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Ceknusga 1

Teopusi onnepaTopoB u
D YHKIIMOHAJIBHBINA aHAJJIN3

O PA3PEIIINMOCTHU KBA3UJMNHENHOI'O OIIEPATOPHOTI O
YPABHEHUSA B PESBOHAHCHOM CJIYYAE
A.P. Abaymiiaes, E.A. CkaukoBa
skachkovaea@gmail.com

YK 517.988.63

15 KBa3UIMHENRHOTO OIIEPATOPHOIO YPAaBHEHUS ¢ HEOOPATUMBIM JIMHEH-
HBIM OTIEpaTOpOM (pPE30HAHCHBIN Ciay4aii) chopMmymmpoBanbl 3¢ deKTHB-
HBIE TEOPEMBI CYIECTBOBAHUS XOTSI ObI OJHOTO DEIIEHSI.

Karouesnie ¢106a: KBa3UINHERHOE OEPATOPHOE YDABHEHHE, PE30OHAHCHA
KpaeBad 3a/a4a, crenenb Bpayspa.

Solvability of a quasilinear operator equation at resonance

For a quasilinear operator equation with a noninvertible linear operator
(the resonance case), effective existence theorems for at least one solution
are established.

Keywords: quasilinear operator equation, boundary value problem at res-
onance, Browder’s degree.
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(Ilepmb, Poccus); Abdullaev Abdula (Perm National Research Polytechnic University, Perm,
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2 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

Paccvorpum ypasHenue

Lx=Fzx+f (1)

¢ JiuHelinbIM orpanudenHbiM oueparopom L @ X — Y u neupepbisubiM (Bo0O-
IIe roBops HeauHelHbiM) omeparopom F @ X — Y rme X u Y — Ganaxosbl
npocrpanctBa u f € Y.

Eciu kpaeBas 3a7ja4a pacCMaTPUBAETCA B BUJE KBA3UIUHEHHOIO OLMEPATOP-
HOro ypasHenusi (1), T0 B ciaydae HeoOpaTUMOCTH omepaTopa L, 3amady mpu-
HATO HA3BIBATH PE3OHAHCHON (MJIM KPUTHYECKUM CJIydaeM 3a1a4n). DHdeKTrB-
HbIE YCIOBUS PA3PENIMMOCTH ypaBHenus (1) B cilydae pe30HAHCA TPECTABIIAIOT
3HAYUTEbHBIH WHTEPEC [JIsi UCCIEIOBAHUS KOHKPETHBIX KJIACCOB PE30HAHCHBIX
KPAEBbIX 3a/1a4.

I[Iycte R™ — eBRAWJOBO TPOCTPAHCTBO N-MEPHBIX BEKTOPOB « =
col(ay, g, ..., i) € IEHCTBUTEIHHBIME KOMIOHEHTAMU (v; ¥ HOpMOIi | - |. IlycTh
r > 0. Obosuauum 4epe3 B(r) = {a € R": |a| < r} orkpbirsii map B R™ u
nycrs OB(r) = {« € R" : |a| = r} — ero rpanuna. Byaem npennonarars, uro
L : X — Y — "erepoB onepaTop HEOTPHUIATEILHOTO WHIeKca. depe3 ker L u
im L COOTBETCTBEHHO ODO3HAYNM siapo W obpas3 omeparopa L : X — Y. Pac-
CMOTPHUM PA3JI0KeHus nMpocTPaHcTB X u Y B mpsambie cymmbl X = ker L & X,
Y=imL®Yyunycrs P: X - X u(@:Y — Y nuneiHble orpaHrndeHHBIE TIPO-
eKTOpBI coorBeTcTBEHHO HA ker L u im L. Ilycts nasnee mis npocrors: ind L = 0,
n=dimdimL u J; : R® — ker L — purcupoBaHHbiii 130MOPQPU3M.

Paccvorpum Benmomorarensaoe oroopaxkenune ¢, : R™ — R™, ompenenénmoe
Il IPOM3BOJIBHOrO siemenTa z € X Takoe, uro u3 ®,(«) = 0 cuemyer, 4ro
F(z+ Jia) €im L.

Konkpernass koHCcTpyKiusi orobpaxkenuss ®, 3aBucur oT crermudukn pac-
CMATPUBAEMON KPAeBOil 33/1a9u U, B OCHOBHOM, OIPeIesiercs oneparopamu P,
Q@ u Ji. B wactHOCTH, 9TO 0TOOpaskeHWE MOMXKET OBbITh OMPEIEIEHO PABEHCTBOM
D, (a) = JQ°F(z + Jia), tne Q° = I — () — MONOJHUTENLHBI TPOEKTOP,
Jy + Yo = R™ — msomopduam. s kaxzgoro z € X uepe3 deg(P., B(r))
obo3naunm cremenb Bpayspa orobpaxkenus ¢, : R” — R™ orHOCHTEIHHO ITAPA
pazguyca r > 0 ¢ IEHTPOM B HYJI€.

IMosy4yensl HOBbIE TEOPEMbI CYIIECTBOBAHUS pelienus ypasHerus (1). Dtu
YTBEP>KI€HUsT OCHOBAHBI HA MPUMEHEHUU CXEMbl WCCJIETOBAHUSA PE30HAHCHBIX
KPAaeBbIX 3a/1a4, PeJJIOKEeHHOI B padore [1].

Teopema 1. ITycmb 6binosnens, Ycao6us:
1) onepamop F — enoane nenpepviervii;
2) cywecmeyrom a,b,y > 0 uy < 1 makue, wmo ||Fz|| < a+ bl|z||",z € X;
3) das wavicdozo z € Xg cywecmeyem r < d||z||, r = r(z) > 0 maxoe, wmo
deg(®., B(r)) # 0.
Tozda ypasnenue (1) umeem zomas 6o 0010 pewenue das arwbozo [ € im L.

MHuorue aBTOpPBI TPUMEHSIIOT MTOI0OHBIE TEOPEMBI CYIIIECTBOBAHUS JIJIs1 UCCJTIE-
JIOBAHUsI HA PA3PENINMOCTh MEPUOJAMYECKUX KPAEBbIX 3aJad I HeJTUWHENHHBIX
nuddepeHnraaIbHbIX YPABHEHHUI W CUCTEM.

[Ipu npuMeneHnn yTBEPKAEHNS TEOPEMBI 1 OIIpeIeIEHHBIE TPYIHOCTH MOTYT
ObITH CBA3HBI C IPOBEPKOIi ycsioBus 3). B 9T0M ciiygyae MOryT GbITh UCIOIB30Ba~
HBI PA3JUIHBIE TEOPEMBI O CTEIEHH OTOOPAYKEeHUsI B KOHETHOMEPHBIX MTPOCTPAH-
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crBax (cM., Hanpumep, [2]). Cieayiomee yrBepKAeHUE B 9TOM CMbICJIE HBJISIETCS
6oJtee yIOOHBIM JJIsi TIPUMEHEHWUSI.

Teopema 2. [Tycmo evinoanens, yeaosus 1) u 2) meopemov, 1 u, xpome moeo,
ycaosue
3’) daa xastcdozo z € Xy cywecmeyem r < d||z]|, r = r(2) > 0 maxoe, wmo das
scex o € OB(r) cnpasedauso nepasencmeo < &,(a), o) >=>< o, a0 >.
Tozda ypasnenue (1) umeem zoms 6ve 0010 pewenue das ar0bozo f € im L.
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O KOMITAKTHOCTHN 1 OBPATIMOCTU OITEPATOPOB
TUIIA CBEPTKH B ITIPOCTPAHCTBAX MOPPU

O.I'. ABcaukuH
avsyanki@math.rsu.ru

YIK 517.9

PaccmarpuBalorcss uHTErPAsIbHbIE OLIEPATOPHI CBEPTKU B IIPOCTPAHCTBAX
Moppu. IToxy4densl goCcTaTOUHbIE YCIOBHS KOMIIAKTHOCTYU IIPOW3BEICHUS
orepaTopa CBEPTKHU ¥ OII€PATOPA YMHOKEHUS Ha CYIECTBEHHO OIDaHIIeH-
uyio dyuknuio. s oneparopa, sB/IAOMErocs CyMMOR TOXK IECTBEHHOIO
olepaTopa U OIepaTopa CBEPTKH, MOJIYUeH KpUTepuil 00paTHMOCTH.
Karouesvie caosa: IpOCTPAHCTBO MoppH, OmepaTop CBEPTKH, KOMIIAKT-
HOCTB, 00PATUMOCTH

On the compactness and invertibility of convolution operators
in Morrey spaces

‘We consider integral convolution operators in Morrey spaces. We obtain
the sufficient conditions of compactness for the product of the convolution
operator and the operator of multiplication by an essentially bounded
function. We also obtain the invertibility criterion of the operator, which
is the sum of identity operator and the convolution operator.

Keywords: Morrey space, convolution operator, compactness, invertibility

Pa6ora Beinosnrera npu ¢purancopoii nogaepxke PODU (mpoextsr Ne 18-51-06005-A3 _ a,
18-01-00094-A).

Apcaukun Oner lemmamueswd, n.d.-M.H., 3aB. Kadenpoit, FOxuwit degepanbHblil yHU-
Bepcurer (Pocros—ma—[ony, Poccus); Oleg Avsyankin (Southern Federal University, Rostov—
on-Don, Russia)
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1. IIyctp 1 < p < oo mw A € R. IIpocrparncrso Moppu L, »(R™) — a0
MPOCTPAHCTBO BCeX yHKIMit [ € Lé"c(R”) TaKUX, ITO

I £z, B o

1fllz, \gn)y = sup X ;

z€R™ r>0 r
rae B(x,r) — orkpbIThIii map B R™ paguyca r ¢ IEHTPOM B TOYKE .
[Ipocrpamcrsa L, x(R™) BIgI0TCS HOTPUBHATBHLIME TOIIA U TOJIBKO TOLLA,
korma 0 < A < n/p. Tak xax Ly o(R") = Ly,(R"), Ly n/p(R™) = Loo(R™), TO
HUKE BCIOLy cuutaeM, 410 0 < A < n/p.
B mpocrpancrse L, »(R™) paccmorpum omepaTop CBePTKH

(Ho)(z) = / Wz —y)el)dy, =R,
]Rn

rae h € L1 (R™). U3Bectro (cM. [1]), uTo omeparop H orpamuuen B L, »(R™).

2. O6osnaunm vepe3 M, oneparop ymHOKeHWs Ha GYHKINIO o € Lo (R™).
B npocrpanctse Lo, (R™) Bbleaum 1Ba CreluaibHbIX Kiacca QpyHKIuii.

Byzem rosoputh, uro gynknus a € Lo, (R™) npunasiexur kinaccy LI (R™),
ecm

lim esssup |a(x)| = 0.
N=oo |z/>N

Byzaewm rosopurs, uyro dbyukuus a € Lo, (R™) npunagnexur kiaccy Qo (R™),

ecsu i goboro komnakra K C R byakuus

A(x) :=esssup |a(z) — a(x — t)|
teK
npunaexut kaaccy L9 (R™).
N3BeCTHBI 1OCTATOYHBIE YCIOBUS MPEIKOMIAKTHOCTH MHOXKECTB, JIEZKAIIUX
B npocrpancree Moppu (cum. [2]). Ha aroii ocHOBe m0Ka3bIBaeTCs CJleLyoIasi
Teopema.

Teopema 1. ITyecmv 1 < p < oo u0 <\ < n/p. Toeda

1) ecau a € LY (R™), mo onepamopw. M,H u HM, xomnaxmmuv, 6 npo-
empancmee Ly, y(R™);

2) ecau a € Qo (R™), mo xommymamop M,H — HM, xomnaxmen 6 npo-
cmpancmese Ly A (R™).

ITompobHOe M3IOKeHNe PE3YIBTATOB STOTO PA3/Iesa MOXKHO HAlTH B [3].

3. B mpocrpancrse Ly y(R™) pacemorpum omeparop ¢l + H, roe ¢ € C,
I — roxnecreennbrii oneparop. Hazoem cnMBosiom 3Toro omeparopa (hyHKIHIO
c+ h(€), tne h(£) — mpeobpasosanne Pypne byuxmmn h(t).

Teopema 2. [Tycmov 1 < p < oo u 0 <\ < n/p. Jas mozo wmobv onepamop
cl + H 6w obpamum 8 npocmpancmee Ly y(R™), neobrodumo u docmamouno,
YMOObL BHINOAHANOCD YCAOBUE

c+h(E) #£0, VEERY,

2de R" — xomnaxmugurayus R™ odnoti beckoneuno ydarennoti moukot.
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O603na4uuM gepe3 2 HaAMMEHBIIYIO 3aMKHYTYIO mojaarebpy 6anaxoBoit aji-
re6per L(L, »(R™)), comeprrarnyio Bce oneparopst ¢l + H, tne ¢ € C, I — Tox-
JIECTBEHHBIH OmepaTop. 3ameTnM, 49To anrebpa 2 ABIseTcs KOMMYTATUBHOIA.
Jrst anre6psr 2 CTPOUTCS CHMBOJIMYECKOE MCYUCJICHHE, T.€. KasKIOMY OIepa-
Topy A € 2 crasurcs B coorBeTcTBHE Hekoropas bynkuusa o4(E) € C(R™),
KOTOpy!o Oymem Ha3bBaTh cumbBosioMm omneparopa A. Ha ocmose mccienosanust
IPOCTPAHCTBA MAKCUMAJIbHBIX MJEAJI0B aareOpbl A, J0KA3aHO, YTO HEBLIPOZK-
JIEHHOCTH CUMBOJIA O 4 (£) ABIAETCA HEOOXOAUMBIM M JOCTATOYHBIM YCJIOBHEM
obparumMocTu orneparopa A.

JIurepaTtypa
1. Burenkov V.I., Tararykova T.V. Young’s inequality for convolutions in Morrey-
type spaces // Eurasian Math. J., 7:2 (2016), 92-99.
2. Chen Y., Ding Y., Wang X. Compactness of Commutators for Singular Integral
on Morrey Spaces // Canad. J. Math, 64:2 (2012), 257-281.
3. Ascanxun O.I. O KOMIIAKTHOCTH OIIEPATOPOB THIIA, CBEPTKH B IIPOCTPAHCTBAX
Moppu // Matrem. 3amerxn, 102:4 (2017), 483-489.

OB YHUBEPCAJIbHBIX HEPABEHCTBAX /[JI{d HOPM B
CVYIIEPPE®JIEKCUBHBIX BAHAXOBBIX ITPOCTPAHCTBAX
A_H. AragxanoB
ashot_ran@mail.ru

VK 517.982.22

B nokiazie npuBe/ieHbl YHUBEPCAJIbHBIE HEPABEHCTBA JJIs HOPM B CyIlep-
pedaeKkCuBHBIX 6AHAXOBBIX TTPOCTPAHCTBAX. 110/ yHUBEPCATBHBIMU HEPa-
BEHCTBAMM [[JIsl HOPM [MOHUMAIOTCA HEPABEHCTBA CIIPABEIJIUBBIE I IIPO-
M3BOJILHOM SKBUBAJEHTHOW HOPMbI Ha OaHaxoBOM mpocrpancrse. Ilosy-
YEHHBIC HEPABEHCTBA I HOPM CIPAaBEIIUBBI (P COOTBETCTBYIOIAX
3HAYEHUAX MAPaMeTpoB) mys mpocrpancTs JlebGera, CoGosesa, Becosa,
JImzopkuna-Tpubessa u ap.

Karoueswie caosa: cymeppedaekcuBHOe 6AHAXOBO MPOCTPAHCTBO, MOJIY I
BBIILYKJIOCTH U TVIAAKOCTH, (PUHUTHASA [IPEACTABUMOCTD

Some mathematical reasonings Some mathematical reasonings
Some mathematical reasonings

The report presents universal inequalities for norms in superreflexive Ba-
nach spaces. By universal inequalities for norms, we mean inequalities
valid for an arbitrary equivalent norm on a Banach space. The obtained
inequalities for the norms are convincing (at the corresponding values of
the parameters) for the spaces of Lebesgue, Sobolev, Besov, Lizorkin-
Triebel, etc.

Keywords: superreflexive Banach space, modules of convexity and smooth-
ness, finite representability

Aramxanos Amor Hukonaesud, x.dp.-M.H., PenepanbHoe rocyAapCTBEHHOE YIPEKICHIE
PAH UIIY um. B.A. Tpanesmmkosa (Mocksa, Poccus); Ashot Agadzhanov (Trapeznikov
Institute of Control Scienses, Russian Academy of Scienses, Moscow)



6 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

Cpenu 6aHAXOBBIX MPOCTPAHCTB CyneppedIeKCUBHBIE 3aHUMAIOT 0coboe Me-
CTO. DTO CBA3AHO C TEM, UYTO BayKHENIee MPOCTPAHCTBO COBPEMEHHON MaTeMa-
THYeCcKOM Gu3nky U QYHKIIMOHATHHOTO aHAJIN3A, & UMEHHO, TPOCTPAHCTBO Jle-
Gera LP u [P, Cobonesa W, Becosa B, ,, Jlnsopkuna-Tpubens F, , u np., npu
COOTBETCTBYIOIINX 3HAYCHUAX MAPAMETPOB ABJISIOTCS CyTeppedIeKCHBHBIME.

DToT KjIacc DAHAXOBBIX MPOCTPAHCTB ObLT BiepBbie BBeaeH P. Ixeiimcom B
Hadase 70-X roJoB MPOIIIOro Beka [1].

[IpuBenem HEOOXOAMMBIE B JAJIHHEHIIIEM OMPEIeICHNUSI.

Onpenenenue 1. Banaroso npocmparcmeo Y HA3GEGEMCA GUHUMHO
npedcmasumvim 6 banarosom npocmpancmee X (finite representation in X ),
ecau das n0b6oz20 A > 1 u 4106020 KoHewnomepHnozo noonpocmparcmea Yo C Y
cywecmeyem udomoppusm T: Yy — X maxoti, wmo

1
Slly <Ll < Allylly ¥y € Yo

Onpegnenenue 2. Banaroso npocmparcmeo X Hazwvieaemcs cyneppedaer-
CUBHBLM, eCAU Kaxcdoe banaxroso npocmpancmeo gunumno npedcmasumoe 8 X
ABAACNCA PEPAEKCUBHBIM.

HazoBem MomyieMm BBIIYKJIOCTH DAHAXOBA MPOCTPAHCTBA X
i 1
0z(e) = mf{l = Slle +yll: llzll = llyll = 1, llz — yll > &,0 <e <2}

Momymem ritagkocT 6aHAXOBA MPOCTPAHCTBA X HA30BEM

|z +yll + 1z -yl
2

pX(T):sup{ 1:|x||:1,|y||:7,7>0}.

BanaxoBo npocTpancTBO HA3BIBAIOT PABHOMEPHO BBITYKJIBIM OTHOCATEIHHO

Hopwmbl || - ||, ecom §g(g) > 0 npu 0 < e < 2.
BaHaxoBO NPOCTPAHCTBO HA3BIBAIOT DABHOMEDHO IJIAJKUM OTHOCHUTEIHLHO
nopust || - ||, ecu lim, oy 257 = 0.

=
[Iycts X — cyneppedaekcuBroe baHaxoBO mpocTpaHcTBO. HazoBem HepapeH-

CTBO [IJIsi HOPM, ONPEIE/IEHHBIX HA X, YHUBEPCAJbHBIM €CJIU OHO BBIMOJIHAETCS
JIJIsT BCEX HOPM SKBUBAJIEHTHBIX 33JaHHON HOpMe Ha X.

OyHIaMEHTAILHOE 3HAYEHWE B TEOPUHU CyneppedIeKCUBHBIX MPOCTPAHCTB
3aHUMaIOT pe3ynbrarel I1. Dudmo [2] n 7K. Tusse [3].

I1. Dudmo mokazair, 9To0 HAHAXOBO MPOCTPAHCTBO CyTeppedIeKCUBHO TOTIA
¥ TOJIBKO TOT/Ia, KOT/Ia HA HEM MOYKET ObITh OIpPeIe/IeHa PABHOMEDPHO BBIMYKJIas
(paBHOMEPHO TJIaJIKast HOPMA).

7K. IMussbe ycumua pesyabrar I1. 9udi0, B TOM OTHOIIEHWM, 9TO HA CyHep-
pediieKCUBHOM GaHAXOBOM IIPOCTPAHCTBE MOXKET ObITh OIpejesieHa HopMa, | - |,
MOJIy/Tb BBIMYKJIOCTH KOTOPOil yAOBIeTBOpAeT HepaBeHCTBY |(¢) = L - €%, rue
L > 0 — koncranTa, 2 < g < oQ.

[MpuBeem mosry9YeHHbIE PE3YIBTATHI.
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JIemma 1. ITycmo ||-|| — npouseoavhas nopma na cyneppepaekcueHom npo-
cmpancmee X . Cywecmeyem MHOHCECTNEO MOUHOCTU KOHTMUHYYMA, COCTNOA-
ujee U3 PABHOMEPHO BLINYKABLL HOPM | - | A, Komopsie A-usomopdro, nopme || ||,
mo ecmo 0asa A1066T u € X UMENO MECTNO HEPAEEHCTEA

1
1+A

fula < [full < (1+ A)fu]a.

JIemma 2. ITyems || - || — npoussoavnas nopma wa X. Cywecmeyem mmo-
JHCECTNEO MOULHOCTNU KOHMUHYYMA, COCTROAULLE U3 PAGHOMEDPHO 2AGOKUT HOPM
Il - |lla, komopwue A-usomopdro, nopme || - ||.

C nomoupto JjiemM 1 u 2 MoxKeT ObITh J0Ka3aHa OCHOBHAs TEOPEMa.

Teopema 1. ITycmv X — cyneppedaexcusenoe 6aHATO60 NPOCMPAHCMEO U
|| - || — npoussoavnas nopma na X. Jas a06vx u,v € X 6bnosnsromcs nepa-
6EHCTNBA:

[[Aut (L4 A)o]] < (LHA)(Alful [ + (1= A)l[o]|% = Wi(ga, A)-ca-|lu—v]|22) /s

1
Pt (4 A)ol| 2 T Ol 4+ (=N el1P2 = Wo(pa, A)-da- [l /2
In2 22
3deco A€ (p—1,1), p= - Ny ¥ = §  vomcmanma
In2 (1 —p- 5||'HA (;))
3-8-n%2 A -
Quzean [4], ca = f-In (a>p>1),da= cﬁﬂl P

1672 atd (14 A)- 49+
Wo(pa, A) = A2 (1= X))+ A1 = A)P2, Wi(ga,A) = N2 (1 — A) + A1 — N2,

gr =g+ A, pa=p—A,0< A< 1, g =max{s: I* Pun. npedcmasumv 6 X }.

Hexoropsbie apyrue mepaBeHCTBaA JjisT HOPM B cyneppedIeKCHBHBIX 6aHaX0-
BbIX [[POCTPAHCTBAX LIPUBEJIEHBL B [5].

JIureparypa

1. James R.C. Super-reflexive Banach spaces // Canad. J. Math. 24 (1972), 896-
904.

2. Enflo P. Banach spaces which can be given an equivalent uniformly convex
norm // Israel J. Math. 13 (1972), 281-288. 3. Pisier G. Martingales with values in
uniformly convex spaces // Israel J. Math. 20 (1975), 326-350.

4. Figiel T. On the moduli of convexity and smoothness // Studia Math., 56
(1978), 121-155.

5. Aeadocanos A.H. TeomeTpusi HOPM U HEPABEHCTBA B CyreppedIeKCUBHBIX Oa-
HaxoBBIX mpocrpancreax // JJAH, 421:3 (2008), 295-298.
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HETJIAJAKUWE CEYHEHU A EJVUHUYHOT O IITAPA
ITPOCTPAHCTBA C(Q)
A.P. Anumos, N.T'. Ilapskos
alexey.alimov-msu@yandex.ru, igtsarkov@yandez.ru

VIIK 517.518

Yeranorneno, uro B npocrpanctse C(Q) (Q — xaycnopdoB KOMIAKT) Cy-
IEeCTBYET ABYMEPHOE IIOAIPOCTPAHCTBO, CAIBUTHU KOTOPOTO MMEIT TOJIBKO
HEIJIaJKHue 1epecevdenud ¢ e JUHUYIHbIM IIapPpOM IIPOCTPAaHCTBa.

Katouesvie cao6a: TeoMeTpusi 6aHAXOBBIX TPOCTPAHCTB, CEYCHNE €UTHIY-
HOTO Imapa

Nonsmooth sections of the unit ball in C(Q)

We show that in C(Q) (Q is a Hausdorff compact set), there exists a two-
dimensional subspace whose translates intersect the unit ball only by
a nonsmooth set.

Keywords: Banach space geometry, section of the unit ball

Haerca orser Ha caeytommit Bonpoc. CymecrByer i cOOCTBEHHOE MOIIPO-
crparctBo L mpocrpancrea C(()) Takoe, 9To mepecedeHne JIrodOro ero CIBura
L+ 2z, v € B, ¢ equanunabiv mapom B npocrpancrsa C((Q)) Beerma aBisieTcst
HerJIaIKuM MHOXKecTBOM? [1askocTh BhIMYKJI0ro MHOXKecTBa (Tesna BN (L + x)
B addunnoM npocrpancree L + x) NOHMMAETCd B CTAHJAPTHOM CMbBICJIE: BbI-
ILyKJIOE TEJIO HA3bIBAETCS [JIAJIKUM, €CJIH JII06ast ero rpaHuIHast TOYKA sIBJIAETCS
TOYKOM TJIAJKOCTH, T.€. B Hell OMOpHas TMIEPIIOCKOCTh K HEMY €IMHCTBEHHA.

OTBer Ha JAHHBIA BOMPOC OKA3BIBAETCS OTPHUIATEILHBIM Ia¥ke JIs JIBY-
MEPHOrO TOAPOCTPAHCTBA L: CYIIECTBYeT TaKOe JBYMEPHOE MOIITPOCTPAHCTBO
L C C[0,1], uro a1060ii €ro cABUr Jaer HErJIaJKoe MHOXKECTBO IIPU Iepecede-
HUM C €JMHUYIHBIM MApPOM IPOCTPaHcTBa. OTMETHM, 4TO COIVIACHO KJIACCHYE-
ckoii Teopeme Banaxa—Mazypa exuanansiit map B npocrpancrea C[0, 1] nve-
eT MJIaJKNe [MeHTPATLHO-CUMMETPUYHbIE CeYeHUsT JII000H Pa3MEePHOCTH, OJHAKO
B TIOCTABJIEHHON BBIIE 3aJa9e PACCMATPUBAIOTCS CEYEHUs, MOJyUIEHHbIE CJIBU-
rom (pUKCUPOBAHHOTO MOAIPOCTPAHCTBA L, TAK YTO CYMIECTBYIOIIUE IO TEOPE-
me Banaxa—Masypa rnajgkmue cedeHnst MOTyT OKA3bIBAIOTCA HE MAPAJLIeTbHBIMA
OAIPOCTPAaHCTBY L.

Teopema. /las 4106020 koneunozo n > 2 6 npocmpancmee C(Q) (Q — za-
ycdopdos womnaxm, card Q > n) cywecmeyem n-meproe nOINPOCMPAHCMBO,
a060U cdsuz Komopozo wa sexmop p, ||p|| < 1, nepecexaem wap B npocmpan-
cmea C(Q) no nezaadkomy meny.

Pabora BmImonHeHa npu noanep:kke Poccutickoro dorga yHIaMEHTAJBHBIX HCCIE0-
Bauumii (rpant Ne 19-01-00332-a) u rpamrta Ilpesumenta Poccmiickoit Penepanuum st roCy-
JIADCTBEHHON TOMJIEPXKKU BeAYIIUX HaydHBIX 1IKoJ Poccuiickoit ®enepanun (npoekt HIII-
6222.2018.1).

AsumoB Agekceii Pocrucnapoud, g.¢d.-M.H., B.H.C., MI'V wumenu M.B. JlomoHocosa
(Mocksa, Poccus); Alexey Alimov (Lomonosov Moscow State University, Moscow, Russia).

Hapskos Urops l'epmanmoBmd, a.¢d.-m.H., nmpodeccop, MI'Y umenu M.B. Jlomonocosa
(Mocksa, Poccus); Igor’ Tsar’kov (Lomonosov Moscow State University, Moscow, Russia).
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CUMMETPUN KOHOUT'YPAIINI B KBABUPEIIIETKAX
A.B. AntoneBuu, A.H. Bysynyikas
antonevich@bsu.by, anna-glazl@yandez.ru

YK 517.518

BBemeHbl IOIMHOXKECTBA KBa3WU-PELIETKY, HA3BaHHbIe KOH(DUIYDAIUIMH,
KOTOPBIE MOTYT CJIY’KUTh MOZEJISIMA PACIIOJIOKEHUsI AaTOMOB B BELIECTBE.
ITony4ueno onmcanne cuMMeTpHil 33 JAHHON KOH(MUTYPAIAN.

Karouesvie cnro6a: KBa3upemerka, CAMMETPHUS, KBA3UKPUCTAJLIT

On symmetry of configurations in quasi-lattises
The notion of configuration, as a subset of a quasi-lattise is given. A de-
scription of non-trivial symmetry of configuranitn obtained.

Keywords: quasi-lattice, symmetry, quasi-cristall

C*—nonanredpa A B anre6pe C' B(R") orpaHnYeHHBIX HEMPEPHIBHBIX (QYyHK-
mmit Ha R™ Ha3bIBaeTcsa keasunepuoduyeckoli panra N, eciim OHA MOPOXKICHA,
KoHeqHbIM uuciom N skcnoment €27<hi®> h. e R™ J = 1,..., N, rie Bek-
Topbl hj juHeiino HesaBucMubl na noseMm Q. Kak aberpakraas C*—anrebpa
ona usomopdua amredpe C1(RY), cocroameii us nenpepbIBHbIX (QyHKIHMI Ha
RN , TIEPUOANIECKUX ¢ TepuogioM 1 mo Kazkmoit mepemennoii. Ho croiicTBa mH-
JVBUIYAJbHBIX KBA3UIEPUOANIECKUX (DYHKIMIA CYIECTBEHHO OTJIMYAIOTCS OT
IEPUOINIECKUX.

Keaszumnepuoanueckune GhyHKINN ¥ KBA3UIIEPUOIMIECKUE aIreOphl MPEeICTAB-
JIIOT OCOOBIit MHTEPEC B CBSA3U C MHOTOYHUC/IEHHBIMU MIPUIOXKEHUSIMHA, B GaCTHO-
CTH, B T€OpUHU KBasukpucrauios [1, 2].

[Moarpymnmna B R™, nuMmerorasi KOHEYHOE 9rCJI0 00PA3YIONINX, HA3BIBAETCI K6a-
supewemrol. KpasupermeTka, mopoxKaeHHas BeKTOPaMu h;, Ha3bIBAeTCA 2pyn-
not wacmom paccMarpuBaemoii anrebpbl u obosnadaerca H(A).

IIpocrpancro R™ OymemM OTOXKIECTBIATH C €ro obpa3oMm L mpu 3aJaHHOM
saoxkernn J : R™ — L C RY. Muoxkectso dymKImit

Ap = {u(z) :ue C1(RY,z € L},

SABJIAIOMUXCA CyxKeHusamMu Ha L nepuogmyeckux pyHKIuUi, eCTh KBA3UIIEPUO/IU-
yeckas asrebpa na R, rpyuna yacror koropoit H(Ay) ecrb npoekiys rpyiibl
Z" na L. B 4aCTHOCTH, €C/IM MOAIPOCTPANCTBO L 6noane UPPAUUOHAALHO, T.€.
HET HEeHyJIeBLIX BeKTOpoB u3 ZY, oproronamsueix K L, 1o A, umeer panr N.

JIiobas kBazuepuogunyeckas ajredpa panra N coBIaJaer ¢ OAHON U3 ajaredp
A TIpu TOAXOAAIIEM BBIOOPE BIIOYKEHUS.

Ya06uo, caenys [1], npu onmucannoil KOHCTPyKuuu HasbiBarb R dusuue-
ckum npocmpancmeom, RN — cynep-npocmpancmeom.

AnroneBnd Anaronuii Bopucoswu, n.d.-m.H., npodeccop, BI'Y (Muuck, Bamapycs);
Anatolij Antonevich, (Belarussian State University, Minsk, Belarus)

Bysynyuxkas Amna HukonaeBua, k.¢.-M.H., cucremunit anaautuk, COOO "XaitKso Co-
momenc" (Munck, Bamapycs); Hanna Busulustkaya (HiQo Solutions, Ltd., Minsk, Belarus)
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Torma ¢ mporecc, OMUCHLIBAEMbBIM KBAa3UIIEPUOAUIECKOH (pyHkmmeir Ha R™,
NOJIy9aeTcs Cy’KeHneM Ha (PU3NUECKOe MPOCTPAHCTBO YIOPSZOUEeHHOrO (Mepro-
JIIYECKOT0) TIPOIECCa, TIPOUCXOIAIIErO B CYNEPIPOCTPAHCTBE. DTO IaCTO YIPO-
II[AeT MCCIIeI0OBAHNE.

OcobeHHOCTHI0 KBA3UKPUCTAIIIIOB SIBIASTCS TO, YTO OHU O0JIAAIOT CHMMET-
pueil, 3ampelnerHHoil B TeOpUU KPUCTAJIOB. B CBsA3M TMM m3ydajicsi BOIPOC O
CHMMETDPHUH KBA3UPEIIETOK, & MMEHHO 00 MCCIEI0BAHNY KBA3UKPUCTALIOrpadu-
geckux rpymi, onpezenenue Koropbix mano C.I1.Hosukosbim u A.I1.BecenoBbim.

[Iycrs 3amana kagupenterka I' C R™. I'pynna apdunnoti cummempuu Kpa-
superierku [' C R™ G ects rpynna G, cocrosmas u3 Taknx addUHHBIX mpe-
obpasoBanuil g(r) = Qx + b dusuveckoro npocrpancrsa R™, npu KOTOPBIX
g(T') CT.

I'pynna cummempuu G ecTb OATPYIIIA B G, COCTOAIMAS U3 H30METPHIECKIX
Ipeodpa3oBaHMil, T.€. ¥ KOTOPBIX MATPHIA () -OPTOrOHATHLHAI.

®akrop-rpynna G /T Ha3bIBaeTCSA AUHETHOT 4ACMBIO .

Ab6crpakTHas TpyIna HA3BIBAETCH KEA3UKPUCTNAAL02PAPUYECKOT, eCITU OHA,
SIBJISIETCST TPYIOl CHUMMETPUHU KAaKON-HUOYIh KBA3UPEITETKH.

Kaxnas cummerpust KBa3UPEIeTKH MMOPOK/1aeT aBTOMOP(MU3M COOTBETCTBY-
0IIel KBA3UIIEPUOAMIECKOH airebphl A, M09TOMY ONUCAHME TAKUX CUMMETPUi
CBSI3QHO C ONUCAHHEM aBTOMOpPdu3MOB A[3].

3aMeTuM, 9TO KBA3UPEIIEeTKA sIBJISIETCS BCIOY IJIOTHBIM MHOXKeCTBOM B R
U He MOXKET OIKCHIBATH PACIIOJIOKEHNE ATOMOB B BELIECTBE.

Kongueypayuets 6Gynem HaspiBarh moaMuHoxkectso K C I', cocrosiiee us
npoeknuit Ha L touex u3 Z», HaxoqAmuxcs HA PACCTOSHUE OT L, MEHBIIEM 3a-
mansoro d > 0. Koudurypariuu BO3HHKAIOT 1IPU PACCMOTPEHUH AIIIPOKCAMAIU
KBA3UNEPUOANIECKUX 0— (DYHKIWH, 8 UMEHHO, (DYHKIUS, alTpPOKCUMUPYIOIIAs
KBA3UIEPUOIUIECKYIO 0 —(DYHKINN, OTJIUYIHA OT HYJIsI TOJBKO B OKPECTHOCTSX
TOYeK w3 HeKoTopo#l koudwurypamun. Kondurypamnus sBiasgercs TUCKPETHBIM
MHO2KECTBOM ¥ MOYKET CJIY2KHTbh KAHIMIATOM HA MOJIEIb PACIIOIOKEHIs aATOMOB
B TBEPJOM BemecTBe. B ob0meMm ciaydae pacrnosoxeHnne TO4YeK KOHpuryparun
He 00MaaeT KaKuM-JIN00 TOPSIAKOM, YTO MOYKHO CANTATh MOAEIbIo aMOpGhHOTO
COCTOSTHWSI BEIECTBA.

Ho moryr cymiecrBoBarh cummerpun KOH(MUIYPAIUU, KOTOPbIE OIUCHIBAIOT
YIOPSIOYEHHOCTh B PACIONIOKEHUN TOYEK KOH(DUTYDAIIHH.

Teopema 1. ITycms xeasunepuoduyeckas arzebpa A na R™ peasusosana ¢
nomowbto enosicenus 6 RY onucanmvim eviuwe obpasom u nycms K ecmv xon-
Puzypayus, coomsememeyrowas mot pearusdayuy. Hempusuasvnas cummems-
pua Koupueypayuu K cywecmeyem mozda u moavko mozda, Kozda cyuwecmey-
em nepecmanosownas mampuya U pasmeprocmu N X N, makxas, vmo L ecmw
nodnpocmpancmso 6 RY | unsapuarnmmoe ommnocumenvro deticmeus U, na %o-
mopom deticmeue U nempusuarvro. Ilpu smom cummempus deticmeyem kax
cyotcenue deticmeus U wa L.

JIureparypa
1. Junnuros U. A. Hosuxos C.II. Tomosorus KBa3umepuogudeckux HyHKIUH Ha,
mnockoct // YMH, 60:1 (2005), 3-28.
2. Jle T Kyox Tzane, uyrnuzun C. A. Cados B. A. TeomeTpusi KBAa3UKPHUCTAJIIOB
//YMH, 48:1 (1993), 41-102.



MarepuaJpr MexKTyHAPOIHOH KOH(EPEHIHH 11

3. Antonevich A., Glaz (Buzulutskaya) A. Quasi-peroidic Algebras and Their
Physical Automorphisms. In book: Geometric Methods in Physics XXXV, Birkhauser,
2017, P. 3-10.

NHTECPO-IN®PEPEHIINAJIBHBIE YPABHEHISI TUITA
CBEPTKU CO CTEIIEHHOUN HEJIMHEMHOCTBHIO

C.H. Acxabos

askhabov@yanrezx.ru

YIK 517.968

MeTomoM BECOBBIX METPWK (QHAJIOT MeToJa Beawmrkoro) B Kaacce HEOT-
PHUIIATE/IHbHBIX HEPEPBHIBHBIX HA MMOJIOKUTEIHHOM MO/IyocH (PYHKIHI U3y-
qaercs uHTerpo-auddepeHnuaIbHoe yPaBHEHNE BOJIHTEPPOBCKOTO THIIA
C Pa3HOCTHBIM $SIAPOM U CTEIMEeHHOW HeJNHEeHHOCThIO. [loywueHsr Tod-
HbIE AIPUOPHBIE OLEHKU JIJI PENIeHuil 3TOro ypaBHenud. Vcroabp3oBanue
9THX OIEHOK IIO3BOJIMIO J0KA3ATh IVIOOAIHHYIO TEOPEMY CyIIeCTBOBAHUS
¥ eJUHCTBEHHOCTH perierus. [Ioka3aHo, 9To pelreHre MOKeT OBITh Haii-
JIEHO METO/IOM TI0CJI€/IOBATE/THHBIX TIPUOIMKEHUH, 71 KOTOPBIX yKA3aHbBI
OIEHKH HOT'PEIIHOCTH ¥ CKOPOCTH MX CXOAWMOCTU K TOYHOMY PeIIeHHIO.

Karoueswvie caosa: maTerpo-muddepennuaibHOe yPaBHEHHE, CTEIEHHAS
HeJIMHEeHOCTh, MeTo/1 Beserkoro.

Integro-differential equations of convolution type with power
nonlinearity

The integro-differential equation of Volterra type with difference kernel
and power nonlinearity is studied by the method of weight metrics (analog
of the Bielicki method) in the class of non-negative continuous functions
on the positive half-axis. Exact a priori estimates for the solutions of this
equation are obtained. The use of these estimates allowed to prove the
global theorem of existence and uniqueness of the solution. It is shown
that the solution can be found by the method of successive approximations
for which the error estimates and the rate of their convergence to the exact
solution are given.

Keywords: integro-differential equation, power nonlinearity, Bielicki
method.
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Sultan Askhabov (Chechen Pedagogical State University, Chechen State University of Grozny,
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OcHOBHBIM OOBEKTOM HCCJEI0BaHUs B JAHHON paboTe sABJseTcsd HeJluHelHoe
uHTEerpo-audGepeHImansbHoe YypaBHEHNE THUII, CBEPTKU

() = /k(a: — ()t u(0) =0, >0, a> 1. (1)
0

Ha siipo k(x) HakIagbIBaeTCS yCIOBHE:
k(x) € C'[0,00), k' (2) ne y6uiBaer na [0,00), k(0) =0 u k'(0) >0, (2

rie C1[0,00) o3HAYAET MHOMKECTBO BCEX HENPEPBIBHO Ju(bepeHIupyeMbIx Ha
nosyocn [0, 00) byHKIHiA.
Perrennst ypasHenust (1) pa3bICKUBAIOTCS B KJIacce

Qb = {u(z) : u(x) € C(0,00), u(0) =0 u u(zx) > 0 npu 2 > 0}.

Hapsiny ¢ unrerpo-auddepennuanbubiv ypasaenuem (1) mbl Gyzem paccmaru-
pUBATH MHTErPAJIbHOE yPABHEHHE

() = /kz’(x —Hul)dt, >0, a> 1, 3)
0

B KOHYCE MPOCTPAHCTBA HenpepbiBHbIX dynkmmit C[0, 0o):
Qo = {u(x) : u(z) € C[0,00), u(0) =0u u(z) >0 upu = > 0}.

Jokazarenbcrso cienyomieil jeMMbl aHaJIorM4HO upusejennomy B [1, §17].

JIemma 1. ITycmw sdpo k(x) ydosaemeopsem ycaosuro (2). Ecau u(x) € Qg
U ABAACNCA DPEWEHUEM UNHMELPAALHO20 Ypasherus (3), mo dynruyua u(x) e
ybweaem u deastcdv, nenpepueho duddepenyupyema npu x > 0.

C nomompio eMMbl 1 T0Ka3bIBaeTCAa

JIemma 2. IIycmo sdpo k(x) ydosaemeopsaem ycaosuro (2). Ecau u(x) €
Qb u aeazemes pewenuem unmezpo-duddepenyuarvnozo ypaenenua (1), mo
u(z) € Qo u AsaseMCcs peweruem UHMEZPaIbHO20 Ypasuenus (3). Obpammno,
ecau ypasnenue (3) umeem pewenue u(xr) € Qo, mo u(z) € Q} u asasemeca
pewenuem ypasrenus (1).

Cuenyromas jeMMa IpesoCTaB/Isier TOYHbIE AIIPUOPHBIE OUEHKU PENIeHUs
ypaBHeHus (3), UTPAIOIIUE BAXKHYIO POJIb MPHU JOKA3ATENIbCTBE OCHOBHBIX De-
3yJIbTATOB JAHHOW paboThl (Teopembr 1 u 2).

JIemma 3. ITycmov adpo k(x) ydosaemsopaem yeaosuro (2). Ecau u(x) € Qo
U ABAACMNCA PEUWEHUEM UHMEZPAILbHO20 Ypasuerua (3), mo u(zx) ydosaemsopa-
em HePaBEeNCIMEaMm:

a—1 a—1

K (0)x

1/(a=1)
} =Gx). @)

Fo) = | <ulo)< | T/(a_l)

« «
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IIpumep siapa k(z) = a-x, rae a > 0 n1060€ Y9UCII0, HOKA3BIBAET, YTO HUKHSIS
U BEPXHssl AlPUOPHBIE ONEHKY (4) HeyIydIiaeMbl, TAK KaK B 9TOM CJIydae OHU
COBIAJIAIOT U SIBJISIOTCSA DEIIEHNEeM KaK WHTErpajbHOrO ypasHenus (3), Tak u
unrerpo-auddepennuanbuoro ypasaenus (1).

N3 Jlemmbl 3 ciiemyer, 4TO pelleHUs WHTErPAJILHOrO ypasHeHus (3) ecre-
CTBEHHO Pa3bICKHBATH B KJIACCE

P ={u(z) : u(z) € C[0,00) n F(x) <u(z) <Gx)}.

Paccvorpum HeuHeHBI WHTErPAIbHbBIN OonepaTop cBEPTKU 1

1/«

(Tu)(z) = K'(z — t)u(t) dt , a>1.
/

JIemma 4. I[Iyecmov sdpo k(z) ydosaemeopsem ycaosuro (2). Toeda kaacc P
UHBAPUGHINEH OTNHOCUTNEAbHO Heaunelinozo onepamopa T .

UccenoBanue nHTErpaabHOro ypaBHenus (3) Oyg1eT OCHOBAHO HA MIPUHIINIIE
CXKUMAIOIIUX OTOOpasKeHuil U J1Jisl ero NpUMeHeHHs HY>KHO HOCTPOHUTHL HOJHOEe
MeTpHYECKOe IPOCTPAHCTBO. BBejgeM B CBA3M € 3TUM CleAyIoImuil Kiacc:

P, ={u(x) :u(z) € C[0,0] n F(z) < ulx) <G(z)},

rae dyakuun F(x) u G(z) onpenenenst B (4), a b > 0 — npou3BOIBHOE YHCIIO.

ITo ananoruu ¢ merogom Besuukoro (cm., naupumep, [3, c. 218]) BBeaem Bo
muHOXKecTBe DyHKIWM P, paccrosaue mo GpopmyJie:

|u1 () — us ()]
UL, U2) = SUp ——F—— 0. 5
pb( 1 2) 0<w]2b xl/(afl)e,@if 5 6 > ( )

Jlerko nposeputsh (cp. [1, §17]), 9ro MHOKecTBO Pj, ¢ METPHKOii p, 06pasyer
[OJIHOE METPUYECKOE IIPOCTPAHCTBO.

BriGepem Teneps mocrarouno mManoe aucio ¢ € (0,b) takoe, 9TO

K'(c) < a-k'(0). (6)
Tlonoxum ) K (z) - K(0)
TROSLT "

Cupasejusa cirenyiomast teMma (cp. [2]).

JIemma 5. ITyemo gynryua k(z) ydosaemeopsaem ycaosuto (2). Tozda das
aobozo € [0,b] cnpasedauso nepasercmeo:

K(x) - e <K (c), (8)

2de ¢ u B onpedeasromesn us yeaosus (6) u pasencmea (7), coomeemcmeenHo.

Teopema 1. ITycmo adpo k(x) ydosaemesopsem ycaosuro (2). Tozda onepa-
mop T deticmeyem u3 Py, 6 Py, U ABAACMCHA CHCUMAOULUM, NPULEM
K'(c)

po(Tug, Tuy) < mpb(ug,ul), Vui(x), ug(x) € P,
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2de wucao ¢ onpedeasemca u3 ycarosus (6).

Takum 06pa3oM, HA OCHOBAHUU TMIPUHITUIIA CKUMAIOIIIX OTOOPAKEHUH 1 TEO-
pembl 1, ucuosb3yst cBa3b Mexy ypasHeHusmu (3) u (1), ycraHoBieHHyo B
JemMMe 2, MbI MOKeM ChOpMyIMpoBaTh OCHOBHON PE3YJILTAT JAHHONW pPaboThI.

Teopema 2. Ecau adpo k(x) ydosaemsopsem ycaosuto (2), mo unmezpo-
Juddepenyuanrvnoe ypasnenue (1) umeem 6 Qt (u 6 P, mpu awbom b > 0
0
eduncmeennoe pewerue u*(x). Mo pewenue MONHCHO HATMU 6 TOAHOM MEM-
puneckom npocmpancmee P, memodom nocaedosamesvmuvix npubsusicenuti no
dopmyae u, = Tup_1, n € N, co cxodumocmvio no mempuxe (5). Ipu smom
CNPaAGedAu6a OUEHKA CKOPOCTU CTOOUMOCTIUL

Pb(UmU*) < 1q7_qpb(Tu07uO)7 n e Na

ede g =k'(c)/[a- K'(0)] <1, a uo(x) € P, ecmo mananvroe npubauoicenue.

JIurepaTtypa
1. Aczabos C.H. Henuneiinbie ypaBaenus: tuma cseprku. —M.: @usmarmut, 2009.
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certain nonlinear convolution equation // Annal. Polon. Math., 36:1 (1979), 61-72.
3. Odeapdc P. Oyukumonanbubiii ananus. —M.: Mup, 1969.

3ATAYA MHTETPAJIBHOM TEOMETPUN C BECOBOI
®YHKIIUEN CIIEIIMAJIBHOT'O BUJIA
A.X. Bermaros, 3.X. Quuiaos
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B pabore paccmaTpuBaercs HOBBIN KJIacC 33,129 HHTErPAILHON TeOMeTpun
BOJIBTEPPOBCKOTO THITA, C BECOBOM (hyHKIMEH crienma nrHoro Buaa. Jloka-
3aHBI TEOPEMBI €JUHCTBEHHOCTU W CYIIECTBOBAHUS PEIIEHUS, ITOJIyI€HbI
oneHKHU ycroiumuBocty u dhopmysia obpamenus B npocrpancrsax Cobose-
Ba, TEM CaMbIM TTOKa3aHa CIabast HEKOPPEKTHOCTE PETIEHUsT 331291 MHTe-
T'PaJIbHOM I€OMEeTPHM.

Karwwesoe crosa: 3amada MHTErpAJIbHON T€OMETPHH, Caabas U CHJIbHAS
HEKOPPEKTHOCTD, €IMHCTBEHHOCTh U YCTONYINBOCTb.
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The problem of integral geometry with a weight function of a
special type

A new class of Volterra type integral geometry problems with a special-

weight function is considered. Theorems of uniqueness and the existence

of a solution are proved, stability estimates and the inversion formula in

Sobolev spaces are obtained, thereby showing the weak incorrectness of

the solution of the integral geometry problem.

Keywords: The problem of integral geometry, weak and strong incorrect-

ness, uniqueness and stability

WNurerpanbHas reoMeTpus - 3TO WHTEHCHBHO PA3BUBAIONIAsS 00JIACTH COBPE-
MeHHOI Maremaruku. OHa SBJISIETCS OJHUM U3 KPYIHBIX HANPABIEHUN B TEOPUT
HEKOPPEKTHBIX 33184 MATEMATHIECKOW (PU3MKK U aHATIU3A.

ITpusenem obLIyIO OCTAHOBKY 3aJa4u MHTErpasbHoi reomerpuu [1]. Saga-
YaMW WHTErPaJbHOW TeOMETPUU BOJBTEPPOBCKOTO THIA HA3BIBAIOTCS 3a/Ia4H,
KOTOPbBIE MOT'YT ObITh CBEJIEHBI K UCCJIEIOBAHUIO OLEPATOPHBIX YPABHEHUIT BOJIb-
Teppa B CMbICJIe onpesenenusi, nanHoro M.M. JlaBpeHTheBbIM [1].

Jocrarodno obrpe pe3yabTarbl M0 €IMHCTBEHHOCTH U YCTOWIUBOCTH Perlie-
HUS 33J1a9 WHTErPAJbHON TeOMeTpuM B CJIydae, KOTIa MHOTOOOPa3us, MO KO-
TOPBIM BEJIETCsl WHTETPUPOBAHME, WMEIOT BWJI, MApadOJIONI0B, BECOBbIE (DYHK-
MM ¥ MHOTOOOpa3Ws WHBAPUAHTHBI OTHOCUTEIBHO TDYIIBI BCEX JIBUXKEHUN
BJ10J1b (PUKCUPOBAHHOI runepiuiockocTH, nonydensl B.I'. Pomanossim [3]. Ciabo
HEKOPPEKTHBIE 33/Ia91 UHTErPATHHON TeOMETPHUH BOJIBTEPPOBCKOIO THUIIA C BECO-
BbIMU (DYHKUUSAMU, UMEIOLMMEI OCODEHHOCTH UCCJIe0BaIUCh B paborax [9-14].
TeopeMbl eTMHCTBEHHOCTH, OIIEHKY YCTOWYUBOCTH U (DOPMYJIbI OOPAIIEHUS CIIa-
00 HEKOPPEKTHBIX 33,14 WHTEIPAJIHHON T€OMETPHUH M0 CIENATbHBIM KPUBBIM 1
[OBEPXHOCTAM C OCOOEHHOCTSIMU BEPIIMHAX T10Jy4YeHbl B [15-18].

EuHCTBEHHOCTD peleHns 3HAYUTENHHO 00/Iee MUPOKUX KJIACCOB 331249 UH-
TErpajbHON T€OMETPUHU B TOJOCE, PACCMATPUBAEMbBIX KAaK CHIBLHO HEKOPPEKT-
Hble, Oblta ycranosiena B.I. Pomanosbiv (cum.[4]). B paBorax A.JI. Byxreiima
[5,6] nosyuennbt dopmysbl obpaluenus Jyis 33/a4d BOCCTAHOBJIEHUS (DYHKIUK
“epe3 WHTErpashbl OT HeE 110 MapaboIonIaM B TTOJIyTpocTpancTre y > 0, mpudem
dbopmyna obparnenus, npuBegeHHast B [5], CONEPIKUT TONBKO KOHEYHOE UNCIIO
[POM3BOJHBIX OT JAHHBIX. B [6] ¢ MOMOIIBpI0 TEXHUKH IITKAJA GAHAXOBBIX MPO-
CTPAHCTB JIOKA3aHA TEOpeMa eJUHCTBEHHOCTH PeIeHus 3aJa9i WHTErPAJTbHOMN
reOMETPHUH B IOJIOCe Ha mapabosax ¢ BecoBoil (pyHKIMEH, aHAJATHIECKOH II0
YACTU [IEPEMEHHbIX.

B cBoeit pabore [2] M.M. JlaBpenTbeB nokasaj €JMHCTBEHHOCTb DEIEHUS
CUJIbHO HEKOPPEKTHOMN 33191 MHTErPAJIbHOM PeOMETPHUH B IIOJIOCE HA TAapaboIax
C BOBMYIIEHWEM JOCTATOYHO OOIIETO BHIA.

B crarbe paccmarpuBaercs 3ajada MHTErPAJIBHONR TeOMETpHH C BECOBOIt
dbyHKIWeH crenragbHoro BUAA MO MOJymiIockocTu y > 0. JlokazaHbl Teope-
MBI €JUHCTBEHHOCTHU U CYIIECTBOBAHUS PENIEHUS B KJIACCE TJIATKUX (DUHUTHBIX
byHKIMIA, TOJIyIeHbI OIEHKYN YCTOWYUBOCTH PEIEHUs 33/1a91 B TPOCTPAHCTBAX
CoboseBa, 9T0 TIOKa3bIBaeT €€ cirabyi0 HEKOPPEKTHOCTD, a TakkKe (hOpMyIbl 06-
parenusi.

Bsenem obozmadenusi, Koropbie 6y1eM HCIOIb30BATH B 3TOM IIyHKTE:
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(r,y) € R*, (£,n) e > e R, p € R!
Q= {(z,y),r € R,y €(0,1),1 < o0}
Q={(z.y),z € R',y € [0,1]}
ITocTanoBka 3ajavuum. B I10J10CEe ﬁ pacCMOTpuUM CceMerCcTBO KPUBBIX, KOTO-

POE OIHO3HAYHO APAMETPU3YIOTCs € OMOIIBLIO KOOPAMHAT CBOUX BEPIIWH (I, Y),
Upou3BOJIbHAA KpUBas cemeiicTBa P(x,y) olpe/eiisercs COOTHOMEHU MY

Plz,y)={En) :n=(E—-2+y)*0<n<y,z —Vy<E< U

U :n=(+y—-6%0<n<y e <E<e+ Y}

Bagaua 1. Onpegesursb HyHKIMIO ABYX IIEPEMEHHBIX U (X, Yy ), eciau JJis Bcex
(z,y) u3 nosocsl ) uzBecTHbl UHTErpaJibl OT PyHKIUK u(-) o KpusbiM P(z,y):

x T+\/Y
/ oz —E)ulE, (€~ x+7)?)E+ / 92— E)ule, (z+ /5~ £)2)dE = f(z,)
o ) 1)

l,ecim x — & > 0,

rﬂeg(x—f)z\/g'x(m—g)y x(z =€) ={ 0,ecin z — & < 0.

Oyukuus u(z,y) - QyHKIUA U3 KJIACCA U, KOTOPbIE UMEIOT BCE HELPEPbIB-
HbBIE€ YaCTHBIE HpOI/ISBOJ_IHbIe 10 BTOpOFO HOpH;LKa BKJIIOYUTEJIBHO N (bI/IHI/ITHBI C
Hocuresem B RY :

supp u C D={(z,y): —a<zx<a,0<a<00,0<y<lI<oo}

Teopema 1. IIycmo gynryus f(x,y) ussecmua oas ecex (T,y) us nosocs
Q. Tozda pewenue 3adaua 1 6 kaacce U eduncmeenno, umeem mecmo npeod-
CMABACHUE

+00 +o00
0? ot
we) = [ [ Bla-cv-ng - gamprEndan @)

U B8bLNONHAEMCA HEPABEHCMBO

2de Cy - mHexomopas nocmosHHaA.
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O TOYKAX IIITEMHEPA B IIPOCTPAHCTBE
JIMHAEHIIITPAYCCA
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YIK 517.982.256, 515.124.4

B npocrpancrse Jlunpenmrpaycca muoxkectso touek [l teitnepa as apo-
WM3BOJILHOTO KOHEYHOrO HabOpa 3JIEMEHTOB XapaKTEPHU3YeTCs “epe3 mepe-
CeUYEHNEe METPUIECKUX OTPE3KOB U IIEPECEUEHNE MAPOB.

Karouesvie cro6a: 6aHaxoBo MPOCTPAHCTBO, IPOCTPAHCTBO JInHaenmrpa-
ycca, Touka lllTeitHepa, sunmmueBa BHIOOPKA

On Steiner points in the Lindenstrauss space

The set of Steiner points for an arbitrary finite set of elements is charac-
terized by the intersection of metric segments and the intersection of balls
in the Lindenstrauss space.

Keywords: Banach space, Lindenstrauss space, Steiner point, Lipschits

selection
B neiicrBuresnsaom Ganaxosom mnpocrpancrse (X, || - |) a1a npousBosbHOrO
Habopa {r1,...,2,} U3 N > 3 €ro IEMEHTOB ONPE/E/ISETCS MHOKECTBO TOYEK
I reiinepa

n n
Stp(x1,...,2,) =< s€ X: E |lzx — s|| = inf g |z — x|
reX
k=1 k=1

Touku IllTeiitnepa nHasbBalOT Takyke ToukamMu Depma, Toukamu Jlame m wme-
nuanavu. Bosnmkaromee mpu 3tom orobpaxkenwme Illreitnepa St, : X" — X

npocrpanctBa X" = {(x1,...,2,) : 2x € X} ¢ HOPMO# |[(z1,...,%0)||n =
lz1]| + - . ||zn|| B X Moxker GbiTh, BOOOIIE rOBOPSsi, HE OJHO3HAYHBIM U OIPEJe-
JIeHHBbIM He Ha BceM X",

B cayuae runpbeproBa mpoctpanctBa X mw n = 3 touka lllrteiinepa

St(x1, T2, 23) CYIECTBYET U €IMHCTBEHHA: OHA JIEKUT B IJIOCKOCTH TOYEK I1,
X9, T3 U JubO COBHAJAET C OAHON U3 HUX (eCJU B TPEyTrOJbHUKE T1T2X3 €CTh
yroa, e mMenbimit 120°), smbo coBunagaer ¢ Toukoit Toppudennu (u3 Koropoit
BCE CTOPOHbL TPEYIOJIbHUKA BUJIHbL 11071 yriiom 120°).

HawmbGosee nmpocro Toukn [1lTeiinepa HaAXOAATCA B TPOCTPAHCTBE L1: JIJIs BCS-
koro Habopa PyHKUWii 1, . .., T, € L1(F, u) maoxkecrso Sty (x1,...,x,) cocro-
UT B TOYHOCTHU U3 TaKuX (DYHKIWI S, KOTOPbIE B U-TIOYTH KaXK/10# Touke t € F
UPUHUMAIOT 3HaYeHus, cpednue mist duces x1(t),..., o, (t) (upu Hedernom n
rakas HYHKIWS eJIUHCTBEHHA).

Pa6ora BeimOnHeHa npu GurAHCOBOH moagepzxke POOU (Ne 18-01-00333) u IIporpaMmer
IIpesugenra Poccuiickoit @erepanuu noaRep:KKY BeyIux Haydnbix mkod ( HITT 6222.2018.1).

Bennos Bopucinas Bopucosudy, K..-M.H., mepeBoaIuk-cekperapb, MI'Y umenu M.B. Jlo-
MOHOCOB, monent, MI'TY mm. H.9. Baymana (Mocksa, Poccus); Borislav Bednov (Lomonosov
Moscow State University, Bauman Moscow State Technical University, Moscow, Russia)
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Touku IlreitHepa MOryT HE CyNIECTBOBATH Y2Ke JIJisi TPEXTOYEIHBIX MHO-
xectB M3 B 6anaxoBom mpoctpancTse X . Ilepsorit mpumep Takux X u Mz mo-
crponst A.JI.Tapkaeu [1] B 1974r. B TO 3Xe BpeMsi BO BCSIKOM GaHAXOBOM TTPO-
crpancTBe X, 1-70M0JHAEMOM B CBOEM BTODPOM CONpSI?KEHHOM (B YaCTHOCTH,
B J11060M pedJIeKCUBHOM IIPOCTPAHCTBE, a TaKxkKe B J000M mpocrpancrse L)
MHOXKeCTBO Sty (21, ...,2T,) HemycTo nig joboro Habopa To4eK Ty u J0HOro
HaTypaiabHOro n (cM., Haup., [2]).

IIycts m > 3 — marypanabHOe 4ucjo. l'oBopsT, 4T0 OAHAXOBO MPOCTPAH-
crBo X obnazaer csoiicreom m.2.I.P. (m.2 Intersection Property), eciu Besikue
M MOMAPHO MEPECEKAIOIINXCA 3aMKHYTBIX MIapoB B X HMEOT HEIYyCTOe Tepece-
YEHHE.

HeiicTrBuTeIbHBIE OaHAXOBBI TPOCTPAHCTBA, 0013 aforne cBoiicteom m.2.1.P.
JITsT BCSIKOTO M, 2> 3, HA3bIBAIOTCS MPOCTpaHCTBAMU JIMHIAEHIITPAYCCA WA TTPe-
ayanpHbiME K L1. K 3TOMy Kiaccy OpOCTPAHCTB OTHOCATCS BCE MPOCTPAH-
crBa C[K] neiicrBurenbHO3HAMHBIX (DyHKIMA, HenpepbIBHBIX Ha (xaycmopdo-
BoM) kommakTe K, mpocrpancrsa co(E), lo, u MHOTHE ApyTHE.

B npenyanbsom k Ly npocrpancrse muoxkectso todek lreiinepa St(M,,) ue
nycro [3] anst npoussosnbHOro MHOXKectBa M, C X, a camo MHO)KecTBO St(Mp,)
MO2KHO OXapakTepu3oBarh [4] upu 1OMOM METPUIECKUX OTPE3KOB (mempure-
cKull ompe3ok ¢ KOHIAMU ¢ U b B 6aHAXOBOM MPOCTPAHCTBE X €CTh MHOXKECTBO

mla,b] ={z € X : ||z —a|| + ||z — b|| = ||]a — b||}). Tounee, BepHa
Teopema [4]. ITycmv npocmparncmeo X npedyanvho k Lq. as mmoorcecmesa
M ={z1,...,2,} us X umeem mecmo opmysra

k
1
St|(M) = — max L(N;):NyU---UNp, =M »,
2 J
i=1

2de maxcumym 6epémcs no 6cem He MeHee Yem O08YTLMOYEUHbLM NOOMHONCE-
cmeam N; C M, npuném ecau mouka x; UMEEM KPAMHOCL P; 60 MHONHCE-
cmee M, mo x; codeporcumcs 6 p; pasauunus muodicecmear us {N; }?:1. Yuc-
a0 L(N;) 0603navaem maxcumarvuyio cymmy daun pébep yuxaa, 06xodauezo
ece sepwunvt u3 N; no odnomy pasy. Ipu smom

k
St(M) = ﬂ St(N], X) = ﬂm[ajp,xq],

j=1

2de {N* ;?:1 — makKue He meree wem 08YTMOoUeuHble NOIMHOHNCECMEA MHOIHCE-

cmea M, das Komopux Z?:l L(N7) = 2[St|(M), a mocaednee nepeceuenue
Gepémes no mem napam undexcos p,q, 0as KOMOPHT Ty, T4 € N coedumnenv
pebpom 6 yukae ¢ daurol L(N;‘), obzodauem mmoocecmeo N, j =1,... k.

3aMeTnuM, UTO [JIf ABYXTOUETHOTO MHOXKECTBA N, IUKJ COCTOUT U3 OJHOTLO
peGpa, MOCYATAHHOTO JBAZKIDI.

B mpocrpancree Jlunzenmrpaycca Beanunna |St|(x1, 2, 23) paBHa nomyre-
PUMETDPY TPEYTOJIbHUKA X1T2T3. LIpU ITOM DPACCTOSHHS OT Z; JO BCEX TOUYEK
s € St(z1, 72, 73) onunakossl u pasubl p; = (||, — @] + ||lzi — x|l — ||lzj —
zill), {4, 4, k} = {1,2,3}. Dro 3maumr, 4ro |St|(r1,x2,z3) ecrb mepecedeHue
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wapos B(z;, p;), © = 1,2,3. s 4erbipéx sjieMeHTOB npocrpascrsa JIuxuen-
mrpaycca |St|(z1, 22, 3, x4) = max{||x1 — xa|| + |25 — z4]|, |21 — z3|| + |22 —
xql|, ||z1 — 24| + |22 — 23|} n paccrosHus ||x; — s|| onpeneseHB He OAHO3HAYHO
npu s € St(x1, X2, T3, x4).

Herpyauo mnokaszarh, uro wmuoxkecrBa St(xy,zs,x3) u St(xy,za,x3,%4)
UMEIOT HEIyCTOe IIepecedeHre g MPOM3BOMBHBIX 3JEMEHTOB I1,T2,T3, T4
upocrpancrBa Jlunpenmrpaycca. Bosmoxkno, muoxecrsa St(z1,...,Tnp—1) 4
St(z1,...,T,) UMEIOT HEILYCTOE 11€PEeCeYeHue JJisi KAXKI0I0 7 U IIPOU3BOJIbHBIX
T1,..., Ty A3 OPEIYATBHOTO K L1 TPOCTPAHCTBA.

B mpocrpancree JInHIeHIITpaycca MOIAMHOXKECTBO U3 St(zq,...,%,) MOXK-
HO TIOJIy9UTh KaK MEpecevenne mapos B(T;,7;) IpH YCIOBUAX T + -+ + T =
ISt|(z1,...,2xn) mr; + 715 = ||z, — ;|| (B cumy cBoifctsa m.2.1.P.). IIpu mambix n
TaKHe PAJUYChl IO3BOJIAIOT IPEIbABUTD JIUIIIINIEBY BLIOOPKY U3 OTOOPasKeHHA
ITreitnepa St,, : C[K]™ — C[K] (B xOHe4HOMEPHBIX LPOCTPAHCTBAX JIMH/IEH-
IITpaycca JUMIAIeBa BeIOOpKa n3 orobpaxkenust [Ireiinepa cymecrsyer [5]).
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U3yuyatorcs cBORCTBa aHAJIMTHUYECKUX MeD Ha BECKOHEYHOMEPHOM JIOKAJIb-
HO BBITTYKJIOM TPOCTPAHCTBE. YCTAHABIUBAETCS, 9TO MEpa, ABJISETCS aHa-
JINTUYECKON IKCIIOHEHIMAIBHOTO POCTA TOJIBKO TOT/Ia, KOrja eé mpeobpa-
3oBanue Pypoe buauTHO B HEKOTOPOM cMbIcie. [IpuBomsarca mpumeps
TaKUX Mep.
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Analytic continuations of measures on infinite-dimensional
space
The properties of analytic measures on an infinite-dimensional locally con-
vex space are studied. It is established that a measure is an analytic ex-
ponential growth only when its Fourier transform is finite in some sense.
Examples of such measures are given.

Keywords: infinite dimensional analysis, measure theory, analytic contin-
uation

Hoxmam ocroBan Ha coBMeCTHBIX ¢ O.I. CMOJIAHOBBIM MCCIICIOBAHUSAX AHA-
JINTUYECKUX Mep Ha GECKOHEYHOMEPHBIX TPOCTPAHCTBAX, HAYATHIX B padore [2].

