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Evasive oracles and homology of moment-angle complexes

In order to check some property of a graph, one needs to ask a number of questions
about edges of a graph. Let n be the number of vertices, so that m = n(n — 1)/2 is
the maximal possible number of edges. The original Aanderaa-Rosenberg conjecture (now
proved) states that there exists a > 0 such that at least a - m questions are needed to
check any monotonic invariant property. A stronger evasiveness conjecture (otherwise called
Aanderaa-Karp-Rosenberg conjecture) asserts that exactly m questions are always needed
to check a monotonic invariant property. There was much topological research around this
stronger statement, relating the subject to the study of fixed point sets of finite group
actions on cell complexes.

Instead, I replace a boolean oracle with an oracle operating on real/complex numbers,
and, via results of Bjorner-Lovasz, relate the study of evasiveness to the theory of moment-
angle complexes known in toric topology. Toral rank conjecture, proved by Ustinovskii for
moment-angle complexes, allows to deduce a version of the original Aanderaa-Rosenberg
conjecture for non-invariant monotonic properties.

This is quite a new perspective with lots of directions of research: in toric topology,
theoretical informatics, and probably even artificial intelligence.

Prerequisites

It is assumed that the audience knows the definitions of a simplicial complex and that
of homology (e.g. simplicial homology). Other concepts needed for understanding will be
introduced in the lectures.



V.M. Buchstaber
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Theory and applications of n-valued groups

We will introduce the main notions and constructions of the n-valued groups theory.
We will discuss key examples and topical problems of this theory. Results of the n-valued
groups theory, which have found applications in various areas of mathematics, will be
presented.
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Combinatorics, Lobachevsky geometry, and toric topology of
families of three-dimensional polytopes

Combinatorics and hyperbolic geometry of families of three-dimensional
polytopes

It is planned to talk about families of three-dimensional polytopes de fined by the
condition of a cyclic k-edge-connectivity. Among these families we consider flag and Pogorelov
polytopes. Using E.M. Andreev’s theorem, we will show that flag polytopes can be realized
as bounded polytopes with equal dihedral angles, while Pogorelov polytopes can be realized
in the same manner with right dihedral angles.

Among Pogorelov polytopes there is an important subfamily of fullerenes, that is simple
3-polytopes with only pentagonal and hexagonal faces. Such polytopes are mathematical
models of carbon molecules, which are fundamental objects of quantum physics, quantum
chemistry and nanotechnology.

We also consider the family of ideal right-angled polytopes, which play a central role in
the Koebe-Andreev-Thurston theorem which states that every three-dimensional polytope
can be realized in the Euclidean three-dimensional space in such a way that all its edges
touch the sphere. For each family, we will show how to build it from several initial polytopes
using vertex and edge cut operations.



Toric topology of families of polytopes

To each simple polytope toric topology associates a smooth manifold with a torus action,
such that the polytope is the orbit space of this action. The topology of this manifold and
action depends only on the combinatorics of the polytope.

It is planned to discuss the problems of cohomological rigidity: when the polytope is
uniquely determined by the graded cohomology ring of the moment-angle manifold. In
particular, we will discuss why Pogorelov polytopes and ideal right-angled polytopes are
rigid.

To do this, we will describe the cohomology ring of the moment-angle manifold using the
combinatorics of the polytope. In particular, we will show which sets of cohomology classes
are rigid, that is, they are mapped into each other under any isomorphism of cohomology
rings.

A. A. Gaifullin
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Minimal triangulations of manifolds which are like projective
planes

In 1987 Brehm and Kiihnel proved the following estimate: Any combinatorial triangulation
of a closed d-manifold which is not homeomorphic to the sphere has at least 3d/2 + 3
vertices. Triangulated manifolds that have exactly 3d/2+ 3 vertices and are not spheres are
interesting combinatorial objects. They possess a lot of nice combinatorial and topological
properties. In particular, such manifolds may exist in dimensions 2, 4, 8 and 16 only,
and are manifolds ‘like projective planes’ in the sense of Eells and Kuiper. Until recently,
there were only 5 known examples of such triangulated manifolds, namely, the 6-vertex
triangulation of the real projective plane, the 9-vertex triangulation of the complex projective
plane, and three 15-vertex triangulations of the quaternionic projective plane. Very recently,
the speaker has succeeded to construct many (more than 10'%) such triangulations in
dimension 16. The course will be devoted to constructions and properties of these combinatorial
manifolds.
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Euler class: geometry and combinatorics

Theoretically, Euler class is a topological invariant of a fiber bundle. Practically, it is a
usefull tool for solving problems where usual continuity tricks do not work.

We will discuss two subjects:

—how to use Euler class in practice. As an example, we shall prove Borsuk-Ulam theorem
via FEuler class.

— Fuler class in the triangulated world: a local combinatorial formula.
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Double cohomology of moment-angle complexes

There is a cochain complex structure CH*(Zx) on the cohomology of a moment-angle
complex Zy, obtained by defining a new differential d’ on the Hochster decomposition of
the Tor-algebra of the face ring of a simplicial complex K. Cohomology of CH*(Zk) is
called the double cohomology, HH*(Z).

It can be identified with the second double cohomology of a bicomplex obtained by
adding the second differential d” to the Koszul differential graded algebra of the face ring
of K.

The motivation for defining HH*(Zf) comes from persistent cohomology. The double
cohomology and the corresponding bigraded barcodes possess a stability property, unlike
the ordinary cohomology H*(Zk).

A.Y. Perepechko
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Common refinements of simplicial complexes and Oda’s strong
factorization conjecture

Tadao Oda’s conjecture states that any proper toric birational map between complete
smooth toric varieties can be decomposed into a sequence of blowups with nonsingular
invariant centers followed by a sequence of inverses of such maps.

