
International Conference

“Approximation Theory and Applications”

dedicated to the 100-th anniversary
of S. B. Stechkin

September 5 – 11, 2021



Organizers

Steklov Mathematical Institute of Russian Academy of Sciences, Moscow

Steklov International Mathematical Center, Moscow

Laboratory “High-dimensional approximation and applications”

Lomonosov Moscow State University, Moscow

The conference is supported by the Government of the Russian Federation

(the grant to the MSU Laboratory

“High-Dimensional Approximation and Applications”,

agreement no. 14.W03.31.0031),

the Simons Foundation and

the Ministry of Science and Higher Education of the Russian Federation

(the grant to the Steklov International Mathematical Center,

agreement no. 075-15-2019-1614).



Abstracts of talks on the International

Conference �Approximation Theory and

Applications� dedicated to the 100-th

anniversary of S.B. Stechkin

5�11 September, 2021

Contents

Í.Þ. Àíòîíîâ 4

Â.Â. Àðåñòîâ 4

M.V. Balashov 4

B.B. Bednov 5

Â.È. Áåðäûøåâ 5

Þ.Ñ. Âîëêîâ 6

G. Garrig�os 6

G.G. Gevorkyan 7

P.Yu. Glazyrina 7

Á.È. Ãîëóáîâ 8

D.V. Gorbachev 8

1



Ì.Ã. Ãðèãîðÿí 8

S. Gupta 9

Ì.È. Äüÿ÷åíêî 9

V.I. Ivanov 10

G.E. Ivanov 10

Í.À. Èëüÿñîâ 11

E. Kopecka 11

Â.Ã. Êðîòîâ 11

Ì.Ñ. Ëîïóøàíñêè 12

À.Ë. Ëóêàøîâ 12

Ñ.Ô. Ëóêîìñêèé 13

T. Nath 13

Á.Ï. Îñèëåíêåð 13

Ì.Ã. Ïëîòíèêîâ 14

K. Paul 14

Ï.Ã. Ïîöåéêî 14

V.Yu. Protasov 15

A. Ray 15

Sz. R�ev�esz 16

J. Sahasrabudhe 17

D. Sain 18

2



Å.Ì. Ñåìåíîâ 18

W. Sickel 18

M.S. Skopina 19

V.M. Tikhomirov 19

Ñ.Þ. Òèõîíîâ 19

Ð.Ì. Òðèãóá 20

Â.Í. Óøàêîâ 20

Â.È. Ôèëèïïîâ 20

I.G. Tsarkov 21

Ê.Ñ. Øêëÿåâ 22

R. Schneider 22

3



Í.Þ. Àíòîíîâ
Krasovskii Institute of Mathematics and Mechanics in Yekaterinburg

nikolai.antonov@imm.uran.ru

Î ñêîðîñòè ñõîäèìîñòè ñóìì Ôóðüå íåïðåðûâíûõ ôóíêöèé ñ
îãðàíè÷åíèÿìè íà ôðàêòàëüíîñòü èõ ãðàôèêîâ

Ðàññìàòðèâàåòñÿ ñåìåéñòâî êëàññîâ íåïðåðûâíûõ ôóíêöèé, èìåþùèõ
îãðàíè÷åíèÿ íà ôðàêòàëüíîñòü èõ ãðàôèêîâ. Ïëàíèðóåòñÿ îáñóäèòü ñâîé-
ñòâà ôóíêöèé èç ýòèõ êëàññîâ è âîçìîæíîñòü èõ ïðèáëèæåíèÿ ñóììàìè
Ôóðüå.

Â.Â. Àðåñòîâ
Krasovskii Institute of Mathematics and Mechanics in Yekaterinburg

vitalii.arestov@urfu.ru

Ïðèáëèæåíèå èíâàðèàíòíûõ îïåðàòîðîâ

Äîêëàä áóäåò ïîñâÿùåí íàèëó÷øåìó ïðèáëèæåíèþ ëèíåéíûõ íåîãðà-
íè÷åííûõ îïåðàòîðîâ ëèíåéíûìè îãðàíè÷åííûìè îïåðàòîðàìè è ðîä-
ñòâåííûì çàäà÷àì. Áîëüøàÿ ÷àñòü ñîîáùåíèÿ áóäåò îòíîñèòüñÿ ê çàäà÷å
ïðèáëèæåíèÿ îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ â ïðîñòðàíñòâàõ Ëåáåãà
íà ïðÿìîé. Òàêàÿ çàäà÷à èíâàðèàíòíà îòíîñèòåëüíî ñäâèãîâ. Â ñèëó ýòî-
ãî â äàííîé òåìàòèêå âîçíèêàþò ýêñòðåìàëüíûå çàäà÷è â ïðåääóàëüíûõ
ïðîñòðàíñòâàõ äëÿ ïðîñòðàíñòâ ìóëüòèïëèêàòîðîâ. Áóäóò îáñóæäàòüñÿ
ñâîéñòâà ïðåääóàëüíûõ ïðîñòðàíñòâ è íåêîòîðûå çàäà÷è, ñâÿçàííûå ñ
ýòèìè ïðîñòðàíñòâàìè.

M.V. Balashov
Trapeznikov Institute of Control Sciences

balashov73@mail.ru

Stability of minimization problems and the error bound conditions in the
Hilbert space

We shall consider some sort of su�cient conditions ( the error bound
conditions) for stability of the solution set for the problem min

x inA
f(x) with

respect to the function f (in C-norm) and with respect to the set A (in the
Hausdor� distance). Both the function and the set are nonconvex.
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B.B. Bednov
Lomonosov Moscow State University

noriiii@inbox.ru

On Chebyshev and monotone path-connected sets

The talk will present results on the relationship between the classes of
Chebyshev sets and monotone path-connected sets in various Banach spaces.

Â.È. Áåðäûøåâ
Krasovskii Institute of Mathematics and Mechanics in Yekaterinburg

bvi@imm.uran.ru

Äâèæåíèå îáúåêòà è íåäðóæåñòâåííîãî íàáëþäàòåëÿ

Äîêëàä ïîñâÿùåí äâóì çàäà÷àì:
1. Â óñëîâèÿõ íàáëþäåíèÿ äâèæåòñÿ àâòîíîìíûé îáúåêò, îáëàäàþ-

ùèé ñêîðîñòíûì ïîðàæàþùèì óñòðîéñòâîì, îò êîòîðîãî íàáëþäàòåëü,
ÿâëÿþùèéñÿ òåëåñíûì, âûíóæäåí ñêðûâàòüñÿ çà âûïóêëûå ôðàãìåíòû
îêðóæàþùåé ìåñòíîñòè. Íàáëþäàòåëü îòñëåæèâàåò äâèæåíèå îáúåêòà â
áåçîïàñíîì äëÿ ñåáÿ ðåæèìå. Çàäà÷à îáúåêòà � óêëîíåíèå îò íàáëþäåíèÿ
ïîñðåäñòâîì âûáîðà ñêîðîñòè äâèæåíèÿ. Ñòðîèòñÿ òðàåêòîðèÿ íàáëþäà-
òåëÿ, ïîçâîëÿþùàÿ ñëåäèòü çà îáúåêòîì íà âîçìîæíî áîëüøåé ÷àñòè
òðàåêòîðèè îáúåêòà.