ITycts Q— Bemecrsennoe JIBII u P = Q'— conpsykéHHOE MTPOCTPAH-
CTBO HEIPEPBIBHBIX JUHEHHBIX (yHKIMOHAIOB Ha (. Ob03HAYMM Y p MUHU-
MaJIbHYI0 0— aJredbpy MOAMHOXKECTB MPOCTPAHCTBA P, COmeprKaIyio ajaredpy
Q—umnuHApUYecKux noaMuoxkects P, u yepes M (X p) 6aHax0BO IPOCTPAHCTBO
BCEX KOHEYHBIX 0 —aJ[JJATUBHBIX KOMILJIEKCHOZHAYHBIX MEpP Ha X p, HAJAEJTEHHOE
HOpMOit ||u|| = |u|(P), e |p|— Bapwarmst Mepsr i [1]. Mepa p va ¥ p omHO3HAY-
HO OTpeJiesisieTcst cBonM mpeobpasosanneM Oypbe [i(cm.[1]).

Hazosém mepy p € M(Xp) ananuruveckoil 1o Haupasienuio h € P, eciu
VA € ¥p dynkmus u(A — th), t € R, umeer aHAJIUTHYECKOE MPOJIOJIKEHNE
(A — zh) B obmacts Uy pa C C (em. [2]).

MosKHO IaTh SKBUBAJIEHTHOE OMPEIe/IeHNe aHATUTUIHOCTH MePhI, OCHOBAH-
Hoe Ha pasnokennn dbyukuun (A — th) B psg Teiinopa (cum. [3]).

Eciu g kaxgoro A € Yp CyHecTByeT AHAJIUTHYECKOE I[IPOJIOJIKEHHE
dbyuxmyn p(A—th) B obmacts U C C, To 310 mpomoskenne ., (A) = p(A—zh)
SBJISETCSA MEPOi, AaHAJUTUIECKHU 3aBucdtei or z € U.

W3 amamuruaHocTH Mepbl caeayer eé OeckonedHas auddepeHnupyemMocTb
no Hanpasiaenuio h (ompenenenue u cBoiicTsa quddepeHIupyeMbIX MEP CM. B
[4,5)).

IIpocTpancTBO BCEX Mep HA X p AHAJUTUYECKUX MO HAMPABIEHUIO h € @
ob6oznaunm Mp(Xp).

Jlemma 1. Ilycmo h € P u mepa p— arasumuveckas no wanpassenuro h.
Tozda npouseodras dp mepv, (1 1o h Maksce ecmsd MePa HA X p GHAAUTIULECKAS
no nanpasseruro h.

JlemMma 2. ITycmo h € P u Mmepa ji— GHAAUMUYNECKGA NO HANDPABACHUIO h.
Tozda 0as npouseosvnol mepvr v € M(Xp) ceépmra mep p* v maksice ecmo
MEPA HA X p GHAAUTNMUYECKAA N0 HANPABAEHUN0 .

Bynmem roBopuTh, UTO Mepa i Ha Xp Teaas SKCIOHEHITMAJTHLHOTO POCTA C
mokazareseM R > (0 mo Hampasenuio h € P, ecau u— 1esias mo HAMPABIECHUIO
huVR; > R, VA € ¥p cymecrsyer takas koacraura C(h, Ry, A) > 0, uro

|1(A = zh)| < C(h, Ry, A)efilImE)l v, e .

ITpocrpancTBo Bcex Takux Mep Oymem obosuatars AM), r(Xp). [Ipocrpancrso
BCEX IEJIbIX 110 HAIIPABJIEHNIO I Mep 9KCIOHEHIIMAIHHOIO POCTA C IIPOU3BOJIBHBIM
nokasareseM R > 0 obozHaanm AM}, (X p).
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JIemma 3. ITycms h € P, R > 0. Toeda p € AMy, r(¥p) mozda u moavko
mozda, Ko20a [1— UeAas No Hanpassenuio h € P mepa u 6bnosnena ouenka

[ ttan]] < 4@ u]| V2 € C. (x)

N3 nemmbr 3 cienyer, uto AMp, r(Xp)— 3aMKHyTOE MOAMTPOCTPAHCTBO Ha-
HaxoBa mpocrpancTBa M (Xp).

st moboro B C P nonsipa B° B (Q oupenenercs: paBeHCTBOM
B°={qeQ:|<q¢p>|<1 Vpe B}.
Teopema 1. ITycmv h € P, R >0, pe€ M(3p) u i = F(u). Tozda

we€ AM,;, gr(Xp) < supp(it) C R-{h}°.

OrmeruM, 4ro Teopema 1 0600IIA€T M3BECTHYI) KOHEYHOMEPHYIO TEOPEMY
ITsm-Burepa 0 pacmpenesieHusix ¢ KOMIAKTHBIM HOCUTEJIEM Ha, CIydail Mep
Ha OECKOHETHOMEPHBIX MPOCTPAHCTBAX. VIHOH momxom K OOODIIEHWIO TeOpeMbI
ITsim-Bunepa nHa cirygait kBa3zumep Ha OECKOHEIHOMEPHOM TPOCTPAHCTBE MOXK-
HO HaiiTi B pabore [6].

CaencrBue 1. IIycmv nocaedosamenrvrocmy mep i, us AMy r(Xp) cxo-
dumea na kaotcdom A € Yp. Toeda cywecmeyem npedea |t nocaedosamenbHo-
cmu p, 6 M(Xp), u daa kasicdozo z € C nocaedosamenvrocmov mep (fin) -
cxodumes no eapuayuy K mepe [, € AMp r(Xp). Ipu smom Yo > 0 yxaszan-
HAA CTOOUMOCTND NOCACI0EAMEALHOCTD ([in )1 PAEHOMEDHA NO MHONHCECMBY

Vs ={z € C||Imz| < d}.

CaencrBue 2. ITycmv h € P u 1 € AMy r(Xp). Tozda daa npouseosvrot
mepoe v € M(3p) ceépmra mep (1 v makoice ecmov mepa u3 AMp, r(3p).

CaencrBue 3. Ilycmo h € P, pn € AMy, r(2p) u T—yuaundpuyeckud
mnozousen wa P. Toeda T - yu € AMp, r(Xp).

MokHO TOKa3aTh, U4TO, MO KpaiiHell Mepe B TOM ClIydae, Korja P comepxKuT
HEKOTOPOE ILJIOTHOE cenapabeIbHOe THIH0EPTOBO MOAIIPOCTPAHCTBO, CYIIECTBY-
eT Takas HeTpUBHMAJIbHAs IPOJAKT-Mepa (i, uro pu € AM(Xp) Vh € H, rue
H —nnornoe ruipbepToBO MOANPOCTPAHCTBO P. 3amac Takux Mep MOXKHO pac-
IMUPUTH C TTIOMOIIIBIO CJIEJACTBUHN 2 U 3.

OrMeTuM, 94TO C IOMOIILIO BBEJIEHHOI'O IOHATHS AHAJUTUYECKONR MEPBI 9KC-
HOHEHIMAIBHOro pocra, B coBMmectroit ¢ O.I. Cmousnosbim pabore [2] aBropa-
MU OBLIO JOKA3AHO CYIIECTBOBAHUE (DYHIAMEHTAIHLHOTO PEIIEeHUs] YPABHEHUS C
MTOCTOAHHBIMI KO3 PUIMEHTaMN B OECKOHETHOMEPHOM MPOCTPAHCTBE TPH JT0-
CTaTOYHO IMIHUPOKUX OTPAHNICHUSIX.
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MVYJIBTUILJINKATOPHI B ITIPOCTPAHCTBAX BECCEJIEBBIX
IIOTEHIINAJIOB U JINBOPKMHA-TPUBEJIA
Asekceii A. Bensie
alezei.a.belyaev@gmail.com, belyaev-aa@rudn.ru

VIK 517.518.23

MsiI paccmaTpuBaeM mpoOIeMy KOHCTPYKTUBHOTO OTUCAHUS MYJTbTHUILIN-
KaTOpOB, AEHCTBYIOIIWX B MIKaJe OpOCcTpaHCTB JIuzopkwaa—Tpubess,
upuuém 0coboe BHUMAHUE yJeIsercs CJIy4dalo IIPOCTPAHCTB 0ecceseBbixX
TMOTEHINAJI0B. [IpuMeHsist TPUHIMIT PABHOMEPHOHN JTOKAJIN3AINN, MBI TTIOKA~
3bIBAEM, UTO IIPU €CTECTBEHHBIX OMPAHUYCHUAX B BAYKHBIX YACTHBIX CJLy-
qagX MOXKET ObIThb II0JIy9€HUE OIKMCAHME IIPOCTPAHCTBA MYJIbTUILIUKATO-
POB B TEPMHUHAX PABHOMEPHO JIOKAJU30BAHHBIX TPOCTPAHCTB JIM30pKuHaA—
Tpubesns. Do onucanre 0600IMAIOT MOy ICHHBIE PAHEE B COBMECTHBIX Pa-
6orax asropa u A. A. [llka/mkoBa pe3y/ibTarbl 0 MyJIbTUILIMKATOPAX, Jeii-
CTBYIONIUX B MPOCTPAHCTBAX OECCEIEBBIX TIOTEHITHAJIOB.

Karouesoie cao6a: MyIbTUIIMKATOPHI, DABHOMEDHAS JIOKAJIM3AINA, IPO-
crpancTBa Jlmzopkuna—T pubess

Multipliers in Bessel potential and Lizorkin—Triebel spaces
We consider a problem of finding a constructive description of multipliers
acting in the scale of Lizorkin—Triebel spaces with special attention being
paid to the case of multipliers between Bessel potential spaces. We show
that, since uniform localization principle holds true for Lizorkin—Tribel
spaces, under natural assumptions the multiplier space can be described
in terms of the uniformly localized Lizorkin—Tribel spaces in some impor-
tant model cases. This description generalizes results about multipliers
acting in Bessel potential spaces, obtained recently by the author and
A. A. Shkalikov.

Keywords: multipliers, Lizorkin—Triebel spaces, uniform localization

Pa6ora BrimosHeHA Tpy (DUHAHCOBOM MO/IIEPKKE TPAHTA 110 TOCY/IaPCTBEHHOM MO IEPAKKE
Beaymux Hayunbix mkosg HIM-6222.2018.1.

Bensie Anexceil Anexcanposud, K.d.-M.H. (MOCKOBCKUH IOCYIapCTBEHHBIH yHUBEPCH-
TeT umenu M.B. JlomonocoBa u Poccuitckuit Yuusepcurer Hpyx6b1 Hapomgos, Mocksa, Poc-
cus); Alexei A. Belyaev, Ph.D. (Lomonosov Moscow State University and Peoples’ Friendship
University of Russia, Moscow, Russia)
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PaccmorpuM  MysibTHILIHKATOPBL, JEHCTBYIONHE MEXKY [TPOCTPAHCTBAMUI
S n S n S n
Ast o (R™)w A2 (R™), tre B kawectre A2 (R™) dburypupyer mwan mpoctpan-
crso Becosa By  (R™), wmn npoctpanctso JInsopkuma-Tpubens F;  (R™).
B BaxxHOM WacTHOM ciydae p = ¢ 3TH IIKAJBI COBIAIAIOT U, OOjee To-
IO, [PU HEMEJIbIX 3HAYEHUSAX UHJIEKCA MIAJKOCTH § UMEET MECTO COOTHOIIEHUE
S n — S n — S n S n
By ,(R") = F; (R") = W;(R"), rne W;(R") — mpocrpamncreo CoGomena-
Crobonenkoro. B apyrom BaKHOM MOJEIHHOM CJIydae ¢ = 2 MBI HOJYYIAEM,
9T0

p,2(R") = H(R"),

rie Hy(R") — mpocTpancTBO GecceieBbX MOTeHITHATOB.

[Mocaennuii ciay4vaii Obu1 JeraibHo usyden B paborax [1] u [2], rae puis ouu-
CaHWs MYJIbTHILINKATOPOB M3 OJHOTO MPOCTPAHCTBA GECCEIEBBIX MOTEHIINAIOB B
JIpyroe ObLIa HCIOIL30BAHA [IKAJIA PABHOMEPHO JIOKATN30BAHHDIX IPOCTPAHCTB
OecceleBbIX MTOTEHIINAIOB H: wnif (R™). Ucnonb3oBanue 37Ol IIKAJIbI O3BOJIU-
JIO HAfiTH KOHCTPYKTHBHOE ONUCAHIE MYJIbTHILINKATOPOB, ACHCTBYIOMMX MEXK LY
LPOCTPAHCTBAME OECCEIEBBIX TOTEHIMAIOB. A UMEHHO, ObLIN 1Oy Y€HbI CIIe/Ly-
IOINe Pe3yJIbTATLI

Teopema 1. Ilycmv s1, s2 = 0 u p1, p2 > 1. Ilycmv maxorce p1 < pa,
s1—n/p1 = 82 —n/py u sy —n/p1 > 0. Tozda

MIHG (R™) — HpZ(R™)] = Hp2 i (RY),

2, unif
npu%éM HOPMDBL IMUT NPOCMPAHCINE IKEUBANEHTNHDL.

Teopema 2. IIycmv sy, s2 = 0 u p1, po > 1. IIyemv maxoce p1 < pa,
NPUNEM UAU S = S2, S1 — n/p1 > 0, uau s > $1, S2 — n/py > 0. Tozda
MIH (RY) = Hy 2 (R™)] = Hy %% (RY N H™ - (RY),

NPUMEM HOPMDL ITUT NPOCTPAHCE IKEUSAAECHMHYL (30€Ct U HUMNCE OAA YUCAQ
p € (1;4+00) nod p’ nonumaem wucao us (1; +00), onpedeaénmoe coomuoweruem

1/p+1/p =1).

Jlokanuzanuonusie cBoiictBa mpoctpancTB Becosa n Jlmzopkuua—Tpubesns
MPUHIAIAATIBHO OTiandaorcsa. B ciygae mpocrpancts JIuzopkuna—Tpubesns
MMeeT MeCTO IIPUHIMUI PABHOMEPHON JIOKAJIW3AIUU, [VIACALIUN, YTO HA IPO-

S n
crpanctee Iy (R") moxmo BBecTH HOPMY || - |5, . g, (p), FKBUBATIEHTHYIO CTaH-
JTapTHON HOPMeE 3TOrO MPOCTPAHCTBA U 33/IAHHYIO COOTHOIIEHNEM

p
lllp a0 = { D2 (I ulleg o) | Vue By R,
EISYAL

rae n € D(R™) — upousposibHas (byHKIMs, YAOBJIETBOPSIONIAs CJIELYOIIAM
YCJIOBHSIM:

a)0<n(x) <1 Ve eR™; b)nlx)=1 Ve eR": |z| < 1;

c)n(z) =0 Ve e R": |z| > 2,
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n.(x) =n(z—2) Ve e R™

Hua npocrpancrs Becosa nopma || - ||, 33 JaHHAS COOTHOLICHHEM

, D5 ¢, ()

=

p
lllscpawr = { 22 (I -ullsg @) | Vue By ®Y),
EISYAL

CTpOro cjiabee CTaHAAPTHON HOPMBI || - || B, ,(Rn) TIPH P > ¢ W CTPOTO CHIILHEE
5TO# HOpMBI ip p < ¢ (cMorpets [3]). TIpu sTOM 17151 IpocTparcTs Becosa atn
HOPMBI 9KBUBAJIEHTHBI TOJIBKO TPU P = ¢, HO B 3TOM CJIydae, Kak OTMeYajoCh
soie, By (R™) = F7(R™).

MpI u3y4aeM COOTHOIIEHUSI MEXK/ly CTAHIAPTHBIMU HOPMAaMK Ha IPOCTPAH-
crBax JIuzopkuna—Tpubesst u BecoBa u jloKaIM30BaHHBIMU HOPMAMKI

T

T
llls, e = D2 (Ine - ullag @) | 5 7€ [1: +00),
ZEZ"

[ulls, p, ¢, (o) = sup <||77z 'UHA;,Q(R")) )
z€R™

YTO [O3BOJISET YCTAHOBUTH TEOPEMbI BJIOXKEHUS JJIsi MYJIbTUILINKATOPOB, /Ieii-
CTBYIOIIUX B MpocTpaHcTBax JIuzopkuua—Tpubens u Becosa. OcHoBHOE BHIMA-
HUEe yIeNsSeTCs TOW CUTYaIlud, KOT/a BO3MOYKHO TIOJIYYUTh ONMUCAHUE TPOCTPAH-
CTBA MYJIBTUILJINKATOPOB B TEPMUHAX JIOKAJIN30BAHHBIX HOPM.

Crenyromasi TeopeMa MPEICTaBIsieT coDO OCHOBHON pEe3yabTarT JJis Myilb-
TUILIMKATOPOB B mpocrpancrBax Jluzopkuna—Tpubensd B TOl curyanum, KOria
0b6a WHIEKCA TVIQJIKOCTH STUX TTPOCTPAHCTB HEOTPUIIATETHHDI.

Teopema 3. Ilycmo s1 > pﬂl, So 20, p1,p2 > 1, q1, @2 = 1, npuuém
p1 < P2, S1 — pﬂl > 59 — p%. Tozda

MIFp} 4, (R") = Fp} o, R™)] = FJ 4o unig (R")
U HOPMDL IMUT NPOCMPAHCNE IKEUBAAEHTIHDL.

Orpanuvenusi, HajlaraeMble B YCJIOBUSX 3TOH TEOPEMBI, SBJISIOTCA €CTe-
CTBEHHBIMH B TOM CMBICJIe, 9TO HPH OTKa3e OT JII0DOr0 M3 ITUX OrPAHHUYE-
HUN HEBO3MOXKHO IOJIYYUTH OIUCAHUE COOTBETCTBYIOIIEIO IIPOCTPAHCTBA MYJIb-
TUTJINKATOPOB B TEPMHUHAX €r0 COBIMAJEHWST C HEKOTOPBIM TMPOCTPAHCTBOM

F R % Fy o (R).

P, g, unif D, g, 00

g mokazarenbcTBa TeopeMbl 3 MCTIOMB3YETCS CIIeIyIoIIee

Yreepxaenue 1. I[lycmo 51, s2, 53 € R, p1, pa2, p3, q1, @2, g3 > 1. Ilycmo
makoice uau p1 < P2, UAU P = P2 U q1 < g2. Tozda menpepuisHoe 6a0dHCEHUE

Fe (R") © M[F3: , (R") — F32 (R™)]

P3, g3, unif P1, q1 P2, g2

UMEEm MECMO M020a U MOALKO M020a, K0200 CYULeCEYem MaKai KOHCTAHMA
C >0, wmo

”f : g“FZZ2 4z (R™) < c- “f”szg a3

®8llps  (®ny ¥V f, g € DR™).

P1, a1
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O BABMCHOCTHX BO3MYIIIEHHON CUCTEMEI
9KCIIOHEHT B ITPOCTPAHCTBAX TUIIA MOPPU

B.T. Bunanos
b_ bilalov@mail.ru

VIIK 517.51

B pabore paccmarpumBaercs BO3MYyIIEHHAs CHCTEMa  SKCIOHEHT
exp (i (n — Bsignn)t),n € Z, rme [—HEKOTOPBI KOMIIEKCHBIA TIa-
pamerp. Haxomurcst HEOOX0UMOe W TOCTATOYHOE YCJIOBUE Ha TTAPaMeTD
(3, IpU BBIIOJIHEHUH KOTOPOIO 3Ta CHCTeMa 00pa3yer 06a3uc B IPOCTPaH-
crBe Moppwu mHa maTepBasne (—, 7). Kpurepnit 6a3uCHOCTH OTHOCHTETHHO
mapaMerpa [ 3TOH CHUCTEMBl B JIE0ErOBBIX IMPOCTPAHCTBAX MOJYYeH B
paborax A.M.Cegneuxoro u E.VI.Mouceesa. Ormerum, aro kpurepuii 6a-
3UCHOCTHU B ITPOCTPAHCTBAX MODPH OTJINYAETCS OT KPUTEPHsi GA3HUCHOCTH
B J1€6ETOBBIX MTPOCTPAHCTBAX.

Karouesvie caosa: BO3MyIIeHHAs CHCTEMa JKCIOHEHT, 0A3UCHOCTD, IIPO-
crpaHcTBO Moppu

The basis property of a perturbed system of exponentials in

Morrey-type spaces
The perturbed system of exponents exp (i (n — 8 signn)t),n € Z, where
B is some complex parameter is considered. A necessary and sufficient
condition on the parameter 8 are obtained, under which this system forms
a basis for Morrey space over the interval (—m, 7). A basicity criterion
with respect to the parameter § of this system in Lebesgue spaces was
obtained in the works of A.M. Sedletskii and E.I. Moiseev. We note that
the basicity criterion in Morrey spaces differs from the basicity criterion
in Lebesgue spaces.

Keywords: perturbed system of exponents, basis property, Morrey space

Januas pabora BbinojHeHa npu (purancoBo# nomxepxkke Ponna Paszeurus Hayku npu
IIpesunenre Azepbaiiakanckoil Pecy6uuku-I'pant No EIF-BGM-4-RFTF-1/2017-21/02/1

Bunanos Bunan TembMan orisl, g.¢d.-M.H., mpodeccop, 4i. kopp. HAH Asepb6aiimxa-
Ha MecTnTyT Maremarukn n Mexammkn HAH Asep6Gaiimxana (Baky, Azepbaiimxan); Bilal
Bilalov (Institute of Mathematics and mechanics of NAS of Azerbaijan, Baku, Azerbaijan)
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Pabora mocesmena u3ydeHnio 6a3MCHOCTH BO3MYIIEHHOM CHCTEMBI YKCITO-
HEHT

(1)

B npocrpancrsax Moppu na unrepsase (—m, ), rue 3 € C'—KOMILIEKCHDbII 11a-
pamMeTp.

Eﬁ = {ei(nfﬂ signn)t} ,
nez

Oupenenum npocrpanctB0 Moppu Ha eIMHMYHONR OKPYKHOCTH 7y =
{z € C :|z| =1} na xommnekcunoii nnockocru C. danee w = inty Gyuer o6o-
3HavaTh equHNYHGB map B C.

Yepes L (v),1 < p < +00,0 < a < 1, Gyzuem 0603Ha4aTh HOPMUPOBAHHOE
MPOCTPAHCTBO BCEX M3MEPUMBIX Ha 7y DyHKIWA f (-) ¢ KOHEUHON HOPMOif

1/p
||f||Lp,a(w)sup(|an|31 / f(f)l”ldfl) < +os,
B BNy

(IBN 'y|ﬂ/ —nuHeitnas Mepa nepecedenust BN7y), rae sup Gepercs 10 BeeM 1apam
C IEHTPOM HA 7Y U C IPOM3BOJIbHBIM IIOJIO?KUTEIbHBIM PaunycoM. OTHOCUTENBHO
9TOH HOpMBI LP*® () siBisiercst GaHaxoBbIM. Hapsiziy ¢ 9THM OMpemesnM mpo-
crpanctBo LP% (—7m,m), 1 < p < 400,0 < a < 1, coCTOAIEr0 U3 M3MEPUMBIX
Ha (—m,7) byukumit f (), ¢ KOHEeYHOIT HOpMOIt

1/p
£l rmy = 510 ](m“‘l [iror |dt|) < +o0,

C|—m,m

rae sup Gepercsa 1o Bcem uHTepBajam I C [—m,7|. Herpyauo 3amerurs, 4To
coorsercreue f(t) =: F (e*),t € (—m,m),F () € LP*(y), ycrananmBaer
uzoMerpudeckuii uzomopdusm mexy npocrpancrsamu LP* (y) u LP® (—m, ).
TTosToMy B manmbHeifeM 3TH MPOCTPAHCTBA OY/IEM OTOMKIECTBISTEH U €ro GyaeM
obosnauars 1epes L, a nopmy 1epes [|-[|,, -

Byaem paccmarpusars nogupocrpancrso MP byuxkuuit f (-), capuru Ko-
TOpbIX HenpepbiBHbl B LV, re. ||f (++0) — f ()|, , — 0,0 — 0.

Hust ycranoBiienust 6azucHocru cucrembl dKcnoHenT (1) B mpocrpancrsax
Moppu MP'® mpuMeHsieTCs MeTOJ, KPAEBbIX 33/a4. DTOT METOH TpedyeT ycTa-
HOBJIeHUsT GA3MCHOCTH YaCTeH CHCTEMBI SKCIOHEHT B TPOCTPAHCTBAX Moppu-
Xapan MHf_’O‘ n _ 1 MHP®.

Urax, paccmorpum cucremy {e™™} C MY 1<p<+00,0<ac<l

nezy
Iycrs f € MY“—npoussonbras dynxius. CoBepuieHHO 09eBHIHO, 410 [ €
L} = H}/,. I3 6a3ucHOCTH CHCTEMBI SKCIOHEHT {emt}nez B MP2 (cum. [1])
MOy 9a€M PA3JIOZKEHUe

F&)=" fac™. (2)

nez

U3 cxomumoctu paga (2) x f (-) B MP® caenyer, 1to on cxonurca K f () © B L.
A w3 Brmouenus f € Lz‘f caenyer, uto f,, = 0,Vn < 0. B pe3ynabrare moaydaem
pasioxenne B MY :

f(t) = Z fneint7

nezy
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T.e. npousBosibHad Gyskius uz MYY passmaraercs B psj 1O cucreMe

int int D, _
{e }n ez, W3 MUHUMATBHOCTH CUCTEMBI {e }n cz B MP-* memocpeacTBEH

int P
HO cJjleJlyeT MUHHMAaJIbHOCTH CHUCTEMBI {e }n ez, B M. B urore nmomydaem
6a3MCHOCTD CHCTEMBI {emt}n ez B M . CoBepLIeHHO aHAIOIUYHO JIOKA3bIBA-
+
eTcst 6a3UCHOCTH CHCTEMBI {e‘mt} B _1 MP®. Takum o6pa3oM, cripaBeIuBa,

CIIeyIoIas

nenN

Teopema 1. Cucmema {e""’f}nez+ ({e‘mt}nGN) obpasyem Gasuc 6 npo-
cmpancmee MY (6 _ 1 MP%), 1 <p < 400,0 <a < 1.

Taxke cripaBeInBa

Teopema 2. ITycmv 2Ref5 + % ¢ Z. Tozda cucmema Eg obpasyem basuc 6

MPe 1 < p<+00,0<a<l, mozda u moavko moada, Kozda [2R65 + %} =0

('] —uerasn wacmo). Ee depexm pasen d(Eg) = [2Reﬁ+ %} Ilpu d(Eg) <
0, ona nenosna, no murumasvua 6 MP; npu d(Eg) > 0, ona noana, mo He
MUHUMAAbHG 8 MP*.

JIureparypa
1. Bilalov B.T., Quliyeva A.A. On basicity of exponential systems in Morrey-type
spaces // International Journal of Mathematics, 25:6 (2014), 10 pages.
2. Bilalov B.T. The basis property of a perturbed system of exponentials in Morrey-
type spaces // Siberian Mathematical Journal, 60: 2 (2019), 249-271.

OB OTPAHUYEHHOCTU IIOTEHIINAJIA PUCCA B
TJIOBAJIBHBIX ITPOCTPAHCTBAX TUITA MOPPU C
IMEPEMEHHBIM ITOKA3ATEJIEM
H.A. Bokaes, 2K.M. Ouepbek
bokayev2011@yandex.Tu, onerbek.93@mail.ru

YK 517.518

B macTosiieit paboTe BBOANUTCS HMOHSATHE TJI00AJIBHOTO IIPOCTPAHCTBA THIIA
Moppu ¢ nepemennsim noka3areseM. [IpuBoggrca nocrarotunbie ycioBus
OTPAHMYEHHOCTU MOTeHIa a Prcca ¢ TOCTOSHHBIM U ITepeMEeHHBIM TTOKa-
3aTe/IMU B 3TUX NPOCTPAHCTBAX.

Karoueswie ca06a: rmobabHbIE IPOCTPAHCTBA THHA Moppu ¢ rmepeMeHHbIM
[oKa3areseM, oTeHnual Pucca, OorpaHu4eHHOCT OLIepaTopa.

Bokaes Hypxam Apunxamosmd, A.¢.-Mm.H., npodeccop, EHY mumenu JL.H. I'ymunesa
(Hyp-Cynran, Kasaxcran); Nurzhan Bokayev (Eurasian National University, Nur-Sultan,
Kazakhstan)

Orep6ek 2Komapr Myparosud, maructp. EHY umenn JI.H. I'ymmnesa (Hyp-Cyanran, Ka-
3axcran); Zhomart Onerbek (Eurasian National University, Nur-Sultan, Kazakhstan)
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On boundedness of the Riesz potential in the global Morrey
type spaces with variable exponent
We introduce the global Morrey type spaces with variable exponent. We
give sufficient conditions for the boundedness of Riesz Potential with con-
stant and variable exponent in this spaces.
Keywords: the global Morrey type spaces with variable exponent, Riesz
Potential, boundedness of operator.

ITorenmman Tuma Pucca onpemensgercs paBeHCTBOM:

1°® f(z) = /n z _ﬁg)a(z) dy,

rae 0 < a(z) < n. Ilpu a = const 3TOT ONEPATOP COBIAJAET KJIACCUYECKUM
norernnuagoMm Pucca <.

ITycrs p(x) usmepumas dbyHnkius Ha OTKpbITOM MHOXKecTBe ) C R™ co 3Ha-
genusamu (1,00). OTKpbiToe MHOXKECTBO {2 MOXKET ObITh U HEOIDAHMYEHHDBIM.
IIpeamonoxkum

1 <p- <px) <py < oo,

rae P_ =P_(Q) =infrcqp(x), Py =Py () = sup,ecqp ().
ycrs P8 — 310 Muoxecrso bynkmuii p(r), AT KOTOPBIX

C 1

Ip(z) — ply)| < lz -yl < 3,

S —infz -yl
[p(z) = p(0)| € AscIn (2 + [2]) @,y € Q.

O6o3maumm wepes Ly()(€2) mpocTpancTBO Beex m3mepuMbix dynkmmii f(r) Ha
(), Takmx, 9TO

o) (f) = / @) de < oo,

r7ie HOpMa OIpPeJIesIsieTCsl CAeAYIONM 00pa3oM

. /
1£1lpy = inf {n > 0,75, (77 st

IIycrs w(z, r) - HEOTpUIATENbHAS HW3MepuMas Gyrkus Ha X [0, ], me Q C
R", I =diam,1 < 6 < co. I'mobanpubie mpocTpancrea Moppu ¢ mepeMeHHbIM
nokazareneM G M p( .y w(.),9 - 9TO MHOKECTBO (DYHKIIHI ¢ KOHEUHOH KBA3UHOPMOIi:

1 _¢ )
w (1'7 'r') r P(I T) Hf”Lp(.)(B(I’r)) < o0,

”f”GMp(.),w(.),e = a:seulg“

Lo (0,00)

rae B(x,r) — map B n-MEPHOM HPOCTPAHCTBE C LEHTPOM B TOYKE X U PAJIILYCOM
— n . — 1
r. Iycrs Oy ) = 5(z)> TPH T <1 Opzyry = m, upu 7 > 1. 1 1
(07

log (2 _
Teopema 1. IIycts py (), pa(z) € P2 n 0 < a < n, @ = @
1 < 6 < 00, u IycTh U3MepuMble (PYHKIUH W1, Wy YAOBICTBOPAIOT YCJIOBHIO!

oo oo
sup / ’LUQ_G(.T,T)/ (wr (x,1) t‘gpl(x’t)_ef’z(”’t)_l)%dtdr < 0.
z€R™ JO r
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Torma oneparop [ orpanuden u3 GMp, () w,(.),0 B GMpy() w,(.),0-
Teopema 2. ITycts py (), pa(x) € P8 u

a_ = inf a(z) > 0, (ap)+ = sup a(z)p(z) < n,
z€eQ €N

byHKIME Wi, we W YAOBIETBOPSIOT yCJIOBHAM Teopembl 1 u y(z) =
Asca(z)[1— @] Torna oneparop W["‘(') orpanmded u3 GMp, (y,w,,0(.)
B GMp,(),wa(.).6 -

Jns 0606meHHbIX TPOCTPAHCTB THITA, Mopp# M,( ) (. YCTOBUS OTpaHUIECH-
HOCTH ToTeHnnasa Prucca B ciydae orpaHnYeHHBIX MHOXKeCTB §) mosryuens B [1],
a B CIy4ae HeOrpaHWYeHHBIX MHOXKecTB () -mosydens! B [2],[3]. Hpyrue ycio-
B OTPAHUIEHHOCTH KJIACCHIECKOro moreHmuana Pucca % B rmobambHbIX TIPO-
crpancrsax Tuna Moppu GMp ()¢ € IOCTOAHHBIM HOKA3aTEIeM P IOy YeHb
B pabore [4].
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OB OBPATHBIX CITEKTPAJIBHBIX 3A/TAYAX C
HEIIOJIHBIMU JAHHBIMU
H.®D. Baneen
valeevnf@Qyandez.ru

VIIK 517.518

PaccmaTpuBaercs ONTHMH3AIMOHHAA OOpATHAS CIEKTPAIbHAS 3312494,
st omeparopa typma-Jluysumna Llglu := —u” + q(x)u ¢ pazmenen-
HBIMU IPAHAYHBIMEA yCIOBUSMH.

CyTh ONTHMHU3AIMOHHON OOpPATHON CIEKTPAIBHON 33a<N IS OIEepPATO-
pa Llrypma-/InyBumas 3aK/II09aeTCs B CAEAYIOMEM: [/ 3aTaHHBIX CO0-
CTBEHHDBIX 3Ha9eHUl Ak, k = 1, ..., m u norenumana qo(x) rpebyerca naiitu
norennman ¢(z), 6amxKaiumit K ¢o(z) B OIpeseIeHHOI HOpMe, TaKoii, ITO
Ae(q@) = Ak, k=1,...,m nna Becex k =1,..,m.

B craThe mO0Ka3aHO CyIECTBOBAHME PENICHUS ITOH 3aaHM.

Karouesbie ca06a: CIEKTpAJIbHAS TEOPUsi, OOpATHBIE CIIEKTPAJIbHBIE 3313~
gy, HeJimHelHble auddepeHnuaaIbHbe OmepaTophl

On inverse spectral problems with incomplete data
We consider an inverse optimization spectral problem for the Sturm-
Liouville operator L[gJu := —u" + g(x)u whith separated boundary con-
ditions.
The essence of the inverse optimization spectral problem for the Sturm-
Liouville operator is the following: for a given go(z) and eigenvalues A,
k = 1,...,m potential g(z) closest to go(z) in a given norm, such that
Ae(@) =g, k=1,...,mforall k=1,...,m.
In the article we prove the existence of solutions to this problem.
Keywords: nonlinear differential equations, spectral theory,inverse spectral
problems.

B pabore obcyzkmaiorcss oOpaTHbIE CHEKTPAIbHBIE 339N JIsT CAMOCOIIPSI-
2KeHHbIX JuddepeHinabHbIX 01epaTopos (KaK B 0ObIYHBIX, TaK U B YaCTHbLIX
NPOM3BOIHBIX) , B KOTOPBIX 3aAI0TCs JIUIIh HEMOJHbIE CIEKTPAIbHBIE JAHHBIE,
HAIPUMED, TEPBBIE 7 COOCTBEHHBIX 3HAUECHUN A < ... < Apy-

BenmegcrBiue HEMOTHOTHI CIIEKTPATBHBIX JIAHHBIX, TAKHE 33Ja9d HMEoT
HEeJIMHCTBEHHOE PEIeHNe U HEKOPPEKTHBI.

MbI npejjiaraem J0NOJHUTH YCJAOBUs STUX 33134 cojepzkaresbbivu (¢ dbu-
3MYECKON WJIM eOMETPUYIECKON TOUYKU 3pEHUsI) U O0OCHOBAHHBIMHU YCJIOBUSIMU,
KOTOPBIE B UTOTe MPUBOIAT K HOBOMY KJIACCY OOPATHBIX CIIEKTPAIBHBIX 33a4.

Maremarwdeckre MOCTAHOBKY TAKWX 3384 CBA3AHBI C TPOOJIEMOIT TIOCTpOe-
HU JIMHEAHON KosiebaTeabHON cucTeMbl S Hanbosiee O/1M3KO0HA K 3a1aHHOM JInHEH-
HOIT KostebaresbHOM cucreme Sy (B KAKOH-TO HOPME ) U TaKoii, 4Tobbl S 06J1amai
3aJAaHHBIMU 3HAYEHWSIMYM YaCTOT COOCTBEHHBIX KoJsieOamuit. [lajee stu 3amadn
Oymem Ha3bBaTh "ONTUMU3AIMOHHBIMYA OOPATHBIMU CIIEKTPAJbHBIMY 33,1a9aMU

PaGora BeimosiHeHa npu dbuHaHCOBOH noaep:kke POOU (mpoekt Ne 18-01-00250).

Banees Hypmyxamer ®yatosud, K..-M.H., gonent, UMBII YOUI] PAH (Vda, Poccus);
Nurmukhamet Valeev (Institute of Mathematics with Computing Centre - Subdivision of the
Ufa Federal Research Centre of Russian Academy of Science, Russia)
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¢ nenonabive ganabivu cokp. OOC3H/ (em.[5]). Ormernm, uro OOC3H/]I Tec-
HO CBsI3aHA C MHOTOMAPAMETPUUIECKUMY OOPATHBIMU CTEKTPATBLHBIMI 3aa9aMy
(e 6]

B nesnom nant ocaoBHo# pesyibrar uccsegosanus OOC3 cocrout B nocrpoe-
HUU HETPUBUAIHHON CBA3U MKy ONTUMU3AMNOHHBIMEA OOPATHBIMU CIIEKTPAJIH-
HBIMHY 33[a9aMHU C HETIOJTHBIMY JTAHHBIMHU JIJIS SJTANTAIECKUX A depeHInab-
HBIX OTEPATOPOB ¥ HeJnHeHHbIME Tud depeHnranbHbIME OrleparopamMu. A nMeH-
HO, HAMHM YCTAHOBJIEHO, 9TO KaXK/1asi ONITHMU3AIMOHHAs OOpaTHAS CIEKTPATbHAS
3a/1a4a C HEIIOJIHBIMH JIAHHBIMH 9KBHABAJIEHTHA BIIOJIHE OIIPEIEIEHHOMY HETMHEH-
HOMY muddepennnanbHOMy onepaTopy (cM. moxpobree B [3,4,5]).9kBuBazeHT-
HOCTB ITHUX 33724, B YACTHOCTH, TTO3BOJISIET HAXOANTDH YCIOBUS Pa3PENnTHMOCTH
kak O0OC3, Tak ¥ COOTBETCTBYIONINX KPAEBBIX 34144 /JI HEJIMHEHHBIX OMepa-
TopoB (cM. moapobHee B [4,5]).

B mamnOM cooOmiennn mbl mokazkem xapakTep cBsa3um OOC3 ¢ meauneir-
Homu juddepeHuaIpHOMy OeparopaMu Ha mpuMepe omeparopa ITypma-
JInyBunnsg u copMymMpyeM HOBBIE yTBEPKIEHUS O CyIIECTBOBAHUM PEIICHUIH
00C3.

[Tycrs 3aman camoconpsizkenubiit oneparop lrypma - Jluysuwina L(q), no-
POXKIEHHBIH M PepEeHInaTbHBIM BHIPAXKEHNEM BUIA

lyy == —y" +q(x)y, =€ (0,1),

¢ kpaesbivu ycosusamu dupuxie y(0) = y(1) = 0, rae ¢ € L?(0,1)- Bermectsen-
Hast ynkuus norenumasna. Cuekrp ouneparopa L(g)cocrour u3 coGCTBEHHBIX
sHadenanii: A1 (q) < Aa2(q) < ... < Ap(q) < ...

[Ipumenuresbuo K BBegennomy Bbiiie oneparopy Ilrypma - JIuysuins L(q)
MbI PACCMOTPHUM CJIEIYIOMAH MOIE/TbHBIA BAPHAHT ONMTUMHU3AIMOHHON 0O6paTHOI
CIEKTPAJbHON 33/1a9n:

(PY) Iyemw sadanv Ny < N3 < ... < A5, € R- cnexmpaavnvie dannvie 3ada-
wu, eewecmeennan dynxuua qo € L2(0,1). Tpebyemea natimu eewecmeenmoiii
nomenyuan § € L*(0,1) maxoti, wmo:

(@) = A, k=12,.,m;
1 ||go — ql|z2 =

=min{||go — ql|z2 : A} = Me(q), k=1,2,..,m; q € L*(0,1)}.

CdopmynupoBannast 3a/ja9a CBI3aHA ¢ CUCTEMON HesmHeRHbIX auddepeH-
IHATLHBIX OMEPATOPOB BTOPOTO TOPSIKA, 1 JJIsT Hee CITPABE/IJINBA, CIIeIYIOIast

Teopema 1. ITycms 3adana dynxyua nomenyuara qo € L*(0,1) u npous-
60AbHBLT YNOPAJOUeHHBLT HAbOP wuces AT < A; < ... < A € R- cnekmpaavhoie
dannwie 3adavu. Tozda cywecmeyem dynwyus § € L?(0,1) maxaa, wmo:

L(§)up = —u) + §(x)ur = MNoug, up(0) = up(1) =0,k = 1,.,m;

llao = dllz2 = min{|lgo — gllz2 = Ak = Ak(a), k = 1,.,m; g € L*(0,1)}.
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pewenue OOC3 § swvipastcaemcs Gopmyrot
m
i(x) =Y apui(x)
k=1

Bompoc konmmaecTBa (CI€THOCTH,KOHETHOCTH W €THHCTBEHHOCTH) PeTleHuii
ONTUMUBANMOHHOW OOPATHON CIEKTPAJIBHON 33aYN OCTAETCA OTKPBITHIM, 37€Ch
2Ke yKarKeM OJIHO JIOCTATOYHOE yCJIOBHE €IMHCTBEHHOCTH DEeIIeHMUs.

Teopema 2. ITycms 3adan Npou3eosbHbll YnopadoweHHvll HAOOP wucen
Al <A << A5 € R- cnekmpanvhivie dannvie 3adaMu GYHKUUA NOMEHYUAAG
qo € L?(0,1) maxas, wmo \,(qo) < A das ecex k =1,2,...m. Tozda

1) onmumu3ayuorHas 06PaMHas CNEKMPAILHAA 360a4a UMEETN eOUHCTNEEH-
noe pewenue § € L2(0,1). uj(x) = E;"Zl u3(x), ede {uj(x)}7L, caaboe pewenue
CUCTEMBL HEAUHETIHBLTIHDLT YPABHEHUT

L(G)ug = —uj + (Z uf(x))uk = Noug, k=1,..,m;
j=1

2) cucmema HeAUHETHHT YpasHerull umeem eQUHCIERHOE PeuleHue.

JIureparypa

1. M. Gel’fand, B. M. Levitan. On the determination of a differential equation from
its spectral function // Izvestiya Rossiiskoi Akademii Nauk. Seriya Matematicheskaya,
15:4 (1951), 309-360.

2. D. E. Edmunds, W. D. Evans. Spectral theory and differential operators. Vol.
15. — Oxford: Clarendon Press, 1987.

3. Y. Sh. Il’yasov, N.F. Valeev. On inverse spectral problem and generalized Sturm
nodal theorem for nonmlinear boundary value problems // Ufa Math. J.,10:4 (2018),
122-128.

4. Y. Sh. Il’yasov, N.F. Valeev. On an inverse optimization spectral problem and a
related nonlinear boundary value problem // Math. Zametki, 104:4 (2018), 621-625.

5. Y. Sh. Il’yasov, N.F. Valeev. On nonlinear boundary value problem
corresponding to N-dimensional inverse spectral problem // Journal of Differential
Equations, 266:8,2019, Pages 4533-4543

6. Cadosnunuti B.A., Cyamanaes 5.T., Baseee H.D. Muoronapamerpudeckue 00-
paTHbIe CHEeKTpaJbHble 334adu u ux npusoxenus // Hoxmaxer PAH. 426:4 2009. C.
1-4.



34 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

QIIJINIITUYECKUE OIIEPATOPBI, YPABHEHUS 11
KPAEBBIE 3AJ1AYNA
B.B. Bacuabesn
vbusT7@inboz.Tu

YAK 517.95, 517.983

PaccvarpuBaioTcs sjumanTudeckue ncesaoaud ¢ epenmaibabe onepaTo-
pbl Ha MHOroo0Opa3usax, I'PaHUId KOTOPbIX umeerT ocobenuocTu. Orm-
CBIBAIOTCH JOCTATOYHBIE YCIOBUA (DPEArOobMOBOCTA B IHPOCTPAHCTBAX
Co60os1eBa—C100601€1IKOT0, OCHOBAHHBIE Ha JIOKAJIHHOM IPUHITAIIE U CITe-
MUATBHOM (DAKTOPHU3AIMH SJLTANTUYECKOrO CUMBOJIA.

Karoueswle €A06a: 3IMITUYECKHI OLIEpPaToOp, CUMBOJI, MHOroo0pasue,
GbpearobMoOBOCTD

Elliptic operators, equations and boundary value problems
We consider elliptic pseudo-differential operators on manifolds for which
their boundaries have singularities. We describe sufficient conditions for
Fredholm properties in Sobolev—Slobodetskii spaces based on the local
principle and special factorization of an elliptic symbol.

Keywords: elliptic operator, symbol, manifold, Fredholm property

Mgbr paccmarpuBaeMm 1cesaofuddepennnaibabe omeparopbl A Ha m-
MepHOM KOMIIAKTHOM MHOroobpasuu M c¢ kpaem. IIpeamonaraercs, 9To Ha rpa-
nune OM muOroobpasmst M mMeroTcs KOMIaKTHBIE NOoAMHOroobpasus My, pas-
vepuaoctu 0 < k < m — 2, KOTOpbIe MBI Ha3biBaeM 0OCOObIME. CHHTYISIpHBIE
TOYKHU PAHUIIBI OMMCHIBAIOTCS PA3HBIMU TUIIAMHU A0KAALHBLE Npedcmasumenet
oneparopa A [6]. us npocrorsl 6yaem cuurarb, uro M C R™ — obnactb B
m-meprOM mpocTpancTse n A(z, ) — dynknus, onpenenennas mna R2™,

JIoKanbHbIE TPEICTABATENU ONEPATOPA BBITJISIAT CIASAYIONIM 00pa3oM

Ago + u(z) — / / ¢ A(p(20), E)uly)dédy, =€ Dy, (1)

Dgy R™

rne ¢ : U — Dy, — mudbdeomopdusm, npudueM KaHOHHUIECKAs 001acTb Dy,
MMEET Pa3IWYHBIA B B 3aBUCHMOCTHU OT PACTIONIOXKEHUS TOYKH T Ha MHOT000-
pasum M. 31ech MbI pACCMATPUBAEM CJIEIYIONINE THITBI KAHOHWYIECKIX 001acTed
Dy R™ R = {2 € R™ : 2 = (¢/, 2p,), Ty, > 0}, WF =RF x C™F, ppe O™
— BBIILYKJIBI KOHYC B Rm*k, He COoJepzKallliil LeJIoi mpaMOi.

Oueparop A ¢ Takum HaBOPOM JIOKaIbHbIX HpeicrapuTeseii (1) yaobuo pac-
cmarpuBarh B npocrpancreax Cobonesa—Cnobomenxoro H* (M), nokanbHbiMu
BapMaHTaM¥ KOTOPBIX OyayT npocrpancTBa H® (D, ).

Onpenenenne 1. Cumeosom onepamopa A HA3BIGAEMCA ONEPATNOP-
dynryua A(z) : M — {As}rem, Komopas npedcmasasem coboli cemelicmeo

Bacmises Braguvup Bopucoend, a.d.-m.H., npodeccop, HIY Beal'V (Besropog, Poc-
cus); Vladimir Vasilyev (Belgorod State National Research University, Belgorod, Russia)
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A0KANBHOLE Npedcmasumenet onepamopa A. Onepamop A nasvieaemcs 34aun-
MUYECKUM, ECAU €20 CUMBOA Pedcmasaiem cobotl cemeticmeo 00pamumvLe one-
PaAMOPOS.

Ecnu byukius A(x, ) yIoBIeTBOPAET HEKOTOPBIM JIOMOJTHATEIbHBIM TJ1a/l-
KOCTHBIM YCJIOBUSIM U

a(l+[E)* <A@, <al+[E)*, aeR,

TO UMEIOT MECTO CIeAyIoIuii BhBOz [6].

Teopema 1. Onepamop A @pedzoavmos mozda u moavko mozda, Kozda oh
ANAUNMUNLECKUT.

O6o3zuaunm 2,1 (x) nugexc dbakropusanuu [1] dyukimun A(z,§) B Touke
x € OM \ UJ= 2 My, sa(z) — ungekcsl k-somnosoit dbakropusamuu [2] ornocu-

TempHo Komyca C™ K B Towkax x € My, k = 0,1,--+ ,n — 2 U TPe/TOTONKIM,
qr0o dbyHKIMH 2 (x), k= 0,1, ,n — 1, IPOIOIIKAIOTCS TI0 HEMTPEPHIBHOCTH Ha,
Mj,. Tlocnemree TpeboBaHme CBA3aHO C TeM, YTO BO3MOMKHLI CHTYAIIHH, KOTJIA
M0 My # 0.

Aunasioruyno [1] B cuity equncTBeHHOCTU BOJIHOBOH (hakTopu3anuu [2] MOKHO
ybemuThes, uro dbyukunu xi(z),k = 0,1,--- ,;m — 1, He 3aBUCAT OT BHIOODA

JIOKAJIbHOW CHUCTEMBI KOODJIWHAT.

Teopema 2. IIpednoaosicum, 4mo KAGCCUMECKUT IAAUNMUNECKUT CUMBOA
A(z,€) donyckaem k-soanosyro daxmopusayuro ommnocumenvho xonycos O™k
¢ undexcamu s (x), k= 0,1,--- 'm — 2, ydo6AemMEOPAIOULUMY YCAOBUAM:

|ser(z) —s| <1/2, Vee My, k=0,1,---,m—1. (2)

Tozda onepamop A : H*(M) — H*~*(M) ¢pedzoavmos.

Ecan snmunrugHOCTh HAPYIIAETCs Ha MOAMHOroodbpasusax My, paccMarpu-
BaOTCA MOAM(UKAIAN ONeEPaTopa A ¢ NPUBJIEYEHHEM I'DAHUYHBIX WJIH KOI'Da-
HWYHBIX 0MepaTopos |2]. B wacTHOCTH, 3TO TPOMCXOANT, KOTIa HAPYTITAETCST OHO
u3 yciaosuit (2).

B paBorax aBropa [3-5] paccMOTpEHbI KOHKDETHBIE KPaeBble 3aJadu [
HEKOTOPBIX OCOOEHHOCTEH B CJlydae HapylleHus ycjaoBus (2).
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YTJIOBBIE PACIIINMPEHN S OIIEPATOPHBIX MATPUIL
A.A. Baagumupos
vladimirov@shkal. math.msu.su

YIK 517

Yka3bIBaeTCd OCHOBAHHBIN Ha MPEJACTABJICHUN O TPOMKAX DT H oD
TIIH0EPTOBBIX MTPOCTPAHCTB AHAJIOT TIPOIEIY Pl TpoaoKenns mo Ppu-
OPUXCY A1 PAa HEMOIyOrPDAHMYEHHBIX OIEPATOPHBIX MATPUIL.
Karouesvie cro6a: OCHAIEHHOE I'MJIBOEPTOBO IIPOCTPAHCTBO, OIIEPATOPHAS
MaTpHUIIA, PACIIUPEHNE CUMMETPUUECKOTO OTIepaTOpa

Angular extensions of operator matrices
We use the notion of triples ®* < § — ®~ of Hilbert spaces to develop
an analog of the Friedrichs extension procedure for a class of nonsemi-
bounded operator matrices.
Keywords: triple of Hilbert spaces, operator matrix, extension of symmet-
ric operator

Paccmorpum cieaytonyio curyaruio. Ilycrs maHo HEKOTOpOE rmjibOEPTOBO
MTPOCTPAHCTBO §), PA3JIOKEHHOE B OPTOTOHAJBHYIO TIPAMYIO CyMMy $1 B Ha
JIBYX CBOMX 3aMKHYTBIX MOANPOCTPAHCTB. IlycTh mpm 3TOM IOMOTHUTEIHHO
dukcupoBanbr gereipe omeparopa 17 : domTy, — 91, Iy dom Ty, — 9,
T3, : dom TP — H2 u Ty, : dom Ty, — $o, 331am01I1e CUMMETPHYECKYIO Ollepa-

TOPHYIO MATPHILY

[e] [e]

To N Tll T12

T \Ts, Ts

21 422
¢ obmacreio onpenenerns dom 17, @ dom T%,. Hakower, mycTs cnMMeTpriecKnit
omeparop 17, OTpaHWYEH CHU3Y, a CHMMeTpudeckuii onmeparop 15, — CBepxy.
TlocTpoennbrit TakuM ob6pa3om omeparop 1° He SABIAETCA MOTYOrPAHUICHHBIM,
U [IOTOMY BOIIPOC O IIOCTPOEHUH (HEKOTOPBIX) er0 PACIIMPEHUl HE MOXKET HEeIo-
cpeicTBeHHBbIM 00pPa30M PeIIarThCsi HA OCHOBE CTAaHIAPTHON mnponexaypst @pu-
npuxca. OnHaKO OKa3bIBAETCST BO3MOXKHON CIeAyIOmias MoauduKannus yKa3aH-

HOU TIpOIeTypHI.
Badukcupyem nBa 3HavdeHus », T € R, yI0BIETBOPSIONINE COOTHOIIEHUIM

(Vy € domTyy)  ((Tf — )y, m)s, = Iyll5,
(vy € domT5,)  ((m = T5)y.y)s. = lyll3,-
O6o03naunM gepe3 Dy NONOTHEHUE JTHHEHHOro MHOXKecTBa dom 77, o HOpMe

o 1/2
lyllo. = ((r — TSy, y) 2.

Pabora BrimosHeHa npu nogmepxkke Poccuitckoro Hayunoro ¢dponpga, rpaut Ne 17-11-01215.
Baaguvmupos Auton AjekceeBud, a.¢d.-M.H., B.H.C., DU «Mudopmaruka u yapasienues
PAH (Mocksa, Poccus); Anton Vladimirov (FRC CSC, Moscow, Russia)
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yepe3 Ty, — CBSI3AHHOE C IPOCTPAHCTBOM Do (PUJIPUXCOBCKOE paCLIMPEHUE
omeparopa 15,, a depe3 »; — TONOMHEHNEe IMHEHHOro MHOXKecTBa dom 17 1Mo
HOpME

o e \—1r0 ° 1/2
lylo, = [{(TH = 2)y,9) s, + (T — To) ' T51y, T51y)s,] -

ITo mocTpoenuio, Mpu 3TOM CYIIECTBYIOT OOJAJAMONINe TJIOTHBIMUA 00pa3aMu
HEMpepBIBHBIE ONMEePaTOpbl BOKeHus [1: D1 — H1 u Iy: Dy — Hy. ITO 1O3-
BOJISIET BBECTH B PACCMOTPEHHe TPOHKY mpocrpancts © —! § <1 ©* e
mosiokeHo D = D1 P Do u [ = I & I, a uepe3 D* 0603HAYUEHO TPOCTPAHCTBO,
COIIPSI?KEHHOE IIPOCTPAHCTBY D).

IIpeamoxenne 1. Onepamop I*T°1 asasemcea ozparusennvim u obaadaem
6crody onpedesennoim 3amvikanuem T: D — D*,

OtrBevaronuii ykazaHHoMmy 3ambikanuio T': D — ©* (HeorpaHuYeHHbIN) Ore-
patop T* = (I*)71TI~! Gyner Ha3LIBATLCA Y2A06bLM PACUUPEHUEM MCXOTHOL
ormepaTopHoit MaTpuinl 1°.

Ha s3bike yriI0BBIX pacuinpeHuii MOXKeT ObITh € THHOOOPA3HBIM 00pa30M BhI-
paxkeH psJ HAKTOB TEOPHH ONEPATOPHBIX MATPHII, paHee Moaydvasimxcs [1,2]
Kak HezapucuMbie. OCHOBY JIJ1sl TAKOT'O BBIPAYKEHUSI COCTABJISAIOT CJIE/Ty OIINE JIBA,
dakra.

ITIpennoxenue 2. ITycms mampuya T° camoconpasicena 6 cyuecmeertom,
onepamopwt TY u Tsy noayoepanuyvensv, (coomeememeenno, chudy u ceepry), a
MAKIAHCE BLINOAHEHO TOMA Obl 00HO U3 CACOYOUWUT MPET YCAOBUT:

1. Onepamop T3y cAMOCONPAHCER 6 CYULLCTNEEHHOM, TPUHEM OAL HEKOTNOPBIL
v, % € R gunoanaemesa coommouserue

(Vy e domTy))  [T5yll5, < v {(T% — )y, 9)s,-
2. Hasa nexkomopnx v, 7,7 € R swnoanaromes coommowerus

(vy € domT) [ T5yll5, <7 (T8 = )y, 9)5,,
(Vy € domT5y) [ Toyls, <7 {7 = T5)y: y)s.-

3. Onepamopwn TY, u T5y ABAAOMCA 02PAHULEHHBLMU.

Tozda 3amwvikarue onepamopa T° aeasemcsa ezo Yeno6uviM pacCwWUpeHUEM.

IIpeanoxenne 3. [Iycmv ompesox [(~, (Y] C o(Ts,) maxos, wmo omeeva-
rowutl onepamop-Pyrkuuy S euda

S(\) = Thy — M1 — Tia[Toy — M1 1Ty

onepamop S(CT): D1 — DT npedcmasasem coboti 6noAHE HENPEPLIGHOE GOZMY-
WEHUE HEKOMOPO20 PABHOMEDPHO TOAOHCUMEALHO20 onepamopa. Tozda cnexmp
onepamopa T* na noayunmepsane [(~,CT) wucmo duckpemen, npuuem e2o cym-
MAPHAA KPATIHOCTIG PAGHE PA3HOCTNY OMPUUATTEALHOLL UHOEKCO68 UHEPUUU OTe-

pamopoe S(C) u S(¢7).
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Cozepzkanue J0KJIa/1a OCHOBAHO HA MaTepuase paborsl [3].
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CIIEKTPAJIBHBIE ACUMIITOTUKUW 3A/JTAYN
IMITYPMA —JINYBNJLJIA ITPY1 MUHUMAJIBHBIX
YCJIOBUAX HA TVIAAKOCTH KODPPUIITMEHTOB
B.E. Biaagpikuna
vladykina@cosmos.msu.ru

VIK 517.928, 517.984

B pabore paccmarpuBaerca 3amagua lllrypma— Jluysmwiis B 0606mennoit
dopme ¢ MUHIMAJILHBIME YCIOBUSIME HA IJIaIKOCTh K0dh dburnmenTos. s
3TOM 3a/1a9U BBOIUTCH IIOHITHE YCUJIEHHO PETYJIAPHBIX KPAEBbIX YCJIO-
Buil. Iy orepaTopoB, MOPOXKAAEMBIX COOTBETCTBYOmUMY auddepeniu-
QJIBHBIMY BBIPAYKEHUSIMU U YCUJIEHHO DErYISIPHBIMHM KPAEBBIMH YCJIOBHSI-
MU TIOJIy9€Hbl ACUMIITOTHYEeCKUE (hOPMYIIbL i COOCTBEHHBIX 3HAYCHUN U
coOCTBEHHBIX bYyHKITHN.

Karueswvie caosa: Ypapuenne IITypma—JIuyBusiisi, acCHMOTOTHKA CO6-
CTBEHHBIX 3HAYEHN, ACUMITOTUKHA COOCTBEHHBIX (DYHKINIL, CHHTY/ISPHbIE
K03 durumeHTh

Spectral asymptotics of the Sturm — Liouville problem with
minimal smoothness conditions for the coefficients

The paper deals with the Sturm — Liouville problem in a generalized form
with minimal smoothness conditions for the coefficients. Asymptotic for-
mulae are obtained for the eigenvalues and the eigenfunctions of the oper-
ators generated by the corresponding differential expressions and stronly
regular boundary conditions.

Keywords: the Sturm — Liouville equation, asymptotics of the eigenvalues,
asymptotics of the eigenfunctions, singuar coefficients

Pabora Beimonuena npu GhuHAHCOBOH moamep:kke rpanta [Iporpammer npesugenta PO
[OZIEP’KKH BeAYIUX HayIHbIX mwKos (npoekt HII- 6222.2018.1).

Brnansikuna Beponuka EBrembeBna, 6e3 crenenu, accuctent, MI'Y umenu M.B. Jlomono-
cosa (Mocksa, Poccus); Veronika Vladykina (Lomonosov Moscow State University, Moscow,
Russia)
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Paccmorpum ypasuenue Irypma —Jluysusis B 0600mennoit hopme:

—(r*y) +py' +ay=Np%y,  w€lab] CR, (1)

e r U p — abCOJIIOTHO HEMPEPBHIBHBIE MOJIOKUTEIbHBIE QYHKIUN, & P U ¢ —
KOMIIJIEKCHO3HAYHbIE, IPUYEeM

p € L'a,b], q€ W '?[a,b]. (2)

[Tocnennee ycinopue o3Hadaer, 9TO MePBOOOpAZHAT U = f q dx, TTOHIMaeMast
B CMBIC/Te TEOPHE PACHpeIeTeHuil, IPUHALIe;KAT npocTpancTsy L2[a, b].
Kpowme Toro, mpeamnosokum, 910

pu,ru,pu € Lifa,b], rae u= /qu. (3)
B knaccudeckom ciaydae, Koraa
2,1 1
r,p € Woa,b], q,p€ L [a,b],
C TIOMOIIBIO 3aMeHb! ypaBHeHne (1) CBOIUTCS K ypaBHEHUIO
2"+ f(t)z = N2, feL'0,h]

cobcrBernble DYHKIMA U COOCTBEHHBIE 3HAUEHUsI KOTOPOT'O IIPU YCUJIEHHO PETy-
JIAPHBIX 10 BUpKrody KpaeBbIX yCIOBUAX XOPOIIO M3BeCTHBI (cM. [1, rur. 2]).

B ciyuae r = p = 1, p = 0 acumnroruku coOCTBeHHBIX (DYHKIHI 1 COOCTBEH-
HbIX 3Hauenuil 3axa4u (1) ¢ Kpaesbimu ycioBusimu JJupuxiie Gbliy 110J1yY€Hbl B
patore [2].

OCHOBHBIM WHCTPYMEHTOM JIJIsl TOJIy9€HUs] aCUMITOTHIECKUX (DOPMYJI CIIy-
JKHUT CJIEAYIOMNil pe3yibTar, Moy YeHHbIiH B [3,4].

Teopema 1. ITycmsv xosgpuyuenmor ypasuerus (1) ydosaemeoparom ycao-
suam (2) u (3). Tozda Vs > 0 dyndamenmanvuse pewenus 3adawu (1) nped-
cmasumst 8 sude

Yo (z,\) = \/i»pexp (;/:ﬁiu /:f) (14 pr(z,N).

3decv Pynryuu py anasumuueckue 6 noaynaockocmu 117 = {A € C| Tm A\ >
—s} npu |A\| >R u

lox (@, A) |+ [p—(2,\)| = o(1)  mpu |A| = oo, A € IT],

pasromepro no x € [a, b]. losyuennovie aCUMNMOMUKY MOHCHO NoYAEHHO Judde-
PEHUUPOBATND, ECAU BMECTIO TPOU3BOTHOT PACCMAMPUBANL KEA3UTPOUSEO0HYHO

Yl =y — h(:v)gy7 2de h = /i dx.
r )

A umenno

1] NP L[ p . ["p
Yo (x, N) = £id 7n:,)exp<2/a T—Q:I:M/a T)(l—&—wi(x,/\)),
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2de pynxyuu Y1 obaadarom mem sce c8oticmeom, wmo u Pyrkyuy 4. Ymeep-
slclenue meopembvl COTPANAECMCA, ecau emecmo noaynaockocmu 1T pacemam-
pusamsv noaynaockoems 117 = {\ € C| Im A < s}.

DTa Teopema MO3BOJSAET HAM cienys [1, rii. 2| ompenennTsb peryiasipHble u
YCHJIEHHO PEry/sipHbIE KPAeBble yCIOBHsA. VITak, HA30BEM KPAEBbIE YCJIOBHS

Ui(y) = ajoy(a) + ajiy™(a) + Bjoy(d) + By () =0, j=1,2. (4)

PEryJIsipDHBIME, €CJIU OTJIMYHbL OT HyJsd ducia 01, 0_1, onpeeseHHble ciery-
IOTITIM YpaBHEHNEM:

(pV1 (a)all’l + 5Pu, (b)ﬁll’l )(“ﬁl (le (a)all’l + lpl’l (b)ﬂll’l )wgl — E+90+015
(pV1 (a)a2V2 + 5Du, (b)52l/2 )w? (pV2 (a)aQVz + sPv> (b)ﬂ2l/2)wg2 S ’

e (31 B), n) = VEew ([T E), @ = i

wy = —i. Ecom mipu 3tom 63 — 46101 # 0, Gy/ieM HA3BIBATD YCIOBHSA yCHIEHHO
PeryaspHBIMHU.

Teopema 2. ITycmo kospduyuenmuo, ypasrernus (1) ydosaemeoparom ycao-
suam (2), (3), a xpaesvie ycaosusa (4) — peeyaapmovie. Tozda cobecmeentvie 3Ha-
wenus 3adawy (1), (4) obpasyrom dee nocaedosamenvrocmu

2 . ’
A2 = (?) (1 - Zg;:f +o(1/k;)>,

2k’ ng &
NZ = (J) (1 - ;]Sf + o(l/k)) :

2de &', €¢" — wopnu ypasnenua 0,52 + 0ys +0_1 = 0, 603mo9icho, cosnadarousue.
IIpu smom 6 caynae 03 — 40 101 # 0 6ce cobemeenmvie 3HANEHUA, HAMUNHAA C
Hexomopozo, npocmwie, a 6 cayuae 02 —40_160; = 0 — npocmuie usu dsyxpam-
HoLe.

Teopema 3. ITycmo xospduyuenmuv ypasuenus (1) ydosaemeoparom ycao-
susam (2), (3) u kpaesvie ycaosus (4) — ycuaenno pezyaspmuse. Toeda cobemeen-
noe gynryuu 3adawu (1), (4) obpasyrom dee nocaedosamenvrocmu

rae po(x) =

1
gmwmxw+dn)

= po(@)i2e” ) (2., (a) + € Bapis (0) + 0(1))

Y1k = po(w)(—i)2e e ) (a%l’w (a) +

po(x)=p(x1)r(x)exp (;/;j’;) pl(w):\/gexp (;/:ﬁ;)

a Popmyaa 0aa Yo 1 noaywaemca us Gopmyav, 0aa Y1 3amenot & na £ u N,
Ha A
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B uacrrocru juis kpaesbix ycaosuii Jupuxie y(a) = y(b) = 0 nosnyuum:

2= T ok g = e I i (”’“ / ’ 7«—1) 1 o(1)
k — 12 y Yk = p({E)T‘(SE) h . Y ’

a s kpaesbrx yeaosnit Heitvama yl(a) = 41 (b) = 0 momyumu:

21.2 T
2 T k 1 lfx =2 7TI€ / -1
= — 1 1 = e2JaP S e 1
Ak 2 (L+0(1/k)), vk p(m)r(a:)e COb( noJ, pr +o(1),
JIntepaTrypa
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CHEKTPAJIBHBIN AHAJIN3 OIIEPATOPHBIX MOJIEJIEN
JIMHEMHOM BA3KOYIIPYTIOCTU

B.B. Biacos
vikmont@yandex.ru

VIK 517.968.72

Uccnenyrorcst BOIbTeppoBHl MHTErpo-Aud QepeHmaabHble yPaBHEHU C
onepaTopHBIMEA Ko3(d duipeHTaMu B rijibOEPTOBOM POCTPAHCTBE, KOTO-
pble MOTyT OBITH peasn30BaHbl Kak MHTErpo-muddepeHnmraasHble ypas-
HEHUs C YaCTHBIMY NIPOU3BOIHBIME 110 IIPOCTPAHCTBEHHBIM [I€PEMEHHBIM.
VYkazauuable uHTErpo-aud dbepeHma bHble ypaBHEHUS SBJIAIOTCA 0000-
MIEHHBIMA MOJIEJISIMY JIMHEHHON BSI3KOYNPYTOCTH, a TaKyKe MMEIOT DS
PYTUX BaKHBIX ITPUIOKEHUI.

Karoueswe caosa: maTerpo-nuddepeHnmuaabHble YPABHEHNS, CIIEKTPAIhb-
HBII aHAIN3, 0IePATOP-(MYHKINSI

Pabora BeimosiHeHa npu dbuUHAHCOBOH noaaep:kke Poccuiickoro Hayunoro ¢ouga (IpoexT
Ne 17-11-01215).