It is expressed combinatorially as follows: given two nonsingular fans of polyhedral
cones with the same support, there exists a third fan that can be reached from both fans
by sequences of smooth star subdivisions.

We will study this conjecture and a possible approach by Sergio Da Silva and Kalle
Karu in dimension 3, which is reduced to studying subdivisions of a single triangle.
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Algebraic and topological methods in combinatorics

Both polynomial algebra and algebraic topology are successfully used for proving combinatorial
results (usually of existence theorems type) for a while. In a joint work with Roman Karasev
(2012) we established an unexpected relation between these methods, which is still not
understood satisfactory. I want to discuss both achievements and questions in this area.

S. Terzié

University of Montenegro
sterzicQucg.ac.me

The theory of (2n, k) - manifolds via Grassmann and flag
manifolds

We present the basic facts on the theory of (2n, k)-manifolds which has been recently
developed in our joint works with Victor M. Buchstaber. Throughout the presentation we
will also demonstrate these facts in the case of the canonical compact torus action on the
complex Grassmann and flag manifolds. Eventually, this will lead to the description of the
corresponding equivariant structures and orbit spaces of the complex Grassmann and flag
manifolds.
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Volumes of hyperbolic polyhedra

We will consider a class of polyhedra which can be realized with all dihedral angles /2
in a Lobachevsky 3-space. These polyhedra are referred as right-angled hyperbolic. It is
known that right-angled hyperbolic polyhedra can be used as building blocks for a wide
class of hyperbolic 3-manifolds, including some link complements [1|. Following [2] and
[3], we will present volume computations and bounds of volumes of right-angled polyhedra
in terms of number of vertices. These volumes computations suggested the Right-angled
knots conjecture formulated in [4].
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Knots and links in spatial graph

An embedding f of a finite graph G into the 3-sphere is called a spatial embedding of
G, and f(G) is called as spatial graphs of G. The fundamental problem in the theory of
spatial graphs is, for any given graph G, to classify up to isotopy of the embeddings of G.

Firstly, we will discuss intrinsically linked graphs. Any set of pairwise disjoint cycles
in G will give a link in f(G). If a spatial graph f(G) contains a non-trivial link, then we
say that f(G) is linked. A graph is said to be intrinsically linked if a spatial graph f(G)
is linked for any f. In 1980’s Conway — Gordon and Sachs independently proved that Kg
is intrinsically linked, where K, is the complete graph on n vertices. We will discuss this
result and its various generalizations.

Secondly, we will discuss the Yamada polynomial which is useful to determine that two
spatial graphs are not equivalent.
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Bier spheres, generalized moment-angle complexes, and the
simplicial Steinitz problem

The problem of deciding if a given triangulation of a sphere is realizable as the boundary
sphere of a simplicial, convex polytope is known as the “Simplicial Steinitz problem”.
This is an example of a problem of geometric combinatorics which links together areas
of mathematics as distant as combinatorial optimization, toric topology, convex polytopes,
algebraic geometry, topological combinatorics, discrete and computational geometry, etc.

It is known (by indirect and non-constructive arguments) that a vast majority of
triangulated spheres are “non-polytopal”, in the sense that they are not combinatorially
isomorphic to the boundary of a convex polytope. This holds, in particular, for Bier
spheres Bier(K) (named after T. Bier), the (n — 2)-dimensional, combinatorial spheres
on 2n-vertices, constructed with the aid of simplicial complexes K on n vertices.

Emphasizing connections with toric topology (generalized moment-angle complexes),
we will review “hidden geometry” of Bier spheres by describing their natural geometric
realizations, compute their volume, describe an effective criterion for their polytopality,
and associate to Bier(K) a natural coarsening Fan(K) of the Braid fan. We also establish a
connection of Bier spheres of maximal volume with recent generalizations of the classical
Van Kampen-Flores theorem and clarify the role of Bier spheres in the theory of generalized
permutohedra.

Generalized Tonnetz and discrete Abel-Jacobi map

Motivated by the classical Tonnetz, a conceptual lattice diagram representing tonal
space, described originally by Leonhard Euler in 1739, we introduce and study the combinatorics
and topology of more general simplicial complexes Tonn™*(L) of Tonnetz type. Out main
result is that for a sufficiently generic choice of parameters the generalized tonnetz Tonn™*(L)
is a triangulation of a (k—1)-dimensional torus 7% '. In the proof we construct and use the
properties of a discrete Abel-Jacobi map, which takes values in the torus T%~! =~ RF=1/A
where A =~ A}_, is the permutohedral lattice.

Bibliography
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Muororpanankun Kokcrepa B mpocTpaHcTBax JlobaueBcKoro

MuororpanaunkaMmu Kokcrepa Ha3bIBAIOT MHOIOTPAHHUKY, BCE YTIJIBI KOTOPBIX SIBJISIOTCS
HEJBIMU 9aCTSIMU 7. B eBK/INI0BBIX TPOCTPAHCTBAX U HA ¢(hepax BCe TaKNe MHOTOTDAHHUKH
obutn KJtaccuduimpoBanbl Kokcrepom B 1934 romay. N3ydenne muororpannukos Kokcre-
pa B mpocTtpaHcTBax JlobadeBckoro Obl10 HavyaTto Bunbeprom. B 1984 roay emy yraasaoch
JIOKa3aTh, YTO, B OTJIU- YHH OT €BKJIHIOBOTO U C(PEPUUECKOrO CJAYyYaeB, B IPOCTPAHCTBAX
JlobaueBckoro pasmepnoctu 30 u 6oj1ee TaKUX MHONOTPaHHUKOB HeT. B 1992 rony Byraenko
HOCTPOUJI HPUMED MHOrOrpanHnka Kokcrepa pPeKOpAHON HA TEKymuit MOMEHT pa3MepHO-
ctu 8. OHOI U3 MEHTPAJBHBIX 33729 9TOH 00JIaCTH SIBISETCS HAXOXKIEHHE PA3MEPHOCTEIH,
B KOTOPBHIX TaKWe MHOTOIPAHHUKN MOTYT CYIIEeCTBOBATH.