2. Îáúåêò, äâèæóùèéñÿ èç íà÷àëüíîé òî÷êè â çàäàííóþ êîíå÷íóþ
âûíóæäåí îáîéòè ïðåïÿòñòâèå � îãðàíè÷åííîå ñâÿçíîå òåëåñíîå ìíîæå-
ñòâî G. Çàäà÷à íàáëþäàòåëÿ, ñòàðòóþùåãî îäíîâðåìåííî ñ îáúåêòîì, ñî-
ñòîèò â ïîèñêå òðàåêòîðèè, îáåñïå÷èâàþùåé ñëåæåíèå çà îáúåêòîì íà
âîçìîæíî áîëüøåé ÷àñòè òðàåêòîðèè îáúåêòà. Â äîêëàäå, ïðè óñëîâèè
ðàâåíñòâà âåëè÷èí ñêîðîñòåé îáúåêòà è íàáëþäàòåëÿ, ïðèâîäÿòñÿ ïðè-
ìåðû òðàåêòîðèé íàáëþäàòåëÿ, äëÿ êîòîðûõ óêàçàíû êîíòðîëèðóåìûå
íàáëþäàòåëåì ó÷àñòêè òðàåêòîðèè îáúåêòà.

Ëèòåðàòóðà:
1. Áåðäûøåâ Â.È. Çàäà÷à áåçîïàñíîãî ñëåæåíèÿ çà îáúåêòîì, óêëî-

íÿþùèìñÿ îò íàáëþäåíèÿ â 2 // Äîêë. ÀÍ. Ìàòåìàòèêà, èíôîðìàòèêà,
ïðîöåññû óïðàâëåíèÿ. 2020. Ò. 493. Ñ. 82�85. doi: 10.31857/S2686954320040049.

2. Áåðäûøåâ Â.È. Óêëîíåíèå îáúåêòà ñ ïîðàæàþùèì óñòðîéñòâîì îò
çîíû âèäèìîñòè íàáëþäàòåëÿ â 3 // Äîêë. ÀÍ. 2020. Ò. 494. Ñ. 93�96.
doi: 10.31857/S268695432005029X.
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3. Áåðäûøåâ Â.È. Îáúåêò ñ ïîðàæàþùèì óñòðîéñòâîì è íåäðóæå-
ñòâåííûé íàáëþäàòåëü â òðåõìåðíîì ïðîñòðàíñòâå // Òð. Èí-òà ìàòåìà-
òèêè è ìåõàíèêè ÓðÎ ÐÀÍ. 2021. Ò. 27, � 2. Ñ.49-58. DOI: 10.21538/0134-
4889-2021-27-2-49-58.

Þ.Ñ. Âîëêîâ
Sobolev Institute of Mathematics and Novosibirsk State University

volkov@math.nsc.ru

Ñõîäèìîñòü ïðîöåññîâ èíòåðïîëÿöèè è îáóñëîâëåííîñòü ñèñòåì
óðàâíåíèé ïîñòðîåíèÿ ñïëàéíîâ â îáùåé çàäà÷å ñïëàéí èíòåðïîëÿöèè.

Ðàññìàòðèâàåòñÿ îáùàÿ çàäà÷à èíòåðïîëÿöèè ïîëèíîìèàëüíûìè ñïëàé-
íàìè êîãäà ñåòêà óçëîâ ñïëàéíà íå ñâÿçàíà ñ ñåòêîé òî÷åê èíòåðïîëÿöèè.
Ðàññìàòðèâàåòñÿ âîïðîñ èõ ïîñòðîåíèÿ ÷åðåç êîýôôèöèåíòû ðàçëîæåíèÿ
êàêîé-ëèáî ïðîèçâîäíîé ïî B-ñïëàéíàì. Àíàëèçèðóþòñÿ ñâîéñòâà ïîëó-
÷àåìûõ ñèñòåì óðàâíåíèé. Ïîêàçàíî, ÷òî âîïðîñ î õîðîøåé îáóñëîâëåí-
íîñòè ñèñòåìû óðàâíåíèé äëÿ ïîñòðîåíèÿ èíòåðïîëÿöèîííîãî ñïëàéíà
÷åðåç êîýôôèöèåíòû ðàçëîæåíèÿ k-é ïðîèçâîäíîé ïî B-ñïëàéíàì ýêâè-
âàëåíòåí âîïðîñó ñõîäèìîñòè ïðîöåññà èíòåðïîëÿöèè äëÿ k-é ïðîèçâîä-
íîé ñïëàéíà â êëàññå ôóíêöèé ñ íåïðåðûâíîé k-é ïðîèçâîäíîé.

G. Garrig�os
University of Murcia, Spain
gustavo.garrigos@um.es

The Haar basis in classical smoothness spaces

In this talk we shall survey results of the author with A. Seeger and
T. Ullrich regarding the basis properties of the Haar system in the classical
smoothness spaces of Besov type, Bs

p,q, and Triebel-Lizorkin type, F
s
p,q, in Rd.

Namely, we shall determine the precise range of indices s, p, q for which the
Haar system is a Schauder basis, or an unconditional basis, in each of these
classes. The regions of parameters (s, 1/p) for the validity of these properties
turn out to be markedly di�erent in each of the smoothness classes, while in
the extremal cases it depends on the value of the second index q.

We shall brie�y discuss the proofs, which are based in precise uniform
estimates for the norms of the dyadic averaging operators, combined with
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suitable (non-trivial) counterexamples to discard unconditionality in a big
portion of the F -space picture.

Bibliography:
G. Garrig�os, A. Seeger, T. Ullrich. The Haar system as a Schauder basis

in spaces of Hardy-Sobolev type. Jour. Fourier Anal. Appl. 24 (5) (2018),
1319�1339.

G. Garrig�os, A. Seeger, T. Ullrich. Basis properties of the Haar system in

limiting Besov spaces. In Geometric aspects of harmonic analysis, P. Ciatti
and A. Martini (Eds), Springer-INdAM series, Vol. 45, (2021).

G. Garrig�os, A. Seeger, T. Ullrich. The Haar system in Triebel-Lizorkin

spaces: endpoint results. Jour. Geom. Anal. 31 (9) (2021), 9045-9089.