Baacos Buxrop BanenrwnoBud, g.¢.-m.H., mpodeccop, MI'V mmernu M.B. Jlomonocosa
(Mocksa, Poccus); Victor Vlasov (Lomonosov Moscow State University, Moscow, Russia)
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Spectral analysis of linear viscoelasticity operator models
We consider the Volterra integro-differential equations with operator coef-
ficients in Hilbert space that can be realized as partial integro-differential
equations on space variables. These equations represent the general mod-
els of linear viscoelasticity and they have many other important applica-
tions.

Keywords: integro-differential equations, spectral theory, operator func-
tion

UccnemoBanus HAIPABIEHBI HA W3y YEHUE ACUMIITOTHIECKUX U KAYECTBEHHBIX
CBOMCTB perneHnit mHTerpo-audGepeHnnanabHbIX U YPABHEHU C HEOTPAHUYIEH-
HBIMH OIEPATOPHBIMU KOIPDUIIMEHTAME B I'MJIbOEPTOBOM IIPOCTPAHCTBE METO-
JIOM CIEKTPAJIbHOTO AHAJIN3d WX CHMBOJIOB. [JIaBHAsT 9aCTh PaCCMATPUBAEMBIX
yPaBHEHW TPEACTABIIET OO0 aDCTPAKTHOE TUITEPOOINIECKOE yPABHEHNE, BO3-
MYIIEHHOE CJIAraeMbIMHU, COMEPIKAIIUMHU BOJIBTEPPOBLI HHTEIPAJIbHBIE OMEPATO-
pbl. YKa3anable uHTErpo-auddepeHnuaabable yPABHEHNS SIBJIAIOTCS 0000IIeH-
HBIMU MOJIEJISIMU JIMHEHHOM BS3KOYIPYrocTu, Juddy3un u TerionpoBoJHOCTH
B cpenax ¢ mamsaThio (ypasaenne Iypruna-ITunkuna cwm. [1], [2]) w umeror psig
JPYTUX Ba’KHBIX MPWIOKeHUH. B qacTHOCTH, 9T ypaBHEHNS MOTYT OBITH PEAJIH-
30BAHBI B BHJIE CJIEAYIONMEH CHCTEMbI WHTErPO-auddepeHnna bHbIX ypaBHEHUH
B YACTHBIX TTPOU3BOIHBIX

pii(z,t) — Lu(z,t) + /K1 (t — s)Liu(z, s)ds+

0
t

+ /Kg(t — 8)Lou(z, s)ds = f(x,t),

0

rae u = u(x,t) € R3 BEKTOD INIepeMeIIeHAl BASKOYIIPYTOil HAC/IeICTBeHHON N30~
TpOIHOH cpepl, > 0, cpeja 3anoiHgeT orpannyeHnyio obiracts z € ) C R3,
u yaoBjeTBopsieT yciaoBusaM dupnxie B obmactn ) ¢ rmaakoii rpamureit, Ly =
i (Au 4+ -grad divu), Ly = A - grad divu, Lu = (L1 + La)u - oneparop Jlame
Teopuu ynpyroctu, K1, Ko GyHKIUM pesrlakCcarui, XapaKTepu3yolye HacIe -
CTBEHHBIE CBOICTBa CPeBbI.

[IpoBoauTCst CieKTPATIbHBIN aHAIN3 OMEPATOP-(DYHKIN, ABISIOMUXCS CHM-
BOJIAMH YKA3aHHBIX WHTErPO-auddepeHualbHbIX yPABHEHMI, MOJIYIeHbl pPe-
3yJIbTaThL O CIPYKTYDE U JIOKasu3auuu ux cruekrpa (cm., [1], [2]).

OTH pe3ysibraThl ABISIOTCS OOODIIEHIEM PE3yIbTATOB, OIyOJMKOBAHHBIX B
patore [3].

JIureparypa
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Tematmaeckne 0630psr, 132 (2017), 25-29.
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3. Viasov V.V., Rautian N.A. Properties of solutions of integro-differential
equations arising in heat and mass transfer theory // Trans. Moscow Math. Soc. 75
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SIBHBIM BU/I TOYHBIX KOHCTAHT B HEPABEHCTBAX
TUITA MAPKOBA -®PUJPUNXCA -KOJIMOTOPOBA
T.A. 'apmamoBa
garmanovata@gmail.com

VIIK 517.518.23

o
Ina dbynxmumit u3 kmacca CoGomesa H :=W3' [0; 1] paccmarpusaercs Bo-
MPOC O HAXOKACHWH TOUHRIX KOHCTanT B mepasenctsax |fM(z)| <
Anp i (2)|| fll2. Ana xaxmoro marypambroro n m k < n — 1 maiinen as-
Holil B Ap (%) B TepMuHAX rEnepreoMeTpuaecKux ¢ yHKITHIA.
Kaouesnie crosa: mpocrpanctsa CoboreBa, KOHCTAHTHL BJIOXKEHUS, THTIED-
reomerpuaeckue GyHKIUM

The explicit form of exact constants in
Markov — Friedrichs — Kolmogorov-type inequalities.

For functions from the Sobolev class H :=W3' [0; 1] the problem of finding
exact constants in inequalities | f*) (x)| < A, x(2)||f]|# is considered. For
each natural n and k£ < n — 1 the explicit form of A, x(z) are found in
terms of hypergeometric functions.

Keywords: Sobolev spaces, embedding constants, hypergeometric func-
tions

Ounpenenum Benuausbl A, () KaK HaUMEHbIINE BO3MOXKHBIE KOHCTAHTHI B
HEPaBEHCTBAX

2
1P| < A2 @If18, feH.

Takue HepaBeHCTBa Ha3BIBAIOTCA HepaBeHcTBamu Tuna Maprosa-Dpuapuxca-
Komnmoroposa. Tounoe 3nagenue

Ap = sup A, i(z),
z€[0;1]

(e}
Ha3BIBAIOT KOHCTAHTON BioxKeHwust mpoctpancrBa Cobomesa H :=W3 [0;1] B

wk [0;1].

PaGora BeimosiHeHa npu dbuHAHCOBOM moamep:kke POOU (mpoext Ne 19-01-00240).
Tapmanosa Taresna Amexceesna, MI'Y mmenn M.B. Jlomomocosa (Mocksa, Poccust);
Tatiana Garmanova (Lomonosov Moscow State University, Moscow, Russia)
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[lenbr0 TAHHOTO MCCIIEOBAHUS ABJISIETCS yCTAHOBJIEHUE ABHOTO BUAA (PyHK-
nuit A, (), s Beex x € (0, 1) u HarypanbubIx n 1 k < n— 1. 3amada HAXOXK-
JIEHWsl TOYHBIX KOHCTAaHT B HepaBeHCTBax Mapkosa-®puapuxca-Kommoroposa
Ha oTpe3ke [—1,1] 6bl1a paccmorpera B paborax [1], [2]. B pa6ore [1] 6bn mo-
Jiy4ueHbl (pOPMYJIbI JJjist KOHCTAHT Afho, Ai,l u A%Q, a TaKzKe YCTAHOBJIEHA CBHA3b
MezK/ly KOHCTAHTAMU BJIOYKEHWs W 11ePBOOOpa3HbIMU TOIMHOMOB Jlexkamapa. B
pabore [2] nosydenbl JIOKaJIbHbIE CBOMCTBA QYyHKIUIT Ai, (%) 1 npexbaBiIeHbL
bOopMyIIbL A1 A%A u A%ﬁ.

Cwmemennble mosmHoMbL Jlexkanapa o6pa3yloT OPTOrOHAJBHYIO CHCTEMY B
npocrpascTse Lo[0; 1] n onpenensitorest

Po(z) == % (% —2)™)™.

IlepBoobpasznas mopsinka m > 0 onpeaensercs

pl=m) = !

" ol

(((EQ o 1)n)("—m) )

[TocremoBaTeIbHO MOKA3BIBAIOTCA CAeAyOmne (haKTh.

JlemMma 1. Qynryuu Aik(x) Y00BAEMBOPAIOM PEKYPPEHMHOMY COOMHOULE-
HUNO

2 A2 (k—n) 2
An,k(‘r) - An71’k71($) - (Pn—l (37)) (2’]’L - 1) .

C yBenuyenuem k CIOXKHOCTb BBIYMCJICHUS Aik(a:) MIPH IOMOIIH (POPMYJIBI,
npusenennoit B Jlemme 1, Bo3pacrtaer. IloaTomy paccMoTpuM HOBBIH ITOAXO, K
OTHCAHUIO MTEPBOOOPABHBIX MTOJTUHOMOB JIexkawnapa u hyHKIHA Ai i (@), memosn-
3YIOIIWii CreruaibHbie QyHKITUH.

Jlemma 2. Ilep6oobpashvle CMEWEHHBLT TOAUHOMOS Jleocandpa mnopadka
k —n umerom eud

(k—n) " -5
PV () = ——— 2
w0 = ST n—k+
edet=2a2—2

C nomorpio emm 1,2 n Teopembr Kitaysena, mpuseieHHoi B Kuure [3], mo-
Ka3bIBaETCS CJEIYIONINH OCHOBHOM pe3yJIbTarT.

Teopema 1. Beauwunv, AL () umerom eud

) —2n—2k—1 ~k,n—k—1 2n—k

An,k(t) = (2n—2k‘—1)((n—]€—1)!)23F2 n—k, 2n — 2k

7_4t )

edet =% — .

JIureparypa
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3. Betimwmen I'., Opdetiu A. Boicumiue rpancnengenrusie Gyakuuu. Tom 1. T'unep-
reomerpuueckasa Gynknma, Gyaknun Jlexanapa (2-e mam.). M.: Hayxka, 1973.

OBPATHA4A 3A/TAYA O PESOHAHCAX 1J1d YPABHEHUSA
INMPE/IMHTEPA
B.JI. Teiinr
valgeynts@gmail.com

VIIK 517.518

mpo pe30osbBEHTEL CaMOCONIpsIKeHHOro omeparopa Ilpenumrrepa Ha ocu
WM HOJIyOCH C TIOTEHIUAJIOM, YObIBAIOMMM OBICTPEE SKCIOHEHTHI, MOKET
OBITH TIpOMO/IKEHO Kak Mepomopduas dbymkmns Ha C; ee momocs B 3a-
MKHYTO! HUKHEH [OJIyIUIOCKOCTU Ha3BIBAIOTCS pe3oHaHcamu [1]. B nan-
HOI paGoTe MBI UCCAEIyeM 3aJatdy BOCCTAHOBJIEHUS IIOTEHIHAJIA 110 KO-
HEYHOMY HAG0py PE30HAHCOB M COOCTBEHHBIX 3HAUEHWH W JaeM OIEHKW
YCTONYMBOCTH TAKOTO BOCCTAHOBJICHUSI.

Karouesve caosa: nuddepeHimanbuble ypaBHEHNsI, CIEKTPAIbHAS TEO-
pus, esible QyHKIII

The inverse resonance problem for the Schroedinger operator

The kernel of the self-adjoint Schroedinger operator on the line or on the
half-line with the super-exponential decaying potential can be continued
over C as a meromorphic function; its poles in the lower half-plane are
called resonances [1]. In this work we consider the problem of the recon-
struction of a potential from the finite set of resonances and eigenvalues
and give some estimates on the stability of such reconstruction.

Keywords: differential equations, spectral theory, entire functions

ITpueenem crangapTHble cBefennst 06 oneparope IlIpennnrepa Ha moIyocH
([2, 3]). Iycrs g : [0,00) — R — uzmepnmasi GyHKIMS Takast, 4TO

o0

/:r\q(x)|dac < 00.

0

Torna oneparop

Hyy = —y" + qy,
Dom(H,) ={y € LQ(O, ) : Y,y € ACjoc]0,00), Hyy € LQ(O, o0), y(0) =0},

Pabora BrInosrHena npu dbunaHCcoBO noagepxkke Poccuiickoro Hay4noro ¢gosta, rpant Ne
17-11-01215.

Teitrn Banepuit Jleonnmoeuu, accucrent, Poccubickuit Yuupepcurer JIpy:x0661 Hapomos
(Mocksa, Poccus); Valeriy Geynts (Peoples’ Friendship University of Russia, Moscow, Russia)
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camocornpsizkeH. Ero crekrp:
o(Hy) = [0,00) U{=pF, ... =}, g1 > pr2 > .. > py > 0.

Paccvorpum ypasnerune —y” + qy = 2%y. s seex z € C4, rae Cy = {2 :
Im(z) > 0}, cymecrByer eauHcTBEHHOE Dewenue Yq(x, z), yA0BJIeTBOPIoee

lim 7yq(x, 2 _

z—o0 exp(izz)
u 115 Beex z € C cymiecTByeT eIMHCTBEHHOE pelieHne S4(x, 2) Takoe, 4To
sq(z,2) =2(1+0(1)), 2 =0,
054

— =1 1 .
ax(x,z) +o(1), z—0

Pezonneenta oneparopa Illpesunrepa H, — uHTerpaabHbIl OnepaTop

(H, - 21) " f(x) = / Ry (a2 f (t)dt,
0

Ie gapo
wledsltd)
R N Yq(2)
q(l‘,t,Z) -
yq(t7 Z)Sq(-r7 Z) £
e A x.
Yq(2)

o0
Jlemma. Ecau [ |g(z)|e*dz < oo, a > 0, mo ¢ynxyus Hocma
0
Ve(2) umeem zonomopgroe npodonsicenue 6 moaynaockocmv I1(—$) =

oo
{z:Im(z) > —%}; ecau, Goaee moeo, [ |q(z)le” dz < oo dan mexomopozo
0

v > 1, mo ¢ynkyua Hocma (%) npodoasicaemes do yeaoli Ppynryuu nopadka,
HE NPEBOCTOOAULE20

U KOHEYH020 MUNG.

Hyunu dyuxuuu Nocra )¢, IEIKAIIHE B HIZKHEl MOy IIIOCKOCTH, HA3bIBAIOTCS
PE30HAHCAMHU.

ITomMnmo Kitaccuvecknx oOpaTHBIX 3a1ad [4], Gosbimoit uaTepec ¢ dusmye-
CKOI TOYKH 3pEHHs] UMeeT 33Ja49a O BOCCTAHOBJIEHUU MMOTEHIMAJA 10 MHOMKE-
crBy myneit bynkumn Mocra B kpyre B(0, R) = {z : |2| < R}. Coorsercraenso,
BO3HUKAET BOIPOC O TOYHOCTH (yCTONYMBOCTH) TAKOIO BOCCTAHOBJICHUS. YCTOI-
YHBOCTD 331491 BOCTAHOBJICHH 110 [OJIHOMY HaGopy Hyieil dynxmuu ocra uc-
crenoBasack B paborax [5, 6], mo koneuHoMy Habopy — B [7]. B manuoit pabore
MOJIyYeHO yCHUJIeHrne 1 0000IIeHre Pe3yIbTaToB paboTsl [7].

Teopema 1. Ilycmv dea nomenyuana q; € LY(0,a), j = 1,2, ydosaremeopa-
10M ANPUOPHBLM YCAOBUAM

llgill: < Q1, llg2 — qillzr < Dyp.
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IIpednonostcum, wmo xpye B(0, R) = {|z| < R} codepocum odunarosoe xosuse-
cmeo nyaet dynxyui Hocma g, , u g, (0) = Chy,(0) daa nexomopozo C # 0,
a enympu xpyza B(0, R) nyau {zgf) # 0}, dymsyud ¢, ydosaemsoparom
CAEQYULEMY YCAOBUN OAUOCTIVU:

1 1
— - —= <& n=1,..,N.
Zg) ZS)
ITyemv § € (0,1) — npoussoavnui napamemp. Tozda cyusecmeyrom KoH-

cmanmor Ry, Ch maxue, wmo daa R > Ry

a

max /(qg(t) — ()| < or(R,e) + CLR-DEE (14 i (R));
0<z<a

€CAU JONOAHUTNEALHO

a a

/m®ﬁ=/%@%quﬁAﬂ&%H@—mNm<D}
0 0

mo cyuecmeyem xoncmanma Coy makas, wmo das 1 < r < oo
—min{ £=, £%1(1-9) = :
la2 = qullr < 2(R,e) + C2R e G2 (In(R)) ™ (14 x2(R));

2de o (R,e) = O(e) (e = 0), xx(R) = 0 (R — o), Ry, C, 3as6ucam om nabopa
(a557Q17p7Dp7D;)'

TexHUKA TOKA3ATEABCTBA STHX OLEHOK OMMPAETCS HA METOJ ONEPATOPA TIPe-
obpasoBanug [3, 7] u 3amedanue 6 paborsl [8], MCHOIB30BAHHOE VI OLEHOK
pasnoctu bynxiuit Hocra na konednoMm orpeske.
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BUO®YPKAIINN YIBOEHUA 3AMKHYTHIX
MHBAPUAHTHBIX KPUBBIX U JINCKPETHBIE
ATTPAKTOPHI IMINMJIbHUKOBA
C.B. TI'onuyenko, A.Jl. Koszunos, K.E. Mopo3sos, K.A. Cacdonos
sergey.gonchenko@mail.Tu, safonov.klim@Qyandez.ru

YIK 517.938

O6cCyK1210TCs XOPOLIO M3BECTHbIE U3 HPUJIOKeHuit budypkauuu yuBo-
€HUsT 3aMKHYTBIX WHBAPUAHTHBIX KPHWBBIX B C/Iy4ae OPUEHTUPYEMBIX U
HEOPHUEHTHUPYEMbBIX TPEXMEPHBIX 0TOOPaKEHUI, a TaK»Ke PACCMaTPUBAETCS
3a/a4a O CIIeHAPUAX BO3HUKHOBEHWS JUCKPETHBIX aTTpakTopoB [IInanHm-
KOBa, KOTOPbIE COJEPZKAT HEMOIBUKHYIO TOUKY THIIA CEI0-(POKYC C IBY-
MEPHBIM HEYyCTORYUBBIM MHOr000pa3uem.

Karoueswie cnosa: 3aMKHyTasi MHBapUAHTHAas KpuBas, Oudypkarms, aT-
rpakrop luibHukosa.

Bifurcations of doubling closed invariant curves and discrete
Shilnikov attractors

We discuss the well-known from applications bifurcations of doubling
closed invariant curves in the case of orientable and nonorientable three-
dimensional maps, and study scenarios for the emergence of discrete
Shilnikov attractors that contain a saddle-focus fixed point with two-
dimensional unstable manifold.

Keywords: closed invariant curve, bifurcation, Shilnikov attractor.

Iycrs muddeomopdusm T, 3amannbiii na R, uMeer riaIKyio 3aMKHYTYIO
MHBAPUAHTHYIO KpuByio L. Paziuyaror gBa OCHOBHBIX THIIA TAKUX KPUBBIX: Pe-
30HAHCHBIE U dprogudeckue. /I pe30HAHCHONW KPUBO YNCJIO BPAINEHUS U OJI-
HOMepHOro orobpaxkenusi T'|;, pannonanbHo, v = p/q, u T| WMeeT oINHAKOBOE
YUCJI0 YCTOWYUBBIX U HEYCTONYUBBIX IUKJIOB MEPUOA, ¢, TOYKH KOTOPBIX depe-
nayiorcst #a L. Y riankoit Sproaudeckoit KpuBoil V UPPAIMOHATIBHO, U TPAEKTO-
pus 1000#t ToYKM BCioAy mwiortHa Ha L. OXapakTepu30oBaTh TUI IPrOJUIECKON
KpuBO#l L TpexMepHOro 0ToOpaskeHnsi MOYKHO TI0 CIIEKTPY ee mokazareseit JIs-
nyuoBa A1, Ao, As. Oqun u3 ee mokazareseil Bcerga HyaeBoit, nampumep, A; = 0.
Torma kpuBast L

o ycmotinusas, ecim Ay < 0,As3 < 0, enoane neycmotuusasn, ecnu Ay >
0,A3 > 0 — ipu 3TOM OHA Y3.406020 muna, ecau Ay # A3, u Porycrozo
muna, eciin Ay = Ag;

T'orvyenko Cepreit  Bumagumumposu4,  A.d.-M.H., mpodeccop, HHI'Y  umenu
H.U.JTo6auesckoro (Huxumit Hosropon, Poccus); Sergey Gonchenko (Lobachevsky State
University of Nizhni Novgorod, Russia)

Kosnos Anexcannp JImurpuesud, m.H.c., HHI'Y nmenun H.M.JloGauesckoro (Hukuwmit
Hosropog, Poccus); Alexandr Kozlov (Lobachevsky State University of Nizhni Novgorod,
Russia)

Moposzoe Kupunn Esrembesud, acmmpant, HHI'Y mmenn H.M.JIoGaueeckoro (Huzxuuii
Hosropox, Poccusa); Kirill Morozov (Lobachevsky State University of Nizhni Novgorod,
Russia)

Cadonos Knum Argpeesnd, crymert, HHI'Y mmenn H.U.JIo6auesckoro (Huxumit Hos-
ropoxa, Poccus); Klim Safonov (Lobachevsky State University of Nizhni Novgorod, Russia)
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e cedaosas, eciin Ao A3 < 0.

B ciyqae, xorma xpuBast L — cenjioBasi, y Hee €CTb JIBA ABYMEPHBIX WHBA-
puaHTHBIX MHOroobpasusa W*(L) u W*(L), ycroiiunBoe u HEyCTOWIMBOE COOT-
BETCTBEHHO, KOTOPBIE IEpeceKatoTcsa no L Tpanceepcanbro. 1o onpenenenuto,
KpuBas L siBjisiercs w-1peaesibHoil (a-upeuesbHoit) s 11060 rouku uz W*(L)

(13 W(L)).

Jlemma 1. ITyemo T umeem 3aMEHYMYIO0 IP2odUMECKYI0 UHBAPUAHINHYIO
xpueyro L. Tozda W (L) u W} (L) — odnospemenno aubo yusundpol, Aub0
aucmor Mébuyca.

XOpoIo W3BECTHO, YTO 3aMKHYThle WHBAPDWAHTHBIE KPUBBIE TPEXMEDPHBIX
0TOOpasKEHN# MOTYT IperepreBaTh OMdypKAIUN IPH U3MEHEHNH TapaMETPOB.
Hexkoropsie Takume OmdypKanum, TPUBOIAIINE K Pa3PYIIEHUI0 WHBAPUAHTHOMN
KPUBOI U BOBHUKHOBEHUIO Xa0Ca, U3BECTHBL U B JByMepHOM cayuae [1]. B rpex-
MEpHOM CJIy4ae K HUM MOYKHO JOOABWUTH ele T.H. “OudypKaruu pacChimanus’
(korma uCXomHAsA 3AMKHYTasi MHBAPUAHTHAS KPUBAsA PACIAJAETCA Ha, HECKOJIBKO
KOMIIOHEHT CBSI3HOCTH) M HEKOTODbIE Jpyrue. Jjisi Sproauyeckux WHBAPUAHT-
HBIX KPUBBIX OJIHOI 13 Hanbojiee N3BECTHBIX U 9aCTO HADJIIOIAEMbBIX B IIPUIIOKE-
HuAX sBigercd oudypkanusa yasoerusd. Korma orobpaxkenue T OpueHTHPYEMO,
Takas OndypKalusi TPUBOAUT K TOMY, YTO YCTOWYMBAST KPUBAsS y3JI0BOTO THU-

| = S u .
[a CTAHOBUTCS CemJIoBoH, y Koropoit WS (L) m Wk (L) — nuctsr Mébuyca, a
B €€ OKPECTHOCTH TOsIBJISETCS 3aMKHYTas yCTONYMBAas WHBAPUAHTHAS KPUBAS
JBOWHOM niuHbl. B ciryuae, korna orobparkenne T’ HEOPUEHTHPYEMO, TAKKE MO-
ryT HabmoAaThCA OudypKanuu yIBOeHUS 3aMKHYTHIX HHBADUAHTHBIX KPUBBIX,
OTHAKO OHU MMEIOT APYTYIO CTPYKTYPY.

Paccmorpum onHomapaMeTpudeckoe cemeiicTso 1), TpeXMepHBIX HeOPHeHTH-
PYEMBIX OTODOpakeHuil, 00IATAOIMNX TVIAAKONH SPTOIUIECKON 3aMKHYTOM MHBA-
puaHTHO# KpuBoii L,,, KoTopas IpH ft < [ip yCTOHYMBA U UMeeT y3JI0BOi Tul, a
Oopu (4 > o — CeaIoBasi.

Teopema 1. IIpednoaodicum, wmo T?(11) exaadweaemesa 6 nomox 6 docma-
mouno manol Purcuposannol okpecmuocmu Kpueot L, dan ecex 6Au3Kux x
w = po 3nasenud napamempa p. Tozda, npu 06UWUT YCAOBUAT, NPU [1 > Lo

" * S u
kpusas L, cmanosumcs cedaosot, y komopots W2 (L,) v W (L) asaaom-
CA YUAUNOPAMU, G 6 ee OKPECTNHOCTU, POAHCIAOMCA J6e YCmoluuebe UHEAPU-
anwmmwie Kpuevie L), u L7, obpazyrowue yura nepuoda 2, m.e. T(L,) = L2 u

2y _ 71
T(L;) =L,.

B kagecrBe mitocTpaiiuu 3TOi TEOPEMbI B IOKJIA/1€ PACCMATPUBAETCH 33,12~
4a O CIEeHAPUAX BO3HUKHOBEHUS JUCKPETHBbIX arTpakropoB luibHukosa, T.e.
CTPAHHBIX ATTPAKTOPOB COAEPIKAIIUX HEMOJBUKHYIO TOUKY THIA CEIJI0-(DOKYC
C JIBYMEPHBIM HEyCTOHYMBBIM MHOroOOpasneM [2], B OJHOMApaMETPHYECKUX Ce-
MelCTBaX HEOPUEHTUPYEMbBIX TPEXMEPHBIX OTOOPAYKEHUH DHO.
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IICEB/TOOBOBIIIEHHBIN (M)-CABUT I POPMYJIA
IIYACCOHA PEIIIEHUSA KPAEBOM 3AJJAYN JIJI51
YPABHEHUS SMJIEPA—IIYACCOHA—JIAPBY
K.C. Eaenxnx
kostan.yeletsky@gmail.com

YIK 517.951

PaccmaTpuBaeTcst KpaeBast 3a1ada it ypasHeHns Ditnepa—Ilyaccona—
Iap6y. Onepatopst Beccesis B ypaBHeHuUn, BooOIme roBOpsi, pa3HOil pas3-
mepuoctu. Ilomygueno npeacrasienne penrernns B Buae dopmysst [lyacco-
Ha CO CIeInaJIbHBIM IICEBIOCIABUTOM.

Karueswie caosa: ypaBHenue ditsiepa — [lyaccora— Tap0by, omepatop Bec-
cend, niceBnoobobmennbii (4 )-casur, dbopmyna Ilyaccona

Pseudo-generalized (£)-shift and the Poisson formula for
solving a boundary value problem for the
Euler — Poisson — Darboux equation

The boundary value problem for the Euler—Poisson—Darboux equation
is considered. Bessel operators in the equation, in general, of different
dimensions. A representation of the solution in the form of a Poisson
formula with a special pseudo-shift is obtained.

Keywords: Euler —Poisson—Darboux equation, Bessel operator, pseudo-
generalized (4)-shift, Poisson formula

PaccmarpuBatorcst cunrynsipabie auddepeHimanbabie onepaTopbl beccess
[IPOU3BOJIBHBIX MOJIOKUTEIBHBIX pazMepHocTei S u 7:

& Bd ¢ yd

Bo=tptia P wmtra

IIycts k£ > 0. B [1] pemenue 3amaun Komm s ypasrenust By zu(z,y) =
By yu(z,y), ulz=0 = ®(z) maiineno B Bume obobmenHoro casura Ilyaccona
HAYaJIbHOI'O YCJIOBUSL:

™

kil
u(z,y) =TY®(x) = F?’;);();) /‘I)(\/JTQ + 92 — 22y cosa) sin* Lada. (1)

Cppur TY npuHAIIEXKUT KIIAcCy 00OOIIEHHBIX CIBUTOB JleBUTaHA.

0

Enenxnx Korcrantur Cepreesnd, accucrert, EI'Y nvenn U.A. Byruna (Enen, Poccus);
Konstantin Yeletskikh (Bunin Yelets State University, Yelets, Russia)
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B [2] paccmorpeno nopobuoe ypashenue, HO Oosiee obuiee dem (1), nockosib-
Ky omneparophl Beccens, BXoAAIMMEe B HETO, UMEIOT, BOOOIIE TOBOPS, PA3IUIHbIE
MOJIO?KATETHHBIE PA3MEPHOCTH.

Teopema. B obaacmu 2 = {0 < x < 1,t € (0,T)} cywecmsyem u edumn-
cmeenno pewenue u(x,t) caedyroweti kpaesoti 3a0auu

Bg tu(z,t) = By zu(z,t), v>0, >0, (2)
u(z,0) = p(x), u(z,0) =0, u,(0,t)=u,(1,t)=0. (3)

Pewenue 6 sude pada Pypve— Becceas umeem eud

u(z,t) = Zun(t)Xn(:Z:), Xn(x) = ma

Un(t) = on Ju(Ant), n = /cp(x) X (x) 2V dx,
0

-1 1. J,(x
/L:BT, v=212, ju(xz) =2"T(1 +v) #, a J, — Ppynxyus Becceas nepsozo
x
poda.
OTMeTuM, 9TO pacCMOTPEHHASA BbIIE (DYHKIUS j, ABILETCA OrPAHUICHHBIM
(B HAWATIE KOOP/IMHAT) PEIIeHneM CHHTYJISIPHOTO ypaBHeHus Beccens m onmpee-
JIETCA CTEIEHHbIM PABHOMEPHO CXOJANIMMCS PASOM

, 2 (=)™ T (v +1) fa\2m
() = Z::o m!T (m+v+1) (5) > 30 =1.

CrexkTpa/bHbIE 3HAYEHHUS] APAMETPA A, HAXOMATCA KAK PEIIEHUs yPABHEHWS
-/
7' (An)=0.

[Monyuennoe perenne MOYKHO 3aICcaTh COOTBETCTBYIONIEH dhopmynoit TTyac-
cona. Eciu 8 # v, TO 9TO perienne uMeeT BUT

v X

U(l’,t) :Vgct Z Pn ]W (Anx),

n=1

v,

TJIe TICeBI00000IIEHHbIH V,i-CABAT OMpeIeIeH BhIparKeHHeM:

/2

vt 27T (v + DI (p + 1) T

VI f(z) = T+ ) /69(“ ) cos” 10 f(r)db,
—m/2

r= \/2 cosf (x2 et + t2e—9).

OtmeTnM, 9TO 9Ta KOHCTPYKIIUS CABUTA HE MPUHAIJIEKUT KJIACCY ODOOIIEHHBIX
casuros JleBuramna.
ITpu B =  pemnienne Kpaepoil 3a1aun Haxogurces o dopmyne [Tyaccona [2]

u(@,t) =T onXn(@) = The(x),
n=1
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re T — obobmennbiit ¢isur [Iyaccona, Tor xe, uto u B dhopmyie (1). Ho B or-
Jume oT pabore [1] 31ech TpeGyercst coryiacoBaHe HATaJIHLHHOTO U TPAHNYHBIX
YCJIOBHTIA.

ITo cxeme, mMpeIOXKEHHON B [2], HAXOANTCS W HeorpaHW4YeHHOe (TIpH ¢ — 00)
pererne 3a1aun (2), (3). B arom ciydae rpanngnble ycaous npu (x = 0) nMe-
0T npenenbHyo (popmy. Heorpanndennoe permrenue mpeacraBisger coboit ¢pyH-
JlaMeHTaJIbHOe perienue oneparopa Jditnepa—Ilyaccona—dapOy u BbIpazkaercs
qepes j-byuxuuio Heiimana, Beesennyio B [3].

Pesynbrars! 3ameTkn moydenst B coaBTopcTBe ¢ JI.H. JIaxoBbiM.
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ITPOBJIEMA PUCCA -PA/IOHA — ®PEIIE
XAPAKTEPU3AIIUU NMHTET'PAJIOB U CJIABASA
KOMITAKTHOCTBb MHO>KECTB PAJTOHOBCKUX MEP
B.K. 3axapos, T.B. Poauounos
rodionovtv@mail.Tu

YIK 517.987

IIpenoxen kpurepuit Cp-c1ab60¥ KOMIAKTHOCTH MHOYXKECTB I10JIOKUTE b
HBIX OI'PAaHUYEHHBIX PAJOHOBCKHUX MEPD Ha THUXOHOBCKOM IIDOCTPAHCTBE,
BocxoAgmuil K KpuTepuio [IpoxopoBa Aj1d MOIBCKOTO MpOCTpaHCTBA. ira
obmero xaycaopdoBa mpocTpaHCcTBa, rje npocTpanctsBo Cp OrpaHUYEHHBIX
HETIPEPHIBHBIX (DYHKIMI MOXKeT OBITh TPUBMAILHO M HE PA3IEJISITh TOUKN
¥ 3aMKHYTBbI€ MHOXKECTBQ, NPEJIOKEeH Kpurepuil S-caaboil KOMIIaKTHO-
ctH, rje S — PAaBHOMEDHO 3aMKHYTO€ JIMHEHHOEe IIPOCTPAHCTBO METallo-
JIYHETIPEPBIBHBIX (DYHKINI. DTN PE3yIbTATHI CYIECTBEHHO OMMMPAIOTCS HA
pemrenne npobaemsr Pucca— Pamona— @pemnte onucanust pagjoHOBCKUX WH-
TerpaJioB Kak JUHEHHBIX (OYyHKIMOHAIOB, [IOJIyIeHHOE aBTOPAMU PaHee.

Karoweswie caosa: pasoHOBCKast Mepa, cBoiicTBo IIpoxoposa, paBHOMepHAST
y3KOCTh, cabas KOMIAKTHOCTh, Teopema Pucca o mpeacraBiennn

Pabora BeimosiHeHa npu noggeprkke rpanta IIpesugenrta Poccuiickoit @epepauyu mjis Be-
JYIUX HaydHBIX mkoJg P® (nmpoekt HII-6222.2018.1).

3axapos Basmepuit Koncrantunosud, g.¢.-Mm.H., npodeccop, MI'V umenu M.B. Jlomomo-
coBa (Mocksa, Poccus); Valerly Zakharov (Lomonosov Moscow State University, Moscow,
Russia)

Ponmonos Tumodeit BukropoBuu, x.d.-m.H., morent, MI'Y umenu M.B. Jlomonocosa
(Mocksa, Poccus); Timofey Rodionov (Lomonosov Moscow State University, Moscow, Russia)
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Riesz — Radon —Frechet problem of characterization of integrals
and weak compactness of sets of Radon measures

The paper presents some Ch-weak compactness criterion of a set of positive
bounded Radon measures for a Tychonoff space similar to the well-known
Prokhorov criterion. Since for a general Hausdorff space the classical
space C of bounded continuous functions can be trivial and not separate
points and closed sets, the S-weak compactness criterion is presented for
this case, where S is the new uniformly closed linear space of metasemi-
continuous functions. These results are esentially based on the solution of
the Riesz — Radon — Frechet problem of characterization of Radon integrals
as linear functionals obtained by the authors earlier.

Keywords: Radon measure, Prokhorov property, uniform tightness, weak
compactness, Riesz representation theorem

Usrecrnwiii kpurepnit FO. B. IIpoxoposa (1956) yTBepskmaer, 4To sl Ca-
00if KOMIIAKTHOCTH 3aMKHYTOTO MHOYKECTBA OTDAHUYEHHBIX PAJTOHOBCKUX MEpP
Ha TIOJHOM cenapabejbHOM MeTpudeckoMm npocrpancrse (T,G) OTHOCHTENHLHO
c1a00# TOMOIOTHH, TOPOXKIAEHHON Ha pocTpancTBe RN, OrpaHUYeHHBIX PAI0-
HOBCKUX Mep cemeiicrBoM Cj, OrpAHUYEHHDBIX HEMPEePbIBHBIX (DyHKIUi, HEOOXO0-
JIUMO ¥ JIOCTATOYHO BBIIIOJIHEHHE JBYX YCJIOBHIA:

(a™) mnst moboro € > 0 cylmecTByeT TaKoe KOMIAKTHOe MHO)KecTBO C, 49TO
lp|(T\ C) < € ans Beex p € M (pasrnomepras ysxocms);

(8) sup(|u|T' | p € M) € [0,00).

OTu yCJAOBUS JOCTATOYHBI [JIsi CJAA00N KOMITAKTHOCTH HA TUXOHOBCKOM
(BIOJTHE PEryJIsAPHOM) TOMOJOrHYecKoM mpocrpancrse [2, IX.5.5]. OxHako, oHn
He OyyT HeOOXOAMMBIMU JJAXKe B CIydae IOJIOKUTEbHbIX Mep [3, 4.5.3, 4.5.4].

B caydae obiero xaycaopdoBa TOMOJOTHYECKOrO MIPOCTPAHCTBA, HE MMEET
cMbIcaa paccMaTpuBaTh Ch-CIady0 KOMIAKTHOCTH, BBUIY BO3MOXKHON TPUBU-
anpHOCTH cemeiicTBa Cp: OHO MOYKET COCTOSATH W3 OJHUX TOJBKO TMOCTOSHHBIX
dynxmmit. ITosromy B.K. 3axapos paccmorpen B [4] cnalyio KOMIAKTHOCTH
OTHOCHTEJIHHO JIMHEHHOTO TPOCTPAHCTBA S CUMMEMPUIYEMBE HYHKUUT, ABIIA-
IOIIErocss PaBHOMEPHBIM 3aMbiKaHneMm BBeaénnoro @, Xaycmopdom nuHeitHoro
upocrpaucrsa SCp' + SC}), COCTOALIErO U3 CyMM f + g orpaHnyeHHbIX (PYHKIMIA,
MTOJIyHETTPEPBIBHBIX CBEPXY W TMOJIYHENPEPBIBHBIX CHU3Y. S-Cjaabasi TOMOJIOTHUS
na RM;, cuabree Cp-c1abOi TOMOJOTHE, HO CTPOrO Cjabee TPUBHAIHHON TOIO-
JIOPMHU CXOIMMOCTH Ha GOPEIeBCKUX MHOXKECTBAX, UCIOJIb30BAaHHOM B [3, 5.6.14].
Bamensis yciaosue (o) Gojiee CTPOrUM YCJIOBUEM AOKAALHO PAEHOMEPHOT Y3KO-
cmu

(a%) mna moboro G € G u moboro € > () CyMmecTByeT Takoe KOMIAKTHOE MOJI-
muoKecTBO C' C G, 9r0 |p|(G\ C) < € nns Beex p € M,

TOJIy9aeM CJIeAYIOINuil KpUTEpUid.

Teopema 1. ITyems (T, G) — zaycdopdoso npocmparcmeo u M C (RMy) 4.
Samvikarue cl M mnoorcecmea M 6 S-caaboti monoaozuu aeasemcsa S-caabo
KoMNAKMMHLLM Mo2da u moavko mozda, Koeda M obaadaem ceoticmeamu (af)

u (B).
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Caencrsue. Ecau M C ROy, obaadaem ceoticmeamu () u (), mo ezo
samukanue cl M 6 S-caabotli monoaoeuu S-caabo KoMNaKmMHo.

B perenuu mpobsieMbl [1j1si THXOHOBCKOT'O TTPOCTPAHCTBA UCTIOIB3YETCS CJIe-
IYIOIIEe YCIOBHE LE80CMO60T Y3KOCTU:

(o*) mmst mroGoit cetu (pu; € M | j € J) cymiectByer Takas noncets (p), | ¢ € I),
910 A1 J1I060ro € > () HadiayTcs KoMIakTHOE MHOKeCTBO C' M MHAEKC 19 €
I, nis xoropoix pj, (T'\ C) < € upu Beex ¢ > i.

Teopema 2. ITycmo (T, G) — muzonosckoe npocmparcmeo w M C (RIMy) 4.
Mnoorcecmeo M sasasemcea Cy-caabo KomMnaxmusim mozda u mMoavko mozoa,
K020a oHO 3amkHymo u obaadaem ceoticmeamu (*) u (B).

Caencrue. Ecau M C RNy, obaadaem ceoticmeamu (a™) u (B), mo ezo
samuranue cl M 6 Cy-caaboti mononozuu Cy-caabo KomMnaxmmo.

Hcropraeckn oOPMUAINCH OBa CMOCOba M0KA3aTENIbCTBA, JOCTATOTHOCTH B
KpUTEpHUAX caaboil KOMIAKTHOCTH MHOXKecTBa, M.

[Tepsoiii cioco6 cesizan ¢ umenamu A. JI. Anekcanzaposa [1], FO.B. TIpoxo-
posa [6], ®. Touco [7] u ap. Ou cocrour B 3ajaHuK UPEAEILHON PaJOHOBCKOI
Mephl po € M nast uexonpoit cetn s = (u,, | > € K) mocpeicTBOM HEKOTOPOH
CJIOYKHOM TIPSAMOi (hOPMYJIBI, BEIPAYKAIOMIEH (1) Tepe3 i,

Bropoit crioco6 socxoqur k H. Bypbaku [2]. Ou cocrour B nepexoze or ceru
Mep s K cern uarerpanos o = ([ -dp, | » € K) B ABoHCTBEHHOM JIMHEHHOM
upocrpancrse C} BCex JUHEHbIX HEIPePbIBHBIX (DYHKIMOHAIOB Ha GAHAXOBOM
npocrpanctee Cy. dasnee ucnonnsyercss reopema Amaoriy —Bypbaku o ciaboit
KOMITAKTHOCTH €JJMHIYIHOrO Iapa B JIBONCTBEHHOM ITPOCTPAHCTBE [5, Teopema 7
(IT1.3)], corsacHo KOTOPOIi fJisi CETU O CYIIECTBYET IPEIEeJbHbINA HEIPePbIBHbI
byHKIHOHAT ©Yq.

U, nakomer, Hy’KHO WCMOIh30BATH PEATM3AINOHAYI0 TeopeMy Pucca—. .. —
IIpoxopoBa—Bypbaku o mpencrasiennn (HYHKIMOHAIA Qg B BUIE WHTErPAJIa
Yo = f -djyy IO HEKOTOPOIl PATIOHOBCKOW MEpE [ip. DTa MEpa [ig U SBJISIETCS
peeNbHOM 11t cetn 8. B ety Ba;KHOCTH 3TOM T€OPEMBI MPUBEIEM €€ TOUYHYIO
dopmysuposky [2, 1X.5.2].

Teopema (Pucc—... —IIpoxopoB—Bypb6aku). ITycmov (T,G) — muzo-
HOBCKOE NPOCTMPAHCNEO.

1. Ecau p € RMy,, mo dynkyuonan ¢ = [ -dp asasemes auneldnom u y3a-
KUM, M. €. daa 106020 € > 0 cywecmeyem makoe KOMNAKIMHOE MHOHCE-
emeo C, wmo u3 f € Cp u |f| < x(T'\ C) caedyem, wmo |pf| < €.

2. Ecau ¢ — yskul aunetnnt gynxyuonan na Cy, mo cywecmeyem edun-
CTNBENHAA 0ZPAHUNEHHAR PAOOHOBCKAA MEPA [i, TAkaA wmo @ = [ -dpu.

Jannbrii cmocod Bypbaku ucmonbp3yercs B 10KA3aTEIHCTBE TEOPEMBI 2.

Il moka3aTenbCTBa Ke TeopeMbl 1 mCmoab3yeTrcs moaxon Bypbaku, HO ¢
o0bobienneM peanu3anuonHoi Teopembl Pucca—. .. —IIpoxoposa—Bypbaku na
cyuyaii xaycmopdosa mpocrpancrsa [4].

Teopema  (Pucc—... —IIpoxopos—Bypb6aku—3axapos). Ilycmo
(T,G) — zaycdopdoso npocmpancmeo.
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1. Ecau pp € RMy,, mo pynxyuonan ¢ = [ -du aeasemes aunelinoim, no-
moueuno (MOHOTNOHHO) T-HENPEPLIEHBIM U AOKAADHO Y3KUM, M. €. 04
at06020 € > 0 u awbozo G € G cywecmsyem makoe KOMNAKMHOE NOJ-
mmoorcecmeo C C G, wmo uz f € S u |f] < x(G\ C) caedyem, wmo

lpf| <e.

2. Ecau ¢ — aokaavho y3xud, nomoueuno (MOHOMOHHO) O-HeNpepuLeHbil,
AuHETHBLT PyHryuonanr na S, mo cyuecmeyem eJuHCMEEHHAA 02PAHU-
ueHHAA PAdOHOBCKAA MePa [, makas wmo ¢ = [ -du.

HpI/IBeﬂéHHbIe pean3aluOHHbIE TEOPEMbI ABJIAIOTCA YaCTHBIMHU CJIy4dadMU
ofImeli mapaMeTpuyIecKoil pean3aoHHoi Teopembl [8, 3.6.4], pemaroireii mpo-
onemy Pucca—Pamona— ®@perre xapakrepu3anuy PaIOHOBCKAX HHTEIPAJIOB KaK
JMHEHHBIX DYHKIMOHAJIOB.
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O MTIPUMEHVMOCTU METOJA A.A. JOPOJHUIIBIHA JJId
BBIYMCJIEHU S IIEPBBIX COBCTBEHHBIX 3HAUYEHUN 1JI51
CTPYHbBI C CUHI'YJIAPHBIMU ITIOTEHIINAJIOM I BECOM
A.C. IBanos
andrew-ivanov9s@yandex.ru

VIIK 517.518

Iens mamHOTO MOKIAMa — 0OCYXKIEHNME TPUMEHNMOCTH MeToma JJopommu-
LbIHA Jij1s BBIYUCJ/IEHUs [I€PBbIX COOCTBEHHBIX 3HAYEHUHN JIMHEHHOIrOo ole-
PATOPHOTO TYYKA C CHHTY/ISPHBIMEA KO3 uimeHTaMu n3 mMpoOCTPAHCTBA
W, 0, 7). TIpubmsKeHHOe pelneH e CTPOUTCS ¢ MCIOTb30BAHIEM IIOJIY-
YEHHBIX ABTOPOM paHee (OPMyJsl CJIeJ0B LE/bIX OTPULATEIbHBIX 0P
KOB paccMaTpuBaeMoro mydka. O6CyKIaeTcs BOIPOC CyIIeCTBOBAHUS pe-
LIEHWs, a TAK¥XKe JOKA3bIBAETCI TEOPEMa 0 KOPPEKTHOCTU METO/a IyTeM
06061eHus Teopembl, 10Ka3anHoil panee B. A. CanoBHuuum u coaBropa-
MU.

Karouesvie caosa: muddepenimaipbable ypaBHeHns, CIEKTPAIbHASI T€0-
pusd, JJUHEHHBIA ITy90K

Of applicability of A. A. Dorodnitsyn’s method for calulation of
the first eigenvalues of the string with singular potential and
weight
The main goal of the speech is the discussion of the applicability of Dorod-
nitsyn’s method for calculation of the first eigenvalues of linear operator
pencil with singular coefficients from W, '[0, 7] space. An approximate
solution is constructed using the formulas for traces of entire negative or-
ders for a considered pencil obtained by the author earlier. The existence
of a solution is discussed, and a theorem on the correctness of the method
is proved by generalizing a theorem proved earlier by V. A. Sadovnichii

and co-authors.

Keywords: differential equations, spectral theory, linear pencil

PaccvarpuBaeTcs nuHEHHBIN OMepaTOPHBIA MyY0K
A(N) = Ly — \Py.

Bnecy Ly = —y” + g(x)y — oneparop IIrypma—JInyBHIIsS ¢ CHHTYISIPHBIM
MOTEHIIHAJIOM, P — omeparop yMHOXKEHWs] Ha CHHTYJISPHBIN Bec p. [loreHIman
W BEC PAacCMaTPMBAIOTCA M3 HerartwHOro mpoctpamcrsa Cobomesa Wy t[0, 7).
Yepes u u v obozuadumM 06001eHHbIE TIepBOOOpasHbie u3 Lo[0, 7] norennuana g
U Beca p COOTBETCTBEHHO.

B patore [1] A. A. JIopOAHUIIBIH TIPETIOKUI METO, TPUOINIKEHHOTO BHIUNC-
JIEHUSI TIEPBBIX COOCTBEHHBIX 3HA4YEHWH KpaeBbix 3amad IlItypma—JIuyBuiis c
BecoM. MeTo/1 CyIIeCTBEHHO MCIOIB30BAJI CYMMBbI IIEJIBIX CTEIEHEH BeJIUInH, 00-
PATHBIX K COOCTBEHHBIM 3HAYEHUSIM 3349, SHAYUTEIHHO T03%KE KOPPEKTHOCTH
meroia Oblia jgokasana B. A. Caxouuuum u copropamu B padore [2]. ABropbl

PaGora BeimosHeHa nipu dbuHAHCOBOH mopaep:kke PODU (mpoext Ne 19-01-00240).
Usanos Arxpeit Cepreesuy, aciupant MI'Y nmern M.B. Jlomonocosa (Mocksa, Poccus);
Andrei Ivanov (Lomonosov Moscow State University, Moscow, Russia)
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JIOKa3bIBAJIM CXOJUMOCTDL IOCTPOEHHOro JIOpOMHUIBLIHLIM HPUOGIMAKEHHOIO pe-
MIeHNs K COOCTBEHHBIM 3HadeHuaM 3agaqu IITypma-JInyBuaIsa ¢ HempepbIHbIM
U JIeHCTBUTEIFHO3HAYHBIM TTOTEHIMAJIOM U BecoM BHUIa p(r) = po(x)z®, rme
a > —1, mpeamonaras abCOTIOTHYIO CXOTUMOCTD DSIA Z;; N7 tme Ay —
cOBCTBEHHbIE 3HAYeHUs KpaeBoil 3aauu.

g paccMaTpuBaeMOro CUHLY/ISIPHOIO IIydKa aBTOPOM COBMECTHO C
A .M. CaBuykom B pabore [3] ObLiy 110J1y4eHbl OUEHKHU COOCTBEHHBIX 3HAYEHUI.

Teopema 1. /[as 1060t dynwyuu v € Lo [0, 7] eeaununve |\, | ™1, 2de A, —
cobemeennbie snauenus nyura A(N), ydosaemsoparom oyenram

Inn

STt <Cmn,  aTT<C
j=1

B roit xe pabore chopmysinpoBana TEOpEMA, JAMOIIAsS ONEHKN HA COOCTBEH-
HbIE 3HAYEHUS IIy9IKa, eCIu 0000IIeHHas IepBooOpa3Hast v BeCA p PacCMaTPUBa-
erca B mKaje npocrpancrs v € W20, 7], 0 € [0,1].

Teopema 2. /aa moboti dynxyuu v € W0, 7], @ € [0,1] cobemeenmnmie
snauenus nyuxa A(N) ydosaemeopsarom ouenxe

An| = Cnt/P,

ede p > 1/(1 4 0) npoussoasvro.

[Tosygennble OMEHKN BJIEKYT 33 COO0H abCOMIOTHYIO CXOAUMOCTD CJIEI0B Iie-
JIBIX OTPULIATE/bHbIX OPSAJIKOB Iy4uKa A(\), HauuHas CO 2, 4 UMEHHO BeJIMYMH
di=1 NP p > 2. [lna cnena mopsika (—1) MOXKHO MpENOSaraTh TOb-
KO YCJOBHYIO cxoauMocTh. OTCyTCTBHE abCOMIOTHON CXOIMMOCTH JJist JII0OOTO
P € W5 1[0, 7] noxasbisaer mpuvep u3 paborer A. A. Biramuvuposa [4], B koTo-
POl aBTOp CTPOUT HeAIePHBIN MYIbTHIIIKATOP U3 HpocTpaHcTBa Wy 1[0,7r] B
upocrpancrso Wy [0, 7] .

TToznnee, B pabote [5] aBropom GbIIN TMOIYUIEHBI (DOPMYIIBI CIETOB IETHIX
OTPHIATEIHHBIX MOPSIKOB [t My4dKa A(A) B TEPMUHAX BECa p ¥ HHTErPAIHHOTO
anpa oneparoporo L.

B macrosmem mokmame o6CyKIAI0TCS BOMPOCHI TPUMEHUMOCTH MeTona Jlo-
POJTHUIIBIHA [IJTs] BEIYUCIICHNS TEPBBIX COOCTBEHHBIX 3HAYEHUN PACCMATPUBAEMO-
ro smueitHoro mydka. Q6CyKIAI0TCs BOLMPOCHI CYECTBOBAHKS IIPUOIMZKEHHOIO
PEINEHNs1, PEITIeHne CTPOUTCS C UCTIOIH30BAHUEM TOJIY YeHHBIX aBTOPOM (hOPMYJI
CJIEJIOB [EJIBIX OTPHUIATEILHBIX MOPSAIKOB, a TEOPEMa O KOPPEKTHOCTH METOJa
00600maercsa Ha Caydail YCJIOBHO CXOASIIErocs cjefa nopsijika (-1).
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CBEPTKMU B COIIPAKEHHBIX K BECOBBIM
ITPOCTPAHCTBAM IIEJIBIX ®@YHKIINU

O.A. IBanosa

neo_iwolga@mail.ru

YK 517.9

B T010/10rn9ecKkoM COIpPsizKEHHOM K CYeTHOMY WHJYy KTUBHOMY lipeneiy F
BeCcOBBIX mpocTpaHcTs Ppemnre 1ensrx (GyHKIWH MHOIHX KOMIIJIEKCHBIX
[IEPEMEHHBIX C TOMOMBI0 OOBIYHBIX CABUTOB ONPEIETIEHO YMHOXKEHUE —
cBepTka. [lomyyennas anre6pa ndoMopdHA KOMMYTAHTY CHCTEMBI OIIEPa-
TOpoB HacTHOro nuddepeHnnpoBanns B aarebpe BCeX JMHEHHBIX Helpe-
PBIBHBIX OMEPATOPOB, meticTByiomux B F. B mocrpoennoit amrebpe ama-
JIATUYEeCKUX (DYyHKIMOHAJIOB B JIByX HECMEIIAHHBIX CJIydasX BBEIEHA TO-
TIOJIOTHSI, C KOTOPO# 3Ta ajarebpa CTAHOBUTCSI TOIOJIOTUYIECKON U yIKe TO-
MOJIOTUYEeCKH U30MOpdHA yKa3aHHOMY KOMMYTAHTY € COOTBETCTBYIOIIEH
(ecTecTBennoit) onepaTopHOI TOMOIOrHEH.

Karowesoie cao6a: BECOBOE IPOCTPAHCTBO IeJbIX (DYHKIMi, asrebpa aHa-
JATHYIecKux (GYHKINOHAIOB, KOMMYTAHT, OIIEPATOD CBEPTKU

Convolutions in duals of weighted spaces of entire functions

We define a multiplication — convolution in the dual of a countable in-
ductive limit E of weighted Fréchet spaces of entire functions of several
variables. This algebra is isomorphic to the commutant of the system of
partial derivatives in the algebra of all continuous linear operators in E. In
the constructed algebra of analytic functionals in two pure cases a topol-
ogy is defined. With this topology the mentioned algebra is topological
and it is now topologically isomorphic to the considered commutant with
its natural operator topology.

Keywords: weighted space of entire functions, algebra of analytical func-
tionals, commutant, convolution operator

WBanosa Omabra AnekcaHapoBHA, K..-M.H., CT. IpenogaBarenb, FOxuurii PenepalbHbIi
Yausepcurer (Pocros-na-{ony, Poccus); Olga Ivanova (Southern Federal University, Rostov-
on-Don, Russia)
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B moknazse uaer pednb 0 CBEpTKE B COMPSIKEHHBIX K BECOBBIM ITPOCTPAHCTBAM
nesasx (B cN ) dbyHKIUI U TPEJCTABICHUSAX COOTBETCTBYIOMIUX AIreOp aHaIu-
TrdeckuX (hyHKIMoHaI0B. /19 HEMPEPBIBHBIX (DYHKITHIT Un.k cN SR TaKNX,
9TO Vp kt1 K Unk K Untl.k, k,n € N, onpenennm BecoBoe MPOCTPAHTBO IEIBIX
dyHKITH

E:={f¢€ H((CN) InVk : sup (|f(2)] exp(—vn ik (2)) < +o0},

z€CN

CHAOXKEHHOE eCTECTBEHHOW TOIOJIOTHE!l CYeTHOrO MHIYKTUBHOIO IIPEIEsIa IPO-
crpaucrs ®pemte. Beca v, yA0BIETBOPAIOT CTaHIAPTHBIM TEXHUYECKUM yCJIO-
BUSIM, OOECTIEUMBAIIINM WHBAPUAHTHOCTH FE OTHOCHUTEHHO OMEPATOPOB YACT-
HOTO mudhepeHIMPOBaHNs, CABUTA, YMHOXKEHUS HA, HE3ABUCUMbIE TIEPEMEHHBIE.
IIpocTpancTBa MOKOOHOTO BUAA YACTO BOZHUKAIOT MIPY PEATTUBAINANA PASTAITHBIX
GbYHKIMOHAJILHBIX TPOCTPAHCTB U UX COMPS’KEHHBIX MOCPEICTBOM IIPEoOpas3o-
Banus Pypoe-Jlannaca u ero anasoros.

ITycts E' — mpoCcTpanCTBO JIMHEHHBIX HEMPEPBIBHBIX (DyHKIMOHAIOB Ha F.
Hnsg ¢, € E cranmapTHBIM 00pa3oM OIMpPeNe/inM CBEPTKY ¢ & 1):

(@ Y)(f) == @e(=(f(t+2))), [ €E.

O6o3nauum cumsosnom K(0) kommyranr cucremst {0; : 1 < j < N} ouepa-
TOpOB 9acTHOTrO ubdEpEeHITPOBAHNSA B KOIBIE BCEX JTMHEHHBIX HETPEPHIBHBIX
oneparopos B E. [Ina ¢dbyrkmuonana ¢ € E' BBemeM onepatop

A ()(2) = u(f(t+2)), fE€E, zeCN.

B pa6ote [1] noka3zana

Teopema 1. Omobpasicenue w : (E',®) — K(0), w(yp) := Ay, asaaemea
AN2EOPAUNECKUM USOMOPHUMOM <HA».

Bosuukaer ecrecTBeHHbBIH BOIPOC O TOIMOJOIMYECKUX CBOMCTBAX 9TOrO U30-
Mopdu3Ma W CBEPTKH ®: TMPU KakuxX yciaousax (E/,®) sBjsieTcsi TOMOJOrnYe-
CKOIT anreOpoit, a w — Tomojorndeckum u3omopdusmonm ? Moruarmueit mom00-
HOIO WCCJIEIOBAHUS SBJSETCS TO, UYTO TOMOJOTMYECKHE HEOAHAXOBBI AIreOpbI
HUMEIOT IIUPOKOE TI0JIe MPUMEHEHUl: NPy U3YYeHUH OIePATOPOB ODODIIEHHOTO
UHTEIPUPOBAHUSL, B CIEKTPAJILHON TEOPHH B IPOCTPAHCTBAX AHAJIUTUYECKUX
dYHKIMOHAJIOB, B TEOPUU OMEPATOPOB OOOOIIEHHOTO CIBUTA, TPYNI W ajaredp
JIu. YkazanHasi TOMOJOTUYHOCTD TIOJIE3HA MTPYU PEIIEHUH PA3TUIHBIX ATPOKCH-
MAIIMOHHBIX 33134, IIPU UCCJIEI0BAHUNU OIIepaTopoB cBepTku A,. B obmieit cury-
allM W ABJIAETCA TOIOJOIMYECKIM N30MOpdHU3MOM ImpocTpancTsa B co cnaboit
rononorueii o(E’, E) na K(9) co cnabo-oneparopuoii Tonosnorueii.

Oka3asoch, 9TO HE3aBUCHMOCTb BECOB Uy, i OT 7 WK OT k SBJIAETCA J0CTa-
TOYHBIM YCJIOBHEM YIIOMSIHYTOM TOMOJOTHIHOCTH, TO €CTh HYKHOE UMEET MECTO
B HECMEIIAHHBIX, ‘9UCThIX ciaydasx. B Takux curyanusax F saBasgercs aub0 mpo-
crpanctBoM Dperre, MO0 CIETHBIM WHIYKTUBHBIM IIPEIETIOM OAHAXOBBIX IIPO-
CTPAHCTB.

Teopema 2. [2] ITycmo vy = Up,1 UAU Uy = V1 048 M00bz n, k € N,
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(i) (B, ) ¢ ymmosceruem ® — monoaoeuueckasn anzebpa. (IIpu smom N —
HEKOMOPAA MONOAO2UA NPOEKMUBHOZ0 NPEIEAE, COOMEEMCMEEHHO, UHIYK-
MusHo20 npedesa Nocaedosamesbrocmu bararosux npocmpancme 6 F’.
Ona coenacyemesn ¢ deoticmeennocmovto meocdy E' u E.)

(i) w : (E',)) = (K(9),p) — monoaoeuseckut usomoppusm "na”. (Ipu
IMOM I — MEKOMOPAA ECTNECTNEEHHAA ONEPATNOPHAL Mmonosozud 6 K(D)).

Posb TOmosIOrnaHOCTH paccMaTpUBAEMOil aaredpbl MpU U3yYeHUN OMepaTo-
POB CBEPTKH A, TIOKa3hIBAET, B YACTHOCTH,

Teopema 3. [2] IIpednoaodicum, wmo 6ce mHoz0usenb codepocamcs 6 E u
naomuve 6 E. IIycmo, kpome mozo, cyuecmseyem A0KAALHO bINYKAGA MONO-
nozus X 8 E', coznracyrowanca ¢ dsoticmeennocmoto mexncdy E' v E, maxas,
wmo (E', \) asasemca monosozuseckol aszebpoti ¢ ymuoosiceruem ©. Tozda E’
¢ YymHorcenuem © He umeem desumenets HYAS.

CaencrBue. ITycms sunoanaromes npednosodcenus meopemv 3. Tozda das
06020 ¢ € E'\{0} mnoorcecmeo A,(E) naomno 6 E.
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Generalized fractional Liouville-Lizorkin derivatives and some

of their properties
A comparative analysis of the convolution operation in spaces of general-
ized functions and the operation of differentiation is given. On this basis,
a relationship is established between the multipliers and convolutors in
the corresponding functional spaces. The obtained results can be used
in the analysis of linear differential operators with partial derivatives of
fractional order.

Keywords: generalized Liouville differentiation, functional spaces, multi-
plier, convolutor, Fourier transform.

O6osnaunm wepe3 S(R™) - mpocrpaHcTBO GeckoHeuHo audbepeHimpye-
MBIX DyHKIWM yObIBaOMINX HA 00 ObIcTpee 060l crenenn |z|. dus dyHKImn
u € S(R™) onpeneneno npeobpasosanue @ypne

W= (F)Q) = [ Ve cere )
O6parHoe npeobpazoBanue @yphe umeeT BU,
U(J?) = (_/—"*1’&)(‘17) = (2111/)71/ a(c)6*<g‘,m>d<7x c R™. (2)

Cyuiecrsyer cramjaprHas IpOle/lypa PAacIpOCTPaHeHus oneparopos F u F 1
Ha S (R™) -mrpocTpaHCcTBO 0GOOIIEHHBIX (DYHKIMIT MeJIEHHOTO POCTa.

Ormerum, aro kiaccel S(R™) mioxo mpucnocob/ieHbl s APOOHBIX WHTE-
rpanos u npoussonubx. Pynxkumu I¢¢, DY rae ¢ € S(R™) asasiorca Gec-
KOHEYHO JudpepeHnupyeMMbIMH, HO HEA0CTATOYHO "xopomo"senyr cebsi, BO-
obuie 1roBopst, Ha GeckoHeunocru. B aroit cesizu B [1] BBEAEHO 1POCTPAHCTBO
®(R™) C S(R™), KOTOpOE SABJISIETCSI NHBAPUAHTHBIM OTHOCUTENLHO APOGHOTO HH-
TerpoandepeHITnPOBAHUSI.

Paccmorpum n-mepubrit apobubiit maTErpast JInysuiis

1
Po=g [t et (3)
I'(a) R}
rme Ry oktanT {t:t; >0,---t, >0}, t* 1 = ti”_l R
Hust uarerpana (3) ¢ yuerom (2) upu 0 < ap < 1,k =1, - n cupasemiusa
dopmya

FI%p = (—ix)” "¢ (x), (4)

rae (—ix)~% = (—ixq) Y - - (—izy) %, o(x) € L1 (R™).

13 dopmynst (4) ciaenyer, uro Tpebyemas MHBAPUAHTHOCTH Kiiacca @ Gyer
umerb Mecto, eciu GyHkuus (t) sroro kuacca Gyzer umerb obpassl Pypbe
&(z), TOKAECTBEHHO aHHYJIUPYIOLIMECs HA ruiepiuiockoctu Ty = 0.

O6o3naunm gepe3 ¥ nogkiaace nmpocrpancrea S(R™), cocrosinmit u3 GyHK-
Ui, NCYE3AIONTUX BMECTE CO BCEMU CBOUMU MPOW3BOIHBIMU HA MHIEPIIJIOCKOCTSIX
T — 0.
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U= {¢($) : w S S(Rn)a (D‘]’(/))(l‘l o 'wk7170amk+la e wrn) =0

]:0,172,,]{7:1,,”}

[Ipoo6pazst Pypwe dyukuuii u3 ¥ o6pasyior npocrpancrso JIuzopkuna & =
O(R™) ={p: ¢ € S(R"),p € U}. Tak kax

oo

& @), o= / e @y gy / plt!, ¢ )de,
Rn—? —o0
rae tI = (tla e atk—l,tk+17 e atn)ajl = (jh e ajk—lajk—i—la e 7jn)7 TO KJIacc
®(R™) cocrout u3 rex u To1bKO Tex dyuxuumit (t) € S(R™), g1 KOTOPHIX pas-
HBI HYJIIO BCE MOMEHTHI.

/ Sp(th 7tk—17tk+17"' 7tn)<md< = 07m = 071727"'

BJIOJTb KOOPJIMHATHBLIX oceit, k = 1,---  n.

Ormerum Takke, 9410 B mpocrpancrse $ onpesesiena HenmpepbIBHAS Ollepa-
nust casura 7,(p) = ¢(z + h). O6o3naunm vepe3 ¥ u &' compsizkenusie Kk ¥ u
® mpocTpancTBa 0000IIEHHBIX (DYHKIWI, COOTBETCTBEHHO.

OCHOBHBIM pe3yJIbTATOM JAHHON PAabOTHI SIBJISETCS CJIEIyIOIee yTBEPIKie-
HUE.

Teopema. Eciiu dynkuuonan f runa dyukuuu f(() gaBisiercs MyJIbTUILIU-
KaTopoM B mpocrpancrse U’ 1o dynxmmonan D = f -ceprhBaTes B HPO-
crparctse O’ u mmeer mMecto dpopmyna

Dxg=D-§.
B ycaosusx reopemst f(¢) = (i€)" = (i¢1)"™ - - (i(,) ™. Boruucaum npoobpas

D™ = D™ "™ aroit byrkunu. dusa sroit memn npeacraBuM dyskimo (i¢)" B
BHU/JIC IPAMOIT CyMMBI

(G0 = (ie1)"™ X (iC2)™ X ... x (iCa)™.

dlcno, uto mamnas dynkmua npurasaexut S(R™). ITo Teopeme o mpeobpaso-
Bannu Pypbe IPAMOro IPON3BEICHNUS UMEEM

(i)™ = (i)™ x (iCo)™ x -+ x (iC,)™.
ITpu Henenbix 3HaMeHUsX (i(,, )™ ABIETCS MHOTO3HAYHON QyHKIHE 1 nMe-
er BUJ

(i€ )™ = CEAE C;’Qk, ecm (g > 0,
" e 1ETR ¢k ecom ¢ < 0.
Bozbmem Betsb (i)™ = €'27%((, — i0)"*, m momyamm
1 1

16 ™ — .
(ZCk) F(—Tk) IR
Ty
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1 1 1 1
Ty T — . e P —
D " ((E) ~  n +1+r1 X +1+r2 X X +lJrrn’
D(—rg) = T x
H k 1 2
k=1
re
+7 x7, ecmm z >0,

0, ecn x < 0.

Takum 06paszom 1oj ApOOHO 0000IEHHON TPOU3BOAHON JInyBunnsa Oymxem
MOHMMATL CBepTKy 00o6mennoit dyukmuu f € &' ¢ obobmennoi dbyHKIned
D™ ™y € @, Oneparopsl D™ "™ 06pa3yioT aJUIMTUBHYIO II€PECTAHOBOYHYIO
TPYTITY 1O BEKTOp-TapameTpy (ri,--- ,r,) u npu 1, < 0,k = 1; h, npuBomar K
unTerpany Pumana-JInyBmiis nopsaka o = (aq - - ap).

