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� ¤ ç¨ ¯® ªãàáã \�¨à æ¨® «ì ï

£¥®¬¥âà¨ï  «£¥¡à ¨ç¥áª¨å ¯®¢¥àå®áâ¥©"

�.�. �®ªãà®¢
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1. �«ï ¥®á®¡ëå ¯à®¥ªâ¨¢ëå  «£¥¡à ¨ç¥áª¨å ¯®¢¥àå®áâ¥© ¯à®¢¥à¨âì
¡¨à æ¨® «ìãî ¨¢ à¨ â®áâì äã¤ ¬¥â «ì®© £àã¯¯ë, Pn = l(nK) =
h0(nK), hi,0, bj

1 ¯à¨ n ≥ 0; i = 0, 1, 2; j = 0, 1, 3, 4.
2. �¢«ï¥âáï «¨ ¨¢ à¨ â Pn ¡¨à æ¨® «ìë¬ ¯à¨ n < 0?
3. �®áâà®¨âì ¯à¨¬¥àë ¯®¢¥àå®áâ¥©, ¯®ª §ë¢ îé¨¥ ¡¨à æ¨® «ìãî

¥¨¢ à¨ â®áâì K2, h1,1, b2, e(X).
4. � ª®¢  ¬ ªá¨¬ «ì ï ªà â®áâì ¯¥à¥á¥ç¥¨ï ¤¢ãå ¥®á®¡ëå ª®¨ª

¢ ¥ª®â®à®© â®çª¥?
5. �ãáâì C ⊂ P2 { ¯«®áª ï ¥¯à¨¢®¤¨¬ ï ªà¨¢ ï áâ¥¯¥¨ n ≥ 2.

� ª®¢  ¬ ªá¨¬ «ì ï ¢®§¬®¦ ï áã¬¬  ªà â®áâ¥©:
(1) ¤¢ãå â®ç¥ª ªà¨¢®© C;
(2) ¯ïâ¨ â®ç¥ª ªà¨¢®© C?
(3) � ©¤¨â¥ ¯à¨¬¥àë,   ª®â®àëå ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï.
6. �«ï ®â®¡à ¦¥¨ï f : A2 → A2, f(x, y) = (x, xy),  ©¤¨â¥ f(A2).
(1) �ã¤¥â «¨ íâ® ¬®¦¥áâ¢® ®âªàëâ® ¢ A2?
(2) �ã¤¥â «¨ ®® ¯«®â® ¢ A2?
(3) �ã¤¥â «¨ § ¬ªãâ® ¢ A2?
(4) �ã¤¥â «¨ ®â®¡à ¦¥¨¥ f ¡¨à æ¨® «ìë¬  ¢â®¬®àä¨§¬®¬?
7. �®ª ¦¨â¥, çâ® ®â®¡à ¦¥¨¥ f : A2 → A2, f(x, y) = (ax, by + p(x)),

£¤¥ a, b ∈ k - ¥ã«¥¢ë¥ í«¥¬¥âë ¨ p(x) ∈ k[x] { ¯à®¨§¢®«ìë© ¬®£®ç«¥
®â x, ï¢«ï¥âáï  ¢â®¬®àä¨§¬®¬.

1� ª¦¥ ¢¥à  ¡¨à æ¨® «ì ï ¨¢ à¨ â®áâì h0,i  ¤ á®¢¥àè¥ë¬ ¯®«¥¬ «î¡®©
å à ªâ¥à¨áâ¨ª¨: Andre Chatzistamatiou and Kay R�ulling, Higher direct images of the

structure sheaf in positive characteristic, ALGEBRA AND NUMBER THEORY 5:6
(2011), 693{775.
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(1) �®ª ¦¨â¥, çâ® â ª¨¥  ¢â®¬®àä¨§¬ë ®¡à §ãîâ £àã¯¯ã.
(2) �®£¤  â ª®©  ¢â®¬®àä¨§¬ ¯à®¤®«¦ ¥âáï ¤®  ¢â®¬®àä¨§¬  P2?
8. �®ª ¦¨â¥, çâ® ¯®¢¥àå®áâì A2 \(0, 0) ¥  ää¨  ¨ ¥ ¯à®¥ªâ¨¢ .
9. �® ¦¥, çâ® ¨ ¢ § ¤ ç¥ 8 ¤«ï P2 \ (1 : 0 : 0). �® ¦¥ ¤«ï P1 × A1.
10. �ãáâì f : X → P2 { áâ¥à¥®£à ä¨ç¥áª ï ¯à®¥ªæ¨ï ¥¢ëà®¦¤¥®©

ª¢ ¤à¨ª¨ Q ⊂ P3 ¨§ ¥ñ «î¡®© â®çª¨.
(1) �®ª ¦¨â¥, çâ® ®â®¡à ¦¥¨¥ f { ¡¨à æ¨® «ìë© ¨§®¬®àä¨§¬.
(2) � ª ª¨å â®çª å ®® ¥ à¥£ã«ïà®?
(3) � ª ª¨å ¥ à¥£ã«ïà® f−1?
(4) � ©¤¨â¥ ¨§®¬®àäë¥ ®â®á¨â¥«ì® f ®âªàëâë¥ ¬®¦¥áâ¢  U ⊂

Q, V ⊂ P2

11. �¯à¥¤¥«¨â¥ ¡¨à æ¨® «ìë© ¨§®¬®àä¨§¬ f : Q→ P2 ¢ëà®¦¤¥®©
¥¯à¨¢®¤¨¬®© ª¢ ¤à¨ª¨ Q ⊂ P3 ¨ P2   «®£¨ç® § ¤ ç¥ 10 ¨ ®â¢¥¤ìâ¥  
¢®¯à®áë (2-4) íâ®© § ¤ ç¨.

12. �®ª ¦¨â¥, çâ® ª¢ ¤à â¨ç ï ¨¢®«îæ¨ï f : P2 99K P2, (x0 : x1 :
x2) 7→ (x1x2 : x0x2 : x0x1), ï¢«ï¥âáï ¡¨à æ¨® «ìë¬  ¢â®¬®àä¨§¬®¬
¯«®áª®áâ¨ P2.

(1) � ª ª¨å â®çª å f ¨ ¢ ª ª¨å f−1 ¥ à¥£ã«ïàë?
(2) �¢â®¬®àä¨§¬ ª ª¨å ®âàëâëå ¬®¦¥áâ¢ ®¯à¥¤¥«ï¥â f?
13. �®ª ¦¨â¥  ää¨®áâì ¯®¢¥àå®áâ¨ P2 \ C, £¤¥ C { ª®¨ª .
14. � áá¬®âà¨¬ ®â®¡à ¦¥¨ï ¯à®¥ªæ¨¨ p1, p2 : P1×P1 → P1, p1(x, y) =

x, p2(x, y) = y. �®ª ¦¨â¥, çâ® p1(X) = p2(X) = P1 ¤«ï § ¬ªãâ®£®
¯®¤¬®¦¥áâ¢  X ⊆ P1×P1 ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  X ¥ ¨¬¥¥â
¨ ®¤¨ ¨§ á«¥¤ãîé¨å â¨¯®¢:

 ) X = ∅ ¯ãáâ®,
¡) â®çª  (x0, y0) ∈ P1 × P1,
¢) ¯à®¨§¢¥¤¥¨ï x0 × P1,P1 × y0,

£¤¥ x0, y0 ∈ P1 { â®çª¨ ¨§ P1.
15. �®ª ¦¨â¥, çâ® ¢áïª ï à¥£ã«ïà ï (à æ¨ «ì ï) äãªæ¨ï   ¯«®áª®á-

â¨ P2 ¯®áâ®ï .
16. �ãáâì F (x0, x1, x2, x3) { ä®à¬  4-© áâ¥¯¥¨. �®ª ¦¨â¥, çâ® áã-

é¥áâ¢ã¥â â ª®© ¬®£®ç«¥ Φ ®â ª®íää¨æ¨¥â®¢ ä®à¬ë F , çâ® ãá«®¢¨¥
Φ = 0 à ¢®á¨«ì® áãé¥áâ¢®¢ ¨î ¯àï¬®© ¢  «£¥¡à ¨ç¥áª®¬ ¬®¦¥áâ¢¥
¯à®áâà áâ¢  P3, § ¤ ®¬ ãà ¢¥¨¥¬ F = 0.