G.G. Gevorkyan
Yerevan State University

ggg@ysu.am

Uniqueness Theorems for Simple Trigonometric Series and It's Application
to Multiple Series

For simple trigonometric series, in particular, it is proved that if a trigonometric
series by the Riemann method is summable in measure to an integrable
function f and the Riemann majorant is �nite everywhere, except perhaps
for some countable set, then this series is the Fourier series of the function f .
Using this theorem, uniqueness theorems are obtained for multiple trigonometric
series.

P.Yu. Glazyrina, Yu.S. Goryacheva, Sz.G. R�ev�esz
Krasovskii Institute of Mathematics and Mechanics in Yekaterinburg

polina.glazyrina@urfu.ru

Tur�an's inequality, inverse to Markov's inequality, for compact sets in the
complex plane

In the talk, we will consider the results devoted to estimating the Lq-norm
of a polynomial in terms of the Lq-norm of its derivative under constraints
on the zeros of the polynomial.
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Á.È. Ãîëóáîâ
Moscow Institute of Physics and Technology

golubov@mail.mipt.ru

Íåêîòîðûå ðåçóëüòàòû è çàäà÷è èç äâîè÷íîãî ãàðìîíè÷åñêîãî àíàëèçà

Áóäåò äàí îáçîð èçâåñòíûõ ðåçóëüòàòîâ î äâîè÷íûõ ïðîèçâîäíûõ è
èíòåãðàëàõ. Çàòåì áóäóò èçëîæåíû ðåçóëüòàòû àâòîðà ïî ñëåäóþùèì
òåìàì:

1. Ìîäèôèöèðîâàííûå äâîè÷íûå èíòåãðàëû è ïðîèçâîäíûå äðîáíîãî
ïîðÿäêà.

2. Äâîè÷íûå èíòåãðàëû â äâîè÷íûõ ïðîñòðàíñòâàõ Õàðäè.
3. Äâîè÷íûé àíàëîã òàóáåðîâîé òåîðåìû Âèíåðà è ñìåæíûå âîïðîñû.
4. Äâîè÷íûå îïåðàòîðû Õàðäè è Õàðäè-Ëèòòëâóäà.
5. Íåêîòîðûå çàäà÷è.

D.V. Gorbachev
Tula State University
dvgmail@mail.ru

Solving the Delsarte problems for spherical designs by the Arestov-Babenko
method

Exactly the extremal Delsarte problem is solved for 4-designs on the 2-
sphere. To do this, we adapt the Arestov-Babenko method for the Delsarte
problem for spherical codes. This method is based on the use of semide�nite programming
and solving a polynomial system of equations. To prove the existence of the
desired solution of such a system, the interval Krawczyk's method is applied
from HomotopyContinuation.jl.

Ì.Ã. Ãðèãîðÿí
Yerevan State University

gmarting@ysu.am

Ñóùåñòâîâàíèå è ñòðóêòóðà óíèâåðñàëüíûõ ôóíêöèé â ðàçíûõ ñìûñëàõ

Â äîêëàäå áóäåò ïðåäñòàâëåí îáçîð ðåçóëüòàòîâ, ñâÿçàííûõ ñ ñóùå-
ñòâîâàíèåì, êàê ðàíåå èçâåñòíûõ ôóíêöèé óíèâåðñàëüíûõ â òîì èëè
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èíîì ñìûñëå â ðàçëè÷íûõ ôóíêöèîíàëüíûõ êëàññàõ, òàê è íîâûõ (ðàç-
ëè÷íûõ òèïîâ îòíîñèòåëüíî êëàññè÷åñêèõ ñèñòåì) óíèâåðñàëüíûõ ôóíê-
öèé. Áóäóò ðàññìîòðåíû ïðîáëåìû, ñâÿçàííûå ñ ñóùåñòâîâàíèåì è
ñâîéñòâàìè ôóíêöèé ñ óíèâåðñàëüíûìè ðÿäàìè Ôóðüå â ðàçíûõ ñìûñëàõ
â ðàçëè÷íûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ, à òàêæå áóäåò îïèñàíà
ñòðóêòóðà òàêèõ óíèâåðñàëüíûõ ôóíêöèé.

S. Gupta
BBK DAV College for Women

sahilmath@yahoo.in

Strong proximinality in Banach spaces

A stronger form of proximinality called strong proximinality by Godefroy
and Indumathi has been discussed by several researchers in Ba- nach spaces.
We taken up this problem and show how strong proximinality can be transmitted
to and from quotient spaces of Banach spaces. Some re- lationships between
proximinality, strong proximinality, approximative com- pactness and strong
Chebyshevity have been proved. We also generalized the notion of strong
proximinality and de�ne simultaneous strong proximi- nality. It is proved
that if W is a simultaneously approximatively compact subset of a Banach
space X then W is simultaneously strongly proximinal and the converse holds
if the set of all best simultaneous approximations to every bounded subset S
of X fromW is compact. We proved that simultane- ously strongly Chebyshev
sets are precisely the sets which are simultaneously strongly proximinal and
simultaneously Chebyshev. It is also proved that if F and W are subspaces
of a Banach space X such that F is simultaneously strongly proximinal, W is
�nite dimensional and F +W is closed then F +W is simultaneously strongly
proximinal in X.

Ì.È. Äüÿ÷åíêî
Moscow State University

dyach@mail.ru

Àñèìïòîòèêà âáëèçè íóëÿ ñóìì êîñèíóñ-ðÿäîâ ñ äðîáíî-ìîíîòîííûìè
êîýôôèöèåíòàìè
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Èçâåñòíî, ÷òî àñèìïòîòèêà âáëèçè íóëÿ ñóììû êîñèíóñ-ðÿäà ñâÿçàíà
ñ ôóíêöèåé

[π/x]∑
n=0

(n + 1)(an − an+1),

ïðè÷åì äëÿ îöåíêè ñâåðõó äîñòàòî÷íî âûïóêëîñòè êîýôôèöèåíòîâ (äâîé-
íîé ìîíîòîííîñòè), à äëÿ îöåíêè ñíèçó � òðîéíîé ìîíîòîííîñòè. Îñíîâ-
íîé ðåçóëüòàò ñîñòîèò â òîì, ÷òî äðîáíàÿ ìîíîòîííîñòü ïîñëåäîâàòåëü-
íîñòè êîýôôèöèåíòîâ ïîðÿäêà ìåíüøå 2 íå îáåñïå÷èâàåò îöåíêè ñâåðõó,
äâîéíàÿ ìîíîòîííîñòü íå ãàðàíòèðóåò îöåíêó ñíèçó, íî ïðè ìîíîòîííî-
ñòè ïîðÿäêà áîëüøå 2 îöåíêà ñíèçó óæå ñïðàâåäëèâà.