B paborax [2, 3] paccMaTpuBaioTcs GJIM3KHE 1O WEe BOIPOCHL
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On the zeros of a class of entire functions, having an integral
representation
The question of the distribution of zeros of some specific kind of entire
functions connected with spectral problems is studied.
Keywords: zeros of entire functions, integral representation, spectrum,
asymptotics
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PaccmarpuBaerca Bonpoc pacipe/iesieHus Hysel nesabix QyHKIul Buga

1,1 2
f(z) =1+ Az+ 2% /0 /0 Zexp (p(wjz +wjt1y)) - D(z,y)dady, (1)
=0

rae p = /z, w; = exp (2§ij), it =+/—1, A-roncraura, D(zx,y) — abconoTHO
uHTerpupyemMasa QyHKIHU.
Uccnenosanme Hysei nenbrx Gynkmmii Buga (1), coBnafaiommx ¢ KBa3uIo-

JIMHOMAMH, ¥ WX CBSI3b CO CMEKTPAJLHBIMHU 3a/a9aMi oTpaykena B [1-4].

Teopema 1. ITycmov D(z,y) abcoatommno umnmezpupyemas a Keadpame
[0,1] x [0, 1] pynryus. Ecau pynxuyus D(x,y) Henpepuena u omausna om Hyss
6 oxpecmuocmu Keadpama, moezda nyau dynryuy f(z), docmamouno boavusue
10 MOOYAI0, MOZYM OBIMb MOALKO 6 CEKMOPAT CKOAb Y200HO MAAO20 PACTNEOPE &

‘Argz:l: g‘ <e.

Teopema 2. ITycmv 6vinosrenss Ycaosus meopemov. 1 4 NYcmv SEAUNUHA
w1D(1,0) + D(0,1) omauuwna om wyaa, mozda wysu 2z dynryuu f(z) docma-
mowno boavuiue no modyao, npunadarescausue cexmopy |Argz— 7| < &, umerom
ACUMNIMOMUKY

)

“2ikm 1 (wlD(lg)()lJrl;?(O,l)))

+0 <max(1nkw(\f2mkk); 1)) , k>> 1,

20e w(d)-Mmodyav nenpepwernocmu dynrkyuu D(x,y).

Teopema 3. [Iycmo 6unoanenss Yeaosus meopemvr 1 U nYycmsv GeAUNUHA
D(1,0) + weD(0,1) omauuna om nyas, mozda wyau z, dynxyuu f(z) docma-
mouno boavuiue no mody.ao, npunadrescausue cexmopy |Argz+ 7| < e, umerom
ACUMNINOTUKY

o (o (220

0 <max(1nkw<\/§h1k’“); 1)) ks,

Hokazana ciemyomas [5]:

Teopema 4. ITycms gynryus f(z) umeem eud (1). Jonycmum, wmo dymr-
yua D(x,y) 6 keadpame [0,1] x [0, 1] umeem nenpepwvisnsie wacmuoie npoussod-
Howe 00 mpemoezo nopadka no nepementvim x,y. Eeau wyD(1,0)+D(0,1) #0 u
D(1,1) # 0, mo nyau zx dynkyuu f(z) umerom my sce aCUMNMOMUKY, MO U
6 meopemax 2, 3, ocmamounnli waen komopux 3anucweaemcs 6 eude O(1/k).

B dopwmymuposkax Teopem 2, 3, WmcCla, BhIDAXKEHHBIE Uepe3 JIOrapudMbI,
MOYKHO BKJIIOUYUTH B OCTATOYHBIE WiIeHbl. B TO ke BpeMs B TeopeMe 4 3TH BeJn-
YUHBL CYyHIECTBEHHO YTOYHAIOT aCUMITOTUKY.
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W3yqatorcst Kacchl HECAMOCOIPSKEHHBIX OIEPATOPOB, COXPAHSIIONIUX
HEKOTOPBIE CIEeKTPAJbHBIE CBOMCTBA TPU MAJBIX BO3MyImeHusx. [loka-
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On the stability of some classes of non-self-adjoint operators
We study classes of non-self-adjoint operators that preserve certain spec-
tral properties under small perturbations. We have shown that with rela-
tively compact perturbations, the following properties are preserved: the
Schatten—von Neuman property of the resolvent, the presence of at least
one ray of the best decrease of the resolvent, and under additional con-
ditions of Dunford—Schwarz type, the Abel-Lidskii basis property of root
vectors.

Keywords: non-self-adjoint operators, spectral instability, Abel-Lidskii
basis property
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IIycte ‘H — cenapabenbHoe rusibOEPTOBO MIPOCTPAHCTB, 1) — IJIOTHO OIpe-
JeJTeHHBIN B H 3aMKHYTBHIf Omeparop C JAUCKPETHBIM CreKTpoMm. B pabo-
re [1] M. B. Keaablin mosydusn MMpoOKHe YCIOBHsST Ha BO3MYIINEHHSI, COXPaHs-
IOI1Ee CBOMCTBO TOJHOTHI cucTeMbl KOpHeBbIX BeKTOpoB (CKB) u acumnroruky
CIIEKTPA CAMOCOIPSKEHHOTO orneparopa 1y ¢ pe3osbBenTOi kiacca Heilimana—
Marrena 6,. Kak moka3pBaloT MHOrOYHCI€HHbIE IpuMepEL (cM. [2] 1 mMmerormu-
ecst TaM CCbUIKM), Jyls OLeparopos, He upejacrasumble B suje T = Ty + V| rue
Ty camocompstzker, V' — Ty-kommakTeH, Teopema Kengpima #He padoraer. Mex-
Iy TeM Takoro poja oneparopsl (nanee — JICO (manekue oT caMOCONPSIKEHHBIX
OIIEPATOPbI) ) AOBOJILHO YaCTO BO3HUKAIOT B PA3IMYHBIX Pa3/esax QUMK 1 Me-
xaHuku (cM., Hanpumep, [2,3]). B cBsa3u ¢ srum BosHukaer 3azada cpegu J1CO
BBIABUTH KJIACCHI OIIEPATOPOB, 00JIAAIOMMX OLUPEIEJIeHHbIMA CBOMCTBAME, KO-
TOPBIE COXPAHSIOTCS TIPU MAJIBIX (B KAKOM-THO0 CMBIC/IE) BO3MYIICHUSIX.

B macrosimeiil 3aMeTke Mbl PACCMOTPHUM JIBA TAKUX KJjacca. Kak ObL1o orme-
qeno, criekTp JLCO He 00s3aTeIbHO JIOKATM3YETCS OKOJIO BEIIECTBEHHON TPSIMOiA,
HOTOMY MOXKET ObITh GecKoHedHbIM B jitoboM yrie {67 < arg A < 2}. B cBs3u ¢
3TuM Oy/IeM TOBOPHUTD, UTO CIIEKTP 1o A0KAAU308AH 0KOAO AYUG arg \ = ( TOTIA
W TOJBKO Toraa, Korma Ve > 0

N(Ty,r) ~ N(Tp,a — e, +¢,r), r— +o0,

rae N(T,n,¢,r) u N(T,r) — aucao cobcTBeHHbIX 3HadMeHnil oneparopa T’ cooT-
BETCTBEHHO B cekTope {n < arg A < ¢, |A\| < r} m kpyre {|A| <r}.

Hanee 06o3HaamM HYepe3 Sy, , MHOMXKECTBO TJIOTHO OMpeJeJIeHHBIX B H ore-
paTopoB € Pe30JibBeHTOH Kiacca &, U CO CIHEKTPOM, JIOKAJIU30BAHHBIM OKOJIO
ayda arg A = «. JIyd argA\ = ¢ HA3bIBAIOT AYYOM HAUAYYWE20 YObIBAHUSA
pesosbBeHThI oneparopa T, ecnu cymecrByior R > 0,C > 0, uro npu Bcex
r>R||(Ty —re)~ | < Cr~ L

Teopema 1. ITycmo T(;l € 6, (—00,0] - ayw nHauaywwezo youisarus TJ1
u onepamop V' xomnaxmen ommuocumensvro Ty. Tozda natidymes ey > 0, Ry > 0,
maxue, wmo npu ecex A u3 Uy = {\: |argA — 7| < &g, |A| = Ro} onepamop
Ry = (Ty +V - A~ eyweemeyem u npunadaescum S,. Ipu smom Kasrcowi
ayu AN =re'® (Ja — 7| < g0} Asasemea aywom nausyuezo yovsanua Ry.

[Ipexxae, dem chopmMyanpoBaTh CIEIYIONMI DPE3YIbTAT, HATIOMHHAM, 9TO
O3HAYAET TOHATHE 6a3uca O0Af CYmmuposanus memodom Abers—JIudckozo.
Ipeanonoxum chHauana, 4ro Bee cobcrBeHHble uducia {ug} ouneparopa 1T’ co-
nepxarca B yrie © = {p : |arg pu| < 0}. Ilycre a € (0,7/20). Ionoxum

@ = |ule’*ae iy € . Torma ana moboro t > 0 e Mt =0, © 3 u — oo.

ITonoxum )
Si(t) = ——— —Htr — )l
W= g [ T =0

TJie Yk — HOJ0KUTEIbHO OPUEHTUPOBAHHBIN KOHTYD, LEJIUKOM nemamnfx‘l B yrJIe

© u comepxKaiuit BHyTpu cebst fiy. Ecim npu jgrobom t > 0 psif Z Sk(t) cunbho

CXOIUTCSA K HEKOTOpoMy omeparopy S(t) u ajis jioboro f € 7—[ hm S f="f,

0o rosopsat, yro CKB omeparopa T obpasyer basuc das Memoaa cymmupoea—
Hnua Abeasa—JIudckozo nopadka . ChHOpMyIUPOBAHHOE TIOHITHE €CTECTBEHHBIM
obpazoM 0000IImaeT s HA Cay4ail, Koraa omnepaTop 1’ yIOBIeTBOPSET yCJIOBUIM:
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(DS].) T le Gpvp < 00;
(DS2) cymecrrytor ayum v, = {A € C: arg\ = ¢} u R > 0 Takue, 9r0
lor+1 — vl < 7/p, v N{|A| > R} C p(T) u mpn mexoropom N > —1

(T =27 H = O(AY), 7 3 A = oo,

(mozmpobrocTH cM., B padore [4, . 6.4]). Yemosus (DS1) — (DS2) Buepsbie Gblan
seesennl H. Tandopnom u Ix. Hlsapuewm [5, Tnasa XI, § 9].

Teopema 2. ITycmv onepamop ydosaemeopsem ycaosuam (DS1) — (DS2)
¢ N = —1 u onepamop V Ty-xomnaxmen. Tozda CKB onepamopa Ty + V' 06-
pazyem 6a3uc 0ai CYmMmMuposanus memodom Abeas—/Iudckozo nopadka p + € ¢
npouseosvroim € > 0.
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Paspaboran umc/ieHHBIN METO BOCCTAHOBJIEHWS BO3MYIIAIOIEr0 MOTEH-
muasia oneparopa lrypma-J/luyBuiis, 3amanHoro Ha aByxpeGepHOM reo-
METPUYIECKOM Tpade, Mo CIEeKTPAJIHHBIM XapaKTEPUCTHKAM BO3MY IIEHHO-
r0 U COOTBETCTBYIONIEr0 €My HEBO3MYUIEHHOTO omeparopoB. Meron ObLI
anpoOUPOBAH HA ITOC/IEN0BATEIHLHOM rpade. Pe3yapraTsl 4ucieHHbIX 9KC-
TMIEPUMEHTOB MOKA3AJIM XOPOIIYI0 TOYHOCTH W BHICOKYIO BBIUUC/TATETHHY IO
3G PEeKTUBHOCTH pa3zpabOTaHHOrO METOIA.

Karoueswie cao6a: criekTpasibHas TEOpUs ONEPATOPOB, 00paTHBIE CIIEeK-
TpaJIbHbIE 33a4UM, COOCTBEHHBIE 3HAUYEHWS W COOCTBEHHBIE (DYHKITUU OTTe-
PaTOpOB.
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The numerical method for solving inverse spectral problems on
a geometric graph

The numerical method had been developed for the reconstructing of per-
turbing potential of the Sturm-Liouville’s operator given on a two-edge
geometrical graph from the spectral characteristics of perturbed and cor-
responding unperturbed operators. The method was tested on the se-
quential graph. The results of a numerical experiments showed a good
accuracy and a high computational efficiency of the developed method.
Keywords: operator’s spectral theory, inverse spectral problems, eigenval-
ues and eigenfunctions of operators.

B pabore B.A. Cagosuuvero u B.B. Iy6posckoro [1] 6bLiy u3/102KeHb uaeu
YUCJIEHHOTO METO/Ia BBIYMC/IEHUs PUOJIMKEHHBIX NEPBBIX COOCTBEHHBIX 3HAYE-
HU BO3MYIIEHHBIX CAMOCOTIPSIYKEHHBIX OMEePaToOpoB. B mociencTBum, nCmoan3yst
9TH WJen u Mero, LasepkuHa, yaanoch 10Ka3aTh ciaeayoryo Teopemy [2]. Ipn
9TOM yJIAJIOCh CHATH OrPAHWYEHUE HA HOPMY BO3MYIIAIOIIErO MOTEHIINAJIA.

Teopema 1. ITycmv L — duckpemvili noayozpanusentsili CHU3Y onepamop,
deticmeyrwutl 6 cenapabesvrHom euavbepmosom npocmpancmee H. FEcau cu-
cmema Koopouramuux Gynkyul {or 15 ABAAEMCA OPMOHOPMUPOBAHHBIM 0a-
sucom H u ydosaemeopsem 00HOPOOHBIM 2PAHUNHBIM YCAOBUAM, 3A0GHHDLL OAH
onepamopa L, mo e20 npubsusicennvie cobCmeentvle 3HAYEHUS [i HATLOOAMCA
no HoPMYAaGM

fin(n) = (L, n) + On, (1)
cae b, = 5 (= 1) = Fu(ol] n € N,

B [2], [3] mokazawo, uTo dhopmysbr (1) TTO3BOISIOT € GOMBITION BHIUUCIUTE -
HO TOYHOCTHIO HAXOAWTH MPHUOINKEHHBIE COOCTBEHHDBIE 3HAYEHNS JTUCKPETHBIX
HOJIyOrpaHUYeHHBIX orepaTopoB. cnonb3ys (1), HaMu HOCTPOEH aJIrOPUTM UC-
JIEHHOTO PeleHnst OOPATHBIX CIEKTPATbHBIX 3a/5a9 HA TEOMETPAYECKUX rpadax.
Paccmorpum aByxpebepHblil cBsasublii opuentuposansbiii rpad G = G(V,E),
rne V = {V}, V4, V3} — muoxkectso Bepun, E = {E}, Fo} — muOXKeCTBO pebep.
Kaxxnoe pebpo mmeer mmaummy l; > 0 u Tommuay d; > 0, j = 1,2. Illycts na
rpade G 3azana BekTop-pyHKIua u = (uq, Ug), KaxKJIasd KOMIOHEHTa KOTOPOi
u;(s;) oTBedaer cooTBeTCIBYIOMEMY pebpy E;.

Paccmorpum Ha rpade G 00paTHYIO CIEKTPATBHYIO 33349y B THIBOEPTOBOM
npocrpanctse H = Ly(G) = {g = (91, 92), 9; € L2(0,1;), j =1,2} [4]

d*u; )
J
du
=0, wi(s1) = ua(0),
d81 s1=0 (3)
d du1 B d’Z,LQ —0 d’Z,LQ —0
1d$1 51:l1 2d82 32:0 - ’ d82 32:l2 - '
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B H oupejeineno ckassipuoe upoussejenue [4]

2 b

(g.h)=> d /gjhjds, g, heG. (4)
j=1 0

O6o3nauum 4gepe3 {A,}72 | coberBennble 3Hadenust NpsaMoit 3agaqu (2)-(3),
3aHyMEPOBAHHDLIE B TIOPAJKE HEYObIBAHUS UX BEIIECTBEHHBIX YacTeil, a depes
{v;k}32, — coOTBETCTBYIONME UM OPTOHOPMUPOBAHHBIE COOCTBEHHbIE (DYHKINN,
3aganuble Ha pebpax E; rpada G gna caydas, xorma p;j(s;) = 0. Cucrema
cobcrBenHbIX (yHKunumit {v; }7° | 06pasyer OpTOHOPMUPOBAHHBL 6a3uc B Lo (G).

Cormacuo Teopeme 1, cobcrBennbie 3nadenus (2), (3) pr (K =1, 00) Bbrunc-
JIIOTCS TI0 POPMYJIaM

lmax

p= [ [da()( = o) + pa(s)oi(s) Jous(s) +

Fdaxa(s) (= 05(5) + pa(s)var(s) Jvan(s)|ds + o,

1, e 0,l;], .
1€ lmaer = max(l1,l2), x;(s) = { 0 5 S[> Z] ji=1,2.
y je

Ucnons3ys (4), 3anumiem (5) B Buze

lmaz

{dl)(l(s)v%k(s)pl(s) + d2X2(3)ng(5)P2(5) ds = pr — Mg — O, k= (1,00).

(=)

Ha ocHoBe 3Tux ypaBHEHMIT COCTABUM WHTETpaIbHOE ypaBHeHne Operoabpma
IepBOro PoJia

lmax

/ R(z,8)P(s)ds = (), ¢ <z < d, (6)

AP

rae A — oneparop @pearonabma,

~

K(xk,s):(Kl(xk,s) Kg(xk,s)>, P(s)

Il
7 N\
P
—~—
®» ®
SN—
~

f(xx) = px — A — Ok, wx € [c,d].

Iycrs sapo K (2, s) unrerpanbHoOro ypasHenus (6) HENPEPHIBHO U 3aMKHYTO B
II = [O,ll] X [0,12] X [C, d], a f((E) S LQ[C7 d], Pj(s) € WQI[O,ZJ], 7 =1,2.

Tounsre 3nauenust GyHKIMN f(x) HEN3BECTHBI, HO N3BECTHBI €€ MTPUOIIIIKEH-
HbIE 3HAYCHUS f(x) Takue, 4ro ||f — ﬂ |Ls[e.d) < 0. 3a/ada pemrenns HHTer pab-
Horo ypasuenust @perosibma 1epBoro poza (6) siBiasercs HEKOPPEKTHO [OCTAB-
nerHoi. Beegem B paccmorpenne criaxkupatonuit ¢pynkmuonan Tuxonosa

®a [P, f] = [|[AP = flI2,(cq + @QIP]. (7)
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Duemenr P, umercs uz ycsaosus, 410 dynkuuonas (7) mocruraer MUHU-
MasbHOro 3Hauvenns. CucreMa ypaBHEHWM, OMPEIEISIONAs SKCTPEMAIn (PyHK-
monana @, [P, f], umeer Bug,

linax

alpf(6) = ) ]+ [ [Rur(s, )05 (5) + Ban (5,005 (5) | ds = i (1)

0
alpsa(t) — a(ps +?metmm+mm@ﬁ@Pwﬂw)
31ech
lmax lmax d
/ [Rmn(s t)po (s)ds = p%(s)ds{ Ko (x,8)Kp(x t)da:}d
0 0 ’

m,n=1,2,t € [a,b], ¢ >0, @« — napamerp peryjspu3aiuu.

[IpoBeieHHbIE MHOTOYUCIIEHHBIE BBIYUACIUTEbHBIE IKCIIEPUMEHTHI IO BOC-
CTAHOBJIEHUIO 3HAYEHUH QyHKIUT pj(s) B y3JaX JUCKPETH3AIUA B OOpATHOM
CIIeKTpaIbHOM 3a1aue (2), (3), moKa3ajn BHICOKYIO BLIUUCIATENLHYIO d(bheK-
TUBHOCTH Pa3pabOTaHHOI METOINKH.
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®PEJATIOJIbBMOBOCTbB JINMHENHBIX YPABHEHUI C
YACTHBIMU NHTETPAJIAMU B L”

A.C. KanurBux
kalitvinas@mail.ru

VIK 517.968

Baxneiimue cBOiiCTBa TMHEUHBIX HHTEIPDAJILHBIX YPABHEHHI CBI3aHBI C UX
dpenrosbsmoBocThio. JInHeiiHbIe ypABHEHHS BTOPOI0 POJA C YACTHBIMYU WH-
TerpaJiaMu He AB/IAI0TCH (PPeAro/ibMOBBIMU J1a2Ke B 00IIeM CJrydae Helpe-
PBIBHBIX sfep. B cBsi3u ¢ aTuM m3ydaercss GpearoabMOBOCTD JIMHEHHBIX
UHTerpa/IbHBIX yPaBHEHHI C YaCTHBIMU HHTeErPajaMé B IIPOCTPAHCTBaX
JleGera LP.

Karwesoe caosa: onepaTopsbl W ypaBHEHUA € YaCTHBIMH HHTeTpAJIaMH,
G perosibMOBOCTb, 0OPATUMOCTD

The Fredholm property of linear equations with partial
integrals in L?

The most important properties of linear integral equations are related
to their Fredholm property. Linear equations of the second kind with
partial integrals are not Fredholm even in the general case of continuous
kernels. In this connection, we study the Fredholm property of linear
integral equations with partial integrals in Lebesgue spaces LP.
Keywords: operators and equations with partial integrals, Fredholm prop-
erty, invertibility

K nwme#HbIM ypaBHEHUAM C YACTHBIMHA WHTErPATAMH NPHBOIATCH 33J1a9H
MEXaHUKH CILIONIHBIX CPEJI, TEOPHU yUpyrux 000s104eK, nuddepeHnuanbHbIX 1
unTEerpo - nuddepeHmantbHbIX yPABHEHUH ¢ YACTHBIMU IPOU3BO/JHBIME U JPY-
rve TpoOIeMbI, TIPUYEM PENICHUST YPABHEHWI TOHUMAIOTCA B PA3IMIHBIX CMBIC-
Jax. 9TO NMPUBOIAT K HEOOXOAMMOCTH M3y9eHUs yPABHEHUI B MPOCTPAHCTBAX,
KOTOPBIE BBIOMPAIOTCA B 3aBUCUMOCTH OT CMBICTA MOHAMAEMBIX B YPABHEHHSIX
perenwuii [1-4].

B [5] ycaoeust (kpurepun) dbperosbMOBOCTH MOy YEHBI [IJIsT HHTErPATHHBIX
yPaBHEHWH C 9aCTHBIMYA MHTErPAJIAMHE | AIPAMU U3 TPOCTPAHCTBA HEMPEPHIBHBIX
BeKTOpP-PYHKIHUI €O 3HaMeHnAME B L', 0THAKO IIPH 9THX YCIOBHAX COOTBETCTBY-
TOIIHE OIIEPATOPDI, BOOOIIE TOBOPsI, He AeficTBYIOT B mpocTrpancTse LP. IToaTomy
B pabore usy4daerca GppearoJbMOBOCTh JIMHEHHBIX MHTErPAJbHBIX YPABHEHUH C
YACTHBIMU WHTErPAJAMU B MPOCTpAaHCTBAxX Jlebera LP.

Iycrs [a,b] u [¢,d] — Koneunse orpesky, t € [a,b], s € [¢,d], D = [a,b] x
[e, d], bynxumu l(t, s, T), m(t, s, o), n(t, s, 7,0) m3mepumbr va D X [a, b], D X [, d],
D X D coOTBETCTBEHHO.

Kanmureun Anatonuit CemenoBud, ma.d.-M.H., mpodeccop, JITIIY umenu I1.I1. Cemenosa-
Tar-ITanckoro (JIunenk, Poccms); Anatolij Kalitvin (Lipetsk State Pedagogical P. Semenov-
Tyan-Shansky University, Lipetsk, Russia)
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B upocrpancree LP(D) (1 < p < 00) usyuaercs GppeirosibMOBOCTb JUHER-
HBIX MHTETPATLHBIX YPABHEHUIT BTOPOTO POIA C YACTHBIMA WHTETPATIAMU

d b

(ts):/bl(tsr) (7$)d7’+/ (t,s,0)x tach—//dntsra (1,0)drdo+

c

+f(t, ). (1)

—! = 1. Byzmem mpeJmosarath, 9To

Iycts p~1 4+ ¢

b d b d
/\l(t,5,7)|qd7gi,/\m(t,s,a)|qd0§]\~4//|n(t,s,7',a)|qd7'do<N, (2)

u auis joboro € > 0 Hadigercs Takoe § > 0, 9ro mpw [t; — ta] < 4, |1 — s2| < &

b

d
/|l(t1751,r) — (o, s2,7)|%dr < e,/|m(t1,81,a) —m(ta, s2,0)|%do < e, (3)

a

b d
// In(t1,s1,7,0) — n(te, s2,7,0)|%drdo < e. (4)

[Ipn cremaHHBIX TPEANOIOKEHNAX JUHEHHBIE OTIEPATOPHI

b d
(Lz)(t,s) = /l(t7S,T)£E(T7S)dT7 (Mz)(t,s) = /m(ts,a)x(t, o)do,

b d
://ntSTJ (1,0)drdo

JeficTBytor u HenpepoBHbL B LP (D) (1 < p < 00) u 8 C(D) [3], oneparop

b
= /l(t,S,T)x(T)dT (c<s<ad),

BITOJTHE HETIPEPBIBEH Kak orepartop, aeficreytommii n3 LP([a, b]) B mpocTpancTBO
C(Ja, b]) HempepHIBHBIX HA OTpe3Ke [a, b] dbyHKIMIi, omepaTop

(M /mtsa o)do (a <t <b)

BIIOJTHE HETIPEpPBIBEH Kak oreparop, aeficreytommii n3 LP([c, d]) B mpocTpancTBO
C([c,d]) menpepbiBHBIX Ha OTpe3Ke [c,d] dyukumii [6]. IIpu 3TOM OmEpaTOp-
dynkuun L(s) u M (t) HenpepbIBHBI 110 HOPME OIEPATOPOB, JACHCTBYIOIIUX U3
L?([a,b]) u L?([c,d]) B mpocrpanctsa C([a,b]) u C([c,d]) coorBercreenHo [3, 4].
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B nasnbheiimem jinneiinoe ypapaenue £ = Ax+ f Oyzaem Ha3bIBaTh Ppearosib-
MOBBIM B PACCMaTPUBAEMOM DaHAXOBOM (DYHKIIMOHAJIHHOM MPOCTPAHCTBE, €CIIN
JINHEWHBIH 0TIepaTop A OrpaHWYeH B 3TOM MPOCTPAHCTBE, a omeparop I — A, roe
I — eMHUYHBIN OMEPATOD, UMEET 3AMKHYTOE MHOYKECTBO 3HAYEHUN, KOHEIHBIE
Pa3MepHOCTH SAPa U KOsiIPA COOTBETCTBEHHO W PABHBIM HYJIIO WHIEKC.

Crenyronuii npuMep NOKA3bIBAELT, YTO JIazKe B MPOCTEHINEM CIrydae JuHek-
HOE MHTEIDAJIbHOE yPABHEHUE BTOPOI'O POJA C IVIAAKUMU $A/IPAMU HE SABJIAETCSH
dpearonsmoseim HE B C(D) nun B LP(D) (1 < p < 00).

IIpume 1. Odnopodhnoe unmezpasvroe YpasHeHue 8mopozo Pooa ¢ 4acmHbl-
MU UHMELPANAMU

x(t,s) = /1:16(7, s)dTJr/lm(t,a)da (5)
0 0

He asasemcs gpedzoromosvim nu 6 npocmpancmee C(D) u nu 8 npocmpancmee
LP(D) (1 < p < ), 2de D =[0,1] x [0,1].

HeiicrBurensho, dyukius () = 1 asagercs cobcrBeHHON DyHKIMENH KOM-
naktHoro B C([0,1]) m B LP([0,1]) (1 < p < 00) HHTErPAILHOIO ONEPATOPA

(La)(t) = / (r)dr,

coOTBeTCTBYIOMmEil coberserHoMy [ncy 1, a ampo ker(L) sToro onepaTopa 6ec-
koregHOMepHO. Torma GeckoHeIHOMEPHO siapo omeparopa I — K, comeprkaliee

muOkecTBO 1 ® ker(L), ciaenosaresnbro, ypapuenue (5) He spisgercs (bpearosb-
MOBBIM.

Teopema 1. Ecau gynruyuu [, m,n ydosiemsoparom ycaosuam (2)—(4), mo
6 LP(D) ¢pedeorvmosocmo ypasnenut (I — L)x = f u (I — M)z = f paeno-
cuavha uxr obpamumocmu u obpamumocmu 6 LP([a,b]) u 6 LP([c,d]) ypasnenud
(I —L(s))z(t) = f(t) (s €[e,d]) u (I —M(t)xz(s) = f(s) (t € [a,b]) coomeem-
cmeenno, a gpedzoavmosocms 6 LP(D) ypasnenus (1) pasnocuavna obpamu-
mocmu 6 LP([a,b]) u 6 LP([c,d]) ypasnenut (I — L(s))x(t) = f(t) (s € [¢,d]) u
(I = M(t))x(s) = f(s) (t € [a,b]).
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O CIIEKTPAJIBHOM PAJINYCE OIIEPATOPOB BOJIBTEPPA
C MHOTOMEPHBIMM YACTHBIMU NMHTET'PAJIAMMNA
B.A. KanurBun
kalitvin@mail.Tu

YK 517.968

PaccmarpuBaercs ompenenenre TuHEHHBIX orrepaTopos Bombreppa ¢ MHO-
TOMEPHBIMU JaCTHBIMU HHTEerpassamu. [Ipusoggrcsa ycmoBus obpalienus B
HYyJIb CIIEKTPAJIHHOTO PAINyCa ITUX ONEPATOPOB B IPOCTPAHCTBE HEIIpe-
poeiBHBIX GyHKIMA u B mpocrpancrBax LP.

Karoweswoie caosa: omeparopsl Bosbreppa € YaCTHBIMEM WHTErpAJIAMU,
CIIEKTPAJIbHBIH pauyc, CBORCTBO AHJIO

On spectral radius of Volterra operators with multidimensional
partial integrals

The definition of Volterra linear operators with multidimensional partial
integrals is considered. The conditions for the vanishing of the spectral
radius of these operators in the space of continuous functions and in the
spaces LP are given.

Keywords: Volterra operators with partial integrals, spectral radius, Ando
property

[Tycts T n S — KOMIIAKTHBIE MHOKECTBA, TIOJIOKUTEIHHON J1e0erOBOi MephI
B KOHEYHOMEpPHbIX npocrpancrsax, D = T x S, C(D) — upocrpancTBO Hempe-
peiBHBIX (byuknuit na D, L, M, N, K— oneparopsl

(Lx)(t,s) = /l(t,s,T)x(T,s)dT, (Mz)(t,s) = /m(t,s,cr):c(t, o)do,
S

T

(Nz)(t,s) = // n(t,s,7,0)x(r,0)drdo, K =L+ M + N,
D

rae [, m,n — 3auandbie u3mepumble Ha D X T, D x S, D X D neiicrBuTe/ibHbIE
GYHKIUT COOTBETCTBEHHO.

@yukiuu [, m,n HazoBeM sigpamu Bosbreppa, eciu B T' u S 3a7aHbl cemeii-
crBa 3amxuyTbix muoxects {T'(t) : t € T} u {S(s) : s € S}, upuuem t € T(¢),
s € S(s),mpu t € T(t) T(t) C T(t), mpm 5 € S(s) S(5) C S(s) w BHMOTHEHBI
CIenyIOmue CBOCTBA:

a) mas Kaxkgoro 0 > 0 cymecrByior KoHednble MHOxecrBa 1(0) =
{t1,--- ,tp}, S(6) = {s1, -+ ,84} makume, uro mes(T(t;—1)AT(t;)) < ¢ (i =
Lo p), T(0) = 0, U, T(t) = T mes(S(s; 1)AS(5,)) < 6 (G = 1+ a),
S(0) = 0, Uj_,S(sj) = S, rie A o6o3nauaeT CUMMETPHYECKYIO PA3HOCTh MHO-
JKECTB;

Kanmureun Braagumup AHaTonabeBud, K.(p.-M.H., gouent, JILITY umenn II.II. Cemenosa-
Tan-ITarckoro (JIumenk, Poccus); Vladimir Kalitvin (Lipetsk State Pedagogical P. Semenov-
Tyan-Shansky University, Lipetsk, Russia)
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6) l(t,s,7) =0 nupu 7 ¢ T(t), m(t,s,0) = 0 upu o ¢ S(s), n(t,s,7,0) =0
npu 7 ¢ T(t) nam o ¢ S(s).

ITpumepst sigep Boawreppa npusenenst B [1].

Yepes r(K),r(L),r(M),r(N) 0bo3HAYINM CIEKTPATbHBIE PAIIYCHI OIIEPATO-
poB K, L, M, N.

Teopema 1. Ecau onepamopw. L, M, N c¢ ozpanuvennvimu sdpamu Boav-
meppa deticmsyiom 6 C(D), mo r(K) =r(L) =r(M) =r(N)=0.

[Mycrs C(L'(Q)) — npocrpancrtso HempepbiBHbIX 10 (t,8) € D BekTOp-
byuxuuit co snadenuavu 5 L1 (Q) u

n(t,s, 7,0) = n(t,s, 7,0)xr@)(T),n(t,s,7,0) = n(t,s, 7,0)xs(s)(0),
l(tv 5, T) = (t’ S5, 7—)XT(t) (T)a m(t’ 5, U) = ’ﬁl(t, S, U)XS(S) (U)z (1)
r7ie "epe3 X7(:)(T) 1 Xg(s)(0) 0003HaUeHBI XapaKTepucTHIecKue (hyHKIMIT MHO-
kectB T'(t) u S(s) coorBeTcTBEHHO.

Teopema 2. Ecaul(t,s,7) € C(LY(T)), m(t,s, o) € C(L'(S)), n(t,s,7,0) €
C(LY(D)), L, M,N — onepamopui ¢ adpamu Bosvmeppa (1) u K = L+ M+ N,
mo 6 C(D) r(K)=r(L)=r(M)=r(N)=0.

IIycrb uw = mes Ty +mes S1,rne Ty C T u S1 C S —u3MepuMble MHOXKECTBA,
n 0(A) = limy || Pp, APp, ||, nne oneparop A € {K, L, M, N}, Pp, — oneparop
YMHOXKEHHUST Ha XapaKTePUCTHIECKYI0 QYHKIMIO X p, MHOKecTBa D1 = T X S,
a HopMma omneparopa Pp, APp, paccMaTpuBaeTcs Kak HOpMa 3TOTO OIEPATOPA,
nedicreytomero 8 LP(D) (1 < p < o0). Ecain §(A) = 0, To roBopsr, 4ro oneparop
A obnanaer csoiictsom AHTO.

CroiictBo AHJ0 BBINOJIHEHO 1 oneparopa K, ecju OHO BBITOJHEHO st
oneparopos L, M, N. Yepes |K[,]L[,]M[,] N[ o603Haunm orneparops! ¢ siipamu
], |m], |n|. Ecin Mepsr Ha MHOXKecTBax T 1 S HE COAEPIKAT ATOMBI, TO IEHCTBY-
rowii B LP(D) (1 < p < o0) oneparop |K| obsagaer ceoiictBoM AHIO TOYHO
Torzaa, Korga csoiicrsom Anno obaamator oneparopst |L[,|M], | N[, upuuem u3
cBoiicTBa AHJIO /11 3THX OIIEPATOPOB BBITEKAET CBOWCTBO AHJIO /st OlEpaTo-
pos K, L, M, N. Eciu snpa neiicreyromux B LP(D) (1 < p < 00) oneparopos
L, M, N orpanudenst, To oneparopst | K[, |L[,|M[,] N[ obaamator coiicrBom AH-
J10. JIpyrue ycnoBusi, U3 KOTOPBIX CJIEIyeT CBOMCTBO AHJO, MPUBEIEHBI B [2].

Tak xak r(A) < 0(A) [2], To paBeHCTBO HYJIIO CIIEKTPAJILHOIO DPAAUyCa
orieparopos Boubreppa ¢ uacrabiMu uHrerpasamu B npocrpascrsax LP(D)
(1 < p < 00) BBITEKAET U3 CBOHCTBA AHJIO J7Is 3TUX ONEPATOPOB.

Teopema 3. Ecau onepamop Boavmeppa A € {K,L, M, N} deticmeyem &
LP(D) (1 < p < ) u obaadaem ceoticmeom Ando, mo r(A) = 0.

B 3akjiouenune oTMETHM, YTO K JIMHEHHBIM ypaBHeHUsM BoabTeppa ¢ 9act-
HBIMF WHTErpajaMy TPUBOISITCA 33a9Ud TEOPUHU yIPYrux 000J09eK, mudde-
PEHIUANBHLIX ¥ HHTErpo-aud pepeHnnaabHbIX YPABHEHAN ¢ YaCTHBIMU [POM3-
BoAHbIMU [2—4]. YciioBust paBeHCTBa HYJIIO CHEKTPAJIBHOIO PAJMyCa OLEPATOPOB
Bouibreppa ¢ 0JHOMEPHBIMU YAaCTHBIMM MHTErDajiaMu lpuseiensl B [1, 2, 5], a
orneparopoB BosbTeppa ¢ MHOTOMEPHBIMH YACTHBIMH MHTerpagamMn — B [1].
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PaccmarpuBaeTcs MHTErpaJbHBIN OTTepaTop BOJLTEPPOBOTO BHAA. [lomy-
“eHbl KPUTEPUN er0 OrPAHUYEHHOCTH U3 BeCOBOTO mpocrparcTsa Cobose-
Ba B BeCOBOe TIPOCTPAHCTBO Jlebera. IIpu sTom mpeamonraraercs, 9To Sapo
OTIepaTOpa HEOTPUIATETHLHOE M YIOBJIETBOPSIET YCIOBHUIO Qrn,n = 0.

Karowesoie caosa: BecoBoe IpOCTpaHCTBO Jlebera, BecoBoe IIPOCTPAHCTBO
CoboieBa, HHTErPAIBHBIN OIIEPATOD, O PAHUYEHHOCTH

Boundedness of one class of integral operators from a weighted
Sobolev space into a weighted Lebesgue space

A Volterra type integral operator is considered. Criteria of its bound-
edness from a weighted Sobolev space to a weighted Lebesgue space are
obtained. In addition, it is assumed that the kernel of the operator is
nonnegative and satisfies the condition Q,,n > 0.

Keywords: weighted Lebesgue space, weighted Sobolev space, integral op-
erator, boundedness
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IMycrs I = (a,b), —00 < a < b < oo0. Ilyers 1 < p,q < o0, %—i—i = 1.
Hyc;n; U, ;U M W HEOTPUIATETHHbIE HA I dyuknun rakwue, aro vP, pP, wP u”,
p~ P, w™? j0KATBLHO CyMMUpYyeMBI Ha [.

O60o3nammM wepe3 Wl (u, v) = Wl(u,v, ) mpocTpancTBO BCeX JTOKATBHO a6-

P b P b b)
COJIFOTHO HEMPEPBIBHBIX HA | DYHKIWIA, 1JIsT KOTOPHIX KOHEYHO HOPMA,

Ifllwz = llpf llp + lvfllp,

rae || - ||, - oberanas mHopma mpocrpamcTsa Ly (I).

o

Yepes ﬁfl}(p, v) = Wy(p,v,I) 0603HAUMM 3aMBIKaHHE MHOXKECTBA AOC(I) N
W, (p,v) no nopme npocrpancrsa W, (p,v).

Iycts L, , = L,(v,I) mpocTpaHcTBO BCeX M3MepHMBIX Ha | byHKImil ¢
xoneanot nopuott |0 = [0 f]l

PaccMOTpUM OrpaHWYEHHOCTHh WHTETPATBHOTO OMEPaTOPa

Kt f(z) = /K(m,s)f(s)ds, xel, (1)

o
us W)(p,v) B Lg (w, ), r.e. BblIOHEHNE HEDABEHCTBA

[kt £llg < CUlof Ip + 10F 1), | € Wiio,v). (2)

Teopema 1. ITycmov 1 < p < g < 00 u adpo onepamopa (1) npunadaescum
xaaccy O, (), n = 0. Tozda das onepamopa (1) nepasencmso (2) evinosnero
mozda u Mmoavko mozda, Ko20a max{Fi"’,Gj'} < 00 zoms 6v. npu 0dHOT nape
(4,7), 1,7 =1,2; npu amom das nauaywwets nocmosnnot C > 0 6 (2) umeem
mecmo coomnowenue C ~ max{Ff,G;r}, i,j = 1,2. 3decv F;" = sup F;"(z),

zel
G =)
N
b (2) b [ @) “ A
Fif(z) = PP (z) K(t,s)ds | wit)dt| dz| |
a z \y ()
b b @) [ et v v
By (2) = / W1(8) K(ts)ds | p? @)z | dt]| |
z a ¢ (z)
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a_
p P
z wt(y) t

G (2)= sup /wq(t) / / K(t,s)ds | p7 P (z)dz dat |
yeA] (2) - K
L= (2) \e~(x)

A (2) = [¢7 (1™ (2)), 2]-
Onpenenernue byakmun ©*, u* u mroxecrsa O, () Moxuo HaiiTn B [1].
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N3MEHEHUE KOHEYHOI YACTU CIIEKTPA OIIEPATOPA
JIAIIJIACA 3A CYET JAEJIbTA-OBPA3HBIX BO3MVYIIIEHUN

B.E. Kanuryxwun
kanbalta@mail.ru

YIK 517.9, 517.43

C moMomipio AenbTa-00pa3HbIX BO3MYIIEHM B paboTe yIaeTcs M3MEHUTh
HAYAJIbHYI0 KOHEYHYIO JacTh CHeKTpa omeparopa Jlammaca. B mammoit pa-
60Te MOKa3aHO, YTO BO3MYIIEHNE C TOYEIHBIM HOCUTEIEM MOYKHO BHIOPATH
TakK, 9TOOBI M3MEHUIOCH TOJHKO KOHEYHOE 9HCJI0 COOCTBEHHBIX 3HAYEHWI
HMCXOJHOrO OIIEPATOPA

Karuesoe caosa: oneparop Jlamwraca, 3agaga Jupuxiie, MakCAMaIbHBIHI
orepaTop, JeIbTa-00pa3Hoe BO3MYIEHNE, Pe30JIbBEHTA, CIIEKTD OIepaTo-

pa

Change of the finite part of the spectrum of the Laplace
operator due to delta-shaped perturbations

Using delta-shaped perturbations in the work it is possible to change the
initial final part of the spectrum of the original operator. This paper
shows that a point-supported perturbation can be chosen so that only a
finite number of eigenvalues of the original operator changed.

Keywords: Laplace operator, Dirichlet problem, maximal operator, delta-
shaped perturbation, resolvent, spectrum of the operator

PaboTa BBIMOJIHEHA NPHM YACTHIHON MOLAEPIXKKE TPAHTOBOrO (PUHAHCHPOBAHUSA HAYIHO-
TEXHHIECKUX IPOTpaMM u npoekToB Komurerom naykn MOH Pecy6iuku Kasaxcran (mpoekt
Ne AP05131292).

Kanryxun Banrabexk EcmaroBud, A.¢.-M.H., npodeccop, KazHY uwm. anp-Papabu, Un-
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Kanguzhin (al-Farabi Kazakh National University, Institute of Mathematics and Mathematical
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B 1986 roay B.A. Cagosuuunii u B.A. Jlrobuikun [1] uccienosasu noseue-
HHUE PE30JHBEHT KOHEUHOMEPHOTO BO3MYIICHUS TUCKPETHBIX OTIEPATOPOB B 3aBU-
CUMOCTH OT YCJIOBHil HajlaraeMbIX Ha BO3MYINeHus. [Ipu 3TOM MX KOHETHOMED-
HbIE BO3MYIIEHUS TIO3BOJISIOT JIN0O OCJIA0/IATH, JINOO TOJydaTh HOBbIE YCJIOBUSI,
HaJlaraeMble Ha BO3MYIIEHWsS. B maHHON pabore B OT/MYue OT yKa3aHHON pa-
6orbl B.A. Camosaudaero u B.A. Jliobuikuaa, KOHEIHOMEPHOMY BO3MYIIEHUIO
[IOBEPraeTCsl HE MCXOIHDBIA JUCKPETHBIN OIepaTop, a OOpAaTHBI K HEMY OIe-
parop. ITocaeanee 06CTOATENHCTBO TIO3BOJISIET HHTEPTIPETUPOBATH TAKUE BO3MY-
IIeHUsI, KaK JIeIbTO00pa3Hble BO3MYIIEHUsT UCXOMHOTO ormeparopa. C moMOIIbIo
JIETBTa-00pA3HbIX BO3MYIIEHUH B paboTe yIaeTcs M3MEHUTh HAYATbHYT0 KOHEeY-
HYTO 9aCTh CIEKTPa UCXOAHOTO oneparopa. [1ogobHbIe pe3yIbTaThl IO BO3MYIIE-
HUIO KOHEeYHOI dactu crekrpa omneparopa lrypma-JIuysusis ucciegoBanbl B
paborax H. Hochstadt.

Ilycrs d— marypanbhoe umciio. B mpocrpamcrse R? Bo3bMeM OTHOCBA3HYIO
obuiacts € ¢ razkoii rpanuneit 9. Ilycrs go € L1 (). 3anuimem HeoqHOPOAHOE
ypaBHEHUE

—Au(x) + qo(z)u(z) = f(z), x € (1)

¢ ycaoBusmu Jwpuxie
u‘ag =0. (2)

Ouneparop coorsercrByoieil 3azade dupuxie (1)-(2) B npocrpancrse Lo(Q)
obozuaunm gepe3 By. Cauraem, 94T0 MOTEHIIUAI Gy BBIOPAH TAK, 9TO CYIIECTBYET

By f(x) = A G(a,t)f(t)dt. 3)

flapo unTerpasbHOro oneparopa (3) HasbiBaercs dynkimeit I'puna Kpaesoii 3a-
maan Jdupuxne (1)-(2). Korma go(x) = gqo(x) oueparop By = B} u mosromy
obJ1aaeT Caeay oM CBOMCTBAMMT:

1) G(z,t) = G(t,x), xz,t€Q;

2) CyrecrByer GECKOHEYHOE YUCJIO BEIIECTBEHHBIX COOCTBEHHDBIX 3HAUEHUIT

M1 S P2 S P3 S -

3) Cucrema cobersenubix byukunit {wy,(z)}oo,—1 oneparopa By obpa3syer
OPTOrOHAJBHBIH 6a3uc mpocTpaHcTBa Lo ().

B nannoii pabore noreHuman ¢o(x) 3aMeHuM Ha ApYyroil morennuan g(x) =
¢o(z) +p(z) u coorBercTByIOmMUit oneparop 0bo3HaunuM depe3 B,. OcHoBHOI pe-
3ymbrar paboTsl - cymectyior dymrkmmit p(z) ¢ supp(p) = 2°, tae 20 € intQ,
JlJ1g KOTOPBIX cOOCTBEeHHbIe 3Ha4YeHud oneparopos By u B, cosnanaror. 3secrt-
HO, uto mpu d = 1, Q = (0, 1) cmekTp oneparopa By He U3MEHSETCs TPH 3aMeHe
norennuana ¢(z) Ha ¢(1 — x). B ommume or yka3aHHOrO Cjiydasi, B HACTOS-
mieit pabore Bo3Myuienue p(r) MMeeT TOYEUHBIH HOCUTENb. 3ECh COXPAHEHUE
crekTpa omneparopa By BBINOJHAETCS HE 338 CYET CUMMETPHUH, & 3a CUET JPYTUX
MEeXaHU3MOB. Y TBEDK/EHUS O COXPaHEeHUU COOCTBEHHBIX 3HAadeHwuit upu d = 1
B CJlyuae MHOTOTOYEYHBIX 3a/a4 MOYKHO HafiTh B pabore [2]. B paborax [3-5]
HCCIIEIYeTCST BO3MOYKHOCTh KOHEYHOMEPHOTO BO3MYIINEHHsI CIIEKTPA OTIEPATOPA.
B nannoii pabore mOKa3aHO, YTO BO3MYIIEHNUE P(I) C TOUYECUHBIM BO3MYIIEHUEM
MOKHO BBIOPATH TaK, YTOOBI M3MEHHIOCH TOJBKO KOHEYHOE IHCI0 COOCTBEHHBIX
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3uavenuii oneparopa By. B ykazanubix paborax [3-5] paccMarpuBasuch TOJIb-
KO PeryJsipHbIe BO3MYIIEHNS MoTeHnana. B mpemjiaraeMom ciiydae BO3MYIIEHNE
p(z) mpencrasisier genbra-obpasHyio dyukimo. B 80-e roxsr Ha cemmnHape B.A.
Canosunuero pesyibrarsl H. Hochstadt ycuienno obcyzkianucek ¢ TeM, 4TOObI
MEPEHECTH €Tr0 Pe3yJIbTaThl Ha CIIydail OMHOMEPHBIX audepeHIuaATbHBIX Ole-
PATOPOB € HEpACHAJAIOIMIUMUCH MPAHUIHBIMU yciaoBusiMu. [lpesjcraBiennbie B
HACTOsAIIEH pabore Pe3ysIbTarbl MOXKHO MHTEPIPETUPOBATH KAK IIEPEHOC HEKO-
Topbix pe3yabraroB H. Hochstadt wa omeparops! ¢ ycjaoBusiMu BO BHYTpPEHHENH
touke. [IpeacraBientnie B paboTe pe3yabTaThl CIpaBe IuBhI mpu Bcex d > 1. B
TO Ke BpeMs paboThl [3-5] nocesmensl cayydaio d = 1.
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ACUMIITOTUKA PEIIEHUN JINHENHBIX
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Jlokiia nocBsimer crocody HaXO0XK/EHUs IJIABHOIO HJIEHA aCUMIITOTHKU
pemieHnii HeKOTOPHIX JIMHEHHBIX (¢ epeHImaJ bHbIX yPaBHEHUH, KOTIa
He3aBUCHUMas IepeMeHHast & OEeCKOHEYHO OoJIbllasi, T.e. IIPU T —> —+00.
IIpu srom mpemmosiaraercs, 910 KO3 @UIMEHTH! HCXOJHOTO yPABHEHUS
SIBJISIOTCS CYMMaMHU HEKOTOPBIX YKCEJI W MTPOU3BOJHBIX MTEPBOrO MOPSIKA
B CMBICJIE TEOPUM PACIPEEIEHUN OT HEKOTOPBIX (DYHKIMIA, yOBIBAIOIIUX
Ha OECKOHEYHOCTH B MHTEIDAIBLHOM CMBICJIE.

Karuesoie caosa: muddepenmaabHble ypaBHeHUS ¢ KO3 purpeHTamMmm —
pacrpeiesieHusiMU, KBA3UIIPOU3BOAHBIE, ACUMIITOTUKA pemenuit mudde-
PEHLMAJIbHBIX YPABHEHU
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Asymptotics of solutions to linear differential equations with
distribution coefficients

The report is devoted to the method of finding the principal term of the
asymptotics of solutions to some linear differential equations, when the
independent variable x is infinitely large, that is, with x — 4o00. In this
case, it is assumed that the coefficients of the original equation are sums
of some numbers and first-order derivatives in the sense of the theory
of distributions of certain functions decreasing at infinity in the integral
sense.

Keywords: differential equations with distribution coefficients, quasi-
derivatives, asymptotics of solutions to differential equations

IIycts aq,a2,...,a, © A — KOMILIEKCHBIE THUCTA, D1, P2, - - -, Pn — KOMILIEKC-
HO3HAUHbIe n3MepnMble Ha Ry (:= [0, +00)) dyHKIMNK, Takne, 4T0

prl+ (L4 Ip2 = p1]) > Ipjl € Lie(Ry).

=2
B nokiaze Oyzer mpe/cTaBieHa KOHCTPYKITHs, TO3BOJISIIONIAs TPU BBIMOJIHE-

HUU 3TOTO YCJIOBUS OMPEAETINTH, B KAKOM CMBICTIE CTIeyeT IIOHNMATh YPaBHEHUTE
BHIA

y™ + (a1 + pr(@)y" Y + (a2 + ph(@)y" P + .+ (an + 1), (2))y = My,

TJIe BCe TTPOU3BOIHBIE TIOHUMAIOTCA B CMBIC/IE TEOPUH pactpeienennii. Vcmomnb-
3yd 3Ty KOHCTPYKIIMIO, YCTAHOBJIEHO, YTO IJIABHBIM Y/eH ACUMITOTUKH IPH
T — 400 OyHTAMEHTAIHHON CUCTEMbI DEIIEHHI 3TOr0 YPABHEHUS W WX [POU3-
BOJIHBIX OIIpe/leIfdeTCsd, KaK U B KJIaCCUYeCKOM C/Iydae, 110 KOPHAM MHOI'O4YJIEeHa

Q2) =2"+a12" Pt a2+ Fan — A

ecan (PYHKIUA P1, P2, ..., Pn YAOBIETBOPSAIOT OMPEIETEHHBIM YCIOBUSIM HHTE-
rpaIbHOrO yOBIBAHUS HA OECKOHEYHOCTH.
B nokname Gosee mompobHO Oymer paccMarpeH caydai, KOrja ap = Gy =
.= a, = A = 0, a umenno, OyIeT W3JIOKEHO IOKA3ATEJHCTBO CJIEAYIOIIEH
TEOPEMBI:

Teopema 1. Paccmompum ypasnerue
y™ +pi(@)y" Y 4 ph(2)y P+ (2)y = 0.

Iycmov pynryuu p1, P2, - - . , Pn MAKUE, 4NO

n

pil+ (L+2lp2 — p1]) Y27 |p;| € L' (Ry).
=2

Tozda smo ypasnenue umeem dyrdamenmanvryro cucmemy pewenud {y;},
7i=1,2,...n, maxyr, 4mo npu r — +00 CNPABEJAUBD, PABEHCNEE
ijlfs
————(14o0(1)), ecmum s=0,1,...,57—1,
y][-s](x) =40 —1-59)
2715 0(1), ecmm s=75,7+1,...,n—1.
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O BA3BVICHOCTU CUCTEMBI KOPHEBHIX ®YHKIIUN
3AJIAYN C HAKJIOHHOM IIPOU3BO/IHOM
JJId OIIEPATOPA JIAILJIACA
A.B. Kocrun, B. B. IIlepcTiokoB
abkostin@yandex.ru, shervb73@gmail.com

YIK 517.584, 517.518.34, 517.956.227

Uccnenyercsa crekTpasbHasd 3aja49a ¢ HAKJIOHHONW TPOU3BOAHON s Ore-
paropa Jlamraca B kpyre D. YCTaHOB/IEHBI aCHUMITOTHYIECKHE CBOMCTBA
COOCTBEHHBIX 3HAYEHMI M JOKA3aHO CBOMCTBO 0A3MCHOCTH CO CKOOKaMN
B L2(D) cucrembr KOpHEBBIX (DYHKITHIT OTMEYEHHON 3a1a90.

Karowesoie caoea: 3aa4a ¢ HAKJIOHHON IIpON3BOAHOM, oneparop Jlammaca,
coOCTBeHHBbIE 3HAYEHNsI, KOPHeBble (pyukmu, 6a3uc Pucca, 6a3uc co ckob-
KaMu

The basis property of the root system functions of oblique
derivative problem for the Laplace operator

We investigate a spectral problem with an oblique derivative for the
Laplace operator in a disc D. The asymptotic properties of the eigen-
values and the basis property with brackets in La(D) of the system of root
functions are established.

Keywords: oblique derivative problem, Laplace operator, eigenvalues, root
functions, Riesz basis, basis with brackets

CBOIiCTBO TIOTHOTHI CHCTEMBI KOPHEBBIX (DYHKITWI SJIIUTITAYECKAX OMEPaTO-
POB C YCJIOBHEM DaBEHCTBA, HYJII0 HAKJIOHHON IIPOU3BO/IHON HA IpaHule 0b1acTu
uzy4asoch B [1, 2]. Bonpoc 0 6a3ucHOCTH TAKMX CUCTEM JOJINOE BPEMS OCTABAJII-
cst OTKPbIThIM. B 1994 roay Bbiiia crarbs [3], rue ObLIO JOKA3aHO OTCYTCTBHE
cpoiicrsa 6azucHoctu B Ly (D) (mpu jiiobom 1 < p < 00) y cucreMbl COOCTBEHHBIX
U TIPUCOEIMHEHHBIX (DYHKIMH 3812491 C HAKJIOHHOW TIPOU3BOIHON JIJIsl OIIEPATOPa,
Jlamiaca B kpyre D. PazpuBasi pe3ysbrarsl [3], MBI MOKa3bIBAEM, YTO CHCTEMA,
KOpHeBbIX (yHKIMIA 3TOi 3ama4uu obpasyer 6a3uc co ckobkamu B Lo(D).

PaboTa BRIIONHEHA IPH YACTUIHON IIOAAEPIKKE IPOrPAMMBI IOBBIIIEHUA KOHKYPEHTOCIIO-
cobroct HUAY MUDU (mpoexr Ne 02.203.21.0005 ot 27.08.2013). Bropoit aBTop noaaep:kan
POOU (npoext Ne 18-01-00236).
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[Tepcriokos Baaammup Bopucosny, a.d.-m.H., gonert, HUAY MUDU (Mocksa, Poccus);
Vladimir Sherstyukov (National Research Nuclear University MEPhI, Moscow, Russia)
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B emunumunom kpyre D = {(z,y) | 2% + y?> < 1} paccmarpuBaercs CIek-
TpanbHAsA 3aJa9a

2

Aw+ p*w =0, (z,y) €D, WZO’ (z,y) € 0D, (1)
rae A — omeparop Jlamnaca, p? € C — cmeKTpasibHBI TapaMeTp, | — HaIpas-
JIEHHE, COCTaBJIAIONIEe TIOCTOAHHBI yrost o € (—m/2,7/2) ¢ BHeIIHeil HOPMATIBIO
k OD. Kax nokazano B [3] (cu. Taxcke [4]), Bce cobersennbie 3nadenus \ = (12
9TOM 3a/1a9M OMMCHIBAIOTCS KOPHSAMM yDaBHEHH

udl(p)cosa+inJ,(u)sina = 0, ne€Z, (2)

¢ dbynkuueit Beccens J, (1) komiuiekcuHoil nepemennoit p. 13 [1] caenyer, uro
cucreMa KOpHeBBIX (yHKIwit 3aga4u (1) monna B Lo(D). Cornacuo [3] npuco-
eMHEHHBIX (PYHKINH y 337349 HET, Bce cOOCTBEeHHbIE (PYHKIUU HAIOTCS (HOop-
MyJIaMu

Un, k(r’ ©s Oé) =e"? Jn(,un, k‘(a) T)a n€zZ, keN, (3)

a GUOPTOroHaJIbHAs CUCTEMA UMeeT BUJ (Y4epra CBEPXY O3HAYAeT KOMILIEKCHOEe
COTIpsTKEHNE)

Um, j(r, 03 00) = €™ Jp (T, j(@)7), meEZ, jeN. (4)

3mech fin, k() — KOpHE ypaBHeHuUs (2), BbLIeIeHHbIe ycaoBueM Rep > 0 u 3a-
HyMEPOBaHHbBIE B MOPsIKE Bo3pacTanmsa Momyisa. Koperb = 0 yuuTbiBaercs
TobKO 1A 1 = 0, T. €. pig,1 = 0, a 11 BCEX OCTATBHBIX TAKUX KOPHEH BBIIOJI-
ueno Re piy,, () > 0. Kak B [3], nocie HopMuposku cucrem (3) u (4) nomyunm

an,k:(’rv@;a) = Un7l~c(7'7§0§04)/1n7k7 i}\m,j(’ra@;a) = Um,j(raw;a)/jm,j 5 (5)

re

Lk = VA Tl k(@)1= n2 % (a) cos 20, Tp1 =7, (6)

a{Up,k} 1 {0V, ;} c ungexcamu n,m € Z; k, j € N, ecTb CHOPTOHOPMUPOBAHHAST
napa B KOMILIEKCHOM mpocTpancTse Lo(D) co CKaJSPHBIM IIPOU3BEIEHUEM

27 1
= / / ru(r, @) v(r, @) drde (7)
00
u HOpMOit ||u|| = 1/ (u, ). Takum obpaszoM, cucrema (3) moMHA ¥ MEUHEMAJIbHA

B Lo(D), HO HE 06pa3yeT 0a3uCc B 9TOM TPOCTPAHCTBE. B Hacrosmei pabore
yCTaHOBJIEHA GA3MCHOCTH CO CKOOKaMu cucreMbl (3) B mpoctpancTBe Lo(D).

ITycrs H = Lo(D) — ocHOBHOE IMjibGEPTOBO MPOCTPAHCTBO CO CKAJISIPHBIM
npoussesenueM (7). st KakI0ro n € Z TOM0KIM

H, = {u € Ly(D) | u(r,p) = ™ U(r), U € Ly,(0,1)},
rae Lo (0, 1) o6o3nadaeT KOMILIEKCHOE IHIb0EPTOBO IPOCTPAHCTBO CO CKAJISP-

1 .
ubM npomssenenueM (f,g)o = [rf(r) g(r)dr
0
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dAcuo, uro {H, },cz — 3T0 cucreMa OPTOrOHAJbHBIX LOALPOCTPaHCcTB H
) € )

npuuém H = ZH" Cucrema {H, },ez ob6pasyer 6a3uc u3 noAnpoCTPAHCTB

neZ
runbbeproBa npocrparcTBa H (M. [5]), HO B oTyimdme OT CTaHIAPTHON CHTyaIn

B CHEKTPaJsIbHON Teopuu (cM., Hampumep, [6, 7]), 3necs dim H,, = oco.

Teopema 1. ITycmo snavenua n € Z u o € (—7/2,7/2) 6vibparnv. npous-
604510 U Pukcuposans. Cucmema

{an, k(ra ©3 a) }keN

asasemcs, bazucom Pucca nodnpocmpancmsa H,, npocmpancmea H = Lo(D).

Teopema 2. ITpu awobom snavenuu o € (—7/2,7/2) cucmema Pyrryui
{n k(1 p50) [ n € Z, k€ N} = | {n, k(0500 }
nez

onpedesennnz 6 (5), obpasyem 6asuc co ckobkamu npocmparncmea H = Lo(D).
Hmenno, ecaruti snemenm uw € H packaadvieaemes v npumom eOUHCMEEHHbLM
obpasom 6 psod

== X (E Cuntstrsa). ®
nez neZ “k=1

3decv u, € Hy, u sce padw cxodamea 6 H. Kosfipuyuenmor pasaoscenus (8)
daromces dopmyaamu

2
—1
ka = In,k /
0

ede Pynryuu v,k  wucaa I, i 3adanw 6 (4) u (6) coomeememeerno.

1
/7” u(r, @) T, k(1 s o) dr dyp,
0

BaskHyI0 POJIb B MCCIICOBAHUE UTPAIOT TOJOKATEIHHBIE KODHU YPABHEHHUST
Jy,(2) = 0. Ynopsaounum ux mo BO3pACTaHWIO, 0003HATHM j), ; W TIOTYTHM TIO-
crenoBarembHOCTh 0 < jy 1 < o < oo <Jp o < ..

Teopema 3. ITycmo snavenua n € N u a € [0,7/2) duxcuposanvi. s
KopHet [, k(a) ypasrwenua (2) npu k — 00 CNPasediusa acumMnmomuieckas
dopmyaa

. intgea  n?tg2a  in®tea(3+te2a 1
i, 1) = i+ e BABEIE D) o+

In.k 2512 3512 1

Kparkoe U3JI03KeHNe MPEJICTABIEHHBIX PE3YIbTaToB CM. B [8].
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Approximate estimates for one differential operator in a
weighted Hilbert space

We consider a self-adjoint operator L associated with a clo-
sure in the Hilbert space La. of a quadratic form an[u,f] =

Jo (Z\alzm p*(x)D*uD~f + U,%Aat)u?)d:n7 fiu € C§°(2). We obtain
approximate estimates of the compacts BH N L™'(BLs,,) for certain
weighted interpolation spaces H.

Keywords: differential operator, interpolation space, widths of compacts

B pabore mpunaATHI 0bo3HaueHns: BX — eaInHUYHBIA map B 6aHaxoBom X,
L, — TPOCTPAHCTBO CO CKATIAPHBIM MPOU3BEEHIEM

(f. 901 = /Q fgw(w)dz,

w(x) > 0mws. B Q, w € Lip(N), I — muOKecTBO Kyb6oB Q) = Qp(z) =
[y €R™: ly; — 250 < h/21 < j <), 0y(x) = p(e)h~>(@) (s > 0), pu h() —
MOJIOKUTETbHBIE (DYHKIINU, 33 IaHHbIe B 00acTh () ¥ yIOBIETBOPSIONINE YCIIO-
BHSIM:

1)0<h() <1

2) s moGoro x € . Q(x) = Qpq(7) C Q,

3) cywecrByer Takoe 3 > 1, uro

(y) hy) 5 3
S 7N < », eCIm Yy € Q(l’) = 7@(1“)
p(x)” h(z) 4
Honoxum vs(z) = p(z)h=*(x), (s > 0). Iycts {Q?,j € J} - cemeiicTBO
BesukoButa, BbLIesIeHHOE U3 MHOKecTBa Ky6oB {Q(z),x € 2} [1, §1.1].
O6osnauum uepes Hy(p, vs) nononuenne kracca C§°(§2) mo nopme

)

x 1

/\

. . 1/
13 H (o, v0) | = [ 3 (02 @) f H P + o2 @) s fI) |1 < p < o0,

j>1
(1)
rjie

(LH@) = (FH+)72Ff ) @) |62 =3 ¢

Hopwmer, 3amannsie B C§°(€)) mocpencrBoM paseHcTBa Buja (1), SKBUBATIEHTHBI.

IIycrs {Ap, A1} - unrepnosnsnuonnas napa 6anaxoBbix npocrpancrs. O6o-
3HaduM depes [Ag, Ailg, (Ao, A1)eq (0 <8 < 1,1 < ¢ < 00) HHTEPHOIAIUOHHBIE
IPCTPAHCTBA, IIOCTPOEHHBIE METOIOM KOMILJIEKCHONW MHEPIOJISIIIU, METOJIOM Be-
IIECTBEHHON MHTEpTOInn [2].

Teopema 1. ITycmo 1 < $1 < sg, 1 <p< o0, s=(1-0)sp+0s1,0<0 <1,
v; = ph™%(-). Tozda

HSO (p7 UO)» H;Szl ([), ’Ul)} 0H§[P7 US]'
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s nesoro m > 0 (m € N) npocrpascrso H}" ectp mpoctpancteo Cobomesa
Wt Mlostomy H'(p, vim) ectb Becosoe mpocrpanctso Coboresa W™ (p, vp) ¢
3KBUBAJIEHTHON HOPMON

1/
Z [p(x) D*ul” + v (z)ul? dx) "

la]=m

o W (o)l = ([

Q

Hasa s = [s]+{s} (0<{s} <1) W;(p,vs) onpejensercsa Kax nomnosisenue
C§°(§2) mo mopme
[ Wy (p, vs) || = [lvsu; Lp()[+
|p(x) (Du(y) — D*u(x))!"
+ [ >

ly = al T

d:z:dy} 1/p.

lel=[slo% 0

Teopema 2. Ilycmv 1 < m; < my — ueavte, 1 < p < oo, pmy > n,
0<0<1, s=(1—-0)mo+60m; — neyeaoe. Tozda

(W;n()(p’ UO)’WZZM (p’ Ul))a,p = W;(p7 Us)'

Iycrs B, = {Q el™QC @(ac)}7 B =U,cq Be- Bamaaum na cemeiicrse B

MaKCUMaJIbHBII onepaTop

1
M f(x)= sup =
QeB, zeq |Q)

/If\, £ € Linel).

Iloso:xum
() = p (@) Mral@),

Dm ={z€Q:P(x)h"(x) > A}, A =0,

Km(\) = / O™ (z)dzx.
Qx
Ecmu K, = K,,(0) < oo, 10 oneparop L TOJ0KUTEIHHO ONPEIEICH U UMEET
KOMITAKTHBII 00paTHbIil omeparop [3].
ITycrs F — HEHTPaATbHO-CHMMETPHYECKOE U OTPAHIYEHHOE MTOAMHOXKECTBO B
Loy, 0x(F) = 6x(F,Law), dp(F) = di(F, La,) — nuneiinpiii k-nomepedHuxk,
coorBercrBeHHo k-nouepeunuk 10 Kosmoroposy muoxecrsa F [4, §1.5].