B cBoeMm mokitajie s pacckaxKy 06 OCHOBHBIX HJIESIX, KOTOPBIE IIPUMEHAIOTCS P U3y de-
HUU MHOTOrpaHHuKOB KokcTepa, a TakkKe 0 CBOMX HEJABHUX HMPOJIBUKEHUAX.

P. AjekceeBc
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O Teopeme Xunrona-MurHOpa 1 ee 0000IIEHNAX

Teopema Xuarona-MuiHOpa - OfMH W3 IVIABHBIX PE3yJIbTATOB Teopuu romoromnuii. Ee
nepBas Bepcus Oblia ¢«hopMyIHpOBaHa U TOKa3aHa XHJITOHOM B ero crarhe 1955 roga ([1]),
IOCBAIIEHHON OMUCAHUIO Pa3I0KeHUsd Tpyunsl m,(S™ v S™ v ... v S") B GeCKOHEIHYIO
OPSAMYI0 CYMMY TOMOTONHUYeCKUX Tpymm cdep. Yike B 1956 romy B HeomyOJHKOBAHHBIX
sameTkax Munaopa ([2|) pesyabrar Xuarona 6bLT CHIBHO 0600IIEH - GBI HANIEH TOMOTO-
IUYeCKHIl THII IPOCTPAHCTBA Heresb Hag L(S™ v S™ v ... v S™).

B cBoem nokistajie g 6osiee o ipobHO paccKasKy o pe3ysbrare MuaHoOpa 1 HEKOTOPHIX €ro
obobmennsx ([3],[4]). Takrke MBI HaMETHM BO3MOYKHOCTH JaJIbHeiiTero o600Imenus: reope-
Mbl XuaToHa-MHIHOPA, FADMOHHYHO COYETAIONIHECS ¢ OOBEKTAMU H3YUeHNs TOPUIECKOil
TOIOJIOTHH, M, BO3MOYKHO, HEMHOTO OOCY/IUM JAHHYIO TEOPEMY B KOHTEKCTe 0O-KaTeropuii

(I5])-
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OnTuMu3aInoHHbIM MOJIX0/I B 3a/1a4aX Tuma 1Bepbepra

Knaccuueckag Teopema Teepbepra yTBepzaaer, 4To Jioboe MHOKecTBO U3 (r — 1)(d +
1) + 1 rouku B R? MOKHO Pa3OUTh Ha 7 IIOJAMHOMKECTB, BBIIYKJble 000JOYKH KOTOPHIX
nepecekalTcst. B cBoux jokasarenbeTBax 3Toil Teopembl TBepbepr u Bpeunna [1], a Tak-
ke Pyjnes [2] KCIIOJAb30BaJIN ONTUMU3AIMUOHHBIN 110JX0 ¢ HePEeCTPONKON HeONTUMAaJIbHbIX
pasbuennii. ¢ pacckaky o JAByX 3ajadax Tuia 1BepOepra, KOTOpPbie yIaJ0Ch PEIiTh C
MOMOII[HIO TTOXOYKEr0 TOIXO0/1A.

Jloka 1 ocHOBaH Ha COBMeCTHO# pabdore ¢ Amekcanapoum llonsgHCKIM.
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Reconstructing knots from point clouds with persistent
homology

The problem of reconstructing a knot from a point cloud followed by recognition
of its topological type arises in physics, biology and chemistry. In the present work we
propose several new methods to reconstruct a knot from a noisy point cloud with further
simplification of the resulting closed polygonal curve. We examine the robustness of the
proposed methods with respect to normal noise. We use the data from the KnotProt 2.0
database [1]| of proteins that are knotted in certain ways (forming knots of types 01; 31;
41; 51, etc.).

Present solution of this problem comes in 3 steps:

1. Reconstructing a polygonal closed curve from the given point cloud.

2. Simplifying the obtained curve, that is minimising the number of segments forming
it.

3. Computing the topological invariants of the curve that distinguish its topological
type.

The first step starts with constructing the Euclidean minimum spanning tree (EMST)
of the point cloud. Next, there are at least two options for adding an edge to form a cycle
that represents the knot (Fig. [1).

One is to connect the two points that are most distant with respect to the tree (path)
metric. The other option is to connect the two points forming an edge that corresponds
to the birth of the most long-living one-dimensional persistent homology (PH). PH is a
central concept in topological data analysis (TDA), and applying it in knot reconstruction
problem makes one of the contributions of the present paper.

For the second step, we use the KTM algorithm [2] that reduces the number of segments
in the polygonal closed curve making the knot by removing certain vertices, in a way that
preserves its topological type. There seems to be room for improvement of this method,
since it only operates on the original points, while perturbing them in some way may
improve the final result.

To distinguish the topological types of knots presented in the KnotProt 2.0. database
on the third step, we use calculate knot invariants (e.g. Alexander and Jones polynomials)
by means of Topoly software [3].

Another contribution of the present paper is the study this method’s performance in
presence of noise that models uncertainty in point positions points are considered to be
uniformly distributed along the polygonal curve of the knot plus some Gaussian noise in the
planes orthogonal to the segments the points are chosen from. By controlling the variance
scale of this normal component and the number of points the knot is reconstructed from,
we examine the robustness of such invariant-based knot classification.