17. �ãáâì Q ⊂ P3 { ¥¢ëà®¦¤¥ ï ª¢ ¤à¨ª  ¨ ΛQ ⊂ Π { ¬®¦¥-
áâ¢® â®ç¥ª   ¯«îª¥à®¢®© ª¢ ¤à¨ª¥ Π ⊂ P5, ®â¢¥ç îé¨å ¯àï¬ë¬   Q.
�à®¢¥àìâ¥, çâ® ΛQ á®áâ®¨â ¨§ ¤¢ãå ¥¯¥à¥á¥ª îé¨åáï ¯àï¬ëå.
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18. �®ª ¦¨â¥, çâ® ¥¯à¨¢®¤¨¬ ï ®á®¡ ï ª¢ ¤à¨ª  Q ⊂ P3 ï¢«ï¥âáï
ª®ãá®¬  ¤ ª®¨ª®©.

19. �®ª ¦¨â¥, çâ® ¥á«¨ ¯®¢¥àå®áâì 3-£® ¯®àï¤ª  ¢ P3 ¨¬¥¥â ¤¢¥
®á®¡ë¥ â®çª¨, â® ¯àï¬ ï, ¨å á®¥¤¨ïîé ï, «¥¦¨â   ¯®¢¥àå®áâ¨.

20. �®ª ¦¨â¥, çâ® ¥á«¨ ¯«®áª ï ªà¨¢ ï 3-£® ¯®àï¤ª  ¨¬¥¥â âà¨ ®á®¡ë¥
â®çª¨, â® ®  à á¯ ¤ ¥âáï   âà¨ ¯àï¬ë¥.

21. �¯à¥¤¥«¨â¥ ®á®¡ë¥ â®çª¨ ¯®¢¥àå®áâ¨ �â¥©¥à  ¢ P3:

x20x
2
1 + x21x

2
2 + x22x

2
0 − x0x1x2x3 = 0.

22. �à¨ ª ª¨å § ç¥¨ïå a ¯®¢¥àå®áâì x40+x41+x42+x43−ax0x1x2x3 = 0
¨¬¥¥â ®á®¡ë¥ â®çª¨ ¨ ª ª®¢ë íâ¨ â®çª¨?

23. �®ª ¦¨â¥, çâ® ¥á«¨ ¤¢¥ ªà¨¢ë¥ C1, C2   ¯®¢¥àå®áâ¨ ¯¥à¥á¥ª îâ-
áï âà á¢¥àá «ì® ¢ â®çª¥ x ¨ u1, u2 { ¨å «®ª «ìë¥ ãà ¢¥¨ï ¢ ®ªà¥áâ-
®áâ¨ íâ®© â®çª¨, â® u1, u2 ®¡à §ãîâ á¨áâ¥¬ã «®ª «ìëå ¯ à ¬¥âà®¢ ¢
x.

24. �®ãá X ⊂ A3 § ¤  ãà ¢¥¨¥¬ x2 + y2 − z2. �®ª ¦¨â¥, çâ® ¥£®
®¡à §ãîé ï L, § ¤  ï ãà ¢¥¨ï¬¨ x = 0, y = z, ¥ ¨¬¥¥â «®ª «ì®£®
ãà ¢¥¨ï ¨ ¢ ª ª®© ®ªà¥áâ®áâ¨ â®çª¨ (0, 0, 0).

25. � æ¨® «ì®¥ ®â®¡à ¦¥¨¥ ϕ : P2 99K P2 § ¤ ® ä®à¬ã«®© ϕ(x0 :
x1 : x2) = (x1x2 : x0x2 : x0x1). �ãáâì x = (1 : 0 : 0) ¨ C ⊂ P2 { ªà¨¢ ï, ¥
®á®¡ ï ¢ x. �â®¡à ¦¥¨¥ ϕ, ®£à ¨ç¥®¥   C, à¥£ã«ïà® ¢ x ¨ ¯®íâ®¬ã
¯¥à¥¢®¤¨â x ¥ª®â®àãî â®çªã ¯«®áª®áâ¨ P2, ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§
ϕC(x). �®ª ¦¨â¥, çâ® ϕC1(x) = ϕC2(x) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 
ªà¨¢ë¥ C1, C2 ª á îâáï ¢ â®çª¥ x, â.¥. Tx,C1 = Tx,C2 , £¤¥ Tx,C ®¡®§ ç ¥â
ª á â¥«ìãî ¯àï¬ãî ª C ¢ x.

26. �ãáâì ξ { ¥®á®¡ ï â®çª  ¯®¢¥àå®áâ¨ X; C1, C2 ⊂ X { ¤¢¥ ªà¨¢ë¥,
¯à®å®¤ïé¨¥ ç¥à¥§ ξ ¨ ¥®á®¡ë¥ ¢ ξ; σ : Y → X { à §¤ãâ¨¥ â®çª¨ ξ; C ′i =
σ−1(Ci \ ξ) { á®¡áâ¢¥ë© ¯à®®¡à § ªà¨¢®© Ci; Z = σ−1(ξ). �®ª ¦¨â¥,
çâ® C ′1 ∩ Z = C ′2 ∩ Z ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ªà¨¢ë¥ C1, C2

ª á îâáï ¢ ξ.
27. �ãáâì ξ { ¥®á®¡ ï â®çª  ¯®¢¥àå®áâ¨ X; C ⊂ X { ªà¨¢ ï; f {

«®ª «ì®¥ ãà ¢¥¨¥ ªà¨¢®© C ¢ ®ªà¥áâ®áâ¨ â®çª¨ ξ. �ãáâì

f ≡
r∏
i=1

(αiu+ βiv) mod (mr+1
ξ ),

£¤¥ mξ { ¬ ªá¨¬ «ìë© ¨¤¥ « â®çª¨ ξ, u, v { «®ª «ìë¥ ¯ à ¬¥âàë ¢ ξ,
  ä®à¬ë αiu + βiv ¥ ¯à®¯®àæ¨® «ìë. �ãáâì σ : Y → X { à §¤ãâ¨¥
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â®çª¨ ξ; C ′ = σ−1(C \ ξ) { á®¡áâ¢¥ë© ¯à®®¡à § ªà¨¢®© C; Z = σ−1(ξ).
�®ª ¦¨â¥, çâ® ªà¨¢ë¥ C ′, Z ¯¥à¥á¥ª îâáï âà á¢¥àá «ì® ¢ r â®çª å.

28. � áá¬®âà¨â¥ à æ¨® «ì®¥ ®â®¡à ¦¥¨¥ ϕ : P2 99K P4, § ¤ ®¥
ä®à¬ã«®©

ϕ(x0 : x1 : x2) = (x0x1 : x0x2 : x21 : x1x2 : x22).

�®ª ¦¨â¥, çâ® ϕ { ¡¨à æ¨® «ìë© ¨§®¬®àä¨§¬,   ®¡à â®¥ ®â®¡à ¦¥¨¥
ϕ(P2) 99K P2 á®¢¯ ¤ ¥â á σ-¯à®æ¥áá®¬.

29. � «®£¨ç® § ¤ ç¥ 28 ¨áá«¥¤ã©â¥ ®â®¡à ¦¥¨¥ P2 99K P6, ®¯à¥¤¥«ñ®¥
¢á¥¬¨ ®¤®ç«¥ ¬¨ 3-© áâ¥¯¥¨ ªà®¬¥ x30, x

3
1 ¨ x

3
2.

30. �ãáâì V { ª®ãá 2-£® ¯®àï¤ª , § ¤ ë© ãà ¢¥¨¥¬ xy = z2 ¢ A3,
X ′ → A3 { σ-¯à®æ¥áá á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â 0, V ′ { § ¬ëª ¨¥
¯®¢¥àå®áâ¨ σ−1(V \ 0) ¢ X ′. �®ª ¦¨â¥, çâ® V ′ { £« ¤ª ï ¯®¢¥àå®áâì ¨
¯à®®¡à §  ç «  ª®®à¤¨ â σ−1(0) ï¢«ï¥âáï (−2)-ªà¨¢®©   V ′.

31. �ãáâì X { ª®ãá z2 = xy ¢ A3. �®ª ¦¨â¥, çâ® ®à¬ «¨§ æ¨ï
X ¢ ¯®«¥ k(X)(

√
x) á®¢¯ ¤ ¥â á  ää¨®© ¯«®áª®áâìî,   ®â®¡à ¦¥¨¥

®à¬ «¨§ æ¨¨ ¨¬¥¥â ¢¨¤ x = u2, y = v2, z = xy.
32. �ã¤¥â «¨ ®à¬ «ì®© ¯®¢¥àå®áâì�â¥©¥à  (á¬. § ¤ çã 21 ¢ëè¥).
33. �®ª ¦¨â¥, çâ® ¤«ï ¯®¢¥àå®áâ¥© y2 = x3 + a(t)x+ b(t)  ¤ ¯®«¥¬

å à ªâ¥à¨áâ¨ª¨ 2 ¨ y2 = x3 + a(t)  ¤ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ 3, £¤¥
a(t), b(t) ∈ k[t], ®á®¡ë¥ â®çª¨ á«®ñ¢ ®¡à §ãîâ £« ¤ªãî ªà¨¢ãî, ®â®¡à ¦ î-
éãîáï   ¯àï¬ãî A1 á ª®®à¤¨ â®© t á® áâ¥¯¥ìî p = 2 ¨ 3 á®®â¢¥â-
áâ¢¥®.

