x ∈ [0, 1) è k ∈ Z+ ñ ðàçëîæåíèÿìè (1), (2) ïîëîæèì

ïî îïðåäåëåíèþ χk(x) = exp

(
2πi

(
∞∑
j=1

xjkj/pj

))
. Ñèñòåìà ôóíêöèé

{χk(x)}∞k=0 íàçûâàåòñÿ ìóëüòèïëèêàòèâíîé ñèñòåìîé. Èçâåñòíî, ÷òî îíà
îðòîíîðìèðîâàíà è ïîëíà â L1[0, 1) (ñì. [1, ãë. 1,� 1.5]). Ëåãêî âèäåòü, ÷òî
ïðè 0 ≤ n < mk ôóíêöèÿ χn(x) ïîñòîÿííà íà Ikj = [(j − 1)/mk, j/mk),
1 ≤ j ≤ mk, k ∈ Z+.

Äëÿ f ∈ L1[0, 1) êîýôôèöèåíòû Ôóðüå è ÷àñòè÷íàÿ ñóììà Ôóðüå ïî
ñèñòåìå {χj(x)}∞j=0 çàäàþòñÿ ôîðìóëàìè

f̂(j) =

� 1

0

f(t)χj(t) dt, j ∈ Z+, Sn(f)(x) =
n−1∑
j=0

f̂(j)χj(x), n ∈ N.

Òîãäà ñðåäíèå Çèãìóíäà-Ðèññà, Àáåëÿ-Ïóàññîíà è Ýéëåðà ðÿäà Ôóðüå
ïî ìóëüòèïëèêàòèâíîé ñèñòåìå ââîäÿòñÿ ñëåäóþùèì îáðàçîì

σ
(r)
n (f) =

∑n−1
k=0(1− kr/nr)f̂(k)χk, r > 0, n ∈ N,

Ar(f)(x) =
∑∞

k=0 r
kf̂(k)χk(x), 0 < r < 1,

e
(q)
n (f) = (1 + q)−n

∑n
k=0

(
n
k

)
qn−kSk+1(f), q > 0, n ∈ Z+.

Ïóñòü Pn = {f ∈ L1[0, 1) : f̂(i) = 0, i ≥ n}. Áóäåì ïèñàòü f ∈ Sp(χ),

1 ≤ p < ∞, åñëè ∥f∥Sp =
(∑∞

j=0 |f̂(j)|p
)1/p

< ∞. Ëåãêî âèäåòü, ÷òî

Sp(χ) ñîäåðæèò P = ∪∞n=1Pn è ÷òî P ïëîòíî âî âñåõ Sp(χ), 1 ≤ p < ∞.
Ñëåäóþùåå ñâîéñòâî ÿâëÿåòñÿ î÷åâèäíûì, íî î÷åíü âàæíûì. Äëÿ f ∈
Sp(χ), 1 ≤ p <∞, èëè äëÿ f ∈ L1[0, 1) èìååì ∥Sn(f)∥Sp ≤ ∥f∥Sp, n ∈ N.

Òàêæå ëåãêî âèäåòü, ÷òî S2(χ) = L2[0, 1) è èçâåñòíî, ÷òî Lp[0, 1) ⊂
Sq(χ) äëÿ 1 < p < 2 è 1/p+ 1/q = 1 (ñì. òåîðåìó Ðèññà â [2, ãë. II, � 4]).
Äðóãèå äîñòàòî÷íûå óñëîâèÿ äëÿ f ∈ Sp(χ) ìîæíî íàéòè â [3, ãë. 4, � 2].

Äëÿ x, y ∈ [0, 1), çàïèñàííûõ â âèäå (1), áóäåì ïèñàòü x⊕ y = z, åñëè
z =

∑∞
i=1 zi/mi, zi = xi + yi (mod pi), è íåâåðíî, ÷òî zi ðàâíû pi − 1 ïðè

âñåõ i ≥ i0. Òîãäà ïðè ôèêñèðîâàííîì x ÷èñëî x⊕y îïðåäåëåíî äëÿ âñåõ
y ∈ [0, 1), êðîìå ñ÷åòíîãî ÷èñëà (ñì. [1, � 1.5]).
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Àíàëîãè÷íîå Sp(χ) ïðîñòðàíñòâî áûëî îïðåäåëåíî äëÿ ïðîèçâîëüíîé
îðòîíîðìèðîâàííîé ñèñòåìû À.È.Ñòåïàíöîì (ñì. [4, ãë. 11]). Îïðåäåëèì
íàèëó÷øåå ïðèáëèæåíèå è ìîäóëü íåïðåðûâíîñòè â ïðîñòðàíñòâå Sp(χ)
ôîðìóëàìè En(f)Sp = inf{∥f − tn∥Sp : tn ∈ Pn}, f ∈ Sp(χ), n ∈ N, è
ωn(f)Sp = sup{∥f(· ⊕ h)− f(·)∥Sp : 0 ≤ h < 1/mn}, n ∈ Z+.

ßñíî, ÷òî En(f)Sp = ∥f −Sn(f)∥Sp. Îòìåòèì, ÷òî x⊕h íå îïðåäåëåíî
äëÿ âñåõ ïàð (x, h) ∈ [0, 1)2, íî äëÿ τhf(x) = f(x⊕h) âñå êîýôôèöèåíòû
ts τ̂hf(k), k ∈ Z+, êîððåêòíî îïðåäåëåíû. Áóäåì ãîâîðèòü, ÷òî f ∈ Sp(χ),
1 ≤ p < ∞, èìååò P-ïðîèçâîäíóþ ïîðÿäêà r > 0 â Sp(χ), åñëè ðÿä∑∞

j=0 j
rf̂(j)χj ÿâëÿåòñÿ ðÿäîì Ôóðüå g ∈ Sp(χ). Â ýòîì ñëó÷àå ïèøåì g =

f [r] è f ∈ W rSp(χ). Äëÿ r > 0 è 1 ≤ p <∞ îïðåäåëèì K-ôóíêöèîíàë

Kr(f, t)Sp = inf{∥f − g∥Sp + t∥g[r]∥Sp : g ∈ W rSp(χ)}.

Èçâåñòíî, ÷òî χn(x⊕y) = χn(x)χn(y), n ∈ Z+, äëÿ ï.â. y ∈ [0, 1), åñëè
x ∈ [0, 1) ôèêñèðîâàíî (ñì. [1, � 1.5]).

Âîçðàñòàþùàÿ è íåïðåðûâíàÿ íà [0, 1] ôóíêöèÿ ω(t) ïðèíàäëåæèò
êëàññó Φ, åñëè ω(0) = 0. Ôóíêöèÿ ω ∈ Φ ïðèíàäëåæèò êëàññó Áàðè B,
åñëè

∑∞
k=n k

−1ω(k−1) = O(ω(n−1), n ∈ N, è êëàññó Áàðè-Ñòå÷êèíà Bα,
α > 0, åñëè

∑n
k=1 k

α−1ω(1/k) = O(nαω(1/n)), n ∈ N. Ýòè îïðåäåëåíèÿ è
èõ ýêâèâàëåíòíûå ôîðìû ñì. â [5, ëåììû 2 è 3].

Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1 ÿâëÿåòñÿ íåïîëíûì àíàëîãîì íåðàâåíñòâà À.Â.Åôèìîâà [1,
� 10.5].

Òåîðåìà 1. Ïóñòü 1 ≤ p <∞, f ∈ Sp(χ), n ∈ N. Òîãäà

2−1ωn(f)Sp ≤ Emn
(f)Sp = ∥f − Smn

(f)∥Sp ≤ C

( ∞∑
k=n

ωp
k(f)Sp

)1/p

.

Òåîðåìà 2. Ïóñòü 1 ≤ p < ∞, f ∈ L1[0, 1), r > 0, ω ∈ B. Òîãäà
óñëîâèÿ

∥S [r]
n (f)∥Sp = O(nrω(n−1)), n ∈ N, (3)

è
∥f − σ(r)n (f)∥Sp = O(ω(n−1)), n ∈ N, (4)

ðàâíîñèëüíû. Åñëè èìååò ìåñòî (3) èëè (4), òî ñïðàâåäëèâî ñîîòíî-
øåíèå

ωn(f)Sp = O(ω(n−1)), n ∈ N. (5)

Åñëè æå ω ∈ B ∩Br, òî óñëîâèÿ (3), (4) ò (5) ðàâíîñèëüíû.
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Ñëåäñòâèå 1. Ïóñòü 1 ≤ p < ∞, r > 0, ω ∈ B ∩ Br, f ∈ Sp(χ).
Òîãäà óñëîâèÿ (3) è

En(f)Sp = O(ω(n−1)), n ∈ N, (6)

ðàâíîñèëüíû.
Òåîðåìà 3. Ïóñòü 1 ≤ p < ∞, ω ∈ B ∩ Br äëÿ íåêîòîðîãî r > 0,

f ∈ Sp(χ). Òîãäà óñëîâèÿ (3), (5) è ∥f − e(q)n−1(f)∥Sp = O(ω(n−1)), n ∈ N,
ðàâíîñèëüíû.

Òåîðåìà 4. Ïóñòü 1 ≤ p <∞, ω ∈ B∩B1, f ∈ Sp(χ). Òîãäà óñëîâèÿ
(3), (5) ïðè r = 1 è ∥f − Ar(f)∥Sp = O(ω(1− r)), r0 < r < 1, ÿâëÿþòñÿ
ðàâíîñèëüíûìè.

Òåîðåìà 5. Ïóñòü 1 ≤ p <∞, r > 0 è f ∈ Sp(χ). Òîãäà

En(f)Sp ≤ 2Kr(f, n
−r)Sp, n ∈ N,

Kr(f, n
−r)Sp ≤ Cn−r

n∑
k=1

kr−1Ek(f)Sp, n ∈ N.

Ñëåäñòâèå 2. Ïóñòü 1 ≤ p <∞, r > 0, f ∈ Sp(χ), ω ∈ Br∩B. Òîãäà
óñëîâèÿ (3), (5), (6) è Kr(f, t

r)Sp = O(ω(t)), 0 < t < 1, ðàâíîñèëüíû.
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Òåîðåìà òèïà Äæåêñîíà î ïðèáëèæåíèè
àëãåáðàè÷åñêèìè ìíîãî÷ëåíàìè â

ðàâíîìåðíîé ìåòðèêå ñ âåñîì Ëàãåððà1

Ð. Ì. Ãàäæèìèðçàåâ (Ìàõà÷êàëà, Ðîññèÿ)
ramis3004@gmail.com

È.È. Øàðàïóäèíîâ ïðè èññëåäîâàíèè àïïðîêñèìàòèâíûõ ñâîéñòâ ÷àñòè÷íûõ
ñóìì ñïåöèàëüíîãî ðÿäà ïî ïîëèíîìàì Ëàãåððà ââåë âçâåøåííóþ âåëè÷èíó íàè-
ëó÷øåãî ïðèáëèæåíèÿ En(f, ur), çàâèñÿùóþ îò ïàðàìåòðà r. Â íàñòîÿùåé ðàáîòå
äëÿ ýòîé âåëè÷èíû ïðè r = 1 äîêàçàíà òåîðåìà òèïà Äæåêñîíà.

Êëþ÷åâûå ñëîâà: ïîëèíîìû Ëàãåððà, ñïåöèàëüíûé ðÿä, ñðåäíèå Âàëëå Ïóññåíà,
ñêàëÿðíîå ïðîèçâåäåíèå òèïà Ñîáîëåâà.

Jackson-type theorem on approximation by
algebraic polynomials in the uniform metric

with Laguerre weight1
R. M. Gadzhimirzaev (Makhachkala, Russia)

ramis3004@gmail.com
I.I. Sharapudinov introduced a weighted value of the best approximation En(f, ur)
for investigating the approximative properties of partial sums of a special series in
Laguerre polynomials. This value depends on the parameter r. In this paper, a Jackson
type theorem for the value En(f, u1) is proved.

Keywords: Laguerre polynomials, special series, de la Vall�ee Poussin means, Sobolev
type inner product.

Ââåäåíèå

Ïóñòü α > −1, r ∈ N, f � íåïðåðûâíàÿ ôóíêöèÿ, çàäàííàÿ íà ïîëóîñè
[0,∞) è òàêàÿ, ÷òî â òî÷êå x = 0 ñóùåñòâóþò ïðîèçâîäíûå f (ν)(0), ν =
0, r − 1. Äëÿ ôóíêöèè f â ðàáîòå [1] áûëè ââåäåíû ñïåöèàëüíûå ðÿäû ïî
ïîëèíîìàì Ëàãåððà

f(x) ∼ Pr−1(f, x) + xr
∞∑
k=0

f̂α,rk Lα
k (x), (1)

ãäå

Pr−1(f) = Pr−1(f, x) =
r−1∑
i=0

f (i)(0)

i!
xi, f̂α,rk =

1

hαk

� ∞

0

fr(t)ρ(t)L
α
k (t)dt,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ρ(t) = tαe−t, hαk =
Γ(k + α + 1)

k!
, fr(x) =

f(x)− Pr−1(f)

xr
, x > 0.

×åðåç Sα
n (x) îáîçíà÷èì ÷àñòè÷íóþ ñóììó ðÿäà (1):

Sα
n (x) = Sα

n (f, x) = Pr−1(f) + xr
n−r∑
k=0

f̂α,rk Lα
k (x).

Â òîé æå ðàáîòå áûëè èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà ñóìì
Sα
n (x). Â ÷àñòíîñòè ïðè ur(x) = e−

x
2x−

r
2+

1
4 áûëî ïîêàçàíî, ÷òî èìååò ìåñòî

íåðàâåíñòâî òèïà Ëåáåãà

ur(x)|f(x)− Sα
n (x)| ≤ En(f)(1 + λα,rn (x)),

â êîòîðîì
En(f, ur) = inf

pn
sup
x>0
|pn(x)− f(x)|ur(x),

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì àëãåáðàè÷åñêèì ïîëèíîìàì pn ñòåïåíè
íå âûøå n, äëÿ êîòîðûõ f (i)(0) = p

(i)
n (0), i = 0, r − 1, à äëÿ ôóíêöèè

Ëåáåãà λα,rn (x) ïðè r − 1/2 < α < r + 1/2, θn = 4n + 2α + 2 áûëè
ïîëó÷åíû îöåíêè:

λα,rn (x) ≤ c(α, r)



ln(n+ 1) + nα−r, x ∈ [0, 3/θn];

ln(n+ 1) +
(
n
x

)α−r
2 , x ∈ [3/θn, θn/2];

ln(n+ 1) +
(

x

θ
1/3
n +|x−θn|

)1/4
, x ∈ [θn/2, 3θn/2];

n−r/2+5/4xr/2+1/4e−x/4, x ∈ [3θn/2,∞).

Ïðè ýòîì ïîâåäåíèå âåëè÷èíû En(f, ur) íå áûëî èññëåäîâàíî. Â íàñòî-
ÿùåé ðàáîòå äëÿ En(f, ur) ïðè r = 1 äîêàçàíà òåîðåìà òèïà Äæåêñîíà.
Äëÿ ôîðìóëèðîâêè ýòîãî ðåçóëüòàòà íàì ïîíàäîáÿòñÿ íåêîòîðûå îáîçíà-
÷åíèÿ. ×åðåç L∞u1

îáîçíà÷èì ïðîñòðàíñòâî èçìåðèìûõ ôóíêöèé, äëÿ êî-
òîðûõ ∥f∥∞,u1

= ess supx≥0 |f(x)u1(x)| <∞,W 1
∞,u1

� ïðîñòðàíñòâî ôóíê-
öèé, àáñîëþòíî íåïðåðûâíûõ íà ïðîèçâîëüíîì îòðåçêå [a, b] ⊂ [0,∞) è
f ′φ ∈ L∞u1

, φ(x) =
√
x.

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü u1(x) = e−
x
2x−

1
4 , φ(x) =

√
x è f ∈ W 1

∞,u1
. Òîãäà

èìååò ìåñòî îöåíêà

En(f, u1) ≤
c√
n
∥f ′φ∥∞,u1

,

ãäå c � êîíñòàíòà, íåçàâèñÿùàÿ îò f è n.
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Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

×åðåç V2n(f, w, x), w(x) = e−x îáîçíà÷èì ñðåäíèå Âàëëå Ïóññåíà ÷à-
ñòè÷íûõ ñóìì ðÿäà Ôóðüå ôóíêöèè f ïî ñèñòåìå ïîëèíîìîâ Ëàãåððà �
Ñîáîëåâà {l01,n(x)} [2]:

V2n(f, w, x) = f(0) +
x

n+ 1

2n∑
k=n

k−1∑
j=0

c1,j+1(f)

j + 1
L1
j(x),

ãäå

c1,k+1(f) =

� ∞

0

f ′(t)L0
k(t)e

−tdt. (2)

Îòìåòèì, ÷òî äëÿ V2n(f, w, x) èìååò ìåñòî ðàâåíñòâî V2n(f, w, 0) =
f(0). Êðîìå òîãî, åñëè f = q2n, ãäå q2n àëãåáðàè÷åñêèé ïîëèíîì ñòåïåíè
íå âûøå 2n, òî V2n(q2n, w, x) = q2n. Ýòè ñâîéñòâà ïîçâîëÿþò íàì èñïîëü-
çîâàòü V2n(f, w, x) ïðè îöåíêå âåëè÷èíû E2n(f, u1).

Äîêàçàòåëüñòâî òåîðåìû 1 îñíîâàíî íà ñëåäóþùèõ óòâåðæäåíèÿõ.
Ëåììà 1. Ïóñòü f ∈ W 1

∞,u1
è

fn(x) =


f(0), x ∈ [0, n−1],

f(x), x ∈ [n−1, 2n],

f(2n), x ≥ 2n.

Òîãäà èìååò ìåñòî íåðàâåíñòâî

u1(x)|f(x)− fn(x)| ≤
c√
n
∥f ′φ∥∞,u1

.

Ëåììà 2. Ïóñòü w(x) = e−x, ôóíêöèÿ f ∈ L∞u1
òàêàÿ, ÷òî ñóùå-

ñòâóþò êîýôôèöèåíòû (2) è f(0) = 0. Òîãäà

u1(x)|V2n(f, w, x)| ≤ c∥f∥∞,u1
.

Ëåììà 3. Ñïðàâåäëèâî íåðàâåíñòâî

u1(x)|fn(x)− V2n(fn, w, x)| ≤
c√
n
∥f ′φ∥∞,u1

.
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ÓÄÊ 517.9

Îá àëãåáðàõ îïåðàòîðîâ â ôóíêöèîíàëüíûõ
ïðîñòðàíñòâàõ ñ èíâîëþöèåé1

Ã. Â. Ãàðêàâåíêî, Í. Á. Óñêîâà (Âîðîíåæ, Ðîññèÿ)
g.garkavenko@mail.ru, nat-uskova@mail.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ äâà âèäà îãðàíè÷åííûõ îïåðàòîðîâ ñ èíâîëþöèåé:
ðàçíîñòíûé è èíòåãðàëüíûé. Ïîêàçàíî, ÷òî îáà òèïà îïåðàòîðîâ îáðâàóþò àë-
ãåáðó, ïðè÷åì àëãåáðà ðàçíîñòíûõ îïåðàòîðîâ ÿâëÿåòñÿ íàïîëíåííîé. À òàêæå
ïðèâåäåíû ôîðìóëû äëÿ ñïåêòðà.

Êëþ÷åâûå ñëîâà: ðàçíîñòíûé îïåðàòîð, èíòåãðàëüíûé îïåðàòîð, èíâîëþöèÿ,
ñïåêòð.

On operator algebras in function spaces with
involution1

G. V. Garkavenko, N. B. Uskova (Voronezh, Russia)
g.garkavenko@mail.ru, nat-uskova@mail.ru

The paper considers two types of bounded operators with involution: di�erence and
integral. It is shown that both types of operators terminate the algebra, and the
algebra of di�erence operators is complete. Formulas for the spectrum are also given.

Keywords: di�erence operator, integral operator, involution, spectrum.

Ââåäåíèå

Ïóñòü EndX � áàíàõîâà àëãåáðà îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ,
äåéñòâóþùèõ â êîìïëåêñíîì áàíàõîâîì ïðîñòðàíñòâå X ñ íîðìîé ∥X∥ =
sup
∥x∥≤1

∥Xx∥, X ∈ EndX . Ïóñòü ℓp = ℓp(Z,C), p ∈ [1,∞] � ïðîñòðàíñòâî

äâóñòîðîííèõ êîìïëåêñíûõ ïîñëåäîâàòåëüíîñòåé x : Z → C ñ íîðìîé

∥x∥p =
(∑

n∈Z
|x(n)|p

)1/p

, p ∈ [1,∞), ∥x∥∞ = sup
n∈Z
|x(n)|. Ïðè p = 2 ïðîñò-

ðàíñòâî ℓ2 ÿâëÿåòñÿ ãèëüáåðòîâûì ñî ñòàíäàðòíûì ñêàëÿðíûì ïðîèçâå-
äåíèåì. Ïðîñòðàíñòâî ℓ∞ ÿâëÿåòñÿ àëãåáðîé ñ ïîòî÷å÷íûì óìíîæåíèåì
(αβ)(n) = α(n)β(n), n ∈ Z, α, β ∈ ℓ∞.

Ïóñòü Lp = Lp(R,C), p ∈ [1,∞) áàíàõîâî ïðîñòðàíñòâî (êëàññîâ
ýêâèâàëåíòíîñòè) èçìåðèìûõ è ñóììèðóåìûõ ñî ñòåïåíüþ p = [1,∞)

ôóíêöèé ñ íîðìîé ∥x∥p =

(�
R

|x(t)|p dt
)1/p

, x ∈ Lp, p = [1,∞) è

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ãàðêàâåíêî Ã. Â., Óñêîâà Í. Á., 2024
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L∞, (p =∞) áàíàõîâî ïðîñòðàíñòâî ñóùåñòâåííî îãðàíè÷åííûõ (êëàññîâ
ýêâèâàëåíòíîñòè) ôóíêöèé ñ íîðìîé ∥x∥∞ = υrai sup

t∈R
|x(t)|. Ïðîñòðàíñ-

òâî L1(R) ÿâëÿåòñÿ áàíàõîâîé àëãåáðîé ñî ñâåðòêîé ôóíêöèé â êà÷åñòâå
îïåðàöèè óìíîæåíèÿ (f ∗ g)(t) =

�
R

f(τ)g(t− τ) dτ, t ∈ R, f, g ∈

L1. ×åðåç f̂ îáîçíà÷àåòñÿ ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f ∈ L1 (èëè
f ∈ L2).

Îïðåäåëåíèå. Îïåðàòîð J ∈ EndX íàçûâàåòñÿ èíâîëþöèåé, åñëè
J2 = I.

Âî ââåäåííûõ âûøå ïðîñòðàíñòâàõ ñòàíäàðòíàÿ èíâîëþöèÿ çàäàåòñÿ
ôîðìóëîé (Jx)(n) = x(−n), n ∈ Z, x ∈ ℓp è (Jx)(t) = x(−t), t ∈ R, x ∈
Lp (èíîãäà íàçûâàåòñÿ îïåðàòîðîì îòðàæåíèÿ).

Îïåðàòîðû ñ èíâîëþöèåé

Ïóñòü α ∈ ℓ∞, îïðåäåëèì îïåðàòîð Eα ∈ End ℓp, Eαx = αx, x ∈ ℓp,
ôîðìóëîé (Eαx)(n) = α(n)x(n), n ∈ Z. Îïðåäåëèì îïåðàòîð ñ èí-
âîëþöèåé Eα,β = Eα + EβJ, α, β ∈ ℓ∞, äåéñòâóþùèé ïî ôîðìóëå
(Eα,βx)(n) = α(n)x(n) + β(n)x(−n), n ∈ Z, x ∈ ℓp, p ∈ [1,∞) è â ñòàí-
äàðòíîì áàçèñå ïðîñòðàíñòâà ℓp, p ∈ [1,∞) èìåþùèé ðàçðåæåííóþ ìàò-
ðèöó Eα,β ∼ (εij), i, j ∈ Z, ãäå εii = α(i), εi,−i = β(i), i ∈ Z\{0}, ε00 =
α(0) + β(0), à îñòàëüíûå ýëåìåíòû ðàâíû íóëþ. Îïåðàòîð Eα,β îãðà-
íè÷åí è ∥Eα,β∥ ≤ ∥α∥∞ + ∥β∥∞. Ìíîæåñòâî òàêèõ îïåðàòîðîâ îáîçíà-
÷èì ÷åðåç M. Î÷åâèäíî, ÷òî I, J ∈ M, òàê êàê I = Ee,0 = eI + 0J ,
J = E0,e = 0I + eJ , ãäå ñèìâîëîì e îáîçíà÷åíà òàêàÿ ïîñëåäîâàòåëü-
íîñòü, ÷òî e(n) = 1, n ∈ Z, à ñèìâîëîì 0 � íóëåâàÿ ïîñëåäîâàòåëüíîñòü,
ò. å. 0(n) = 0, n ∈ Z.

Ïóñòü òåïåðü α ∈ L1(R) ââåäåì â ðàññìîòðåíèå îïåðàòîð Bα, îïðåäå-
ëåííûé ôîðìóëîé

(Bαx)(t) = (α ∗ x)(t) =
�

R

α(τ)x(t− τ) dτ =

�

R

α(τ)S(−τ)x(t) dτ, (1)

ãäå ÷åðåç S îáîçíà÷åí îïåðàòîð ñäâèãà ôóíêöèè S(s)x(t) = x(t+s), s, t ∈
R. Ôîðìóëà (1) îïðåäåëÿåò íà Lp, p ∈ [1,∞) ñòðóêòóðó áàíàõîâà L1(R)
� ìîäóëÿ, àññîöèèðîâàííîãî ñ ïðåäñòàâëåíèåì S (ñì. [1, 2]).

Ðàññìîòðèì îïåðàòîð Bα,β = Bα +BβJ , α, β ∈ L1, Bα,β ∈ EndLp, p ∈
[1,∞). Îïåðàòîð Bα,β ÿâëÿåòñÿ èíòåãðàëüíûì îïåðàòîðîì ñ ÿäðîì, çà-
âèñÿùèì îò ñóììû è ðàçíîñòè àðãóìåíòîâ:

((Bα +BβJ)x)(t) =

�
R

α(t− τ)x(τ) dτ +
�

R

β(t+ τ)x(τ) dτ, x ∈ Lp,
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è ∥Bα,β∥ ≤ ∥α∥1 + ∥β∥1. Ìíîæåñòâî òàêèõ îïåðàòîðîâ îáîçíà÷èìM′.
Îïåðàòîðû âèäà Eα,β ∈ End ℓp ñ íåîãðàíè÷åííûìè ïîñëåäîâàòåëüíî-

ñòÿìè α, β : Z→ C ðàññìàòðèâàëèñü â [3, 4].

Îñíîâíûå ðåçóëüòàòû

Ëåììà 1. Ìíîæåñòâî M ÿâëÿåòñÿ íàïîëíåííîé áàíàõîâîé ïîäàëãåá-
ðîé â End ℓp, p ∈ [1,∞) ñ åäèíèöåé.

Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííûì ïîäñ÷åòîì ëåãêî óáåäèòüñÿ, ÷òî
Eα,β · Eα′,β′ = Eα̃,β̃, ãäå {

α̃ = α ∗ α′ + β ∗ Jβ′,
β̃ = α ∗ β′ + β ∗ Jα′.

(2)

Íàïîìíèì, ÷òî íåêîòîðàÿ áàíàõîâà ïîäàëãåáðà B ∈ EndX íàçûâàåòñÿ
íàïîëíåííîé, åñëè êàæäûé îáðàòèìûé â EndX îïåðàòîð îáðàòèì è â
B. Äëÿ òîãî, ÷òîáû íàéòè îáðàòíûé Eα′,β′ ê îáðàòèìîìó îïåðàòîðó Eα,β,
íåîáõîäèìî ðåøèòü ñèñòåìó óðàâíåíèé{

αα′ + βJβ′ = e,

αβ′ + βJα′ = 0.

Îòêóäà èìååì 
α′ = Jα(αJα− βJβ)−1,
β′ = −β(αJα− βJβ)−1

α′(0) = 1/(α(0) + β(0)).

Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè b ∈ ℓ∞ ââåäåì â ðàññìîòðåíèå åå ìíî-
æåñòâî íóëåé Z(b) = {n ∈ Z : b(n) = 0}

Ëåììà 2. Îïåðàòîð Eα,β îáðàòèì òîãäà è òîëüêî òîãäà, êîãäà
Z(αJα−βJβ) = ∅ è |α(n)α′(n)+β(n)β′(−n)| > ϵ > 0, äëÿ âñåõ n ∈ Z+.

Ïåðåéäåì ê ðàññìîòðåíèþ îïåðàòîðîâ Bα,β.
Ëåììà 3. Îïåðàòîðû Bα,β ∈ EndLp, p ∈ [1,∞), îáðàçóþò ïîäàëãåá-

ðóM′.
Ëåììà 3 ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì ïîäñ÷åòîì, ïðè ýòîì â ïðî-

ñòðàíñòâå Lp èìååì Bα,β ·Bα′,β′ = Bα̃,β̃, ãäå α̃, β̃ îïðåäåëÿþòñÿ ôîðìóëàìè
(2), ò. å. Bα,β ·Bα′,β′ ∈M′, åñëè Bα,β, Bα′,β′ ∈M′.

Èòàê, ìíîæåñòâî ðàçíîñòíûõ îïåðàòîðîâ ñ èíâîëþöèåé ÿâëÿåòñÿ íà-
ïîëíåííîé áàíàõîâîé ïîäàëãåáðîé ñ åäèíèöåé â ïðîñòðàíñòâå ñîîòâåò-
ñòâóþùèõ îãðàíè÷åííûõ îïåðàòîðîâ, à ìíîæåñòâî èíòåãðàëüíûõ îïåðà-
òîðîâ � áàíàõîâîé àëãåáðîé. Ïðè ýòîì îíè ïîõîæè òåì, ÷òî ïðîèçâåäåíèå
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äâóõ îïåðàòîðîâ è â ïåðâîì è âî âòîðîì ñëó÷àå îïðåäåëÿåòñÿ ñ èñïîëü-
çîâàíèåì ôîðìóëû (2).

Ïåðåéäåì ê ñïåêòðàì îïåðàòîðà Eα,β â ïðîñòðàíñòâå ℓ2 è Bα,β â ïðî-
ñòðàíñòâå L2.

Ëåììà 4. Ñïåêòð îïåðàòîðà Eα,β ∈M åñòü çàìûêàíèå ìíîæåñòâà
÷èñåë{
α(0) + β(0); 0.5

(
α(n) + α(−n)± ((α(n)− α(−n))2 + 4β(n)β(−n))1/2

)}
,

ãäå n ∈ N.
Òàê êàê ñïåêòð îãðàíè÷åííîãî îïåðàòîðà èç End ℓp, 1 ≤ p < ∞ íå

çàâèñèò îò p, òî ôîðìóëû äëÿ ñïåêòðà â ëþáîì èç ïðîñòðàíñòâ ℓp, 1 ≤
p <∞ îñòàíóòñÿ òàêèìè æå, êàê äëÿ Eα,β : ℓ2 → ℓ2.

Ïåðåõîäèì ê îïåðàòîðó Bα,β ∈M′.
Ëåììà 5. ÏóñòüM′ ∈ EndL2 (Bα,β äåéñòâóåò â L2). Òîãäà ñïåêòð

îïåðàòîðà Bα,β ñîâïàäàåò ñ ìíîæåñòâîì RanS1 ∩RanS2, ãäå

S1,2 = 0.5

(
α̂(t) + α̂(−t)±

(
(α̂(t)− α̂(−t))2 + 4β̂(t)β̂(−t)

)1/2)
.

Â ðàáîòå [5] èññëåäîâàëèñü èíòåãðàëüíûå îïåðàòîðû ñ ÿäðîì, çàâè-
ñÿùèì îò ñóììû è ðàçíîñòè àðãóìåíòîâ, äåéñòâóþùèå â L2 è α, β òàê-
æå ïðèíàäëåæàò L2, ýòî ñóùåñòâåííî èñïîëüçîâàëîñü ïðè äîêàçàòåëü-
ñòâå ðåçóëüòàòîâ. Èññëåäóåìûé æå íàìè îïåðàòîð Bα,β ∈ M′ òàêîé, ÷òî
α, β ∈ L1, Bα,β ∈ M′ ⊂ End Lp, p ∈ [1,∞), ïîýòîìó ðåçóëüòàòû èç [5] ê
îïåðàòîðó Bα,β íå ïðèìåíèìû.
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Î ââåäåíèè êâàòåðíèîííûõ ïîòåíöèàëîâ äëÿ
îáîáùåííîé ñèñòåìû Êîøè-Ðèìàíà1

Þ. À. Ãëàäûøåâ, Å. À. Ëîøêàðåâà, (Êàëóãà, Ðîññèÿ)
email@mail.ru

Â äàííîé ðàáîòå ðàññìîòðåíû íåêîòîðûå ñâîéñòâà îáîáùåííîé ñèñòåìû Êîøè-
Ðèìàíà è ïðèâåäåí ñïîñîá ïîñòðîåíèÿ åå ðåøåíèé, èñïîëüçóþùèé ìåòîä îáîá-
ùåííûõ ñòåïåíåé Áåðñà.

Êëþ÷åâûå ñëîâà: îáîáùåííûå ñòåïåíè Áåðñà, êâàòåðíèîíû, ñèñòåìà Êîøè � Ðè-
ìàíà.

On the introduction of quaternion potentials
for the generalized Cauchy-Riemann system1

Yu. A. Gladyshev, E. A. Loshkareva (Kaluga, Russia)
gladyshev.yua@yandex.ru, losh-elena@yandex.ru

The paper examines some properties of a generalized Cauchy-Riemann type system.
As an e�ective way to construct solutions to the multidimensional Laplace equation,
it is recommended to use the method of generalized powers.

Keywords: generalized Bers degrees, quaternion, Cauchy � Riemann system.

Ââåäåíèå

Äëÿ ïîñòðîåíèÿ ïðåäëîæåííîãî îáîáùåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé òèïà Êîøè-Ðèìàíà [1] áûëî èñïîëüçîâàíî åâêëèäîâî âîñüìè-
ìåðíîå ïðîñòðàíñòâî. Ïðè ýòîì èñïîëüçóåòñÿ äåêàðòîâà ñèñòåìà êîîðäè-
íàò xi , ãäå i = 1, 8. Ôóíêöèè, çàâèñÿùèå îò âîñüìè ïåðåìåííûõ, îáî-
çíà÷èì ãðå÷åñêèìè ñèìâîëàìè α (x) , β (x) , γ (x) , ... è ñ÷èòàåì èõ äâà-
æäû íåïðåðûâíî äèôôåðåíöèðóåìûìè. Ýòè ôóíêöèè â àëãåáðàè÷åñêîì
ñìûñëå êâàòåðíèîíû

α =
3∑

i=0

αiei,

ãäå ei - áàçèñíûå åäèíèöû ñèñòåìû êâàòåðíèîíîâ.
Èñïîëüçóåì íèæå îïåðàòîðû

D1 =
3∑

i=0

ei
∂

∂xi+1
, D2 =

4∑
i=1

ei
∂

∂xi+4
, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
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è èõ êâàòåðíèîíû ñîïðÿæåíèÿ D1, D2.
Êâàòåðíèîííûé âàðèàíò ñèñòåìû Êîøè-Ðèìàíà áûë ââåäåí â ðàáîòå

[1] è èìååò âèä

D1φ− ψD2 = 0,

φD2 +D1ψ = 0

}
. (2)

Äëÿ ÷àñòíûõ ïðîèçâîäíûõ ïî xi ïðèíÿòî

ei
∂

∂xi
=

∂

∂xi
ei.

Åñëè α, β ãàðìîíè÷åñêèå êâàòåðíèîííûå ôóíêöèè , ò.å. âñå êîìïî-
íåíòû α, β åñòü ãàðìîíè÷åñêèå ôóíêöèè ïåðåìåííûõ xi , ãäå i = 1, 8 , òî
ôóíêöèè φ′, ψ′, φ′′, ψ′′ îïðåäåëåííûå êàê

φ′ = D1α, ψ′ = αD2,

φ′′ = βD2, ψ′′ = D1β,

äàþò äâà ðåøåíèÿ ñèñòåìû (2). Òàêèì îáðàçîì, ïîñòðîåíèå ðåøåíèÿ ñâî-
äèòñÿ ê ïîñòðîåíèþ ãàðìîíè÷åñêîãî êâàòåðíèîíà. Ìîæíî ñîñòàâèòü îá-
ùåå ðåøåíèå

φ = D1α− βD2,

ψ = αD2 +D1β.

Åñëè α, β óäîâëåòâîðÿþò ñèñòåìå

αD2 +D1β = 0,

D1α + βD2 = 0

}
,

òî çíà÷åíèÿ φ, ψ íå ìåíÿþòñÿ, òàê êàê φ′ = ψ′ = 0. Ýòà ñèòóàöèÿ íà-
ïîìèíàåò êàëèáðîâî÷íóþ èíâàðèàíòíîñòü â ýëåêòðîäèíàìèêå, åñëè α, β
ïðèíÿòü â êà÷åñòâå ïîòåíöèàëîâ.

Êàê ñëåäóåò èç ñêàçàííîãî âûøå, íàõîæäåíèå ðåøåíèé îáîáùåííîãî
óðàâíåíèÿ Êîøè-Ðèìàíà ñâåäåíî ê ïîñòðîåíèþ ðåøåíèÿ óðàâíåíèÿ Ëà-
ïëàñà, ïîýòîìó ìîæíî ïðåäëîæèòü ìåòîä îáîáùåííûõ ñòåïåíåé, ïðåäëî-
æåííûé â [2], [3]. Íåñêîëüêî èçìåíèì ôîðìó çàïèñè óðàâíåíèÿ Ëàïëàñà.
Ïîëîæèì

∆ =
8∑

i=1

∂si,

ãäå ∂si = ∂2

∂xi
2 .

Ïîñòðîèì îáîáùåííûå ñòåïåíè ïóòåì ïðèìåíåíèÿ ïðàâûõ îáðàòíûõ
îïåðàòîðîâ ê îáîáùåííîé êîíñòàíòå. Ðàññìàòðèâàÿ îáîáùåííûå ñòåïåíè
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êàê ýëåìåíòû íåêîòîðîãî ëèíåéíîãî âåêòîðíîãî ïðîñòðàíñòâà óìíîæèì
ñòåïåíü íà ÷èñëîâîé ìíîæèòåëü hp11 h

p2
2 ...h

pz
z è çàïèøåì ñèìâîëè÷åñêèé

ïîëèíîì
(h1s1 + ...+ hzsz)

nC.
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Ïðèáëèæåíèå ïîëèíîìàìè Õààðà è Óîëøà â
âåñîâûõ îáîáùåííûõ ãðàíä ïðîñòðàíñòâàõ

Ëåáåãà1

Á. È. Ãîëóáîâ (Äîëãîïðóäíûé, Ðîññèÿ), Ñ.Ñ. Âîëîñèâåö
(Ñàðàòîâ, Ðîññèÿ)
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Â íàñòîÿùåé ñòàòüå ìû ïðèâîäèì ïðÿìûå òåîðåìû ïðèáëèæåíèÿ ïîëèíîìàìè
Õààðà è Óîëøà â âåñîâîì ãðàíä ïðîñòðàíñòâå Ëåáåãà. Òàêæå èçó÷àåòñÿ ïîðÿ-
äîê ïðèáëèæåíèÿ ñðåäíèìè Áîðåëÿ, Ýéëåðà, Çèãìóíäà-Ðèññà è Íåðëóíäà ðÿäîâ
Ôóðüå-Óîëøà-Ïýëè â óïîìÿíóòîì âûøå ïðîñòðàíñòâå.

Êëþ÷åâûå ñëîâà: Ñèñòåìà Õààðà, âåñîâîå ãðàíä ïðîñòðàíñòâî Ëåáåãà, ïðÿìàÿ
òåîðåìà ïðèáëèæåíèÿ; ëèíåéíûå ñðåäíèå ðÿäà Ôóðüå-Óîëøà.

Approximation by Haar and Walsh
polynomials in weighted generalized grand

Lebesgue spaces1
B. I. Golubov (Dolgoprudnyi, Russia), S. S. Volosivets (Saratov,

Russia)
golubovboris1939@gmail.com, volosivetsss@mail.ru

In the paper we give direct theorems on approximation by Haar and Walsh
polynomials in weighted generalized grand Lebesgue space. Also the degree of
approximation by Borel, Euler, Riesz-Zygmund and N�orlund linear means of Walsh-
Paley-Fourier series are treated in the above cited space.

Keywords: Haar system, weighted grand Lebesgue space, direct approximation
theorem, linear means of Walsh-Fourier series.

Ââåäåíèå

Ïóñòü v : [0, 1] → R+ = [0. +∞) ÿâëÿåòñÿ âåñîâîé ôóíêöèåé, ò.å. èí-
òåãðèðóåìà ïî Ëåáåãó è ï.â. ïîëîæèòåëüíà íà [0, 1]. Îáû÷íîå âåñîâîå
ïðîñòðàíñòâî Ëåáåãà Lp

v[0, 1], 1 ≤ p <∞, ñîñòîèò èç âñåõ èçìåðèìûõ íà
[0, 1] ôóíêöèé f , òàêèõ ÷òî ∥f∥pp,v =

� 1

0 |f(x)|
pv(x) dx < ∞. Äëÿ v ≡ 1

ìû áóäåì ïèñàòü ∥f∥p âìåñòî ∥f∥p,v.
Äëÿ 1 < p < ∞ è θ > 0 îáîçíà÷èì ÷åðåç L

p),θ
v [0, 1] âåñîâîå

îáîáùåííîå ãðàíä ïðîñòðàíñòâî Ëåáåãà, ñîñòîÿùåå èç âñåõ äåéñòâè-

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
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òåëüíîçíà÷íûõ èçìåðèìûõ íà [0, 1] ôóíêöèé f , òàêèõ ÷òî ∥f∥p),θ,v =

sup
0<ε<p−1

εθ/(p−ε)∥f∥p−ε,v <∞.

Ýòè ïðîñòðàíñòâà ââåäåíû äëÿ θ = 1 è v(x) ≡ 1 Ò.Èâàíöîì è
Ê.Ñáîðäîíå [1] è ïîçæå äëÿ θ > 1 è v(x) ≡ 1 Ë.Ãðåêî, Ò.Èâàíöîì
è Ê.Ñáîðäîíå â [2]. Ëåãêî âèäåòü, ÷òî Lp[0, 1] ⊂ Lp)[0, 1] ⊂ Lp−ε[0, 1]
ïðè p > 1 è 0 < ε < p − 1. Ïîñêîëüêó Lp[0, 1] íå ÿâëÿåòñÿ ïëîòíûì â
Lp)[0, 1] (ñì., íàïðèìåð, [3]), ìû áóäåì ðàññìàòðèâàòü ïîäïðîñòðàíñòâî
Lp),θ
v [0, 1], êîòîðîå ÿâëÿåòñÿ çàìûêàíèåì Lp

v[0, 1] â L
p),θ
v [0, 1] è ñíàáæåíî

íîðìîé ∥ · ∥p),θ,v. Ê.Ñáîðäîíå [4] óñòàíîâèë, ÷òî f ∈ L
p),θ
v [0, 1] òîãäà è

òîëüêî òîãäà, êîãäà limε→0+0 ε
θ/(p−ε)∥f∥p−ε,v = 0.

Áóäåì ãîâîðèòü, ÷òî âåñîâàÿ ôóíêöèÿ v ïðèíàäëåæèò êëàññó
Á.Ìàêåíõàóïòà Ap[0, 1], 1 < p <∞, åñëè

sup
I
|I|−1

�
I

v(x) dx

(
|I|−1

�
I

(v(x))−1/(p−1) dx

)p−1
= [v]Ap[0,1] <∞,

ãäå òî÷íàÿ âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì èíòåðâàëàì I èç îòðåçêà [0, 1]
è |I| îçíà÷àåò ìåðó Ëåáåãà I (ñì. [5]).

Äëÿ k ∈ Z+ = {0, 1, . . . } ïîëîæèì Ikj = [(j−1)/2k, j/2k), j ∈ [1, 2k]∩Z.
Íàïîìíèì, ÷òî ñèñòåìà Õààðà {χn(x)}∞n=1 çàäàåòñÿ ñëåäóþùèì îáðàçîì:
χ1(x) ≡ 1 è, äëÿ n = 2k + j, k ∈ Z+, j ∈ Z ∩ [1, 2k],

χn(x) =


2k/2, x ∈ Ik+1

2j−1;

−2k/2, x ∈ Ik+1
2j ;

0, x /∈ Ikj .

Ñèñòåìà {χi(x)}ni=1 îðòîãîíàëüíà íà [0, 1) è ïîëíà â L1[0, 1) (ñì. [6,
ãë. 3, ðàçäåë 1]). Äëÿ f ∈ L1[0, 1] è n ∈ N = {1, 2, . . . } îïðåäåëèì
êîýôôèöèåíòû Ôóðüå-Õààðà è ÷àñòíûå ñóììû Ôóðüå-Õààðà an(f) =� 1

0 f(t)χn(t) dt, Qn(f)(x) =
∑n

k=1 ak(f)χk(x).
Íàèëó÷øåå ïðèáëèæåíèå ïîëèíîìàìè ïî ñèñòåìå Õààðà

äëÿ f ∈ Lp),θ
v [0, 1) îïðåäåëÿåòñÿ ðàâåíñòâîì En(f)p),θ,v =

inf
{
∥f −

∑n
k=1 akχk∥p),θ,v : ak ∈ R

}
, n ∈ N.

Îïðåäåëèì òåïåðü ñèñòåìó Óîëøà-Ïýëè. Ïóñòü r0(x) = 1 äëÿ x ∈
[0, 1/2), r0(x) = −1 äëÿ x ∈ [1/2, 1) è r0(x) ïðîäîëæàåòñÿ íà R+ 1-
ïåðèîäè÷åñêè. Òîãäà rn(x) = r0(2

nx), n ∈ N = {1, 2, . . . }. Äëÿ n ∈ Z+ ñ
äâîè÷íûì ðàçëîæåíèåì n =

∑k(n)
i=0 εi2

i, εi ∈ {0, 1}, ìû ïîëàãàåì wn(x) =∏k(n)
i=0 (ri(x))

εi. Ñèñòåìà Óîëøà-Ïýëè {wn(x)}∞n=0 ÿâëÿåòñÿ îðòîíîðìèðî-
âàííîé è ïîëíîé â L1[0, 1] (ñì. [7, ãë. 1,2]). Äëÿ f ∈ L1[0, 1] çàäàäèì
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êîýôôèöèåíòû Ôóðüå-Óîëøà-Ïýëè è ÷àñòè÷íûå ñóììû Ôóðüå-Óîëøà-
Ïýëè ñëåäóþùèì îáðàçîì: f̂(k) =

� 1

0 f(t)wk(t) dt, k ∈ Z+, Sn(f)(x) =∑n−1
k=0 f̂(k)wk(x), n ∈ N. Ðàññìîòðèì íàèëó÷øåå ïðèáëèæåíèå ïîëèíîìà-

ìè Óîëøà-Ïýëè Ewp
n (f)p),θ,v = inf

{∥∥∥f −∑n−1
k=0 akwk

∥∥∥
p),θ,v

: ak ∈ R
}

äëÿ

n ∈ N è f ∈ Lp),θ
v [0, 1].

Äëÿ f ∈ Lp),θ
v [0, 1), ïðîäîëæåííîé íà R+ = [0,∞) 1-ïåðèîäè÷åñêè,

îïðåäåëèì ðàññìîòðèì ñðåäíèå Ñòåêëîâà sh(f)(x) = h−1
� h

0 f(x + t) dt,
h > 0, è ìîäóëü íåïðåðûâíîñòè Ω(f, δ)p),θ,v = sup{∥f − sh(f)∥p),θ,v : 0 ≤
h ≤ δ}, δ ∈ [0, 1].

Áóäåì ïèñàòü f ∈ W 1L
p),θ
v [0, 1], åñëè f àáñîëþòíî íåïðåðûâíà íà [0, 1],

1-ïåðèîäè÷íà è f ′ ∈ Lp),θ
v [0, 1].

Òåïåðü îïðåäåëèì íåêîòîðûå ëèíåéíûå ñðåäíèå ðÿäîâ Ôóðüå-Óîëøà-
Ïýëè, òàêèå, êàê ñðåäíèå Áîðåëÿ Br(f)(x) = e−r

∑∞
k=0

rk

k!Sk+1(f)(x), r ≥
1, ñðåäíèå Ýéëåðà eqn(f)(x) = (1 + q)−n

∑n
k=0

(
n
k

)
qn−kSk+1(f)(x), n ∈ N,

ñðåäíèå Çèãìóíäà-Ðèññà σ(r)n (f)(x) =
∑n−1

k=0(1 − kr/nr)f̂(k)wk(x), r > 0,
n ∈ N.

Áóäåì ñ÷èòàòü, ÷òî íåóáûâàþùàÿ è íåïðåðûâíàÿ íà [0, 1] ôóíêöèÿ
ω(t) ïðèíàäëåæèò êëàññó Φ, åñëè ω(0) = 0. Ôóíêöèÿ ω ∈ Φ ïðèíàä-
ëåæèò êëàññó Áàðè-Ñòå÷êèíà BSα, α > 0, åñëè

∑n
k=1 k

α−1ω(1/k) =
O(nαω(1/n)), n ∈ N. Ýòî îïðåäåëåíèå è åãî ýêâèâàëåíòíûå ôîðìû ñì.
â [8, ëåììà 3].

Öåëüþ ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå ïðÿìûõ òåîðåì ïðèáëèæåíèÿ ïî-
ëèíîìàìè ïî ñèñòåìàì Õààðà è Óîëøà è îöåíîê ñâåðõó ïðèáëèæå-
íèé ñðåäíèìè Áîðåëÿ, Ýéëåðà è Çèãìóíäà-Ðèññà ðÿäîâ Ôóðüå-Óîëøà-
Ïýëè äëÿ ôóíêöèé èç Lp),θ

v [0, 1]. Îòìåòèì, ÷òî ïðèáëèæåíèÿ òðè-
ãîíîìåòðè÷åñêèìè ïîëèíîìàìè â ïîäîáíûõ ïðîñòðàíñòâàõ èçó÷àëèñü
Ä.Ì.Èñðàôèëîâûì è À.Òåñòè÷è â [9], à òàêæå Â.Ì.Êîêèëàøâèëè è
À.Í.Ìåñõè â [10].

Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. Ïóñòü 1 < p < ∞, θ > 0, v ∈ Ap[0, 1], f ∈ W 1L
p),θ
v [0, 1].

Òîãäà

En(f)p),θ,v ≤ ∥f −Qn(f)∥p),θ,v ≤ Cn−1∥f ′∥p),θ,v, n ∈ N,

Ewp
n (f)p),θ,v ≤ ∥f − Sn(f)∥p),θ,v ≤ Cn−1∥f ′∥p),θ,v, n ∈ N.

Òåîðåìà 2. Ïóñòü 1 < p < ∞, θ > 0, v ∈ Ap[0, 1], f ∈ Lp),θ
v [0, 1].
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Òîãäà

En(f)p),θ,v ≤ ∥f −Qn(f)∥p),θ,v ≤ CΩ(f, 1/n)p),θ,v, n ∈ N,

Ewp
n (f)p),θ,v ≤ ∥f − Sn(f)∥p),θ,v ≤ CΩ(f, 1/n)p),θ,v, n ∈ N.

Òåîðåìà 3. Ïóñòü 1 < p < ∞, θ > 0, v ∈ Ap[0, 1], f ∈ Lp),θ
v [0, 1].

Òîãäà

∥f −Br(f)∥p),θ,v ≤ C1e
−r

[r]∑
k=0

rk

k!
Ewp

k+1(f)p),θ,v ≤ C2Ω(f, 1/r)p),θ,v, r ≥ 1,

ãäå [r] � öåëàÿ ÷àñòü r è C1, C2 � íåêîòîðûå ïîñòîÿííûå.

Òåîðåìà 4. Ïóñòü 1 < p < ∞, θ > 0, v ∈ Ap[0, 1], f ∈ Lp),θ
v [0, 1),

t > 0. Òîãäà

∥f − etn(f)∥p),θ,v ≤ CΩ(f, 1/n)p),θ,v, n ∈ N.

Òåîðåìà 5. Ïóñòü 1 < p < ∞, θ > 0, v ∈ Ap[0, 1], f ∈ Lp),θ
v [0, 1],

ω ∈ B1, r ≥ 1 è Ω(f, t)p),θ,v = O(ω(t)), t ∈ [0, 1]. Òîãäà

∥f − σ(r)n (f)∥p),θ,v ≤ Cω(1/n), n ∈ N.

Êîíñòàíòû â ýòèõ òåîðåìàõ íå çàâèñÿò îò íîìåðà n è ôóíêöèè f .
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grigrow@yandex.ru

Å. Ê. Ëåéíàðòàñ (Ðîññèÿ, ã. Êðàñíîÿðñê)
lein@mail.ru
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Â äàííîé ðàáîòå ââîäèòñÿ ïîíÿòèå ðàçíîñòíûõ îïåðàòîðîâ ñ ñóììèðóþùèì ýô-
ôåêòîì � îïåðàòîðîâ, ïîçâîëÿþùèõ ðåøàòü çàäà÷ó ñóììèðîâàíèÿ. Äëÿ îïåðà-
òîðîâ, îáëàäàþùèõ ñóììèðóþùèì ýôôåêòîì, äàåòñÿ îïèñàíèå ïðîñòðàíñòâà ïî-
ëèíîìèàëüíûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: ÷èñëà Áåðíóëëè, ìíîãî÷ëåíû Áåðíóëëè, çàäà÷à ñóììèðîâàíèÿ,
ìíîãîìåðíûå ðàçíîñòíûå óðàâíåíèÿ, îïåðàòîð Òîääà..

Polynomial Solutions to a Multidimensional
Di�erence Equation1

A. A. Grigoriev (Russia, Krasnoyarsk)
grigrow@yandex.ru

E. K. Leinartas (Russia, Krasnoyarsk)
lein@mail.ru

A. P. Lyapin (Russia, Krasnoyarsk)
aplyapin@sfu-kras.ru

We de�ne a set of polynomial di�erence operators with a summing e�ect which allows
us to solve the summation problem. The theorem describing the space of polynomial
solutions for operators with the summing e�ect was proved.

Keywords: Bernoulli numbers, Bernoulli polynomials, summation problem,
multidimensional di�erence equation, Todd operator..

Ââåäåíèå

Íà êîìïëåêñíîçíà÷íûõ ôóíêöèÿõ f(x) öåëî÷èñëåííûõ àðãóìåíòîâ
x = (x1, . . . , xn) îïðåäåëèì îïåðàòîð δj ñäâèãà ïî j-îé ïåðåìåííîé
δjf(x) = f(x1, . . . , xj−1, xj + 1, xj+1, . . . , xn), δ

αj

j = δj ◦ · · · ◦ δj︸ ︷︷ ︸
αj ðàç

, δ0j

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ãðèãîðüåâ À. À., Ëåéíàðòàñ Å. Ê., Ëÿïèí A. Ï., 2024
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� òîæäåñòâåííûé îïåðàòîð. Îáîçíà÷èì P (δ) =
∑

0⩽α⩽l

cαδ
α � ïîëèíî-

ìèàëüíûé ðàçíîñòíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè cα,
α = (α1, . . . , αn), l = (l1, . . . , ln) ∈ Zn

⩾, à íåðàâåíñòâî l ⩾ α îçíà÷àåò,
÷òî lj ⩾ αj, j = 1, . . . , n. Áóäåì òàêæå èñïîëüçîâàòü îáîçíà÷åíèå l ̸⩾ α,
åñëè íàéäåòñÿ õîòÿ áû îäíî j0, äëÿ êîòîðîãî lj0 < αj0.

Ðàçíîñòíîå óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè f(x) çàïè-
ñûâàåòñÿ ñëåäóþùèì îáðàçîì:

P (δ)f(x) = φ(x), x ∈ Zn
⩾. (1)

Äëÿ çàäàííîé ôóíêöèè íåñêîëüêèõ äèñêðåòíûõ àðãóìåíòîâ
φ(t) = φ(t1, . . . , tn) ðàññìàòðèâàåòñÿ çàäà÷à îòûñêàíèÿ ñóììû åå
çíà÷åíèé ïî âñåì öåëî÷èñëåííûì òî÷êàì n-ìåðíîãî ïàðàëëåëåïèïåäà ñ
¾ïåðåìåííîé¿ âåðøèíîé x ∈ Zn

⩾ :

Π(x) = {t ∈ Rn
⩾ : 0 ⩽ tj ⩽ xj, j = 1, . . . , n}.

Èñêîìóþ ñóììó ìîæíî çàïèñàòü òàê:

S(x) =

x1∑
t1=0

· · ·
xn∑

tn=0

φ(t1, . . . , tn) =
∑

t∈Π(x)

φ(t). (2)

Ðåøèòü çàäà÷ó ñóììèðîâàíèÿ � çíà÷èò íàéòè ôîðìóëó, âûðàæàþ-
ùóþ ñóììó (2) ÷åðåç íå çàâèñÿùåå îò x (êîíå÷íîå) ÷èñëî ñëàãàåìûõ.

Ðàçíîñòíûå îïåðàòîðû ñ ñóììèðóþùèì ýôôåêòîì

Îïðåäåëåíèå 1. Ïîëèíîìèàëüíûé ðàçíîñòíûé îïåðàòîð P (δ) íàçîâåì
îïåðàòîðîì, îáëàäàþùèì ñóììèðóþùèì ýôôåêòîì, åñëè ñóùåñòâóåò
ðåøåíèå f(x) óðàâíåíèÿ (1), òàêîå ÷òî ñóììà (2) âûðàæàåòñÿ ÷åðåç çíà-
÷åíèÿ f(x) â êîíå÷íîì è íå çàâèñÿùåì îò x = (x1, . . . , xn) ÷èñëå òî÷åê.

Ïðèìåð 1. Íàéòè ñóììó

S(x1, x2) =

x1∑
t1=0

x2∑
t2=0

φ(t1, t2)

äëÿ ôóíêöèè

φ(t1, t2) =
1

(t1 + t2 + 1)(t1 + t2 + 2)(t1 + t2 + 3)
.

Ôóíêöèÿ

f(t1, t2) =
1

2

1

t1 + t2 + 1
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ÿâëÿåòñÿ ðåøåíèåì ðàçíîñòíîãî óðàâíåíèÿ

(δ1 − 1)(δ2 − 1)f(t) = φ(t).

Èìååì
P (δ) = (δ1 − 1)(δ2 − 1).

Èñêîìàÿ ñóììà ðàâíà

S(x) = f(x1 + 1, x2 + 1)− f(x1 + 1, 0)− f(0, x2 + 1) + f(0, 0) =

=
1

2

( 1

x1 + x2 + 3
− 1

x1 + 2
− 1

x2 + 2
+ 1
)
.

Â äàííîì ïðèìåðå ñóììà S(x) âûðàæàåòñÿ ÷åðåç çíà÷åíèÿ ôóíêöèè
f(x) â ÷åòûðåõ òî÷êàõ, îïåðàòîð P (δ) = (δ1− 1)(δ2− 1) îáëàäàåò ñóììè-
ðóþùèì ýôôåêòîì.

Ïîëèíîìèàëüíûå ðåøåíèÿ óðàâíåíèÿ ñ ïîëèíîìèàëü-
íîé ïðàâîé ÷àñòüþ

Â äàííîé ðàáîòå íàñ èíòåðåñóåò âîïðîñ î ïîëèíîìèàëüíûõ ðåøåíèÿõ ðàç-
íîñòíûõ óðàâíåíèé (1) ñ ïîëèíîìèàëüíîé ïðàâîé ÷àñòüþ. Ïðè ýòîì, íå
òåðÿÿ îáùíîñòè, ìîæíî ðàññìàòðèâàòü ñëó÷àé φ(t) = tµ = tµ1

1 · · · tµn
n .

Êðîìå òîãî, íàñ èíòåðåñóþò ïîëèíîìèàëüíûå ðàçíîñòíûå îïåðàòîðû
P (δ) ñ ñóììèðóþùèì ýôôåêòîì, êîòîðûå ìîæíî çàïèñàòü (ñì. ñòàòüþ
[1]) â âèäå

P (δ) = R(δ)
n∏

j=1

(δj − 1)kj , (3)

ãäå R(δ) � íåêîòîðûé ïîëèíîìèàëüíûé ðàçíîñòíûé îïåðàòîð ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè, R(I) ̸= 0.

Ðàññìîòðèì ðàçíîñòíîå óðàâíåíèå

R(δ)
n∏

j=1

(δj − 1)kjf(t) = tµ, t ∈ Zn
⩾. (4)

Áóäåì èñêàòü åãî ÷àñòíûå ïîëèíîìèàëüíûå ðåøåíèÿ ïî àíàëîãèè ñ îä-
íîìåðíûì ñëó÷àåì, ò. å. èñïîëüçóåì îïåðàòîðíûå ðàâåíñòâà δj = eDj ,
j = 1, 2, . . . , n.

Ôóíêöèÿ Td(ξ) = 1
R(ξ)

n∏
j=1

ξ
kj
j

(ξj−1)kj
ãîëîìîðôíà â òî÷êå ξ = 0 è ïîýòîìó

ðàçëàãàåòñÿ â íåêîòîðîé îêðåñòíîñòè íóëÿ â ñòåïåííîé ðÿä

Td(ξ) =
∑
m⩾0

b̃k,m
m!

ξm. (5)
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Ïîäñòàâëÿÿ â (5) âìåñòî ïåðåìåííîé ξj îïåðàòîð äèôôåðåíöèðîâàíèÿ
Dj, îïðåäåëèì äèôôåðåíöèàëüíûé îïåðàòîð áåñêîíå÷íîãî ïîðÿäêà:

Td(D) =
∑
m⩾0

b̃k,m
m!

Dm. (6)

Ïðè k1 = . . . = kn = 1, R(δ) ≡ 1 îïåðàòîð, îïðåäåëåííûé ôîðìóëîé (6)
íàçûâàåòñÿ îïåðàòîðîì Òîääà (Ñì., íàïðèìåð, [2], [3]). Â îáùåì ñëó÷àå
åãî åñòåñòâåííî íàçûâàòü îáîáùåííûì îïåðàòîðîì Òîääà, à ÷èñëà b̃k,m
� îáîáùåííûìè ÷èñëàìè Áåðíóëëè. Ìíîãî÷ëåíîì Áåðíóëëè, àññîöèèðî-
âàííûì ñ ïîëèíîìèàëüíûì ðàçíîñòíûì îïåðàòîðîì (3), íàçîâåì âñÿêîå
ïîëèíîìèàëüíîå ðåøåíèå óðàâíåíèÿ (4).

Ñëó÷àé R(δ) ≡ 1 ðàññìàòðèâàëñÿ â ðàáîòå [4].

Îáîçíà÷èì µ(m) = µ(µ− 1)(µ− 2) · · · (µ− (m− 1)).

Òåîðåìà 1. Ïóñòü P (δ) � îïåðàòîð ñ ñóììèðóþùèì ýôôåêòîì âèäà
(3). Òîãäà ìíîæåñòâî ìíîãî÷ëåíîâ Áåðíóëëè, àññîöèèðîâàííûõ ñ ýòèì
îïåðàòîðîì, îïèñûâàåòñÿ ôîðìóëîé

f(x) =
∑

0⩽m⩽µ

b̃k,m
m!

µ(m)xµ+k−m

(µ+ k −m)(k)
+

n∑
i=1

ki∑
mi=1

xki−mi

i qmi
(x1, . . . [i] . . . , xn),

ãäå qmi
� ïðîèçâîëüíûå ïîëèíîìû (n− 1)-é ïåðåìåííîé x1, . . . [i] . . . , xn.
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Î òåîðåìàõ ðàâíîñõîäèìîñòè äëÿ îïåðàòîðîâ
ñ èíâîëþöèåé íà ãðàôå1

Å. È. Ãðèãîðüåâà (Âîðîíåæ, Ðîññèÿ)
elenabiryukova2010@yandex.ru

Â ðàáîòå óñòàíàâëèâàåòñÿ òåîðåìà ðàâíîñõîäèìîñòè ðÿäîâ Ôóðüå ïî ñîáñòâåííûì
è ïðèñîåäèíåííûì ôóíêöèÿì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî îïåðàòîðà ñ
èíâîëþöèåé, çàäàííîãî íà ãðàôå èç äâóõ ðåáåð ñ öèêëîì, è íåâîçìóùåííîãî îïå-
ðàòîðà. Êðîìå òîãî, ïðèâîäèòñÿ òåîðåìà ðàâíîñõîäèìîñòè ñ òðèãîíîìåòðè÷åñêèì
ðÿäîì Ôóðüå äëÿ èíòåãðàëüíîãî îïåðàòîðà íà òàêîì ãðàôå.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûé îïåðàòîð, èíòåãðàëüíûé
îïåðàòîð, èíâîëþöèÿ, ðåçîëüâåíòà, ãåîìåòðè÷åñêèé ãðàô.

Equiconvergence theorems for operators with
involution on a graph1

E. I. Grigorieva (Voronezh, Russia)
elenabiryukova2010@yandex.ru

The equiconvergence of Fourier series in eigen- and associated functions of functional-
di�erential operator with involution and of unperturbed operator is established.
The operators are de�ned on the simplest graph of two edges with a cycle. The
equiconvergence theorem with trigonometric series for an integral operator on this
graph is also given.

Keywords: functional-di�erential operator, integral operator, operator's resolvent,
involution, graph.

Ââåäåíèå

Ðàññìàòðèâàåòñÿ îïåðàòîð â ïðîñòðàíñòâå âåêòîð-ôóíêöèé y(x) =
(y1(x), y2(x))

T (T � çíàê òðàíñïîíèðîâàíèÿ), çàäàííûé íà ãðàôå Γ =
{γ1, γ2}. Ðåáðî γ1 ïðåäñòàâëÿåò ñîáîé öèêë (¾êîëüöî¿), ðåáðî γ2 ïðè-
ìûêàåò ê γ1. Â [1] óñòàíîâëåíà òåîðåìà ðàâíîñõîäèìîñòè ðàçëîæåíèÿ
ïî ñîáñòâåííûì è ïðèñîåäèíåííûì ôóíêöèÿì (ñ.ï.ô) äëÿ çàäàííîãî íà
òàêîì ãðàôå îïåðàòîðà ñ èíâîëþòèâíûì îòêëîíåíèåì ñ ðàçëîæåíèåì â
òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå. Òåîðåìà äîêàçàíà äëÿ îïåðàòîðà âèäà

Ly =

(
α1y

′
1(x) + β1y

′
1(1− x) + p11(x)y1(x) + p12(x)y1(1− x)

α2y
′
2(x) + β2y

′
2(1− x) + p21(x)y2(x) + p22(x)y2(1− x)

)
,

y1(0) = y1(1) = y2(0). (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ãðèãîðüåâà Å. È., 2024
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Çäåñü ïðåäïîëàãàåòñÿ, ÷òî αk, βk � êîìïëåêñíûå ÷èñëà, β2
k − α2

k ̸= 0,
βk ̸= 0, k = 1, 2, x ∈ [0, 1], pi,j ∈ C1[0, 1]. Êðàåâûå óñëîâèÿ (1) ïîðîæäåíû
òðåáîâàíèåì íåïðåðûâíîñòè ôóíêöèé âî âíóòðåííåì óçëå Γ.

Äëÿ èçó÷åíèÿ äðóãèõ ñïåêòðàëüíûõ ñâîéñòâ äàííîãî îïåðàòîðà, à
òàêæå îáîáùàþùèõ åãî èíòåãðàëüíûõ îïåðàòîðîâ óäîáíåå èñïîëüçîâàòü
òåõíèêó, îñíîâàííóþ íà ðàâíîñõîäèìîñòè ðàçëîæåíèé ïî ñ.ï.ô èññëåäóå-
ìîãî îïåðàòîðà ñ ðàçëîæåíèåì ïî ñ.ï.ô. íåêîòîðîãî íåâîçìóùåííîãî îïå-
ðàòîðà [2]. Â äàííîé ðàáîòå óñòàíàâëèâàåòñÿ ñîîòâåòñòâóþùèé ðåçóëüòàò
î ðàâíîñõîäèìîñòè äëÿ îïåðàòîðîâ L è

L0y =

(
α1y

′
1(x) + β1y

′
1(1− x)

α2y
′
2(x) + β2y

′
2(1− x)

)
, y1(0) = y1(1) = y2(0).

Òàêæå èññëåäóåòñÿ èíòåãðàëüíûé îïåðàòîð, çàäàííûé íà ãðàôå Γ,

y(x) = Af(x) =

� 1

0

A(x, t)f(t) dt, x ∈ [0, 1], (2)

ãäå y(x) = (y1(x), y2(x))
T , f(x) = (f1(x), f2(x))

T , A(x, t) � íåêîòîðàÿ
ìàòðèöà. Äëÿ òàêîãî îïåðàòîðà â äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû,
îáîáùàþùèå ðåçóëüòàòû èç [3].

Îñíîâíûå ðåçóëüòàòû

1. Â [1] óñòàíîâëåíà ñâÿçü îïåðàòîðà L ñ îïåðàòîðîì, äåéñòâóþùèì â
ïðîñòðàíñòâå âåêòîð-ôóíêöèé ðàçìåðíîñòè 4:

L̃z = Qz′(x) + P (x)z(x),

M0z(0) +M1z(1) = 0.

Çäåñü z(x) = (z1(x), z2(x), z3(x), z4(x))
T , Q = diag(Q1, Q2),

P (x) = diag(P1(x), P2(x)), Qk(x) =

(
αk −βk
βk −αk

)
,

Pk(x) =

(
pk1(x) pk2(x)

pk2(1− x) pk1(1− x)

)
, k = 1, 2, M0,M1 � êâàäðàòíûå ìàò-

ðèöû ðàçìåðíîñòè 4, ïðè÷åì (M0)11 = (M0)31 = −(M0)12 = −(M0)33 = 1,
(M1)21 = (M1)42 = −(M1)22 = −(M1)44 = 1, îñòàëüíûå ýëåìåíòû
(Mk)ij = 0.

Ïóñòü y(x) = (Rλf)(x), ãäå Rλ = (L − λE)−1 � ðåçîëüâåíòà îïå-
ðàòîðà L (E � åäèíè÷íûé îïåðàòîð, λ � ñïåêòðàëüíûé ïàðàìåòð),
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f(x) = (f1(x), f2(x))
T . Ñîîòâåòñòâåííî, ðåçîëüâåíòó îïåðàòîðà L̃ áóäåì

îáîçíà÷àòü R̃λ.

Ëåììà 1. Åñëè λ òàêîâî, ÷òî ðåçîëüâåíòû îïåðàòîðîâ L è L̃ ñóùå-
ñòâóþò, è y=Rλf , z=R̃λF , ãäå F (x)=(f1(x), f1(1−x), f2(x), f2(1−x))T ,
òî y(x) =

(
[(R̃λF )(x)]1, [(R̃λF )(x)]3

)
([·]k îçíà÷àåò k-óþ êîìïîíåíòó

âåêòîðà).
Ââåäåì òàêæå ñëåäóþùèå îáîçíà÷åíèÿ (ñì. [1]):

D = diag(i
√
d1,−i

√
d1, i
√
d2,−i

√
d2), d−1k = β2

k − α2
k, k = 1, 2,

M̃0 =M0BH0(0), M̃1 =M1BH0(1),

B = diag(B1, B2), Bk =

(
1 bk

bk 1

)
, bk = β−1k [i

√
dk + αk],

H0(x) = diag(h1(x), h2(x), h3(x), h4(x)), hi(x) = exp

{
−
� x

0 p̃ii(t) dt

}
,

p̃ii(x) � äèàãîíàëüíûå ýëåìåíòû ìàòðèöû P̃ (x) = diag(P̃1(x), P̃2(x)),
P̃k(x) = B−1k Q−1k Pk(x)Bk;
R̃0λ � ðåçîëüâåíòà îïåðàòîðà

D−1w′, U0(w) = M̃0w(0) + M̃1w(1) = 0.

Ëåììà 2 [1]. Äëÿ ëþáûõ ôóíêöèé f1(x) ∈ L[0, 1], f2(x) ∈ L[0, 1]
èìååò ìåñòî ñîîòíîøåíèå:

lim
r→∞

∥∥∥∥ �
|λ|=r

[
R̃λF −BH0(x)R̃0λ(H

−1
0 B−1F )

]
dλ

∥∥∥∥
∞
= 0.

Ðàçâèâàÿ äàëåå òåõíèêó èç [2], ïîëó÷èì

Òåîðåìà 1. Äëÿ ëþáîé ôóíêöèè f(x) = (f1(x), f2(x))
T , fk(x) ∈

L[0, 1], k = 1, 2, èìååò ìåñòî ñîîòíîøåíèå:

lim
r→∞
∥Sr(f, x)− S0

r (f, x)∥∞ = 0,

ãäå Sr(f, x) (S
0
r (f, x)) � ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ôóíêöèè f(x) ïî

ñîáñòâåííûì è ïðèñîåäèíåííûì ôóíêöèÿì îïåðàòîðà L (L0), âêëþ÷à-
þùàÿ ñëàãàåìûå, ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà÷åíèÿì λk (λ0k),
äëÿ êîòîðûõ |λk| < r (|λ0k| < r).

2. Ïðèâåäåì çäåñü ðåçóëüòàòû äëÿ èíòåãðàëüíîãî îïåðàòîðà (2),
îáîáùàþùèå ðåçóëüòàòû èç [3].

Ïóñòü Ã1(x, t), B̃1(x, t), B̃2(x, t) � ïðîèçâîëüíûå ôóíêöèè, íåïðåðûâ-
íî äèôôåðåíöèðóåìûå ïî x è íåïðåðûâíûå ïî t ïðè t ̸= x è t ̸= 1 − x,
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ïðè÷åì Ã(x, x) ≡ 1, B̃k(x, x) ≡ 1. Óñòàíîâëåíî, ÷òî åñëè ÿäðî èíòåãðàëü-
íîãî îïåðàòîðà (2) èìååò âèä

A(x, t) =

(
A1(x, t) 0

g2(x)
g2(0)

A1(0, t) A2(x, t)

)
, (2)

ãäå A1(x, t) = ε(x, t)Ã1(x, t) + g1(x)ν(t),
A2(x, t) = α1ε(x, t)B̃1(x, t) + α2ε(1− x, t)B̃2(1− x, t)− α2

g2(x)
g2(0)

B̃2(1, t);
ε(x, t) = 1, åñëè x ≥ t, ε(x, t) = 0, åñëè x ≤ t;

g1(x), g2(x) ∈ C1[0, 1] g1(0) ̸= g1(1), g2(0) ̸= 0, ν(t) = Ã1(1,t)
g1(0)−g1(1) ,

αk � êîìïëåêñíûå ÷èñëà, α2 ̸= 0, òî îáëàñòü çíà÷åíèé îïåðàòîðà óäîâëå-
òâîðÿåò ñîîòíîøåíèÿì (1).

Òåîðåìà 2. Åñëè A−1 ñóùåñòâóåò, òî äëÿ ëþáîé ôóíêöèè f(x) ñ
êîìïîíåíòàìè èç L[0, 1]

lim
∥∥Sr(f, x)− (σr(f1, x), σr(f2, x))

T
∥∥
[ε,1−ε] = 0,

ãäå Sr(f, x) � ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ôóíêöèè f ïî ñîáñòâåííûì
è ïðèñîåäèíåííûì ôóíêöèÿì îïåðàòîðà A äëÿ õàðàêòåðèñòè÷åñêèõ ÷è-
ñåë λk, ïîïàäàþùèõ â êðóã |λk| < r; σr(fj, x) � ÷àñòè÷íàÿ ñóììà ðÿäà
Ôóðüå ôóíêöèè fj ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå {e2kπix}+∞k=−∞, âêëþ-
÷àþùàÿ ñëàãàåìûå, äëÿ êîòîðûõ |2πk| < r.
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ÓÄÊ 517.9

Ðàçëîæåíèå ïåðâîé êîìïîíåíòû
âåêòîð-ôóíêöèè ïî ñîáñòâåííûì ýëåìåíòàì

îäíîãî äèôôåðåíöèàëüíîãî ïó÷êà ñ
ãðàíè÷íûìè óñëîâèÿìè Íåéìàíà1

Â. Ñ. Ãóðååâ (Ñàðàòîâ, Ðîññèÿ)
gureev.vladislaw@yandex.ru

Â ñòàòüå ðàññìàòðèâàåòñÿ îáûêíîâåííûé äèôôåðåíöèàëüíûé êâàäðàòè÷íûé ïó-
÷îê âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è ãðàíè÷íûìè óñëîâèÿ-
ìè Íåéìàíà. Íàõîäÿòñÿ ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ýëåìåíòû ýòîãî
ïó÷êà. Ïðîâîäèòñÿ åãî ëèíåàðèçàöèÿ è íàõîäèòñÿ åãî ðåçîëüâåíòà, à èìåííî íà-
õîäèòñÿ ôóíêöèÿ Ãðèíà. Â çàêëþ÷åíèè ôîðìóëèðóåòñÿ òåîðåìà î ðàçëîæåíèè
ïåðâîé êîìïîíåíòû è ïîÿñíÿåòñÿ ãäå îíà èñïîëüçóåòñÿ.

Êëþ÷åâûå ñëîâà: îáûêíîâåííûé äèôôåðåíöèàëüíûé êâàäðàòè÷íûé ïó÷îê âòîðî-
ãî ïîðäÿêà, ôóíêöèÿ Ãðèíà, òåîðåìà î ðàçëîæåíèè.

Decomposition of the �rst component of a
vector function by eigenfunctions of a

di�erential beam with Neumann boundary
conditions1

V. S. Gureev (Saratov, Russian)
gureev.vladislaw@yandex.ru

The article considers an ordinary second-order di�erential quadratic beam with
constant coe�cients and Neumann boundary conditions. The eigenvalues and
eigenvalues of this bundle are found. Its linearization is carried out and its resolvent
is found, namely, the Green function is found. In conclusion, the theorem on the
decomposition of the �rst component is formulated and it is explained where it is
used.

Keywords: an ordinary second-order di�erential quadratic beam, Green's function,
decomposition theorem.

Ââåäåíèå

Ðàññìîòðèì îáûêíîâåííûé äèôôåðåíöèàëüíûé êâàäðàòè÷íûé ïó÷îê
âòîðîãî ïîðÿäêà L(λ) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, äåéñòâóþùèé â
ïðîñòðàíñòâå L2[0, 1] è îïðåäåëÿåìûé äèôôåðåíöèàëüíûì âûðàæåíèåì

l(y, λ) := y′′ + λp1y
′ + λ2p2y (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ãóðååâ Â. Ñ., 2024
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è êðàåâûìè óñëîâèÿìè Íåéìàíà

y′(0) = y′(1) = 0. (2)

Äàëåå èñïîëüçóåì îïðåäåëåíèÿ è ôàêòû èç [1], íå îãîâàðèâàÿ ýòîãî
îñîáî. Ïðåäïîëàãàåòñÿ, ÷òî âûïîëíÿåòñÿ óñëîâèå p21 − 4p2 > 0, òî åñòü
êîðíè ω1, ω2 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ω2 + p1ω + p2 = 0

ÿâëÿþòñÿ âåùåñòâåííûìè è ðàçëè÷íûìè. Ïóñòü êîðíè ýòîãî óðàâíåíèÿ
óäîâëåòâîðÿþò óñëîâèþ ðåãóëÿðíîñòè

ω1 < 0 < ω2. (3)

Òåîðåìà î ðàçëîæåíèè

Äëÿ îïåðàòîð-ôóíêöèè L(λ), îïðåäåëÿåìîé (1)�(2) íàéäåì ñîáñòâåííûå
ýëåìåíòû è ñîáñòâåííûå çíà÷åíèÿ. Äëÿ ýòîãî ðàññìîòðèì ñëåäóþùóþ
êðàåâóþ çàäà÷ó

L(λ)y = 0 (4)

èëè, ïîäðîáíåå,
l(y, λ) = 0, y′(0) = y′(1) = 0.

Îáùåå ðåøåíèå óðàâíåíèÿ l(y, λ) = 0 çàäà÷è (4) èìååò âèä

y(x, λ) = C1e
λω1x + C2e

λω2x.

Ó÷èòûâàÿ êðàåâûå óñëîâèÿ (2), íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîá-
ñòâåííûå ýëåìåíòû äëÿ îïåðàòîð-ôóíêöèè L(λ)

λk =
2kπi

ω2 − ω1
, k ∈ Z, (5)

y0(x) = 1, yk(x) = e
2kπiω1x
ω2−ω1 − e

2kπiω2x
ω2−ω1 , k ∈ Z/{0}.

Ëèíåàðèçóåì çàäà÷ó (4), êàê ýòî ñäåëàíî â [2]. Ïóñòü z1 = y, z2 = λz1,
òîãäà êðàåâàÿ çàäà÷à (4) ïåðåéäåò â çàäà÷ó LZ −λZ = 0, ãäå L � ëèíåé-
íûé îïåðàòîð â ïðîñòðàíñòâå âåêòîð-ôóíêöèé Z = (z1, z2)

T , îïðåäåëÿå-
ìûé âûðàæåíèåì

AZ :=

(
0 1

− 1
p2

d2

dx2 −p1
p2

d
dx

)
Z,

è ñëåäþóùèìè êðàåâûìè óñëîâèÿìè

z′1(0) = z′1(1) = 0.
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Íàéäåì ðåçîëüâåíòó Rλ = (L−λE)−1 îïåðàòîðà L. Äëÿ ýòîãî ðåøèì
çàäà÷ó LZ − λZ = F , ãäå F = (f1, f2)

T , ãäå f1, f2 ∈ L2[0, 1]. Ïåðâàÿ
êîìïîíåíòà Z = RλF ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé êðàåâîé çàäà÷è:

z′′1 + λp1z
′
1 + λ2p2z1 = fλ, z′(0) = z′(1) = 0, (6)

ãäå fλ := −p2f2 − p1f ′1 − λp2f1.
Äëÿ ôóíêöèè Ãðèíà G(x, ξ, λ) çàäà÷è (6) ñïðàâåäëèâà ôîðìóëà

G(x, ξ, λ) =
1

λ(ω2 − ω1)δ(λ)

(
ω2

ω1
eλ(ω1x+ω2(1−ξ)) − eλω1(x+1−ξ)+

+
ω1

ω2
eλ(ω2x+ω1(1−ξ)) − eλ(ω1+ω2(x−ξ))

)
−

− 1

λ(ω2 − ω1)
eλω1(x−ξ)χ(x− ξ)− 1

λ(ω2 − ω1)
eλω2(x−ξ)χ(ξ − x),

ãäå δ(λ) = eλω2 − eλω1, à χ(x) åñòü ôóíêöèÿ Õåâèñàéäà.
Åñëè îáîçíà÷èòü ÷åðåç Rλ ðåçîëüâåíòó ïó÷êà L(λ), òî ïîëó÷èì

z1(x, λ) = (Rλfλ)(x) =

1�

0

G(x, ξ, λ)fλ(ξ)dξ =

=

1�

0

G(x, ξ, λ)(−p2f2(ξ)− p1f ′1(ξ)− λp2f1(ξ))dξ.

Îáîçíà÷èì ÷åðåç γk îêðóæíîñòè {λ : |λ − λk| = δ}, ãäå δ > 0 è
íàñòîëüêî ìàëî, ÷òî âíóòðè γk íàõîäèòñÿ ïî îäíîìó ñîáñòâåííîìó çíà-
÷åíèþ.

Îáîçíà÷èì

In = − 1

2πi

n∑
k=−n

�

γk

1�

0

G(x, ξ, λ)fλ(ξ)dξdλ =

= − 1

2πi

�

Γn

1�

0

G(x, ξ, λ)fλ(ξ)dξdλ,

ãäå Γn, n ∈ N, åñòü êðóãîâûå êîíòóðû, îòñòîÿùèå îò ÷èñåë λk íà ðàññòî-
ÿíèè íå ìåíüøå íåêîòîðîãî äîñòàòî÷íî ìàëîãî ôèêñèðîâàííîãî ÷èñëà
δ > 0, ìåæäó ñîñåäíèìè êîíòóðàìè ëåæèò ðîâíî îäíî ÷èñëî λk è èìåþò
ìåñòî îöåíêè:

C1n < äëèíà Γn < C2n (0 < C1 < C2 < +∞).
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Òàêèå êîíòóðû ñóùåñòâóþò íà îñíîâàíèè ôîðìóë (5).
Îñíîâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà, êîòîðàÿ

äîêàçûâàåòñÿ ìåòîäîì, àíàëîãè÷íûì ìåòîäó â [2].
Òåîðåìà 1. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (3). Åñëè f1(x) ∈ W 1

p [0, 1],
f2(x) ∈ Lp[0, 1], ãäå p > 1, òî

In(x) = f1(x) + on(1),

ãäå on(1) −→
n→∞

0 ðàâíîìåðíî ïî x ∈ [0, 1].

Òåîðåìà 1 èñïîëüçóåòñÿ äëÿ äîêàçàòåëüñòâà òåîðåìû åäèíñòâåííîñòè
êëàññè÷åñêîãî ðåøåíèÿ è ïîëó÷åíèÿ ôîðìóëû äëÿ íåãî â âèäå êîíòóð-
íîãî èíòåãðàëà äëÿ ãèïåðáîëè÷åñêîé íà÷àëüíî-ãðàíè÷íîé çàäà÷è

∂2u

∂x2
+ p1

∂2u

∂x∂t
+ p2

∂2u

∂t2
= f(x, t),

ux(0, t) = 0, ux(1, t) = 0,

u(x, 0) = φ(x),
∂u(x, 0)

∂t
= ψ(x),

ãäå (x, t) ∈ Q = [0, 1]× [0,+∞); p1, p2 ∈ R, ôóíêöèè φ, ψ, f êîìïëåêñíî-
çíà÷íûå ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ ãëàäêîñòè íà ýòè ôóíêöèè.

Ïîäðîáíîñòè ìîæíî íàéòè â ñòàòüÿõ [3�6].
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ÓÄÊ 517.2 + 519.853

Îá îñòðîì ìèíèìóìå â çàäà÷å ÷åáûøåâñêîãî
ïðèáëèæåíèÿ1

Ñ. È. Äóäîâ, Ì. À. Îñèïöåâ (Ñàðàòîâ, Ðîññèÿ)
DudovSI@info.sgu.ru Osipcevm@gmail.com

Ïîêàçàíî, ÷òî ðåøåíèå çàäà÷è íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ íåïðå-
ðûâíîé ôóíêöèè ïîëèíîìîì ïî ÷åáûøåâñêîé ñèñòåìå ôóíêöèé õàðàêòåðèçóåòñÿ
îñòðûì ìèíèìóìîì. À èìåííî, èìååò ìåñòî ëèíåéíàÿ îöåíêà ðîñòà îòêëîíåíèÿ
öåëåâîé ôóíêöèè êîýôôèöèåíòîâ ïîëèíîìà äàííîé çàäà÷è îò å¼ ìèíèìàëüíî-
ãî çíà÷åíèÿ îòíîñèòåëüíî îòêëîíåíèÿ âåêòîðà âåêòîðà êîýôôèöèåíòîâ îò îïòè-
ìàëüíîãî.

Êëþ÷åâûå ñëîâà: àëüòåðíàíñ, ÷åáûøåâñêàÿ ñèñòåìà ôóíêöèé, îñòðûé ìèíèìóì.

On the sharp minimum in the Chebyshev
approximation problem1

Sergei I. Dudov, Mikhail A. Osiptsev (Saratov, Russia)
DudovSI@info.sgu.ru Osipcevm@gmail.com

It has been demonstrated that the solution to the problem of achieving the best
uniform approximation of a continuous function by a polynomial over the Chebyshev
system of functions is characterised by a sharp minimum. Speci�cally, there is a linear
estimate of the growth of the deviation of the target function's coe�cients for the
polynomial of this problem from its minimum value with respect to the deviation of
the coe�cient vector from the optimal value.

Keywords: alternance, Chebyshev function system, sharp minimum.

1. Ãîâîðÿò, ÷òî â çàäà÷å íà óñëîâíûé ýêñòðåìóì

f(x)→ min
x∈D

, D ⊂ Rn (1)

â òî÷êå x0 ∈ D èìåååò ìåñòî îñòðûé ìèíèìóì ( [1]), åñëè ñóùåñòâóåò
òàêîå δ > 0, ÷òî

f(x)− f(x0) ≥ δ∥x− x0∥, ∀x ∈ D. (2)

Ýòà îöåíêà ðîñòà (2) öåëåâîé ôóíêöèè çàäà÷è (1), âûðàæàåìàÿ ïðàâîé
÷àñòüþ íåðàâåíñòâà (2), èìååò âàæíîå êîíñòðóêòèâíîå çíà÷åíèå ïðè ðàç-
ðàáîòêå ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷è è îöåíêå èõ ñêîðîñòè ñõîäè-
ìîñòè. Î÷åâèäíî äàëåêî íå â ëþáîé ýêñòðåìàëüíîé çàäà÷å îñòðûé ìèíè-
ìóì èìååò ìåñòî. Îäíàêî â îïðåäåë¼ííûõ ñèòóàöèÿõ ñî÷åòàíèÿ ñâîéñòâ
öåëåâîé ôóíêöèè f(x) è äîïóñòèìîãî ìíîæåñòâà àðãóìåíòîâ D îí ìîæåò

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Äóäîâ Ñ. È., Îñèïöåâ Ì. À., 2024
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áûòü ïðåäîïðåäåëåí. Êàê áóäåò ïîêàçàíî íèæå, ýòà ïðåäîïðåäåë¼ííîñòü
ïðèñóòñòâóåò â çàäà÷àõ ÷åáûøåâñêîãî ïðèáëèæåíèÿ.

2. Ïóñòü f(t) � íåïðåðûâíàÿ íà ìíîæåñòâå T ⊂ R ôóíêöèÿ, |T | ≥
n+ 2. Ðàññìàòðèâàåì çàäà÷ó

F (A) ≡ max
t∈T
|f(t)− Pn(A, t)| → min

A∈Rn+1
(3)

ðàâíîìåðíîãî íà T ïðèáëèæåíèå ôóíêöèè f(t) îáîáùåííûì ïîëèíîìîì

Pn(A, t) =
n∑

i=0

aiφi(t) ïî ÷åáûøåâñêîé ( [2], [3]) íà T ñèñòåìå ôóíêöèé

{φi(·)}i=0,n, ãäå A = (a0, a1, . . . , an).
Äëÿ ñèñòåìû òî÷åê t0 < t1 < · · · < tn+1 èç T îïðåäåëèì ìàòðèöó

D =


−φ0(t0) φ0(t1) . . . (−1)n+1φ0(tn+1)

−φ1(t0) φ1(t1) . . . (−1)n+1φ1(tn+1)

. . . . . . . . . . . .

−φn(t0) φn(t1) . . . (−1)n+1φn(tn+1)

1 1 . . . 1

 .

Ëåììà. Ìàòðèöà D íåâûðîæäåíà è ýëåìåíòû ïîñëåäíåãî ñòîëáöà
ìàòðèöû C = D−1 = (cij)i,j=1,n ïîëîæèòåëüíû: ck n+1 > 0, k = 1, n+ 2.

Òåîðåìà. Ïóñòü íà âåêòîðå êîýôôèöèåíòîâ A∗ ôóíêöèÿ F (A) äî-
ñòèãàåò ìèíèìàëüíîãî íà Rn+1 çíà÷åíèÿ è, ïðè ýòîì, àëüòåðíàíñ ðå-
àëèçóåòñÿ íà ñèñòåìå òî÷åê {tj}j=0,n+1 ⊂ T : t0 < t1 < · · · < tn+1:

F (A∗) = |f(tj)− Pn(A
∗, tj)|, j = 0, n+ 1,

f(tj)− Pn(A
∗, tj) = Pn(A

∗, tj+1)− f(tj), j = 0, n,

è, êðîìå òîãî, [t0, tn+1] ⊂ T . Òîãäà äëÿ ëþáîãî A ∈ Rn+1 âûïîëíÿåòñÿ
íåðàâåíñòâî

F (A)− F (A∗) ⩾ δ0∥A− A∗∥, (4)

ãäå
δ = min

k=1,n+2

ck,n+2√
n+1∑
j=1

c2k,j

. (5)

3. Äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ ïîëåçíî ðàñïîëàãàòü õîòÿ áû îöåí-
êîé ñíèçó äëÿ δ. Îíà åñòåñòâåííî áóäåò çàâèñåòü îò èñïîëüçóåìîé ÷åáû-
øåâñêîé ñèñòåìû è ñèñòåìû óçëîâ, íà êîòîðîé ðåàëèçóåòñÿ àëüòåðíàíñ.
Ýòîò âîïðîñ ïðåäïîëàãàåòñÿ îáñóäèòü.
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Â íàèáîëåå ïðîñòîì ñëó÷àå âåëè÷èíó δ ïî ôîðìóëå (5) óäàåòñÿ ïîëó-
÷èòü â ÿâíîì âèäå. Ïðèâåäåì ïðèìåðû.

1) n = 1, {φi(·)}i=0,1 = {1, t}, íà ñèñòåìå óçëîâ {t0, t1, t2}

δ = min

 t2 − t1√
4 + (t1 + t2)

2
, 1,

t1 − t0√
4 + (t0 + t1)

2

 .

2) n = 2, {φi(·)}i=0,1,2 = {1, t, t2}, íà ñèñòåìå óçëîâ {t0, t1, t2, t3}

δ = min

 (t2 − t1) (t3 − t1) (t3 − t2)√
4 (t1 − t3)2 + 4 (t21 − t23)

2
+ (t1 − t3)2 (t2 (t3 − t2) + t1 (t2 + t3))

2
,

(t2 − t0) (t3 − t0) (t3 − t2)√
4 (t0 − t2)2 + 4 (t20 − t22)

2
+ (t2t3 (t3 − t2) + t20 (t2 + t3)− t0 (t22 + t23))

2
,

(t1 − t0) (t3 − t1) (t3 − t0)√
4 (t1 − t3)2 + 4 (t21 − t23)

2
+ (t1 − t3)2 (−t20 + t1t3 + t0 (t1 + t3))

2
,

(t1 − t0) (t2 − t0) (t2 − t1)√
4 (t0 − t2) 2 + 4 (t20 − t22)

2
+ (t0 − t2)2 (t1 (−t1 + t2) + t0 (t1 + t2))

2

 .

Îòìåòèì, ÷òî àëüòåðíàíñ, ñëåäñòâèåì êîòîðîãî ñòàë îñòðûé ìèíèìóì
â çàäà÷å (1), ïðèñóòñòâóåò òàêæå â çàäà÷àõ ïî ïîëèíîìèàëüíûì îöåíêàì
è ïðèáëèæåíèè ñåãìåíòíûõ ôóíêöèé ( [4]� [7]), ãäå òàêæå ìîãóò áûòü
ïîëó÷åíû îöåíêè ðîñòà öåëåâîé ôóíêöèè, ïîäîáíûå îöåíêå (4).
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Ïðèáëèæåíèå ñóììàìè ñäâèãîâ îäíîé
ôóíêöèè íà êîìïàêòíîé àáåëåâîé ãðóïïå1

Í. À. Äþæèíà (Ìîñêâà, Ðîññèÿ)
natasha17954@yandex.ru

Ïóñòü G � íåòðèâèàëüíàÿ êîìïàêòíàÿ àáåëåâà ãðóïïà. Ïîëó÷åí ñëåäóþùèé ðå-
çóëüòàò: äåéñòâèòåëüíàÿ ôóíêöèÿ íà G, ñóììû ñäâèãîâ êîòîðîé ïëîòíû ïî íîðìå
L2 â ñîîòâåòñòâóþùåì äåéñòâèòåëüíîì ïðîñòðàíñòâå ôóíêöèé ñ íóëåâûì ñðåä-
íèì, ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà G ñâÿçíàÿ è èìååò ñ÷åòíóþ ãðóïïó
õàðàêòåðîâ.

Êëþ÷åâûå ñëîâà: ïëîòíîñòü, ñóììû ñäâèãîâ, êîìïàêòíûå ãðóïïû, ïðîñòðàíñòâî
L2.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ôîíäà ðàçâèòèÿ
òåîðåòè÷åñêîé ôèçèêè è ìàòåìàòèêè ¾Áàçèñ¿.

Approximation by sums of shifts of a single
function on a compact abelian group1

N. A. Dyuzhina (Moscow, Russia)
natasha17954@yandex.ru

Let G be a nontrivial compact abelian group. We obtained that there exists a
real function on G whose sums of shifts are dense with respect to L2 norm in the
corresponding real space of functions with zero mean if and only if G is connected
and has a countable dual group.