We thank Anton Ayzenberg and Konstantin Sorokin for fruitful discussions.
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Puc. 1: Noisy trefoil knot reconstructed. The edge shown in blue gives birth to the longest-
living one-dimensional persistent homology (red+blue).
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Parametric Korteweg—de Vries hierarchy and
hyperelliptic sigma functions

In the talk we will present the definition of the parametric Korteweg—de Vries hierarchy.
This hierarchy depends on an infinite set of graded parameters. For any genus the Klein
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hyperelliptic function, defined on the basis of the multidimensional sigma function, gives a
solution of this hierarchy. We will describe the relation of the parameters of the hierarchy
and the multidimensional sigma functions.

We will give the definition of the family of Buchstaber-Shorina differential operators.
This family consists of ¢ third-order differential operators of g variables. The operators in
the family commute in pairs and also commute with the Shrodinger operator. We will show
the connection of such families with the parametric Korteweg-de Vries hierarchy.

The talk is based on the results of the work E. Yu. Bunkova, V. M. Buchstaber,
“Parametric Korteweg—de Vries hierarchy and hyperelliptic sigma functions”, Functional
Analysis and Its Applications, 56:3 (2022), 16-38.

Y. A. Verevkin
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The Lie algebra associated with the lower central series of a
right-angled Coxeter group

We study the lower central series of a right-angled Coxeter group RC'x and the associated
Lie algebra L(RC). The latter is related to the graph Lie algebra L. We give an explicit
combinatorial description of the first three consecutive factors of the lower central series
of the group RCk.

®. E. Belier>kaumu

HITY BIIIS, MT'Y um. M.B.JIomorocosa
vylegf@gmail.com

O KopOpMaJIBLHOCT MOMEHT-YT0JT KOMILIEKCOB

DopMaIbHOCT U KOMOPMAJBHOCTh - BayKHBIE CBONCTBA TOMOTOINUYECKOTO THIIA, U3-
HAYAJIBHO ONPE/IeJEHHBIE B DAIMOHAIBHON TEOPUH TOMOTOIMI (XOTsI MOXKHO TOBOPUTBH O
(K0)bOpMANTBHOCTH TOMOJOIHYIECKOTO TIPOCTPAHCTBA HAJL JIIOOBIM KOJBIIOM).

QopMaIbHOCTH MPEHITCTBYIOT BBHICIINE Npom3BefeHns Maccu, a KopOpMaJIbHOCTH -
BBICIIIME NIPOU3BeIeHEs YaiiTxeaa. MoMeHT-Yroa KOMILIEKCHI - BaXKHOE B TOPHYIECKON TOIIO-
JIOTHH CEMEeHCTBO TOMOJOIHYECKUX MPOCTPAHCTB, TapaMeTPH30BAHHBIX CUMILIAIAAILHBIMA
koMmIuiekcamMu. OHH MOTyT MMeTh KaK HPOCTYIO, TAK M BECbMa CJIOKHYIO TOMOJIOTHIO (OT
OyketoB cdep 10 HedOPMATBHBIX KOMILUIEKCHBIX MHOT00Gpasuii).
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Uccnenysa cnekTpaibHyIo mocjaesoBarebHoCcTh Muinopa-Mypa, Mbl JIoKa3bIBaeM, 9TO
ITUPOKAN KJIAaCC MOMEHT-YTOJI KOMILTeKCOB He KodopMmaser. C Apyroit CTOPOHBI, U3 HeTaB-
HUX pe3yabTaToB P.XyaHra cienyer pamuoHadbHad KOPOPMATBHOCTH MOMEHT-YTOJ KOM-
IJIEKCOB, COOTBETCTBYIOMINX (hJIATOBBIM CUMILIANAATHHBIM KOMILIEKCAM.

B. A.I'payman

MI'Y nm. M.B.J/IomonocoBa
grauman80@gmail.com

Bricimne anredpamdeckue CTpYKTYPHI U OIIACAHUE
FOMOTOMMUYECKUX MHBAPUAHTOB TIPOCTPAHCTB

JlokJ1a/1 TIOCBSIIEH W3JI0KEHUIO TEOPUH BBICIIUX aNreOpandecKux CTPYKTYpP W UX TPH-
MEHEHUSIM K aJjredpamdeckoil tomosoruu. Mbl paccMoTpuM T/IaBHBIM 00pPa30M MTOHSITHUS
A 1 Lyp-CTPYKTYD, SIBJISIONINECS BBICIIUMEA TOMOTONUYeCKUMU anamoramu DG-aaredbp u
DG-anre6p JIn coOTBETCTBEHHO.

BynyT u3noxkeHbl uX OCHOBHBIE CBOWCTBA M KJACCHUECKHE PE3YIBTATHI O UX CBA3H C
BBICIITUME (KO-)TOMOJIOTHYECKHMHI U TOMOTOMAYECKUMH OHePAIUsIMU, ¢ (DOPMATHHOCTHIO U
KO(OPMAJILHOCTBIO a/iredp U IMPOCTPAHCTB, UX CBsI3U ¢ WHMOPMALUEH, COJIEPKAIUXC B
nuddepenimanax CeKTpagbHbIX TOCTIe10BATETbHOCTE].

Bymnyr mambr Takyke HEKOTOpBIE OOOOIMEHUS 3TUX CTPYKTYP, WX MPUIOKEHUS K OIH-
CAHUSM TOMOTOINUYECKUX TUIOB IPOCTPAHCTB, U KAK MOYKHO MPUMEHUTh HX JIJIsd JTOKA3a-
TEJIbCTBA OTCYTCTBUS/HAJTMYIHMST COOTHOIEHUH B PAIMOHAIBHBIX MOMOTOMUYECKUX ajres-
pax OpOCTPAHCTB (WM Ke B PAIMOHATIBHBIX anrebpax [ToHTpsaruna), Gurypupyommx B
KOIPEJCTABIEHUH, TPOUCXOISINEro n3 Moje n KpuueHa.