Bammch w € Ay (B) 6yaer o3HagaTh, 9TO

1
sup M*w < c—/w, vQ € B.
Q QI
Q
Teopema 3. Ilycmo 1 < mp < my — yeave, 2m; > n, 0 < 0 < 1, s =
(1—=0)mg+6my. Hycmo L — onepamop, accoyuuposartvili ¢ $opmot am, [+, |,
Ky, < oo, W; =W3"(p,v;), (i =0,1). Cnpasedruen, ymseporcdenua:
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a) IIyemv s — neyeaoe, Wy = (Wo, W1)g 2, Fs = BWsNL™Y(BLay,). Tozda

sup(k 4 1)/ "dy (Fs) < clKélfe)mO/”Kfml/".
k>0

b) Iyemo [H)s = [Wo, Wile, Ms = B{H]s NL™Y(BLay,,), w € A1(B). Tozda

Cg_lAin/moK:mo (62)\) < Z 1< 02/\7n/mllcmd (62_1)\)
S(Ms)>A

Hocmosannwvie ¢; = ¢(s¢,n,p,mo,mq) L =1,2.
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O IMMPOAOJI2KEHUMU TTIOJIOKUTEJIbBHBIX OITEPATOPOB
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OcHOBHOI1 pe3ysIbTaT yTBEPXKIaeT, 9T0 eciu F2 — cemapabesibHast pemeTka
Dpeme, a F' — (JIOKaIBHO TEIECHAS ) TOMOJOTHIECKAT BEKTOPHAS PEIIETKA
C O-MHTEPIOJIAIMOHHBIM CBOMCTBOM, JIIOOOM I10JI0XKUTEIbHBIA JIMHERHbIH
omeparop 1p m3 Maxkopupyemoro moanpoctpanctsa Fo C E B F momyc-
KaeT IIPOJIOJIKEHHE 10 JIMHEHHOr0 MOJIOKUTE/ILHOTO omeparopa 1T u3 E B
F.

Karouesvie cao6a: TOMOTOTWYECKAs BEKTODHAsl peIreTKa, cemnapadesnb-
HOCTBh, O-WHTEPIIOJIAIMOHHOE CBOMCTBO, MayKOPUPYIOIee MOAITPOCTPAH-
CTBO, IIOJIO’KATEIBHBIA OIepaTop.

Wccnenosanue BBIIIOJIHEHO IPU (PUHAHCOBOH moajaepxkke Poccuiickoro ¢dponna dyHmamen-
TAJIbHBIX nccienoBanus, npoekt N 18-31-00205
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On extension of positive operators
The main result: If E is a separable Frechet lattice, and F' is a (locally
solid) topological vector lattice with the o-interpolation property, then
any positive linear operator Ty from a majorizing subspaces Ey C E to F
can be extended to a linear continuous positive operator T from E to F.
Keywords: topological vector lattice, o-interpolation property, majorizing
subspace, separability, positive operator

Omneparopbl 13 BEKTOPHO# pererku I B BeKTOpHYIO pemieTky F obiaagator
XOpOIIMMY CBOMCTBAMHU B TOM Ciy4ae, Korma F' mopsakoBo mosna. Tak, Ha-
npuMep, Kmnaccudeckas Teopema JI. B. KanToposuua yTBepxkmaer, uro ecau F'
NOPAJIKOBO IIOJIHA, TO IOJIO’KUTEJIbHBIN JIUHEHHBINA ONepaTop, AeUCTBYIOINUN 13
MazKkopupyolero noanpocrpaucrsa Fy C E B F, nonyckaer npojoiKeHue Ha
Bce E ¢ coxpanenuem JiuneitHOCTH U 1osiokuTesbHocTH, cM. [1]. Hanomuum,
4TO [MOAIPOCTPAHCTBO Fy HA3BIBAIOT MaHCOPUPYEMBIM, ECITHU 11 Jitoboro © € F
Haiimerca y € Ey Takoit, uto r < y. B HEKOTOPHIX caydasX BO3MOMKHO OCJIa-
O6uTh TpebOBaHWE TOPSIKOBON MOMHOTHI F' 33 cyeT mpembsiBienns K F HEKO-
TOPBIX JIOTOTHUTENBHBIX yCJIOBUi. B mannoit pabore paccMaTpUBAETCS UMEHHO
TAKOE B3aMMOJEHCTBHE yCJIOBUil cemapabenbHOCTH F U 0-HHTEPHOISAIMOHHOTO
cBoiicrBa F' B 3aj1a4e O NPOJIOJIZKEHUN [TOJIOKUTEJIbHBIX JTUHEHHBIX OLEPATOPOB.
Beemem coormercTByOmue nmousTusi. HemocTatomme CBeIeHUsT MOYXHO HANTH B
[1], [2], [3], [4]- Bce paccmarpuBaemblie HuYKE BEKTODHBIE DEIIETKH CUUTAIOTCS
APXUMEIOBBIMY U BENIECTBEHHBIMHU.

ToBopsT, aT0 apxmmesO0Ba BEKTOpHAsA pelierka F ob1amaer o-unmepnoss-
YUOHHBLM ceoticmeom (i ceoticmeom Kanmopa), eciu 1jist TIOOBIX TTOCTIEI0BA~
rebHOCTEH (Ty,) ¥ (2,) B F, yIOBJIETBOPAIOIINX HEPABEHCTBY Ty, < Zpy, JJIS BCEX
n,m € N, cymecTtByer y € F' Takoit, uto =, < y < 2z, A1d Bcex n,m € N, cm.
[3; oupenenenne 1.1.7 (iv)] wn [5; onpenenenue 146.6]. YxBuBaIEHTHOE yCIIO-
BHE COCTOHUT B TOM, 4TO JJis JIIOOBIX ABYX cuerHbiXx MHOKecTBO U C FuV C F
TaKUX, 9T0 u < v s Jo0bix u € U u v € V, cymectByer smement y € F s
KOTOPOTO % < Y < U, KAKOBBI Obl HU Obtt u € U m v € V.

[Tycrs remepsb BeKTOpHAs perterka F OMHOBPEMEHHO SBJISETCS TOMOJIOrHYIe-
CKUM BEKTOPHBIM mpocrpascrBoM. Hazosem npocrpanctBo E monoaozuseckot
sexmopHotl pewemxot, ecin E aokaavno meaecko, T.e. ecin F obnamgaer 6a3n-
COM OKPECTHOCTE} HYJIsi, COCTOSIIAM U3 TEJIECHBIX MHOXKECTB (CM. [4]); ncmonb3y-
10TCsI TaK?Ke 60JIee TPOMO3IKHIE TEPMUHBI — AOKAALHO TMEAECHOE TIPOCTNPEHCNEO
Pucca [6] u eexmopran pewemra ¢ A0KGABHO MeEALCHOT MONOAO2UET AUHETHO20
npocmpancmea [2]). Hanomuum, uro muoxecrso A C E Ha3bIBAIOT MeEAECHDIM,
ecin |y| < |z| mz € A Buexyr y € A. Pewemxoti @pewe GyneM Ha3bIBATH TOMO-
JIOPMYECKYIO BEKTOPHYIO PEIIEeTKY, €CJIA OHA METpU3yeMa U (MeTpUIecKn ) MoJTHA.
Nuorma pemrerka @perrie mpeanoaraeTcs JOKAJIbHO BBIMTYKJION IO OMTPEIEIEHUIO
(cM., nanpumep, [4;crp. 296]), oMHAKO HAM 3TO JONOJHUTEJILHOE MIPEIOI0KE-
Hue mHe norpedyercs. Tomomormaeckoe IpoCTPAHCTBO HASBIBAIOT CENAPAOCALHBLM,
€CJIM B HEM CYIIECTBYET CYETHOE BCIO/LY ILJIOTHOE MHOYKECTBO.

Terneps UMEIOTCsST BCE MHIPEAUEHTHI, YTOOBI CHPOPMYINPOBATH OCHOBHOM pe-
3YJABTAT CTATHHU.
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Teopema 1. I[Iycmv E — cenapabeavhnasn peuwemra Ppewe, a F' — noxars-
HO MENECHAS MONON0ZUECKAA BEKMOPHAA PEULENKA C T-UHMEPTLOAAUUOHHBLM
ceoticmeom. Ilycmv G — maosrcopupyemoe nodnpocmpancmeo E. Tozda a0b60w
noaoscumenvrorli aunelnot onepamop Ty us G 6 F donyckaem npodossicenue
00 AUHETH020 HENPEPHLEHO20 NoAHCUMEebH020 onepamopa T u3 E 6 F.

3ameuanne 1. B jokazarenbcrBe MaHHOW TEOpPeMbl KJIIOYEBOW MOMEHT
3aKJIIOYAETCS BO B3aWMOIEHCTBUY CENapabeIbHOCTH W ¢-WHTEPIOISIIMOHHOTO
cBolicTBa. DTa uies BHEpBbIe ObLIA peaan30oBana B pabore Abpamosuda u Bukc-
Tena [7] mpu J0OKa3aTesbCTBO ONHOINO BaphaHTa TeopeMbl XaHa — Banaxa —
KanToposuua. /lanbHeiiee pa3surue mnpeacrasiaeno B oo3ope H. Jlamer n P.-
M. Hauer [8], cm. takzxke [9], [10], [11].

Sameuanne 2. Teopema 1 ycusnusaer pesysvrar Jaxuncu Hena [9; reope-
Ma 7| B cIeAyrommnx HampaBieHusx. Bo-nepBoix, B [9] mMeeTcs 1omomHUTEIEHOE
TpeboBaHme 0 TOM, 9T0 F obnamaer ceoticmeom Pamy, T.e. B F umeercs 6a3uc
OKPECTHOCTEH HYJIsI, COCTOSIIHH U3 TEJECHBIX MTOPSIIKOBO 3aMKHYTHIX MHOXKECTB,
cM. [2; oupenesnenue 23A]. Bo-BTopbix, 9T0 yC/i0BUEe BO3HUKJIO B CBA3H CO CLOCO-
60M JIOKA3ATEJbCTBA, UCIOIL3YIONUM KOHCTPYKIUIO NOPAOK0B020 NONOAHEHUSA
BEKTODHOI DEIeTKH, TOTIa KaK HAIM PACCYKIEHWS OMUPAIOTCS HA METpHUYEe-
CKYIO MOJHOTY E u He HyXJAI0TCs B MOPSIKOBOM IMOMOIHEHUU. B Tperbux, 10-
Ka3aTeJabCTBO U3 [9] 3aBepiaeTcss MpUMEHEHHEM MpaHcPHuHumHol uHOYKUULY
B ¢opme jemmbl [lopHa, B TO BpeMs KaK Mbl OTPAHHIUBAEMCSI CIETHOM POPMOit
akcuoMbl BbIOOpa. Takum 0Opa3oMm, JOKa3aHHAS TEOPEMa BHIBOJUTCS U3 AKCHO-
MBI CUETHOTO BHIOOpA.
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METO/IBI IIOJIVUYEHUS IIPECTABJIEHUN PEIIIEHUN
CTOXACTUYECKUNX YPABHEHUMN IIIPEJNHIEPA
A. A. Jlo6ona
orion1812@yandez.ru

VIK 517.955.4

JL71st TIoJTydeHnst TIPEICTABIEHNA PEIeHn UCIIOIH3YIOTCH aHATUTUIECKOE
TIPOIO/IXKEHNE TI0 TIapaMeTpy W paBeHCTBO llapceBasisi, aHAINTHYECKOE
NIPOIOJIKEHNE 110 APIyMeHTY W PAaHJIOMU3MPOBAHHAS TeopeMa JepHOBA,
a TakKe HEeKOTOPbie 0DOOIEeHa MeTOIa 3aMEHbI IIePEeMEeHHOA.

Karoueswie caosa: Croxactuueckoe ypasaenue IIpénunrepa-Benaskuna,
CTOXaCTUTIECKOE yPABHEHNE TEIJIOMPOBOTHOCTH, AHAJUTUIECKOE IIPOIO0JI-
xxenwne, popmynsr Peitavana-Kama, narerpan Oeitrvana

The methods for obtaining representations of solutions of
Schrodinger’s stochastic equations

To obtain representations of solutions, we use the analytic continuation
with respect to the parameter and the Parseval’s equality, analytical con-
tinuation of the argument and the randomized Chernov’s theorem, and
also some generalizations of the variable replacement method.

Keywords:  Stochastic Schrodinger-Belavkin equation, stochastic heat
conduction equation, analytic continuation, Feynman-Katz’s formulas,
Feynman’s integral

MeToanl nccaeIoBaHus JeTePMUHUPOBAHHBIX 338049 0000IIAIOTCS Ha, CTOXA-
crudeckmii caydvail. B pabore [1] mokasana paHIOMH3NPOBAHHAS BEPCHS TEO-
PEeMbI qepHOBa, TIO3BOJIAIONIAA TTOJIYIUTHh MTPpEeACTaBJICHUE PEIEeHUA CTOXaCTUIe-
ckoro ypasuenns IlIpémunarepa paHgoMuU3HpPOBAHHLIM HHTerpasoM PeilHMaHa
nyreM nocrpoenus (pefiHMaHOBCKUX anipokcumManuii peuterus (popmysibr Deii-
uMana). ITonpobuee 06 3TOM MeTOME CM. [2].

B JOKJIaA€ TPUMEHACTCA TaKXKE aHAJIUTUICCKOE TPOJOJZKEHNE MEPBI 110 I1a-
pamerpy u paBeHcTBO Ilapcesans. Paccmarpusaercs 3amada Komm st eBrm-
JI0Ba aHaJiora croxacrudeckoro ypasuenus [IIpénunrepa (ypaBuenue Teriomnpo-

BoHOCTH):
w00 = (LD 1 (avig - i) )

xW(t)(q) + \/gqq’.(t)(Q)dw(t), P(0,:) = o), (1)
rae oo(-) € Cy(RY), a € C\{0}, Rea > 0.

Pemenne atoit 3agaun Kormm 3anuckiBaercs B Buae QyHKIIHOHATHLHOTO HH-
rerpaia (popmyia Peiinmana-Kana):

v = [ el [avaremar- [ Saremyarx

c(0,t)

Jlo6ogma Aprém Asexkcamapoemd, accucrent, MI'Y mmern M.B. Jlomorocosa (Mocksa,
Poccus); Artyom Loboda (Lomonosov Moscow State University, Moscow, Russia)
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X exp {\/5/0 (q+ €(T))dw(7)} wo(q + &(t))wgy (dS). (2)

DopMyita TOKA3bIBAETC ¢ IMOMOMBLI0 (opMyist IITo, a CIOKHOCTD O CpaBHE-
HHUIO C JIETEPMUHUPOBAHHBIM CJIy9a€M BO3HUKAET U3-32 3ABUCHMOCTH OT BDEMEHH
Gestoro niyma (moapobuee cM. [3]). 3areM HCHOIB3YETCs CIIEAYIOMA JEMMA.

JIemma 1. ITycmo p - smo npouseedenue mepv, Bunepa na C(0,1) u dymnx-
yuu ¢ na C(0,1), onpedeasemots pasercmeom (&) = e~ Jo ’\(5(”)2‘“,
A > 0. Toeda npeobpasosanue Pypve F i mepor [ onpedessemcs paseHcmeom
Fu(n) =e~ Jo Jo btom@dn(ds) o9 b - dyrmyua, sasucawas om .

Jlemma Tpebyercss i BBIBOZA aHasiora upejicrassienus Macsosa-
Yeborapena ms 3agaun Ko (1). Jamee mpuMeHsieTcst aHATHTHIECKOE TPO-
JIOJIKeHne 1o napamerpy u paseHcTBo IlapceBasis. CrnpasesnBa Teopema.

Teopema 1. Jasn pewenus V(t,w)(q) 3adavu Kowu npu o = i cnpasedaiuso
DPAGEHCNEO

w0 = [on{ [+ ewnir— [ Sa+eerir) -

xeXp{\/g/O (Q+5(T>)dw(7)}900(Q+§(T>)F(df),

20e cuMe6on f F(d§) - amo unmezpan @etinmana, onpedessemuil Kax npede
KOHEUHOKPAMMHBLL UHME2Paos (cm. [4] u umeruueca mam ccouku,).

3meck V u g - mpeobpazoBannss Oypbe CIETHO-AIIUTHBHBIX OOPETEBCKNX
Mep v1 1 v Ha RY, \ > 0. Pasencrso [lapceBass HCIONB3yeTCs /1S TOCTPOCHUS
IIOC/IEA0BATE/IbHOCTH KOHEYHOKPATHBIX HHTErPaJIiOB, CXO,ZLHHLGP'ICH K UHTErpaJry
u3 TeopeMbl 1.

Emé onpn BapnaHT aHAINTHYECKOTO TPOIOJIZKEHHS BIIEPBhIE OB MPEIJIOKEH
B pabote [5]. 31ech pedb nAET 06 AHATNTHYIECKOM TIPOJIOJIXKEHHUH IO apryMEHTy
(MeTo 3aMeHbI TEPEMEHHBIX ). B IOKIa/Ie pACCMATPUBAETCS MPEICTABIEHEE De-
wenus 3ana4uu Komw (1) ¢ nomorupbio dopmyibr @eiinmana-Kana (2). Ecau Bee
dbyukuun, sxomgamue B (1), JOMyCKAIOT aHATUTHICCKOE TPOJOKEHUE B MOIXO0-
JIAITY IO 00JIACTD, MOIYYaeTCa APYTOe PEACTABICHUE PEIeHUsT CTOXACTHIECKOTO
ypaeaenus [Ipéanarepa GyHKIMOHATLHBIM HHTErpasaoM. s sToro morpedy-
eTcs cielyomas JeMMa.

Jlemma 2. ITycms ) : [0,00) — La(RY) — pewenue ypasnenus 1(t)—1(0) =
fg((iﬁ(T))“—inb(T))dT, u daa Kavicdozo t > 0 dynryua x — P(t)(x) donyckaem
anaumuyeckoe npodoadicenue na obaacmo {z € C: z = pe " a € [0,5), p >
0}, u mpodoasicenue no nenpepvenocmu Ha ee samwvikanue. Ilycmy Pynryus
¢ :[0,00) — LS(RY) (LS(RY) — womnaexcudurayua npocmpancmea Lo(RY) )
onpedeasemea max: p(t)(z) = Y(t)(vV—ir) (V—i = e '%) Tozda dynryua @
- amo pewenue ypaenenus ip(t) — ip(0) = fot(—(gD(T))H + V(r))dr.

Cnpasemsa reopeMa (moxpobuee cM. [6]).
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Teopema 2. IIycmo VU - pewenue caedyrowets 3adawu Kowu

avoi) = (DD 4 (i - 5) ) »

x Wy (t)(q) + \/gq%(t)(q)dBw(t), Yw(0, ) = wo(-).

Tozda

vta) = /exp {/0 Wi+ 51(_7—3 )dr +/O 71‘2(% + 61(\/;3)2617'} X
LA s 8 1 .
X exp {/0 z\/;((h + \1@ )dBw(T)} volq1 + ﬁfl(t))wf 1(dey).

31ech uHTErpan 6epéTcd Mo CYETHO-AANTHBHOM Mepe, B OTIHYHe OT MPeJi-
craBieHus penieHus u3 TeopeMbl 1. CBs3b MeXKay AByMsi HHTErpajaMud B JO-
KJIA/Ie HE PACCMATPUBACTCA.

Meron, 3aMeHBI TepeMeHHOI J0mycKaeT HeKOTopbie 0600ienns. PaccMorpu-
BaeTcs croxacrudeckoe ypasrenue HIpemumrepa, rae dbyHknun f ompeeneHa
na (0, +00) u npunumaer 3uadenus B Lo(R?) (3T0 ypaBHEHUe OMUCHIBAET KBaH-
TOBYIO IMHAMUKY TIPU HENPEPHIBHOM M3MEPEHUH KOOPIMHATHI ¢1).

0? 0?
- + -
9qi 043
IIycrs f — pewenue ypasuenus (3). Ilycrs GyHKIus g upuHUMaeT 3HaYEHUS

B L2(R?) u onpenensercs pasenctsoM g(t)(q1,q2) = f(t)(%,\ﬁqg). Torma g-
3TO peIeHne YpaBHEHUS TETIOMPOBOTHOCTH

if'(t) = ( )f (@) +dW (t)ag f(2) (3)

Lo .
g'(t) = Haiq% + qu)g(t) —idW (t)aqig(t) (4).

Ecnu g — pemenue ypasuenus (4), To GyHkuusg f, onpeneseHHas paBEHCTBOM
f®)(q1, q2) = g(t) Vg, %), Gyaer peienuemM ypasuenus (3).
Peuienue ypasuenus (4) moxkuo npejcrasuthb dhopmysoii @eiinmana-Kana

g(t)(q1,q2) = /C o eJo —idW(D)al(r)dr ) (g¢).

rae Cy, 4,(0,t) — mpocrpancTBO ompeneneHHsx Ha [0, t] HenpepbIBHBIX byHKIMI,
co sHauenuaME B R?, paBubIX B Hyne (q1, ¢2). Torma dynkuusa f, onpenenennast
BBIIIIE, - 9TO pelienne ypasHenus (3).
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Pewmaercs Boipoc o cBa3u npeacrasieHus rpeodpasoBanus KurpusnoBa—
KarpaxoBa HedeTHbIX (DyHKIWIL, ompeneseHHBIX B Ri B Buae mpeobpaso-
Baausa Pypbe CrenuaaIbHBIX UHTETPAJIOB 10 MPSAMBIM B Ra.

Karoweswe caosa: mpeobpazosanuss Kunpusmosa—Karpaxosa, omeparTop
Beccens, npeobpazoBanust Pypbe CHENuaIbHBIX HWHTETPAJIOB.

One-dimensional Bessel transform of even and odd functions

The question of the connection between the representation of the Kip-
riyanov—Katrachov transformation of odd functions defined in R; as the
Fourier transform of special integrals over straight lines in Ra.

Keywords: Kipriyanov—Katrachov transforms, Bessel operator, Fourier
transforms of special integrals.

B pabore [1] BBegeno oauo u3 upeobpazosanuii Beccess cuenyrowero suga

ijﬂ(asﬁ) "V dx, (1)

“+oo
Folflle) = [ £0) e €)%

rae j,(z) =T(wv+1)J,(x) / (x/2)", v > —1/2, a J, dbyukius Beccens mepsoro
poza.

JIsaxos Jlee Hukonaesnd, x.¢.-m.u., mpodeccop, BI'Y (Boporex, Poccus); Lev Lyakhov
(Voronezh State University, Voronezh, Russia)

Pomynkun Cepreii AsmekcanpoBud, K. ¢.-M. H, JOIEHT KadeApbl MATEMATHIECKOTO MOJIe-
JIMPOBAHUS U KOMIBIOTEPHEIX TexHosuoruil, ET'Y nvern M. A. Byruna (Enen, Poccus); Sergey
Roshchupkin (Bunin Yelets State University, Yelets, Russia)
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B [2] BBeuen cienyromuii MHTErpasIbHbIA OIEPATOP

K, [fl(&p) = /7?;’ d(p—x&)f(x)xVde, Ry ={-oc0o<z<+4oc0}, (2)

Ha3bIBaeMblil IpeobpasoBanmeM Panona—Kwunpugnosa. 3xece P omeparop
ITyaccona [3].

o+l
Pl f(z) = % [ f(zcosa)sin’™! adar, obnanaer croficTBOM YeTHOCTH:

ecau (PYHKIUS MPEJICTABIEHA B BUIE CyMMBI Y€THOUW W HeUYeTHO GyHKIuH f =

fev + foa, 10 PYf(x) = P fen(x) m P f(—x) = PBLf(x).

Bsenem medernsrit oneparop Ilyaccona mo ¢gpopmyme

Plf(x) = /f(a; cos ) cos a - sin” ! ada,
KOTOpPBIit 00magaer cBoHCTBOM P (fer(2) + foa(z)) = P foa(x) u Pl f(—x) =
—Plf(x).

[Tosmbrit oneparop Ilyaccona ompenennM paBeHCTBOM

[[ /@) =R (@) - Py f(x). 3)

Hpwu stom, ecn f(x) wernas dyrkuus, 1o [ f(x) = P f(z) n ecan never-
nas, to [[} f(z) = =P f(z). Ilycrp f—aernas dynkuus. Torna, memons3ys

POIeAyPY BpAIIEHUd T — \/zf + zg u mojaras zi; = p, MOYKeM 3aInCcaTh

“+o0 fe'e]
Falfl(€)=2C(~) / ¢ Pedp / (/52 +22) 23~ da=2C (1) Fy s [Ry en £ (0)) €),
—00 0

rJie MHTErpaJl mo npsaMoit 0o < p < oo (0T 4eTHOI 1o p PyHKIUM) IpeaCTaB/IaeT
coboif crenmambHOE wemmnoe npeobpasosarue Padona, obozHATEHHOE IRy 0fs-

dcuo uro ecnu derHas QyHKINA f TPUHAIIEKAT KIACCY OCHOBHBIX (PYHK-
nmit IIBaprma, To

+oo

2C(v)

Roal i) = 252 [ 09 Falf)(p)dp = Feop [Fromel 1)

— 00

Ecuu f neyernass pyHKLMs, TO uMeeTr MeCTO jpyras (popmy.ia

oo
Fi[fl(§) = —2iFB,oadlf 2/ (BLe %) f(z) 27dx =
0
“+o0 [e’e)
— D _
:20(’7) / € lpgdp/f(M) m Z; ledeZ
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+oo
=2 [ R il () d,
— 00
rje MHTerpaJl 1o upsMoil co < p < oo (or HedeTHOU 10 p DyHKUUM) LpPEei-
crapJjisier coboll cneyuasbroe Hevemuoe npeobpasosanue Padona, 0003HaYEHHOE
Ry cv-
Otciona, 71d TJIa7KO# MHTErpupyeMoil HedueTHOH GyHKIMK f, TTOIyInm

o0

/ ei&p J—_.B,gﬁp [f](f) dg'

—00

Ry od[f](p)

T om

[TonmHoe cmenmanbHOE mpeodpazoBanne Pamona ompemennmm B BHIE CYyMMBI
49eTHOH U HedeTHOH cocTasisiomux: Ry = R o + Ry 0q. Toroa

+o0 +oo
Falf©) = [ R0 o R (00) = 5= [ 7 Fal(©) de.
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O BA3BMCHOCTU CHEKTPAJIBHBIX PA3JIOXKEHUM,
OTBEYAIOIIINX OIIEPATOPY IMPAKA C PETVYJ/IAPHbBIMU
KPAEBBIMU YCJIOBUAMU
A.C. Makunu
alexmakinQ@Qyandez.ru

VIIK 517.984.52

Ha xoHeuHOM wmMHTepBajie PACCMATPUBAETCS CIEKTPAIbHAS 331a9a I
oneparopa /lupaka € peryisipHBIME, HO He YCHJIEHHO DEeryISPHBIMU Kpa-
€BbIMU yCJIOBUAMM M KOMILIEKCHO3HAYHBIM CyMMUPYEMbIM IOTEHIIUAJIOM.
Hesbio paboThl SIBISETCS HAXOXK/IEHUE YCIOBUIA, P KOTOPBIX CHCTEMa
KOpHeBBbIX (yHKIMI 06pa3yer obbrunblil 6a3uc Pucca, a e 6a3uc Pucca
€O CKOOKaMu

Karoueswie crosa: oneparop Jdupaka, ClieKTpajibHOE pa3jioKeHue, Da3uc-
HOCTH

Maxur Asexcangp Cepreesmd, n.db.-m.H., npodeccop, MUPIA (Mocksa, Poccus);
Alexander Makin (MIREA, Moscow, Russia)
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On the Basis Property of Spectral Expansions of Dirac
Operators with Regular Boundary Conditions

Spectral problem for the Dirac operator with regular but not strongly reg-
ular boundary conditions and complex-valued potential summable over a
finite interval is considered. The purpose of this paper is to find con-
ditions under which the root function system forms a usual Riesz basis
rather than a Riesz basis with parentheses.

Keywords: Dirac operator, spectral expansion, basis property

Ha wunrepsaze (0, 7) paccmorpum cucremy Iupaka

By 4+ Vy =)y, (1)

(3 ) v )

dbyuxyn P(z), Q(z) € L1(0,7), n IByXTOUEUHBIMU KPAEBBIMH YCIOBUSIMU

rae

U(y) = Cy(0) + Dy(m) = 0, (2)

a1 a2 a1z ai4
C = , D= ,
a21 a22 a23 QA24
KO3 PHUITHEHTHI G5 — TPOU3BOJIbHBIE KOMILJIEKCHBIE YUC/IA, TIPUIEM CTPOKU MaT-

pHAIbI
A= a1 a2 a1z a4
az; Aa22 a3 424

rae

smHeiino HezasucuMbl. O603HAUNM udepe3 A;; OlIpeenTe/b, COCTaBICHHbII U3
i-ro u j-ro crosnbuos marpunpl A. Kpaesbie ycinosus (2) Ha3biBaoTCsi peryssip-
HbBIMU, €CJIH

A14A23 #0 (3)

U YCUJIEHHO PEryJIsPHBIMU, €CJId KpoMe (3) JOMOJHUTEIHHO BBINOTHIETCSA YCII0-
BHE

(Ayg + Azy)® + 441, A0 # 0.

Ussectro [1], yro cucrema kopuesbix dbyukiuit 3aga4du (1), (2) ¢ peryaspubiMu
KPaeBbIMK yc10BuAMU nosina B npocrpancrse H = Ly(0,7) @& Lo(0, 7). B [2-5]
ObLIO JOKA3aHO, YTO B CIyYae YCUJICHHO PErYJIAPHBIX KPAEBBIX YCIOBHUHA CUCTEMA,
kopueBbix dyukimii 3amaqu (1), (2) obpasyer 6asuc Pucca, a 11 peryisapHbIX,
HO He YCHJIEHHO PeryasapHBIX ycaoBuii — 6asuc Pucca co ckobkamm.

Hanee 6ymem pacCMATPUBATH TOJBKO PETY/ISPHBIE, HO HE YCHIEHHO PETYJIsip-
HbIE KPAEBbIE YCJIOBHs, T.€. Oy/IEM CYMTATh, YTO UMEET MECTO PABEHCTBO

(Ayg + Azy)® + 441, A05 = 0.

XOpOITo W3BECTHO, 9TO B 9TOM CJIy4ae CIIEKTP COCTOUT W3 MOMAPHO COIMKAIO-
mUXCA COOCTBEHHBIX 3HAYEHUH A\, = Ap1 = ——Inz + 2k + €, npu n = 2k,
An=Mo=—2tlnz+2k+epompun=2k+1,k€Z,e;; -0 (j=12) npu

s
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k — £oo, e z = (A2 + Ass)/(2A23). Ecm npu Beex k, Takux 4ro |k| > ko,
Ak,1 = Ag,2, TO CTIEKTP OyIeM Ha3BIBATH ACHMNITOTHYIECKT KPATHBIM.

Cuaenys [6], peryssipHbie, HO HE YCUIJIEHHO PeryJisipHbIe KPaeBble ycsioBust Oy-
JIeM Ha3bIBATh YCIOBUSIMHU TIEPUOINIECKOrO TUMa, ecin A13 = Aoy =0, Ajp =
Aszy. YCIIOBUS TIEPUOAMYECKOTO THIA, IKBUBAJEHTHBI YCJIOBUIM, 3a/1aBAEMbIM

MaTpHUIen
1 0 a O
<O a 0 1) ’ (4)

rae a # 0. Ecau a = —1, To kpaesbie ycioBust (4) siBASIOTCH NEPUOIMYECKUMU,
a eciu a = 1, TO aHTUNEPUOAUIECKUMMU.

Ciyyail n1eproIMYecKuX U aHTUIEPUOAUIECKUX KPAEBbIX YCJIOBUI UCCIIe10-
BaJics BO MHorux paborax. B wacruocru, B [7] 6bL1 10CTpOEH LPUMED HOTEHIM-
ama V(x), mpu KOTOPOM COOTBETCTBYIOIIEE PA3JIOYKEHWE MO CHCTEME KOPHEBBIX
dyukuumit pacxogurcs B npocrpancrse H.

O6osnaunm wepe3 U muoxecrBo map dyukimit (P(z), Q(z)) € L1(0,7) &
L (0, ) Takux, 9To cucremMa KOpHeBbIxX dbyHkIwmii 3a1a4u (1), (4) obpasyer 6azuc
Pucca B mpoctpanctse H, U = (L1(0,7) @ L1(0,7)) \ .

Teopema 1. Muoosicecmsa ¥ u ¥ ecrody naommnn 6 L1(0,7) @ L1(0,7).

[Tycrs KpaeBble YCIOBUA HE SABJIAIOTCA MEPUOAUIECKUMHU, T.€. CIIPABE/JINBO
HEPABEHCTBO

|A13| + [A24] + [A12 — Aza| > 0. (5)

Teopema 2. IIpu sunoanenuu ycaosus (5) cucmema cob6CmeeHHbLT U NPUco-
edunennnr gynryui sadawu (1), (2) obpasyem basuc Pucca 6 npocmpancmee H
mMo20a U oAbKo Mo2da, K020a CNEKMP ABAACTCA GCUMTMOMUYECKY KPATIHBLM.
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ACHMMIITOTUKA CIIEKTPA ATOMA BOJOPOIA B
QJIEKTPOMATHUTHOM IIOJIE BBJIN3U HUXKHUX
TPAHUII CIIEKTPAJIbBHBIX KJIACTEPOB
A.C. MwuraeBa, A.B. IlepeckokoB
anastasiy _mi@mail.ru, pereskokov62@mail.ru

YAK 517.984, 517.958

Haiinena acuMOToTHKA CEpMH COOCTBEHHBIX 3HAYCHUI 1 aCHMITOTHIECKIE
cobcTBeHHbIe (DYHKINY BOIM3M HIKHIX IPAHUI] PE30HAHCHBIX CIIEKTPAJIb-
HBIX KJIACTEPOB, KOTOPbIE 00Pa3yIOTCs OKOJIO YPOBHEH SHEPIUU HEBO3MY-
IIEHHOTO aTOMa BOJOPOJA.

Karouesvie caosa: CIEKTPAIbHBIN KIacTep, KBAHTOBBIM METOJ yCpPeIHe-
HUs, KOTepeHTHOe IpeobpasoBanne, BKB-nmpubmmxemnne

Asymptotics of the spectrum of the hydrogen atom in
electromagnetic field near the lower boundaries of spectral
clusters
We obtain the asymptotics of the series of eigenvalues and the asymptotic
eigenfunctions near the lower boundaries of the resonance spectral clusters

formed near the energy levels of the unperturbed hydrogen atom.
Keywords: spectral cluster, quantum averaging method, coherent trans-
formation, the WKB approximation

PaccMoTpuM 3a1aMy Ha cOOCTBeHHbIe 3Haderns B nmpoctpancrtse L2(R3) ms
HepelaTHBUCTCKOTO TaMIILTOHIAHA ATOMA BOJOPONA B OTHOPOTHOM 3IEKTPO-
MATHATHOM TIOJIe

H = Hy + eM3 + eFyx1 + €2W, (1)

rae

) )
Ho=—-A—|z|™', Mz=izg— —i

—,  W=(2f+23)/4
31'1 L1 al'27 (:Cl + :CQ)/

Bnech gepes x = (11,22, T3) 0003HATCHBI JEKAPTOBBI KOOPIHHATHI B R, A —
oneparop Jlamiaca, MArHUTHOE 1IOJI€ HAIPABJIEHO BJOJIb OCH T3, a JJIEKTPUUE-
CKOe TIoJIe BJIOJIh OCH X1 , € > (0 — MaJsblii mapaMmerp.

[Ipenmoso)um, 9TO HATIPSAKEHHOCTH YJIEKTPUUIECKOTO MOJIst uMeeT Bu B =
hey, tme h > 0 - masbiii mapamerp, a aucio e; > 0 — mroboe. Kpome Toro, mycrsb
napaMeTphl € U fi yIOBJIETBOPSIOT ycioBuio £ /7 < h 1 BBINOIHEHO PABEHCTBO
h=1/n,rune n € N.

3azaga 00 aTomMe BOAOPO/Ia B 3JIEKTPOMATHUTHOM TIOJI€ MTPEICTABJIAET 00JIb-
moit puzmdeckuit u Maremaruaeckuit uarepec. OCOOEHHOCTHIO JAHHONW 33/1a491

Muraesa Anacracus CepreesBHa, cryzent, HaruoHa bHBIR HCCIELOBATENLCKHUE YHHUBED-
curer “MIN” (Mocksa, Poccus); Anastasia Migaeva ( National Research University*MPET”,
Moscow, Russia)

IlepeckokoB Asekcanap Bamgumosud, a.¢.-M.H., npodeccop, HanmonaapHbIN HCCIEI0BA~
TeNHCKUN YHUBEPCUTET «BBICHIas mMKoJa 3KOHOMUKHY, HAIMOHAIBLHBIM HCCIEI0BATENbCKIH
yrusepcuret “MIN” (Mocksa, Poccus); Alexander Pereskokov ( National Research University
«Higher School of Economics», National Research University“MPEI”, Moscow, Russia)
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SIBJISIETCS. HAJIMYME B TAMUJILTOHUAHE OJHOBPEMEHHO U 3JIEKTPUUIECKOrO, U Mar-
HUTHOTO TOJIel, KOTOPhIE OPTOTOHANIBHBI IPYT APYTY. DTO MPUBOIUT K 06Pa30-
BAHUIO OKOJIO COOCTBEHHBIX 3HAYEHWI HEBO3MYIIEHHOTO aTOMa BOJOPOJIA PE30-
HAHCHBIX CIIEKTPAJIBHBIX KJIacTepoB [1].

Ocobbrit HTEpEC MPEICTABISIOT COCTOSTHUST CUCTeMBI (1), oTBevatoIme rpa-
HHIAM CIIEKTPAJIBHBIX Ki1acTepoB. B pabore [2] Ha nmpumepe 3a1a4m 06 aTome BO-
JTOPOJIa B MATHUTHOM TI0JI€ OBLIT TIPE/ITIOXKEH OOIITHiT METOJ, TOCTPOEHUS ACUMIITO-
TUKHU CIHEKTPa BOJU3YU IPAHUI] KIACTEPOB, OCHOBAHHBINH HA HOBOM HHTETDATHHOM
MPEICTABACHNN ACUMITOTHIECKUX COOCTBEHHBIX (yHKImi. B mamHoit pabore
10T Meroy, Oyuer upumered K ramusibronuany (1). Juis HaxoxueHus acumiro-
THKHU OyIyT MCIOMB30BAHBI HETIPUBOINMBIE TIpeCTaBIeHnst anrebpel Kapacesa
— HoBnkoOBOii ¢ KBaIpaTHIHBIMI KOMMYTAIIMOHHBIMHI COOTHOIEHUSIMH [3].

[TpousBesieM 1EPEHOPMUPOBKY CIEKTPAJIBHON 33241, 3aTeM JIBAXKbl DU~
MEHUM KBAHTOBBIA METOJ YCPEIHEHUS W BBIMTOJHUM KOTEPEHTHOE TMPeodpa3oBa-
ure [1]. B pesysabrare NIpHXOIUM K OIHONApaMeTPHUIeCKOMY cemeiicTBy mudde-
peHIuaIbHLIX ypaBHeHni [oiina

- =1 o B (VA a1 e
5 Aa- D+ - )+ 6o o)
+92j:f(4a+9¢5+3+|9m|(\/5—1)+|m‘r’|2)+47|”‘:j2 ® = 0. 2)

31ech 4ucia,
f=1+9e? r=2—f+2/f, a=n*m|™%, meZ 5 %n<|m|<n.

Ypasuenue (2) comep:kuT napamerp ep, PoCT KOTOPOrO OTBEYAET yBETUUEHUIO
HaNPSPKEHHOCTH 3JIEKTPUIECKOrO TOJIA, & TaKKe INCIo £, KOTOPOoe OmpeJesseT
monpasKy K crekTpy. CoOCTBEHHBIMU YHCIaMK ypaBHeHNs 1 0ifHa Ha30BeM Takne
3HavYeHus mapamerpa &, IPu KOTOPHIX 9TO YPABHEHUE UMEET MOJTHHOMUATIbHDBIE
perenus B npocrpancTse P[m,n] MHOIOYIEHOB CTENeHN He Bbiue n — |m| — 1.
Hanee nms ypaBHeHus [oifHa CTPOUTCA aCHMITOTHYECKOE PEIIeHne MHOLO-
TOYEYHON CIIEKTPATBHOI 3a1a9i B KJIACCE AHTUTOIOMOPQMHBIX (DYHKIHI ¢ paB-
HBIMHU HYJII0 XapaKTEPUCTUIECKUMU TMOKA3ATESMHI B KOHEYHBIX OCOOBIX TOYKAX
u nokaszareseM n — |m| — 1 B Touke Z = 00. ACUMUITOTHKA UCKOMOI'O MHOI'O-
4JIeHa TOJIy4aeTCd B Pe3yJbTaTe NPOeKTUPOBAHUA aCUMITOTUYIECKOIO pPelleHnsd
MHOTIOTOYEYHOM CIEeKTPAJIBbHOI 33/]a9i Ha TPOCTPAHCTBO Pm, n].
Acumnroruka pewenuii ypasuenuii [oiina (2) HAX0QUTCH € HOMOLIBIO KOM-
mekcHoro meroma BKB n meroma coritacoBaHWs aCUMTITOTHYECKUX PA3JIOKe-
unil. [Ipn m3meHenwn mapaMerpa e€; BO3HUKAIOT PA3JIMYHBIE CIYYaW PACIOJIO-
JKEHHMsI 0COOBIX TOYEK M TOYEK ITOBOPOTA HA KOMILJIEKCHON IIJIOCKOCTH. DTUM
caydasiM OTBedaer pasindHas riobanbHas cTpyKrypa auauit CTokca.
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OCHOBHBIM PE3y/IbTATOM JAHHOH PabOTHI ABJIACTCHA JIOKA3ATEIbCTBO CyILie-
CTBOBaHWS BOIN3W HIYKHUX TPAHUIL CTIEKTPAIBHBIX KIACTEPOB CEPUU COOCTRBEH-
HBIX 3Ha4YeHWil oreparopa (1) co ciemyromneil aCHMITOTHKOI

2n2[n?(1 — 14e? — 153e3) + m2(1 + 302 + 27e})] n

1>
9e? 4+ 1
+emy /e + 1+ 2092 1 1)

& =

C4n?

e2n?(2k + 1)
V/9e? +1

+0(e?n?) 4+ 0(e*n'?), k=0,1,2,.... (3)

\/nQ(—l +18¢? + 8let) + m2(5 + 18e? — 8lef)+

Baech ¢ — +0, uncna n € N, m € Z yaosaersopsior yeaosusm 1 < n < e /7,

5712n < |m| < n. Kpome Toro, mapamerp e; > 0, e; # VvV2—1/3, e; #
V6 +1/3.

®opwmyna (3) omuchiBaer pacuiensenue cnektpa (r.e. addexr 3eemana —
Ilrapka) a1 aToMa BOAOPOJA B OPTOrOHAIBHBIX JJIEKTPUYECKOM U MATHUTHOM
nosisax. Ormerum, 4ro acuMnToTuky (3), a Takwxke GOpPMYJLy [JIf COOTBETCTBY-
FOIUX ACHMIITOTHIECKAX COOCTBEHHBIX (DYHKITHAM MOTYyIUTH CTAHIAPTHBIME Me-
TOJAMH, TAKUMU, KAK JIy9IeBON METO/I UM T€OPHUsl KOMILIEKCHOI'O POCTKA HEBO3-
MOXKHO.
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Ob NHTETPAJIbBHOM IIPEJACTABJIEHVN CYMM
HEKOTOPHBIX CTEIIEHHBIX PS/10B

K.A. Mup3soeB

mirzoev.karahan@mail.ru

YIK 517.927.25, 517.521.15, 517.589

Cob6crBennble 3HaYeHus U COOGCTBEHHbIE (DYHKIMU HEKOTOPBIX OIEPATO-
POB, TIOPOXKIEHHBIX CHMMeTpHIecKUMU I depeHnaIbHBIMA BhIDaKe-
HASIMU C TIOCTOSIHHBIMH KO3 (UIMEHTaMU U CAMOCOIPSIKEHHBIMHU T'Da-
HUYHBIMU YCJIOBUSIMA B IIPOCTPAHCTBE KBAAPATUYIHO WHTETPUPYEMBIX IO
Jlebery dyHKImiIl HA 0Tpe3Ke, SBHO BBIUHUCISIOTCS, & PE30JIbBEHTHI STUX
OIIEPATOPOB SIBJISIOTCS MHTEIDAJIbHBIMU OnlepaTopaMu. VI3 crexkTpasibHOi
TEOPEMBI CJIE/IYEeT, YTO IJIsl si/IeD Pe30JbBEHT STUX OIEePATOPOB CIIPABE/I-
nuBa OmanueitHas dbopmysna. Kpome Toro, kaxkaoe 3 3TUX siIep SBJSET-
cs1 pyukmmeit I'prHa HEKOTOPOI CAMOCOIIPSIKEHHOI IPAHUHON 3aJa5H, U
XOPOIIIO U3BECTHA IPOIeaypa e€ mocTpoenns. Takum ob6pa3om, ayis GyHK-
mwmit 'puaa 3Tux 337134 crpaBeyinBel (DOPMYJIBI PA3JIOKEHUST B PSIIBI IO
cobcrBennbM GyHKnusaM. B paboTe mosydeHHbIE STHUM CIIOCOOOM TOXKIe-
CTBA IPUMEHAIOTCS I NHTErPAJIHHOTO IIPECTABIEHNST CYMM HEKOTODBIX
CTEIEeHHBIX PSIIOB M, B YACTHOCTH, /IS BHITUCJICHUST CYMM HEKOTOPBIX CXO-
JISAIIIXCST “INCJIOBBIX PSIIOB.

Karouesnie ca06a: caMOCONIPAKEHHBIE KPAaeBble 331291, COGCTBEHHbIE 3HA~
qeHus U COOCTBEHHbIE (DYHKIMU, MHOIOYIEHBI OT OLEPATOPOB, DyHKIMA
I'puna, wHTErpaIbHOE TIPE/ICTAB/IEHNE CTEIIEHHBIX PSI0B.

About integral representation of the sums of certain power
series

The eigenvalues and eigenfunctions of some operators generated by sym-
metric differential expressions with constant coefficients and self-adjoint
boundary conditions in the space of Lebesgue-integrable functions on an
interval are explicitly calculated, and the resolvents of these operators
are integral operators. From the spectral theorem it follows that for the
kernels of the resolvents of these operators the bilinear formula is valid.
In addition, each of these kernels is a Green function of some self-adjoint
boundary value problem, and the procedure for constructing it is well
known. Thus, for the Green functions of these problems, the formulas of
expansion in series in eigenfunctions are valid. In this paper, the identi-
ties obtained by this method are applied to the integral representation of
the sums of some power series and, in particular, to the calculation of the
sums of some convergent number series.

Keywords: self-adjoint boundary value problems, eigenvalues and eigen-

functions, polynomials of operators, Green function, integral representa-
tion of power series.

PaGora BeimonHeHa npu duHaHCOBOH moamepxkke PH® (mpoekt Ne 17-11-01215).
Mupzoes Kapaxan Araxan orssetl, g.¢d.-M.H., mpodeccop, MI'V nmenn M.B. Jlomonocosa
(Mocksa, Poccus); Karakhan Mirzoev (Lomonosov Moscow State University, Moscow, Russia)
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Ilycrs S - caMocOnpsizKEHHBIH OMIEPATOP, MOPOXKAEHHDBIA BHIPAKEHHEM

Loyl = —y"

¥ FpaHUYIHbIME ycaoBuaMu Jlupuxite
y(0)=0, y(r)=0

B ruab6epropom npocrpancTse L£2[0, 7], u mycTb pp,(r) - MHOrO4YIeH CTeneHu
m > 1 c¢ BemecTBeHHbIME KO3 duimentamu. PacemoTpum onepatop pn, (S).
Ob6nacrb onpenenenus D(p,,(S)) sToro oneparopa - 370 MHOKECTBO

D(pm(S)) = {y| y¥ =Y € AC[0,7]; Vi(y) =0, j =1,...,2m}
rae nuHedinbie Gopmsl V;(y) OnpemensioTcs paBeHCTBAMU

Vj+1 (y) = y(2j)(0)7 V}-‘rm-i-l(y) = y(2j)(ﬂ-)’ J=0,....m—1
ITpu sTom ecant y € D(py(S)), TO
d2

7@)y =: lam[y].

Pm(S)y = pm(
Cuekrp o(py,,(S)) aroro oneparopa gBJisiercsi JUCKPETHBIM U UMEET BUJL,

a(pm(9)) = {ul 1= pamr = pm(kz), kE=1;2;...}

IPU 3TOM COOCTBEHHOMY 3HAMEHUIO [12y, ) COOTBETCTBYET COOCTBeHHaA (ByHKITHA

2
or(x) = \/;sin k.

[Tpeamonoxkum reneppb, 910 9ucao i = 0 ABASAETCS PEryIsPHOA TOYKOM Ore-
paropa P, (S) (r.e. 0 & o(pm(S5))), u paccmoTpum ero pe3onbBeHTy R, (pm (S))
npu i = 0. DTa Pe30IbBEHTA ABISETCA MHTErPAJBHBIM OIIEPATOPOM, M JIJIsl €r0
saapa G(z,t) cnpasenmausa (GOpMYIIa PA3ITOKEHUS IO COOCTBEHHBIM (DYHKIHSIM.

C apyroit cropousl, saapo G(z,t) aBnserca dbyukimeit I'puna camoconpsi-
KEHHOI IpaHUYHON 3372491

{l2m[y] =/,

1
‘/J(y)zoﬂ J:1727,2m» ()

U XOPOIIO M3BECTHA IIPOLELYPa €€ IMOCTPOCHHA 4Yepe3 JIEFKO KOHCTPYHPYEMbIil
oupeeiurens (M., Haup., [1], yacrs Bropas, ru. I, § 1.5), a umenno,

g(x,t)  yi(x) ... yam(z)
Vi(g)

Gla, ):ﬁ : D , (2)
‘/érr;(g)
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rae marpuna D = (Vs(yl))szl, a suadenus dopm V;(g) (j =1,...,2m) Haxo-
asaTest o opmymam

0 g(,t) 0@ g(x, ) .
Vit1(g) = 833(2])‘ —07 Vitm+1(9) = 83:(2‘1)‘ o j=0,....m—1

Taxum 006pa3oM, eciim MHOTO4JIeH p,,(z) Takoit, uto p,, (k%) # 0 npu k =
1,2,..., To nnga byskuun I'puna G(x,t) 3anadu (1) cuopaBeyiuBo TOXKIECTBO

2 &% sin kx sin kt
G(x,t) = — _—.

[Ipumensis manee 370 paBeHCTBO U pas3iioxkKenus B psaabl Pypbe QyHKImi

2zsinx 1+ 2zsinx + 22
n
1—22"7 1 —2zsinx + 22’

In(1 — 2z cos 2z + 2?), arctg

MOYKHO, JOKa3aTh, YTO CIPABEJIUBLI CJIEIYOIIUE TEOPEMBI.

Teopema 1. ITycmo mmozousen pp,(x) maxot, wmo p,(k?) # 0 npu
k=1,2,... unyemo G(z,t) — Pynxyus I'puna, onpedeasemasn dopmyarot (2).
Tozda npu z € [—1,1] enpasedauso pasencmeo

/2
Z ’ = / G(x,x) In(1 — 22 cos 2z + 2?)dx,
pm
a npu z € (—1,1] - pasencmeo
w/2

22 — zcos 2z
7—4 G( d
/ z,7) 1 —2zcos2x + 22 v

Teopema 2. ITycmb muozounen P, (r) makot, wmo p,(k?) # 0 npu k =
1,2,... u nyemo G(x,t) — Ppynxyus 'puna, onpedeasemasn dopmyaot (2). To-
2da npu z € [—1,1] cnpasedausv, pasencmesa

w/2
+ _ _ .
< (—1)k—1z2k—1 2zsinz

]; 2k — Dpm((2k —1)%) = 0/ G(z,m/2) arctg ﬁdz,

+oo k—1,2k—1 /2 3\ o
[ _2/G$ /2 (z+ 2%)sinx
P ((2k —1)2) — 222 cos 2z + 24

k::l

-i:.o z2k—1 /Gl‘ﬂ'/? 1+ 2zsinz + 22 if2esiner 2,
£~ (2k — 1)pm ((2k — 1)2 "1 orsing + 22
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a npu z € (—1,1) - pasencmeo

/2
+oo 2k—1 /

z B (2 — 23)sinw
;pm((?k—l)Q)_Q/G(x’w/2)l+222cos2x+z4 o
= 0

Joka ocHoBaH Ha coBMecTHBIX paborax ¢ Cadonosoit T.A. (cum. [2] u [3]).
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OB NHTEPIIOJISIITNOHHON TEOPEME MAPIIMHKEBUYA
E.I. HypcyaTanos

er-nurs@yandez.ru

VIK 517.5

IIpuBomaTCS HOBBIE MHTEPIIOIAIMOHHBIE TEOPEMBI JIJI HHTETPAJIHHBIX OTIe-
paTopoB, TJie yCJAOBUHA OIPAHHMYEHOCTH OIIEPATOPOB JAeTCS B TEPMHHAX
dIpa oIepaTopa.
Karouesvie caosa: murepnossims, Teopema MaprmHkeBuda, HHTEIPAIb-
HBIE OTIEPATOPHI.

On the Marcinkiewicz interpolation theorem

New interpolation theorems for integral operators are given, where the
conditions for the boundedness of operators are given in terms of the
kernel of the operator.

Keywords: interpolation, Marcinkiewicz theorem, integral operators.

Pabora BeimosiHeHa npu dbunancosoit noagep:kke MOH PK (npoekt Ne AP05132071).

Hypcynranos Epnan JayT6ekoBud, n.¢d.-M.H., npodeccop, Kazaxcrauckuit pumunan MI'V
nmern M.B. Jlomonocosa (Acrama, Kazaxcran); Erlan Nursultanov (Kazakhstan branch of
Lomonosov Moscow State University, Astana, Kazakhstan)
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XopoImo u3BecTHA MHTEPIOANNOHHAS Teopema Mapruakesuda - Kanbae-

pOHA.
Iycrs py < p1, 0 € (0,1), % =120 4 0  Torna mas KBA3WIMHEHHOTO

Po p1
omeparopa 1T’ BepHa OIeHKa

1-6 %
HT||Lp—>Lp < CPO»I)lvPvT (”THLpo,T_*LPO,w) (||T||LP1J'_>LP1:°°) )

rme 0 < 7 < oo.

B JOKJIa1€ IPUBOAATCA HOBBIEC MHTEPIIOIAITMOHHBIEC TEOPEMDI IJId WHTErPpaJib-
HBIX OIIEPATOPOB, TJe YCIOBUA OTPAHUYEHOCTU ONEPATOPOB JAETCA B TEPMHUHAX
aapa omneparopa. JIaHHBIN TOIX0 TO3BOJIAET PACIIHPUATD KJIACC HHTErPATbHBIX
OIEepaTOPOB /i KOTOPBIX UMeeT MecTo Teopembl Tura Mapriunkesuda - Kasb-
JE€PpOHa. HpI/IBO,ILHTCH TaK K€ TEOpEeMbI THUIIa TEOPEM IKCTPAIIOJAIINN JIJIA WHTE-
T'PaJIBHBIX OIIE€PAaTOPOB.

ITPEOBPA3OBAHUE JIATIJIACA 1 ITIPEOBPA3OBAHUE
OYPBHE

A.B. IlaBJsoB

a_ pavlov@mirea.ru

VIIK 517.518

JlokazaHa perysisipHOCTH ABOMHOTO mpeobpa3oBanus Jlamiaca B OKPECTHO-
CTH HyJS JjIs MUPOKOro Kjacca ¢yukmmit. 113 mannoro ¢gpaxTa BHIBOIUT-
Cs1 IIEPECTAHOBOYHOCTh CHHYC M KOCHHYC IIPe0OpPa30BAHMUIL C TOYHOCTHIO 10
3HAKA.

Karoweswoie caosa: mpeobpasoBanue Jlammaca, perysisipHOCTh JBOMHOTO
npeobpas3oBanus Jlamnaca B OKPEeCTHOCTH HyJsl, II€PECTAHOBOYHOCTD CH-
HyC U KOCUHYC TipeobpazoBanmii Pypne

The transform of Laplace and the transform of Fourier

The regularity of the double transform of Laplace is proved. From the fact
we obtain, that the sine transform of Fourier from the cosine transform of
Fourier is equal to the cosine transform from the sine transform of Fourier.

Keywords: the regularity of the transform of Laplace, transposition of the
cosine and sine operators of Fourier

[Tasnos Amgppeit Banepmamoemd, x.d.-m.H., monert, MUPEA-PTY (Mocksa, Poccus);
Andrey Valerianovich Pavlov (MIREA-RTU, Moscow, Russia)
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OCHOBHBIM Pe3y/IbTATOM SBJISETCS PErYIISIPHOCTD IBOXHOIO IPeodpa30oBaHus
Jlamaca B OKPECTHOCTH HYJIst JJist HeKoToporo kiacca dbyrkumii ( memva 1 n
reopeMa 1). Kak ciiencTBre T0Ka3aHO COBIAIEHNE MO MOIYJIIO TIPHMEHEHHS OTle-
PaTOpPOB CHHYC W KOCHHYC IPeOoOpa30BaHUIl B PA3HOM IODAIKE.

Peszynbrar, chopMyIupoBaHHbLi B TeopeMe 1, HCIOIb3yeT CYIIeCTBEHHO IPY-
rue Meros! [1-5] mo cpaBHeHHIO ¢ MHOrounciaeHHbIME paboramu V.U Ilpusa-
JIOBa Ha JaHHYIO TeMy. B KadecTBe BBeIeHUA aBTOP INPUBOIUT IO €O MHEHUIO
UHTEPECHBI IPUMEP O HeeIUHCTBEHHOCTH Pa3JIO’KEeHUSA Ha 3jeMeHTapHbIe IpO-
Gu: p[l/(p—1) = 1/(p+ )] =1/(p= 1) +1/(p+1), p/(p=1)* =p/(p* = 1) =
/(p=1)2+1/(p* = 1)

Mer Gysem ucnosb3osars obosuadenus: Lu(t)(-)(z) = [ e " u(t)dt,x > 0,
0
Fou(t)(-)(p) = [ eFPitu(t)dt, Cou(t = [ cosztu(t)dt, Siu(v)(-)(z) =
0 0

o0

[ sinztu(t)dt, z € (—o0, 00).
0

Hawm monamoburcst ycaosme Y1.

Veaosue Y1. [Ina Gyuaxnun u(z) seimonseno ycaosue Y1, ecnu dynkims
u(p) peryaspua B obnactu {|Rep| < a} ({|Imp| < a} npn HEKOTOPOM TOIOKH-
resbaOM @ > 0, 4(0) = 0, mpuuem max Uu(p)|, |du(p)/dp|, |d2u(p)/p2|] |p2+5| —
0, p— 00, d >0, § = const; Reu(s) =u(s), s € (—o0,00).

Jlemma 1. Ecau dasn peeyaraprot u 00HOAUCTHOT 68 HEKOMOopot omKkpbuimot
oxpecmmnocmu nyas G Pynryuu Q(p) umeem mecmo pasecmeo

li(p) + l2(p) = Li(p) + La(p) = Q(p),p = iy,y € (0 + o0),

dynxyuu Ui (p), L1(p) peeysapro 6 1e60l noaiosuHe NAOCKOCU U HENPEPHLE-
HoL Ha MHUMOT 2panuye, gynkyuu lo(p), Lo(p) peeyasprv. 6 npasoti norosune
NAOCKOCTNU, U HENPEPBIEHL HA MHUMOT 2panuye, mo pasercmeo 11 (p) + lz(p) =
Li(p) + L2(p) = Q(p) ocmaemecsa eeprom na sceli muumot ocu snympu G.

Hoxka3zaresberBo. Tak kak [1(p) + l2(p) 3ambikaerca cama ¢ coboil mocse
060poTa 110 YaCOBOIl CTPEJIKe BOKPYT HyJIf BBUJY PEryPAPHOCTH U OJHOJIUCTHO-
crv Q(p), M ONHOBPEMEHHO 3HAUEHHUS ¢ BEPXHell 9acTH MHUMOIl OCH COBMAIAIOT
¢ co 3HaueHusMu Li(p) + Lo(p) B mpaBoil MOJIYIJIOCKOCTH, TO 3HAYEHWS B Jie-
Boil nostyriockoctu 1 (p) + l2(p) 3ambikatorcs co 3nadenusvu Ly (p) + Lo(p) Ha
OTPUIATEHHON YacTi MHUMON ocu BHyTpu G.

Jlemma 1 jokasaHa.

Teopema 1. @Pynxyus LLu(x)(-)(z), peeyaspna e obnacmu {z : |z| < &}
npu nexkomopom € > 0, ecau daa u(p) ewnoneno ycaosue Y1.

Teopema mpu u_(t) = u(t),t € [0,400),u_(t) = —u(t),t € (—00,0), BbITE-
KaeT U3 PABEHCTBA

Q(y) = 2mu(y) = 2Reli(z) = l1(p) +12(p) = L1(p) + L2(p) = 2Re L1(y),p = iy,
€ [0, +00), npu

h(p) = LE u@®) () (p), l2(p) = Ly Fou(t)(-)(p),



108 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

Li(p) = LFyu_(t)(-)(p), L2(p) = Ly F_u_(t)(-)(p)-

IMonb3ysich nemmoit 1, mosydaeM, 9TO PABEHCTBO BBLINOJHEHO NMPH BCEX, B
TOM YHCJIe OTPUIATENbHBIX Y, U mapa l1(p) + lo(p) sABNseTcd aHAIUTHYIECKUM
npojoszkenueM napbl Lq(p) + Lo(p) 4epe3 BCIO MHUMYIO OCb C OIHOI MOJIOBU-
HbI [JIOCKOCTH HA APYryIO [3]. Mbl BOCIIO/Ib30BAIMCH HEIIPEPHIBHOCTHIO KAZKIOM
u3 byukuuii 11 (p), la(p), L1(p), L2(p) na Beeit muumoii ocu (¢ ygerom dhopmysibl
UHTErPUPOBAHUS TI0 YACTAM BO BHYTPEHHUX WHTErPAJaxX, ycaosusa Y1 u paBeH-
crBa u(0) = 0 ). PerynspHocTs naHHBIX (DYHKIHH B 00JaCTH UX ONPEIEIEHHs
OYeBHIHA.

Beuny obienssecrnoii peryasipaocru [6] dbyuxuumit 11 (p), L1(p) upu pery-
JIAPHOIT B OKPECTHOCTH BCeil JeficrBuTesbHoil ocu PyHKuuu u(p) mosyydaem, 410
dbyuxnuu lo(p), La(p) Toxke perynsipHbl B HEKOTOPOH OTKPBITON OKPECTHOCTH
HYJISI.

Crnemosaremsro, cymma l1(p) + Li(p) = 2LF{u()()(p) =
2(1/i)LLu(t)(-)(ip) (mocne wu3MeHeHUS MOPsIJKA WHTEIPUPOBAHUS) TOXKE
peryJjigpHa B HEKOTOPO#U OTKPBITON OKPECTHOCTHU HYJIH.

Teopema 1 mokazana.

Kax ciencreue Teopemsl 1 mosrydaem, 910 Bo Beedi mimockocTw U1 (p) — Ly (p) =
La(p) — la(p) = 0. Orpanu4eHHOCTb U CTPEMJIEHUE K HYJ/IIO JaHHBIX (DyHKIuUil B
00J1acTH UX OIpe/eJIeHUs], BKII0Yasd MHUMYIO OCh, OUEBHUJIHO CJIEIYET U3 yCJIO-
Bud Y1. Kak ¢yuknnm ,orpanudeHHbIe BO BCEH IIJTIOCKOCTH, JAHHBIE PA3HOCTH
paBHBI HYJI€BO KOHCTaHTE [3].

Buauenust JaHHON pasHocTH Ha MuHEMONE ocu pasubel (SiCou(t)(-)(p) +
CoSiu(t)(-)(p))i = 0, 4r0 JOKA3BIBAET B YCJIOBUAX TEOPEMBI 1 PABEHCTBO MO
MOJLYJ/II0 IPUMEHEHUs OlIEPATOPOB CUHYC U KOCHHYC NpeoOpa30BaHUil B pa3sHOM
HopsIKe.
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I10 CJIEAAM B.A. CAJOBHUYET'O
A.C. Ileuennos
pechentsovas@rambler.ru

VIIK 517.927

B L?[0, +00) paccmaTpuBaerca omeparop HITypma-J/TuyBumis, mopoxga-
eMBIii BBIDAYKEeHUEM lq p 1= —d‘i—é +z+ad(x—b), a>0, b>0,dx)—
Henpra dynkmus Jupaka, n kpaessim ycnosuem y(0) = 0. IIpeanasienst
dopmMysIbl perysIspu30BaHHbBIX CJIEJ0B 9TOr0 OIEPATOPA.

Karouesvie cro6a: cOOCTBEHHbIE 3HAYEHUSI, ACHMITOTHKA CIIEKTPA, Pery-
JIAPU30BAHHbBIE CJIE/Ib.

Following in the traces of V.A.Sadovnichy
We consider the Sturm-Liouville operator generated in the space
2
L?[0, +00) by the expression I, p, := —;;—2 +z+4+ad(xz—b), a>0, b>0,
0(z) is the Dirac delta function and the boundery condition y(0) = 0.We
obtained the regularised trace formulas of this operator.

Keywords: the eigenvalues, asymptotics of the spectrum, regularized
traces.

B 1971 rouy Bukrop Anronosuu Cajnoshuuuii [1] Bbraucami perysspuso-
BAHHBIE CJIEIBI JJIsT CHHTYISPHOro nuddepeHmaasbHoro oneparopa L B mpo-
crpanctie L?[0, 7], 331aHHOTO BbIpasKeHHEM

2

() = =3/ (x) + 5 y(@) + pla)y(@)

u kpaesbiM yciiosueM y(7) = 0. @yukims p(x) BEIIECTBEHHOZHAYHAS, JJOCTATOY-
HO rIaJKas u (PUHUTHAS B OKPECTHOCTH HyJist, v > 1.
CobcTBeHHBIE 3HAYEHUS A, OMEpaToOpa L UMEIOT ACHMITOTHKY:

2
1 1
)\n:<n—|—12/—4> +CQ+O(nQ), n — 400,

rae

Izera-dyuknusa oneparopa L

Z(s) =Y _A*

n=1

Ileuennos Anekcauap Cepreesud, A.¢.-M.H., mpodeccop, MI'Y umenun M.B. JlomonoCO-
Ba (Mockea, Poccus); Alexandr Pechentsov (Lomonosov Moscow State University, Moscow,
Russia)
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peryispHa B HOJyILUIOCKocTH Rs > 1/2 u umeer aHaJIMTHYECKOE LPOJOJIKEHIE
B JIEBYIO TIOJYTIJIOCKOCTh. Perynspu3oBaHublii cien omeparopa L mopsaka k,
k€N, 1. e. cymma

n=1

(Ag(n)-uucaa, oupeleisemble ACUMITOTUKON COOCTBEHHBIX 3HadYeHuii, obecie-
YMBAONIHE CXOMUMOCTD PSAJIA), BBIPAKAETC 9epe3 3Hadenue Z (—k) anamurude-
CKOTO TIPOJIOJIFKEHNsT 13eTa~pyHKImK oneparopa L.

Ecmu nonoxuts p(z) = 0, To ¢.3. A spasiorca nynsamu dbynxiuun Beccens
Iy(\/XTI'), JIJISE KOTOPBIX CIIPABEIJIABO TOXKIECTBO:

S (ro50) v 0) -

1 /v 2 v 1 1
T A ey | 1).
(3+2 12 8) sz (W =1+ )

B nacrosimeit pabore, ucuosbdyst meros, Jluackoro-Cagosuudero [2], nosyue-
Ha GopMysIa peryisipH30BAaHHOTO Ccyieia Topsiaka —o, npu RNo > —1/2, mas
oneparopa Diipu B npocrpancrse L2[0,+00), Bosmymeénnoro § — dbynkimeii
Jupaxa (teopemal). Tonydenst ToxkecTBa A1a myeit —\0 dbyukimun Jiipu Ai
(Ai(=X2) = 0): mpu m = 2,3, .....

- 1 1 AV (=X)\ (m-D)
,;1 Q)™ (mfl)!(Ai(f)\))/\ (0).

B gactHOoCTH TIpM M = 2 MOJIydaeM

i r 472
22 X0)2 ~ 31BTA(1/3)

rae I'(z) — Tamma-dyukuus Ditnepa. B ciydae HenpepblBHOrO crekTpa (op-
MyJIa JJist CJIe[a PA3HOCTH JIBYX CHHTYJIsIpHBIX oreparopos LItypma-JlunyBuiis
¢ noTeHnmagamu, couepxkamumu 0 — dbyukuuu Jupaka noaydena B padore [3].
B L2[0, +00) paccmarpum onepatop Hg p TOPOKIAEMBIH BhIDAsKEHTEM

d2
lap = o +x+ ad(x —b)
u kpaesbiM yciosueMm Hupuxie y(0) = 0),a, b — NONOKUTEIbHBIE YNCIIA

(cMm.[4,5,6]) CmexTp omeparopa H,p, MpencTaBiseT cOOOH MHOXKECTBO KOpHE:
nesoii Gyukwn [6]

AN = Ai(=)) (1 + maAi(b — \)Bi(b — /\)) — maA(b — N)Bi(—\),
rae Bi -apyras dbymxnus Ditpu, npuyaém BpoHckuaH dyukiuit Ai u Bi pasen

%. B KOMIIIEKCHO# TIJIOCKOCTH A CeIaeM pa3pes3 MO OTPHUIATEIbHON JacTh aeii-
CTBUTEJIbHOM ocu. 3aduKcupyem JT0CTATOIHO MAJIOe TOJOKUTETHHOE YUCIO T (
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0 < top < A}). IMocrpoum koutyp I, cocroamuit u3 maTepsana (—oo, —tg), mMpo-

XOZMMOTO OT —00 110 —to, OKPYKHOCTH 7 = tgexp(id), ¢ yObIBaeT or m 10 —,
uHTepBasa (—oo, —tp), MPOXOIUMOro OT —ty J0 —00. PaccMOTpuM WHTErpas

_ AV o _
Z(U)—%/F)\ md)\, rae A7 =exp(—oln).