Keywords: density, sums of shifts, compact groups, L2 space.
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Ñóùåñòâóåò ôóíêöèÿ, îïðåäåëåííàÿ íà îêðóæíîñòè T, ñóììû ñäâè-
ãîâ êîòîðîé ïëîòíû â äåéñòâèòåëüíîì ïðîñòðàíñòâå L0

p(T) ôóíêöèé èç
Lp(T) ñ íóëåâûì ñðåäíèì (1 ≤ p < ∞) [1]. Â äåéñòâèòåëüíîì ïðîñòðàí-
ñòâå l2(Z) äâóñòîðîííèõ ïîñëåäîâàòåëüíîñòåé ñóùåñòâóåò âåêòîð, ñóììû
ñäâèãîâ êîòîðîãî ïëîòíû âî âñåõ ïðîñòðàíñòâàõ lp(Z), 2 ≤ p <∞ [2]. Ñó-
ùåñòâóåò ôóíêöèÿ, îïðåäåëåííàÿ íà äåéñòâèòåëüíîé îñè R, ñóììû ñäâè-
ãîâ êîòîðîé ïëîòíû âî âñåõ äåéñòâèòåëüíûõ ïðîñòðàíñòâàõ Lp(R) ïðè
2 ≤ p < ∞ [3]. Â ðàáîòå [4] ýòè ðåçóëüòàòû ïåðåíåñåíû ñîîòâåòñòâåííî
íà ñëó÷àé òîðà Td, ðåøåòêè Zd è ïðîñòðàíñòâà Rd, d ∈ N. Åñòåñòâåííûì
îáðàçîì âîçíèêàåò çàäà÷à, ðàíåå ñôîðìóëèðîâàííàÿ â [5].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Ïóñòü G � ëîêàëüíî êîìïàêòíàÿ àáåëåâà ãðóïïà ñ ìåðîé Õààðà m.
Ñóùåñòâóåò ëè ôóíêöèÿ f , îïðåäåëåííàÿ íà ýòîé ãðóïïå, äëÿ êîòîðîé
ñóììû

n∑
k=1

f(g + gk), gk ∈ G, n ∈ N, (1)

åå ñäâèãîâ: à) ïëîòíû â äåéñòâèòåëüíîì ïðîñòðàíñòâå L2(G) (â ñëó÷àå
íåêîìïàêòíîé ãðóïïû G); á) ïëîòíû â äåéñòâèòåëüíîì ïðîñòðàíñòâå

L0
2(G) =

{
h ∈ L2(G) :

�
G

h(g)dm(g) = 0

}
(â ñëó÷àå êîìïàêòíîé ãðóïïû G)?

Ñëåäóþùèé ðåçóëüòàò äàåò èñ÷åðïûâàþùèé îòâåò íà âîïðîñ á) çàäà-
÷è.

Òåîðåìà. Ïóñòü G � íåòðèâèàëüíàÿ êîìïàêòíàÿ àáåëåâà ãðóïïà.
Ôóíêöèÿ f : G → R, äëÿ êîòîðîé ñóììû (1) ñäâèãîâ ïëîòíû â äåé-
ñòâèòåëüíîì ïðîñòðàíñòâå L0

2(G), ñóùåñòâóåò òîãäà è òîëüêî òîãäà,
êîãäà G ñâÿçíàÿ è èìååò ñ÷åòíóþ ãðóïïó õàðàêòåðîâ.
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ÓÄÊ 517.927.2

Îá óñëîâèÿõ ýêñòðåìóìà ýíåðãåòè÷åñêîãî
ôóíêöèîíàëà â êëàññå ðàçðûâíûõ ôóíêöèé1

Ì. Á. Çâåðåâà (Âîðîíåæ, Ðîññèÿ)
margz@rambler.ru

Â íàñòîÿùåé ðàáîòå âàðèàöèîííûìè ìåòîäàìè ïîëó÷åíû íåîáõîäèìîå è äîñòàòî÷-
íîå óñëîâèÿ ýêñòðåìóìà ôóíêöèîíàëà ïîòåíöèàëüíîé ýíåðãèè äëÿ öåïî÷êè ñòèë-
òüåñîâñêèõ ñòðóí, ðàñïîëîæåííîé âäîëü îòðåçêà [0, l]. Ïðè ýòîì ïðåäïîëàãàåòñÿ,
÷òî â òî÷êàõ x = 0 è x = l óñòàíîâëåíû îãðàíè÷èòåëè íà ïåðåìåùåíèå ñòðóí ïîä
âîçäåéñòâèåì âíåøíåé ñèëû. Ñîîòâåòñòâóþùèé àíàëîã óðàâíåíèÿ Ýéëåðà ïðåä-
ñòàâëåí â âèäå èíòåãðî - äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïðîèçâîäíîé ïî ìåðå
è îáîáùåííûì èíòåãðèðîâàíèåì ïî Ñòèëòüåñó. Â òî÷êàõ x = 0 è x = l óñòàíîâ-
ëåíû íåëèíåéíûå êðàåâûå óñëîâèÿ. Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü
ðåøåíèÿ ïîëó÷åííîé êðàåâîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ìèíèìóì ôóíêöèîíàëà, ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè, ïðî-
èçâîäíàÿ ïî ìåðå, èíòåãðàë Ñòèëòüåñà.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà
ïðîñâåùåíèÿ Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çà-
äàíèÿ â ñôåðå íàóêè (íîìåð òåìû QRPK-2023-0002).

On the conditions for the extremum of the
energy functional in the class of discontinuous

functions1
M. B. Zvereva (Voronezh, Russia)

margz@rambler.ru
In this work, using variational methods, we obtain necessary and su�cient conditions
for the extremum of the potential energy functional for a chain of Stieltjes strings
located along the segment [0, l]. It is assumed that at points x = 0 and x = l limiters
on the movement of the strings under the in�uence of an external force are installed.
The corresponding analogue of the Euler equation is presented in the form of an
integro-di�erential equation with measure derivative and generalized Stieltjes integral.
Nonlinear boundary conditions at the points x = 0 and x = l are established. The
existence and uniqueness of the solution to the resulting boundary value problem are
proved.

Keywords: minimum of a functional, function of bounded variation, derivative with
respect to measure, Stieltjes integral.
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Ââåäåíèå

Ïóñòü âäîëü îòðåçêà [0, l] îñè Ox ðàñïîëîæåíà ðàçðûâíàÿ ñòèëòüåñîâñêàÿ
ñòðóíà (öåïî÷êà èç ñòðóí, ñêðåïëåííûõ ìåæäó ñîáîé ïðóæèíàìè). Êîí-

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Çâåðåâà Ì. Á., 2024
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öû öåïî÷êè â òî÷êàõ x = 0 è x = l ïðèêðåïëåíû ê ñïèöàì, ïî êîòîðûì
îíè ìîãóò ñêîëüçèòü (áåç ó÷åòà òðåíèÿ). Ïðè ýòîì â òî÷êàõ x = 0 è x = l
äîïîëíèòåëüíî óñòàíîâëåíû îãðàíè÷èòåëè íà ïåðåìåùåíèÿ ñòðóí, ïðåä-
ñòàâëåííûå îòðåçêàìè [−m1,m1] è [−m2,m2] ñîîòâåòñòâåííî, ãäåm1 > 0,
m2 > 0.

Îáîçíà÷èì ÷åðåç BV [0, l] ìíîæåñòâî ôóíêöèé îãðàíè÷åííîé âàðèà-
öèè íà îòðåçêå [0, l]. Ïîä âîçäåéñòâèåì âíåøíåé ñèëû, îïðåäåëÿåìîé c
ïîìîùüþ ôóíêöèè F ∈ BV [0, l], ñòðóíà ïåðåõîäèò èç ïîëîæåíèÿ ðàâíî-
âåñèÿ â ïîëîæåíèå, îïèñûâàåìîå ñ ïîìîùüþ ôóíêöèè u(x). Çàìåòèì, ÷òî
ñêà÷êè ôóíêöèè F â òî÷êàõ ðàçðûâà ñîîòâåòñòâóþò ñîñðåäîòî÷åííûì â
ýòèõ òî÷êàõ ñèëàì. Óñëîâèÿ íàõîæäåíèÿ êîíöîâ ñòðóí âíóòðè îãðàíè÷è-
òåëåé îçíà÷àþò, ÷òî |u(0)| ≤ m1, |u(l)| ≤ m2.

Ìû ðàññìàòðèâàåì ñëó÷àé, êîãäà ôóíêöèÿ u(x) ìîæåò áûòü ðàçðûâ-
íà â íå áîëåå ÷åì ñ÷åòíîì ìíîæåñòâå òî÷åê. Çàìåòèì, ÷òî âî âñÿêîé
òî÷êå ðàçðûâà ξ ôóíêöèÿ u(x) íå îïðåäåëåíà, íî îïðåäåëåíû è èìåþò
ôèçè÷åñêèé ñìûñë ïðåäåëüíûå çíà÷åíèÿ u(ξ−0), u(ξ+0), îïèñûâàþùèå
îòêëîíåíèÿ îò ïîëîæåíèÿ ðàâíîâåñèÿ ñîîòâåòñòâóþùèõ êîíöîâ ñòðóí.

Ôóíêöèîíàë ïîòåíöèàëüíîé ýíåðãèè òàêîé ôèçè÷åñêîé ñèñòåìû èìå-
åò âèä (ñì.[1],[2])

Φ(u) =

l�

0

pu′
2

µ

2
dµ+

l�

0

u2

2
d[Q]−

l�

0

ud[F ]. (1)

Ìû ïðåäïîëàãàåì ñóùåñòâîâàíèå ñòðîãî âîçðàñòàþùåé ôóíêöèè
µ(x), ìàñøòàáèðóþùåé îòðåçîê [0, l], òàêîé, ÷òî ôóíêöèè u(x) ìîãóò
ñ÷èòàòüñÿ µ � àáñîëþòíî - íåïðåðûâíûìè. Ôóíêöèÿ u(x) ÿâëÿåòñÿ µ �
àáñîëþòíî íåïðåðûâíîé òîãäà è òîëüêî òîãäà, êîãäà

u(β)− u(α) =
β�

α

fdµ,

ãäå èíòåãðàë ïîíèìàåòñÿ ïî Ëåáåãó�Ñòèëòüåñó. Ôóíêöèÿ f íàçûâàåòñÿ
µ ïðîèçâîäíîé îò u ïî ìåðå µ è îáîçíà÷àåòñÿ ÷åðåç u′µ. Çàìåòèì, ÷òî
µ-àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ u(x) ìîæåò áûòü ðàçðûâíîé ëèøü
â òî÷êàõ ðàçðûâà µ(x). Ïðè÷åì, âî âñÿêîé òî÷êå ξ ðàçðûâà ôóíêöèè µ

ñïðàâåäëèâî ðàâåíñòâî u′µ(ξ) =
u(ξ + 0)− u(ξ − 0)

µ(ξ + 0)− µ(ξ − 0)
.

Ôóíêöèÿ p ∈ BV [0, l] õàðàêòåðèçóåò íàòÿæåíèå ñòðóí, ïðè÷åì inf
(0,l)

p >

0. Ìû ïðåäïîëàãàåì, ÷òî çíà÷åíèÿ ôóíêöèè p(x) â òî÷êàõ ðàçðûâà µ(x)
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ñîâïàäàþò ñ êîýôôèöèåíòàìè óïðóãîñòè ïðóæèí, ñîåäèíÿþùèõ ñîîòâåò-
ñòâóþùèå êîíöû ñòðóí. Âîçðàñòàþùàÿ ôóíêöèÿ Q(x) îïðåäåëÿåò óïðó-
ãóþ ðåàêöèþ âíåøíåé ñðåäû. Â ÷àñòíîñòè, ìû äîïóñêàåì íàëè÷èå â íå
áîëåå ÷åì ñ÷åòíîì ìíîæåñòâå òî÷åê äîïîëíèòåëüíûõ óïðóãèõ îïîð (ïðó-
æèí). Ñêà÷êè ôóíêöèè Q(x) â òî÷êàõ ðàçðûâà ñîâïàäàþò ñ æåñòêîñòÿìè
ñîîòâåòñòâóþùèõ ïðóæèí.

Â ôóíêöèîíàëå (1) ïåðâûé èíòåãðàë ïîíèìàåòñÿ ïî Ëåáåãó - Ñòèëòüå-
ñó ïî ìåðå, ïîðîæäàåìîé ôóíêöèåé µ(x) (ìåðà âñÿêîé òî÷êè ξ ðàçðûâà
µ(x) îïðåäåëÿåòñÿ ñ ïîìîùüþ ñêà÷êà ∆µ(ξ) = µ(ξ + 0)− µ(ξ − 0)). Âòî-
ðîé è òðåòèé èíòåãðàëû ïîíèìàþòñÿ â îáîáùåííîì ñìûñëå ïî Ñòèëòüåñó

(êîãäà ìåðà ñèíãóëÿðíûõ òî÷åê "ðàñùåïëÿåòñÿ"). Èíòåãðàë
β�
α

ud[v] âïåð-

âûå áûë ââåäåí Þ.Â. Ïîêîðíûì â [2]. Òàêîé èíòåãðàë ìû íàçûâàåì π
-èíòåãðàëîì. ×òîáû ïîä÷åðêíóòü, ÷òî ðå÷ü èäåò î π - èíòåãðàëå, ìû áó-
äåì çàêëþ÷àòü ôóíêöèþ, ñòîÿùóþ ïîä çíàêîì äèôôåðåíöèàëà, â êâàä-
ðàòíûå ñêîáêè. Ñëåäóÿ [2], äëÿ ôóíêöèé îãðàíè÷åííîé âàðèàöèè u(x) è

v(x) π - èíòåãðàë
β�
α

ud[v] ìîæåò áûòü ïðåäñòàâëåí â âèäå

β�

α

ud[v] =

β�

α

udv0 +
∑

α<s≤β

u(s− 0)∆−v(s) +
∑

α≤s<β

u(s+ 0)∆+v(s),

ãäå v0 � íåïðåðûâíàÿ ÷àñòü ôóíêöèè v; ∆−v(s) = v(s) − v(s − 0),

∆+v(s) = v(s+0)− v(s); èíòåãðàë
β�
α

udv0 ïîíèìàåòñÿ â îáû÷íîì ñìûñëå

ïî Ëåáåãó-Ñòèëòüåñó.
Áóäåì ðàññìàòðèâàòü ôóíêöèîíàë (1) íà ìíîæåñòâå E µ -àáñîëþòíî

íåïðåðûâíûõ ôóíêöèé, òàêèõ ÷òî u′µ ∈ BV [0, l], è óäîâëåòâîðÿþùèõ
óñëîâèÿì

|u(0)| ≤ m1, |u(l)| ≤ m2. (2)

Ñîãëàñíî ïðèíöèïó Ãàìèëüòîíà - Ëàãðàíæà, ðåàëüíàÿ äåôîðìàöèÿ u0
ìèíèìèçèðóåò ôóíêöèîíàë Φ ïðè óñëîâèÿõ (2).

Îñíîâíûå ðåçóëüòàòû

Ïóñòü f1 = F (0 + 0)− F (0), f2 = F (l)− F (l − 0), γ1 = Q(0 + 0)−Q(0),
γ2 = Q(l)−Q(l − 0).

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ôóíêöèÿ u0(x) ìèíèìèçèðîâàëà ôóíê-
öèîíàë ïîòåíöèàëüíîé ýíåðãèè Φ(u) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
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u0(x) ÿâëÿëàñü ðåøåíèåì çàäà÷è
−(pu′µ)(x) + (pu′µ)(0) +

x�
0

ud[Q] = F (x)− F (0),

p(+0)u′µ(+0)− γ1u(0) + f1 ∈ N[−m1,m1](u(0)),

−p(l − 0)u′µ(l − 0)− γ2u(l) + f2 ∈ N[−m2,m2](u(l)).

(3)

Çäåñü ÷åðåç NC(x) îáîçíà÷åí íîðìàëüíûé êîíóñ â òî÷êå x ∈ C êî
ìíîæåñòâó C, îïðåäåëÿåìûé ÷èñëîâûì ìíîæåñòâîì

NC(x) = {ξ ∈ R : ξ(c− x) ≤ 0 ∀c ∈ C}.

Èç óðàâíåíèÿ â (3) âûòåêàåò, ÷òî â òî÷êàõ ðàçðûâà ξ ôóíêöèè µ(x)
ñïðàâåäëèâû ðàâåíñòâà

−p(ξ)∆u(ξ)
∆µ(ξ)

+ p(ξ − 0)u′µ(ξ − 0) + u(ξ − 0)∆−Q(ξ) = ∆−F (ξ),

p(ξ)
∆u(ξ)

∆µ(ξ)
− p(ξ + 0)u′µ(ξ + 0) + u(ξ + 0)∆+Q(ξ) = ∆+F (ξ),

à â òî÷êàõ s, â êîòîðûõ ôóíêöèÿ µ(x) íåïðåðûâíà, è õîòÿ áû îäíà èç
ôóíêöèé p,Q, F ðàçðûâíà, âåðíî ðàâåíñòâî

−p(s+ 0)u′µ(s+ 0) + p(s− 0)u′µ(s− 0) + u(s)∆Q(s) = ∆F (s).

Òåîðåìà 2. Ðåøåíèå çàäà÷è (3) ñóùåñòâóåò è åäèíñòâåííî.
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Asymptotic estimates of cellular circuit area in
arbitrary basis and universal synthesis method1

V. S. Zizov (Moscow, Russia)
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The arbitrary complete bases of cellular circuits of functional and switching elements
are discussed in the paper. Previously obtained results of upper and lower estimates
are generalized to the arbitrary basis. Lower estimates are proven on power reasons.
Upper estimates are constructively built on the ground of universal synthesis method
and generalized to the arbitrary basis case.

Keywords: celullar circuit, planar circuit, Shannon function, asymptotic estimates,
circuit area, lower estimates, upper estimates.

Óíèâåðñàëüíûé ìåòîä ñèíòåçà è
àñèìïòîòè÷åñêèå îöåíêè ñëîæíîñòè

êëåòî÷íûõ ñõåì â ïðîèçâîëüíîì ïîëíîì
áàçèñå1

Â. Ñ. Çèçîâ (Ìîñêâà, Ðîññèÿ)
vzs815@gmail.com

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ïðîèçâîëüíûå áàçèñû êëåòî÷íûõ ñõåì èç
ôóíêöèîíàëüíûõ è êîììóòàöèîííûõ ýëåìåíòîâ. Ïîëó÷åííûå ðàííåå ðåçóëüòàòû
âåðõíèõ è íèæíèõ îöåíîê îáîáùàþòñÿ íà ïðîèçâîëüíûé áàçèñ. Íèæíèå îöåí-
êè äîêàçûâàþòñÿ èñõîäÿ èç ìîùíîñòíûõ ñîîáðàæåíèé. Âåðõíèå îöåíêè ñòðîÿòñÿ
êîíñòðóêòèâíî íà îñíîâå óíèâåðñàëüíîãî ìåòîäà ñèíòåçà äëÿ îäíîãî áàçèñà, è
îáîáùàþòñÿ íà ñëó÷àé ïðîèçâîëüíîãî áàçèñà.

Êëþ÷åâûå ñëîâà: êëåòî÷íûå ñõåìû, ïëîñêèå ñõåìû, ôóíêöèÿ Øåííîíà, àñèìïòî-
òè÷åñêèå îöåíêè, ïëîùàäü ñõåìû, íèæíèå îöåíêè.

Introduction

The research of the complexity of descrete functions (the quantity of
functional elements and contacts in di�erent models) took place in many
previous papers. The curcuit area becomes an important parameter while
implementing of the real circuits in area, taking into account their sizes and
geometric features, especially in the case of integrated circuits. In the paper
is discussed the descrete function computation model similar to circuits of
functional elements.

Similar mathematical model was described by Thompson in the
monograph [1]. It is the ground for the integrated circuits research, but it

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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doesn't take into account the delays during signal propagation in conductors.
It is considered to be one of it's diadvantages. Chazelle and Louis [2] proposed
a model describing the delays occuring in the circuit.

In 1967 Kravtsov in [3] was chronologically the �rst to propose similar
planar circuit model, consisting of functional and switching elements. He
gave the de�nition of ¾standard¿ basis. The model important feature is
the Shannon function behaviour i.e. the complexity of the most complex
function from n boolean variables. The asymptotics of Shannon function for
the cellular circuit model [3] was proved by Albrecht in [4]. The paper showed
that the asymptotics of Shannon function looks like σ2n where σ = const.
The exact constant σ value is still unknown, but from [3] and [4] can be seen
that it is situated in the segment [14 ,

9
2 ].

Zizov and Lozhkin for the �rst time received asimptotically tight bounds
n2n−1 for the decoder area of order n [5] and lookup function of order n [6].
The lower estimate of Shannon function was improved in [7].

In that paper is discussed the basis from the paper [5] and received upper
and lower estimates results are being generalized to the arbitrary basis.

Let's de�ne the function f complexity A(f) as the least of the
complexities of cellular circuit Σ implementing f . Let's introduce the
Shannon function A(n):

A(n) = max
f∈P2(n)

A(f).

Here P2(n) is a set of all boolean functions from n variables.
Theorem 1 (universal synthesis method). For every boolean function f

from n variables there is a cellular circuit S implementing f and repeating
it's inputs one-time and has the area estimate:

A(S) ⩽ 2n +O(n2
n
2 ), n→∞.

The proof is done by the construction of such a circuit according to the
following principle (Pic. 1):

a) let the variables set x1, . . . , xn be divided into two equal parts
x1, . . . , xn/2, x

′
1, . . . , x

′
n/2;

b) top and left sides are consisting of decoders, constructed according [5]
as a conjunctive decoder from the variables x1, . . . , xn/2 and a disjunctive
decoder from the variables x′1, . . . , x

′
n/2;

c) intersection lines i, j contain matrix elementsMi,j such that they are a
functional element & when on that set x1, . . . , xn/2, x′1, . . . , x

′
n/2 the function

takes the value 0 and a switching element in another case.
According to construction every vertical line implements partial function

on the �xed set of variables x1, . . . , xn/2 and their disjunction is implementing
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Ðèñ. 1: Schematic diagram of implementation of arbitrary boolean function
f from n variables. Here Qn

2
is a conjunctive decoder from n

2 variables, Jn
2

is a disjunctive decoder from n
2 variables, M is an element matrix, f is

implementing function.

the function f .
Lemma 1. Any complete basis B in celullar curcuit model consists of

not more 641 functional and switching elements.
Let's de�ne the value C(B) for the arbitrary basis B as a minimum

implemention area of the boolean function system of basisB′0 such that inputs
and outputs can be placed arbitrary on given sides. Let's denote as |B| the
number of all possible elements of the basis B taking into account rotations
and re�ections. It follows from the lemma 1 that every complete basis B
consists of not more than 641 elements and |B| = 641 ∗ 4 = 2564 = Emax.

Theorem 2 (about the upper estimate in arbitrary basis). For every
boolean function f from n variables in arbitrary complete basis B exists
celullar circuit S implementing f and repeating it's inputs one-time with
area:

A(S) ⩽ C(B)2n +O(n2
n
2 ), n→∞.

Let's denote as N(n, k) the number of cellular circuits with area k
implementing di�erent boolean functions from n variables with one output.

Lemma 2 (about the estimate of di�erent circuits number)

log2(N(n, k)) < log2(|B|)k + n log2(k + 1) +O(log2(k)).

Theorem 3 (about the lower estimate). For the area A(S) of cellular
circuit without repeating inputs in the arbitrary basis B is true such an
estimate for Shannon function:

A(n) ⩾
ln(2)

ln(|B|)
2n.
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It is true for every ϵ > 0 and big enough n

A(S) > C2n(1− ϵ), C =
ln(2)

ln(|B|)
.

Wherein the part of functions f for which the inequality is not satis�ed tends
to zero as n grows.
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Î ñïåêòðàëüíûõ äàííûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ

îñîáåííîñòüþ1

Ì. Þ. Èãíàòüåâ (Ñàðàòîâ, Ðîññèÿ)
IgnatievMU@sgu.ru

Â ðàáîòå èçó÷àþòñÿ ñâîéñòâà ñïåêòðàëüíûõ äàííûõ ñèñòåì äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ îñîáåííîñòüþ íà ïîëóîñè â ñëó÷àå îòñóòñòâèÿ äèñêðåòíîãî ñïåêòðà.
Â ÷àñòíîñòè, óñòàíàâëèâàåòñÿ èõ ñâÿçü ñ äàííûìè ðàññåÿíèÿ.

Êëþ÷åâûå ñëîâà: Òåîðèÿ ðàññåÿíèÿ, Îáðàòíûå çàäà÷è, Ñèñòåìû ñ îñîáåííîñòüþ.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà â Ñàðàòîâñêîì ãîñóäàðñòâåííîì óíè-
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On spectral data of di�erential systems with a
singularity1

M. Yu. Ignatiev (Saratov, Russia)
IgnatievMU@sgu.ru

In the paper, we study spectral data of the di�erential systems with a singularity in
the case of empty discrete spectrum. In particular, we establish its relation with the
scattering data.

Keywords: Scattering theory, Inverse problems, Systems with a singularity.
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Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:

y′ = (ρB + x−1A+ q(x))y, (1)

ãäå A,B, q(x), x ∈ (0,∞) � n × n (n > 2) ìàòðèöû, ïðè÷åì ìàòðèöû
A è B ïîñòîÿííû, B = diag(b1, . . . , bn), bj ̸= 0, bj ̸= bk ïðè j ̸= k, ρ �
ñïåêòðàëüíûé ïàðàìåòð. Áóäåì ñ÷èòàòü, êðîìå òîãî, ÷òî ìàòðèöû A è B
óäîâëåòâîðÿþò òåì æå äîïîëíèòåëüíûì óñëîâèÿì, ÷òî â ðàáîòå [1].

Îïðåäåëèì ìíîæåñòâî:

Σ =
⋃

(k,j):j ̸=k

{ρ : Re(ρbj) = Re(ρbk)} .

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Ïóñòü C \ Σ =
N⋃
ν=1
Sν, ãäå Sν � îòêðûòûå íåïåðåñåêàþùèåñÿ ñåêòîðû

ñ âåðøèíîé â íóëå. Ïðè ëþáîì ν ∈ {1, . . . , N} äëÿ êàæäîãî ρ ∈ Sν
ñóùåñòâóåò ïåðåñòàíîâêàR1, . . . , Rn ÷èñåë b1, . . . , bn òàêàÿ, ÷òî Re(R1ρ) <
Re(R2ρ) < · · · < Re(Rnρ). Ïåðåñòàíîâêà R1, . . . , Rn çàâèñèò òîëüêî îò
ñåêòîðà Sν è íå çàâèñèò îò âûáîðà ρ ∈ Sν.

Îïðåäåëåíèå. Ïóñòü ρ ∈ Sν, k ∈ {1, . . . , n} ôèêñèðîâàíû. Ðåøåíèå
Φk(x, ρ), x ∈ (0,∞) ñèñòåìû (1) íàçûâàåòñÿ k-ì ðåøåíèåì Âåéëÿ, åñëè
îíî óäîâëåòâîðÿåò óñëîâèÿì:

Φk(x, ρ) = xµk (hk + o(1)) , x→ 0,

Φk(x, ρ) = O (exp(ρxRk)) , x→∞.
Çäåñü {µk}nk=1 � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A, (h1, . . . , hn) � ñîîòâåò-
ñòâóþùèå ñîáñòâåííûå âåêòîðû.

Ïðåäïîëîæèì, ÷òî äëÿ ìàòðèö A, B âûïîëíåíî óñëîâèå èíôîðìà-
òèâíîñòè [1], [2]. Ýòî ãàðàíòèðóåò, â ÷àñòíîñòè, ÷òî ïðè q = 0 ðåøåíèÿ
Âåéëÿ ñóùåñòâóþò äëÿ âñåõ ρ ̸= 0. Â îáùåì ñëó÷àå, êîãäà ïîòåíöèàë q(·)
îòëè÷åí îò òîæäåñòâåííîãî íóëÿ, k-å ðåøåíèå Âåéëÿ ñóùåñòâóåò è åäèí-
ñòâåííî äëÿ âñåõ òàêèõ ρ ∈ C \Σ, äëÿ êîòîðûõ ∆k+1(ρ) ̸= 0, ãäå ∆k+1(ρ)
õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ [2].

Ïóñòü íåêîòîðàÿ ôóíêöèÿ f(ρ) îïðåäåëåíà ïðè ρ ∈ C \ Σ. Îïðåäå-

ëèì ìíîæåñòâî Σ′ :=
N⋃
ν=1

Sigmaν, ãäå ÷åðåç Σν îáîçíà÷åí îòêðûòûé ëó÷,

ðàçäåëÿþùèé ñåêòîðû Sν è Sν+1 ( SN+1 := S1). Äëÿ ρ ∈ Σ′ ÷åðåç f±(ρ),
ρ ∈ Σν îáîçíà÷èì ïðåäåëû (ïðè óñëîâèè, ÷òî ïîñëåäíèå ñóùåñòâóþò):

f±(ρ) = lim
ε→+0

f(ρ± iερ).

Èçâåñòíî, â ÷àñòíîñòè [2], ÷òî ïðåäåëüíûå çíà÷åíèÿ ∆±k (ρ), ρ ∈ Σν ñóùå-
ñòâóþò äëÿ âñåõ k, ν.

Áóäåì ãîâîðèòü, ÷òî q(·) ∈ Gp
0, åñëè äëÿ êàæäîãî ν = 1, N è äëÿ âñåõ

ρ ∈ Sν
n∏

k=1

∆±k (ρ) ̸= 0.

Âñþäó äàëåå ïîëàãàåì q(·) ∈ Gp
0. Â ýòîì ñëó÷àå äëÿ ëþáîãî ρ ∈ Σ′ :=

N⋃
ν=1

Σν = Σ\{0} ñóùåñòâóþò ïðåäåëüíûå çíà÷åíèÿ Φ±(x, ρ), ãäå Φ(x, ρ) :=

(Φ1(x, ρ), . . . ,Φn(x, ρ)). Ïîñêîëüêó êàæäàÿ èç ìàòðèö Φ−(x, ρ), Φ+(x, ρ)
óäîâëåòâîðÿåò ñèñòåìå (1), äëÿ êàæäîãî ρ ∈ Σ′ îïðåäåëåíà (åäèíñòâåí-
íàÿ) ìàòðèöà w(ρ) òàêàÿ, ÷òî Φ+(x, ρ) = Φ−(x, ρ)w(ρ).
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Ìàòðèöó-ôóíêöèþ w(ρ), ρ ∈ Σ′ áóäåì íàçûâàòü ñïåêòðàëüíûìè äàí-
íûìè.

Äîêëàä ïîñâÿùåí îïèñàíèþ ñâîéñòâ ñïåêòðàëüíûõ äàííûõ ñèñòåì ñ
îñîáåííîñòüþ âèäà (1). Íèæå ïðèâåäåí îäèí èç ðåçóëüòàòîâ èññëåäîâà-
íèÿ.

Äëÿ ρ ∈ Σ′ îïðåäåëèì I− êàê ìíîæåñòâî k òàêèõ, ÷òî Re(ρR−k ) =
Re(ρR−k+1).

Òåîðåìà 1. Ïðè êàæäîì ôèêñèðîâàííîì ρ ∈ Σ′ ìàòðèöà w = w(ρ)
ÿâëÿåòñÿ áëî÷íî-äèàãîíàëüíîé. Äèàãîíàëüíûå áëîêè ìàòðèöû w(ρ)
èìåþò ðàçìåðû 1×1 è 2×2, áëîêè âòîðîãî òèïà ðàñïîëîæåíû â ñòðî-
êàõ ñ íîìåðàìè k è k + 1, ãäå k ∈ I−, è èìåþò âèä(

1 0

wk+1,k 1

)
.

Îäíèì èç âàæíûõ âîïðîñîâ òåîðèè îáðàòíûõ çàäà÷ íà ïîëóîñè ÿâëÿ-
åòñÿ âîïðîñ î ñâÿçè ñïåêòðàëüíûõ äàííûõ, ïîëó÷àåìûõ ïðè íàáëþäåíèè
ñèñòåìû èç òî÷êè x = 0 è äàííûõ ðàññåÿíèÿ [3], ïîëó÷àåìûõ ïðè íà-
áëþäåíèè èç áåñêîíå÷íî óäàëåííîé òî÷êè. Âûÿâëÿåìûå çäåñü ñâîéñòâà
èãðàþò âàæíóþ ðîëü, â ÷àñòíîñòè, â ïîëó÷åíèè õàðàêòåðèçàöèè ñïåê-
òðàëüíûõ äàííûõ.

Òåîðåìà 2. Ïóñòü v = v(ρ), ρ ∈ Σ′ � äàííûå ðàññåÿíèÿ ñèñòåìû (1),
ãäå q(·) ∈ Gp

0. Ñóùåñòâóåò äèàãîíàëüíàÿ ìàòðèöà-ôóíêöèÿ δ = δ(ρ),
ρ ∈ C\Σ, èìåþùàÿ êîíå÷íûå ïðåäåëû δ±(ρ) äëÿ âñåõ ρ ∈ Σ′, òàêàÿ, ÷òî
v(ρ)δ+(ρ) = δ−(ρ)w(ρ). Äëÿ ìàòðèöû δ(ρ) ïðàâåäëèâà àñèìïòîòèêà
δ(ρ) = δ(0)(ρ)(I + o(1)), ρ→∞, ãäå δ(0)(ρ) ñîîòâåòñòâóåò ñèñòåìå (1)
ïðè q = 0.

Ïðèâåäåííûé íèæå ðåçóëüòàò ïîêàçûâàåò, ÷òî äàííûå ðàññåÿíèÿ ìî-
ãóò áûòü íàéäåíû ïî çàäàííûì ñïåêòðàëüíûì äàííûì ñ ïîìîùüþ íåêî-
òîðîé êîíñòðóêòèâíîé ïðîöåäóðû, íå òðåáóþùåé ðåøåíèÿ îáðàòíîé çà-
äà÷è. Îòìåòèì, ÷òî ïåðåõîä îò îäíîé ïîñòàíîâêè îáðàòíîé çàäà÷è ê äðó-
ãîé ìîæåò ñóùåñòâåííî âëèÿòü íà ýôôåêòèâíîñòü èñïîëüçîâàíèÿ ÷èñëåí-
íûõ àëãîðèòìîâ èõ ðåøåíèÿ.

Ñëåäñòâèå. Äëÿ ýëåìåíòîâ ìàòðèöû-ôóíêöèè δ = δ(ρ), âû-
ïîëíåíû ñëåäóþùèå óñëîâèÿ ñîïðÿæåíèÿ ïðè ρ ∈ Σ′: δ+k,k(ρ) =

δ−k+1,k+1(ρ)wk+1,k(ρ), k ∈ I−, δ+k,k(ρ) = −δ
−
k−1,k−1(ρ)w

−1
k,k−1(ρ), k − 1 ∈ I−,

δ+k,k(ρ) = δ−k,k(ρ), k /∈ I−, k − 1 /∈ I−.
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Äîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèé φn(t) = eant, lim
n→∞

an = a èìååò ïîë-

íûé ñïàðê â ïðîñòðàíñòâå L2[0, 1], íî íå ÿâëÿåòñÿ íè áåññåëåâîé ïîñëåäîâàòåëü-
íîñòüþ, íè ôðåéìîì.
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It's proved that the full spark function sequence fn(t) = eant, lim
n→∞

an = a in the

space L2[0, 1] is not a Bessel sequence or a frame either.
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Â ñòàòüÿõ [1, 2] ðàññìîòðåíû âîïðîñû âîññòàíîâëåíèÿ ýëåìåíòà f èç
ñåïàðàáåëüíîãî ãèëüáåðòîâà ïðîñòðàíñòâàH ïî ìîäóëÿì ñêàëÿðíûõ ïðî-
èçâåäåíèé (|⟨f, φn⟩|)∞n=1 ýòîãî ýëåìåíòà è íåêîòîðîé ñèñòåìû ¾èçìåðè-
òåëüíûõ ýëåìåíòîâ¿ {φn}∞n=1. Âàæíîé îñîáåííîñòüþ òàêèõ ñèñòåì ÿâëÿ-
åòñÿ ñâîéñòâî àëüòåðíàòèâíîé ïîëíîòû.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî íàáîð âåêòîðîâ {φn}∞n=1 ⊂
H ãèëüáåðòîâà ïðîñòðàíñòâà H îáëàäàåò ñâîéñòâîì àëüòåðíàòèâ-
íîé ïîëíîòû (ÀÏ), åñëè äëÿ ëþáîãî ïîäìíîæåñòâà S ⊆ N ëèáî
span{φn}n∈S = H, ëèáî span{φn}n∈SC = H.

Ñëåäóþùàÿ òåîðåìà ñôîðìóëèðîâàíà â [1] äëÿ ôðåéìîâ, õîòÿ ñóùå-
ñòâîâàíèå òàêèõ ôðåéìîâ âûçûâàåò âîïðîñû.

Òåîðåìà 1. à) Ïóñòü H � ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàí-
ñòâî, è Φ = {φn}n∈N � íàáîð âåêòîðîâ â H. Åñëè Φ ∈ (ÂÌÈ), òî
Φ ∈ (ÀÏ).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Èçáÿêîâ È. Ì., 2024
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á) Ïóñòü H � ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî íàä ïîëåì
âåùåñòâåííûõ ÷èñåë è ïóñòü Φ = {φn}n∈N � íàáîð âåêòîðîâ â H. Åñëè
Φ ∈ (ÀÏ), òî Φ ∈ (ÂÌÈ).

Îïðåäåëåíèå 2. [1, 2] Ñèñòåìà ýëåìåíòîâ Φ = {φn}∞n=1 ⊂ H áåñ-
êîíå÷íîìåðíîãî ãèëüáåðòîâà ïðîñòðàíñòâà H íàçûâàåòñÿ ñèñòåìîé ñ
ïîëíûì ñïàðêîì, åñëè êàæäîå áåñêîíå÷íîå ïîäìíîæåñòâî ïîëíî â H.

Î÷åâèäíî, ÷òî ñèñòåìà ñ ïîëíûì ñïàðêîì îáëàäàåò ñâîéñòâîì àëüòåð-
íàòèâíîé ïîëíîòû, è, â ñèëó òåîðåìû 1, îáåñïå÷èâàåò âîññòàíîâëåíèå ïî
ìîäóëÿì èçìåðåíèé â âåùåñòâåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Âèäè-
ìî, âïåðâûå äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ñèñòåì ñ ïîëíûì ñïàðêîì â
áåñêîíå÷íîìåðíîì ãèëüáåðòîâîì ïðîñòðàíñòâå áûëî äàíî â [3].

Â [2] ïîñòðîåíà ñèñòåìà ñ ïîëíûì ñïàðêîì â ÿâíîì âèäå â ïðî-
ñòðàíñòâå L2[0, 1]. Ðàññìîòðèì ýòó ñèñòåìó ïîäðîáíåå. Ïóñòü {an}∞n=1 �
ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ èëè êîìïëåêñíûõ ÷èñåë òàêàÿ, ÷òî
lim an = a è an ̸= a. Òîãäà ñèñòåìà {eant}∞n=1 ïîëíà â L2[0, 1]. Äåéñòâè-
òåëüíî, ïóñòü ⟨f, eant⟩ = 0, n = 1, 2, . . . , ò.å.

1�

0

f(t)eant dt = 0, n = 1, 2, . . . .

Ôóíêöèÿ êîìïëåêñíîãî ïåðåìåííîãî ψ(z) =
� 1

0 f(t)e
zt dt ÿâëÿåòñÿ ãîëî-

ìîðôíîé â C (ñì., íàïð., [4]) è, ïî òåîðåìå åäèíñòâåííîñòè äëÿ ãîëî-
ìîðôíûõ ôóíêöèé, èç ðàâåíñòâ ⟨f, eant⟩ = 0, n = 1, 2, . . . ñëåäóåò îðòî-
ãîíàëüíîñòü f ìíîæåñòâó âñåõ ýêñïîíåíò, ñëåäîâàòåëüíî, f = 0. Òàê êàê
ëþáàÿ ïîäïîñëåäîâàòåëüíîñòü {ank

}∞k=1 ñõîäèòñÿ ê a, òî ñèñòåìà {eant}∞n=1

îêàçûâàåòñÿ ñèñòåìîé ñ ïîëíûì ñïàðêîì.
Òåîðåìà 2. Ñèñòåìà ôóíêöèé {eant}∞n=1 íå ÿâëÿåòñÿ áåññåëåâîé ïî-

ñëåäîâàòåëüíîñòüþ, è ñëåäîâàòåëüíî, íå ÿâëÿåòñÿ ôðåéìîì.
Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ñèñòåìà {φn}∞n=1 íàçûâàåòñÿ áåññåëå-

âîé ïîñëåäîâàòåëüíîñòüþ ñ ãðàíèöåé B, åñëè
∞∑
n=1

|⟨f, φn⟩|2 ≤ B∥f∥2, f ∈ L2[0, 1].

Ôðåéìîì ïðîñòðàíñòâà L2[0, 1] íàçûâàåòñÿ ñèñòåìà {φn}∞n=1 òàêàÿ, ÷òî
ñóùåñòâóþò ÷èñëà 0 < A ≤ B <∞ òàêèå, ÷òî äëÿ âñåõ f ∈ L2[0, 1],

A∥f∥2 ≤
∞∑
n=1

|⟨f, φn⟩|2 ≤ B∥f∥2.

Ïðåäïîëîæèì, ÷òî φn = eant, n = 1, 2, . . . ÿâëÿåòñÿ áåññåëåâîé ïîñëå-
äîâàòåëüíîñòüþ ñ ãðàíèöåé B. Äàëüíåéøèå ðàññóæäåíèÿ ïðîâîäÿòñÿ äëÿ
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âåùåñòâåííûõ ôóíêöèé. Òîãäà

∞∑
n=1

|⟨φ1, φn⟩|2 ≤ B ∥φ1∥2,

è ðÿä
∞∑
n=1
|⟨φ1, φn⟩|2 ñõîäèòñÿ.

Ñ äðóãîé ñòîðîíû,

bn = |⟨φ1(t), φn(t)⟩|2 =
(

1�
0

e(a1+an)tdt

)2

=
(
ea1+an−1
a1+an

)2
=
(
eãn−1
ãn

)2
.

Åñëè lim ãn = ã ̸= 0, òî lim
n→∞

bn =
(
eã−1
ã

)2 ̸= 0, à ñëåäîâàòåëüíî,

ðÿä
∑
bn ÿâëÿåòñÿ ðàñõîäÿùèìñÿ. Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü

φn(t) = eant íå ìîæåò ÿâëÿòüñÿ áåññåëåâîé, è íå ìîæåò ÿâëÿòüñÿ ôðåé-
ìîì.

Ïóñòü òåïåðü lim ãn = ã = 0. Òàêàÿ ñèòóàöèÿ âîçìîæíà â òîì ñëó÷àå,
êîãäà an ñõîäèòñÿ ê çíà÷åíèþ, ðàâíîìó ïåðâîìó ÷ëåíó, âçÿòîìó ñ ïðîòè-
âîïîëîæíûì çíàêîì, íàïðèìåð, an = 1

n −
1
2 . Ïðåäåë ýòîé ïîñëåäîâàòåëü-

íîñòè ðàâåí −1
2 , â òî âðåìÿ êàê a1 = 1

2 . Òîãäà lim
n→∞

bn = lim
n→∞

(
eãn−1
ãn

)2
=(

lim
ãn→0

eãn−1
ãn

)2
=
(
lim
ãn→0

eãn

1

)2
= 1.

Ñëåäîâàòåëüíî, è â ýòîì ñëó÷àå ðÿä
∑
bn ÿâëÿåòñÿ ðàñõîäÿùèìñÿ, à

çíà÷èò, ôóíêöèè φn(t) = eant íå îáðàçóþò íè áåññåëåâó ïîñëåäîâàòåëü-
íîñòü, íè ôðåéì.

Òàêèì îáðàçîì, äîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèé φn(t) =
eant â ïðîñòðàíñòâå L2[0, 1] íå ìîæåò ÿâëÿòüñÿ ôðåéìîì ïðè ëþáîé ñõî-
äÿùåéñÿ ïîñëåäîâàòåëüíîñòè an.
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ÓÄÊ 517.518

Ìíîæåñòâà åäèíñòâåííîñòè äëÿ ïîäñèñòåì
ñèñòåìû Âèëåíêèíà�Êðåñòåíñîíà1

À. Ä. Êàçàêîâà, Ì. Ã. Ïëîòíèêîâ (Ìîñêâà, Ðîññèÿ)
anna.kazakova@math.msu.ru, mikhail.plotnikov@math.msu.ru

Èçó÷àþòñÿ ìíîæåñòâà åäèíñòâåííîñòè äëÿ íåêîòîðûõ ïîäñèñòåì ñèñòåìû
Âèëåíêèíà�Êðåñòåíñîíà. Ïðèâîäèòñÿ p-è÷íûé àíàëîã òåîðåìû Ñòå÷êèíà�
Óëüÿíîâà î ìíîæåñòâàõ åäèíñòâåííîñòè äëÿ ñèñòåìû Ðàäåìàõåðà.

Êëþ÷åâûå ñëîâà: ñèñòåìû Âèëåíêèíà�Êðåñòåíñîíà, îáîáùåííûå ñèñòåìû Ðàäå-
ìàõåðà, ìíîæåñòâà åäèíñòâåííîñòè.

Sets of uniqueness for subsystems of the
Vilenkin�Chrestenson system1

A. D. Kazakova, M. G. Plotnikov (Moscow, Russia)
anna.kazakova@math.msu.ru, mikhail.plotnikov@math.msu.ru

Uniqueness sets for some subsystems of the Vilenkin�Chrestenson system are studied.
A p-ary analogue of the Stechkin�Ul'yanov theorem on uniqueness sets for the
Rademacher system is given.

Keywords: Vilenkin�Chrestenson systems, generalized Rademacher systems, sets of
uniqueness.

Ââåäåíèå

Ïóñòü íà îòðåçêå [a, b] îïðåäåëåíû êîìïëåêñíîçíà÷íûå ôóíêöèè fn(x).
Ìíîæåñòâî E ⊂ [a, b] � ìíîæåñòâî åäèíñòâåííîñòè (U -ìíîæåñòâî)
äëÿ ñèñòåìû ôóíêöèé {fn(x)}, åñëè èç ñõîäèìîñòè ê íóëþ ðÿäà

∞∑
n=1

cnfn(x), cn ∈ C,

ïî ýòîé ñèñòåìå ñëåäóåò, ÷òî âñå cn = 0.
Ìíîæåñòâà åäèíñòâåííîñòè äëÿ òðèãîíîìåòðè÷åñêîé ñèñòåìû ôóíê-

öèé ñëóæèëè ïðåäìåòîì ìíîãî÷èñëåííûõ èññëåäîâàíèé (ñì. íàïð., [1,
ãë. XIV], [2, ãë. IX], [3]. Ïåðâûå ðåçóëüòàòû î ïðèðîäå ìíîæåñòâ, ïðè ñõî-
äèìîñòè âíå êîòîðûõ ê íóëþ ðÿäîâ ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå íå
íàðóøàåòñÿ åäèíñòâåííîñòü, ïîëó÷àë åù¼ Êàíòîð â êîíöå 19 âåêà.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Êàçàêîâà À. Ä., Ïëîòíèêîâ Ì. Ã., 2024
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Èçó÷àëèñü ìíîæåñòâà åäèíñòâåííîñòè è äðóãèì ñèñòåì ôóíêöèé, â
÷àñòíîñòè, äëÿ ñèñòåìû Óîëøà [4, ãë. III], [5, ãë.VII]. Â äàííîé ðà-
áîòå ìû èññëåäóåì ìíîæåñòâà åäèíñòâåííîñòè äëÿ ïîäñèñòåì ñèñòåìû
Âèëåíêèíà�Êðåñòåíñîíà.

Çàôèêñèðóåì íàòóðàëüíîå ÷èñëî p ≥ 2. Îáîáùåííûìè ôóíêöèÿìè
Ðàäåìàõåðà íàçîâåì ôóíêöèè Rk(x) := exp

(
2πi
p ⌊x · p

k+1⌋
)
, k = 0, 1, . . .,

x ∈ [0, 1). Âñåâîçìîæíûå êîíå÷íûå ïðîèçâåäåíèÿ ôóíêöèé Rk íàçûâàþò
ôóíêöèÿìè Âèëåíêèíà�Êðåñòåíñîíà (â äâîè÷íîì ñëó÷àå � ôóíêöèÿìè
Óîëøà). Â íóìåðàöèè Ïýëè ôóíêöèÿ Âèëåíêèíà�Êðåñòåíñîíà V Cn åñòü
∞∏
k=0

(Rk)
nk , ãäå nk � êîýôôèöèåíòû èç p-è÷íîãî ðàçëîæåíèÿ ÷èñëà n.

Ìíîæåñòâà åäèíñòâåííîñòè äëÿ ïîäñèñòåì ñèñòåìû Óîëøà èññëåäî-
âàëèñü â ðàáîòàõ Ñòå÷êèíà è Óëüÿíîâà [6], Coury [7], Ëóêîìñêîãî [8], [9],
Àñòàøêèíà è Ñóõàíîâà [10], ðÿäå äðóãèõ. Â ÷àñòíîñòè, â [6] äîêàçûâà-
ëîñü, ÷òî ëþáîå ìíîæåñòâî A ∈ [0, 1) ìåðû ìåíüøå 1

2 ÿâëÿåòñÿ ìíîæå-
ñòâîì åäèíñòâåííîñòè äëÿ ñèñòåìû Ðàäåìàõåðà, à â [7], [8], [9], [10] áû-
ëè íàéäåíû êëàññû ìíîæåñòâ åäèíñòâåííîñòè ïîëîæèòåëüíîé ìåðû äëÿ
íåêîòîðûõ ïîäñèñòåì ñèñòåìû Óîëøà.

Îñíîâíûå ðåçóëüòàòû

Ëåììà 1. Ïóñòü E0, . . . , Ep−1 ⊂ [0, 1) è µEj ≥ a äëÿ âñåõ j. Òîãäà
µ(X) ≥ pa−1

p−1 , ãäå

X = {x ∈ [0, 1) : x ýëåìåíò õîòÿ áû äâóõ èç ìíîæåñòâ Ej}.

Ñëåäóþùàÿ òåîðåìà îáîáùàåò òåîðåìó 3 èç [6], èìååò ñõîæåå äîêàçà-
òåëüñòâî, êîòîðîå ìû íå ïðèâîäèì.

Òåîðåìà 1. Âñÿêîå ìíîæåñòâî E ⊂ [0, 1) c µ(E) < p−1
p ÿâëÿåòñÿ

ìíîæåñòâîì åäèíñòâåííîñòè äëÿ ðÿäîâ ïî îáîáùåííîé ñèñòåìå Ðàäå-
ìàõåðà.

Íåðàâåíñòâî â òåîðåìå 1 ÿâëÿåòñÿ òî÷íûì: ìíîãî÷ëåí (R0 − R1)(x)
ðàâåí íóëþ íà ìíîæåñòâå

p−1⋃
m=0

[
m

p
+
m

p2
,
m

p
+
m+ 1

p2

]
.

ìåðû 1
p .

Òåïåðü äëÿ êàæäîãî íàòóðàëüíûõ p ≥ 2 è d ≥ 1 ðàññìîòðèì ìíîæå-
ñòâî V (d)

p , ñîñòîÿùåå èç âñåõ íàòóðàëüíûõ n âèäà

n = pk1 + pk2 + . . .+ pks, k1 < k2 < . . . < ks, s ≤ d. (1)
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Â ñëó÷àå p = 2 ýòî â òî÷íîñòè îáúåäèíåíèå õàîñîâ Ðàäåìàõåðà ïîðÿäêîâ
ìåíüøèõ èëè ðàâíûõ d (ñì. [10]).

Ïðè äîêàçàòåëüñòâå òåîðåìû 2, êîòîðàÿ îáîáùàåò òåîðåìó 1 èç ðà-
áîòû [10], èñïîëüçóþòñÿ ëåììà 1 è òåõíèêà èç äîêàçàòåëüñòâà óïîìÿ-
íóòîé òåîðåìû 1 èç [10]. Çäåñü ìû íå ðàññìàòðèâàåì áîëåå èíòåðåñíûé
ñëó÷àé, êîãäà âìåñòî ñóìì pkj èç (1) ðàññìàòðèâàþòñÿ ñóììû njp

kj ñ
nj ∈ {1, . . . , p− 1}.

Òåîðåìà 2. Åñëè ðÿä ∑
n∈V (d)

p

cnV Cn(x) (2)

ñõîäèòñÿ ê íåêîòîðîìó C íà ìíîæåñòâå E ⊂ [0, 1) c µE > 1−
(
p−1
p

)d
,

òî C = 0 è âñå cn = 0.
Äîêàçàòåëüñòâî. Áóäåì äîêàçûâàòü èíäóêöèåé ïî d. Ïðè d = 1

óòâåðæäåíèå âåðíî ñîãëàñíî òåîðåìå 1. Äîïóñòèì, óòâåðæäåíèå âåðíî
äëÿ d− 1 è ïðåäïîëîæèì, ÷òî îíî íå âåðíî äëÿ d è ñóùåñòâóåò íå òîæ-
äåñòâåííî íóëåâîé ðÿä (2), êîòîðûé ñõîäèòñÿ ê C íà ìíîæåñòâå E ìåðû

µE > 1−
(
p−1
p

)d
. Ðàññìîòðèì âñå ïîäîáíûå ðÿäû è èç âñåõ íîìåðîâ n ñ

íåíóëåâûìè cn èç ýòèõ ðÿäîâ âûáåðåì n ñ ìèíèìàëüíûì k1 èç ôîðìóëû
(1). Îáîçíà÷èì ñ âûáðàííîå è k̃ � ñîîòâåòñòâóþùåå k1. Ïîëîæèì:

Ei = E +
i

pk̃+1
(mod 1), i = 0, . . . , p− 1, Fij = Ei ∩ Ej, i ̸= j.

Åñëè X � îáúåäèíåíèå âñåâîçìîæíûõ Fij, òî (ëåììà 1)

µ(X) >
pµ(E)− 1

p− 1
>

p

(
1−

(
p−1
p

)d)
− 1

p− 1
= 1−

(
p− 1

p

)d−1
.

Âîçüìåì ïðîèçâîëüíîå Fij è äëÿ âñåõ x ∈ Fij ðàññìîòðèì âûðàæåíèå∑
n∈V (d)

p

cnV Cn

(
x− i

pk̃+1

)
−
∑

n∈V (d)
p

cnV Cn

(
x− j

pk̃+1

)
(3)

(ðàçíîñòè â ñêîáêàõ ðàññìàòðèâàþòñÿ ïî ìîäóëþ 1). Ñ îäíîé ñòîðîíû,
îíî ðàâíî íóëþ, òàê êàê îáå ñóììû ðàâíû C. Ñ äðóãîé ñòîðîíû, çíà÷åíèå
(3) íå èçìåíèòñÿ, åñëè èç îáåèõ ñóìì íåãî óäàëèòü íåíóëåâûå ÷ëåíû ñ
îäèíàêîâûìè íîìåðàìè n òàêèìè, ÷òî k1 > k̃ â ðàçëîæåíèè (1) ÷èñëà n.
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Â îñòàâøåìñÿ âûðàæåíèè ìîæíî âûíåñòè íåíóëåâîé îáùèé ìíîæèòåëü

V Cpk̃

(
x− i

pk̃+1

)
− V Cpk̃

(
x− j

pk̃+1

)
.

è ïîëó÷èòü íåêîòîðûé òîæäåñòâåííî íåíóëåâîé ðÿä âèäà∑
n∈V (d−1)

p

dnV Cn(x), îäèí è òîò æå äëÿ âñåõ Fij, êîòîðûé ñõîäèòñÿ ê

íóëþ íà ìíîæåñòâå X ìåðû, áîëüøåé 1 −
(
p−1
p

)d−1
. Ïîëó÷åíî ïðîòèâî-

ðå÷èå ñ ïðåäïîëîæåíèåì èíäóêöèè. Òåîðåìà äîêàçàíà.
Íåðàâåíñòâî â òåîðåìå 2 òî÷íîå, ò.ê. ìíîãî÷ëåí

(R0 −R1) · . . . · (R2d−1 −R2d−2)(x)

ðàâåí íóëþ íà ìíîæåñòâå, ìåðà êîòîðîãî ðàâíà 1 −
(
p−1
p

)d
â ñèëó íåçà-

âèñèìîñòè îáîáùåííûõ ôóíêöèé Ðàäåìàõåðà.
Ïåðåôîðìóëèðóåì òåîðåìó 2 â òåðìèíàõ ìíîæåñòâ åäèíñòâåííîñòè.

Òåîðåìà 3. Âñÿêîå ìíîæåñòâî E ⊂ [0, 1) c µ(E) <
(
p−1
p

)d
åñòü

ìíîæåñòâî åäèíñòâåííîñòè äëÿ ñèñòåìû ôóíêöèé {V Cn : n ∈ V (d)
p }.
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ÓÄÊ 517.54

Îá îòêðûâàþùèõ îòîáðàæåíèÿõ è èõ
ïðèëîæåíèÿõ1

Ñ. È. Êàëìûêîâ (Ìîñêâà, Ðîññèÿ; Øàíõàé, ÊÍÐ)
kalmykovsergei@sjtu.edu.cn

Ìû îáñóæäàåì ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðàöèîíàëüíûõ êîíôîðìíûõ
îòîáðàæåíèé, îáðàòíûå ê êîòîðûì îòêðûâàþò êîíå÷íîå ÷èñëî äóã íà êîìïëåêñ-
íîé ïëîñêîñòè. Òàêæå íàñ áóäóò èíòåðåñîâàòü ñâÿçàííûå ñ òàêèìè îòîáðàæå-
íèÿìè âîïðîñû è ïðèëîæåíèÿ, íàïðèìåð, èíòåðïîëÿöèÿ, ÷èñëåííûå ìåòîäû è
ïîëèíîìèàëüíûå íåðàâåíñòâà.

Êëþ÷åâûå ñëîâà: êîíôîðìíûå îòîáðàæåíèÿ, ìíîãîñâÿçíûå îáëàñòè, îòêðûâàþ-
ùèå îòîáðàæåíèÿ, èíòåðïîëÿöèÿ, ãðóïïà êîñ.

Áëàãîäàðíîñòè: Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ìîñêîâ-
ñêîãî öåíòðà ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè, ñîãëàøåíèå ñ Ìèíè-
ñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè � 075-15-2022-
283.

On open up mappings and their applications1
S. I. Kalmykov (Moscow, Russia; Shanghai, China)

kalmykovsergei@sjtu.edu.cn
We discuss the existence and uniqueness of rational conformal maps of minimal degree
for opening up �nitely many arcs on the complex plane. Also we are interested
in several related problems and applications, for example, rational interpolation,
numerical solutions, polynomial inequalities.

Keywords: conformal mapping, multiply connected domains, open-up mapping,
interpolation, critical values, braid group.

Acknowledgements: This work was supported by Moscow Center of Fundamental and
Applied Mathematics, Agreement no. 075-15-2022-283 with the Ministry of Science
and Higher Education of the Russian Federation.

Ìû áóäåì ãîâîðèòü, ÷òî ðàöèîíàëüíàÿ ôóíêöèÿ F èìååò òèï (n,m), åñëè
îíà ìîæåò áûòü çàïèñàíà â âèäå F = P/Q, ãäå P è Q � âçàèìíî ïðî-
ñòûå ìíîãî÷ëåíû ñòåïåíåé n è m, ñîîòâåòñòâåííî. Êàê îáû÷íî, z ∈ C
� êðèòè÷åñêàÿ òî÷êà ôóíêöèè F , åñëè F ′(z) = 0, â ýòîì ñëó÷àå F (z) �
êðèòè÷åñêîå çíà÷åíèå F .

Íàñ èíòåðåñóþò âîïðîñû, ñâÿçàííûå ñî ñëåäóþùåé òåîðåìîé (ñì. [1,
Theorem 1.1]).

Òåîðåìà 1. Ïóñòü γ1, . . . , γn � ïîïàðíî íåïåðåñåêàþùèåñÿ äóãè íà
êîìïëåêñíîé ïëîñêîñòè. Òîãäà ñóùåñòâóåò ðàöèîíàëüíàÿ ôóíêöèÿ F

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Êàëìûêîâ Ñ. È., 2024
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òèïà (n + 1, n) è êîìïàêòíîå ìíîæåñòâî K ⊂ C, ãðàíèöà êîòîðîãî
ñîñòîèò èç n ïîïàðíî íåïåðåñåêàþùèõñÿ êðèâûõ Æîðäàíà, è F � êîí-
ôîðìíîå îòîáðàæåíèå C \ K íà C \ ∪nj=1γj, F (∞) = ∞. Êðîìå òîãî,
F è K åäèíñòâåííû ñ òî÷íîñòüþ äî ëèíåéíîãî ïðåîáðàçîâàíèÿ àðãó-
ìåíòà. Â ÷àñòíîñòè, íîðìèðîâêà F (z) = z + O(1/z) â áåñêîíå÷íîñòè
îäíîçíà÷íî îïðåäåëÿåò F è K.

Òàêîãî ðîäà ðåçóëüòàòû îêàçûâàþòñÿ ïîëåçíû ïðè äîêàçàòåëüñòâå
íåðàâåíñòâ áåðíøòåéíîâñêîãî è ìàðêîâñêîãî òèïîâ äëÿ ïîëèíîìîâ è ðà-
öèîíàëüíûõ ôóíêöèé (cì. íàïðèìåð, [2, 3]). À òàêæå ìîãóò ïðèìåíÿò-
ñÿ äëÿ âû÷èñëåíèÿ ëîãàðèôìè÷åñêîé åìêîñòè [4] è â àïïðîêñèìàöèÿõ
Ýðìèòà-Ïàäå [5].

Òåîðåìà 1 íåïîñðåäñòâåííî ñâÿçàíà ñ çàäà÷åé íàõîæäåíèÿ ðàöèîíàëü-
íîé ôóíêöèè ñ ïðåäïèñàííûìè êðèòè÷åñêèìè çíà÷åíèÿìè, à òàêæå â
îïðåäåëåííîé ñòåïåíè è ñ çàäà÷åé, êîãäà ïðåäïèñàíû êðèòè÷åñêèå òî÷-
êè. ×èñëåííîå íàõîæäåíèå òàêèõ ðàöèîíàëüíûõ ôóíêöèé ïðèâîäèò ê
ðàçëè÷íûì èíòåðïîëÿöèîííûì çàäà÷àì [6].

Îáðàòíàÿ çàäà÷à ê òåîðåìå 1 è ñâÿçàííûå ñ íåé òîïîëîãè÷åñêèå âîïðî-
ñû èçó÷àþòñÿ â íàñòîÿùèé ìîìåíò â ñîâìåñòíîé ðàáîòå ñ Â. Ëûñîâûì,
B. Nagy è O. S�ete.
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ÓÄÊ 517.518

Î âîññòàíîâëåíèè èíòåãðèðóåìûõ ôóíêöèé1

À. Ä. Êàøèíà, Ï. Â. Ïàâëîâà, Ì. Ã. Ïëîòíèêîâ
(Ìîñêâà, Âîëîãäà, Ðîññèÿ)

alisa.kashina@math.msu.ru, pavlovapv2020@gmail.com,
mikhail.plotnikov@math.msu.ru

Ðàññìàòðèâàþòñÿ çàäà÷è î òî÷íîì è ïðèáëèæåííîì âîññòàíîâëåíèè èíòåãðèðó-
åìûõ ôóíêöèé ïî èõ çíà÷åíèÿì íà ìíîæåñòâå ìàëîé ìåðû. Â êà÷åñòâå êëàññîâ
ôóíêöèé áåðóòñÿ êëàññû Êîðîáîâà íà îêðóæíîñòè T.
Êëþ÷åâûå ñëîâà: âîññòàíîâëåíèå ôóíêöèé, êëàññû Êîðîáîâà, êîýôôèöèåíòû
Ôóðüå.

On recovery of integrable functions1
A. D. Kashina, P. V. Pavlova, M. G. Plotnikov

(Moscow, Vologda, Russia)
alisa.kashina@math.msu.ru, pavlovapv2020@gmail.com,

mikhail.plotnikov@math.msu.ru

Problems of exact and approximate recovery of integrable functions from their values
on a set of small measure are considered. The Korobov classes on the circle T are
taken as functional classes.

Keywords: recovery of functions, Korobov classes, Fourier coe�cients.

Ââåäåíèå

Âîïðîñû î âîçìîæíîñòè âîññòàíîâëåíèÿ ôóíêöèè ïî åå çíà÷åíèÿì íà
ìíîæåñòâå ìàëîé ìåðû ðàññìàòðèâàëèñü â ðàáîòå [1]. Áûëî äîêàçàíî, ÷òî
ëþáóþ ôóíêöèþ f èç ôóíêöèîíàëüíîãî êëàññà Λ, êîòîðûé îïðåäåëÿåòñÿ
ñêîðîñòüþ ñõîäèìîñòè ìàæîðàíòû êîýôôèöèåíòîâ Ôóðüå ê íóëþ, ìîæíî
îäíîçíà÷íî âîññòàíîâèòü ïî åå çíà÷åíèÿì íà ñïåöèàëüíîì ìíîæåñòâå G
ñêîëü óãîäíî ìàëîé ìåðû, îáùåì äëÿ âñåãî êëàññà. Ñêàæåì, ÷òî G ⊂ X
� δ-âîññòàíàâëèâàþùåå ìíîæåñòâî (δ > 0) äëÿ êëàññà ôóíêöèé Λ ⊂
L1(X,µ), åñëè µ(G) < δ è îòîáðàæåíèå f ∈ Λ 7→ f |G èíúåêòèâíî. Çäåñü
(X,µ) � ïðîñòðàíñòâî ñ íåàòîìè÷åñêîé ìåðîé, f |G � ñóæåíèå ôóíêöèè
f íà ìíîæåñòâî G.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Êàøèíà À. Ä., Ïàâëîâà Ï. Â., Ïëîòíèêîâ Ì. Ã., 2024
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Åñëè µ� ìåðà Ëåáåãà íà R, ïèøåì L1(X) âìåñòî L1(X,µ). Îáîçíà÷èì
T = [−π, π). Áóäåì ðàññìàòðèâàòü ôóíêöèîíàëüíûå êëàññû Êîðîáîâà

Eα(T) =
{
f ∈ L1(T) : f̂n = O(n−α)

}
, α >

1

2
.

Eα(T) ÿâëÿåòñÿ íîðìèðîâàííûì ïðîñòðàíñòâîì ñ íîðìîé

∥f∥Eα(T) = sup
n∈Z
|f̂n|

(
|n|+ 1

)α
.

Â ðàáîòå ðåøàþòñÿ äâå çàäà÷è. Ïåðâàÿ � ïðèáëèçèòü ôóíêöèþ
f ∈ Eα(T) òðèãîíîìåòðè÷åñêèì ïîëèíîìîì, äëÿ ïîcòðîåíèÿ êîòîðîãî
èñïîëüçóåòñÿ èíôîðìàöèÿ î çíà÷åíèÿõ ôóíêöèè f ëèøü íà ñïåöèàëüíîì
ìíîæåñòâå ìàëîé ìåðû, à òàêæå îöåíèòü òî÷íîñòü ýòîãî ïðèáëèæåíèÿ.
Âòîðàÿ � òî÷íî âîññòàíîâèòü ôóíêöèþ f ∈ Eα(T) ïî åå çíà÷åíèÿì íà
ìíîæåñòâå ìàëîé ìåðû.

Ìû èññëåäóåì êëàññû Êîðîáîâà ñ ïàðàìåòðîì ãëàäêîñòè α, êîòîðûé
íå îáåñïå÷èâàåò àáñîëþòíîé ñõîäèìîñòè ðÿäà Ôóðüå. Áîëåå òîãî, ñóùå-
ñòâóþò âñþäó ðàçðûâíûå ôóíêöèè èç äàííûõ êëàññîâ, êîòîðûå îñòàþòñÿ
òàêîâûìè ïðè ëþáîì èõ èçìåíåíèè íà ìíîæåñòâå ìåðû íóëü.

Îñíîâíûå ðåçóëüòàòû

Äëÿ í N íå÷åòíîãî M = 2N + 1 ââåäåì ìíîæåñòâî

G(M,h) =
N⋃

j=−N

(xj − 2h, xj + 2h), xj =
2πj

2N + 1
, 0 < h <

π

2M
. (1)

Â [2] áûëî ïîêàçàíî, ÷òî êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1(T) ñ
íîìåðàìè |m| ≤ N óäîâëåòâîðÿþò ñîîòíîøåíèþ f̂m = (f̂m)̃ + T , ãäå

(f̂m)̃ =
1

4Mh2sinc2(mh)

N∑
j=−N

exp(−imxj)
xj+2h�

xj−2h

f(u)(2h− |u− xj|)du,

T = T (m,M, h) = −
∑′ sinc2(nh)

sinc2(mh)
f̂n, (2)

ñóììà
∑′ ðàñïðîñòðàíÿåòñÿ íà âñå n òàêèå, ÷òî |n| > N è n =

m (modM). Ïðè îïðåäåëåííûõ óñëîâèÿõ íà M è h âåëè÷èíó T ìîæ-
íî ñäåëàòü ìàëîé, a (f̂m)̃ îïðåäåëÿþòñÿ òîëüêî çíà÷åíèÿìè ôóíêöèè f
íà ìíîæåñòâå (1).
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Ðàññìîòðèì òðèãîíîìåòðè÷åñêèé ïîëèíîì f̃LM,h ñòåïåíè íå âûøå L,

L ≤ M , ñ êîýôôèöèåíòàìè (f̂m)̃ , êîòîðûì áóäåì ïðèáëèæàòü ôóíêöèè
èç êëàññà Eα(T). Îí ïîëíîñòüþ îïðåäåëÿåòñÿ çíà÷åíèÿìè ôóíêöèè f íà
ìíîæåñòâå (1).

Ïîä ∥ ∥ ïîíèìàåì íîðìó â L2(T). Âåëè÷èíû C, C1, . . . íèæå (ðàçíûå â
ðàçíûõ ôîðìóëàõ) çàâèñÿò îò α, íî íå çàâèñÿò îò L, M , h è îò ôóíêöèè
f ∈ Eα(T).

Ëåììà 1. Åñëè f ∈ Eα(T), ãäå α > 1
2, òî

∥f(x)− SL(f)∥2 ≤ C1∥f∥Eα(T)L
1
2−α.

Çäåñü SL(f) � L-àÿ ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ôóíêöèè f .
Äîêàçàòåëüñòâî. Ñ ó÷åòîì òîãî, ÷òî f ∈ Eα(T), èìååì

∥f(x)− SL(f, x)∥2 = C

 ∑
|n|≥L+1

|f̂n|2
 1

2

≤ C1∥f∥αL
1
2−α.

Ëåììà 2. Ïóñòü f ∈ Eα(T), ãäå α > 1
2. Òîãäà

∥SL(f, x)− f̃LM,h∥2 ≤ C2∥f∥Eα(T)
L

1
2

h2Mα+2
. (3)

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ (2) è òåì, ÷òî f ∈ Eα(T). Èìååì:∣∣∣∑′
sinc2(nh)f̂n

∣∣∣ ≤ 1

h2

∑′
∣∣∣∣∣ f̂nn2
∣∣∣∣∣ ≤ 1

h2
∥f∥Eα(T)

∑′ 1

|n|2+α

=
1

h2
∥f∥Eα(T)

∞∑
|k|=1

1

|m+ kM |2+α
≤ C3

h2M 2+α
∥f∥Eα(T),

C3 = 2
∞∑
k=1

1∣∣k − 1
2

∣∣2+α .

Ïðèìåíÿÿ ïðîäåëàíííûå âû÷èñëåíèÿ, îöåíèì ëåâóþ ÷àñòü (3):

∥SL(f)(x)− f̃LM,h(x)∥2 =

∥∥∥∥∥
L∑

m=−L

(∑′ sinc2(nh)

sinc2(mh)
f̂n

)
einx

∥∥∥∥∥
2

≤ C4

(
L∑

m=−L

∣∣∣∑′
sinc2(nh)f̂n

∣∣∣2)1/2

≤ C2∥f∥Eα(T)
L

1
2

h2M 2+α
.
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Òåîðåìà 1. Ïóñòü α > 1
2, f ∈ Eα(T), 0 < β < α

2 , lim
M→∞

L(M)
M1−2β/α = 1.

Òîãäà ïðè L = L(M) ∈ N è h = h(M) = 1
M1+β ñïðàâåäëèâà îöåíêà

∥f − f̃LM,h∥2 ≤ C∥f∥Eα(T)M
( 1
2−α)(1−

2β
α ).

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ëåììàìè 1 è 2:

∥f − f̃LM,h∥2 ≤ C5∥f∥Eα(T)

(
L

1
2−α +

L
1
2

h2Mα+2

)

≤ C5∥f∥Eα(T)

(
L

1
2−α +

L
1
2

h2Mα+2

)
≤ C∥f∥Eα(T)M

( 1
2−α)(1−

2β
α ).

Ñëåäñòâèå 1. Ïóñòü f ∈ Eα(T), ãäå α > 1
2. Òîãäà äëÿ êàæäîãî

L ∈ N íàéäåòñÿ òðèãîíîìåòðè÷åñêèé ïîëèíîì TL ñòåïåíè íå âûøå L,
êîòîðûé ïîëíîñòüþ îïðåäåëÿåòñÿ çíà÷åíèÿìè ôóíêöèè f íà íåêîòî-
ðîì ìíîæåñòâå âèäà G(M,h), ãäå M = M(L), lim

L→∞
M(L)L−

1
1−2β/α = 1,

0 < β < α
2 , è äëÿ êîòîðîãî

∥f − TL∥2 ≤ C∥f∥Eα(T)L
1
2−α.

Äëÿ äîêàçàòåëüñòâà âîçüìåì â êà÷åñòâå TL ïîñòðîåííûé â òåîðåìå 1
òðèãîíîìåòðè÷åñêèé ïîëèíîì fLM,h è âûðàçèì M è h ÷åðåç L.

Òåîðåìà 2. Äîïóñòèì, f ∈ Eα(T), ãäå α > 1
2. Òîãäà äëÿ ëþáîãî

δ > 0 ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè ôóíêöèé {fk}∞k=1 è ìíîæåñòâ
{Gk}∞k=1 òàêèå, ÷òî fk → f ïðè k →∞ â íîðìå L2(T), fk îïðåäåëÿþòñÿ

çíà÷åíèÿìè ôóíêöèè f íà ìíîæåñòâå Gk è µG < δ, ãäå G =
∞⋃
k=1

Gk.

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ òåîðåìîé 1. Âîçüìåì β òàêîå, ÷òî
0 < β < α

2 , à çàòåì íàéäåì ïîñëåäîâàòåëüíîñòü íå÷åòíûõ ÷èñåë {Mk}∞k=1

òàêóþ, ÷òî 1
4(Mk)β

< δ. Ïîëîæèì

Gk = G (Mk, hk) , hk =
1

(Mk)1+β

(ìíîæåñòâà G(M,h) îïðåäåëåíû â (1)). Ïóñòü, íàêîíåö, fk = f̃Lk

Mk,hk
, Lk =

L(Mk) ∈ N. Òîãäà ìíîæåñòâà Gk è ôóíêöèè fk ÿâëÿþòñÿ èñêîìûìè.
Çàìå÷àíèå 1. Ìíîæåñòâî G èç òåîðåìû 2 ÿâëÿåòñÿ δ-

âîññòàíàâëèâàþùèì äëÿ êëàññà Eα(T) ïðè α > 1
2 .
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Î êîýôôèöèåíòàõ ôîðìàëüíîãî
ïðîèçâåäåíèÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ1

Ò. Ä. Êîçëîâñêàÿ (Ìîñêâà, Ðîññèÿ)
tdkozl2018@mail.ru

Ðàññìàòðèâàåòñÿ ôîðìàëüíîå ïðîèçâåäåíèå
+∞∑

n=−∞
Kne

inx òðèãîíîìåòðè÷åñêîãî

ðÿäà
+∞∑

n=−∞
cne

inx è àáñîëþòíî ñõîäÿùåãîñÿ òðèãîíîìåòðè÷åñêîãî ðÿäà. Äîêàçû-

âàåòñÿ òåîðåìà, óñòàíàâëèâàþùàÿ óñëîâèå, ïðè êîòîðîì èç cn ∈ lp (p ≥ 2) âûòå-
êàåò, ÷òî è Kn ∈ lp. Ðåçóëüòàò ìîæíî èñïîëüçîâàòü ïðè äîêàçàòåëüñòâå òåîðåìû
îá îáúåäèíåíèè çàìêíóòûõ Up-ìíîæåñòâ äëÿ òðèãîíîìåòðè÷åñêîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: òðèãîíîìåòðè÷åñêèå ðÿäû, ôîðìàëüíîå ïðîèçâåäåíèå, Up-
ìíîæåñòâà..

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ìîñêîâñêîãî Öåí-
òðà ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè ïðè ÌÃÓ.

On coe�cients of formal product of
trigonometric series1

T. D. Kozlovskaya (Moscow, Russia)
tdkozl2018@mail.ru

A formal product
+∞∑

n=−∞
Kne

inx of trigonometric series
+∞∑

n=−∞
cne

inx and absolutely

convergent trigonometric series is considered. A theorem stating an a condition under
which the assumption cn ∈ lp (p ≥ 2) implies Kn ∈ lp is proved. This result can be
used to obtain a theorem on the union of closed Up- sets for trigonometric system.

Keywords: trigonometric series, formal product, Up- sets..
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Ôîðìàëüíûì ïðîèçâåäåíèåì äâóõ òðèãîíîìåòðè÷åñêèõ ðÿäîâ
+∞∑

n=−∞
cne

inx è
+∞∑

n=−∞
γne

inx íàçîâåì ðÿä, êîýôôèöèåíòû êîòîðîãî îïðåäå-

ëÿþòñÿ ðàâåíñòâîì

Kn =
+∞∑

k=−∞

ckγn−k. (1)

À. Ðàéõìàí äîêàçàë (ñì., íàïðèìåð, [1]), ÷òî åñëè cn → 0 ïðè n → +∞

è ðÿä
+∞∑

n=−∞
|γn| ñõîäèòñÿ, òî âñå Kn → 0 ïðè n → ±∞. Ìíîæåñòâî

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Êîçëîâñêàÿ Ò. Ä., 2024

121



E ⊂ [a, b] íàçûâàåòñÿ Up-ìíîæåñòâîì äëÿ ñèñòåìû {ϕn(x)}∞n=0, x ∈ [a, b],

åñëè íå ñóùåñòâóåò íåòðèâèàëüíîãî ðÿäà
∞∑
n=0

cnϕn(x), cn ∈ lp, ñõîäÿùåãîñÿ

ê íóëþ âñþäó âíå E.
Â ðàáîòå [2] áûëà äîêàçàíà
Òåîðåìà 1 (ñì. [2]). Îáúåäèíåíèå ñ÷¼òíîãî ìíîæåñòâà çàìêíóòûõ

Up-ìíîæåñòâ, 2 ≤ p < ∞, äëÿ ñèñòåìû ôóíêöèé Óîëøà ÿâëÿåòñÿ Up-
ìíîæåñòâîì äëÿ ýòîé ñèñòåìû.

Â äîêàçàòåëüñòâå èñïîëüçóåòñÿ òîò ôàêò, ÷òî êîýôôèöèåíòû Kn ôîð-
ìàëüíîãî ïðîèçâåäåíèÿ ðÿäà Óîëøà è ïîëèíîìà Óîëøà ïðèíàäëåæàò lp,
åñëè êîýôôèöèåíòû ðÿäà èç lp. Îäíàêî äëÿ òðèãîíîìåòðè÷åñêîé ñèñòå-
ìû ôóíêöèé íå î÷åâèäíî, ÷òî èç óñëîâèÿ cn ∈ lp âûòåêàåò, ÷òî è Kn ∈ lp.
Ïóñòü cmn

� ïîäïîñëåäîâàòåëüíîñòü ïîñëåäîâàòåëüíîñòè cn, ñîñòîÿùàÿ èç

âñåõ òàêèõ ýëåìåíòîâ ïîñëåäíåé, äëÿ êîòîðûõ |cmn
| > |ck|, åñëè k > mn.

Äîêàæåì äëÿ ôîðìàëüíîãî ïðîèçâåäåíèÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ
ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 2. Ïóñòü
∑+∞

n=−∞ |cn|p < ∞ (p ≥ 2), ck = 0, åñëè k ̸=

mn; λ(x) =
+∞∑

n=−∞
γne

inx ∈ C(3)(T ). Òîãäà Kn ∈ lp. Äîêàçàòåëüñòâî.

Îáîçíà÷èì

Sn =

[n2 ]∑
k=−∞

|ck||γn−k|,

Tn =
+∞∑

k=[n2 ]+1

|ck||γn−k|,

òàê ÷òî |Kn| ≤ Sn + Tn.
Èç óñëîâèÿ λ(x) ∈ C(3)(T ) ñëåäóåò, ÷òî êîýôôèöèåíòû Ôóðüå ýòîé

ôóíêöèè λn =o(1/|n|3). Ïîýòîìó

|Sn| ≤ A
+∞∑

r=n−[n2 ]

|γr| ≤
B

n2
(∈ lp),

ãäå A, B�- êîíñòàíòû.

Äîêàæåì, ÷òî Tn ∈ lp. Ðàçîáüåì ðÿä
+∞∑

n=−∞
T p
n íà ïà÷êè âèäà

2mk+1−1∑
n=2mk

T p
n

.

T2mk
=

+∞∑
j=mk+1

|cj||γ2mk−j| =
+∞∑

i=k+1

|cmi
||γ2mk−mi

|,
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òàê êàê cj = 0 äëÿ j ̸= mi.

T2mk+1 =
+∞∑

i=k+1

|cmi
||γ2mk+1−mi

|,

............................................

T2mk+1−1 =
+∞∑

i=k+1

|cmi
|
∑
|γ2mk+1−1−mi

|.

Ñóììèðóåì ýòè 2mk+1 − 2mk ñëàãàåìûõ, çàòåì èñïîëüçóåì ìîíîòîííîå
óáûâàíèå ïîñëåäîâàòåëüíîñòè |cmn

| : |cmi
| ≤ |cmk+1

| äëÿ âñåõ i ≤ k + 1:

2mk+1−1∑
n=2mk

Tn =
+∞∑

i=k+1

|cmi
|
2mk+1−1−mi∑
j=2mk−mi

|γj| ≤ |cmk+1
|
2mk+1−1−mi∑
j=2mk−mi

|γj| ≤ |cmk+1
|
+∞∑
−∞
|γj|.

Ïîëó÷åííîå íåðàâåíñòâî ïðèâîäèò ê ñëåäóþùåé îöåíêå:

+∞∑
n=−∞

T p
n =

+∞∑
k=∞

2mk+1−1∑
n=2mk

T p
n | ≤

+∞∑
k=∞

(
2mk+1−1∑
n=2mk

Tn

)p

≤
+∞∑
k=∞

|cmk+1
|p
(

+∞∑
−∞
|γj|

)p

.

Ïî óñëîâèþ cmn
∈ lp è ðÿä

+∞∑
−∞
|γj| ñõîäèòñÿ. Çíà÷èò, Tn ∈ lp. Èòàê,

êîýôôèöèåíòû ôîðìàëüíîãî ïðîèçâåäåíèÿ Kn ∈ lp. Òåîðåìà äîêàçàíà.
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Ñìåøàííàÿ çàäà÷à ñ êîñîé ïðîèçâîäíîé äëÿ
òåëåãðàôíîãî óðàâíåíèÿ ñ íåëèíåéíûì

ïîòåíöèàëîì1

Â. È. Êîðçþê, ß. Â. Ðóäüêî (Ìèíñê, Áåëàðóñü)
korzyuk@bsu.by, janycz@yahoo.com,

Äëÿ òåëåãðàôíîãî óðàâíåíèÿ ñ íåëèíåéíûì ïîòåíöèàëîì, çàäàííîãî â ïåðâîì
êâàäðàíòå, èçó÷àåòñÿ ñìåøàííàÿ çàäà÷à, â êîòîðîé íà ïðîñòðàíñòâåííîé ïîëó-
îñè çàäàþòñÿ óñëîâèÿ Êîøè, à íà âðåìåííîé ïîëóîñè çàäà¼òñÿ óñëîâèå, êîòî-
ðîå ñîäåðæèò ïðîèçâîäíóþ ïî íàïðàâëåíèþ (êîñóþ ïðîèçâîäíóþ), çàâèñÿùåìó
îò âðåìåíè. Ðàññìîòðåíû âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ãëîáàëüíîãî
êëàññè÷åñêîãî ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíîå âîëíîâîå óðàâíåíèå, ïîëóëèíåéíîå óðàâíåíèå, ìåòîä
õàðàêòåðèñòèê, êëàññè÷åñêîå ðåøåíèå, ñìåøàííàÿ çàäà÷à, óñëîâèÿ ñîãëàñîâàíèÿ.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ ðåàëèçàöèè ïðî-
ãðàììû Ìîñêîâñêîãî öåíòðà ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè ïî ñî-
ãëàøåíèþ � 075-15-2022-284.

Mixed problem with a directional derivative
for the telegraph equation with a nonlinear

potential1
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korzyuk@bsu.by, janycz@yahoo.com,
For the telegraph equation with a nonlinear potential given in the �rst quadrant, we
study a mixed problem in which the Cauchy conditions are speci�ed on the spatial
half-line and the condition, which contains a directional (oblique) derivative with time-
dependent direction, is speci�ed on the time half-line. The existence and uniqueness
of a global classical solution are considered.

Keywords: nonlinear wave equation, semilinear equation, method of characteristics,
classical solution, mixed problem, matching conditions.
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Statement of the problem

In the closure Q of the domain Q = (0,∞) × (0,∞) of two independent
variables (t, x) for the nonlinear equation

∂2t u(t, x)− a2∂2xu(t, x) = f(t, x, u(t, x)), (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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where a > 0, we consider the mixed problem with the initial conditions

u(0, x) = φ(x), ∂tu(0, x) = ψ(x), x ∈ [0,∞) (2)

and one of the following boundary conditions:

α(t)∂tu(t, 0) + β(t)∂xu(t, 0) + γ(t)u(t, 0) = µ(t), t ∈ [0,∞), (3)

where aα(t) ̸= β(t) for all t ∈ [0,∞), or

β(t)

a
∂tu(t, 0) + β(t)∂xu(t, 0) + γ(t)u(t, 0) = µ(t), t ∈ [0,∞). (4)

Main result

Theorem 1. Let the conditions

f ∈ C1(Q× R), φ ∈ C2([0,∞)), ψ ∈ C1([0,∞)), µ ∈ C1([0,∞)),

α ∈ C1([0,∞)), β ∈ C1([0,∞)), γ ∈ C1([0,∞))

be satis�ed, and let the function f satisfy a Lipschitz type condition with
respect to the third variable; i.e., assume that there exists a function k ∈
L2
loc(Q) such that |f(t, x, z1) − f(t, x, z2)| ⩽ k(t, x)|z1 − z2|. The mixed

problem (1) � (3) has a unique solution u in the class C2(Q) if and only
if conditions

µ(0) = α(0)ψ(0) + β(0)φ′(0) + γ(0)φ(0), (5)

µ′(0) = α(0)
(
f(0, 0, φ(0)) + a2φ′′(0)

)
+ ψ(0)α′(0) + β′(0)φ′(0)+

+ β(0)ψ′(0) + φ(0)γ′(0) + γ(0)ψ(0) = µ′(0) (6)

are satis�ed.
Theorem 2. Let the conditions

f ∈ C1(Q× R), φ ∈ C3([0,∞)), ψ ∈ C2([0,∞)),

β ∈ C2([0,∞)), γ ∈ C2([0,∞)), µ ∈ C2([0,∞))

be satis�ed, let the inequalities γ(t) ̸= 0 and γ′(t) ̸= 0 be ful�lled for all t ∈
[0,∞), and let the function f satisfy a Lipschitz type condition with respect
to the third variable; i.e., assume that there exists a function k ∈ C(Q) such
that |f(t, x, z1) − f(t, x, z2)| ⩽ k(t, x)|z1 − z2|. The mixed problem (1), (2)
and (4) has a unique solution u in the class C2(Q) if and only if conditions

µ(0) =
β(0)ψ(0)

a
+ β(0)φ′(0) + γ(0)φ(0),
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µ′(0) =
β(0)

(
f(0, 0, φ(0)) + a2φ′′(0)

)
a

+
ψ(0)β′(0)

a
+ β′(0)φ′(0)+

+ β(0)ψ′(0) + φ(0)γ′(0) + γ(0)ψ(0),

µ′′(0) = β(0)
(
φ′(0)∂uf(0, 0, u = φ(0)) + ∂xf(0, 0, φ(0)) + a2φ′′′(0)

)
+

+
β(0)

(
ψ(0)∂uf(0, 0, u = φ(0)) + ∂tf(0, 0, φ(0)) + a2ψ′′(0)

)
a

+

+
2β′(0)

(
f(0, 0, φ(0)) + a2φ′′(0)

)
a

+ γ(0)
(
f(0, 0, φ(0)) + a2φ′′(0)

)
+

+
ψ(0)β′′(0)

a
+ β′′(0)φ′(0) + 2β′(0)ψ′(0) + φ(0)γ′′(0) + 2ψ(0)γ′(0).

are satis�ed.
The proof of Theorems 1 and 2 is carried out by the scheme set forth

in [1�4] using the results of the papers [5, 6].
Remark 1. Assume that the boundary data of the problem (1), (2), (4)

satisfy the equality β ≡ 0 and the inequality γ(t) ̸= 0 for all t ⩾ 0. Then
the conditions speci�ed in Theorem 2 can be weakened: 1) the smoothness
conditions φ ∈ C3([0,∞)) and ψ ∈ C2([0,∞)) can be replaced with φ ∈
C2([0,∞)) and ψ ∈ C1([0,∞)), respectively; 2) the condition γ′(t) ̸= 0 can
be dropped.

Proof. Under the conditions of this remark, the boundary condition (4)
transforms into the Dirichlet condition

u(t, 0) =
µ(t)

γ(t)
, t ∈ [0,∞). (7)

Thus, the mixed problem (1), (2), (4) transforms into the well-studied �rst
mixed problem (1), (2) and (7) [1�3].

If the given functions of the problem (1) � (3) do not satisfy the
homogeneous matching conditions (5) and (6), then the solution of this
problem is reduced to solving the corresponding matching problem in which
the matching conditions are given on the characteristic x − at = 0. The
following condition can be taken for the matching condition:

[(u)+ − (u)−](t, x = at) = 0, t ∈ [0,∞). (8)

Problem (1) � (3) with matching conditions on characteristics.
Find a classical solution of Eq. (1) with the Cauchy conditions (2), the
boundary condition (3), and the matching condition (8).

Here by ()± we have denoted the limit values of the function calculated
on di�erent sides of the characteristic x − at = 0, i. e. (u)±(t, x = at) =
lim
δ→0+

u(t, at± δ).
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Now the problem (1) � (3) can be stated using the matching conditions (8)
as follows.

Problem (1) � (3) with matching conditions on characteristics.
Find a classical solution of Eq. (1) with the Cauchy conditions (2), the
boundary condition (3), and the matching condition (8).

The same can be said about the problem (1), (2) and (4), but instead
of the homogeneous matching condition (8) we should take the following
inhomogeneous condition:

[(u)+ − (u)−](t, x = at) =
a (β(0)φ′(0) + γ(0)φ(0)− µ(0)) + β(0)ψ(0)

aγ(0)
,

t ∈ [0,∞).
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Ìåòðèêà Õàóñäîðôà
â çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè

ñ ðàçðûâíûìè äàííûìè1

À. Á. Êîñòèí, Â. Á. Øåðñòþêîâ (Ìîñêâà, Ðîññèÿ)
abkostin@yandex.ru, shervb73@gmail.com

Íà ïðèìåðå çàäà÷è Êîøè äëÿ îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè îáñóæ-
äàåòñÿ âîïðîñ î õàðàêòåðå ïðèáëèæåíèÿ ðåøåíèÿ ê íà÷àëüíîìó óñëîâèþ â õà-
óñäîðôîâîé ìåòðèêå. Â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ âûáðàíà ïðîñòåéøàÿ ðàç-
ðûâíàÿ ôóíêöèÿ u0(x) = sgnx. Äëÿ õàóñäîðôîâà ðàññòîÿíèÿ ìåæäó ðåøåíè-
åì, çàäàâàåìûì ôîðìóëîé Ïóàññîíà, è ôóíêöèåé u0(x) íàéäåíû äâóñòîðîííÿÿ
îöåíêà è àñèìïòîòèêà. Àíàëîãè÷íàÿ ìîäåëüíàÿ çàäà÷à ðàññìîòðåíà äëÿ óðàâíå-
íèÿ Ëàïëàñà â âåðõíåé ïîëóïëîñêîñòè. Äîêàçàíû ñîîòâåòñòâóþùèå äâóñòîðîííÿÿ
îöåíêà è àñèìïòîòèêà õàóñäîðôîâà ðàññòîÿíèÿ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, çàäà÷à Êîøè, óðàâíåíèå Ëàïëàñà,
çàäà÷à Äèðèõëå, ôîðìóëà Ïóàññîíà, ìåòðèêà Õàóñäîðôà.

Hausdor� metric
in problems of mathematical physics

with discontinuous data1

A. B. Kostin, V. B. Sherstyukov (Moscow, Russia)
abkostin@yandex.ru, shervb73@gmail.com

Using the example of the Cauchy problem for the one-dimensional heat equation,
we study the problem of approximation of the solution to the initial condition in
the Hausdor� metric. The simplest discontinuous function u0(x) = sgnx was chosen
as the initial condition. A two-sided estimate and an asymptotics for the Hausdor�
distance between the solution given by the Poisson formula and the function u0(x)
are obtained. A similar model problem is considered for the Laplace equation in the
upper half-plane. In such a problem, a two-sided estimate and an asymptotics for the
corresponding Hausdor� distance are also obtained.

Keywords: heat equation, Cauchy problem, Laplace equation, Dirichlet problem,
Poisson formula, Hausdor� metric.

Ïîíÿòèå ðàññòîÿíèÿ ìåæäó ìíîæåñòâàìè ïî Õàóñäîðôó âîçíèêëî áî-
ëåå ñòà ëåò íàçàä (ñì. [1]). Íà÷èíàÿ ñ ñåðåäèíû ïðîøëîãî âåêà ìåòðè-
êà Õàóñäîðôà (êðàòêî, H- ìåòðèêà) àêòèâíî èñïîëüçóåòñÿ â òåîðèè àï-
ïðîêñèìàöèè ðàçðûâíûõ ôóíêöèé (ñì., íàïðèìåð, [2], [3]). Ïîòðåáíîñòü
â õàóñäîðôîâûõ ïðèáëèæåíèÿõ âîçíèêàåò â ñèòóàöèÿõ, êîãäà ðàâíîìåð-
íàÿ ñõîäèìîñòü èëè ñõîäèìîñòü â Lp ê ïðåäåëüíîé ôóíêöèè îòñóòñòâóåò,
à èìååò ìåñòî âèçóàëüíîå ñáëèæåíèå ãðàôèêîâ êàê ìíîæåñòâ íà ïëîñ-
êîñòè. Â ñòàòüå [4] ðàññìàòðèâàëñÿ íàãëÿäíûé ïðèìåð àïïðîêñèìàöèè

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Êîñòèí À. Á., Øåðñòþêîâ Â. Á., 2024
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â H- ìåòðèêå ôóíêöèè çíàêà f(x) = sgnx ïîñëåäîâàòåëüíîñòüþ íåïðå-
ðûâíûõ ôóíêöèé gn(x) = (2/π) arctg nx è áûëà ïîëó÷åíà àñèìïòîòèêà
õàóñäîðôîâà ðàññòîÿíèÿ

H(f, gn) =

√
2

πn
+ O

(
1

n
√
n

)
, n→∞.

Â ïðîöåññå îáñóæäåíèÿ íàøåãî äîêëàäà ïðîôåññîð È.Â. Òèõîíîâ çàäàë
âîïðîñ î ïðèáëèæåíèè â H- ìåòðèêå ðàçðûâíîé ôóíêöèè ñîîòâåòñòâó-
þùèì èíòåãðàëîì Ïóàññîíà. ×àñòü óòâåðæäåíèé, ïîëó÷åííûõ â ýòîì
íàïðàâëåíèè, îïóáëèêîâàíà íà àíãëèéñêîì ÿçûêå â [5]. Ñåé÷àñ ìû äà-
äèì ñæàòîå èçëîæåíèå îñíîâíûõ ðåçóëüòàòîâ [5] è íàìåòèì âîïðîñû äëÿ
äàëüíåéøåãî ðàçâèòèÿ òåìû.

Íàïîìíèì, ÷òî H- ðàññòîÿíèåì ìåæäó äâóìÿ çàìêíóòûìè ìíîæå-
ñòâàìè X, Y ïëîñêîñòè Oxy íàçûâàåòñÿ âåëè÷èíà

H(X, Y ) = inf {ε > 0 | X ⊂ Uε(Y ), Y ⊂ Uε(X)} ,

ãäå ε- îêðåñòíîñòü ìíîæåñòâà X èìååò âèä

Uε(X) = {M | ρ(M ;X) ⩽ ε} ,

à ðàññòîÿíèå îò òî÷êèM =M(x, y) äî ìíîæåñòâà X çàäà¼òñÿ ôîðìóëîé

ρ(M ;X) = inf {dist (M,M ′) |M ′ ∈ X} ,

â êîòîðîé
dist (M,M ′) = max (|x− x′|, |y − y′|)

åñòü ðàññòîÿíèå ìåæäó òî÷êàìè M(x, y) è M ′(x′, y′) ïëîñêîñòè.
Ïîä äîïîëíåííûì ãðàôèêîì ôóíêöèè f áóäåì ïîíèìàòü íàèìåíüøåå

çàìêíóòîå ìíîæåñòâî F (f) ïëîñêîñòè Oxy, ñîäåðæàùåå ãðàôèê Γf ýòîé
ôóíêöèè è ÿâëÿþùååñÿ âûïóêëûì îòíîñèòåëüíî îñè Oy. Ïîñëåäíèé òåð-
ìèí îçíà÷àåò, ÷òî âìåñòå ñ ëþáûìè äâóìÿ òî÷êàìè (x, y1), (x, y2) ∈ F (f)
ìíîæåñòâó F (f) ïðèíàäëåæèò è âåðòèêàëüíûé îòðåçîê, ñîåäèíÿþùèé
òî÷êè (x, y1) è (x, y2). Õàóñäîðôîâûì ðàññòîÿíèåì ìåæäó äâóìÿ ôóíêöè-
ÿìè f è g íàçûâàåòñÿH- ðàññòîÿíèå ìåæäó èõ äîïîëíåííûìè ãðàôèêàìè
F (f) è F (g), ò. å. H(f, g) = H(F (f), F (g)).