[Tocnennee OBIIO WCITIOTB30BAHO JJIsI TOKA3ATENIBCTBA OTCYTCTBUS COOTHOIIEHW B aJi-
rebpax [lonTpsrura MOMEHT-yTroT KOMILIEKCOB. [10 BO3MOXKHOCTH MBI YIIOMSHEM JlajTbHeli-
IIIHe OTKPBITHIE BOIMPOCHI B 9TOM HAIIPABJICHUH.

N. Y. Erokhovets

Lomonosov Moscow State University
erochovetsn@hotmail.com

Cohomological rigidity of manifolds associated to ideal
right-angled hyperbolic 3-polytopes

Toric topology assigns to each n-dimensional combinatorial simple convex polytope P
with m facets an (m + n)-dimensional moment-angle manifold Zp with an action of a
compact torus 7™ such that Zp/T™ is a convex polytope of combinatorial type P.
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A simple n-polytope is called B-rigid, if any isomorphism of graded rings H*(Zp,Z) =
H*(Zq,Z) for a simple n-polytope () implies that P and @) are combinatorially equivalent.

An ideal almost Pogorelov polytope is a combinatorial 3-polytope obtained by cutting off
all the ideal vertices of an ideal right-angled 3-polytope in the Lobachevsky (hyperbolic)
space L3. These polytopes are exactly the polytopes obtained from any, not necessarily
simple, convex 3-polytopes by cutting off all the vertices followed by cutting off all the “old”
edges. The boundary of the dual polytope is the barycentric subdivision of the boundary
of the old polytope (and also of its dual polytope). We will discuss the following

Theorem. [1,2| Any ideal almost Pogorelov polytope is B-rigid.

A family of manifolds is called cohomologically rigid over the ring R, if for any two
manifolds M and N from the family any isomorphism of graded rings H*(M, R) = H*(N, R)
implies that M and N are diffeomorphic.

Any ideal almost Pogorelov polytope P has a canonical colouring of facets in 3 colours
corresponding to vertices, edges and facets of the polytope that gives P via cutting off
vertices and “old” edges. This colouring produces the 6-dimensional quasitoric manifold
M (P) and the 3-dimensional small cover N(P), which are known as "pullbacks from the
linear model".

Corollary. The families {Zp}, {M(P)}, and {N(P)} indexed by ideal right-angled
hyperbolic 3-polytopes are cohomologically rigid over Z, 7. and Zs respectively.

We will also find the Thurston’s geometric decomposition of the 3-manifold N(P):
each quadrangle arising from a vertex of the ideal polytope gives an incompressible torus
in N(P), and N(P) is divided by these tori into two equal parts homeomorphic to a
hyperbolic manifold of finite volume glued of 4 copies of the ideal polytope.
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Application of algebraic topology in combinatorics and discrete

geometry: the method of configuration spaces and equivariant
test maps
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The method of configuration spaces, known also as the “configuration space/test map
scheme”; has been for decades one of the central paradigms for applying topological methods
to problems of combinatorics and discrete and computational geometry. In recent years the
method has found new applications to mathematical welfare economics (fair allocation of
resources, envy-free division, etc.). We illustrate the method by proving several relatives
(extensions) of the classical envy-free division theorem of David Gale in the presence of a
non-cooperative player, where the emphasis is on preferences allowing the players to choose
degenerate pieces of the “cake”.
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SKBI/IBapI/IaHTHbIG KOT'OMOJIOTMM MOMEHT-YI'OJI-KOMIIJIEKCOB

B noknazne 6ymer mokaszaHO BHIYUCTIEHHE SKBUBAPDUAHTHBIX KOTOMOJIOTHI MOMEHT-yTOJI-
KOMILJIEKCOB Zj OTHOCHUTE/ILHO JIEHCTBUS KOOPJAMHATHBIX HOATOPOB. Takzke OyjayT 1pej-
JIO?KEHBI KPUTEPHil JIid S9KBUBAPUAHTHOH (popMaabHOCTH Z) U YyTOYHEHUE KPUTEPHUs JIJis
caydaeB (pJIaroBbIX KOMILIEKCOB U IpadoB.

M. . KopHeB

MIIMY MUAH, MT'V um. M.B.Jlomonocosa
michaelkorneff@gmail.com

['oMoTonIMueckKne KaTeropnu, aCCoOiunpoBaHHbLIE C MOJEJIbHBIMUI
KaTeTropudAaMHr, KaK IIPaBUJIO, HEKOHKPETHLI

Muorue n3BecTHBIE KATETOPUH SIBISIOTCA KOHKPETHBIMH. VIX MOXKHO paccMaTpuBaTh,
KaK «KATerOpHH MHOXKECTB C JIONOJHHTETHHOU CTPYKTYypoil». KOHKpeTHBIMU, HampuMeD,
SIBJIETCS KATeropus TOMOJOTMYeCKUX MMPOCTPAHCTB, KaTeropus R-Mofyeil, KaTeropus rpymnmn
u jp. [ag abejieBbix Kareropuii CymecrByeT CTPOruil HOJHBINA TOUYHBIH (DYHKTOD B KarTe-
roputo R-momyneii (Freyd’s-Mitchell’s embedding theorem, 1964), 1. e. mobyio abeseBy
KaTeropuio MOYKHO PACCMATPUBATH, KAK MOIKATETOPUIO KATETOPUU JIEBbIX R-MOIyieii.
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Nmeercd KOHCTPYKIHS, KOTOpasi COMOCTABJSET MOJIEJHHON KAaTEeropuu COOTBETCTBYIO-
IIYIO eif TOMOTOIIMYEeCKYIo KaTeropuio. Kak mpaBmuiIo, mojaydeHnas IoOMOTOIUYeCKas: KaTe-
ropusi He sBjseTcs KoHKpernoit. Hanpumep, romoronundeckas xareropus h1op, cooTBet-
CTBYIOIad KaTeropuu 1'op TOMOJOTHIECKAX ITPOCTPAHCTB, SIBISETCS UCTOPUIECKN TIEPBBIM
IPUMEPOM HEKOHKDETHOM KaTeropuu. JToT pesysabrar obL1 nonyden B pabore (Freyd, 1969)
npu oMoty nocjaeaoBareabrocTn [lIynme nap npocrpancTs Mypa crenumajibaoro tuma. B
HetaBreii padore (Liberi, Loregian, 2018) 6b110 mosty4eHo 06061menne pe3yabrara Ha Ipo-
KU KJIACC TOMOTONMYECKHX KaTeropuil Mojie/IbHbIX KaTeropuit. B noksase Oyaer pazobpan
JIAHHBINA pe3yJIbTaT W €ro CJIeJICTBHLI.