V.I. Ivanov
Tula State University
ivaleryi@mail.ru

Weighted Inequalities in Dunkl Harmonic Analysis

Over the past 30 years a meaningful harmonic analysis has been constructed
in the space Rd with Dunkl weight. The classical Fourier analysis on the
Euclidean space corresponds to the weightless case. In the Dunkl harmonic
analysis, an important role is played by the Dunkl�Riesz potential and Dunkl�Riesz
transformations de�ned by S. Thangavelu and Y. Xu. In particular, they
allow one to prove the Sobolev inequalities for the Dunkl gradient. The
talk will focus on inequalities for Dunkl�Riesz potential, Dunkl � Riesz
transforms, and Dunkl gradient with radial power and piecewise power weights.

G.E. Ivanov
Moscow Institute of Physics and Technology

ivanov.ge@phystech.edu

Existence and uniqueness of the nearest and farthest points of two subsets
of a Banach space

For subsets A and C of a Banach space, in terms of estimates for the
parameters of strong and weak convexity of A and C, we obtain su�cient
conditions for the existence and uniqueness of the nearest and farthest points
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of these sets. We give examples to show sharpness of the estimates obtained.

Í.À. Èëüÿñîâ
Baku State University

niyazi.ilyasov@gmail.com

Íåðàâåíñòâà Ñ.Á.Ñòå÷êèíà â òåîðèè ïðèáëèæåíèé: êëþ÷åâàÿ îöåíêà è
ïîïàðíàÿ ðàâíîñèëüíîñòü

Ïðåäëàãàåòñÿ íîâûé ìåòîä, ïîçâîëÿþùèé èç îäíîé êëþ÷åâîé îöåíêè
ïîëó÷àòü èçâåñòíûå íåðàâåíñòâà Ñ.Á.Ñòå÷êèíà - îáðàòíûå òåîðåìû (áåç
ïðîèçâîäíûõ, òàê è ñ ïðîèçâîäíûìè,âêëþ÷àÿ ïðîìåæóòî÷íûå îöåíêè)
òåîðèè ïðèáëèæåíèÿ íåïðåðûâíûõ ïåðèîäè÷åñêèõ ôóíêöèé, ïðè÷åì âñå
óêàçàííûå íåðàâåíñòâà ÿâëÿþòñÿ ïîïàðíî ðàâíîñèëüíûìè. Ðàññìîòðåí
òàêæå ñëó÷àé îöåíîê äëÿ ñòðóêòóðíûõ è êîíñòðóêòèâíûõ õàðàêòåðè-
ñòèê ñîïðÿæåííûõ ôóíêöèé. Ïîëó÷åíî òî÷íîå â ñìûñëå ïîðÿäêà óñèëå-
íèå íåðàâåíñòâà - ïðÿìîé òåîðåìû (áåç ïðîèçâîäíûõ ) íà êëàññå ôóíê-
öèé ñ çàäàííîé ìàæîðàíòîé ëèáî ñ çàäàííûì ïîðÿäêîì óáûâàíèÿ
ìîäóëÿ ãëàäêîñòè.

E. Kopecka
Johannes Kepler University Linz

eva.kopecka@uibk.ac.at

Approximating convex sets by simpler convex sets

LetK be a compact convex set in Rd which is an intersection of halfspaces
de�ned by at most two coordinates. Let Q be the smallest axes-parallel box
containing K. We show that when the dimension d grows, the ratio of the
diameters diamQ/diamK of the two sets can be arbitrarily large. How large
exactly is open.

Â.Ã. Êðîòîâ
Belarusian State University

vgkrotov@mail.ru

Ñâîéñòâî Ôàòó äëÿ îáùèõ àïïðîêñèìàòèâíûõ åäèíèö íà ìåòðè÷åñêèõ
ïðîñòðàíñòâàõ ñ ìåðîé
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Â äîêëàäå ðàññìàòðèâàþòñÿ àáñòðàêòíûå àïïðîêñèìàòèâíûå åäèíè-
öû íà ìåòðè÷åñêèõ ïðîñòðàíñòâàõ ñ ìåðîé. Íàõîäÿòñÿ òî÷íûå óñëîâèÿ
íà ãåîìåòðèþ îáëàñòåé, äëÿ êîòîðûõ èìååò ìåñòî ñõîäèìîñòü àïïðîêñè-
ìàòèâíûõ åäèíèö ïî÷òè âñþäó äëÿ ôóíêöèé èç ïðîñòðàíñòâ Lp, p > 1.
Ðåçóëüòàòû èëëþñòðèðóþòñÿ íà ïðèìåðàõ ÿäåð Ïóàññîíà è èõ ñòåïåíåé
â åäèíè÷íîì øàðå â Rn èëè Cn, à òàêæå ñâåðòêè ñ ðàñòÿæåíèÿìè íà Rn.
Äëÿ âñåõ ýòèõ ïðèìåðàõ íàéäåííûå óñëîâèÿ ÿâëÿþòñÿ òî÷íûìè.

Ì.Ñ. Ëîïóøàíñêè
Moscow Institute of Physics and Technology

masha.alexandra@gmail.com

Ïîñòðîåíèå ñïðÿìëÿåìûõ êðèâûõ íà ïðîêñèìàëüíî ãëàäêèõ ìíîæåñòâà

Â ðàáîòå èññëåäóþòñÿ ñâîéñòâà ïðîêñèìàëüíî ãëàäêèõ ìíîæåñòâ. Ïðåä-
ëîæåí àëãîðèòì ïîñòðîåíèÿ ñïðÿìëÿåìîé êðèâîé ìåæäó äâóìÿ äîñòà-
òî÷íî áëèçêèìè òî÷êàìè íà ïðîêñèìàëüíî ãëàäêèõ ìíîæåñòâàõ â ðàâ-
íîìåðíî âûïóêëîì è ðàâíîìåðíî ãëàäêîì áàíàõîâîì ïðîñòðàíñòâå. Ïî-
ëó÷åíà îöåíêà íà äëèíó êðèâîé è åå îòêëîíåíèÿ îò îòðåçêà ñ òåìè æå
êîíöàìè.