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîä-
íîñòè ñ ìîäåëüíîé íà÷àëüíîé ôóíêöèåé:

ut = uxx, x ∈ R, t > 0, (1)

u(x, 0) = sgnx, x ∈ R. (2)
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Êëàññè÷åñêàÿ ôîðìóëà Ïóàññîíà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ïîñëå
íåñëîæíûõ ïðåîáðàçîâàíèé äàñò ¾ðåøåíèå¿ çàäà÷è (1), (2) â âèäå

u(x, t) =
2√
π

x/(2
√
t)�

0

e−η
2

dη , x ∈ R, t > 0. (3)

Èç (3) íå âïîëíå ÿñíî, â êàêîì ñìûñëå ðåàëèçóåòñÿ íà÷àëüíîå óñëîâèå (2).
Îêàçûâàåòñÿ, ÷òî â òàêîé çàäà÷å î÷åíü åñòåñòâåííîé âûãëÿäèò òðàê-
òîâêà (2) êàê ðàâåíñòâà íóëþ ñîîòâåòñòâóþùåãî ïðåäåëà â H-ìåòðèêå:
lim
t→0+

H
(
u(·, t), sgn

)
= 0. Äåéñòâèòåëüíî, êàê ïîêàçàíî â [5], äëÿ õàóñäîð-

ôîâà ðàññòîÿíèÿ H
(
u(·, t), sgn

)
ìåæäó ¾ðåøåíèåì¿ u(x, t) è íà÷àëüíîé

ôóíêöèåé u0(x) = sgnx ïðè âñåõ äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ t > 0
âåðíà îöåíêà

2

√
t

(
ln

1

2
√
πt
− ln ln

1

2
√
πt

)
< H

(
u(·, t), sgn

)
< 2

√
t ln

1

2
√
πt
,

âëåêóùàÿ àñèìïòîòèêó

H
(
u(·, t), sgn

)
= 2

√
t ln

1

2
√
πt

+ O

(√
t

(
ln ln

1

2
√
πt

))
, t→ 0 + .

Òåì ñàìûì óêàçàííîå ðàññòîÿíèå ñ èçâåñòíîé ñêîðîñòüþ ñòðåìèòñÿ ê íó-
ëþ ïðè t → 0+. Â òî æå âðåìÿ, ôóíêöèÿ (3) íå èìååò ïðåäåëà ïðè
(x, t) → (0, 0) èçíóòðè âåðõíåé ïîëóïëîñêîñòè (ìíîæåñòâî ïðåäåëüíûõ
çíà÷åíèé öåëèêîì çàïîëíÿåò îòðåçîê [−1, 1]), ÷òî íå ïîçâîëÿåò ïîíèìàòü
íà÷àëüíîå óñëîâèå (2) â ïðèâû÷íîì ñìûñëå.

Áëèçêàÿ êàðòèíà íàáëþäàåòñÿ è â çàäà÷å Äèðèõëå äëÿ óðàâíåíèÿ
Ëàïëàñà â ïîëóïëîñêîñòè y > 0, êîãäà òðåáóåòñÿ íàéòè ôóíêöèþ u(x, y)
òàê, ÷òîáû

∆u = 0, x ∈ R, y > 0, (4)

u(x, 0) = θ(x), x ∈ R. (5)

Çäåñü â ãðàíè÷íîì óñëîâèè ñòîèò ôóíêöèÿ Õåâèñàéäà

θ(x) =

{
1 ïðè x > 0,

0 ïðè x ⩽ 0.

Îãðàíè÷åííîå ¾ðåøåíèå¿ çàäà÷è Äèðèõëå (4), (5) â ïîëóïëîñêîñòè äà¼òñÿ
èçâåñòíîé ôîðìóëîé Ïóàññîíà

u(x, y) =
y

π

+∞�

−∞

θ(ξ)

(x− ξ)2 + y2
dξ
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è ëåãêî óïðîùàåòñÿ ê âèäó

u(x, y) =
1

2
+

1

π
arctg

x

y
, x ∈ R, y > 0. (6)

Êàê â òàêîì ñëó÷àå ñëåäóåò ïîíèìàòü ãðàíè÷íîå óñëîâèå (5)? Âåäü â òî÷-
êå (0, 0) ó ôóíêöèè (6) ïðåäåëà èçíóòðè îáëàñòè íå ñóùåñòâóåò, à ïðåäåë

lim
y→0+

u(0, y) =
1

2
̸= 0 = θ(0).

Íà ïîìîùü ñíîâà ïðèõîäèò ìåòðèêà Õàóñäîðôà. Â ñòàòüå [5] àâòîðû ïðî-
âåðèëè, ÷òî H- ðàññòîÿíèå H

(
u(·, y), θ

)
ìåæäó ôóíêöèåé (6) è ôóíêöèåé

Õåâèñàéäà ñòðåìèòñÿ ê íóëþ ïðè y → 0+, äîêàçàâ äâóñòîðîííþþ îöåíêó√√√√ y

2π

(
1 +

√
1− 4πy

3

)
< H

(
u(·, y), θ

)
<

√
y

π
, 0 < y ⩽

3

4π
,

è, êàê ñëåäñòâèå, � àñèìïòîòèêó

H
(
u(·, y), θ

)
=

√
y

π
+ O(y

√
y), y → 0 + .

Òàêèì îáðàçîì, ïîñòàíîâêà ðàññìàòðèâàåìîé çàäà÷è Äèðèõëå ñòàíîâèòñÿ
ðàçóìíîé, åñëè ãðàíè÷íîå óñëîâèå (5) ïîíèìàòü êàê ñîîòâåòñòâóþùèé
ïåðåäåë â ìåòðèêå Õàóñäîðôà, à èìåííî � êàê lim

y→0+
H
(
u(·, y), θ

)
= 0.

Â äîêëàäå ïëàíèðóåòñÿ îáñóäèòü äàëüíåéøåå ðàçâèòèå îáîçíà÷åííûõ
âûøå âîïðîñîâ íà áîëåå øèðîêèå êëàññû ðàçðûâíûõ ôóíêöèé.
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ÓÄÊ 517.55/57

Íåðàâåíñòâà Õàðäè�Ëèòòëâóäà äëÿ êëàññîâ
Õàðäè�Ëîðåíöà1

Â. Ã. Êðîòîâ, Ì. Ì. Ëîãèíîâñêàÿ (Ìèíñê, Áåëàðóñü)
krotov@bsu.by, mary.loginovskaya@gmail.com

Ïðèâîäèòñÿ óñèëåíèå îöåíîê Õàðäè�Ëèòòëâóäà äëÿ àíàëèòè÷åñêèõ ôóíêöèé â
åäèíè÷íîì êðóãå, ñîñòîÿùåå â òîì, ÷òî Hp-êâàçèíîðìû â ïðàâûõ ÷àñòÿõ ýòèõ
íåðàâåíñòâ çàìåíÿþòñÿ íà ñëàáûå Hp,∞-êâàçèíîðìû. Òàêîå óñèëåíèå âîçìîæíî
ïðîâåñòè â ðàìêàõ íåêîòîðîé àáñòðàêòíîé ñõåìû, íå ñâÿçàííîé ñî ñâîéñòâàìè àíà-
ëèòè÷íîñòè, ãàðìîíè÷íîñòè è ò.ï. Ïðèâåäåíû êîíêðåòíûå ïðèìåðû ïðèìåíåíèÿ
ýòîé ñõåìû äëÿ åäèíè÷íîãî øàðà Bn â ìíîãîìåðíîì êîìïëåêñíîì ïðîñòðàíñòâå
Cn è äëÿ äåéñòâèòåëüíîãî ïîëóïðîñòðàíñòâà Rn+1

+ .

Êëþ÷åâûå ñëîâà: íåðàâåíñòâà Õàðäè�Ëèòòëâóäà, ïðîñòðàíñòâà òèïà Õàðäè, ïðî-
ñòðàíñòâà Õàðäè�Ëîðåíöà.

Hardy�Littlewood inequalities for
Hardy�Lorentz classes1

V. G. Krotov, M. M. Loginovskaya (Minsk, Belarus)
krotov@bsu.by, mary.loginovskaya@gmail.com

A strengthening of the Hardy�Littlewood estimates for analytic functions in the unit
disk is given, which consists in replacing the Hp-quasinorms on the right-hand sides of
these inequalities with weak Hp,∞-quasinorms. Such strengthening can be carried out
within the framework of some abstract scheme that is not related to the properties of
analyticity, harmonicity, etc. Speci�c examples of the application of this scheme for
the unit ball Bn in the multidimensional complex space Cn and for the real half-space
Rn+1

+ are given.

Keywords: Hardy�Littlewood inequalities, Hardy-type spaces, Hardy�Lorentz spaces.

0.1 Îñíîâíûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ

Ïóñòü (X,µ) � ìíîæåñòâî ñ σ-êîíå÷íîé ìåðîé µ, L0(X) � ìíîæåñòâî
êëàññîâ ýêâèâàëåíòíîñòè èçìåðèìûõ êîìïëåêñíîçíà÷íûõ ôóíêöèé íàX.

Äëÿ 0 < p <∞ îáîçíà÷èì Lp(X) � ïîäìíîæåñòâî L0(X), ñîñòîÿùåå
èç ôóíêöèé äëÿ êîòîðûõ êîíå÷íà êâàçèíîðìà

∥f∥Lp(X) :=

�

X

|f |pdµ

1/p

,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Êðîòîâ Â. Ã., Ëîãèíîâñêàÿ Ì. Ì., 2024
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Äëÿ 0 < p, r ≤ ∞ îáîçíà÷èì Lp,r(X) ïðîñòðàíñòâà Ëîðåíöà (ñì.,
íàïðèìåð, [1, � 1.4.2]) ñ êâàçèíîðìîé

∥f∥Lp,r(X) :=



(∞�
0

[t1/pf ∗(t)]r
dt

t

)1/r

, 0 < r <∞,

sup
t>0

t1/pf ∗(t), r =∞,

(1)

ãäå f ∗ � óáûâàþùàÿ ðàâíîèçìåðèìàÿ ïåðåñòàíîâêà ôóíêöèè f íà X:

f ∗(t) := inf{s > 0 : µ({|f | > s}) ≤ t}, t > 0.

Ïðè ôèêñèðîâàííîì p è âîçðàñòàíèè r êâàçèíîðìà (1) óáûâàåò, à êëàññ
Lp,r(X) ðàñøèðÿåòñÿ. Ïðè r =∞ êâàçèíîðìà (1) ñîâïàäàåò ñ

∥f∥Lp,∞(X) := sup
λ>0

λ[µ ({|f | > λ})]1/p, p > 0.

Ïóñòü X � õàóñäîðôîâî ïðîñòðàíñòâî, òîïîëîãèÿ êîòîðîãî ïîðîæäå-
íà êâàçèìåòðèêîé d, ò.å. çàäàíà ôóíêöèÿ d : X × X → [0,∞) óäîâëå-
òâîðÿþùàÿ âñåì àêñèîìàì ìåòðèêè, òîëüêî íåðàâåíñòâî òðåóãîëüíèêà
çàìåíÿåòñÿ áîëåå ñëàáûì óñëîâèåì: ñóùåñòâóåò òàêîå ÷èñëî K1 ≥ 1, ÷òî
äëÿ âñåõ x, y, z ∈ X âûïîëíåíî íåðàâåíñòâî

d(x, y) ≤ K1[d(x, z) + d(z, y)].

Ïóñòü íà X çàäàíà òàêæå σ-êîíå÷íàÿ áîðåëåâñêàÿ ìåðà, ïðè÷åì ìåðà
êàæäîãî øàðà

B(x, t) := {y ∈ X : d(x, y) < t}, x ∈ X, t > 0,

êîíå÷íà è ïîëîæèòåëüíà.
Ïðîèçâåäåíèå

X := X× I, ãäå I = (0, t0), 0 < t0 ≤ +∞,

ñíàáäèì ñòàíäàðòíîé ìåðîé-ïðîèçâåäåíèåì µ×m1, ãäåm1 � îäíîìåðíàÿ
ìåðà Ëåáåãà íà I.

Ðàññìîòðèì ¾íåêàñàòåëüíûå¿ îáëàñòè

D(x) := {(y, t) ∈ X : d(x,y) < t}, x ∈ X,

ïîäõîäà ê òî÷êàì x ∈ X ¾ãðàíèöû¿ X è ñîîòâåòñòâóþùóþ ìàêñèìàëü-
íóþ ôóíêöèþ

Nu(x) := sup{|u(y, t)| : (y, t) ∈ D(x)}, x ∈ X,
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äëÿ ëþáîé ôóíêöèè u : X→ C.
Ââåäåì îáîçíà÷åíèå H0(X) äëÿ ìíîæåñòâà âñåõ èçìåðèìûõ ôóíêöèé

(ýêâèâàëåíòíûå ôóíêöèè íå îòîæäåñòâëÿþòñÿ) u : X→ C, äëÿ êîòîðûõ
ìàêñèìàëüíàÿ ôóíêöèÿ Nu êîíå÷íà µ-ïî÷òè âñþäó. Äàëåå äëÿ p, r > 0
ââåäåì êëàññû Hp,r(X), ñîñòîÿùèå èç ôóíêöèé u ∈ H0(X), äëÿ êîòîðûõ
êîíå÷íà âåëè÷èíà

∥u∥Hp,r(X) := ∥Nu∥Lp,r(X) .

Ïðè r = p áóäåì ïèñàòü Hp(X) âìåñòî Hp,p(X).
Ïðè êîíêðåòíîì âûáîðå òðîéêè (X, d, µ) êëàññûHp(X) ÿâëÿþòñÿ ðàñ-

øèðåíèÿìè êëàññè÷åñêèõ ïðîñòðàíñòâ Õàðäè (ñì. ï. 0.3).

0.2 Óñèëåíèå íåðàâåíñòâ Õàðäè�Ëèòòëâóäà

Ââåäåì îáîçíà÷åíèå

Mp(t, u) :=

�

X

|u(y, t)|p dµ(y)

1/p

Òåîðåìà. Ïóñòü 0 < p < q ≤ ∞ è ìåðà µ óäîâëåòâîðÿåò óñëîâèþ

µ(B(x, t)) ≥ K2t
n, x ∈ X, t ∈ I,

ïðè íåêîòîðûõ n > 0 è K2 > 0.
Òîãäà äëÿ ëþáîé ôóíêöèè u ∈ Hp,∞(X) ñïðàâåäëèâû íåðàâåíñòâà

|u(x, t)| ≤ C1t
−n/p ∥Nu∥Lp,∞(X) , x ∈ X, t ∈ I, (2)

ãäå C1 = C1(K2, p),

Mq(t, u) ≤ C2t
−n(1/p−1/q) ∥Nu∥Lp,∞(X) , t ∈ I, (3)

ãäå C2 = C2(K2, p, q).
Â [2] ïðèâåäåíû íåðàâåíñòâà, àíàëîãè÷íûå (2) è (3), íî ñ ∥Nu∥Lp(X)

âìåñòî ∥Nu∥Lp,∞(X) â ïðàâûõ ÷àñòÿõ.
Â [2] èìååòñÿ òàêæå íåðàâåíñòâî t0�

0

[
tn(1/p−1/q)Mq(t, u)

]l dt
t

1/l

≤ C ∥Nu∥Lp,r(X) , (4)

ãäå l ≥ p è r = p (C � íåêîòîðàÿ ïîñòîÿííàÿ). Â ñâÿçè ñ ýòèì îòìåòèì,
÷òî ïðè r ∈ (p,∞] íåðàâåíñòâî (4) òåðÿåò ñèëó äëÿ êàæäîãî l ≥ p.
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0.3 Ïðèìåðû

Ïóñòü X = S ⊂ Cn � åäèíè÷íàÿ ñôåðà, n ≥ 1, I = (0, 1), µ = σ �
ïîâåðõíîñòíàÿ ìåðà Ëåáåãà íà S

d(ζ, η) = |1−⟨ζ, η⟩|, ⟨ζ, ξ⟩ :=
n∑

j=1

ζjξj

íåèçîòðîïíàÿ êâàçèìåòðèêà íà S, òîãäà êëàññ Õàðäè Hp(Bn) [3, ï. 5.6]
ãîëîìîðôíûõ ôóíêöèé â åäèíè÷íîì øàðå Bn ⊂ Cn ñîäåðæèòñÿ âHp(S×
(0, 1)), åñëè îòîæäåñòâèòü Bn \ {0} è S × (0, 1) ñ ïîìîùüþ îòîáðàæåíèÿ
S × (0, 1) ∋ (ζ, t)↔ (1− t)ζ ∈ Bn \ {0}.

Â îäíîìåðíîì ñëó÷àå n = 1 íåðàâåíñòâà (2) è (3) äëÿ àíàëèòè÷åñêèõ
ôóíêöèé â åäèíè÷íîì êðóãå âîñõîäÿò ê Ã.Õàðäè è Äæ.Ëèòòëâóäó [4,
òåîðåìà 2], à ïðè ëþáîì n ≥ 1 áûëè äîêàçàíû â [5] äëÿ ôóíêöèé èç
Hp(Bn) è ñ ∥·∥Hp(Bn) â ïðàâûõ ÷àñòÿõ.

Ðàññìîòðèì òåïåðü äåéñòâèòåëüíûé ñëó÷àé X = Rn, n ≥ 1, I =
(0,∞), µ � ìåðà Ëåáåãà íà Rn, d(x, y) = |x − y| � åâêëèäîâà ìåòðèêà.
Òîãäà ìíîæåñòâî ãàðìîíè÷åñêèõ ôóíêöèé èç Hp(Rn × R+) ñîâïàäàåò ñ
êëàññîì Õàðäè Hp(Rn+1

+ ) [6].
Íåðàâåíñòâà, ïîäîáíûå (2) è (3), äîêàçûâàëèñü â [7] äëÿ àáñòðàêò-

íûõ èíòåãðàëîâ Ïóàññîíà ôóíêöèé èç Lp, p > 1, à òàêæå ïðè p > 0
äëÿ ôóíêöèé, ó êîòîðûõ íåêîòîðàÿ ñòåïåíü k ≤ p ñóáãàðìîíè÷íà. Çäåñü
òàêæå ñëàáûå êâàçèíîðìû ∥·∥Lp,∞ íå ðàññìàòðèâàëèñü
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ÓÄÊ 517.518

Ñèíóñ è êîñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå èç
êëàññîâ Ëèïøèöà1

Þ.È. Êðîòîâà (Ñàðàòîâ, Ðîññèÿ)
julia.krotova.sgu@gmail.com

Äëÿ ôóíêöèé f ∈ L1(R+) ñ êîñèíóñ- (ñèíóñ-) ïðåîáðàçîâàíèåì Ôóðüå f̂c (f̂s) ìû
ïðèâîäèì íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïðèíàäëåæíîñòè f̂c (f̂s) îáîáùåí-
íûì êëàññàì Ëèïøèöà Hω,m è hω,m â òåðìèíàõ ïîâåäåíèÿ íåêîòîðûõ èíòåãðàëîâ
ñâÿçàííûõ ñ f èëè ñêîðîñòè óáûâàíèÿ f â áåñêîíå÷íîñòè. Òàêæå ïîëó÷åíî óñëî-
âèå ñóùåñòâîâàíèÿ ïðîèçâîäíîé Øâàðöà äëÿ êîñèíóñ- èëè ñèíóñ-ïðåîáðàçîâàíèé
Ôóðüå â òî÷êå.

Êëþ÷åâûå ñëîâà: êîñèíóñ-ïðåîáðàçîâàíèå Ôóðüå, ñèíóñ-ïðåîáðàçîâàíèå Ôóðüå,
õàðàêòåðèçàöèÿ îáîáùåííûõ êëàññîâ Ëèïøèöà, ïðîèçâîäíàÿ Øâàðöà.

Sine and cosine Fourier transforms from
generalized Lipschitz classes1

Yu. I. Krotova (Saratov, Russia)
julia.krotova.sgu@gmail.com

For functions f ∈ L1(R+) with cosine (sine) Fourier transforms f̂c (f̂s) we give
necessary and su�cient conditions for f̂c (f̂s) to belong the generalized Lipschitz
classes Hω,m and hω,m in terms of behavior of some integrals connected with f or of
rate of decreasing of f in in�nity. The condition for the existence of Schwarz derivative
for cosine or sine Fourier transform in a point is also obtained.

Keywords: cosine Fourier transform, sine Fourier transform, characterization of
generalized Lipschitz classes, Schwarz derivative.

Ââåäåíèå

Ïóñòü f : R+ → R èíòåãðèðóåìà ïî Ëåáåãó (f ∈ L1(R+)). Òîãäà ìîæíî
îïðåäåëèòü êîñèíóñ- è ñèíóñ-ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f ðàâåí-
ñòâàìè äëÿ x ∈ R+

f̂c(x) = (2/π)1/2
�
R+

f(t) cosxt dt; f̂s(x) = (2/π)1/2
�
R+

f(t) sinxt dt.

Òîãäà f̂c(x) è f̂s(x) íåïðåðûâíû íàR+ è limx→+∞ f̂c(x) = limx→+∞ f̂s(x) =

0 (ñì. [1, ãë.1] ). Äðóãèìè ñëîâàìè, f̂c, f̂s ∈ C0(R+). Áóäåì ñ÷èòàòü, ÷òî
f̂c ïðîäîëæåíà íà R ÷åòíûì îáðàçîì, à f̂s � íå÷åòíûì.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Êðîòîâà Þ. È., 2024
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Äëÿ m ∈ N è f , çàäàííîé íà R, ðàññìîòðèì m-þ ñèììåòðè÷åñêóþ

ðàçíîñòü ∆̇m
h f(x) =

m∑
j=0

(−1)m−j
(
m
j

)
f(x + (m − 2j)h/2). Åñëè f ∈ C0(R)

è ∥f∥ = sup
x∈R
|f(x)|, òî ôóíêöèÿ ωm(f, δ) := sup{∥∆̇m

h f∥ : 0 ≤ h ≤ δ}
íàçûâàåòñÿ m-ì ìîäóëåì ãëàäêîñòè.

Îáîçíà÷èì ÷åðåç Φ ìíîæåñòâî âñåõ íåïðåðûâíûõ è âîçðàñòàþùèõ
íà R+ ôóíêöèé ω, òàêèõ ÷òî ω(0) = 0. Åñëè ω ∈ Φ è ω(2t) ≤ Cω(t),
t ∈ R+, òî ïèøåì ω ∈ ∆2. Åñëè ω ∈ Φ è

� δ

0 t
−1ω(t) dt = O(ω(δ)), òî

ω ïðèíàäëåæèò êëàññó Áàðè B; åñëè æå ω ∈ Φ è δm
�∞
δ t−m−1ω(t) dt =

O(ω(δ)), m > 0, òî ω ïðèíàäëåæèò êëàññó Áàðè-Ñòå÷êèíà Bm (ñì. [2]).
Ïî îïðåäåëåíèþ, ôóíêöèÿ f èìååò ïðîèçâîäíóþ Øâàðöà ïîðÿäêà

m ∈ N â òî÷êå x è ýòà ïðîèçâîäíàÿ ðàâíà A, åñëè ñóùåñòâóåò ïðåäåë
lim
h→0

h−m∆̇m
h f(x) = A.

Ïî îïðåäåëåíèþ, Hω,m = {f ∈ C0(R) : ωm(f, t) ≤ Cω(t), t ∈ R+} è
hω,m = {f ∈ Hω,m : ωm(f, t) = o(ω(t)), t → 0} for ω ∈ Φ. Êëàññ Hω,1

(hω,1) ïðè ω(t) = tα, 0 < α ≤ 1, áóäåì îáîçíà÷àòü ÷åðåç Lip(α) (lip(α)),
à êëàññû Hω,2 (hω,2) ïðè ω(t) = tα, 0 < α ≤ 2, áóäåì îáîçíà÷àòü ÷åðåç
Zyg(α) (zyg(α)). Ô.Ìîðèö [3] óñòàíîâèë ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà A. 1) Ïóñòü f : R+ → R òàêîâà, ÷òî f ∈ L1
loc, m = 1, 2.

Åñëè äëÿ íåêîòîðîãî α ∈ (0,m], m = 1, 2, âåðíî ñîîòíîøåíèå

� y

0

tm|f(t)| dt = O(ym−α), y > 0, (1)

òî f ∈ L1(R+) è à) ïðè m = 1 âåðíî âêëþ÷åíèå f̂s ∈ Lip(α), á) ïðè
m = 2 âåðíî âêëþ÷åíèå f̂c ∈ Zyg(α).

2) Åñëè f : R+ → R+ (ò.å. f íåîòðèöàòåëüíà íà R+) è f̂s ∈ Lip(α)
ïðè íåêîòîðîì α ∈ (0, 1], òî âûïîëíåíî (1) ïðè m = 1. Åñëè æå f̂c ∈
Zyg(α) ïðè íåêîòîðîì α ∈ (0, 2], òî (1) èìååò ìåñòî ïðè m = 2.

3) Àíàëîãè÷íûå 1) è 2) óòâåðæäåíèÿ ñïðàâåäëèâû äëÿ m = 1, 0 <
α < 1 è f̂c, à òàêæå äëÿ m = 2, 0 < α < 2 è f̂s.

Áëèçêèå ê òåîðåìå A ðåçóëüòàòû ïîëó÷åíû â [3] äëÿ "ìàëûõ"êëàññîâ
hω,m, m = 1, 2. Óòâåðæäåíèÿ òèïà òåîðåìû A ìîæíî íàçûâàòü äâîé-
ñòâåííûìè òåîðåìàìè òèïà Áîàñà (â êëàññè÷åñêèõ òåîðåìàõ òèïà Áîàñà
èçó÷àåòñÿ ñâÿçü ïîâåäåíèÿ ïðåîáðàçîâàíèé Ôóðüå ôóíêöèè è ïðèíàä-
ëåæíîñòè ñàìîé ôóíêöèè êëàññàì Ëèïøèöà èëè Ãåëüäåðà). Äëÿ òðèãî-
íîìåòðè÷åñêèõ ðÿäîâ ðåçóëüòàòû òèïà Áîàñà ñì. â [4] è [5]. Öåëüþ ðàáîòû
ÿâëÿåòñÿ îáîáùåíèå òåîðåìû A íà ñëó÷àé ìàæîðàíò ω èç êëàññîâ Áàðè
èëè Áàðè-Ñòå÷êèíà è m ∈ N.
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Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. 1) Ïóñòü f ∈ L1(R+), m ∈ N, ω ∈ B ∩∆2 è
� y

0

tm|f(t)| dt = O(ymω(1/y)), y > 0. (2)

Òîãäà f̂c ∈ Hω,m.
2) Åñëè m ∈ N ÷åòíî, f ∈ L1(R) è f íåîòðèöàòåëüíà èëè íåïî-

ëîæèòåëüíà íà R+, òî èç óñëîâèÿ f̂c(t) ∈ Hω,m ñëåäóåò âûïîëíåíèå
óñëîâèÿ (2). Åñëè æå m ∈ N íå÷åòíî, f ∈ L1(R) è f íåîòðèöàòåëüíà
èëè íåïîëîæèòåëüíà íà R+, ω ∈ Bm ∩ B, òî èç óñëîâèÿ f̂c(t) ∈ Hω,m

ñëåäóåò âûïîëíåíèå óñëîâèÿ (2).

Òåîðåìà 2. 1) Ïóñòü f ∈ L1(R+), m ∈ N, ω ∈ B ∩∆2 è âûïîëíåíî
óñëîâèå (2) Òîãäà f̂s ∈ Hω,m.

2) Åñëè m ∈ N íå÷åòíî, f ∈ L1(R) è f íåîòðèöàòåëüíà èëè íåïî-
ëîæèòåëüíà íà R+, òî èç óñëîâèÿ f̂s(t) ∈ Hω,m ñëåäóåò âûïîëíåíèå
óñëîâèÿ (2). Åñëè æå m ∈ N ÷åòíî, f ∈ L1(R) è f íåîòðèöàòåëüíà
èëè íåïîëîæèòåëüíà íà R+, ω ∈ Bm ∩ B, òî èç óñëîâèÿ f̂s(t) ∈ Hω,m

ñëåäóåò âûïîëíåíèå óñëîâèÿ (2).

Ñëåäñòâèå 1. Ïóñòü f ∈ L1(R+), f(t) ñîõðàíÿåò çíàê íà R+, m ∈
N, ω ∈ Bm ∩B. Òîãäà óñëîâèÿ f̂c ∈ Hω,m, (2) è

� ∞

y

f(t) dt = O(ω(1/y), y > 0. (3)

ðàâíîñèëüíû. Àíàëîãè÷íîå óòâåðæäåíèå âåðíî äëÿ f̂s.

Òåîðåìà 3. Ïóñòü f ∈ L1(R+), m ∈ N è
� ∞

y

f(t) dt = o(y−m), y > 0.

Òîãäà ïðîèçâîäíàÿ Øâàðöà ôóíêöèè f̂c ïîðÿäêà m ñóùåñòâóåò â òî÷êå
x > 0 è ðàâíà A(x) â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ôîðìàëüíî
ïðîäèôôåðåíöèðîâàííûé èíòåãðàë (2/π)1/2

�
R+
tmf(t) cos(xt + mπ/2) dt

ñõîäèòñÿ ê A(x).
Àíàëîãè÷íûé ðåçóëüòàò âåðåí äëÿ f̂s.

Áóäåì ïèñàòü, ÷òî f : R+ → R+ ñëàáî ìîíîòîííî óáûâàåò, åñëè
Cf(x1) ≥ f(x) ïðè âñåõ x1 ∈ [x/2, x]. Äàäèì îáîáùåíèå îäíîé òåîðå-
ìû Ëîðåíöà (ñì. [4, � 7, òåîðåìà 7.23]).
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Òåîðåìà 4. Ïóñòü f ∈ L1(R+), m ∈ N, ω ∈ Bm ∩ B, f ñëàáî ìî-
íîòîííî óáûâàåò. Òîãäà óñëîâèÿ 1) f(x) = O(x−1ω(x−1)), x > 0; 2)
f̂c ∈ Hω,m; è 3) f̂s ∈ Hω,m ðàâíîñèëüíû.

Òåïåðü äàäèì äâà àíàëîãà òåîðåì 1 è 2 äëÿ "ìàëûõ"îáîáùåííûõ êëàñ-
ñîâ Ëèïøèöà.

Òåîðåìà 5. 1) Ïóñòü f ∈ L1(R+), m ∈ N, ω ∈ B ∩∆2 è âûïîëíåíû
óñëîâèÿ (2) è

� y

0

tm|f(t)| dt = o(ymω(1/y)), y → +∞. (4)

Òîãäà f̂c ∈ hω,m.
2) Åñëè m ∈ N ÷åòíî, f ∈ L1(R) è f íåîòðèöàòåëüíà èëè íåïî-

ëîæèòåëüíà íà R+, òî èç óñëîâèÿ f̂c(t) ∈ hω,m ñëåäóåò âûïîëíåíèå
óñëîâèÿ (4). Åñëè æå m ∈ N íå÷åòíî, f ∈ L1(R) è f íåîòðèöàòåëüíà
èëè íåïîëîæèòåëüíà íà R+, ω ∈ Bm ∩ B, òî èç óñëîâèÿ f̂c(t) ∈ hω,m

ñëåäóåò âûïîëíåíèå óñëîâèÿ (4).
Òåîðåìà 6. 1) Ïóñòü f ∈ L1(R+), m ∈ N, ω ∈ B ∩∆2 è âûïîëíåíû

óñëîâèÿ (2), (4). Òîãäà f̂s ∈ hω,m.
2) Åñëè m ∈ N íå÷åòíî, f ∈ L1(R) è f íåîòðèöàòåëüíà èëè íåïî-

ëîæèòåëüíà íà R+, òî èç óñëîâèÿ f̂s(t) ∈ hω,m ñëåäóåò âûïîëíåíèå
óñëîâèÿ (4). Åñëè æå m ∈ N ÷åòíî, f ∈ L1(R) è f íåîòðèöàòåëüíà
èëè íåïîëîæèòåëüíà íà R+, ω ∈ Bm ∩ B, òî èç óñëîâèÿ f̂s(t) ∈ hω,m

ñëåäóåò âûïîëíåíèå óñëîâèÿ (4).

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
[1] Òèò÷ìàðø Å.Ñ. Ââåäåíèå â òåîðèþ èíòåãðàëîâ Ôóðüå. Ì.-Ë. : Ãîñòåõòåîðèçäàò,

1948. 480 ñ.

[2] Áàðè Í.Ê., Ñòå÷êèí Ñ.Á. Íàèëó÷øèå ïðèáëèæåíèÿ è äèôôåðåíöèàëüíûå
ñâîéñòâà äâóõ ñîïðÿæåííûõ ôóíêöèé // Òðóäû Ìîñêîâ. ìàòåì. îá-âà. 1956.
Ò. 5. Ñ. 483�522.

[3] M�oricz F. On the degree of continuity and smoothness of sine and cosine Fourier
transforms of Lebesgue integrable functions // Acta Math. Hung. 2012. V. 134, � 3.
P. 356�368.

[4] Boas R. P. Integrability theorems for trigonometric transforms. New York : Springer-
Verlag, 1967. 80 p.

[5] Tikhonov S. Smoothness conditions and Fourier series // Math. Ineq. Appl. 2007.
V. 10, � 2. P. 229�242.

139



ÓÄÊ 517.984

Î ðåøåíèÿõ ñèñòåì äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ íåëèíåéíîé çàâèñèìîñòüþ îò

ñïåêòðàëüíîãî ïàðàìåòðà1

Ì. À. Êóçíåöîâà (Ñàðàòîâ, Ðîññèÿ)
kuznetsovama@info.sgu.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà íà ïî-
ëóîñè ñ ñóììèðóåìûìè êîýôôèöèåíòàìè è íåëèíåéíîé çàâèñèìîñòüþ îò ñïåê-
òðàëüíîãî ïàðàìåòðà. Ïîëó÷åíû íàáîðû ðåøåíèé, èìåþùèå ýêñïîíåíöèàëüíûå
àñèìïòîòèêè è ñâîéñòâà àíàëèòè÷íîñòè ïî ñïåêòðàëüíîìó ïàðàìåòðó â íåêîòî-
ðûõ ñåêòîðàõ. Ýòè ðåçóëüòàòû ÿâëÿþòñÿ îñíîâîé äëÿ èññëåäîâàíèÿ ñïåêòðàëüíûõ
ñâîéñòâ îïåðàòîðîâ âûñîêîãî ïîðÿäêà ñ êîýôôèöèåíòàìè-ðàñïðåäåëåíèÿìè.

Êëþ÷åâûå ñëîâà: ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ñóììèðóåìûå êîýôôè-
öèåíòû, àñèìïòîòè÷åñêèå ôîðìóëû, íåëèíåéíàÿ çàâèñèìîñòü îò ïàðàìåòðà.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà â Ñàðàòîâñêîì ãîñóäàðñòâåííîì óíè-
âåðñèòåòå ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 21-71-10001),
https://rscf.ru/project/21-71-10001/.

On solutions of systems of di�erential
equations with nonlinear dependence on the

spectral parameter1
M. A. Kuznetsova (Saratov, Russia)

kuznetsovama@info.sgu.ru

We consider a system of �rst-order di�erential equations on the half-line with
summable coe�cients, containing a nonlinear dependence on the spectral parameter.
We obtain sets of its solutions having exponential asymptotics and analyticity
properties on the spectral parameter in certain sectors. These results are basic
for studying spectral properties of the high-order operators whose coe�cients are
distributions.

Keywords: systems of di�erential equations, summable coe�cients, asymptotic
formulae, nonlinear dependence on a parameter.

Acknowledgements: This work was implemented in Saratov State University
and supported by the Russian Science Foundation (project � 21-71-10001),
https://rscf.ru/en/project/21-71-10001/.

Ââåäåíèå

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé íà ïîëóîñè

y′ =
[
λV (x) + A(x) + C(x, λ)

]
y, x ≥ 0, (1)
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(CC-BY 4.0)
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ãäå λ ∈ C0 := C \ {0} � ñïåêòðàëüíûé ïàðàìåòð, à y(x) = [yj(x)]
n
j=1 �

âåêòîð ñ àáñîëþòíî ëîêàëüíî íåïðåðûâíûìè êîìïîíåíòàìè. Ïðåäïîëî-
æèì, ÷òî ìàòðèöû V, A è C ïîðÿäêà n óäîâëåòâîðÿþò ñëåäóþùèì óñëî-
âèÿì:

I. V (x) = r(x)B, ãäå r(x) ∈ Lloc[0,∞) è r(x) > 0 ï.â., à ïîñòîÿííàÿ
ìàòðèöà B äèàãîíàëüíà: B = diag{bj}nj=1, bj ̸= 0 ïðè j = 1, n.

II. A(x) = [ajk(x)]
n
j,k=1, ãäå ýëåìåíòû ajk(x) ∈ L[0,∞).

III. C(x, λ) = [cjk(x, λ)]
n
j,k=1, ãäå cjk(x, λ) � ãîëîìîðôíûå îòîáðàæå-

íèÿ λ ∈ C0 → L[0,∞). Êðîìå òîãî, âûïîëíåíî

∥C(·, λ)∥L[0,∞) := max
j,k=1,n

∥cjk(·, λ)∥L[0,∞) → 0, λ→∞,

∃m(α) > 0, α ≥ 0: m(α)→ 0, sup
|λ|≥m(α)

∥C(·, λ)∥L[α,∞) → 0, α→∞. (2)

Ïîëó÷èì ÔÑÐ ñèñòåìû (1), èìåþùèå ýêñïîíåíöèàëüíûå àñèìïòîòè-
êè è ñâîéñòâà àíàëèòè÷íîñòè ïî ïàðàìåòðó λ ïðè äîñòàòî÷íî áîëüøèõ
|λ| > λ0. Ïîñòðîåíèå òàêèõ ñèñòåì ðàññìàòðèâàåòñÿ îòäåëüíî äëÿ êàæ-
äîãî ñåêòîðà λ ∈ Γκ = {λ ∈ C0 : arg λ ∈ (ακ, ακ+1)}, äëÿ êîòîðîãî ñóùå-
ñòâóåò òàêàÿ íóìåðàöèÿ {bj}nj=1, ÷òî âûïîëíåíî

Reλb1 ≥ Reλb2 ≥ . . . ≥ Reλbn, λ ∈ Γκ. (3)

ÔÑÐ c îïèñàííûìè ñâîéñòâàìè âïåðâûå ðàññìàòðèâàëèñü Äæ. Áèðêãî-
ôîì â ðàáîòå [1] äëÿ ñëó÷àÿ êîíå÷íîãî èíòåðâàëà x ∈ [a, b]. Ìåòîä ïî-
ñëåäîâàòåëüíûõ ïðèáëèæåíèé, èñïîëüçîâàííûé â íåé è áîëåå ïîçäíèõ
ðàáîòàõ, òðåáóåò, ÷òîáû íîðìà íåêîòîðîãî èíòåãðàëüíîãî îïåðàòîðà áû-
ëà ìåíüøå 1, ÷òî íàêëàäûâàåò îãðàíè÷åíèå ajk ∈ AC[a, b]. Âïîñëåäñòâèè
óäàëîñü îñëàáèòü ýòî îãðàíè÷åíèå äî ajk ∈ L[a, b], îöåíèâàÿ íîðìó êâàä-
ðàòà îïåðàòîðà (ñì. [2, 3]). Ðåçóëüòàòû äëÿ ñèñòåì (1) ñ ñóììèðóåìûìè
êîýôôèöèåíòàìè ÿâëÿþòñÿ îñíîâîé äëÿ èññëåäîâàíèÿ îïåðàòîðîâ n-ãî
ïîðÿäêà ñ êîýôôèöèåíòàìè-ðàñïðåäåëåíèÿìè (ñì. [3, 4]).

Ïîäàâëÿþùåå áîëüøèíñòâî ðàáîò ïî ïîñòðîåíèþ ÔÑÐ ñèñòåì ïåðâîãî
ïîðÿäêà ïîñâÿùåíî ñëó÷àþ êîíå÷íîãî èíòåðâàëà. Ñëó÷àé ïîëóîñè ðàñ-
ñìàòðèâàëñÿ Â. Þðêî â [5], íî òîëüêî äëÿ ìàòðèö A ñ àáñîëþòíî íåïðå-
ðûâíûìè êîýôôèöèåíòàìè. Çäåñü æå èññëåäóåòñÿ áîëåå îáùèé ñëó÷àé è
ñòðîèòñÿ ñåìåéñòâî ÔÑÐ, çàâèñÿùèõ îò ïàðàìåòðà α ≥ 0 è îïðåäåëåííûõ
ïðè |λ| > λα > 0. Óñëîâèå (2) ïîçâîëÿåò äîáèòüñÿ òîãî, ÷òîáû λα → 0
ïðè α→∞.

Òàêæå áóäóò ïîñòðîåíû íàáîðû ðåøåíèé (1), àíàëèòè÷åñêèå ïî ïàðà-
ìåòðó λ â áîëüøèõ ñåêòîðàõ, ãäå íå ñîõðàíÿåòñÿ íóìåðàöèÿ (3), â ñëó÷àå,
êîãäà {bj}nj=1 � ðàçëè÷íûå êîðíè n-é ñòåïåíè èç 1. Èìåííî ýòîò ñëó÷àé
èìååò ïðèëîæåíèå ê èññëåäîâàíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé n-ãî
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ïîðÿäêà. Ïîëó÷åííûå ÔÑÐ è íàáîðû ðåøåíèé â áîëüøèõ ñåêòîðàõ èã-
ðàþò âàæíóþ ðîëü ïðè ïîñòàíîâêå è ðåøåíèè îáðàòíûõ ñïåêòðàëüíûõ
çàäà÷ äëÿ îïåðàòîðîâ íà ïîëóîñè (ñì. [6]).

Ïîñòðîåíèå ÔÑÐ

Ïðè x ≥ 0 ðàññìîòðèì p(x) =
� x

0 r(t) dt,

D(x) = [djk(x)]
n
j,k=1, djk(x) =

{
ajk(x), bj = bk,

0, bj ̸= bk,
j, k = 1, n.

Ïóñòü Mα(x) = [mjk(x)]
n
j,k=1 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

M ′
α(x) = D(x)Mα(x), x ≥ 0, Mα(α) = I,

ãäå I îáîçíà÷àåò åäèíè÷íóþ ìàòðèöó è α ≥ 0.
Ïóñòü {yk}nk=1 � íàáîð ðåøåíèé ñèñòåìû (1). Åìó åäèíñòâåííûì îá-

ðàçîì ñîîòâåòñòâóåò ìàòðèöà-ôóíêöèÿ Y (x, λ), k-é ñòîëáåö êîòîðîé ñîâ-
ïàäàåò ñ yk. Â äàëüíåéøåì íàáîðîì ðåøåíèé (1) áóäåì òàêæå íàçûâàòü
ìàòðèöó Y (x, λ). Â ñëó÷àå ëèíåéíîé íåçàâèñèìîñòè ñòîëáöîâ áóäåì íà-
çûâàòü äàííóþ ìàòðèöó ÔÑÐ (1).

Òåîðåìà 1. Äëÿ ëþáîãî α ≥ 0 ñóùåñòâóåò òàêîå λα > 0, ÷òî ïðè
λ ∈ Γα

κ, Γ
α
κ := {λ ∈ Γκ : |λ| > λα}, ñóùåñòâóåò ÔÑÐ (1) Yα(x, λ) =

[yjk(x, λ)]
n
j,k=1 ñî ñëåäóþùèìè ñâîéñòâàìè.

1. Ðàâíîìåðíî ïî j, k = 1, n è x ≥ α

yjk(x, λ) = eλbk(p(x)−p(α))
(
mjk(x) + o(1)

)
, Γα

κ ∋ λ→∞.

2. Ïðè êàæäîì ôèêñèðîâàííîì x ≥ 0 ôóíêöèè yjk(x, λ), j, k = 1, n,
ÿâëÿþòñÿ íåïðåðûâíûìè â Γα

κ è àíàëèòè÷åñêèìè â Γα
κ.

3. yjk(α, λ) = δjk, k = 1, n, j = k, n.

Êðîìå òîãî, λα → 0 ïðè α→∞.

Íàáîðû ðåøåíèé â áîëüøèõ ñåêòîðàõ

Ðàññìîòðèì ñëó÷àé, êîãäà {bj}nj=1 � âñå êîðíè n-é ñòåïåíè èç 1. Òîãäà
ïëîñêîñòü ñïåêòðàëüíîãî ïàðàìåòðà λ ðàçáèâàåòñÿ íà ñåêòîðû

Γκ =

{
λ ∈ C :

π(κ− 1)

n
< arg λ <

πκ

n

}
, κ = 1, 2n,
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â êàæäîì èç êîòîðûõ ñóùåñòâóåò ñâîÿ íóìåðàöèÿ {bj}nj=1, ïðè êîòîðîé
âûïîëíåíî (3). Ïðè m ∈ 2, n ðàññìîòðèì áîëüøîé ñåêòîð

Gm =
{
λ ∈ C0 : arg λ ∈

(
[(−1)m−1 − 1]

π

2n
; [(−1)m−1 + 3]

π

2n

)}
.

Ëåãêî âèäåòü, ÷òî Gm = Γ1 ∪ Γσ, ãäå σ = 2n, åñëè m ÷åòíîå, è σ = 2,
åñëè m íå÷åòíîå. Çàôèêñèðóåì íóìåðàöèþ ÷èñåë {bj}nj=1 òàê, ÷òîáû (3)
âûïîëíÿëîñü ïðè κ = 1. Ïðè ïåðåõîäå â ñîñåäíèé ñåêòîð ñ κ = σ íåðà-
âåíñòâà â (3) ìåíÿþòñÿ íà ïðîòèâîïîëîæíûå äëÿ êàæäîé ïàðû (bj, bj+1),
ãäå j ∈ 1, n− 1 èìååò òó æå ÷åòíîñòü, ÷òî è m. Òàêèì îáðàçîì, (3) íå
âûïîëíÿåòñÿ â áîëüøîì ñåêòîðå Gm.

Òåîðåìà 2.Ïóñòü α ≥ 0 è Gα
m = {λ ∈ Gm : |λ| > λα}. Ïðè λ ∈ Gα

m

ñóùåñòâóåò íàáîð ðåøåíèé (1) Uα(x, λ) = [ujk(x, λ)]j=1,n,
k=m,n

ñî ñëåäóþùè-

ìè ñâîéñòâàìè.

1. Ðàâíîìåðíî ïî j = 1, n, k = m,n è x ≥ α

ujk(x, λ) =

{
O
(
eλωm[p(x)−p(α)]) , λ ∈ Γα

1 ,

O
(
eλωs[p(x)−p(α)]

)
, λ ∈ Γα

σ ,
s := min(m+ 1, n).

2. Ïðè êàæäîì ôèêñèðîâàííîì x ≥ 0 ôóíêöèè ujk(x, λ), j = 1, n,
k = m,n, ÿâëÿþòñÿ íåïðåðûâíûìè â Gα

m è àíàëèòè÷åñêèìè â Gα
m.

3. ujk(α, λ) = δjk, j, k = m,n.

Â ñèëó ñâîéñòâ 3 òåîðåì 1 è 2 íàáîð ðåøåíèé Uα(x, λ) ìîæíî äîïîë-
íèòü ïåðâûìè m− 1 ñòîëáöàìè íàáîðà Yα(x, λ), ÷òîáû ïîëó÷èòü ÔÑÐ â
Γ1 èëè Γσ.
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Îäíîëèñòíîñòü è íåïîäâèæíûå òî÷êè1

Î. Ñ. Êóäðÿâöåâà (ÂîëãÃÒÓ, Âîëãîãðàä, Ðîññèÿ),
À. Ï. Ñîëîäîâ (ÌÃÓ, Ìîñêâà, Ðîññèÿ)
kudryavceva_os@mail.ru, apsolodov@mail.ru

Íàéäåíû òî÷íûå îáëàñòè îäíîëèñòíîñòè íà êëàññàõ ãîëîìîðôíûõ îòîáðàæåíèé
êðóãà â ñåáÿ ñ îòòàëêèâàþùåé ãðàíè÷íîé íåïîäâèæíîé òî÷êîé â çàâèñèìîñòè îò
ðàñïîëîæåíèÿ ïðèòÿãèâàþùåé íåïîäâèæíîé òî÷êè è çíà÷åíèÿ óãëîâîé ïðîèçâîä-
íîé â îòòàëêèâàþùåé íåïîäâèæíîé òî÷êå.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíîå îòîáðàæåíèå, íåïîäâèæíûå òî÷êè, óãëîâàÿ ïðî-
èçâîäíàÿ, îáëàñòü îäíîëèñòíîñòè.

Áëàãîäàðíîñòè: Ðàáîòà Ñîëîäîâà À.Ï. âûïîëíåíà ïðè ïîääåðæêå Ôîíäà ðàçâè-
òèÿ òåîðåòè÷åñêîé ôèçèêè è ìàòåìàòèêè �ÁÀÇÈÑ�.

Univalence and �xed points1
O. S. Kudryavtseva (VSTU, Volgograd, Russia),

A. P. Solodov (MSU, Moscow, Russia)
kudryavceva_os@mail.ru, apsolodov@mail.ru

The sharp domains of univalence on classes of holomorphic self-mappings of the disc
with repulsive boundary �xed point are found depending on the localization of the
attracting �xed point and the value of the angular derivative at the repulsive �xed
point.

Keywords: holomorphic map, �xed points, angular derivative, domain of univalence.
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Physics and Mathematics Advancement Foundation ¾BASIS¿.

Â ðàáîòå èçó÷àåòñÿ çàäà÷à îá îáëàñòè îäíîëèñòíîñòè íà êëàññàõ îãðà-
íè÷åííûõ ãîëîìîðôíûõ â êðóãå ôóíêöèé.

Ïóñòü Bα{1} � êëàññ ãîëîìîðôíûõ îòîáðàæåíèé åäèíè÷íîãî êðóãà
D = {z ∈ C : |z| < 1} â ñåáÿ, êîòîðûå îñòàâëÿþò íåïîäâèæíîé ãðàíè÷-
íóþ òî÷êó z = 1 (íåïîäâèæíîñòü ïîíèìàåòñÿ â ñìûñëå óãëîâîãî ïðåäå-
ëà) è èìåþò îãðàíè÷åíèå íà çíà÷åíèå óãëîâîé ïðîèçâîäíîé: f ′(1) ⩽ α,
α > 1. Â [1] ïîêàçàíî, ÷òî íè ïðè êàêîì α > 1 íà êëàññå Bα{1} íåò
íåïóñòûõ îáëàñòåé îäíîëèñòíîñòè. Ïîñêîëüêó ëþáàÿ ôóíêöèÿ èç Bα{1}
íàðÿäó ñ îòòàëêèâàþùåé íåïîäâèæíîé òî÷êîé îáÿçàòåëüíî èìååò ïðèòÿ-
ãèâàþùóþ íåïîäâèæíóþ òî÷êó, òî êëàññ Bα{1} åñòåñòâåííî ïðåäñòàâèòü
â âèäå îáúåäèíåíèÿ íåïåðåñåêàþùèõñÿ ïîäêëàññîâ, âûäåëÿåìûõ óñëîâè-
åì ðàñïîëîæåíèÿ ïðèòÿãèâàþùåé íåïîäâèæíîé òî÷êè q (âíóòðè èëè íà
ãðàíèöå êðóãà D): Bα{1} =

⋃
q∈D Bα[q, 1].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Cóùåñòâîâàíèå íåïóñòûõ îáëàñòåé îäíîëèñòíîñòè íà óêàçàííûõ ïîä-
êëàññàõ êëàññà Bα{1} ïðè íåêîòîðûõ çíà÷åíèÿõ α áûëî óñòàíîâëåíî â
ðàáîòå [2].

Òî÷íàÿ îáëàñòü îäíîëèñòíîñòè íà êëàññå Bα[q, 1], ãäå q � âíóòðåííÿÿ
íåïîäâèæíàÿ òî÷êà, ïðè α ∈ (1, 4] áûëà íàéäåíà â [3].

Òåîðåìà 1. Ïóñòü α ∈ (1, 4]. Åñëè f ∈ Bα[q, 1], q ∈ D, òî f îäíî-
ëèñòíà â îáëàñòè

D =

{
z ∈ D :

∣∣(1 + q)(1− q)−1
(
1− 2Re z + |z|2

)
− 2iIm z

∣∣
1− |z|2

<
1√
α− 1

}
.

Êàêîâà áû íè áûëà îáëàñòü V , D ⊂ V ⊂ D, V ̸= D , íàéäåòñÿ ôóíêöèÿ
f ∈ Bα[q, 1], íå îäíîëèñòíàÿ â îáëàñòè V .

Â [4] ïîëó÷åíà îöåíêà ñâåðõó îáëàñòè îäíîëèñòíîñòè íà êëàññå
Bα[q, 1], ãäå q � ãðàíè÷íàÿ ïðèòÿãèâàþùàÿ íåïîäâèæíàÿ òî÷êà. Ñëå-
äóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî ïðè α ∈ (1, 4] ýòà îöåíêà òî÷íà.

Òåîðåìà 2. Ïóñòü α ∈ (1, 4]. Åñëè f ∈ Bα[q, 1], q ∈ ∂D \ {1}, òî f
îäíîëèñòíà â îáëàñòè

U =

{
z ∈ D :

2

|1− q|
|1− z||q − z|

1− |z|2
<

√
α

α− 1

}
.

Êàêîâà áû íè áûëà îáëàñòü V , U ⊂ V ⊂ D, V ̸= U , íàéäåòñÿ ôóíêöèÿ
f ∈ Bα[q, 1], íå îäíîëèñòíàÿ â îáëàñòè V .

Òåì ñàìûì òåîðåìû 1 è 2 äàþò ïîëíûé îòâåò íà âîïðîñ î òî÷íîé îá-
ëàñòè îäíîëèñòíîñòè íà ïîäêëàññàõ Bα{1}, α ∈ (1, 4], ñ ôèêñèðîâàííûì
ðàñïîëîæåíèåì ïðèòÿãèâàþùåé íåïîäâèæíîé òî÷êè.
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ÓÄÊ 517.5

Î íàèëó÷øåì ñðåäíåêâàäðàòè÷åñêèì
ïðèáëèæåíèåì àíàëèòè÷åñêèõ ôóíêöèé â

ïðîñòðàíñòâå Áåðãìàíà1

Ì. Ð. Ëàíãàðøîåâ (Ñòàðàÿ Êóïàâíà, Ðîññèéñêàÿ Ôåäåðàöèÿ)
mukhtor77@mail.ru

Â ðàáîòå íàéäåíû òî÷íûå íåðàâåíñòâà ìåæäó íàèëó÷øèìè ïðèáëèæåíèÿìè àíà-
ëèòè÷åñêèõ â åäèíè÷íîì êðóãå ôóíêöèé è óñðåäíåííûì çíà÷åíèåì ìîäóëÿ íåïðå-
ðûâíîñòè m-ãî ïîðÿäêà â ïðîñòðàíñòâå Áåðãìàíà B2.

Êëþ÷åâûå ñëîâà: íàèëó÷øåå ïðèáëèæåíèå, ìîäóëü íåïðåðûâíîñòè, ïðîñòðàíñòâî
Áåðãìàíà.

On the best root-mean-square approximation
of analytic functions in the Bergman space1
M. R. Langarshoev (Staraya Kupavna, Russian Federation)

mukhtor77@mail.ru

In this work, the exact inequalities between the best approximations of analytic in
the unit disk functions and the average value of the modulus of continuity of the m-th
order in the Bergman space B2 are found.

Keywords: best approximation, modulus of continuity, Bergman space.

Ââåäåíèå

Ïóñòü N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, C � ìíîæåñòâî êîìïëåêñíûõ
÷èñåë, Z+ = N ∪ {0}. Àíàëèòè÷åñêàÿ â åäèíè÷íîì êðóãå U = {z ∈ C :
|z| < 1} ôóíêöèÿ

f(z) =
∞∑
k=0

ckz
k, z = ρeit, 0 ≤ ρ < 1

ïðèíàäëåæèò ïðîñòðàíñòâó Áåðãìàíà B2, åñëè [1]

∥f∥B2
=

1

π

1�

0

2π�

0

|f(ρeit)|2ρdρdt

1/2

<∞.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Âåëè÷èíó

ωm(f
(r), u)2 = 2m/2sup

|u|≤t

{ ∞∑
k=r

ck|2
α2
k,r

k − r + 1
|(1− cos(k − r)u)m

}1/2

(1)

íàçîâåì èíòåãðàëüíûì ìîäóëåì íåïðåðûâíîñòè m-ãî ïîðÿäêà â ïðî-
ñòðàíñòâå B2.

Äëÿ ëþáûõ n ∈ N è ak ∈ C, k = 0, 1, · · · , n ñèìâîëîì

Pn−1 =

{
pn−1(z) : pn−1(z) =

n−1∑
k=0

akz
k

}

îáîçíà÷èì ìíîæåñòâî âñåõ êîìïëåêñíûõ ïîëèíîìîâ ñòåïåíè ≤ n− 1.
Âåëè÷èíó

En(f)B2
= inf

{
∥f − pn−1∥Bq,γ

: pn−1(z) ∈ Pn−1

}
íàçîâåì íàèëó÷øèì ïðèáëèæåíèåì ôóíêöèè f(z) ∈ B2 ïîäïðîñòðàí-
ñòâîì ïîëèíîìîâ Pn−1.

Äëÿ ïðîèçâîëüíîé r ∈ Z îáû÷íóþ ïðîèçâîäíóþ r-ãî ïîðÿäêà ôóíê-
öèè f(z) îáîçíà÷èì f (r)(z) = drf/dzr. ×åðåç B(r)

2 îáîçíà÷èì êëàññ àíàëè-
òè÷åñêèõ â êðóãå |z| < 1 ôóíêöèé f(z) ∈ B2, äëÿ êîòîðûõ ∥f (r)∥B2

≤ ∞.

Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1. Ïóñòü m,n ∈ N, r ∈ Z+, n > r, 1 ≤ p ≤ 2, 0 < u ≤
π/(n − r), φ(t) � íåîòðèöàòåëüíàÿ ñóììèðóåìàÿ íà îòðåçêå [0, u] íå
ýêâèâàëåíòíàÿ íóëþ ôóíêöèÿ. Òîãäà èìååò ìåñòî òî÷íîå íåðàâåíñòâà

En(f)2 ≤
1

2m/2αn,r

√
n− r + 1

n+ 1

 h�

0

ωp
m(f

(r), t)2φ(t)dt

1/p

 h�

0

(1− cos(n− r)t)mp/2 φ(t)dt

1/p
. (2)

Íåðàâåíñòâî (3) äëÿ ôóíêöèè f0(z) = zn îáðàùàåòñÿ â ðàâåíñòâî.
Äîêàçàòåëüñòâî. Èç ñîîòíîøåíèÿ (1) ïîëó÷àåì

ω2
m(f

(r), t)2 ≥ 2m
∞∑
k=r

α2
kr

|ck|2

k − r + 1
(1− cos(k − r)t)m. (3)

147



Âîçâåäåì îáå ÷àñòè íåðàâåíñòâà (3) â ñòåïåíü p/2 :

ωp
m(f

(r), t)2 ≥ 2mp/2
{ ∞∑

k=r

α2
k,r

|ck|2

k − r + 1
(1− cos(k − r)t)m

}mp/2

. (4)

Òåïåðü óìíîæàåì íåðàâåíñòâî (4) íà φ(t), ïðîèíòåãðèðóåì ïî îòðåçêå
[0, u], 0 < u ≤ π/(n − r), çàòåì, âîçâåäåì îáå ÷àñòè ïîëó÷åííîãî íåðà-
âåíñòâî â ñòåïåíü 1/p, èìååì u�

0

ωp
m(f

(r), t)2φ(t)dt

1/p

≥


u�

0

[
2m

∞∑
k=n

α2
kr

|ck|2

k − r + 1
(1− cos(k − r)t)m

]p/2
φ(t)dt


1/p

.

Ïðèìåíÿÿ ê ïîñëåäíåìó íåðàâåíñòâó, íåðàâåíñòâî Ìèíêîâñêîãî [2], à òàê-
æå ñ ó÷åòîì òîãî, ÷òî ôóíêöèÿ φ(t) âûïîëíÿåò íåêîòîðûå îïðåäåëåííûå
óñëîâèÿ, ïîëó÷àåì  u�

0

ωp
m(f

(r), t)2φ(t)dt

1/p

≥ 2m/2

 u�

0

(1− cos(n− r)t)mp/2φ(t)dt

1/p

En−r−1(f
(r))2. (5)

Èñïîëüçóÿ ëåììû 1 èç ðàáîòû [3], ïîëó÷àåì íåðàâåíñòâî (2). Òî÷íîñòü
íåðàâåíñòâî (2) äëÿ ôóíêöèè f0(z) = zn ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì
âû÷èñëåíèåì. Òåîðåìà 1 äîêàçàíî.
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Îá îäíîé êðàåâîé çàäà÷å äëÿ äâóìåðíîãî
ðàçíîñòíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè1

À. Á. Ëåéíàðòåíå (Êðàñíîÿðñê, Ðîññèÿ)
aleina@mail.ru

Â äàííîé ðàáîòå ñôîðìóëèðîâàíà êðàåâàÿ çàäà÷à ñ íåñìåæíûìè íà÷àëüíûìè
äàííûìè äëÿ äâóìåðíîãî ðàçíîñòíîãî óðàâíåíèÿ. Ïðèâåäåíà ïîñòàíîâêà çàäà÷è,
îñíîâíûå òåðìèíû, ïðèìåð ñõåìû ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ðàçíîñòíûå óðàâíåíèÿ, çàäà÷à Êîøè.

Áëàãîäàðíîñòè: Ðàáîòà ïîääåðæàíà Êðàñíîÿðñêèì ìàòåìàòè÷åñêèì öåíòðîì,
ôèíàíñèðóåìûì Ìèíîáðíàóêè ÐÔ â ðàìêàõ ìåðîïðèÿòèé ïî ñîçäàíèþ è ðàç-
âèòèþ ðåãèîíàëüíûõ ÍÎÌÖ (ñîãëàøåíèå 075-02-2023-936).

On a boundary value problem for a
two-dimensional di�erence equation with

constant coe�cients1
A. B. Leinartene (Krasnoyarsk, Russia)

aleina@mail.ru

In this paper, a boundary value problem with non-adjacent initial data for a two-
dimensional di�erence equation is formulated. The problem statement, basic terms,
and an example of a solution scheme are given.

Keywords: boundary value problem, two-dimensional di�erence equation.

Â ðàáîòàõ [1] � [4] èçó÷àëàñü çàäà÷à Êîøè äëÿ ìíîãîìåðíîãî ðàçíîñò-
íîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè âèäà:∑

α∈A

cαf(x− α) = g(x). (1)

À èìåííî, íàéòè òàêóþ ôóíêöèþ f : Z→ C, êîòîðàÿ óäîâëåòâîðÿåò (1)
è ñîâïàäàåò ñ íåêîòîðîé çàäàííîé ôóíêöèåé íà÷àëüíûõ äàííûõ φ(x) íà
ìíîæåñòâå X0:

f(x) = φ(x), x ∈ X0 (2)

Çàäà÷è âèäà (1) � (2) âîçíèêàþò â ïåðå÷èñëèòåëüíîì êîìáèíàòîðíîì
àíàëèçå [5], òåîðèè âåéâëåòîâ [6], òåîðèè ðàçíîñòíûõ ñõåì ïðè àïïðîêñè-
ìàöèè äèôôåðåíöèàëüíûõ óðàâíåíèé [7], òåîðèè öèôðîâûõ ðåêóðñèâíûõ
ôèëüòðîâ [8].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Íàðÿäó ñ çàäà÷àìè Êîøè â ëèòåðàòóðå ðàññìàòðèâàþòñÿ êðàåâûå çà-
äà÷è äëÿ ðàçíîñòíûõ óðàâíåíèé [9], êîãäà íà÷àëüíûå äàííûå íå ñìåæ-
íûå.

Ïðèâåäåì ôîðìóëèðîâêó òàêîé êðàåâîé çàäà÷è äëÿ äâóìåðíîãî ðàç-
íîñòíîãî óðàâíåíèÿ ∑

0⩽α1⩽m1
0⩽α2⩽m2

cα1,α2
f(x− α1, x− α2) = 0.

Ïóñòü A ⊂ Zn
⩾ � êîíå÷íîå ìíîæåñòâî òî÷åê, òàêîå, ÷òî íàéäåòñÿ

m = (m1,m2) ∈ A, ÷òî äëÿ ëþáîé òî÷êè α = (α1, α2) ∈ A âûïîëíÿåòñÿ
óñëîâèå α ⩽ m, ò.å. 0 ⩽ α1 ⩽ m1, 0 ⩽ α2 ⩽ m2. Äëÿ m ∈ Z2

⩾ ïîñòðîèì
ìíîæåñòâî êðàåâûõ äàííûõX0 ñëåäóþùèì îáðàçîì. Ïóñòü 0 ⩽ k1 < k2 <
· · · < km1

è 0 ⩽ l1 < l2 < · · · < lm2
� íåêîòîðûå öåëûå íåîòðèöàòåëüíûå

÷èñëà. Òîãäà X0 � ýòî îáúåäèíåíèå ìíîæåñòâ X1 è X2:

X1 =

m1⋃
i=1

{(ki, y)}∞y=0, X2 =

m2⋃
j=1

{(x, lj)}∞x=0

Çàäàäèì ôóíêöèþ êðàåâûõ äàííûõ

φ : X0 → C. (3)

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (1), ñîâïàäàþùåãî ñ çàäàííîé ôóíê-
öèåé φ êðàåâûõ äàííûõ (3) íà X0. Çàäà÷ó (1), (3) íàçîâåì êðàåâîé çàäà-
÷åé äëÿ äâóìåðíîãî ðàçíîñòíîãî óðàâíåíèÿ (1).

Îòìåòèì, ÷òî åñëè íàéäåòñÿ s ∈ Z2 òàêîå, ÷òî s + A ⊂ X0, òîãäà
íà÷àëüíûå äàííûå íà ìíîæåñòâå s + A äîëæíû óäîâëåòâîðÿòü óñëîâèþ
ñîãëàñîâàíèÿ, à èìåííî:∑

α∈A

cαf(m+ s− α) = g(m+ s).

Îòìåòèì, ÷òî ïðè k1 = 0, k2 = 1, . . . , km1
= m1 − 1 è l1 = 0, l2 =

1, . . . , lm2
= m2 − 1 ïîëó÷àåòñÿ õîðîøî èçó÷åííàÿ â ðàáîòàõ [1, 4] çàäà÷à

Êîøè äëÿ óðàâíåíèÿ (1).
Ðàññìîòðèì ïðèìåð. Äàíî ðàçíîñòíîå óðàâíåíèå

f(x1, x2)− f(x1 − 1, x2)− f(x1, x2 − 1) = 0

è ïóñòü êðàåâûå äàííûå çàäàíû íà ìíîæåñòâå (x1, k1), x1 = 0, 1, 2, . . . ,
(l1, x2), x2 = 0, 1, 2, . . . , k1 > 0, l1 > 0.
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Ðèñ. 1: Ìíîæåñòâî êðàåâûõ äàííûõ X0

Íà ìíîæåñòâå (x1, x2) ∈ (k1, l1) + Z2
⩾ (x1 ⩾ k1, x2 ⩾ l1) äàííàÿ çàäà÷à

ñâîäèòñÿ ê çàäà÷å Êîøè äëÿ ðàçíîñòíîãî óðàâíåíèÿ (1).
Â ïîëîñàõ 0 ⩽ x1 ⩽ k1, x2 ⩾ l1 è x1 ⩾ k1, 0 ⩽ x2 ⩽ l1 äëÿ âû÷èñëåíèÿ

çíà÷åíèé ôóíêöèè ìîæíî èñïîëüçîâàòü ìåòîä ñå÷åíèé ïðîèçâîäÿùåãî
ðÿäà, îïèñàííûé â ñòàòüå [10].

Â ïðÿìîóãîëüíèêå 0 ⩽ x1 ⩽ k1, 0 ⩽ x2 ⩽ l1 âîññòàíîâèòü çíà÷åíèÿ
ôóíêöèè f(x) ìîæíî, ðåøàÿ ñîîòâåòñòâóþùóþ ñèñòåìó óðàâíåíèé ñ k1l1
íåèçâåñòíûìè.
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ÓÄÊ 517.5

Îäíîñòîðîííèå íåðàâåíñòâà äèñêðåòèçàöèè
è âîññòàíîâëåíèå ïî âûáîðêå1

È. Â. Ëèìîíîâà, Þ. Â. Ìàëûõèí, Â. Í. Òåìëÿêîâ
(Ìîñêâà, Ðîññèÿ)

limonova_irina@rambler.ru, malykhin@mi-ras.ru, temlyak@math.sc.edu

Â ïîñëåäíåå âðåìÿ â ðÿäå ðàáîò ðåçóëüòàòû î äèñêðåòèçàöèè ïî çíà÷åíèÿì â òî÷-
êàõ óñïåøíî ïðèìåíÿëèñü â çàäà÷àõ âîññòàíîâëåíèÿ ïî âûáîðêå. Áîëåå òîãî, îêà-
çàëîñü, ÷òî äëÿ íåêîòîðûõ èç ýòèõ ïðèëîæåíèé äîñòàòî÷íî èìåòü îäíîñòîðîííåå
íåðàâåíñòâî äèñêðåòèçàöèè. Ýòî îáñòîÿòåëüñòâî ïîáóäèëî íàñ ê èçó÷åíèþ îäíî-
ñòîðîííèõ íåðàâåíñòâ äèñêðåòèçàöèè è èõ ïðèëîæåíèé ê çàäà÷àì âîññòàíîâëåíèÿ
ïî âûáîðêå.

Êëþ÷åâûå ñëîâà: äèñêðåòèçàöèÿ ïî çíà÷åíèÿì â òî÷êàõ, íåðàâåíñòâî Íèêîëüñêî-
ãî, âîññòàíîâëåíèå.
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(ãðàíò � 23-71-30001) â ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà.

One-sided discretization inequalities and
sampling recovery1

I. V. Limonova, Yu. V. Malykhin, V. N. Temlyakov
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Recently, in a number of papers it was understood that results on sampling
discretization can be successfully used in the problem of sampling recovery. Moreover,
it turns out that it is su�cient to only have a one-sided discretization inequality for
some of those applications. This motivated us to research one-sided discretization
inequalities and their applications to sampling recovery.

Keywords: sampling discretization, Nikol'skii inequality, recovery.
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Ââåäåíèå

Ñèñòåìàòè÷åñêîå èçó÷åíèå äèñêðåòèçàöèè ïî çíà÷åíèÿì â òî÷êàõ Lp-
íîðì ôóíêöèé èç çàäàííîãî êîíå÷íîìåðíîãî ïîäïðîñòðàíñòâà áûëî íà-
÷àòî Â.Í. Òåìëÿêîâûì â 2017 ã. Ïåðâûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè
áûëè ïîëó÷åíû â 1930-å ãîäû Ñ.Í. Áåðíøòåéíîì, É. Ìàðöèíêåâè÷åì è
À. Çèãìóíäîì äëÿ îäíîìåðíûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ. Â íà-
ñòîÿùåå âðåìÿ ýòî îáøèðíàÿ è àêòèâíî ðàçâèâàþùàÿñÿ îáëàñòü èññëå-
äîâàíèé, èìåþùàÿ ãëóáîêèå ñâÿçè ñ äðóãèìè âàæíûìè íàïðàâëåíèÿìè

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ëèìîíîâà È. Â., Ìàëûõèí Þ. Â., Òåìëÿêîâ Â. Í., 2024
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(ñì. [1], [2]), â ÷àñòíîñòè, ñ âîññòàíîâëåíèåì ôóíêöèé ïî âûáîðêå (òî åñòü
ïî çíà÷åíèÿì â òî÷êàõ).

Ïóñòü (Ω, µ) � âåðîÿòíîñòíîå ïðîñòðàíñòâî. Ìû ðàññìàòðèâàåì èçìå-
ðèìûå ôóíêöèè íà Ω, îïðåäåëåííûå â êàæäîé òî÷êå, Lp-íîðìà ôóíêöèé
ïðè 1 ≤ p <∞ îïðåäåëÿåòñÿ ñòàíäàðòíûì îáðàçîì:

∥f∥p := ∥f∥Lp(Ω,µ) :=

(�
Ω

|f |p dµ
)1/p

.

Ïîä L∞(Ω)-íîðìîé ìû ïîíèìàåì ðàâíîìåðíóþ íîðìó îãðàíè÷åííûõ
ôóíêöèé

∥f∥∞ := sup
ω∈Ω
|f(ω)|.

Ìû òàêæå ðàññìàòðèâàåì äèñêðåòíîå ïðîñòðàíñòâî Lm
p âåêòîðîâ

x = (x1, . . . , xm) ∈ Rm ñ íîðìîé

∥x∥p :=


(

1
m

∑m
j=1 |xj|p

)1/p
, 1 ≤ p <∞,

max
1≤j≤m

|xj|, p =∞.

Ôóíêöèè f , îïðåäåëåííîé íà Ω, è íàáîðó òî÷åê ξ1, . . . , ξm ∈ Ω ìû ñòàâèì
â ñîîòâåòñòâèå âåêòîð�âûáîðêó (sampling vector)

S(f, ξ) := (f(ξ1), . . . , f(ξm)).

Äî ñèõ ïîð â ðàáîòàõ, ïîñâÿùåííûõ äèñêðåòèçàöèè ïî çíà÷åíèÿì â
òî÷êàõ Lp-íîðì ôóíêöèé èç N -ìåðíîãî ïîäïðîñòðàíñòâà XN , îñíîâíîå
âíèìàíèå óäåëÿëîñü äâóñòîðîííèì íåðàâåíñòâàì, êîòîðûå ïîêàçûâàþò,
÷òî äèñêðåòíàÿ íîðìà âåêòîðà�âûáîðêè îãðàíè÷åíà ñíèçó è ñâåðõó èí-
òåãðàëüíîé Lp-íîðìîé ôóíêöèè (óìíîæåííîé íà íåêîòîðûå êîíñòàíòû):

C1∥f∥pp ≤ ∥S(f, ξ)∥pp ≤ C2∥f∥pp, ∀f ∈ XN .

Ïîäîáíûå ðåçóëüòàòû òàêæå èçâåñòíû â ëèòåðàòóðå êàê íåðàâåíñòâà
Ìàðöèíêåâè÷à�Çèãìóíäà. Áûëî îáíàðóæåíî, ÷òî äëÿ íåêîòîðûõ ïðè-
ëîæåíèé ê çàäà÷àì î âîññòàíîâëåíèè ôóíêöèè ïî âûáîðêå äîñòàòî÷íî
èìåòü îäíîñòîðîííþþ îöåíêó.

Ìû ðàññìàòðèâàåì ñëåäóþùèå áîëåå îáùèå ïîñòàíîâêè, â êîòîðûõ
ïàðàìåòðû äèñêðåòíîé íîðìû âåêòîðà�âûáîðêè è èíòåãðàëüíîé íîðìû
ôóíêöèè ìîãóò îòëè÷àòüñÿ. Ýòî îáóñëîâëåíî òåì, ÷òî â ïðèëîæåíèÿõ
ìîæíî òðåáîâàòü áîëåå ñëàáûå óñëîâèÿ (ñì., íàïðèìåð, òåîðåìó 1 íèæå).

Îäíîñòîðîííÿÿ äèñêðåòèçàöèÿ. Ïóñòü çàäàíû âåðîÿòíîñòíîå
ïðîñòðàíñòâî (Ω, µ), N -ìåðíîå ïîäïðîñòðàíñòâî XN ôóíêöèé íà Ω è ïà-
ðàìåòðû 1 ≤ p, q ≤ ∞, D > 0. Íàñ èíòåðåñóåò âûïîëíåíèå ñëåäóþùèõ
ñâîéñòâ ïðè êàê ìîæíî ìåíüøèõ m ∈ N.
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ËÍÄ. Áóäåì ãîâîðèòü, ÷òî XN äîïóñêàåò Ëåâîå Íåðàâåíñòâî Äèñêðå-
òèçàöèè, åñëè

∥f∥p ≤ D∥S(f, ξ)∥q, ∀f ∈ XN

äëÿ íåêîòîðûõ òî÷åê ξ1, . . . , ξm ∈ Ω. Îáîçíà÷èì ýòî ñâîéñòâî êàê
XN ∈ LD(m, p, q,D).

ÏÍÄ. Áóäåì ãîâîðèòü, ÷òî XN äîïóñêàåò Ïðàâîå Íåðàâåíñòâî Äèñ-
êðåòèçàöèè, åñëè

∥S(f, ξ)∥q ≤ D∥f∥p, ∀f ∈ XN

äëÿ íåêîòîðûõ òî÷åê ξ1, . . . , ξm ∈ Ω. Îáîçíà÷åíèå: XN ∈ RD(m, p, q,D).
Ñôîðìóëèðóåì íåñêîëüêî ïîëó÷åííûõ ðåçóëüòàòîâ, íåïîñðåäñòâåííî

î ËÍÄ è ÏÍÄ.

Ïðåäëîæåíèå 1. Ïóñòü 2 < p < ∞, 1 ≤ q < ∞ è ïîäïðîñòðàíñòâî
XN óäîâëåòâîðÿåò íåðàâåíñòâó Íèêîëüñêîãî ñ ïàðàìåòðàìè 2 è p, òî åñòü
äëÿ íåêîòîðîãî M > 0

∥f∥p ≤M∥f∥2, ∀f ∈ XN .

Ïóñòü XN èìååò îðòîíîðìèðîâàííûé áàçèñ {ui}Ni=1 cî ñëåäóþùèì ñâîé-
ñòâîì:

∑N
i=1 |ui(ω)|2 ≥ cN , c > 0, äëÿ ëþáîãî ω ∈ Ω. Ïóñòü

XN ∈ RD(m, p, q,D). Òîãäà

(cN)q/2 ≤ m(DM)q.

Â êà÷åñòâå ñëåäñòâèÿ ïîëó÷àåòñÿ íèæíÿÿ îöåíêà íà ÷èñëî òî÷åê äëÿ
âûïîëíåíèÿ ÏÍÄ äëÿ ëàêóíàðíûõ òðèãîíîìåòðè÷åñêèõ ñèñòåì.

Òàêæå äîêàçàíû ïîëîæèòåëüíûå ðåçóëüòàòû î äèñêðåòèçàöèè äëÿ
ðàçíûõ çíà÷åíèé p. Çäåñü ìû ôîðìóëèðóåì èõ äëÿ ñëó÷àÿ p = 2.

Ïðåäëîæåíèå 2. Ñóùåñòâóþò äâå àáñîëþòíûå ïîëîæèòåëüíûå
ïîñòîÿííûå C1 è C2 òàêèå, ÷òî äëÿ ëþáîãî N -ìåðíîãî ïîäïðîñòðàí-
ñòâà XN ⊂ L2(Ω, µ) âûïîëíåíî XN ∈ LD(m, 2, C2) ñ m ≤ C1N , òî åñòü
ñóùåñòâóåò íàáîð òî÷åê {ξj}mj=1 òàêîé, ÷òî

∥f∥2 ≤ C2

(
m∑
j=1

1

m
|f(ξj)|2

)1/2

, ∀f ∈ XN .

Ïðåäëîæåíèå 3. Ïóñòü XN � N�ìåðíîå ïîäïðîñòðàíñòâî
L2(Ω, µ), òîãäà XN ∈ RD(N, 2, C) äëÿ íåêîòîðîé àáñîëþòíîé ïîñòî-
ÿííîé C > 0.
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

Ðàññìîòðèì ñëåäóþùèé îïåðàòîð (àëãîðèòì) âîññòàíîâëåíèÿ:

ℓ∞(ξ)(f) := ℓ∞(ξ,XN)(f) := arg min
u∈XN

∥S(f − u, ξ)∥∞.

Íàïîìíèì, ÷òî íàèëó÷øåå ïðèáëèæåíèå f ∈ Lp(Ω, µ), 1 ≤ p ≤ ∞, ýëå-
ìåíòàìè XN îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

d(f,XN)p := inf
u∈XN

∥f − u∥p.

Ïðèâåäåì â êà÷åñòâå ïðèìåðà ñëåäñòâèÿ ËÍÄ ðåçóëüòàò î âîññòàíîâëå-
íèè ôóíêöèè ïî âûáîðêå.

Òåîðåìà 1. Ïóñòü p ∈ [1,∞) è íàáîð ξ = {ξj}mj=1 îáåñïå÷èâàåò
ñâîéñòâî XN ∈ LD(m, p,∞, D) äëÿ ïîäïðîñòðàíñòâà XN ⊂ C(Ω), òî
åñòü äëÿ ëþáîãî u ∈ XN

∥u∥p ≤ D max
1≤j≤m

|u(ξj)|.

Òîãäà äëÿ ëþáîãî f ∈ C(Ω)

∥f − ℓ∞(ξ)(f)∥p ≤ (2D + 1)d(f,XN)∞.

Â äîêëàäå áóäóò ðàññìîòðåíû è äðóãèå àëãîðèòìû âîññòàíîâëåíèÿ è
ïðèâåäåíû ñîîòâåòñòâóþùèå ðåçóëüòàòû.
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Ìåòîä Ôóðüå è ïîñòðîåíèå îáîáùåííîãî
ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ

íåîäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ1

È. Ñ. Ëîìîâ (Ìîñêâà, Ðîññèÿ)
lomov@cs.msu.ru

Ïðè ìèíèìàëüíûõ óñëîâèÿõ íà ïðàâóþ ÷àñòü âîëíîâîãî óðàâíåíèÿ ïîñòðîåíî
îáîáùåííîå ðåøåíèå ñìåøàííîé çàäà÷è. Ðåøåíèå ïðåäñòàâëåíî â âèäå ðÿäà èç
ìåòîäà Ôóðüå, íàéäåíà åãî ñóììà. Ïðèâåäåí âèä îáîáùåííîãî ðåøåíèÿ ñìåøàí-
íîé çàäà÷è äëÿ íåîäíîðîäíîãî òåëåãðàôíîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, âîëíîâîå óðàâíåíèå, ðåçîëüâåíòíûé ìåòîä,
îáîáùåííàÿ çàäà÷à.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ ðåàëèçàöèè ïðî-
ãðàììû Ìîñêîâñêîãî öåíòðà ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè ïî ñî-
ãëàøåíèþ � 075-15-2022-284..

The Fourier method and the construction of the generalized
solution of the mixed problem for the inhomogeneous wave

equation1

I. S. Lomov (Moscow, Russia)
lomov@cs.msu.ru

Under minimal conditions, a generalized solution of the mixed problem is constructed
on the right side of the wave equation. The solution is presented as a series from
the Fourier method, its sum is found. The form of a generalized solution of a mixed
problem for an inhomogeneous telegraphic equation is given.

Keywords: mixed problem, wave equation, resolvent method, generalized problem..
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Ââåäåíèå. Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñìåøàííàÿ çàäà÷à:

utt(x, t)− uxx(x, t) = f(x, t), (x, t) ∈ Q = {(x, t) : x ∈ (0, 1), t ∈ (0,∞)},
(1)

U1(u) ≡ ux(0, t) + a1u(0, t) + b1u(1, t) = 0,

U2(u) ≡ ux(1, t) + a2u(0, t) + b2u(1, t) = 0, t ⩾ 0, (2)

u(x, 0) = ut(x, 0) = 0, x ∈ [0, 1], (3)
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ãäå êîýôôèöèåíòû ai, bi, i = 1, 2, � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà,
à êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ f(x, t) ∈ L(QT ), ñóììèðóåìàÿ ôóíêöèÿ,
QT = {(x, t) : x ∈ (0, 1), t ∈ (0, T )}, T > 0 � ïðîèçâîëüíî çàôèêñèðî-
âàííîå ÷èñëî. Áóäåì íàçûâàòü ôóíêöèþ f(x, t) ëîêàëüíî ñóììèðóåìîé â
ïîëóïîëîñå Q.

Îòìåòèì, ÷òî çàäà÷à (1)�(3) ïðè f(x, t) = 0, íåíóëåâûõ ïîòåíöèàëå
è íà÷àëüíîé ôóíêöèè, áûëà èññëåäîâàíà â ðàáîòå [1]. Íàéäåíû íåîáõî-
äèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ñèëüíîãî ðåøåíèÿ çàäà÷è.
Ïðèìåíåí ìåòîä À.Ï. Õðîìîâà, îñíîâàíííûé íà èñïîëüçîâàíèè ïîäõîäà
À.Í. Êðûëîâà äëÿ óñêîðåíèÿ ñõîäèìîñòè ðÿäîâ Ôóðüå è íà èäåå Ë. Ýé-
ëåðà ïî ðàáîòå ñ ðàñõîäÿùèìèñÿ ðÿäàìè. Äëÿ èññëåäîâàíèÿ íåîäíîðîä-
íîé çàäà÷è (1)�(3) ýòîò ìåòîä ïðèìåíèòü íå óäàåòñÿ. Áóäåò èñïîëüçîâàíà
äðóãàÿ ñõåìà, ïðåäëîæåííàÿ Â.Â. Êîðíåâûì è À.Ï. Õðîìîâûì.

1. Çàäà÷å (1), (2) ïîñòàâèì â ñîîòâåòñòâèå äèôôåðåíöèàëüíûé îïåðà-
òîð L, äåéñòâóþùèé â ïðîñòðàíñòâå L2(0, 1):

L : ly = −y′′(x), x ∈ (0, 1), Uj(y) = 0, j = 1, 2, (4)

ãäå Uj � êðàåâûå ôîðìû (2). Îáîçíà÷èì ÷åðåç Rλ ðåçîëüâåíòó îïåðàòî-
ðà L, Rλ = (L − λE)−1, λ � ñïåêòðàëüíûé ïàðàìåòð, E � åäèíè÷íûé
îïåðàòîð.

Âûïèøåì ôîðìàëüíûé ðÿä èç ìåòîäà Ôóðüå, îòâå÷àþùèé çàäà÷å (1)�
(3) (ñì. [2]):

u(x, t) = − 1

2πi

( �

|λ|=r

+
∑
n⩾n0

�

γn

)[ t�

0

(
Rλf(·, τ)

)sin ϱ(t− τ)
ϱ

dτ
]
dλ, (5)

x ∈ [0, 1], t ⩾ 0. Çäåñü Rλ

(
f(·, τ)

)
îçíà÷àåò, ÷òî îïåðàòîð Rλ ïðèìåíÿåòñÿ

ê ôóíêöèè f(x, τ) ïî ïåðåìåííîé x (τ � ïàðàìåòð), λ = ϱ2, Reϱ ⩾ 0, γn
� îáðàç â λ�ïëîñêîñòè îêðóæíîñòè γ̃n = {ϱ : |ϱ− πn| = δ}, ÷èñëî δ > 0
è äîñòàòî÷íî ìàëî, ÷èñëî r > 0 äîñòàòî÷íî âåëèêî è çàôèêñèðîâàíî, n0
� òàêîé íîìåð, ÷òî ïðè n ⩾ n0 âíóòðè γn íàõîäèòñÿ ïî îäíîìó ñîáñòâåí-
íîìó çíà÷åíèþ îïåðàòîðà L è âñå êîíòóðû γn ïðè n ⩾ n0 íàõîäÿòñÿ âíå
êðóãà ðàäèóñà |λ| = r, à îñòàëüíûå ñîáñòâåííûå çíà÷åíèÿ � âíóòðè ýòîãî
êðóãà.

Äëÿ âûâîäà ôîðìóëû (5) èñïîëüçîâàí ðåçîëüâåíòíûé ïîäõîä, ñâÿçàí-
íûé ñ ìåòîäîì Êîøè�Ïóàíêàðå êîíòóðíîãî èíòåãðèðîâàíèÿ ðåçîëüâåí-
òû ïî ñïåêòðàëüíîìó ïàðàìåòðó. Îí èìååò ïðåèìóùåñòâî ïî ñðàâíåíèþ
ñ òðàäèöèîííûì ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, ïîñêîëüêó íå òðåáó-
åò íè óòî÷íåíèÿ àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé, íè èíôîðìàöèè î
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êðàòíîñòè ñïåêòðà èëè î íàëè÷èè ïðèñîåäèíåííûõ ôóíêöèé. Âèä êîíòó-
ðîâ èíòåãðèðîâàíèÿ â ôîðìóëå (5) ìîæåò áûòü è èíûì. Ãëàâíîå çäåñü,
÷òî âñå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà (4) íàõîäÿòñÿ â îáúåäèíåíèè
îáëàñòåé, îõâàòûâàåìûõ ýòèìè êîíòóðàìè.

Ðåøåíèå çàäà÷è (1)�(3) íàçûâàåì ñèëüíûì, åñëè îíî óäîâëåòâîðÿåò
óñëîâèÿì (2), (3) â îáû÷íîì ñìûñëå, à óðàâíåíèþ (1) � ïî÷òè âñþäó â
îáëàñòè Q.

Òåîðåìà 1 ([2], òåîðåìà 1). Åñëè u(x, t) � ñèëüíîå ðåøåíèå çàäà÷è
(1)�(3), ïðè÷åì äîïîëíèòåëüíî âûïîëíÿåòñÿ óñëîâèå åäèíñòâåííîñòè
utt(x, t) ∈ L(QT ) ïðè ëþáîì T > 0, òî îíî åäèíñòâåííî è íàõîäèòñÿ ïî
ôîðìóëå (5), â êîòîðîé ðÿä ñïðàâà ïðè ëþáîì çàôèêñèðîâàííîì t ⩾ 0
ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïî x ∈ [0, 1].

Òåîðåìà 1 ãîâîðèò î òîì, ÷òî ôîðìàëüíûé ðÿä (5) è ñìåøàííàÿ çàäà÷à
(1)�(3) òåñíî ñâÿçàíû. Ðàñøèðèì ïîíÿòèå ýòîé ñâÿçè.

Ïðàâàÿ ÷àñòü ðàâåíñòâà (5) èìååò ñìûñë äëÿ ëþáîé ôóíêöèè f(x, t) ∈
L(QT ) ïðè ëþáûõ T > 0. Â ýòîì ñëó÷àå áóäåì ãîâîðèòü, ÷òî âûðàæåíèå
(5) òàêæå ÿâëÿåòñÿ ôîðìàëüíûì ðåøåíèåì ñìåøàííîé çàäà÷è (1)�(3),
ïîíèìàåìîé ÷èñòî ôîðìàëüíî. Áóäåì íàçûâàòü åå îáîáùåííîé ñìåøàí-
íîé çàäà÷åé.

Òàêèì îáðàçîì, ìû ñíà÷àëà îïðåäåëÿåì ôîðìàëüíîå ðåøåíèå (5), êî-
òîðîå òåïåðü âûãëÿäèò êàê ðåàëüíûé îáúåêò (íåñìîòðÿ íà òî, ÷òî ðÿä
(5), âîîáùå ãîâîðÿ, ðàñõîäÿùèéñÿ), è çàêëþ÷àåì, ÷òî îí ñîîòâåòñòâóåò
íîâîé ñìåøàííîé çàäà÷å (îáîáùåííîé) (1)�(3). Òî åñòü è çäåñü ìû óñòà-
íàâëèâàåì ñâÿçü ñìåøàííîé çàäà÷è ñ ðÿäîì (5).

Íàøà öåëü: äîêàçàòü, ÷òî äëÿ âñåõ çíà÷åíèé (x, t) ∈ Q ðÿä (5) ñõî-
äèòñÿ äëÿ ëþáîé ôóíêöèè f(x, t) èç óêàçàííîãî êëàññà. Ýòîò ðÿä ìû è
íàçîâåì îáîáùåííûì ðåøåíèåì (îáîáùåííîé) ñìåøàííîé çàäà÷è (1)�(3).

Äëÿ òîãî ÷òîáû âûÿñíèòü, êàêîé âèä èìååò ñóììà ðÿäà (5), çàìåòèì
ñëåäóþùåå: ϱ−1 sin ϱ(t − τ) =

� t−τ
0 cos ϱη dη, ïðèìåíèì íîâóþ àêñèîìó

äëÿ ðàñõîäÿùèõñÿ ðÿäîâ [1]
� ∑

=
∑ �

, ãäå
�
� îïðåäåëåííûé èíòåãðàë,

òîãäà ðÿä (5) ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

u(x, t) = − 1

2πi

( �

|λ|=r

+
∑
n⩾n0

�

γn

)[ t�

0

t−τ�

0

(
Rλf(·, τ)

)
cos ϱη dηdτ

]
dλ =

=

t�

0

dτ

t−τ�

0

Z0

(
x, η, f(·, τ)

)
dη,

ãäå Z0

(
x, η, f(·, τ)

)
� ôîðìàëüíîå ðåøåíèå çàäà÷è (1)�(3) â ñëó÷àå îä-

íîðîäíîãî óðàâíåíèÿ (1), ñ íà÷àëüíîé ôóíêöèåé φ(x) = f(x, τ), τ �
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ïàðàìåòð. Çà ñóììó ðÿäà Z0 ïðèìåì ñëåäóþùåå âûðàæåíèå [1]:

Z0

(
x, η, f(·, τ)

)
=

1

2

[
f̃(x+ η, τ) + f̃(x− η, τ)

]
,

ãäå f̃(η, τ) åñòü ïðîäîëæåíèå ïî η ôóíêöèè f(η, τ) ñ îòðåçêà [0, 1] íà âñþ
ïðÿìóþ. Òîãäà èìååì

u(x, t) =
1

2

t�

0

dτ

t−τ�

0

[
f̃(x+ η, τ)+ f̃(x− η, τ)

]
dη =

1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃(η, τ) dη.

(6)
Òåïåðü ïðàâàÿ ÷àñòü ðàâåíñòâà (6) îïðåäåëåíà ïðè âñåõ (x, t) ∈
(−∞,∞)× [0,∞).

Ïðèïèøåì ñóììó (6), âîîáùå ãîâîðÿ, ðàñõîäÿùåìóñÿ ðÿäó (5). Åñëè
ôóíêöèÿ f(x, t) äîñòàòî÷íî ãëàäêàÿ, òî ðÿä (5) åñòü ñèëüíîå ðåøåíèå
çàäà÷è (1)�(3).

2. Òåîðåìà 2. Ïóñòü ôóíêöèÿ f(x, t) � ëîêàëüíî ñóììèðóåìà â
ïîëóïîëîñå Q. Òîãäà ïðè ëþáîì çàôèêñèðîâàííîì ÷èñëå t ⩾ 0 ðÿä (5)
ñõîäèòñÿ ê ôóíêöèè u(x, t), îïðåäåëÿåìîé ôîðìóëîé (6), ðàâíîìåðíî ïî x
íà ëþáîì îòðåçêå [a, b] ⊂ (0, 1). Ïðè ýòîì íà âñåì îòðåçêå [0, 1] èìååò
ìåñòî ñëåäóþùàÿ îöåíêà ñêîðîñòè ñõîäèìîñòè ðÿäà (5) ê ôóíêöèè (6):

∥∥∥Sn(x, t)−
1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃(η, τ) dη
∥∥∥
L2(0,1)

⩽
c1√
n
,

ãäå ÷åðåç Sn(x, t) îáîçíà÷åíà n�ÿ ÷àñòè÷íàÿ ñóììà ðÿäà (5).
Â äàëüíåéøåì áóäåò ïîñòðîåíî îáîáùåííîå ðåøåíèå çàäà÷è (1)�(3) ñ

íåíóëåâûì ñóììèðóåìûì ïîòåíöèàëîì, çàâèñÿùåì îò äâóõ ïåðåìåííûõ,
è ñ íåíóëåâîé íà÷àëüíîé ôóíêöèåé, ñóììèðóåìîé íà îòðåçêå [0, 1]. Ýòî
ðåøåíèå ìîæíî ïîëó÷èòü îäíèì èç äâóõ ìåòîäîâ, ïðåäëîæåííûõ À.Ï.
Õðîìîâûì, � ñåêâåíöèàëüíûì èëè àêñèîìàòè÷åñêèì ìåòîäàìè [3].
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Ãàðìîíè÷åñêèå ïîòåíöèàëû íà
íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ1

À. Ã. Ëîñåâ (Âîëãîãðàä, Ðîññèÿ)
alexander.losev@volsu.ru

Äàííàÿ ðàáîòà ïîñâÿùåíà ðàçâèòèþ åìêîñòíîé òåõíèêè, ñâÿçàííîé ñ ïîíÿòèÿì
ìàññèâíîãî ìíîæåñòâà, â èññëåäîâàíèè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ãàðìîíè÷å-
ñêèõ ôóíêöèé íà íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ. Â òîì ÷èñëå, ïîñòðî-
åíà êîìïàêòèôèêàöèÿ ðèìàíîâûõ ìíîãîîáðàçèé, îáåñïå÷èâàþùàÿ òî÷íîå îïèñà-
íèå ïðîñòðàíñòâ ãàðìîíè÷åñêèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: ìàññèâíûå ìíîæåñòâà, ãàðìîíè÷åñêèå ôóíêöèè, êðàåâûå çàäà-
÷è.

Harmonic potentials on non-compact
Riemannian manifolds1
A. G. Losev (Volgograd, Russia)

alexander.losev@volsu.ru
This article is devoted to the development of capacitive techniques associated with
the concepts of a massive set in the study of the asymptotic behavior of harmonic
functions on non-compact Riemannian manifolds. In particular, a compacti�cation of
Riemannian manifolds was constructed, which provides an exact description of the
spaces of harmonic functions.

Keywords: massive sets, harmonic functions, boundary problems.