Dynxnuio Z(o) Oynem Ha3bBaTh n3eTa-byHkimeit oneparopa Hep. IIpu Ro >
3/2

(o)
Z(o) =Y A"
n=1
Teopema 1. IIpu Ro > —1/2 cnpasedauso pasencmeo
= 1 A(N)
M=) = — [ A 7dIn ——.
nz::l( n" = On)7) 2m'/F RXTESY)
Ormernm Takzke, uro npu —1/2 < Ro < 0 cnpaBeyInBO PaBEHCTBO

-0 0\—0c\ __ SiIl(U’]T) oo —0 HA(_t)
(a7 - () ) = 1o /0 o S

oo

n=1
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TAPMOHUNYECKUI AHAJIN3 ®YPHE - SIKOBU U
HEKOTOPBHBIE 3ATAYM TEOPUU NPUBJINKEHUA
OYHKIININ

C.C. IlnaTonoB
ssplatonov@yandex.Tu

YK 517.518

PaccmarpuBatorca HeKoTOpBIE 331a4u Teopuu npub/mkeHns GyHKouil B
BeCOBHIX Lo-(OyHKIMOHAIBHBIX IIPOCTPAHCTBAX Ha mosyocu [0, +00) ¢ uc-
[0/Ib30BAaHUEM MOJIYJIeH IIaJIKOCTH, TIOCTPOEHHBIX HAa OCHOBE 0000IIEHHBIX
capuros fkobu. OCHOBHBIM Pe3y/IbTaTOM #ABJIdeTCd ounucaHue yHKIHO-
HAJIbHBIX IIPOCTPAHCTB THUIAa HUKOIBCKOrO B TEPMUHAX HAMJIYUIINX IPH-
Gskenuiit YHKIUIAMU C OFPAHUYEHHBIM CIIEKTPOM.

Karoueswie caosa: mpubmmkenne GyHKImi, rapmonndecknii anamu3 Dy-
pbe — Axobu, 06o0uiennbie casurn fkodu, GyHKIMOHAIBHBIE IPOCTPAH-
crBa Trna Hukoabckoro

Fourier —Jacobi harmonic analysis and some problems of
approximation

We study some problems of the approximation of functions in weighted Lo
function spaces on the half-axis [0, +00) using the modulus of smoothness
defined in terms of generalized Jacobi translations. We define function
spaces of Nikol’skii type and describe them in terms of best approxima-
tions using as the approximation tool a class of functions with bounded
spectrum.

Keywords: approximation of functions, Fourier — Jacobi harmonic analysis,
generalized translations of Jacobi, function spaces of Nikol’skii type

Jns mo6bx 3HaueHwnii mapameTpoB «, 8 (o > 8 = —1/2), bynkunn dxrobu
@g\a’ﬁ ) (t) 06pa3yioT HEmpephIBHYI0 OPTOrOHAJIbHYIO cucTeMy (bYHKIHHA HA T10-
ayocn R, = [0, +00) orrocuremsro Mepsr (sht)2%+! (cht)?6+! dt. Tapmonnde-
CKUIl aHAINU3, CBA3AHHBIN C 3TOW OPTOrOHAJBHON CUCTEMON, HA3BIBAETCA rapMoO-
HudeckuM axHaau3oM @ypne — Akobu. OCHOBHBIME HJIEMEHTAMU TAPMOHUYECKO-
ro anann3a @ypwe — Arobu gaeasaoTca auddepeHInaabable onepaTopbl Akodn,
WHTErpaJjbHbIe mpeodpasosanus Pypoe — Axobu u 0600IeHEbIE CaBUTH AKOOH.
MHorwue 331241 KJIaCCHYECKOr0 TAPMOHNYECKOrO aHAIN3a UMEIOT €CTECTBEHHBIE
aHaJsoru Jijisi rapMonudeckoro ananusa @ypee — dkobu (cum., nanpumep, [1]).

B [2] rapmornuecknit anann3 ®ypbe — JKoOH HCIOTB30BAJICS JJIs U3yde-
HHUS HEKOTOPBIX 33/ad TEOPHUH HPUOINKeHus (PYHKINHA B BECOBBIX Lo pyHK-
[IMOHAJIbHBIX IPOCTPAHCTBAaX HA mosryocu Ry . B kagectse cpencrsa npubimke-
HUSl UCIOJIB30BAJICSH KJIACC (DYHKIUHN ¢ OIPAHUYEHHDBIM CIEKTPOM, TO €CTh KJIACC
dyuxnwmii, npeobpazopanns Pypbe — AKOOU KOTOPBIX SABISAIOTCSA (DYHKIIUSIMA C

IInaTonoB Cepreit Cepreesud, ma.d.-M.H., mpodeccop, IleTpo3aBoackuii TocyaapCTBeH-
ueiil yausepcurer (IlerposaBonck, Poccus); Sergei Platonov (Petrozavodsk State University,
Petrozavodsk, Russia)
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KOMITAKTHBIM HOcuTesneM. [Ipojomkas 3Ty Temaruky, B HacTosmel pabore onpe-
JIEJISTIOTCST HEKOTOPhIE BECOBbIE (hYHKIMOHAILHBIE TTPOCTPAHCTBA TUTa, HUKOIIb-
CKOro Ha R4 ¥ MOJyYeHO WX ONMMCAHWE B TEPMUHAX HAWIYUIIUX TPUOINKEHIIH
GYHKIUAME ¢ OTPAHUYEHHBIM CITIEKTPOM.

Huddepennmanbubrii omeparop Axobu onpemensercs: hopmymaoi

2

d d
B =Bz ::@+((2a+1)ctht+(2,8+1)tht)%. (1)

Hns moboro A € C dbyuxnusa Axobu u(t) = @E\Q’B )(t) AJISAETCS €JIMHCTBEHHBIM
geTHbIM C'°-perennem nudGepeHInaIbHOTO YPABHEHN ST

Bu+ A+ (a+B+1)*u=0

¢ HaganpHbM ycaosueM u(0) = 1.

Mgt 6ynem pacemarpubarh GyHKn Ha nomyocu Ry = [0;4+00) (Bce dyHK-
AU TPENOJIATAI0TCS KOMILIEKCHO3HAYHBIMHE ), HO TIPU HEOOXOAUMOCTH CUUTATD,
9TO (DYHKIMA TIPOJOIKAIOTCS Ha BCIO OCh R Kak deTHble (DyHKINN.

Iycrs dpap(t) = (sht)**F'(cht)**1dt — wmepa wa Ry, L2, =
L*(Ry, dpag), ||+ |la,pg — HOpMA B rHBLGEPTOBOM MPOCTPAHCTBE Li,ﬁ. IIycrs
D(R;) — TOMOJOTMYECKOE BEKTOPHOE MPOCTPAHCTBO YETHBIX GECKOHETHO and-
dbepennmpyembix byrkunii #Ha R ¢ kommakTebiM HOocuresnem, D'(Ry) — mpo-
CTPAHCTBO YeTHBIX 0000mieHHbIX dyHKIWI Ha R, TO ecTh JMHEHHBIX Hempe-
pbiBHBIX byHKIMOHAIOB Ha npocrpancrse D(R.). 3nauenue bdyHkimoHnana
f € D'(R,) na dynkmum ¢ € D(R,) Gynem obozmagars (f, ). IIpocrpancTso
L? 5 srnaapsaerca B D'(Ry), ecom s f € L2 5 u o € D'(Ry) nonoxurs

(.0 = / F(8) () dten 5(1).
R

HeiicrBue nuddepennuanbHoro oneparopa B pacimpsiercsi ¢ NPOCTPAHCTBA
D(R,) ma mpocrpancteo D' (R,) mo dopmyme

<Bf7 <)0> = <f’ B<)0>7 VS DI(R-F)? pE D(R-l-)

B uacrHocTH, AeiicrBue omeparopa B onpejeneno s aoboit dysruun f €
Li, 5> HO TIDH 9TOM Bf smasiercsi, BOOOIIE TOBOPsi, 0000IIEHHOM (DyHKITHEIH.

-~

ITpeobpasosanne Pypue — Axobu F : f(t) — f(A), t, A € R, onpenensiercst
dopmyitoit

FOON =T = [ O (0 dast), A€ R,
R+

s byukiuil f € D(R.4) u 10 HENPEepbIBHOCTH MPOIOJIZKAETCS Ha TUILOEPTOBO
MIPOCTPAHCTBO Li g

Oyukius f € Li ;5 HA3BIBAETCA (DYHKIHMEH ¢ OPPAHMIEHHBIM CIEKTPOM MO-

paaka o > 0, ecou f()\) = 0 mpu A > 0. MHOXKeCTBO Bcex TakuX (DyHKIHit
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0603HAYNM I((TO"B ), OyHKIINYT W3 THHEHHBIX TIOITPOCTPAHCTB C Li 5 ABIIS-
IOTCSI €CTECTBEHHBIM CPEICTBOM JIJIsi TOCTPOEHUS TEOPUHN MTPUOIUKEHUN B THJIb-
GeproBom mpoctpancTse L, 4.

Omneparopsr 06o61enHoro capura fkodm T%, s € Ry, B mpocTpancTre L; P
OTpeEoTCs (DOPMYJIOi

I((;%B)

FT*F)(N) = @7 (s) F(FH(N),

rie f € L2 4, F — mpeobpasopanne ®ypne — dxobm, A € Ry

Hst mo6oit bymxmmm f € L7, 5 OGOGIIEHHBII MOJTYJTH TIIKOCTH w,(ca’ﬁ ) (f;0)2
mopsiaka k, k € N, onpenensterca dopmynoit

iS00 = sw =T fllas, >0,

re I — TOXKIeCTBeHHBI oneparop, || - ||, — HOpMa B mpocrpancTse L2 e
Hawnygmee npubsnkenue ynkiuun f € Li 5 byHKIMAMY U3 TOANPOCTPAH-

«,
CTBa I,g A) OIIPEIETISIeTC KaK

EL P ()2 = mf{|f = glla,s - g € TEP).

IIycts r > 0 — geficTBUTEIbHOE YHCJIO W TMYCTh k, S — HEOTPHUIATEIbHBIE
[eJIble YHUCIIa, yAOBJIeTBOpSoNnue ycaosuio 2k > r — 2s > 0. O6o3nadum depe3
Hg(a’ﬁ) MHOKeCTBO Beex dymkmmit f € L2 5 maxux, wro Bf, B2 f,... ., B°f € L7, 4
U Jyig HeKOTOporo 4ucnia Ay > 0 cipaseinBO HEPABEHCTBO

WP (B f;8)y < ApsT2, 5> 0.
Hna f € H;“(“’ﬂ) OIpeIeJIIM TIOTYHOPMY

(a,B) S
r(a, w B*f; 0
hg( B)(f) ‘= sup k (55—23 )2

6>0

)

MHoxkecTBO H; (@8 pasercs Gamaxonbiv TTPOCTPAHCTBOM C HOPMOIt

1/l ggiesr = 1Nl + R 2 (5).

)

. (&
B cienyromeit Teopeme mpocTpaHCTBO H2( ) orucssaercs B TepMHUHAX Hau-

JIyIIMAX TPUOINKeHni DYHKIUIMY U3 IZ;(C"B).

Teopema 1. Ecau f € H;(a’ﬂ), mo das o > 1 cnpasedauso Hepasencmeo
ny ()

Ec(fa’ﬁ)(fh <
O-T

Ob6pammo, ecau f € Li,ﬁ u das o = 1 enpasediu6o Hepasencmeo

ELP(f)2 < A

or’
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20e A — noaoKHCUMEADHOE HUCAO, KOMOPOE HE 3a8UCUM OM T (HO 3a8uUCUM OM
r(a,
f), mofeHQ( Ay

1Al o < e2 ([ fllap 4 A)-

3dect ¢1 U ca — HEKOMOPBIE NOAOHCUTNEADHDLE NOCTNOSHHDIE, KOMOPbLE He 3a6U-
cam om f, Ho moeym 3asucemv om k, T, S, 3.
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OOPMVYIJIA PETVJIAPN30BAHHOTI'O CJIEOJA OJIA
BO3BMYIIITEHHOT O TAPMOHMNYECKOT O OCITUJIJIATOPA
B.E. Ilonoabckmuii

wpve@yandex.ru

YIK 517.984

Hokazana cyMmmupyemMocTb 1o A6eso (hopMyJibl peryaspu30BaAHHOTO Clie-
1A 15l BO3MYILEHUs TaDMOHUYECKOI0 OCLAIIATOPA OILIEPATOPOM YMHOXKEe-
Hus Ha orpanmaeHnyio Gyunknmio u3 nepecevenns Li(R) n Lo (R).

Karouesoie cno6a: CIeKTpaJIbHAS TEOPUd, PEryIapU30BAHHBIN CJIeT

Regularized trace formula for perturbed harmonic oscillator

Abel summability proved for regularized trace formula for perturbing a
harmonic oscillator by a multiplication operator on a bounded function
from the intersection of L;(R) and L2 (R).

Keywords: spectral theory, regularized trace

TTomonbekuit Baragumup EBrenbeBud, a.d.-M.H., mpodeccop, MI'V umenu M.B. Jlomono-
cosa (Mocksa, Poccus); Vladimir Podolskii (Lomonosov Moscow State University, Moscow,
Russia)
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JloK1a,1 moCB4AIIeH OOCYKIEHUIO OTHON (POPMYJIbI TEOPUU PErYIAPU30BAH-
HBIX CJIEIOB JJIsl OMEpaToOpoB ¢ pPe30JabBeHTo n3 Kiaacca ['manbepra-IlIvuara n
MPUJIOKEHUIO 9TON (DOPMYJIBI K BO3SMYIIIEHHOMY TAPMOHUYIECKOMY OCIIUJIISITOPY.

Teopema 1. ITycmo onepamop A camoconpascennwiii, duckpemmnii, nosy-
ozparuMentbill CHU3Y U e20 pe3oaveenma npunadaestcum kaaccy Iuavbepma-
ITmudma. Onepamop B ozpanuven. ITyems {on 152, — cobemeennvie sexmopa
onepamopa A, {\,}52, — ezo0 cobcmeennvie wucaa, {1,152, — cobcmeennvie
wucaa onepamopa A + B. Ecau npu nexomopom 0 < f < 1 svinoareno

+oo
Z NP3 < 400
n=1

+oo
> 1(Bonor)(Bow on) = 0 (AP 72).
Ae=[An+A0]+1

mo eepra dopmysra

. —Ant _ _ —
N

t

) ((BQ<Pna @n) — (. — )\n)Q)) =0.

Teopema 2. ITyemov {p,}52, — Hopmuposarmnve cobcmeernnbie PYHKLUU
0Nepamopa 2aPMOHUYECKO20 OCUUAAATIODG,

" 2
—y +a7y,
deticmeyrowezo 6 Lo(R), {A\,}52, — ezo cobcmsennvie wucaa, {pn}5o, —
COOCMBENHBLE YUCAL B03MYULEHUS 2APMOHUNECKOZ0 OCUUAAAIOPE ONEPATIOPOM

YMHODICERUA Ha oepanusernyto dynryuto q(x). Ecau q(x) € L1(R) N Ly (R), mo
8ePHA CACOYOULAA POPMYNQ:

e}
lim Z ei)\nt <,un - A’rL - (BQOm <pn)> = 0. (1)
n=1

t—0+

[Ipn [OKA3aTETHCTBE TEOPEMBI 2 WCTIOMB30BAHBI OMEHKH JJIsT COOCTBEHHBIX
dbyHKTIMIT TApMOETEECKOTO OCIILIATOPA [1], M HEKOTODBIE ONEHKH I CIIEKTPA
BO3MYIIEHHOTO TAPMOHHYIECKOTO ocuanaropa [2]. Ormernm, 9T0 U3 pesynbra-
TOB 2| HEMEIEHHO CJIEJlyeT, 9TO €CJIM B yCJIOBUIX TEOPEMBbI 2 CUUTATH JIOIOJ-
HUTENbHO BbINOMHeHHbIM yeiioue ¢(z) € Lo(R, (|z| + 1)%dx), To dbopmyna (1)
BBITIOJTHEHA €3 CyMMUPOBAHWS, YKA3AHHBIN psist 6y1eT aGCOMIOTHO CXOMATINMCS.
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CIIEKTPAJIbBHBIE ACUMIITOTUKN OJId
JANOPEPEHIIMAJIBHOTI'O OITEPATOPA YETBEPTOT O
IIOPAAKA C MATPUYHBIMU KOPPUIITMEHTAMU
.M. IToasikoB
DmitryPolyakow@mail.ru

VIIK 517.927

PaccmarpuBaercs HECAMOCOIIPSIXKEHHbBIH OIEPATOP YeTBEPTOrO MOPSIKA C
MaTpuIHbIME K0dbdunmentamu. O6IaCTh OMIpeaeIeHnst STOTO OMEPaTOPa
3aJa€TCAd KBA3UINIEPUOANICCKUMU KPA€BBIMU YCJTIOBUAMMU. MCHOH})EByH Me-
TO, IOAOGHBIX ONIEPATOPOB, JJIs PACCMATPUBAEMOI0 OIIEPATOPA, TIOJLy YeHbI
acuMnroTndeckre GOPMyYIIBI st COOCTBEHHBIX 3HAYEHMUIA.

Karoueswe caoea: muddepeHuaabHbIl OMepaTop YeTBEPTOro TOPSIIKA,
MaTpUYHBbIE KOI(DPUITUEHTHI, AaCUMIITOTUKA COOCTBEHHBIX 3HAYCHUIT

Spectral asymptotics for fourth-order differential operator with
matrix coefficients

We consider non-self-adjoint fourth-order operator with matrix coeffi-
cients. The domain of this operator is defined by quasiperiodic boundary
conditions. Using the method of similar operators, we get asymptotic
formulas of eigenvalues for this operator.

Keywords: fourth-order differential operator, matrix coefficients, asymp-
totic of eigenvalues

Yepes L5[0, 1] o6osnauum npocrpanctso LE[0, 1] = L ([0, 1], CF) = Ly[0, 1] x
-+ x L3]0,1] (k pa3) co CKaJISIPHBIM MPON3BETEHNUEM

k 1 L
(ro =Y [ nwawa

rae f = (flaf??' . afk) € Lg[oa 1]7 9= (917927' e agk) € LS[O7 1}

[lebI0 HACTOAIIETO JOKJIANA SABJAETCA M3Y9IE€HUE ACHMITOTHIECKHX (Hop-
MyJ1 It COOCTBEHHBIX 3HAYEHUN HECAMOCOIPSIZKEHHOTO OIEPATOPA 9€TBEPTOrO
nopsika Ly : D(Lg) C L5[0,1] — L5[0, 1], koropsiii onpenenserca muddepen-
[AATLHBIM BBIPAXKEHAEM

W(y) =y"" —At)y" — B(t)y,

rae A(t) = (ap; (t))’;’j:1 nB(t) = (bm(t))’;’j:l — Marpuibl pa3mepa k X k, npu-
JeM 9I€MEHTHI STUX MATPHIL 4p; U bp; mpunagmexkar L0, 1]. Obaacts onpeze-
nenus D(Lg) = {y € W4(]0,1],C¥)} C L5[0, 1] oneparopa Ly sanaerca kpasu-
nepromraeckuvu Kpaesbivu yeaosusvu i) (1) = e™y()(0), j = 0,1,2,3, rae

6 €(0,2),0+#1.

Pabora BrInosHeHA npu (BUHAHCOBOM Moz aep:kke rpanta llpesugenta PP aias MOIOABIX
y4enbx — kanaunaTos Hayk (MK-1056.2018.1, cormamenune Ne 075-02-2018-433).

Ilonaxos Jimurpuit MuxainoBud, K..-M.H., FOKHBIN MaTeMaTndecKuil HHCTUTYT — u-
nman BnagmkaBrasckoro Hayusoro rnentrpa PAH (Braaaukaskas, Poccust); Dmitry Polyakov
(Southern Mathematical Institute of Vladikavkaz Scientific Center of RAS, Vladikavkaz,
Russia)
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Yepes 2y obosmaunm marpuiy Ao = (aopi)k =1, 1€ G0 p; = fol ap;(t) dt.
Bceiony nanee Oymem mpemmosiararh, 9To MaTpuia 2Ag momobHa AuAroHaIbLHOMN
MaTpuIe.

JIJ151 u3ydeHust aCUMIITOTHYECKUX (POPMYJI JIJIst COOCTBEHHBIX 3HAUCHUH mud>-
depeHInmraIbHBIX ONepaTOPOB BBICIITHX TOPSIKOB ¢ MATPUYHBIMEA KO OUITHEH-
TaMU IIPUMEHSIOTCS pasiudablie Merois! (cM. [1] — [3]). B macrosmeit pabore
OyJIET MCIIONB30BATLCA HECKOJIBLKO MHAS TEXHUKA. DTA TEXHUKA OCHOBBIBAETCS
Ha paborax [4] u [5]. Ee npumenenue n03BOJIUT yTOYHUTH, & B PAlE CJy4aeB
YIIYdIIATH, U3BECTHYIO 0 HACTOSIIErO BPEMEHN ACHMITOTHKY COOCTBEHHBIX 3HA~
yenwnii. [Ipexke yem chOpMyIUpOBATH MOJYUYEHHBIE PE3YIbTATHI, JAIUM HE00-
XOIMMOE OTIpe/IeJIeHHeE.

Onpenenenue. lis A10601 o2panuverntott mampuuyst A, deticmeyroweti 6
CF, ee cpednee apugmemuneckoe cobemeennmr 3Hauernuti onpedessemeca Kax

=i

ede \j — cobcmeernbie 3navenus mampuys A.
Teopema 1. Cywecmeyem maroe wucao m € Zy, 0as KOMopo2o cnexmp
onepamopa Ly npedcmasum 6 ude

w\»—‘

o(Lg) = 0(m) U (Ujn|zm+10n), (1)

20€ 0 () — KOHEWHOE MHOICECTNEO U MHONCECTNEA O, [n| = m+1, ne bosree, wem

k-moueunvi. Tozda das cpednezo apupmemuueckozo coOCTNEERHBIL 3HAUEHUT Ay,
onepamopa Ly cnpasedauso caedyrouee acumnmomusieckoe npedcmasienue

~ 2 9
A=t (on + 0t Y Zwow) ol > m+ 1,

ede pj, j=1,...,k, — cobcmeennvie snavernus mampuyvt Ag.

B cBsi3u ¢ Tem, 9TO COOCTBEHHBIE 3HAYEHUS MATPUIIBI XUy MOTYT OBITH KpaT-
HBIMH, TO B JAHHOM CJIy9ae MbI MOYKEM TOBOPUTH TOJBKO O CpeaHeM apudme-
THYECKOM COOCTBEHHBIX 3HadveHuit. OJHAKO, ecu ¢IeIaTh HEKOTOPBIE JTOMOTHI-
TeJIbHbIE [IPEJIIOJIOXKEHUsI, TO MOXKHO BBIIMCATh U ACUMITOTHKY COOCTBEHHBIX
3HauYeHuil.

Teopema 2. Ecau 6 ycaosuax meopemo, 1 cobcmeennvie 3HAGUEHUA (b, | =
1,...,k, mampuysr 2y ABAAOMCA NPOCTIOIMU, TO UMEETE MECTNO CACOYIOULAA
ACUMNMOMUKA

M= 2n+0)* + 7220+ 02w, + O(nl), j=1,....k |n|=m+1.

Acumnrorugeckue popmyiibl, mosydeHnbie B TeopeMax 1 v 2, yTOYHAIOT COOT-
Bercrsyfowue pedyinbrarbl u3 |3, Theorems 1,2] B yacru ocraro4Horo dieHa.
[Tepeiimem K pacCMOTPEHUIO HEKOTOPHIX YACTHBIX CJIy4YaeB. IlycTh MaTpuIibt
2 u *B oneparopa Ly umeror pazmep 1x 1 1 cocToAT KazK/1as U3 OJHOIO JIEMEHTA,
a u b coorBercTBenHO, ipudem a,b € Ls|[0, 1]. Torma umeer mecro ciemyroiias
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Teopema 3. Onepamop Ly aeaaemcsa onepamopom ¢ OUCKPEMHbBIM CNeEk-
MPOM U CYW,ELCTNBYEM MaKoe “ucso m € Zy, 4mo e20 cnexmp npeicmasum 6
sude (1). Cobemeennvie 3HAMEHUA Xml, [n| = m + 1, donycrarom caedyrowyro
ACUMTIMOMUKY

Xn 1 =720 4+ 0)* + 7% (2n + 0)2ap—

)

(25 +0)%an_sas_n |7 |vn
B (2n + 9)2 Z 4 1T 2 27
sciin} (2s+60)t— (2n+0) 0—-1)21-10-1])
2de (Yn) — HEKOMOPAA CYMMUDYEMAAL NOCALIOBAMENLHOCTIL U As, S € L, —

xosppuyuenmu, Dypve ynryuy a.

OrmeruM, 9TO NPUMEHSEMAsi TEXHHUKA II03BOJIAET IIOJy4YMTh ACUMITOTUKY
COOCTBEHHBIX 3HAYEHWH TAK¥XKe U B IMEPUOJMYECKOM UJIM AHTUIEPUOAUIECKOM
ciyqae. Ilycrs 6 € {0,1} n k = 1. Torga marpunst A u B BHOBL pa3mepa 1 x 1
c asiemenTaMu a, b u3 Lo[0, 1]. UccaemoBanue crieKTpajibHbIX CBONRCTB paccMar-
puBaemoro oneparopa Lg, 6 € {0, 1}, upeacrasisier caMmoCTOsTE/IbHBINH HHTEPEC
(cum. [5] 1 [6] m ucnonb3yemyio tam sureparypy). Ormernm, gro B [6] usydamncs
OTIEPATOp MTPOU3BOJIHLHOTO MOPSIKA.

ITo cpasrerno c [5, Teopema 1] u [6, Theorems 1, 2], B ciaeayromeii reopeme
YTOYHSETCA BUJ, BTOPOTO NMPUOIMKEHNsT, & TaKKe (POPMysIa OCTATOTHOTO UIeHA.

Teopema 4. Onepamop Lg, 6 € {0,1}, asasemes onepamopom ¢ duckpem-
HOLM CEKTNPOM U CYULLCTNBYEM MaKoe “ucio m € Zy, wmo ez2o cnexkmp npeod-
cmasum 6 eude (1). Ilpunem O(y) — KOMEUHOE MHONCECMEO C “UCAOM TNO-
uex ne npesocwodaugum 2m + 1, a mnosicecmeo o, onpedessemca Kax on =
YU} Cobemesenmie snavenua N¥, n > m~+1, onepamopa Ly, 6 € {0,1},
donycrarom caedyroulee acuMNMOMUIECKOE NPEICMABACHUE

oo

Z 25 + 0 an—sas—n + an+s+0a—n—s—0)
(2s 4+ 0)* — (2n + 6)*

AF = 7 (2n40)*—2(2n+0)?

n

:F

s=1,s#n

Z (2s —|—0)2as_na_n_s_9)1/2.

2 2
:F(n+0) (Tra2n0 (2s+9)4—(2n+9)4

SEZL
s#n,s#—n—~0

Z (25 +0)%a,_sanisso ) 1/2 N
(2s +60)* — (2n + 0)*

. (7r2a2n+9 -2 w2 (2n + 0)2a0 + nYn,

SEL
s#n,s#E—n—>0

20e (V) — HEKOMOPAA CYMMUPYEMAR NOCALOOEATNEALHOCTID.

Kpowme Toro, n3 TeopeMm 3 u 4 J€rKo IONYyYUTh ACHMOTOTUKY COOCTBEHHBIX
suavenuii oneparopa Lg, 6 € [0,2), B ciayyae korga byHKIMU @ 1 b ABIAAIOTCH
[JIQKAME MJIM BEIIECTBEHHBIMU, DTH PE3YJIbTATHI y/IyYIIaloT U3BECTHBIC PAaHee
(cM. [5, Teopema 2]).

JIutepaTtypa

1. IIxanuxoe A.A. Kpaesble 3amaum ajsa OOBIKHOBEHHBIX JauddepeHnuaibHbIX
YPaBHEHUH CO CIEKTDAJILHBIM [1apaMeTPOM B IDAHWUHBIX ycjoBusax // Tp. cem. mm.

N.T. Ilerposckoro, 9 (1983), 190-229.



120 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

2. Jlyorcuna JI.M. Peryngapuble ClIeKTpPaJIbHbIE 330391 B IIPOCTPAHCTBAX BEKTOD-
dbyukmmit // Bectauk MI'Y. Cep. 1. Marem. mex., 1 (1988), 31-35.

3. Veliev O.A. Unifrom convergence of the spectral expansion for a differential
operator with periodic matrix coefficients // Bound. Value Probl., (2008), 2008:
628973.

4. Backaxos A.I., IMoasaxos /.M. Meron momo6HBIX OIIEPATOPOB B CIIEKTPAJIHBHOM
aHasu3e oneparopa XuJlia ¢ HeraakuMm norennpanom // Marem. ¢6., 208:1 (2017),
3-47.

5. Hoaaxoe J.M. Cnexrpanbubiii anamm3 maud@depeHnuaibHoro oneparopa der-
BEPTOrO HOPSA/KA C [HEPUOJAUYECKUMU U AHTUIEPUOAMIECKUMYU KPAEBbIMU YCIOBUIMU
// AnreGpa n anamms, 27:5 (2015), 117-152.

6. Veliev O.A. On the nonself-adjoint ordinary differential operators with periodic
boundary conditions // Israel J. Math., 176 (2010), 195-207.

MEPHI IVTHAMUWYECKOTO ITPONCXOX/JIEHUS C
HEOBBIYHBIMI CBOMCTBAMMU
B.B. PoixkukoB
vryzh@mail. ru

YIK 517.9

CymecTByeT COXpaHAIOIUI Mepy IIOTOK Ha IpocTpaHcTBe Jlebera, crex-
TpabHAA Mepa ¢ KOTOPOro obsaiaeT CieayomuMy CBOUCTBAMU:

(i) ona HempephIBHA U CHHIYJISIpHA OTHOCHTEJHLHO Mepsl JleGera Ha rpym-
ne R;

(i) ay1sr mexoTOPOTO MHONKecTRa Hanparenuit B R? mpoexmui Mepr o X o
Ha (PUKCUPOBAHHYIO IPSMYIO BJIOJIb ITUX HApaBJeHuii apisiorcs (1 —1)-
oTobparkeHnsaMU, a 00Pa3bl MePHL CYyTh CHHIY/ISIPHBbIE MePbl Ha IIPAMOIL;
(iii) mns Geckomeunoro Mmo)kecTBa Hampasienmii B R? mpoekrum mepsi
0 X 0 Ha mpaMmylo aBasiorca (oo — 1)-orobparkenmsivm, mpuaeM 06pas3bl
MepBL 0 X 0 SKBUBAJIEHTHBL Mepe Jlebera Ha mIpsMOM.

Kanrouesvie croea: GyHKITMOHAIBHBIN aHAIN3, CHEKTPAJIbHbIE MEPHI yHH-
TAPHBIX IOTOKOB

Measures of the dynamical origin with unusual properties
There is a measure-preserving flow on Lebesgue space whose spectral mea-
sure o has the following properties:

(i) it is continuous and singular with respect to the Lebesgue measure on
the group R;

(ii) for some set of directions in R? the projections of the measure o x o
onto a fixed line along these directions are (1 — 1)-maps, and the images
of the measure are singular measures on the line;

(iii) for another uncountable set of directions in R? the projections of the
measure o X o along these directions onto this line are (co — 1)-maps, and
the images of the measure o X o are equivalent to the Lebesgue measure.
Keywords: functional analysis, spectral measures of unitary flows

Prixukos Banepuit Bamentunosud, g.¢.-M.H., mpodeccop, MI'Y nmernu M.B. Jlomonocosa
(Mocksa, Poccus); Valery Ryzhikov (Lomonosov Moscow State University, Moscow, Russia)
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OprojuuecKas TeOpUs ABJIAETCS ONHUM U3 HCTOYHUKOB PAa3HOOOPA3HbBIX IIPH-
MepOB YHUTAPHBIX TpeicTasaennii. [Ipegnaraiorcs yHuTapHble MOTOKN IMHAMU-
YECKOr0 TTPOUCXOXKIEHUsI, ODJIAJAIONINE CJIEIYIONIMU CBOUCTBAMM.

Teopema 1. s awbozo N > 2 natidemces yHumapuouti nomok Ty maxot,
ymo npu 1 < m < n < N cnexkmp menszoprozo npoussedenuss Ty ® Ty npo-
cmot u cuneysapuot, a npu n > N cnexmp npoussedenus Ty @ Ty Aeasemcs
CUEMHOKPAMHBLM AEOE208CKUM.

CrekTpajbHasgs Mepa ¢ TAKOrO TMOTOKa Tpu (pukcupoBannoM N obiazaer
CBOMCTBaMU:

(i) Mepa ¢ HenpepbIBHA M CUHTYJISIPHA OTHOCUTEJILHO Mephbl Jlebera Ha rpyiiie
R, ee nocurens ectb R;

(ii) upoexkuuu Mepbl 0 X o Baosb BekropoB (m,n), 1 < m < n < N, na
mmaronans B R? asaaiorcs (1 — 1)-ot6parkeHnsaMu, a oOpa3bl 3TOi MepHI CyTh
CUHTYJISIPHBIE MEDbI Ha, MPSMOif;

(iii) ans GeckOHEYIHOTO MHOXKECTBA Hanpasienuit B R2 mpoekum Mephl o X o
HA JIMaroHajb gBjsdiorca (00 — 1)-orbpaxkeHusiMu, npudeM 06pa3bl MEPbL 0 X O
SKkBHUBAJIEHTHBI Mepe Jlebera Ha npsamoii.

Kpome Toro crmekTpajibHbIe MEphI MPeIJIaraéMbIX MTOTOKOB B3AWMHO CHHTY-
JISIPHBL CO CBOUMH CBEPTOYHBIMY CTENeHsIMU ([IPUMEPHI TAKUX MMOTOKOB IIOSBU-
quck B [1]). ITocTpoeHre SproiuiecKnx MOTOKOB, 00ECIeYNBAIOIINX HY KHBIE (-
dexrbl, siBisiercs MoauduKanuii KOHCTPYKIMil aBromopdu3mMoB u3 paborsl [2].
Ucuoub3ys rexuuky "BoiHyKieHus nepemernubanus " [3], MoxKHO 106UTHCs TOrO,
YTO CHEKTPAJIBHAST MEPA TOTOKA 00JIaIAET BCEMHU YTOMSIHYTHIMEA CBONCTBAMU U
TIPX 9TOM SBJISIETCS MEPO CHHTYJISPHON Mepoii, mpeobpasoBanne @ypbe KOTO-
poit cTpeMuTCs K HYJIIO Ha OeckoHeuHOocTH. HamoMHWM, 9TO CHHTY/IspHAS Mepa
Ha OKPY2KHOCTH, ¥ KOTOPOit KoappurmeHTs Oyphe cTpeMATCca K HyJITI0, ITPeITo-
:kena B [4] (aBrop npusnarenen A.A. IIpuxoapko, oOparuBiero ero BHUMaHue
Ha 10T daKT).
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KPATHAS IIOJTHOTA KOPHEBBIX ®YHKITUI
HEPEI'YJIIPHBIX ITYYKOB JU®PEPEHIINAJIBHBIX
OITEPATOPOB C IIOCTOAHHBIMU KOPPUIIMEHTAMU N
PACITAZJAIOIIIMMUCSHA KPAEBBIMU YCJIOBUAMU
B.C. Poixsos
RykhlovVS@Qyandex.Tu

VIIK 517.927.25

B mpocrpancrse Ls[0, 1] paccmMaTpuBaeTcss KIacC HE MCCIETOBAHHBIX Pa-
Hee Hepery/igPHbIX Iy9KoB jauddepeHnnaIbHbIX OlePATOPOB N-I0 LHOPA-
Ka, TIOPOXK JEHHBIX OJHOPOIHBIM auddepeHInaIbHBIM BEIPAXKEHNEM C II0-
CTOSHHBIME KO03(b G UIMEHTAMI U PACIAJAIONIIMUCH KPAEBBIMH YCIOBUsI-
mu, | u3 KOTOpBIX OepyTcsa B Hysne, a N — | B egunune. IIpeamonaraercs,
9TO XapaKTEePUCTUKY IIyIKA JIEYKAT Ha ABYX JIydaX, UCXOSIINX U3 HATAIIA,
B kKosmmdectBax k u n — k. Uccnenyiorcs mocTaTovHble yCIOBHAS KPATHOM
nosoThL B pocrpancTse Li [0, 1] kopaeBbix dyHKIMIA Iy 9KOB 9TOr0 KJ1ac-
ca. B wactHoCTH, TTOKa3aHO, uTO TipM ycaoBuu n — k < | < k numeer mecTo
(n — k)-xkpaTHas MOJHOTA C BO3MOXKHBIM KOHETHBIM JehEKTOM.

Karouesvie crosa: mydok OOBIKHOBEHHBIX auddepeHnuaibHbIX OIepaTo-
POB, PACIaJAIOIINECs KpaeBble YC/IOBUs, KOpHEBbIe (DYHKIMH, KpaTHas
[IOJTHOTa KOPHEBBIX (hyHKIHUit

Multiple completeness of root functions of non-regular pencils
of differential operators with constant coefficients and
separating boundary conditions
In the space L2[0,1] we consider a class of not previously investigated
irregular pencils of differential operators of the n-th order generated by
a homogeneous differential expression with constant coefficients and sep-
arating boundary conditions, ! of which are taken at the end of 0, and
n — [ at the end of 1. It is assumed that the characteristics of the pencils
lie on two rays emanating from the origin in the quantities £ and n — k.
Sufficient conditions for multiple completeness the space L2[0, 1] of root
functions of the pencils from this class are investigated. In particular it is
shown that under the condition n — k < I < k (n — k)-fold completeness

the system of root functions with possible a finite defect is took place.
Keywords: pencil of ordinary differential operators, separating boundary
conditions, root functions, multiple completeness the system of root func-
tions

B npocrpancree Lo[0, 1] paccmorpum my4dok obbiKHOBeHHBIX JuddepeHniu-
ajbubIX oeparopos L(A), nopoxienubiii juddepeHiuaibbiM BbIpazKeHueM
N-TO TOPSIIKA,

Uy, N) = > pisAyY), pje €C, po #0, pon # 0, (1)

Jjt+s=n

Prixsio Bukrop Cepreesnd, x.d.-M.H., gonent, CI'Y uvenn H.T. Yepurimesckoro (Capa-
0B, Poccus); Victor Rykhlov (Chernyshevsky State University of Saratov, Saratov, Russia)
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U JIMHENHO He3aBUCUMbIMU OJHOPOAHBIMHN ABYXTOYE€YHBIMH DPaCIIAIal0IIUMUCA
HOPMUPOBAHHBIMU KPAEBHIMU YCIIOBUAMN

> NayP(0)=0,i=11, > NBwP(1)=0,i=I+1n, (2)

Jjts=sx; JjHs=s;

rae A, oujs, Bijs € C, 55 € Nu{0},1<l<n—1

Jlanee ncronb3yem, He IOBTOPSISA B JJAHHOM TEKCTE, ONPEIENeHNsT KOPHEBBIX
dbyukuuit (k.d.), m-kparnoii (1 < m < n) H0NHOTLL K.} ., XAPAKTEPUCTUIECKOIO
OLIPEJEJIUTEIs], XAPAKTEPUCTUIECKOIO MHOIOY'OJIbHUKA, U T. 11. u3 [1].

Perraercst 3a1a9a 0 HAXOXKIEHNH YCJIOBHMH Ha Tapamerpsl mydka L(\), mpu
KOTOPBIX MMEET MECTO 1m-KpaTHas MOJHOTA CHCTEMBI K.(b. 3TOTO MydKa B MPO-
crpanctse Lo [0, 1]. Ucropuio Bompoca MOXKHO OCMOTpETH, Hanpumep, B [1-4].

B [2] paccmorpen ciayuail, Korja XapakTepUCTUKU Iy 9Ka PACIOIOKEHbI Ha
JIBYX Jly4ax, UCXOAdIuX U3 Havyasa. B reopeme 1 u3 [2] mosyuensl jgocrarodnbie
YCJIOBUST KPATHON MOJHOTHI CHCTEMBI K.(b. 171 Bpome Obr H60jee o0IIero Kjac-
ca myukoB Buga (1)—(2) B ciydyae mosypacnaJaroiuxcsa «B MMPOKOM CMbIC/IE>
KpPaeBbIX yCJIOBHil (TO €CTh, KOrJga He TOJLKO 2 > n, HO u 2l < n B ciaydae
1 <1< n-1). Ho, Hecmorps Ha TO, 94TO Kpaesbie ycjoBus (2) sBIJISIOTCA Y4acT-
HBIM CJIy9aeM IOJIyPACHAJAIOIIUXCA «B IIMPOKOM CMBIC/IE» KPAEBbIX YCJIOBHI U3
[2], Tem He Menee, Teopema 1 0 mosHOTE U3 [2] HE MOXKeT GBITH HEMTOCPEICTBEHHO
OPUMEHEHA K CJIyYalo PACIIaIaI0IIUXCs KPAEBBIX yCI0BHi (2), TaK Kak HE BCe Ta-
paMeTphl B HOPMYJIHPOBKE TeopeMbl 1 u3 [2] ompenesenbl 1 pacua alonuxcs
KpaeBbIX ycsoBuil (2).

Bugousmenus pokaszarenbcrBo Teopembl 1 u3 [2], yaanoch noay4uTh gocra-
TOYHBIE yCJIOBUS KPATHOM IOJHOTBI M B CJIy4ae PACIIaIA0IIMXCA KPAEBbIX yCJI10-
Buii (cM. [4]), HO, K coxasieHnio, He BO BCeX ciaydasx. ITobsl chopMyInpoBaTh
NOJIyYeHHbIE PE3Y/IbTaThl, BBEJIEM HEOOXOIMMbIE 0003HAUEHUS.

[Tpeamonokum, 9TO KOPHA W1, W3, . - . , Wy XAPAKTEPUCTHIECKOTO yPABHEHUS
(xapakTepucTuku) . pjsw’ = 0 MONAPHO PA3IUYHBI, OTIHIHBL OT HyNs H
j+s=n

JIE’KAT HA JBYX WM OJHOM JIy9axX, UCXOASIIAX W3 Ha4dajaa, B KOJMYIECTBaX k
un—k (0 <k < n). He napymaga oObuHOCTH MOMXKHO CYUTATH, YTO KOPHU
PACIIOJIOKEHbI CJIeyomuM obpa3oM upu |¢| < 7/2:

Wne'¥ < wp_16' < < wkHew <O<wie ™ <wre ™ < < wpe P,
(3)
B ciuyuae opporo ayga (k= n wiu k = 0) cauraem, 4ro ¢ =0 u k = n.
O6oznaunm [g]+ = max{0,q}, [p,q]- = min{p,q}, [p,q]l+ = max{p,q} u

MOJIOXKUM Tipn j = 1, n

ij = Z Qpswi, i =1,1; b = Z Bivswy, i =1+1,n.

v+s=i; v+s=i;

Ucnonb3yst 3T7r 0603HAYEHNS, BBEJIEM YCIOBUS:

det(aij)'z:%kﬂ_";kﬂ’" +# O,det(bij)zzl]ﬁlznﬂ’k #0mpun—k<Il;  (4)

ji=n—I+1,n j=1,n—1 .
det(aij)zzfl T, det(bij)Z:le #O0npun—k > (5)
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det(au)j i ;é 0, det(b;;)’ _zli_11 £ 0, mpw k < (6)
det(a”)j LR 0, det(by )g_;fl BEHL 20 upu kb > 1. (7)

Ormernm, 9T0 B rpaHn9HOM ciaydae n—k = [ ycnosus (4) u (5) coBuagaior.
Amnanorudno, B rpanndsoM ciydae k = | coBunagaior ycjosus (6) u (7).

Teopema 1. Ecau [k,n — k]; <1 u éwnoanaromesa yeaosus (4) u (6), mo
npu m < 2(n — 1) cucmema k.. nywwa L(N\) m-xpamno noana 6 L3[0,1] ¢
n
603MONCHBLM deermom, He npesviuatowum wucte di ==, [m—1— ]y,
i=l+1
Teopema 2. Ecau [k,n—k|_ > | u sunoanaomesa ycaosus (5) u (7), mo npu
m < 2l cuemema %.gp. nyuxa L(\) m-xpamuo noana 6 Lo[0,1] ¢ 603modicrvim

l
dedpexmom, He npesvrwarowum wucaa de = > [m — 1 — 3] 4.
i=1
'panuunsbtit caydait B Teopemax 1 u 2 chopMyaupyem B OTIEIBHON TeOpeMe.
OTO COOTBETCTBYET CJIYYAI0 PEryJISPHOrO IydKa.

Teopema 3. Ecau [k,n — k|- = [k,n — k] = | uau, wmo sxeusasenmno,
n = 2k = 2l u ewnoanaromes yeaosua (4) (uau (5)) u (6) (uau (7)), mo
cucmema %.. nyura L(N) n-gpammno noana 6 L0, 1] ¢ soamoorcroim dedermonm,
He npesvuauum wucaa [di, dz]— 6 caywae, ecau no-kpatined mepe 0as 00H020
i = 1,n ewnosnsemca mepasencmeo ; > n — 1, u ¢ nyseevm defpexmom 6
NPOMUEHOM CAYHGE.

[Tokazamo, 9To B cydae
[kanfk]— <l< [kanfk}-i-a (8)

KOTOPBIH UCKJIIOYEH U3 PACCMOTPEHHsi B TeopeMax 1-3, MCIoJib3yeMoe JI0Ka3a-
TeJILCTBO HE LPOXOAUT. D10 ciydail uyuxa L(A) ¢ ycroiiuuBoil cuiibHOl Hepery-
JIIPHOCTHIO, TO €CTh TAKOH CHUIIbHOI HeperyaspHocThio (cM. [1]), KoTopas nMeer
MeCTO TIpH JTIOOBIX 3HAYEHNAX KOI(DDHUINEHTOB KPAEBBIX YCIAOBUH (s W Bijs-

Ucnonp3oBanue apyroro noaxona us [1], mo3posser mojaydursb J0CTATOYHbBIE
yCJIOBHsI KPATHOI moJaHOTHL K.(. u B caydae (8). Cumraem jasnee i onpese-
sierHocTH, 4o n =k < k.

[Tycts muOXKECTBO 2 cocrout m3 0, wi, Wz, -.., Wy, BCEBO3MOKHBIX CyMM
9THUX TOYEK, COMEPIKAIIUX IO /IBA, [0 TPU PABIUIHBIX CJIATAEMbBIX M TaK TAJIEE,
n ciaaraembix. Obo3naunm M = conv (2. I'panuna M — 3T0 mapaJjiesorpamMmm
ABCD. Bnecb A =0u B =wi + -+ + w, — KpaiiHue JieBast U IpaBasi TOYKHU
Ha JIyde, MCXOMsIeM w3 Hadasa, nox yriaom ¢, C = wy + -+ + w, u D
Wk41 + -+ + wyp, TpudeM npamas C'D napanmensua npamoit AB. Yepe3s Ma,
Kak u B [1], 0603HaYNM XapaKTEPUCTUIECKUH MHOIOYTOJBHUK Tydka L(\).

Teopema 4. ITycmv evinoanaromea ycaosua (4), (9) (n—k <1< k) u za-
paxmepucmuueckul muozoyzosvnux Ma nywka (1)-(3) wacaemcs cmopon AB
u CD mmozoyzonviura M. Tozda cucmema .. smozo nyuxa (n — k)-xpamno
noana 6 La[0,1] ¢ 803mootcHbiM KoOHewHbiM dedhermom.
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Ia omaomeproro omeparopa upaka L, ONpPENESeHHOTO HA KOHETHOM
orpeske mudbdepertmanbabM BEpaskerneM By’ + P(z)y ¢ cymmupye-
MbIM KOMILIEKCHO3HAYHBIM IIOTEHIIMAIOM U pery/ispHbiMu 110 Bupkrody
KPaeBBIMH YCJIOBHUSIMHU, IOCTPOEHa, oneparopHas rpymmna exp{itL}, t € R.
JlokazaHo, 4TO TPyIa KOPPEKTHO OIpejeneHa B JI000M IPOCTPAHCTBE

(Lp[0,7])%, p € (1, 00), u (WZ[0,7))%, 0 € [0,1/2).

Karouesvie caoea: crieKTpasibHas TEOPHs, TOJIYTPYIIIIH OTIEPaTOPOB

On properties of operator exponent generated by 1-D Dirac
system

For the one-dimensional Dirac operator £ defined on a finite segment
by a differential expression By’ + P(x)y with summable complex-valued
potential and Birkhoff-regular boundary conditions, the operator group
exp{itL}, t € R is constructed. It is proved that the group is correctly
defined in any space (L,[0,7])?, p € (1,00), and (W0, 7])?, 8 € [0,1/2).

Keywords: spectral theory, operator semigroups

Pa6ora Bemmosnaena npu ¢dhuHaHCcOBOR nognepxke PH® (mpoekt Ne 17-11-01215).
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IIycrs
{(y) =By’ + P(a)y,

e B = <_OZ ?) , P(x) = (Z;Eg Zigg) , Y = <}y,;((?)) , x € [0,7],

— nuddepernuaIbHOe BBIPAXKeHUEe, OPOXKIAIOIIEe BMECTE ¢ KPACBBIMH yCJIO-
pusivmu U B npocrpanctse H = (L2[0, 77])2 onHOMepHbIi oneparop Jupaka. Mar-
puny P(x) — morennman oneparopa £ OymeM CUuTaTh KOMIUIEKCHO3HAMHON M
cymMmupyemoii, T.e. p; € L1[0,7]. Mbr O6yaem paccMaTpuBaTh KpaeBble yCIOBH

M,
oy = (1 v2) mowao)) + (2 ) (1) <o,

U21 U2 U23 U4 Y2(7T)

Tpedysi IPU 3TOM PEryJisipHOCTb uX 110 Bupkrody. A umeHHo, Mbl OyaeM Ipeao-
JlaraThb, 4TO OILPEJEIUTENb J13, COCTABIEHHBIH U3 IIEPBOIO U TPETHETO CTOIOIOB
Uilr U2 U3 U4
U21 U2 U3 U4
Ke, Kak U onpenenurens Joyu. Omeparopom Iupaka HA30BEM OMepaTop

MaTpunbl U = < ) KPaeBbIX YCJIOBUI, OTJINYEH OT HY/Id, TaK

Lpuy =Ly), DL)={yeW0,7]:{(y)eH, Uy =0}.

[pu sTom mbr 37ech u ganee qepes Wit[0, 7], n € N, p € [1,00), obosnauaem
k1accuueckue npocrpancrsa Cobomesa u s kparkocru numem y € W0, 7],
NOHUMast TIOJ, 3TUM, uTO Y1, Yo € W[0, 7.

Ompenenennsrit TaknM oOpa3om onepaTop Lpy MBI OyJeM Ha3bIBaTh PETy-
asgpHbiM oneparopom dupaka. Ussecrro (cm., nHanpumep, [1]), uro npu rakux
YCJIOBUSAX oneparop Lpy ABIAETCA 3aMKHYTHIM (HEOIDAHUYEHHBIM) OLEpaTo-
poM B ]H[ C HeHyCTbIM PE30JILBEHTHBIM MHO?>KECTBOM. I/ISBeCTHO TaK>Ke, 94TO ero
CIIEKTDP COCTOUT W3 COBCTBEHHBIX 3HAUEHNUH { A, }nez, NEIKAMMX B HEKOTOPOIi TO-
pusorTasnbHO mosoce {|ImA| < a}. CucreMy cOGCTBEHHBIX M MPHCOETMHEHHBIX
dbyuxumit oneparopa Lp 7 MBI 0003HATUM Yy, 7 (AITOPUTM HyMepAIHN THCEIT
An ¥ BbIOOPA BEKTOPOB Yy, Mbl OIUIIEM 4yTh [I032Ke).

Hama meas — TOCTPOWTH CHUJIBHO HEMPEPBIBHYIO ONMEPATOPHYIO TPYTITY
U(t) = exp{itLpy}, t € R. MBI mOKazkeM, ITO 9TA TPYINIIA OLPEIETICHA HE TOJb-
ko B mpocTpancTse H, no u B mpoctpancreax Cobomesa H?, 0 < 6 < 1/2, u B
npocrpancrsax (L, [0, 7r])2, i € (1,00). Kpome Toro, 6yer mojy4eHo npeicras-
nenne U(t) = Up(t)+V(t), vae Up(t) — rpymia, HOpoxK/IeHHAS HEBO3MYIIIEHHBIM
OnepaTopoM.

Yacro Ham OymeT ymo6HO TTpenosaraTh moTeHnuan P(x) BHeMaroHaIbHBIM:
p1(x) = pa(x) = 0. O6mmit cayvaii CBOANTCA K BHEINATOHAJIEHOMY C TIOMOIIBIO
Ipeodpa30BaHMs TOI00MA.

Vreepxkaenne 1(cu. |2]). [Tyems P(x) — npoussosvras mampuya pasme-
pa 2x2 ¢ anemenmamu p; € L1[0,7], j =1, 2, 3, 4, a mampuya U 3adaem peey-
aaprvie Kpaesvie ycaosua. Tozda onepamop Lpy nodoben onepamopy L 5+v1,

" P = (e 7).
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(p(z)—¢ (@)

ei(w(ﬂﬂ)—w(av))7 Pa(x) = pg(x)ei ’

Pa(2) = pa(2)
() = 7o — / m(t)dt,  p(a) = / pa(t)dt -z,

1= 52 | o)+ matoae,

a- (e s o) e (3 [0 -po).

U21 U222 €U23 €U24

Omreparop Loy € HyJIEBbIM TOTEHLIMAJIOM W TEMH K€ KPAEBBIMU yCIOBHSI-
Mu Oy/IeM Ha3bIBATH HEBO3MYINEHHBIM orneparopoM Jlupaka. Ero criekTp MOXHO
HaWTHU ABHO.

YrBepxaenue 2 (cum. [2]). Cnexmp onepamopa Loy cocmoum us cob-
CMEEHHLT 3HANEHUT, KOMOpPbie MOJMCHO 3anucams deyma cepuamu —— In zo+2n
u—=Inz +2n, n €Z, 2de 2o u 21 — KOPHU K6AIPATNHOZ0 YPAGHEHUA

Joz2® — [J12 + Jaa]z — J1a = 0, (2)

a 3navenus semeu aozapudma Pukcupyromes 6 nosoce Im z € (—m, 7). B cay-
wae, ecat JUCKPUMUHGHM K8adpamuozo ypasuenus (2) pasen myato, éce cob-
cmeennvte 3Haverus onepamopa Loy J8yKpammot.

B nmanpmeiiem Mbr OymeM HyMEpOBATh ITH COOCTBEHHBIE 3HAUEHWS OHUM
WHJIEKCOM N € 7, OObeINHASA IBe CEPUH B OIHY:

A0 — 79+ N, IOJa9 9YeTHBIX N,
n =

»1 +n, 4 HEYeTHBIX N,

i i
rme »9g=——Inzy, s =——1Inz —1,
7r T

npudeM —1 < Resy < Resry +1 < 1. B cnywae Resg = Resry + 1 s
OTIPEIEJIEHHOCTH OyJIeM CYuTaTh, 910 Im 279 < Im ;.

VYrBepxaenue 3 (cum. [1]). Cobemesennvie 3navenus pezyisprozo onepamo-
pa Lp 7 MOJNCHO 3GHYMEPOSATND € YHETNOM KPATMHOCTIU MAK, wmo X, = A2 +o(1)
npu n — +oo.

Hanee cantaem, 9T0 COOCTBEHHbBIE 3HAYECHUS 3aHY MEPOBAHBI IMEHHO Tak. Ko-
HEYHO, JAHHOE YCJIOBUE 33/IaeT HYMEPAINIO He eJMHCTBEHHBIM 00pa30M, a MMeH-
HO, C TOYHOCTHIO 70 MEPEHYMEPAINN KOHEYHOTO YNC/Ia COOCTBEHHBIX 3HAUEHMIA.
Mber1 3adukcupyem oiHy (KaKy-TO) HyMeparuio.

VYcsioBue orinuus OT HyJist JUCKPUMUHAHTA KBaIPATHOIO ypaBHeHus (2) Bbi-
JleJisieT U3 MHOXKECTBA PEryIspPHBIX KPAEBbIX YCIOBUN KJIACC YCJIOBUI, KOTOPHIE
MBI 6y/IeM Ha3bIBATH CHJIBHO PEryIsipHbIMU. TakuM 06pa3om, KpaeBbie yCIOBHUST
cuIbHO perynsapbl, ecan (Jyo + J34)? + 4Jo3.J14 # 0. Perynspubie yciaosus,
JIIsT KOTODPBIX JaHHOE BbIpaykKeHue OOHYyJIsieTcsi, Oy/ileM Ha3bIBaTh Cj1abo pery-
nspabivu. Oneparop upaka ¢ BHeIMATOHATBHBIM MOTEHIHATIOM P ¥ CHIBHO
perynsapabiMu (cs1ab0 peryssipHbIMU) KpaeBbiMu ycsoBusMu U GyjieM Ha3bBaTh
CHJIbHO PeryJisipHbIM (COOTBETCTBEHHO, cJabo peryispubiM). B ciaydae noren-
mrasa P obmero Buga OyaeM Ha3uIBaTh omeparop Lpy CHIBHO PETYISPHBIM
(c1abo peryssipHbIM), €CJIM TAKOBBI KPAEBbIE YCIIOBHs [7, omnpezenentsie B (1).
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B caydae cuibHOI peryisipHOoCTH BCe COOCTBEHHBIE 3HAYEHWS OLMEPATOPA
Lo, OTHOKPATHHI, a COOCTREHHbIE 3HAUEHNs onepaTopa Lpy OTHOKPATHBI PN
|n| > N agst mekoroporo N. CoorBercrByloniue cobGCTBeHHBbIE (BDYHKIMH MBI
HOpMuUpYyeM ycsoBueM ||y, ||m = 1. B cirabo perynsgpHoM ciydae 9ucio KpaTHBIX
CcOOCTBEHHBIX 3HAMEHNH MOXKET ObITh OeCKOHEedHO. B 1r000M citydae a1 KaxKaI0ro
KPATHOTO COOCTBEHHOIO 3HAYEHUS MbI CTPOUM CUCTEMY MAKCHMAJBHbBIX EMOYEK
upucoeunentbix Gyuxkuuil (Kanonuveckyo no Kesupuuy cucremy cobersen-
HBIX U MPUCOEIUHEHHBIX (bYHKIWMIA). JIErKO BUIETH, 9TO TAKUX IEMOYEK MOKET
OBITH MAKCHMyM JIBE€, HO WX JIJINHA MOXKeT ObITh Kakoil yroauo. CoOCTBEHHBIE
dyHKIMu Mbl HOpMUPYeM ycioBueM ||y, || = 1.

Teopema 1(cum. [1] u [2]). Jas ar06ozo cusvro pezyasprozo onepamopa Lp
cucmema {yn fnez asasemes basucom Pucca 8 npocmparncmee H. B caabo pezy-
AAPHOM CAYHAE IMA CUCTNEME ABAAEMCA basucom Pucca co ckobkamu, npuiem
obsedunamo Gynkyuyu cucmemo, Ha0o napamu {Yok, Yor+1}kez-

Buoproronanpuyio cucremy OyaeM 0003HAYATDH Zy,. HeC/lI0:KHO BHIETH, 9TO
9Ta CHUCTEMA COCTABIEHA W3 KOPHEBBIX (DYHKIIHI COMPSIKEHHOTO OMEpPaTopa
Lp+« y+ 1 TaK¥kKe ABIdeTcsa 6asncom Prcca.

CdopmyaupyeMm OCHOBHBIE PE3YJIbTATHI.

Teopema 2. Jas 4106020 pezysspnozo onepamopa Lpy onpedesena cunb-
no nenpepwenas 6 H onepamopnas epynna U(t) = exp{itLpy}, t € R. Ima
epynna donycraem npedcmasieHue

U(t)x = Z(a:, z,)ery, . (3)

nez
B ma60 pPeLYAAPHOM CAYUaAE CSCO()UMOC’In'b p.ﬂ(?a NOHUMAGEMCA 68 CMBLCAE

K

P D (@ zar)e™ yap + (@, 20541)e ™ yap )
k=—K

Psd (3) cxodumca 6 H besycaosno.

Yepes HY obozmauaenm mamee mpoctpanctsa Cobomena WY x WY ¢ npobmbmv
unexcom riagkoctu 6 € [0,1]. Hpu stom H = H, a H' cosnamaer ¢ xjac-
cHYecKuM cOBOJIEBCKHM mpocTpanctsoM. Mssectno, uro H? = [H, H']y (xom-
LJIEKCHBI MeToz uHTeprosnuu). Jepes H% ob03HATaeM HHTEPIIOIATNOHHY O
mkany HY, = [H, H} o, 6 € (0,1), rue HY; — noanpocrpancrso s H bynxuit,
V/IOBJIETBOPAIONNX KpaeBbIM ycaosuaM U. N3sectro, uro HY = H?J TIpu BCEX
0 €10,1/2), aipu 6 € [1/2, 1] xopasmeprocTh noanmpocrpancrtea HY, pasua 2.

Teopema 3. IIyemv P € L, daa nexomopozo 1 € [1,2). Toeda cuavho

nenpepwuenas onepamophas epynna U(t) onpedesena psadom (3) 6 npocmpan-
cmee HY, daa aro6020 0 € [0,3/2 — 1/p), a npu =2 — daa awbozo 0 € [0,1].

JIureparypa
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O BABNCHOCTHU KOPHEBBIX ®YHKIINI KPAEBBIX
3AITAY OJIdd OITEPATOPA IMITYPMA-JIMYBNJIJIA C
CUMMETPUYHBIM ITOTEHIINAJIOM
M.A. CaapibekoB
sadybekov@math.kz

VIIK 517.984.62

Paccmorpena cnekrpasnpras 3amaqda ais oneparopa Llrypma-JInysumms
ua wmaTepBasie (0,7) € ABYXTOYEIHBIMHM KDPAEBBIMU YCIOBUSIMHU OOIIErO
Buga. s cay9as, KOrga KOMIJIEKCHO3HA9HBIH Kodhdumment ¢(x) €
L,(0, ) ynosierBopsier ycaosuio cummerpuu ¢(x) = ¢(m — x), gaHo nos-
HOe OIHCaHue CBOCTB 6a3ucHocTr B Lo (0, ) KOPHEBBIX (DYHKITHIA ABYXTO-
YeYHBIX KPAEBBIX 33/1a4 B TepMUHAX K03 DUIMEHTOB KpaeBOro yCaoBuUsL.
Karwesoe crosa: 3amaga lllrypma-/Imysuimig, nByxTodedHas KpaeBasd
3a7a4a, coOOCTBeHHbIe (DYHKIMM, KOPpHEBbIe DyHKIMH, 6e3yCA0BHBII Oa3uc

On basicity of root functions of boundary value problems for
Sturm-Liouville operator with symmetric potential

We consider a spectral problem for the Sturm-Liouville operator with
two-point boundary conditions of the general form. For the case when
the complex-valued coefficient ¢(z) € L1(0, ) satisfies the symmetry con-
dition g(x) = q(m — x) we give a complete description of the basicity
properties in L2(0,7) of root functions of the two-point boundary value
problems in terms of the coefficients of the boundary condition.
Keywords: Sturm-Liouville problem, two-point boundary value problem,
eigenfunctions, root functions, unconditional basis

B pa6ore [1] B.A. CagoBuuuuii co ceoum yuenukom B.E. Kanryxunbiv uc-
CTIeJIOBAJIA 3aBUCUMOCTH CIIEKTPa OT KOI(DDUIMEHTOB KPAEBLIX YCIOBUN JIJIst
1 dEpEeHIAIBLHOIO OLEePATOPa YeTHOIO MOPsIKA C OLUPEIETEHHON CUMMeTPH-
eit ko3 dunmentoB oneparopa. VIMu BmepBbie MOKA3AHO, YTO MPHU OMPEIEJIeH-
HBIX YCJIOBHUSX CIIEKTD OIMEpaToOpa He 3aBUCUT OT HEKOTOPBHIX KOI(DDUIMEHTOB
KPaeBoro ycjoBus. B 4acTHOCTH, KAK CI€ICTBHE, OBLIO MOKA3aHO, YTO CIIEKTP
3a/1a49U [IJIsl YPABHEHUS

Ly = —y'(z) + q(@)y(z) = \y(z), 0<z<m, (1)
€ KPAeBbIMU YCJIOBUAMHE
y(0) =by(m), ¥'(0) = ¢/ (), (2)
IpYA CUMMETPUIHOM KO3 duimenTe

q(z) =q(mr—z), 0<z<m, (3)

Pabora ebimosineHa npu ¢uHaHCOBOM nopgepkke Komurera naykn MOH Pecny6suku
Kazaxcran (rpant AP05133271).

CanpibexoB Maxmyn AGapicamerosud, 1.¢.-M.H., mpodeccop, ['enepanbubit qaupexktop Nn-
CTHTyTa MATEMATHKU U MAaTeMaTHIeCKOro mozenuposanus (Amvarsr, Kazaxcrar); Makhmud
Sadybekov (Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan)
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He 3aBucur or Koabdduuuenra b # —1 kpaesoro ycsosus (2) u coBuasaer co
CIEKTPOM TEPUOANYIECKON KPAaeBOW 3aa4n.

OCHOBBIBasICh HA ITOM Pe3y/IbTaTe, B HACTOANIEM JIOKJAJE Mbl IIOKAXKEM,
9TO NI CIydasi, KOTJa KOMIJIEKCHO3HAYHBIN Koadduimnent g(x) € Li(0,7)
YZOBJIETBOPSIET YCJIOBUIO CUMMETPUH (3), MOXKET ObITh JAHO MOJHOE OMUCAHUE
CBOMCTB 6A3MCHOCTH KOPHEBBIX (DYHKIMI JBYXTOYETIHBIX KPAEBBIX 33749 s
ypasuenus (1) B repmunax ko3bhUIMEHTOB KPAEBOr0O yCIOBHS.

OrmeruM, 9TOo cumMmerpust Kod(puImenTa UrpaeT BasKHYI POJb B CIIEK-
rpasbhoil Teopun. Hanpumep, B [2] m0Ka3aHo, 4T0 BCe BOJILTEPPOBBIE KPAEBbIE
3amaun quia ypasaenus (1) 3apatorces yenosuamu y(0) = ay(w), y'(0) = —ay’(7)
npu a? # 1. Ilpu a # 0 ycaoue cuvmveTpun (3) aBIserTcss KpUTEPHEeM BOTbTep-
POBOCTH 3TO# 331a4U.

Hna nuddepennmanbruoro ypasuenus (1) Mbl paccMaTpUBaeM JBYXTOUEU-
HbIE KPAEBbIE yCJIOBHs O0IIEro BUIA

Ui(y) = a11y'(0) + a12y’(7) + a13y(0) + aray(m) =0, W
4
Ua(y) = a219'(0) + azy'(m) + az3y(0) + agay(m) =0,

rae Uy (y) u Usz(y) — nuneiino He3aBucuMbie (HOPMBI ¢ KOMITJIEKCHBIME KO3(GbdU-
[IMEHTAMU.

ITo cBouM cnekTpaibHbIM CBONCTBAM KpaeBble ycjioBus (4) TpaJuIuOHHO

pas3mendior Ha 4 OCHOBHBIX THIIA:

1) ycuiieHHO peryJsipHble;

2) peryJspHbIe, HO HE YCUJIEHHO PEryJIsipHBIE;
3) HeperyJ/spHbIE;

4) BBIPOXKIEHHBIE.

W3BecTHO, YTO B MEPBOM Cjlydae CHCTeMa KOpHEBbIX (dyHKIwmii 3amaquun (1),
(4) Bcerma siBsiercst 6asucoM Pucca B Lo(0,7). DTOT pe3yabrarT HE3aBHCHMO
nokazad B kuure Jandopa H. u sapy dx. (1966), B.I1. Muxaiiiossiv (1962)
u M. Kecesbmanom (1964).