I'. B. Koprokun

MI'YV um. M.B.JlomoHOCOBa
gregory20018@Qmail.ru

Asredpnr [ToHTpsirnHa 1 MOMEHT-YT0JI KOMILJIEKCHI

Kouncrpykiusa moyimsipajbHbIX MPOU3BEICHUH JaeT MUPOKUH 1 HHTEPECHBIH KJIacc Ipo-
crparcTB. OIHUM W3 BaXKHEHIITUX €0 MOIKJIACCOB ABJISIETCA KJIACC MOMEHT-YTOJI KOMILJIEK-
COB, MOJIYYAIONIIICS MOJUIIPATbHBIMY MPOU3BEIEHUSIMI TUCKA U OKPYKHOCTH.

BceBo3mozkHBIE anTebpandeckue CTPYKTYPHI, IOCTPOEHHbBIE IO POCTPAHCTBAM PAacCMaT-
PHUBAIOTCS ITO MHOTUM TPUIUHAM, BEJIb C TOMOIIHIO HUX MOYKHO TOJIYYUTH PA3TUIHbIE HHBA-
PUAHTHI U MOJIYYUTh MHOI'O BaXKHBIX CBA3€ll MEZK/1y TOLOJIOTHEH 1 a/Iredpoil pocTpancTBa.

Anrebpst [TorTpsirnHA IOy IAI0TCSA U3 PACCIOeHNS TTPOcTpaHcTBa JIaBuca- A nykesnya,
U B cJIydae, KOT/Ia COOTBETCBYIONINI KOMILIEKC ABIdeTCS (PIaroBbIM, MOTHOCTHIO OMUCAHBI.

Ha noxnazie OyayT paccMOTpeHbl 6a30Bble MOHATHS, a TaK:Ke Ppa3’odpPaHbl HECKOJIHKO
UHTEPECHBIX TPUMEPOB, B TOM YHUCJe TMOICYET MOMEHT-YTI0JI KOMILIEKCA, TTOCTPOSHHOTO TI0-
CJICJIOBATEIbHBIM [PUK/JIEMBAHUEM IYCTHIX CUMILJIEKCOB K JIAHHOMY, U PAacCMOTpPEHHE aJi-
rebpol louTpsaruna s 10CTaTOYHO TPOCTOTO HEeDIATOBOIO KOMILIEKCA, XOTs MOy YeHHAS
ajiredpa Oy/JeT He caMoil TPUBHUAJIBHOM.

B. A. Oranncan

MTI'V um. M.B.JTomonocosa
potchtovy jashik@mail.ru

MoMeHT-yT0JI-KOMILIEKChI, COOTBETCTBYIOIINE TTPOCTHIM
MHOI'OI'PaHHUKAM, U CBSA3HbIE CYMMbI IIpou3Beienuii cpep
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MOMeHT-yT0I-KOMILIEKCHI — HHTEPECHBI U BayKHBIH KJIACC MPOCTPAHCTB, OTIAEIHHBIM
HHTEPEC CPeJId KOTOPIX IPEJICTABIISIOT Te, KOTOPbIe COOTBETCTBYIOT MPOCTHIM MHOTOTDAH-
nukam P. Takue MOMEHT-YIOJ-KOMIUIEKCHl Zp SBIASIOTCS TVIAJKAMUA MHOTOOODA3HIMHA €
KOMILTEKCHON CTPYKTYpOii; Gojiee TOro, OHU MOIYT OBITH 3aJaHBl KAaK MepecevdeHne SpMHu-
TOBBIX KBaJIPUK.

B cBoem JoKJIafe st OCPeOTOYY BHUMaHWe Ha MHOIOTDAHHUKAX P, KOTOPHIM COOTBET-
ctBy1oT Zp, nuddeomopduble Wi TOMOTONNYECKH YKBUBATCHTHBIE CBI3HBIM CYMMAaM IIPO-
u3Beaennit cdep. V3BecTHBI MHUPOKHE KIACCH MEOTOTPAHHUKOB (HAIPUMED, TBOHCTBEHHDIE
CTEKOBBIM, IUKJINICCKHE), KOTOPBIM COOTBETCTBYIOT MOMEHT- YTOI-KOMILIEKCHI, nuddeo-
MopdHbBIe CBA3HON cymMe mpousseaenuii nap cdep (em. [1], [2]), onnako npumep P takoro,
aro Zp = M{#Ms# ... # My, viae Bce M; 1o npousseperusi cdep m xora Obl ogHO M;
CONEPKUT boAee 08YT CIATaeMbIX, IOSABUIICA OTHOCHTEILHO HegaHo (eM. (3], [4]).