Ââåäåíèå

Èçó÷åíèå ýëëèïòè÷åñêèõ óðàâíåíèé íà ðèìàíîâûõ ìíîãîîáðàçèÿõ ÿâëÿ-
åòñÿ äîñòàòî÷íî íîâûì íàïðàâëåíèåì â ñîâðåìåííîé ìàòåìàòèêå. Èñòîêè
óêàçàííîé ïðîáëåìàòèêè âîñõîäÿò, â òîì ÷èñëå, ê êëàññèôèêàöèîííîé
òåîðèè äâóìåðíûõ íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèé è ïîâåðõ-
íîñòåé. Îòëè÷èòåëüíûì ñâîéñòâîì ìíîãîîáðàçèé ïàðàáîëè÷åñêîãî òèïà
ÿâëÿåòñÿ âûïîëíåíèå äëÿ íèõ òåîðåìû Ëèóâèëëÿ, óòâåðæäàþùåé, ÷òî
âñÿêàÿ ïîëîæèòåëüíàÿ ñóïåðãàðìîíè÷åñêàÿ ôóíêöèÿ íà äàííîì ìíîãî-
îáðàçèè ÿâëÿåòñÿ òîæäåñòâåííîé ïîñòîÿííîé.

Ðÿä ðàáîò áûë ïîñâÿùåí èññëåäîâàíèþ ðåøåíèé ýëëèïòè÷åñêèõ óðàâ-
íåíèé íà ðèìàíîâûõ ìíîãîîáðàçèÿõ ñ êîíå÷íûì ÷èñëîì êîíöîâ. Â ïîäàâ-
ëÿþùåì áîëüøèíñòâå ðàáîò ðàçäåëÿþò êîíöû ïàðàáîëè÷åñêîãî è ãèïåð-
áîëè÷åñêîãî òèïà. Çàìåòèì, ÷òî ãèïåðáîëè÷íîñòü òèïà êîíöà E ýêâèâà-
ëåíòíà ñóùåñòâîâàíèþ íåòðèâèàëüíîé ãàðìîíè÷åñêîé ôóíêöèè v íà E

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ëîñåâ À. Ã., 2024
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òàêîé, ÷òî 0 ≤ v < 1 è v|∂E = 0. Òàêóþ ôóíêöèþ v ïðèíÿòî íàçûâàòü
åìêîñòíûì ïîòåíöèàëîì E.

Áîëüøàÿ ÷àñòü èññëåäîâàíèé, ïðîâîäèâøèõñÿ â äàííîì íàïðàâëåíèè,
ïîñâÿùåíû ïîëó÷åíèþ îöåíîê ðàçìåðíîñòåé ïðîñòðàíñòâ ðåøåíèé ýëëèï-
òè÷åñêèõ óðàâíåíèé â òåðìèíàõ êîëè÷åñòâà êîíöîâ ïàðàáîëè÷åñêîãî è
ãèïåðáîëè÷åñêîãî òèïà èëè äðóãèõ åìêîñòíûõ õàðàêòåðèñòèêàõ.

Îäíàêî îãðàíè÷åíèå íà ñòðóêòóðó ìíîãîîáðàçèé ñ êîíöàìè ÿâëÿåò-
ñÿ äîñòàòî÷íî æåñòêèì. Ðàçâèâàÿ åìêîñòíûé ïîäõîä, À. À. Ãðèãîðüÿí
ââåë ïîíÿòèå ìàññèâíîãî (D - ìàññèâíîãî) ìíîæåñòâà [1]. Ñ ïîìîùüþ
äàííîãî ïîíÿòèÿ áûëà ïîëó÷åíà îöåíêà ðàçìåðíîñòè ïðîñòðàíñòâ îãðà-
íè÷åííûõ ãàðìîíè÷åñêèõ ôóíêöèé (ñ êîíå÷íûì èíòåãðàëîì ýíåðãèè).
Ïîçæå ñ ïîìîùüþ ïîíÿòèÿ q - ìàññèâíûõ ìíîæåñòâ â ðàáîòàõ [2] è [3]
áûëà ïîëó÷åíà îöåíêà ðàçìåðíîñòè ïðîñòðàíñòâ îãðàíè÷åííûõ ðåøåíèé
ñòàöèîíàðíîãî óðàâíåíèÿ Øðåäèíãåðà. Ïðèìåíÿåìûé ïîäõîä ïîçâîëèë
îïðåäåëèòü òî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ îãðàíè÷åí-
íûõ ðåøåíèé ïîëóëèíåéíûõ óðàâíåíèé íà ïðîèçâîëüíûõ íåêîìïàêòíûõ
ðèìàíîâûõ ìíîãîîáðàçèÿõ [4].

Ìàññèâíûå ìíîæåñòâà è åìêîñòíûå ïîòåíöèàëû

Âàæíóþ ðîëü â äàëüíåéøèõ èññëåäîâàíèÿõ áóäåò èìåòü ïîíÿòèå ìàññèâ-
íîãî ìíîæåñòâà.

Ïóñòü Ω ⊂ M � îòêðûòîå ìíîæåñòâî. Áóäåì ãîâîðèòü, ÷òî íåîòðè-
öàòåëüíàÿ ôóíêöèÿ v ÿâëÿåòñÿ äîïóñòèìîé ñóáãàðìîíè÷åñêîé ôóíêöèåé
äëÿ Ω, åñëè îíà ÿâëÿåòñÿ îãðàíè÷åííîé ñóáãàðìîíè÷åñêîé ôóíêöèåé íà
M òàêîé, ÷òî v = 0 íà M \ Ω è supΩ v > 0. Îòêðûòîå ìíîæåñòâî Ω
íàçûâàåòñÿ ìàññèâíûì åñëè ñóùåñòâóåò êàê ìèíèìóì îäíà äîïóñòèìàÿ
ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ äëÿ Ω.

Ïåðåéäåì ê èññëåäîâàíèþ ñâÿçè ñòðóêòóðû ìàññèâíûõ ìíîæåñòâ è
ïîâåäåíèåì ãàðìîíè÷åñêèõ ôóíêöèé íà ïðîèçâîëüíûõ íåêîìïàêòíûõ ðè-
ìàíîâûõ ìíîãîîáðàçèÿõ. Áóäåì ñ÷èòàòü, ÷òî M � ïîëíîå íåêîìïàêòíîå
ðèìàíîâî ìíîãîîáðàçèå ñ ïóñòûì êðàåì. Îáîçíà÷èì ÷åðåçHB(M) � ïðî-
ñòðàíñòâî îãðàíè÷åííûõ ãàðìîíè÷åñêèõ íà M ôóíêöèé.

Îáîçíà÷èì hk ðåøåíèå ñëåäóþùåé êðàåâîé çàäà÷è
∆vk(x) = 0, x ∈ Bk

hk|∂Bk

⋂
Ω = 1

hk|∂Bk

⋂
{M\Ω} = 0

,

è
hΩ = lim

k→∞
hk.
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Çàìåòèì. ÷òî åñëè Ω =M, òî hM = 1, åñëè Ω � ìàññèâíîå ìíîæåñòâî, òî
hΩ = 0, à åñëè Ω � íåìàññèâíîå ìíîæåñòâî, òî hΩ ̸= 0.

Ôóíêöèþ hΩ áóäåì íàçûâàòü áàçîâûì ãàðìîíè÷åñêèì ïîòåíöèàëîì,
ïîðîæäåííûì îáëàñòüþ Ω. Îáîçíà÷èì ëèíåéíóþ îáîëî÷êó ìíîæåñòâà
ãàðìîíè÷åñêèõ ïîòåíöèàëîâ íàM êàê HG(M). Ââåäåì íà HG(M) ñòàí-
äàðòíóþ íîðìó ïðîñòðàíñòâà íåïðåðûâíûõ ôóíêöèé. Ñïðàâåäëèâî ñëå-
äóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïîäïðîñòðàíñòâî HG(M) ÿâëÿåòñÿ ïëîòíûì â
HB(M).

Èñïîëüçóÿ ñâîéñòâà ãàðìîíè÷åñêèõ ïîòåíöèàëîâ áûëî äîêàçàíî ñëå-
äóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïðîñòðàíñòâî HB(M), ñíàáæåííîå ÷àñòè÷íûì ïîðÿä-
êîì ≤ ÿâëÿåòñÿ áàíàõîâîé ðåøåòêîé ñ ñèëüíîé åäèíèöåé.

Äîêàçàííîå óòâåðæäåíèå ïîçâîëÿåò ïðèìåíÿòü òåîðåìó Êðåéíîâ-
Êàêóòàíè. Ñôîðìóëèðóåì åå.

Òåîðåìà 3. Âñÿêàÿ áàíàõîâà ðåøåòêà ëèíåéíî èçîìåòðè÷íà è ïî-
ðÿäêîâî èçîìîðôíà ïðîñòðàíñòâó C(Q) äëÿ ïîäõîäÿùåãî êîìïàêòà Q
(ïðè÷åì òàêîé êîìïàêò Q ÿâëÿåòñÿ åäèíñòâåííûì ñ òî÷íîñòüþ äî
ãîìåîìîðôèçìà).

Îäíàêî, â îáùåì ñëó÷àå, êîìïàêò, ñîîòâåòñòâóþùèé òåîðåìå
Êðåéíîâ-Êàêóòàíè îêàçûâàåòñÿ ñëèøêîì íåÿâíûì è ãåîìåòðè÷åñêèå àñ-
ïåêòû ðèìàíîâà ìíîãîîáðàçèÿ â íåì ïðàêòè÷åñêè íå ïðîñìàòðèâàþòñÿ.
Ïðè ýòîì ñàìè ìàññèâíûå ìíîæåñòâà, à òî÷íåå, ãàðìîíè÷åñêèå ïîòåí-
öèàëû, ïîðîæäåííûå èìè, äîñòàòî÷íî òî÷íî îïèñûâàþò ïðîñòðàíñòâî
îãðàíè÷åííûõ ãàðìîíè÷åñêèõ ôóíêöèé íà M.

Äàëüíåéøàÿ ÷àñòü ðàáîòû ïîñâÿùåíà ïîñòðîåíèþ ïîäîáíîãî êîìïàê-
òà íà îñíîâå ìàññèâíûõ ìíîæåñòâ è ñîîòâåòñòâóþùèõ ãàðìîíè÷åñêèõ ïî-
òåíöèàëîâ.

Ïóñòü v1 è v2 � áàçîâûå ãàðìîíè÷åñêèå ïîòåíöèàëû, ïîðîæäåííûå,
ñîîòâåòñòâåííî, ìíîæåñòâàìè Ω1 è Ω2. Áóäåì ãîâîðèòü, ÷òî Ω1 ∼ Ω2,
åñëè v1 = v2 íà M.

Äàííîå îòíîøåíèå ýêâèâàëåíòíîñòè ðàçáèâàåò âñå ìàññèâíûå ìíîæå-
ñòâà íà êëàññû ýêâèâàëåíòíîñòè. Âñþäó äàëåå êëàññ ýêâèâàëåíòíîñòè,
ñîäåðæàùèé ìíîæåñòâî Ω áóäåì òàêæå îáîçíà÷àòü Ω.

Áóäåì ïèñàòü Ω1 ⪰ Ω2, åñëè v1 ≥ v2, ãäå v1 è v2, êàê è âûøå, áàçîâûå
ãàðìîíè÷åñêèå ïîòåíöèàëû, ïîðîæäåííûå Ω1 è Ω2.

Äàëåå ðàññìîòðèì ïîñëåäîâàòåëüíîñòè îòêðûòûõ ìíîæåñòâ

SΩα = (Ωα
1 ,Ω

α
2 , · · · ,Ωα

m, · · · )

òàêèõ, ÷òî
Ωα

1 ⪰ Ωα
2 ⪰ · · · ⪰ Ωα

m · · · .
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Áóäåì ãîâîðèòü, ÷òî SΩ1 è SΩ2 ýêâèâàëåíòíû è ïèñàòü SΩ1 ∼ SΩ2,
åñëè äëÿ âñåõ äîñòàòî÷íî áîëüøèõ íîìåðîâ i íàéäóòñÿ òàêèå j è k, ÷òî
âûïîëíåíî

Ω2
j ⪰ Ω1

i ⪰ Ω2
j+k,

è äëÿ âñåõ äîñòàòî÷íî áîëüøèõ j íàéäóòñÿ òàêèå i è l ÷òî âûïîëíåíî

Ω1
i ⪰ Ω2

j ⪰ Ω1
i+l.

Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü SΩα îáëàäàåò ñâîéñòâîì
íåäåëèìîñòè, åñëè íå ñóùåñòâóåò ïîñëåäîâàòåëüíîñòè ìàññèâíûõ ìíî-
æåñòâ SΩβ òàêîé, ÷òî äëÿ âñåõ i âûïîëíåíî Ωα

i ⪰ Ωβ
i è S

α
Ω ̸∼ Sβ

Ω.
Ìíîæåñòâî âñåõ ïîñëåäîâàòåëüíîñòåé {SΩα}, îáëàäàþùèõ ñâîéñòâîì

íåäåëèìîñòè, áóäåì îáîçíà÷àòü Q, à åãî ýëåìåíòû íàçûâàòü òî÷êàìè Q.
Ââåäåì òîïîëîãèþ íà Q. Îáîçíà÷èì OsM = {Ωa} � ìíîæåñòâî âñåõ

îòêðûòûõ ïîäìíîæåñòâ M. Ïóñòü Ω ∈ OsM. Ìíîæåñòâî òî÷åê SΩα ∈ Q
òàêèõ, ÷òî äëÿ íåêîòîðûõ j(α) âûïîëíåíî

Ω ⪰ Ωα
j(α)

áóäåì íàçûâàòü îêðåñòíîñòüþ è îáîçíà÷àòü OΩ.
Òåîðåìà 4. Ìíîæåñòâî Q � òîïîëîãè÷åñêèé êîìïàêò.
Óñòàíîâëåíà ñâÿçü ìåæäó ïðîñòðàíñòâîì íåïðåðûâíûõ íà êîìïàêòå

Q ôóíêöèé è ïðîñòðàíñòâîì îãðàíè÷åííûõ ãàðìîíè÷åñêèõ íà M ôóíê-
öèé. Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 5. Ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå èç
C(Q) â HB(M).
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ðåçêàõ, îáîáùàþùèå êîíñòðóêöèè É. Ñàáàäîøà è Â.Ñ. Âèäåíñêîãî, èññëåäîâàíû
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Finite-rank operators on several intervals1
A. L. Lukashov (Moscow, Russia)

alexey.lukashov@gmail.com
Constructions of linear �nite-rank operators on several intervals are given. They
generalize J. Sabados' and V.S. Videnskii's operators.

Keywords: Bernstein polynomials, several intervals, �nite-rank operators.

Ïðè ðåøåíèè ðÿäà çàäà÷ ãàðìîíè÷åñêîãî àíàëèçà è òåîðèè ïðèáëè-
æåíèé âàæíóþ ðîëü èãðàåò ìåòîä ïîëèíîìèàëüíûõ ïðîîáðàçîâ îòðåçêà
(ñì., íàïðèìåð, îáçîð [1], à òàêæå áîëåå ïîçäíèå ðàáîòû ñî ññûëêàìè íà
íåãî). Îäíîé èç ñîñòàâëÿþùèõ ýòîãî ìåòîäà ÿâëÿåòñÿ ïðèáëèæåíèå ïðî-
èçâîëüíûõ ñèñòåì îòðåçêîâ ïîëèíîìèàëüíûìè ïðîîáðàçàìè ïóòåì âàðè-
àöèè íåêîòîðûõ êîíöîâ îòðåçêîâ.

Òåì íå ìåíåå äàæå â âîïðîñàõ ïîëèíîìèàëüíûõ àïïðîêñèìàöèé èíî-
ãäà òàêàÿ âàðèàöèÿ íå ïðèíîñèò õîðîøèõ ðåçóëüòàòîâ (ñì., íàïðèìåð,
[2]). Â ðàáîòå [3] áûëî ïðîäåìîíñòðèðîâàíî, ÷òî äàæå â ñëó÷àå èíòåðïî-
ëèðîâàíèÿ ìíîãî÷ëåíàìè íà íåñêîëüêèõ îòðåçêàõ ïîëåçíûì ìîæåò îêà-
çàòüñÿ àíàëîã ýòîãî ìåòîäà äëÿ ïðîîáðàçîâ îòðåçêà ïðè îòîáðàæåíèÿõ
ðàöèîíàëüíûìè ôóíöèÿìè ñ ôèêñèðîâàííûì çíàìåíàòåëåì.

Öåëü äàííîé çàìåòêè - ïîêàçàòü, êàê ìîæíî ñòðîèòü ñåìåéñòâà ëèíåé-
íûõ îïåðàòîðîâ êîíå÷íîãî ðàíãà (ñî çíà÷åíèÿìè â êîíå÷íîìåðíûõ ïðî-
ñòðàíñòâàõ ðàöèîíàëüíûõ ôóíêöèé ñ ôèêñèðîâàííûì çíàìåíàòåëåì) íà
íåñêîëüêèõ îòðåçêàõ.

Íà÷íåì ñ êîíñòðóêöèè îïåðàòîðîâ òèïà Áåðíøòåéíà (ðàçâèâàÿ
êîíñòðóêöèþ ñîîòâåòñòâóþùèõ ëèíåéíûõ ïîëèíîìèàëüíûõ îïåðàòîðîâ,
îïðåäåëåííûõ â [4] ëèøü äëÿ âåñüìà îãðàíè÷èòåëüíîãî ñëó÷àÿ ñèñòåì
îòðåçêîâ, ÿâëÿþùèõñÿ ïîëèíîìèàëüíûìè ïðîîáðàçàìè îäíîãî îòðåçêà).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ëóêàøîâ À. Ë., 2024
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Ïóñòü s ≥ 1, 0 = a1 < b1 < . . . < as < bs = 1 � ðàçáèåíèå îòðåçêà
[0, 1], Js = ∪sj=1Ij, Ij = [aj, bj] � ñèñòåìà îòðåçêîâ. Ïóñòü m > s, r(x) �
ðàöèîíàëüíàÿ ôóíêöèÿ ñòåïåíèm ñî çíàìåíàòåëåì S(x) ñòåïåíè s òàêàÿ,
÷òî r−1([0, 1]) = Js, ïðè÷åì r(0) = 0. Ñóùåñòâîâàíèå òàêîé ôóíêöèè r
áûëî îòìå÷åíî, íàïðèìåð, â [3].

Äëÿ n ∈ N ÷åðåç xk1 < . . . < xkmk
îáîçíà÷èì òàêèå òî÷êè ñèñòåìû

îòðåçêîâ Js, äëÿ êîòîðûõ

r(xki) =
k

n
, i = 1, . . . ,mk; k = 0, . . . , n,

ãäå

mk =


m+ s−

[
m+s
2

]
, k = 0,

m, k = 1, . . . , n− 1,[
m+s
2

]
, k = n.

Òåïåðü äëÿ ïðîèçâîëüíîé íåïðåðûâíîé íà Js ôóíêöèè îáîçíà÷èì ÷å-
ðåç

Lk(f, x) =

mk∑
i=1

f(xki)ℓki(x), k = 0, . . . , n,

åå èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà,

ℓki(x) =

mk∏
j = 1

j ̸= i

x− xkj
xki − xkj

� ôóíäàìåíòàëüíûå ìíîãî÷ëåíû Ëàãðàíæà.
Ëèíåéíûå îïåðàòîðû òèïà Áåðíøòåéíà îïðåäåëÿþòñÿ ïî ôîðìóëå

Bn(f, x) =
n∑

k=0

Lk(f, x)bnk(r(x)), x ∈ Js,

ãäå
bnk(x) = Ck

nx
k(1− x)n−k, k = 0, . . . , n,

� ôóíäàìåíòàëüíûå ìíîãî÷ëåíû Áåðíøòåéíà. Î÷åâèäíî, ÷òî Bn(f, x) ÿâ-
ëÿþòñÿ ðàöèîíàëüíûìè ôóíêöèÿìè ñòåïåíè mn+m−1 ñî çíàìåíàòåëÿ-
ìè Sn(x). Åñëè ñèñòåìà îòðåçêîâ Js ÿâëÿåòñÿ ïîëèíîìèàëüíûì ïðîîáðà-
çîì îòðåçêà, òî åñòü íàéäåòñÿ ìíîãî÷ëåí p(x) ñòåïåíè m ≥ s òàêîé, ÷òî
Js = p−1([0, 1]), òî, ïîëîæèâ r(x) = p(x), ïîëó÷èì îïåðàòîðû, ïîñòðîåí-
íûå É. Ñàáàäîøåì [4].
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Ïîñòðîåííûå îïåðàòîðû íå ÿâëÿþòñÿ ïîëîæèòåëüíûìè, íî îáëàäàþò
ñëåäóþùèìè âîñïðîèçâîäÿùèìè ñâîéñòâàìè: Bn(q, x) = q(x) äëÿ ëþáîãî
ìíîãî÷ëåíà q(x) ñòåïåíè mn, Bn(r, x) = r(x). Êðîìå òîãî, îíè èíòåðïî-
ëèðóþò çàäàííóþ ôóíêöèþ âî âñåõ êîíöàõ îòðåçêîâ äàííîé ñèñòåìû (è
â äðóãèõ òî÷êàõ âèäà r−1(0), r−1(1)).

Íà íèõ òàêæå ïåðåíîñÿòñÿ îöåíêè ñêîðîñòè àïïðîêñèìàöèè èç ðàáîòû
[4].

Áîëåå îáùàÿ êîíñòðóêöèÿ ïîëó÷èòñÿ, åñëè âìåñòî ìíîãî÷ëåíîâ Áåðí-
øòåéíà ðàññìîòðåòü ëèíåéíûå ïîëîæèòåëüíûå îïåðàòîðû êîíå÷íîãî
ðàíãà íà îòðåçêå, ââåäåííûå Â.Ñ. Âèäåíñêèì (ñì. [5, ï.13,ñ.60�62], [6]).

Îïåðàòîðû Âèäåíñêîãî èìåþò âèä

Un (f, x) =
n∑

k=0

f (τnk)unk (x)

ãäå τnk îïðåäåëÿþòñÿ ðàâåíñòâàìè

ϕn (τnk) =
k

n
, k = 0, 1, .., n,

ϕn (x) =
1

n

n∑
i=1

hni (x) ,

è ôóíäàìåíòàëüíûå ôóíêöèè îïåðàòîðîâ Âèäåíñêîãî (âïåðâûå ðàññìîò-
ðåííûå Äæ. Ï. Êèíãîì) îïðåäåëÿþòñÿ ñ ïîìîùüþ ïîðîæäàþùåé ôóíê-
öèè ïî ôîðìóëàì

hni (x) =
ρnix

1 + ρni − x
, ρni > 0, i = 0, 1, ...,

gn (x, y) =
n∑

k=0

ykunk(x),

gn (x, y) =
n−1∏
i=0

(hni (x) y + (1− hni (x))) .

Òåïåðü äëÿ îïðåäåëåíèÿ ëèíåéíûõ îïåðàòîðîâ íà ñèñòåìå îòðåçêîâ
Js íàäî, êàê è ðàíåå, ââåñòè ðàöèîíàëüíóþ ôóíêöèþ r(x), äëÿ êîòîðîé
Js = r−1([0, 1]). Íà ñåé ðàç Lk(f, x) � èíòåðïîëÿöèîííûå ìíîãî÷ëåíû
Ëàãðàíæà ïî óçëàì xki, ÿâëÿþùèìñÿ ðåøåíèÿìè óðàâíåíèé

r(xki) = τnk, i = 1, . . . ,mk; k = 0, . . . , n,
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è îïåðàòîðû îïðåäåëÿþòñÿ ïî ôîðìóëå

Vn(f, x) =
n∑

k=0

Lk(f, x)unk(r(x)).

Èç ñâîéñòâ îïåðàòîðîâ Âèäåíñêîãî ñëåäóåò, ÷òî Vn(f, x) ÿâëÿþòñÿ ðà-
öèîíàëüíûìè ôóíêöèÿìè ñî çíàìåíàòåëÿìè

Sn(x)
n∏

i=1

(1 + ρni − r(x)) ,

îíè ñîõðàíÿþò òå æå âîñïðîèçâîäÿùèå ñâîéñòâà äëÿ ïîëèíîìîâ, ÷òî è
îïåðàòîðû òèïà Áåðíøòåéíà, à äëÿ ðàöèîíàëüíûõ ôóíêöèé ñîîòâåòñòâó-
þùåå ñâîéñòâî èìååò âèä Vn(ϕn ◦ r, x) = ϕn ◦ r(x).

Â ñëó÷àå ϕn(x) = x îïåðàòîðû Vn(f, x) ñîâïàäàþò c Bn(f, x).
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Â íóëüìåðíûõ ãðóïïàõ ïîëó÷åíà îáùàÿ îöåíêà àïïðîêñèìàöèè æåñòêèìè ôðåé-
ìàìè ôóíêöèé, èç êîòîðîé ñëåäóåò îöåíêà àïïðîêñèìàöèè äëÿ ôóíêöèé èç ïðî-
ñòðàíñòâ Ñîáîëåâà ñ ëîãàðèôìè÷åñêèì âåñîì.
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In zero-dimensional groups we obtain a general estimate of approximation by tight
frames, which implies an estimate of the approximation for functions from Sobolev
spaces with logarithmic weight.
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Ââåäåíèå

Â ðàáîòå [1] , áûëà ïîëó÷åíà îöåíêà àïïðîêñèìàöèè æåñòêèìè ôðåéìàìè
äëÿ ôóíêöèé èç ïðîñòðàíñòâà Ñîáîëåâà ñî ñòåïåííûì âåñîì. Â ðàáîòå [2]
áûë óêàçàí ñïîñîá ïîñòðîåíèÿ æåñòêèõ âðåéìîâ â ãðóïïå ð-àäè÷åñêèõ ÷è-
ñåë, íî ïîðÿäîê àïïðîêñèìàöèè íå áûë ïîëó÷åí. Â ýòîé çàìåòêå ìû óêà-
æåì ïîðÿäîê àïïðîêñèìàöèè æåñòêèìè ôðåéìàìè â ãðóïïå Âèëåíêèíà
è ãðóïïå ð-àäè÷åñêèõ ÷èñåë äëÿ ôóíêöèé èç ïðîñòðàíñòâ áîëåå îáùèõ,
÷åì ïðîñòðàíñòâà Ñîáîëåâà ñî ñòåïåííûì âåñîì.

Èñïîëüçóåìûå îáîçíà÷åíèÿ. G � ëîêàëüíî êîìïàêòíàÿ íóëüìåðíàÿ
ãðóïïà. Gn � ïîäãðóïïû, îïðåäåëÿþùèå òîïîëîãèþ, Gn+1 ⊂ Gn, p�
ïðîñòîå ÷èñëî. ♯Gn/Gn+1 = p, gn ∈ Gn \ Gn+1. Â ãðóïïå Âèëåíêè-
íà: pgn = 0, â p-àäè÷åñêîé ãðóïïå: pgn = gn+1. Îïåðàòîð ðàñòÿæå-
íèÿ AG 7→ G: Ax :=

∑+∞
n=−∞ angn−1, åñëè x =

∑+∞
n=−∞ angn ∈ G.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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H0 = {h ∈ G : h =
∑s

j=1 a−jg−js ∈ N, aj = 0, p− 1} � ìíîæåñòâî
ñäâèãîâ.
χ : G 7→ R -õàðàêòåðû, X�ãðóïïà õàðàêòåðîâ. G⊥n àííóëÿòîð ãðóïïû Gn,

rn ôóíêöèè Ðàäåìàõåðà, (χA, x)
def
= (χ,Ax).

DGM
(G−N) = {f ∈ L2(G) : supp f ⊂ G−N , f(x) ïîñòîÿííà íàGM+̇g}.

Ïîðÿäîê àïïðîêñèìàöèè

Ñëåäóþùèå äâå òåîðåìû ñïðàâåäëèâû â ëþáîé íóëüìåðíîé ãðóïïå.

Òåîðåìà 1 (Ïðèíöèï äâîéñòâåííîñòè). Ïóñòü M,N ∈ N è φ ∈
DGM

(G−N) ìàñøòàáèðóþùàÿ ôóíêöèÿ ñ ìàñêîé m0. Îïðåäåëèì ìàñ-
êè mj : j = 1, q òàê, ÷òî
1)φ̂(χA−1)mj(χ) = 1Ej

(χ), ãäå Ej = G⊥−s(j)r
α−s(j)

−s(j) r
α−s(j)+1

−s(j)+1...r
α0
0 åñòü äèçú-

þíêòíûå ñìåæíûå êëàññû è EjAt òàêæå äèçúþíêòíûå ,
2)ñóùåñòâóþò öåëûå t(j) ≥ 0, òàêèå, ÷òî

⊔
j EjAt(j) = G⊥M+1 \ G⊥M .

Îïðåäåëèì ôóíêöèè ψ(j)(x), j = 1, ..., q − 1 ðàâåíñòâàìè

ψ̂(j)(χ) = φ̂(χA−1)
∑

h∈H(N+1)
0

β
(j)
h (χA−1, h) = φ̂(χA−1)mj(χ).

Òîãäà àôôèííàÿ ñèñòåìà ψ(j)
n,h(x) = p

n
2ψ(j)(Anx−̇h), n ∈ Z, h ∈ H0,

îáðàçóåò æåñòêèé ôðåéì â L2(G)

Ïî òåîðåìå 1, ôóíêöèè {ψ(j)
n,h} îáðàçóþò æåñòêèé ôðåéì. Ïîýòîìó

lim
Ñ→+∞

∥f −
Ñ∑

n=−∞

q∑
j=1

∑
h∈H0

⟨f, ψ(j)
n,h⟩ψ

(j)
n,h∥2 = lim

Ñ→+∞
∥f − SÑ∥ = 0.

Ìû óêàçûâàåì ïîðÿäîê ýòîé àïïðîêñèìàöèè.

Òåîðåìà 2. Ïóñòü ôóíêöèè ψ(1), ψ(2), ..., ψ(q) è ÷èñëà t(j) ïîñòðîåíû
êàê â òåîðåìå 1. Îáîçíà÷èì l = max t(j). Òîãäà äëÿ Ñ > N

∥f − SÑ∥ ≤ (N + 1)p
M−1

2

∞∑
n=Ñ+1

 �

G⊥
n−l+1\G⊥

n−l

|f̂(χ)|2dν(χ)


1
2

.

×òîáû âîñïîëüçîâàòüñÿ ýòèìè òåîðåìàìè íàäî èìåòü ìàñøòàáèðóþ-
ùóþ ôóíêöèþ φ ∈ DGM

(G−N) c ìàñêîé m0. Â ðàçëè÷íûõ ãðóïïàõ ìåòî-
äû ïîñòðîåíèÿ ìàñîê ðàçëè÷íû, èáî â íèõ ðàçëè÷íû ãðóïïîâûå îïåðà-
öèè. Ìû óêàæåì ñïîñîáû ïîñòðîåíèÿ ìàñøòàáèðóþùèõ ôóíêöèé â Qp è
ãðóïïå Âèëåíêèíà.
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Ìàñøòàáèðóþùèå ôóíêöèè â Qp è ãðóïïå Âèëåíêèíà

Ïóñòü M,N ∈ N. Ìàñøòàáèðóþùàÿ ôóíêöèÿ φ ∈ DGM
(G−N), â ÷àñòîò-

íîé ôîðìå óäîâëåòâîðÿåò óðàâíåíèþ φ̂(χ) = φ̂(χA−1)m0(χ). ñ ìàñêîé
m0(χ) =

∑
h∈H(N+1)

0
βh(χ,A−1h) ïîñòîÿííîé íà ñìåæíûõ êëàññàõ

G⊥−Nr
α−N

−N ...r
α−N+s

−N+s . Åñëè îáîçíà÷èì çíà÷åíèÿ ìàñêè m0 íà ñìåæíûõ
êëàññàõ G⊥−Nr

α−N

−N r
α−N+1

−N+1 ...r
αM

M ÷åðåç λα−Nα−N+1...α0...αM
= λm, qn =

e−
2πi
p

M∑
k=−N

αkp
−N−k, n = a−N−1 + a−Np+ ...+ a−1p

N , òî ïîëó÷èì ñèñòåìó

óðàâíåíèé

q00 q10 ... qp
N+1−1

0

q01 q11 ... qp
N+1−1

1

... ... ... ...

q0pN+1−1 q1pN+1−1 ... qp
N+1−1

pN+1−1
... ... ... ...

q0pM+N+1−1 q1pM+N+1−1 ... qp
N+1−1

pM+N+1−1




β0

β1

β2
...

βpN+1−1

 =


λ0

λ1

λ2
...

λpM+N+1−1


(1)

â êîòîðîé íåèçâåñòíûìè ÿâëÿþòñÿ λm è βn. Ìû äîëæíû èõ íàéòè òàê,
÷òîáû φ̂(χ) = m0(χ)m0(χA−1)...m0(χA−N−M) = 0 íà ìíîæåñòâå G⊥M+1 \
G⊥M . Äëÿ íàõîæäåíèÿ λm è βn ñòðîèì äåðåâî T = T (m0). Äëÿ ëþáîãî
m ∈ N : pM+N ≤ m ≤ pM+N+1 − 1 ñòðîèì ïóòü èç ëèñòà λm ê êîðíþ λ0
λm → λm div p → λm div p2 · · · → λm div pM+N → λ0 = 1. ßñíî, ÷òîH =M+N
åñòü âûñîòà p-è÷íîãî äåðåâà T . (ñì. Ðèñ.1 ).

@
@

@
@

�
�
�
�

λpN+M+1−p λpN+M+1−1

@
@

@
@

�
�
�
�

λpN+M λpN+M+p−1· · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

@
@

@
@

�
�

�
�

λpN−p λpN−1· · · · · ·· · · ·

λp−1λ1 λν

@
@

@
@

�
�
�
�

λpN−1 λpN−1+p−1

· · · · · · · · · · · · · · · · ·

λ0 = 1
@

@
@

@

�
�
�
�

G⊥
M+1 \G⊥

M:

G⊥
0 \G⊥

−1:

G⊥
−N+1 \G⊥

−N:

G⊥
−N:

Ðèñ.1 Äåðåâî T = T (m0).
Ìíîæåñòâî âñåõ ïðîèçâåäåíèé λmλm div p...λ0 ñîâïàäàåò ñ ìíîæåñòâîì
âñåõ çíà÷åíèé ôóíêöèè φ̂(χ) íà ìíîæåñòâå G⊥M+1 \G⊥M . Íà êàæäîì ïóòè
λm → λm div p → λm div p2 · · · → λm div pM+N âûáèðàåì îäèí óçåë è ïîìåùà-
åì òóäà íîëü. Ìíîæåñòâî ýòèõ íóëåé îáîçíà÷èì Λ0(T ).
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Òåîðåìà 3. Åñëè ♯Λ0(T )) ≤ pN+1 − 1, òî ñîîòâåòñòâóþùèå çíà÷åíèÿ
λν ∈ Λ0(T ) îïðåäåëÿþò ìàñêó m0 íåêîòîðîé ìàñøòàáèðóþùåé ôóíê-
öèè. Åñëè λν /∈ Λ0(T ) òî λν ̸= 0.

Â ãðóïïå Âèëåíêèíà äëÿ ïîñòðîåíèÿ ìàñøòàáèðóþùåé ôóíêöèè èñ-
ïîëüçóþòñÿ N-âàëèäíûå äåðåâüÿ [3]. Äåðåâî T íàçûâàåòñÿ N-âàëèäíûì,
åñëè
1) Â êîðíå äåðåâà è åãî âåðøèíàõ óðîâíåé 1, 2, . . . , N − 1 ñòîÿò íóëè.
2) Ëþáîé ïóòü (αk → αk+1 → · · · → αk+N−1), αj = 0, p− 1 äëèíû N − 1
ïðåäñòàâëåí â äåðåâå òî÷íî îäèí ðàç.

Äëÿ ëþáîãî óçëà α−N óðîâíÿ áîëüøå N−1 ñóùåñòâóåò åäèíñòâåííûé
ïóòü (α−1 ← · · · ← α−N+1 ← α−N) äëèíû N − 1. Ñîåäèíèì óçåë α−N ñî
âñåìè ïóòÿìè α−l+N−1 ← ...← α−l+2 ← α−l+1 ìåíüøåãî óðîâíÿ òàê, ÷òî
α−1 ← ...← α−N+2 ← α−N+1 = α−l+N−1 ← ...← α−l+2 ← α−l+1.
Îáîçíà÷èì ïîëó÷åííûé ãðàô ÷åðåç Γ. Îïðåäåëÿåì N +1 ìåðíûé ìàññèâ
ðàâåíñòâàìè
(a)λ0,0,...,0 = 1,
(b)λα−N ,α−N+1,...,α−1,α0

= 1 for (α−N , α−N+1, . . . , α−1, α0) ∈ Γ,
(c)λα−N ,α−N+1,...,α−1,α0

= 0 for (α−N , α−N+1, . . . , α−1, α0) /∈ Γ.
Çàäàäèì ìàñêó m0 íà G⊥1 ðàâåíñòâàìè
m0(G

⊥
−Nr

α−N

−N r
α−N+1

−N+1 ...r
α−1

−1 r
α0
0 ) = λα−N ,α−N+1,...,α−1,α0

,
ïðîäîëæèì åå ïåðèîäè÷åñêè íà X è ïîëîæèì φ̂(χ) =

∏∞
k=0m0(χA−k).

Òåîðåìà 4. [3] Ïóñòü T åñòü N -âàëèäíîå äåðåâî âûñîòû H. Òîãäà
(a) φ̂(χ) =

∏H−N+1
k=0 m0(χA−k) ïðè χ ∈ G⊥H−2N+2 \G⊥H−2N+1,

(b) φ̂(χ) = 0 ïðè χ ∈ G⊥H−2N+2 \G⊥H−2N+1.
(c) φ̂ ∈ DG⊥

−N
(G⊥M), M = H − 2N + 1.

Ò.î. êàæäîå N -âàëèäíîå äåðåâî âûñîòû H ïîðîæäàåò ìàñøòàáèðóþ-
ùóþ ôóíêöèþ φ ∈ DGM

(G−N) ñ M = H − 2N + 1 è ìû ìîæåì èñïîëü-
çîâàòü òåîðåìû 1 è 2.
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Áàçèñíîñòü ñèñòåìû Õààðà â âåñîâûõ
ïðîñòðàíñòâàõ Ëåáåãà ñ ïåðåìåííûì

ïîêàçàòåëåì1
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Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà âåñ, ïðè êîòîðûõ ñèñòåìà Õà-
àðà ÿâëÿåòñÿ áàçèñîì â âåñîâîì ïðîñòðàíñòâå Ëåáåãà ñ ïåðåìåííûì ïîêàçàòåëåì.
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Basis property of the Haar system in weighted
variable Lebesgue spaces1

M. G. Magomed-Kasumov (Makhachkala, Vladikavkaz, Russia)
rasuldev@gmail.com

Necessary and su�cient conditions for the weight are obtained under which the Haar
system is a basis in the weighted variable Lebesgue space.

Keywords: Haar system, basis property, variable Lebesgue space, weight.

Ââåäåíèå

Ôóíêöèè Õààðà ìîæíî îïðåäåëèòü ïîñðåäñòâîì ôîðìóë [1]

χ1(x) = 1, χn(x) =


0, x /∈ ∆n,

2k/2, x ∈ ∆+
n ,

−2k/2, x ∈ ∆−n ,

ãäå äâîè÷íûé èíòåðâàë ∆n = ∆i
k =

(
i−1
2k
, i
2k

)
, n = 2k + i, i = 1, . . . , 2k,

k ≥ 0, à ∆+
n è ∆−n îáîçíà÷àþò ñîîòâåòñòâåííî ëåâóþ è ïðàâóþ ïîëîâèíû

èíòåðâàëà ∆n. Çàìåòèì, ÷òî

|χn(x)| = |∆n|−1/2χ̃∆n
(x). (1)

Äëÿ êàæäîé ôóíêöèè f ∈ L1(E) ìîæíî îïðåäåëèòü ðÿä Ôóðüå è åãî
÷àñòè÷íóþ ñóììó:

f(x) ∼
∞∑
k=1

ck(f)χk(x), Sn(f)(x) =
n∑

k=1

ck(f)χk(x),

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ìàãîìåä-Êàñóìîâ Ì. Ã., 2024
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ãäå ck(f) =
� 1

0 f(t)χk(t)dt.
Ïóñòü íà ìíîæåñòâå E = [0, 1] çàäàíà èçìåðèìàÿ ôóíêöèÿ p : E →

[1,∞] (ïîêàçàòåëü) è íåîòðèöàòåëüíàÿ ïî÷òè âñþäó (ï.â.) ïîëîæèòåëüíàÿ
ñóììèðóåìàÿ ôóíêöèÿ w(x) (âåñ). Îïðåäåëèì ìîäóëÿð [2]:

ρ(f) = ρp(·),w,E(f) =

�
E\E∞

|f(x)|p(x)w(x)dx+ ∥f∥L∞(E∞),

ãäå E∞ = {x ∈ E : p(x) =∞}.
×åðåç Lp(·)

w = L
p(·)
w (E) îáîçíà÷èì ïðîñòðàíñòâî èçìåðèìûõ ôóíêöèé

f(x), äëÿ êîòîðûõ ρ(f/λ) <∞ ïðè íåêîòîðîì λ > 0. Ïðîñòðàíñòâî Lp(·)
w

ïðåäñòàâëÿåò ñîáîé ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî, â êîòîðîì
îäíó èç ýêâèâàëåíòíûõ íîðì ìîæíî îïðåäåëèòü ðàâåíñòâîì [2�5]

∥f∥
L
p(·)
w (E)

= inf{λ > 0 : ρ(f/λ) ≤ 1} <∞.

×åðåç p′(x) áóäåì îáîçíà÷àòü ñîïðÿæåííûé ïîêàçàòåëü:

1

p(x)
+

1

p′(x)
= 1,

ïîëàãàÿ ïðè ýòîì 1/∞ = 0.

Îñíîâíîé ðåçóëüòàò

Â ðàáîòå [6] ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà âåñ, ïðè
êîòîðûõ ñèñòåìà Õààðà îáðàçóåò áàçèñ â âåñîâûõ ïðîñòðàíñòâàõ Ëåáåãà
ñ ïîñòîÿííûì ïîêàçàòåëåì. Íà ïåðåìåííûé ïîêàçàòåëü ýòîò ðåçóëüòàò
÷àñòè÷íî ïåðåíåñåí â ñòàòüå [7], â êîòîðîé âûâåäåíû ëèøü äîñòàòî÷íûå
óñëîâèÿ íà âåñ. Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå íåîá-
õîäèìûõ è äîñòàòî÷íûõ óñëîâèé áàçèñíîñòè ñèñòåìû Õààðà â âåñîâûõ
ïðîñòðàíñòâàõ Ëåáåãà ñ ïåðåìåííûì ïîêàçàòåëåì.

Ïóñòü R = {0 = a0 < a1 < . . . < am = 1} � íåêîòîðîå ðàç-
áèåíèå îòðåçêà [0, 1]. Ìíîæåñòâî èçìåðèìûõ íà E = [0, 1] ôóíêöèé
p(x) : E → [1,∞), óäîâëåòâîðÿþùèõ íà êàæäîì èíòåðâàëå ðàçáèåíèÿ
(ai, ai+1) óñëîâèþ

|p(x)− p(y)| ln 1

|x− y|
≤ C, (2)

îáîçíà÷èì ñèìâîëîì P log(R). ×åðåç χ̃Q(x) áóäåì îáîçíà÷àòü õàðàêòåðè-
ñòè÷åñêóþ ôóíêöèþ ìíîæåñòâà Q.

Òåîðåìà. Ïóñòü p(x) ∈ P log(R). Ñèñòåìà Õààðà ÿâëÿåòñÿ áàçèñîì
ïðîñòðàíñòâà Lp(·)

w (E) òîãäà è òîëüêî òîãäà, êîãäà

∆−1n ∥w1/pχ̃∆n
∥Lp(·)∥w−1/pχ̃∆n

∥Lp′(·) < C(p, w). (3)
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Î íèæíåì ïîðÿäêå ñóáãàðìîíè÷åñêîé
ôóíêöèè ñ ìåðîé íà êîíå÷íîé ñèñòåìå ëó÷åé1
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Äæ. Ìàéëç (1979) ðàññìàòðèâàë öåëûå ôóíêöèè ñ íóëÿìè íà êîíå÷íûì ÷èñëå
ëó÷åé. Â ÷àñòíîñòè, áûëî äîêàçàíî, ÷òî åñëè f � öåëàÿ ôóíêöèÿ áåñêîíå÷íîãî
ïîðÿäêà ñ íóëÿìè íà êîíå÷íûì ÷èñëå ëó÷åé, òî åå íèæíèé ïîðÿäîê ðàâåí áåñ-
êîíå÷íîñòè. Â äàííîé ñòàòüå ìû äîêàçûâàåì àíàëîãè÷íûé ðåçóëüòàò äëÿ êëàññà
ñóáãàðìîíè÷åñêèõ ôóíêöèé áåñêîíå÷íîãî ïîðÿäêà îòíîñèòåëüíî ôóíêöèè ðîñòà,
îïðåäåëÿåìîé ìîäåëüíîé ôóíêöèåé. Òî÷íåå, åñëè ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ ñ
ìåðîé íà êîíå÷íîì ÷èñëå ëó÷åé èìååò áåñêîíå÷íûé ïîðÿäîê, îòíîñèòåëüíî ôóíê-
öèè ðîñòà, îïðåäåëÿåìîé ìîäåëüíîé ôóíêöèåé, òî åå íèæíèé ïîðÿäîê òàêæå ðà-
âåí áåñêîíå÷íîñòè.

Êëþ÷åâûå ñëîâà: ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ, ìîäåëüíàÿ ôóíêöèÿ, ïîðÿäîê
ôóíêöèè.

Áëàãîäàðíîñòè: Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî
ôîíäà (ïðîåêò 22-21-00012, https://rscf.ru/project/22-21-00012/).

On the lower order of a subharmonic function
with measure on a �nite system of rays1

K.G. Malyutin, M. V. Kabanko (Kursk, Russia)
malyutinkg@gmail.com, kabankom@mail.ru

J. B. Meles (1979) considered entire functions with zeros restricted to a �nite number
of rays. In particular, it was proved that if f is an entire function of in�nite order
with zeros restricted to a �nite number of rays, then its lower order equals in�nity. In
this paper, we prove a similar result for a class of subharmonic functions of in�nite
order with respect to the growth function determined by the model function. More
precisely, if a subharmonic function with a measure on a �nite number of rays has
in�nite order with respect to the growth function determined by the model function,
then its lower order is also equal to in�nity.

Keywords: subharmonic function, model function, order of function.
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Research (project No. 22-21-00012).

Ââåäåíèå

Ïîðÿäêîì è íèæíèì ïîðÿäêîì öåëîé ôóíêöèè f íàçûâàþòñÿ ñîîòâåò-
ñòâåííî âåëè÷èíû

β[f ] = lim sup
r→∞

ln lnM(r, f)

ln r
, α[f ] = lim inf

r→∞

ln lnM(r, f)

ln r
,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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ãäå M(r, f) = max
0≤θ≤2π

|f(reiθ)|.
Â ðàáîòå [1] Äæ. Ìàéëç ðàññìîòðåë öåëûå ôóíêöèè ñ íóëÿìè íà êî-

íå÷íîì ÷èñëå ëó÷åé. Â ÷àñòíîñòè, áûëî äîêàçàíî, ÷òî åñëè f � öåëàÿ
ôóíêöèÿ áåñêîíå÷íîãî ïîðÿäêà ñ íóëÿìè íà êîíå÷íîì ÷èñëå ëó÷åé, òî åå
íèæíèé ïîðÿäîê òàêæå ðàâåí áåñêîíå÷íîñòè. Ðåçóëüòàò Äæ. Ìàéëçà áûë
ðàñïðîñòðàíåí íà àíàëèòè÷åñêèå â ïîëóïëîñêîñòè ôóíêöèè áåñêîíå÷íîãî
ïîðÿäêà [2]. Â äàííîé ñòàòüå ìû äîêàçûâàåì àíàëîãè÷íûé ðåçóëüòàò äëÿ
êëàññà ñóáãàðìîíè÷åñêèõ ôóíêöèé áåñêîíå÷íîãî ïîðÿäêà îòíîñèòåëüíî
ôóíêöèè ðîñòà, îïðåäåëÿåìîé ìîäåëüíîé ôóíêöèåé. Òî÷íåå, åñëè ñóá-
ãàðìîíè÷åñêàÿ ôóíêöèÿ ñ ìåðîé íà êîíå÷íîì ÷èñëå ëó÷åé èìååò áåñêî-
íå÷íûé ïîðÿäîê, îòíîñèòåëüíî ôóíêöèè ðîñòà, îïðåäåëÿåìîé ìîäåëüíîé
ôóíêöèåé, òî åå íèæíèé ïîðÿäîê òàêæå ðàâåí áåñêîíå÷íîñòè. Ïîíÿòèå
ìîäåëüíîé ôóíêöèè ðîñòà ââåäåíî Á.Í. Õàáèáóëëèíûì [3].

Âñïîìîãàòåëüíûå ñâåäåíèÿ

Ñëåäóþùåå îïðåäåëåíèå ïðèíàäëåæèò Á.Í. Õàáèáóëëèíó [3].
Îïðåäåëåíèå 1. Ñòðîãî ïîëîæèòåëüíàÿ âîçðàñòàþùàÿ íåîãðàíè÷åí-

íàÿ ôóíêöèÿ M íà (0,+∞) ïðè âûïóêëîñòè ñóïåðïîçèöèè M ◦ exp íà
(−∞,+∞) íàçûâàåòñÿ ìîäåëüíîé ôóíêöèåé ðîñòà.

Ââåäåííîå çäåñü ïîíÿòèå ìîäåëüíîé ôóíêöèè ðîñòà, îõâàòûâàåò áîëü-
øîé êëàññ ôóíêöèé. Ôóíêöèè f êîíå÷íîãî ïîðÿäêà îòíîñèòåëüíî ìîäåëü-
íîé ôóíêöèè, ìîãóò èìåòü ïîðÿäîê ðîñòà â êëàññè÷åñêîì åãî ïîíèìàíèè
ðàâíûé áåñêîíå÷íîñòè èëè íóëþ. Íàïðèìåð, ê ìîäåëüíûì ôóíêöèÿì ðî-
ñòà îòíîñÿòñÿ ôóíêöèè îò r > 0 âèäà exp◦n r, ãäå exp◦n � n-êðàòíàÿ
ñóïåðïîçèöèÿ ñ n = 1, 2, . . . ïîêàçàòåëüíîé ôóíêöèè exp, ñòåïåíè ëî-
ãàðèôìè÷åñêîé ôóíêöèè lnp(e + r) ïðè ëþáîì p ≥ 1, è âîîáùå ëþáàÿ
äèôôåðåíöèðóåìàÿ ôóíêöèÿ M(r) > 0 ïðè âñåõ r > 0 ñ âîçðàñòàþùåé
ôóíêöèåé rM ′(r) > 0 ïðè âñåõ r > 0.

Îïðåäåëåíèå 2. Ñòðîãî ïîëîæèòåëüíàÿ äèôôåðåíöèðóåìàÿ ôóíê-
öèÿ V íà íåêîòîðîì ëó÷å R→ := (a,+∞) íàçûâàåòñÿ óòî÷íåííîé ôóíê-
öèåé ðîñòà îòíîñèòåëüíî ìîäåëüíîé ôóíêöèè ðîñòà M , åñëè ñóùåñòâó-

åò õîòÿ áû îäèí èç ðàâíûõ ìåæäó ñîáîé ïðåäåëîâ lim
r→+∞

M(r)V ′(r)

M ′(r)V (r)
=

lim
r→+∞

(lnV (r))′

(lnM(r))′
= lim

r→+∞

(ln v(x))′

(lnm(x))′
= lim

r→+∞

m(x)v′(x)

m′(x)v(x)
∈ [0,+∞), ãäå

ôóíêöèÿ m : x 7→M(ex) ïî îïðåäåëåíèþ 1 âûïóêëàÿ íà äåéñòâèòåëüíîé
ïðÿìîé, à v : x 7→ V (ex) äèôôåðåíöèðóåìàÿ íà lnR→ := {ln r : r ∈ R→}.

Äëÿ ñóáãàðìîíè÷åñêîé ôóíêöèè v íà ïëîñêîñòè C îáîçíà÷èì
Mv(r) = sup

|z|=r

v(z).
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Îïðåäåëåíèå 3. Ïîðÿäêîì è íèæíèì ïîðÿäêîì ôóíêöèè v íàçûâà-
þòñÿ, ñîîòâåòñòâåííî, ÷èñëà

ρv = lim
r→∞

ln lnMv(r)

lnM(r)
, αv = lim

r→∞

ln lnMv(r)

lnM(r)
.

Åñëè ρv < ∞, òî v íàçûâàåòñÿ ôóíêöèåé êîíå÷íîãî ïîðÿäêà, â ïðî-
òèâíîì ñëó÷àå (ρv =∞) � ôóíêöèåé áåñêîíå÷íîãî ïîðÿäêà.

Ãëàâíûé ðåçóëüòàò

Îñíîâíûì ðåçóëüòàòîì èññëåäîâàíèé ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü v � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ íà êîìïëåêñíîé

ïëîñêîñòè C áåñêîíå÷íîãî ïîðÿäêà ρv îòíîñèòåëüíî ôóíêöèè ðîñòà V,
îïðåäåëÿåìîé ìîäåëüíîé ôóíêöèåé M, ñ ðèññîâñêîé ìåðîé íà êîíå÷íîì
÷èñëå ëó÷åé Lk :

Lk =
{
z : arg z = eiθk, 0 ≤ θk < 2π, k ∈ 1, N0, N0 ∈ N

}
.

Òîãäà åå íèæíèé ïîðÿäîê αv òàêæå ðàâåí áåñêîíå÷íîñòè.
Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ ìû èñïîëüçîâàëè ìåòîä ðÿäîâ

Ôóðüå, ðàçðàáîòàííûé Ðóáåëîì è Òåéëîðîì [4].
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ÓÄÊ 517.5

Ðàâíîìåðíàÿ ðàöèîíàëüíàÿ àïïðîêñèìàöèÿ
íå÷åòíîãî ïðîäîëæåíèÿ ñòåïåííîé ôóíêöèè1

Ò. Ñ. Ìàðäâèëêî (Ìèíñê, Áåëàðóñü)
mardvilko@mail.ru

Â ðàáîòå íàéäåíà ñëàáàÿ àñèìïòîòèêà íàèëó÷øèõ ðàâíîìåðíûõ ðàöèîíàëüíûõ
ïðèáëèæåíèé íà [−1, 1] íå÷åòíîãî ïðîäîëæåíèÿ ñòåïåííîé ôóíêöèè. Ñèëüíàÿ
àñèìïòîòèêà íàèëó÷øèõ ðàöèîíàëüíûõ ïðèáëèæåíèé íà [0, 1] ñòåïåííîé ôóíê-
öèè è åå ÷åòíîãî íà [−1, 1] ïðîäîëæåíèÿ ðàíåå íàéäåíà Ã.Øòàëåì. Èç ïîëó÷åí-
íûõ ðåçóëüòàòîâ ñëåäóåò, ÷òî íàèëó÷øèå ðàöèîíàëüíûå ïðèáëèæåíèÿ ÷åòíîãî è
íå÷åòíîãî ïðîäîëæåíèé ñòåïåííîé ôóíêöèè èìåþò îäèíàêîâóþ àñèìïòîòèêó.

Êëþ÷åâûå ñëîâà: ñòåïåííàÿ ôóíêöèÿ, ðàâíîìåðíûå ðàöèîíàëüíûå ïðèáëèæåíèÿ,
÷åòíîå è íå÷åòíîå ïðîäîëæåíèÿ ôóíêöèè.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà â ðàìêàõ ÃÏÍÈ ¾Êîíâåðãåíöèÿ¿
(�ÃÐ 20211888).

Uniform rational approximation of the odd
continuation of a power function1

T. S. Mardvilko (Minsk, Belarus)
mardvilko@mail.ru

The paper presents weak asymptotic behavior of the best uniform rational
approximations on [−1, 1] of the odd continuation of a power function. Strong
asymptotics of the best rational approximations on [0, 1] of a power function and
its even continuation on [−1, 1], found earlier by G. Stahl. From the results obtained
it follows that the best rational approximations of the even and odd continuation of
a power function have the same asymptotics.

Keywords: power function, uniform rational approximations, even and odd
continuations of the function.

Acknowledgements: This work was supported by SPSR "Convergence-
2025"(No. 20211888).

Îáîçíà÷èì ÷åðåç C[a, b] ïðîñòðàíñòâî íåïðåðûâíûõ äåéñòâèòåëüíûõ
ôóíêöèé, îïðåäåëåííûõ íà îòðåçêå [a, b]. Äëÿ f ∈ C[a, b] ââåäåì íàèëó÷-
øåå ðàâíîìåðíîå ðàöèîíàëüíîå ïðèáëèæåíèå ïîñðåäñòâîì ðàöèîíàëüíûõ
ôóíêöèé r ñòåïåíè íå âûøå n:

Rn(f ; [a, b]) = inf
r
∥f − r∥C[a,b].

Â òåîðèè àïïðîêñèìàöèè èçó÷åíèþ íàèëó÷øèõ ðàöèîíàëüíûõ ïðè-
áëèæåíèé ñòåïåííîé ôóíêöèè xα, x ∈ [0, 1], è åå ÷åòíîãî ïðîäîëæåíèÿ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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|x|α, x ∈ [−1, 1], ïîñâÿùåíû ðàáîòû Ä.Íüþìåíà, À.À. Ãîí÷àðà, À.Ï. Áó-
ëàíîâà, Í.Ñ. Âÿ÷åñëàâîâà, Ã. Øòàëÿ è äðóãèõ àâòîðîâ. Íàèáîëåå ñèëü-
íûå ðåçóëüòàòû ïîëó÷åíû Ã. Øòàëåì [1,2]. Èìåííî, îí äîêàçàë, ÷òî ïðè
α ∈ (0,+∞) \ N ñïðàâåäëèâà ñèëüíàÿ àñèìïòîòèêà

Rn (x
α; [0, 1]) ∼ 22α+2| sin πα|e−2π

√
αn, n→∞,

à ïðè α ∈ (0,+∞) \ 2N äëÿ |x|α, x ∈ [−1, 1], � ÷åòíîãî ïðîäîëæåíèÿ xα,
x ∈ [0, 1], èìååò ìåñòî ñèëüíàÿ àñèìïòîòèêà

Rn (|x|α; [−1, 1]) ∼ 2α+2
∣∣∣sin πα

2

∣∣∣ e−π√αn, n→∞,

Äëÿ íàèëó÷øèõ ðàâíîìåðíûõ ïðèáëèæåíèé |x|α signx, x ∈ [−1, 1], �
íå÷åòíîãî ïðîäîëæåíèÿ xα, x ∈ [0, 1], ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà 1.
Íèæíÿÿ îöåíêà èç òåîðåìû 1 è âåðõíÿÿ îöåíêà äëÿ α ∈ Q ðàíåå áûëè
ïîëó÷åíû Í.Ñ. Âÿ÷åñëàâîâûì [3]. Íàìè äîêàçàíà âåðõíÿÿ îöåíêà äëÿ
ïðîèçâîëüíîãî äåéñòâèòåëüíîãî α > 0, α+1

2 ̸∈ N.
Òåîðåìà 1. Ïóñòü α ∈ (0,+∞) è íå ÿâëÿåòñÿ íå÷åòíûì íàòóðàëü-

íûì ÷èñëîì. Òîãäà ñïðàâåäëèâà ñëàáàÿ àñèìïòîòèêà

Rn (|x|αsignx; [−1, 1]) ≍ e−π
√
αn, n ∈ N,

ãäå ïîëîæèòåëüíûå âåëè÷èíû, ñêðûòûå ñèìâîëîì ≍, çàâèñÿò ëèøü îò
α.

Îòìåòèì, ÷òî àñèìïòîòèêè íàèëó÷øèõ ðàöèîíàëüíûõ ïðèáëèæåíèé
÷åòíûõ è íå÷åòíûõ ïðîäîëæåíèé íåêîòîðûõ äðóãèõ ôóíêöèé ìîæíî íàé-
òè â ðàáîòàõ [4] è [5]. Òàì òàêæå ðàññìîòðåíû âîïðîñû î ñâÿçè ìåæäó
íàèëó÷øèìè ðàöèîíàëüíûìè ïðèáëèæåíèÿìè f ∈ C[0, 1], f(0) = 0, è åå
÷åòíûì è íå÷åòíûì ïðîäîëæåíèÿìè íà [−1, 1].
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ÓÄÊ 517.518.2

Âëîæåíèå êëàññîâ ôóíêöèé îáîáùåííîé
îãðàíè÷åííîé âàðèàöèè â êëàññû ôóíêöèé ñ

ôðàêòàëüíûì ãðàôèêîì1

Ä. È. Ìàñþòèí (Åêàòåðèíáóðã, Ðîññèÿ)
newselin@mail.ru

Äëÿ íåïðåðûâíîé íà îòðåçêå âåùåñòâåííîçíà÷íîé ôóíêöèè f ââîäèòñÿ ïîíÿ-
òèå ìîäóëÿ ôðàêòàëüíîñòè ν(f, ε), ñîïîñòàâëÿþùåãî êàæäîìó ε > 0 ìèíèìàëü-
íîå ÷èñëî êâàäðàòîâ, ñî ñòîðîíàìè äëèíû ε, ïàðàëëåëüíûìè îñÿì êîîðäèíàò,
êîòîðûìè ìîæíî ïîêðûòü ãðàôèê ôóíêöèè f . Äëÿ íåâîçðàñòàþùåé ôóíêöèè
µ : (0,+∞)→ (0,+∞) ðàññìàòðèâàåòñÿ êëàññ Fµ íåïðåðûâíûõ íà îòðåçêå ôóíê-
öèé òàêèõ, ÷òî ν(f, ε) = O(µ(ε)). Îïèñàíî ñîîòíîøåíèå êëàññîâ Fµ1 è Fµ2 ïðè
ðàçëè÷íûõ µ1 è µ2. Óñòàíîâëåíà ñâÿçü ìåæäó êëàññàìè Fµ è êëàññàìè íåïðå-
ðûâíûõ ôóíêöèé îãðàíè÷åííîé âàðèàöèè BVΦ[a, b] ∩ C[a, b] äëÿ ïðîèçâîëüíûõ
âûïóêëûõ ôóíêöèé Φ.

Êëþ÷åâûå ñëîâà: ôðàêòàëüíàÿ ðàçìåðíîñòü, îáîáùåííàÿ îãðàíè÷åííàÿ âàðèàöèÿ.

Embedding classes of functions of generalized
bounded variation into classes of functions

with a fractal graph1

D. I. Masyutin (Ekaterinburg, Russia)
newselin@mail.ru

For a real-valued function f continuous on a closed interval, its modulus of fractality
ν(f, ε) is de�ned as the function that maps any ε > 0 to the smallest number of squares
of size ε parallel to the coordinate axes that cover the graph of f . For a nonincreasing
function µ : (0,+∞)→ (0,+∞), we consider the class Fµ of functions continuous on
an interval such that ν(f, ε) = O(µ(ε)). The relation between the classes Fµ1 and Fµ2

is described for di�erent µ1 and µ2. The connection is established between the classes
Fµ and the classes of continuous functions of bounded variation BVΦ[a, b] ∩ C[a, b]
for arbitrary convex functions Φ.

Keywords: fractal dimension, generalized bounded variation.

Ïóñòü äàíà íåïðåðûâíàÿ ôóíêöèÿ f : [a, b]→ R. Ìîäóëåì ôðàêòàëü-
íîñòè ôóíêöèè f áóäåì íàçûâàòü ôóíêöèþ ν(f) : (0,+∞)→ N, êîòîðàÿ
ëþáîìó ε > 0 ñîïîñòàâëÿåò ìèíèìàëüíîå ÷èñëî êâàäðàòîâ ñî ñòîðîíà-
ìè äëèíû ε, ïàðàëëåëüíûìè îñÿì êîîðäèíàò, êîòîðûìè ìîæíî ïîêðûòü
ãðàôèê ôóíêöèè f .

Ïóñòü µ : (0,+∞)→ (0,+∞) � íåâîçðàñòàþùàÿ ôóíêöèÿ òàêàÿ, ÷òî

lim
ε→+0

µ(ε) = +∞.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ìàñþòèí Ä. È., 2024
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Îïðåäåëèì êëàññ F µ ñëåäóþùèì îáðàçîì

F µ :=
{
f ∈ C[a, b] : ν(f, ε) = O(µ(ε))

}
.

Åñòåñòâåííî ðàññìàòðèâàòü ôóíêöèè µ òàêèå, ÷òî

C1

ε
⩽ µ(ε) ⩽

C2

ε2
, C1, C2 > 0;

òîãäà ñîîòâåòñòâóþùèå êëàññû F µ áóäóò óäîâëåòâîðÿòü óñëîâèþ

F
1
ε ⊂ F µ ⊂ F

1
ε2 .

Íåòðóäíî âèäåòü, ÷òî åñëè µ1(ε) = O(µ2(ε)) ïðè ε → +0, òî F µ1 ⊂
F µ2. Áîëåå òîãî, åñëè ïîðÿäêè ñòðåìëåíèÿ ê +∞ ó ôóíêöèé µ1 è µ2
ðàçíûå, òî êëàññû F µ1 è F µ2 íå ñîâïàäàþò. Òàêèì îáðàçîì, èìååò ìåñòî

Òåîðåìà 5. Ïóñòü µ1(ε) = o(µ2(ε)) ïðè ε → +0. Ôóíêöèÿ µ2 òàêàÿ,
÷òî εµ2(ε) � íåâîçðàñòàþùàÿ, à ε2µ2(ε) � íåóáûâàþùàÿ. Òîãäà ñóùå-
ñòâóåò ôóíêöèÿ f , ïðèíàäëåæàùàÿ F µ2, íî íå ïðèíàäëåæàùàÿ F µ1.

Ñëåäóÿ [1], íåïðåðûâíóþ âûïóêëóþ âíèç ôóíêöèþ Φ : [0,+∞) →
[0,+∞) òàêóþ, ÷òî

lim
ε→+0

Φ(ε)

ε
= 0, lim

ε→+∞

Φ(ε)

ε
= +∞,

áóäåì íàçûâàòü N-ôóíêöèåé.
Ðàññìîòðèì ðàçáèåíèå τ îòðåçêà [a, b]:

τ = {a = t0 < t1 < ... < tn−1 < tn = b}.

Ôóíêöèþ f (ñì., íàïðèìåð, [1, ãë. 4, �5]) áóäåì íàçûâàòü ôóíêöèåé ñ
îáîáùåííîé îãðàíè÷åííîé Φ-âàðèàöèåé íà îòðåçêå [a, b], åñëè ñóììà

VΦ(f, τ) =
n∑

k=1

Φ
(
|f(tk)− f(tk−1)|

)
îãðàíè÷åíà ïî âñåì ðàçáèåíèÿì τ îòðåçêà [a, b]. Êëàññ òàêèõ ôóíêöèé
áóäåì îáîçíà÷àòü BVΦ[a, b].

Â ñòàòüå [3] èçó÷åíà ñâÿçü êëàññîâ F µ ñ êëàññàìè BVΦ[a, b] ïðè
µ(ε) = 1

εα , 1 ⩽ α ⩽ 2 è Φ(ε) = εp, p ⩾ 1. Â äàííîé ðàáîòå ðåçóëüòàòû,
ïîëó÷åííûå â [3], îáîáùàþòñÿ íà ïðîèçâîëüíûå êëàññû F µ è ôóíêöèè
îáîáùåííîé îãðàíè÷åííîé Φ-âàðèàöèè. Â ÷àñòíîñòè, â òåðìèíàõ ôóíê-
öèé µ è Φ ïîëó÷åíî íåóëó÷øàåìîå óñëîâèå âëîæåíèÿ êëàññà BVΦ[a, b] â
êëàññ F µ. À èìåííî, ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
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Òåîðåìà 6. Ïóñòü Φ � N -ôóíêöèÿ è Φ−1(ε)
ε2 = O(µ(ε)) ïðè ε → +0.

Òîãäà
BVΦ[a, b] ∩ C[a, b] ⊂ F µ.

Òåîðåìà 7. Ïóñòü Φ � N -ôóíêöèÿ. Ïðè ýòîì µ(ε) = o
(
Φ−1(ε)

ε2

)
ïðè

ε → +0. Òîãäà ñóùåñòâóåò ôóíêöèÿ f , ïðèíàäëåæàùàÿ BVΦ[0, 1] ∩
C[0, 1], íî íå ïðèíàäëåæàùàÿ F µ.

Ïðè µ(ε) = 1
ε è Φ(ε) = ε ñïðàâåäëèâî BVΦ[a, b] ∩ C[a, b] = F µ. Áîëåå

òîãî, âåðíà

Òåîðåìà 8. Äëÿ ëþáîé ôóíêöèè f ∈ C[a, b]

1

8
· V f ⩽ sup

0<ε<1
εν(f, ε) ⩽ V f + (b− a) + 1,

ãäå V f � êëàññè÷åñêàÿ îãðàíè÷åííàÿ âàðèàöèÿ ôóíêöèè f.

Â ñëó÷àå, êîãäà εµ(ε) → +∞ ïðè ε → +0 êëàññû F µ "çíà÷èòåëüíî
øèðå" , ÷åì êëàññû BVΦ.

Òåîðåìà 9. Ïóñòü µ óäîâëåòâîðÿåò óñëîâèþ

lim
ε→+0

εµ2(ε) = +∞.

è εµ(ε) � óáûâàþùàÿ ôóíêöèÿ, à ε2µ(ε) � âîçðàñòàþùàÿ ôóíêöèÿ. Òî-
ãäà äëÿ ëþáîé N -ôóíêöèè Φ

F µ ̸⊂ BVΦ[0, 1].

Äîêàçàòåëüñòâà òåîðåì 5 - 9 èçëîæåíû â [4].
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ÓÄÊ 517.518.126

A-èíòåãðàë äëÿ èçìåðèìûõ ïî Ðèìàíó
âåêòîðíîçíà÷íûõ ôóíêöèé1

K. Ì. Íàðàëåíêîâ (Ìîñêâà, Ðîññèÿ)
naralenkov@gmail.com

Â íàñòîÿùåé ðàáîòå ïðåäëîæåíû äâà âîçìîæíûõ îáîáùåíèÿ A-èíòåãðàëà â êëàñ-
ñå èçìåðèìûõ ïî Ðèìàíó ôóíêöèé, èçó÷åíû èõ îñíîâíûå ñâîéñòâà, à òàêæå âçà-
èìîñâÿçü äðóã ñ äðóãîì è ñ èíòåãðàëîì Áèðêãîôà.

Êëþ÷åâûå ñëîâà: èíòåãðàëû Áèðêãîôà, Ìàê-Øåéíà è Õåíñòîêà, A-èíòåãðàë Ðè-
ìàíà, A-èíòåãðàë, èçìåðèìàÿ ïî Ðèìàíó ôóíêöèÿ, ïîñòîÿííûé ìàñøòàá.

The A-integral for Riemann-measurable
vector-valued functions1

K. M. Naralenkov (Moscow, Russia)
naralenkov@gmail.com

We propose two possible generalizations of the A-integral within the Riemann
measurable functions class and study their basic properties, relation to one another,
and to the Birkho� integral.

Keywords: Birkho�, McShane, Henstock, A-Riemann, and A-integrals, Riemann
measurable function, constant gauge.

Èçìåðèìàÿ äåéñòâèòåëüíàÿ ôóíêöèÿ f , îïðåäåë¼ííàÿ íà îòðåçêå
[a, b], íàçûâàåòñÿ A-èíòåãðèðóåìîé íà [a, b], ñ A-èíòåãðàëîì w, åñëè
n ·µ{t ∈ [a, b] : |f(t)| > n} → 0 è

�
{t∈[a,b]:|f(t)|⩽n}

f(t) dµ→ w ïðè n→∞. Â

1929 ãîäó Ý. Òèò÷ìàðø [1] ïðåäëîæèë A-èíòåãðàë äëÿ èíòåãðèðîâàíèÿ
ñîïðÿæ¼ííûõ ôóíêöèé è îòìåòèë, ÷òî ïåðâîå èç äâóõ ïðèâåä¼ííûõ âûøå
óñëîâèé íåîáõîäèìî äëÿ îáåñïå÷åíèÿ åãî àääèòèâíîñòè ïî îòíîøåíèþ ê
ïîäûíòåãðàëüíîé ôóíêöèè. À.Í. Êîëìîãîðîâ â 1933 ãîäó [2] ââ¼ë ïîíÿòèå
îáîáù¼ííîãî ìàòåìàòè÷åñêîãî îæèäàíèÿ ñëó÷àéíîé âåëè÷èíû ôàêòè÷å-
ñêè â òåðìèíàõ A-èíòåãðàëà. Íà ïðîòÿæåíèè ìíîãèõ ëåò îïðåäåëåíèå
èíòåãðàëà, ââåä¼ííîå Òèò÷ìàðøåì, ïðèâëåêàåò çíà÷èòåëüíîå âíèìàíèå
ìàòåìàòèêîâ (ñì. îáçîðíûå ñòàòüè [3] è [4]).

Â âåêòîðíîçíà÷íîé ñèòóàöèè î÷åâèäíî íå ñóùåñòâóåò êàíîíè÷åñêî-
ãî îáîáùåíèÿ îïðåäåëåíèÿ Òèò÷ìàðøà, ïîñêîëüêó ¾èçìåðèìàÿ ôóíê-
öèÿ¿, êàê è ¾ñóììèðóåìàÿ ôóíêöèÿ¿, ìîãóò áûòü îïðåäåëåíû ìíîãèìè
ðàçëè÷íûìè ñïîñîáàìè. Åäèíñòâåííûìè îïóáëèêîâàííûìè îáîáùåíèÿìè
A-èíòåãðàëà íà âåêòîðíûé ñëó÷àé, ïî-âèäèìîìó, ÿâëÿþòñÿ îïðåäåëåíèÿ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Íàðàëåíêîâ Ê. Ì., 2024
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Â.È. Ðûáàêîâà 1970 ãîäà (A-O)- è A-èíòåãðàëîâ [5] è îïðåäåëåíèå È. Òà-
ãó÷è 1983 ãîäà (ER)-èíòåãðàëà [6] â êëàññå èçìåðèìûõ ïî Áîõíåðó ôóíê-
öèé. Â íàñòîÿùåé ñòàòüå ïðåäñòàâëåíû äâà îïðåäåëåíèÿ A-èíòåãðàëà â
êëàññå èçìåðèìûõ ïî Ðèìàíó ôóíêöèé [7]. Íàøå ïåðâîå îïðåäåëåíèå ðè-
ìàíîâîãî òèïà ñ ïîñòîÿííûìè ìàñøòàáàìè äà¼ò A-èíòåãðàë Ðèìàíà,
â òî âðåìÿ êàê íàøå âòîðîå îïðåäåëåíèå ÿâëÿåòñÿ ïðÿìûì îáîáùåíèåì
êîíñòðóêöèè Òèò÷ìàðøà. Ýòè äâà îïðåäåëåíèÿ îêàçûâàþòñÿ ýêâèâàëåíò-
íû äëÿ ôóíêöèé, ê êîòîðûì îíè îáà ïðèìåíèìû. Õîòèì ñäåëàòü åù¼ îäíî
íàáëþäåíèå: Ðûáàêîâ è Òàãó÷è äëÿ îïðåäåëåíèÿ (A-O)- è A-èíòåãðàëîâ
è (ER)-èíòåãðàëà ñîîòâåòñòâåííî èñïîëüçóþò äðóãîé òèï ñðåçîê ïîäûí-
òåãðàëüíîé ôóíêöèè, êîòîðûé Ðûáàêîâ íàçûâàåò ñðåçêàìè ïåðâîãî ðîäà
(ñðåçêè, èñïîëüçóåìûå â íàñòîÿùåé ðàáîòå, â åãî òåðìèíîëîãèè íàçû-
âàþòñÿ ñðåçêàìè âòîðîãî ðîäà). Òåì íå ìåíåå, A-èíòåãðàë Ðûáàêîâà,
(ER)-èíòåãðàë è íàøå âòîðîå îïðåäåëåíèå A-èíòåãðàëà ñîâïàäàþò (äëÿ
èçìåðèìûõ ïî Áîõíåðó ôóíêöèé) âñëåäñòâèå òîãî, ÷òî âñå ýòè òðè ïîíÿ-
òèÿ èíòåãðàëà âêëþ÷àþò óïîìÿíóòîå âûøå ïåðâîå óñëîâèå Òèò÷ìàðøà
äëÿ ïîäûíòåãðàëüíîé ôóíêöèè.

Ïóñòü X �äåéñòâèòåëüíîå áàíàõîâî ïðîñòðàíñòâî è [a, b] åñòü ôèêñè-
ðîâàííûé íåâûðîæäåííûé îòðåçîê äåéñòâèòåëüíîé îñè. Íà ïðîòÿæåíèè
âñåé ðàáîòû I áóäåò îáîçíà÷àòü ïðîèçâîëüíûé íåâûðîæäåííûé ïîäîò-
ðåçîê îòðåçêà [a, b]. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà E áóäåò
îáîçíà÷àòüñÿ ÷åðåç χE. Ïîëîæèòåëüíàÿ ôóíêöèÿ, îïðåäåë¼ííàÿ íà ìíî-
æåñòâå E, áóäåò íàçûâàòüñÿ ìàñøòàáîì íà ìíîæåñòâå E. Íàêîíåö, µ
îáîçíà÷àåò ìåðó Ëåáåãà íà äåéñòâèòåëüíîé îñè.

×àñòè÷íîå ðàçáèåíèå Ìàê-Øåéíà îòðåçêà [a, b] åñòü êîíå÷íûé íàáîð
{(Ik, tk)}Kk=1 ïàð îòðåçîê-òî÷êà òàêîé, ÷òî îòðåçêè {Ik}Kk=1 ïîïàðíî íå
ïåðåêðûâàþòñÿ è tk ∈ [a, b] äëÿ êàæäîãî k. ×àñòè÷íîå ðàçáèåíèå Ìàê-
Øåéíà îòðåçêà [a, b] íàçûâàåòñÿ ÷àñòè÷íûì ðàçáèåíèåì Õåíñòîêà îò-
ðåçêà [a, b] åñëè tk ∈ Ik äëÿ âñåõ k. ×àñòè÷íîå ðàçáèåíèå Ìàê-Øåéíà
(Õåíñòîêà) îòðåçêà [a, b] íàçûâàåòñÿ ðàçáèåíèåì Ìàê-Øåéíà (Õåíñòî-
êà) îòðåçêà [a, b] åñëè åãî îòðåçêè ïîêðûâàþò îòðåçîê [a, b].

Îïðåäåëåíèå 1. Ôóíêöèÿ f : [a, b]→ X íàçûâàåòñÿ èíòåãðèðóåìîé
ïî Ìàê-Øåéíó (Õåíñòîêó) íà [a, b], ñ èíòåãðàëîì Ìàê-Øåéíà (Õåíñòî-
êà) w ∈ X, åñëè äëÿ êàæäîãî ε > 0 íàéäåòñÿ ìàñøòàá δ íà [a, b] òàêîé,
÷òî íåðàâåíñòâî ∥∥∥∥ K∑

k=1

f(tk)µ(Ik)− w
∥∥∥∥ < ε

âûïîëíÿåòñÿ äëÿ âñÿêîãî ðàçáèåíèÿ Ìàê-Øåéíà (Õåíñòîêà) {(Ik, tk)}Kk=1

îòðåçêà [a, b] ñ óñëîâèåì Ik ⊂ (tk − δ(tk), tk + δ(tk)) äëÿ âñåõ k.

Îïðåäåëåíèå 2. Ôóíêöèÿ f : [a, b] → X M-èíòåãðèðóåìà (H-
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èíòåãðèðóåìà) íà [a, b] åñëè îíà èíòåãðèðóåìà ïî Ìàê-Øåéíó (Õåíñòî-
êó) íà [a, b] è êàæäîìó ε > 0 â îïðåäåëåíèè èíòåãðàëà Ìàê-Øåéíà (Õåí-
ñòîêà) ôóíêöèè f ïî [a, b] ñîîòâåòñòâóåò èçìåðèìûé ìàñøòàá δ.

Îïðåäåëåíèå 3. Ôóíêöèÿ f : [a, b] → X íàçûâàåòñÿ èçìåðèìîé ïî
Ðèìàíó íà èçìåðèìîì ìíîæåñòâå E ⊂ [a, b], åñëè äëÿ êàæäîãî ε > 0
íàéäóòñÿ çàìêíóòîå ìíîæåñòâî F ⊂ E, óäîâëåòâîðÿþùåå óñëîâèþ µ(E \
F ) < ε, è ïîëîæèòåëüíîå ÷èñëî δ òàêèå, ÷òî íåðàâåíñòâî∥∥∥∥ K∑

k=1

{f(tk)− f(t′k)} · µ(Ik)
∥∥∥∥ < ε

âûïîëíÿåòñÿ äëÿ âñÿêîãî êîíå÷íîãî íàáîðà {Ik}Kk=1 ïîïàðíî íåïåðåêðû-
âàþùèõñÿ îòðåçêîâ ñ óñëîâèåì max

1≤k≤K
µ(Ik) < δ è äëÿ âñåõ tk, t′k ∈ Ik ∩ F .

ÂñåH-èíòåãðèðóåìûå ôóíêöèè îáÿçàòåëüíî èçìåðèìû ïî Ðèìàíó, áî-
ëåå òîãî, èíòåãðàë Ìàê-Øåéíà (Õåíñòîêà) îêàçûâàåòñÿ ýêâèâàëåíòåíM-
èíòåãðàëó (H-èíòåãðàëó) äëÿ èçìåðèìûõ ïî Ðèìàíó ôóíêöèé [7]. Òàêæå
äëÿ íàøèõ öåëåé âåñüìà âàæíûì ÿâëÿåòñÿ òîò ôàêò, ÷òî ëþáàÿ îãðàíè-
÷åííàÿ èçìåðèìàÿ ïî Ðèìàíó ôóíêöèÿ íåîáõîäèìîM-èíòåãðèðóåìà [7].

Îïðåäåëåíèÿ èíòåãðàëà Áèðêãîôà (ýêâèâàëåíòíîãîM-èíòåãðàëó [8])
è àáñîëþòíîãî èíòåãðàëà Áèðêãîôà ìîæíî íàéòè â ðàáîòå [9].

Äëÿ äàííûõ ôóíêöèè f : [a, b] → X è íàòóðàëüíîãî ÷èñëà n, ìû
áóäåì îáîçíà÷àòü ìíîæåñòâî {t ∈ [a, b] : ∥f(t)∥ > n} ÷åðåç En(f), à
ôóíêöèþ f · χ[a,b]\En(f) ÷åðåç [f ]

n.
Îïðåäåëåíèå 6. Ôóíêöèÿ f : [a, b] → X íàçûâàåòñÿ A-èíòåãðèðó-

åìîé ïî Ðèìàíó íà [a, b], ñ A-èíòåãðàëîì Ðèìàíà w ∈ X, åñëè äëÿ
êàæäîãî ε > 0 è êàæäîãî áåñêîíå÷íîãî ìíîæåñòâà S ⊂ N íàéäóòñÿ N ∈
S, îòêðûòîå ìíîæåñòâî G, óäîâëåòâîðÿþùåå óñëîâèÿì EN(f) ⊂ G è
Nµ(G) < ε, è ïîëîæèòåëüíîå ÷èñëî δ òàêèå, ÷òî íåðàâåíñòâî∥∥∥∥ ∑

k:Ik ̸⊂G

f(tk)µ(Ik)− w
∥∥∥∥ < ε

âûïîëíÿåòñÿ äëÿ âñÿêîãî {(Ik, tk)}Kk=1 ðàçáèåíèÿ Õåíñòîêà îòðåçêà [a, b]
ñ óñëîâèÿìè max

1≤k≤K
µ(Ik) < δ è tk ̸∈ G, åñëè Ik ̸⊂ G, äëÿ âñåõ k.

Îïðåäåëåíèå 7. Ïóñòü ôóíêöèÿ f : [a, b] → X èçìåðèìà ïî Ðè-
ìàíó íà îòðåçêå [a, b] è ìíîæåñòâî En(f) èçìåðèìî äëÿ êàæäîãî n ∈ N
êðîìå, âîçìîæíî, êîíå÷íîãî ìíîæåñòâà T ⊂ N. Ôóíêöèÿ f íàçûâàåò-
ñÿ A-èíòåãðèðóåìîé íà îòðåçêå [a, b], ñ A-èíòåãðàëîì w ∈ X, åñëè

n · µ(En(f))→ 0 è (M)
b�
a

[f ]n → w ïðè n→∞.
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Òåîðåìà 1. Ïóñòü f : [a, b] → X. Òîãäà A-èíòåãðàë Ðèìàíà ôóíê-
öèè f ïî [a, b], åñëè îí ñóùåñòâóåò, åäèíñòâåí.

Òåîðåìà 2. Åñëè ôóíêöèè f1, f2 : [a, b] → X A-èíòåãðèðóåìû ïî
Ðèìàíó íà [a, b] ê w1 ∈ X è w2 ∈ X ñîîòâåòñòâåííî, òî ôóíêöèÿ
f1 + f2 A-èíòåãðèðóåìà ïî Ðèìàíó íà [a, b] ê w1 + w2.

Òåîðåìà 3. Åñëè ôóíêöèÿ f : [a, b] → X àáñîëþòíî èíòåãðèðóå-
ìà ïî Áèðêãîôó íà [a, b], òî îíà A-èíòåãðèðóåìà ïî Ðèìàíó íà [a, b] ê

(Bk)
b�
a

f .

Â òî æå âðåìÿ, ñóùåñòâóåò èçìåðèìàÿ ïî Áîõíåðó ôóíêöèÿ, êîòîðàÿ
èíòåãðèðóåìà ïî Áèðêãîôó è A-èíòåãðèðóåìà ïî Ðèìàíó, íî íå ÿâëÿåòñÿ
àáñîëþòíî èíòåãðèðóåìîé ïî Áèðêãîôó. Òàêæå îòìåòèì, ÷òî ñóùåñòâóåò
èçìåðèìàÿ ïî Áîõíåðó ôóíêöèÿ, êîòîðàÿ èíòåãðèðóåìà ïî Áèðêãîôó è
íå ÿâëÿåòñÿ A-èíòåãðèðóåìîé ïî Ðèìàíó.

Òåîðåìà 4. Åñëè ôóíêöèÿ f : [a, b]→ X A-èíòåãðèðóåìà íà [a, b] ê
w ∈ X, òî îíà A-èíòåãðèðóåìà ïî Ðèìàíó íà [a, b] ê w.

Òåîðåìà 5. Åñëè ôóíêöèÿ f : [a, b]→ X A-èíòåãðèðóåìà ïî Ðèìàíó
íà [a, b] ê w ∈ X è ìíîæåñòâî En(f) èçìåðèìî äëÿ êàæäîãî n ∈ N êðî-
ìå, âîçìîæíî, êîíå÷íîãî ìíîæåñòâà T ⊂ N, òî îíà A-èíòåãðèðóåìà
íà [a, b] ê w.
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ÓÄÊ 517.5

Ñâîéñòâà ëèíèé óðîâíÿ áèïîëÿðíîé
ôóíêöèè Ãðèíà íà òîðå è ðàçëîæåíèå

Íàòòîëëà1

Ñ. Ð. Íàñûðîâ (Êàçàíü, Ðîññèÿ)
semen.nasyrov@yandex.ru

Ìû èçó÷àåì áèïîëÿðíóþ ôóíêöèþ Ãðèíà íà òðåõëèñòíîé ðèìàíîâîé ïîâåðõíî-
ñòè, ÿâëÿþùåéñÿ êîìïëåêñíûì òîðîì. Íàõîæäåíèå åå íóëåâûõ ëèíèé óðîâíÿ äàåò
âîçìîæíîñòü îïèñàòü ðàçëîæåíèå Íàòòîëëà ýòîãî òîðà. Ýòî ðàçëîæåíèå ñâÿçàíî ñ
íàõîæäåíèåì ìàêñèìàëüíûõ îáëàñòåé ñõîäèìîñòè àïïðîêñèìàíòîâ Ïàäå-Ýðìèòà
â ñëó÷àå ïðèáëèæåíèÿ èìè ìíîãîçíà÷íûõ àíàëèòè÷åñêèõ ôóíêöèé ñ òðåìÿ îñî-
áûìè òî÷êàìè. Ìû äàåì ïîëíîå îïèñàíèå òîïîëîãè÷åñêîé ñòðóêòóðû ðàçëîæåíèÿ
Íàòòîëëà â ñëó÷àå, êîãäà îñîáûå òî÷êè ðàñïîëàãàþòñÿ â âåðøèíàõ ðàâíîáåäðåí-
íîãî òðåóãîëüíèêà ñ óãëîì ïðè âåðøèíå, íå ïðåâîñõîäÿùåì π/3. Â îñòàëüíûõ
ñëó÷àÿõ ìû äàåì òàêîå îïèñàíèå ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè î ãåîìåò-
ðè÷åñêîé ñòðóêòóðå íóëåâîé ëèíèè óðîâíÿ áèïîëÿðíîé ôóíêöèè Ãðèíà.

Êëþ÷åâûå ñëîâà: áèïîëÿðíóþ ôóíêöèþ Ãðèíà, ðàçëîæåíèå Íàòòîëëà, àïïðîêñè-
ìàöèè Ïàäå-Ýðìèòà, îáëàñòü ñõîäèìîñòè.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò
� 23-11-00066).

Properties of level sets of bipolar Green
function on a torus and Nuttall decomposition1

S. R. Nasyrov (Kazan, Russia)
semen.nasyrov@yandex.ru

We study the bipolar Green function on a three-sheeted Reiemann surface which is
a complex torus. Finding the null set of this function give a possibility to describe
the Nuttall decomposition of the torus. Such decomposition is connected with the
problem of �nding maximal convergence domains for Pade�Hermite approximants
when se approximate multi-valued functions with three branch points. We give a full
description of the topological structure of the Nuttall decomposition in the case when
the branch points form an isosceles triangle with angle at vertex less than π/3. In
other cases, we give such description under an additional requirement on the null set
of the bipolar Green function.

Keywords: bipolar Green function, Nuttall decomposition, Pade-Hermite
approximants, convergence domain.
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Ìû èññëåäóåì ðàçëîæåíèå Íàòòîëëà òðåõëèñòíîãî òîðà T , ÿâëÿþùå-
ãîñÿ ðèìàíîâîé ïîâåðõíîñòüþ ôóíêöèè w = 3

√
(τ − a1)(τ − a2)(τ − a3),

ãäå aj ïîïàðíî ðàçëè÷íû. Ýòî ðàçëîæåíèå ñâÿçàíî ñ àáåëåâûì èíòå-
ãðàëîì, èìåþùèì ëîãàðèôìè÷åñêèå îñîáåííîñòè â òî÷êàõ T , ëåæàùèõ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Íàñûðîâ Ñ. Ð., 2024
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íàä áåñêîíå÷íî óäàëåííîé òî÷êîé. Äåéñòâèòåëüíàÿ ÷àñòü ýòîãî èíòåãðà-
ëà ÿâëÿåòñÿ îäíîçíà÷íîé ãàðìîíè÷åñêîé ôóíêöèé V íà T , è ðàçëîæå-
íèå Íàòòîëëà òîðà T íà òðè ëèñòà ñâÿçàíî ñî çíà÷åíèÿìè ôóíêöèè V
â òðåõ òî÷êàõ, ïðîåêöèè êîòîðûõ íà ñôåðó Ðèìàíà ñîâïàäàþò. Ïóñòü
òî÷êè τ (0) = τ (0)(τ), τ (1) = τ (1)(τ) è τ (2) = τ (2)(τ) ëåæàò íàä òî÷-
êîé τ è çíà÷åíèÿ ôóíêöèè V â ýòèõ òî÷êàõ ïîïàðíî ðàçëè÷íû. Âûáå-
ðåì íóìåðàöèþ ýòèõ òî÷åê òàêèì îáðàçîì, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî
V (τ (0)) > V (τ (1)) > V (τ (2)). Òîãäà ìíîæåñòâî òî÷åê τ (0)(z), τ ∈ C, îáðà-
çóåò íóëåâîé ëèñò ïîâåðõíîñòè. Àíàëîãè÷íî îïðåäåëÿþòñÿ ïåðâûé è âòî-
ðîé ëèñòû. Íà êðèâûõ, ÿâëÿþùèõñÿ ïðîåêöèÿìè ëèíèé ñêëåéêè ëèñòîâ
íà ïëîñêîñòü íóìåðàöèÿ òî÷åê îïðåäåëÿåòñÿ, åñòåñòâåííî, íåîäíîçíà÷íî.
Îïèñàííîå ðàçëîæåíèå òîðà íà ëèñòû íàçûâàåòñÿ ðàçëîæåíèåì Íàòòîë-
ëà. Ñîãëàñíî ãèïîòåçå Íàòòîëëà [1], ýòè ëèíèè íà êîìïëåêñíîé ïëîñêî-
ñòè ïðèòÿãèâàþò ïîëþñû äèàãîíàëüíûõ àïïðîêñèìàíòîâ Ïàäå�Ýðìèòà.
Â ðàáîòå À. È. Àïòåêàðåâà è Ä. Í. Òóëÿêîâà [2] ïîëíîñòüþ îïèñàíà ñòðóê-
òóðà ëèñòîâ Íàòòîëëà â ñëó÷àå, êîãäà òðåóãîëüíèê Tr ñ âåðøèíàìè a1,
a2 è a3 áëèçîê ê ïðàâèëüíîìó. Çäåñü ìû èñïîëüçóåì ïîäõîä, ñâÿçàííûé ñ
ýëëèïòè÷åñêèìè ôóíêöèÿìè Âåéåðøòðàññà íà óíèâåðñàëüíîì íàêðûòèè
òîðà.

Àáåëåâ èíòåãðàë íà òîðå T îïðåäåëÿåòñÿ ñîîòâåòñòâóþùèé àáåëåâ
èíòåãðàë íà óíèâåðñàëüíîé íàêðûâàþùåé ýòîãî òîðà, êîòîðàÿ ÿâëÿåòñÿ
êîìïëåêñíîé ïëîñêîñòüþ C. Äåéñòâèòåëüíàÿ ÷àñòü ýòîãî èíòåãðàëà ÿâ-
ëÿåòñÿ ãàðìîíè÷åñêîé ôóíêöèåé, êîòîðàÿ ìîæåò áûòü âûðàæåíà ÷åðåç
ýëëèïòè÷åñêóþ σ-ôóíêöèþ Âåéåðøòðàññà:

v(z) = −2 lnσ|z − α|+ lnσ|z − αei2π/3|+ lnσ|z − αei2π/3| −
√
3η1Re (zα).

Çäåñü σ(z) � σ-ôóíêöèÿ Âåéåðøòðàññà ñ ïåðèîäàìè

ω1 =
√
3 è ω2 =

√
3eiπ/3;

η1 = 2ζ(ω1/2), ãäå ζ(z) � ζ-ôóíêöèÿ Âåéåðøòðàññà ñ ïåðèîäàìè ω1 è ω2;
α � òî÷êà, ëåæàùàÿ â òðåóãîëüíèêå ∆ ñ âåðøèíàìè â òî÷êàõ 0, eiπ/6 è
e−iπ/6 è íå ñîâïàäàþùàÿ ñ åãî âåðøèíàìè. Îòìåòèì, ÷òî ïîëîæåíèå òî÷-
êè α â òðåóãîëüíèêå ∆ õàðàêòåðèçóåòñÿ ãåîìåòðè÷åñêèìè ñâîéñòâàìè
òðåóãîëüíèêà Tr ñ âåðøèíàìè a1, a2 è a3. Â ñëó÷àå ïðàâèëüíîãî òðå-
óãîëüíèêà Tr òî÷êà α ëåæèò â öåíòðå òðåóãîëüíèêà ∆, â ñëó÷àå ðàâíî-
áåäðåííîãî òðåóãîëüíèêà Tr � íà îäíîé èç áèññåêòðèñ ∆, íàêîíåö, åñëè
òî÷êè a1, a2 è a3 ëåæàò íà îäíîé ïðÿìîé, òî α íàõîäèòñÿ íà îäíîé èç
ñòîðîí òðåóãîëüíèêà ∆.

Îòìåòèì, ÷òî óíèâåðñàëüíîå íàêðûòèå òîðà p : C → T óñòðîåíî
òàêèì îáðàçîì, ÷òî ïðè ïîâîðîòå òî÷êè ïëîñêîñòè z íà óãëû ±2π/3 òî÷-
êà p(z) ïåðåõîäèò â òî÷êè p(e±i2π/3z) íà òîðå ñ òîé æå ïðîåêöèåé íà
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êîìïëåêñíóþ ïëîñêîñòü. Ïîýòîìó äëÿ îïèñàíèÿ ñòðóêòóðû ëèñòîâ â ðàç-
ëîæåíèè Íàòòîëëà äîñòàòî÷íî ñðàâíèòü çíà÷åíèÿ ôóíêöèè v â òî÷êàõ
z è e±i2π/3z. Â ñèëó ñèììåòðèè ïîâîðîòà ìîæíî ñðàâíèâàòü çíà÷åíèÿ
v(ei2π/3z) è v(e−i2π/3z). Ïðè ýòîì, ðàâåíñòâî ýòèõ çíà÷åíèé ðàâíîñèëüíî
ðàâåíñòâó u(z) = 0, ãäå

u(z) = ln σ|z − αe−i2π/3| − lnσ|z − αei2π/3| − η1Im (zα).