34. �¯à¥¤¥«¨â¥ ¤¨¢¨§®à äãªæ¨¨ x
y
  ¯®¢¥àå®áâ¨ 2-£® ¯®àï¤ª  xy−

zt = 0 ¢ P3.
35. �ãáâìX { £« ¤ª ï  ää¨ ï ¯®¢¥àå®áâì. �®ª ¦¨â¥, çâ® Cl(X) =

0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ ª®«ìæ¥ k[X] à §«®¦¥¨¥   ¯à®áâë¥
¬®¦¨â¥«¨ ®¤®§ ç®.

36. �ãáâì X { ª¢ ¤à â¨çë© ª®ãá. �á¯®«ì§ãï ®â®¡à ¦¥¨¥ ϕ : A2 →
X, ®¯¨á ®¥ ¢ § ¤ ç¥ 31, ®¯à¥¤¥«¨â¥ ®¡à § ϕ∗(Div(X)) ¢ DivA2. �®ª ¦¨â¥,
çâ®D = (F ) ∈ DivA2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à¨ ¤«¥¦¨â ϕ∗(Div(X)),
ª®£¤  F (−u,−v) = ±F (u, v), â.¥. F ï¢«ï¥âáï ¨«¨ çñâ®© ¨«¨ ¥çñâ®©
äãªæ¨¥©. �®ª ¦¨â¥, çâ® £« ¢ë¥ ¤¨¢¨§®àë  X á®®â¢¥âáâ¢ãîâ çñâë¬
äãªæ¨ï¬. �®ª ¦¨â¥, çâ® Cl(X) = Z/2Z.

37. � ª ª¨å â®çª å ¥ à¥£ã«ïà® ¡¨à æ¨® «ì®¥ ®â®¡à ¦¥¨¥ ϕ : X 99K
P2, £¤¥ X { ¯®¢¥àå®áâì 2-£® ¯®àï¤ª  ¢ P3,   ϕ { ¯à®¥ªâ¨à®¢ ¨¥ ¨§ â®çª¨
x ∈ X. �® ¦¥ ¤«ï ϕ−1.
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38. �®ª ¦¨â¥, çâ® «î¡®©  ¢â®¬®àä¨§¬ P2 ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬
¯à¥®¡à §®¢ ¨¥¬.

39. �ãáâì σ : X → Y { σ-¯à®æ¥áá á æ¥âà®¬ ¢ â®çª¥ y ¥®á®¡®© ¯®¢¥àå-
®áâ¨ Y . �®ª ¦¨â¥, çâ® Cl(X) = Cl(Y )⊕ Z.

40. �àï¬ ï l  §ë¢ ¥âáï ¤¢®©®© ª á â¥«ì®© ¯«®áª®© ªà¨¢®© X,
¥á«¨ ®  ª á ¥âáï X ¯® ªà ©¥© ¬¥à¥ ¢ ¤¢ãå â®çª å. �®ª ¦¨â¥, çâ®
¬®¦¥áâ¢® ªà¨¢ëå 4-®© áâ¥¯¥¨, ¨¬¥îé¨å § ¤ ãî ¯àï¬ãî ( ¯à¨¬¥à,
y = 0) ¤¢®©®© ª á â¥«ì®©, ¨¬¥¥â ª®à §¬¥à®áâì ¤¢  ¢ ¯à®áâà áâ¢¥
¢á¥å ªà¨¢ëå. �®ª ¦¨â¥, çâ® «î¡ ï ¥¯à¨¢®¤¨¬ ï ªà¨¢ ï 4-®© áâ¥¯¥¨
¨¬¥¥â ¤¢®©ãî ª á â¥«ìãî.

41. �®ª ¦¨â¥, çâ® ç¨á«® ®á®¡ëå â®ç¥ª ¥¯à¨¢®¤¨¬®© ¯«®áª®© ªà¨¢®©
áâ¥¯¥¨ n ¥ ¯à¥¢®áå®¤¨â (n− 1)(n− 2)/2.

42. �®ª ¦¨â¥, çâ® Ωr[P2] = 0 ¯à¨ r > 0.
43. �ãáâì C,D { ¤¢¥ ªà¨¢ë¥ ¢ A2, § ¤ ë¥ á®®â¢¥âáâ¢¥® ãà ¢¥¨ï-

¬¨ F = 0, G = 0,   x { ¥®á®¡ ï â®çª    ª ¦¤®© ¨§ ¨å. �ãáâì f {
®£à ¨ç¥¨¥ ¬®£®ç«¥  F   ªà¨¢ãî D, multx f { ¯®àï¤®ª ã«ï íâ®©
äãªæ¨¨ ¢ â®çª¥ x   ªà¨¢®© D. �®ª ¦¨â¥, çâ® íâ® ç¨á«® ¥ ¨§¬¥¨âáï,
¥á«¨ ¯®¬¥ïâì ¬¥áâ ¬¨ F,D ¨ G,C á®®â¢¥âáâ¢¥®.

44. � ©â¨ áâ¥¯¥ì ¯®¢¥àå®áâ¨ vm(P2), £¤¥ vm { ®â®¡à ¦¥¨¥ �¥à®¥§¥.
45. �ãáâì X { £« ¤ª ï ¯à®¥ªâ¨¢ ï ¯®¢¥àå®áâì ¢ ¯à®áâà áâ¢¥ Pn, L

{ ¯à®¥ªâ¨¢®¥ ¯®¤¯à®áâà áâ¢® ¢ Pn à §¬¥à®áâ¨ n − 2. �à¥¤¯®«®¦¨¬,
çâ® L ¨ X ¯¥à¥á¥ª îâáï ¯® ª®¥ç®¬ã ç¨á«ã â®ç¥ª, ¯à¨çñ¬ ¢ l ¨§ íâ¨å
â®ç¥ª ª á â¥«ì ï ¯«®áª®áâì ª X ¯¥à¥á¥ª ¥â L ¯® ¯àï¬®©. �®ª ¦¨â¥,
çâ® ç¨á«® â®ç¥ª ¯¥à¥á¥ç¥¨ï X ¨ L ¥ ¡®«ìè¥ degX − l.

46. �à¥¤¯®«®¦¨¬, çâ®   £« ¤ª®© ¯®¢¥àå®áâ¨ áâ¥¯¥¨m ¢ P3 ¤¨¢¨§®à
ä®à¬ë áâ¥¯¥¨ l ï¢«ï¥âáï £« ¤ª®© ªà¨¢®©. �®ª ¦¨â¥, çâ® ®  ¥¯à¨¢®¤¨¬ ,
¨  ©¤¨â¥ ¥ñ à®¤.

47. �à¥¤¯®«®¦¨¬, çâ® £« ¤ª ï ¯«®áª ï ªà¨¢ ï C áâ¥¯¥¨ r «¥¦¨â
  £« ¤ª®© ¯®¢¥àå®áâ¨ áâ¥¯¥¨ m ¢ P3. �¯à¥¤¥«¨â¥ C2   ãª § ®©
¯®¢¥àå®áâ¨.

48. �®ª ¦¨â¥, çâ® ¥á«¨   £« ¤ª®© ¯®¢¥àå®áâ¨ 4-®© áâ¥¯¥¨ ¢ P3

«¥¦¨â £« ¤ª ï ªà¨¢ ï ªà¨¢ ï C á C2 < 0, â® C2 = −2.
49. �®ª ¦¨â¥, çâ® ¨¤¥ªáë á ¬®¯¥à¥á¥ç¥¨ï £« ¤ª¨å ªà¨¢ëå   £« ¤ª®©

¯®¢¥àå®áâ¨ çñâ®© áâ¥¯¥¨ ¢ P3 ¢á¥£¤  çñâë.
50. �ãáâì X {£« ¤ª ï ªà¨¢ ï, D { ¤¨ £® «ì ¢ X×X. �®ª ¦¨â¥, çâ®

D2 = − degKX .
51. �¡®¡é¨â¥ à¥§ã«ìâ â § ¤ ç¨ 50   á«ãç ©, ª®£¤  D ⊂ C1 × C2 {

£à ä¨ª ®â®¡à ¦¥¨ï C1 → C2 áâ¥¯¥¨ d ¥®á®¡ëå ªà¨¢ëå.
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52. �«ï ¤¨¢¨§®à  D ⊂ C1 × C2 ¤®ª ¦¨â¥ ¥à ¢¥áâ¢®

D2 ≤ (C1 × c2, D)(D, c1 × C2), c1 ∈ C1, c2 ∈ C2.