OCHOBHBIM DE3yJIBTATOM, KOTODBIH Oy/IeT M3JI0XKEeH B JIOKJIaJIe, ABJIAETCS CIIeIyIonast
TeopeMa:

Teopema 1.1. [lyctb P — TpexmepHblil HPOCTON MHOTOIDAHHUK, HE SBJISIONIUICH Ky-
6OM; TOTIa CJIeIYOINe YTBEPKIeHNS SKBUBAJEHTHBI:

(a) P noayuaercsa uz cumiiekca A nocieoBaTesbHOi Cpe3Koil BepHinH, To ecTh P*
— CTEKOBBIH MHOIOTDAHHIK;

(b) Zp roMOTOIMYECKH SKBUBATCHTEH CBSI3HONH CyMMe TPOU3BeaeHuil cdep.

(¢) H*(Zp) n3oM0opdhHO KOJIbILY KOrOMOJIOTHH CBSI3HOM CyMMBbI pou3Beienuii cdep.

(d) 1-octoB Kp — xopmoBsiii rpad.

(e) Kp MUHIMAJIBHO HETOJIOJIOB.

MnTepecHbl TakzKe BOIPOCHI, BO3HUKAIONIKE IIPH MOIBITKE PACCMOTPETH AHAIOTHIHBIE
CBSI3H JIJIT MHOTOTDAHHHKOB PA3MEPHOCTH GOJIBIE TPEX, & TAKZKE BO3HHKAIOIIHE DU ITOM
IPENSTCTBUSL.

Jlureparypa, HCHONb30BAHHASI B AHHOTAIIHH:
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JMCKpUMUHAHTHI U IBOMCTBEHHAS BBHIPOXKIEHHOCTD

Topuaeckoe MHOrOOOpasue sSBJISEeTCS ABORCTBEHHO BBIPOXKIEHHBIM, €CIH ABONCTBEHHOE
MHOTO0Opa3ne K HeMY — JMCKPHMHHAHT — He SBJISeTCsS MIepIOBepXHOCTHIO. Bymer pac-
CKa3aHO 0 KOMOMHATOPHOE OIMUCAHUH JIBOWCTBEHHOIO JedeKTa, MoaydeHHoro OypyKaspoii u
Hro.

OnHoit 13 BeTOK 0000IIEeHHH SIBJIAETCA PACCMOTPEHHE MOJTHHOMUAAIBHBIX CHCTEM C (DUK-
CHPOBAaHHBIMHI HOCHUTEIIMHU. B 3TOM ciIydae MHCKPpUMUHAHT — MHOXKECTBO KO3 DHUIHEHTOB
cucTeMbl ¢ 0c000i TOYKOH — MOZXKeT UMeTh OOJIbIIE OJIHOW KOMIIOHEHTHI U KOMIIOHEHTBI MO-
I'YT UMETh Pa3HYI0 KOPa3MepHOCTh. Mbl 00CYIUM CYIIECTBYONINAE PE3YIbTATEL 00 OMMCAHIH
CTPYKTYPbI JUCKPUMHHAHTA B 9TOM CJIydae.

T. A. PaxmatyiiaeB

MI'Y nm. M.B.J/IomonocoBa
raxtemur@gmail.com

[Ipucoeaunennble aareOpsl JIu 1 UX ITPUIOYKEHUS

[Tpescrapaenne AUCKPETHLIX TPYIN B agrebpax JIu - moJje3nblii ”HCTPYMEHT, [ U3y-
YeHus CTPYKTYPBI AUCKpeTHBIX rpymi. Ilycrs G - rpymnma, Torga MOXKHO H3ydaTh IIPH-
coefuHennyto anrebpy Jlu, noiydennyo Kak mpsmas cymma @y (G)/vi1(G), toe v(G)
- HUKHUH TEeHTpaabHbli psa rpynnbl . Ckobka B Takoil aaredpe cOOTBETCTBYET T'PYII-
HOBOMY KOMMYTaTOpy. MBIl PACCMOTPHM TPYIIIBI JIJIs KOTOPHIX U3BECTHO MCYEPIBIBAIOIIEE
ONMCaHne MPUCOCINHEHHBIX aarebp JIu, a TakzKe X IPHUIOKEHUS B TOPUIECKOI TOMOJIOTAY.

Jl1gt ¢cBOOOAHDIX I'PYIIII IPHCOEIMHECHHBIE aJreOpsl XOPOIIO U3y YeHbl B paboTax Marnyca
[1], nokaszana u3 uzomopdHOCTH ¢BOGOAHBIM asnreGpam Jlu. Tlo3xke BO MHOXKecTBe paboT
noaxon Marmyca mpomoszkaics 1 0600mAaIca Ha CIydail 9aCTHIHO KOMMYTATHBHBIX IPYIIII
(oHE Ke - mpsIMOyTOJIbHBIE TPyIbl Apruna), sHanpumep B [2], [3] u [4].

B pa6orax IIpenepa [5] u Boaauurepa [6] mpu momorun “nporiecca ¢6opKn” KOMMYTaTO-
pos XoJ1a aBTOpaM yIaJaoCch MOCTPOUTH GA3UC MPUCOSINHEHHONR aareOpsl JIn aya rpynm
G clieiyIonero Buja:

G:Ql**Qny Qz :Z2®®ZQ
Hac ke unrepecyer npsmoyrosnbaas rpyuna Kokerepa RCK - rpymma ¢ m obpasyronu-
MU V1, ..., Up, W COOTHOMEHUsAME v = 1 jyis Beex i € [m] u vv; = vju; e {4, 5} € K. D1a
3a/1ava yrKe Obljla 4aCTHIHO H3ydeHa B ctaThe BepeskuHa |7]. Ocobblii mHTEpEC K rpyTimam