Îòìåòèì, ÷òî ôóíêöèÿ u(z) ÿâëÿåòñÿ äâîÿêîïåðèîäè÷åñêîé ôóíêöèåé (ñ
ïåðèîäàìè ω1 è ω2) íà ïëîñêîñòè ñ äâóìÿ ëîãàðèôìè÷åñêèìè îñîáåííî-
ñòÿìè â êàæäîé ôóíäàìåíòàëüíîé îáëàñòè (ò.å. îáëàñòè, ñîäåðæàùåé ïî
îäíîé òî÷êå èç êëàññà ýêâèâàëåíòíîñòè ïî ìîäóëþ ðåøåòêè Ω, ïîðîæ-
äåííîé âåêòîðàìè ω1 è ω2), ïîýòîìó îíà èíäóöèðóåò îäíîçíà÷íóþ ãàðìî-
íè÷åñêóþ ôóíêöèþ íà òîðå ñ äâóìÿ ëîãàðèôìè÷åñêèìè îñîáåííîñòÿìè,
êîòîðóþ ìîæíî íàçâàòü áèïîëÿðíîé ôóíêöèåé Ãðèíà.

Òàêèì îáðàçîì, äëÿ îïèñàíèÿ ðàçëîæåíèÿ Íàòòîëëà ñëåäóåò èçó÷èòü
íóëåâîå ìíîæåñòâî

L(u, 0) = {z ∈ C | u(z) = 0}

ôóíêöèè u. Åãî ñòðóêòóðà çàâèñèò îò òîãî, ñîäåðæèò îíî êðèòè÷åñêèå
òî÷êè ôóíêöèè u èëè íåò. Óñòàíîâëåíî, ÷òî â êàæäîé ôóíäàìåíòàëü-
íîé îáëàñòè ôóíêöèÿ u(z) èìååò ðîâíî äâå êðèòè÷åñêèå òî÷êè (ñ ó÷åòîì
êðàòíîñòè). Ïðè ýòîì, êðèòè÷åñêàÿ òî÷êà äâîéíàÿ òîãäà è òîëüêî òîãäà,
êîãäà α ñîâïàäàåò ñ öåíòðîì òðåóãîëüíèêà ∆. Êðîìå òîãî, óñòàíîâëå-
íî, ÷òî êðèòè÷åñêèå òî÷êè ëåæàò â íóëåâîì ìíîæåñòâå L(u, 0) òîãäà è
òîëüêî òîãäà, êîãäà α ëèáî ëåæèò íà ãðàíèöå òðåóãîëüíèêà ∆, ëèáî íà
îäíîì èç ïåðïåíäèêóëÿðîâ, îïóùåííûõ èç öåíòðà ∆ íà îäíó èç åãî ñòî-
ðîí. Çàìåòèì, ÷òî âòîðîé ñëó÷àé îçíà÷àåò, ÷òî òðåóãîëüíèê Tr ÿâëÿåòñÿ
ðàâíîáåäðåííûì ñ óãëîì ïðè âåðøèíå, áîëüøèì π/3.

Ïîñëå óñòàíîâëåíèÿ ñòðóêòóðû ìíîæåñòâà L(u, 0) âîçíèêàåò çàäà÷à
îá îïèñàíèè ìíîæåñòâà, êîòîðîå ÿâëÿåòñÿ ïåðåñå÷åíèåì L(u, 0) è ìíî-
æåñòâ, êîòîðûå ïîëó÷àþòñÿ èç íåãî ïîâîðîòàìè íà óãëû ±i2π/3. Â ñèëó
ñïåöèôèêè ôóíêöèè u(z) îêàçûâàåòñÿ, ÷òî ïåðåñå÷åíèå âñåõ òðåõ ìíî-
æåñòâ óêàçàííûõ ñîâïàäàåò ñ ïåðåñå÷åíèåì ëþáûõ äâóõ èç íèõ.

Ìíîãî÷èñëåííûå ÷èñëåííûå ýêñïåðèìåíòû ïîçâîëÿþò âûñêàçàòü ãè-
ïîòåçó î òîì, ÷òî â ëþáîé ôóíäàìåíòàëüíîé îáëàñòè ýòî ïåðåñå÷åíèå
ñîñòîèò èç òðåõ òî÷åê, ýêâèâàëåíòíûõ âåðøèíàì òðåóãîëüíèêà ∆, à òàê-
æå òðåõ òî÷åê, êîòîðûå ïîëó÷àþòñÿ äðóã èç äðóãà ïîâîðîòàìè íà óãëû
±i2π/3 (mod Ω).

Íàì óäàëîñü ñòðîãî äîêàçàòü ñïðàâåäëèâîñòü ýòîé ãèïîòåçû â ñëó-
÷àå, êîãäà Tr ÿâëÿåòñÿ ðàâíîáåäðåííûì ñ óãëîì ïðè âåðøèíå, ìåíüøèì
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π/3; â òåðìèíàõ ïàðàìåòðà α ýòî îçíà÷àåò, ÷òî α ëåæèò íà îäíîì èç
îòðåçêîâ, ñîåäèíÿþùèõ âåðøèíû òðåóãîëüíèêà ∆ ñ åãî öåíòðîì. Â ýòîì
ñëó÷àå ïîëíîñòüþ îïèñàíà ñòðóêòóðà ðàçëîæåíèÿ Íàòòîëëà òðåõëèñòíî-
ãî òîðà. Â îñòàëüíûõ ñëó÷àÿõ äàíî ïîëíîå îïèñàíèå â ïðåäïîëîæåíèè
ñïðàâåäëèâîñòè ýòîé ãèïîòåçû.

Äîêàçàòåëüñòâî â ñëó÷àå ðàâíîáåäðåííûõ òðåóãîëüíèêîâ ñ óãëîì ïðè
âåðøèíå, ìåíüøèì π/3, îñíîâàíî íà ñëåäóþùåì ôàêòå.

Òåîðåìà. Ìíîæåñòâî L(u, 0) ñîñòîèò èç îáúåäèíåíèÿ áåñêîíå÷íîãî
÷èñëà ãîðèçîíòàëüíûõ ïðÿìûõ è êðèâûõ, ÿâëÿþùèõñÿ ãðàôèêàìè ïåðè-
îäè÷åñêèõ ôóíêöèé ñ ïåðèîäîì ω1; ýòî ìíîæåñòâî èíâàðèàíòíî ïðè
ñäâèãàõ íà âåêòîðû ðåøåòêè Ω. Óãîë íàêëîíà êàñàòåëüíîé â ëþáîé
òî÷êå ëþáîé êðèâîé ýòîãî ñåìåéñòâà ïî àáñîëþòíîé âåëè÷èíå ñòðî-
ãî ìåíüøå π/3.

Äîêàçàòåëüñòâî òåîðåìû äàåò îñíîâàíèÿ íàäåÿòüñÿ, ÷òî ñïðàâåäëè-
âîñòü ãèïîòåçû î òî÷êàõ ïåðåñå÷åíèè ìîæåò áûòü óñòàíîâëåíà àíàëîãè÷-
íûì îáðàçîì è äëÿ òðåóãîëüíèêîâ, äîñòàòî÷íî áëèçêèõ ê ðàâíîáåäðåí-
íûì ñ óãëîì ïðè âåðøèíå, ìåíüøèì π/3.
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ãèëüáåðòîâà ïðîñòðàíñòâà H. Íàáëþäàòåëþ äîñòóïíû ìîäóëè èçìåðå-
íèé (|⟨f, φn⟩|)n∈I , äëÿ íåêîòîðîãî ñ÷åòíîãî íàáîðà ò.í. ¾èçìåðèòåëüíûõ
âåêòîðîâ¿ Φ = {φn}n∈I ⊂ H. Åñëè f̃ = αf äëÿ íåêîòîðîãî α ñ |α| = 1,
òî |⟨f̃ , φn⟩| = |⟨f, φn⟩| äëÿ âñåõ n ∈ I íåçàâèñèìî îò âûáîðà Φ. Áóäåì
ãîâîðèòü, ÷òî Φ âîññòàíàâëèâàåò ñèãíàë ïî ìîäóëÿì èçìåðåíèé (ÂÌÈ),
åñëè âåðíî îáðàòíîå óòâåðæäåíèå: èç ðàâåíñòâ |⟨f̃ , φn⟩| = |⟨f, φn⟩| äëÿ
âñåõ n ∈ I ñëåäóåò ñóùåñòâîâàíèå óíèìîäóëÿðíîãî ñêàëÿðà α òàêîãî, ÷òî
f̃ = αf. Â êîíå÷íîìåðíûõ åâêëèäîâûõ è óíèòàðíûõ ïðîñòðàíñòâàõ òà-
êèå ìîäåëè àêòèâíî èçó÷àþòñÿ, â íèõ âñå (ÂÌÈ)-íàáîðû ÿâëÿþòñÿ ãèëü-
áåðòîâûìè ôðåéìàìè (îïðåäåëåíèå ñì. íèæå) [1, 2]. Íåäàâíî ïîÿâèëîñü
íåñêîëüêî ðàáîò, â êîòîðûõ òàêàÿ ìîäåëü ðàññìàòðèâàåòñÿ â ñåïàðàáåëü-
íîì áåñêîíå÷íîìåðíîì ãèëüáåðòîâîì ïðîñòðàíñòâå [3, 4].

Îïðåäåëåíèå 1. Ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ {φn}∞n=1 íàçû-
âàåòñÿ ãèëüáåðòîâûì ôðåéìîì èëè ôðåéìîì Äàôôèíà-Øåôôåðà äëÿ
ãèëüáåðòîâà ïðîñòðàíñòâà H, åñëè ñóùåñòâóþò êîíñòàíòû 0 < A ≤
B <∞ òàêèå, ÷òî äëÿ âñåõ f ∈ H,

A∥f∥2 ≤
∞∑
n=1

|⟨f, φn⟩|2 ≤ B∥f∥2.

×èñëà A è B íàçûâàþòñÿ ôðåéìîâûìè ãðàíèöàìè, ñîîòâåòñòâåííî,
íèæíåé è âåðõíåé.

Âîññòàíîâëåíèå ïî ìîäóëÿì èçìåðåíèé è àëüòåðíà-
òèâíàÿ ïîëíîòà

Ñëåäóþùåå ñâîéñòâî íàáîðà âåêòîðîâ îêàçàëîñü âàæíûì äëÿ (ÂÌÈ).
Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî íàáîð âåêòîðîâ {φn}∞n=1 ⊂

H ãèëüáåðòîâà ïðîñòðàíñòâà H îáëàäàåò ñâîéñòâîì àëüòåðíàòèâ-
íîé ïîëíîòû (ÀÏ), åñëè äëÿ ëþáîãî ïîäìíîæåñòâà S ⊆ N ëèáî
span{φn}n∈S = H, ëèáî span{φn}n∈SC = H.

Ñëåäóþùàÿ òåîðåìà ñôîðìóëèðîâàíà â [3] äëÿ ôðåéìîâ, õîòÿ ñóùå-
ñòâîâàíèå òàêèõ ôðåéìîâ âûçûâàåò âîïðîñû. Äîêàçàòåëüñòâî êîíå÷íî-
ìåðíîãî àíàëîãà ýòîé òåîðåìû èìååò èñòîðèþ [1, 2]. Ïîëó÷åíî íîâîå äî-
êàçàòåëüñòâî ÷àñòè à) áåç ïðåäïîëîæåíèÿ, ÷òî íàáîð âåêòîðîâ îáðàçóåò
ôðåéì.

Òåîðåìà 1. à) Ïóñòü H � ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàí-
ñòâî, è Φ = {φn}n∈N � íàáîð âåêòîðîâ â H. Åñëè Φ ∈ (ÂÌÈ), òî
Φ ∈ (ÀÏ).

á) Ïóñòü H � ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî íàä ïîëåì
âåùåñòâåííûõ ÷èñåë è ïóñòü Φ = {φn}n∈N � íàáîð âåêòîðîâ â H. Åñëè
Φ ∈ (ÀÏ), òî Φ ∈ (ÂÌÈ).
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Îïðåäåëåíèå 3. Ãèëüáåðòîâ ôðåéì Φ = {φn}∞n=1 îáëàäàåò ñâîé-
ñòâîì σ-ñèëüíîé àëüòåðíàòèâíîé ïîëíîòû, åñëè äëÿ ëþáîãî S ⊆ N,
ëèáî {φn}n∈S, ëèáî {φn}n∈SC îáðàçóåò ôðåéì äëÿ H ñ íèæíåé ãðàíèöåé
≥ σ.

Ïðèìåð ôðåéìà ñ òàêèì ñâîéñòâîì â êîíå÷íîìåðíîì ïðîñòðàíñòâå
ïîñòðîåí â [2] .

Äîêàçàíî, ÷òî â áåñêîíå÷íîìåðíîì ãèëüáåðòîâîì ïðîñòðàíñòâå íå ñó-
ùåñòâóåò ôðåéìà ñ íîðìàìè, îòäåëåííûìè îò íóëÿ, ñî ñâîéñòâîì σ-
ñòðîãîé àëüòåðíàòèâíîé ïîëíîòû.

Òåîðåìà 2.Ïóñòü H � áåñêîíå÷íîìåðíîå ãèëüáåðòîâî ïðîñòðàíñ-
òâî è Φ = {φn}∞n=1 � ãèëüáåðòîâ ôðåéì äëÿ H ñ ∥φn∥ ≥ δ > 0, n =
1, 2, . . . , è ñ âåðõíåé ôðåéìîâîé ãðàíèöåé B. Ôðåéì Φ íå ìîæåò îá-
ëàäàòü σ-ñòðîãèì ñâîéñòâîì àëüòåðíàòèâíîé ïîëíîòû íè äëÿ êàêîãî
σ > 0.

Ñèñòåìû ñ ïîëíûì ñïàðêîì

Â êîíå÷íîìåðíîì ïðîñòðàíñòâå Hd ñïàðêîì ñèñòåìû âåêòîðîâ Φ =
{φn}Nn=1 íàçûâàþò ìèíèìàëüíîå êîëè÷åñòâî ëèíåéíî çàâèñèìûõ âåêòî-
ðîâ. Åñëè êàæäàÿ ïîäñèñòåìà èç d âåêòîðîâ ñîñòîèò èç ëèíåéíî íåçàâè-
ñèìûõ âåêòîðîâ, ãîâîðÿò î ñèñòåìå ñ ïîëíûì ñïàðêîì. Ïðèìåðû òàêèõ
ñèñòåì ïðèâåäåíû â [5].

Îïðåäåëåíèå 4. [3] Ñèñòåìà ýëåìåíòîâ Φ = {φn}∞n=1 ⊂ H áåñ-
êîíå÷íîìåðíîãî ãèëüáåðòîâà ïðîñòðàíñòâà H íàçûâàåòñÿ ñèñòåìîé ñ
ïîëíûì ñïàðêîì, åñëè êàæäîå áåñêîíå÷íîå ïîäìíîæåñòâî ïîëíî â H.

Î÷åâèäíî, ÷òî ñèñòåìà ñ ïîëíûì ñïàðêîì îáëàäàåò ñâîéñòâîì àëüòåð-
íàòèâíîé ïîëíîòû, è, â ñèëó òåîðåìû 1, îáåñïå÷èâàåò âîññòàíîâëåíèå ïî
ìîäóëÿì èçìåðåíèé â âåùåñòâåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Âèäè-
ìî, âïåðâûå äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ñèñòåì ñ ïîëíûì ñïàðêîì â
áåñêîíå÷íîìåðíîì ãèëüáåðòîâîì ïðîñòðàíñòâå áûëî äàíî â [6].

Òåîðåìà 3.Ïóñòü H � áåñêîíå÷íîìåðíîå ãèëüáåðòîâî ïðîñòðàíñò-
âî è Φ = {φn}∞n=1 � ñèñòåìà ýëåìåíòîâ ãèëüáåðòîâà ïðîñòðàíñòâà H
ñ ∥φn∥ ≥ δ > 0, n = 1, 2, . . . , è ñ êîíå÷íîé âåðõíåé ôðåéìîâîé ãðàíèöåé
B. Òîãäà Φ íå ìîæåò áûòü ñèñòåìîé ñ ïîëíûì ñïàðêîì.

Ñèñòåìû äèñêðåòèçèðîâàííûõ çíà÷åíèé ÿäðà Ñåãå

Ïðîñòðàíñòâî Õàðäè H2 = H2(D) ñîñòîèò èõ âñåõ àíàëèòè÷åñêèõ ôóíê-
öèé f(z) â åäèíè÷íîì êðóãå D = {z ∈ C : |z| < 1}, äëÿ êîòîðûõ êîíå÷íà
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íîðìà

∥f∥H2 = sup
0<r<1

(
1

2π

� 2π

0

|f(reit)|2 dt
) 1

2

<∞.

ßäðî Ñåãå

Kλ(z) =
1

1− λz
, z, λ ∈ D,

ÿâëÿåòñÿ âîñïðîèçâîäÿùèì ÿäðîì ãèëüáåðòîâà ïðîñòðàíñòâà H2. Ýòî
îçíà÷àåò, ÷òî äëÿ âñåõ f ∈ H2 è âñåõ λ ∈ D ñïðàâåäëèâî ðàâåíñòâî

f(λ) = ⟨f,Kλ⟩H2.

Ïóñòü Λ � ñ÷åòíîå ìíîæåñòâî òî÷åê åäèíè÷íîãî êðóãà D è {Kλ}λ∈Λ ⊂
H2 � ñèñòåìà çíà÷åíèé ÿäðà Ñåãå.

Òåîðåìà 4.Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:
1) ñèñòåìà {Kλ}λ∈Λ ÿâëÿåòñÿ ñèñòåìîé ñ ïîëíûì ñïàðêîì â H2;
2) Λ ⊂ Dr = {z ∈ C : |z| ≤ r} äëÿ íåêîòîðîãî 0 < r < 1.
Ïðèìåð.Ïóñòü ñ÷åòíîå ìíîæåñòâî Λ ñîñòîèò èç òî÷åê

λk,j = (1− 1
k)e

2πij/k, j = 0, . . . , k − 1, k = 1, 2, . . . ,

ÿâëÿþùèìñÿ êîðíÿìè k-é ñòåïåíè èç åäèíèöû, ïåðåìåùåííûìè íà
îêðóæíîñòü ðàäèóñà 1− 1

k . Òîãäà ñèñòåìà {Kλ}λ∈Λ îáëàäàåò ñâîéñòâîì
àëüòåðíàòèâíîé ïîëíîòû (ÀÏ) â ïðîñòðàíñòâå Õàðäè H2.
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Îáîáù¼ííàÿ ôîðìóëà ñëåäà è àñèìïòîòèêà
ñäâèíóòîãî îïðåäåëèòåëÿ Ôîðñàéòà äëÿ

ïîëèíîìîâ Ñîáîëåâà1

Á. Ï. Îñèëåíêåð (Ìîñêâà,Ðîññèÿ)
b_osilenker@mail.ru

Èçó÷àþòñÿ ñèñòåìû ïîëèíîìîâ Ñîáîëåâà,ìåðà îðòîãîíàëüíîñòè êîòîðûõ ñîäåð-
æèò íåïðåðûâíûå è äèñêðåòíûå ñëàãàåìûå.Äëÿ òàêîãî êëàññà ïîëèíîìîâ ñ ïî-
ìîùüþ åäèíîãî ìåòîäà äîêàçàíû îáîáùåííàÿ ôîðìóëà ñëåäà, àñèìïòîòèêà ñäâè-
íóòîãî îïðåäåëèòåëÿ Ôîðñàéòà è ïîëó÷åíà îöåíêà ïîðÿäêà àïïðîêñèìàöèè.

Êëþ÷åâûå ñëîâà: Ïîëèíîìû Ñîáîëåâà, âåñîâûå ïðîñòðàíñòâà Ñîáîëåâà, îáîáùåí-
íàÿ ôîðìóëà ñëåäà, ñäâèíóòûé îïðåäåëèòåëü Ôîðñàéòà..

Generalized Trace formula and asumptotics of
the shifted Forsythe determinant for Sobolev

polynomials1
B. P. Osilenker (Moscow, Russia)

b_osilenker@mail.ru

Systems of Sobolev polynomials are studied,the measure of orthogonality of which
contains continuous and discrete components. Using a uni�ed method , for this
class of polynomials a generalized trace formula, asymptotics of the shifted Forsythe
determinant are proved, and the estimates of the order of approximation are obtained.

Keywords: Sobolev polynomials, weighted Sobolev spaces, generalized trace formula,
shifted Forsythe determinant, asymptotic of Forsythe determinant..

Ðàññìîòðèì âåñîâîå ïðîñòðàíñòâî Ñîáîëåâà W 2
µ(µ = (µ0, µ1, . . . µn)),

â êîòîðîì çàäàíî ñêàëÿðíîå ïðîèçâåäåíèå

(f, g)W =
N∑
k=0

∞�

−∞

f (k)(x)g(k)(x)dµk(x) (1)

äëÿ íàòóðàëüíîãî ÷èñëà N , µk(0 ⩽ k ⩽ N)� êîíå÷íûå ïîëîæèòåëüíûå
áîðåëåâñêèå ìåðû. Íà ïðîñòðàíñòâå âñåõ ïîëèíîìîâ P ñóùåñòâóåò ïîëè-
íîì h(x), deg h ⩾ 1, h : R→ R òàêîé, ÷òî âûïîëíÿåòñÿ

(hp, q)W = (p, hq)W (p, q ∈ P)
1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International

(CC-BY 4.0)
1This is an open access article distributed under the terms of Creative Commons Attribution 4.0

International License (CC-BY 4.0)

© Îñèëåíêåð Á. Ï., 2024
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òîãäà è òîëüêî òîãäà, êîãäà êàæäàÿ èç ìåð µk(1 ⩽ k ⩽ N) ÷èñòî òî÷å÷íà
(àòîìè÷íà) ñ êîíå÷íûì ÷èñëîì òî÷å÷íûõ ìàññ [1], ïðè ýòîì deg h ⩾ N+1.
Îáîçíà÷èì ýêñòðåìàëüíûé ïîëèíîì ÷åðåç πN+1(x), ñïîñîá íàõîæäåíèÿ
êîòîðîãî äàí â [1].

Ïóñòü E � íîñèòåëü ìåðû µ0, ñîñòîèò èç êîíå÷íîãî ÷èñëà íåïåðåñåêà-
þùèõñÿ èíòåðâàëîâ

E = ∪pk=1(α2k−1, α2k), ãäå(−∞ < α1 < α2 < · · · < α2p <∞),

è áóäåì ñ÷èòàòü ìåðó µ0 àáñîëþòíî íåïðåðûâíîé íà E îòíîñèòåëüíî ìå-
ðû Ëåáåãà: dµ0(x)/dx = ω(x).

Ðàññìîòðèì ëèíåéíîå ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì

< f, g >=

�

E

f(x)g(x)ω(x) dx+
N∑
k=0

Nk∑
i=1

Rk,if
(k)(ak,i)g

(k)(ak,i), (2)

ãäå Rk,i ⩾ 0, k = 0, 1, . . . N , Nk ∈ N, ak,i� âåùåñòâåííûå êîðíè ïîëè-
íîìà πN+1(x) è åãî ïðîèçâîäíûõ.

Ïóñòü {q̂n}∞n=0� ñèñòåìà ïîëèíîìîâ Ñîáîëåâà, îðòîíîðìèðîâàííûõ
îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (1):

q̂n(x) = k(q̂n)x
n + l(q̂n)x

n−1 + . . . , k(q̂n) > 0, ãäån ∈ Z+ = 0, 1, 2, . . .,

< q̂n, q̂m >= δn,m , ãäå n,m ∈ Z+.

Îðòîíîðìèðîâàííûå ïîëèíîìû q̂n(x) óäîâëåòâîðÿþò ðåêóððåíòíîìó ñî-
îòíîøåíèþ [1]

πN+1(x)q̂n(x) =
N+1∑
j=0

dn,n+j q̂n+j(x) +
N+1∑
j=1

dn,n−j q̂n−j(x),

ãäån ∈ Z+, q̂−j(x) = 0, j = 1, 2, . . . ; dn,s = 0, s = 0, 1, . . . , n− 1.

Ñëåäîâàòåëüíî, îíè çàäàþòñÿ îáîáùåííîé ÿêîáèåâîé ìàòðèöåé J ïîðÿä-
êà 2N + 3.

Ñäâèíóòûì îïðåäåëèòåëåì Ôîðñàéòà [2] íàçîâåì âûðàæåíèå

Gn,r(x) =
N+1∑
j=1

n+j∑
k=n+1

dk,k−jdk−j,k−j+r∆k,j,r(x), (3)

ãäå

∆k,j,r(x) = q̂k(x)q̂k+r−j(x)−
dk+r,k

dk+r−j,k−j
q̂k−j(x)q̂k+r(x) =
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=
1

dk+r−j,k−j

∣∣∣∣∣ q̂k(x) dk+r,kq̂k+r(x)

q̂k−j(x) dk+r−j,k−j q̂k+r−j(x)

∣∣∣∣∣ ,
k ∈ Z+, r = 0, 1, 2 . . . , N + 1, x ∈ E.

Ïðè j = r = 1 äëÿ îðòîãîíàëüíûõ ïîëèíîìîâ pn(x), n ∈ Z+, óäîâëåòâî-
ðÿþùèõ òðåõ÷ëåííîìó ðåêóððåíòíîìó ñîîòíîøåíèþ, èç ñîîòíîøåíèÿ (3)
ïîëó÷àåì ñäâèíóòûé îïðåäåëèòåëü Òóðàíà [3].

Cëåäóþùåå óòâåðæäåíèå óñòàíàâëèâàåò ñâÿçü ìåæäó îáîáùåííîé
ìàòðèöåé ßêîáè J è å¼ ñïåêòðàëüíîé ìåðîé.

Òåîðåìà 1. Ïóñòü äëÿ îðòîíîðìèðîâàííîé ñèñòåìû ïîëèíîìîâ Ñî-
áîëåâà {q̂n(x)}∞n=0 èìåþò ìåñòî ñëåäóþùèå ïðåäïîëîæåíèÿ:

1. äëÿ ðåêóððåíòíûõ êîýôôèöèåíòîâ (2) âûïîëíÿþòñÿ óñëîâèÿ:

(i) lim
m→∞

dm,m±j = lim
m→∞

dm±j,m = d
(0)
j , j = 0, 1, . . . , N + 1, m ∈ Z+;

(ii)
N+1∑

j=−(N+1)

∞∑
k=0

(|dk,k+j − dk+r,k+j+r|+ |dk,k+r − dk+j,k+r+j|) <∞;

2. cèñòåìà {q̂n}∞n=0 ðàâíîìåðíî îãðàíè÷åíà íà ëþáîì êîìïàêòíîì
ïîäìíîæåñòâå Kèç E:

|q̂n(x)| ⩽ C, x ∈ K ⊂ E, n ∈ Z+;

3. ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ Ln(x), n ∈ Z+, x ∈ E òà-
êàÿ,÷òî äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè f è ïðîèçâîëüíûõ ôèê-
ñèðîâàííûõ öåëûõ k, j âûïîëíÿåòñÿ ïðåäåëüíîå ñîîòíîøåíèå

lim
m→∞

�

E

f(x)qm+j(x)qm+k(x)ω(x) dx =

�

E

f(x)[Lk−j(x) + Lj−k(x)] dx.

Òîãäà ðàâíîìåðíî íà K ⊂ E ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1. èìååò ìåñòî "îáîáùåííàÿ ôîðìóëà ñëåäà"

N+1∑
j=−(N+1)

∞∑
k=0

[dk,k+rdk+r,k+r+j − dk+j,k+j+rdk+j,k]q̂k(x)q̂k+r+j(x) =

=
d
(0)
r

ω(x)

N+1∑
j=1

jd
(0)
j {[Lj−r(x) + Lr−j(x)]− [Lj+r(x) + L−(j+r)(x)]},
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ïðè ýòîì îøèáêà àïïðîêñèìàöèè íà K èìååò âèä

∣∣ N+1∑
j=−(N+1)

n∑
k=0

[dk,k+rdk+r,k+r+j − dk+j,k+j+rdk+j,k]q̂k(x)q̂k+r+j(x)−

− d
(0)
r

ω(x)

N+1∑
j=1

jd
(0)
j {[Lj−r(x) + Lr−j(x)]− [Lj+r(x) + L−(j+r)(x)]}| ⩽

⩽ C
N+1∑

j=−(N+1)

∞∑
k=n+1

(|dk+r,k+r+j − dk,k+j|+ |dk+j,k+j+r − dk,k+r

∣∣),
ãäå ïîñòîÿííàÿ C > 0 çàâèñèò ëèøü îò K;

2. àñèìïòîòèêà ñäâèíóòîãî îïðåäåëèòåëÿ Ôîðñàéòà (3)

lim
n→∞

Gn,r(x) =

=
d
(0)
r

ω(x)

N+1∑
j=1

jd
(0)
j {[Lj−r(x) + Lr−j(x)]− [Lj+r(x) + L−(j+r)(x)]},

ïðè ýòîì âåðõíÿÿ îøèáêà àïïðîêñèìàöèè íà K èìååò âèä

|Gn,r(x)−
d
(0)
r

ω(x)

N+1∑
j=1

jd
(0)
j {[Lj−r(x)+Lr−j(x)]−[Lj+r(x)+L−(j+r)(x)]}| ⩽

⩽ C

N+1∑
j=−(N+1)

∞∑
k=n+1

(|dk+r,k+r+j − dk,k+j|+ |dk+j,k+j+r − dk,k+r

∣∣),
ãäå ïîñòîÿííàÿ C > 0 çàâèñèò ëèøü îò K.

Â êà÷åñòâå ñëåäñòâèÿ ïîëó÷àåì ðåçóëüòàòû ðàáîò [3]� [6] è ðåøåíèå
çàäà÷è èç îáçîðà [7] î ðàñïðîñòðàíåíèè ôîðìóëû ñëåäà íà îáîáùåííûå
ìàòðèöû ßêîáè. Ïîëó÷åííûå ðåçóëüòàòû íàõîäÿò âàæíîå ïðèëîæåíèå
â çàäà÷å âîññòàíîâëåíèÿ àáñîëþòíî-íåïðåðûâíîé ñîñòàâëÿþùåé ìåðû,
çàäàííîé íà ìíîæåñòâå E, ïî åå îáîáùåííîé ìàòðèöå ßêîáè (ïðÿìàÿ
çàäà÷à ñïåêòðàëüíîãî àíàëèçà) [8].
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ÓÄÊ 517.9

Ðàçëîæåíèå ïåðâîé êîìïîíåíòû
âåêòîð-ôóíêöèè ïî ñîáñòâåííûì ôóíêöèÿì

îäíîé äèôôåðåíöèàëüíîé
îïåðàòîð-ôóíêöèè1

Ì. Ñ. Ïàñòóõîâ (Ñàðàòîâ, Ðîññèÿ)
ritson67@outlook.com

Â ñòàòüå ðàññìàòðèâàåòñÿ îáîáùåííàÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à ãèïåðáîëè÷å-
ñêîãî òèïà. Íàõîäÿòñÿ ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñîîòâåò-
ñòâóþùåé îáûêíîâåííîé äèôôåðåíöèàëüíîé îïåðàòîð ôóíêöèè. Ïîñëå ïðîâîäèò-
ñÿ ëèíåàðèçàöèÿ ðàññìàòðèâàåìîé çàäà÷è è íàõîäèòñÿ å¼ ðåçîëüâåíòà. Ñòðîèòñÿ
ôóíêöèÿ Ãðèíà. Â çàêëþ÷åíèè ôîðìóëèðóåòñÿ òåîðåìà î ðàçëîæåíèè.

Êëþ÷åâûå ñëîâà: îáîáùåííàÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à ãèïåðáîëè÷åñêîãî òèïà,
ôóíêöèÿ Ãðèíà, òåîðåìà î ðàçëîæåíèè.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà â Ñàðàòîâñêîì ãîñóäàðñòâåííîì óíè-
âåðñèòåòå ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 21-71-10001),
https://rscf.ru/project/21-71-10001/.

Decomposition of the �rst component of a
vector function by eigenfunctions of a

di�erential operator function1

M. S. Pastukhov (Saratov, Russian)
ritson67@outlook.com

The article considers a generalized initial boundary value problem of hyperbolic
type. The eigenvalues and eigenfunctions of the corresponding ordinary di�erential
operator of the function are found. After that, the linearization of the problem under
consideration is carried out and its resolvent is found. The Green's function is being
constructed. In conclusion, the decomposition theorem is formulated.

Keywords: generalized initial boundary value problem of hyperbolic type, Green's
function, decomposition theorem.
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and supported by the Russian Science Foundation (project � 21-71-10001),
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Ââåäåíèå

Ðàññìîòðèì îáîáùåííóþ íà÷àëüíî-ãðàíè÷íóþ çàäà÷ó:

∂2u

∂x2
+ p1

∂2u

∂x∂t
+ p2

∂2u

∂t2
= f(x, t), (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ïàñòóõîâ Ì. Ñ., 2024
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u(0, t) = 0 ux(1, t) = 0, (2)

u(x, 0) = φ(x),
∂u(x, 0)

∂t
= ψ(x), (3)

ãäå (x, t) ∈ Q, ãäå Q = [0, 1] × [0,+∞); p1, p2 ∈ R, ôóíêöèè φ, ψ, f êîì-
ïëåêñíîçíà÷íûå, φ, ψ ∈ L1[0, 1], f ∈ L1(QT ) äëÿ ëþáîãî ôèêñèðîâàííîãî
T > 0, QT = [0, 1]× [0, T ] ïðè T > 0.

Äàëåå èñïîëüçóåì îïðåäåëåíèÿ è ôàêòû èç [1], íå îãîâàðèâàÿ ýòîãî
îñîáî. Ïðåäïîëàãàåòñÿ, ÷òî óðàâíåíèå (1) ãèïåðáîëè÷åñêîãî òèïà, òî åñòü
âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå p21 − 4p2 > 0, ïðè ýòîì êîðíè ω1, ω2

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ω2 + p1ω + p2 = 0 (4)

ÿâëÿþòñÿ âåùåñòâåííûìè è ðàçëè÷íûìè, òàêæå ïðåäïîëàãàåòñÿ, ÷òî

ω1 < 0 < ω2

â äàííîì ñëó÷àå îïåðàòîð-ôóíêöèÿ (5) áóäåò ðåãóëÿðíîé [1]. Èñòîðèÿ
ðàññìàòðèâàåìîãî âîïðîñà ïðèâåäåíà â ðàáîòàõ [2]-[3].

Òåîðåìà î ðàçëîæåíèè

Ñ çàäà÷åé (1)�(3) òåñíî ñâÿçàíà îïåðàòîð-ôóíêöèÿ L(λ), äåéñòâóþùàÿ â
L2[0, 1]

l(y, λ) := y′′ + λp1y
′ + λ2p2y, y(0) = y′(1) = 0. (5)

Äëÿ îïåðàòîð-ôóíêöèè (5) íàéä¼ì ñîáñòâåííûå ôóíêöèè è ñîáñòâåí-
íûå çíà÷åíèÿ. Äëÿ ýòîãî ðàññìîòðèì ñëåäóþùóþ çàäà÷ó

L(λ)y = 0. (6)

Îáùåå ðåøåíèå, óðàâíåíèÿ l(y, λ) = 0 çàäà÷è (6) èìååò âèä

y(x, λ) = C1e
xω1λ + C2e

xω2λ. (7)

Ó÷èòûâàÿ êðàåâûå óñëîâèÿ (5), íàõîäèì ñîáñòâåííûå çíà÷åíèÿ è ñîá-
ñòâåííûå ôóíêöèè äëÿ îïåðàòîð-ôóíêöèè L(λ)

λk =
1

ω2 − ω1
ln
|ω1|
ω2

+
(2k + 1)πi

ω2 − ω1
, k ∈ Z, (8)

yk(x) =

(
|ω1|
ω2

) xω1
ω2−ω1

e
(2k+1)πixω1

ω2−ω1 −
(
|ω1|
ω2

) xω2
ω2−ω1

e
(2k+1)πixω2

ω2−ω1 . (9)
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Ëèíåàðèçóåì çàäà÷ó (6), êàê ýòî ñäåëàíî â [4]. Ïóñòü z1 = y, z2 = λz1,
òîãäà êðàåâàÿ çàäà÷à (6) ïåðåéäåò â çàäà÷ó LZ − λZ = 0, ãäå L � ëè-
íåéíûé îïåðàòîð â ïðîñòðàíñòâå âåêòîð-ôóíêöèé Z = (z1, z2)

T , îïðåäå-
ëÿåìûé âûðàæåíèåì

AZ :=

(
0 1

− 1
p2

d2

dx2 −p1
p2

d
dx

)
Z,

è èìåþùèé ñëåäóþùóþ îáëàñòü îïðåäåëåíèÿ

DL = {Z =

(
z1

z2

)
: z′′1 , z

′
2 ∈ L1[0, 1], z1(0) = z′1(0) = 0}.

Íàéä¼ì ðåçîëüâåíòó Rλ = (L−λE)−1 îïåðàòîðà L. Äëÿ ýòîãî ðåøèì
çàäà÷ó LZ − λZ = F , ãäå F = (f1, f2)

T , ãäå f1, f2 ∈ L2[0, 1]. Ïåðâàÿ
êîìïîíåíòà Z = RλF ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé êðàåâîé çàäà÷è:

z′′1 + λp1z
′
1 + λ2p2z1 = fλ, z(0) = z′(1) = 0, (10)

ãäå fλ := −p2f2 − p1f ′1 − λp2f2.
Äëÿ ôóíêöèè Ãðèíà çàäà÷è (10) ñïðàâåäëèâà ôîðìóëà

G(x, ξ, λ) =
1

(ω2 − ω1)∆(λ)

(
ω2e

λ(ω1x+ω2(1−ξ)) − ω1e
λω1(x+1−ξ)+

+ω1e
λ(ω2x+ω1(1−ξ)) − ω1e

λ(ω1+ω2(x−ξ))
)
− 1

λ(ω2 − ω1)
eλω1(x−ξ)χ(x− ξ)−

− 1

λ(ω2 − ω1)
eλω2(x−ξ)χ(ξ − x), (11)

ãäå ∆(λ) = ω2e
λω2 − ω1e

λω1, à χ(x) åñòü ôóíêöèÿ Õåâèñàéäà.
Åñëè îáîçíà÷èòü ÷åðåç Rλ ðåçîëüâåíòó îïåðàòîð-ôóíêöèþ L(λ), à ÷å-

ðåç G(x, ξ, λ) å¼ ôóíêöèþ Ãðèíà, òî ïîëó÷èì

z1(x, λ) = (Rλfλ)(x) =

� 1

0

G(x, ξ, λ)fλ(ξ) dξ =

=

� 1

0

G(x, ξ, λ)
(
− p2f2(ξ)− p1f ′1(ξ)− p2λf1(ξ)

)
dξ. (12)

Îáîçíà÷èì ÷åðåç γk (êàê ýòî áûëî ñäåëàíî â [5]) îêðóæíîñòè {λ :
|λ − λk| = δ}, ãäå δ > 0 è íàñòîëüêî ìàëî, ÷òî âíóòðè γk íàõîäèòñÿ ïî
îäíîìó ñîáñòâåííîìó çíà÷åíèþ.
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Îáîçíà÷èì

In = − 1

2πi

n∑
k=−n

�
γk

� 1

0

G(x, ξ, λ)fλ(ξ) dξ dλ =

= − 1

2πi

�
Γn

� 1

0

G(x, ξ, λ)fλ(ξ) dξ dλ, (13)

ãäå Γn, n ∈ N, åñòü êóñî÷íî êðóãîâûå êîíòóðû, îòñòîÿùèå îò ÷èñåë λk íà
ðàññòîÿíèå íå ìåíüøåå íåêîòîðîãî äîñòàòî÷íî ìàëîãî ôèêñèðîâàííîãî
÷èñëà δ1 > 0, ìåæäó ñîñåäíèìè êîíòóðàìè ëåæèò ðîâíî îäíî ÷èñëî λk è
èìåþò ìåñòî îöåíêè:

C1n < äëèíà Γn < C2n (0 < C1 < C2 < +∞). (14)

Èç ôîðìóë (8) ñëåäóþò, ÷òî òàêèå êîíñòàíòû â îöåíêàõ (14) äåéñòâèòåëü-
íî ñóùåñòâóþò.

Îñíîâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Åñëè f1 ∈ W 1

p [0, 1] (p > 1), f2 ∈ Lp[0, 1], f1(0) = 0, òî

In(x) = f1(x) + on(1), (15)

ãäå on(1) −→
n→∞

0 ðàâíîìåðíî ïî x ∈ [0, 1].

Òåîðåìà 1 èñïîëüçóåòñÿ äëÿ äîêàçàòåëüñòâà òåîðåìû î åäèíñòâåííî-
ñòè êëàññè÷åñêîãî ðåøåíèÿ äëÿ çàäà÷è (1)�(3) è ïîëó÷åíèè ôîðìóëû äëÿ
ýòîãî ðåøåíèÿ â âèäå êîíòóðíîãî èíòåãðàëà.
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ÓÄÊ 517.5

Ïåðèîäè÷åñêèå
èíòåðïîëÿöèîííî-îðòîãîíàëüíûå
n-ðàçäåëüíûå áàçèñû âñïëåñêîâ1

Å. À. Ïëåùåâà (Åêàòåðèíáóðã, Ðîññèÿ)
eplescheva@gmail.com

Â ðàáîòå ðàññìàòðèâàþòñÿ îðòîíîðìèðîâàííûé ÊÌÀ íà îñíîâå íåñêîëüêèõ ìàñ-
øòàáèðóþùèõ ôóíêöèé è ñîîòâåòñòâóþùèå âñïëåñêè. Íà îñíîâå òàêîãî ÊÌÀ ïî
îðòîãîíàëüíûì ìàñêàì ìàñøòàáèðóþùèõ ôóíêöèé ñòðîÿòñÿ ìàñêè íîâûõ ìàñ-
øòàáèðóþùèõ ôóíêöèé, óäîâëåòâîðÿþùèå óñëîâèþ èíòåðïîëÿöèîííîñòè. Ñôîð-
ìóëèðîâàíû óñëîâèÿ íà ìàñêè ìàñøòàáèðóþùèõ ôóíêöèé, íåîáõîäèìûå è äî-
ñòàòîòî÷íûå äëÿ òîãî, ÷òîáû ñäâèãè ïîëó÷åííîé ñ èñïîëüçîâàíèåì òàêèõ ìàñîê
ìàñøòàáèðóþùèõ ôóíêöèé îáðàçîâûâàëè èíòåðïîëÿöèîííî-îðòîãîíàëüíóþ ñè-
ñòåìó íà R. Ïîñòðîåíû n-ðàçäåëüíûå èíòåðïîëÿöèîííî-îðòîãîíàëüíûå áàçèñû
êðàòíîìàñøòàáíîãî àíàëèçà è âñïëåñêîâ íà ïåðèîäå.

Êëþ÷åâûå ñëîâà: îðòîãîíàëüíûé âñïëåñê, èíòåðïîëÿöèîííûé âñïëåñê, ìàñøòà-
áèðóþùàÿ ôóíêöèÿ, áàçèñ, êðàòíîìàñøòàáíûé àíàëèç, ìàñêà ìàñøòàáèðóþùåé
ôóíêöèè.

Periodic interpolating-orthogonal
n-separate wavelet bases1

E. A. Pleshcheva (Ekaterinburg, Russia)
eplescheva@gmail.com

The paper considers an orthonormal MRA based on several scaling functions and the
corresponding wavelets. We construct the masks of new scaling functions satisfying the
interpolation condition. The conditions for masks of scaling functions are formulated,
which are necessary and su�cient to ensure that the shifts of scaling functions
obtained using such masks form an interpolation-orthogonal system on R. The
interpolation-orthogonal bases of n-separate multiresolution analysis and wavelets on
the period are constructed.

Keywords: orthogonal wavelet, interpolating wavelet, scaling function, basis,
multiresolution analysis, mask of scaling function.
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Îïðåäåëåíèå. Ðàññìîòðèì n ïîñëåäîâàòåëüíîñòåé âëîæåííûõ
äðóã â äðóãà çàìêíóòûõ ïîäïðîñòðàíñòâ ïðîñòðàíñòâà L2(R)

. . . ⊂ V n
−1 ⊂ V 1

0 ⊂ V 2
1 ⊂ V 3

2 ⊂ · · · ⊂ V n
n−1 ⊂ V 1

n ⊂ V 2
n+1 ⊂ · · · , (1)

· · · ⊂ V 1
−1 ⊂ V 2

0 ⊂ V 3
1 ⊂ V 4

2 ⊂ · · · ⊂ V 1
n−1 ⊂ V 2

n ⊂ V 3
n+1 ⊂ · · · (2)

. . . . . . . . .

· · · ⊂ V n−1
−1 ⊂ V n

0 ⊂ V 1
1 ⊂ V 2

2 ⊂ · · · ⊂ V n−1
n−1 ⊂ V n

n ⊂ V 1
n+1 ⊂ · · · , (3)

Íàçîâåì ýòó êîíñòðóêöèþ n-ðàçäåëüíûì êðàòíîìàñøòàáíûì àíàëè-
çîì (n-ÊÌÀ) ïðîñòðàíñòâà L2(R), åñëè îíà óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì:
à) ∪j∈ZV 1

nj = ∪j∈ZV 2
nj = · · · = ∪j∈ZV n

nj = L2(R);
á) ∩j∈ZV 1

nj = ∩j∈ZV 2
nj = · · · = ∩j∈ZV n

nj = {0};
â) f(x) ∈ V s

j ⇔ f(x+ l/2j) ∈ V s
j ∀j, l ∈ Z, s = 1, 2, . . . , n;

ã) f(x) ∈ V s
0 ⇔ f(2jx) ∈ V s

j ∀j ∈ Z, s = 1, 2, . . . , n;
ä) íàéäóòñÿ òàêèå ôóíêöèè φs(x), s = 1, 2, . . . , n, ÷òî ìíîæåñòâà
èõ ñäâèãîâ {φs(x − k)}k∈Z îáðàçóþò îðòîíîðìèðîâàííûå áàçèñû ïðî-
ñòðàíñòâ V s

0 , à {φs
j,k}k∈Z � îðòîíîðìèðîâàííûå áàçèñû ïðîñòðàíñòâ

V s
j , j ∈ Z, s = 1, . . . , n.
Ïðèìåíåíèå n-ðàçäåëüíûõ ìàñøòàáèðóþùèõ ôóíêöèé ê ðåøåíèþ ñè-

ñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ðàññìàòðèâàåòñÿ â ñòàòüå [1].
Âëîæåíèÿ (1)�(3) âûïîëíÿþòñÿ ïðè âûïîëíåíèè ìàñøòàáèðóþùèõ

ñîîòíîøåíèé:
φs(x) =

∑
ν∈Z

hs,psν φps
1,ν(x), (4)

ãäå ðÿä
∑

ν∈Z h
s,ps
ν φps

1,ν(x) ñõîäèòñÿ â L
2(R), {φj,k(x) := 2j/2φ(2jx−k)}k∈Z,

ps =

{
s+ 1, s = 1, 2, . . . , n− 1,

1, s = n;

Ïîäïðîñòðàíñòâà âñïëåñêîâ W s
j , óäîâëåòâîðÿþùèå óñëîâèÿì:

1) V s
j

⊕
W s

j = V ps
j+1; 2) V

s
j ⊥W s

j , j ∈ Z, s = 1, . . . , n, ïîðîæäàþòñÿ
ôóíêöèÿìè-âñïëåñêàìè {ψs

j,k(x) = 2j/2ψs(2jx− k)}k∈Z, ãäå

ψs(x) =
∑
ν∈Z

(−1)ν−1hs,ps1−νφ
ps
1,ν(x), s = 1, . . . , n.

Äëÿ òîãî, ÷òîáû ñèñòåìà {φj,k(x)}k∈Z áûëà îðòîíîðìèðîâàííîé, à
ñèñòåìà {2−j/2φj,k(x)}k∈Z èíòåðïîëÿöèîííîé, íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû âûïîëíÿëèñü óñëîâèÿ:∑

ν∈Z

|φ̂(ω − k)|2 = 1,
∑
ν∈Z

φ̂(ω − k) = 1.
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Â ðàáîòå [2] Þ.Í. Ñóááîòèí è Í.È. ×åðíûõ ïîëó÷èëè ñïîñîá ïðåîáðà-
çîâàòü ìàñøòàáèðóþùóþ ôóíêöèþ Ìåéåðà òàêèì îáðàçîì, ÷òîáû íîâàÿ
ìàñøòàáèðóþùàÿ ôóíêöèÿ ïîðîæäàëà èíòåðïîëÿöèîííî-îðòîãîíàëüíóþ
ñèñòåìó ñäâèãîâ. Â ñòàòüå [3] íàìè ïîëó÷åí ñïîñîá ìîäèôèêàöèè ìàñîê
ìàñøòàáèðóþùèõ ôóíêöèé, îáðàçóþùèõ n-ðàçäåëüíûé ÊÌÀ, òàêèì îá-
ðàçîì, ÷òîáû íîâûå ïîñòðîåííûå ïî íèì ìàñøòàáèðóþùèå ôóíêöèè ïî-
ðîæäàëè èíòåðïîëÿöèîííî-îðòîãîíàëüíûå áàçèñû.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ èíòåðïîëÿöèîí-
íîñòè

Ïðèâåäåì íåîáõîäèìûå óñëîâèÿ èíòåðïîëÿöèîííîñòè è îðòîãîíàëüíîñòè
ñèñòåì ñäâèãîâ ìàñøòàáèðóþùèõ ôóíêöèé. Ïðåîáðàçîâàíèå Ôóðüå ìàñ-
øòàáèðóþùèõ ñîîòíîøåíèé (4) âûãëÿäèò ñëåäóþùèì îáðàçîì:

φ̂s(ω) = ms,ps(
ω

2
)φ̂ps(

ω

2
), s = 1, . . . , n,

ãäå ìàñêè ms,ps(ω) ìàñøòàáèðóþùèõ ôóíêöèé îïðåäåëÿþòñÿ ñëåäóþùåé
ôîðìóëîé:

ms,ps(ω) =
∑
ν∈Z

hs,psν e2πiνω, s = 1, . . . , n.

Åñëè ñèñòåìû {φs(x − k)}k∈Z � îðòîíîðìèðîâàííûå è èíòåðïîëÿöè-
îííûå, òî äëÿ ìàñîê âûïîëíÿþòñÿ ñîîòíîøåíèÿ:

|ms,ps(ω)|2 + |ms,ps(ω+
1

2
)|2 = 1, ms,ps(ω) +ms,ps(ω+

1

2
) = 1, s = 1, . . . , n.

Ïóñòü èìååòñÿ îðòîíîðìèðîâàííûé n-ðàçäåëüíûé ÊÌÀ ñ ìàñêàìè
ms,ps(ω), s = 1, . . . , n. Ïðåîáðàçóåì ìàñêè ñëåäóþùèì îáðàçîì:

ms,ps
I (ω) = |ms,ps(ω)|2 + i · sign(sin 2πω)|ms,ps(ω)ms,ps(ω +

1

2
)|. (5)

Îáîçíà÷èì ÷åðåç M s
I (ω) ñëåäóþùèå ïðîèçâåäåíèÿ:

M 1
I (ω) = m1,2

I (2n−1ω) ·m2,3
I (2n−2ω) · . . . ·mn−1,n

I (2ω) ·mn,1
I (ω),

. . . ,

Mn
I (ω) = mn,1

I (2n−1ω) ·m1,2
I (2n−2ω) · . . . ·mn−2,n−1

I (2ω) ·mn−1,n
I (ω).

Ïðèâåäåì äîñòàòî÷íûå óñëîâèÿ èíòåðïîëÿöèîííîñòè:
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Òåîðåìà. Ïóñòü äëÿ ìàñîê ms,ps(ω), s = 1, . . . , n, âûïîëíÿþòñÿ
óñëîâèÿ:

|ms,ps(ω)|2 + |ms,ps(ω +
1

2
)|2 = 1, s = 1, . . . , n.

Îïðåäåëèì ìàñêè ms,ps
I (ω), s = 1, . . . , n, ôîðìóëàìè (5). Ïóñòü ïðè

ýòîì ôóíêöèè φ̂s(ω) :=
∏∞

j=1M
s( ω

2nj ) ∈ L(R)
⋂
L2(R), |ms,ps(ω)| ≥

C0 > 0 ïðè |ω| ≤ 1/6 è èìåþò êîíå÷íîå ÷èñëî íóëåé íà
[−1/4; 1/4]\[−1/6; 1/6]. Òîãäà ïðè öåëûõ j è s = 1, . . . , n ñèñòåìû
ôóíêöèé {φs

I,j,k : k ∈ Z}, ãäå φ̂s
I :=

∏∞
j=1M

s
I (

ω
2nj ), ÿâëÿþòñÿ îðòîíîð-

ìèðîâàííûìè â ïðîñòðàíñòâå L2(R), èíòåðïîëÿöèîííûìè íà ñåòêå
{xj,r = r/2j : r ∈ Z}. Ïîñëåäîâàòåëüíîñòè V s

j îáðàçóþò n-ðàçäåëüíûé
ÊÌÀ ïðîñòðàíñòâà L2(R).

Ïåðèîäèçàöèÿ n-ðàçäåëüíûõ ìàñøòàáèðóþùèõ ôóíê-
öèé è âñïëåñêîâ

Ïîñòðîèì ïî ñèñòåìàì {φs
I,j,k(x)}j,k∈Z, {ψs

I,j,k(x)}j,k∈Z, s = 1, . . . , n, ïåðè-
îäè÷åñêèå ìàñøòàáèðóþùèå ôóíêöèè è âñïëåñêè:

ΦI,s
j,k(x) =

∑
ν∈Z

φs
I,j,k(x− ν); ΨI,s

j,k(x) =
∑
ν∈Z

ψs
I,j,k(x− ν).

Ïðîñòðàíñòâà VI,s
j , WI,s

j îïðåäåëèì ñëåäóþùèì îáðàçîì:

VI,s
j := Span{ΦI,s

j,k(x), k = 0, 1, . . . , 2j − 1},

WI,s
j := Span{ΨI,s

j,k(x), k = 0, 1, . . . , 2j − 1}, s = 1, . . . , n.

Ïðîñòðàíñòâà VI,s
j îáðàçóþò ïåðèîäè÷åñêèé n-ðàçäåëüíûé

èíòåðïîëÿöèîííî-îðòîãîíàëüíûé ÊÌÀ.
Ôóíêöèè ΦI,s

j,k(x),Ψ
I,s
j,k(x), j = 0, 1, 2, . . . , k = 0, . . . , 2j − 1 ìîãóò áûòü

ïðåäñòàâëåíû â âèäå:

ΦI,s
j,k(x) =

∑
ν∈Z

2−j/2φ̂s
I(
ν

2j
)e2πiν(x−k/2

j); ΨI,s
j,k(x) =

∑
ν∈Z

2−j/2ψ̂s
I(
ν

2j
)e2πiν(x−k/2

j).
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Ñïåöèàëüíûå êëàññû ðåøåíèé äëÿ
óðàâíåíèÿ Ýéëåðà-Äàðáó ñ äâóìÿ ëèíèÿìè

âûðîæäåíèÿ1

Ñ. Â. Ïîäêëåòíîâà (Ñàìàðà, Ðîññèÿ)
podkletnova.sv@ssau.ru

Â ñòàòüå ïðåäñòàâëåíû ñïåöèàëüíûå êëàññû ðåøåíèé äëÿ ðàçëè÷íûõ çíà÷å-
íèé ïàðàìåòðîâ íîâîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ãèïåðáîëè÷åñêîãî òè-
ïà. Ðàññìàòðèâàåìîå óðàâíåíèå ÿâëÿåòñÿ îáúåäèíåíèåì èçâåñòíîãî óðàâíåíèÿ
Ýéëåðà-Ïóàññîíà-Äàðáó, çàäàííîãî â õàðàêòåðèñòè÷åñêèõ êîîðäèíàòàõ, è åãî îá-
ðàçà îòíîñèòåëüíî îñè îðäèíàò. Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëå-
äîâàíèé óðàâíåíèÿ Ýéëåðà-Ïóàññîíà-Äàðáó, ïðîâåä¼ííîãî ïðîôåññîðàìè Âîëêî-
äàâîâûì Â.Ô. è Íèêîëàåâûì Í.ß. â ðàáîòå [1], à òàêæå àâòîðà ïðåäñòàâëåííîé
ñòàòüè â ðàáîòàõ [2] è [3]. Ðåøåíèÿ, âûâåäåííûå â ïîñòàâëåííûõ êëàññàõ, çíà÷è-
òåëüíî óïðîùàþò äàëüíåéøåå èçó÷åíèå êàê ðàññìàòðèâàåìîãî óðàâíåíèÿ, òàê è
óðàâíåíèÿ Ýéëåðà-Ïóàññîíà-Äàðáó.

Êëþ÷åâûå ñëîâà: ãèïåðáîëè÷åñêîå óðàâíåíèå, óðàâíåíèå Ýéëåðà-Äàðáó, ñïåöè-
àëüíûå êëàññû ðåøåíèé, óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ, äèôôåðåíöèàëüíîå
óðàâíåíèå.

Special Classes of Solutions for the
Euler-Darboux Equation with Two Degeneracy

Lines1
S. V. Podkletnova (Samara, Russia)

podkletnova.sv@ssau.ru

The article presents the special classes of solutions for di�erent parameter values
of the new partial di�erential equation of hyperbolic type. The equation under
consideration is a uni�cation of the well-known Euler-Poisson-Darboux equation,
given in characteristic coordinates, and its image with respect to the ordinate axis.
This work is a continuation of the studies of the Euler-Poisson-Darboux equation
conducted by Professors V.F. Volkodavov and N.Y. Nikolaev in [1], as well as by the
author of this article in [2] and [3]. The solutions derived in the classes and given in
the article greatly simplify the further study of both the equation under consideration
and the Euler-Poisson-Darboux equation.

Keywords: hyperbolic equation, Euler-Darboux equation, special classes of solutions,
partial di�erential equation, di�erential equation.

Ââåäåíèå

Ðàññìîòðèì óðàâíåíèå

L (u) ≡ (ξ · sgn ξ − η) · uξη − b · uξ + a · sgn ξ · uη = 0. (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ïîäêëåòíîâà Ñ. Â., 2024
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Ïðè ξ > 0 óðàâíåíèå (1) ÿâëÿåòñÿ èçâåñòíûì óðàâíåíèåì Ýéëåðà-
Äàðáó:

L (u) ≡ (ξ − η) · uξη − b · uξ + a · uη = 0, (2)

à ïðè îòðèöàòåëüíûõ çíà÷åíèÿõ ξ (1) òîæäåñòâåííî óðàâíåíèþ

L (u) ≡ (ξ + η) · uξη + b · uξ + a · uη = 0,

ïðåäñòàâëÿþùåìó ñîáîé îáðàç óðàâíåíèÿ (2) îòíîñèòåëüíî îñè îðäèíàò
η, ïîýòîìó íàçîâ¼ì óðàâíåíèå (1) óðàâíåíèåì Ýéëåðà-Äàðáó ñ äâóìÿ ëè-
íèÿìè âûðîæäåíèÿ.

Äëÿ óðàâíåíèÿ (1) â îáëàñòÿõ G− = {(ξ, η)| 0 < −ξ < η < h} è G+ =
= {(ξ, η)| 0 < ξ < η < h} â ðàáîòàõ [1], [2], [3] áûëè ðàññìîòðåíû çàäà÷è
Êîøè è âèäîèçìåí¼ííûå çàäà÷è Êîøè, ðåøåíèÿ êîòîðûõ áûëè èñïîëü-
çîâàíû äëÿ îïðåäåëåíèÿ è âûâîäà ñïåöèàëüíûõ êëàññîâ ðåøåíèé äëÿ
óðàâíåíèÿ (1) ñ ðàçëè÷íûìè îãðàíè÷åíèÿìè íà ïàðàìåòðû. Ïîëó÷åííûå
êëàññè÷åñêèå ðåøåíèÿ êîìïàêòíû è èìåþò óäîáíîå ïðåäñòàâëåíèå äëÿ
èñïîëüçîâàíèÿ ñ öåëüþ ïðèìåíåíèÿ äëÿ ðåøåíèÿ ðàçëè÷íûõ êðàåâûõ
çàäà÷ äëÿ ðàññìàòðèâàåìîãî óðàâíåíèÿ. Íèæå ïðèâåä¼ì òåîðåìû, â êî-
òîðûõ çàïèøåì ýòè ðåøåíèÿ äëÿ âñåõ âîçìîæíûõ çíà÷åíèé ïàðàìåòðîâ
óðàâíåíèÿ (1). Ïåðâûå äâå òåîðåìû áûëè îïóáëèêîâàíû â ðàáîòå [1] äëÿ
óðàâíåíèÿ Ýéëåðà-Ïóàññîíà-Äàðáó è äîáàâëåíû â òåêñò íàñòîÿùåé ðàáî-
òû äëÿ ïîëíîòû èçëîæåíèÿ ìàòåðèàëà, íî óæå äëÿ óðàâíåíèÿ (1). Òàêîå
èçìåíåíèå òåêñòà òåîðåì âîçìîæíî â ñèëó òîãî, ÷òî óðàâíåíèå (2) ïðè
óêàçàííûõ â òåîðåìàõ 1 è 2 óñëîâèÿõ òîæäåñòâåííî óðàâíåíèþ (1). Äëÿ
âûâîäà ôîðìóë è äîêàçàòåëüñòâà òåîðåì áûëè èñïîëüçîâàíû îïðåäåëå-
íèÿ è òîæäåñòâà, ïðèâåä¼ííûå, íàïðèìåð, â ðàáîòå [4].

Îïðåäåëåíèÿ ñïåöèàëüíûõ êëàññîâ
ðåøåíèé

Â ðàáîòå [1] áûëè âûâåäåíû äâà êëàññà ðåøåíèé äëÿ óðàâíåíèÿ Ýéëåðà-
Äàðáó ñ ïàðàìåòðàìè îäèíàêîâûõ çíàêîâ. Äëÿ ïîëíîòû èçëîæåíèÿ ìà-
òåðèàëà ïðèâåä¼ì çäåñü èõ îïðåäåëåíèÿ, îïðåäåëåíèÿ è äîêàçàòåëüñòâà
òåîðåì ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè â îñòàëüíûõ êëàññàõ ïðèíàäëå-
æàò àâòîðó íàñòîÿùåé ñòàòüè.

Îïðåäåëåíèå 1. Ôóíêöèÿ u (ξ, η) ïðèíàäëåæèò êëàññó 0R
h
+ â îáëà-

ñòè G+, åñëè îíà îïðåäåëÿåòñÿ ôîðìóëîé

u (ξ, η) = − 1

2 (1− α− β) B (1− α, 1− β)

η�
ξ

ν+ (t)

(t− ξ)α(η − t)β
dt+

+
(η − ξ)1−α−β

B (α, β)

η�
ξ

τ+ (t)

(t− ξ)1−β(η − t)1−α
dt,

(3)
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ãäå

τ+ (ξ) =

ξ�

0

T+ (t) (ξ − t)−α−βdt, T+ (ξ) ∈ C1
(0,h) ∩ L[0,h].

Çäåñü è äàëåå ôîðìóëà, ÷åðåç êîòîðóþ îïðåäåëÿåòñÿ êëàññ ðåøåíèé
(â äàííîì ñëó÷àå ôîðìóëà (3)), ÿâëÿåòñÿ ðåøåíèåì ñîîòâåòñòâóþùåé çà-
äà÷è Êîøè äëÿ óðàâíåíèÿ (1).

Îïðåäåëåíèå 2. Ôóíêöèÿ u (ξ, η) íàçûâàåòñÿ ðåøåíèåì êëàññà 0R
+

â îáëàñòè G+, åñëè îíà îïðåäåëÿåòñÿ ôîðìóëîé

u (ξ, η) =
α + β

(1 + α + β) B (1 + α, 1 + β)

η�
ξ

ν+ (t)

(t− ξ)−α(η − t)−β
dt+

+
(η − ξ)α+β−1

B (1− α, 1− β)

η�
ξ

τ+ (t)

(t− ξ)β(η − t)α
dt+

+
(η − ξ)α+β−1

(α + β) (1− α− β)

η�
ξ

τ ′+ (t) [(α + β) (t− ξ) + α (ξ − η)]
B (1− α, 1− β) (t− ξ)β(η − t)α

dt,

ãäå

τ+ (ξ) =

ξ�

0

T+ (t) (ξ − t)α+βdt, T+ (ξ) ∈ C(0,h) ∩ L[0,h].

Îïðåäåëåíèå 3. Ôóíêöèÿ u (ξ, η) íàçûâàåòñÿ ðåøåíèåì êëàññà 0R
h
−

â îáëàñòè G−, åñëè îíà îïðåäåëÿåòñÿ ôîðìóëîé

u (ξ, η) =
1

2 (1− α− β) B (1− α, 1− β)

η�
−ξ

ν− (−t)
(t+ ξ)α(η − t)β

dt+

+
(ξ + η)1−α−β

B (α, β)

η�
−ξ

τ− (−t)
(t+ ξ)1−β(η − t)1−α

dt,

ãäå

τ− (ξ) =

0�

ξ

T− (t) (t− ξ)−α−βdt, T− (ξ) ∈ C1
(−h,0) ∩ L[−h,0].

Îïðåäåëåíèå 4. Ôóíêöèÿ u (ξ, η) íàçûâàåòñÿ ðåøåíèåì êëàññà 0R−
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â îáëàñòè G−, åñëè îíà îïðåäåëÿåòñÿ ôîðìóëîé

u (ξ, η) = − α + β

(1 + α + β) B (1 + α, 1 + β)

η�
−ξ

ν− (−t)
(t+ ξ)−α(η − t)−β

dt+

+
(ξ + η)α+β−1

B (1− α, 1− β)

η�
−ξ

τ− (−t)
(t+ ξ)β(η − t)α

dt+

+
(ξ + η)α+β−1

(α + β) (1− α− β)

η�
−ξ

τ ′− (−t) [(α + β) (t+ ξ)− α (ξ + η)]

B (1− α, 1− β) (t+ ξ)−β(η − t)−α
dt,

ãäå

τ− (ξ) =

0�

ξ

T− (t) (t− ξ)α+βdt, T− (ξ) ∈ C(−h,0) ∩ L[−h,0].

Îïðåäåëåíèå 5. Ôóíêöèÿ u (ξ, η) íàçûâàåòñÿ ðåøåíèåì êëàññà Rh
1+

â îáëàñòè G+, åñëè îíà îïðåäåëÿåòñÿ ôîðìóëîé

u (ξ, η) = − 1

2 (α− β − 1)B (1− α, 1 + β)

η�
ξ

ν+ (t)

(t− ξ)α(η − t)−β
dt+

+
(η − ξ)β−α

B (α, 1− β)

η�
ξ

τ+ (t)

(t− ξ)β(η − t)1−α1
dt+

+
(η − ξ)β−α

(β − α) B (α, 1− β)

η�
ξ

τ ′+ (t)

(t− ξ)β(η − t)−α
dt,

ãäå

τ+ (ξ) =

ξ�

0

T+ (t) (ξ − t)β−αdt, T+ (ξ) ∈ C1
(0,h) ∩ L[0,h]. (4)

Îïðåäåëåíèå 6. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =
1

(α− β − 1)B (1− α, 1 + β)

η�
ξ

ν+ (t)

(t− ξ)α(η − t)−β
dt+

+
(η − ξ)β−α

B (α, 1− β)

η�
ξ

τ+ (t)

(t− ξ)β(η − t)1−α
dt+

+
(η − ξ)β−α

(β − α) B (α, 1− β)

η�
ξ

τ ′+ (t)

(t− ξ)β(η − t)−α
dt,

íàçûâàåòñÿ ðåøåíèåì êëàññà Rh
2+ â îáëàñòè G+, åñëè ôóíêöèÿ τ+ (ξ)

îïðåäåëÿåòñÿ ôîðìóëîé (4), ãäå T+ (ξ) ∈ C1
(0,h) ∩ L[0,h].
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Îïðåäåëåíèå 7. Ôóíêöèÿ u (ξ, η) íàçûâàåòñÿ ðåøåíèåì êëàññà Rh
1−

â îáëàñòè G−, åñëè îíà îïðåäåëÿåòñÿ ôîðìóëîé

u (ξ, η) =
1

2 (α− β − 1)B (1− α, 1 + β)

η�
−ξ

ν− (−t)
(t+ ξ)α(η − t)−β

dt−

− (ξ + η)β−α

B (α, 1− β)

η�
−ξ

τ− (−t)
(t+ ξ)β(η − t)1−α

dt+

+
(ξ + η)β−α

(β − α) B (α, 1− β)

η�
−ξ

τ ′− (−t)
(t+ ξ)β(η − t)−α

dt,

ãäå

τ− (ξ) =

0�

ξ

T− (t) (t− ξ)β−αdt, T− (ξ) ∈ C1
(−h,0) ∩ L[−h,0]. (5)

Îïðåäåëåíèå 8. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) = − 1

(α− β − 1)B (1− α, 1 + β)

η�
−ξ

ν− (−t)
(t+ ξ)α(η − t)−β

dt−

− (ξ + η)β−α

B (α, 1− β)

η�
−ξ

τ− (−t)
(t+ ξ)β(η − t)1−α

dt+

+
(ξ + η)β−α

(β − α) B (α, 1− β)

η�
−ξ

τ ′− (−t)
(t+ ξ)β(η − t)−α

dt,

íàçûâàåòñÿ ðåøåíèåì êëàññà Rh
2− â îáëàñòè G−, åñëè ôóíêöèÿ τ− (ξ)

îïðåäåëÿåòñÿ ôîðìóëîé (5), ãäå T− (ξ) ∈ C1
(−h,0) ∩ L[−h,0].

Îïðåäåëåíèå 9. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) = − 1

2 (1 + α− β) B (1 + α, 1− β)

η�
ξ

ν+ (t)

(t− ξ)−α(η − t)β
dt+

+
(η − ξ)α−β

B (1− α, β)

η�
ξ

τ+ (t)

(t− ξ)1−β(η − t)α
dt+

+
(η − ξ)α−β

(β − α) B (1− α, β)

η�
ξ

τ ′+ (t)

(t− ξ)−β(η − t)α
dt,

íàçûâàåòñÿ ðåøåíèåì êëàññà Rh
3+ â îáëàñòè G+, åñëè

τ+ (ξ) =

ξ�

0

T+ (t) (ξ − t)α−βdt, T+ (ξ) ∈ C1
(0,h) ∩ L[0,h]. (6)
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Îïðåäåëåíèå 10. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =
1

(1 + α− β) B (1 + α, 1− β)

η�
ξ

ν+ (t)

(t− ξ)−α(η − t)β
dt+

+
(η − ξ)α−β

B (1− α, β)

η�
ξ

τ+ (t)

(t− ξ)1−β(η − t)α
dt+

+
(η − ξ)α−β

(β − α) B (1− α, β)

η�
ξ

τ ′+ (t)

(t− ξ)−β(η − t)α
dt,

íàçûâàåòñÿ ðåøåíèåì êëàññà Rh
4+ â îáëàñòè G+, åñëè ôóíêöèÿ τ+ (ξ)

îïðåäåëÿåòñÿ ôîðìóëîé (6), ãäå T+ (ξ) ∈ C1
(0,h) ∩ L[0,h].

Îïðåäåëåíèå 11. Ôóíêöèÿ u (ξ, η) íàçûâàåòñÿ ðåøåíèåì êëàññà
Rh

3− â îáëàñòè G−, åñëè îíà îïðåäåëÿåòñÿ ôîðìóëîé

u (ξ, η) =
1

2 (1 + α− β) B (1 + α, 1− β)

η�
−ξ

ν− (−t)
(t+ ξ)−α(η − t)β

dt+

+
(ξ + η)α−β

B (1− α, β)

η�
−ξ

τ− (−t)
(t+ ξ)1−β(η − t)α

dt+

+
(ξ + η)α−β

(β − α) B (1− α, β)

η�
−ξ

τ ′− (−t)
(t+ ξ)−β(η − t)α

dt,

ãäå

τ− (ξ) =

0�

ξ

T− (t) (t− ξ)α−βdt, T− (ξ) ∈ C1
(−h,0) ∩ L[−h,0]. (7)

íàçûâàåòñÿ ðåøåíèåì êëàññà Rh
4+ â îáëàñòè G+, åñëè ôóíêöèÿ τ+ (ξ)

îïðåäåëÿåòñÿ ôîðìóëîé (6), ãäå T+ (ξ) ∈ C1
(0,h) ∩ L[0,h].

Îïðåäåëåíèå 12. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) = − 1

(1 + α− β) B (1 + α, 1− β)

η�
−ξ

ν− (−t)
(t+ ξ)−α(η − t)β

dt+

+d (ξ+η)
α−β

B(1−α,β)

η�
−ξ

τ− (−t)
(t+ ξ)1−β(η − t)α

dt+

+
(ξ + η)α−β

(β − α) B (1− α, β)

η�
−ξ

τ ′− (−t)
(t+ ξ)−β(η − t)α

dt,

íàçûâàåòñÿ ðåøåíèåì êëàññà Rh
4− â îáëàñòè G−, åñëè ôóíêöèÿ τ− (ξ)

îïðåäåëÿåòñÿ ôîðìóëîé (7), ãäå T− (ξ) ∈ C1
(−h,0) ∩ L[−h,0].
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Êëàññè÷åñêèå ðåøåíèÿ óðàâíåíèÿ Ýéëåðà-Äàðáó ñ
äâóìÿ ëèíèÿìè âûðîæäåíèÿ

Òåîðåìà 1. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =

0�

ξ

T− (t)(t− ξ)α(η + t)βdt+

ξ�

−η

N− (t) (ξ − t)α(η + t)βdt,

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = −α, b =
= −β, 0 < α, β, α + β < 1 êëàññà 0R− â îáëàñòè G−, åñëè
T− (ξ) , N− (ξ) ∈ C(−h,0) ∩ L[−h,0].

Òåîðåìà 2. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =

ξ�

0

T+ (t)(ξ − t)α(η − t)βdt+
η�

ξ

N+ (t) (t− ξ)α(η − t)βdt,

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì êëàññà 0R
+ óðàâíåíèÿ (1) ïðè a = −α,

b = −β, 0 < α, β, α + β < 1 â îáëàñòè G+, åñëè T+ (ξ) , N+ (ξ) ∈
∈ C2

(0,h) ∩ L[0,h].

Òåîðåìà 3. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =

0�

ξ

T− (t)(t− ξ)−α(η + t)−βdt+

ξ�

−η

N− (t) (ξ − t)−α(η + t)−βdt,

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì êëàññà 0R
h
− óðàâíåíèÿ (1) â îáëàñòè

G−, åñëè a = α, b = β, 0 < α, β, α + β < 1 T− (ξ) , N− (ξ) ∈ C1
(−h,0)∩

∩L[−h,0].
Òåîðåìà 4. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =

0�

ξ

T− (t)(t− ξ)α(η + t)βdt+

ξ�

−η

N− (t) (ξ − t)α(η + t)βdt,

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = −α, b = −β,
0 < α, β, α + β < 1 êëàññà 0R− â îáëàñòè G−, åñëè T− (ξ) , N− (ξ) ∈
∈ C(−h,0) ∩ L[−h,0].

Òåîðåìà 5. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =

ξ�

0

T+ (t)(ξ − t)−α(η − t)βdt+
η�

ξ

N+ (t) (t− ξ)−α(η − t)βdt, (8)
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ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = α, b = −β,
0 < α, β, α − β < 1 êëàññà Rh

1+ â îáëàñòè G+, åñëè T+ (ξ) , N+ (ξ) ∈
∈ C1

(0,h) ∩ L[0,h].

Òåîðåìà 6. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé (8), ÿâëÿåòñÿ
êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = α, b = −β, 0 < α, β,
β−α < 1 êëàññà Rh

2+ â îáëàñòè G+, åñëè T+ (ξ) , N+ (ξ) ∈ C1
(0,h) ∩L[0,h].

Òåîðåìà 7. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =

0�

ξ

T− (t)(t− ξ)−α(η + t)βdt+

ξ�

−η

N− (t) (ξ − t)−α(η + t)βdt, (9)

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = α, b = −β,
0 < α, β, α − β < 1 êëàññà Rh

1− â îáëàñòè G−, åñëè T− (ξ) , N− (ξ) ∈
∈ C1

(−h,0) ∩ L[−h,0].

Òåîðåìà 8. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé (9), ÿâëÿåòñÿ
êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = α, b = −β, 0 < α, β,
β−α < 1 êëàññà Rh

2− â îáëàñòè G−, åñëè T− (ξ) , N− (ξ) ∈ C1
(−h,0)∩L[−h,0].

Òåîðåìà 9. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =

ξ�

0

T+ (t)(ξ − t)α(η − t)−βdt+
η�

ξ

N+ (t) (t− ξ)α(η − t)−βdt, (10)

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = −α, b = β,
0 < α, β, β − α < 1 êëàññà Rh

3+ â îáëàñòè G+, åñëè T+ (ξ) , N+ (ξ) ∈
∈ C1

(0,h) ∩ L[0,h].

Òåîðåìà 10.Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé (10), ÿâëÿåò-
ñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = α, b = −β, 0 < α, β,
α− β < 1 êëàññà Rh

4+ â îáëàñòè G+, åñëè T+ (ξ) , N+ (ξ) ∈ C1
(0,h) ∩L[0,h].

Òåîðåìà 11. Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé

u (ξ, η) =

0�

ξ

T− (t)(t− ξ)α(η + t)−βdt+

ξ�

−η

N− (t) (ξ − t)α(η + t)−βdt, (11)

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = −α, b = β,
0 < α, β, β − α < 1 êëàññà Rh

3− â îáëàñòè G−, åñëè T− (ξ) , N− (ξ) ∈
∈ C1

(−h,0) ∩ L[−h,0].
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Òåîðåìà 12.Ôóíêöèÿ u (ξ, η), îïðåäåëÿåìàÿ ôîðìóëîé (11), ÿâëÿåò-
ñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) ïðè a = −α, b = β, 0 < α, β,
α−β < 1 êëàññà Rh

4− â îáëàñòè G−, åñëè T− (ξ) , N− (ξ) ∈ C1
(−h,0)∩L[−h,0].
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ÓÄÊ 514.01

Ôóíêöèîíàëüíûå óðàâíåíèÿ òèïà
Éåíñåíà-Êîøè îò ôóíêöèé ìíîãèõ

ïåðåìåííûõ1

È. Â. Ïîëèêàíîâà (Áàðíàóë, Ðîññèÿ)
Anirix1@yandex.ru

Â ñòàòüå ïðèâîäÿòñÿ ðåøåíèÿ â êëàññå íåïðåðûâíûõ ôóíêöèé ôóíêöèîíàëüíûõ
óðàâíåíèé, íàïîìèíàþùèõ ïî âèäó ÷åòûðå óðàâíåíèÿ Êîøè. Íåèçâåñòíûå ôóíê-
öèè â íèõ çàâèñÿò îò ìíîãèõ ïåðåìåííûõ. Îäíà ÷àñòü óðàâíåíèÿ ïðåäñòàâëÿåò
ñîáîé êîìïîçèöèþ èñêîìîé ôóíêöèè ñ ìóëüòèôóíêöèåé, çàâèñÿùåé îò ïðîèç-
âîëüíîãî ãîìåîìîðôèçìà. Çàìåíîé ôóíêöèè óðàâíåíèÿ ñâîäÿòñÿ ê óðàâíåíèþ
Éåíñåíà. Ìíîãî÷èñëåííûå ñëåäñòâèÿ îáóñëîâëåíû âîçìîæíîñòüþ ïîäñòàíîâêè â
óðàâíåíèÿ ðàçëè÷íûõ ãîìåîìîðôèçìîâ.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíîå óðàâíåíèå îò ôóíêöèé ìíîãèõ ïåðåìåííûõ,
ôóíêöèîíàëüíîå óðàâíåíèå Éåíñåíà, ôóíêöèîíàëüíûå óðàâíåíèÿ Êîøè, ìóëü-
òèôóíêöèÿ.

Functional equations of Jensen-Cauchy type
for functions of several variables1

I. V. Polikanova (Barnaul, Russia)
Anirix1@yandex.ru

The article presents solutions in the class of continuous functions of functional
equations that resemble the four Cauchy equations in appearance. The unknown
functions in them depend on many variables. One part of the equation is the
composition of the desired function with a multifunction depending on an arbitrary
homeomorphism. By replacing the function, the equations are reduced to the Jensen
equation. Numerous consequences are due to the possibility of substituting various
homeomorphisms into equations.

Keywords: functional equation of functions of several variables, Jensen functional
equation, Cauchy functional equations, multifunction.

Ââåäåíèå

Ïðèìåíåíèå ìóëüòèôóíêöèé ïîçâîëèëî ñóùåñòâåííî ðàñøèðèòü êëàññ
ôóíêöèîíàëüíûõ óðàâíåíèé, èìåþùèõ ðåøåíèÿ â ÿâíîì âèäå. Òàê, ðà-
íåå àâòîð íàø¼ë ðåøåíèÿ ôóíêöèîíàëüíûõ óðàâíåíèé Êîøè ÷åòûð¼õ
òèïîâ, Éåíñåíà è Ëîáà÷åâñêîãî îò ôóíêöèé ìíîãèõ ïåðåìåííûõ â êëàññå
íåïðåðûâíûõ ôóíêöèé [1]. Èçâåñòíûå ðåøåíèÿ àääèòèâíîãî è ýêñïîíåí-
öèàëüíîãî óðàâíåíèé Êîøè è Éåíñåíà äëÿ ôóíêöèé ìíîãèõ ïåðåìåííûõ
[2] àâòîðîì ïîëó÷åíû ïðèíöèïèàëüíî íîâûì ñïîñîáîì.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ïîëèêàíîâà È. Â., 2024
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Ïóñòü Rn � n-àÿ äåêàðòîâà ñòåïåíü ïîëÿ äåéñòâèòåëüíûõ ÷èñåë R,
å¼ ýëåìåíòû áóäåì íàçûâàòü ìóëüòèàðãóìåíòàìè è îáîçíà÷àòü æèð-
íûì øðèôòîì â îòëè÷èå îò âåùåñòâåííûõ êîîðäèíàò: x = (x1, x2, ..., xn).
Ìóëüòèôóíêöèåé îò k ìóëüòèàðãóìåíòîâ x(s) = (x(s)1, x(s)2, ..., x(s)n),

s = 1, ..., k, ïîðîæä¼ííîé ôóíêöèåé f : Rk → R, çàâèñÿùåé îò k äåéñòâè-
òåëüíûõ àðãóìåíòîâ, íàçîâ¼ì îòîáðàæåíèå òèïà Rkn → Rn, îïðåäåë¼ííîå
ïî ïðàâèëó:

f
(
x(1), ...,x(k)

)
=
(
f(x(1)1, x(2)1, ..., x(k)1), ... , f(x(1)n, x(2)n, ..., x(k)n)

)
.

Íàïðèìåð: x+y = (x1 + y1, x2 + y2, ..., xn + yn) , λx = (λx1, λx2, ..., λxn) ,

x · y = (x1y1, x2y2, ..., xnyn) , xb = (xb11 , x
b2
2 , ..., x

bn
n ),

logax = (logax1, logax2, ..., logaxn) , ax = (ax1, ax2, ..., axn) .

Êîìïîçèöèè è ñóïåðïîçèöèè ìóëüòèôóíêöèé ñ îòîáðàæåíèÿìè è ìóëü-
òèôóíêöèÿìè îïðåäåëÿþòñÿ òàê æå è ïðè òåõ æå óñëîâèÿõ, êàê êîìïî-
çèöèè è ñóïåðïîçèöèè îòîáðàæåíèé. Ìóëüòèôóíêöèè íàñëåäóþò ìíîãèå
ñâîéñòâà ïîðîæäàþùèõ èõ ôóíêöèé, íàïðèìåð, èíúåêòèâíîñòü, ñþðúåê-
òèâíîñòü (åñëè îíè îïðåäåëåíû íà äåêàðòîâîé ñòåïåíè íåêîòîðîãî ìíîæå-
ñòâà), íåïðåðûâíîñòü, à òàêæå ìíîãèå èõ ñïåöèôè÷åñêèå ñâîéñòâà. Êðîìå
òîãî, åñëè ïîðîæäàþùàÿ ôóíêöèÿ f(x) îäíîãî àðãóìåíòà èìååò îáðàò-
íóþ ôóíêöèþ f−1(x), òî å¼ ìóëüòèôóíêöèÿ f(x) èìååò îáðàòíóþ ìóëüòè-
ôóíêöèþ f−1(x) = (f−1(x1), ..., f

−1(xn)). Òàê, îáðàòíîé ìóëüòèôóíêöèåé
ê logax ÿâëÿåòñÿ ax. Ïîýòîìó alogax = x, logaa

x = x.
Ââåä¼ì îáîçíà÷åíèÿ:

b ∗ x = b1x1 + ...+ bnxn,
(
xb
)
⊙ = xb11 · x

b2
2 · ... · xbnn .

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ôóíêöèîíàëüíûå óðàâíåíèÿ,
íàïîìèíàþùèå îäíîâðåìåííî óðàâíåíèÿ Êîøè:

KI . f(x+ y) = f(x) + f(y) (ðåøåíèÿ: f(x) = b ∗ x),
KII . f(x+ y) = f(x) · f(y) (ðåøåíèÿ: f(x) = ab∗x),

KIII . f(x · y) = f(x) + f(y) (ðåøåíèÿ: f(x) = b ∗ logax),
KIV . f(x · y) = f(x) · f(y) (ðåøåíèÿ: f(x) = (xb)⊙)

è óðàâíåíèå Éåíñåíà

J. f (λx+ (1− λ)y) = λf(x) + (1− λ)f(y) (ðåøåíèÿ: f(x) = b ∗ x+ b0),

è ñâîäÿùèåñÿ ê ïîñëåäíåìó çàìåíîé íåèçâåñòíîé ôóíêöèè. Ïîä÷åðêí¼ì,
÷òî íåèçâåñòíàÿ ôóíêöèÿ â óðàâíåíèÿõ − íå ìóëüòèôóíêöèÿ, à îáû÷íàÿ
ôóíêöèÿ n àðãóìåíòîâ, ìóëüòèôóíêöèè èñïîëüçóþòñÿ êàê ïîäñòàíîâî÷-
íûå â íå¼ ôóíêöèè.
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Óðàâíåíèÿ òèïà Êîøè-Éåíñåíà

Âñþäó íèæå λ ∈ (0, 1) � ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî, k : Q̃→ Q
� ãîìåîìîðôèçì íåêîòîðîãî ïîäìíîæåñòâà Q̃ ⊂ Rn íà ïîäìíîæåñòâî
Q ⊂ Rm, k−1 = (k1(x), ..., kn(x)) � îáðàòíûé ãîìåîìîðôèçì. Ðåøåíèÿ
ôóíêöèîíàëüíûõ óðàâíåíèé èùóòñÿ â êëàññå íåïðåðûâíûõ ôóíêöèé,
îïðåäåë¼ííûõ íà ìíîæåñòâå Q.

Òåîðåìà 1. Ïóñòü Q̃ � çàìêíóòîå, ñ íåïóñòîé âíóòðåííîñòüþ,
âûïóêëîå ìíîæåñòâî. Åäèíñòâåííûìè ðåøåíèÿìè îáîáù¼ííîãî àääè-
òèâíîãî óðàâíåíèÿ Éåíñåíà-Êîøè

JKI . f
(
k(λk−1(x) + (1− λ)k−1(y))

)
= λf(x) + (1− λ)f(y) (1)

ÿâëÿþòñÿ àôôèííûå ôóíêöèè:

f(x) = b ∗ k−1(x) + b0 = b1k1(x) + ...+ bnkn(x) + b0 (2)

ïðè ëþáîì íàáîðå b = (b1, ..., bn) ∈ Rn è b0 ∈ R.
Òåîðåìà 2. Ïóñòü Q̃ � çàìêíóòîå, ñ íåïóñòîé âíóòðåííîñòüþ,

âûïóêëîå ìíîæåñòâî. Åäèíñòâåííûìè ðåøåíèÿìè îáîáù¼ííîãî ýêñïî-
íåíöèàëüíîãî óðàâíåíèÿ Éåíñåíà-Êîøè

JKII . f
(
k(λk−1(x) + (1− λ)k−1(y))

)
= f(x)λf(y)1−λ (3)

ÿâëÿþòñÿ ïîñòîÿííàÿ f(x) ≡ 0 è ôóíêöèè âèäà:

f(x) = ab∗k
−1(x)+b0 = ab1k1(x)+...+bnkn(x)+b0 (4)

ïðè ëþáîì íàáîðå b = (b1, ..., bn) ∈ Rn è ëþáûõ äåéñòâèòåëüíûõ ÷èñëàõ
b0, a > 0, a ̸= 1.

Òåîðåìà 3. Ïóñòü Q̃ = P n ⊂ Rn, ãäå P � ÷èñëîâîé èíòåðâàë îäíîãî
èç âèäîâ R+ = (0,+∞), (0, c], [c, d], [c,+∞), c, d ∈ R+. Åäèíñòâåííûìè
ðåøåíèÿìè îáîáù¼ííîãî ëîãàðèôìè÷åñêîãî óðàâíåíèÿ Éåíñåíà-Êîøè

JKIII . (f ◦ k)((k−1(x))λ(k−1(y))1−λ) = λf(x) + (1− λ)f(y) (5)

ÿâëÿþòñÿ ôóíêöèè âèäà:

f(x) = b ∗ logak−1(x) + b0 = b1logak1(x) + ...+ bnlogakn(x) + b0 (6)

ïðè ëþáîì íàáîðå b = (b1, ..., bn) ∈ Rn è ëþáûõ äåéñòâèòåëüíûõ ÷èñëàõ
b0, a > 0, a ̸= 1.
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Òåîðåìà 4. Ïóñòü Q̃ = P n, ãäå P � ÷èñëîâîé èíòåðâàë îäíîãî èç
âèäîâ R+ = (0,+∞), (0, 1], [1,+∞). Åäèíñòâåííûìè ðåøåíèÿìè îáîá-
ù¼ííîãî ñòåïåííîãî óðàâíåíèÿ Éåíñåíà-Êîøè

JKIV . (f ◦ k)((k−1(x))λ(k−1(y))1−λ) = f(x)λf(y)1−λ (7)

ÿâëÿþòñÿ ôóíêöèè âèäà

f(x) = c
(
k−1(x)b

)
⊙ = c · k1(x)b1 · ... · kn(x)bn (8)

ïðè ëþáîì íàáîðå b = (b1, ..., bn) ∈ Rn è c > 0.

Çàêëþ÷åíèå

Âèäîèçìåí¼ííûå óðàâíåíèÿ (1), (3), (5), (7) â ðåçóëüòàòå çàìåíû λ è
(1 − λ) íà ïðîèçâîëüíûå äåéñòâèòåëüíûå ÷èñëà p ̸= 0 è q ̸= 0 èìåþò
ðåøåíèÿ ñîîòâåòñòâåííî (2), (4), (6) ïðè b0 = 0 è (8) ïðè c = 1. Ïðè
p = q = 1 è òîæäåñòâåííîì ãîìåîìîðôèçìå óðàâíåíèÿ ïðèíèìàþò âèä
óðàâíåíèé Êîøè. Ïîäñòàâëÿÿ â ôîðìóëû ðàçëè÷íûå ãîìåîìîðôèçìû,
ïîëó÷àåì ìíîãî÷èñëåííûå ñëåäñòâèÿ. Íàïðèìåð, ñëåäóþùåå

Ñëåäñòâèå. Îáîáù¼ííûå óðàâíåíèÿ Éåíñåíà-Êîøè JKI −JKIV ïðè
òîæäåñòâåííîì ãîìåîìîðôèçìå è λ = 1

2 ïðèíèìàþò âèä:

f

(
x+ y

2

)
=
f(x) + f(y)

2
,

f

(
x+ y

2

)
=
√
f(x) · f(y),

f (
√
x · y) = f(x) + f(y)

2
,

f (
√
x · y) =

√
f(x) · f(y)

è èìåþò ñîîòâåòñòâåííî ðåøåíèÿ:

b ∗ x+ b0, ab∗x+b0, b ∗ logax+ b0, c · (xb)⊙.
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ÓÄÊ 517.52

Îöåíêà ìîäóëÿ ïðîèçâîäíîé ñóììû
ñèíóñ-ðÿäà ñ âûïóêëîé ïîñëåäîâàòåëüíîñòüþ

êîýôôèöèåíòîâ1

À. Þ. Ïîïîâ (Ìîñêâà, Ðîññèÿ)
station@list.ru

Ïðè íåáîëüøèõ ïîëîæèòåëüíûõ çíà÷åíèÿõ x ïîëó÷åíû îöåíêè ñâåðõó è ñíèçó
ïðîèçâîäíîé ñóììû ñèíóñ-ðÿäà ñ âûïóêëîé ïîñëåäîâàòåëüíîñòüþ êîýôôèöèåí-
òîâ. Îöåíêà ñâåðõó àñèìïòîòè÷åñêè íåóëó÷øàåìà, îöåíêà ñíèçó òî÷íà ïî ïîðÿä-
êó.

Êëþ÷åâûå ñëîâà: ñèíóñ-ðÿä, âûïóêëàÿ ïîñëåäîâàòåëüíîñòü êîýôôèöèåíòîâ, äâó-
ñòîðîííèå îöåíêè.

Estimation of the modulus of the derivative of
a sum of a sine series with a convex sequence

of coe�cients1
A. Yu. Popov (Moscow, Russia)

station@list.ru
For small positive values of x, upper and lower bounds are obtained for the derivative
of the sum of a sine series with a convex sequence of coe�cients. The upper bound is
asymptotically best possible, and the lower bound is order-sharp.

Keywords: sine series, convex sequence of coe�cients, two-sided estimates.

Ðàññìàòðèâàþòñÿ ñèíóñ-ðÿäû

g(b;x) =
∞∑
k=1

bk sin(kx), (1)

ïîñëåäîâàòåëüíîñòè êîýôôèöèåíòîâ b = {bk}k∈N êîòîðûõ ìîíîòîííî
ñòðåìÿòñÿ ê íóëþ:

b1 > 0, bk+1 ≤ bk ∀k ∈ N, lim
k→∞

bk = 0. (2)

Êëàññ âñåõ ïîñëåäîâàòåëüíîñòåé b, óäîâëåòâîðÿþùèõ (2), îáîçíà÷èì M.
Íàñ â îñíîâíîì áóäåò èíòåðåñîâàòü ïîäêëàññM, ñîñòîÿùèé èç âûïóêëûõ
ïîñëåäîâàòåëüíîñòåé (îáîçíà÷èì åãî M1), òî åñòü òàêèõ, ÷òî

bk − 2bk+1 + bk+2 ≥ 0 ∀k ∈ N.
1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International

(CC-BY 4.0)
1This is an open access article distributed under the terms of Creative Commons Attribution 4.0

International License (CC-BY 4.0)

© Ïîïîâ À. Þ., 2024
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Îöåíêàì ñóìì ðÿäîâ (1) ñ êîýôôèöèåíòàìè èç M (èëè èç M1) ïîñâÿ-
ùåíî äîâîëüíî ìíîãî ðàáîò, íà÷èíàÿ ñ [1]. Óïîìÿíåì íåäàâíèå ðàáîòû
[2], [3], ãäå èìååòñÿ áèáëèîãðàôèÿ ïî ýòîé òåìàòèêå. Ïîëîæèì

m(x) =
[π
x

]
, V (b;x) =

m(x)∑
k=1

k bk, 0 < x ≤ π.

Â [4] áûëà äîêàçàíà îöåíêà ñâåðõó

g(b;x) < xV (b;x) ∀x ∈ (0, π) ∀b ∈M, (3)

äîïîëíåííàÿ â [3] îöåíêàìè ñíèçó (n ∈ N, n ≥ 2)

g

(
b;
2π

n

)
≥ 0, g(b;x) ≥ −bn

2
tg
(x
4

)
, x ∈

(
2π

n+ 1
,
2π

n

)
∀b ∈M.

Â [3] äîêàçàíû óòî÷íåíèÿ îöåíêè (3). Çàìåòèì, ÷òî åñëè b ∈ M1, òî
g(b;x) > 0 ∀x ∈ (0, π). Â [2], [4], [5] èìåþòñÿ îöåíêè ñíèçó ñ òî÷íûìè êîí-
ñòàíòàìè ñóìì ñèíóñ-ðÿäîâ ñ âûïóêëîé ïîñëåäîâàòåëüíîñòüþ êîýôôèöè-
åíòîâ ÷åðåç ðàçëè÷íûå ôóíêöèè, ñâÿçàííûå ñ ïîñëåäîâàòåëüíîñòüþ b (â
÷àñòíîñòè, ÷åðåç V ).

Àâòîðó íå èçâåñòíû ðàáîòû, â êîòîðûõ âûâîäèëèñü áû îöåíêè ïðîèç-
âîäíîé g′(b;x) äëÿ ïîñëåäîâàòåëüíîñòè b ∈M1 îáùåãî âèäà, ó÷èòûâàþ-
ùèå ñïåöèôèêó êîýôôèöèåíòîâ {bk}. Â [1] (ãëàâà 10) ∀b ∈ M1 óñòàíîâ-
ëåíà ñïðàâåäëèâîñòü ñîîòíîøåíèé

g(b; · ) ∈ C1(0, 2π), g′(b;x) = o(x−2) ïðè x→ 0.