53. � ãá«®¢¨ïå § ¤ ç 51, 52 ¯ãáâì X = C1 = C2 { ªà¨¢ ï à®¤  g, X →
X { ®â®¡à ¦¥¨¥ áâ¥¯¥¨ d ¨ Γ { ¥£® £à ä¨ª. �®ª ¦¨â¥, çâ® |(Γ, D) −
d− 1| ≤ 2g

√
d.

54. �«ï «î¡®£® æ¥«®£® ç¨á«  l ¯®áâà®©â¥ £« ¤ªãî ¯à®¥ªâ¨¢ãî ¯®¢¥àå-
®áâì X ¨   ¥© ¥¯à¨¢®¤¨¬ãî ªà¨¢ãî C â ªãî, çâ® C2 = l.

55. �ãáâì X { £« ¤ª ï ¯®¢¥àå®áâì, C1, C2{ ¤¢¥ ªà¨¢ë¥   ¥©, x{
¥®á®¡ ï â®çª    C1 ¨ C2. �ãáâì σ : Y → X { σ-¯à®æ¥áá ¢ â®çª¥ x, C ′1 ¨ C

′
2

{ á®¡áâ¢¥ë¥ ¯à®®¡à §ë C1 ¨ C2. �®ª ¦¨â¥, çâ® C
′
1 ¨ C

′
2 ¯¥à¥á¥ª îâáï

¢ â®çª å y ∈ σ−1x â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  C1 ¨ C2 ª á îâáï ¢ â®çª¥
x. �à¨ íâ®¬ y { ¥¤¨áâ¢¥ ï â®çª  ¯¥à¥á¥ç¥¨ï σ−1x∩C ′1 ∩C ′2, â®çª  y
¥®á®¡    C ′1 ¨ C

′
2, ¨ ¯®àï¤®ª ª á ¨ï C ′1 ¨ C

′
2 ¢ y   ¥¤¨¨æã ¬¥ìè¥

¯®àï¤ª  ª á ¨ï C1 ¨ C2 ¢ x.
56. �ãáâì f : P2 → P1 { ®â®¡à ¦¥¨¥, § ¤ ®¥ ä®à¬ã«®©

f(x0 : x1 : X2) = (P (X0, x1, x2) : Q(x0, x1, x2)),

£¤¥ P,Q { ä®à¬ë áâ¥¯¥¨ n. �ª®«ìª®  ¤® á¤¥« âì σ-¯à®æ¥áá®¢, çâ®¡ë
¯®«ãç¨âì à §¤ãâ¨¥ ϕ : X → P2, ¤«ï ª®â®à®£® ¯à®¨§¢¥¤¥¨¥ f ◦ ϕ à¥-
£ã«ïà®?

57. �ãáâì X ⊂ P3 { £« ¤ª ï ¯®¢¥àå®áâì 2-£® ¯®àï¤ª  ¨ f : X 99K P2

{ ¯à®¥ªæ¨ï ¯®¢¥àå®áâ¨ X ¨§ â®çª¨ x ∈ X. �®ª ¦¨â¥, çâ® ®â®¡à ¦¥¨¥
f { ¡¨à æ¨® «ìë© ¨§®¬®àä¨§¬ ¨ à §«®¦¨â¥ ¥£®   ¯à®¨§¢¥¤¥¨¥ σ-
¯à®æ¥áá®¢.

58. �ãáâì f { ¡¨à æ¨® «ìë©  ¢â®¬®àä¨§¬ P2, § ¤ ¢ ¥¬ë© ¢ ¥®¤®à®¤-
ëå ª®®à¤¨ â å ä®à¬ã« ¬¨ x′ = x, y′ = y+x2. � §«®¦¨â¥ f ¢ ¯à®¨§¢¥¤¥¨¥
σ-¯à®æ¥áá®¢.

59. �ãáâì L ⊂ P2 {¯àï¬ ï, x ¨ y { ¤¢¥ ¥ñ â®çª¨,X → P2 { ¯à®¨§¢¥¤¥¨¥
σ-¯à®æ¥áá®¢ ¢ â®çª å x ¨ y,   L′ { á®¡áâ¢¥ë© ¯à®®¡à § L. �®ª ¦¨â¥, çâ®
L′ { (−1)-ªà¨¢ ï. � ª®¢  ¯®¢¥àå®áâì, ¯®«ãç îé ïáï á¤ãâ¨¥¬ ªà¨¢®©
L′?

60. �®ª ¦¨â¥, çâ® ¥á«¨ ªà¨¢ ï áâ¥¯¥¨ n ¯à®å®¤¨â ç¥à¥§ l (l = 0, 1
2) ¨§ â®ç¥ª ξ0, ξ1 ξ3, ®¯à¥¤¥«ïîé¨å ª¢ ¤à â¨ç®¥ ¯à¥®¡à §®¢ ¨¥, ¥
¨¬¥¥â ¢ íâ¨å â®çª å ®á®¡¥®áâ¥©, ¨ l ≤ 1 ¯à¨ n = 1, â® ¥ñ ®¡à § ¯à¨
ª¢ ¤à â¨ç®¬ ¯à¥®¡à §®¢ ¨¨ ¨¬¥¥â áâ¥¯¥ì 2n− l.
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61. �®ª ¦¨â¥, çâ® ¤«ï ¯«®áª®© ¥¯à¨¢®¤¨¬®© ªà¨¢®© áâ¥¯¥¨ n ¢ë¯®«¥®
¥à ¢¥áâ¢®

∑
ri(ri−1) ≤ (n−1)(n−2), £¤¥ ri { ªà â®áâ¨ (®á®¡ëå) â®ç¥ª.

�à®  «¨§¨àã©â¥ á«ãç ¨, ª®£¤  ¥à ¢¥áâ¢® ¯à¥¢à é ¥âáï ¢ à ¢¥áâ¢®.
62. �®ª ¦¨â¥, çâ® ¥á«¨ c(t) ∈ k[t], a, b ∈ k, 4a3 + 27b2 6= 0, â® ¢á¥

á«®¨ á¥¬¥©áâ¢  í««¨¯â¨ç¥áª¨å ªà¨¢ëå y2 = x3 + ac(t)2x + bc(t)3, ¤«ï
ª®â®àëå c(t0) 6= 0, ¨§®¬®àäë ¤àã£ ¤àã£ã. �®ª ¦¨â¥, çâ® ¥á«¨ c(t) 6=
d(t)2, d(t) ∈ k[t], â® á¥¬¥©áâ¢® ¥ ¨§®¬®àä® ¯àï¬®¬ã ¯à®¨§¢¥¤¥¨î ¨
 ¤ ª ª¨¬ ¥¯ãáâë¬ ®âàëâë¬ ¬®¦¥áâ¢®¬ U ⊆ A1. �ë¢¥¤¨â¥ ®âáî¤ ,
çâ® ¤«ï í««¨¯â¨ç¥áª¨å ªà¨¢ëå ¥ áãé¥áâ¢ã¥â ã¨¢¥àá «ì®£® á¥¬¥©áâ¢ .

63. �®ª ¦¨â¥, çâ® ¢¥é¥áâ¢¥ ï ªã¡¨ç¥áª ï ¯®¢¥àå®áâì, ¥ ï¢«ïî-
é ïáï ª®ãá®¬, ã¨à æ¨® «ì   ¤ R.

64. �®ª ¦¨â¥, çâ® ªã¡¨ç¥áª ï ¯®¢¥àå®áâì t(z2 + y2) = x3 − xt2 ¢
âàñå¬¥à®¬ ¢¥é¥áâ¢¥®¬ ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ P3(R) á®áâ®¨â ¨§
¤¢ãå ª®¬¯®¥â á¢ï§®áâ¨. �ë¢¥¤¨â¥ ¨§ íâ®£®, çâ® ®  ¥ à æ¨® «ì 
 ¤ R.

65. �ãáâì X = (C2 \ o)/G { ¤¢ã¬¥à®¥ ¬®£®®¡à §¨¥ �®¯ä  [�,
¯à¨¬¥à 2, áâà. 465-466]. �®ª ¦¨â¥, çâ® ®â®¡à ¦¥¨¥ C2\o→ P1, (z1, z2) 7→
(z1 : z2) ®¯à¥¤¥«ï¥â £®«®¬®àä®¥ ®â®¡à ¦¥¨¥ X → P1, á«®¨ ª®â®à®£®
ï¢«ïîâáï ®¤®¬¥àë¬¨ ª®¬¯«¥ªáë¬¨ â®à ¬¨.

66. � ®¡®§ ç¥¨ïå § ¤ ç¨ 65 ¤®ª ¦¨â¥, çâ®   X ¥â ¤àã£¨å á¢ï§ëå
®¤®¬¥àëå ª®¬¯«¥ªáëå   «¨â¨ç¥áª¨å ¯®¤¯à®áâà áâ¢, ªà®¬¥ á«®ñ¢
®â®¡à ¦¥¨ï X → P1.