À.Ë. Ëóêàøîâ
Moscow Institute of Physics and Technology

alexey.lukashov@gmail.com

Èíòåðïîëèðîâàíèå ðàöèîíàëüíûìè ôóíêöèÿìè: íåñêîëüêî îòðåçêîâ;
íåñêîëüêî ïåðåìåííûõ

Äîêëàä ïîñâÿùåí äâóì ðàçëè÷íûì íàïðàâëåíèÿì òåîðèè èíòåðïîëè-
ðîâàíèÿ ðàöèîíàëüíûìè ôóíêöèÿìè. Ïåðâîå ñâÿçàíî ñ èíòåðïîëèðîâà-
íèåì íà íåñêîëüêèõ îòðåçêàõ. Áóäåí äàí îáçîð ðåçóëüòàòîâ, ïîñâÿùåííûõ
êîíñòàíòàì Ëåáåãà äëÿ èíòåðïîëèðîâàíèÿ ïîëèíîìàìè è ðàöèîíàëüíû-
ìè ôóíêöèÿìè íà íåñêîëüêèõ îòðåçêàõ. Âòîðîå íàïðàâëåíèå ïîñâÿùå-
íî ìíîãîìåðíîìó èíòåðïîëèðîâàíèþ. Çäåñü áóäåò ðàññìîòðåí ñïîñîá èí-
òåðïîëèðîâàíèÿ ðàöèîíàëüíûìè ôóíêöèÿìè â ñìûñëå Àêîïÿíà (ñðåäíå-
çíà÷íîå èíòåðïîëèðîâàíèå).
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Ñ.Ô. Ëóêîìñêèé
Saratov State University

lukomskiisf@sgu.ru

Æåñòêèå ôðåéìû â íóëüìåðíûõ ãðóïïàõ

Â ïðîèçâîëüíîé ëîêàëüíî-êîìïàêòíîé íóëüìåðíîé ãðóïïå èçâåñòíû
ñïîñîáû ïîñòðîåíèÿ îðòîãîíàëüíûõ âåéâëåò áàçèñîâ, îäíàêî íåò äàæå
ïðèìåðîâ æåñòêèõ ôðåéìîâ (ôðåéìîâ Ïàðñåâàëÿ). Â äîêëàäå áóäóò ïðåä-
ëîæåíû äâà ñïîñîáà ïîñòðîåíèÿ æåñòêèõ âåéâëåò ôðåéìîâ â ëîêàëüíî-
êîìïàêòíîé íóëüìåðíîé ãðóïïå: ñ èñïîëüçîâàíèåì ìåòîäà óíèòàðíîãî
ðàñøèðåíèÿ è áåç èñïîëüçîâàíèÿ ìåòîäà óíèòàðíîãî ðàñøèðåíèÿ.

T. Nath
School of Mathematical and Physical Sciences

tnverma07@gmail.com

Di�erentiability of Distance Function and The Proximinal Condition
implying Convexity

We establish a necessary and su�cient condition for the di�erentiability
of the distance function generated by a nonempty closed set K in a real
normed linear space X under a proximinality condition on K. We do not
assume the uniform di�erentiability constraints on the norm of the space as
in Giles (Proc Am Math Soc 104: 458�464, 1988). Hence, our result advances
that of Giles (Proc Am Math Soc 104: 458�464, 1988). We prove that the
proximinal condition of Giles (Proc Am Math Soc 104: 458�464, 1988) is true
for almost suns. The proximinal condition ensures convexity of an almost sun
in some class of strongly smooth spaces under a di�erentiability condition of
the distance function. A necessary and su�cient condition is obtained for the
convexity of Chebyshev sets in Banach spaces with rotund dual.

The above talk is based on the paper published in The Journal of
Analysis http://dx.doi.org/10.1007/s41478-020-00259-5

Á.Ï. Îñèëåíêåð
MOSCOW STATE UNIVERSITY OF CIVIL ENGINEERING

(NATIONAL RESEARCH UNIVERSITY)
b_osilenker@mail.ru

Î ðÿäàõ Ôóðüå ïî îðòîãîíàëüíûì ïîëèíîìàì Ñîáîëåâà
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Â äîêëàäå ðàññìàòðèâàþòñÿ ñðåäíèå Ôåéåðà ðÿäîâ Ôóðüå ïî îðòîãî-
íàëüíûì ïîëèíîìàì Ñîáîëåâà. Äëÿ (Ñ.1) - ñðåäíèõ ïîëó÷åíû ðåçóëüòàòû
î ñóììèðóåìîñòè ïî÷òè âñþäó è ïî ìåòðèêå êîíòèíóàëüíî-äèñêðåòíîãî
ïðîñòðàíñòâà Ñîáîëåâà.

Ì.Ã. Ïëîòíèêîâ
Vereshchagin Vologda State Milk Industry Academy

mgplotnikov@gmail.com

Åäèíñòâåííîñòü äëÿ ïåðåñòàíîâîê òðèãîíîìåòðè÷åñêîé ñèñòåìû

Ñóùåñòâóåò ñåìåéñòâî ïåðåñòàíîâîê B ìíîæåñòâà Z ñ óñëîâèåìB(−n) =
−B(n) òàêîå, ÷òî äëÿ êàæäîé ïåðåñòàíîâêè B èç ýòîãî ñåìåéñòâà íàé-
äåòñÿ ñîâåðøåííîå ìíîæåñòâî åäèíñòâåííîñòè ïîëîæèòåëüíîé ìåðû äëÿ
B-ïåðåñòàâëåííîé òðèãîíîìåòðè÷åñêîé ñèñòåìû {exp(iB(n)x)}. Ïîïóòíî
íàéäåí êëàññ ïåðåñòàíîâîê òðèãîíîìåòðè÷åñêîé ñèñòåìû, äëÿ êîòîðîãî
ñïðàâåäëèâî óñèëåííîå óòâåðæäåíèå èç ãèïîòåçû Ñòå÷êèíà-Óëüÿíîâà.

K. Paul
Jadavpur University
kalloldada@gmail.com

k-smoothness of operators

Here we discuss k-smoothness of bounded linear operators de�ned between
Hilbert spaces as well as Banach spaces. The characterization of k-smoothness
of bounded linear operators on arbitrary Banach space is still elusive. We try
to address the problem in the setting of both �nite and in�nite-dimensional
Banach spaces. This talk is based on the articles [1, 2].

[1] Mal Arpita and Paul Kallol. "Characterization of k-smooth operators
between Banach spaces,"Linear Algebra Appl., 586 (2020) : 296�307.

[2] Mal, Arpita, Dey, Subhrajit and Paul, Kallol. "Characterization of
k?smoothness of operators de�ned between in�nite-dimensional spaces,"Linear
Multilinear Algebra, DOI: 10.1080/03081087.2020.1844130, 2021.