Çàìå÷àíèå 1. Åñëè lim
k→∞

kbk > 0, òî ôîðìàëüíî ïðîäèôôåðåíöèðî-

âàííûé ðÿä (1)
∞∑
k=1

kbk cos(kx) ðàñõîäèòñÿ â êàæäîé òî÷êå x ∈ R, è ñó-

ùåñòâóþò òàêèå ïîñëåäîâàòåëüíîñòè b ∈M, ÷òî ñóììà ðÿäà (1) íå èìååò
ïðîèçâîäíîé íè â îäíîé òî÷êå ([1], ãëàâà X, ïàðàãðàô 8). Åñëè æå b ∈M1,

òî íåçàâèñèìî îò ñêîðîñòè ñòðåìëåíèÿ ê íóëþ bk ðÿä
∞∑
k=1

kbk cos(kx) ñóì-

ìèðóåòñÿ ê g′(b;x) ìåòîäîì ñðåäíèõ àðèôìåòè÷åñêèõ â êàæäîé òî÷êå
x ∈ (0, 2π).

Àâòîðîì ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Ïðè ëþáîì x ∈ (0, π/18] âûïîëíÿåòñÿ íåðàâåíñòâî

|g′(b;x)| ≤ V (b;x) ∀b ∈M1. (4)
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Ñâåðõó ïðîèçâîäíàÿ ñóììû ñèíóñ-ðÿäà îöåíèâàåòñÿ âåëè÷èíîé, ìåíü-
øåé V (b;x), ñàìà æå îöåíêà âåðíà íà áîëüøåì, ÷åì â òåîðåìå 1, ïîëóèí-
òåðâàëå.

Òåîðåìà 2. Ïðè ëþáîì x ∈ (0, π/2] âåðíà îöåíêà ñâåðõó

g′(b;x) ≤
m(x)∑
k=1

k(k + 1)

2
(bk − bk+1) ∀b ∈M1. (5)

Çàìå÷àíèå 2. Ïðè ëþáîì m ∈ N äëÿ ïðîèçâîëüíîãî íàáîðà ÷èñåë
{bk}, 1 ≤ k ≤ m+ 1, âûïîëíÿåòñÿ ðàâåíñòâî

m∑
k=1

k(k + 1)

2
(bk − bk+1) =

m∑
k=1

kbk −
m(m+ 1)

2
bm+1.

Îòñþäà âèäíî, ÷òî ïðàâàÿ ÷àñòü íåðàâåíñòâà (5) ìåíüøå ïðàâîé ÷à-
ñòè (4), åñëè bm(x)+1 ̸= 0.

Êîíñòàíòà 1 â îöåíêå ñâåðõó g′(b;x) ÷åðåç V (b;x) ÿâëÿåòñÿ òî÷íîé
íà êëàññå M1. Åå íåëüçÿ ïîíèçèòü, åñëè ïîñëåäîâàòåëüíîñòü b áûñòðî
ñòðåìèòñÿ ê íóëþ. Â ýòîé ñèòóàöèè âûïóêëîñòü ïîñëåäîâàòåëüíîñòè êî-
ýôôèöèåíòîâ ðÿäà (1) íå òðåáóåòñÿ.

Òåîðåìà 3. Åñëè b ∈ M è
∞∑
k=1

bk < +∞, òî g ∈ C1(0, 2π) è ðÿä

∞∑
k=1

kbk cos(kx) ñõîäèòñÿ ê g′(b;x) â êàæäîé òî÷êå èíòåðâàëà (0, 2π)

ðàâíîìåðíî íà îòðåçêàõ [ε, 2π − ε], 0 < ε < π. Ïðè äîïîëíèòåëüíîì
óñëîâèè bk = O(k−2) ñïðàâåäëèâî ðàâåíñòâî

lim
x→0+

g′(b;x)

V (b;x)
= 1.

×òî æå êàñàåòñÿ êîíñòàíòû �−1� â îöåíêå ñíèçó g′(b;x) ≥ −V (b;x),
òî ïðè ìàëûõ x åå ìîæíî çàìåíèòü ëó÷øåé.

Òåîðåìà 4. Ïðè ëþáîì x ∈
(
0, 10−3π

]
âûïîëíÿåòñÿ íåðàâåíñòâî

g′(b;x) ≥ − cos
(π
8

)
V (b;x) ∀b ∈M1. (6)

Âåëè÷èíó cos(π/8) â íåðàâåíñòâå (6) ìîæíî óìåíüøèòü, íî ïîíèçèòü
åå äî cos(π/7) (äàæå óìåíüøèâ ãðàíèöó äëÿ x) àâòîðó íå óäàëîñü. Â òî æå
âðåìÿ çàìåíèòü cos(π/8) ÷èñëîì 2π−2 íåëüçÿ: òàêîå íåðàâåíñòâî íå áóäåò
âûïîëíÿòüñÿ íè ïðè êàêèõ äîñòàòî÷íî ìàëûõ x, åñëè âçÿòü b = {k−a}k∈N,
0 < a < 0.1.
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Òàêèì îáðàçîì, îöåíêà ñâåðõó g′(b;x) àñèìïòîòè÷åñêè íåóëó÷øàåìà
íà âñåì êëàññå M1, à îöåíêà ñíèçó � òî÷íà ïî ïîðÿäêó. Îòìåòèì, ÷òî íà
âñåì êëàññå M1 ìîæåò èäòè ðå÷ü ëèøü îá îöåíêå ìîäóëÿ ïðîèçâîäíîé.
Ïîñòðîåí ïðèìåð òàêîé ïîñëåäîâàòåëüíîñòè b ∈ M1, ÷òî ïðîèçâîäíàÿ
ñóììû ñèíóñ-ðÿäà (1) â ëþáîé ïðàâîé ïîëóîêðåñòíîñòè íóëÿ áåñêîíå÷íî
ìíîãî ðàç ìåíÿåò çíàê.

Â çàêëþ÷åíèå ïðèâåäåì äâà ñëåäñòâèÿ èç òåîðåìû 1.
Ñëåäñòâèå 1. Åñëè b = {bk}k∈N ∈ M1, òî âàðèàöèÿ ñóììû ñèíóñ-

ðÿäà (1) íà îòðåçêå [π/(m + 1), π/m] ïðè ëþáîì m ≥ 18 äîïóñêàåò
îöåíêó ñâåðõó

Var g(b;x)
∣∣∣π/m
π/(m+1)

≤ π

m(m+ 1)

m∑
k=1

kbk ≤
π

m+ 1

m∑
k=1

bk.

Ñëåäñòâèå 2. Åñëè b = {bk}k∈N ∈ M1 è ïîñëåäîâàòåëüíîñòü kbk
íåóáûâàåò, òî äëÿ ìîäóëÿ ïðîèçâîäíîé ñóììû ñèíóñ-ðÿäà (1) âåðíà
îöåíêà

|g′(b;x)| ≤ π2x−2bm(x) ∀x ∈ (0, π/18].
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ÓÄÊ 517.5

Î ðàöèîíàëüíûõ àïïðîêñèìàöèÿõ îäíîãî
ñèíãóëÿðíîãî èíòåãðàëà íà îòðåçêå

èíòåãðàëüíûìè îïåðàòîðàìè
Ôóðüå � ×åáûø¼âà1

Ï. Ã. Ïîöåéêî, Å. À. Ðîâáà (Ãðîäíî, Ðåñïóáëèêà Áåëàðóñü)
pahamatby@gmail.com, rovba.ea@gmail.com

Èçó÷àþòñÿ àïïðîêñèìàöèè ñèíãóëÿðíûõ èíòåãðàëîâ ñïåöèàëüíîãî âèäà íà îò-
ðåçêå [−1, 1] ðàöèîíàëüíûìè èíòåãðàëüíûìè îïåðàòîðàìè Ôóðüå � ×åáûø¼âà.
Íàéäåíî èíòåãðàëüíîå ïðåäñòàâëåíèå ïðèáëèæåíèé. Â ñëó÷àå, êîãäà ïëîòíîñòü
ñèíãóëÿðíîãî èíòåãðàëà èìååò ñòåïåííóþ îñîáåííîñòü, ïîëó÷åíû îöåíêè ïîòî-
÷å÷íûõ ïðèáëèæåíèé, ðàâíîìåðíûõ ïðèáëèæåíèé ñ îïðåäåëåííîé ìàæîðàíòîé,
åå àñèìïòîòè÷åñêîå âûðàæåíèå è îïòèìàëüíûå çíà÷åíèÿ ïàðàìåòðîâ àïïðîêñè-
ìèðóþùåé ôóíêöèè, ïðè êîòîðûõ ðàâíîìåðíûå ðàöèîíàëüíûå ïðèáëèæåíèÿ îêà-
çûâàþòñÿ â çíà÷èòåëüíîé ñòåïåíè ëó÷øå ñâîèõ ïîëèíîìèàëüíûõ àíàëîãîâ.

Êëþ÷åâûå ñëîâà: ðàöèîíàëüíàÿ àïïðîêñèìàöèÿ, èíòåãðàëüíûé îïåðàòîð Ôóðüå �
×åáûø¼âà, ñèíãóëÿðíûå èíòåãðàëû, ðàâíîìåðíûå îöåíêè.
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On rational approximations of one singular
integral on a segment by Fourier � Chebyshev

integral operators1
P. G. Potseiko, Y. A. Rovba. (Grodno, Belarus)

pahamatby@gmail.com, rovba.ea@gmail.com

Approximations of singular integrals of the special form on the segment [−1, 1]
by rational integral operators of Fourier � Chebyshev are studied. An integral
representation of the approximations is found. In the case when the density of
the singular integral has power singularity, estimates of pointwise approximations,
uniform approximations with a certain majorant, its asymptotic expression and
optimal values of the approximating function parameters are found at which uniform
rational approximations turn out to be signi�cantly better than their own polynomial
analogues.
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integrals, uniform estimates.
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Ââåäåíèå

Ïðè ðåøåíèè ìíîãèõ çàäà÷ ìàòåìàòèêè è ôèçèêè âñòðå÷àþòñÿ ñèíãó-
ëÿðíûå èíòåãðàëû ñ ÿäðîì òèïà Êîøè ñëåäóþùåãî âèäà [1, 2]:

f̂(x) =
1

π

+1�

−1

f(t)

t− x
√
1− t2 dt, x ∈ [−1, 1], (1)

ïîíèìàåìûå â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè, ãäå f(t) ∈ LipMα, 0 ≤
α ≤ 1. Èçâåñòíî, ÷òî ñèíãóëÿðíûå èíòåãðàëû âû÷èñëÿþòñÿ â ÿâíîì âèäå
â î÷åíü ðåäêèõ ñëó÷àÿõ. Ïîýòîìó êàê â òåîðåòè÷åñêèõ èññëåäîâàíèÿõ,
òàê â îñîáåííîñòè äëÿ ðàçëè÷íûõ ïðèëîæåíèé îñîáîå çíà÷åíèå èìååò
ðàçðàáîòêà ïðèáëèæåííûõ ìåòîäîâ èõ âû÷èñëåíèé.

Íàõîæäåíèå çíà÷åíèé ñèíãóëÿðíûõ èíòåãðàëîâ âèäà (1) ïðè ïîìî-
ùè ìåòîäîâ ÷èñëåííîãî àíàëèçà ÿâëÿëîñü ïðåäìåòîì èññëåäîâàíèé ìíî-
ãèõ àâòîðîâ [3�5]. Â ðàáîòàõ Â. Ï. Ìîòîðíîãî [6] èçó÷àëèñü ïîëèíîìè-
àëüíûå àïïðîêñèìàöèè ñèíãóëÿðíûõ èíòåãðàëîâ âèäà (1). Ðàöèîíàëüíûå
àïïðîêñèìàöèè ñèíãóëÿðíûõ èíòåãðàëîâ òàêîãî âèäà èçó÷åíû â ðàáîòàõ
áåëîðóññêîãî ìàòåìàòèêà Â. Í. Ðóñàêà [7] è åãî ó÷åíèêîâ [8,9].

Â 1979 ãîäó Å. À. Ðîâáà [10] ââåë èíòåãðàëüíûé îïåðàòîð íà îòðåçêå
íà îñíîâàíèè ñèñòåìû ðàöèîíàëüíûõ ôóíêöèé ×åáûø¼âà � Ìàðêîâà.

Ïóñòü çàäàíî ïðîèçâîëüíîå ìíîæåñòâî ÷èñåë {ak}nk=1 , ãäå ak ëè-
áî ÿâëÿþòñÿ äåéñòâèòåëüíûìè è |ak| < 1, ëèáî ïîïàðíî êîìïëåêñíî-
ñîïðÿæåííûìè. Íà ìíîæåñòâå ñóììèðóåìûõ íà îòðåçêå [−1, 1] ñ âåñîì
(1−x2)−1/2 ôóíêöèé f(x) ðàññìîòðèì ðàöèîíàëüíûé èíòåãðàëüíûé îïå-
ðàòîð [10]:

sn(f, x) =
1

2π

+π�

−π

f(cos v)
sinλn(v, u)

sin
v − u
2

dv, x = cosu, (2)

ãäå

λn(v, u) =

v�

u

(
1

2
+ λn(y)

)
dy,

λn(y) =
n∑

k=1

1− |zk|2

1 + 2|zk| cos(y − argzk) + |zk|2
, zk =

ak

1 +
√

1− a2k
, |zk| < 1.

(3)
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Îïåðàòîð sn : f → Rn(A), ãäå Rn(A) � ìíîæåñòâî ðàöèîíàëüíûõ ôóíê-
öèé âèäà:

pn (x)
n∏

k=1

(1 + akx)

, pn ∈ Pn,

A � ìíîæåñòâî ïàðàìåòðîâ (a1, . . . , an), è sn(1, x) ≡ 1. Â ÷àñòíîñòè, ïðè
ak = 0, k = 1, . . . , n, âûðàæåíèå sn(f, x) ïðåäñòàâëÿåò ñîáîé ÷àñòè÷íóþ
ñóììó ïîëèíîìèàëüíîãî ðÿäà Ôóðüå�×åáûøåâà.

Îñíîâíîé öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ðàâíîìåð-
íûõ ðàöèîíàëüíûõ àïïðîêñèìàöèé ñèíãóëÿðíûõ èíòåãðàëîâ âèäà (1) íà
îòðåçêå [−1, 1] èíòåãðàëüíûì îïåðàòîðîì Ôóðüå � ×åáûø¼âà (2) ïðè
ñïåöèàëüíîì âûáîðå ïîëþñîâ.

Èíòåãðàëüíîå ïðåäñòàâëåíèå è ðàâíîìåðíàÿ îöåíêà
ïðèáëèæåíèé

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

εn(f̂ , x , A) = f̂(x)− sn(f̂ , x), x ∈ [−1, 1],

εn(f̂ , A) = ||εn(f̂ , x, A)||C[−1, 1], εn(f̂) = inf
A
εn(f̂ , A), n ∈ N.

Òåîðåìà 1. Äëÿ ïðèáëèæåíèé ñèíãóëÿðíîãî èíòåãðàëà âèäà (1)
íà îòðåçêå [−1, 1], ðàöèîíàëüíûì èíòåãðàëüíûì îïåðàòîðîì Ôóðüå�
×åáûø¼âà (2) ñïðàâåäëèâî èíòåãðàëüíîå ïðåäñòàâëåíèå

εn(f̂ , x, A) = −
1

2

+π�

−π

f(cos τ) sin τ
cosλn(τ, u)

sin
τ − u
2

dτ, x = cosu, (4)

ãäå λn(τ, u) èç (3).
Â ïðåäñòàâëåíèè (1) ïîëîæèì fs(t) = |t|s, ãäå s ∈ (0, +∞)\N. Òîãäà

f̂s(x) = 2x

1�

0

ts

t2 − x2
√

1− t2 dt, x ∈ [−1, 1].

Èññëåäóåì ïðèáëèæåíèÿ (4) òàêèõ ôóíêöèé. Ïîëîæèì n 7→ 2n−1 è ïóñòü
2n− 1 ïàðàìåòðîâ {zk}2n−1k=1 àïïðîêñèìèðóþùåé ðàöèîíàëüíîé ôóíêöèè
èìåþò ñëåäóþùèé âèä:

zk = −zn+k−1, zk = iαk, k = 1, 2, . . . , n− 1, z2n−1 = 0,
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z1 = z2 = . . . = zp = 0, p =
[s
2

]
, n > p. (5)

ãäå [·] îáîçíà÷àåò öåëóþ ÷àñòü îò ÷èñëà.

Òåîðåìà 2. Äëÿ ðàâíîìåðíûõ ïðèáëèæåíèé ôóíêöèè f̂s(x) íà îò-
ðåçêå [−1, 1] ðàöèîíàëüíûì èíòåãðàëüíûì îïåðàòîðîì Ôóðüå � ×åáû-
ø¼âà (2) ïðè âûïîëíåíèè óñëîâèé (5) èìååò ìåñòî îöåíêà ñâåðõó:

ε2n−1(f̂s, A) ≤

≤ 1

2s−1

∣∣∣sin πs
2

∣∣∣ 1�

0

(1− t2)s−1(1+ t2)t1+2p−s

∣∣∣∣∣
n−p−1∏
k=1

t2 − α2
k

1− α2
kt

2

∣∣∣∣∣ dt, n ∈ N. (6)

Ñëó÷àé ôèêñèðîâàííîãî ÷èñëà ïîëþñîâ

Ïóñòü n > p, p = [s/2] , n1 = n−p−1 è q � íàòóðàëüíîå ÷èñëî, 0 < q < n1,
Aq åñòü ìíîæåñòâî ïàðàìåòðîâ (α1, α2, . . . , αn1

) òàêèõ, ÷òî ñðåäè íèõ ðîâ-
íî q ðàçëè÷íûõ è êðàòíîñòü êàæäîãî ïàðàìåòðà ðàâíà m, n1 = mq. Òî
åñòü, ðå÷ü èäåò îá àïïðîêñèìàöèè ðàöèîíàëüíûìè ôóíêöèÿìè ñ ïîëþ-
ñîì íà áåñêîíå÷íîñòè ïîðÿäêà 2p + 2 è 2q ãåîìåòðè÷åñêè ðàçëè÷íûìè
ïîëþñàìè â ðàñøèðåííîé êîìïëåêñíîé ïëîñêîñòè êðàòíîñòè m êàæäûé.

Òåîðåìà 3. Äëÿ ðàâíîìåðíûõ ïðèáëèæåíèé ôóíêöèè f̂s(x) íà îò-
ðåçêå [−1, 1] ðàöèîíàëüíûì èíòåãðàëüíûì îïåðàòîðîì (2) ñ 2q ãåîìåò-
ðè÷åñêè ðàçëè÷íûìè ïîëþñàìè ñïðàâåäëèâà îöåíêà ñâåðõó

ε2n−1,2q(f̂s) ≤ 21−s
∣∣∣sin πs

2

∣∣∣Γ(s)(q2q−1s2q−1(q!)2
22q−2

)s(
ln2q−1 n

n2q

)s

, n > n0(s),

ãäå n0(s) � íåêîòîðîå íàòóðàëüíîå ÷èñëî, íå çàâèñÿùåå îò n, íî çàâè-
ñÿùåå îò s, Γ(·) � ãàììà-ôóíêöèÿ Ýéëåðà.

Cëó÷àé ¾íüþìåíîâñêèõ¿ ïàðàìåòðîâ

Èññëåäóåì àñèìïòîòè÷åñêîå ïîâåäåíèå ïðàâîé ÷àñòè (6) â ñëó÷àå, êî-
ãäà ïðèíèìàåìûå ïàðàìåòðàìè àïïðîêñèìèðóþùåé ôóíêöèè çíà÷åíèÿ,
ÿâëÿþòñÿ íåêîòîðîé ìîäèôèêàöèåé ïàðàìåòðîâ, ââåäåííûõ Ä. Íüþìå-
íîì [11]. Ïóñòü AN � íàáîð ïàðàìåòðîâ αk, k = 1, 2, . . . , n1, äëÿ êàæäîãî
ôèêñèðîâàííîãî n1 ∈ N, óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:

αk =

√
1− βk
1 + βk

, βk = e
− ck√

n1 , k = 1, 2, . . . , n1, n1 = n− 1− p, (7)
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c � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò n.
Òåîðåìà 4. Äëÿ ðàâíîìåðíûõ ïðèáëèæåíèé ôóíêöèè f̂s(x) íà îò-

ðåçêå [−1, 1] ðàöèîíàëüíûì èíòåãðàëüíûì îïåðàòîðîì Ôóðüå � ×åáû-
ø¼âà (2) ñóùåñòâóåò òàêîé íàáîð ïàðàìåòðîâ A∗N âèäà (7), ÷òî ñïðà-
âåäëèâà îöåíêà ñâåðõó

ε2n−1(f̂s) ≤ 3
∣∣∣sin πs

2

∣∣∣ Γ (1 + p− s
2

)
Γ
(
s
2

)
Γ(1 + p)

√
ne−

π
2

√
ns, n > n0(s),

ãäå p =
[
s
2

]
, Γ(·) � ãàììà-ôóíêöèÿ Ýéëåðà.
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ÓÄÊ 517.9

Íåðàâåíñòâî ðàçíûõ ìåòðèê äëÿ äèñêðåòíûõ
íîðì Ëþêñåìáóðãà â êîíå÷íîìåðíîì

ïðîñòðàíñòâå1
À. Ä. Ïüÿíêîâ (Åêàòåðèíáóðã, Ðîññèÿ)

sascha.pyankow@mail.ru

Â ðàáîòå íàéäåíî òî÷íîå ïî ïîðÿäêó íåðàâåíñòâî ðàçíûõ ìåòðèê äëÿ äèñêðåòíûõ
íîðì Ëþêñåìáóðãà â êîíå÷íîìåðíîì ïðîñòðàíñòâå. Ñ ïîìîùüþ ýòîãî íåðàâåí-
ñòâà, êàê ñëåäñòâèå, ïîëó÷åíî àëüòåðíàòèâíîå äîêàçàòåëüñòâî íåðàâåíñòâà Íè-
êîëüñêîãî ðàçíûõ ìåòðèê äëÿ íîðì òðèãîíîìåòðè÷åñêîãî ïîëèíîìà â ïðîñòðàí-
ñòâàõ Îðëè÷à.

Êëþ÷åâûå ñëîâà: íåðàâåíñòâî ðàçíûõ ìåòðèê, íîðìà Ëþêñåìáóðãà, òðèãîíîìåò-
ðè÷åñêèé ïîëèíîì.

Inequality of di�erent metrics for discrete
Luxembourg norms in a �nite-dimensional

space1
A. D. Pyankov (Yekaterinburg, Russia)

sascha.pyankow@mail.ru

The paper found an order-exact inequality of di�erent metrics for discrete
Luxembourg norms in a �nite-dimensional space. Using this inequality, as a
consequence, an alternative proof of the Nikolsky inequality of di�erent metrics for
the norms of a trigonometric polynomial in Orlicz spaces is obtained.

Keywords: inequality of di�erent metrics, Luxembourg norm, trigonometric polynomi-
al.

Ñ. Ì. Íèêîëüñêèì â [1,2] áûëî ïîëó÷åíî òî÷íîå ïî ïîðÿäêó íåðàâåí-
ñòâî ðàçíûõ ìåòðèê â ïðîñòðàíñòâàõ Ëåáåãà Lp, Lq (1 ⩽ p < q ⩽ +∞)
äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà gν1,...,νn(z1, . . . , zn) êîíå÷íûõ
òèïîâ ν1, . . . , νn ïî êàæäîé ïåðåìåííîé z1, . . . , zn ñîîòâåòñòâåííî. Ðàññóæ-
äåíèÿ, èñïîëüçîâàííûå â õîäå äîêàçàòåëüñòâà òàêîãî íåðàâåíñòâà ïåðåíî-
ñÿòñÿ ñ ïðîñòðàíñòâà öåëûõ ôóíêöèé íà ïðîñòðàíñòâî òðèãîíîìåòðè÷å-
ñêèõ ïîëèíîìîâ ñîîòâåòñòâóþùèõ ñòåïåíåé îò n ïåðåìåííûõ. Ïðèâåä¼ì
çäåñü òåîðåìó äëÿ ïðîñòðàíñòâà òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ.

Òåîðåìà (Ñ. Ì. Íèêîëüñêèé). Äëÿ ëþáîãî òðèãîíîìåòðè÷åñêî-
ãî ïîëèíîìà Tν1,...,νn ïîðÿäêîâ ν1, . . . , νn îò ïåðåìåííûõ x1, . . . , xn (n ∈
N) ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî äëÿ åãî íîðì â ïðîñòðàíñòâàõ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Lp([0, 2π]n), Lq([0, 2π]n) ïðè 1 ⩽ p < q ⩽ +∞:

∥Tν1,...,νn∥q ⩽ 2n

(
n∏

k=1

νk

) 1
p−

1
q

∥Tν1,...,νn∥p.

Íåðàâåíñòâî Íèêîëüñêîãî ðàçíûõ ìåòðèê îáîáùàëîñü ñ ïðîñòðàíñòâ
Ëåáåãà íà íîðìû áîëåå îáùåãî âèäà âïëîòü äî ñèììåòðè÷íûõ ïðîñò-
ðàíñòâ. Íåðàâåíñòâî äëÿ ñèììåòðè÷íûõ ïðîñòðàíñòâ öåëûõ ôóíêöèé
ýêñïîíåíöèàëüíîãî òèïà äîêàçàíî Ì. Ç. Áåðêîëàéêî è Â. È. Îâ÷èííèêî-
âûì â ðàáîòå [3], äëÿ ïîëèíîìîâ îò îäíîé ïåðåìåííîé � Â. À. Ðîäèíûì
â [4], äëÿ ïîëèíîìîâ îò íåñêîëüêèõ ïåðåìåííûõ � Ã. À. Àêèøåâûì â [5].

Ôóíêöèþ φ : R → R+ áóäåì íàçûâàòü N -ôóíêöèåé, åñëè îíà âû-
ïóêëàÿ, ïîëîæèòåëüíàÿ ïðè x ̸= 0, ÷¼òíàÿ, èìååò íåïðåðûâíóþ ñòðîãî
âîçðàñòàþùóþ ïðîèçâîäíóþ p è

lim
x→0

φ(x)

x
= 0, lim

x→+∞

φ(x)

x
= +∞.

Ïóñòü φ � N -ôóíêöèÿ ñ ïðîèçâîäíîé p. Ôóíêöèÿ

φ̄(x) =

� |x|

0

p−1(t) dt, x ∈ R,

áóäåò ÿâëÿòüñÿ N -ôóíêöèåé [6, ãë. 1, � 1] è íàçûâàåòñÿ äîïîëíèòåëüíîé
èëè ñîïðÿæåííîé ôóíêöèåé ê ôóíêöèè φ.

Ãîâîðÿò, ÷òî N -ôóíêöèÿ φ óäîâëåòâîðÿåò ∆2-óñëîâèþ, åñëè

∃x0 ⩾ 0, C > 0 ∀x ⩾ x0 φ(2x) ⩽ Cφ(x).

Ïóñòü φ1, φ2 � âîçðàñòàþùèå ôóíêöèè. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ
φ1 ðàñò¼ò íå áûñòðåå ôóíêöèè φ2 (è îáîçíà÷àòü φ1 ≼ φ2), åñëè

∃x0 ⩾ 0, k > 0 ∀x ⩾ x0 φ1(x) ⩽ φ2(kx).

Ïóñòü φ �N -ôóíêöèÿ, Lφ
2π � ïîñòðîåííîå ïî íåé ïðîñòðàíñòâî Îðëè÷à

[6, ãë. 2, � 9] 2π-ïåðèîäè÷åñêèõ ôóíêöèé. Äëÿ f ∈ Lφ
2π âûðàæåíèå

∥f∥(φ) = inf

{
k > 0 :

� 2π

0

φ

(
f(x)

k

)
dx ⩽ 1

}
íàçûâàåòñÿ íîðìîé Ëþêñåìáóðãà ôóíêöèè f â ïðîñòðàíñòâå Lφ

2π.
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Ïóñòü a = (a1, a2, . . . , am) � âåêòîð èç Rm, φ � N -ôóíêöèÿ. Îïðåäåëèì
äëÿ ïàðàìåòðà h > 0 äèñêðåòíóþ íîðìó Ëþêñåìáóðãà (íîðìó Ëþêñåì-
áóðãà âåêòîðà a) ñëåäóþùèì îáðàçîì:

∥a∥h(φ) = inf

{
k > 0 : h ·

m∑
i=1

φ
(ai
k

)
⩽ 1

}
.

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ïðåäñòàâëÿåò ñîáîé ñëåäóþ-
ùåå óòâåðæäåíèå.

Òåîðåìà 1. Äëÿ ïàðû N -ôóíêöèé φ1, φ2 òàêèõ, ÷òî φ′1 ≼ φ′2 è
äëÿ ëþáîãî âåêòîðà a = (a1, a2, . . . , am) ñïðàâåäëèâî íåðàâåíñòâî ðàçíûõ
ìåòðèê äëÿ íîðì Ëþêñåìáóðãà:

∥a∥h(φ2)
⩽ C1 ·

φ−11

(
C2

h

)
φ−12

(
C2

h

) · ∥a∥h(φ1)
.

ãäå ÷èñëà C1, C2 > 0 íå çàâèñÿò îò a è h.
Â êà÷åñòâå ñëåäñòâèÿ ýòîé òåîðåìû ìîæåò áûòü ïîëó÷åíî íåðàâåí-

ñòâî Íèêîëüñêîãî äëÿ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ â ïðîñòðàíñòâàõ
Îðëè÷à.

Òåîðåìà 2. Äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà Tn ïîðÿäêà
íå âûøå n (n ∈ N) è ïàðû óäîâëåòâîðÿþùèõ ∆2-óñëîâèþ N -ôóíêöèé
φ1, φ2 òàêèõ, ÷òî φ′1 ≼ φ′2 ñïðàâåäëèâî ñëåäóþùåå òî÷íîå ïî ïîðÿäêó
íåðàâåíñòâî íîðì â ïðîñòðàíñòâàõ Îðëè÷à:

∥Tn∥(φ2) ⩽ C1 ·
φ−11 (C2n)

φ−12 (C2n)
· ∥Tn∥(φ1),

ãäå C1, C2 > 0 íå çàâèñÿò îò n.
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Î êðàòíîé èíòåðïîëÿöèè â ïëîñêîì êëàññå
Ïðèâàëîâà â êðóãå1

Å. Ã. Ðîäèêîâà (Áðÿíñê, Ðîññèÿ)
evheny@yandex.ru

Â ðàáîòå ðåøàåòñÿ çàäà÷à èíòåðïîëÿöèè â ïëîñêîì êëàññå È.È. Ïðèâàëîâà â
êðóãå ïðè óñëîâèè, ÷òî óçëû èíòåðïîëÿöèè èìåþò îãðàíè÷åííóþ êðàòíîñòü è
íàõîäÿòñÿ â êîíå÷íîì ÷èñëå óãëîâ Øòîëüöà.

Êëþ÷åâûå ñëîâà: êðàòíàÿ èíòåðïîëÿöèÿ, êëàññ Ïðèâàëîâà ïî ïëîùàäè, åäèíè÷-
íûé êðóã, óãëû Øòîëüöà.

On multiple interpolation in the area Privalov
classes in a disk1

E. G. Rodikova (Bryansk, Russia)
evheny@yandex.ru

We solve the problem of multiple interpolation in the Privalov classes by area provided
that the interpolation nodes have a limited multiplicity and are located in the �nite
union of Stolz angles.

Keywords: multiple interpolation, the Privalov classes by area, the Stolz angles, unit
disk.

Ïóñòü C - êîìïëåêñíàÿ ïëîñêîñòü, D - åäèíè÷íûé êðóã íà C, H(D) -
ìíîæåñòâî âñåõ ôóíêöèé, àíàëèòè÷åñêèõ â D.

Ïðè âñåõ 0 < q < +∞ ââåä¼ì â ðàññìîòðåíèå êëàññ

Π̃q =

f ∈ H(D) :

1�

0

π�

−π

(
ln+ |f(reiθ)|

)q
dθdr < +∞

 .

Áóäåì íàçûâàòü åãî ïëîñêèì êëàññîì È.È. Ïðèâàëîâà èëè êëàññîì È.È.
Ïðèâàëîâà ïî ïëîùàäè. Êëàññ Π̃q ÿâëÿåòñÿ îáîáùåíèåì õîðîøî èçâåñòíî-
ãî ïëîñêîãî êëàññà Ð. Íåâàíëèííû è ïðè q = 1 ñîâïàäàåò ñ íèì. Îòìåòèì,
÷òî ïðîñòðàíñòâà Π̃q âîçíèêàþò åñòåñòâåííûì îáðàçîì ïðè èññëåäîâàíèè
âîïðîñîâ äèôôåðåíöèðîâàíèÿ â êëàññàõ È.È. Ïðèâàëîâà (ñì. [1]).

Â äàííîé ðàáîòå èññëåäóþòñÿ âîïðîñû èíòåðïîëÿöèè â óêàçàííûõ
êëàññàõ ïðè âñåõ 0 < q < 1. Ñôîðìóëèðóåì îáùóþ çàäà÷ó êðàòíîé èí-
òåðïîëÿöèè â êëàññå Π̃q: ïóñòü {zk}∞1 ⊂ D è {wk}∞1 - ïðîèçâîëüíûå ïî-
ñëåäîâàòåëüíîñòè êîìïëåêñíûõ ÷èñåë; äëÿ ôèêñèðîâàííîãî íîìåðà j ≥ 1

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ðîäèêîâà Å. Ã., 2024
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îáîçíà÷èì ÷åðåç pj � êðàòíîñòü ïîÿâëåíèÿ ÷èñëà zj âî âñåé ïîñëåäîâà-
òåëüíîñòè {zk}∞1 , sj ≥ 1 � êðàòíîñòü ïîÿâëåíèÿ ÷èñëà zj íà ¾îòðåçêå¿
{zk}j1. Î÷åâèäíî, ÷òî 1 ≤ sj ≤ pj ≤ +∞. Ïðè êàêèõ óñëîâèÿõ, íàëàãàå-
ìûõ íà óçëû {zk}∞1 è ïîñëåäîâàòåëüíîñòü òî÷åê {wk}∞1 , ìîæíî ïîñòðîèòü
ôóíêöèþ èç êëàññà Π̃q, òàêóþ ÷òî

f (sk−1)(zk) = wk, k = 1, 2, . . .? (1)

Ïîñëåäîâàòåëüíîñòü {zk}∞1 â ýòîì ñëó÷àå íàçûâàþò èíòåðïîëÿöèîííîé.
Åñëè sup

j≥1
{pj} < +∞, òî óçëû èíòåðïîëÿöèè èìåþò îãðàíè÷åííóþ êðàò-

íîñòü. Åñëè sk = 1, ò.å. âñå ÷ëåíû ïîñëåäîâàòåëüíîñòè {zk}∞1 ðàçëè÷íû,
òî ãîâîðÿò, ÷òî èíòåðïîëÿöèÿ îñóùåñòâëÿåòñÿ íà ìíîæåñòâå ïðîñòûõ óç-
ëîâ {zk}.

Ïðè ðåøåíèè çàäà÷è ñâîáîäíîé èíòåðïîëÿöèè, êîãäà íà èíòåðïîëè-
ðóåìóþ ôóíêöèþ íàëàãàþòñÿ ìèíèìàëüíûå îãðàíè÷åíèÿ, âàæíî íàéòè
åñòåñòâåííûé êëàññ, êîòîðîìó äîëæíî ïðèíàäëåæàòü ñóæåíèå ôóíêöèè
íà èíòåðïîëÿöèîííîå ìíîæåñòâî.

Äëÿ çàäàííîé ïîñëåäîâàòåëüíîñòè {zk}∞1 ⊂ D è ôèêñèðîâàííîãî 0 <
q < 1 îáîçíà÷èì ÷åðåç lq(zn) ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé {wk}∞1 ,
òàêèõ ÷òî

ln+ |wk| = o
(
(1− |zk|)−2/q

)
, k → +∞,

ò.e.

|wk| = exp
µ(k)

(1− |zk|)2/q
, (2)

µ(k) > 0, µ(k) = o(1), k → +∞.
Îòìåòèì, ÷òî êëàññ lq(zn), à âìåñòå ñ íèì è óñëîâèå (2), ÿâëÿþòñÿ

åñòåñòâåííûìè äëÿ ðåøåíèÿ çàäà÷è (1) â êëàññå Π̃q, ââèäó ñïðàâåäëèâî-
ñòè ñëåäóþùåé òåîðåìû:

Òåîðåìà À. (ñì. [2]) Ïóñòü q > 0. Åñëè f ∈ Π̃q, M(r, f) =
max
|z|=r
|f(z)|, 0 < r < 1, òî

ln+M(r, f) = o((1− r)−2/q), r → 1− 0,

ïðè÷¼ì ýòà îöåíêà ÿâëÿåòñÿ òî÷íîé.
Êðîìå òîãî, êàê óñòàíîâëåíî â [3], ïëîñêèé êëàññ Ïðèâàëîâà èíâàðè-

àíòåí îòíîñèòåëüíî îïåðàòîðà äèôôåðåíöèðîâàíèÿ ïðè âñåõ q > 0.
Äëÿ ôîðìóëèðîâêè îñíîâíîãî ðåçóëüòàòà ââåäåì äîïîëíèòåëüíûå

îáîçíà÷åíèÿ è îïðåäåëåíèÿ. Äëÿ ëþáîãî β > −1 ñèìâîëîì πβ(z, zk) áó-
äåì îáîçíà÷àòü áåñêîíå÷íîå ïðîèçâåäåíèå Ì.Ì. Äæðáàøÿíà ñ íóëÿìè
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â òî÷êàõ ïîñëåäîâàòåëüíîñòè {zk}∞1 (ñì. [4]). Îáîçíà÷èì πβ,n(z, zk) ïðî-
èçâåäåíèå πβ(z, zk) áåç n-ãî ôàêòîðà. Åñëè β = m ∈ Z+ ïðîèçâåäåíèå
Äæðáàøÿíà èìååò âèä:

πm(z, zk) =
+∞∏
k=1

zk(zk − z)
1− zkz

exp
m∑
j=0

1

j + 1

(
1− |zk|2

1− zkz

)j+1

.

Êàê óñòàíîâëåíî â [4], ïðîèçâåäåíèå πβ(z, zk) ñõîäèòñÿ àáñîëþòíî è ðàâ-
íîìåðíî â D òîãäà è òîëüêî òîãäà, êîãäà

+∞∑
k=1

(1− |zk|)β+2 < +∞.

Óãëîì Øòîëüöà Γδ(θ) ñ âåðøèíîé â òî÷êå eiθ íàçûâàåòñÿ óãîë ðàñ-
òâîðà πδ, 0 < δ < 1, áèññåêòðèñà êîòîðîãî ñîâïàäàåò ñ îòðåçêîì reiθ,
0 ≤ r < 1.

Ê êëàññó ∆̃ îòíåñ¼ì ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë {zk}∞1 ,
óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:

1. óçëû èíòåðïîëÿöèè èìåþò îãðàíè÷åííóþ êðàòíîñòü:

sup
k≥1
{pk} = p < +∞,

2.
1�

0

(1− r)nq(r)dr < +∞,

ãäå n(r) = card{zk : |zk| < r} äëÿ ëþáîãî 0 ≤ r < 1;

3. íàéäåòñÿ ïîëîæèòåëüíàÿ áåñêîíå÷íî ìàëàÿ ïîñëåäîâàòåëüíîñòü
{εn}∞1 , òàêàÿ ÷òî

|πβ,n(zk, zn)| ≥ exp
−εn

(1− |zn|)
2
q

,

ïðè âñåõ β > 2
q − 2.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùåãî
óòâåðæäåíèÿ:

Òåîðåìà 1. Ïóñòü 0 < q < 1, ïîñëåäîâàòåëüíîñòü {zk}∞1 ⊂
n⋃

s=1
Γδ(θs) äëÿ íåêîòîðîãî 0 < δ < 1.
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Åñëè {zk}∞1 ∈ ∆̃, òî äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {wk} ∈ lq(zn)
ìîæíî ïîñòðîèòü â ÿâíîì âèäå ôóíêöèþ f ∈ Π̃q, ÿâëÿþùóþñÿ ðåøå-
íèåì èíòåðïîëÿöèîííîé çàäà÷è (1).

Îáðàòíî, åñëè çàäà÷à (1) ðàçðåøèìà ïðè âñåõ 1 ≤ sk < +∞ è
{wk}∞1 ∈ lq(zn), òî {zk}∞1 ∈ ∆̃.

Îòìåòèì, ÷òî ïîñòàíîâêà çàäà÷è êðàòíîé èíòåðïîëÿöèè è ñïîñîá ïî-
ñòðîåíèÿ ñïåöèàëüíîé ñèñòåìû ôóíêöèé, ðåøàþùåé çàäà÷ó èíòåðïîëÿ-
öèè ñ óçëàìè îãðàíè÷åííîé êðàòíîñòè âîñõîäèò ê ðàáîòå Ì.Ì. Äæðáà-
øÿíà [5]. Çàäà÷à (1) íà ìíîæåñòâå ïðîñòûõ óçëîâ â êëàññå Π̃q ðåøàëàñü â
ðàáîòàõ àâòîðà [6], [7]. Âîïðîñàì èíòåðïîëÿöèè â êëàññàõ Ïðèâàëîâà [8]
ïîñâÿùåíû òàêæå ðàáîòû [9]� [11].
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ÓÄÊ 517.958, 517.956.32

Î ðåøåíèè íà÷àëüíî-ãðàíè÷íîé çàäà÷è äëÿ
âîëíîâîãî óðàâíåíèÿ ñî ñìåøàííîé

ïðîèçâîäíîé è ïîòåíöèàëîì îáùåãî âèäà1

Â. Ñ. Ðûõëîâ (Ñàðàòîâ, Ðîññèÿ)
RykhlovVS@yandex.ru

Äàåòñÿ ðåøåíèå îáîáù¼ííîé íåîäíîðîäíîé íà÷àëüíî-ãðàíè÷íîé çàäà÷è äëÿ âîë-
íîâîãî óðàâíåíèÿ â ïîëóïîëîñå ñ íóëåâûì ïîòåíöèàëîì. Ôîðìóëèðóþòñÿ äîñòà-
òî÷íûå óñëîâèÿ, êîãäà ýòî îáîáù¼ííîå ðåøåíèå ÿâëÿåòñÿ êëàññè÷åñêèì. Çàòåì,
êàê ïðèëîæåíèå ýòîãî ðåçóëüòàòà, ôîðìóëèðóåòñÿ òåîðåìà îá îáîáù¼ííîì ðå-
øåíèè íà÷àëüíî-ãðàíè÷íîé çàäà÷è äëÿ àíàëîãè÷íîãî îäíîðîäíîãî óðàâíåíèÿ ñ
ïîòåíöèàëîì îáùåãî âèäà. Â çàêëþ÷åíèå ôîðìóëèðóþòñÿ äîñòàòî÷íûå óñëîâèÿ,
ïðè êîòîðûõ ýòî îáîáù¼ííîå ðåøåíèå ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì.

Êëþ÷åâûå ñëîâà: íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à, âîëíîâîå óðàâíåíèå, ãèïåðáîëè÷å-
ñêîå óðàâíåíèå, äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè, ïîòåí-
öèàë îáùåãî âèäà, ïîëóïîëîñà, ñìåøàííàÿ ïðîèçâîäíàÿ â óðàâíåíèè, îáîáù¼ííîå
ðåøåíèå, êëàññè÷åñêîå ðåøåíèå.

On solving the initial boundary value problem
for the wave equation with a mixed derivative

and a potential of the general form1

V. S. Rykhlov (Saratov, Russia)
RykhlovVS@yandex.ru

A solution to the generalized inhomogeneous initial-boundary value problem for the
wave equation in a half-strip with zero potential is given. Su�cient conditions are
formulated when this generalized solution is classical. Then, as an application of this
result, a theorem on a generalized solution of the initial boundary value problem
for a similar homogeneous equation with a general potential is formulated. Finally,
su�cient conditions are formulated under which this generalized solution is a classical
solution.

Keywords: initial boundary value problem, wave equation, hyperbolic equation, partial
di�erential equation, general potential, half-strip, mixed derivative in the equation,
generalized solution, classical solution.

Ââåäåíèå

Ðàññìîòðèì îáîáù¼ííóþ çàäà÷ó äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

∂2u

∂x2
+ p1

∂2u

∂x∂t
+ p2

∂2u

∂t2
= f(x, t), (1)

u(0, t) = 0, u(1, t) = 0, (2)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ðûõëîâ Â. Ñ., 2024
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u(x, 0) = φ(x),
∂u(x, 0)

∂t
= ψ(x), (3)

ãäå (x, t) ∈ Q = [0, 1]× [0,+∞); p1, p2 ∈ R; φ(x), ψ(x) ∈ L1[0, 1], f(x, t) ∈
L1(QT ) ïðè ëþáîì T > 0, QT = [0, 1] × [0, T ] (íàçûâàåì òàêóþ f(x, t)
ôóíêöèåé êëàññà Q) è âñå ýòè ôóíêöèè êîìïëåêñíîçíà÷íûå.

Äëÿ óðàâíåíèÿ (1) âûïîëíÿåòñÿ óñëîâèå p21 − 4p2 > 0, òî åñòü êîðíè
ω1, ω2 ìíîãî÷ëåíà ω2+ p1ω+ p2 âåùåñòâåííû è ðàçëè÷íû. Ïðåäïîëîæèì

ω1 < 0 < ω2. (4)

Îïðåäåëåíèå îáîáù¼ííîãî ðåøåíèÿ äëÿ çàäà÷è (1)�(3) ïðèâåäåíî â
[1,2] è ñäåëàíî íà îñíîâå òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàñ-
ñè÷åñêîãî ðåøåíèÿ [3]. Ýòî îïðåäåëåíèå àíàëîãè÷íî îïðåäåëåíèþ, äàí-
íîìó â [4, 5]. Òàì æå äà¼òñÿ è èñòîðèÿ âîïðîñà. Îòìåòèì, ÷òî â [4, 5]
âïåðâûå èñïîëüçîâàí ìåòîä ïîñòðîåíèÿ îáîáù¼ííîãî ðåøåíèÿ, îñíîâàíí-
íûé íà ðåçîëüâåíòíîì è àêñèîìàòè÷åñêîì ïîäõîäàõ, â ñëó÷àå íà÷àëüíî-
ãðàíè÷íîé çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòðóíû (p1 = 0).

Äàëåå ïîä êëàññè÷åñêèì ðåøåíèåì (èëè ðåøåíèåì ïî÷òè âñþäó
(ï.â.)) íà÷àëüíî-ãðàíè÷íîé çàäà÷è (1)�(3) áóäåì ïîíèìàòü íåïðåðûâíî
äèôôåðåíöèðóåìóþ ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ íà÷àëüíûì è
ãðàíè÷íûì óñëîâèÿì, ó êîòîðîé u′x(x, t) è u

′
t(x, t) àáñîëþòíî íåïðåðûâíû

è ïî x è ïî t â QT ïðè ëþáîì T > 0, ï.â. â Q âûïîëíÿåòñÿ ðàâåíñòâî
u′′xt(x, t) = u′′tx(x, t) è êîòîðàÿ óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâ-
íåíèþ äëÿ ï.â. (x, t) ∈ Q. Ñîîòâåòñòâóþùóþ íà÷àëüíî-ãðàíè÷íóþ çàäà÷ó
ïðè ýòîì áóäåì íàçûâàòü êëàññè÷åñêîé íà÷àëüíî-ãðàíè÷íîé çàäà÷åé.

Â ñëó÷àå êëàññè÷åñêîé çàäà÷è ïî íåîáõîäèìîñòè äîëæíû âûïîëíÿòü-
ñÿ ñëåäóþùèå óñëîâèÿ: φ(x) ∈ W 2

1 [0, 1], ψ(x) ∈ W 1
1 [0, 1] (W

n
p [0, 1] åñòü

ïðîñòðàíñòâà Ñîáîëåâà), f(x, t) ∈ Q, φ(0) = φ(1) = 0, ψ(0) = ψ(1) = 0.

Îáîáù¼ííîå è êëàññè÷åñêîå ðåøåíèÿ
íåîäíîðîäíîé çàäà÷è áåç ïîòåíöèàëà

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ.

v(x, t) := ζ
({
α(x, t)

})
−ζ
({
β(x, t)

})
, ζ(x) :=

1

ω2 − ω1

(
φ̂(x)−ω1ω2Ψ̃(x)

)
.

φ̂(ξ) =


ω2φ

(ξ
a

)
, ξ ∈ [0, a),

ω1φ
(1− ξ
1− a

)
, ξ ∈ [a, 1),

Ψ̃(ξ) =


Ψ
(ξ
a

)
, ξ ∈ [0, a),

Ψ
(1− ξ
1− a

)
, ξ ∈ [a, 1),
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η(s) :=
{s}
a
χ
(
a− {s}

)
+

1− {s}
1− a

χ
(
{s} − a

)
, χ(x) � ôóíêöèÿ Õåâèñàéäà

(χ(x) = 0 ïðè x < 0 è χ(x) = 1 ïðè x ≥ 0), Ψ(x) :=
x�
0

ψ(ξ) dξ, {x} �

äðîáíàÿ ÷àñòü x ∈ R, a =
ω2

ω2 − ω1
, α(x, t) :=

t+ ω2x

ω2 − ω1
, β(x, t) :=

t+ ω1x

ω2 − ω1
.

Ñ èñïîëüçîâàíèåì ïîäõîäà [4,5] äîêàçàíà ñëåäóþùàÿ òåîðåìà î ôîð-
ìóëå äëÿ îáîáù¼ííîãî ðåøåíèÿ çàäà÷è (1)�(3).

Òåîðåìà 1. Ïóñòü φ(x), ψ(x) ∈ L1[0, 1], f(x, t) ∈ Q è âûïîëíÿåò-
ñÿ óñëîâèå (4). Òîãäà ôóíêöèÿ u(x, t), îïðåäåë¼ííàÿ äëÿ ï.â. (x, t) ∈ Q
ôîðìóëîé

u(x, t) = v(x, t) +
1

ω2 − ω1

t�

0

dτ

η(β(x,t−τ))�

η(α(x,t−τ))

f(ξ, τ
)
dξ, (5)

ÿâëÿåòñÿ îáîáù¼ííûì ðåøåíèåì çàäà÷è (1)�(3).
Ñëåäóþùèå äîñòàòî÷íûå óñëîâèÿ îáåñïå÷èâàþò ñóùåñòâîâàíèå êëàñ-

ñè÷åñêîãî ðåøåíèÿ.

Òåîðåìà 2. Ïóñòü φ(x) ∈ W 2
1 [0, 1], ψ(x) ∈ W 1

1 [0, 1], φ(0) = φ(1) = 0,
ψ(0) = ψ(1) = 0, f(x, t) àáñîëþòíî íåïðåðûâíà ïî t â QT ïðè ëþáîì T >
0 äëÿ ï.â. x ∈ [0, 1] è f ′t(x, t) ∈ Q. Òîãäà ôóíêöèÿ u(x, t), îïðåäåë¼ííàÿ
äëÿ âñåõ (x, t) ∈ Q ôîðìóëîé (5), ÿâëÿåòñÿ åäèíñòâåííûì êëàññè÷åñêèì
ðåøåíèåì çàäà÷è (1)�(3).

Îáîáù¼ííîå è êëàññè÷åñêîå ðåøåíèÿ
îäíîðîäíîé çàäà÷è c ïîòåíöèàëîì

Ïðèëîæåíèåì òåîðåìû 1 ÿâëÿåòñÿ ñëó÷àé îáîáù¼ííîé çàäà÷è ñ íåíóëå-
âûì ïîòåíöèàëîì îáùåãî âèäà â äèôôåðåíöèàëüíîì óðàâíåíèè

∂2u

∂x2
+ p1

∂2u

∂x∂t
+ p2

∂2u

∂t2
= q(x, t)u, (6)

u(0, t) = 0, u(1, t) = 0, (7)

u(x, 0) = φ(x),
∂u(x, 0)

∂t
= ψ(x), (8)

ãäå φ(x), ψ(x) ∈ L1[0, 1], q(x, t) ∈ Q è ýòè ôóíêöèè êîìïëåñíîçíà÷íûå.
Ïðèìåíèì ê ðåøåíèþ ýòîé çàäà÷è ïîäõîä, ïðåäëîæåííûé äëÿ ïîòåí-

öèàëà q(x) â [4�6] (â ñëó÷àå p1 = 0) è â [2, 7] (â ñëó÷àå p1 ̸= 0), à äëÿ
ïîòåíöèàëà q(x, t) îáùåãî âèäà â [8] (â ñëó÷àå p1 = 0) è â [9] (â ñëó÷àå
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p1 ̸= 0). Òàê æå, êàê è â [2, 4�9], â çàäà÷å (6)�(8) áóäåì ðàññìàòðèâàòü
ïðàâóþ ÷àñòü q(x, t)u(x, t) â óðàâíåíèè (6) êàê íåîäíîðîäíîñòü â óðàâíå-
íèè (1). Òîãäà íà îñíîâàíèè ôîðìóëû (5) îò çàäà÷è (6)�(8) ïåðåõîäèì ê
ñëåäóþùåìó èíòåãðàëüíîìó óðàâíåíèþ îòíîñèòåëüíî ôóíêöèè u(x, t)

u(x, t) = v(x, t) +
1

ω2 − ω1

t�

0

dτ

η(β(x,t−τ)�

η(α(x,t−τ))

q(ξ, τ)u(ξ, τ) dξ =:

=: v(x, t) + (Du)(x, t), (9)

ãäå D åñòü ëèíåéíûé èíòåãðàëüíûé îïåðàòîð, äåéñòâóþùèé èç ìíîæå-
ñòâà D(D) ⊂ L1(QT ) â C(QT ).

Îòìåòèì, ÷òî òàêîé ïîäõîä ê ïîñòðîåíèþ îáîáù¼ííîãî ðåøåíèÿ çàäà-
÷è (6)�(8) (â ñëó÷àå ïîòåíöèàëà q(x)) ïðè íàøèõ ïðåäïîëîæåíèÿõ îòíî-
ñèòåëüíî èñõîäíûõ äàííûõ çàäà÷è, ñîñòîÿùèé â ñâåäåíèè çàäà÷è (6)�(8)
ê èíòåãðàëüíîìó óðàâíåíèþ òèïà (9) è çàòåì ðåøåíèè ýòîãî óðàâíåíèÿ
ìåòîäîì ïîñëåäîâàòåëüíûõ ïîäñòàíîâîê, áûë âïåðâûå èñïîëüçîâàí â [6].

Åñòåñòâåííî íàçâàòü ðåøåíèå u(x, t) èíòåãðàëüíîãî óðàâíåíèÿ (9),
äëÿ êîòîðîãî ôóíêöèÿ q(x, t)u(x, t) êëàññà Q, îáîáù¼ííûì ðåøåíèåì çà-
äà÷è (6)�(8), à ñàìó çàäà÷ó � îáîáù¼íîé íà÷àëüíî-ãðàíè÷íîé çàäà÷åé.

Äàëåå áóäóò ôèãóðèðîâàòü äâà ïðåäïîëîæåíèÿ îòíîñèòåëüíî ïîòåí-
öèàëà q(x, t) äëÿ ï.â. (x, t) ∈ QT ïðè ëþáîì T > 0:

(i) |q(x, t)| ≤ qT (x) ∈ L1[0, 1]; (ii) |q(x, t)| ≤ q̌(t) ∈ Lp[0, T ] (p > 1).

Ëåììà 1. Ïóñòü φ(x), ψ(x) ∈ L1[0, 1], ôóíêöèÿ q(x, t) êëàññà Q
è äëÿ íåå âûïîëíÿåòñÿ óñëîâèå (i) èëè (ii). Òîãäà

(
Dv
)
(x, t) ÿâëÿåòñÿ

ôóíêöèåé èç ïðîñòðàíñòâà C(QT ) ïðè ëþáîì T > 0.
Îáîçíà÷èì w(x, t) := (Dv)(x, t) è îáðàçóåì ðÿä

W (x, t) =
∞∑
n=0

(Dnw)(x, t), (10)

ãäå D åñòü ëèíåéííûé, îãðàíè÷åííûé èíòåãðàëüíé îïåðàòîð, ÿâëÿþùèé-
ñÿ ñóæåíèåì îïåðàòîðà D íà ïðîñòðàíñâî C(QT ).

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ÷èñëîâîé ðÿä
∑∞

n=0 an ñõîäèò-
ñÿ íå ìåäëåííåå γ-ýêñïîíåíöèàëüíîãî ðÿäà (γ > 0), åñëè ïðè íåêîòîðîé
êîíñòàíòå C > 0 è ïðè âñåõ n áóäåò |an| ≤ Cn/(n!)γ. 1-ýêñïîíåíöèàëüíûé
ðÿä � ýòî îáû÷íûé ýêñïîíåíöèàëüíûé ðÿä.

Òåîðåìà 3. Ïóñòü φ(x), ψ(x) ∈ L1[0, 1], âûïîëíÿåòñÿ óñëîâèå (4),
ôóíêöèÿ q(x, t) êëàññà Q è óäîâëåòâîðÿåò óñëîâèÿì (i) èëè (ii). Òî-
ãäà ðÿä (10) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî â C(QT ) ê íåïðåðûâíîé
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ôóíêöèè W (x) íå ìåäëåííåå ýêñïîíåíöèàëüíîãî ðÿäà â ñëó÷àå âûïîëíå-
íèÿ óñëîâèÿ (i) è íå ìåäëåííåå 1/p′-ýêñïîíåíöèàëüíîãî ðÿäà â ñëó÷àå
âûïîëíåíèÿ óñëîâèÿ (ii). Ïðè ýòîì ôóíêöèÿ

u(x, t) = v(x, t) +W (x, t) (11)

ÿâëÿåòñÿ åäèíñòâåííûì îáîáù¼ííûì ðåøåíèåì çàäà÷è (6)�(8).
Ñëåäóþùèå äîñòàòî÷íûå óñëîâèÿ îáåñïå÷èâàþò ñóùåñòâîâàíèå êëàñ-

ñè÷åñêîãî ðåøåíèÿ.
Òåîðåìà 4. Ïóñòü φ(x) ∈ W 2

1 [0, 1], ψ(x) ∈ W 1
1 [0, 1], φ(0) = φ(1) = 0,

ψ(0) = ψ(1) = 0, q(x, t) = q1(x)q2(x, t), ãäå q1(x) ∈ L1[0, 1], q2(x, t) è
q′2,t(x, t) ïðèíàäëåæàò C(QT ) ïðè ëþáîì T > 0. Òîãäà ôóíêöèÿ u(x, t),
îïðåäåë¼ííàÿ ôîðìóëîé (11), ÿâëÿåòñÿ åäèíñòâåííûì êëàññè÷åñêèì ðå-
øåíèåì çàäà÷è (6)�(8).
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Â ðàáîòå èçó÷àþòñÿ òðèãîíîìåòðè÷åñêèå ïîëèíîìû ïîðÿäêà íå âûøå n. Áóäåò
ïîêàçàíî, ÷òî ñóùåñòâóþò ëèøü äâà, ðàçëè÷àþùèåñÿ çíàêîì, ðåøåíèÿ çàäà÷è
î íàõîæäåíèè ÷¼òíîãî ïîëèíîìà, íàèìåíåå îòêëîíÿþùåãîñÿ îò íóëÿ âíå èíòåð-
âàëà (−δ, δ) è óäîâëåòâîðÿþùåãî îïðåäåë¼ííûì ñâîéñòâàì. Ïðèâåäåíû òî÷íûå
ïî ïîðÿäêó îöåíêè íîðìû óêàçàííîãî ïîëèíîìà íåîáõîäèìûå äëÿ íàìå÷åííûõ
ïðèëîæåíèé.

Êëþ÷åâûå ñëîâà: òðèãîíîìåòðè÷åñêèé ïîëèíîì, ïðèáëèæåíèå â ðàâíîìåðíîé ìåò-
ðèêå, ïîëèíîìû, íàèìåíåå óêëîíÿþùèåñÿ îò íóëÿ.

About one special problem
for even polynomias

that deviate least from zero1

E. H. Sadekova (Moscow, Russia)
vetka.08@mail.ru

In this work we study trigonometric polynomials of order not higher than n. It will be
shown that there are only two solutions di�ering in sign problem of �nding an even
polynomial that deviates least from zero outside the interval (−δ, δ) and satisfying
certain properties. Order-precise estimates were written for the norms of the speci�ed
polynomial are necessary for the intended applications.

Keywords: trigonometric polynomial, approximation in the uniform metric,
polynomials least deviating from zero.

Ââåäåíèå

Ïóñòü n� íàòóðàëüíîå ÷èñëî, 0 < δ < π. Ðàññìîòðèì òðè ýêñòðåìàëüíûå
çàäà÷è. Ñðåäè âñåõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ T (x) ïîðÿäêà n, äëÿ
êîòîðûõ

max{|T (x)| : δ ⩽ |x| ⩽ π} ⩽ 1,

íàéòè òîò, äëÿ êîòîðîãî âåëè÷èíà ∥T∥ := max{|T (x)| : x ∈ R} èìååò
íàèáîëüøåå çíà÷åíèå, è íàéòè ýòî çíà÷åíèå, åñëè

(A) íà ïîëèíîì T (x) íåò äîïîëíèòåëüíûõ óñëîâèé;
(B) max{T (x) : x ∈ R} = −min{T (x) : x ∈ R};

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ñàäåêîâà Å. Õ., 2024
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(Ñ) âûïîëíÿåòñÿ óñëîâèå (B) è ïîëèíîì ÿâëÿåòñÿ ÷¼òíûì.
Ðåøåíèÿ çàäà÷ (A) è (B) èçâåñòíû. Çàäà÷è ÿâëÿþòñÿ òðèãîíîìåòðè÷å-

ñêèìè àíàëîãàìè êëàññè÷åñêîé çàäà÷è îá àëãåáðàè÷åñêîì ïîëèíîìå ñòå-
ïåíè n ñ ðàâíûì 1 ñòàðøèì êîýôôèöèåíòîì, íàèìåíåå óêëîíÿþùåìñÿ
îò íóëÿ íà îòðåçêàõ [−1,−α], [α, 1] (ñì. [1] ñ. 320). Çàäà÷à (A) ñîîòâåò-
ñòâóåò ñëó÷àþ ïîëèíîìà ÷åòíîãî ïîðÿäêà. Àëãåáðàè÷åñêèé ïîëèíîì äëÿ
ðåøåíèÿ çàäà÷è (B) íàéäåí Í.È.Àõèåçåðîì [2]. Ñîîòâåòñòâóþùèé òðè-
ãîíîìåòðè÷åñêèé àíàëîã áûë óêàçàí À.Ï.Ïåòóõîâûì [3]. Ýòîò ïîëèíîì
îïðåäåëåí ñ òî÷íîñòüþ äî çíàêà è ÿâëÿåòñÿ íå÷åòíûì.

Ïóñòü In,δ � ìíîæåñòâî òàêèõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ T (x)
ïîðÿäêà n, ÷òî |T (x)| ⩽ 1 ïðè δ ⩽ |x| ⩽ π, è íà èíòåðâàëå (−δ, δ)
ñóùåñòâóþò òàêèå òðè òî÷êè x1 < x2 < x3, ÷òî T (x1) > 1, T (x2) < −1,
T (x3) > 1. Äëÿ In,δ ïîëîæèì

M(T ) = sup{min{T (x1),−T (x2), T (x3)}},

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì òðîéêàì òî÷åê x1 < x2 < x3 óêàçàííîãî
òèïà èç èíòåðâàëà (−δ, δ). Îáîçíà÷èì

M̃ = sup{M(T ) : T ∈ In,δ}.

Òðåáóåòñÿ ñðåäè âñåõ ïîëèíîìîâ T ∈ In,δ íàéòè òîò ïîëèíîì Tn(δ;x),
ó êîòîðîãî âåëè÷èíà M(Tn(δ; ·)) ñîâïàäàåò ñ M̃ .

Â ðàáîòå äîêàçàíî óòâåðæäåíèå.
Òåîðåìà 1. Ïóñòü n ⩾ 2,

π

n
< δ < π. Òîãäà ñóùåñòâóåò, ïðè÷åì

åäèíñòâåííûé, ïîëèíîì Tn(δ;x) ∈ In,δ, òàêîé, ÷òî âûïîëíÿåòñÿ ðàâåí-
ñòâîM(Tn(δ; ·)) = M̃ . Ýòîò ïîëèíîì îáëàäàåò ñëåäóþùèìè ñâîéñòâà-
ìè:

1. Tn(δ;x) � ÷åòíûé ïîëèíîì;

2. ∥Tn(δ; ·)∥ = M̃ ;

3. íà îòðåçêå [0, δ] ïîëèíîì Tn(δ;x) èìååò äâà ó÷àñòêà ìîíîòîí-
íîñòè, à èìåííî, âîçðàñòàåò îò ñâîåãî ìèíèìàëüíîãî çíà÷åíèÿ
Tn(δ; 0) = −M̃ äî ñâîåãî ìàêñèìàëüíîãî çíà÷åíèÿ M̃ , à çàòåì óáû-
âàåò îò M̃ äî çíà÷åíèÿ Tn(δ; δ) = 1;

4. íà îòðåçêå [δ, π] ïîëèíîì Tn(δ;x) èìååò n− 1 ó÷àñòêîâ ìîíîòîí-
íîñòè, íà êàæäîì èç êîòîðûõ îí èçìåíÿåòñÿ îò 1 äî −1 èëè îò
−1 äî 1, èìåííî, íà÷èíàÿ ñ òî÷êè x = δ îí óáûâàåò îò 1 äî −1,
çàòåì âîçðàñòàåò îò −1 äî 1 è ò.ä., çàêàí÷èâàÿ òî÷êîé x = π, â
êîòîðîé Tn(δ;π) = (−1)n+1.
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Òðèãîíîìåòðè÷åñêèé ïîëèíîì Tn(δ;x) èç òåîðåìû 1 íàçîâåì
¾ïðîáíûì¿ ïîëèíîìîì ïîðÿäêà n ñ ïàðàìåòðîì δ.

Ïðè 0 < δ ⩽
π

n
Tn(δ;x) = − cosnx.

Ñëåäñòâèå. Ðåøåíèå çàäà÷è C ñóùåñòâóåò è ñ òî÷íîñòüþ äî çíàêà
ñîâïàäàåò ñ ¾ïðîáíûì¿ ïîëèíîìîì Tn(δ;x)

(π
n
< δ < π

)
.

Òåîðåìà 2. Ïóñòü 0 < δ < 1/10,

λ(δ) = log
1 + sin

δ

2

1− sin
δ

2

.

Òîãäà ïðè âñåõ äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ nδ ñïðàâåäëèâà îöåíêà:

1

9e
· e

nλ(δ)

nλ(δ)
< ∥Tn(δ; ·)∥ <

1

3e
· e

nλ(δ)

nλ(δ)
.

Ïðè äîêàçàòåëüñòâå òåîðåì èñïîëüçîâàíû ìåòîäû èç ðàáîòû
Äîëæåíêî Å.Ï., Ñåâàñòüÿíîâà Å.À. [4].
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ÓÄÊ 517.52

Îöåíêà ñêîðîñòè ñõîäèìîñòè â ïðèíöèïå
ëîêàëèçàöèè Ðèìàíà1

Ò. Þ. Ñåìåíîâà (Ìîñêâà, Ðîññèÿ)
station@list.ru

Äëÿ íåïðåðûâíûõ ïåðèîäè÷åñêèõ ôóíêöèé ïîëó÷åíà îöåíêà ñêîðîñòè ñõîäèìî-
ñòè â óòâåðæäåíèè, èçâåñòíîì êàê ïðèíöèï ëîêàëèçàöèè Ðèìàíà äëÿ òðèãîíî-
ìåòðè÷åñêèõ ðÿäîâ. Â ñëó÷àå, êîãäà ôóíêöèÿ îáðàùàåòñÿ â íóëü íà íåêîòîðîì
îòðåçêå, âíóòðè ýòîãî îòðåçêà íàéäåíà îöåíêà ñêîðîñòè ñõîäèìîñòè ðÿäà Ôóðüå
ê çíà÷åíèþ ôóíêöèè, áëèçêàÿ ê íåóëó÷øàåìîé.

Êëþ÷åâûå ñëîâà: òðèãîíîìåòðè÷åñêèé ðÿä, ïðèíöèï ëîêàëèçàöèè, ñêîðîñòü ñõî-
äèìîñòè.

Estimation of the rate of convergence in the
Riemann localization principle1

T. Yu. Semenova (Moscow, Russia)
station@list.ru

For continuous periodic functions, an estimate of the convergence rate is obtained in a
statement known as the Riemann localization principle for trigonometric series. In the
case when the function vanishes on a certain segment, an estimate of the convergence
rate of the Fourier series to the value of the function is found within this segment,
close to the unimproved one.

Keywords: rigonometric series, localization principle, convergence rate.

Ñîãëàñíî ïðèíöèïó ëîêàëèçàöèè Ðèìàíà, ñõîäèìîñòü ðÿäà Ôóðüå
ôóíêöèè f â òî÷êå x0 çàâèñèò ëèøü îò ñâîéñòâ ôóíêöèè â íåêîòîðîé
îêðåñòíîñòè ýòîé òî÷êè. Äðóãàÿ ôîðìóëèðîâêà ïðèíöèïà ëîêàëèçàöèè:
åñëè f ∈ L[−π, π] ðàâíà íóëþ íà íåêîòîðîì èíòåðâàëå I ⊂ (−π, π), òî
åå ðÿä Ôóðüå ñõîäèòñÿ ê íóëþ ðàâíîìåðíî íà ëþáîì êîìïàêòå K ⊂ I.
Ïîìèìî ôàêòà ðàâíîìåðíîé ñõîäèìîñòè âûçûâàåò èíòåðåñ òàêæå îöåíêà
ñêîðîñòè ýòîé ñõîäèìîñòè. Ýòîìó âîïðîñó ïîñâÿùåíû ðàáîòû Ý. Õèë-
ëå, Ã. Êëåéíà [1] è Ñ.À. Òåëÿêîâñêîãî [2], ãäå äëÿ ïðîèçâîëüíîé 2π-
ïåðèîäè÷åñêîé ôóíêöèè f ∈ L[−π, π], äëÿ ëþáîãî δ ∈ (0, π) äîêàçàíî
íåðàâåíñòâî

∣∣∣Sn(f, x0)−
1

π

δ�

−δ

f(x0 + t)
sin(nt)

t
dt
∣∣∣ ≤ K

δ

(
ω
(
f,

1

n

)
L
+
|a0(f)|
n

)
. (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ñåìåíîâà Ò. Þ., 2024
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Çäåñü Sn(f, x) � n-ÿ ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ôóíêöèè f ,

ω
(
f, h

)
L
� èíòåãðàëüíûé ìîäóëü íåïðåðûâíîñòè, a0(f) = 1

π

π�
−π
f(x)dx,

K � àáñîëþòíàÿ ïîñòîÿííàÿ.
Àâòîðîì ðàññìîòðåí ñëó÷àé íåïðåðûâíûõ 2π-ïåðèîäè÷åñêèõ ôóíê-

öèé è äîêàçàíî íåðàâåíñòâî, àíàëîãè÷íîå (1), íî áåç �íåîïðåäåëåííîé�
ïîñòîÿííîé K. Â ñëó÷àå, êîãäà f îáðàùàåòñÿ â íóëü íà íåêîòîðîì îòðåç-
êå, íàéäåíà îöåíêà ñêîðîñòè ñõîäèìîñòè âíóòðè ýòîãî îòðåçêà, áëèçêàÿ
ê íåóëó÷øàåìîé.

Ïóñòü C2π � ïðîñòðàíñòâî íåïðåðûâíûõ íà R äåéñòâèòåëüíîçíà÷íûõ
2π-ïåðèîäè÷åñêèõ ôóíêöèé ñ íîðìîé

∥f∥ = sup{|f(x)|
∣∣x ∈ R} = max

−π≤x≤π
|f(x)|.

Ìîäóëåì íåïðåðûâíîñòè ôóíêöèè f ∈ C2π íàçûâàåòñÿ âåëè÷èíà

ω(f, h) = max{| f(x1)− f(x2)|, x1, x2 ∈ R, |x1 − x2 | ≤ h}, 0 ≤ h ≤ π.

Îáîçíà÷èì N = n+ 0.5, ωn(f) = ω
(
f, 2π

3N

)
.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f ∈ C2π, δ1, δ2 ∈ (0, π), x0 ∈ R. Òîãäà
äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 3 òàêîãî, ÷òî N ≥ 2π

3min{δ1,δ2}, âûïîëíåíî
íåðàâåíñòâî ∣∣∣Sn(f, x0)−

1

π

δ2�

−δ1

f(x0 + t)Dn(t)dt
∣∣∣ ≤

≤ ωn(f)

(
1

π2
ln

1

δ1δ2
+ 1

)
+
|f(x0)|
2N

(
1

δ1
+

1

δ2

)
.

Òåïåðü ðàññìîòðèì ïîäêëàññ C2π, ñîñòîÿùèé èç ôóíêöèé, ðàâíûõ íó-
ëþ íà íåêîòîðîì îòðåçêå, ñîäåðæàùåì òî÷êó x0. Èç òåîðåìû 1 âûòåêàåò
ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü ôóíêöèÿ f ∈ C2π, x0 ∈ R, è f(x) = 0 ïðè x ∈
[x0 − δ1, x0 + δ2], δ1, δ2 ∈ (0, π). Òîãäà äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 3
òàêîãî, ÷òî N ≥ 2π

3min{δ1,δ2}, âûïîëíåíî íåðàâåíñòâî

|Sn(f, x0)| ≤ ωn(f)

(
1

π2
ln

1

δ1δ2
+ 1

)
.

Îöåíêà òåîðåìû 2 áëèçêà ê îïòèìàëüíîé.
Òåîðåìà 3. Äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 3, äëÿ ëþáûõ δ1, δ2 ∈

[ 2π3N , 1) ñóùåñòâóåò ôóíêöèÿ f ∈ C2π òàêàÿ, ÷òî f(x) = 0 ïðè x ∈
[−δ1, δ2], ωn(f) = 1 è

|Sn(f, 0)| >
1

π2
ln

1

δ1δ2
.

247



Èç òåîðåìû 2 ëåãêî ïîëó÷èòü îöåíêó ñêîðîñòè ñõîäèìîñòè ðÿäà Ôóðüå
â òî÷êå x0, åñëè ôóíêöèÿ f ∈ C2π ðàâíà íóëþ íà ñèììåòðè÷íîì îòðåçêå,
à òàêæå îöåíêó ñêîðîñòè ðàâíîìåðíîé ñõîäèìîñòè íà îòðåçêå, ñîäåðæà-
ùèìñÿ âíóòðè ïðîìåæóòêà, ãäå ôóíêöèÿ ðàâíà íóëþ.

Ñëåäñòâèå 1. Ïóñòü ôóíêöèÿ f ∈ C2π, x0 ∈ R, è f(x) = 0 ïðè
x ∈ [x0 − δ, x0 + δ], δ ∈ (0, π). Òîãäà äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 3
òàêîãî, ÷òî N ≥ 2π

3δ , âûïîëíåíî íåðàâåíñòâî

|Sn(f, x0)| ≤ ωn(f)

(
2

π2
ln

1

δ
+ 1

)
.

Ñëåäñòâèå 2. Ïóñòü ôóíêöèÿ f ∈ C2π è f(x) = 0 ïðè x ∈ [a, b] ⊂
[−π, π]. Òîãäà äëÿ ëþáîãî δ ∈

(
0, b−a

2

)
è äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 3

òàêîãî, ÷òî N ≥ 2π
3δ , âûïîëíåíî íåðàâåíñòâî

sup
x∈[a+δ, b−δ]

|Sn(f, x)| ≤ ωn(f)

(
1

π2
ln

1

δ(b− a− δ)
+ 1

)
.
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Î ïðîåêöèîííîì ìåòîäå ðåøåíèÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè ñ ñîñðåäîòî÷åííîé

òåïëî¼ìêîñòüþ1

Å. Â. Ñåðåãèíà∗, Ì. À. Ñòåïîâè÷∗∗(Êàëóãà, Ðîññèÿ)
∗evfs@yandex.ru, ∗∗m.stepovich@mail.ru

Â íàñòîÿùåé ðàáîòå èçëîæåíû ðåçóëüòàòû èñïîëüçîâàíèÿ ïðîåêöèîííîãî ìåòî-
äà íàèìåíüøèõ êâàäðàòîâ äëÿ ðåøåíèÿ óðàâíåíèé òåïëîïðîâîäíîñòè ñ ñîñðåäî-
òî÷åííîé òåïëî¼ìêîñòüþ íà ïîëóïðÿìîé. Äàíà ïîðÿäêîâàÿ îöåíêà ïîãðåøíîñòè
è ïîëó÷åíî óñëîâèå âû÷èñëèòåëüíîé óñòîé÷èâîñòè ðàññìîòðåííîé ïðîåêöèîííîé
ñõåìû, ñîîòâåòñòâóþùåé ïðèáëèæ¼ííîìó ðåøåíèþ óðàâíåíèÿ òåïëîïðîâîäíîñòè
ñ èñïîëüçîâàíèåì áàçèñà èç ìíîãî÷ëåíîâ Ëàãåððà�ßêîáè. Ïðèâåäåíû ðåçóëüòàòû
ðàñ÷åòîâ äëÿ äâóìåðíîé ìîäåëüíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, ïðîåêöèîííûé ìåòîä íàèìåíüøèõ
êâàäðàòîâ, ìíîãî÷ëåíû Ëàãåððà-ßêîáè.

Áëàãîäàðíîñòè: Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî
íàó÷íîãî ôîíäà è Ïðàâèòåëüñòâà Êàëóæñêîé îáëàñòè � 23�21�10069,
https://rscf.ru/project/23�21�10069/.

On the projection method for solving the heat
conduction equation with locate heat capacity1

E. V. Seregina∗, M. A. Stepovich∗∗(Kaluga, Russia)
∗evfs@yandex.ru, ∗∗m.stepovich@mail.ru

The present paper presents the results of using the projection method of least squares
to solve the equations of thermal conductivity with concentrated heat capacity on a
half�line. An ordinal estimate of the error is given and the condition of computational
stability of the considered projection scheme corresponding to the approximate
solution of the thermal conductivity equation using the basis of Laguerre�Jacobi
polynomials is obtained. The results of calculations for a two�dimensional model
problem are presented.

Keywords: thermal conductivity equation, projection method of least squares,
Laguerre-Jacobi polynomials.
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Â ðàáîòå [1] áûë ïðåäñòàâëåí àëãîðèòì è ïðîâåäåíî îáîñíîâàíèå ïðî-
åêöèîííîãî ìåòîäà Ãàë¼ðêèíà äëÿ ðåøåíèÿ ñòàöèîíàðíîãî òð¼õìåðíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ òåïëîìàññîïåðåíîñà â ïîëóáåñêîíå÷íîé
îáëàñòè.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Â íàñòîÿùåé ðàáîòå èçëîæåí àëãîðèòì ïðèìåíåíèÿ ïðîåêöèîííîãî
ìåòîäà íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ) äëÿ íàõîæäåíèÿ ðåøåíèÿ íà ïî-
ëóïðÿìîé íåñòàöèîíàðíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ òåïëîïðîâîä-
íîñòè ñ ñîñðåäîòî÷åííîé òåïëî¼ìêîñòüþ. Èñêîìîå ðåøåíèå íàõîäèòñÿ â
âèäå ÷àñòè÷íîé ñóììû äâîéíîãî ðÿäà Ôóðüå ïî ñèñòåìå îðòîãîíàëüíûõ
ìíîãî÷ëåíîâ Ëàãåððà�ßêîáè. Â ðàáîòàõ [2] è [3] áûëî ïðîâåäåíî îáîñ-
íîâàíèå è ðàññìîòðåí âîïðîñ âû÷èñëèòåëüíîé óñòîé÷èâîñòè ìîäèôèöè-
ðîâàííîé ïðîåêöèîííîé ñõåìû ìåòîäà íàèìåíüøèõ êâàäðàòîâ äëÿ ìîäå-
ëèðîâàíèÿ ðàñïðåäåëåíèÿ íåðàâíîâåñíûõ íåîñíîâíûõ íîñèòåëåé çàðÿäà,
ãåíåðèðîâàííûõ âíåøíèì èñòî÷íèêîâ â ïîëóïðîâîäíèêîâîì ìàòåðèàëå.
Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò òàêèå èññëåäîâàíèÿ è ñòàâèò çàäà÷ó äàòü
îöåíêó ïîãðåøíîñòè è ïîëó÷èòü óñëîâèå âû÷èñëèòåëüíîé óñòîé÷èâîñòè
ïðåäëîæåííîé ïðîåêöèîííîé ñõåìû ÌÍÊ, ñîîòâåòñòâóþùåé ïðèáëèæ¼í-
íîìó ðåøåíèþ íåñòàöèîíàðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ñîñðåäî-
òî÷åííîé òåïëî¼ìêîñòüþ, äëÿ ðàñ÷åòà òåìïåðàòóðíîãî ïîëÿ â ìèøåíè.

Áóäåì èñêàòü ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ òåïëîïðîâîä-
íîñòè ñ ñîñðåäîòî÷åííîé òåïëî¼ìêîñòüþ âèäà

(C + C0δ (z − z0))
∂θ

∂t
− k∂

2θ

∂z2
= f(z, t).

ñ íà÷àëüíûì óñëîâèåì

θ(z, 0) = φ (z) ,
dθ(z, t)

dz

∣∣∣∣
z=0

= 0, 0 ≤ z <∞, 0 ≤ t <∞.

Çäåñü θ(z, t) � òåìïåðàòóðà, f(z, t) � óäåëüíàÿ ìîùíîñòü âíóòðåííåãî
òåïëîâûäåëåíèÿ, C � òåïëî¼ìêîñòü åäèíèöû îáú¼ìà, k �êîýôôèöèåíò
òåïëîïðîâîäíîñòè. Â òî÷êå z0 ïîìåùåíà ñîñðåäîòî÷åííàÿ òåïëî¼ìêîñòü
âåëè÷èíû C0. Ïóñòü òàêæå âûïîëíÿþòñÿ óñëîâèÿ:

f (+∞, t) = 0, f (z,+∞) = 0, φ (+∞) = 0.

Ïîñëåäíèå óñëîâèÿ âîçìîæíû, íàïðèìåð, äëÿ ýëåêòðîííîãî èëè ñâåòîâî-
ãî ïó÷êîâ, êîãäà èñòî÷íèê îïèñûâàåòñÿ êëàññè÷åñêîé ôóíêöèåé Ãàóññà
èëè ýêñïîíåíòîé, óáûâàþùåé íà áåñêîíå÷íîñòè äî íóëÿ [4], à òàêæå ïðî-
èçâåäåíèåì íåêîòîðîãî ìíîãî÷ëåíà íà óáûâàþùóþ ýêñïîíåíòó, õàðàêòå-
ðèçóþùóþ ïëîòíîñòü ïîòîêà ýíåðãèè.

Äëÿ ðåøåíèÿ ýòîé çàäà÷è áûë èñïîëüçîâàí ïðîåêöèîííûé ìåòîä
ÌÍÊ. Â íàñòîÿùåé ðàáîòå ïîëó÷åíà îöåíêà ïîãðåøíîñòè è óñëîâèÿ âû-
÷èñëèòåëüíîé óñòîé÷èâîñòè ïðîåêöèîííîé ñõåìû, ñîîòâåòñòâóþùåé ïðè-
áëèæ¼ííîìó ðåøåíèþ íåñòàöèîíàðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ
ñîñðåäîòî÷åííîé òåïëî¼ìêîñòüþ. Ìåòîä ïîçâîëÿåò íàõîäèòü ìàòðèöó,
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îïðåäåëÿþùóþ ïðèáëèæ¼ííîå ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è, íå ïðè-
áåãàÿ ê îïåðàöèÿì äèôôåðåíöèðîâàíèÿ è èíòåãðèðîâàíèÿ, à èñïîëüçóÿ
òîëüêî àëãåáðàè÷åñêèå îïåðàöèè, ÷òî ñóùåñòâåííî ñîêðàùàåò âðåìÿ âû-
÷èñëåíèé. Ïðîâåäåíî ñðàâíåíèå ïðèáëèæ¼ííûõ ðåçóëüòàòîâ ðàñ÷åòà ñ
òî÷íûì ðåøåíèåì äëÿ äâóìåðíîé ìîäåëüíîé çàäà÷è. Ïðèáëèæ¼ííîå ðå-
øåíèå ñîäåðæèò íåáîëüøîå ÷èñëî ÷ëåíîâ ðàçëîæåíèÿ ïî áàçèñó èç ìíî-
ãî÷ëåíîâ Ëàãåððà�ßêîáè.
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ÓÄÊ 517.51

Î âîññòàíîâëåíèè ôóíêöèé, çàäàííûõ íà
ñåòêå1
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Â ðàáîòå íàõîäÿòñÿ ðàâíîìåðíûå ïðèáëèæåíèÿ ê íåïðåðûâíîé ôóíêöèè ïî çà-
äàííîìó ïðèáëèæ¼ííîìó íàáîðó å¼ çíà÷åíèé íà îòðåçêå, èñïîëüçóÿ îïåðàòîð
Ñòåêëîâà ñ ðàçðûâíîé îáëàñòüþ çíà÷åíèé.

Êëþ÷åâûå ñëîâà: íåïðåðûâíàÿ ôóíêöèÿ, ïðèáëèæ¼ííûå çíà÷åíèÿ, îïåðàòîð
Ñòåêëîâà.

On restoring functions de�ned on a grid1

S. Y. Sovetnikova (Saratov, Russia)
sovetnikovasy@mail.ru

The work �nds uniform approximations to a continuous function from a given
approximate set of its values on an interval, using the Steklov operator with a
discontinuous range of values.

Keywords: continuous function, approximate values, Steklov operator.

Ïóñòü f(x) ∈ C[0, 1] çàäàíà íàáîðîì f̂δ = {fδ1, fδ2, . . . , fδn}, ãäå
fδi = fδ(xi), xi+1 = xi +

1
n . Êðîìå òîãî, èçâåñòíî, ÷òî(

1

n

n∑
i=0

(fδi − fi)
2

) 1
2

≤ δ, (1)

ãäå fi = f(xi).
Òðåáóåòñÿ íàéòè ðàâíîìåðíûå ïðèáëèæåíèÿ ê f(x). Ïðèìåíÿåì

ìåòîä, ïðåäëîæåííûé Ã.Â. Õðîìîâîé - ìåòîä ñãëàæèâàíèÿ ëîìàíîé
Lnf̂δ : (Lnf̂δ)(xi) = fδi ñ ïîìîùüþ ñåìåéñòâà îñðåäíÿþùèõ èíòåãðàëü-
íûõ îïåðàòîðîâ, çàâèñÿùèõ îò ïàðàìåòðà. Ýòîò ìåòîä áûë ðåàëèçîâàí â
[1], ãäå â êà÷åñòâå îñðåäíÿþùåãî îïåðàòîðà áûë âçÿò ìîäèôèöèðîâàííûé
îïåðàòîð Ñòåêëîâà [2]. Ïðè èñïîëüçîâàíèè ýòîãî îïåðàòîðà ïðèâëåêàåò-
ñÿ äîïîëíèòåëüíàÿ èíôîðìàöèÿ î çíà÷åíèÿõ fδ(xi) â óçëàõ çà ïðåäåëàìè
îòðåçêà, íà êîòîðîì çàäàíà f(x). Ìû çäåñü èñïîëüçóåì òàê íàçûâàåìûé
ðàçðûâíûé îïåðàòîð Ñòåêëîâà [3], êîòîðûé íå òðåáóåò òàêîé èíôîðìà-
öèè è èìååò ïðîñòåéøóþ êîíñòðóêöèþ. Îí èìååò âèä:

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Sαφ =

{
Sα2φ, x ∈ [0, 12 ]

Sα1φ, x ∈ [12 , 1],
(2)

ãäå

Sα1φ =
1

α

� x

x−α
φ(t)dt, Sα2φ =

1

α

� x+α

x

φ(t)dt. (3)

(Çàïèñü (2) îçíà÷àåò, ÷òî äëÿ íàñ íåñóùåñòâåííî êàêîå èìåííî çíà÷åíèå
èìååò ôóíêöèÿ Sαφ â òî÷êå x = 1

2).

Ëîìàíàÿ Lnf̂δ íà îòðåçêå [xi, xi+1] èìååò âèä:
(
Lnf̂δ

)
(x) = aix + bi,

ãäå
ai = n(fi+1 − fi), bi = n(fixi+1 − fi+1xi). (4)

Ïðèìåíÿåì Sα ê Lnf̂δ

Òåîðåìà 1. Ñïðàâåäëèâà îöåíêà∥∥∥SαLnf̂δ − f
∥∥∥
L∞
≤
√
nδ + ω

(
1

n

)
+ ω(α),

ãäå L∞ ≡ L∞[0, 1] - ïðîñòðàíñòâî ñ íîðìîé

∥·∥L∞
= max

{
∥·∥C[0,1/2] , ∥·∥C[1/2,1]

}
, (5)

ω(·)- ìîäóëü íåïðåðûâíîñòè ôóíêöèè f(x).
Äîêàçàòåëüñòâî.
Èìååì∥∥∥SαLnf̂δ − f

∥∥∥
L∞
≤
∥∥∥SαLnf̂δ − SαLnf̂

∥∥∥
L∞

+
∥∥∥SαLnf̂ − f

∥∥∥
L∞
, (6)

ãäå f̂ = {fi}ni=0.
Ñ÷èòàåì f̂δ è f̂ ýëåìåíòàìè åâêëèäîâà ïðîñòðàíñòâà En+1 ñ íîðìîé

∥∥∥f̂∥∥∥
En+1

=

(
1

n

n∑
i=0

f 2i

) 1
2

.

Èç (5) è îïðåäåëåíèÿ íîðìû èíòåãðàëüíîãî îïåðàòîðà â ïðîñòðàíñòâå
íåïðåðûâíûõ ôóíêöèé ñëåäóåò, ÷òî

∥Sα∥C[0,1]→L∞
= 1. (7)

Èçâåñòíî, ÷òî
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∥Ln∥En+1→C[0,1] =
√
n ([4]) (8)

è ∥∥∥SαLnf̂ − f
∥∥∥
L∞
≤ ω

(
1

n

)
+ ω(α) ([5]). (9)

Íàêîíåö, èç (5)-(9) ñëåäóåò óòâåðæäåíèå òåîðåìû.

Ñëåäñòâèå. Åñëè α = 1
n, à n = n(δ) òàê, ÷òî n(δ) → ∞ è√

n(δ)δ → 0 ïðè δ → 0, òî
∥∥∥SαLnf̂δ − f

∥∥∥
L∞
→ 0 ïðè δ → 0.

Òåîðåìà 2. Ôóíêöèè SαLnf̂δ ïðè α = 1
n, x ∈ [xi, xi+1] èìåþò âèä:

äëÿ x ∈ [0, 12 ](
SαLnf̂δ

)
(x) = D1(x, n)fδi +D2(x, n)fδ,i+1 +D3(x, n)fδ,i+2, (10)

ãäå

D1(x, n) =
n2

2
(xi+1 − x)2, D2(x, n) =

1

2
+ n2(x− xi)(xi+1 − x),

D3(x, n) =
n2

2
(x− xi)2;

äëÿ x ∈ [12 , 1] ñïðàâåäëèâà ôîðìóëà (10) ñ çàìåíîé fδi íà fδ,i−1, fδ,i+1−
íà fδi, fδ,i+2 - íà fδ,i+1.

Ôîðìóëû (10) ìîæíî èñïîëüçîâàòü ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷.
Ôîðìóëû SαLnf̂ â äðóãîì âèäå ïîëó÷åíû â [5].

Òåîðåìà 3.
Åñëè f(x) ∈ LipM1, n = n(δ) = [M

2
3δ−

2
3 ], α = α(δ) = 1

n(δ), òî ñïðà-

âåäëèâà îöåíêà:
∥∥∥Sα(δ)Ln(δ)f̂δ − f(x)

∥∥∥
L∞
≤ 2M

1
3δ

2
3 .
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À. Ï. Ñòàðîâîéòîâ, Ò. Ì. Îñíà÷, Å. Ï. Êå÷êî
(Ãîìåëü, Áåëàðóñü)

svoitov@gsu.by, osnach@gsu.by, ekechko@gmail.com

Äëÿ êîíå÷íîãî íàáîðà òðèãîíîìåòðè÷åñêèõ ðÿäîâ îïðåäåëÿþòñÿ ìíîãî÷ëåíû è
àïïðîêñèìàöèè Ýðìèòà�Ïàäå. Óñòàíàâëèâàåòñÿ êðèòåðèé ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè òàêèõ ìíîãî÷ëåíîâ, îïèñûâàåòñÿ èõ ÿâíûé âèä.

Êëþ÷åâûå ñëîâà: àïïðîêñèìàöèè Ýðìèòà �Ïàäå, òðèãîíîìåòðè÷åñêèå ðÿäû.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îá-
ðàçîâàíèÿ Ðåñïóáëèêè Áåëàðóñü.

Hermite �Pad�e polynomials for trigonometric
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We de�ned Hermite �Pad�e polynomials and approximations for a �nite set of
trigonometric series. We established criterion of the existence and uniqueness of these
polynomials, and their explicit form was described.

Keywords: Hermite�Pad�e approximations, trigonometric serial.

Acknowledgements: This work was supported by the Ministry of Education of the
Republic of Belarus.

Ïóñòü f t = (f t1, ... , f
t
k) � íàáîð òðèãîíîìåòðè÷åñêèõ ðÿäîâ

f tj(x) =
aj0
2
+
∞∑
l=1

(
ajl cos lx+ bjl sin lx

)
, j = 1, 2, ... , k (1)

ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè. Ìíîæåñòâî k�ìåðíûõ ìóëüòèèí-
äåêñîâ, ÿâëÿþùèõñÿ óïîðÿäî÷åííûì íàáîðîì k öåëûõ íåîòðèöàòåëüíûõ
÷èñåë, îáîçíà÷èì Zk

+. Ïîðÿäîê ìóëüòèèíäåêñà
−→m = (m1, ... ,mk) ∈ Zk

+ �
ýòî ñóììà m = m1 + ... +mk. Çàôèêñèðóåì èíäåêñ n ∈ Z1

+ è ìóëüòèèí-
äåêñ −→m = (m1, ... ,mk) è ðàññìîòðèì òðèãîíîìåòðè÷åñêèé àíàëîã çàäà÷è
Ýðìèòà�Ïàäå (ñì. [1, ãë. 4, �1, çàäà÷à À]):

Äëÿ íàáîðà òðèãîíîìåòðè÷åñêèõ ðÿäîâ (1) íàéòè îòëè÷íûé îò íó-
ëÿ òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí Qt

m(x) = Qt
n,−→m(x; f

t), degQt
m ⩽ m

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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è òðèãîíîìåòðè÷åñêèå ìíîãî÷ëåíû P t
j (x) = P t

nj ,n,
−→m(x; f

t), degP t
j ⩽ nj,

nj = n+m−mj, ÷òîáû äëÿ j = 1, 2, ... , k

Rt
j(x; f

t)) := Qt
m(x)f

t
j(x)− P t

j (x) =

=
∞∑

l=n+m+1

(
ãjl cos lx+ b̃jl sin lx

)
, j = 1, 2, ... , k, (2)

ãäå ãjl , b̃
j
l è êîýôôèöèåíòû Qt

m(x), P
t
j (x) � äåéñòâèòåëüíûå ÷èñëà.

Î÷åâèäíî, ÷òî ìíîãî÷ëåíû Qt
m(x), P

t
j (x) óñëîâèÿìè (2) îïðåäåëÿþòñÿ

íå îäíîçíà÷íî, à ñ òî÷íîñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ. Íà ñàìîì äåëå
íååäèíñòâåííîñòü ìîæåò áûòü è áîëåå ñóùåñòâåííîé.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî çàäà÷à èìååò åäèíñòâåííîå
ðåøåíèå, åñëè äëÿ ëþáûõ äâóõ ðåøåíèé (Q̄t

m, P̄
t) è ( ¯̄Qt

m,
¯̄P t) çàäà÷è íàé-

äåòñÿ òàêîå ÷èñëî λ, ÷òî (Q̄t
m, P̄

t) = (λ ¯̄Qt
m, λ

¯̄P t).
Îïðåäåëåíèå 2. Åñëè ïàðà (Qt

m, P
t), ãäå P t = (P t

1, . . . , P
t
k), ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è, òî ìíîãî÷ëåíû Qt
m(x), P

t
1(x), . . . , P

t
k(x) è ðàöèîíàëü-

íûå äðîáè

πtj(x; f
t) =

P t
j (x)

Qt
m(x)

, j = 1, 2, ... , k,

áóäåì íàçûâàòü ñîîòâåòñòâåííî òðèãîíîìåòðè÷åñêèìè ìíîãî÷ëåíà-
ìè Ýðìèòà�Ïàäå è òðèãîíîìåòðè÷åñêèìè àïïðîêñèìàöèÿìè Ýðìèòà�
Ïàäå äëÿ ìóëüòèèíäåêñà (n,−→m) è ñèñòåìû f t.

Åñëè çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå, òî òðèãîíîìåòðè÷åñêèå àï-
ïðîêñèìàöèè Ýðìèòà�Ïàäå

{
πtj(x; f

t)
}k
j=1

îïðåäåëÿþòñÿ îäíîçíà÷íî. Äî-
ñòàòî÷íîå óñëîâèå åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è â ñëó÷àå k = 1 íàé-
äåíî â ðàáîòå [2]. Ïðè âûïîëíåíèè ýòîãî óñëîâèÿ â [2] ïîëó÷åíû ÿâíûå
äåòåðìèíàíòíûå ôîðìóëû äëÿ ìíîãî÷ëåíîâ Qt

m(x), P
t
1(x), àíàëîãè÷íûå

èçâåñòíûì ôîðìóëàì Ã.Ôðîáåíèóñà (ñì. [3]) äëÿ ìíîãî÷ëåíîâ Ïàäå ñòå-
ïåííîãî ðÿäà. Íàøåé öåëüþ ÿâëÿåòñÿ íàõîæäåíèå íåîáõîäèìûõ è äîñòà-
òî÷íûõ óñëîâèé, ïðè êîòîðûõ ïîñòàâëåííàÿ çàäà÷à èìååò åäèíñòâåííîå
ðåøåíèå.