67. �ãáâìX { ª®¬¯«¥ªá®¥ ¯à®áâà áâ¢® C2, g {  ¢â®¬®àä¨§¬ g(z1, z2) =
(−z1,−z2), G = {1, g} { £àã¯¯  2-£® ¯®àï¤ª . �®ª ¦¨â¥, çâ® ä ªâ®à¯à®áâ-
à áâ¢® X/G ï¢«ï¥âáï ª®¬¯«¥ªáë¬   «¨â¨ç¥áª¨¬ ¯à®áâà áâ¢®¬ ¨
¨§®¬®àä® ª®ãáã á ãà ¢¥¨¥¬ xy = z2 ¢ A3.

68. �ãáâì X = C2/Λ { ¤¢ã¬¥àë© ª®¬¯«¥ªáë© â®à,

ω =
1

2
√
−1

(|λ1|2dz1 ∧ dz1 + λ1λ2dz1 ∧ dz2 + λ1λ2dz1 ∧ dz2 + |λ2|2dz1 ∧ dz2),

C { ª®¬¯«¥ªá ï   «¨â¨ç¥áª ï ªà¨¢ ï  X, x ∈ C. �â®¦¤¥áâ¢¨¬ ª á â¥«ì-
ãî ¯«®áª®áâì ªX ¢ x á C2 ¯à¨ ¯®¬®é¨ ®â®¡à ¦¥¨ï C2 → X; â¥¬ á ¬ë¬
¢ ¥ñ ¢¢®¤ïâáï ª®®à¤¨ âë. �®ª ¦¨â¥, çâ® ¥á«¨ â®çª  x ¥®á®¡    C ¨
ª®®à¤¨ âë ª á â¥«ì®£® ¢¥ªâ®à  ª C ¢ x à ¢ë µ1, µ2,   λ1µ1+λ2µ2 6= 0,
â®

∫
C
ω > 0 (¢ ç áâ®áâ¨, 6=). �ë¢¥¤¨â¥ ®âáî¤ , çâ®

∫
C
ω > 0, ¥á«¨ â®à X

¯à®¥ªâ¨¢¥,   C { ª« áá £¨¯¥à¯«®áª®£® á¥ç¥¨ï.
69. �ãáâì X = C2/Λ { ¤¢ã¬¥àë© ª®¬¯«¥ªáë© â®à, g {  ¢â®¬®à-

ä¨§¬ gx = −x,G = {1, g}. �®ª ¦¨â¥, çâ® ä ªâ®à¯à®áâà áâ¢® Z = X/G
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ï¢«ï¥âáï ª®¬¯«¥ªáë¬   «¨â¨ç¥áª¨¬ ¯à®áâà áâ¢®¬, ª®â®à®¥ ¨¬¥¥â 16
®á®¡ëå â®ç¥ª z1, . . . , z16, á®®â¢¥âáâ¢ãîé¨å â®çª ¬ x ∈ X á 2x = 0.

70. � ®¡®§ ç¥¨ïå § ¤ ç¨ 69 ¤®ª ¦¨â¥, çâ® ª ¦¤ ï â®çª  zi ∈ Z
¨¬¥¥â ®ªà¥áâ®áâì, ¨§®¬®àäãî ®ªà¥áâ®áâ¨ ®á®¡®© â®çª¨ ª¢ ¤à â¨ç®£®
ª®ãá .

71. � ®¡®§ ç¥¨ïå § ¤ ç¨ 69 ¤®ª ¦¨â¥ áãé¥áâ¢®¢ ¨¥ ª®¬¯ ªâ®£®
ª®¬¯«¥ªá®£® ¬®£®®¡à §¨ï Y ¨ £®«®¬®àä®£® ®â®¡à ¦¥¨ï ϕ : Y → Z
â ª¨å, çâ®   Y ¨¬¥¥âáï 16 ¥¯¥à¥á¥ª îé¨åáï ª®¬¯«¥ªáëå (−2)-ªà¨¢ëå
C1, . . . , C16, ϕ(Ci) = zi,   ϕ : Y \ ∪Ci → Z \ {zi} { ¨§®¬®àä¨§¬.

72. � ®¡®§ ç¥¨ïå § ¤ ç 69 ¨ 71 ¤®ª ¦¨â¥, çâ® ¤¨ää¥à¥æ¨ «ì ï
ä®à¬  dx1 ∧ dx2, £¤¥ x1, x2 { ª®®à¤¨ âë ¢ C2, ®¯à¥¤¥«ï¥â £®«®¬®àä-
ãî ¨£¤¥ ¥ à ¢ãî 0 ¤¨ää¥à¥æ¨ «ìãî ä®à¬ã   X. �®ª ¦¨â¥,
çâ® ®  ®¯à¥¤¥«ï¥â ¨ £®«®¬®àäãî ¨£¤¥ ¥ à ¢ãî 0 ¤¨ää¥à¥æ¨ «ì-
ãî ä®à¬ã   Y . �ë¢¥¤¨â¥ ®âáî¤ , çâ® ª ®¨ç¥áª¨© ¤¨¢¨§®à   Y
âà¨¢¨ «¥.

73. � ®¡®§ ç¥¨ïå § ¤ ç 69 ¨ 71 ¤®ª ¦¨â¥, çâ® ¥á«¨   â®à¥ X ¢á¥
¬¥à®¬®àäë¥ äãªæ¨¨ ¯®áâ®ïë, â® íâ® ¢¥à® ¨ ¤«ï Y . �®ª ¦¨â¥, çâ®
¬®£®®¡à §¨¥ Y ¥ ¨§®¬®àä® ª®¬¯«¥ªá®¬ã â®àã ( ¯à¨¬¥à, ¯à®¢¥àì-
â¥, çâ®   Y ¥â ®¤®¬¥àëå £®«®¬®àäëå ¤¨ää¥à¥æ¨ «ìëå ä®à¬).
� ª¨¬ ®¡à §®¬, Y { ¯à¨¬¥à ¥ «£¥¡à ¨ç¥áª®© ¯®¢¥àå®áâ¨ â¨¯  K3.

74. �ãáâì C ⊂ P2(C) { £« ¤ª ï ¯«®áª ï ªà¨¢ ï, § ¤  ï ãà ¢¥¨¥¬
F (x0, x1, x2) = 0 áâ¥¯¥¨ n, V ⊂ P3(C) { ¯®¢¥àå®áâì, § ¤  ï ãà ¢¥¨¥¬
F (x0, x1, x2) = xn3 ,   f : V → P2(C) { ¯à®¥ªâ¨à®¢ ¨¥ á æ¥âà®¬ ¢ â®çª¥
(0 : 0 : 0 : 1). �®ª ¦¨â¥, çâ® f : V \ f−1C → P2(C) \ C { ¥à §¢¥â¢«ñ®¥
 ªàëâ¨¥ ¨ çâ® V \ f−1C { ã¨¢¥àá «ì ï  ªàë¢ îé ï ¤«ï P2(C) \ C.
�ë¢¥¤¨â¥ ®âáî¤ , çâ® π1(P2(C) \ C) ' Z/nZ.

75. � ©â¨ ®è¨¡ªã ¢ á«¥¤ãîé¥¬ \¤®ª § â¥«ìáâ¢¥ £¨¯®â¥§¥ ® ïª®¡¨ ¥".
�ãáâì ϕ : A2 → A2 { à¥£ã«ïà®¥ ®â®¡à ¦¥¨¥ á ¯®áâ®ïë¬ ¥ã«¥¢ë¬
ïª®¡¨ ®¬  ¤ ¯®«¥¬ k å à ªâ¥à¨áâ¨ª¨ 0. �®£¤  V = A2\ϕ(A2) { ª®¥ç®¥
¬®¦¥áâ¢® â®ç¥ª: ¥á«¨ ¡ë ªà¨¢ ï f = 0 ¯¥à¥á¥ª « áì á ϕ(A2) ¯® ª®¥ç®¬ã
ç¨á«ã â®ç¥ª, â® ¬®£®ç«¥ ϕ∗f ¨¬¥« ¡ë «¨èì ª®¥ç®¥ ç¨á«® ã«¥©  
A2. �®£¤  ¨§ á®®¡à ¦¥¨© \®¡é¥£® ¯®«®¦¥¨ï" á«¥¤ã¥â, çâ® ¬®¦¥áâ-
¢® ϕ(A2) = A2 \ V ®¤®á¢ï§®. �¤ ª® ϕ : A2 → ϕ(A2) ï¢«ï¥âáï ¥£®
¥à §¢¥â«ñë¬  ªàëâ¨¥¬, ¨ â ª ª ª ϕ(A2) ®¤®á¢ï§®, ¤®«¦® ¡ëâì
¨§®¬®àä¨§¬®¬. �®ª ¦¨â¥, çâ® ϕ(A2) ¥  ää¨® ¯à¨ V 6= ∅. �®íâ®¬ã
V = ∅ ¨ ϕ {  ¢â®¬®àä¨§¬.