Ï.Ã. Ïîöåéêî, Å.À. Ðîâáà
Yanka Kupala State University of Grodno

pahamatby@gmail.com
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Ïðèáëèæåíèÿ íà êëàññàõ èíòåãðàëîâ Ïóàññîíà ðàöèîíàëüíûìè
èíòåãðàëüíûìè îïåðàòîðàìè Ôóðüå-×åáûø¼âà

Ââåäåí êëàññ ôóíêöèé, çàäàâàåìûõ èíòåãðàëàìè Ïóàññîíà íà îòðåçêå
[-1,1]. Èçó÷åíû ïðèáëèæåíèÿ ðàöèîíàëüíûìè èíòåãðàëüíûìè îïåðàòîðà-
ìè Ôóðüå-×åáûø¼âà íà óêàçàííûõ êëàññàõ. Óñòàíîâëåíû èíòåãðàëüíûå
ïðåäñòàâëåíèÿ ïðèáëèæåíèé è îöåíêè ñâåðõó ðàâíîìåðíûõ ïðèáëèæå-
íèé. Â ñëó÷àå, êîãäà ãðàíè÷íàÿ ôóíêöèÿ èìååò íà îòðåçêå [-1,1] ñòå-
ïåííóþ îñîáåííîñòü, íàéäåíû îöåíêè ñâåðõó ïîòî÷å÷íûõ è ðàâíîìåð-
íûõ ïðèáëèæåíèé, àñèìïòîòè÷åñêîå âûðàæåíèå ìàæîðàíòû ðàâíîìåð-
íûõ ïðèáëèæåíèé ïîñðåäñòâîì ðàöèîíàëüíûõ ôóíêöèé ñ ôèêñèðîâàí-
íûì ÷èñëîì ãåîìåòðè÷åñêè ðàçëè÷íûõ çàäàííûõ ïîëþñîâ. Ïðè äâóõ ãåî-
ìåòðè÷åñêè ðàçëè÷íûõ ïîëþñàõ ÷åòíîé êðàòíîñòè àïïðîêñèìèðóþùåé
ôóíêöèè ïîëó÷åíû àñèìïòîòè÷åñêèå îöåíêè íàèëó÷øèõ ðàâíîìåðíûõ
ïðèáëèæåíèé ðàññìàòðèâàåìûì ìåòîäîì, êîòîðûå èìåþò áîëåå âûñîêóþ
ñêîðîñòü ñõîäèìîñòè â ñðàâíåíèè ñ ïîëèíîìèàëüíûìè àíàëîãàìè.

V.Yu. Protasov
Moscow State University, Higher School of Economics

v-protassov@yandex.ru

Application of subdivision schemes to a problem of number theory

Subdivision schemes known since classical works of De Rham and developed
in 90-s by Dyn, Micchelli, Dahmen, Cohen, Oswald, etc. provide a very
popular method of multivariate approximation and an e�cient toolbox for
generating curves and surfaces. We show how the subdivision schemes can be
applied to one problem of number theory (computing of the binary partition
function) and to classifying special cyclotomic polynomials.

A. Ray
Department of Mathematics, Jadavpur University

anubhab.jumath@gmail.com

Bhatia-Semrl Property of a bounded linear operator

In this talk, we explore the relation between the orthogonality of bounded
linear operators in the space of operators and that of elements in the ground
space. In this context, we introduce the notion of Property Pn for a Banach
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space and illustrate its connection with the Bhatia-Semrl (BS) Property of
a bounded linear operator between Banach spaces. We also discuss Property
Pn for various polyhedral Banach spaces. This talk is based on the paper A.
Ray, D. Sain, S. Dey and K. Paul, Some remarks on orthogonality of bounded
linear operators, Journal of Convex Analysis, 29 (2022), no. 1, page number
not yet available.

Sz. R�ev�esz
Budapest University of Technology and Economics revesz@renyi.hu

Fenton's sum of translates approach for classical minimax questions of
approximation theory (with B. Farkas and B. Nagy)

The classical problem of Chebyshev asks for placement of n roots in
the interval [0, 1], such that the maximum of the arising monic algebraic
polynomial, obtained by multiplying together the root factors, has least
possible maximum norm. Four decades ago Bojanov formulated a variant
of the question, assuming that the n roots are not simple root factors, but
multiple roots of given multiplicity (and thus the product is not a degree
n, but degree N algebraic polynomial). Studying these questions from a new
point of view, we �rst take the logarithm of the absolute value of these
products, and thus obtain a sum of logarithms. Choosing the roots, or nodes,
means translating of the arising logarithmic terms. Having a zero translates
into a singularity attaining minus in�nity.

With this changed setup we loose the well-known vector space property
of our polynomial space. The sums of the arbitrarily translated "log root
factors however, has a di�erent, remarkable structure. We will call these
log root factors "kernels and generally even assume that they may be quite
di�erent. We only assume that the kernels are concave (as is the case with
log |t|), and perhaps that they are singular (attaining minus in�nity at zero).
A further advantage is that we can relatively easily incorporate an "external
�eld function"J, which after exponentiating back becomes a multiplicative
weight function w(x) := exp(J(x)). Thus we can handle even weighted
minimax questions of the sort.

We analyse what conditions are needed to regain the usual basic results of
approximation theory. Between the endpoints 0 and 1 and the roots or nodes
yj, there arise n+ 1 intervals, and maxima on these intervals will be denoted
bymj. The question is when the maximum of themj will be minimal? It turns

16



out that under quite general assumptions the equioscillating property (that
all mj are equal) is necessary and su�cient, and it uniquely characterizes
the extremal con�guration. Moreover, we will �nd that any prescription
of the di�erences between the mj is also uniquely attained, and so the n-
dimensional di�erence vector of these interval maxima is in a continuous
homeomorphism correspondence - in fact, in a bi-Lipschitz fashion - with
the totality of admissible or regular n-dimensional vectors of nodes. This is
remarkable in particular in cases when J can be singular on vast sets, and
admissible nodes form a comlicated subset of Rn.

We will give examples to demonstrate that our general conditions are all
indeed indispensable, and derive new observations even in the most classical
case of the Chebyshev Problem. On our way we will explore estimates for
one-sided derivatives of the mj even in cases of non-di�erentiable kernels
and �eld functions, �nd best regularity properties of the mj as functions of
the node systems, apply a generalization of Clarke to the inverse mapping
theorem holding for Lipschitz (but not necessarily di�erentiable) functions,
and will draw a number of approximation theoretic consequences like the
weighted version of Bojanov's Problem or the trigonometric case.

J. Sahasrabudhe
University of Cambridge
julian.sahasra@gmail.com

Flat Littlewood polynomials exist

A polynomial f(z) is said to be a Littlewood polynomial if all of its
coe�cients are plus/minus 1. Erd�os, in 1957, asked how ��at� such polynomials
can be on the unit circle and, in particular, asked if there exists in�nitely
many Littlewood polynomials f with |f |n−1/2 bounded above and below
by absolute constants (n1/2 is the typical magnitude of such functions f).
Later, after various failed attempts at Erd�os's problem, Littlewood, in 1966,
conjectured that indeed such polynomials should exist - a conjecture which
came to be known simply as ��at Littlewood polynomials exist�.