Kokcrepa obbsicHsIETCS UX TECHOH CBSI3BIO C MHIIEPOOJIHIECKOl reoMeTpruil U MOsiBJIeHHEM
IPU U3YYeHUH TPYIIT TOMOTOMMH MOJTUIPATbHBIX TpoU3BeieHuil [8].
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Universal space of parameters F,, for canonical T"-action on
Grassmannians G, 2

In the focus of our talk is the canonical action of the compact torus 7™ on the complex
Grassmann manifolds G, 2 of two-dimensional complex subspaces in C" and the orbit
spaces of this action. The main stratum W, < G, given by those points from G, o
whose all Pliicker coordinates are non-zero, plays a crucial role in describing the orbit
space G, 2/T™, as it is an open dense set in G, 5 and it belongs to any Pliicker chart for

Gp2. In addition, we earlier proved that W), Eimg x F,,, where A, - is the hypersimplex

and F,, = W, /(C*)" « CPN,N = (”;2) is an open algebraic manifold. Thus, there is a

compactification &,172 XFy, = G /T™.

In order to construct a model for this compactification one needs to find an appropriate
compactification for F),. It turns out that such a one will be the compactification F,, for F;,
determined by the condition that any automorphism of F;, induced by the transition maps
between the Pliicker charts extends to the automorphism of F,,. Such compactification F,
we call the universal space of parameters.
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We obtain the space F, by resolving singularities arising in the context of required
extensions and by making use of the construction from algebraic geometry known as the
wonderful compactification. Finally, we show that the space F, coincides with moduli
space M(0,n) of stable n-pointed genus zero curves, which is is the Deligne-Mumford-
Grothendieck-Knudsen compactification of the moduli space M(0,n) of n-pointed genus
zero curves. In addition, the space M(0,n) is proved by Kapranov to coincide with the
Chow quotient G, o/{C*)™.

The talk is based on the results jointly obtained with Victor M. Buchstaber.
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Teopust rpadoB A5 U3ydeHnsd IOTOKOB ToIbl

Cucrema Toabl — 9TO AWHAMHYeCKasl CUCTEMAa B3aUMOMIEHCTBUS N TOUYEK, HAIPHUMeD,
HAa TPSAMOl WM OKPYKHOCTH. TaKyio cUCTEMY MOYKHO TepPernucaTh B MATPUIHOM BUJIE KaK
LP — PL = I/, tne L — cumMerpudHast MaTpuiia Ko3(PQUIMEHTOB YpaBHEHUH CHCTEMBbI,
a P — KococmMMeTpuYHas MaTpHIA, TOCTpoeHHas 1O L. B mM3BeCTHBIX JUHAMUYECKUX
cucTemMax, Marpuia L' moBropser hopMmy MaTpHIbl L, 9T0 MOXKHO HHTEPIPETHPOBATH KaK
CYIIIeCTBOBaHUE 3aMKHYTOTO MTOTOKA Ha MPOCTPAHCTBE pelteHuit — moToka Tosb.

B noknane s pacckaxy o TOM, UTO TaKOe HHTepPBaJbHbie Tpadbl, rpadbl AYyT OKPYKHO-
CTH; IIPU KAKUX YCJOBUSAX IIPO MATPUILy TOBOPAT, YTO OHA 00/1a/[aeT CBOWCTBOM KPYTL'OBOIl
COBMECTHMOCTH €JUHUIL U O TOM, KaK BCE 3TH KOMOMHATOPHBIE U MATPUYHBIE CIOZKETHI 10~
MOrafT 0O0OIIUTE OIpe/iesieHne IOTOKa 1o/bl.

P. A. Xpynesn
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ra.khrulev@gmail.com

KombIiia KOroMoJI0Tuii MOMEHT-YTOJT KOMILIEKCOB,
COOTBETCTBYIOIINX CPe3aHHBIM Kybam

B coobmenun OyayT paccMOTpeHbI pasHbie HPUMEPbl MHOI'OTPAHHUKOB, IOJIYYEHHbBIE
OTCeYeHUeM 4YacTH TPeXMEepHOro Kyba ILIOCKOCTBIO. Bymer ucciiegoBaHa TOIOJJIOTHS UX
MOMEHT-YI'0J1 MHOT'0OOpa3uil ¢ HOMOIILIO BBIYUC/IEHUS UX KoJjiel KoromoJjoruii. Takzxke Oy-
JIeT IMOKa3aHa Pa3HUIa B CBOMCTBAX JIjis OlepaIuii Cpe3Ku BEPITUHB U CPE3KHU pedpa MHO-
rOrpaHHUKA OTHOCUTEJIHLHO TOIOJOTHH MOMEHT-YT0JI MHOT'00Opa3usi.
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SU-nuHeiiHbIe olepalni B KOMILIEKCHBIX KOOOPAU3MaxX U TeOpHsd
c1-cpepuyecknx 0OPIU3MOB

B nokiage 6yner pacckazano o6 onucanuu SU-THHEHHBIX olepanuii B KOM- ILJIEKCHBIX
KODOP/U3Max, a UMEHHO, YTO BCE OHU BbIPAXKAIOTCs B BUJIe KOMOMHAIMI MeOMEeTPUIECKUX
onepanuii 0; B3ATHs MOAMHOI000pa3usi, JBOIICTBEHHOrO K CTEIEHN IEPBOro Kiaacca IKeHst
(c1)". Kpome Toro, Gy1eT paccKaszaHO O HEKOTODPBIX Pe3yJbTaTax, KacalomUXCcs TeOPUH Ci-
cpepudeckux dopausmon W, B qactHocTH, SU-TMHEHHBIX YMHOXKEHHH U IPOEKTOPOB, a
TaKKe KOMILIEKCHBIX opHeHTanu#t Ha W, u cooTBeTCTBYIONUX (hOPMAIBLHBIX IPYIII.
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