76. �®ª ¦¨â¥, çâ® ¯®¢¥àå®áâ¨ Fn,Fm  ¤ ¯®«¥¬ k = C £®¬¥®¬®àäë
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  n ≡ m mod 2.
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77. � ¤ ©â¥ ª ¦¤ãî ¯®¢¥àå®áâì ¤¥«ì �¥ææ® X áâ¥¯¥¨ 6 ãà ¢¥¨¥¬
¢ P1 × P1 × P1 ¨  ©¤¨â¥ ¢á¥ ¯àï¬ë¥   X.

78. �®ª ¦¨â¥, çâ® «î¡ ï ¯®¢¥àå®áâì ¤¥«ì �¥ææ® áâ¥¯¥¨ 5 ï¢«ï¥âáï
¤¨¢¨§®à®¬ ¡¨áâ¥¯¥¨ (1, 2) ¢ P1 × P2.

79. �ãáâì X { £« ¤ª¨© ¤¨¢¨§®à ¡¨áâ¥¯¥¨ (1, 1) ¢ P1 × P2. �®ª ¦¨â¥,
çâ® X { ¯®¢¥àå®áâì ¤¥«ì �¥ææ®. � ª®¢  ¥ñ áâ¥¯¥ì?

80. �®ª ¦¨â¥, çâ®   ¯®¢¥àå®áâ¨ ¤¥«ì �¥ææ® áâ¥¯¥¨ 2 ≤ d ≤ 9
«î¡®© íää¥ªâ¨¢ë© ¤¨¢¨§®à «¨¥©® íª¢¨¢ «¥â¥ æ¥«®ç¨á«¥®© «¨¥©®©
ª®¬¡¨ æ¨¨ á ¥®âà¨æ â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨ ¯àï¬ëå. �®£¤  íâ®
 àãè ¥âáï   ¯®¢¥àå®áâ¨ ¤¥«ì �¥ææ® áâ¥¯¥¨ 1?

81. �ãáâì Q1, Q2 ⊂ P4 { à §«¨çë¥ ª¢ ¤à¨ª¨. �®ª ¦¨â¥, çâ® ¯®¢¥à-
å®áâì Q1 ∩ Q2 £« ¤ª ï (¨ ï¢«ï¥âáï ¯®¢¥àå®áâìî ¤¥«ì �¥ææ® áâ¥¯¥¨
4) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¯ãç®ª < Q1, Q2 > ¨¬¥¥â à®¢® 5
¢ëà®¦¤¥ëå ª¢ ¤à¨ª.

82. �®ª ¦¨â¥, çâ® ¯®¢¥àå®áâ¨ ¤¥«ì �¥ææ® ä¨ªá¨à®¢ ®© áâ¥¯¥¨
®¯¨áë¢ îâáï ¥¯à¨¢®¤¨¬ë¬ á¥¬¥©áâ¢®¬. � ª®¢  à §¬¥à®áâì íâ®£® á¥¬¥©á-
â¢ ?

83. �®ª ¦¨â¥, çâ® «î¡ ï ¯®¢¥àå®áâì ¤¥«ì �¥ææ® X = X4 ⊂ P4

áâ¥¯¥¨ 4 (¥®¤®§ ç®) ¯à¥¤áâ ¢«ï¥âáï ¤¢ã«¨áâë¬  ªàëâ¨¥¬ X →
P1×P1. � ª®¢ ¤¨¢¨§®à ¢¥â¢«¥¨ï íâ®£®  ªàëâ¨ï? � ª ®¯¨á âì ¯àï¬ë¥
  X á ¯®¬®éìî ¤ ®£®  ªàëâ¨ï.

84. � ©¤¨â¥ ç¨á«® ¯àï¬ëå   ¯®¢¥àå®áâ¨ ¤¥«ì �¥ææ® áâ¥¯¥¨ 1
�ª § ¨¥: ¬®¦® ¨á¯®«ì§®¢ âì á¢®©áâ¢  á¨áâ¥¬ë ª®à¥© á¨áâ¥¬ë E8.

85. � ©¤¨â¥ ç¨á«® à §«¨çëå ¯ãçª®¢ ª®¨ª   ¯®¢¥àå®áâ¨ ¤¥«ì �¥æ-
æ® áâ¥¯¥¨ d = 1, 2, 3.

86. � ©¤¨â¥ ç¨á«® à §«¨çëå ¯ãçª®¢ ª®¨ª   ¯®¢¥àå®áâ¨ ¤¥«ì �¥æ-
æ® áâ¥¯¥¨ d ≥ 4.

87. �ãáâìX { ¯®¢¥àå®áâì ¤¥«ì �¥ææ® áâ¥¯¥¨ 1  ¤ ¯®«¥¬ k å à ªâ¥à¨á-
â¨ª¨ 0. �à¥¤¯®«®¦¨¬, çâ®  â¨ª ®¨ç¥áª ï «¨¥© ï á¨áâ¥¬  |−KX | ¥
á®¤¥à¦¨â ª á¯¨¤ «ìëå ªà¨¢ëå. �ëç¨á«¨â¥ ª®«¨ç¥áâ¢® ®á®¡ëå ¤¨¢¨§®à®¢
D ∈ |−KX |.

88. �ãáâì X { ¯®¢¥àå®áâì ¤¥«ì �¥ææ® áâ¥¯¥¨ ≤ 2,   L,L′ ⊂ X {
¯àï¬ë¥. � ª¨¥ § ç¥¨ï ¬®¦¥â ¯à¨¨¬ âì ¨¤¥ªá ¯¥à¥á¥ç¥¨ï LL′?

89. �®ª ¦¨â¥, çâ® ¯®¢¥àå®áâì ¤¥«ì �¥ææ® áâ¥¯¥¨ 7  ¤ «î¡ë¬
¯®«¥¬ k ¨¬¥¥â £¥®¬¥âà¨ç¥áªãî â®çªã.

90. �ë¢¥¤¨â¥ ªà¨â¥à¨© �«¥©¬   ¨§ ªà¨â¥à¨ï � ª ¨-�®©è¥§®  ¢
á«ãç ¥ ¯®¢¥àå®áâ¥©.
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91. �ãáâì X { â ª ï ¯®¢¥àå®áâì, çâ® −KXC > 0 ¤«ï «î¡®© ªà¨¢®©
C ⊂ X. �®ª ¦¨â¥, çâ® X { ¯®¢¥àå®áâì ¤¥«ì �¥ææ®.

92. �ãáâì X = X4 ⊂ P4 { ¯®¢¥àå®áâì ¤¥«ì �¥ææ® áâ¥¯¥¨ 4. �¯¨è¨â¥
¯ãçª¨ ª®¨ª  X á ¯®¬®éìî ª¢ ¤à â¨çëå ãà ¢¥¨©, § ¤ îé¨å ¯®¢¥àå-
®áâì X.

93. � ©¤¨â¥ £àã¯¯ã  ¢â®¬®àä¨§¬®¢ ªã¡¨ç¥áª®© ¯®¢¥àå®áâ¨ �¥à¬ 
 ¤ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ 2.

94. � ©¤¨â¥ ¬¨¨¬ «ìãî ¯®¢¥àå®áâì X,   ª®â®à®© ª¢ ¤à â¨ç ï
¨¢®«îæ¨ï (á¬. § ¤ çã 12) ¤¥©áâ¢ã¥â ¡¨à¥£ã«ïà®.

95. � §«®¦¨â¥ ª¢ ¤à â¨ç®¥ ¯à¥®¡à §®¢ ¨¥

(x, y) 7→ (x, y + x2)

¢ ¯à®¨§¢¥¤¥¨¥ ¯à®¥ªâ¨¢ëå ¯à¥®¡à §®¢ ¨© ¨ ª¢ ¤à â¨çëå ¨¢®«î-
æ¨©.