B rTperbem ciyuae, kak Brepsbie 6b110 nokaszano Stone ML.H. B 1927 rony,
OHa HUKOT/a He obpa3yer maxke oObraHoro 6aszuca B Lo (0, 7). Permenne Bompoca
0 6a3MCHOCTN KOPHEBBIX (DYHKIMI JIJIsT 9ETBEPTOrO CIydas KPaeBbIX YCJIOBH
naHo B HemasHeill pabore A.C. Makuna 2018 roma. IIM goka3aHO, 4TO HUKa-
Kasg cucrema KopHeBbix dyHkimil 3ama4du (1), (4) ¢ BbIPOKIEHHBIMU KPAEBbIMU
ycioBusiMu He obpasyer nazke o0branoro 6asuca B Lo (0, ).

Takzke XOpOIIO M3BECTHO, 9TO BO BTOPOM CJIy4ae, B 3aBHCUMOCTH OT KOH-
KPETHOIO BU/IA KpaeBbixX ycsosuil u dyukuuu (), cucremMa KOpHeBbIX ByHKIMIT
3a/a4nm MOXKeT 06JaJaTh WK He 06JIaJaTh CBOWCTBOM OasucHocTH B Lo(0, 7).
Breperie B.A. mpuH MOCTpOWI MpUMep ABYX ONEPATOPOB C OMHAMH U TEMH JKe
(peryssipHbIMHU, HO HE YCUJIEHHO PEryJispPHbIME) KPAEBBIMU YCJIOBUIMU U CKOJIb
yroauo 6mskumu (B J11060it Merpuke) 6eckonedno auddepennupyemMbiMu Ko3gh-
dunpmenTaMu, KOTOPbIE UMEIOT PUHIMIIMAIBHO PA3JINIHBIE CBORCTBA: y OJHOTO
nmeeTcss 6a3uc W3 KOpHEBBIX (GyHKIMI, y Apyroro — Het. B wacTrOCTH, OTCIONA
ceyer, 9To mpobsemMa 6a3MCHOCTH KOPHEBBIX (DYHKIWH /I 331849 C PEryJIsap-
HBIMH, HO HE YCUJIEHHO PEryJIspHBIMU KPAEBBIMH YCJIOBUSIMHU, BOOOIIE TOBOPS, He
MOKeT OBITH pelreHa B TepMuHax KoadduimenTos Kkpaesoro ycaosusa. OHAKO,
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kak nokazano A.A. Hlkanukosbim B 1979 rouny [3], kopHesbie dbyHkmu 331241
MOXKHO O0BEIVWHWUTH TapaMu TaK, 9TO COOTBETCTBYIONINE IBYMEPHBIE TTOMTPO-
cTpancTBa 00pasyior 6asuc Pucca u3 moampocrpancTs (u 6e3ycioBHbBIH Ga3uc
€O CKOOKaMH).

Takum obpasom, 6aromaps UCCIEIOBAHUAM MHOTHX MAaTEMATHKOB, IPOOIe-
Ma GasucHOCTH cucTeMbl KOpHEBbIX dyHkumil 3agauu (1), (4) cBegena K uccie-
JIOBAHUIO CJIydas PEryJisipHbIX, HO HE YCUJIEHHO PeryJisipHbIX KPAEBbIX yCJIOBHIA.
Kaxk 6b110 MoKa3aHo B [4], Bce Takme KpaeBble YCJIOBUSI MOTYT OBITH MPEJICTaB-
JIEHBI B OJJHOM W3 JBYX BHUJOB

{ ¥ (0) + (=1)%/(7) + Boy(0) + Pry(m) = 0, 5)
ay(0) + (—1)°(1 — a)y(m) = 0;
{ ay'(0) + (=1)°(1 — a)y'(7) + Boy(0) + Bry(m) =0, ()
y(0) + (—=1)%y(m) = 0;

e 0 = 0w 6 = 1, a koadbunuenTs! v, Sy u 51 — TPOU3BOJIBLHBIE KOMILJIEKCHBIE
qucia. Eciu |Bg| + |B1| > 0, T0 He ymeHnbinas oGIHOCTH MOXKHO CYMTATH, YTO
OTJINYIHBI OT HyJIsl CJEAYIOIIUE OMPEIETUTEH
Bo 931 20, Bo B . |0,
a (-1)'(1-a) (=1

cocraByieHHbIe n3 K03 dHIMeHToB Kpaesbix ycnosuii (5) u (6) cooTBeTCTBEHHO.

OCHOBHBIM DE3yJIbTATOM JIOKJIa/1a ABJMIOTCS CJIELYIOIUe TEOPEMbI 0 Ha3uC-
HOCTH HOPMAJIbHOH cucTeMbl KOpHeBbix dyukiwmii 3a1a4 (1), (5) u (1), (6).

Teopema 1. ITycmo q(z) € L1(0,7) u ydosaemeopsaem ycaosuro cummemn-
puu (8). Tozda ecau o = 1/2, Mo HOPMAALHAA CUCTNEMA KOPHESHLT HYHKUUL
obpasyem 6asuc Pucca 6 Lo(0, 7). IIpu amom:

(a) Ecau |Bo] = |f1] = 0, mo cnexmp 3a0a4u A8AAEMCHA ACUMNMOMULECKY
J8yKpaAMHBIM, G KOPHESble NOONPOCIPAHCINEA COCTNOAM U3 08YL COOCTNEEHHHLL
dyHryud.

(6) Ecau |Bo|+|B1] > 0, mo cnexmp 3adauu acumnmomusecku npocmol u 3a0a-
YA MOHCEM UMEMD He GONCE, YeM KOHEUHOE HUCAO NPUCOEOUHEHHBT PYHKUUT.

Teopema 2. ITycmo q(z) € L1(0,7) u ydosaemeopsaem ycaosuro cummemn-
puu (3). Tozda ecau o # 1/2, mo nopmaavras cucmema KOpHeSux GyHKyul He
obpasyem 6asuc Pucca 6 Lo(0,7). IIpu amom:

(a) Ecau |Bo| = |B1] = 0, mo cnexmp 3adanu asasemea acumnmomusecky 06y-
KPAMHUM, G KOPHESbLE NOONPOCMPAHCMEA COCMOAM U3 00HOT cOBCMEeHHOT U
0dnoti npucoedunennoti pyrnkyut. Hopmasvras cucmema Kopresuxr @Gyrruut
obpasyem besycaoenviii basuc 6 Lo(0, 7).

(6) Ecau |Bo|+|B1] > 0, mo cnexmp 3adanu acumnmomusecku npocmots u 3a0a-
YA MONHCEM UMEMD HE D0AEE, YeM KOHEUHOE YUCAO NPUCOCOUHEHHVLT HYHKUUT.
Hopmanrvras cucmema xopuesur dynxyut obpasyem bazuc Pucca us nodnpo-
cmparems, Ho He obpasyem be3ycaosnozo basuca 6 Lo(0,7).

Jokaa ocHOBAH Ha pe3yabTaTax coBMecTHBIX uccaenopanmit ¢ T.I. Kamn-
venoBeIM 1 B.H. Busposbiu.
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OB OIIEPATOPE CBEPTKW B AHN30TPOITHBIX
IIPOCTPAHCTBAX HUKOJIbCKOI'O-BECOBA C
JOMUJHUPVYIOIIIEN CMEIIIAHHON ITPON3BOJTHON
K.K. CaasikoBa, H.T. TineyxanoBa

sadkelbet@gmail.com, tleukhanova@rambler.ru

YIK 517.5

B pabore uccieyercs OrpaHUIeHHOCTh HOPMbBI OTIEPATOPA CBEPTKY B aHMU-
30TpOHHBIX mpocTparcTBax Hukoabckoro-Becosa ¢ momunupyomei cme-
HIAHHON IIPOU3BOLHOI.

Karouesbie ca06a: OIepaTop CBEPTKU, AaHU30TPOTTHBIE IPOCTPaHCTBa Beco-
Ba, aHU30TpOIHBIE TTpocTpancTBa CoboJresa.

On the convolution operator in anisotropic Nikolsky-Besov
spaces with a dominant mixed derivative.
The paper studies the boundedness of the norm of the convolution op-
erator in anisotropic Nikol’skii-Besov spaces with the dominant mixed
derivative.

Keywords: convolution operator, anisotropic Besov spaces, anisotropic
Sobolev spaces
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IIycrs T™ = [0,1)™ — n-mepwbIii Top, & € R™, 1 < p= (p1,...,pn) <00, 0 <
a= (q1,---,qn) <oo. Cremyst pabore [1] ompenenmv mpocrpamnctso B, (T™) kax

MHOKECTBO PsifioB f = Z Q€2 HM) (BOOGIIIE TOBODSI, PACXOISAIINECH), [

meZn
KOTOPBIX KOHEYHa BEJIMYHUHA

— an

n q1 q1
s, = D[ Do (2“ Ak(f)|Lp(’JI‘")> < o0,

kn=0 k1=0

rae Ag(f)(z) = Z Ay €27HT) ,keZn, Zm Z;.

2% T m j<2Fi
Jj=1,...n

|
Q=

q
IIpn ¢ = oo BeaWYIWHBI < E bZ) , / fe OyZeM TOHHMAaTh COOTBET-
keZ T

CTBEHHO Kak sup |bx|, esssup|f(z)].
keZ €T

Bynewm rosopurs, uro psajg f(z) = Z are®™ R gpngerca snemenToM mpo-
kezn
crpanctea WH(T") (em. [1]), ecru maitnerca dymxmma f € Lp(T"), pan
n

Dypbe KOTOPOH COBIAJAET C PsIOM Z k*ape?™ ) snecy k¢ = HE;‘,
- kezn j
k; = max{|k;|,1}, j=1,...,n,

def) pa
1 lwe e = 12 zocem-

Onpeﬂ,em/IM [IOHSITHE CBEPTKH JJIA JIEMEHTOB 3THX [IPOCTPAHCTB.
IMycrs f(x E ape?™ k) g glx) = E by,e?™*:2) rpuronomerpmde-

keZm keZn
ckue psapl. 1lox cBepTkoil 3TUX Psi0B Oy/Il€EM IIOHUMATH P

(f*xg)(z) = Z apbye?m k)

kezn

1
Jlemma 1. ITyems» 1 < q, p,r < oo, —+1=
q

B+ ~. IIpednonoorcum, wmo f € WI?(']T”) gewx(
U

+ Ja’B7’Y€Rn7a:
"). Toeda f+g € W(T™)

I1f * gllwg @y < 1 fllywp n lgllwy zn)-

1
Teopema 1. I[Iycmv o, 3, vy €« R, a=0+v,1<q,p,r<oo, 1+ — =

q
1 1 1 1 1
» + T 0 < h,n§ < oo, b n + 3 IIpednonostcum, wmo f € Bgn(']T”),
g € B (T"). Tozda f x g € BS (T”)

1£ * gll 3 o) < CI Al ooy 9l 3, o)
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Teopema 2. IIycmv a, 3,7y e R", a < B+v, 1 < q,p,r < 00, @ =
1 1
B+y+1+————= . IIpednonoorcum, wmo f(x) u g(x) — usmepumovie gynryuu
qQq p r
na T", makxue wmo f € BE,,(']I‘"), g € B (T"). Tozda f * g € BG,(T") u

1f * gllBa, ) < Cllf g, (o l191 B, (7).

20e

sl=
/
SR
m| =
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BA3VICHOCTB CUCTEMHI 9KCIIOHEHT B GRAND-
ITIPOCTPAHCTBAX COBOJIEBA
B.®. Caamanos, B.C. Mupsoes

valid.salmanov@mail.ru
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B pabote BBosmTCsT 0T8O TI0/1TTpOcTpancTBO Grand- mpoctparcTtea CoboJte-
Ba U U3y4vaeTcd 6&3HCHOCTI) CHCTEMBI IKCIIOHEHT B 3TOM IIOAIIPOCTPAHCTBE.

Karouesnie ca06a: CUCTEMa 3KCIOHEHT, 6a3ucHOCThH, Grand-mpocTpaHcTBO
Cob6omeBa

Basicity of system of exponent in the Grand Sobolev spaces

In this paper, we introduce one subspace of the Grand Sobolev space and
study the basis property of the system of exponents in this subspace.

Keywords: system of exponents, basis property, Grand Sobolev space
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IIycrs 1 < p < +o0. IIpocrpancrBo usmepumbix va (a,b) C R dyukuuii f
TaKUX, 9TO

1

b p—e
[fllpy = sup (wfd/alf(t)lpsdt> < +oo, (1)

0<e<p—1

naspiBaior Ly (a,b) Grang-npocrpancrsom Jlebera [1] . Ananorm4so BBOAUTCH
upocrpancrso Grand- Cobosesa [2] Wz}) (a,b) ={f: f, f' € Ly (a,b)} c nopmoii

£ llw,y = 1 llpy + 15 lp)- (2)

NsBectHo 9T0, 310 HE cenepabenbHoe Banaxoso npocrpancro. Obo3Hauum de-
pe3 GWZ}) (a,b) MHO)eCTBO Beex (GyHKIMI U3 Wz}) (a,b) nyst koropwix || f/(- +

8) — f'()|| = 0, mpu § — 0, e
f(t),t € (a,b),

0,t ¢ (a,b)

fAcno, uro GW;) (a,b) sBnserca muoroobpasuem B W (a,b). Ilycrs

ft) =

GWI}) (a,b) sABRsETCA 3aMbBIKAHUEM G’Wz}) (@, b) oraOCUTENBHO HOPMBL (2).

Teopema 1. Cucmema t U {e'"'},cz obpasyem 6asuc 6 npocmpancmee

GWpl) (=m,m) .
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OB MHTETPAJIBHOM ITPE/JICTABJIEHUUA
ITOJINJIOTAPU®MOB I ACCOITMUPOBAHHBIX C HUMU
OYHKIININ
T.A. CadonoBa
t.Safonova@narfu.ru

YIK 517.927.25, 517.521.15, 517.589

B pabore cpeacTtBaMm CIEKTPAJIHHON TeOpHMM OOBIKHOBEHHBIX Iudde-
PEHITHAIbHBIX OIIEPATOPOB, IIOPOXKIEHHBIX CUMMeTpudeckuM auddepen-
[MAJIbHBIM BBIPAXKEHUEM C I[OCTOAHHBbIMU KO3 duimenraMu u caMoco-
NPSKEHHBIMA TDAHUYHBIMY YCJIOBUSIMU B THJIL0EPTOBOM TIPOCTPAHCTBE
£?[a, ], moIyueHo MHTErpasbHOe NPEJCTABICHHIE HEKOTOPHIX CTEIeHHBIX
PA/I0B U HEKOTOPBIX CHENUAIbHBIX (DYHKIMI TAKUX, KAK IOJIUI0rapudMbl
¥ ACCOIMUPOBAHHBIE C HUMHU (DYHKITH.

Karoueswie cnosa: dyukrms ['puna, mommmorapud Vbl u aCCOIMUPOBAHHBIE
¢ uuMu GYHKIUYU, UHTErPAJIBHOE [IPEJICTABIEHUE CTEIIEHHbIX Ps/I0B

About integral representation of polylogarithms and functions
associated with them

In this paper, using the spectral theory of ordinary differential operators
generated by a symmetric differential expression with constant coefficients
and self-adjoint boundary conditions in the Hilbert space £2 [a,b], an inte-
gral representation of some power series and some special functions such
as polylogarithms and associated functions is obtained.

Keywords: Green function, polylogarithms and associated functions, inte-
gral representation of power series

Kak m3Bectno, mommorapudmmyaeckas bynkims Lij(z) n acCONMMPOBAHHAST C
ueit dbyuxrus 1% ;(z) mOpsiika j OT apryMeHTa 2 OLPEIEISIOTCS PABEHCTBAME

+oo ok +oo (_1)1@71221@71
Lij(z Z oo Tij(z) = Z T Rk—1)7
k=1

rae z, j € C, mpuuém |z| < 1 (eMm., wamp., [1], ch. 7, § 7.1, formula 7.1 u 7.4).
B pabore [2] moydeno nHTErpanbHOe npejacraBieHne GbyHKuui Lio,, (z) u
Lismy1(z) mpum = 1,2,... u z € (—1, 1], a mmenno

1
)2m z(cos 2mx — 2)
Li - - (-1 mfl B 'm — B m
iom (2) = (1) )v/ 2 2 )1—2z00527m:+z2
0

(27r)2mt1 zsin 27

Lamia () = U™ 502y

Bamy1()

1 —2zcos2mx + 22

o _

PaBora BeimosiHeHa npu dbuHaHCOBOH noagepkke POPU (mpoexr Ne 18-01-00250).

Cacdonosa TaTbsna AHaTonbeBHA, K.d.-M.H., goueHT, CAD®Y umenu M.B. JloMmoHOCOBA
(Apxarresnnsck, Poccus); Tatyana Safonova (Northern (Arctic) Federal University named after
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rae By (x) u By, n=1,2,..., - MHOro4YIeHbl 1 4ucsia BepHysm coorBercTBeHHo.
Henbp mamHOi pabOTHI - MOJIyYEeHHWE AHAJOTHBIX TOXKIECTB st (DYHKIIAN
Tigm(z) nu Ti2m+1(2).
IIycte T - caMOCONpsizKEHHBIN ONIEPATOp, MOPOXKIEHHBIN B TUIEOEPTOBOM
npocrpanctee L£2]0, 1] BbIpaykkenuem

laly] = ="

" rpaEuYIHbIME yeaoBuamu dupuxiie-Heitmana

U IyCThb Py, (L) - MHOrOWIEH ¢ BemecTBeHHbIMH KoddduiuentaMu creneHu
m > 1. Paccmorpum oneparop pp,(T). O6nacrs onpenenenuss D(p,,(T)) sr0-
O OIEPATOpa OLPE/IENISeTC PABEHCTBOM

D(pm(T)) = {y| yU= Y € AC[0,7); W;(y) =0, =1,...,2m},
rae auneiinsie Gopmsr W)(y) TakoBsL, 9TO

Wis1(y) = y®(0), Wytmir(y) =y (x), j=0,...,m—1.
Kpowme roro, eciu y € D(p,,,(T)), 1o
d2

Cuektp o(py,(T)) sToro oneparopa, OYeBUIHO, ABJISAETCA IUCKPETHBIM U UMEET
BUJT

o(pm(T)) = {V| v =vom i := pm((k —1/2)%), k =1,2,...},

a COOCTBEHHOMY 3HAYEHHUIO Uy, ) COOTBETCTBYET COOCTBeHHaA (byHKITHA

() = \/Zsin(k: -1/2)x, k=1,2,....

ITpeAnonoKuM Tenephb, UTO HOJIb SIBJISIETCS PErYJsIPHON TOYKOM oreparopa
Pm(T) (1e. 0 ¢ o(pm(T))), m paccMoTpuM ero pesosbBeHTy R(p,(T)) B 310i
TOYKe. XOPOIIO U3BECTHO, YTO ITa PE3OABBEHTA SABJISETCS WHTErPATBHBIM OITe-
paropom, u s ero sapa K(x,t) - dynkuuu puna 3anaun

lamly] = f
{Wj(y)ZO,jzl,...,Qm’ (1)

BBIYHCJIIEMO}i 110 M3BECTHO( mponeaype (cM., Hamp., [3], Yacrs BTOpasi, ML I,
§1.5), cupasemyiua dopmyia

2 X sin( —1/2 xsin(k — 1/2)t
N=22 (k= 1/2)7)
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Jlasee uCmob3yst 3TO PABEHCTBO U (POPMYIY Pa3ToKeHus PyHKIIANA

2zsinzx
arctgﬁ A [—1, 1]
B psagpl Pypbe, MOXKHO JIOKA3aTh, 9TO CIPABEIINBA CJIEMLYIONAast TEOPeMa.

Teopema 1. ITycmb mmozousen pp,(x) maxot, wmo py,((k —1/2)%) # 0
npu k =1,2,..., K(z,t) - ¢ynxyua I'puna 3adawu (1). Toeda npu z € [—1,1]
CNPa6edAu6s. PaGeHCMEa

/2

+oo _1)k—1,2k-1 :
Z (=1) *2/K arctgmd:p (2)
2 2k — Dpm((k — 1/2)?)

1—22

too k—1,2k-1 3 ;
1
¥_4/Km_x (=” + z)sinz 3)

kz_lpm(( k—1/2)?) 172220052x+z4

Paccmorpum pasee gacrublii ciyyail p,, () = ™. B 310M ciiy4yae Heciao0xKHO
HOKa3aTh, YTO CIPABEIJIUBO PABEHCTBO

Kym—a) = (it E g a1y

T, m—1x)=(— - Fo (/7 ,

’ 2(2m — 1)1 2!

riae Eop—1(x), m = 1,2,... - MHOrowienbl Jiisiepa. Y YuTbiBasg 3T0 TOXKIECTBO

B pasencrBax (2) u (3), 3ak/ro4aeM, 4TO CIPABEIJIMBO CJIEAYIOLIEE CJIEICTBUE
TeopeMbr 1.

Caencrsue 1. IIpu z € [—1,1] cnpasedausv. moscdecmea

2zcosmx

/Egm 1(x) arctg 722dx

Tigm11(2) = (—1)m4 1

(mel

(23 + 2) cosTx
1+ 222 cos 2mx + 24

Tigy(2) = (=1)™ 2m—1 /E2m1

Hoxunaz ocHoBan Ha coBMecTHbIx paborax ¢ upod. Mupzoesbiv K.A. (cum. [2]

u [4]).
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O BABNCHOCTHU COBCTBEHHBIX ®YHKIINN
BO3MVYIIIEHU CAMOCOIIPSI>KEHHBIX OIIEPATOPOB
B.H. CuBkun
sivkin96 @yandex.Tu

YK 517.518

B pabore m3yuatorcsa 0asmcHble CBOMCTBA KOPHEBBIX BEKTODOB OILIEPATO-
pa A = T + B, rune B - HeCaMOCOIPSIKEHHBII OMEPaTOD, JIOKAJIHHO P-
TMOTIUHEHHBIA CAMOCOIIPSKEHHOMY OmepaTopy 1 ¢ JUCKPETHBIM CIIeK-
Tpom. Jlokazana TeopeMa 0 6a3UCHOCTH CO CKOOKaMM KOPHEBBIX BEKTOPOB
oneparopa 1"+ B.

Karouesvie caoea: BO3MYyIIEHHWS JUHEUHBIX OIEPATOPOB, YCIOBHS P-
nomunHeHust, 6a3UCHl CO CKOOKAMMY, CIIEKTPAJIbHAS TEOPUSs

Eigenfunctions basis property perturbations of self-adjoint
operators

In this paper we study the basis properties of the root vectors of the
operator A = T + B, where B is a non-self-adjoint operator, locally p-
subordinated to the self-adjoint operator T" with a discrete spectrum. We
find conditions which guarantee that root vectors of 7'+ B form a Riess
basis with parenthesis.

Keywords: perturbations of self-adjoint operators, p-subordination condi-
tions

IIycte T = T* - caMOCONPSAKEHHBII OMEPATOp B I'MJIHLOEPTOBOM IIPOCTPAH-
crBe H ¢ o6nacreio onpenenenus D (H). Ipeanonoxum, uro T umeer muckperT-
HBIH HEOTPUNIATEILHEI CIIEKTP, B €r0 COOCTBEHHBbIE 3HAUEHUS { (i } 52 | IPOHyMe-
POBAHBI C yYETOM TE€OMETPHYECKON KparTHOCTH. [IoHYyI0 OpTOHOPMUPOBAHHYIO
cucTeMy COOCTBEHHBIX BEKTOPOB omeparopa 1', OTBEYAIOIIYI0 STUM CODCTBEH-
HBIM 3HaIeHnsaM, 0003HaImuM depe3 {¢ o2 . B aroit pabore mpeanoaraem, 4To
CHPABE/JIUBO CJIEIYTOIIEe OIPAHUIEHHIE POCTA COOCTBEHHBIX 3HAYCHUN:

ck® < pp < Ck“, (1)

JIJIsl HEKOTOPBIX MOCTOsiHHBIX ¢, C, u v > 1 - mopsiziok oneparopa 1.
Ha oneparop-so3myinenune B HAKIIA/IbIBAEM CJI€IYIONIUE YCIOBUA:

{ertiz, € D(B), (2)
IBerll < bup, 0<p<1—a, (3)
rae b - MOCTOSTHHAS, He 3aBUCSINAs OT k.
OCHOBHOII Pe3yJIbTAT COCTOUT B CJIEIYIOIIEM:

Teopema. Ilpu 6bINOAHEHUU GOIULEOZHAMEHHOIL YCAOBUT CUCTEMA COO-
CMBEHHBLT U NPUCOLIUHEHHBLE exmopos onepamopa T + B obpasyem 6a3uc co
ckobkamu npocmparcmea H.

PaGora BeimosiHeHa npu dbuHAHCOBOM moamep:kke POOU (mpoext Ne 19-01-00240).
Cuskun Bragmvuup Hukosaesnd, cryaent, MI'Y nmenn M.B. Jlomorocosa (Mocksa, Poc-
cus); Sivkin Vladimir (Lomonosov Moscow State University, Moscow, Russia)
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WzjnoxkuM 1ian gokasareabcrsa. CHadajia Mbl [IOKaXKeM, YTO  ONepamop
T + B xoppexmuo onpedeaén na npocmpancmee H, u cucmema €20 KOpHESHIT
eexmopoe noana 6 H. ITpu smom cnexmp onepamopa T + B duckpemen, u 0i4
Vo > 0 auwb KOHEUHOE YUCAO CODCTNBEHHBIL 3HAYEHUT B03MYWEHHO20 ONEPa-
mopa A aesrcum ene cexmopa {|arg A < J}.

Ha emopom waze OyneMm MCHOIH30BaTh CBOHCTBO NpoekTOpoB Pucca, Ko-
TOPOE TO3BOJSIET BHIPA3UTH OMMEPATOPHI MPOEKTUPOBAHNS HA KOPHEBBIE MTOAITPO-
CTPAHCTBA Yepe3 Pe30JIbBEHTY:

1 _
— [ (A=XN"tax =P,
211 T

rae I' - 3T0 3aMKHYTBI# KOHTYP B KOMILIEKCHOW ILTOCKOCTH, HE TPOXOIIN
Yepe3 TOYKHU CIeKTPa. P - 3T0 mPOoeKTop Ha KOPHEBbIE MOANPOCTPAHCTBA, OTBE-
4Jaromye COOCTBEHHBIM 3HAYEHHUAM, HAXO/IANIMMCS BHYTPH KOHTYDA.

Ha srom mare nposoaum paccyxkienus, ciaemys pabore [2]. Beogum mepo-
MOPQHYIO OIEepaTOPO3HATHYIO (DYHKITAIO

G =A=' A-T)t=\N-A)"'BA-T)""

BaganuM KoHTyphl mHTerpupoBanus {Q }. Kaxasit koHTyp - 310 Tpe-
YTOJIbHUK, OPPAHMYEHHBIA C JIBYX CTOPOH Jiydamu Buzaa {t +it,t € Ry}, Tperbs
CTOPOHA KOTOPOI'O - 3TO YaCTh BEPTUKAJIBHON HpsaMoil Re\ = r,.

Toraa, n3 BhIIEYKA3AHHBIX PABEHCTB, [TOJIY9UM

n

1 1
577 oo, GdA = o~ Z/

G(N)dA =) (P, — Py),
k=1Y7k k=1

e Yy - rpanruma obnactd Qi \ Qr_1, a P, P{ - npoekropst Pucca, orsevaromue
criexkrpy oneparopoB A u T BHyTpu Qf \ Qr_1.

Tax Kax CYMMma 0OPMOZOHANLHBLL NPOCKMOPOE CUNHO CTOOUMCH K eoUHUY-
HOMY ONEPAMOPyY, Mo 0AL 00KA3AMENHCNEA MeoPeMb, JOCMATOYHO JOKA3aMDb
ouenKy

/ GO\ fdr < C|f],VF,
0Qn

2de nocmoannas C we 3asucum om 6exmopa [ U HOMEPE KOHMYPA UHIMEZDUDPO-
6aMUA M.

TakuMm 06pa3oM, 4TO MCXOTHAA 34248 CBEJIACh K TMPOBEICHHUIO ONEHOK WH-
TEerpaJioB MO TPEyTroJbHUKAM (), .

Ha mpemvem waze noxasvieaem, 4mo uHmezpas no ux 60KoebL.M CMOopoHaM
02DAHUMEH, O UMEHHO, NoKa3bisaem, wmo unmezpas om G(N\) no ayvwam {t £ it}
02panuMeH.

OcHOBHAsI TPYJHOCTD - HAWTH TOYKH Ha BEIECTBEHHON OCH, 9epe3 KOTOpPhIE
HY>KHO IIPOBOJUTH BEPTHKAJBHBIC OTPE3KH, Ha, KOTOPBIX MOXKHO IIPOBECTH HY K-
HBIE OIICHKH.
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Ounpenenenune. Hazosem 603pacmarougyro nocaedosamesvrocms {t;} 0630p-
HoT 0aa nocaedosamenvrocmu { g}, ecau 0as napu, Hamypasvhux k, m maxux,
YMO Uy, <t < fim+1 Oydem cnpasedausa ouyenka

ltmt — te| = Clllme=1, VI € Z. (4)

To ectb, 00630pHAS TOCIEIOBATEIHHOCTh COCTOUT U3 TOYEK, OTHOCHTEIHHO
KOTOPBIX MCXOHAs [T0CJIEI0BATEILHOCTD BEAET celst PerysisipHO, TO ecTh BOInu3u
9TUX TOYEK HeT KJIACTEPOB.

JIemma. Jlaa nocaedoeamenvHoCmu iy, 0484 KOMopol cnpasedauss, OUEHKU
(1), (4) cywecmeyem 0630pHas NOcAedo8aATNENLHOCTIVG.

Ha waee 4 ucnonb3yem mpméM HCKYCCTBEHHOI JlakyHbl Mapkyca-Marmaesa.
PaccmarprBaeM nocsienoBaTespbHOCTh pacnmpstomuxcss nonoc { Reh € (ty —
ath ti + at})} Oxasweaemca, ecau cnexkmpa 6 MULT NOAOCAT HEM, O OUYEH-
Ka NPosodumcsa sezko.

B obmem ciyuae mCmonb3yercs TpUEM CO3JAHWUS MCKYCCTBEHHON JIAKYHBI.
CrpouM KOHEeUHOMepHOe mcnpassenue 1”7 omeparopa T, y KOTOPOro B MOJIOCAX
HE COJIEPXKUTCS CIIEKTPA, U JOKA3BIBAEM JJIs HErO. 3aTeM TMePeXOInuM K UCXOJI-
ubiM onieparopam T u T+ B. Ha waze 5 doxasvieaem caedyrowee ymeeporcienue:
6 N0A0CAT 6Ydem PasHOMEPHO 02PAHUMEHHOE YUCAO MOYEK CNEKMPA IMULT ONEPa-
mopos, npuuém onu bydym cocpedomouens, 864u3U 6eULLCMBEHHOT NPAMOT, NG
paccmosnuu ne boaee, wem ctf, ede ¢ = const. JIoKa3aTeIbCTBO OMUPACTC HA
dopmyny Baitnmreiina- A poninaiina, CBA3LIBAIONIYIO YUCIO COOCTBEHHDBIX 3HAYE-
HUH omepaTopa B 00JAaCTU U MPUPAIIEHAE apTyMEHTa HEKOTOPOit MepoMopdHOit
byHKIMK B/IOJIb IPAHUIIBL.

Ha waze 6 6 nocaednuti pasz pasbusaem 3adawy wa cayuau. B nepsom cay-
wae NPosoduM OUEHKY UHMEZPAAG 6 NOAOCAT, HO éHe napaboav, {|o| < icoP},
amo deaaemcsa npocmo. Bo émopom cayvwae HATo0uM 6epMUKGALHOLT 0MPE3OK
8HYMPU Napabosst, Haubosee Yoarérroll om moyek cnexmpa. st TOro, 9Todbi
HaAlTH BEPTUKAJIbHBINA OTPE30K ¢ OrpaHuyeHHoil Beauunnoil G(A) Ha HEM, BOC-
nosib3yemcs JieMMoit NeG.5 paborbt [2], KoTopasi 1103B0JIIeT OLEHUTH MEpPOMOPQh-
HYIO (QYHKIMIO CBEPXY BCIO/LY, KPOME KPYKKOB (DUKCHPOBAHHOIO CYyMMAapPHOI'O
pagmyca €.

[IpencraBieHHbIe B 3TOM COOOINEHUN PE3YJIHTATHI TOJYYEHBI COBMECTHO C
npod. A.A. ITIkaaIuKOBBIM.
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O IIAPAMETPUYECKHNX CEMEMCTBAX
PA3BETBJISIOIIINXCS PEIIIEHUN HEJIMHENMHBIX
YPABHEHUM B YCJIOBUSIX CIIJIETEHUS
H.A. Cugopos
sidorovisu@gmail.com

YK 517.988

Jlar 0630p pe3ybTaToB B IpOO/EMe aHAJIM3A MOABJIEHUS CBOOOIHBIX Ia-
PaMeTpPOB B PA3BETBJIAIONINXCS PENIEHUIX OOIINX HETMHEHHBIX Y PaBHEHUH
B 6GaHAXOBBIX POCTPAHCTBAX. PaCCMOTPEH IpueM yIIponieHus] Y PABHEHUS
Pa3BeTBJICHUS, [IO3BOJILIONIMI CTPOUTh TAKUE PELIEHUs B OKPECTHOCTSX
TOYEK BETBJIEHWS, METOJIOM ABYXCTYIMEHYATHIX mTepamnwii. Mcmomp3yiorcs
pesynbrarel Hamux pabor (Marem. ¢6., 192: 7 (2001), 107-124, Marewm.
c6., 186: 2 (1995), 129-141).

Karowesoie cao6a: HeMHEHHbIE YPABHEHUSI, PA3BETBIISAIONINECS DENIeHNsI,
OaHaXOBbI IIPOCTPAHCTBA

On parametric families of branching solutions of nonlinear
equations under interlacing conditions
The analysis of the appearance of free parameters in branching solutions
of general non-linear equations in Banach spaces is continued. A new
technique to simplify the branching equation is proposed.

Keywords: nonlinear equations, branching solutions, Banach spaces

PaccmarpuBaercsa ypasHeHme
Bz = R(z, \). (1)

Bmecs B, D € E; — Fy— 3aMmkuyTbiil guHelnbii @pearoabMoB omeparop
¢ wiorHoit B Ey obnacrsio oupenenenus, dim N(B) = n > 1, R(0,0) = 0,
R.(0,0) = 0. U3BectHo [3], uro pernienns HeMMHEHHBIX ypaBHeHwil (1) MoryT
3aBHCETh OT OJHOTO MJIM HECKOJbKHUX CBOOOHBIX UMCJIOBBIX MAPAMETPOB. DTHU
IapaMerpbl B PA3HBIX 33/[a4aX MMEIOT PAa3HbIH CMBICT M MOTYT HPUHAJJIEXKATH
KaK OMPAHUYEHHOM 06JACTH €BKJINI0BA MPOCTPAHCTBA, TAK U HEOTDAHWUYEHHON
obstactu. IlpuBoauTcsa aHamM3 MOABIEHNST CBOOOTHBIX IAPAMETPOB IPHU HOCTPO-
eHUM MaJIbIX pasBeTBisonmxcs permennii z(\) — 0 nmpn A — 0 ypasuenns (1)
B YCJOBHSAX CYIIIECTBOBaHWs JIMHEHHBIX omeparopoB S € L(Ep), K € L(Es)
crjIeTaeMbIx oreparopaMu B u R, T.e. y/IOBJIETBODSIONINX yCIOBHIO

BS = KB, R(Sz,)\) = KR(z,)\), Va,\.

Cupopoe Hukosait Anekcangpoewd, x.d.-m.H., npodeccop, UT'Y (Mpkyrck, Poccus);
Nikolay Sidorov (Irkutsk State University, Irkutsk, Russia)
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Hemoncrpupyercs, 4ro pesyibrarsl pabor [1, 2, 3] jexar B ocHOBe psija 0Omux
TEOpHUil CYIECTBOBAHWS W WTEPAIMOHHBIX METOIOB TOCTPOEHUS MapaMeTpuye-
CKHU ceMeiicTBO pemienns ypasaenus (1) B OKPECTHOCTSAX TOYEK OudypKAIH.
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Marew. c6., 182: 5 (1991), 681-691.

CIIEKTPAJIBHBIE CBOMICTBA JIN®®PEPEHIINAJIBHBIX
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KOO PUIITMEHTAMMUA
A.T. CynranaeB, H.®. Bajneen, 9.A. Haszuposa

ellkid@gmail.com

VIK 517.518

Hoxmnam 6yaeT mocBsimeH 0030py IOy YeHHBIX aBTOPAMU PE3Y/IbTATOB II0
WCCIIEIOBAHNIO CITEKTPAJIHHBIX CBOMCTB A hepeHInaIbHbIX OIIepaTOPOB
C OCTIJLIUPYIOMUMHU KO3 dburimenTamu.

Karouesvie caosa: criekTp, uHiaekcol gedexra, muddepennuaibabe ome-
pPaTOpBI

Spectral properties of differential operators with oscillating
coefficients

The report will be devoted to a review of the spectral properties of the
differential operators with oscillating coefficients obtained by the authors.

Keywords: spectrum, deficiency indexes, differential operators
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[Ipeanonaraercs OOCYIUTH CIEKTPAIbHBIE CBOHCTBA auddepeHITnaIbHbIX
orneparopoB (MHIEKCHI JeeKTa W XapaKkTep CHeKTpa) ¢ KOJEeOIOMUMHUCT KO-
s durmenTamMu , a Tak ¥Ke PsiJ, HOBBIX METOIOB W TOIXOJ0B K HCCJIEIOBAHUIO
ACHMITOTUYECKUX CBONCTB PEIEHU CUHTYJIAPHBIX TudEepeHnnaabHbIX YPaB-
HEHUH.

Acuvnroruydeckune opmysibl mis DYHIAMEHTATBHON CHCTEMbI PeIeHuit
mud epeHnraabHOrO YPABHEHHUS COMAEPKAT BaXKHYI0 mHMOpMAaIuio 006 WHIEK-
cax gedekra MUHIMAJILHOTO OmnepaTopa Lg, TOPOXKIEHHOTO COOTBETCTBYIOIIIM
nuddepeHInaIbHBIM BhIDAYKEHUEM, & TaK K€ O Ka9eCTBEHHBIX CIIEKTPATbHBIX
CBOICTBAaX CaMOCOIPSKEHHBIX PACIIMPEHUi ITOro oneparopa. [Ipu sTom K Ha-
CTOSIIEMY BpeMeH! KaKUX-THO0 MMHPOKUX KJIACCOB Au(PepeHITnaATbHBIX OIepa-
TOPOB C KOI(PPUIIMEHTAME, OTJIUIHBIMEI OT PErYJIAPHBIX, IJIsi KOTOPBIX ObLIN ObI
MOJIyYeHbI ACUMTTOTHYECKHE (DOPMYIIbI (DYHTAMEHTAIHHON CUCTEMBI PEIEHHA,
HET.

B cBa3u ¢ 3TuM WHTEpECHBI JIIOOBIE JOCTATOYHO COEPIKATEIBHBIE KJIACCHI
K03 PHUINEHTOB JTUHEHHOTO T HEPEeHITNATHHONO BHIPAKEHUS TPOU3BOIHHOTO
MOPSA/IKA, JJIs KOTOPBIX YIAeTCs CTPOUTH ACHMIITOTUKY PeIieHuil npu 60IbImx
3HAYEHUSX APTYMEHTA WU CIEKTPAJIBLHOTO MapaMerpa, W WCCJIEI0BATH CIIEK-
TpaJIbHBIE CBOMCTBA MOPOXKIAEMBIX dTuMHU AuddEepeHInaIbHBIMA BhIPAKEHU -
MU OIEepPaATOPOB.

B craree [1] mosyuenst pesysbrarst mis ypasuenus Hrypma-JInysuis mis
KJIACCa MOTEHIINAJIOB, COAEPKAIMX OCHUIAImio. MoebHbIM TprUMEpPOM TaKo-
IO yDABHEHHS ABJISETCH yPABHEHHUE BHJIA:

—y" 4+ 21 +sinz)y =Ny, B> a/2+1. (1)

s perenuii JAHHOTO yPaBHEHUS YAAETCsl BBIMTUCATH aCUMIOTOTHYECKuE Hop-
MyJIbI PeIeHuii Py £ — 00, & 3aTeM MPUMEHUTD MOJIY YeHHbIE ACUMIOTHKHA J1JTsi
U3Y4YEHUS CIEKTPAJIbHBIX CBONCTB COOTBETCTBYIONIEIO MUHUMAJILHOIO nudde-
PEHITHAIBLHOTO OmepaTopa. MeToa uccie1oBanys TaKUX ypaBHEHW OCHOBAH HA,
mepexo/ie K ypaBHEHWIO PUKKATH, PACITPOCTPAHUTH TAKOM MOIXO/ HA, YPABHEHUS
60JIee BBICOKHUX CTEEHeH 3aTpyTHUTETHHO.

B crarbe [2] Obuia npeanpUHATA IONBLITKA MNPUMEHUTb K YDPABHEHUIO
MIrypma-JIuyBuiuis ¢ KomebIOMUMCH IOTEHIMAIOM IIOIX0/, OCHOBAHHBIA HA
MOAMDUKAINN METOIa, JIEBUHCOHA, KOTOPBIN 3aKII0YAETCS B TEPEXOIE K CUCTEe-
Me muddepeHITnaNIbHbIX YPABHEHU, PAe MATPUIHBIX MTPEOOPA30OBAHUN MOy
YEHHO CUCTEMBI U TAJIbHEHIIIEM TePEX0/Ie K CUCTEME HHTErPAJIbHBIX YPABHEHHIA.
Yaasoch 10syuuTh pe3yibraThl Assd ypasHerus (1) mpu Gosiee KeCTKOM yCiio-
Buu 8 > « + 1, OHAKO caM METOJ UCCJIEIOBAHUS MOYXKET ObITh HPUMEHEH K
yPABHEHHSM JIOO0r0 HOPSJIKA.

B pa6ore [3] 6blI1 NpeIIOKeH MPUHIUITHAIBLHO HOBBI MOAXO0Z, K M3YYEeHHIO
ACHMIITOTUIECKOTO MOBEIEHUS TP & — OO PEIIEHUN CHHTY/ISIPHOTO JABY 4JIEHHO-

O ypaBHEHUd BHUIA!
n

dan
C HEperyJsgapHO pacryiuumM npu « > 0 moreHnuanom ¢(x) Ha MOJEJIbHOM IPUMEpPE
yPaBHEHHUSA 4-TO MOPAKA € OCHIIIUPYIONMM ITOTEHIAAIOM:

y+Ag(z)y=0

4

— 7y + A(h() + q(@))y = 0,
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rae h(xz) —dynxmms, comepxkamas ocmuwuisnmio, manpumep, h(x) = (1 +
z)*sin(z?), q(z) = (1 + )%, B > 3a/8 + 3/2. Ugesa MeToma 3aKTioTaeTcs B
Cepuu MATPUYHBIX TPeoOpPA30BaHMil COOTBETCTBYOMIEH cucTtembl qud depeniim-
AJIbHBIX yPaBHEHWH, MEPEX0 K KOTOPO OCYIIECTBIISIETCA C TOMOIIBIO BBEICHUS
KBa3UIIPOU3BOIHBIX, C UCIOIL30BAHAEM MATPUIHOTO TOXKIECTBA Xaycaopda.

B psazme paboT aBTOpOB TOKJIAIA JAHHBIA METOI MOJydn passutue. Hampn-
Mep, B pabore [4] mocTpoensl acumnrorndeckue GOPMYIbI MIPH & — OO IS
dyHIAMEHTATBHON CHCTEMBI PENIEHUS yPABHEHUS C MPOMEXKYTOIHBIM OCIIHI-
supyoimum Koddpdunuenrom h(z) u kosddunuenrom ¢(r) U3 craHIapTHOrO
kJacca dyukuumii, peryiagapabix 1o Turamapury-Jlesurany:

ly =y(4) — Mh(x)y) — q(z))y = \y.

Tak ke mccaesoBaHbl HHIEKCH JedeKTa MIHIMAILHOTO AnuddepeHnraIbHoro
oneparopa L, MOpoXKI€HHOTO (Y.

B pabore [5] pazpaGoTaHHBIil METO, MATPUYHBIX MPeOOPA30BAHMIT Pean30-
BAH JJIS TOJyYEeHUsT ACUMNOTOTHKEU (DYHTAMEHTAJIHHON CHUCTEMbI DEIeHuil st
ceayomero kaacca auddepeHnaabHbIX YPaBHEHUI]:

y(2n) — (q(z) + h(x))y = 0,

rae q(x) — perynspublii norenual, a h(x) — GbICTPO OCHUIIMPYIOLIEE BO3MY-
HICHHE BUJIA:

hx) = 3 an(2)Sk(6(2),

Sk(t) — ocimmmupyromue dyaknuu, ¢(z), ax(x) — ZOCTATOIHO TIAIKUAE MOHO-
TOHHBIE (DYHKITHAHN.
B pmanbHeimeM TLUIAHWUPYETCS TPOMOJKHWTH HMCCICIOBAHUS  TOMOOHBIX
Knaccos  JudepeHnuaibibIX  OlepATOPOB M MX CHeKTPAJILHBLIX CBOMCTB.
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O KJIACCUYECKOW PA3PEIIINMOCTU CUCTEMBI
NHTETPOIN®PEPEHIINAJIBHBIX YPABHEHUMN,
BO3HUKAIIOIIIE B TEOPUUN BA3KOVYIIPYTOCTH
FO.A. TuxonoB
mihelson1994@Qyandex.Tu

YIK 517.983.5

B mammoii pabore paccmarpuBaercs abcTpakTHOE MHTErpoaud depeHim-
aJIbHOE YPaBHEHNE BTOPOTO TIOPSIIKA B cermapabesbHOM THIh6epTOBOM TTPO-
CTPAHCTBE C HEOrPAHUYICHHBIMY HEKOMMY THPYIONIIMI OIePATOPHBIMU KO-
sddbunmentamu. lanHoe ypaBHEeHMe MOXKET ObITh CBEIEHO K CHCTEME WH-
Terpoand depeHImaNbHBIX yPABHEHNH TEPBOTO TIOpsiAKa. B mamHoit pabo-
Te YyCTAHOBJIEHBI PE3Y/IHTATHI O KJIACCUIECKO KOPPEKTHON PA3pPeIIuMOCTH
[IOJIy 9€HHOU CUCTEMBI, & TAK¥Ke I0JIyIEHbI OIIEHKU HOPMbI DEIleHUs.
Karoweswe caoea: marerpomuddepeHnnaabHble YPABHEHNUS, TOIYTPYIIIEL
OIIepaTOPOB.

On classic solvability of system of integrodifferential equations,

arising in theory of viscoelasticity
In the present work an integrodifferential equation of the second order in
separable Hilbert with unbounded non-commuting operator coefficients is
considered. This equation is reduced to the system of integrodifferential
equations of the first order. In the present work we obtain a result on
classical correct solvability of this system and introduce the norm estimate
of the solution.

Keywords: integrodifferential equations, operator semigroups.

B nannoit pabore u3y4aroTcs BOIPOCHI, CBA3aHHbIE C KOPPEKTHOU pa3periu-
MOCTBIO a0CTPAKTHBIX WHTErpOoandGEPEHITNAIBHBIX YPABHEHUN ¢ HEOTDAHUIEH-
HBIMFA HEKOMMYTHUDPYIOIIIMHU OMEPATOPHBIMEU KO MUIINEHTAM B TMIHOEPTOBOM
npocrpancrse. PaccmarpuBaercs cucrema ypaBHEHUI:

+adu(t) — B p(t) + [y K(t —s)Au(s)ds = f(1),
+ Bu(t) =0, t > 0, (1)
u(+0) = o, p(+0) = vy,

riae dynkuuu u(t) u p(t) HPUHUMAIOT 3HAYEHUS B HEKOTOPOM cenapabesibHOM
MUIBOEPTOBOM MPOCTPAHCTBE H; A — MOI0KUTENIHHO ONPEIeTEHHBIN CAaMOCOTIPSI-
KEHHBIN OMepaTop, UMEIOINI KOMIAKTHBIN 00paTHBI; onepaTop B — 3aMKHY-
ThIit, A-KoMmakTHBINA B cMbicyie Karo; o — Koo DuImenT BHyTpEHHEr0 TpeHust
Kennpuma-@oiirra. fapo BOIbTEPPOBOit CBEPTKHU 3aTAETCS PIIOM:

+o0 s
K(t) = —]_e””t,
=1

CXOAAIINMCA B HYJIE.

Tuxoros IOpuit Annpeesud, acnupant, MI'Y nvern M.B. JIomorocosa (Mocksa, Poccus);
Yury Tikhonov (Lomonosov Moscow State University, Moscow, Russia)
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VYpasuenus Buga (1) sBasirorcs abcTpakTHbIMU MOJeJsMU uHTerpoaudde-
PEHIMATHHBIX YPABHEHUH, OMUCHIBAIOIINX BA3KOYTIPYTHe 6APOTPOITHBIE KU IKO-
ctu. Uccnenosanmio naTerpoandGepeHiinansbHbIX YPABHEHUH, UMEIONX aHa-
sorngublii By ipu o = 0 1 K (1), ABIAAOMMMCS KOHEIHON CYyMMOIl 9KCIIOHEHT,
nocesenbl paboret [1]. B atux paborax ycranoBieHa Kiaccudeckas pas3periu-
mocTb (1), 9KCrnoHeHMaIbHOe yObIBAHKME DEIEHUTT U UX ACUMIITOTUKA [IPU HEKO-
TOPBIX JIOIOJHUTEIbHBIX [IPEIIIOJIOKEHUAX HA [IPABYIO YaCTh.

Ormernm, eciu popmanbio npoauddepenupoBars nepsoe pasencTso B (1)
U noAcTaBUTh P(t) U3 BTOPOrO ypaBHEHHUs IIOJIyYUM YDPABHEHUE BTOPOIO MOPSI-
Ka:

ii(t) + aAu(t) + B* Bu(t) + K(0)Au(t) + /0 K(t - s)Au(s)ds = g(t),  (2)

u(+0) = o, U(+0) = ¢1.

KOTOPOE SABJIAETCS abCTPAKTHON MOIE/IHI0 OJIHOMEPHBIX MAJIbIX KOJeOAHMH Bs3-
KOYIIPYTOrO CTEpKHsA. Pe3yabTarsl 0 KOPPEKTHONH Pa3peruMOCTi HHTErpoaud-
depernmanbHOro ypasuenuss B mnpocrpancTBax CobosieBa ¢ BecoM MOAPOOHO
omucanbl B Monorpaduu [2]. CuekrpasbHblii anaiu3 oneparop-pyHKIUM, sB-
JIIOLIEHCs CUMBOJIOM ypaBHeHust (2), ¢ JAOLOJHUTE/IbHBIM OLIEPATOPHBIM CJlara-
eMBbIM B ITPABOil TIOJYTIIIOCKOCTH MPOBEIEH B pabore [3], a B crarbe [4] myst aToi
omepaTop-GYHKINU Oy IeHA JTOKATU3AINS COOCTBEHHBIX YNCEJT TMOJIOKNATE b
HOrO, HERTPAJIBLHOIO U OTPUIIATENHHOrO THIIOB, Koraa K (t) = 0. B ciyuae, koraa
B =0, a K(t) — paa ybbIBaOIuX SKCIIOHEHT, CIEKTPAIbHbIA aHAIM3 CUMBOJIA
ypasuenus (1) uposesén B sieBoil nosymiockocru B pabore [5].

[naBHbBIi pe3ysbTaT JAHHONW PAOOTHI COCTOUT B YCTAHOBJIEHUN KJIACCUIECKON
paspemuMocTy cucTeMbl ypasrennii (1) npn a > 0 u K(t), npeacraBumMoro B
BHJIE PSAJA W3 SKCIOHEHT, a TAKXKe OIEHKH HOPMbBI PEIICHUS.

Teopema 1. ITycms ¢o € Dom(A), 1o € Dom(B*), f(t) € C(R4, H) moada
cywecmeyrom u eduncmeennve dynxyuu u(t), p(t) € CH(Ry, H), ydosaremso-
parouwgue (1).

Ecau, kpome mozo, B*B > § > 0, mo cywecmesyrom w,d > 0, umo cnpaged-
AUBA OUELHKQ:

2 — 2 2 2
lullzr < doe™ (lollzr + 1ollz) + 1/ (Dl o,y
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ACUMIITOTUNYECKUWE PA3JIOXKEHUA MHTEI'PAJIOB
®EMHMAHA I10 IIPOCTPAHCTBY TPAEKTOPUI
E.T. ITasryauaze, A.K. KpaBreBa
shavgulidze @bk.ru, k-anna-k@mail.Tu

B pabore mocTpoeHO ACHMITOTHYIECKOE PA3JIOKEHNE aHAJIUTUIECKOTO WHTE-
rpajia PeifHMana OT SKCIIOHEHTDI € TIOJTMHOMOM 4eTBEPTOrO IOPsi/IKA B TOKA3ATE-
JIe TI0 TPOCTPAHCTBY HEMPEPBIBHBIX TPACKTOPHUI C 3aKPEIIEHHBIMYI IPAHUIIAMU.
Ilonyvennnie pe3yabTaThbl MOT'YT OBITH WCITOJTH30BAHBI JIJIS BBIYUCIEHUST ACHMII-
TOTUKHU WHTErPAJIOB, OMUCHIBAIOIINX PEIIEHUs IBOTIOMUOHHBIX YPABHEHIHA.

[Iycrs () — BermecTBeHHOE THALOEPTOBO MPOCTPAHCTBO, Pi: Q@ X ... X Q — R
— k-nuueiinbie HenpepbiBHbIe cuMmmerpudnble dopmbr, k = 1,234, pg —
KOMIIJIEKCHOE 9HCJI0, t — TOJIoXKuTenbHoe uncao. Omnpenennm GyHKITOHAT

4
v: @ — R dopmynoit v(q) = > pi(g, - .., q) 1, ucnoub3ys JUHEHHOCTH DYHKIM-

OHAJIOB p;, mpomomkuM dyuakimmonanr v Ha Q. Ilycrs mocme ciBura Ha Bek-
TOp 29 € ( Cy™MMa MHOTOYJIEHOB p; MEPEXOIUT B CYMMY MHOTOYJIEHOB (k'
4 4

v(g+ z0) = > pi(g+ 20,---,9+ 20) = D qx(20,¢, - - ., q). IIpeamonoknum, 410
i=0 i=0 \T—/

-~ 1/4

p4(¢,0,4:9) > 0 ana moberx q € Q, ¢ # 0. Tyers 1(q) = (pa(,9,,9))"",

l(x1 + z2) < l( 1) + l(xg) iniecs J'[}O6I>IX r1,T2 € Q. Oupenenum onepauio

cBéprku dhopmyioii (f *g)( f f(r1)g(T — 71)dr. O6o3Hauum 3a ¢ GyHK-

x 1 m™TNT =~
IO, OTPETIeTAEMYI0 DaBEHCTBOM ¢(T) = ) —= COS (T) Iycrs T — ca-
n

MOCOIPA2KEHHbBIH HOJ'IO}KI/ITEJ'II)HO—OHpe,ZLeJIéHH;H‘/’I AJIEPHBIA oreparop; QyHKIH
z0: [0,1] = QF mmeer Bum 2(7) = (go * )(7), Te go € L2([0,1],Q%), m

j=1

Z]O/pa (ux @) (7 )M)dr—i—
+2/(T1/()(U*¢)( ))dr =0

0
s o6bix u € Lo ([0, 8], Q);

ITasrymunze Esernuit Tenruzosud, x.¢d.-m.H., npodeccop, MI'Y nmenn M.B. Jlomonoco-

a (Mocksa, Poccus); Eugeniy Shavgulidze (Lomonosov Moscow State University, Moscow,
Russia)

Kpasuesa Auna Koncranrmaosra, K.d.-M.H., poment, MI'Y mmenu M.B. Jlomonocosa

(Mocksa, Poccus); Anna Kravtseva (Lomonosov Moscow State University, Moscow, Russia)
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o0

1 m™mT
¢1(1) = > —5 55 cos (T)’ omeparop T omnpenensiercsas ¢opmynoit Th =
n=1"7

T(h* ¢1), tae h = ux ¢, u € Ly([0,1],Q). U mycTs

t

F(\) = / exp 4 —iA / o(e(r)dr — 2 [ @ (r), ' (r))dr b d,

E 0 2 0
) zeC(0,t,Q)
rae b= {a:(()) — a(t) = o} '

Torga mpu HEKOTOPBIX YCJIOBUSX HA (i, 20 U 0 CYIIECTBYIOT OMEpaTophl A
u B, JeiicTByionme Ha HEKOTOPOM IOANpOCTpancTse mpocrpancTsa EC Takue,
910 pu A — 0o dyukuuu F(\) cOOTBETCTBYET aCUMITOTUIECKUI PsiJl

1 ’ t , o » T
Vato) P ‘”0/ (”<Z°<T>>+2<T b7 20 )))d y

- 1

4 t " A
TrT | exp —i)\Z/qk(Zo(T),A_l.’L‘(T), .o0dr . > ) ,
k=37 T/ =0

rae y(zo) = det(I + TB).

Pesynbrarsr 3amerku nosryuensl B coaBTopcte ¢ O.I. CMOsTHOBBIM.

TEOPEMA ITOJIHOTHI CUCTEMBI COBCTBEHHBIX
®YHKIINN OIIEPATOPA IIIPE/JIMHIEPA C
KOMIIJIEKCHBIM CTEIIEHHBIM ITOTEHIITTAJIOM
C.H. Tymanos
tumanov.sergey@topofmind.ru

YIK 517.984, 517.927.25

Jloka3zaHa moHOTA CUCTEMBI COOCTBEHHBIX (hyHKImit orrepaTopa LIIpé mum-
repa ¢ KOMIIJIEKCHBIM CTEIIEHHBIM TTOTEHIIMAIOM HAa IOJYyOCH C KPAEeBBIMU
yeaoBusvu dupuxiie.

Karouesoie cao6a: crieKrpasibHasi TEOPUs, IIOJHOTA CUCTEMbI COOCTBEHHbBIX
b yHKITHII.

PaGora BeimosiHeHa npu dbuHAHCOBOM moamep:kke POOU (mpoext Ne 19-01-00240).
Tywmanoe Cepreit Huxonaesnd, k.¢.-m.H., MI'Y mvern M.B. Jlomonocosa (Mocksa, Poc-
cus); Sergey Tumanov (Lomonosov Moscow State University, Moscow, Russia)
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Completeness theorem for the system of eigenfunctions of the
Schrodinger operator with the complex power potential.
The completeness for the system of eigenfunctions of the Schrédinger op-
erator with the complex power potential on the semi-axis with Dirichlet

boundary conditions is proved.

Keywords: spectral theory, completeness of the system of eigenfunctions.

MpbI paccMaTpuBaeM OTEPATOD

d2
»Cca =

«
, 02 +cx

Ha nosyocu x € [0,400) ¢ kpaeBbiMu ycioBusiMu dupuxiie B Hysne. Koncranra
ceC.

Ussectno, uro pesombsenta R(A) = (L., — A)~! yObBaeT BHE 3aMKHYTO-
ro cekropa A = {arg\ € [0,argc]} — uncnosoro obpasa L. .. U3sectno [1],
9TO HOPSAOK omepaTopa Lo paseH (2 + «)/2a. Ecin dbyukmus f oproro-
HaJIbHA BCEM COOCTBEHHBIM (DYHKIHAM omeparopa L. ., TO BEeKTOP-bYHKIHA
RN f = (L;,—\) "' f co smauennsivu B mpocrpancrse Ly (R, ) sBasercs nemnoii
dyuxmei nopsaka pocra 2a/(2 + o) u HopMansaoro tuna (cum. §4 [4]). Ecan
pacrsop cexropa A menbwe 2wa /(24 @), r.e. ecau |argc| < 2wa/ (24 @), 10 u3
reopembl @parmena-Jlnngeneda crenyer, uro R(A)f =0, orkyzna f = 0, a 310
BJIEUET TIOTHOTY COOCTBEHHBIX (PyHKIMiT oneparopa L q-

Oru uneun 6epyT Hadaso or padorsl Kesgpimia [3]. Koneuno, Takoit noaxos ve
no3Bosisier nostydnth uudopmanuio, kak pacrer Gyukuus R(X) f Buyrpu cekro-
pa A. Anpuopu, oHa 3KCHOHEHIIMATIBHO pacTeT B 3ToM cekrope. Ho okasbiBaer-
Cs1, UTO €CJIU BMeCTO BeKTOp-dyHKImu R(A)f paccMoTperh CKalSpHYIO eIy
dynkuuio (R(N) f)(x), 3aMOp0O3UB MPOU3BOIBHYIO (DUKCUPOBAHHYIO TOUYKY T, TO
sra QYHKIUSA MOXKET OKa3aThCs yObIBAIOIIEl B DOJIEE MHUPOKOM CEKTODE, YeM
C\ A. 910 HabuOEHUE OKA3BIBAETCH PEIAIONIUM Ul JOKA3ATEIbCTBA TEOPe-
MBI O TIOJTHOTE TIpu Oostee ¢1abbIX YCIOBHSAX HA apPIyMEHT 9HCIa . Peanin3oBarb
TaKol TJIAaH HaM yIaioch Tpu « = 2/3.

Urak, HaITa, OCHOBHASI TeOpeMa MOCBSAIIEHA OMepaTopy

d2

7ﬁ + CI2/3
X

L. =

7 POPMYTUPYETCS TaK
Teopema 1. Hatddemces 0y € (n/10,7/9) maxoe, wmo npu ecex ¢ € C:
|arg c| < /2400 cucmema cobemeennnx Pynryut onepamopa L. 6ydem noina
6 Ly(Ry).

Ncrournkom BIOXHOBeHMs mociayskmia cratbst Casuyka n [Ikamnkosa [1],

B KOTOPOI#f JJIs1 OTIEPATOPOB HA MOJYOCH BHIA
2
Lea= d

«
; dn? +cx

ObL1a BbICKa3aHa UIOTE3a: Haiimerca ag < 2/3, rakoe, 4T0o cHUCTEMa COOCTBEH-
ubrx bynxmmit L£; o = —d? /dz? +iz® 6yner nommoit B Lo(R.) npu o € (ap,2/3)].
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Ormernm, 910 331298 IOAHOTEL L; o, JO HACTOSAIIETO BPEMEHH He ObL1a pelte-
Ha fmaxe 1t o = 2/3 u B 2015 roxy 6pa ormedena 9. Anmorom (Y. Almog) [2]
KaK OJIHA W3 aKTYaJIbHBIX OTKPBITHIX MpobsieM. ITonyuennas HaMu Teopema, Ko-
HEYHO Ke ee peraer npu o = 2/3.
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B pabore mosydena dbopmyna peryaspu3oBaHHOTO CJea s OTPAHUIeH-
HBIX BO3MYIIEHUN JUCKPETHBIX CAMOCOLPKEHHBIX OLEPATOPOB C BblYe-
TOM TIEpBO¥ TIOMPABKU TEOPUN BO3MYIIEHWil. B KadecTBe MPUIIOKEHUs
PACCMOTPEHBI BO3MYIIEHUsI ONEPATOPOM YMHOXKEHHs Ha OTPAHUYEHHYIO
u3MepuMyo OYHKINO HEKOTOPBIX ABYMEDPHBIX MOAEIbHBIX muddepenmu-
AJIbHBIX OMEPATOPOB MATEMATUIECKON (DU3UKM.

Karouesvie cr06a: CieKTp, Pery/IsspU30BaHHbBIE CI€bl, JUCKPETHBIE OIIEPa-
TOpPBI, BO3MyIIeHns, nuddepeHnuaabHble OIepaToOphl B 9aCTHBIX IIPOM3-
BOJTHBIX.

The formulas of the traces of bounded perturbations of
two-dimensional model differential operators

In this work we deal with bounded perturbations of discrete self-adjoint
operators. And we obtain for them the regularized trace formulas without
the first correction term of the perturbation theory. As an application,
we consider two-dimensional model differential operators of mathematical
physics, which are perturbed by the multiplication by a bounded measur-
able function.

Keywords: spectrum, regularized traces, discrete operators, perturbations,
partial differential operators.

®azynnur 3uranyp HOcynosmu, n.d.-m.H., npodeccop, Bamkupckuit rocysapcTBeHHbIH
yuusepcurer (Yda, Poccus); Ziganur Fazullin (Bashkir State University, Ufa, Russia)
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ITycrs Lo = L§ nonyorpaHrYeHHBIH CHU3Y OLlepPAaTOp B cenapadesbHOM I'ijIb-
Geprosom mpocrpanctee H ¢ auckpernbiv ciektpoM o(Lo) = { A}, (M <
Ao < ), Py — opTOroHaILHBI TPOEKTOP COOTBETCTBYIOIIAHA A -

[Ipeanono:xum, 910

inf (A — ;) >0 1
nf Ower = M) > 0, (1)

rn = 27 min {41 — Ay Ap — Ap_1} B CyIIECTBYeT MOC/IeI0BATEILHOCTD i,
rakas, aro 0 < d,, < rp, inf d,, > 0,
n>2

lim sup  ||Ron(2)V| =0, (2)

el PR WIS &

rie Ry, (2) = Ro(2) — (A — 2) 1Py, Ro(2) = (Lo — 2)~ L.

Eciun V — cummerpudeckuii Lo-KOMIaKTHBIH B H, TO onepatop L = Lo+ V
samMkHyT B D(Lo) n auckperen (Teopema Karo-Penanxa).

CripaBe/IJIMBBI CJIE/IY 0N YTBEPIKICHUS O JIOKAJIN3AIMHI CIIeKTpa 1 GopMy-
Jie PeryJIsIpU30BaHHOIO CJIe/IA JJIst COOCTBEHHBIX THCeJ omeparopa L.

Teopema 1. ITycmo evnoanenv, (1) u (2). Tozda das cobemeennvix wucea
w onepamopa L us unmepsana (N, — rp, Ap + 1), npu n >> 1 cnpasedausa
ouenka:

|M_/\n|<c||PnV”) C>0.

IIycrs v, = dim PanP,, ué"’, s = 1, v, - cobcTBeHHbBIE UnCIa oneparopa L,
ybacmerennbie” Bosmymmeruem V ot cnekrpa Lg. U o, = trP,V Ron(A\n)V,

Lo = {: =222} 8, = —ir ((2m’)1 ¢ z(RO(z)V)3R(z)dz>, e
ry,
R(z) = (L —2)"", tr — cien simepHOro omepaTopa.
Teopema 2. ITycmo evinoanens, yeaosus (1) u (2) meopemos 1 u npun >> 1

Z O = 0()\71); ﬁn = 0(1)7

AL<An

Yo Y trPVPLV =o0(\).

)\kghn )\m2)\n+1

Tozda
[e’e) Vi
k=1 Ls=1
. 1
= Jlim St (BVE— (PV)?). (3)

" Ak <>\n

Ormerum, uro npaBas 4actb (HOpMyIbl (3) A HPOU3BOIBHBIX OrPAHUYEH-
HBIX CAMOCOIPS?KEHHBIX BO3MYIIEHHI PaBHa HYJII0, €CIu J1Jisd (DYHKIUH Pacipe-
Jlesienus ciekTpa oteparopa Lo cupasemiusa cienyiomas ouenka: N(t, Ly) =
o(t),t = oo, (cMm. [1], Teopema 5). Bosee Toro, Teopembr 1 1 2 TIO3BOJISIOT TO-
Jny4auTh GOopMyIIbl ciienoB Tuna Lenndanna-J/IeBurana st BO3MYIIEHUH HEKOTO-
PBIX MOJIEJILHBIX OMEPATOPOB MATEMATHIECKON (PU3UKHU OIEPATOPOM Y MHOKEHU I
HA OrPAHUYEHHYIO U3MEPUMYIO (DYHKIUIO KOHEYHON I/ KOCTH:
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1. Oneparop Jlannaca-Beasrpamu na cdepe S? (|2])

1 0 0 1 0 9
LO__SmG% (bm089> sm2937<p2’ H=La(5)

o(Lo) ={k(k+1)},—y, ve=2k+1, N(t)=0(), t—x

Teopema 3. ITycmv V (0, ¢) € W(S?). Toeda

ii[ k(k+1) +—/ V(s)ds — <’€>]

k=0 s=—k

V2(s)ds — dsdsg

16%2//W

52 52

20e § = (cos psin B, sin psin @, cos 9), 5 = (cos g sin by, sin ¢ sin Hy, cos Hp).
2. JIBymepHblii rapMonuyeckuii ocuuiasrop ([3])

82 82 2 2 2
Loz—i—i—f—.’t +$L’, H:LQ(R),
ox3 ox3 Tt T?

o(Lo)={2(k+1)}2, we=k+1, k=0,1,2,...,
N(t,Lo) = O(t?), t— <.