In this talk I will discuss a resolution of this conjecture, which draws on
tools from modern probabilistic combinatorics. If time permits, I may also
touch on a few other of the remaining Littlewood conjectures in this area
and highlight a few further questions raised by our solution. Based on joint
work with Paul Balister, B�ela Bollob�as, Rob Morris and Marius Tiba.
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D. Sain
Department of Mathematics, Indian Institute of Science

saindebmalya@gmail.com

Orthogonality and best approximations in Banach spaces

I plan to discuss an application of Birkho�-James orthogonality in studying
the best approximation problem in Banach spaces. This allows us to obtain

some interesting distance formulae for both compact operators and vectors.
The advantage of our method over the classical duality principle, especially
from a computational point of view, will also be discussed. This talk is based
on my recent article [ D. Sain, On best approximations to compact operators,
Proc. Amer. Math. Soc., 149(10) (2021) 4273-4286.]

Å.Ì. Ñåìåíîâ
Voronezh State University

nadezhka_ssm@geophys.vsu.ru

Îðòîãîíàëüíûå ýëåìåíòû ïåðåñòàíîâî÷íî-èíâàðèàíòíûõ ïðîñòðàíñòâ

Ïóñòü E � íåñåïàðàáåëüíîå ïåðåñòàíîâî÷íî-èíâàðèàíòíîå ïðîñòðàí-
ñòâî è E0 � çàìûêàíèå L∞ â E. ×åðåç O îáîçíà÷àåòñÿ ìíîæåñòâî òàêèõ
x ∈ E, ÷òî ‖x‖E ≤ ‖x + y‖E äëÿ âñåõ y ∈ E0. Ìíîæåñòâî O îáëàäàåò
èíòåðåñíûìè è íåîáû÷íûìè ñâîéñòâàìè.

W. Sickel
Friedrich-Schiller-Universit�at Jena

winfried.sickel@uni-jena.de

S-Numbers of Embeddings of Weighted Wiener Classes

In my talk I will discuss the behaviour of some s-numbers (including
approximation numbers) of three di�erent types of embeddings of the weighted
Wiener algebra Aw(Td) on the d-dimensional torus:

• Aw(Td)→ A(Td), where A(Td) denotes the Wiener algebra itself;

• Aw(Td)→ L2(Td);
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• Aw(Td)→ H1(Td), where w is given by

w(k) = ws,r(k) :=

{∏d
i=1(1 + |ki|r)s/r, if 0 < r <∞;∏d
i=1 max(1, |ki|s), if r =∞.

It will be the main aim of my talk to describe the behaviour of the
associated s-numbers in dependence of n and the dimension d.

This is joined work with Van Dung Ngyuen (Hanoi) and Van Kien Nguyen
(Hanoi).

M.S. Skopina
Saint Petersburg State University

skopina@MS1167.spb.edu

Wavelet approximation in Orlicz spaces

Decompositions with respect to wavelet frames and frame-like systems are
considered. Their approximation properties in Orlicz spaces are studied. In
the case of wavelet frames, the approximation order in the sense of modular
convergence is established for an arbitrary Orlicz space. Approximation order
in the sense of Luxemburg norm is found for Orlicz spaces satisfying ∆2-
condition. Under assumption of ∆′- condition, the latter result is extended
to the frame-like wavelet systems.

V.M. Tikhomirov
Moscow State University
vmtikh@googlemail.com

Approximation Theory and S.B.Stechkin's works

The talk focuses on the signi�cant results of the classics of the Approximation
Theory, P.L. Chebyshev, S.N. Bernstein, and A.N. Kolmogorov. Modern
approaches to some of the classical problems of the theory are highlighted.
Finally, it will be shown how S.B. Stechkin adopted and developed his predecessors'
main trends, ideas, and results.

Ñ.Þ. Òèõîíîâ
tikhonov.work@gmail.com

Ãëàäêîñòü ôóíêöèé â òåîðèè ïðèáëèæåíèé
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Ìû îáñóæäàåì íåðàâåíñòâà, â íåêîòîðîì ðîäå äâîéñòâåííûå ê êëàñ-
ñè÷åñêèì ïðÿìûì è îáðàòíûì îöåíêàì â òåîðèè ïðèáëèæåíèé. Â ÷àñò-
íîñòè, áóäóò ðàññìîòðåíû òî÷íûå îöåíêè ìîäóëåé ãëàäêîñòè â òåðìèíàõ
ïðîèçâîäíûõ ïðèáëèæàþùèõ ïîëèíîìîâ. Ñîâìåñòíàÿ ðàáîòà ñ Þ. Êîëî-
ìîéöåâûì.

Ð.Ì. Òðèãóá
roald.trigub@gmail.com

Î ðÿäàõ è ïðåîáðàçîâàíèÿõ Ôóðüå ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ

Àëãåáðû Âèíåðà è Á¼ðëèíãà ïðåîáðàçîâàíèé Ôóðüå íà Rd è ñóììèðó-
åìîñòü êðàòíûõ ðÿäîâ Ôóðüå (ïî íîðìå,âêëþ÷àÿ òî÷íóþ ñêîðîñòü ñõî-
äèìîñòè,è ïî÷òè âñþäó ñ óêàçàíèåì ãàðàíòèðîâàííîãî ìíîæåñòâà ñõî-
äèìîñòè). Ïîëîæèòåëüíî îïðåäåë¼ííûå ôèíèòíûå ðàäèàëüíûå ñïëàéíû
äàííîé ñòåïåíè è ìàêñèìàëüíîé ãëàäêîñòè íà Rd.

Â.Í. Óøàêîâ, À.À. Óñïåíñêèé, Ï.Ä. Ëåáåäåâ, À.À. Åðøîâ
Krasovskii Institute of Mathematics and Mechanics in Yekaterinburg

ushak@imm.uran.ru

Î íåêîòîðûõ çàäà÷àõ óïðàâëåíèÿ è àïïðîêñèìàöèè ìíîæåñòâ â ýòèõ
çàäà÷àõ

Ðàññìàòðèâàþòñÿ ðàçëè÷íûå ïîñòàíîâêè çàäà÷ ìàòåìàòè÷åñêîé òåî-
ðèè óïðàâëåíèÿ, ñâÿçàííûå àïïðîêñèìàöèåé ìíîæåñòâ äîñòèæèìîñòè è
èíòåãðàëüíûõ âîðîíîê. Óñòàíîâëåíî ñîîòíîøåíèå ìåæäó ìíîæåñòâàìè,
ñëàáî âûïóêëûìè ïî Åôèìîâó-Ñòå÷êèíó, è àëüôà-ìíîæåñòâàìè. Ïîñòðî-
åíà îöåíêà ðîñòà ñòåïåíè íåâûïóêëîñòè ìíîæåñòâ äîñòèæèìîñòè ñ òå÷å-
íèåì âðåìåíè.