96. �¯¨è¨â¥ ®â®¡à ¦¥¨¥ �«ì¡ ¥§¥ ¤«ï á«¥¤ãîé¨å ª®¬¯«¥ªáëå
  «¨â¨ç¥áª¨å ¯®¢¥àå®áâ¥©:

 ) ¤¢ã¬¥àë© ª®¬¯«¥ªáë© â®à;
¡) P2;
¢) ªà¨¢ ï à®¤  2.
97. �ãáâì X { ¤¢ã¬¥àë© ª®¬¯«¥ªáë© â®à,   C ⊂ X { ¥¯à¨¢®¤¨¬ ï

ªà¨¢ ï, ®à¬ «¨§ æ¨ï ª®â®à®© { ªà¨¢ ï à®¤  1. �®ª ¦¨â¥, çâ® C ¥®á®¡ .
98. �ãáâìX { ¯®¢¥àå®áâì ª®¤ ¨à®¢®© à §¬¥à®áâ¨ κ(X) = 1. �®ª ¦¨â¥,

çâ® |nKX | 6= ∅ ¤«ï ¥ª®â®à®£® n = 1, 2, 3, 4 ¨«¨ 6.
99. � ãá«®¢¨ïå § ¤ ç¨ 98 ¤®ª ¦¨â¥, çâ® dim |nKX | ≥ 1 ¯à¨ ¥ª®â®à®¬

n ≤ 42.
100. � ãá«®¢¨ïå § ¤ ç¨ 98  ©¤¨â¥  ¨«ãçè¨¥ ç¨á«  a, b ∈ R â ª¨¥,

çâ® dim |nKX | ≥ an+b ¤«ï «î¡®£® æ¥«®£® n. � §¬¥à®áâì ¯ãáâ®© «¨¥©®©
á¨áâ¥¬ë ¯à¥¤¯®« £ ¥âáï à ¢®© −1.
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�¥¬ë ¤«ï ¤®ª« ¤®¢ ¯® ªãàáã:

1. �®à¬ã«  ¯à¨á®¥¤¨¥¨ï.
2. �¥®à¥¬  �¨¬  -�®å .
3. σ-¯à®æ¥áá.
4. �®¢¥¤¥¨¥ ¨¢ à¨ â®¢ ¯à¨ σ-¯à®æ¥áá¥.
5. � §à¥è¥¨¥ ®á®¡¥®áâ¥© ªà¨¢®©   ¯®¢¥àå®áâ¨.
6. � §à¥è¥¨¥ â®ç¥ª ¥®¯à¥¤¥«ñ®áâ¨ à æ¨® «ì®© äãªæ¨¨.
7. � §«®¦¥¨¥ ¡¨à æ¨® «ì®£® ¨§®¬®àä¨§¬  ¢ ¯®á«¥¤®¢ â¥«ì®áâì

σ-¯à®æ¥áá®¢.
8. �â ¤ àâ®¥ ª¢ ¤à â¨ç®¥ ¯à¥®¡à §®¢ ¨¥.
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�ëç¥â à æ¨® «ì®£® ¤¨ää¥à¥æ¨ « . �ãáâì X { ¬®£®®¡à §¨¥
à §¬¥à®áâ¨ n, P { ¥®á®¡ë© ¢ ®¡é¥© â®çª¥ ¯à®áâ®© ¤¨¢¨§®à �¥©«ï,  
ω { à æ¨® «ì ï n-ä®à¬    X á ¯®«îá®¬ ¯¥à¢®£® ¯®àï¤ª  ¢¤®«ì P .
�®£¤    ¤¨¢¨§®à¥ P , à áá¬ âà¨¢ ¥¬®¬ ª ª ¬®£®®¡à §¨¥, ®¯à¥¤¥«¥  à -
æ¨® «ì ï ¤¨ää¥à¥æ¨ «ì ï ä®à¬  ωP = Res(ω) â ª ï, çâ® ¢ ®ªà¥áâ-
®áâ¨ U ®¡é¥© â®çª¨ ¤¨¢¨§®à  P

ω|U = f
dx1
x1

n∧
i=2

dxi,

¨

ωP |P∩U = Res(
f

x1
)
n∧
i=2

dxi|P∩U ,

£¤¥ f { à æ¨® «ì ï äãªæ¨ï   X, à¥£ã«ïà ï ®¡à â¨¬ ï ¢ ®¡é¥©
â®çª¥ ¤¨¢¨§®à  P , x1, . . . , xn { «®ª «ìë¥ ¯ à ¬¥âàë ¢ ®¡é¥© â®çª¥ ¤¨¢¨§®à 
P , x2|P∩U , . . . , xn|P∩U { «®ª «ìë¥ ¯ à ¬¥âàë ¢ ®¡é¥© â®çª¥ ¤¨¢¨§®à  P

ª ª ¬®£®®¡à §¨ï, x1 = 0 { ãà ¢¥¨¥ ¤¨¢¨§®à  P ¢ ®ªà¥áâ®áâ¨ U ¨

Res(
f

x1
) = f |P∩U

{ ¢ëç¥â äãªæ¨¨ f/x1 ¢¤®«ì ¤¨¢¨§®à  P . �ëç¥â ωP ï¢«ï¥âáï à æ¨® «ì-
®© n− 1-ä®à¬®©   ¬®£®®¡à §¨¨ P , ¥ § ¢¨á¨â ®â ¢ë¡®à  ®ªà¥áâ®áâ¨
U , «®ª «ìëå ¯ à ¬¥âà®¢ x1, . . . , xn,   § ¢¨á¨â «¨èì ®â ®â n-ä®à¬ë ω,
¤¨¢¨§®à  P ¨  §ë¢ ¥âáï ¢ëç¥â®¬ �ã ª à¥ ä®à¬  ω   P .

�®áª®«ìªã à æ¨® «ì ï äãªæ¨ï ®¤®§ ç® ¯à®¤®«¦ ¥âáï   ¬®£®®¡à §¨¥
á «î¡®£® ¥¯ãáâ®£® ®âàëâ®£® ¬®¦¥áâ¢ , â® äãªæ¨ï f ¨ à æ¨® «ìë¥
¤¨ää¥à¥æ¨ «ë ωP , dx2|P , . . . , dxn|P ®¯à¥¤¥«¥ë   P . �à¨ íâ®¬ ®¡ëç®

  P ¢¬¥áâ® f |P , dx2|P . . . , dxn|P ¯¨èãâ f, dx2, . . . , dxn. �®£¤  ¢ëç¥â �ãª à¥
¯à¨®¡à¥â ¥â ¢¨¤

ωP = f
n∧
i=2

dxi.

� ¯à¨¬¥à¥ 1 [��, áâà. 138] ¬®£®®¡à §¨¥X = P3 ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬
¯à®áâà áâ¢®¬ à §¬¥à®áâ¨ 3 á ¤¨¢¨§®à®¬ P = Xd { ¥®á®¡®© ¯®¢¥àå-
®áâìî á ãà ¢¥¨¥¬ F (x0, x1, x2, x3) = 0 áâ¥¯¥¨ d, ®â«¨ç®© ¯à¨ d = 1
®â ¯«®áª®áâ¨H á ãà ¢¥¨¥¬ x0 = 0. � áá¬®âà¨¬ à æ¨® «ìãî 3-ä®à¬ã
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ω = dx∧dy∧dz
f

  P3 á ¤¨¢¨§®à®¬ ã«¥© (ω)0 = dH ¨ ¤¨¢¨§®à®¬ ¯®«îá®¢

(ω)∞ = Xd + 4H, â.¥.
(ω) = (d− 4)H −Xd,

£¤¥

f(x, y, z) = F (1, x, y, z) =
F (x0, x1, x2, x3)

xd0
.

� íâ®© á¨âã æ¨¨ ¤«ï ®âªàëâ®£® ¬®¦¥áâ¢  U = P3 \ H, § ¤ ®£®
¥à ¢¥áâ¢®¬ x0 6= 0,

ωXd
= ω0 =

dx ∧ dy
f ′z

=
dy ∧ dz
f ′x

=
dz ∧ dx
f ′y

.

�¥©áâ¢¨â¥«ì®, ¨§ á®®â®è¥¨ï

df = f ′xdx+ f ′ydy + f ′zdz

  P3  å®¤¨¬

dx =
df

f ′x
, dy =

df

f ′y
, dz =

df

f ′z
, ω =

df ∧ dy ∧ dz
ff ′x

= −df ∧ dx ∧ dz
ff ′y

=
df ∧ dx ∧ dy

ff ′z
.

�âªã¤  ¯®«ãç ¥¬ âà¥¡ã¥¬ë¥ á®®â®è¥¨ï   Xd. �§ ¨å ¢ëâ¥ª ¥â, çâ®
2-ä®à¬    Xd ¥ ¨¬¥¥â ã«¥© ¨ ¯®«îá®¢   Xd ∩ U ¨

(ωXd
) = (n− 4)HXd

,

£¤¥ Hd = H|Xd
{ £¨¯¥à¯«®áª®¥ á¥ç¥¨¥.