Çàïèøåì ðÿäû (1) è ïîëèíîìû Qt
m(x), P

t
j (x) â êîìïëåêñíîé ôîðìå:

f tj(x) =
+∞∑

l=−∞

cjl e
ilx, j = 1, 2, ... , k;

Qt
m(x) =

m∑
p=−m

upe
ipx , P t

j (x) =

nj∑
p=−nj

vjpe
ipx , j = 1, 2, ... , k,
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ãäå up, vjp ∈ C, cj0 =
aj0
2
, cjl =

ajl − ib
j
l

2
, cj−l = c jl , j = 1, 2, ... , k; l =

1, 2, ... . Òîãäà ðàâåíñòâà (2) ïðèìóò âèä

Rt
j(x; f

t) =
+∞∑

l=n+m+1

(
c̃jl e

ilx + c̃j−le
−ilx
)
, j = 1, 2, ... , k.

Îïðåäåëèì ìàòðèöû è îïðåäåëèòåëè, ýëåìåíòû êîòîðûõ ÿâëÿþòñÿ êîýô-
ôèöèåíòàìè òðèãîíîìåòðè÷åñêèõ ðÿäîâ f tj(x). Êàæäîìó l ∈ Z ïîñòàâèì
â ñîîòâåòñòâèå ìàòðèöû-ñòðîêè

Cj
l =

(
cjl+m cjl+m−1 ... c

j
l+1 c

j
l c

j
l−1 ... c

j
l−m+1 c

j
l−m

)
, j = 1, 2, ... , k,

à äåéñòâèòåëüíîìó ÷èñëó x � ìàòðèöó-ñòðîêó

Et
m(x) =

(
e−imx e−i(m−1)x ... e−ix 1 eix ... ei(m−1)x eimx

)
.

Äëÿ j ∈ {1, 2, ... , k}, ôèêñèðîâàííûõ èíäåêñà n ∈ Z1
+ è íåíóëåâîãî ìóëü-

òèèíäåêñà −→m = (m1, . . . ,mk) ∈ Zk
+ â ïðåäïîëîæåíèè, ÷òî mj ̸= 0, îïðå-

äåëèì ìàòðèöû ïîðÿäêà mj × (2m+ 1)

F j
+ :=


Cj

nj+mj

Cj
nj+mj−1
...

Cj
nj+1

 =


cjnj+m+mj

cjnj+m+mj−1 . . . cjnj−m+mj

cjnj+m+mj−1 cjnj+m+mj−2 . . . cjnj−m+mj−1

. . . . . . . . . . . .

cjnj+m+1 cjnj+m . . . cjnj−m+1

 ,

F j
− :=


Cj
−nj−1

Cj
−nj−2
...

Cj
−nj−mj

 =


cj−nj+m−1 cj−nj+m−2 . . . cj−nj−m−1

cj−nj+m−2 cj−nj+m−3 . . . cj−nj−m−2

. . . . . . . . . . . .

cj−nj+m−mj
cj−nj+m−mj−1 . . . cj−nj−m−mj

 .

Ðàññìîòðèì îïðåäåëèòåëü ïîðÿäêà 2m+ 1

D(n,−→m;x) := det
[
F k
+ . . . F 2

+ F 1
+ Et

m(x) F 1
− F 2

− . . . F k
−

]T
.

Åñëè mj = 0, òî ñ÷èòàåì, ÷òî îïðåäåëèòåëü D(n,−→m;x) íå ñîäåðæèò
áëîê-ìàòðèö F j

±. ×åðåç H
t
n,−→m îáîçíà÷èì ìàòðèöó ïîðÿäêà 2m× (2m+1),

ïîëó÷åííóþ èç ýëåìåíòîâ îïðåäåëèòåëÿ D(n,−→m;x) ïîñëå óäàëåíèÿ â í¼ì
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(m + 1)-îé ñòðîêè Et
m(x). Åñëè â D(n,−→m;x) ñòðîêó Et

m(x) çàìåíèòü íà
ñòðîêó Cj

l , ïîëó÷èì íîâûé îïðåäåëèòåëü, êîòîðûé îáîçíà÷èì djl (n,
−→m).

Îïðåäåëåíèå 3. Èíäåêñ (n,−→m) ∈ Zk+1
+ , −→m ̸= (0, ... , 0) áóäåì íàçû-

âàòü ñëàáî íîðìàëüíûì äëÿ ñèñòåìû f t, åñëè H t
n,−→m ÿâëÿåòñÿ ìàòðèöåé

ïîëíîãî ðàíãà, ò.å. rank H t
n,−→m = 2m.

Òåîðåìà. Äëÿ òîãî, ÷òîáû äëÿ ôèêñèðîâàííîãî ìóëüòèèíäåêñà
(n,−→m), −→m ̸= (0, ... , 0) è ñèñòåìû f t çàäà÷à At èìåëà åäèíñòâåííîå ðå-
øåíèå, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû èíäåêñ (n,−→m) áûë ñëàáî íîð-
ìàëüíûì äëÿ f t, ò.å. rank H t

n,−→m = 2m.
Åñëè rank H t

n,−→m = 2m, òî ïðè ïîäõîäÿùåì âûáîðå íîðìèðóþùåãî
ìíîæèòåëÿ äëÿ ðåøåíèé çàäà÷è ñïðàâåäëèâû ïðåäñòàâëåíèÿ:

Qt
m(x) = D(n,−→m;x) ,

P t
j (x) =

nj∑
p=−nj

djp(n,
−→m)eipx ,

Rt
j(x; f

t) =
∞∑

p=n+m+1

(
djp(n,

−→m)eipx + dj−p(n,
−→m)e−ipx

)
, j = 1, 2, ... , k.

Â òåîðåìå ïðåäïîëàãàåòñÿ, ÷òî ìóëüòèèíäåêñ −→m ÿâëÿåòñÿ íåíóëåâûì.
Â ñëó÷àå, åñëè −→m = (0, ... , 0), òî ðåøåíèå çàäà÷è î÷åâèäíî: ñ òî÷íîñòüþ
äî ÷èñëîâîãî ìíîæèòåëÿ Qt

m(x) ≡ 1, à ìíîãî÷ëåí P t
j (x) ñîâïàäàåò ñ n-îé

÷àñòíîé ñóììîé òðèãîíîìåòðè÷åñêîãî ðÿäà f tj(x).
Îòìåòèì òàêæå, ÷òî åñëè ìóëüòèèíäåêñ (n,−→m) ÿâëÿåòñÿ ñëàáî íîð-

ìàëüíûì äëÿ f t, òî ìíîãî÷ëåíû Qt
m(x), P

t
1(x), ... , P

t
k(x) ÿâëÿþòñÿ òðèãî-

íîìåòðè÷åñêèìè ìíîãî÷ëåíàìè ñ âåùåñòâåííûìè êîýôôèöèåíòàìè. Äåé-
ñòâèòåëüíî, ïî ïðåäïîëîæåíèþ êîýôôèöèåíòû ðÿäîâ (1) ÿâëÿþòñÿ äåé-
ñòâèòåëüíûìè ÷èñëàìè. Ïîýòîìó ñïðàâåäëèâû ðàâåíñòâà: cj−p = c jp , j =
1, 2, ... , k; p = 1, 2, ... . Â ýòîì ñëó÷àå

D(n,−→m;x) = D(n,−→m;x), djp(n,
−→m) = dj−p(n,

−→m).

×òîáû óáåäèòüñÿ â ýòîì äîñòàòî÷íî ïîìåíÿòü ìåñòàìè ðàâíîîòñòîÿùèå
îò êðà¼â ñòðîêè è ñòîëáöû ñîîòâåòñòâóþùèõ îïðåäåëèòåëåé.

Èç ïðåäñòàâëåíèÿ äëÿ Qt
m(x) ñëåäóåò, ÷òî mj îïðåäåëÿåò ÷èñëî êîýô-

ôèöèåíòîâ ðÿäà f tj(x), êîòîðûå ó÷èòûâàþòñÿ ïðè ïîñòðîåíèè ìíîãî÷ëåíà

Qt
m(x). Â ÷àñòíîñòè, åñëè mj = 0, òî D(n,−→m;x) íå ñîäåðæèò áëîêè F j

±
è ïðè ïîñòðîåíèè ìíîãî÷ëåíà Qt

m(x) òðèãîíîìåòðè÷åñêèé ðÿä f tj(x) íå
ó÷èòûâàåòñÿ. Íàïðèìåð, åñëè −→m = (m1, 0, ... , 0), òî m = m1 è òîãäà ïðè
íàõîæäåíèè Qt

m(x) ó÷èòûâàþòñÿ òîëüêî êîýôôèöèåíòû ðÿäà f t1(x). Â
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ýòîì ñëó÷àå ïðåäñòàâëåíèå äëÿ Qt
m(x) â òåîðåìå ñîâïàäàåò ñ ôîðìóëîé,

êîòîðàÿ ïîëó÷åíà â [2].
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Nonlinear reaction-di�usion system1
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This work examines the in�uence of di�usion on the stability of the Kolmogorov-Fisher
reaction-di�usion system.

Keywords: nonlinear di�erential equation, system, stability, di�usion.

Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó

ut = f(u, v) + d1△u, vt = g(u, v) + d2△v, (1)

ãäå u = u(x, y, t), v = v(x, y, t), (x, y) ∈ Ω ⊂ R2; d1 > 0, d2 > 0 �
êîýôôèöèåíòû äèôôóçèè; △ � îïåðàòîð Ëàïëàñà.

Ôóíêöèè u è v óäîâëåòâîðÿþò óñëîâèÿì Íåéìàíà (ñëó÷àé çàìêíóòîé
ñèñòåìû)

∂u

∂n

∣∣∣∣
Γ

= 0,
∂v

∂n

∣∣∣∣
Γ

= 0 (2)

íà ãðàíèöå Γ îãðàíè÷åííîé çàìêíóòîé îáëàñòè Ω è íà÷àëüíûì óñëîâèÿì

u(x, 0) = 0, u(0, y) = 0, v(x, 0) = 0, v(0, y) = 0. (3)

Ðàäè îïðåäåëåííîñòè áóäåì ïðåäïîëàãàòü, ÷òî îáëàñòü Ω ÿâëÿåòñÿ
êâàäðàòîì: Ω = {(x, y) ∈ R2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Òèõîìèðîâ Â. Â., 2024
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Âåêòîð-ôóíêöèÿ F = {f(u, v), g(u, v)} îïðåäåëÿåò ðåàêöèþ êîìïî-
íåíòîâ ñèñòåìû (1)�(3), êîòîðàÿ îïèñûâàåòñÿ äèíàìè÷åñêîé ñèñòåìîé

dV (t)

dt
= F (V (t)), V (t) = {f, g}.

Ìàòðèöà diag(d1, d2) îïèñûâàåò äèôôóçèîííûå ïîòîêè, âîçíèêàþùèå â
îáëàñòè Ω ⊂ R2.

Ðåøåíèÿ ñèñòåìû (1)�(3) áóäåì ðàññìàòðèâàòü â ïðîñòðàíñòâå Ñîáî-
ëåâà H1(Ω) (ñëàáûå ðåøåíèÿ).

Îñíîâíûå ðåçóëüòàòû

Äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ ðåøåíèé ñèñòåìû (1)�(3) ïðè t→ +∞ âîñ-
ïîëüçóåìñÿ ýíåðãåòè÷åñêèì (âàðèàöèîííûì) ìåòîäîì [1�3]. Ââåäåì (âà-
ðèàöèîííóþ) ôóíêöèþ âðåìåíè

S(t) =
1

2

1�

0

1�

0

(u2x + v2x + u2y + v2y)dx dy, (4)

êîòîðàÿ èãðàåò ðîëü ýíåðãèè ñèñòåìû.
Âû÷èñëèì ïðîèçâîäíóþ ôóíêöèè (4) ñ ó÷åòîì (1)�(3). Â ðåçóëüòàòå

ïîëó÷èì

dS(t)

dt
=

1�

0

1�

0

(uxuxt + vxvxt + uyuyt + vyvyt)dx dy. (5)

Ôîðìóëó (5) ìîæíî ïðåäñòàâèòü â âèäå

S ′(t) = S ′1(t) + S ′2(t),

ãäå

S ′1(t) =

1�

0

1�

0

[ux(d1uxx)x + ux(fuux + fvvx)+

+vx(d2vxx)x + vx(guux + gvvx)]dx dy, (6)

S ′2(t) =

1�

0

1�

0

[uy(d1uyy)y + uy(fuuy + fvvy)+

+vy(d2vyy)y + vy(guuy + gvvy)]dx dy. (7)
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Ââåäåì îáîçíà÷åíèÿ

d = min(d1, d2), m = max
u,v

(|fu|+ |fv|+ |gu|, |gv|+ |fv|+ |gu|). (8)

Ïîäðîáíî èññëåäóåì èíòåãðàë (6). Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì,
ñ ó÷åòîì êðàåâûõ óñëîâèé, çàïèøåì (6) â âèäå

S ′1(t) = −
1�

0

1�

0

(d1u
2
xx + d2v

2
xx)dx dy+

+

1�

0

1�

0

(fuu
2
x + gvv

2
x + (fu + gu)uxvx)dx dy. (9)

Òîãäà â ñèëó îáîçíà÷åíèé (8) èìååì

S ′1(t) ≤ −d
1�

0

1�

0

(uxx + vxx)dx dy +m

1�

0

1�

0

(u2x + v2x)dx dy. (10)

Òàê êàê ux(0) = 0, ux(1) = 0, òî âûïîëíÿåòñÿ íåðàâåíñòâî Ôðèäðèõñà

1�

0

u2xxdx ≥ π2
1�

0

u2xdx,

1�

0

v2xxdx ≥ π2
1�

0

v2xdx. (11)

Èñïîëüçóÿ (9), (10) è (11), ïîëó÷èì

E ′1(t) ≤ (m− dπ2)E1(t).

Åñëè d > m/π2, òî E ′(t) < 0. Ïîñêîëüêó E(t) ≥ 0, òî lim
t→+∞

E(t) = 0, è

ïîýòîìó ux(x, y, t)→ 0 è vx(x, y, t)→ 0 ïðè t→ +∞.
Ðàññóæäàÿ àíàëîãè÷íî â îòíîøåíèè èíòåãðàëà (7), óáåæäàåìñÿ â

ñïðàâåäëèâîñòè íåðàâåíñòâà

E ′2(t) ≤ (m− dπ2)E2(t),

è ñëåäîâàòåëüíî, uy(x, y, t)→ 0 è vy(x, y, t)→ 0 ïðè t→ +∞.
Òàêèì îáðàçîì, ñïðàâåäëèâà
Òåîðåìà. Åñëè d > m/π2, òî lim

t→+∞
E(t) = 0, è ïîýòîìó âñå ÷àñòíûå

ïðîèçâîäíûå ux, vx, uy, vy ñòðåìÿòñÿ ê íóëþ ïðè t → +∞, à ñàìî
ðåøåíèå âûõîäèò íà êîíñòàíòó.
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Çàìå÷àíèå. ßñíî, ÷òî ïîëó÷åííûé ðåçóëüòàò ðàñïðîñòðàíÿåòñÿ íà
ñèñòåìû ñ ïðîèçâîëüíûì ÷èñëîì óðàâíåíèé è íåèçâåñòíûõ ôóíêöèé. Ïî-
ëó÷åííûé ðåçóëüòàò íå âñåãäà óäàåòñÿ èñïîëüçîâàòü â êîíêðåòíûõ ñëó-
÷àÿõ, òàê êàê âû÷èñëåíèå ïîñòîÿííîé m çàâèñèò îò àïðèîðíûõ çíàíèé î
ðåøåíèè u(x, y, t) è v(x, y, t) è åãî ïðîèçâîäíûõ.

Òàêèì îáðàçîì, ïðåäëîæåííûé ìåòîä [4] ïîçâîëÿåò ñîõðàíèòü óñòîé-
÷èâîñòü ñèñòåìû ïðè äîñòàòî÷íî áîëüøèõ êîýôôèöèåíòàõ äèôôóçèè.
Ýòó óñòîé÷èâîñòü ïðèíÿòî íàçûâàòü ïðîñòðàíñòâåííî-äèôôóçèîííîé
óñòîé÷èâîñòüþ, äàæå â ñëó÷àå íåóñòîé÷èâîé ñèñòåìû (ïðè d = 0).
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Ïîñòàíîâêà çàäà÷è

Â ïîëîñå (x, t) ∈ R × [0, 1] ðàññìîòðèì íåëîêàëüíóþ çàäà÷ó äëÿ îäíî-
ìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut(x, t) = uxx(x, t),

1�

0

u(x, t) dt = φ(x). (1)
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Ôóíêöèÿ u = u(x, t) èç êëàññà C2,1(R × (0, 1]) ∩ C(R × [0, 1]) è åå íà-
÷àëüíîå ñîñòîÿíèå

u(x, 0) = u0(x) (2)

ïðåäïîëàãàþòñÿ íåèçâåñòíûìè. Ôóíêöèÿ φ ∈ C(R) ñ÷èòàåòñÿ çàäàííîé.
Òðåáóåòñÿ íàéòè u = u(x, t), èñïîëüçóÿ ñîîòíîøåíèÿ (1).

Âîçíèêàþò îáû÷íûå âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøå-
íèÿ çàäà÷è, à òàêæå ÿâíîãî ïðåäñòàâëåíèÿ èñêîìîãî ðåøåíèÿ. Íà÷íåì
ñ ðåçóëüòàòîâ ðàáîò [1, 2], ïîëó÷åííûõ ïðè ïîìîùè òðàäèöèîííîé àíàëè-
òè÷åñêîé òåõíèêè.

Èíòåãðàëüíûå ôîðìóëû

Â ðàáîòå [1] äàíî îïèñàíèå êëàññîâ åäèíñòâåííîñòè ðåøåíèÿ äëÿ ïîäîá-
íûõ íåëîêàëüíûõ çàäà÷. Êîíêðåòíî äëÿ çàäà÷è (1) òèïè÷íûé êëàññ åäèí-
ñòâåííîñòè îáðàçóþò ôóíêöèè u = u(x, t), óäîâëåòâîðÿþùèå îöåíêå

|u(x, t)| ⩽M exp(σ|x|), (x, t) ∈ R× [0, 1], (3)

ñ ôèêñèðîâàííûì ïîêàçàòåëåì σ <
√
π è êîíñòàíòîé M > 0, çàâèñÿùåé

îò ôóíêöèè u. Äëÿ ïîäòâåðæäåíèÿ òî÷íîñòè òàêîãî ðåçóëüòàòà îòìåòèì
ôóíêöèþ

u(x, t) = exp(
√
πx) cos(

√
πx+ 2πt), (4)

óäîâëåòâîðÿþùóþ çàäà÷å (1) ïðè φ(x) ≡ 0 è îöåíêå (3) ïðè σ =
√
π.

Òî åñòü ôîðìóëà (4) äàåò íåòðèâèàëüíîå ðåøåíèå îäíîðîäíîé íåëîêàëü-
íîé çàäà÷è (1), è åäèíñòâåííîñòü ðåøåíèÿ â (1) íàðóøàåòñÿ. Òî÷íåå, îíà
íàðóøàåòñÿ ïðè âûáîðå â êëàññå (3) ïîêàçàòåëÿ σ =

√
π.

Âîçíèêàåò âîïðîñ: êàê íàõîäèòü ðåøåíèå ïðè ñîáëþäåíèè óñëîâèÿ
åäèíñòâåííîñòè? Èç ðåçóëüòàòîâ [2] ñëåäóåò ðàçðåøàþùàÿ ôîðìóëà

u0(x) =

+∞�

−∞

g(x− y)φ(y) dy − φ′′(x), x ∈ R, (5)

äåéñòâóþùàÿ äëÿ íà÷àëüíîãî ñîñòîÿíèÿ (2). Ïîâåäåíèå ôóíêöèè Ãðèíà

g(x) =
1

2π

+∞�

−∞

s2

exp(s2)− 1
exp(isx) ds, x ∈ R, i2 = −1, (6)

õîðîøî èçó÷åíî. Â èíòåðåñóþùåì íàñ îäíîìåðíîì ñëó÷àå èçâåñòíî, ÷òî

g(x) = −
√
2π exp(−

√
π |x|)

[
sin
(√

π |x|+ π

4

)
+O

(
1

|x|

)]
(7)
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ïðè |x| → ∞, à òàêæå, ÷òî

g(x) =
1√
4π

∞∑
k=0

1

k!

(
k +

1

2

)
ζ

(
k +

3

2

)(
− x2

4

)k

(8)

ïðè x ∈ R ñ äçåòà-ôóíêöèåé Ðèìàíà (ñì. ôîðìóëû (50), (51) â ðàáîòå [2]).
Ñîîòíîøåíèÿ (5)�(8) ïîëåçíû äëÿ ðàçíûõ èññëåäîâàíèé, ñâÿçàííûõ

ñ íåëîêàëüíîé çàäà÷åé (1). Íà âûðàáîòàííîé îñíîâå óäàëîñü äîêàçàòü,
â ÷àñòíîñòè, ðàçðåøèìîñòü çàäà÷è (1) â êëàññàõ åäèíñòâåííîñòè, ïîäîá-
íûõ (3), äëÿ ëþáîé ôóíêöèè φ ∈ C2(R), óäîâëåòâîðÿþùåé îöåíêàì

|φ(x)| ⩽M exp(σ|x|), |φ′′(x)| ⩽M exp(σ|x|), x ∈ R, (9)

ñ êîíñòàíòàìè M > 0 è σ <
√
π. Ðåøåíèå u = u(x, t) íàõîäèòñÿ ïî

ôîðìóëå Ïóàññîíà

u(x, t) =
1√
4πt

+∞�

−∞

exp

(
− (x− s)2

4t

)
u0(s) ds, (x, t) ∈ R× (0, 1], (10)

ñ íà÷àëüíûì óñëîâèåì (2), âû÷èñëåííûì ïî ôîðìóëå (5).
Êàçàëîñü áû, èññëåäîâàíèå çàäà÷è çàâåðøåíî. Íî â íåêîòîðûõ ïðî-

ñòûõ ñèòóàöèÿõ èñïîëüçîâàíèå èíòåãðàëüíûõ ôîðìóë (5), (10) äîâîëüíî
òÿæåëî íà ïðàêòèêå. Íàïðèìåð, ëþáîé ïîëèíîì φ(x) = P (x) èëè ýêñïî-
íåíòà φ(x) = exp(αx) ñ ïîêàçàòåëåì α ∈ C ïðè |Reα| <

√
π ïîïàäàþò

â ñîîòâåòñòâóþùèé êëàññ (9). Îäíàêî â ïîäîáíûõ ïðèìåðàõ ïîëó÷èòü
îòâåò, èñõîäÿ èç óêàçàííûõ ôîðìóë, ìîæíî ëèøü ñ ïîìîùüþ ñëîæíûõ
ðàñ÷åòîâ. Çäåñü áîëåå ýôôåêòèâíû äðóãèå ìåòîäû.

Ðÿäû ïî ïîëèíîìàì Áåðíóëëè

Â ðàáîòå [3] ïðåäëîæåí ñïîñîá, ïîçâîëÿþùèé âûðàæàòü îòâåòû â íåëî-
êàëüíîé çàäà÷å (1) ÷åðåç ðÿäû ïî ïîëèíîìàì Áåðíóëëè

u(x, t) =
∞∑
n=0

Bn(t)

n!
φ(2n)(x), (x, t) ∈ R× [0, 1]. (11)

Ïîëèíîìû Áåðíóëëè Bn(t) îïðåäåëèì ÷åðåç ïðîèçâîäÿùóþ ôóíêöèþ

λ

expλ− 1
exp(λt) =

∞∑
n=0

Bn(t)

n!
λn, λ ∈ C, |λ| < 2π. (12)
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Câîéñòâà ïîëèíîìîâ Áåðíóëëè ñ÷èòàåì èçâåñòíûìè (ñì. [4, 5]). Íàïîì-
íèì òîëüêî, ÷òî B0(t) ≡ 1, à äàëüøå ïî èíäóêöèè

d

dt

(
Bn(t)

n!

)
=
Bn−1(t)

(n− 1)!
,

1�

0

Bn(t) dt = 0, n ∈ N.

Èñïîëüçóÿ ñêàçàííîå, íåòðóäíî ïðîâåðèòü, ÷òî ðÿä (11) ôîðìàëüíî óäî-
âëåòâîðÿåò çàäà÷å (1). Âîçíèêàåò âîïðîñ î ñõîäèìîñòè ýòîãî ðÿäà.

Â ñëó÷àå, êîãäà φ(x) = P (x) � ïîëèíîì ñòåïåíè d ∈ N, ðÿä (11)
ñâîäèòñÿ ê êîíå÷íîé ñóììå

u(x, t) =

[d/2]∑
n=0

Bn(t)

n!
φ(2n)(x), (x, t) ∈ R× [0, 1], (13)

è ïðîáëåì ñî ñõîäèìîñòüþ íå âîçíèêàåò. Íàïðèìåð, äëÿ φ(x) = x5 ôîð-
ìóëà (13) ñðàçó äàåò îòâåò

u(x, t) = x5 + 10(2t− 1)x3 + 10(6t2 − 6t+ 1)x (14)

ñ ó÷åòîì òîãî, ÷òî

B0(t) ≡ 1, B1(t) = t− 1

2
, B2(t) = t2 − t+ 1

6
.

Èç òåîðåìû åäèíñòâåííîñòè ñëåäóåò, ÷òî òà æå ôóíêöèÿ (14) ïîëó÷èòñÿ
ïî ôîðìóëàì (5), (10).

Ðàññìîòðèì òàêæå ïðèíöèïèàëüíûé ïðèìåð φ(x) = exp(αx) ñ ïîêà-
çàòåëåì α ∈ C. Èñïîëüçóÿ ôîðìóëó (11) è ó÷èòûâàÿ ñîîòíîøåíèå (12),
ïîëó÷àåì, ÷òî

u(x, t) =
∞∑
n=0

Bn(t)

n!
α2n exp(αx) =

α2

exp(α2)− 1
exp(αx+ α2t). (15)

Ðÿä ñõîäèòñÿ ïðè |α| <
√
2π, íî ñóììà ðÿäà äîïóñêàåò àíàëèòè÷åñêîå

ïðîäîëæåíèå íà âñþ êîìïëåêñíóþ ïëîñêîñòü çà èñêëþ÷åíèåì òî÷åê âèäà

α
(±)
1,k = ±(1 + i)

√
πk, α

(±)
2,k = ±(1− i)

√
πk, k ∈ N, (16)

ãäå i2 = −1. Îòâåò (15) ýëåìåíòàðíî ïðîâåðÿåòñÿ ïîäñòàíîâêîé â èñ-
õîäíóþ çàäà÷ó (1). Îí ïðèìåíèì ïðè âûáîðå φ(x) = exp(αx) ñ ëþáûì
ïîêàçàòåëåì α ∈ C êðîìå çíà÷åíèé, óêàçàííûõ â ôîðìóëå (16). Âîçíèêà-
åò âîïðîñ: êàê èñêàòü ðåøåíèå â ýòèõ èñêëþ÷èòåëüíûõ ñëó÷àÿõ? Äàäèì
ðàçúÿñíåíèå â ñëåäóþùåì ïóíêòå.
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Îñîáûå ðåøåíèÿ

Çàôèêñèðóåì çíà÷åíèå µ ∈ C è ðàññìîòðèì ïàðó ôóíêöèé φµ(x) è ψµ(x),
îòëè÷íûõ îò òîæäåñòâåííîãî íóëÿ, è òàêèõ, ÷òî

φ′′µ(x) = µφµ(x), ψ′′µ(x) = µψµ(x) + φµ(x). (17)

Äðóãèìè ñëîâàìè, ðàññìîòðèì ñîáñòâåííóþ è ïðèñîåäèíåííóþ ôóíêöèè
îïåðàòîðà A = d2/dx2 ñ ñîáñòâåííûì çíà÷åíèåì µ.

Ñîñòàâèì êîìáèíàöèþ u(x, t) = γ1,µ(t)φµ(x)+γ2,µ(t)ψµ(x) òàê, ÷òîáû
âûïîëíÿëîñü óðàâíåíèå ut = uxx. Ñ ó÷åòîì (17) ïîëó÷èì

u(x, t) = (C(µ)t+D(µ)) exp(µt)φµ(x) + C(µ) exp(µt)ψµ(x). (18)

Ïðè âûáîðå êîýôôèöèåíòîâ C(µ) = µ è D(µ) = 1 èìååì èíòåãðàë

1�

0

u(x, t) dt = expµ · φµ(x) + (expµ− 1)ψµ(x). (19)

Ïðèìåíèì êîíñòðóêöèþ ê íóæíîìó ïðèìåðó.
Ïóñòü α � êîìïëåêñíîå ÷èñëî èç ìíîæåñòâà (16). Òîãäà exp(α2) = 1.

Îïðåäåëèì ôóíêöèè

φ(x) = exp(αx), ψ(x) =
1

2α
x exp(αx). (20)

Ýòî ñîáñòâåííàÿ è ïðèñîåäèíåííàÿ ôóíêöèè îïåðàòîðà A = d2/dx2, îòâå-
÷àþùèå ñîáñòâåííîìó çíà÷åíèþ µ = α2. Îðèåíòèðóÿñü íà ôîðìóëó (18)
ñî çíà÷åíèÿìè C(µ) = µ = α2 è D(µ) = 1, îïðåäåëèì ðåøåíèå óðàâíå-
íèÿ òåïëîïðîâîäíîñòè

u(x, t) = (α2t+ 1) exp(α2t+ αx) + (α/2)x exp(α2t+ αx). (21)

Ñîãëàñíî (19) ñî çíà÷åíèåì µ = α2 (òàêèì, ÷òî expµ = 1) èìååì

1�

0

u(x, t) dt = exp(αx). (22)

Òåì ñàìûì, ïðè ëþáîì âûáîðå ïîêàçàòåëÿ α èç ìíîæåñòâà (16) ôóíê-
öèÿ u(x, t) âèäà (21) óäîâëåòâîðÿåò óñëîâèþ (22), ò. å. ÿâëÿåòñÿ ðåøåíèåì
íåëîêàëüíîé çàäà÷è (1) ïðè φ(x) = exp(αx). Ïîëó÷åííîå ðåøåíèå íå ñâÿ-
çàíî ñ ðÿäîì (15) (ïî ïîëèíîìàì Áåðíóëëè), è íà÷àëüíîå ñîñòîÿíèå (2)
íå âûðàæàåòñÿ èíòåãðàëüíîé ôîðìóëîé (5).
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Ïóñòü, íàïðèìåð, êîíêðåòíî α = (1 + i)
√
π, ò. å. α = α

(+)
1,1 èç ìíîæå-

ñòâà (16). Òîãäà

φ(x) = exp((1 + i)
√
π x) = exp(

√
πx)(cos(

√
πx) + i sin(

√
πx)), (23)

è ôîðìóëà (21) äàåò íóæíîå ðåøåíèå íåëîêàëüíîé çàäà÷è

u(x, t) =

(
2πit+ 1 +

(1 + i)
√
π

2
x

)
exp(2πit+ (1 + i)

√
πx). (24)

Ïðåäñòàâëÿÿ ôóíêöèþ (24) â âèäå u(x, t) = u1(x, t) + iu2(x, t), ïîëó÷èì
ðåøåíèÿ u = u1(x, t) è u = u2(x, t) äëÿ ñîîòâåòñòâóþùèõ óñëîâèé

φ1(x) = exp(
√
πx) cos(

√
πx) è φ2(x) = exp(

√
πx) sin(

√
πx),

ò. å. äëÿ âåùåñòâåííîé è ìíèìîé ÷àñòåé îò ôóíêöèè (23). Ïðîâåðêà âñåõ
íàéäåííûõ îòâåòîâ îñóùåñòâëÿåòñÿ èõ ïîäñòàíîâêîé â çàäà÷ó (1). Ñâîé-
ñòâî åäèíñòâåííîñòü â äàííîì êëàññå ðåøåíèé îòñóòñòâóåò: ïîñêîëüêó
ïîêàçàòåëü ðîñòà ðàâåí

√
π, òî, íå íàðóøàÿ ñâîéñòâ, ê óêàçàííûì ðåøå-

íèÿì u ìîæíî ïðèáàâëÿòü ôóíêöèè òèïà (4).
Èçëîæåííûå ñîîáðàæåíèÿ äîïóñêàþò ïåðåíîñ íà ìíîãèå äðóãèå ñèòó-

àöèè. Îòìåòèì, íàïðèìåð, çàäà÷ó

ut(x, t) = uxx(x, t),
u(x, 0) + u(x, 1)

2
= φ(x), (25)

êîòîðàÿ èññëåäóåòñÿ ïî òîé æå ñõåìå ñ çàìåíîé ïîëèíîìîâ Áåðíóëëè
ïîëèíîìàìè Ýéëåðà (ñì. [6]). Îáùàÿ êîíñòðóêöèÿ íåëîêàëüíûõ çàäà÷,
ïîäîáíûõ (1) èëè (25), íà ÿçûêå àáñòðàêòíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé èìååò âèä

u′(t) = Au(t),

T�

0

u(t) dµ(t) = φ (26)

ñ ôèêñèðîâàííûì çíà÷åíèåì T > 0. Äëÿ çàäà÷è (26) èçâåñòåí óíèâåð-
ñàëüíûé êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ (ñì. [7]), êîòîðûé äàåò îðè-
åíòèðû äàëüíåéøèì ïðîäâèæåíèÿì.

Àâòîðû ïðèçíàòåëüíû À.Þ. Ïîïîâó, Â.Á. Øåðñòþêîâó è Þ.Ñ. Ýé-
äåëüìàíó, â ñîòðóäíè÷åñòâå ñ êîòîðûìè âîçíèêëè ìíîãèå èäåè äàííîé
ðàáîòû.
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Ïðèìåðû ýêñïîíåíöèàëüíîé ñõîäèìîñòè
ïîëèíîìîâ Áåðíøòåéíà ê ñâîåé

ïîðîæäàþùåé ôóíêöèè1
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Îáñóæäàåòñÿ âîïðîñ î ñêîðîñòè ñõîäèìîñòè ïîëèíîìîâ Áåðíøòåéíà ïðè ñïåöè-
àëüíûõ îãðàíè÷åíèÿõ íà ïîðîæäàþùóþ ôóíêöèþ. Ïîêàçàíî, ÷òî, åñëè ïîðîæ-
äàþùàÿ ôóíêöèÿ èìååò â ñâîåì ñîñòàâå ëèíåéíóþ ÷àñòü, òî ñêîðîñòü ñõîäèìîñòè
íà òàêîì ëèíåéíîì ó÷àñòêå áóäåò ýêñïîíåíöèàëüíîé. Ïîëó÷åííûé ðåçóëüòàò äî-
ïîëíÿåò èçâåñòíóþ òåîðåìó Âîðîíîâñêîé. Îí ïîëåçåí ïðè îïèñàíèè ñõîäèìîñòè
ïîëèíîìîâ Áåðíøòåéíà îò êóñî÷íî ëèíåéíûõ ïîðîæäàþùèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: ïîëèíîìû Áåðíøòåéíà, òåîðåìà Âîðîíîâñêîé, ýêñïîíåíöèàëü-
íàÿ ñêîðîñòü ñõîäèìîñòè, êóñî÷íî ëèíåéíûå ôóíêöèè.

Examples of exponential convergence
of Bernstein polynomials to its

generating function1

I. V. Tikhonov, V. B. Sherstyukov (Moscow, Russia)
ivtikh@mail.ru, shervb73@gmail.com

Under some special restrictions, the question of the rate of convergence of Bernstein
polynomials is discussed. It is shown that if the generating function has a linear part,
then the rate of convergence on such interval will be exponential. The obtained result
complements the well-known Voronovskaya theorem. It is useful in describing the
convergence of Bernstein polynomials of piecewise linear generating functions.

Keywords: Bernstein polynomials, Voronovskaya theorem, exponential rate of
convergence, piecewise linear functions.

Ïîëèíîìû Áåðíøòåéíà äëÿ ôóíêöèè f ∈ C[0, 1] ââîäÿò ôîðìóëîé

Bn(f, x) =
n∑

k=0

f

(
k

n

)
Ck

n x
k(1− x)n−k, n ∈ N. (1)

Çäåñü Ck
n � áèíîìèàëüíûå êîýôôèöèåíòû. Îñíîâíûå ñâåäåíèÿ î ïîëèíî-

ìàõ Áåðíøòåéíà ïðåäñòàâëåíû â [1]�[3]. Òåîðåìà Âîðîíîâñêîé (îäèí èç
ãëàâíûõ ðåçóëüòàòîâ òåîðèè) óòâåðæäàåò, ÷òî â êàæäîé òî÷êå x0 ∈ (0, 1),
ãäå èìååòñÿ âòîðàÿ ïðîèçâîäíàÿ f ′′(x0), ñïðàâåäëèâî ïðåäñòàâëåíèå

Bn(f, x0)− f(x0) =
f ′′(x0)x0(1− x0)

2n
+
αn(x0)

n
(2)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Òèõîíîâ È. Â., Øåðñòþêîâ Â. Á., 2024
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ñ âåëè÷èíîé αn(x0)→ 0 ïðè n→∞ (ñì. [1, ñ. 22]).
Êàê ïîêàçûâàåò ôîðìóëà (2), åñëè f ′′(x0) ̸= 0, òî â òî÷êå x0 ∈ (0, 1)

ñêîðîñòü ïðèáëèæåíèÿ ïîðîæäàþùåé ôóíêöèè f(x) ïîëèíîìàìè Áåðí-
øòåéíà èìååò ïîðÿäîê 1/n, íåçàâèñèìî îò íàëè÷èÿ ó ôóíêöèè ëþáûõ
ïîñëåäóþùèõ ïðîèçâîäíûõ. Åñëè æå f ′′(x0) = 0, òî

Bn(f, x0)− f(x0) = o(1/n), n→∞, (3)

è çäåñü âîçìîæíû âàðèàíòû.
Òàê, äëÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèè f(x) = (x− x0)3

ñ ôèêñèðîâàííûì çíà÷åíèåì x0 ∈ (0, 1) âûïîëíåíî óñëîâèå f ′′(x0) = 0.
Ïîëèíîìû Áåðíøòåéíà â äàííîì ïðèìåðå äîïóñêàþò ïðåäñòàâëåíèå

Bn(f, x) = (x− x0)3 +
3x(1− x)(x− x0)

n
+
x(1− x)(1− 2x)

n2
, n ∈ N.

Îòñþäà

Bn(f, x0)− f(x0) = Bn(f, x0)− 0 =
x0(1− x0)(1− 2x0)

n2
, n ∈ N.

Åñëè x0 ̸= 1/2, òî â òî÷êå x = x0 èìååì ïðèáëèæåíèå ïîðÿäêà 1/n2.
Åñëè æå x0 = 1/2, òî ïðèáëèæåíèå ñòàíîâèòñÿ ¾èäåàëüíûì¿ áëàãîäàðÿ
ñîâïàäåíèÿì Bn(f, 1/2) − f(1/2) = 0, âåðíûì ïðè âñåõ n ∈ N. Ïîñëåä-
íèé ýôôåêò òàêæå ñâÿçàí ñ ¾íå÷åòíîñòüþ¿ ôóíêöèè f(x) = (x− 1/2)3

îòíîñèòåëüíî ñåðåäèíû îòðåçêà [0, 1].
Åñòåñòâåííî çàêðûòü âîïðîñ è óòî÷íèòü ôîðìóëó (3) äëÿ ëþáîãî ïî-

ëèíîìà f(x) = (x− x0)p ñ íàòóðàëüíûì ïîêàçàòåëåì p ⩾ 3. Òàêóþ çàäà-
÷ó ìîæíî ðåøèòü, èñïîëüçóÿ ôîðìóëû Áåðíøòåéíà [4] è Òåëÿêîâñêîãî [5]
ïðè íåêîòîðûõ ñïåöèàëüíûõ ê íèì äîïîëíåíèÿõ.

Ñîñðåäîòî÷èìñÿ íà äðóãîé ñèòóàöèè. Îêàçûâàåòñÿ, ïðè âûïîëíåíèè
óñëîâèÿ f ′′(x) = 0 íà íåêîòîðîì èíòåðâàëå (α, β) ⊂ [0, 1] îñòàòîê â ôîð-
ìóëå (3) äëÿ âñÿêîé òî÷êè x0 ∈ (α, β) áóäåò èìåòü íå ñòåïåííîé, à ýêñ-
ïîíåíöèàëüíûé õàðàêòåð. Ýòî ïðèíöèïèàëüíîå îáñòîÿòåëüñòâî áûëî îá-
íàðóæåíî ñíà÷àëà íà ïðèìåðå ñèììåòðè÷íîãî ìîäóëÿ f(x) = |2x− 1|
(ñì. [6, ñ. 32�35]), à çàòåì � äëÿ ïðîèçâîëüíîé íåïðåðûâíîé ôóíêöèè,
èìåþùåé â ñîñòàâå ¾ëèíåéíóþ ÷àñòü¿ (ñì. [7, ñ. 161�164]).

Îáùèé ðåçóëüòàò èç [7] ñîñòîèò â ñëåäóþùåì.

Òåîðåìà. Ïóñòü Bn(f, x) � ïîëèíîìû Áåðíøòåéíà (1) äëÿ ïîðîæ-
äàþùåé ôóíêöèè f ∈ C[0, 1], òàêîé, ÷òî

f(x) = cx+ d ïðè x ∈ [α, β]
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ñ ôèêñèðîâàííûìè çíà÷åíèÿìè c, d ∈ R è 0 < α < β < 1. Òîãäà äëÿ
âñåõ n ∈ N è x ∈ (α, β) ñïðàâåäëèâà îöåíêà

|Bn(f, x)− f(x)| ⩽
1√
n

(
Cα

(∆α(x))
n

x− α
+ Dβ

(∆β(x))
n

β − x

)
∥f∥, (4)

ãäå

∆λ(x) ≡
(
x

λ

)λ(
1− x
1− λ

)1−λ
(5)

ïðè λ = α è λ = β, êîýôôèöèåíò Cα > 0 çàâèñèò ëèøü îò α,
êîýôôèöèåíò Dβ > 0 çàâèñèò ëèøü îò β, à ∥f∥ ≡ max

0⩽x⩽1
|f(x)|.

Òåîðåìà ñîõðàíÿåò ñâîþ ñèëó ïðè α = 0 èëè β = 1, åñëè óñëîâèòüñÿ,
÷òî C0 = D1 = 0. Ñîîòâåòñòâóþùåå ñëàãàåìîå â ôîðìóëå (4) ïðîïàäàåò.
Òî÷íåå, äëÿ ôóíêöèè f ∈ C[0, 1], ëèíåéíîé íà îòðåçêå [0, β] ⊂ [0, 1), ïðè
âñåõ n ∈ N âåðíà îöåíêà

|Bn(f, x)− f(x)| ⩽
Dβ√
n

(∆β(x))
n

β − x
∥f∥, x ∈ (0, β). (6)

Àíàëîãè÷íî äëÿ ôóíêöèè f ∈ C[0, 1], ëèíåéíîé íà îòðåçêå [α, 1] ⊂ (0, 1],
ïðè âñåõ n ∈ N âåðíà îöåíêà

|Bn(f, x)− f(x)| ⩽
Cα√
n

(∆α(x))
n

x− α
∥f∥, x ∈ (α, 1). (7)

Âûðàæåíèå ∆λ(x) èç ôîðìóëû (5) ïðè ëþáîì λ ∈ (0, 1) ìîæíî íàçû-
âàòü ðåãóëÿòîðîì Êàíòîðîâè÷à � ðîëü ïîäîáíûõ êîíñòðóêöèé âïåðâûå
îòìå÷åíà â ðàáîòå [8].

Íåòðóäíî ïðîâåðèòü, ÷òî 0 < ∆λ(x) < 1 ïðè x ∈ (0, λ) ∪ (λ, 1). Îò-
ñþäà ñëåäóåò ýêñïîíåíöèàëüíûé õàðàêòåð ñõîäèìîñòè ïîëèíîìîâ Áåðí-
øòåéíà, óêàçàííûé â ôîðìóëàõ (4), (6), (7).

Ïîëó÷åííûå îöåíêè ïðèìåíèìû, íàïðèìåð, ïðè âûáîðå êóñî÷íî ëè-
íåéíîé ïîðîæäàþùåé ôóíêöèè f ∈ C[0, 1]. Â òàêîì ñëó÷àå ñêîðîñòü ñõî-
äèìîñòè ïîëèíîìîâ Áåðíøòåéíà áóäåò ýêñïîíåíöèàëüíîé íà ó÷àñòêàõ
ëèíåéíîñòè ôóíêöèè f(x). Ïðè ïðèáëèæåíèè x ê òî÷êå èçëîìà ôóíê-
öèè f(x) ýòà ýêñïîíåíöèàëüíàÿ ñêîðîñòü áóäåò ñíèæàòüñÿ, à â ñàìîé òî÷-
êå èçëîìà ñõîäèìîñòü áóäåò ìåäëåííîé, ñòåïåííîé, ïîðÿäêà 1/

√
n.

Âåñüìà âåðîÿòíî, ÷òî â ïîäîáíûõ ïðèìåðàõ îöåíêè ñêîðîñòè ñõîäè-
ìîñòè ïîëèíîìîâ Áåðíøòåéíà óäàñòñÿ ðàñïðîñòðàíèòü â êîìïëåêñíûå
çîíû, ïðèìûêàþùèå ê îòðåçêó [0, 1] è îãðàíè÷åííûå ñîîòâåòñòâóþùèìè
ëåìíèñêàòàìè Êàíòîðîâè÷à èç [8] (ïî àíàëîãèè ñ ðåçóëüòàòàìè [9] äëÿ
ðàöèîíàëüíîãî ìîäóëÿ f(x) = |qx− p|).
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Îòìåòèì òàêæå, ÷òî ìåíåå òî÷íàÿ âåðñèÿ ïðèâåäåííîé òåîðåìû äî-
êàçàíà âåðîÿòíîñòíûìè ìåòîäàìè â íåäàâíåé ðàáîòå [10]. Ïîäîáíûé ðå-
çóëüòàò ïîòðåáîâàëñÿ ïðè ïîëèíîìèàëüíîé àïïðîêñèìàöèè ëîêàëüíî ïî-
ñòîÿííûõ ôóíêöèé íà ñèñòåìå íåïåðåñåêàþùèõñÿ îòðåçêîâ.
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Î ðàçðåøèìîñòè ðàçíîñòíûõ óðàâíåíèé â
êëàññå ðàöèîíàëüíûõ ôóíêöèé1

Ï. Â. Òðèøèí (Êðàñíîÿðñê, Ðîññèÿ)
me@trishin.xyz

Â ðàáîòå ïîëó÷åíû íåîáõîäèìîå óñëîâèå è äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè îä-
íîðîäíûõ ðàçíîñòíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â êëàññå ðàöè-
îíàëüíûõ ôóíêöèé. Íåîáõîäèìûì óñëîâèåì ÿâëÿåòñÿ îãðàíè÷åíèå íà ìíîãîãðàí-
íèê Íüþòîíà õàðàêòåðèñòè÷åñêîãî ïîëèíîìà. Â äâóìåðíîì ñëó÷àå ýòî óñëîâèå
çàêëþ÷àåòñÿ â íàëè÷èè ïàðàëëåëüíûõ ñòîðîí ó ìíîãîóãîëüíèêà. Äîñòàòî÷íûì
óñëîâèåì ÿâëÿåòñÿ ðàâåíñòâî íóëþ îïðåäåëåííûõ ñóìì êîýôôèöèåíòîâ óðàâíå-
íèÿ. Â ñëó÷àå âûïîëíåíèÿ äîñòàòî÷íîãî óñëîâèÿ ðåøåíèåì ÿâëÿåòñÿ êëàññ ðàöè-
îíàëüíûõ ôóíêöèé, çíàìåíàòåëè êîòîðûõ îáðàçóþò ïîäêîëüöî â êîëüöå ïîëèíî-
ìîâ. Ýòî ïîäêîëüöî ìîæåò áûòü àññîöèèðîâàíî ñ ãðàíüþ ìíîãîãðàííèêà Íüþòîíà
õàðàêòåðèñòè÷åñêîãî ïîëèíîìà óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: ðàçíîñòíûå óðàâíåíèÿ, ðàöèîíàëüíûå ôóíêöèè, ìíîãîãðàííèê
Íüþòîíà.

Áëàãîäàðíîñòè: Ðàáîòà ïîääåðæàíà Êðàñíîÿðñêèì ìàòåìàòè÷åñêèì öåíòðîì,
ôèíàíñèðóåìûì Ìèíîáðíàóêè ÐÔ (Ñîãëàøåíèå 075-02-2023-936).

On the solvability of di�erence equations in
the class of rational functions1

P. V. Trishin (Krasnoyarsk, Russia)
me@trishin.xyz

A necessary and a su�cient condition for solvability of homogeneous di�erence
equations with constant coe�cients in the class of rational functions are obtained. The
necessary condition is a restriction on the Newton polyhedron of the characteristic
polynomial. In the two-dimensional case, this condition is the existence of parallel
sides on the polygon. A su�cient condition is the equality to zero of certain sums
of the coe�cients of the equation. If the su�cient condition is satis�ed, the solution
is the class of rational functions whose denominators form a subring in the ring of
polynomials. This subring can be associated with an edge of the Newton polyhedron
of the characteristic polynomial of the equation.

Keywords: di�erence equations, rational functions, Newton's polyhedron.
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Ââåäåíèå

Ïóñòü R(z1, . . . , zn) = N(z1,...,zn)
D(z1,...,zn)

� ðàöèîíàëüíàÿ ôóíêöèÿ, z ∈ Cn, N ,
D � âçàèìíî ïðîñòûå ïîëèíîìû. Ôóíêöèÿ R ÿâëÿåòñÿ àíàëèòè÷åñêîé â

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Òðèøèí Ï. Â., 2024
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äîïîëíåíèè Cn \ S, ãäå S = {z ∈ Cn : D(z) = 0}, #S � êîëè÷åñòâî
íåïðèâîäèìûõ êîìïîíåíò S.

Ðàçíîñòíîå óðàâíåíèå ìû çàïèñûâàåì â âèäå

P (δ)R(z) = 0 , (1)

ãäå P (ζ) =
∑
α∈A

pαζ
α1
1 . . . ζαn

n , A ⊂ Zn, 0 ∈ A � õàðàêòåðèñòè÷åñêèé ìíî-

ãî÷ëåí (Ëîðàíà), δ = (δ1, . . . , δn) � íàáîð àòîìàðíûõ îïåðàòîðîâ ñäâèãà
δiR(z1, . . . , zn) = R(z1, . . . , zi+1, . . . , zn). Áóäåì ñ÷èòàòü ÷òî ðàçìåðíîñòü
ìíîãîãðàííèêà Ch(A) (âûïóêëîé îáîëî÷êè ìíîæåñòâà A, êîòîðàÿ íàçû-
âàåòñÿ ìíîãîãðàííèêîì Íüþòîíà ïîëèíîìà P ) ðàâíà â òî÷íîñòè n.

ÅñëèR � ïðîèçâîëüíàÿ ðàöèîíàëüíàÿ ôóíêöèÿ, òîRP (z) := P (δ)R(z)
òàêæå ðàöèîíàëüíà è ãîëîìîðôíà â Cn \ (S − A) := {z ∈ Cn : z + α /∈
S, ∀α ∈ A}.

Áóäåì ãîâîðèòü, ÷òî R ÿâëÿåòñÿ ðàöèîíàëüíûì ðåøåíèåì ðàçíîñò-
íîãî óðàâíåíèÿ, åñëè îíà óäîâëåòâîðÿåò (1) äëÿ âñåõ z èç ìíîæåñòâà
Cn \ (S − A). Çàìåòèì, ÷òî ïîñêîëüêó N è D ÿâëÿþòñÿ âçàèìíî ïðî-
ñòûìè ìíîãî÷ëåíàìè, òî R íå ìîæåò áûòü àíàëèòè÷åñêè ïðîäîëæåíà â
S.

Îòìåòèì, ÷òî â ñëó÷àå n = 1 äëÿ íåîäíîðîäíîãî óðàâíåíèÿ ñ ïîëè-
íîìèàëüíûìè êîýôôèöèåíòàìè çàäà÷à ðåøåíà Àáðàìîâûì Ñ. À. [1]. Íî
îäíîðîäíîå óðàâíåíèå (1) ðàöèîíàëüíûõ ðåøåíèé íå èìååò (ïðè n = 1), à
ìåòîäîì øàãîâ [2] âñåãäà ìîæíî ïîñòðîèòü àíàëèòè÷åñêîå ïðîäîëæåíèå
ìåðîìîðôíîãî ðåøåíèÿ (ñ êîíå÷íûì ÷èñëîì ïîëþñîâ) â C.

Îòëè÷èå îäíîìåðíîãî è ìíîãîìåðíîãî ñëó÷àÿ ñîñòîèò â òîì, ÷òî â
ñëó÷àå n > 1 ïîëÿðíîå ìíîæåñòâî ðàöèîíàëüíîé ôóíêöèè ìîæåò ðàñïî-
ëàãàòüñÿ â Cn òàêèì îáðàçîì, ÷òî ìåòîä øàãîâ áóäåò íå ïðèìåíèì äëÿ
ïîñòðîåíèÿ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ðåøåíèÿ.

Íåîáõîäèìîå óñëîâèå

Ñ êàæäîé k-ìåðíîé ïëîñêîñòüþ l = {z ∈ Cn : Li(z) = ci, i = 1, . . . , n−k}
ìîæíî àññîöèèðîâàòü ìíîæåñòâî ïîëèíîìîâ âèäà

Dl(L1(z), . . . , Ln−k(z)) ,

êîòîðûå îáðàçóþò ïîäêîëüöî â êîëüöå ïîëèíîìîâ C[z]. Çäåñü Dl � ýòî
ïîëèíîìû îò n− k ïåðåìåííûõ. Îáîçíà÷èì ýòî ïîäêîëüöî Cl[z] è çàìå-
òèì, ÷òî îíî íå çàâèñèò îò íàáîðà îäíîðîäíûõ ëèíåéíûõ ôóíêöèé Li,
îïðåäåëÿþùèõ ïëîñêîñòü l.

Åñëè ïëîñêîñòü l ïåðåñåêàåò ìíîãîãðàííèêCh(A) ïî íåêîòîðîé ãðàíè
Γ, òî ñ ãðàíüþ Γ òàêæå àññîöèèðóåì ïîäêîëüöî CΓ[z], âûáèðàÿ â êà÷åñòâå
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óðàâíåíèé Li(z) = ci óðàâíåíèÿ ãèïåðãðàíåé ñìåæíûõ ñ Γ. Â ýòîì ñëó÷àå
Cl[z] ⊂ CΓ[z], ïðè÷åì åñëè dim l = dimΓ, òî Cl[z] = CΓ[z].

Îêàçûâàåòñÿ, ÷òî îñîáîå ìíîæåñòâî S ðàöèîíàëüíîãî ðåøåíèÿ óðàâ-
íåíèÿ (1) ìîæåò ñîñòîÿòü òîëüêî èç íåïðèâîäèìûõ êîìïîíåíò σ òàêèõ,
÷òî îíè ÿâëÿþòñÿ íóëåì ýëåìåíòà èç ïîäêîëüöà CΓ[z].

Òåîðåìà 1. Åñëè ðàöèîíàëüíàÿ ôóíêöèÿ R(z) = N(z)/D(z) ÿâëÿåò-
ñÿ ðåøåíèåì óðàâíåíèÿ (1), òîãäà ñóùåñòâóåò íåïóñòîé íàáîð ïëîñêî-
ñòåé {lj}#S

j=1 è ãðàíåé {Γj}#S
j=1 ìíîãîãðàííèêà Íüþòîíà õàðàêòåðèñòè-

÷åñêîãî ïîëèíîìà óðàâíåíèÿ òàêèõ, ÷òî

1. Èìååò ìåñòî âêëþ÷åíèå Γj ⊂ {x ∈ Rn : ⟨x, qij⟩ = cij, i = 1, . . . , n−
k(j)} ⊂ lj, ãäå qij � íîðìàëè ê ãðàíÿì ìíîãîãðàííèêà Ch(A), ïîïà-
äàþùèå â íîðìàëüíûé êîíóñ ê ãðàíè Γj, k(j) = dimΓj ⩽ dim lj;

2. Äëÿ ëþáîãî x ∈ Rn è j ïåðåñå÷åíèå (lj + x) ∩ Ch(A) íå ÿâëÿåòñÿ
âåðøèíîé Ch(A);

3. Çíàìåíàòåëü D(z) ïðåäñòàâëÿåòñÿ â âèäå ïðîèçâåäåíèÿ

D(z) = D1(z) · . . . ·D#S(z) ,

êàæäûé ìíîæèòåëü êîòîðîãî ÿâëÿåòñÿ êîìïîçèöèåé

Dj(z) = DΓj
(⟨z, q1j⟩, . . . , ⟨z, qn−k(j),j⟩) ,

ãäå DΓj
� ïîëèíîì îò n− k(j) ïåðåìåííûõ. Òî åñòü

R(z) =
N(z)∏#S

j=1DΓj
(⟨z, q1j⟩, . . . , ⟨z, qn−k(j),j⟩)

.

Òåîðåìà ñîäåðæèò íåîáõîäèìîå óñëîâèå íà ðàçðåøèìîñòü óðàâíåíèÿ
(1) â êëàññå ðàöèîíàëüíûõ ôóíêöèé. Ýòî óñëîâèå ôîðìóëèðóåòñÿ â âè-
äå îãðàíè÷åíèÿ íà ìíîãîãðàííèê Íüþòîíà Ch(A) õàðàêòåðèñòè÷åñêîãî
ïîëèíîìà P è ÿâëÿåòñÿ ìíîãîìåðíûì îáîáùåíèåì ñâîéñòâà ïàðàëëåëü-
íîñòè ñòîðîí ìíîãîóãîëüíèêà.

Íåîáõîäèìîå óñëîâèå: Äëÿ ñóùåñòâîâàíèÿ ðàöèîíàëüíîãî ðåøåíèÿ
óðàâíåíèÿ (1) íåîáõîäèìî, ÷òîáû ñóùåñòâîâàëà õîòÿ áû îäíà ïëîñ-
êîñòü l, 1 ⩽ dim l ⩽ n − 1 òàêàÿ, ÷òî ëþáîé ñäâèã l + x, x ∈ Rn

íå ïåðåñåêàë Ch(A) òîëüêî ïî âåðøèíå.

278



Äîñòàòî÷íîå óñëîâèå

Çíàìåíàòåëü ëþáîãî ðàöèîíàëüíîãî ðåøåíèÿ ðàçíîñòíîãî óðàâíåíèÿ ñî-
ñòîèò èç äâóõ ìíîæèòåëåé � ïåðèîäè÷åñêîãî ïîëèíîìà è àïåðèîäè÷åñêî-
ãî [3].

Ïîëèíîì Π ∈ C[z1, . . . , zn] íàçûâàåòñÿ ïåðèîäè÷åñêèì, åñëè ñëåäóþ-
ùåå ìíîæåñòâî áåñêîíå÷íî

Spread(Π,Π) = {α ∈ Zn : gcd(Π(z),Π(z + α)) ̸= 1} ,
è àïåðèîäè÷åñêèì â ïðîòèâíîì ñëó÷àå. Ñïðàâåäëèâà

Ëåììà 1. Çíàìåíàòåëü ðàöèîíàëüíîãî ðåøåíèÿ óðàâíåíèÿ (1) ÿâëÿåò-
ñÿ ïåðèîäè÷åñêèì ïîëèíîìîì.

Äàëüíåéøàÿ èäåÿ çàêëþ÷àåòñÿ â òîì, ÷òî ïåðèîäè÷åñêèì ìíîæèòå-
ëåì â çíàìåíàòåëå ìîæåò âûñòóïàòü ëþáîé ýëåìåíò ïîäêîëüöà CΓ[z] è
äëÿ ðåøåíèÿ óðàâíåíèÿ (1) ñëåäóåò èñêàòü óíèâåðñàëüíûé ÷èñëèòåëü
NΓ(z) òàêîé, ÷òî îòíîøåíèå

RΓ(z) =
NΓ(z)

DΓ(⟨z, q1⟩, . . . , ⟨z, qn−k⟩)
.

óäîâëåòâîðÿåò (1) ïðè ëþáîì çíàìåíàòåëå DΓ ∈ CΓ[z].

Òåîðåìà 2. Ìíîæåñòâî ôóíêöèé {NΓ(z)
DΓ(z)
}, ãäå NΓ(z) � íåêîòîðûé ïîëè-

íîì, à DΓ(z) ïðîèçâîëüíûé ýëåìåíò èç ïîäêîëüöà CΓ[z], óäîâëåòâîðÿåò
óðàâíåíèþ (1) òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî x ∈ Rn∑

α∈(lΓ+x)∩A

pα = 0 ,

ãäå lΓ � ýòî ïðÿìàÿ, ñîäåðæàùàÿ ãðàíü Γ è dimΓ = dim l.

Äîñòàòî÷íîå óñëîâèå ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.

Äîñòàòî÷íîå óñëîâèå: Åñëè ñóùåñòâóåò ïëîñêîñòü l ⊂ Rn òàêàÿ,
÷òî äëÿ ëþáîãî x ∈ Rn ∑

α∈(l+x)∩A

pα = 0 ,

òî óðàâíåíèå (1) ðàçðåøèìî â êëàññå ðàöèîíàëüíûõ ôóíêöèé.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
[1] Àáðàìîâ Ñ. À. Ðàöèîíàëüíûå ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ è ðàçíîñò-

íûõ óðàâíåíèé ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè // Æ. âû÷èñë. ìàòåì. è
ìàòåì. ôèç. 1989. Ò. 29, � 11. Ñ. 1611�1620.

[2] Ìèðîëþáîâ Å.Ì., Ñîëäàòîâ Ì.À. Ëèíåéíûå îäíîðîäíûå ðàçíîñòíûå óðàâíåíèÿ.
Ìîñêâà : Íàóêà, 1981. 304 ñ.

[3] Kauers M., Schneider C. Partial Denominator Bounds for Partial Linear Di�erence
Equations // Proceedings of ISSAC'10, 2010. P. 211�218.

279



ÓÄÊ 517.9

Ñîõðàíåíèå ìàññèâíîñòè ïðè âàðèàöèÿõ
ïîòåíöèàëà1

Â. Â. Ôèëàòîâ (Âîëãîãðàä, Ðîññèÿ)
�latov@volsu.ru

Çàìåòèì, ÷òî âîïðîñ î âçàèìîñâÿçÿõ ìåæäó ñóùåñòâîâàíèåì ðàçëè÷íûõ ìíî-
æåñòâ äî ñèõ ïîð íå èçó÷àëñÿ. Îäíàêî, î÷åâèäåí òîò ôàêò, ÷òî èç ñóùåñòâî-
âàíèÿ q - ìàññèâíîãî ìíîæåñòâà (àññîöèèðîâàííîå ñ îïåðàòîðîì Øð¼äèíãåðà)
ñëåäóåò ñóùåñòâîâàíèå ìàññèâíîãî ìíîæåñòâà. Îäíàêî èñïîëüçóÿ óæå èçâåñòíûå
ðåçóëüòàòû ëåãêî ïîëó÷èòü ñëåäóþùåå óòâåðæäåíèå: åñëè íà ìíîãîîáðàçèè M
ñóùåñòâóåò L - ìàññèâíîå ìíîæåñòâî, òî íà í¼ì ñóùåñòâóåò è L1 - ìàññèâíîå
ìíîæåñòâî. Êàê îêàçàëîñü ìîæíî ïîëó÷èòü áîëåå ñèëüíîå óòâåðæäåíèå î òîì,
÷òî âñÿêîå L - ìàññèâíîå ìíîæåñòâî ÿâëÿåòñÿ L1 - ìàññèâíûì.

Êëþ÷åâûå ñëîâà: ìàññèâíûå ìíîæåñòâà, ýëëèïòè÷åñêèå óðàâíåíèÿ, ðèìàíîâû
ìíîãîîáðàçèÿ, òåîðåìû ëèóâèëëÿ.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò
� 20-31-90110).

Preservation of massiveness due to variations
of potential1

V. V. Filatov (Volgograd, Russia)
�latov@volsu.ru

It should be noted that the question of the relationships between the existence of
various sets has not yet been studied. However, it is evident that the existence of a
q-massive set (associated with the Schrodinger operator) implies the existence of a
massive set. However, using already known results, it is easy to obtain the following
statement: if an L-massive set exists on a manifold M, then an L1 - massive set also
exists on it. As it turns out, a stronger statement can be made that every L-massive
set is an L1 - massive set.

Keywords: massive sets, elliptic equations, Riemannian manifolds, Liouville theorems.

Acknowledgements: This work was supported by the Russian Foundation for Basic
Research (project No. 20-31-90110).

Ââåäåíèå

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ îãðàíè÷åííûõ ðåøåíèé ïîëóëèíåé-
íîãî óðàâíåíèÿ

Lu ≡ ∆u− g(x, u) = 0 (1)

íà ïðîèçâîëüíûõ íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ. Ïðåäïîëà-
ãàåòñÿ, ÷òî g(x, ξ) ̸≡ 0− ëèïøèöåâà ôóíêöèÿ â M × R, òàêàÿ, ÷òî
g(x, ξ1) ≥ g(x, ξ2) è g(x,−ξ) = −g(x, ξ) äëÿ âñåõ ξ1 ≥ ξ2 è ξ ∈ R.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Ôèëàòîâ Â. Â., 2024
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Îäíèì èç èñòîêîâ äàííîé òåìàòèêè ÿâëÿåòñÿ êëàññèôèêàöèîííàÿ òåî-
ðèÿ äâóìåðíûõ íåêîìïàêòíûõ ðèìàíîâûõ ïîâåðõíîñòåé. Îòëè÷èòåëü-
íûì ñâîéñòâîì ïîâåðõíîñòåé ïàðàáîëè÷åñêîãî òèïà ÿâëÿåòñÿ âûïîëíåíèå
íà íèõ òåîðåìû òèïà Ëèóâèëëÿ, óòâåðæäàþùåé, ÷òî âñÿêàÿ îãðàíè÷åí-
íàÿ ñíèçó ñóïåðãàðìîíè÷åñêàÿ ôóíêöèÿ íà òàêèõ ïîâåðõíîñòÿõ ÿâëÿåòñÿ
òîæäåñòâåííîé ïîñòîÿííîé.

Äàííîå ñâîéñòâî ïîâåðõíîñòåé ïàðàáîëè÷åñêîãî òèïà ïîñëóæèëî îñ-
íîâîé äëÿ ðàñïðîñòðàíåíèÿ ïîíÿòèÿ ïàðàáîëè÷íîñòè íà ðèìàíîâû ìíî-
ãîîáðàçèÿ ðàçìåðíîñòè âûøå äâóõ. À èìåííî, ãîâîðÿò, ÷òî íåêîìïàêòíîå
ìíîãîîáðàçèå èìååò ïàðàáîëè÷åñêèé òèï, åñëè âñÿêàÿ ïîëîæèòåëüíàÿ ñó-
ïåðãàðìîíè÷åñêàÿ ôóíêöèÿ íà í¼ì ÿâëÿåòñÿ êîíñòàíòîé. Â ïðîòèâíîì
ñëó÷àå, ãîâîðÿò, ÷òî íåêîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå èìååò ãèïåð-
áîëè÷åñêèé òèï.

Î÷åâèäíî, ÷òî êëàññèôèêàöèîííàÿ òåîðèÿ ðèìàíîâûõ ìíîãîîáðàçèé
èìååò ïðÿìîå îòíîøåíèå ê òåîðåìàì òèïà Ëèóâèëëÿ. Òðàäèöèîííî êëàñ-
ñè÷åñêîé ôîðìóëèðîâêîé òåîðåìû Ëèóâèëëÿ ñ÷èòàåòñÿ óòâåðæäåíèå î
òîì, ÷òî âñÿêàÿ îãðàíè÷åííàÿ ãàðìîíè÷åñêàÿ ôóíêöèÿ â Rn åñòü òîæ-
äåñòâåííàÿ ïîñòîÿííàÿ. Â íàñòîÿùåå âðåìÿ ê òåîðåìàì òèïà Ëèóâèëëÿ
îñóùåñòâëÿåòñÿ ñëåäóþùèé ïîäõîä.

Ïóñòü íà ðèìàíîâîì ìíîãîîáðàçèè M çàäàí êëàññ ôóíêöèé A è ýë-
ëèïòè÷åñêèé îïåðàòîð L. Ãîâîðÿò, ÷òî íà M âûïîëíåíî (A,L) - ëèóâèë-
ëåâî ñâîéñòâî, åñëè ëþáîå ðåøåíèå óðàâíåíèÿ Lu = 0, ïðèíàäëåæàùåå
ôóíêöèîíàëüíîìó êëàññó A, òðèâèàëüíî.

Ìàññèâíûå ìíîæåñòâà

Îñîáóþ ýôôåêòèâíîñòü â âîïðîñàõ âûïîëíåíèÿ òåîðåì òèïà Ëèóâèëëÿ
ïîêàçàëà ¼ìêîñòíàÿ òåõíèêà. Â ðàáîòå À.À. Ãðèãîðüÿíà [5] áûëî ââåäå-
íî ïîíÿòèå ìàññèâíîãî ìíîæåñòâà. Ïðèâåä¼ì îáîáù¼ííîå îïðåäåëåíèå
äàííîå â ðàáîòå [2].

Ïóñòü M - ïðîèçâîëüíîå íåêîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå ñ ïó-
ñòûì êðàåì. Ïóñòü Ω ⊂ M - îòêðûòîå ñîáñòâåííîå ïîäìíîæåñòâî. Åñëè
íàM ñóùåñòâóåò v - íåòðèâèàëüíîå ñóáðåøåíèå óðàâíåíèÿ (1) òàêîå, ÷òî
0 ≤ v < 1 è v = 0 â M \ Ω, òî ìíîæåñòâî Ω íàçûâàþò L - ìàññèâíûì, à
òàêóþ ôóíêöèþ v - äîïóñòèìîé äëÿ Ω.

Åñëè æå íà M ñóùåñòâóåò v - íåòðèâèàëüíîå ñóáðåøåíèå óðàâíåíèÿ
(1), òàêîå ÷òî, 0 ≤ v < 1, v = 0 â M \ Ω è, êðîìå òîãî, âûïîëíåíî

D(Ω, v) =

�

Ω

|∇v|2 + 2

 v�

0

g(x, t)

 dx <∞,
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òî ìíîæåñòâî Ω áóäåì íàçûâàòü LD - ìàññèâíûì.
Ïðèâåä¼ì èçâåñòíûå ðåçóëüòàòû. Â ñëó÷àå, êîãäà g(x, u) ≡ 0 ðàñ-

ñìàòðèâàëñÿ â ðàáîòå À. À. Ãðèãîðüÿíà [5]. Â äàííîé ðàáîòå äîêàçàíà
ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. (À. À. Ãðèãîðüÿí) Ðàçìåðíîñòü ïðîñòðàíñòâà îãðàíè-
÷åííûõ ãàðìîíè÷åñêèõ ôóíêöèé (ñ êîíå÷íûì èíòåãðàëîì ýíåðãèè) íà
M íå ìåíåå m ≥ 2, òîãäà è òîëüêî òîãäà, êîãäà íà ìíîãîîáðàçèè ñóùå-
ñòâóåò m ïîïàðíî íå ïåðåñåêàþùèõñÿ ìàññèâíûõ (D-ìàññèâíûõ) ïîä-
ìíîæåñòâ.

Ñëó÷àé g(x, u) = q(x)u ðàññìàòðèâàëñÿ â ðàáîòå À. À. Ãðèãîðüÿíà,
À. Ã. Ëîñåâà [4]. Ïðèâåä¼ì ñîîòâåòñòâóþùèé ðåçóëüòàò.

Òåîðåìà. (À.À. Ãðèãîðüÿíà, À.Ã. Ëîñåâ) Ðàçìåðíîñòü ïðîñò-
ðàíñòâ îãðàíè÷åííûõ ðåøåíèé óðàâíåíèÿ

∆u− q(x)u

íà M íå ìåíåå m ≥ 1 òîãäà è òîëüêî òîãäà, êîãäà íà ìíîãîîáðàçèè ñó-
ùåñòâóåò m ïîïàðíî íå ïåðåñåêàþùèõñÿ L- ìàññèâíûõ ïîäìíîæåñòâ.

Â îáùåì ñëó÷àå, äëÿ îãðàíè÷åííûõ ðåøåíèé óðàâíåíèÿ (1) â ðàáîòå
À. Ã. Ëîñåâà, Â. Â. Ôèëàòîâà [2] áûë ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà. (À.Ã. Ëîñåâ, Â.Â. Ôèëàòîâ) Íà ìíîãîîáðàçèè M ñóùå-
ñòâóåò íåòðèâèàëüíîå îãðàíè÷åííîå ðåøåíèå ïîëóëèíåéíîãî óðàâíåíèÿ
(1) (ñ êîíå÷íûì D(M,u)) òîãäà è òîëüêî òîãäà, êîãäà íà ìíîãîîáðàçèè
ñóùåñòâóåò L(LD) - ìàññèâíîå ìíîæåñòâî.

Âçàèìîñâÿçü ìåæäó ìàññèâíûìè ìíîæåñòâàìè

Çàìåòèì, ÷òî âîïðîñ î âçàèìîñâÿçÿõ ìåæäó ñóùåñòâîâàíèåì ðàçëè÷íûõ
ìíîæåñòâ äî ñèõ ïîð íå èçó÷àëñÿ. Îäíàêî, î÷åâèäåí òîò ôàêò, ÷òî èç
ñóùåñòâîâàíèÿ L - ìàññèâíîãî ìíîæåñòâà (àññîöèèðîâàííîå ñ îïåðàòîðîì
Øð¼äèíãåðà) ñëåäóåò ñóùåñòâîâàíèå ìàññèâíîãî ìíîæåñòâà.

Êðîìå ýòîãî èñïîëüçóÿ èçâåñòíûå íà äàííûé ìîìåíò òåîðåìû ìîæíî
ïîëó÷èòü áîëåå íåòðèâèàëüíûå ðåçóëüòàòû. Òàê íàïðèìåð â ðàáîòå À. À.
Ãðèãîðüÿíà, Í. Ñ. Íàäèðàøâèëè [3] áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. (À. À. Ãðèãîðüÿí, Í. Ñ. Íàäèðàøâèëè) Ïóñòü 0 ≤
q2(x) ≤ Aq1(x), ãäå A = const > 0, q2 ̸≡ 0. Òîãäà åñëè âñÿêîå îãðàíè÷åí-
íîå ðåøåíèå óðàâíåíèÿ

∆u− q2(x)u = 0

åñòü òîæäåñòâåííûé íîëü, òî è âñÿêîå îãðàíè÷åííîå ðåøåíèå óðàâíå-
íèÿ

∆u− q1(x)u = 0
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åñòü òîæäåñòâåííûé íîëü.
Êàê ñëåäñòâèå äàííîé òåîðåìû ïîëó÷àåì, ÷òî èç ñóùåñòâîâàíèÿ

íåòðèâèàëüíîãî îãðàíè÷åííîãî ðåøåíèÿ óðàâíåíèÿ ∆u− q1(x)u = 0 ñëå-
äóåò ñóùåñòâîâàíèå íåòðèâèàëüíîãî îãðàíè÷åííîãî ðåøåíèÿ óðàâíåíèÿ
∆u− q2(x)u = 0.

Èç ýòîãî íåñëîæíî ïîëó÷èòü ñëåäóþùåå óòâåðæäåíèå.
Óòâåðæäåíèå. Åñëè íà ìíîãîîáðàçèèM ñóùåñòâóåò q1 - ìàññèâíîå

ìíîæåñòâî, òî íà í¼ì ñóùåñòâóåò è q2 - ìàññèâíîå ìíîæåñòâî.
Ïåðåéä¼ì ê ôîðìóëèðîâêå îñíîâíîãî ðåçóëüòàòà.
Ïóñòü 0 ≤ g1(x, ξ) ≤ Ag(x, ξ), ãäå A = const > 0, g1(x, ξ) ̸≡ 0 ïðè

ξ ≥ 0. Ðàññìîòðèì ðåøåíèÿ óðàâíåíèé

Lu ≡ ∆u− g(x, ξ) = 0

è
L1u ≡ ∆u− g1(x, ξ) = 0.

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò ðàáîòû.
Òåîðåìà 1. Âñÿêîå L(LD) - ìàññèâíîå ìíîæåñòâî ÿâëÿåòñÿ

L1(L1D) - ìàññèâíûì ìíîæåñòâîì.
Çàìåòèì, ÷òî äàííàÿ òåîðåìà îáîáùàåò ðåçóëüòàò, ïîëó÷åííûé â ðà-

áîòå [1].
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ÓÄÊ 517.51

Ðàçëîæåíèå ýëåìåíòîâ ïðîñòðàíñòâ
Lp{(0, 1]m}, p ≥ 1, ïî ñèñòåìàì èç ñæàòèé è

ñäâèãîâ îäíîé ôóíêöèè ñ êîýôôèöèåíòàìè â
âèäå ïðîñòûõ ÷èñåë1

Â.È. Ôèëèïïîâ (ã. Ñàðàòîâ, Ðîññèÿ)
888vadim@mail.ru

Ïîëó÷åíî, ÷òî ìîæíî ïîëó÷àòü íå òîëüêî öåëî÷èñëåííîå ðàçëîæåíèå ôóíêöèé èç
ïðîñòðàíñòâ Lp ïî ñèñòåìàì ñîñòîÿùèõ èç ðàçíûõ ñæàòèé è ñäâèãîâ îäíîé ôóíê-
öèè, íî è ðàçëîæåíèÿ ñ êîýôôèöèåíòàìè â âèäå ïðîñòûõ ÷èñåë. Ýòè èññëåäîâàíèÿ
èíòåðåñíû òàêæå è ñïåöèàëèñòàì ïî êîäèðîâàíèþ è øèôðîâêå ñèãíàëîâ.

Êëþ÷åâûå ñëîâà: öåëî÷èñëåííîå ðàçëîæåíèå ôóíêöèé, ñèñòåìû èç ñæàòèé è
ñäâèãîâ îäíîé ôóíêöèè â ìíîãîìåðíûõ ïðîñòðàíñòâàõ Lp{(0, 1]m}, öèôðîâàÿ îá-
ðàáîòêà èíôîðìàöèè, öèôðîâàÿ ïåðåäà÷à èíôîðìàöèè..

Decomposition of elements of spaces
Lp{(0, 1]m}, p ≥ 1, in systems of contractions
and shifts of one function with coe�cients in

the form of prime numbers 1

V.I. Filippov (Saratov, Russia)
888vadim@mail.ru

It was found that it is possible to obtain not only an integer decomposition of functions
from Lp spaces into systems consisting of di�erent contractions and shifts of one
function, but also decompositions with coe�cients in the form of prime numbers.
These studies are also of interest to specialists in signal coding and encryption.

Keywords: Integer decomposition of functions, systems from contractions and shifts of
one function in multidimensional spaces Lp{(0, 1]m}, digital information processing,
digital information transmission..

Äëÿ ïîëó÷åíèÿ ðåçóëüòàòîâ èñïîëüçîâàíû ìåòîäû, ïîëó÷åííûå àâ-
òîðîì â ðàáîòàõ [1, 2]. Èíòåðåñ ê ñèñòåìàì èç ñæàòèé è ñäâèãîâ îäíîé
ôóíêöèè óñèëèëñÿ â ñâÿçè ñ èññëåäîâàíèÿìè ïî âñïëåñêàì è ôðåéìàì.
Â ïðåäëîæåííûõ íàìè èññëåäîâàíèÿõ íå ñòðîÿòñÿ îðòîíîðìèðîâàííûå
ñèñòåìû èç ñèñòåì ñæàòèé è ñäâèãîâ îäíîé ôóíêöèè. Ìû ïîëó÷àåì ðàç-
ëîæåíèå ýëåìåíòîâ ïðîñòðàíñòâ Lp íåïîñðåäñòâåííî ïî äàííîé ñèñòåìå,
ñîñòîÿùåé èç ñæàòèé è ñäâèãîâ îäíîé ôóíêöèè. Ðàññìîòðåííûå ñèñòåìû
ïåðåïîëíåíû [1, 2], íî ïðåäëîæåííûé â äàííîé ðàáîòå àëãîðèòì ïîçâî-
ëÿåò ïîëó÷èòü ðàçëîæåíèÿ ñ áîëüøèì ÷èñëîì íóëåâûõ êîýôôèöèåíòîâ,
ïðè ýòîì êîýôôèöèåíòû ÿâëÿþòñÿ ïðîñòûìè ÷èñëàìè. Ðàíåå ïîäîáíûõ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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èññëåäîâàíèé, ñ ïðèáëèæåíèåì èëè ðàçëîæåíèåì ôóíêöèé ñ êîýôôè-
öèåíòàìè â âèäå ïðîñòûõ ÷èñåë, â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ íå
ïðîâîäèëîñü. Íî èíòåðåñ ê ðàâíîìåðíîìó ïðèáëèæåíèþ íåïðåðûâíûõ
ôóíêöèé ñ ëþáîé òî÷íîñòüþ ìíîãî÷ëåíàìè ñ öåëûìè êîýôôèöèåíòàìè
íà ñåãìåíòå âåùåñòâåííîé îñè âîçíèê, íà÷èíàÿ ñ 1914 ã., â ðàáîòàõ I. Pal,
Ñ. Êàêåéÿ, M. Fekete, È. Í. Õëîäîâñêîãî, Ñ. Í. Áåðíøòåéíà, Ë. Â. Êàíòî-
ðîâè÷à, Ð. Ì.Òðèãóáà [3] è äðóãèõ àâòîðîâ. Â ñòàòüå [4] ïîëó÷åíû ðåçóëü-
òàòû îá àëãåáðàè÷åñêèõ ìíîãî÷ëåíàõ ñ öåëûìè êîýôôèöèåíòàìè, ìàëî
óêëîíÿþùèõñÿ îò íóëÿ íà îòðåçêå. À â ðàáîòå [5] ïðèâîäèòñÿ ðåçóëüòàò
î ñóùåñòâîâàíèè ïîñëåäîâàòåëüíîñòè òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ
ñ öåëûìè ïîëîæèòåëüíûìè êîýôôèöèåíòàìè, êîòîðàÿ ñõîäèòñÿ ê íóëþ
ïî÷òè âñþäó.

Â ñòàòüÿõ [6, 7] ðàññìîòðåíû, òàêæå, ñèñòåìû èç ñæàòèé è ñäâèãîâ
îäíîé ôóíêöèè, íî êîýôôèöèåíòû ðàçëîæåíèÿ íàõîäÿòñÿ ïî÷òè êàê êî-
ýôôèöèåíòû Ôóðüå è íåñêîëüêî ïî äðóãîìó, ÷åì â ïðåäëîæåííîé ðàáîòå.

Ïðåäïîëîæèì, ÷òî

ψ(x) =

{
1, if x ∈ (0, 1];

0, if x /∈ (0, 1],
(1)

Ψ(t) = Ψ(t1, t2, ..., tm) = ψ(t1) · ψ(t2) · · · ψ(tm), ti ∈ (0, 1], i = 1,m.
Ðàçëîæåíèå ýëåìåíòîâ èç ïðîñòðàíñòâ Lp áóäåì ïðîèçâîäèòü ïî ñè-

ñòåìàì ôóíêöèé

{Ψn,j} = {Ψn,j1,j2,...,jm} =
{
αn−1ψ(b1

n−1t1 − j1 + 1)·
ψ(b2

n−1t2 − j2 + 1) · · · ψ(bmn−1tm − jm + 1)} = {Ψl}, (2)

αn−1 → 0, αn−1 > 0, n = 1, 2, ..., bi ∈ N, bi > 1, ji = 1, bi
n−1,

ti ∈ (0, 1], i = 1,m, l = 1, 2, ....

Ïîêàæåì êàê l ñîãëàñóåòñÿ ñ íîìåðàìè n è ji = 1, bi
n−1, i = 1,m.

Ïðåäëàãàåì ñëåäóþùóþ íóìåðàöèþ. Ïóñòü n = 1, 2, .... Äàëåå äëÿ êàæ-
äîãî ôèêñèðîâàííîãî n íîìåð ji èçìåíÿåòñÿ îò 1 äî bi

n−1. Ñîâîêóïíîñòü
ýòèõ ýëåìåíòîâ (ïðè ôèêñèðîâàííîì n) íàçîâåì ïà÷êîé. Ëåãêî âèäåòü,
÷òî ýëåìåíòîâ ñèñòåìû (2) â n-îé ïà÷êå rn =

∏m
i=1 bi

n−1. Î÷åâèäíî, ÷òî
ïðè n = 1 ýëåìåíòîâ â ïà÷êå 1. Ïîýòîìó l = 1 = r1, Ψ1,1,...,1 = Ψ1. Äàëåå
ïåðåõîäèì êî âòîðîé ïà÷êå è òàê äàëåå. Ïîðÿäîê íóìåðàöèè ýëåìåíòîâ
ñèñòåìû â ïà÷êå íå âëèÿåò íà ñõîäèìîñòü ðÿäà.

Ïóñòü ïðîèçâîëüíàÿ ôóíêöèÿ f ∈ Lp{(0, 1]m}, 1 ≤ p < ∞. Ðàññìîò-
ðèì ðàçëîæåíèå â ðÿä ôóíêöèè f

∞∑
l=1

d∗lΨl =
∞∑
i=1

b1
i−1∑

j1=1

b2
i−1∑

j2=1

...

bm
i−1∑

jm=1

d∗i,j1,j2,...,jmΨi,j1,j2,...,jm

 , (3)
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ãäå êîýôôèöèåíòû d∗i,j1,j2,...,jm íàõîäÿòñÿ ñïåöèàëüíûì îáðàçîì ïî ðåêó-
ðåíòíûì ôîðìóëàì è ÿâëÿþòñÿ ïðîñòûìè ÷èñëàìè.

Òåîðåìà 1. Ïóñòü f ∈ Lp{(0, 1]m}, 1 ≤ p < ∞. Òîãäà ðÿä (3)
ïî ñèñòåìå (2) ñ îáðàçóþùåé ôóíêöèåé ψ êàê â (1), à êîýôôèöèåíòû
d∗i,j1,j2,...,jm íàõîäÿòñÿ ñïåöèàëüíûì îáðàçîì è ÿâëÿþòñÿ ïðîñòûìè ÷èñ-
ëàìè, ñõîäèòñÿ ïî íîðìå ïðîñòðàíñòâà Lp{(0, 1]m}, 1 ≤ p < ∞ ê f(t),
ò.å. ∥f −

∑n
l=0 d

∗
lΨl∥p → 0, n→∞.
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ÓÄÊ 517.5

Ðàäèóñ Áîðà è îïåðàòîð ñâ¼ðòêè Àäàìàðà1

Ð. Ø. Õàñÿíîâ (Ñàíêò-Ïåòåðáóðã, Ðîññèÿ)
st070255@student.spbu.ru

Ââîäèòñÿ ïîíÿòèå ðàäèóñà Áîðà ïàðû îïåðàòîðîâ. Â òåðìèíàõ ñâ¼ðòî÷íîé ôóíê-
öèè ïîëó÷åíà îáùàÿ ôîðìóëà âû÷èñëåíèÿ ðàäèóñà Áîðà r îïåðàòîðà ñâ¼ðòêè
Àäàìàðà ñ ôèêñèðîâàííûì êîýôôèöèåòîì a è îãðàíè÷åíèåì íà âåëè÷èíó r/a.
Ïðè ñóùåñòâåííî ìåíüøèõ îãðàíè÷åíèÿõ íà r/a ïîëó÷åíà îáùàÿ ôîðìóëà äëÿ
îöåíîê ðàäèóñà îïåðàòîðà ñâ¼ðòêè Àäàìàðà ñ ôèêñèðîâàííûì êîýôôèöèåíòîì.
Ýòîò ðåçóëüòàò ïðèìåí¼í ê âîïðîñó î íåðàâåíñòâå Áîðà äëÿ îïåðàòîðà äèôôåðåí-
öèðîâàíèÿ: ïîêàçàíî, ÷òî íîâûé ìåòîä ïîëó÷åíèÿ íèæíåé îöåíêè â ýòîé çàäà÷å
â ðÿäå ñëó÷àåâ ýôôåêòèâíåå èçâåñòíîãî ìåòîäà.

Êëþ÷åâûå ñëîâà: Ðàäèóñ Áîðà, îïåðàòîð ñâ¼ðòêè Àäàìàðà, ïîä÷èí¼ííûå ôóíê-
öèè, îöåíêè êîýôôèöèåíòîâ àíàëèòè÷åñêèõ ôóíêöèé.

Áëàãîäàðíîñòè: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò �
19-71-30002-Ï).

The Bohr radius and the Hadamard
convolution operator1

R. Sh. Khasyanov (Saint Petersburg, Russia)
st070255@student.spbu.ru

The concept of the Bohr radius of a pair of operators is introduced. In terms of
the convolution function, a general formula for calculating the Bohr radius r of the
Hadamard convolution type operator with a �xed initial coe�cient a and restrictions
on the value r/a is obtained. With much weaker restrictions on r/a, a general formula
for estimating of the Bohr radius of the convolution Hadamard operator with initial
coe�cient is obtained. This result is applied to the question of Bohr's inequality for
the di�erentiation operator: it is shown that the new method for obtaining a lower
bound in this problem is in a number of cases more e�ective than the known method.

Keywords: The Bohr radius, Hadamard convolution operator, subordinate functions,
coe�cient estimates of analytic functions..

Acknowledgements: This work was supported by the Russian Science Foundation
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Â 1914 ãîäó Õ. Áîð, çàíèìàÿñü ðÿäàìè Äèðèõëå, çàìåòèë [1] ñëåäóþ-
ùèé èíòåðåñíûé ôàêò, êîòîðûé ñåé÷àñ íàçûâàåòñÿ ÿâëåíèåì Áîðà:

Òåîðåìà A. Ïóñòü f(z) =
∑
n≥0

anz
n è ∥f∥∞ := supz∈D |f(z)| ≤ 1 â

êðóãå D = {|z| < 1}. Òîãäà∑
n≥0
|an|rn ≤ 1, 0 ≤ r ≤ 1/3.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Õàñÿíîâ Ð. Ø., 2024
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×èñëî 1/3 íåóëó÷øàåìîå. Ñàì Õ. Áîð äîêàçàë ýòó òåîðåìó òîëüêî äëÿ
r ≤ 1/6, à êîíñòàíòà 1/3 áûëà ïîëó÷åíà â òîì æå ãîäó íåçàâèñèìî Ì. Ðè-
ñîì, È. Øóðîì è Ô. Âèíåðîì (ðàçíûå äîêàçàòåëüñòâà ñîáðàíû â àïïåí-
äèêñå ðàáîòû [2]).

Òåîðåìà Áîðà ýêâèâàëåíòíà ñëåäóþùåìó íåðàâåíñòâó:∑
n≥0
|an|rn ≤ ∥f∥∞, 0 ≤ r ≤ 1/3.

Àêòèâíîå èçó÷åíèå ðàçëè÷íûõ îáîáùåíèé è ìîäèôèêàöèé íåðàâåí-
ñòâà Áîðà íà÷àëîñü â ñåðåäèíå 1990-õ ãîäîâ, êîãäà Ï. Äèêñîí, èñïîëüçóÿ
íåðàâåíñòâî Áîðà, ðåøèë äàâíþþ ïðîáëåìó î õàðàêòåðèçàöèè áàíàõîâûõ
àëãåáð [2].

Â ðàáîòå [3] áûëî ââåäåíî îïðåäåëåíèå ðàäèóñà Áîðà ïàðû îïåðàòîðîâ
è ñâÿçàííûå ñ íèì ïîíÿòèÿ. Íàïîìíèì ñíà÷àëà îïðåäåëåíèå ìàæîðàíò-
íîãî ðÿäà:

Îïðåäåëåíèå Ïóñòü f(z) =
∑

n≥0 anz
n, z ∈ D. Ôóíêöèîíàë

Mrf :=
∑
n≥0
|an|rn

íàçûâàåòñÿ ìàæîðàíòíûì ðÿäîì èëè ñóììîé Áîðà ôóíêöèè f.
Ïóñòü D � îòêðûòûé êðóã ñ öåíòðîì â íóëå èëè èíòåðâàë ñ öåíòðîì

â íóëå. Îáîçíà÷èì ÷åðåç H(D) ìíîæåñòâî âñåõ ôóíêöèé âèäà f(z) =∑
n≥0

anz
n, êîòîðûå ñõîäÿòñÿ â D. Ïóñòü

Hm(D) := {f ∈ H(D) : f(0) = f ′(0) = ... = f (m−1)(0) = 0}.

Îïðåäåëåíèå. Ïóñòü m, t, s1, s2 ≥ 0 è

T1 : Hm(tD)→ H(D), T2 : Hm(−s1, s1)→ H(−s2, s2)

� ëèíåéíûå îïåðàòîðû. Ìàêñèìàëüíûé R ∈ [0,∞), äëÿ êîòîðîãî

∥T1f∥∞ ≤ 1 =⇒ |T2Mrf | ≤ 1, 0 ≤ r ≤ R, (1)

áóäåì íàçûâàòü ðàäèóñîì Áîðà ïàðû T1 è T2 è îáîçíà÷àòü RT1→T2
. Åñëè

T1 = T2, ïðîñòî ïèøåì RT1
.

Êàê è â ñëó÷àå ñ êëàññè÷åñêèì íåðàâåíñòâîì Áîðà óñëîâèå (1) ýêâè-
âàëåíòíî íåðàâåíñòâó

|T2Mrf | ≤ ∥T1f∥∞.
Îáîçíà÷èì ÷åðåç idm òîæäåñòâåííûé îïåðàòîð, çàäàííûé íà ïðî-

ñòðàíñòâå Hm(D). Çàïèñè Rid→T è RT→id îçíà÷àþò, ÷òî id � òîæäåñòâåí-
íûé îïåðàòîð òîãî æå ïðîñòðàíñòâà, íà êîòîðîì îïðåäåë¼í îïåðàòîð T.
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Èç òåîðåìû Áîðà ñëåäóåò, ÷òî Rid0 = 1/3. Â 1962 ãîäó Ý. Áîìáèåðè äîêà-
çàë [4], ÷òî Rid1 = 1/

√
2. Çàäà÷à î âû÷èñëåíèè Ridm îñòà¼òñÿ îòêðûòîé.

Îíà îáñóæäàëàñü â [5].
Îïðåäåëåíèå. Ôóíêöèþ

mT1→T2
(r) := sup

f :∥T1f∥∞≤1

|T2Mrf |
∥T1f∥∞

áóäåì íàçûâàòü ôóíêöèåé Áîðà-Áîìáèåðè îïåðàòîðîâ T1 è T2. Åñëè îïå-
ðàòîðû T1 è T2 ñîâïàäàþò, ïèøåì mT1

(r).
Èç òåîðåìû Áîðà ñëåäóåò, ÷òîmid0(r) = 1, 0 ≤ r ≤ 1/3. Â [4] äîêàçàíî,

÷òî äëÿ r ∈ [1/3, 1/
√
2],

mid0(r) =
3−

√
8(1− r2)
r

.

Äëÿ r ∈ [1/
√
2, 1) çàäà÷à î âû÷èñëåíèè ôóíêöèè Áîðà-Áîìáèåðè äëÿ

id0 îñòà¼òñÿ îòêðûòîé è ñâÿçàíà íàïðÿìóþ ñ âû÷èñëåíèåì Ridm, m ≥ 2.
Ãëóáîêèå ðåçóëüòàòû ñâÿçàííûå ñ ýòîé ïðîáëåìîé, áûëè ïîëó÷åíû Ý.
Áîìáèåðè è Æ. Áóðãåéíîì â 2004 ãîäó (ñì. [5]).

Îïðåäåëåíèå. Ðàññìîòðèì ôóíêöèè âèäà f(z) =
∑
n≥m

anz
n. Çàôèê-

ñèðóåì ìîäóëü íà÷àëüíîãî êîýôôèöèåíòà a := |am|. Ìàêñèìàëüíîå ÷èñ-
ëî r = |z|, òàêîå ÷òî äëÿ âñåõ ôóíêöèé âèäà f(z) =

∑
n≥m

anz
n, |cm| = a,

âûïîëíÿåòñÿ óñëîâèå (1), áóäåì íàçûâàòü ðàäèóñîì Áîðà ïàðû îïåðà-
òîðîâ T1 è T2 ñ íà÷àëüíûì êîýôôèöèåíòîì a. Àíàëîãè÷íî îïðåäëå-
ëèì ôóíêöèþ Áîðà-Áîìáèåðè ïàðû îïåðàòîðîâ ñ íà÷àëüíûì êîýôôèöè-
åíòîì. Îáîçíà÷àåì, ñîîòâåòñòâåííî,

RT1→T2
(a), mT1→T2

(r, a).

Íàïðèìåð (ñì. ( [4]),

Rid0(a) =
1

1 + 2a
, 1/2 < a ≤ 1.

Áîëüøå ïðèìåðîâ âû÷èñëåííûõ ðàíåå ðàäèóñîâ Áîðà è ôóíêöèé Áîðà-
Áîìáèåðè ñì. â [3].