Â.È. Ôèëèïïîâ
YURI GAGARIN STATE TECHNICAL UNIVERSITY OF SARATOV

888vadim@mail.ru

Öåëî÷èñëåííîå ðàçëîæåíèå ýëåìåòîâ ïðîñòðàíñòâ lp â ðÿäû òèïà
Ôóðüå ïî ñèñòåìàì èç ñæàòèé è ñäâèãîâ îäíîé ôóíêöèè

20



Ïðåäëàãàþòñÿ ðåçóëüòàòû î ðàçëîæåíèè ýëåìåíòîâ ïðîñòðàíñòâ Lp
ïî ñèñòåìàì ôóíêöèé, ïîëó÷åííûì èç ñæàòèé è ñäâèãîâ îäíîé ôóíêöèè.
Ïîëó÷åíû íîâûå àëãîðèòìû ðàçëîæåíèÿ ïî ýòèì ñèñòåìàì â ðÿäû òèïà
Ôóðüå ñ öåëûìè êîýôôèöèåíòàìè. Ïðèáëèæåíèå ýëåìåíòîâ ïðîñòðàíñòâ
Lp ïî ïðåäëîæåííûì ìåòîäàì, îáëàäàåò ñâîéñòâîì ñæàòèÿ îáðàçîâ, òî
åñòü èìååòñÿ ìíîãî êîýôôèöèåíòîâ, ïðè ýòîì ðàçëîæåíèè, ðàâíûõ íóëþ.
Ýòè ðåçóëüòàòû ìîãóò âûçâàòü èíòåðåñ òàêæå ó ñïåöèàëèñòîâ ïî ïåðå-
äà÷å è îáðàáîòêå öèôðîâîé èíôîðìàöèè è ó äðóãèõ èññëåäîâàòåëåé, ó
êîòîðûõ âîçíèêëè ïîòðåáíîñòè â öåëî÷èñëåííîì ðàçëîæåíèè ñóììèðóå-
ìûõ è íåñóììèðóåìûõ ôóíêöèé â ðÿäû ïî ñèñòåìàì èç ñæàòèé è ñäâèãîâ
îäíîé ôóíêöèè.

I.G. Tsarkov
Moscow, Moscow State University, Moscow Center for Fundamental and

Applied Mathematics
igtsarkov@yandex.ru

CAUSTICS, MACH DISKS, APPLICATION TO ASTROPHYSICS

An important part of the special set is caustic. Dynamically, the body of a
certain form tends to change its shape to this form caustic. In fact, this e�ect
can be observed for the liquid in weightlessness which continuously changes
its shape trying to approach the caustic generated by this dynamically changing
form. As a result, the form is constantly changing in the pursuit of caustic.
This, of course, occurs due to the properties of �uid irrescomity. For gases,
the same form eventually begins to take the form of caustic (or caustic
lows or caustic highs). There is also an e�ect of gravity which keeps the
clumps of gas near the caustic. This explains the evolution of elliptical
(ellipsoid form) galaxies, both from younger to spiral and from spiral to
spiral with a jumper ones. In short, caustic is a law of forms evolution.
The report will address issues related to the receipt of caustic re�ection in,
generally speaking, asymmetrical spaces. These investigations are applied
to the substantiation of the occurrence of Mach disks (or rhombuses, or
diamonds). The o�cial version of the these disks origin is criticized and there
is built a competing new model based on caustic re�ection from environments
boundary. The reasoning is illustrated by both real and the mathematical
model pictures. In this report, we consider causthic re�ections in the mirrors
of a semi-ellipsoid and a paraboloid shape. These cases will model well-
known examples from everyday life. The radiation of the waves from the
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respective surfaces will be carried out in a fairly small or large enough
part of these surfaces near these shapes top. In this way, we will be able
to emulate, for example, the behavior of plasma �ow when it erupts from an
engine nozzle. And then we will study strong �ow compaction (i.e. caustic),
arising as a result of multiple re�ections inside such mirrors, which in some
�rst approximation simulate the boundaries of separation of environments:
air-plasma or air-liquid. The main conclusion of the report is that Mach
disks are, in fact, the caustic re�ections of the formed surface, which is the
two environments boundary. If the surface dynamically changes its shape,
then the corresponding caustic re�ections change. In constructing the caustic
re�ection, we will use the law of re�ection in the case when in the space
there is considered, generally speaking, a non-euclidean structure, de�ned
by an asymmetrical norm. The asymmetrical norm is determined by the
functionality of the Minkovsky asymmetric convex body (ball). Choosing
an asymmetrical ball can be useful, as shown in the introduction, when
studying the situation with the light passage in an anisotropic environment
(for example, in crystals). Note (to avoid misunderstanding) that symmetrical
(normalized) spaces are the special case of asymmetrical spaces. Here asymmetrical
norms are used to simulate re�ections in conditions where the environment
has its own speed.

Ê.Ñ. Øêëÿåâ
Lomonosov Moscow State University

konstantin.shklyaev@inbox.ru

Âûïóêëàÿ îáîëî÷êà ìíîæåñòâà â òåðìèíàõ ìåòðè÷åñêîé ïðîåêöèè

Â äîêëàäå áóäåò îáñóæäàòüñÿ ïðèáëèæåíèå òî÷åê âûïóêëîé îáîëî÷êè
êîìïàêòà â ãëàäêîì áàíàõîâîì ïðîñòðàíñòâå âûïóêëûìè êîìáèíàöèÿìè
òî÷åê ìåòðè÷åñêîé ïðîåêöèè íà ýòîò êîìïàêò.

R. Schneider, M. Oster and L. Sallandt
Technische Universit�at Berlin
schneidr@math.tu-berlin.de

Tree Based Tensor Networks (HT/TT) for the numerical solution of
non-linear partial di�erential equations
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For many high dimensional PDEs of practical interest, e.g. Backward
Kolmogorov equations etc. the PDE operator cannot be easily expanded in
matrix product operator form. In this case, we propose a variational Monte
Carlo approach con�ned to the manifold of tree based tensors with �xed
multi-rank (i.e. bond dimensions). In particular the (stochastic) HJB can be
reformulated by an (uncoupled) Forward Backward SDE system. The forward
dynamics can be computed easily by standard Euler-Mayurana scheme. For
the backward equation for the value function, we use variational interpolation
(Bender et al.) by solving a regression problem in each time step. For this
purpose we use tree based tensor networks, in particular MPS/TT. The
forward backward SDE is linked with (parabolic) PDEs by a non-linear
Feynman-Kac theorem. This o�ers the possibility to computed approximate
(local) solutions of wide class of non- linear parabolic PDE's. for our solving
our HJB equations, we need to compute the gradient of the value functions
with desired precision. Solving regression problems by means of HT/TT
tensors with good approximation of the gradients requires additional attention,
and has been the technical key for a successful treatment. First numerical
re- sults has been obtained by my PhD students Leon Sallandt and M.
Oster. deep neural networks (E & Jentzen et al., Pham et al.). Large part of
the numerical method can be transfered formally for deterministic optimal
control, and works well if additional regularity of the solution is granted.
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