�®à¬ã«  ¯à¨á®¥¤¨¥¨ï. �á«¨ ¬®£®®¡à §¨¥X ¨ ¤¨¢¨§®à P ¥®á®¡ë,
â® ®£à ¨ç¥¨¥ (KX + P )|P ®¯à¥¤¥«¥® ¨

KP = (KX + P )|P ,

£¤¥ KX = (ω), KP = (ωP ).
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�¢ ¤à â ª ®¨ç¥áª®£® ¤¨¢¨§®à  «¨¥©ç â®© ¯®¢¥àå®áâ¨ �ã-
áâì S → C { «¨¥©ç â ï ¯®¢¥àå®áâì  ¤ ªà¨¢®© C à®¤  g. �®£¤  K2 =
8(1 − g), £¤¥ K { ª ®¨ç¥áª¨© ¤¨¢¨§®à ¯®¢¥àå®áâ¨ S. � á ¬®¬ ¤¥«¥,
í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï «¨¥©ç â®© ¯®¢¥àå®áâ¨  ¤ C á®åà -
ïîâ K2. �â® á¢®¤¨â ¢ëç¨á«¥¨¥ K2 ª á«ãç î ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï:
S ' P1 × C, ¤«ï ª®â®à®£®

K = p∗P1(−2P ) + p∗CKC ¨ K2 = −4 degKC = 8(1− g),

£¤¥ pP1 , pC { ¯à®¥ªæ¨¨   á®¬®¦¨â¥«¨, P { â®çª    P1,  KC { ª ®¨ç¥áª¨©
¤¨¢¨§®à ªà¨¢®© C.

�®à¬ã«  �®¤ ¨àë. �ãáâì f : S → C { ®â®á¨â¥«ì® ¬¨¨¬ «ì ï
í««¨¯â¨ç¥áª ï ¯®¢¥àå®áâì, â.¥. S,C { ¥®á®¡ë¥ ¯à®¥ªâ¨¢ë¥ ¯®¢¥àå®áâì
¨ ªà¨¢ ï á®®â¢¥âáâ¢¥®, f { ®â®á¨â¥«ì® ¬¨¨¬ «ì®¥ áâï£¨¢ ¨¥,
®¡é¨© á«®© ª®â®à®£® ªà¨¢ ï à®¤  1. �â®á¨â¥«ì ï ¬¨¨¬ «ì®áâì ®§ ç ¥â,
çâ® ¢ á«®ïå ®â®¡à ¦¥¨ï f ¥â (−1)-ªà¨¢ëå. �ª¢¨¢ «¥â®, ª ®¨ç¥áª¨©
¤¨¢¨§®à K ¯®¢¥àå®áâ¨ X ç¨á«¥® âà¨¢¨ «¥  ¤ C ¨ ¤ ¦¥ Q-«¨¥©®
âà¨¢¨ «¥  ¤ ªà¨¢®© C. �®á«¥¤¥¥ ®§ ç ¥â, çâ® áãé¥áâ¢ã¥â æ¥«®¥ ¯®«®-
¦¨â¥«ì®¥ ç¨á«® I â ª®¥, çâ® ¤¨¢¨§®à IK «¨¥©® íª¢¨¢ «¥â¥ 0 ¢
®ªà¥áâ®áâ¨ «î¡®£® á«®ï ®â®¡à ¦¥¨ï f . � ®ªà¥áâ®áâ¨ ®¡é¥£® á«®ï
ª ®¨ç¥áª¨© ¤¨¢¨§®à K «¨¥©® âà¨¢¨ «¥. �®íâ®¬ã ¯®¢¥àå®áâì S
¨¬¥¥â ¢¥àâ¨ª «ìë© ®â®á¨â¥«ì® f ª ®¨ç¥áª¨© ¤¨¢¨§®à K. �§ ¥£®
ç¨á«¥®© âà¨¢¨ «ì®áâ¨  ¤ C ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥

K = f ∗(KC +Bdiv +M),

£¤¥ KC { ª ®¨ç¥áª¨© ¤¨¢¨§®à ªà¨¢®© C, Bdiv { £à ¨æ , â.¥. Bdiv {
íää¥ªâ¨¢ë© «®£ª ®¨ç¥áª¨© ¨ ¤ ¦¥ � ¢ ¬ â  «®£â¥à¬¨ «ìë© Q-
¤¨¢¨§®à   C,   M { Q-¤¨¢¨§®à   C, ®¯à¥¤¥«ï¥¬ë© ¤ ®© ä®à¬ã«®©,
 §ë¢ ¥¬®© ä®à¬ã«®© �®¤ ¨àë. � ç¥ £®¢®àï,

Bdiv =
∑

bPP,

£¤¥ áã¬¬¨à®¢ ¨¥ ¢¥¤ñâáï ¯® â®çª ¬ P ªà¨¢®© C, ¨ ªà â®áâ¨ bP ¤¨¢¨§®à 
Bdiv ¯à¨ ¤«¥¦ â à æ¨® «ìë¬ â®çª ¬ ¯®«ã¨â¥à¢ «  [0, 1). �® ®¯à¥¤¥«¥¨î
ç¨á«  I,  §ë¢ ¥¬®£® ¨¤¥ªá®¬ ¯à¨á®¥¤¨¥¨ï, ¤¨¢¨§®à I(Bdiv +M) æ¥«,
â.¥. â ª®¢ë ¢á¥ ¥£® ªà â®áâ¨. �¤¥ªá ¯à¨á®¥¤¨¥¨ï § ¢¨á¨â ®â í««¨¯â¨ç¥áª®©
¯®¢¥àå®áâ¨. � ®£à ¨ç¨¢ ¥â § ¬¥ â¥«ì ®¡êñ¬  V (S) ¯®¢¥àå®áâ¨ S:
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¥á«¨ ª®¤ ¨à®¢  à §¬¥à®áâì ¯®¢¥àå®áâ¨ S à ¢  1, â® IV (S) { æ¥«®¥
¯®«®¦¨â¥«ì®¥ ç¨á«®.

�à â®áâì bP,div ¤¨¢¨§®à¨ «ì®© ç áâ¨ ¯à¨á®¥¤¨¥¨ï ¢ â®çª¥ P ªà¨¢®©
C § ¢¨á¨â ®â £¥®¬¥âà¨ç¥áª®£® á«®ïXP ®â®¡à ¦¥¨ï f  ¤ P , íª¢¨¢ «¥â®,
®â áâàãªâãàë ¤¨¢¨§®à  f ∗P . � ¯à¨¬¥à, ¥á«¨ XP { ªà âë© á«®© XP =
f ∗P = mE, £¤¥ m { æ¥«®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®, ªà â®áâì á«®ï XP ,  
E { ¥®á®¡ ï ªà¨¢ ï à®¤  1, â®

bP,div =
m− 1

m
.

� ç áâ®áâ¨, ¥á«¨ á«®© XP ¥¢ëà®¦¤¥, â.¥. á«®© XP £« ¤ª¨©, â® XP {
¥®á®¡ ï ªà¨¢ ï,m = 1 ¨ bP,div = 0. � á«ãç ¥ ®á®¢®£® ¯®«ï å à ªâ¥à¨á-
â¨ª¨ 0 ¯®çâ¨ ¢á¥ á«®¨ ¥¢ëà®¦¤¥ë, â.¥. ç¨á«® ¢ëà®¦¤¥ëå á«®ñ¢
ª®¥ç®. � íâ®© á¨âã æ¨¨ ä®à¬ã«  �®¤ ¨àë ¯à¨¬¥¨¬ . �®« ï ª« á-
á¨ä¨ª æ¨ï ¢ëà®¦¤¥ëå á«®ñ¢ ¨ á®®â¢¥âá¢ãîé¨¥ ªà â®áâ¨ ¤¨¢¨§®à¨ «ì-
®£® ¯à¨á®¥¤¨¥¨ï ¡ë«¨  ©¤¥ë �®¤ ¨à®©.

�®¤ ¨à  â ª¦¥  èñ« á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥¨¥ ¬®¤ã«ì®© ç áâ¨ á
â®ç®áâìî ¤® ç¨á«¥®© ¨«¨ I-«¨¥©®© íª¢¨¢ «¥â®áâ¨ ∼I :

M ∼I
J∗P

12
,

£¤¥ J : C → P1 {  ¡á®«îâë© ¨¢ à¨ â í««¨¯â¨ç¥áª®© ¯®¢¥àå®áâ¨ ¨ P
{ â®çª    P1, £àã¡®¬ ¯à®áâà áâ¢¥ ¬®¤ã«¥© ªà¨¢ëå à®¤  1.

�¯¨á®ª «¨â¥à âãàë

[��] �.�. �áª®¢áª¨å ¨ �.�. � ä à¥¢¨ç, �«£¥¡à ¨ç¥áª¨¥ ¯®¢¥àå®áâ¨,
�®áª¢  1989, 131{263.

[�] �.�. � ä à¥¢¨ç, �á®¢ë  «£¥¡à ¨ç¥áª®© £¥®¬¥âà¨¨, �®áª¢ 
����� 2007.
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