Ïóñòü m ≥ 0 è h(z) =
∑
n≥m

cnz
n. Ïóñòü Sm,l � îïåðàòîð ñäâèãà, çà-

äàííûé â ïðîñòðàíñòâå Hm(D), à èìåííî Sm,lf(z) := zlf(z), f ∈ Hm(D).
Áóäåì ðàññìàòðèâàòü îïåðàòîðû âèäà

Am,l
h f := Sm,l(h ∗ f), Am

h := Am,0
h , Ah := A0

h. (2)
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Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò ðàáîòû [3] (òî÷íåå, åãî ÷àñòíûé ñëó-
÷àé):

Òåîðåìà 1. Ïóñòü h(z) =
∑
n≥m

cnz
n, cn > 0. Åñëè

r

a
< inf

n≥m+1

cn
cn+1

òîãäà

mid→Am,l
h
(r, a) = rm+lcma+ (1/a− a)a−mrl(h(ar)− cm(ar)m).

Ðàññìîòðèì çàäà÷ó îá îöåíêå ìàæîðàíòíîãî ðÿäà ôóíêöèè ÷åðåç åãî
ïðîèçâîäíóþ. Äàëåå W (x) � ôóíêöèÿ Ëàìáåðòà, òî åñòü îáðàòíàÿ ôóíê-
öèÿ ê g(w) = wew.

Òåîðåìà 2. Ïóñòü a ∈ (0.892643..., 1]. Òîãäà

R∂→id1(a) =
1

a

(
1 +

a2 − 1

2a2 − 1
W
(1− 2a2

a2 − 1
e−1
))
.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî R∂→id0 = Rid0→
� , ãäå

�
� îïåðàòîð, îïðå-

äåë¼ííûé ðàâåíñòâîì
� z

0

f(z)dz = S0,1(h ∗ f)(z), h(z) = − log(1− z)
z

.

Ñëåäîâàòåëüíî, ïî òåîðåìå 1, äëÿ r < 1 è a > r,

mid0→
� (r, a) = ar + (1/a− a)r

(− log(1− ar)
ar

− 1
)
.

Ïðèðàâíèâàÿ ïîñëåäíåå âûðàæåíèå ê åäèíèöå, ïîëó÷àåì óòâåðæäåíèå
òåîðåìû.
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ÓÄÊ 517.96;517.984

Ðàñõîäÿùèåñÿ ðÿäû è îáîáùåííàÿ
ñìåøàííàÿ çàäà÷à äëÿ îäíîðîäíîãî

âîëíîâîãî óðàâíåíèÿ ñ íóëåâîé íà÷àëüíîé
ñêîðîñòüþ1

À. Ï. Õðîìîâ (Ñàðàòîâ, Ðîññèÿ)
KhromovAP@sgu.ru

Íà îñíîâå çàêîííîñòè ïåðåñòàíîâêè îïåðàöèé ñóììèðîâàíèÿ è èíòåãðèðîâàíèÿ
òðèãîíîìåòðè÷åñêîãî ðÿäà Ôóðüå äàåòñÿ ðåøåíèå îáîáùåííîé ñìåøàííîé çàäà÷è
äëÿ îäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ ñ íóëåâîé íà÷àëüíîé ñêîðîñòüþ è óñëîâèÿ-
ìè çàêðåïëåíèÿ íà êîíöàõ. Ðåøåíèå äàåòñÿ â âèäå ðÿäà, ñõîäÿùåãîñÿ ñ ýêñïîíåí-
öèàëüíîé ñêîðîñòüþ. Â ñëó÷àå êëàññè÷åñêîãî ðåøåíèÿ ýòîò ðÿä ÿâëÿåòñÿ òàêèì
ðåøåíèåì.

Êëþ÷åâûå ñëîâà: ðàñõîäÿùèéñÿ ðÿä, âîëíîâîå óðàâíåíèå, ñìåøàííàÿ çàäà÷à.

Divergent series and generalized mixed
problem for homogeneous wave equation

with zero initial velocity1

A. P. Khromov (Saratov, Russia)
KhromovAP@sgu.ru

Allowing the inversion of the operations of summation and integration for
trigonometric Fourier series we present the solution by Fourier method of the
generalized mixed problem for the homogeneous wave equation with zero initial
velocity and �xed ends boundary conditions. The solution has a form of a series
converging at exponential rate. This series converges the classic solution if the latter
equists.

Keywords: divergent series, wave equation, mixed problem.

Îáîáùåííàÿ ñìåøàííàÿ çàäà÷à [1, ñ. 217] ÿâëÿåòñÿ îäíèì èç íàèáîëåå
ñèëüíûõ îáîáùåíèé ñìåøàííîé çàäà÷è.

1. Ðàññìîòðèì ñíà÷àëà ñëåäóþùóþ îáîáùåííóþ ñìåøàííóþ çàäà÷ó:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− q(x)u(x, t) + f(x, t), x, t ∈ [0, 1]× [0,∞), (1)

u(0, t) = u(1, t) = 0, (2)
u(x, 0) = φ(t), u′t(x, 0) = ψ(x). (3)

Ñ÷èòàåì, ÷òî âñå ôóíêöèè, âõîäÿùèå â (1)�(3), êîìïëåêñíîçíà÷íûå,
ïðè÷åì q(x), φ(x), ψ(x) ∈ L[0, 1] è f(x, t) êëàññà Q, ò.å. f(x, t) ∈ L[QT ]
ïðè ëþáîì T > 0, QT = [0, 1]× [0, T ].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Õðîìîâ À. Ï., 2024
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Çàäà÷à (1)�(3) ïðè òàêèõ èñõîäíûõ äàííûõ ÷èñòî ôîðìàëüíàÿ,ò.å.
èìååò ëèøü âíåøíèé âèä. Íåñìîòðÿ íà ýòî, ìîæíî äàòü [1, ñ. 217] ôîð-
ìàëüíîå ðåøåíèå ïî ìåòîäó Ôóðüå â ñëåäóþùåì âèäå:

u(x, t) =
( )[

(Rλφ) cos ρt+ (Rλψ)
sin ρt

ρ
+

+

t�

0

Rλ(f(·, τ))
sin ρ(t− τ)

ρ
dτ

]
dλ, (4)

ãäå
( )

= − 1
2πi

( �
|λ|=r

+
∑
n≥n0

�
γn

)
, Rλ = (L − λE)−1 � ðåçîëüâåíòà îïåðà-

òîðà L: Ly = −y′′(x) + q(x)y(x), y(0) = y(1) = 0, λ � ñïåêòðàëüíûé
ïàðàìåòð, E � åäèíè÷íûé îïåðàòîð, Rλ(f(·, τ)) îçíà÷àåò, ÷òî Rλ ïðèìå-
íÿåòñÿ ê f(x, t) ïî ïåðåìåííîé x (τ �ïàðàìåòð), λ = ρ2, Re ρ ≥ 0, γn �
îáðàç â λ-ïëîñêîñòè îêðóæíîñòè γ̃n = {ρ : |ρ − nπ| = δ}, δ > 0 è äîñòà-
òî÷íî ìàëî, r > 0 äîñòàòî÷íî âåëèêî, ôèêñèðîâàíî, n0 � òàêîé íîìåð,
÷òî ïðè n ≥ n0 âíóòðè γn íàõîäèòñÿ ïî îäíîìó ñîáñòâåííîìó çíà÷åíèþ
è âñå γn ïðè n ≥ n0 íàõîäÿòñÿ âíå |λ| = r, à îñòàëüíûå ñîáñòâåííûå çíà-
÷åíèÿ� âíóòðè. Ñ÷èòàåì, ÷òî çàäà÷à (1)�(3) è åå ôîðìàëüíîå ðåøåíèå
òåñíî ñâÿçàíû.

Ðÿä (4) ìîæåò áûòü è ðàñõîäÿùèìñÿ. Òàêèì îáðàçîì, â íàøåé îáîá-
ùåííîé ñìåøàííîé çàäà÷å ñàìà çàäà÷à èìååò ÷èñòî ôîðìàëüíûé âèä, à
ôîðìàëüíîå ðåøåíèå ìîæåò áûòü è ðàñõîäÿùèìñÿ ðÿäîì.

2. Ïðè äåéñòâèÿõ ñ ðàñõîäÿùèìèñÿ ðÿäàìè áóäåì ïîëüçîâàòüñÿ àêñè-
îìîé: � ∑

=
∑ �

, (5)

ãäå
�
� îïðåäåëåííûé èíòåãðàë.

Ñ ïîìîùüþ(5) ôîðìàëüíîå ðåøåíèå (4) ïðèâîäèòñÿ ê âèäó

u(x, t) = Z(x, t;φ) +

t�

0

Z(x, τ ;ψ) dτ +

t�

0

dτ

� t−τ

0

Z(x, η; f(·, τ)) dτ, (6)

ãäå Z(x, t;φ) åñòü ôîðìàëüíîå ðåøåíèå çàäà÷è

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− q(x)u(x, t), (7)

u(0, t) = u(1, t) = 0, (8)
u(x, 0) = φ(t), u′t(x, 0) = 0. (9)
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Çíà÷åíèå ôîðìóëû (6) â òîì, ÷òî õîðîøî îáúÿñíÿåòñÿ ðîëü ñìåøàí-
íîé çàäà÷è (7)�(9) è ïîýòîìó â äàëüíåéøåì îãðàíè÷èìñÿ ëèøü çàäà÷åé
(7)�(9).

3. Ïðè ðåøåíèè îáîáùåííîé ñìåøàííîé çàäà÷è (7)�(9) ïîòðåáóåòñÿ
ñëåäóþùèé ôàêò, îòíîñÿùèéñÿ ê òðèãîíîìåòðè÷åñêîìó ðÿäó Ôóðüå [2].

Ðàññìîòðèì íà [−1, 1] òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóíêöèè
f(x) ∈ L[−1, 1]:

a0
2
+
∞∑
k=1

(ak cos kπx+ bk sin kπx), (10)

ãäå ak =
1�
−1
f(t) cos kπt dt, k = 0, 1, . . .; bk =

1�
−1
f(t) sin kπt dt, k = 1, 2, . . ..

Ðàññìàòðèâàåì ðÿä (10) êàê ðàñõîäÿùèéñÿ. Ê íàõîæäåíèþ åãî ñóììû

ïðèâëå÷åì àêñèîìó (5), ãäå
�
=

x�
−1
.

Òåîðåìà 1. Ñóììà ðàñõîäÿùåãîñÿ ðÿäà (10) ïî÷òè âñþäó ðàâíà f(x).
Ê ýòîìó æå ðåçóëüòàòó ïðèõîäèì ïðè ñóììèðîâàíèè ðÿäà (10) ïî

Ôåéåðó.

4. Ïðèñòóïàåì ê ðåøåíèþ çàäà÷è (7)�(9).
Ïðåäñòàâèì ôîðìàëüíîå ðåøåíèå Z(x, t;φ) çàäà÷è (7)�(9) â âèäå:

u(x, t) = u01(x, t) + u1(x, t), (11)

ãäå u01(x, t) åñòü ðÿä Z(x, t;φ) ïðè q(x) = 0. Ýòîò ðÿä îáîçíà÷èì
Z0(x, t;φ). Ïîýòîìó u1(x, t) åñòü ðÿä u1(x, t) = Z(x, t;φ)− Z0(x, t;φ).

Ëåììà 1 ([3, ñ. 315]). Ñóììà ðÿäà u01(x, t) åñòü

a0(x, t) =
1

2
[φ̃(x+ t) + φ̃(x− t)], (12)

ãäå φ̃(x) íå÷åòíà è 2-ïåðèîäè÷íà ïðè x ∈ (−∞,∞) è φ̃(x) = φ(x) ïðè
x ∈ [0, 1].

Ðÿäó u1(x, t) ñîîòâåòñòâóåò ñìåøàííàÿ çàäà÷à:

∂2u1(x, t)

∂t2
=
∂2u1(x, t)

∂x2
− q(x)u1(x, t) + f0(x, t), (13)

u1(0, t) = u1(1, t) = 0, (14)
u1(x, 0) = u′1t(x, 0) = 0, (15)

ãäå f0(x, t) = −q(x)a0(x, t).
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Íî ðÿä u1(x, t) íå ÿâëÿåòñÿ ðÿäîì ôîðìàëüíîãî ðåøåíèÿ ïî ìåòîäó
Ôóðüå ýòîé çàäà÷è è ìû åãî ìåíÿåì íà ðÿä ôîðìàëüíîãî ðåøåíèÿ çàäà÷è
(13)�(15). Ýòîò ïåðåõîä ÿâëÿåòñÿ îñíîâíûì ìåòîäîì íàøåé ïðîöåäóðû.

Ïîâòîðÿåì òåïåðü âûøåïðèâåäåííóþ ïðîöåäóðó ñ ðÿäîì

u1(x, t) =
( )[ t�

0

Rλ(f0(·, τ))
sin ρ(t− τ

ρ
dτ

]
dλ, (16)

ò. å. ïðåäñòàâèì u1(x, t) = u02(x, t) + u2(x, t)), ãäå u02(x, t) åñòü ðÿä ôîð-
ìàëüíîãî ðåøåíèÿ îáîáùåííîé ñìåøàííîé çàäà÷è:

∂2u02(x, t)

∂t2
=
∂2u02(x, t)

∂x2
+ f0(x, t), (17)

u02(0, t) = u02(1, t) = 0, (18)
u02(x, 0) = u′02,t(x, 0) = 0. (19)

Ëåììà 2. Ñóììà ðÿäà u02(x, t) åñòü

u02(x, t) = a1(x, t) =
1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃(η, τ) dη, (20)

ãäå f̃0(η, τ) íå÷åòíà, 2-ïåðèîäè÷íà ïî η è f̃0(η, τ) = f0(η, τ) ïðè η ∈ [0, 1].
Ïðîäîëæàÿ äàëåå óêàçàííûé ïðîöåññ ïîëó÷èì íà m-ì øàãå, ÷òî ôîð-

ìàëüíîå ðåøåíèå u(x, t) çàäà÷è (7)�(9) ïåðåõîäèò â

u(x, t) = Am(x, t) + Ωm(x, t), (21)

ãäå Am(x, t) =
m∑
k=0

ak(x, t),

ak(x, t) =
1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃k−1(η, τ) dη, k ≥ 1,

fk(η, τ) = −q(η)ak(η, τ),

Ωm(x, t) =
( )[ t�

0

(Rλ −R0
λ)(fm−1(·, τ))

sin ρ(t− τ
ρ

dτ

]
dλ.

Ëåììà 3 ([1, ñ. 221]). Ðÿä A(x, t) =
∞∑
k=0

ak(x, t) ñõîäèòñÿ àáñîëþòíî

è ðàâíîìåðíî ñ ýêñïîíåíöèàëüíîé ñêîðîñòüþ.
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Ëåììà 4 ([1, ñ. 235]). Ñóììà ðÿäà Ωm(x, t) àáñîëþòíî è ðàâíîìåðíî
ïî x, t ∈ QT ñòðåìèòñÿ ê íóëþ ïðè m→∞.

Ïîýòîìó ñïðàâåäëèâà
Òåîðåìà 2. Ñóììà ðÿäà A(x, t) ïðåäñòàâëÿåò ñîáîé ðåøåíèå îáîá-

ùåííîé ñìåøàííîé çàäà÷è (7)�(9).
Îñíîâàíèåì äëÿ òàêîãî çàêëþ÷åíèÿ ÿâëÿåòñÿ
Òåîðåìà 3 ([4, ñ.729, òåîðåìà 6]). Åñëè φ(x), φ′(x) àáñîëþòíî íåïðå-

ðûâíû íà [0, 1] è φ(0) = φ(1) = 0, òî ðÿä A(x, t) ÿâëÿåòñÿ êëàññè÷åñêèì
ðåøåíèåì çàäà÷è (7)�(9).

Çàìå÷àíèå. Óñëîâèå íà φ(x) â òåîðåìå 3 ÿâëÿþòñÿ íåîáõîäèìûìè è
äîñòàòî÷íûìè äëÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (7)�(9).

Òàêèì îáðàçîì, àêñèîìà î ïåðåñòàíîâî÷íîñòè îïåðàöèé èíòåãðèðîâà-
íèÿ è ñóììèðîâàíèÿ ôóíêöèîíàëüíûõ ðÿäîâ ïðèâîäèò â ñëó÷àå òðèãî-
íîìåòðè÷åñêîãî ðÿäà Ôóðüå ê ìåòîäó ñóììèðîâàíèÿ, ñõîæåãî ñ ìåòîäîì
Ôåéåðà. Â ñëó÷àå îáîáùåííîé ñìåøàííîé çàäà÷è äëÿ âîëíîâîãî óðàâíå-
íèÿ ýòà àêñèîìà ñ ïðèâëå÷åíèåì ïðèåìà À. Í. Êðûëîâà óñêîðåíèÿ ñõî-
äèìîñòè ðÿäîâ ïðèâîäèò ê ïðåäñòàâëåíèþ ðåøåíèÿ ñìåøàííîé çàäà÷è â
âèäå ÿâíîãî ðÿäà, ñõîäÿùåãîñÿ ñ ýêñïîíåíöèàëüíîé ñêîðîñòüþ. Â ñëó÷àå
êëàññè÷åñêîãî ðåøåíèÿ äàííûé ðåçóëüòàò ÿâëÿåòñÿ àíàëîãîì ðåãóëÿðíî-
ñòè ìåòîäà ñóììèðîâàíèÿ ðÿäà ôîðìàëüíîãî ðåøåíèÿ ñìåøàííîé çàäà÷è
ïî ìåòîäó Ôóðüå.
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Ðàçðûâíûé îïåðàòîð Ñòåêëîâà è
ïîëèíîìèàëüíûå ñïëàéíû 1

Ã. Â. Õðîìîâà (Ñàðàòîâ, Ðîññèÿ)
Khromovagv@sgu.ru

Ïîêàçàíî, ÷òî ñãëàæèâàíèå ëîìàíîé, ïîñòðîåííîé íà çàäàííûõ çíà÷åíèÿõ íåïðå-
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Discontinuous Steklov operator and
polynomial splines1

G. V. Khromova (Saratov, Russia)
Khromovagv@sgu.ru

It is shown that smoothing a polyline constructed on the given values of a continuous
function using a discontinuous Steklov operator gives a method for constructing
polynomial splines.

Keywords: Steklov operator, polyline, continuous function, one-dimensional grid.

1. Ïóñòü f(x) ∈ C[0, 1] çàäàíà íàáîðîì å¼ çíà÷åíèé:

f̂ = f(xi)
n
0 , fi = f(xi), xi+1 = xi +

1

n
.

Ïîñòðîèì ïàðàáîëè÷åñêèé ñïëàéí, äàþùèé ðàâíîìåðíûå ïðèáëèæåíèÿ
ê f(x) íà [0, 1]. Ïðèìåíèì ñëåäóþùèé ìåòîä: ïîñòðîèì ëîìàíóþ Lnf̂ :

(Lnf̂)(xi) = fi, i = 0, . . . , n, à çàòåì ñãëàäèì ñ ïîìîùüþ ðàçðûâíîãî
îïåðàòîðà Ñòåêëîâà [1]:

SαLnf̂ =

{
Sα2Lnf̂ , x ∈ [0, 12 ]

Sα1Lnf̂ , x ∈ [12 , 1],
(1)

ãäå

Sα1 φ =
1

α

� x

x−α
φ(t)dt, Sα2 φ =

1

α

� x+α

x

φ(t)dt.

(Çàïèñü (1) îçíà÷àåò: êàê èìåííî îïðåäåëåíî çíà÷åíèå (SαLnf̂)(
1
2) - íåñó-

ùåñòâåííî).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

© Õðîìîâà Ã. Â, 2024
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Ñ÷èòàåì, ÷òî òî÷êà ðàçðûâà x = 1
2 åñòü m−ûé óçåë xm è ïîëàãàåì

α = 1
n .

Òåîðåìà 1. Ôóíêöèÿ (SαLnf̂)(x) ïðè α = 1
n ïðåäñòàâëÿåò ñîáîé

ïàðàáîëè÷åñêèé ñïëàéí, ðàçðûâíûé â òî÷êå x = 1
2 è âû÷èñëÿåìûé ïî

ôîðìóëå
(SαLnf̂)(x) = Aix

2 +Bix+ Ci

Ai =
n2

2
(fi+2 − 2fi+1 + fi) (2)

Bi = n2[−fi+2xi + fi+1(xi + xi+1)− fixi+1]

Ci =
n2

2
(fi+2x

2
i + fix

2
i+1) + (

1

2
− n2xixi+1)fi+1,

åñëè x ∈ [xi, xi+1] ⊂ [0, 12 ] (i = 0, . . . ,m− 1).
Åñëè æå x ∈ [xi−1, xi] ⊂ [12 , 1] (i = m+1, . . . , n), òî Ai, Bi, Ci èìåþò

âèä (2) ñ çàìåíîé fi+2 íà fi−2, fi+1 íà fi−1, xi+1 íà xi−1.
Ïðè ýòîì

(SαLnf̂)(xi) =

{
1
2(fi + fi+1), xi ∈ [0, 12 ]
1
2(fi + fi−1), xi ∈ [12 , 1].

Äðóãîé âèä êîýôôèöèåíòîâ ñïëàéíà ïðèâåä¼í â [2].

Òåîðåìà 2 (ñëåäñòâèå èç òåîðåìû 1 â [2]).
Äëÿ ëþáîé f(x) ∈ C[0, 1] è α = 1

n âûïîëíÿåòñÿ ñõîäèìîñòü∥∥∥SαLnf̂ − f
∥∥∥
L∞[0,1]

→ 0 ïðè n→∞

ãäå
∥·∥L∞

= max
{
∥·∥C[0,1/2] , ∥·∥C[1/2,1]

}
.

Ïàðàáîëè÷åñêèé ñïëàéí èç òåîðåìû 1 îòëè÷àåòñÿ îò ñïëàéíîâ èç [3]
òåì, ÷òî îí íå ÿâëÿåòñÿ èíòåðïîëèðóþùèì, âû÷èñëÿåòñÿ ïî ãîòîâûì
ôîðìóëàì è äà¼ò ðàâíîìåðíóþ ñõîäèìîñòü ê ëþáîé íåïðåðûâíîé ôóíê-
öèè, íå òðåáóÿ êðàåâûõ óñëîâèé è îãðàíè÷åíèé íà ñåòêó.

Åñëè âìåñòî îïåðàòîðà Sα â (1) ìû ðàññìîòðèì îïåðàòîð Sm
α , êîòîðûé

ïîëó÷àåòñÿ çàìåíîé â ïðàâîé ÷àñòè (1) îïåðàòîðîâ Sαi, i = 1, 2, íà èõ
m−ûå ñòåïåíè Sm

αi, òî ïîëó÷èì ïîëèíîìèàëüíûé ñïëàéí ñòåïåíè m +
1 , àíàëîãè÷íûé ïàðàáîëè÷åñêîìó è äëÿ íåãî ñïðàâåäëèâà òåîðåìà 2 ñ
çàìåíîé Sα íà Sm

α .

2. Ïóñòü âìåñòî f̂ íàì èçâåñòåí íàáîð f̂δ :
∥∥∥f̂δ − f̂∥∥∥

En+1

≤ δ, ãäå En+1−
åâêëèäîâî ïðîñòðàíñòâî ñ íîðìîé
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∥∥∥f̂∥∥∥
En+1

=

(
n∑
0

f 2i

) 1
2

ëèáî ñ íîðìîé ∥∥∥f̂∥∥∥
En+1

= max
i
|fi|

Òåîðåìà 3. Äëÿ ñïëàéíà SαLnf̂δ ïðè α = 1
n ñïðàâåäëèâà îöåíêà:∥∥∥SαLnf̂δ − f(x)

∥∥∥
L∞
≤ δ + 2ω(

1

n
),

ãäå ω( 1n)−ìîäóëü íåïðåðûâíîñòè ôóíêöèè f(x) íà [0, 1].

Ñëåäñòâèå. Äëÿ ëþáîé f(x) ∈ C[0, 1] è α = 1
n âûïîëíÿåòñÿ ñõîäèìîñòü∥∥∥SαLnf̂δ − f(x)

∥∥∥
L∞
→ 0 ïðè δ → 0, n→∞. (3)

Åñëè â En+1 âûáðàíà ìåòðèêà èíàÿ, ÷åì óêàçàííûå âûøå, è òàêàÿ,
÷òî ñõîäèìîñòü (3) íå âûïîëíÿåòñÿ, òî ìû ïîïàäàåì â çîíó äåéñòâèÿ
íåêîððåêòíî ïîñòàâëåííûõ çàäà÷. Òîãäà, ïðèìåíÿÿ òåõíèêó ìåòîäîâ ðå-
ãóëÿðèçàöèè ([1]) äîáèâàåìñÿ ýòîé ñõîäèìîñòè çà ñ÷åò ñîãëàñîâàíèÿ n ñ
δ.

3. Ïóñòü f(x) ∈ Cm[0, 1], m ≥ 1. Äëÿ àïïðîêñèìàöèè f (m)(x) èñïîëü-
çóåì ïîëèíîìèàëüíûé ñïëàéí: ðàññìîòðèì îïåðàòîð DmSm

α Ln, ãäå Dm−
îïåðàòîð m−êðàòíîãî äèôôåðåíöèðîâàíèÿ.

Èç [4] èçâåñòíî, ÷òî äëÿ ëþáîé φ(x) ∈ C[0, 1]

DmSm
α φ =

{
∆m

α2φ, x ∈ [0, 12 ]

∆m
α1φ, x ∈ [12 , 1],

ãäå

∆m
α1φ =

1

αm

m∑
k=0

(−1)kCk
mφ(x− kα),

∆m
α2φ =

1

αm

m∑
k=0

(−1)kCk
mφ(x+ (m− k)α)

(ëåâîñòîðîííÿÿ è ïðàâîñòîðîííÿÿ ðàçíîñòíûå ôîðìóëû).
Èç òîãî, ÷òî (Lf̂)(xi) = fi è ñõîäèìîñòè∥∥∥DmSm

α f − f (m)(x)
∥∥∥
L∞
→ 0 ïðè α→ 0
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ñëåäóåò
Òåîðåìà 4. Ïðè α = 1

n äëÿ f(x) ∈ C
m[0, 1] âûïîëíÿåòñÿ ñõîäèìîñòü

|DmSm
α Lnf̂ − f (m)(x)|x=xi

→ 0 ïðè n→∞, i = 0, . . . , n.

Çàìå÷àíèå.Ìîæåò îêàçàòüñÿ, ÷òî â ôîðìóëàõ (2) Ai = 0. Ýòî áóäåò
ñëó÷àé, êîãäà ó ëîìàíîé Lnf̂ â òî÷êå xi+1 íå áóäåò èçëîìà. Òàêîé ñïëàéí
ìîæíî íàçâàòü ïàðàáîëè÷åñêèì ñ âûðîæäåíèåì.

Âûðîæäåíèå ìîæíî óñòðàíèòü: çíà÷åíèå fi+1 çàìåíèòü íà áëèçêîå
fi+1 + δ . Ýòî íå ïîâëèÿåò íà àïïðîêñèìàòèâíûå ñâîéñòâà ñïëàéíà ïî
òåîðåìå 3.
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Ââåäåíèå

Ïóñòü â ëèíåéíîì ïðîñòðàíñòâåX íàä ïîëåì R åñòü âûïóêëîå ìíîæåñòâî
B ñî ñëåäóþùèìè ñâîéñòâàìè:

1. 0 ∈ B;
2. ëþáàÿ ïðÿìàÿ ℓ = {te | t ∈ R := [−∞,+∞]} (e ̸= 0), ïðîõîäÿùàÿ

÷åðåç íîëü, ïåðåñåêàåò ìíîæåñòâî B ïî îòðåçêó â ðàñøèðåííîì ñìûñëå,
ò.å. B∩ℓ = {te | t ∈ [α, β] ⊂ R}. Ïðè ýòîì ìû ñ÷èòàåì, ÷òî ðàñøèðåííûé
êîíåö α = −∞ (β = +∞), åñëè ïðîìåæóòîê ïåðåñå÷åíèÿ ïðÿìîé-îñè ℓ ñ
ìíîæåñòâîì B íåîãðàíè÷åí ñíèçó (ñâåðõó).

Ñ ìíîæåñòâîìB ñâÿæåì ðàñøèðåííûé ôóíêöèîíàë Ìèíêîâñêîãî pB :
X → [0,+∞], ïîëîæèâ äëÿ âñåõ e ∈ X \ {0} åãî çíà÷åíèå ðàâíûì

inf{t ∈ R+ := [0,+∞] | tB ∋ x}.
1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International

(CC-BY 4.0)
1This is an open access article distributed under the terms of Creative Commons Attribution 4.0

International License (CC-BY 4.0)

© Öàðüêîâ È. Ã., 2024
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Åñëè íè ïðè êàêîì êîíå÷íîì t ⩾ 0 òî÷êà x íå ïðèíàäëåæèò ìíîæåñòâó
tB, òî ìû ïî îïðåäåëåíèþ ñ÷èòàåì, ÷òî pB(x) = +∞. È, êîíå÷íî, ïîëà-
ãàåì, ÷òî pB(0) = 0.

Òåì ñàìûì, ôîðìóëà
∥ · | := pB(·)

çàäàåò íà X ðàñøèðåííóþ íåñèììåòðè÷íóþ ïîëóíîðìó. Ìíîæåñòâî
íåíóëåâûõ âåêòîðîâ e ∈ X, äëÿ êîòîðûõ ∥e| < +∞ áóäåì íàçûâàòü
çíà÷èìûìè è ÷åðåç Z áóäåì îáîçíà÷àòü ìíîæåñòâî âñåõ òàêèõ âåêòîðîâ,
à ìíîæåñòâî K = K(X), ñîñòîÿùåå èç âåêòîðîâ te (t ⩾ 0, e ∈ Z), áó-
äåì íàçûâàòü êîíóñ-ïðîñòðàíñòâîì äëÿ ïîëóíîðìû ∥ · |. Òàêèì îáðàçîì,
K = Z ∪ {0}. Åñëè ∥e| > 0 äëÿ âñåõ íåíóëåâûõ âåêòîðîâ e ∈ Z, òî ðàñ-
øèðåííóþ ïîëóíîðìó ∥ · | áóäåì íàçûâàòü ðàñøèðåííîé íîðìîé. Âìåñòå
ñ íåñèììåòðè÷íîé íîðìîé ÷àñòî ðàññìàòðèâàåòñÿ íîðìà ñèììåòðèçàöèè
∥ · ∥sym := max{∥ · |, ∥ − ·|}. Òîïîëîãèÿ, ïîðîæäåííàÿ íîðìîé ñèììåòðè-
çàöèè, íàçûâàåòñÿ ñèììåòðèçîâàííîé.

Äëÿ x0 ∈ X, r > 0 îïðåäåëåíèþ ïîëîæèì

B̊ := {x ∈ X | ∥x| < 1}, B̊(x0, r) = x0 + rB̊ = {x ∈ X | ∥x− x0| < r}.

B(x0, r) = x0+rB = {x ∈ X | ∥x−x0| ⩽ r}, S(x, r) := B(x0, r)\ B̊(x0, r).

×åðåç S áóäåì îáîçíà÷àòü ìíîæåñòâî S(0, 1). Îòìåòèì, ÷òî â ñëó÷àå,
êîãäà ∥ · | � íîðìà, øàð B(0, 1) ñîñòîèò èç îòðåçêîâ âèäà [0, x], ãäå x ∈ S.
Åñëè æå ∥ · | � ïîëóíîðìà, òî íàäî äîáàâèòü âñå ëó÷è {te | t ⩾ 0}, ãäå
e ∈ K � ïðîèçâîëüíûé íåíóëåâîé âåêòîð, äëÿ êîòîðîãî ∥e| = 0.

Íà X ââîäèòñÿ òîïîëîãèÿ, ïîðîæäåííóþ øàðàìè {B̊(x0, r)}x,r, êàê
ïðåäáàçîé.

Òàê æå, êàê è ðàíåå äëÿ íåïóñòîãî ìíîæåñòâà A ⊂ X: A ∩Kx ̸= ∅,
ãäå Kx = (K+ x), áóäåì ÷åðåç ϱ(x,A) áóäåì îáîçíà÷àòü âåëè÷èíó

inf{∥y − x| | y ∈ A}.

Â ñëó÷àå, êîãäà A ∩Kx = ∅, áóäåì ïîëàãàòü, ÷òî ϱ(x,A) = +∞.
Â íåñèììåòðè÷íûõ ïðîñòðàíñòâàõ ìû âûäåëèì ïîäêëàññ ïðîñò-

ðàíñòâ, êîòîðûå áóäåì íàçûâàòü ðàâíîìåðíî âûïóêëûìè (ñì. [1]). Îòìå-
òèì, ÷òî ãëàâíîé öåëüþ çäåñü ÿâëÿåòñÿ íàõîæäåíèå òàêîãî îïðåäåëåíèÿ,
ïðè êîòîðîì áîëüøèíñòâî ñâîéñòâ ðàâíîìåðíî âûïóêëûõ ïðîñòðàíñòâ
(â ñëó÷àå ñèììåòðè÷íîé íîðìû) ïåðåíîñèëèñü áû íà ñóùåñòâåííî íåñèì-
ìåòðè÷íûå ïðîñòðàíñòâà (íîðìà êîòîðûõ íå ýêâèâàëåíòíà íîðìå ñèì-
ìåòðèçàöèè).

Äëÿ ïðîèçâîëüíîãî ìíîæåñòâà M ÷åðåç PMx îáîçíà÷èì ìíîæåñòâî
âñåõ áëèæàéøèõ òî÷åê èçM äëÿ x ∈ X, ò.å. ìíîæåñòâî {y ∈M | ∥y−x| =
ϱ(x,M)}.
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Îñíîâíûå ðåçóëüòàòû

Ïåðåéäåì ê îïðåäåëåíèþ ðàâíîìåðíî âûïóêëûõ íåñèììåòðè÷íûõ ïðî-
ñòðàíñòâ (ñì. [1]).

Ïîëîæèì

∆(a) := ∥f − ag|+ a∥g| − ∥f |, a ∈ [0, 1].

Îïðåäåëåíèå 1. Íåñèììåòðè÷íîå ïðîcòðàíñòâî K íàçûâàåòñÿ
ðàâíîìåðíî âûïóêëûì, åñëè äëÿ ëþáûõ ε > 0 è a ∈ (0, 1] ñóùåñòâó-
åò δ > 0 òàêîå, ÷òî äëÿ ëþáûõ f, g ∈ X: ∥f | = ∥g| = 1 èç óñëîâèÿ
∆(a) < δ âûòåêàåò, ÷òî f ∈ B(µg, ε) äëÿ íåêîòîðîãî µ ∈ [1− ε, 1].

Îïðåäåëåíèå 2. Ïîñëåäîâàòåëüíîñòü {xn} ⊂ K íàçûâàåòñÿ ôóí-
äàìåíòàëüíîé (îáðàòíî ôóíäàìåíòàëüíîé), åñëè äëÿ ëþáîãî ε > 0 ñó-
ùåñòâóåò N ∈ N òàêîå, ÷òî ∥xm − xn| < ε (∥xn − xm| < ε) äëÿ âñåõ
m ⩾ n ⩾ N .

Íåñèììåòðè÷íîå êîíóñ-ïðîñòðàíñòâî K íàçûâàåòñÿ ëåâî-ïîëíûì
(îáðàòíî ëåâî-ïîëíûì), åñëè äëÿ ëþáîé ôóíäàìåíòàëüíîé (îáðàòíî
ôóíäàìåíòàëüíîé) ïîñëåäîâàòåëüíîñòè {xn} ⊂ K ñóùåñòâóåò òî÷êà
x ∈ K òàêàÿ, ÷òî ∥xn − x| → 0.

Òåîðåìà 1. Ïóñòü M � ÷åáûø¼âñêîå ìíîæåñòâî, îãðàíè÷åííî êîì-
ïàêòíîå îòíîñèòåëüíî òîïîëîãèè ñèììåòðèçàöèè, â ðàâíîìåðíî âû-
ïóêëîì ãëàäêîì îáðàòíî ëåâî-ïîëíîì êîíóñ-ïðîñòðàíñòâå K. Òîãäà
ìíîæåñòâî M âûïóêëî.

Ïðèìåð. Ðàññìîòðèì ëèíåéíîå ìíîæåñòâî âñåõ µ-èçìåðèìûõ ôóíê-
öèé ôóíêöèé f : Ω → R, äëÿ êîòîðûõ êîíå÷íà íîðìà ýòîé ôóíêöèè â
Lp(Ω, µ) è Lp(Ω, µ) (1 < p, q < +∞). Ïðîôàêòîðèçóåì ýòî ïðîñòðàíñò-
âî ïî ìíîæåñòâó ôóíêöèé ðàâíûõ íóëþ ïî÷òè âñþäó îòíîñèòåëüíî ìå-
ðû µ. Äëÿ êëàññîâ ýêâèâàëåíòíîñòåé îïðåäåëèì íåñèììåòðè÷íóþ íîð-
ìó ïîëîæèâ äëÿ åå ïðåäñòàâèòåëåé ∥f |p,q := ∥f+∥Lp(Ω,µ) + ∥f−∥Lq(Ω,µ),
ãäå f+ = max{f, 0} è f− = min{f, 0}. Çàòåì îáðàòíî ëåâî ïîïîë-
íèì ýòî ïðîñòðàíñòâî îòíîñèòåëüíî ýòîé íåñèììåòðè÷íîé íîðìû. Ýòî
ïðîñòðàíñòâî áóäåò îáðàòíî ëåâî-ïîëíûì. Îáîçíà÷èì ýòî ïðîñòðàíñò-
âî êàê LReLe

p,q = LReLe
p,q (Ω, µ) (1 < p, q < +∞) � íåñèììåòðè÷íîå ïðîñò-

ðàíñòâî, ñîñòîÿùåå èç êëàññîâ ýêâèâàëåíòíîñòåé µ-èçìåðèìûõ ôóíêöèé
f : Ω → R. Ïðîñòðàíñòâî LReLe

p,q (Ω, µ) ÿâëÿåòñÿ ãëàäêèì, ò.å. äëÿ ëþáîé
òî÷êè f ∈ X = LReLe

p,q : ∥f |p,q = ε > 0 íàéäåòñÿ ëèíåéíûé îãðàíè÷åííûé
ôóíêöèîíàë φ ∈ X∗ åäèíè÷íîé íîðìû, äëÿ êîòîðîãî φ(f) = ε (ñì. òåî-
ðåìó Õàíà-Áàíàõà äëÿ íåñèììåòðè÷íûõ ïðîñòðàíñòâ [2]� [4]. Îòìåòèì,
÷òî ñîïðÿæåííîå ïðîñòðàíñòâî ê ïðîèçâîëüíîìó ñóùåñòâåííî íåñèììåò-
ðè÷íîìó ïðîñòðàíñòâó Y íå ìîæåò áûòü ëèíåéíûì ïðîñòðàíñòâîì äàæå
â ñëó÷àå, êîãäà Y ëèíåéíî (ñì. [5]). Òàêæå ïðîñòðàíñòâî LReLe

p,q ÿâëÿåòñÿ
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ðàâíîìåðíî âûïóêëûì è õàóñäîðôîâûì êîíóñ-ïðîñòðàíñòâîì. Â êà÷å-
ñòâå ïðèìåðà ïðèëîæåíèÿ òåîðåìû 1 ðàññìîòðèì êîíêðåòíîå ìíîæåñòâî
M â ïðîñòðàíñòâå X := LReLe

p,q [a, b] (a < b, 1 < p, q < +∞):

M :=
{ λ

t− tα
| λ ∈ R, tα ∈ K

}
,

ãäåK � çàìêíóòîå íåîäíîòî÷å÷íîå ïîäìíîæåñòâî R\[a, b]. ÌíîæåñòâîM
íå ÿâëÿåòñÿ âûïóêëûì, îòêóäà â ñèëó òåîðåìû 1 âûòåêàåò, ÷òî ìíîæå-
ñòâî M íå ÿâëÿåòñÿ ÷åáûøåâñêèì â LReLe

p,q [a, b]. Ïîíÿòíî, ÷òî àíàëîãè÷-
íûå ðàññóæäåíèÿ ìîæíî ïðîâåñòè è äëÿ ñïåöèàëüíîãî âèäà îáîáùåííûõ
äðîáåé.

Äëÿ ñâîéñòâà Q ÷åðåç B̊-Q îáîçíà÷èì êëàññ òàêèõ ìíîæåñòâ, ÷òî ïå-
ðåñå÷åíèå èõ ñ ëþáûìè îòêðûòûìè øàðàìè îáëàäàåò ñâîéñòâîì Q.

Â ðàáîòå [6] â ÷àñòíîñòè ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà A. Ïóñòü (X, ∥·|) � íåñèììåòðè÷íîå ëåâî-ïîëíîå ëèíåéíîå

ïðîñòðàíñòâî, íåïóñòîå ìíîæåñòâî A ⊂ X ÿâëÿåòñÿ B̊-çàìêíóòûì
(èëè ìíîæåñòâî A è øàð B(0, 1) çàìêíóòû). Òîãäà óñëîâèå, ÷òî ìíî-
æåñòâî A ÿâëÿåòñÿ B̊-ñâÿçíûì, ðàâíîñèëüíî åãî B̊-ëèíåéíî ñâÿçíîñòè.

Ýòî óòâåðæäåíèå äàåò âîçìîæíîñòü ïîëó÷àòü ðåçóëüòàòû, àíàëîãè÷-
íûå â ðàññìîòðåííîì âûøå ïðèìåðå, â ñëó÷àå óæå íåãëàäêèõ íåñèììåò-
ðè÷íûõ ïðîñòðàíñòâ.

Òåîðåìà 2. Ïóñòü (X, ∥ · |) � áàíàõîâî ïðîñòðàíñòâî, íåïóñòîå
ìíîæåñòâî A ⊂ X ÿâëÿåòñÿ îãðàíè÷åííî ñëàáî êîìïàêòíûì è àï-
ïðîêñèìàòèâíî êîìïàêòíûì. Òîãäà, åñëè äëÿ êàæäîãî ε > 0 íàéäåòñÿ
ε-âûáîðêà, íåïðåðûâíàÿ êàê îòîáðàæåíèå èç ñèëüíîé òîïîëîãèè â ñëà-
áóþ, òî íàéäåòñÿ ε-âûáîðêà, íåïðåðûâíàÿ êàê îòîáðàæåíèå èç ñèëüíîé
òîïîëîãèè â ñèëüíóþ, äëÿ âñåõ ε > 0.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
[1] Öàðüêîâ È. Ã. Ðàâíîìåðíàÿ âûïóêëîñòü â íåñèììåòðè÷íûõ ïðîñòðàíñòâàõ // Ìà-

òåì. çàìåòêè. 2021. Ò. 110 (5). Ñ. 773�785.

[2] Cobzas S. Separation of convex sets and best approximation in spaces with asymmetric
norm // Quaestiones Mathematicae. 2004. Vol. 279, � 3(11). P. 275�296.

[3] Cobzas S. Functional analysis in asymmetric normed spaces // Íàçâàíèå êîíôåðåí-
öèè èëè ñáîðíèêà. Front. Math. Birkh�auser/Springer Basel AG. Basel. 2013.

[4] Tsar'kov I. G. Re�exivity for spaces with extended norm // Russian Journal of
Mathematical Physics. 2023. Vol. 30. � 3. P. 399�417.
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Î ïîñëåäîâàòåëüíîì óëó÷øåíèè òî÷íîñòè
àïïðîêñèìàöèè êîíñòàíòû Ëåáåãà îïåðàòîðà
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ëîãàðèôìè÷åñêî-äðîáíî-ðàöèîíàëüíûìè
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Êîíñòàíòà Ëåáåãà Ln êëàññè÷åñêîãî îïåðàòîðà Ôóðüå ðàâíîìåðíî ïðèáëèæàåòñÿ
ëîãàðèôìè÷åñêèìè ôóíêöèÿìè, íå ñîäåðæàùèìè è ñîäåðæàùèìè ñäâèã èõ àð-
ãóìåíòà, à òàêæå ëîãàðèôìè÷åñêî-äðîáíî-ðàöèîíàëüíûìè ôóíêöèÿìè; ïðè ýòîì
òî÷íîñòü ïðèáëèæåíèÿ êîíñòàíòû Ëåáåãà ïîñëåäîâàòåëüíî óëó÷øàåòñÿ. Èçó÷åíèå
ïðîáëåìû î íàèëó÷øåì ïðèáëèæåíèè Ln íà ïîäìíîæåñòâàõ ìíîæåñòâà íàòóðàëü-
íûõ ÷èñåë ïîçâîëÿåò äàëåå ðåøèòü çàäà÷ó îá àïïðîêñèìàöèè êîíñòàíòû Ëåáåãà
ñ íàïåðåä çàäàííîé òî÷íîñòüþ.

Êëþ÷åâûå ñëîâà: êîíñòàíòà Ëåáåãà îïåðàòîðà Ôóðüå, äðîáíî-ðàöèîíàëüíàÿ ôóíê-
öèÿ, ýêñòðåìàëüíàÿ çàäà÷à, ïîãðåøíîñòü àïïðîêñèìàöèè.

On consequential accuracy improvement of
approximation of the Lebesgue constant of the

Fourier operator by
logarithmic-fractional-rational functions1

I. A. Shakirov (Naberezhnye Chelny, Russia)
iskander.sh.57@yandex.ru

The Lebesgue constant Ln of the classical Fourier operator is uniformly approximated
by logarithmic functions that do not contain and contain a shift of their
argument, as well as logarithmic-fractional-rational functions; wherein the accuracy
of approximation of the Lebesgue constant is improved consistently. The study of the
problem of the best approximation Ln on subsets of the set of natural numbers allows
you to solve the problem of approximating the Lebesgue constant with predetermined
accuracy further.

Keywords: Lebesgue constant of Fourier operator, fractional-rational function,
extreme problem, approximation error.

Îñíîâíîé çàäà÷åé òåîðèè ïðèáëèæåíèÿ ôóíêöèé ÿâëÿåòñÿ ìàêñè-
ìàëüíî ñòðîãàÿ (ïî òî÷íîñòè) çàìåíà ýëåìåíòà x ∈ X èç âûáðàííîãî
íîðìèðîâàííîãî ïðîñòðàíñòâà áîëåå ïðîñòûìè àãðåãàòàìè u ∈ U ⊂ X,
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(CC-BY 4.0)
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ñîäåðæàùèìè ìàëîå ÷èñëî ïîäëåæàùèõ îïðåäåëåíèþ ïàðàìåòðîâ. Â ðàì-
êàõ äàííîé ðàáîòû êîíñòàíòà Ëåáåãà [1]

Ln = ∥Sn| =
1

2n+ 1
+

2

π

n∑
k−1

1

k
tg

πk

2n+ 1
(Sn : C2π → C2π) (1)

êëàññè÷åñêîãî îïåðàòîðà Ôóðüå

Sn(x, t) =
1

π

� 2π

0

x(s)Dn(t− s)ds (Dn(u) =
sin(n+ 1/2)u

2 sin(u/2)
, n ∈ N)

ðàâíîìåðíî (äèñêðåòíî) ïðèáëèæàåòñÿ ëîãàðèôìè÷åñêî-äðîáíî-ðàöèî-
íàëüíîé ôóíêöèåé, çàâèñÿùåé îò òðåõ ïàðàìåòðîâ. Òî÷íåå ãîâîðÿ, íèæå
äàþòñÿ îòâåòû íà âîïðîñû:
1) âîçìîæíî ëè äîïóùåííóþ â ïðèáëèæåííîì ðàâåíñòâå

Ln ≈
4

π2
ln(n+ a) + b+

d

(n+ a)2
def
= un(a, b, d) (n ∈ N) (2)

ïîãðåøíîñòü ïîñëåäîâàòåëüíî ìèíèìèçèðîâàòü, âàðüèðóÿ ïðè ýòîì òðå-
ìÿ ïàðàìåòðàìè (a, b, d) ∈ Ω è àðãóìåíòîì n ∈ Nk ⊂ N , ãäå

Ω = [0, 1]× [0, 1.5]× [0, 0.1] ⊂ R3, Nk = {k, k + 1, k + 2, . . .}, N1 = N ;

2) êàê îöåíèòü ñîîòâåòñòâóþùèå ïîäìíîæåñòâàì Nk íàèëó÷øèå ïðèáëè-
æåíèÿ

Ek
def
= inf

(a,b,d)∈Ω
sup
n∈Nk

|εn(a, b, d)| (εn = εn(a, b, d)
def
= Ln−un(a, b, d), E1 = E)?

(3)

Òåîðåìà 10 ([2]). Â ïðèáëèæåííûõ ðàâåíñòâàõ

Ln ≈ (4/π2) lnn+ α̃0, Ln ≈ (4/π2) ln(n+ 0.5) + α̃0, n ∈ N (4)

äëÿ íàèëó÷øåãî ïðèáëèæåíèÿ E = E1 èìåþò ìåñòî ñëåäóþùèå îöåíêè:

E < inf
(0,b,0)∈Ω

sup
n∈N
|εn(0, b, 0)| ≤ sup

n∈N

∣∣∣∣Ln −
4

π2
lnn− α̃0

∣∣∣∣ =
= 0.165637883 . . . = δ1,

(5)

E < inf
(a,b,0)∈Ω

sup
n∈N
|εn(a, b, 0)| ≤ sup

n∈N

∣∣∣∣Ln −
4

π2
ln(n+ 0.5)− α̃0

∣∣∣∣ =
= 0.001309064 . . . = δ2,

(6)

ãäå ôóíêöèè ïîãðåøíîñòè εn îïðåäåëåíû ñîãëàñíî (3) è (2), α̃0 = c0 +
(4/π2) ln 2 = 1.270353244 . . . (c0 = 0.989431273 . . . � const Âàòñîíà).
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Âèäíî, ÷òî èñïîëüçîâàíèå ñäâèãà àðãóìåíòà ëîãàðèôìà âî âòîðîì ïðè-
áëèæåííîì ðàâåíñòâå èç (4) óëó÷øàåò õàðàêòåðèñòèêó δ1 áîëåå ÷åì íà
äâà ïîðÿäêà (δ1/δ2 = (0.165637883 . . .)/(0.001309064 . . .) ≈ 126.5).

Èñïîëüçîâàíèå ñëàãàåìîé âèäà d/(n+a)2 â ïðàâîé ÷àñòè (2) íà òàêîé
æå ïîðÿäîê óëó÷øàåò õàðàêòåðèñòèêó δ2 ëîãàðèôìè÷åñêîãî ïðèáëèæå-
íèÿ Ln ñî ñäâèãîì a = 0.5, ÷òî õîðîøî ïðîñëåæèâàåòñÿ â òåîðåìå 11.

Òåîðåìà 11 ([3]). Ïðèáëèæåííîå ðàâåíñòâî ñ âïîëíå îïðåäåëåííîé ïðà-
âîé ÷àñòüþ âèäà

Ln ≈
4

π2
ln(n+ 0.5) + α̃0 +

d∗1
(n+ 0.5)2

, n ∈ N (7)

îáåñïå÷èâàåò ñëåäóþùóþ îöåíêó äëÿ íàèëó÷øåãî ëîãàðèôìè÷åñêî-
äðîáíî-ðàöèîíàëüíîãî ïðèáëèæåíèÿ E (â (3) E1 = E):

E < sup
n∈N

∣∣∣∣Ln −
4

π2
ln(n+ 0.5)− α̃0 −

d∗1
(n+ 0.5)2

∣∣∣∣ < 0.000005282 . . . = δ3,

(8)
ãäå d∗1 = 2.25 · [L1 − (4/π2) ln 1.5 − α̃0] = 0.002945386 . . . , L1 = 1/3 +
2
√
3/π.

Ðåçóëüòàò òåîðåìû 11 ñèëüíåå, ÷åì ðàíåå ïðèâåäåííàÿ îöåíêà (6), ÷òî
âèäíî èç îòíîøåíèÿ δ2/δ3 ≈ 247.8. Îòìåòèì, ÷òî â óñëîâèÿõ òåîðåì 10
è 11 êîíêðåòíûå çíà÷åíèÿ êîíñòàíò a, b, d îïðåäåëåíû äîñòàòî÷íî ñòðî-
ãî (ñì. [2], [3]), è çàìåòíîå óëó÷øåíèå îöåíêè (8) âàðüèðóÿ òîëüêî èìè
ñòàíîâèòñÿ íåâîçìîæíîé. Ïîýòîìó èñïîëüçóåì ñëåäóþùèé àëãîðèòì óâå-
ëè÷åíèÿ òî÷íîñòè àïïðîêñèìàöèè â ôîðìóëå (7):
- çíà÷åíèÿ êîíñòàíò Ëåáåãà L1 − L5 (äëÿ îïðåäåëåííîñòè) ñ íåîáõî-
äèìîé òî÷íîñòüþ âû÷èñëèì ñîãëàñíî ôîðìóëå Ôåéåðà (1), íàïðèìåð,
L1 = 1.435991124176917 . . . , L5 = 1.961360593766014 . . .;
- ïðèáëèæåííîå óðàâíåíèå (2) è ýêñòðåìàëüíóþ çàäà÷ó (3) äåòàëüíî èçó-
÷èì ïðè n ∈ N6 ⊂ N ;
- êîýôôèöèåíòû a = 0.5, b = α̃0 â (7) îñòàâèì áåç èçìåíåíèÿ, à îòëè÷-
íóþ îò d∗1 ïîñòîÿííóþ d = d∗6 îïðåäåëèì èç óñëîâèÿ ñîâïàäåíèÿ ëåâîé è
ïðàâîé ÷àñòåé (2) íà êîíöàõ èõ îáùåé îáëàñòè îïðåäåëåíèÿ N6 ⊂ N . Â
èòîãå ïîëó÷èì áîëåå ñèëüíûé ðåçóëüòàò.

Òåîðåìà 12. Â ïðèáëèæåííîì ðàâåíñòâå ñ êîíêðåòíîé ïðàâîé ÷àñòüþ
âèäà

Ln ≈
4

π2
ln(n+ 0.5) + α̃0 +

d∗6
(n+ 0.5)2

, n ∈ N6

äëÿ íàèëó÷øåãî ïðèáëèæåíèÿ E6 (â (3) k = 6) âåðíà îöåíêà

E6< sup
n∈N6

∣∣∣∣Ln −
4

π2
ln(n+ 0.5)− α̃0 −

d∗6
(n+ 0.5)2

∣∣∣∣<0.000000033688 . . .
def
= δ4,
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ãäå d∗6 = 30.25 · [L5 − (4/π2) ln 5.5− α̃0] = 0.002993865903 . . . .

Çäåñü íàáëþäàåòñÿ áîëåå âåñîìûé âêëàä äðîáíî-ðàöèîíàëüíîé ñëàãàåìîé
íà òî÷íîñòü àïïðîêñèìàöèè êîíñòàíòû Ëåáåãà Ln (n ∈ N6), è ñ ðîñòîì
çíà÷åíèÿ èíäåêñà k â (3) âåëè÷èíû Ek (k ≥ 6) ñòðåìÿòñÿ ê íóëþ ñ áîëü-
øîé ñêîðîñòüþ.

Çàìå÷àíèå. Ïðè k = 11 çíà÷åíèå íàèëó÷øåãî ïðèáëèæåíèÿ E11 ñâåð-
õó îöåíèâàåòñÿ âåëè÷èíîé δ5 = 0.000000002556 . . . , è õàðàêòåðèñòèêà δ4
èç òåîðåìû 12 óìåíüøàåòñÿ áîëåå ÷åì íà îäèí ïîðÿäîê (â ýòîì ñëó÷àå
ïîãðåøíîñòü àïïðîêñèìàöèè êîíñòàíòû Ëåáåãà ëîãàðèôìè÷åñêî-äðîáíî-
ðàöèîíàëüíîé ôóíêöèåé íàõîäèòñÿ â ïðåäåëàõ îäíîé ìèëëèàðäíîé).
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Ôàêòîðèçàöèîííûå ïðåäñòàâëåíèÿ
è ñâîéñòâà êîðíåâûõ ìíîæåñòâ
íåêîòîðûõ âåñîâûõ êëàññîâ

àíàëèòè÷åñêèõ ôóíêöèé â êðóãå 1

Ô. À. Øàìîÿí (Ñàðàòîâ, Ðîññèÿ)
shamoyanfa@yandex.ru

Â ðàáîòå èññëåäóåòñÿ ôàêòîðèçàöèîííîå ïðåäñòàâëåíèå êëàññîâ àíàëèòè÷åñêèõ
ôóíêöèé â êðóãå, ëîãàðèôì ìîäóëÿ êîòîðûõ ïðèíàäëåæèò Lp âåñîâûì ïðîñòðàí-
ñòâàì.

Êëþ÷åâûå ñëîâà: áåñêîíå÷íûå ïðîèçâåäåíèÿ, ôàêòîðèçàöèÿ, àíàëèòè÷åñêèå
ôóíêöèè, êëàññ Íåâàíëèííû.

Factorization representations
and properties of root sets
of some weight classes

of analytic functions in the disk 1

F. A. Shamoyan (Saratov, Russia)
shamoyanfa@yandex.ru

In the paper studies the factorization of classes of analytic functions in the unit disc
for which logarithm of modulus belongs in Lp spaces.

Keywords: in�nite product, factorisation ,analytic function, Nevanlinna class.

Ïóñòü D � åäèíè÷íûé êðóã íà êîìïëåêñíîé ïëîñêîñòè C, H(D) � ìíîæå-
ñòâî âñåõ àíàëèòè÷åñêèõ ôóíêöèé â D, N � êëàññ ôóíêöèé îãðàíè÷åí-
íîãî âèäà â D. Ïî òåîðåìå Ð. Íåâàíëèííû (ñì. [1]) êëàññ N ñîâïàäàåò ñ
êëàññîì àíàëèòè÷åñêèõ ôóíêöèé â D, äîïóñêàþùèõ ïðåäñòàâëåíèå

f(z) = czmB(z, zk) exp


π�

−π

eiθ + z

eiθ − z
dµ(θ)

 , z ∈ D,m ∈ Z+, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

©Øàìîÿí Ô. À., 2024
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ãäå B � ïðîèçâåäåíèå Áëÿøêå, {zk}+∞k=1 � íóëè ôóíêöèè f ,
óäîâëåòâîðÿþùèå óñëîâèþ Áëÿøêå, µ � ôóíêöèÿ êîíå÷íîé âàðèà-
öèè íà [−π; π] .

Åñòåñòâåííî âîçíèêàåò âîïðîñ î ïîñòðîåíèè ôàêòîðèçàöèîííîãî ïðåä-
ñòàâëåíèÿ äëÿ êëàññîâ àíàëèòè÷åñêèõ â êðóãå ôóíêöèé òèïà (1), íå èìå-
þùèõ îãðàíè÷åííîãî âèäà.

Â ðàáîòå ñòðîèòñÿ ïðåäñòàâëåíèå òèïà (1) äëÿ êëàññîâ
àíàëèòè÷åñêèõ â D ôóíêöèé f , äëÿ êîòîðûõ ln |f | ïðèíàäëåæèò
Lp-âåñîâûì êëàññàì ïðè äîâîëüíî îáùèõ óñëîâèÿõ íà âåñîâóþ ôóíê-
öèþ.

Ïóñòü Ω � êëàññ ïîëîæèòåëüíûõ ôóíêöèé èç L1(0, 1), äëÿ êîòîðûõ

âûïîëíÿåòñÿ îöåíêà mω ≤
ω(λx)

ω(x)
≤ Mω, ∀x ∈ (0, 1), λ ∈ [qω, 1], ãäå

mω,Mω, qω � ïîëîæèòåëüíûå ÷èñëà, ïðè÷åì qω ∈ (0; 1], êîòîðûå çàâèñÿò
òîëüêî îò ω; ω ∈ Ω.

Îáîçíà÷èì äëÿ 0 < p < +∞

Np
ω =

f ∈ H(D) :

�

D

(
ln+ |f(z)|

)p
ω(1− |z|)dm2(z) < +∞

 ,

ãäå dm2 � ïëîñêàÿ ìåðà Ëåáåãà íà D.
Ïðè ω(t) = tα, −1 < α < +∞ è p = 1 êëàññ N 1

ω = Nα ñîâïàäàåò ñ
êëàññîì Íåâàíëèííû-Äæðáàøÿíà (ñì. [2], [3]).

Äàëåå, ïðè k ∈ Z+, l = −2k, ..., 2k − 1, ïîëîæèì

∆k,l :=

{
z : 1− 1

2k
≤ |z| < 1− 1

2k+1
,
πl

2k
≤ arg z <

π(l + 1)

2k

}
è

nk,l := card {zm ∈ ∆k,l} , k ∈ Z+, l = −2k, ..., 2k − 1.

Òåîðåìà 1. Ïóñòü f ∈ H(D), ln |f | ∈ Lp
ω, 0 < p < +∞, òîãäà

+∞∑
k=0

2k−1∑
l=−2k

npk,l
22k

ω

(
1

2k

)
< +∞. (2)

Îáðàòíî, åñëè Z = {zk}+∞k=1 � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü èç D,
äëÿ êîòîðîé ðÿä (2) ñõîäèòñÿ, òî ïðîèçâåäåíèå Ì. Äæðáàøÿíà c ýòè-
ìè íóëÿìè (ñì. [4])

πs(z, zk) =
+∞∏
k=1

(
1− z

zk

)
exp

s+ 1

π

�

D

(
1− |ζ|2

)s
ln
∣∣∣1− ζ

zk

∣∣∣(
1− ζz

)s+2 dm2(ζ)
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ïðè äîñòàòî÷íî áîëüøèõ sðàâíîìåðíî ñõîäèòñÿ â D è ïðèíàäëåæèò
êëàññó Np

ω, 0 < p < +∞, ω ∈ Ω.
Çàìå÷àíèå. Ïðè p = 1 òåîðåìà 1 è ïîëíûé àíàëîã

ôàêòîðèçàöèîííîãî ïðåäñòàâëåíèÿ (1) ïîñòðîåí â ðàáîòàõ àâòîðà
(ñì. [2], [3]).

Òåîðåìà 2. Ïóñòü ω(t) = tα, 0 < t < 1, −1 < α < +∞,
Np

α := Np
ω è âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 1, òîãäà

ïðè äîñòàòî÷íî áîëüøèõ β ôóíêöèþ f ìîæíî ïðåäñòàâèòü â âèäå

f(z) = czmπβ(z, zk) exp

π�

−π

ψ(eiθ)

(1− e−iθz)β+1
dθ,

ãäå ψ(θ) � ôóíêöèÿ èç êëàññà Î. Áåñîâà Bs
p, 0 < p < +∞, s = β − α + 1

p
,

ïðè÷åì êàæäûé èç ñîìíîæèòåëåé â ïðåäñòàâëåíèè (1) ïðèíàäëåæèò
êëàññó Np

α.
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Ê ïðîäîëæåíèþ ðåøåíèé óðàâíåíèé ñ
àíàëèòè÷åñêèìè êîýôôèöèåíòàìè âäîëü

ïîäìíîãîîáðàçèé1

Í. À. Øàíàíèí (Ìîñêâà, Ðîññèÿ)
nashananin@inbox.ru

Â ñòàòüå óêàçàí êëàññ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ àíàëèòè÷åñêè-
ìè êîýôôèöèåíòàìè, ðîñòêè îáîáùåííûõ ðåøåíèé êîòîðûõ îäíîçíà÷íî ïðîäîë-
æàþòñÿ âäîëü èíòåãðàëüíûõ ïîäìíîãîîáðàçèé äèôôåðåíöèàëüíûõ ñèñòåì, ïî-
ðîæäåííûõ ãëàâíûìè ñèìâîëàìè óðàâíåíèé.

Êëþ÷åâûå ñëîâà: îáîáùåííàÿ ôóíêöèÿ, ðîñòîê ôóíêöèè, îäíîçíà÷íîå ïðîäîëæå-
íèå ðåøåíèÿ.

To along submanifolds continuation of
solutions of equations with analytical

coe�cients 1

N. A. Shananin (Moscow, Russia)
nashananin@inbox.ru

A class of linear di�erential equations with analytical coe�cients, the sprouts of
generalized solutions of which uniquely continue along integral submanifolds of the
di�erential systems generated by the main symbols of the equations, is speci�ed in
the article.

Keywords: distribution, function germ, unique solution continuation.

Ââåäåíèå

Èç òåîðåìû Ô. Äæîíà (ñì. [1], òåîðåìà 8.6.8) ñëåäóåò, ÷òî äâå îáîá-
ùåííûå ôóíêöèè, îïðåäåëåííûå íà îòêðûòîì ìíîæåñòâå Ω ⊆ Rn , óäî-
âëåòâîðÿþùèå ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ñ ïîñòîÿííû-
ìè êîýôôèöèåíòàìè P (D)u = 0 è ðàâíûå â îêðåñòíîñòè òî÷êè x0 ∈ Ω,
ðàâíû â íåêîòîðîé îêðåñòíîñòè ñâÿçíîé êîìïîíåíòû ïåðåñå÷åíèÿ Ω ñ
ïåðå÷åíèåì âñåõ õàðàêòåðèñòè÷åñêèõ ãèïåðïîëêîñòåé, ïðîõîäÿùèõ ÷åðåç
òî÷êó x0.

Íèæå óêàçàí êëàññ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ êîì-
ïëåêñíûìè, âåùåñòâåííî àíàëèòè÷åñêèìè êîýôôèöèåíòàìè, ðåøåíèÿ êî-
òîðûõ îáëàäàþò áëèçêèìè ñâîéñòâàìè ïðîäîëæåíèÿ âäîëü èíòåãðàëüíûõ
ïîäìíîãîîáðàçèé, ïîðîæäåííûõ äèôôåðåíöèàëüíîé ñèñòåìîé, èíäóöè-
ðîâàííîé ãëàâíûì ñèìâîëîì îïåðàòîðà.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Ãîëîíîìíûé ñëó÷àé

Ïóñòü

P =
∑
|α|≤m

aα(x)D
α, x ∈ Ω ⊂ Rn, Dj =

1

i

∂

∂xj
, i2 = −1, (1)

� ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ êîìïëåêñíûìè, âåùåñòâåííî
àíàëèòè÷åñêèìè êîýôôèöèåíòàìè aα(x), T ∗Ω � êîêàñàòåëüíîå ðàññëîå-
íèå íàä Ω. Â êàæäîé òî÷êå x ∈ Ω ãëàâíûé ñèìâîë îïåðàòîðà

pm(x, ξ) =
∑
|α|=m

aα(x)ξ
α, (x, ξ) ∈ T ∗Ω,

îïðåäåëÿåò ñèììåòðè÷åñêóþ m-ëèíåéíóþ ôîðìó

Fx(η
1, η2, . . . , ηm) =

1

m!

n∑
j1,j2,...,jm=1

∂mpm
∂ξj1 . . . ∂ξjm

(x, ξ)η1j1 . . . η
m
jm
, ηj ∈ T ∗xΩ.

Ïðåäïîëîæèì, ÷òî ÿäðî Kx(P ) ⊂ T ∗xΩ ôîðìû Fx óäîâëåòâîðÿåò ñëåäó-
þùèì óñëîâèÿì:

(1)
⋃
x∈Ω

(x,Kx(P )) = {(x, ξ) | pm(x, ξ) = 0};

(2) êîðàçìåðíîñòü ÿäðà Kx(P ) íå çàâèñèò îò x è ðàâíà k.

Â ýòîì ñëó÷àå ìíîæåñòâî
⋃
x∈Ω

(x,Kx(P )) îáðàçóåò ïîäðàññëîåíèåK(P )

ðàññëîåíèÿ T ∗Ω êîðàçìåðíîñòè k, êîòîðîå â êàñàòåëüíîì ðàññëîåíèè TΩ
èíäóöèðóåò ãëàäêîå k-ìåðíîå ïîäðàññëîåíèå:

L(P ) = {(x, τ) ∈ TΩ |x ∈ Ω è ξ(τ) = 0 ∀ξ ∈ Kx(P )}.

Îáîçíà÷èì ÷åðåç L(P ) äèôôåðåíöèàëüíóþ ñèñòåìó, ïîðîæäåííóþ
L(P ), òî åñòü ïîäìîäóëü C∞-ñå÷åíèé ïîäðàññëîåíèÿ L(P ) ⊂ TΩ ìîäóëÿ
C∞-ñå÷åíèé T Ω êàñàòåëüíîãî ðàññëîåíèÿ TΩ. Åñëè êîììóòàòîð [X, Y ]
äâóõ ëþáûõ âåêòîðíûõ ïîëåé X è Y , ïðèíàäëåæàùèõ L(P ), òàêæå ïðè-
íàäëåæèò L(P ), òî äèôôåðåíöèàëüíóþ ñèñòåìó íàçûâàþò èíâîëþòèâ-
íîé èëè ãîëîíîìíîé. Åñëè ñèñòåìà L(P ) ÿâëÿåòñÿ ãîëîëíîìíîé, òî â ñèëó
òåîðåìû Ôðîáåíèóñà ÷åðåç êàæäóþ òî÷êó x0 ∈ Ω ïðîõîäèò ìàêñèìàëü-
íîå ñâÿçíîå, k-ìåðíîå, èíòåãðàëüíîå ïîäìíîãîîáðàçèå ML,x0.

Ãîâîðÿò, ÷òî ðîñòêè îáîáùåííûõ ôóíêöèé u1(x) è u2(x) ∈ D′(Ω) ðàâ-
íû â òî÷êå x0 ∈ Ω è ïèøóò u1x0

∼= u2x0, åñëè ñóùåñòâóåò îòêðûòàÿ îêðåñò-
íîñòü V ⊂ Ω òî÷êè x0, â êîòîðîé u1(x) = u2(x), òî åñòü äëÿ ëþáîé
îñíîâíîé ôóíêöèè φ(x) ∈ D(Ω) ñ íîñèòåëåì suppφ(x) ⊂ V âûïîëíÿåòñÿ
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ðàâåíñòâî ⟨u1, φ⟩ = ⟨u2, φ⟩. Çàìåòèì, ÷òî èç ðàâåíñòâà ðîñòêîâ u1x0
∼= u2x0

ñëåäóåò ðàâåíñòâî ðîñòêîâ îáðàçîâ (Pu1)x0
∼= (Pu2)x0.

Òåîðåìà 1. Ïóñòü P � îïåðàòîð âèäà (1) ñ àíàëèòè÷åñêèìè êî-
ýôôèöèåíòàìè, óäîâëåòâîðÿþùèé óñëîâèÿì (1), (2), ñèñòåìà L(P ) êî-
òîðîãî ãîëîíîìíà, ôóíêöèè u1(x) è u2(x) ∈ D′(Ω). Òîãäà èç ðàâåíñòâà
ðîñòêîâ u1x0

∼= u2x0 â òî÷êå x0 ∈ Ω ñëåäóåò, ÷òî u1x ∼= u2x âî âñåõ òî÷êàõ
x ñâÿçíîé êîìïîíåíòû ìíîæåñòâà ML(P ),x0∩{y ∈ Ω | (Pu1)y ∼= (Pu2)y},
ñîäåðæàùåé x0.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì óðàâíåíèå(
Dm

1 + iDm
2 +

∑
|α|<m

aα(x)D
α
)
u = f(x), x ∈ R3, m ∈ N. (2)

Òîãäà m-ëèíåéíàÿ ôîðìà Fx(η
1, η2, . . . , ηm) =

m∏
j=1

ηj1 + i
m∏
j=1

ηj2 è

⋃
x∈Ω

(x,Kx(P )) = {(x, ξ1, ξ2, ξ3) | ξ1 = ξ2 = 0} = {(x, ξ) | pm(x, ξ) = 0}.

Òàêèì îáðàçîì óñëîâèÿ (1) è (2) âûïîëíåíû è k = 2. Äèôôåðåíöèàëüíàÿ
ñèñòåìà L(P ) ÿâëÿåòñÿ C∞-ìîäóëåì, ïîðîæäåííûì âåêòîðíûìè ïîëÿìè
∂1 è ∂2, ãäå ∂j = ∂

∂xj
(êðàòêî, L = Lin

(
∂1, ∂2

)
). Ïîñêîëüêó êîììóòàòîð

[∂1, ∂2] = 0, òî L(P ) � ãîëîíîìíàÿ ñèñòåìà è ìàêñèìàëüíîå èíòåãðàëüíîå
ïîäìíîãîîáðàçèå ML(P ),x0, ñîäåðæàùåå òî÷êó x0 = (x01, x

0
2, x

0
3), èìååò âèä

ML(P ),x0 = {(x1, x2, x3) | x3 = x03}.

Èç òåîðåìû 1 ñëåäóåò, ÷òî ðàâåíñòâî äâóõ îáîáùåííûõ ðåøåíèé óðàâ-
íåíèÿ (2) â îêðåñòíîñòè òî÷êè x0 âëå÷åò èõ ðàâåíñòâî â íåêîòîðîé îêðåñò-
íîñòè ãèïåðïëîñêîñòè x3 = x03.

Íåãîëîíîìíûé ñëó÷àé

Åñëè äèôôåðåíöèàëüíàÿ ñèñòåìà L(P ) íå ÿâëÿåòñÿ ãîëîíîìíîé, òî
îíà ïîðîæäàåò â C∞-ìîäóëå T Ω ñå÷åíèé êàñàòåëüíîãî ðàññëîåíèÿ ôèëü-
òðàöèþ C∞-ïîäìîäóëåé Hj, â êîòîðîé ïåðâûé ýëåìåíò H1 = L(P ), à ïî-
ñëåäóþùèå ïîäìîäóëèHj+1 ïîðîæäàþòñÿ âåêòîðíûìè ïîëÿìè èç L(P ) è
êîììóòàòîðàìè âåêòîðíûõ ïîëåé âèäà [L(P ),Hj]. Ñèñòåìó L íàçûâàþò
íåãîëîíîìíîé, åñëè íàéäåòñÿ òàêîå ÷èñëî r, ÷òî

L = H1 ⫋ H2 ⫋ . . . ⫋ Hr = Hr+1 ⫋ T Ω.
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Ïðåäïîëîæèì, ÷òî
(3) äèôôåðåíöèàëüíàÿ ñèñòåìà L(P ) íåãîëîíîìíà è ïîäïðîñòðàí-
ñòâî Hr

x ⊂ TxΩ èìååò ðàçìåðíîñòü m, íå çàâèñÿùóþ îò òî÷êè x ∈ Ω,
ïðè÷åì k < m < n.

Â ýòîì ñëó÷àå ïîäìîäóëü Hr ÿâëÿåòñÿ ãîëîíîìíîé äèôôåðåíöèàëü-
íîé ñèñòåìîé è â ñèëó òåîðåìû Ôðîáåíèóñà ÷åðåç êàæäóþ òî÷êó x0 ïðî-
õîäèò ìàêñèìàëüíîå, ñâÿçíîå, èíòåãðàëüíîå ïîäìíîãîîáðàçèå MHr,x0.

Òåîðåìà 2. Ïóñòü P � îïåðàòîð âèäà (1) ñ àíàëèòè÷åñêèìè êîýô-
ôèöèåíòàìè, óäîâëåòâîðÿþùèé óñëîâèÿì (1), (2) è (3), ôóíêöèè u1(x)
è u2(x) ∈ D′(Ω). Òîãäà èç ðàâåíñòâà ðîñòêîâ u1x0

∼= u2x0 â òî÷êå x0 ∈ Ω
ñëåäóåò u1x

∼= u2x âî âñåõ òî÷êàõ x ñâÿçíîé êîìïîíåíòû Fx0 ìíîæåñòâà
MHr,x0 ∩ {y ∈ Ω | (Pu1)y ∼= (Pu2)y}, ñîäåðæàùåé x0.

Â êàæäîé òî÷êå x ∈ Ω = R4\{x2 = x3 = 0} ÿäðî Kx(P ) 2m-ëèíåéíîé
ôîðìû Fx, àññîöèèðîâàííîé ñ óðàâíåíèåì(
D2m

1 +(x3D2− x2D3+ x1D4)
2m+

∑
|α|<2m

aα(x)D
α
)
u = f(x), m ∈ N, (3)

çàäàåòñÿ ñèñòåìîé ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé{
ξ1 = 0,

x3ξ2 − x2ξ3 + x1ξ4 = 0.

Íåòðóäíî ïðîâåðèòü, ÷òî óñëîâèÿ (1) è (2) âûïîëíåíû, k = 2. Äèôôåðåí-
öèàëüíàÿ ñèñòåìà L(P )(= H1) = Lin

(
∂1, x3∂2− x2∂3+ x1∂4

)
íå ÿâëÿåòñÿ

ãîëîíîìíîé. Ïîäìîäóëü H2 = H3 = Lin
(
∂1, x3∂2−x2∂3, x1∂4

)
̸= T Ω èìå-

åò ðàçìåðíîñòü 3. Óñëîâèå (3) âûïîëíåíî. Èíòåãðàëüíîå ìíîãîîáðàçèå
äèôôåðåíöèàëüíîé ñèñòåìû H2, ïðîõîäÿùåå ÷åðåç x0 = (x01, x

0
2, x

0
3, x

0
4)

èìååò âèä: MH2,x0 = {(x1, r cos(ϕ), r sin(ϕ), x4) | x1, x4 ∈ R, ϕ ∈ [0, 2π)},
ãäå r =

(
(x02)

2+((x03)
2
) 1

2 . Èç òåîðåìû 2 ñëåäóåò, ÷òî äâà ðåøåíèÿ óðàâíå-
íèÿ (3), ñîâïàäàþùèå â íåêîòîðîé îêðåñòíîñòè òî÷êè x0, ðàâíû â íåêî-
òîðîé îêðåñòíîñòè ìíîæåñòâà MH2,x0 = R2

x1,x4
× {(x2, x3) | x22 + x23 = r2}.

Äîêàçàòåëüñòâà òåîðåì ïðèâåäåíû â ñòàòüå [2].
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ÓÄÊ 517.9

Î ñõîäèìîñòè ðÿäîâ Ôóðüå � ßêîáè
â ïðîñòðàíñòâàõ Ëåáåãà ñ ïåðåìåííûì

ïîêàçàòåëåì1

Ò. Í. Øàõ-Ýìèðîâ (Ìàõà÷êàëà, Ðîññèÿ)
email@mail.ru

Á. Ìóêåíõàóïò ïîêàçàë, ÷òî ðÿäû Ôóðüå ïî ïîëèíîìàì ßêîáè Pα,β
n ñõîäÿòñÿ â

ïðîñòðàíñòâå Lp
wa,b

(−1, 1) ïðè îïðåäåëåííûõ óñëîâèÿõ íà ïàðàìåòðû a, b, α, β. Â
íàñòîÿùåé ðàáîòå ïîêàçàíî, ÷òî åñëè ïåðåìåííûé ïîêàçàòåëü p(x) óäîâëåòâîðÿåò
ýòèì óñëîâèÿì â íåêîòîðûõ îêðåñòíîñòÿõ òî÷åê ±1, òî èìååò ìåñòî ñõîäèìîñòü
ýòèõ ðÿäîâ â ïðîñòðàíñòâå L

p(·)
wa,b(−1, 1).

Êëþ÷åâûå ñëîâà: ïîëèíîìû ßêîáè, ïðîñòðàíñòâî Ëåáåãà ñ ïåðåìåííûì ïîêàçàòå-
ëåì, ðÿäû Ôóðüå � ßêîáè.

On Fourier-Jacobi series convergence
in variable exponent Lebesgue spaces 1

T. N. Shakh-Emirov (Makhachkala, Russia)
email@mail.ru

B. Muckenhaupt showed that Fourier series in Jacobi polynomials Pα,β
n converge in

the space Lp
wa,b

(−1, 1) if certain conditions on the parameters a, b, α, β hold. In this
paper we show that if the variable exponent p(x) satis�es these conditions in some
neighborhoods of the points ±1, then these series converge in the space Lp(·)

wa,b(−1, 1).

Keywords: Jacobi polynomials, variable exponent Lebesgue spaces, Fourier � Jacobi
series.

Ââåäåíèå

Ïóñòü p(x) � íåîòðèöàòåëüíàÿ íà [−1, 1] èçìåðèìàÿ ôóíêöèÿ, a, b > −1,
wa,b(x) = (1−x)a(1+x)b � âåñîâàÿ ôóíêöèÿ. ×åðåç Lp(·)

wa,b(−1, 1) îáîçíà÷èì
ìíîæåñòâî ôóíêöèé f òàêèõ, ÷òî

1�

−1

|f(x)|p(x)wa,b(x)dx <∞, (1)

� ïðîñòðàíñòâî Ëåáåãà ñ ïåðåìåííûì ïîêàçàòåëåì. Ââåäåì ñëåäóþùèå
îáîçíà÷åíèÿ

p−(A) = ess inf
x∈A

p(x), p+(A) = ess sup
x∈A

p(x),

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ãäå A � èçìåðèìîå ìíîæåñòâî. Ïðè óñëîâèè 1 ≤ p−([−1, 1]) ≤ p(x) ≤
p+([−1, 1]) < ∞ ïðîñòðàíñòâî Lp(·)

wa,b(−1, 1) íîðìèðóåìî [1] è îäíó èç ýê-
âèâàëåíòíûõ íîðì ìîæíî çàäàòü ñëåäóþùèì îáðàçîì

∥f∥p(·),wa,b
(−1, 1) = inf

{
λ > 0 :

� 1

−1

∣∣∣∣f(x)λ
∣∣∣∣p(x)wa,b(x)dx ≤ 1

}
. (2)

Îòìåòèì, ÷òî â ñëó÷àå ïîñòîÿííîãî ïîêàçàòåëÿ p(x) = p íîðìà (2) ñîâ-
ïàäàåò ñ êëàññè÷åñêîé íîðìîé â îáû÷íûõ ïðîñòðàíñòâàõ Ëåáåãà.

Ïðèâåäåì íåêîòîðûå ñâåäåíèÿ î ïîëèíîìàõ ßêîáè. Äëÿ ïðîèçâîëü-
íûõ α, β ïîëèíîìû ßêîáè ìîæíî îïðåäåëèòü ñ ïîìîùüþ ôîðìóëû Ðîä-
ðèãà

P α,β
n (x) =

(−1)n

2nn!

1

wα,β(x)

dn

dxn
{wα,β(x)σ

n(x)} ,

ãäå σ(x) = 1 − x2. Åñëè α, β > −1, òî ïîëèíîìû ßêîáè îáðàçóþò îðòî-
ãîíàëüíóþ ñèñòåìó ñ âåñîì wα,β(x), òî åñòü

� 1

−1
P α,β
n (x)P α,β

m (x)wα,β(x)dx = hα,βn δnm,

ãäå

hα,βn =
Γ(n+ α + 1)Γ(n+ β + 1)2α+β+1

n!Γ(n+ α + β + 1)(2n+ α + β + 1)
,

à δnm � ñèìâîë Êðîíåêêåðà. Ïðè óñëîâèè α, β > −1 äëÿ ôóíêöèè f ∈
L
p(·)
wα,β(−1, 1) ìîæíî îïðåäåëèòü êîýôôèöèåíòû Ôóðüå � ßêîáè

fα,βk =
1

hα,βk

� 1

−1
f(x)P α,β

k (x)µ(α, β, x)dx

è ñîïîñòàâèòü åé ðÿä Ôóðüå � ßêîáè

f ∼
∞∑
k=0

fα,βk P α,β
k (x).

Îïðåäåëèì òàêæå ÷àñòè÷íûå ñóììû Ôóðüå � ßêîáè

Sα,β
n (f) = Sα,β

n (f, x) =
n∑

k=0

fα,βk P α,β
k (x).

Ïðè α, β ≥ −1
2 âîïðîñû ñõîäèìîñòè ðÿäîâ Ôóðüå � ßêîáè â ñðåäíåì

èññëåäîâàëèñü â ðàáîòàõ Ã. Ïîëëàðäà [2�4], Ã.Ì. Âèíãà [5], Äæ. Íüþìà-
íà è Â. Ðóäèíà [6]. Â ðàáîòå [7] Á. Ìóêåíõàóïò óñèëèë ýòè ðåçóëüòàòû,
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ðàññìîòðåâ ñõîäèìîñòü â Lp(·)
wa,b(−1, 1) ðÿäîâ Ôóðüå ïî ïîëèíîìàì P α,β

n (x)
(α, β > −1) â ñëó÷àå, êîãäà ïàðàìåòðû a, b ó âåñà wa,b(x) âîîáùå ãîâî-
ðÿ íå ñîâïàäàþò ñ α, β. Èì áûëè ïîëó÷åíû óñëîâèÿ íà ïàðàìåòðû a, b,
îáåñïå÷èâàþùèå ñõîäèìîñòü ðÿäîâ Ôóðüå � ßêîáè â ñðåäíåì. Â íàñòî-
ÿùåé ðàáîòå ïðåäïðèíÿòà ïîïûòêà îáîáùèòü ýòîò ðåçóëüòàò íà ñëó÷àé
ïåðåìåííîãî ïîêàçàòåëÿ.

Îñíîâíîé ðåçóëüòàò

Îáîçíà÷èì ÷åðåç P(−1, 1) êëàññ ïåðåìåííûõ ïîêàçàòåëåé p(x), çàäàííûõ
íà [−1, 1] è óäîâëåòâîðÿþùèõ óñëîâèÿì:

A) óñëîâèå Äèíè � Ëèïøèöà

|p(x)− p(y)| ≤ d

− ln |x− y|
, |x− y| ≤ 1

2
;

B) p([−1, 1]) = minx∈[−1,1] p(x) > 1;
C) äëÿ p(x) ñóùåñòâóþò (ïðîèçâîëüíî ìàëûå) ÷èñëà δi = δi(p) (i =

1, 2) òàêèå ÷òî p(x) = p(−1) äëÿ x ∈ [−1,−1 + δ1] è p(x) = p(1) äëÿ
x ∈ [1− δ2, 1].

Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ
Òåîðåìà 1. Ïîëîæèì, ÷òî p(x) ∈ P(−1, 1) è α, β > −1. Òîãäà

∥Sα,β
n (f)∥p(·),wa,b

(−1, 1) ≤ c(α, β, p)∥f∥p(·),wa,b
(−1, 1),

åñëè ∣∣∣∣a+ 1

p(1)
− α + 1

2

∣∣∣∣ < min

{
1

4
,
α + 1

2

}
,∣∣∣∣ b+ 1

p(−1)
− β + 1

2

∣∣∣∣ < min

{
1

4
,
β + 1

2

}
.
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ÓÄÊ 517.2

Î ïðåîáðàçîâàíèÿõ áàçèñîâ, ñâÿçàííûõ ñ
óíèìîäóëÿðíûìè diag(1,−1,−1)-ìàòðèöàìè1

È. À. Øèëèí (Ìîñêâà, Ðîññèÿ)
ilyashilin@li.ru

Ïîñòðîåíû ïÿòü áàçèñîâ â ïðîñòðàíñòâå ïðåäñòàâëåíèÿ ñâÿçíîé êîìïîíåíòû
ãðóïïû óíèìîäóëÿðíûõ diag(1,−1,−1)-ìàòðèö, âû÷èñëåíû ìàòðè÷íûå ýëåìåí-
òû ïåðåõîäîâ ìåæäó ýòèìè áàçèñàìè. Êîìïîçèöèè ýòèõ ïåðåõîäîâ ïðèâîäÿò ê
èíòåãðàëüíûì ñîîòíîøåíèÿì ìåæäó ñïåöèàëüíûìè ôóíêöèÿìè ìàòåìàòè÷åñêîé
ôèçèêè, â òîì ÷èñëå ê êîíòèíóàëüíûì òåîðåìàì ñëîæåíèÿ äëÿ ýòèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: diag(1,−1,−1)-ìàòðèöà; ïðåäñòàâëåíèå ãðóïïû; ãèïåðãåîìåò-
ðè÷åñêàÿ ôóíêöèÿ Ãàóññà; âîëíîâûå ôóíêöèè Êóëîíà; ôóíêöèè Áåññåëÿ�
Êëèôôîðäà.

On bases transformations related to
unimodular diag(1,−1,−1)-matrices1

I. A. Shilin (Moscow, Russia)
ilyashilin@li.ru

We constructed 5 bases in a representation space of the connected component of
the group consisting of unimodular diag(1,−1,−1)-matrices. We obtained the matrix
elements of bases transformations matrices. Compositions of these transforms follow
to integral relations for special functions (including continual addition theorems).

Keywords: diag(1,−1,−1)-matrix; group representation; Gaussian Hypergeometric
function; Coulomb wave functions; Bessel�Cli�ord functions .

Çàôèêñèðîâàâ ïðîèçâîëüíóþ íåíóëåâóþ êâàäðàòíóþ ìàòðèöó a, íàçî-
âåì ìàòðèöó b òîãî æå ðàçìåðà a-ìàòðèöåé, åñëè bTab = a. Èç îïðåäåëå-
íèÿ âûòåêàåò, ÷òî | det b| = 1. Ìíîæåñòâî a ìàòðèö ÿâëÿåòñÿ ïîäãðóïïîé
G îáùåé ëèíåéíîé ãðóïïû. Ðàññìîòðèì ñëó÷àé a = diag(1,−1,−1). Òàê
êàê

b =

(
b11 A

B C

)
,

ãäå A = C1C2, ìàòðèöà C1 îðòîãîíàëüíà, à C2 ïîëîæèòåëüíî îïðåäåëåíà,
òî b çàâèñèò îò b11 è íåçàâèñèìûõ ïàðàìåòðîâ ìàòðèö C1 è A (èëè B), òî
åñòü òðåõïàðàìåòðè÷íà. Òàê êàê detC = b−111 , òî îòîáðàæåíèå ι : G −→
U2, îïðåäåëåííîå ôîðìóëîé

ι(b) =

{
1 ïðè b11 > 0,

−1 ïðè b11, < 0,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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ÿâëÿåòñÿ ýïèìîðôèçìîì ãðóïï, ïðè÷åì îáà ñìåæíûõ êëàññà ïî íîðìàëü-
íîìó äåëèòåëþ G0 = Ker ι îêàçûâàþòñÿ ñâÿçíûìè êîìïîíåíòàìè òîïî-
ëîãè÷åñêîé ãðóïïû G. Âåðõíÿÿ ïîëà X+

0 êîíóñà x21−x22−x23 = 0 ÿâëÿåòñÿ
îäíîðîäíûì ïðîñòðàíñòâîì ãðóïïû G0, à ãîìîìîðôèçì g 7−→ T (g), ïðè
êîòîðîì T (g)f = f(gx), � ïðåäñòàâëåíèåì ãðóïïû G0 â ïðîñòðàíñòâå L
áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé íàX+

0 , óäîâëåòâîðÿþùèõ óñëî-
âèþ

f(αx) = ασf(x) (1)

ïðè ôèêñèðîâàííîì êîìïëåêñíîì σ.
Ïóñòü h1(φ)� ìàòðèöà êðóãîâîãî ïîâîðîòà â ïëîñêîñòèOx2x3 íà óãîë

φ, h2(φ) è h3(φ) � ìàòðèöû ãèïåðáîëè÷åñêèõ ïîâîðîòîâ â ïëîñêîñòÿõ
Ox1x1 è Ox1x3. Êàñàòåëüíûå (â òî÷êå id) âåêòîðû e2,3 = dh1

dφ |φ=0, e2 =
dh2

dφ |φ=0 and e3 = dh2

dφ |φ=0 îáðàçóþò áàçèñ E êàñàòåëüíîãî ïðîñòðàíñòâà
ãðóïïû G0. Êîììóòàöèîííûå ñîîòíîøåíèÿ ñîîòâåòñòâóþùåé àëãåáðû Ëè
g èìåþò âèä

[e2,3, e2] = e3, [e2,3, e3] = −e2, [e2, e3] = −e2,3.

Êàæäîìó âåêòîðó èç E ïîñòàâèì â ñîîòâåòñòâèå èíôèíèòåçèìàëüíûé
îïåðàòîð:

d2,3 = i lim
t→0

T
(
exp(tei,j)

)
f(x)− f(x)
t

,

di = i lim
t→0

T
(
exp(tei)

)
f(x)− f(x)
t

.

Ïîäñ÷åò ïîêàçûâàåò, ÷òî

d2,3 = i

(
x2

∂

∂x3
− x3

∂

∂x2

)
, di = i

(
x1

∂

∂xi
+ xi

∂

∂x1

)
. (2)

Ìàòðèöû h1(φ) îáðàçóþò ïîäãðóïïó â G0, òðàíçèòèâíî äåéñòâóþùóþ
íà îêðóæíîñòè γ : x1 = 1 âåðõíåé ïîëû X+

0 . Â ïîëÿðíûõ êîîðäèíàòàõ
íà γ

d2,3 =

= i

(
cosα

d

dt
cos2 α

1

cosα
− sinα

d

dα
cos2 α

(
− sinα

cos2 α

))
=

= i
d

dt
.

319



Íàõîäÿ ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà è ïîäíèìàÿ èõ ñ ó÷åòîì
(1) íà âñþ âåðõíþþ ïîëó, ïîëó÷àåì áàçèñ B1 ïðîñòðàíñòâà L, ñîñòîÿùèé
èç ôóíêöèé

f (1)n (x) = xσ1 e
inα = xσ1

(
x2
x1

+ i
x3
x1

)n

= xσ−n1 (x2 + ix3)
n.

Àíàëîãè÷íî ïîëó÷àþòñÿ áàçèñû B2 è B3, ñâÿçàííûå ñ ïîäãðóïïàìè H2 è
H3, ñîñòîÿùèìè ñîîòâåòñòâåííî èç ìàòðèö h2(φ) è h3(φ).

Ðàññìàòðèâàÿ Z2-ãðàäóèðîâêó so(1, 2) = k ⊕ p àëãåáðû g, ãäå k =
Span(e2,3) � ïîäàëãåáðà è p = Span(e2, e3) � ëèíåéíîå ïîäïðîñòðàí-
ñòâî, è ó÷èòûâàÿ, ÷òî âåùåñòâåííûé ðàíã ãðóïïû G0 ðàâåí åäèíèöå,
ìàêñèìàëüíóþ êîììóòàòèâíóþ ïîäàëãåáðó â g ìîæíî âûáðàòü ïî ôîð-
ìóëå a = Span(e2). Íàõîäÿ ìàòðèöó ïðèñîåäèíåííîãî îïåðàòîðà ad e2
â áàçèñå E è âû÷èñëÿÿ çàòåì åãî ñîáñòâåííûå âåêòîðû, ïîëó÷àåì ðàç-
ëîæåíèå so(1, 2) = Ker ad e2 + V1 + V−1, ãäå êîðíåâîå ïîäïðîñòðàíñòâî
Vj ñîñòîèò èç íóëåâîãî âåêòîðà è âñåõ ñîáñòâåííûõ âåêòîðîâ, îòâå÷àþ-
ùèõ çíà÷åíèþ j. Òîãäà äëÿ ìàêñèìàëüíîé íèëüïîòåíòíîé ïîäàëãåáðû n
â g âåðíî ðàâåíñòâî n = Span(e2,3 + e3). Äëÿ ïîäãðóïïû H4 = exp n =
{exp

(
t(e2,3 + e3)

)
} = {h4(t)} â G0 íàõîäèì áàçèñ B4 â L. Ðàññìàòðèâàÿ

àíàëîãè÷íûé ñëó÷àé a = Span(e2), ïîëó÷àåì áàçèñ B5.
Ìàòðè÷íûå ýëåìåíòû áåñêîíå÷íûõ ìàòðèö ïåðåõîäîâ ìåæäó ïîñòðî-

åííûìè áàçèñàìè ïðîñòðàíñòâà L (òî åñòü ÿäðà ñîîòâåòñòâóþùèõ ýòèì
ïåðåõîäàì èíòåãðàëüíûõ îïåðàòîðîâ) âûðàæàþòñÿ ÷åðåç ñïåöèàëüíûå
ôóíêöèè: ïåðåõîä îò B1 ê B2 èëè B3 èëè ìåæäó B2 è B3 ñâÿçàí ñ ãèïåð-
ãåîìåòðè÷åñêîé ôóíêöèåé Ãàóññà, ïåðåõîä îò B1 ê B4 èëè B6 � ñ âûðîæ-
äåííûìè ãèïåðãåîìåòðè÷åñêèìè ôóíêöèÿìè Êóììåðà (èëè ôóíêöèÿìè
Óèòòåêåðà), îò B2 ê B5 èëè îò B3 ê B4 � ñ âîëíîâûìè ôóíêöèÿìè Êóëî-
íà, ìåæäó B4 è B3 � ñ ôóíêöèÿìè Áåññåëÿ Êëèôôîðäà. Ðàññìàòðèâàÿ
êîìïîçèöèè ïåðåõîäîâ ìåæäó áàçèñàìè, ïîëó÷àåì èíòåãðàëüíûå ñîîòíî-
øåíèÿ ìåæäó óêàçàííûìè ñïåöèàëüíûìè ôóíêöèÿìè, êîòîðûå â íåêîòî-
ðûõ ñëó÷àÿõ ÿâëÿþòñÿ êîíòèíóàëüíûìè òåîðåìàìè ñëîæåíèÿ [1�4].

Îòìåòèì, ÷òî äðóãèå èíòåãðàëüíûå ñîîòíîøåíèÿ, ñâÿçàííûå ñ óêàçàí-
íûìè âûøå áàçèñàìè, ìîæíî ïîëó÷èòü, âû÷èñëÿÿ ìàòðè÷íûå ýëåìåíòû
ïðåäñòàâëåíèÿ T , çàïèñàííûå â ðàçíûõ áàçèñàõ, è ó÷èòûâàÿ ìàòðè÷íûå
ýëåìåíòû ìàòðèö ïåðåõîäà ìåæäó ýòèìè áàçèñàìè. Åùå îäèí ïîäõîä ñâÿ-
çàí ñ äåéñòâèåì îïåðàòîðà, ñïëåòàþùåãî ïðåäñòàâëåíèå T è ïðåäñòàâëå-
íèå ãðóïïû G0 â äðóãîì îäíîðîäíîì ïðîñòðàíñòâå ýòîé ãðóïïû [5�7].
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