Teopema 4. ITycmov V(x1,22) € 064) (R?). Tozda

trPkV+Z< (k+1 (gk))] = %/Vz(x)d:c.

R2

o0

>

k=0

3. JdBymepublii rapMonuyeckuii ocuuiarop B nosoce ([4])

0% 0?
Lo = _87:&_871%+x%’ H=Ly(I), TI={x=(x1,72):21 €R, 22 €0,7]}
D(Lo) = {u(z1,22) : u € WH(II),u(z1,0) = u(z1,m) =0}

o(Lo) = {k € N\{1,3}} v = (N(t, Ly) = O(t?),t — o0

Vk
2
Teopema 5. ITycms V(z) € 0(2)( IT). Tozda

3 [Z (A= 1) + r(PeV)

keN/{1,3}

4. Tsymepusbiit oneparop Ipenunrepa B oqaopoaaom MarauraoM mode ([5]).
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1 0 > 719 ? )
L0—<iax1—$2> +<i(9172+$1) ) H = Ly(R?),
o(Lo) ={2(2k + 1)}32, (ypoBum Jlangay), vy = occ.
Teopema 6. I[Tycmv V € C’é2)(R2). Tozda cnpasedrusa gopmyaa caeda

oo o0

; 1 1
Z Z (e — ug)) + = /V(:z:)d:c = —/Vz(x)dx.
k=0 \i=—k ﬂ-w SWRQ
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TAJIEPKVHA-IIETPOBA BbIYUCJIEH Y COBCTBEHHBIX
3HAYEHUN.

N./A. Monanos, A.K. Ba33aeB
55tsopanovig@qgmail.com, al.bazzaev@gmail.com

YIK 517.984

Tlosyuensbr (hopMysIBI PETYASPU30BAHHBIX CJIEI0B /I BO3MYIIEHUA THC-
KPETHOTO CIIEKTPAJILHOTO OorepaTopa omneparopom ['mibbepra — lmumara.
Ioka3zana npumenumMocTb Merosa [anepkuna — [lerpoBa fyis npubsimxen-
HOT'O BBIYWCJ/IEHVSI COOCTBEHHBIX 3HAYEHUH M1 TAKUX BO3MYIIEHUIA.
Karowesoie caoea: cOOCTBEHHDBIE 3HAYMEHUS, CIIEKTPAJIHHBIN OII€paTOp, OIe-
parop 'mns6epra — IImuara, meros [Mamepkuna — Ilerposa
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Regularized traces for perturbations of the spectral operator.
The Galerkin-Petrov method for calculating eigenvalues.
Formulas of regularized traces are obtained for perturbations of a discrete
spectral operator by the Hilbert — Schmidt operator. The applicability of
the Galerkin — Petrov method for the approximate calculation of eigen-

values for such perturbations is proved.
Keywords: eigenvalues, spectral operator, Hilbert — Schmidt operator,
Galerkin — Petrov method

ITycrs T — qucKpeTHBIH ek TpaabHbIii oneparop [1] B cenapabenbHOM THITh-
6eproBom mpocrpancree H. Ilycrs T mpencrasum B Bume T = S + N, e S —
CIIEKTPAJIBHBIH OIIePaTOp CKAIAPHOro THIA [1], KOpHEBBIE BEKTOPLI { @) } 72 ) KO-
Toporo obpasyior 6a3uc Pucca, a N — KBa3HHUIBIOTEHTHBIA OIIEPaTop, KayK10e
OrpaHUYeHHe KOTOPOr0 HA KOPHEBOE MOIIPOCTPAHCTBO SIBJISETCS KOHETHOMED-
HbIM HHJILLHOTEHTHBIM oneparopoM. Ilycrs {1y}, — KOpHeBble BEKTOPbL OLle-
paropa S*. Bynem cunrarh, uTo DyHKINS PACTPEIETICHUS CIIEKTPA OMEPATOPa

. N
T ynommeTBOpSIET YCJAOBUIO lim % =e< o0 0<a< 1. PaccmorpuM BO3MY-
T—00
IeHne oneparopa 1 MpOu3BOJBHBIM OTPAHUMYEHHBIM omepatopoM B. Bepna

Teopema 1. Kopuesbrie nogunpocrpancTsa oneparopa 1T+ B obpa3yior ba3uc
Pucca n3 nmoanpocrpancts B H.

Teopema 2. Ilycte B — oneparop I'minbepra-lllmunra 8 H. Ecim s € N,
TO CYMIECTBYET TOATIOCIIEI0BATENBHOCTh HATYPAIhHOTO psina { M, }5° ; :

Ji {35 [ 95 B )]
m=1

s—1 M, k
+ CV(S) - Z Cs—k (B(Pmlvql)mk) H(Bsomjﬂ/ijfl)} =
k=2mi=-=mp=1 Jj=2
= ks Tr(GT'B*G),
rjae
L ifs>2 .
Ks = 0. ifs=1 (1) =0, sk = [A° : Amys ooy Ay A |-

3mech G — orpanuveHHblit 0OpaTuMblit onepaTop #Ha H Takoit, 94T0 Jjis HEKOTO-
poro oproHopMuEpoBaHHOTO Gasnca {e;}3°, : ¢; = Ge;,; = (G~ )*e; Vi, j =
0,1,2,... 1 ¢s_j WCIIOIB30BAH CHUMBOJI pa3/IeJIEHHON pa3HocTH [2].

®opmyibl, IPUBEIEHHBIE B TEOpEME 2, HA3BIBAIOT 0OBITHO (POPMYIAMU PEry-
JITPU30BAHHBIX CJ1eM0B.CyIIeCcTBEHHBIH BKIIAL B UX PA3BUTHE BHECIH aKaJIeMUK
B.A. CaznoBunuwmii u ero y4enuku. B [8] nmpuBenen o630p 3roii Teopun. B [6]
UCCIEIYIOTCst (DOPMYJIbI PErYJISPU30BAHHBIX CJIEIOB BO3MYINEHUH W3 KJIACCOB
ITarrena—¢on Heitmana.
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Paccmorpum B KadecTBe MomenbHOro mpumepa 3agady Momkwuna. dudde-
peHnmaIhHbIH onepaTop 1’ 37ech onpeesieTcss paBeHCTBAMA

Ty=—-y", 0<z <1, y(0)=0, (0)=y(1), (3)

Cuekrpasbhble cBoiicrBa oneparopa (3) usydennr B pabore [4].

Hns conpszxennoit 3amaan Ty = —y” ¢’ (1) = 0,y(0) = y(1), umeem
Yo = 2,¥9p—1(z) = 4(1 — z)sin(2mkx),por = 4dwxcos(2rkz),k € N, rae
T, = Aok, T ok—1 = Athak—1 + prtbak, pr = 4km,k € N, Te. g1
— NPUCOEIMHEHHBIH BEKTOD, & s — COOCTBEHHBII BEKTOD, COOTBETCTBYIOIIUI
cOOCTBEHHOMY 3HAUEHUIO k. [Ipu Takoil HyMepamuu BBIMTOJIHEHBI COOTHOIIECHNST
OHOPTOrOHATBLHOCTH (;, V) = 0;5.

Paccmorpum cnekrpanbayio 3anady (T 4+ B)y = @y € TOYKH 3pEHUst TPUMe-
urmoctn Merosa lanepkuHa-IlerpoBa [5] ¢ crucTeMamMu KOOPAWHATHBIX (QYyHKITHI
{er}ios {2y, rie B — npon3BosbHEIl OrpanudenHsii oneparop . [pubin-

n
JKeHne Jist cOOCTBEeHHBIX (DYHKIWMI 37€Ch UINETCS B BUAE Yy = . c,i”hpm rae
k=1

K03 PUITHEHTHI c,(cn) — peIllleHne CHUCTEMbI JIMHEHHBIX aareOpandecKux ypaBHe-

HHAN
n

}: (n) _ o
Ck [lu‘ékji((TdI»B)gokaw])]*O’ j=12,...,n
k=1

O603HaYMM OIIpeNeIUTeNb ITOH cucTeMbl Yepe3 o, = 0, (u). Hyau sToro ompe-
JeauTesid U ABJIdI0TCA HpI/I6J’II/I)KeHHbIMI/I 3HaAYEeHUAMN CO6CTB€HHBIX 3HAYCHU N
HMCXOIHOM CIeKTPaTbHOM 33134, JlIoKaXkKeM, 9TO BBIITOTHEHBI COOTHOIIEHHST CXO-
JIMMOCTH:

)\,(JL) — A 1mpu n—oo, Vk=12 ..n. (5)

Caenyst [7], cnenas zameny y = (T + E) lu u sBena oboznauenus S = (B —
E)YT+ E)™Y, A= (T + E)~!, noayuum

(E+S—pAu=0,

rae oneparopet A u S = (B — E)A — anepubie. CiienoBareinbHO, KOPPEKTHO
oLpeJiesIeH XapaKTepUCTHICCKUI OLpeeIuTellb S1epHOro oneparopa L = L, =

S+ pA:
A(p) = det(E — L(w) < T~ M(Zy)),
k=1

rae A (L) — coberBennble 3nauenus oneparopa L. Cornacuo [3] umeem

Ap) = det [|(E+ S — p A)pr, i) 15j=1-

Ormerum, uto p, € C aBasgercs cOOCTBEHHBIM 3HAYEHWEM HCXOTHOM 3a/a49u
Toraa u ToJbKO Torza, Koraa A(u,) = 0. OBGocHOBaHME TOrO MPOBOAUTCH C
noMoInpio HepaserncrBa Kapiiemana.

N3 Teopembr ['ypBuiia mogyanM CHpaBeIIMBOCTL CIEAVIONIETO TPEIJIONKe-
HUS.

Teopema 3. B moboit orparnvennoit odnactu G C C mynu onpenenuresis
A, (\) paBHOMEDHO CXOAATCH (UX KOHEYHOE YHMCIIO) K COOTBETCTBYIOUIMM HYJISM
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dyukuuu A(X). CuenoBaresbHO, HOLyYaeM, 4TO HyJIU OLPENeIUTelst CUCTEMbL
Tanepkuna-IlerpoBa coBnasaloT ¢ HyIsiMu onpeaenutens A, (u), 1 KOTOPhIX
BBITIOJTHAIOTCA COOTHOIIIEHUA CXOIUMOCTH.
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Kolmogorov type inequality for the functions of two variable in
Lo
In this speech will delivered about the exact inequalities of Kolmogorov
type for a sequence derivatives of functions of two variables and the best
approximate sequential derivatives of functions by trigonometric “angle”
in L(Q) Q :={0 < z,y < 2n}.
Keywords: Kolmogorov type inequality, trigonometric “angle”, quasipoly-
nomial, the best approximation

B monorpaduu [1] npuBeeHbl 1 CHCTEMATU3UPOBAHBI PE3YJILTATHI UCCIIEI0-
BaHWii 110 HEPABEHCTBAM JlJisi HOPM [IPOMEXKYTOYHbBIX IIPOU3BOJHbBIX (HEpaBEH-
crBam tuua Kosmoroposa) dyHkuuii ¢ paziuunbiMu 00JIACTAME OLPEEIEHUs,
KaK KJACCUYECKWX, TaK W MOJIYUIeHHBIX B mocieaHee Bpems. IIpu sTom ocHoBHOE
BHUMAaHMe y/IeJIeHO TOYHBIM HepaBeHCTBAM Takoro tuma. B [2] mpusenen o6cTo-
ATENBHBIN 0030p HEpaBeHCTB Tuna KoJMOropoBa, TIe MOLydeHbl HAWLYYIIne
KOHCTAHTBI U AHAJIM3UPYETCS WX CBs3b ¢ 3a7adeit CTedkuHa O HANITY dIleM pH-
OnmzkeHnn orneparopa udOEepeHTuPOBAHAS Ha PA3IAIHBIX KIACCaxX PyHKITHIA.
Crezyer oTMETHTh, UTO TMOUTH BCE PE3YIABTATHI B [1] u [2] momyvens s Bee-
CTBEHHO3HAYHBIX (PYHKIMH OIHOTO TIepeMEeHHOro. EcTecTBEHHO, UTO Mpe/ICcTaB-
Jsiet OOJIbINON MHTEpeC HosydeHue HepaBeHCTB Tuna Kosmoroposa st hyHK-
Uil MHOTHX TIEPEMEHHBIX, T/I€ MOJIYy9eHbl 3HAYUTEIHHO MEHBINE PEe3yIbTATOB.
3/1ech U3IaraeM HEKOTOPbIE PE3YJIbTAThl JJjisi NEPUOAMIeCKUX uddepeHupy-
eMBbIX QYHKIMA IBYX TepeMeHHbIX B Lo := Ly(Q), @ = {0 < z,y < 27} ¢
KOHEYHOU HOPMOTWi

1/2

1
1l = 4 — // Pa,y)dedy s < .
’ ar? | J @)
(T,S)

Yepes Ly 7 (Q), r,s € N — muoxecrso dyuxuuit f € Ly, y KOTOPBIX 4acTHbIE
npomssomueie (") r e N, v =0,s — 1, f"%) 1 =0,7 — 1,5 € N cymecrsyior,
KYCOYHO-HENPEPBIBHBI, JTOMYCKAIOT TIepeMenHy mopsaka auddepeHmpoBanus u
f(r,s) S L2.

Huddepentupys GopManbHO PABEHCTBO

+oo —+oo

Fa= Y 2 eulDECT W, () = / /@) Flasy)e= ) oy

p=—00g=—00

7-pa3 MO MEePEMEHHOMY X W §-pa3 MO MePeMEeHHOMY Y B CMBICJIE CXOINMOCTH B
MeTpuKe Lo, 3amuinemM

—+oo “+o0

FU gy = Y Y (i) (i) cpg(f)e PTHY,

p=—00 g=—00

OTKYJa Cpa3y BBITEKACT PABEHCTBO

oo +oo © >
1PN = 3 D P len (A2 =3 D 0 a0 (1),

P=—00 g=—00 p=1g=1
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rae
qu(f) = |Cfp,fq(f)|2 + |Cfp,q(f)|2 + |Cpﬁq(f)|2 + |Cp,q(f)‘2-

Ina yuknuu f € Lg’s), eé¢ wacrabix npomssogubix (0 (r € N), f(0:5)
(s € N), a Taxoke cmemanupix npoussomunbix fT 550 (k1€ Z,, 0 <k <r
0 <1< s) B cuiy pasencrsa Ilapcesasis umeem:

12 =S5 200 15012, = 3050 2, (),

p=1g¢=1 p=1g=1
1O, = 303 2 ()
p=1qg=1
(r—k,s=0)2 _ o 2(r—k) 2(5 1) ,2
Hf ||L2 - Zzp pp,q(f)
p=1g¢=1

Teopema 1. Jaa npouseoavrotli pynrkyuu f € L(T s (r,s =2,3...) npu 6cex
k=1,r—1ul=1,s—1 umerom mecma nepagencmaea

k
(1=

r—k,s— kl/rs r, é s L s (172)(1,é)
LFES Dy < PR - OS5 O AT e N
1

3nax pasencmea 6 (1) peanrusyemcs, nanpumep, dynryued

folz,y) = ycosm(x + ) - cosn(y + 8) € Lg’s), a,B,7v€R, m,neN.

Iycrs (X, || - ||x) u (Y, | - ||y) — AuHeitHbIe HOPMUPOBAHHBIE TIPOCTPAHCTBA
GYyHKIHH ONHON MEPEMEHHOM, a

U = span {Uo(I),U1(ZIJ), s Um(iE)}, Vo = {Uo(y)7vl(y)v .- vn(y)}

WX KOHEYHOMEpHbBIE MOAIPOCTPAHCTBO, TO ecTh Uy, C X, V,, C Y.
Bripaxkenne Buza

gmn T y Zup y)—l—qu(y)qﬁq(x)
q=0

n m o
rae {¢q(2)},—o m {¥p(y)},—y — HabOPBI MPOM3BOIBHBIX (yHKUMIl, cOOTBET-
CTBEHHO M3 TpOoCTpaHcTB X W Y HA30BeM TPHIOHOMETPHYECKOM “yriom” [3-
4], wiu 06OOIIEHHBIM TOTMHOMOM (KBa3UIIOJUHOMOM ), TIOPOKIEHHBIM HOAIPO-
crpancrBamu U, u V,,. YKa3auubie 00001IEHHBIE TTOJIMHOMBI 00PA3yIOT HOAIPO-

CTPaHCTBO 1pocrpancTs Z 1= Z(Q), koropoe 0603HadUM
GUpn Vo) : U @Y +V, @ X,

rae omnepannu ' ® 7 u 7 + 7 0603HAUAIOT COOTBETCTBEHHO OMEPAINN JIEKaPTOBA,
HPOM3BEIEHMS U IPAMOI cyMMbl MHOXKeCTB. O003HaYNM

gm,n(f)Z; = g(fv G(Um; Vn))Z = lnf{”f - gm,n”Z S 9m.n S G(Uma Vn)} .
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Teopema 2. Ilyemo m >r >k >1, n>s>1>1, mn,r,s,k,l €N,
Tozda das npoussorvrol dynryuu f € LgT’S)(Q) UMEET, MECTNO HEPABEHCTNEO

g7n—1,n—1 (f(Tik’Sil))Lg <
%)

|~

s (D0 (s (7o), )
(1-%)(1-1)

#(1=%)
. (5m_1,n_1 ( f(o,s))L2> . <5m_17n_1 (f(r,s>)L2> :

KOMOPOE ABAACTNCA TMOYHLIM 6 EDIULEYKA3AHHOM CMBICAE.

OrMeruM, 9T0 TeopeMa 2 JOKA3BIBAETCS MO CXEMe PACCYKICHUN TPUBEIeH-
HOit B [5], rue Haiizenbl HepaBencrBo tuna Kosmoroposa st byHKUmM JBYX
KOMILIIEKCHBIX [IEPEMEHHBIX B npocrpaHcTse Beprmana.
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TOYHBIE OITEHKU ITPOM3BO/JHBIX HYETHOT O ITOPAJIKA
B ITPOCTPAHCTBAX COBOJIEBA
N.A. Ileiimak
iasheip @yandex.Tu

YIK 517.518.23
W3ygaerca cBa3b HOPM  OIEPATOPOB  BJIOXKEHUS  IIPOCTPAHCTBA

o [}
H:=W3 [-1;1] 8 WL [-1;1] ¢ nopmamu dysxmmonanos f — f&)(z)
B npocrpancTse H. [lna kaxaoil GUKCHPOBAHHON TOUKH & 0003HAYUM
mopmy dynkmmonana wepe3 A, r(x). s Kaxkmaoro HATYPAIBLHOTO 1L W
gerHoro k < n — 1 HaiineHo ssHoe 3Hauenue A, ;(0), koropoe siBisiercs
rnobanbabiM  MakcumyMoMm  Gyuxumm Ay p(x). DTO 3HaueHme TaKKe
SABJIAETCA TOYHOW KOHCTAHTON BJIOKEHWS B YKA3aHHBIX TTPOCTPAHCTBAX.

Karoueswie caosa: npocrpancTsa CobosieBa, KOHCTAHTHL BJIOKEHUS

PaGora BeimosHeHa nipu dbuHAHCOBOH mopaep:kke PODU (mpoext Ne 19-01-00240).
IMTeitnax Mrops Amnarosbesud, m.d.-m.H., npodeccop, MI'Y umenu M.B. Jlomonocosa
(Mocksa, Poccus); Igor Sheipak (Lomonosov Moscow State University, Moscow, Russia)
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Sharp estimates of even order derivatives in Sobolev spaces
We study the relation of embedding operators norms from space
H :=W3" [~1;1] in WE [~1;1] with norms of functionals f % (2)
in space H. For each fixed point z we denote the functional norm by
An,i(x). For each natural n and even k < n — 1, explicit values A, ;(0)
are found, which are the global maximum of the function A, x(z). This
value is the exact embedding constant in the specified spaces.

Keywords: Sobolev spaces, embedding constants

Onpesenuv semmanint A, 1, () kak mopmbr dynkmuonanos [+ fF)(x),
[e]

neficTeytomux B pocrpanctse H :=W3' [—1;1]:

Anp(@) = sup |f®(x)].
£ ll=1

He.]'[bIO JAHHOTI'O HUCCIeJOBaHUA ABJJIAECTCA YCTAHOBJIEHHE TOYHOIO 3HAYCHUA

A= sup A,p(z),
z€[—1;1]

KOTOPOE  HAa3bIBAIOT KOHCTAHTON  BJOXKeHumsi mpoctpancTBa  CoboseBa

° o
H:=W3[-1;1] 8 WE [-1;1]. Hammoro ymoGmee paGoTarb ¢ KBaIpaTOM
9THX BEJMYWH, 103TOMY A2 | Takyke HAa3bIBAIOT KOHCTAHTAMM BJIOYKEHHUS.

B pabore [1] 66 nomygenst hopmyast ans xkoncranr AZ o, A2 | u A2 5, a
TaK’Ke YCTAHOBJICHA CBA3h MEKIY KOHCTAHTAMMW BJIOKEHWS W MEpBOOGPA3HBIME
nosnnaoMoB Jlexkanapa. B pabore [2] mosydeHbl JOKaJIbHBIE CBORCTBA (QyHKITHIH
Ai,k(‘r) U TIPEIbABIEHBI (GDOPMYJIBI I A%A u Ai,6-

[Tonuuomsr Jlexkanapa o6pa3yiOT OPTOrOHAIBHYIO CUCTEMY B IPOCTPAHCTBE
Lo[—1;1] u onpenenstorca dbopmynoit Pogpura

11

Po() i= g — ((a* - )™

IlepBoobpasnas mopsinka m > 0 onpenesnsiercs GOpMyIIoit
_ 11 2 (n—m)

[TocemoBaTeIbHO MOKA3BIBAIOTCS CJIEAYIONTHE (DAKTHI.
Jlemma 1. Qynuryuu Afhk(z) YA0BAELTNEOPAIOM. PEKYPPEHTIVHOMY COOTNHOULE-
HUIO

R4 (0) = A2 aalo) - (P57 @) (n=3) = (PP @) (n 3.

Jlemma 2. /lna seaunun A2, (z) cnpasedaueo coommowenue
:

dA%,k(x)

e = RS @) P @),
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Teopema 1. Touka x = 0 asasemca moukol 2400646H020 MAKCUMYMA
Pynryuy Ai’k(cc) na ompeske [—1;1].

C nomouipio jieMm 1, 2 1 Teopembl 1 JOKa3bIBAETCS CJAEAYIOIINUE OCHOBHON
pe3ybTaT.

Teopema 2. Tounvie 3HaueHUs KOHCMANM 6A00CEHUA Ha ompeske [—1; 1]
npu k=21,1=0,1,... umerom 6ud

s o B ((k—1)m?
An,k = An,k(o) = 22n—k=1((n — (k/2) — 1)N2(2n — 2k — 1)’
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JANPOPEPEHIIVMAJIBHBIE OITEPATOPHI C
ITOJIMHOMUAJIBHBIMU KOS®PUININEHTAMMN

P.H. dpmetoBa
tagirova_ rena@mail.ru

YK 517.984

JIoKJ1a1 TOCBSIIEH HMCCIeJOBAHUIO CIEKTPAJIBbHBIX CBOICTB OIEPATODPOB,
HOPOKIEHHBIX B THIB0EPTOBOM HpocrpancTBe L(—00,+00) cuMMerpu-
decknMu 1uddepeHnnaabHBIMI BHIPAXKEHUSIMY € TOJIMHOMHUAJIBHBIMA KO-
s bummenramu u ux crenensiMu. PaccmarpuBaercs ciaydaiil, korga B 6a-
suce ysrumit YebplmeBa-dpMura UM COOTBETCTBYIOT JABYXHATrOHAIb-
HBbIe 0000IIEHHBIE TKOOMEBHI MaTpHIbl. HalimeHs! medeKTHBIE YNCTa Ta-
KHUX OI€PATOPOB, IIOCTPOEHBI IPUMEPHI HeIbIX auddepeHuaabHbIX Ole-
PATOPOB MHHHMAJIBHOIO THIA, KOTOPBIE [IOPOXKIAITCH HPPEry/IsPHBIMU
b depeHIaIbHBIMI BBIPAKEHUSIMI.

Karoweswe caosa: cummerpmdeckne muddepeHmaababe 1 pa3HOCTHLIE
oIepaTopbl, 00OIIEHHbIE AKOOUEBbIE MATPUIILI, HHIEKC J1e(deKTa, CaMOCo-
[PSXKEHHbIE PACUIMPEHUs, CIIEKTD

SIpmerosa Pena Hacuposna, acnupant, CA®Y mmernun M.B. Jlomonocoea (ApxaHresnsck,
Poccus); Rena Yarmetova (Northern (Arctic) Federal University, Arkhangelsk, Russia)
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Differential operators with polynomial coefficients

The report is devoted to the study of the spectral properties of the op-
erators generated in a Hilbert space L?(—oo,+00) symmetric differen-
tial expressions with polynomial coefficients and their powers. The case
is considered when, in the basis of Chebyshev-Hermite functions, they
correspond to two-diagonal generalized Jacobi matrices. The deficiency
indecies of such operators are found, examples of entire differential oper-
ators of minimal type are constructed, which are generated by irregular
differential expressions.

Keywords: symmetric differential and difference operators, generalized Ja-
cobi matrix, deficiency index, self-adjoint extensions, spectrum

B nokmazge 6ymer paccMorpeHo cummerpudeckoe mudepeHinnaabHOe BhIpa-
JKeHme mopsiaka n = 2k +m > 3 Buma

k
= Z{hia*i+mai + hyatiaitmy,
i=0
rme m > 1 u k > 0 — mesbte uncia, hg, by, ..., hx — TPOU3BOIBHBIE KOMILIEKCHDIE
qucna, hy # 0, u
1 d . 1 d
a—ﬁ(x—k%), _E(x_ﬂ)'

B sToM ciaydae MaTpuUUHBIM PEACTABJIECHHEM MUHUMAJIBLHOTO 3aMKHYTOTO
CUMMETPUIECKOro oneparopa L, mopoxaeHHoro audepeHuaabHbIM BhIpaske-
nuem | B mpocrpanctse L2(—00,+00), B Gasuce dbynxuuii Yebbrmesa-pMuTa
SABJISIETCS TKOOMEBA MATPUIA, B KOTOPOH TOJBKO 3JIEMEHTBI JIBYX JIHATOHAJIEH
OTJIMYHBI OT HYJIsI, 8 UMEHHO JUATOHAJIN C HOMEDPOM 1M BBIIIE W HUXKE TJIABHON
(nynesoit) nuaronanu. Ucxozg u3 aroro, HailgeHbl gedeKTHbIE IUCIIa, OEPATOPa
L, mopoxkaeHHoro nudpepeHnuanbHbIM BbIPAKEHNEM | M €10 CTEIeHsIMH.

B noknazne Takxke OyyT NpUBEIEHBI IPUMEPDHI OMEPATOPOB, MOPOXKIEHHBIX
muddepeHnraaIbHBIMIA BBIPAXKEHUSAMA HE 0OJiee TPEThEro IMOPsIKa C IIOJTHHO-
MHATLHBIMI K03 bHUIMeHTaMU 1 UX CTeMeHaMH B npocTpancTse L2 (—oo, +00),
nedeKTHbIE YUCIa KOTOPBIX MOTYT OKA3aThCs HE TOJILKO MEHbBIIE WUJIH PABHBI,
HO, YTO OCODEHHO MHTEPECHO, U OOJIbIIIe NOPSIIKA COOTBETCTBYOMNX Auddepen-
[MUAJTBHBIX BbIPAsKEHUI.

Hokanaz ocHoBan Ha coBMecTHOl crarbe [1].
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ON THE SOLVABILITY IN A WEIGHT SPACE OF A
BOUNDARY-VALUE PROBLEM FOR A CLASS
FOURTH-ORDER OPERATOR-DIFFERENTIAL EQUATIONS
A.R. Aliev
alievaraz@yahoo.com

UDC 517.95

In a Sobolev-type space with an exponential weight, sufficient conditions
are founded for the well-posed and unique solvability of a boundary value
problem for one class fourth-order operator-differential equations with
multiple characteristics.

Keywords: boundary-value problem, operator-differential equation,

Hilbert space, self-adjoin operator, regular solvability
MSC: 35G15, 47D03

In a separable Hilbert space H, we consider a boundary-value problem

(-2 ) (&4 )utrs

ZAjm:f(x),xeR+:[O,+00), S

dxt—i

w(0) =0, (2)
where f () and u (z) are H-valued functions, A is a self-adjoint positive-definite oper-
ator with lower boundary of the spectrum Ao (A = A" > Ao E (Ao > 0), where E is the
identity operator), and A;, j = 1,2, 3,4, are linear, generally, unbounded operators.

Note that equations of the form (1) are encountered in applications, in particular,
in the problems of stability of plates made of plastic materials (see [1]).

We introduce the following Hilbert spaces with exponential weight e "**/2, k €
R = (—o00,+00):

1/2
Lo (RysH) = 30 (&) [0l (oo / o @)% e dr | < +o0) b
W24,,{ (Ry; H) = {v(a:) : H’U”W24’N(R+;H) =
too 1/2
d*u (z) 2 4 2 .
/ <HWHH+HA u(x)HH e ""dx < 400
0
Let
Wy . (R H; {0}) = {v (z) 1 v (z) € Wy, (Ry; H) , v (0) =0}

and let Py denote an operator from the space Wz’,‘g (R+; H; {0}) to Lgy,.i (R+; H) defined
as

Pou(z) = (—% + A)3 (% + A) u(z), u(z) € Wi, (Ry; H; {0}).

This work is supported by the ” University Grant” of the ASOIU (no. ADNSU-2018-1-01).
Aliev A.R. (Azerbaijan State Oil and Industry University, Baku, Azerbaijan)
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Definition. Suppose that for any f(x) € L (R4; H) there exists a function
u(z) € Wy, (Ry; H) satisfying equation (1) almost everywhere in R+ and boundary
condition (2) in the sense that

lim HA7/2u (x)H =0,
x—0 H
and, moreover,
lullws , (ryimy < constilflle,  (rym)-
Then the boundary value problem (1) and (2) is said to be regularly solvable.

The following theorems is valid.

Theorem 1. Suppose that A = A* = Ao E (Ao > 0) and k € (—2Xo,2X0). Then the
operator Py is an isomorphism between the spaces W3, (R4; H; {0}) and Lz (R4; H).

Theorem 2. Suppose that A = A* > XoE (Ao > 0), k € (=2X0,2X0) and, the
operators A;A™7, § =1,2,3,4, are bounded in H, moreover, the following inequality
holds true

4
> ON;||A;AT <1,
=1 H—H
where
4d47ju 1
N= s HA _. 1Pl () i= 123,
0£ueWS , (R4 ;H;{0}) < dat= Lo, (RysH) La,x(Re3H)

Then the boundary-value problem (1) and (2) is regularly solvable.

Note that the well-posed and unique solvability of equation (1) on the whole axis
was studies in [2]. The Fredholm property of the boundary-value problems on the
semi-axis and on a finite interval for equations of the form (1) was considered in [3].
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ON THE SOLVABILITY OF THE OPERATOR RICCATI
EQUATION IN REFLEXIVE BANACH SPACE

N.V. Artamonov
nikita.artamonov@gmail.com

UDC 517.968.4

Let X be a reflexive Banach space. It is proved that the integral non-
autonomous operator Riccati equation has a unique non-negative strongly
continuous solution P(¢t) € L(X, X™)

Keywords: operator Riccati equation, reflexive Banach space, operator-
function

Operator Riccati equation arises in many applications. It is well-known that the
solution of linear-quadratic control problem on finite interval can be obtained by solv-
ing differential Riccati equation.

We will use the following notations. If X;o are Banach spaces, then by
L(X1,X2) we will denote the space of bounded operators acting from X; to Xa.
By Cs(Z; £L(X1,X2)) we denote the space of strongly continuous operator functions
on interval Z = [0,7] with the topology of strongly uniform convergence. By defi-
nition the operator-function P € Cs(Z; L(X1, X2)) if and only if for all z € X; the
vector-function P(-)z € C(Z; X2).

An operator function {Uy, s ogs<e<T on a Banach space is called forward (in time)
evolution family if Uy, = I and U,y = U, Uy for all 0 < s <r <t < T. An operator
function { Vs }o<s<t<r on a Banach space is called backward (in time) evolution family
fVige=Iland Vi, =V, Vs forall0<s<r<t<T.

An evolution family is called strongly continuous if it is strongly continuous in ¢
(for fixed s) and in s (for fixed ¢). Note that strongly continuous evolution family is
not necessary jointly continuous.

Let X be a reflexive Banach space with duality pairing (f,z) (z € X, f € X*).
If Ay € £(X,X") then taking into account the canonical isomorphism between X
and X™* one can consider that the adjoint operator A7 € L£L(X, X*). Operator A; €
L(X,X") is self-adjoint if A; = A]. Self-adjoint A; € L£(X,X") is non-negative if
(A1z,xz) > 0 for all z € X.

Analogously if A2 € £(X*,X) then one can consider that the adjoint operator
Aj € L(X*,X). Operator As € L(X", X) is self-adjoint if A, = Aj. Self-adjoint
operator A; € £(X™, X) is non-negative if (x, Asz) > 0 for all z € X.

Note that if Uy s is strongly continuous evolution family in reflexive space X then
Vst = U is strongly continuous backward evolution family in X™.

Theorem 1. Let X be a reflexive Banach space and the following assumptions
hold:

1. {Ut,s}togs<e<r is strongly continuous and uniformly bounded forward evolution
Jamily in £L(X). Then Vi = Uf is strongly continuous and uniformly bounded
backward evolution family i L(X™).

2. operator functions C' € Cs(Z; L(X,X™)) and B € Cs(Z; L(X™, X))
3. C(t)=C*"() =0 and B(t) = B*(t) 20 for allt € Z.

Nikita V. Artamonov (MGIMO-University, Moscow, Russia)
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Then for all self-adjoint non-negative G € L(X,X™) the integral Riccati equation
T
P(t) = Vi,rGUry +/ Vi,s{C(s) — P(s)B(s)P(s)}Us,ds
t

has a unique self-adjoint non-negative solution P € Cs(Z; L(X,X™)).

Theorem 1 generalizes the results by Curtain & Pritchard, Lasiecka & Triggiani,
Da Prato & Ichikawa to the case of arbitrary reflexive Banach space.

Some applications of Theorem 1 will be given during the talk.
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ON GLOBAL INVERSE FUNCTION THEOREMS
A.V. Arutyunov, S.E. Zhukovskiy
arutyunov@cs.msu.ru, s-e-zhuk@yandez.ru

The question on the existence of a right inverse mapping to a smooth
mapping acting between finite-dimensional linear spaces is considered.
Sufficient conditions for existence of the right inverse mapping are ob-
tained.

Keywords: inverse function, global homeomorphism.

Consider the equation
flx) =y. (1)
Here f is a continuous mapping between Banach spaces X and Y, z € X is an unknown
variable, and y € Y is a parameter. Given a set V C Y, a function g : V' — X is
called a right inverse to f on V if f(g(y)) = y for all y € V. The existence of inverse
function to f on the set V is equivalent to solvability of equation (1) for every y € V.
Hence, theorems on the existence and properties of inverse functions are applicable to
equations in various areas of mathematics and play important role in optimization,
ordinary differential equations, control theory, etc.
Let us consider one class of theorems on inverse functions, namely the global
homeomorphism theorems. These assertions provide assumptions for the mapping f
to be a homeomorphism or, equivalently, for equation (1) to have the only solution

The research was supported by the grant of the Russian Science Foundation (Project no.
17-11-01168)

Aram Arutyunov (Peoples’ Friendship University of Russia, Moscow, Russia; V.A.
Trapeznikov Institute of Control Sciences of RAS, Moscow, Russia)

Sergey Zhukovskiy (Moscow Institute of Physics and Technology, Dolgoprudniy, Russia,;
V.A. Trapeznikov Institute of Control Sciences of RAS, Moscow, Russia)
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x = g(y) for every y € Y continuously dependent on y. The classical result in this area
is the Hadamard’s Theorem. Let us recall it.

Hadamard’s Theorem (see, for example, [1, Theorem 5.3.10]). Let f : R™ — R"
be continuously differentiable, the linear mapping ——(x) : R" — R"™ be invertible for
x

every x € R™, and there exist ¢ > 0 such that

of , -1 n
_— < .
H@m(x) <c VzeR

Then f is a homeomorphism.

Some problems lead to the investigation of global solvability of equation (1) in the
case when f a priori is not a homeomorphism, for example, when X = R", ¥ = R¥
and k£ < n. In this case, there can be obtained conditions for existence of continuous
right inverse function g : Y — X. In our research, we have obtained these conditions
under various differentiability assumptions on f in both finite-dimensional and infinite-
dimensional case. In particular, for the case when the spaces X and Y are finite-
dimensional, the following assertion was derived.

Below R™ and R” are real coordinate spaces with the norms denoted by |- |. Given
a linear operator A : R® — R*, denote by covA the supremum of all numbers o > 0
such that Bgr(a) C ABgrn(1). Here Bgk (a) stands for the closed ball in R* centered
at zero with the radius o.

Theorem 1. Let f : R® — R be a twice continuously differentiable mapping,
a > 0 be a given number. If

of
cov-—(z) >a VzeR",
Va:r( ) =
then for every xo € R™, there exists a continuously differentiable mapping g : R* — R™
such that

o) =v, Ig(y)—wo\éwﬂ Vy e R"

Note that the proof of the existence of the right inverse function g in this theorem is
based on the theory of ordinary differential equations. In fact, g(y) can be constructed
as a value of a solution of a specific ordinary differential equation with a parameter y.
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UNIQUENESS OF SOLUTIONS FOR ONE CLASS OF
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FREDHOLM —-STIELTJES EQUATIONS OF THE FIRST KIND

WITH THO VARIABLES
A. Asanov, Z.A. Kadenova
avyt.asanov@mail.Tu, kadenova71@mail.Tu

UDC 517.968

This report is devoted to the study of the uniqueness of solutions lin-
ear integral equations of the first kind with two independent variables
in which the operator generated by the kernel, is not compact operator.
The relevance of the problem is due to the needs in development of new
approaches for the regularization and uniqueness of the solution of linear
integral equations of the first kind with two independent variables. As of
approximate solutions such tasks, stable to small variations of the initial
data, we use the solutions derived by the method of regularization and
belong to the class of incorrectly formulated tasks. One of the classes of
such ill-posed problems are integral equations of the first kind with two
independent variables. The aim of the work is the proof of the theorems
of uniqueness for solving of Fredholm-Stielties linear integral equations
of the first kind with two independent variables. In the paper a theo-
rem is proved the uniqueness of the solution of Fredholm-Stielties integral
equations of the first kind with two independent variables.To obtain for-
mulated in the article the results of used methods of functional analysis.
The obtained results are new. The reliability of the result set of evidence
and is illustrated by examples.The work has a theoretical character. The
obtained theoretical results can be applied in various fields of science and
technology method of nonnegative quadratic forms and the consept of
derivative with respect to increasing function.

Keywords: Fredholm-Stieltjes inteqral equations, first kind, two variables,
solution and uniqueness

Various issues concerning of integral equations of the first kind were studied in [1-7].
More specifically, fundamental results for Fredholm integral equations of the first kind
were obtained in [6], where regularizing operators in the sense of M.M.Lavrent’ev vere
constructed for solutions of linear Fredholm integral equations of the first kind. The
regularization and uniqueness of solutions to systems of nonlinear Volterra integral

equations of the first kind were investigated in [3, 4].

the following integral equation.

where

/Ktzy) () doly / Q(t, z, s)u(s, )dip(s)+

/t: /w C(t,x, s, y)uls, y)dp(y)dy(s) =

= f(t,2), (t,z) € G={(t,x) e R® :to <t < T, a <z <b},

[ At m,y), to<t<T, a<y<z<Y
K(t’x’y)_{ B(t,z,y), to <t<T, a<z<y<b,

Avyt Avyt Asanov, Kyrgyz-Turkish Manas University, Kyrgystan
Zuula Kadenova, Institute of mathematics of NAS of the Kyrgyz Republic

In this paper, while analizing
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M(t,z,s), to <s<t<T, a<z<b,
Qt,z,s) =
N(t,z,s), to<t<s<T, a<z<b,
A(t,z,y), B(t,z,y), M(t,z,s), N(t,z,s),C(t,x,s,y) are given continuous functions,
respectively on the domains

Gl_{(tvm’y):t0<t\T7 a<y<$<b}7
Go={(t,z,y) o <t<T, a<z<y<b}y
Gs={(t,z,s) 1 to <s <t <T, a<z<b};
Ga={(t,z,s):to<t<s<T, a<z<b};

Gs ={(t,z,s,y):to<t<s<T, a<x<b}.

Here u(t,z) and f(t,z) are the unknown and given functions, respectively, (¢,z) €
G, ¢(z) is the increasing continuous function in [a, b], ¥ (¢) is the increasing continuous
function in [tg, T].

Using A(t, z,y), B(t,z,y), M (¢, x, s) and N (¢, z, s) we define the following functions

P(t,z,y) = A(t,z,y) + B(t,y,z), (t,x,y) € G;
H(t,z,s) = M(t,x,s) + N(s,x,1), (t,z,5) € G3

In this work for the investigation of the integral equation (1) we it is based on
the notion of the derivative of function with respect to the strictly increasing function
[8]. Then we need the concept of the denvative defined in the work [8]. Apparently
the first notion of the derivative, with respect to the strictly increasing function, was
introduced in [8].

Definition. The derivative of a function f(x) with respect to ¢(z) is the function
f;(a:) whose value at x € (a,b)

S fatA) - f)
Jol@) = I ST )~ o(a)’

where (z) is the given strictly increasing continuous function in (a, b).
If the limit in (2) exists, we say that f(x) is a differentiable function with respect

(2)

to ¢(x). The first derivative f;(x) may also be differentiable function with respect to
(x) at every point x € (a,b)

f«p(l‘) = (ftp(m))«pv
is called the second derivative of f(z) with respect to ¢(z) they would, with.

’

fol) = (f& D (@),

denoting the n-th derivative of f(x) with respect to ¢(x).

Similarly, we define partial derivatives of functions of many variables.

In this work, on the basis of the consepts of the partial derivative of functions
P(t,z,y),H(t, x,s) with respect to the increasing continuous functions p(z) and (t)
and methods of functional analysis, the uniqueness theorems are proved for the integral
equation (1).
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ON SPECTRUM OF QUADRATIC OPERATOR PENCIL WITH
SMALL PERIODIC PT-SYMMETRIC PERTURBATION
D. Borisov
borisovdi@yandex.Tu

UDC 517.984

We study the spectrum of a quadratic operator pencil with a small PT-
symmetric periodic potential and a fixed localized potential. We show
that the essential spectrum has a band structure with bands usual and
unusual gaps. These gaps can contain isolated eigenvalues and we study
the existence and asymptotic behavior of such eigenvalues.

Keywords: operator pencil, PT-symmetric perturbation, spectrum

The main object of our study is the quadratic operator pencil

2
He(A) = f% +V 4iedy+2—2 in Lao(R).

Here v € C(R) is a real odd 2m-periodic function, » € R is a fixed constant, V' € C(R)
is a real function decaying at infinity: |V(z)| < Ce™¥1®!l, z € R, where C, ¢ are
some positive constants independent of z. The domain of H.(\) is the Sobolev space
H?(R). We are interested in the behavior of the spectrum of the operator pencil H.(\)
as € — +0.

As e = 0, the essential spectrum of the pencil H is as follows. If 3¢ > 0, this is just
two half-lines gess (Ho + 7 — A?) = (—00, —/3¢] U [/3¢, +00). As 2 < 0, the essential
spectrum is a cross in the complex plane:

GCSS(H0+%7)\2):{)\:HI —V x| <t < \/|%|}UR.

By Br(a) we denote the ball B.(a) := {A: |A —a| < r}. and we let )\(()m) =

\/mTz + sesignm, m € Z \ {0}.

The essential spectrum as € > 0 is described in the next theorem.

Theorem 1. For each R > 0 there exists g > 0 and ¢ > 0 such that for all
e < go the essential spectrum of He(\) located inside the ball Br(0) is as follows.
Outside the balls BCE()\(()m)), m € Z+, and Bc:(0), the essential spectrum of H-(\)
coincides with that of Ho + » — A%, Inside the balls BCE(/\(()"L)), /\(()"L) # 0, )\((Jm> € R,
the spectrum is a continuous arc in a complex plane with the following approrimate
parametric description:

A= AQY £ A(mM(A“")) a3(m) — sm? + O(=2)

g2 25¢5> ad(m) (m)\2 3
— + (A ai(m) | +0(e”),
4)\((),,”) (Aém))z 2 ( 0 ) 1( ) ( )

1 Ly
o / ~(x) sinmaz dz,

ap(m) :=

ai(m) = / U xm)cosm——&—u (z m)smm— dz,
1 . \/> + 2 ) 2

Denis Borisov (Institute of Mathematics, Ufa Scientific Center, RAS, Ufa, Russia)
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where m € Z4+ and u+ are the solutions to the boundary value problems

d? m? 1 m ..m
(f@ — T) ut(z,m) = N (7(37) cos 5 & — ao(m) sin Ex) , x€(—m,m),

d? m? 1

(,@ - 7) u-(em) = —= (@) sin Fx — ao(m)cos Ta) . w € (=mm),

L A T due (L) = cpymdus (L
o () = (). 2 () = (),

orthogonal to cos Fa and sin Gx in La(—m,m). Inside the balls Bee (/\(()m)) with a non-

zero pure tmaginary )\(()m) # 0, the essential spectrum of He(\) is pure imaginary. If
ao(m) # 0, this part of the essential spectrum contains a gap (B, (€), Bk (€)) with the
end-points obeying the asymptotics:

. 2 2
Bih(e) = Ag + oolmll e (%(2’”) + |Aé’”)\2a1(m>> +0(e).
0

— — — X K——————

Figure 1.1: Approximate shape of the essential spectrum and possible isolated
eigenvalues converging to the essential spectrum. The dotted lines at zero indi-
cate that here the structure of the spectrum requires further studies not made
in the present work.

As this theorem states, the essential spectrum has small gaps. Inside these gaps,
the operator pencil H. can have isolated eigenvalues. We obtain condition ensuring the
existence and absence of such eigenvalues in a given gap and describe their asymptotic
behavior as € — 0. The conditions involve scattering data for the potential V' and
Fourier coefficients of the potential «. In particular, we show that there can be no
eigenvalues or up to two eigenvalues in each gap. The eigenvalues can be both real
and imaginary. Their asymptotics are power in €. An example of how the spectrum
of H. can look like is given in Figure 1.
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This is a joint work with G. Cardone.

OPERATOR ESTIMATES FOR PROBLEMS WITH
OSCILLATING STEKLOV BOUNDARY CONDITION
A.G. Chechkina

chechkina@qgmail.com

UDC 517.984.5

We consider boundary—value and spectral problems for the Laplacian in
a domain with a smooth boundary. We assume that the homogeneous
Dirichlet condition alternates with the Steklov condition on the boundary
of the domain. We get the operator estimates for the convergence of solu-
tions as a characterizing the frequency of the alternation small parameter
tends to zero.

Keywords: homogenization, rapidly changing boundary conditions,
Steklov—type problem, spectrum

We consider an elliptic problem in a domain with rapidly changing Steklov bound-
ary conditions (previously such problems were considered in [1], [2], [3]).

Let z = (z1,z2) be local coordinates in R?, Q C R? be a connected domain with
a non-empty boundary. We assume that the boundary of Q is C?-smooth and has a
uniformly bounded curvature. The domain 2 can be both bounded or unbounded.

Figure 1.1: Domain 2.

We choose a point 2o € 9Q and we consider I'1, the set of points z(s) € 9Q such
that |s| < 1, where s is the arc length measured from the point 2. Consider k € Z and
let s, = k- |Ing|°™!, zx = x(sk), where § € (0,1) and ¢ is a small positive parameter.
Denote Y = {k: |k |Ine/’ | < 1}.

In other words, I'; is a part of 02 of length 2. By I's we denote the rest of the
boundary, that is, Ty := 99\ T1. We suppose that the boundary 99 is C3-smooth

Aleksandra G. Chechkina (Lomonosov Moscow State University, Moscow, Russia)
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in the vicinity of the part I'1. We suppose that I'1 consists of two rapidly alternating
parts: T'1 = 4. UT., where 7. = U A U I'* with the length Ve = e,
keYe keEY,
Wg Uf’: = [z(sk), z(sk+1)], k € Te. See Fig. 1.
In this paper, we consider the following eigenvalue problem:

Hu.=0 in Q,

Que _ M. on TyUT., (1)
on
Ue = on e

where
. 0 0
Z a ”a i) AjaTcg*aT;jAj) + 4o
3,5=1 Jj=1
is a differential operator. Here A;; = A;;(x), A; = A;(x), Ao = Ao(z) are given real

at i(@
functions defined in 2. We suppose that A;;, A; € C*(Q), Ao € C(Q), these functions
are uniformly bounded in 2, and A;; = Ajs,

2

Z fz'fj Z 0025]7 x eﬁv (51752) € RQ,

3,j=1

where co > 0 is a fixed constant. The symbol g—n stands for the conormal derivative:

d R
on Z Aij(x)yiaizj +I;AJVJ7

where v = (v1,12) is the outward unit normal to 9.
We consider the boundary value problem

HU. =0 in

U + XU =g on TI'2UTly, (2)
on

U: =0 on e,

1

where g € W,? (09) is a given function. We treat this problem in the weak sense and
the solutions are sought in the Sobolev space H3(£2,~.) consisting of the functions in
W3 (Q) having the zero trace on .

1 1
Let H. be an operator in W (992) mapping each g € W2 (992) into the trace on

09 of solution to problem (2); it is clear that this trace is zero on .. Then eigenvalue
problem (1) can be rewritten as

Heue = Aue,

where u. is the trace of U on ' UT'. and A := (A + )\0)71

By Ho we denote the same operator as H. but for the case y. = 0, I's UT. = 9Q.
It is clear that both operators H. and Ho are bounded.

The following statements hold true.

1
Theorem 1. The operators He and Ho are self-adjoint in W2 (02). The estimate
holds:

| He — Holl < C|Ine| 2,

1
where ||-||stands for the norm of a bounded operator in W3 (052), § = const, 0 < § < 1.
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Theorem 2. The spectrum of the operator H. converges to spectrum of Ho. The
spectral projectors of the operator H. converge to the spectral projectors of the operator
Ho. In particular, if Ao is a discrete eigenvalue of Ho of a multiplicity n, as € — 0+,
there ezist exactly n eigenvalues of the operator H. counting multiplicities converging
to Ao as € — 04 and the total projector of these eigenvalues converges to the ;frojector

on the eigenspace associated with Ao in the norm of bounded operators in W3 (09).

References

1. Chechkina A.G., Sadovnichy V.A. Degeneration of Steklov—Type Boundary
Conditions in one Spectral Homogenization Problem // Eurasian Mathematical Jour-
nal 6: 3 (2015), 13-29.

2. Chechkina A.G. The homogenization of spectral problems with singular pertur-
bation of the Steklov condition // Izvestiya Mathematics 81: 1 (2017), 199-236.

3. Chechkina A.G., D’Apice C., De Maio U. Rate of Convergence of Eigenvalues
to Singularly Perturbed Steklov—Type Problem for Elasticity System // Applicable
Analysis. 98: 1-2 (2019), 32-44.

DOMINATED ERGODIC THEOREM IN SYMMETRIC SPACES
ON INFINITE CONTINUOUS MEASURE SPACE
V. Chilin, M. Muratov, J. Pashkova
vladimirchil@gmail.com, mamuratov@gmail.com, pashkova.kromsh@gmail.com

UDC 517.987

It is given conditions under which dominated ergodic theorem hold in
symmetric spaces of measurable functions defined on infinite continuous
measure space.

Keywords: Symmetric function space, continuous measure space, Dunford-
Schwartz operator, dominated ergodic theorem.
MSC: 37A30, 47A35, 46E30

Let (2, A, u) be a Maharam measure space with continuous measure p. Denote by
L% = L°(Q) the algebra of equivalence classes of almost everywhere finite real-valued
measurable functions on (€, A, ). Let LY, be the subalgebra in L° consisting of the
functions f € L” such that p{|f| > A(f)} < oo for some A(f) > 0. If f € L;, then a
non-increasing rearrangement of f is defined as

@) =inf{x>0: p{|f] > A} <t}, t>0.

Let ((0,00),B,v) be the o-finite measure space with Lebesgue measure v. A non-
zero linear subspace E C LY with a Banach norm || - ||g is called symmetric (fully
symmetric) on ((0,00), B, v) if

fEE, geLd, g"(t) < f*(t) forall ¢>0,

Vladimir Chilin, Tashkent Branch of Moscow State University, Taskent, Uzbekistan
Muratov Mustafa, Tavrichesky National University, Simferopol, Russia
Pashkova Juliya, Tavrichesky National University, Simferopol, Russia
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(respectively,

E] s

feR, geL?, /g*(t)dtg/f*(t)dt forall s> 0 (writing g << f)),
0 0

implies that g € E and ||g||le < ||f|le-
Let (E,| - ||g) be a symmetric (fully symmetric) space on ((0,00), B,v). Define

E(Q) :=E(Q,Apu) ={f L) : f*(t) € E}

and set || flle@ = [|f*le, f € E(Q). It is known [2, Ch.3, Sec.3.5, Theorem 3.5.5]
that (E(Q), || ||g() is a Banach space and conditions f € E(Q), g € LY, g*(¢) < f*(¢)
for every t > 0 (respectively, g << f) imply that g € E(Q) and [|g]|g@) < ||flle@)-
In such a case, we say that (E(Q), || - |lg)) is a fully symmetric space on (€, A, 1)
generated by the fully symmetric) space (E, || - ||).

Immediate examples of fully symmetric spaces are the classical LP-space LP =
LP(Q, A, 1) with the standard norm || - ||, 1 < p < o0, the space L' N L* with the
norm || f|le1anee = max {||fll1, ]| fllo}, and the space L' 4+ L with the norm

I £l ree = inf {lglls + Al : f=g+h, g€ L', heL*}.

Let T : L' + L™ — L' + L™ be a Dunford-Schwartz operator (writing T' € DS),
that is, T is linear and

1Tl < NIfllx forall feL' and [ T(f)lle < |Iflle forall fe L.

It is known that if ' € DS, then T(E(Q2)) C E(Q) for any fully symmetric space E(£2),
in addition, |T'||g@)—E@) < 1 (see, e.g. [1, Ch.II, §4, Sec.2, 4]).
Let T € DS, f € L?, and let

A = LT and () = sup 4,011,
k=0 nz1

The well-known dominated ergodic theorem states that A« (f) € L? for any T' € DS,
f€eL? 1< p<oo, and the following inequality holds

P
[ Ace (F)ll» < ﬁl\fl\p-

It is clear that there is the problem of describing the class of fully symmetric spaces
E(Q) for which the dominated ergodic theorem with respect to the action of an arbi-
trary T' € DS is valid.

If f € L' 4L then we can define the following continuous non-increasing function
on the interval (0, +00):

* %k 1 t * . . .
@) = ?/ frdv, t € (0, +o0) (Hardy-Littlewood maximum function).
0

Since L'(Q) NL>®(Q) C E(Q) C LY(Q) + L®(Q) for any symmetric space E(Q), it
follows that Hardy-Littlewood maximum function f**(t) is defined for every f € E(Q).
Set
H(E(Q)) = {f € L'(Q) +L™(Q): [~ € E},

and ||flla®@) = || |le, where E = E(0, c0) is symmetric space on ((0,c0), B,v)
that generates the symmetric space E(Q2) on (Q, A, ).



178 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

Theorem 1. The pair (H(E(Q)),| - [|u®Ew))) is a fully symmetric space on
(Q, A u).

The following theorem is a version of the dominated ergodic theorem for fully
symmetric space (H(E(Q)), || - [lu@w))-

Theorem 2. Let (E(Q), I| - ||E(Q)) be a symmetric space on (2,4, u), and let
T € DS. Then A (f) € E(Q) and [[Aw(f)lle() < |Iflla@®) for any f € H(E(Q)).

Corollary. Let (E(Q2),] - [g)) be a fully symmetric space on (£, A, ), and
let E(Q) = H(E(Q2)) as sets. Then A (f) € E(Q) for any T € DS, f € E(Q). In
addition, there exists A > 0 such that

[Asc(Nlle@) <A [Iflle@) forall T € DS, feEQ).
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FEYNMAN APPROXIMATIONS FOR SOLUTIONS TO
SECOND-ORDER PARABOLIC EQUATIONS ON SOME
RAMIFIED MANIFOLDS

V.A. Dubravina

dubravina_vika@mail.ru

UDC 517

Feynman formula is used to represent some object (usually the solution
to an evolution equation) as a limit of multiple integrals as multiplicity
tends to infinity. This formulae give some approximations to the solutions,
which are called Feynman approximations. In the talk one considerers
such representation by the Lagrangian Feynman formula for the Cauchy
problem for the heat-type parabolic equation. By ramified manifold one
means a disjoint union of a set of smooth bounded manifolds of equal
dimension. The discussed Cauchy problem is posed for functions, defined
on some ramified manifold K, from space L,(K).

Keywords: Feynman formula, Lagrangian Feynman formula, parabolic
equation, Cauchy problem

This research is supported by Lomonosov Moscow State University. Grant “Modern
problems of mathematics and mechanics”.
Viktoryia Dubravina (Lomonosov Moscow State University, Moscow, Russia)



MarepuaJpr MexKTyHAPOIHOH KOH(EPEHIHH 179

The representation for the solution to Shroedinger equation, which is now called
the Feynman formula, appeared in 1948 in the paper by Feynman [1]. He suggested
that the integration holds over upcoming powers of configuration space, in this case
corresponding formulas are called Lagrangian Feynman formulae. If the integration
holds over powers of phase space, as was suggested by Feynman in 1951, the formulae
are called Hamiltonian. These names can be explained by the fact than the first
formula is related to the classical action in Lagrangian form, and the second one is
related to the action in Hamiltonian form.

In 1964 E.Nelson first proved Lagrangian Feynman formulae [2], where he used the
Trotter formula. The proof for Hamiltonian Feynman formulae appeared only in 2002
in the paper [3] by O.G. Smolyanov with co-authors, where the Chernoff theorem was
used. This theorem, being the generalization of the Trotter formula, turned out to be
an effective tool to obtain various Feynman-type formulae.

In this talk one discusses Lagrangian Feynman-type formulae, which are the limits
of multiple integrals over some extension of ramified manifold K (the solution to the
Cauchy problem is defined on K), as multiplicity tends to infinity.

One calls the ramified manifold K a disjunctive union of a set of open bounded
smooth manifolds Kj,j = 1,...,m, of equal dimension dimK; = n. This set of man-
ifolds can be isometrically embedded in R® for large enough s. Each manifold Kj is
also supposed to have partially smooth boundary, which can partially coincide for
different manifolds K;. The boundary is equipped with proper mixed boundary con-
ditions, which can be either Robin-type boundary conditions or Kirchhoff boundary
conditions.

We discuss the Cauchy problem

(1) = Ap(0),6(0) = fo,where 4 : [0,00) —+ Da, fo € Da,

Let D4 be a subspace of L,(K) of functions, such that
1) their first and second derivatives belong to L, (K),
2) they satisfy the described above boundary conditions.

The differential operator A has the following form:

Af(a) = @)D f@). a €K,

where A is the Laplace—Beltrami operator.
In order to obtain the Feynman-type formulae we use the following theorem:
The Chernoff theorem. Let X be a Banach space, (L(X),T) be a space of linear
continuous operators on X, T be a strong operator topology. Let F': [0,6) — (L(X),T)
be a continuous space such that
1) F(0) = Id, 2) for any t € (0,00) and some constant a € R the following inequality
is fulfilled || F(t)|| < e, 3) there exists such linear and dense in X subspace D C X,
that for any f € D there exists the derivative F'(0)f = nli_)nr;o % Assume, that

defined this way operator F’'(0), acting in D, has a closure, which is a generator of
strongly continuous semigroup {Tt}>0, then F(t/n)" — T¢ as n — oo in topology T
uniformly with respect to t € [0, ], for any constant o > 0.

For X = L,(K) we suggest that operator-valued function F(-) is the composition
of four operators Io F>(-)Fi(-)I1, where I; is an embedding L,(K) into Ly(Z) and I is
a restriction Lp(Z) to Lp(K), where Z is a ramified manifold, being a proper extension
of K; Fi(-) modifies the function, defined on Z, in the neighborhood of the boundary
of K, and F>(-) is the integral operator of convolution type.
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It is shown that the conditions of the Chernoff theorem are fulfilled and hence the
solution to the Cauchy problem under consideration can be presented in the form of
a limit of multiple integrals, i.e. in the form of the Feynman-type formula.
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ON APPROXIMATION BY SHIFT OPERATORS IN MORREY
TYPE SPACES
F.A. Guliyeva, S.R. Sadigova

quliyeva-fatima@moail.ru, s_sadigova@mail.ru

Morrey space M?* and its subspace M C?® where the continuous func-
tions are dense are considered. Basic properties of convolution are ex-
tended to these spaces. It is proved that the convolution in MC?** can
be approximated by finite linear combinations of shifts. Approximate
identity in M C?“ is also considered.

Keywords: Morrey space, convolution, approximate identity.

By the Morrey-Lebesgue space MP* (T'), 0 < @ < 1, p > 1, on the rectifiable Jor-
dan curve I', we mean a normed space of all functionsf (§) measurable on I equipped
with a finite norm [+ [ yp.a ry:

1/p
llinery =5 (1BTE" [ 17 @Flagt) < +oc.
B BNI"

Denote by MP® the linear subspace of MP*® consisting of functions whose shifts
are continuous in M™%, ie. [|[f(- + ) — f(-)lypa — 0 as & — 0. The closure of
MP in MP* will be denoted by MCP~.

Consider the Morrey-Lebesgue space MP% 1 < p < 400, 0 < a < 1. Let
% =1. Take f € MP%;g € M?“.
Consider the convolution

-+

1
P

(9@ = [ f@-p o dyrel-mal.

Guliyeva Fatima Agayar kizi, PhD, Associate professor, Institute of Mathematics and
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Let us consider the approximate identities for convolutions in the space M?¢.

By the approximate identity (for convolution) we mean {Ky({)} C Ly (—m,m),
nenN

satisfying the following conditions:

@) sup | Kn|l, < +o0; 3) lirlln = [T K (z)de =1;7) nan;o fég\z\gw |K, (x)dz| =
0, Voe (0,m).

Theorem 1. Let {Ky,}, . be an approzimate identity. Then the following prop-
erties are true:

i) T [[Ko s f = fll, =0, Vf € C [-m,7;
n—oo
it) lim ‘%(Kn*f)—d‘g;f“ =0, VfeC[-mml;
n—oo 0o
13) lim ||I(n>(<f—f|‘pa:07 Vfe MCP*, 1<p< 400, 0<a<l
n— oo ’
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SINGULAR INTEGRAL OPERATORS AND THEIR
COMMUTATORS ON GENERALIZED WEIGHTED MORREY
SPACES WITH VARIABLE EXPONENT
J.J.Hasanov
hasanovjavanshir@yahoo.com.tr

UDC 517.518

We consider the generalized weighted Morrey spaces M2 )# (©) with vari-
able exponent p(x) and a general function ¢(z, r) defining the Morrey-type
norm. In case of unbounded sets 2 C R™ we prove the boundedness of
the Calderén-Zygmund singular operators with standard kernel, in such
spaces. We also prove the boundedness of the commutators of Calderén-
Zygmund singular operators in the generalized weighted Morrey spaces
with variable exponent.

Keywords: singular integral operators, generalized weighted Morrey space
with variable exponent, BMO space.
MSC: 42B20,42B25, 42B35

The classical Morrey spaces were originally introduced by Morrey in [1] to study
the local behavior of solutions to second order elliptic partial differential equations. For
the properties and applications of classical Morrey spaces, we refer the readers to [1,2].
Mizuhara and Nakai introduced generalized Morrey spaces. Later, Guliyev defined the
generalized Morrey spaces M?'¥ with normalized norm. Recently, Komori and Shirai
considered the weighted Morrey spaces L™ and studied the boundedness of some
classical operators such as the Hardy-Littlewood maximal operator, the Calderén-
Zygmund operator on these spaces. Guliyev gave a concept of generalized weighted
Morrey space ME¥ which could be viewed as extension of both generalized Morrey
space MP¥ and weighted Morrey space LE;".

Javanshir Hasanov (Azerbaijan State Oil and Industry University, Baku, Azerbaijan)



182 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

As it is known, last two decades there is an increasing interest to the study of
variable exponent spaces and operators with variable parameters in such spaces, on
the progress in this field, including topics of Harmonic Analysis and Operator Theory,
see also references therein. For mapping properties of maximal functions and singular
integrals on Lebesgue spaces with variable exponent.

Calderén-Zygmund type singular operator Tf(z) = [, K(z,y)f(y)dy, where
K(z,y) is a "standard singular kernel”, that is, a continuous function defined on
{(z,y) € Q@ x Q: x # y} and satisfying the estimates

|K(z,y)| < Cle —y|™" forall x#y,

ly —
K(z,y) — K(z,2)| < C ,
K@) = K. ) < O

x—¢&|7 .
Ko~ K& < O, 0> 0, if o=y > 2o .

o>0, if |z—y|>2ly—z|,

Let p(-) be a measurable function on 2 with values in (1,00). An open set
which may be unbounded throughout the whole paper. We mainly suppose that
1 <po < p(x) < pr < oo, where p_ := essinfyeap(x), pr 1= esssup,cqp(x). By

LPO)(Q) we denote the space of all measurable functions f(z) on  such that I,.)(f) =
Jo |f(2)|P™dx < co. Equipped with the norm || f||,(.y = inf {77 >0: Iy (%) < 1} ,
p(z)

sa—i T € ), we denote the conjugate

this is a Banach function space. By p'(-) =
exponent.
P () is the set of bounded measurable functions p : Q@ — [1, 00);

P°9(Q) is the set of exponents p € P(Q) satisfying the local log-condition

A
_ < -
lp(a) = p(y)l < = Pt

where A = A(p) > 0 does not depend on z, y;
P'°9(Q) is the set of exponents p € P°9(Q) with 1 < p_ < py < 00;
for Q which may be unbounded, by P'29(Q2) we denote the subsets of the above sets of
exponents satisfying the decay condition (when 2 is unbounded)

Let 1 < p(z) < oo, z € Q. The variable exponent generalized Morrey space
M”(')""(Q) and variable exponent generalized weighted Morrey space Mﬁ(')’w(')(ﬁ)
are defined as the set of integrable functions f on 2 with the finite norms

1

. = Ssu 5 v B )
Hf”/\/lp( )e er,§>0 gO(ZC,T’)teP(I’t) Hf”Lp( ) (B(z,r))
171 sup ! 171
Ve = [OFF= )
ME a0 P@ Dl oo By B
p(r;)’ r<li,

respectively, where 0,(z,r) = { z
oy T2 1
We define the BMO(f2) space as the set of all locally integrable functions f with

finite norm

Iflsmo = sup |Blz,r)|"! / @) = F500m |-

zeQ, r>0 E(z,r)

We define the BMO,,.., () space as the set of all locally integrable functions f
with finite norm

IO ~ T Xt 0@
p .

I fllBaro
z€Q, r>0 ||X§(x,r)||L5(~)(Q)

p()w
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Let us define the class Ap(.)(€2) to consist of those weights w for which
~1 ~1
S%P|B| ||w||LP(')(E<I,’V‘))||w |‘Lp/(')(§<z,r)) < oo.

Theorem 1. Let @ C R" be an open unbounded set, p € P29(Q), w € Apy()
and @1 (xz,t) and p2(x,r) fulfill condition

/°° essinfs<r<oo 1(2, T)l|w||LP(')(]§(m,r)) ds
t S

< 0902('7;7 t)7
HWHLP(-)(E(I,S))

where C' does not depend on © € Q2 and t. Then the singular integral operator T is
bounded from the space ME 1 (Q) to the space ME) 22 (Q).

The commutator generated by T and a suitable function b is formally defined by
[T, b]f = T(bf) — bT(f).

Theorem 2. Let Q C R™ be an open unbounded set, p € P29(Q), w € Apy(8),
b€ BMO(Q) and the functions o1(x,r) and 2(x,r) satisfy the condition

(z,7).

sup

essinf .. T,s)||lw eE
( t) t<s<oo P1( )” HLpU(B(z,S)) < Con
t>r

14+1In-
r HW”LP(')(E(I@)

Then the operator [b,T] is bounded from the space MEL) e () to the space
ME22(),
References
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ON ACTIONS OF SPACES CONTINUOUSLY CONTAINING
TOPOLOGICAL GROUPS
S. Iliadis
s.d.iliadis@gmail.com

Definition. Given an indexed collection G of topological groups, let @ be
a topological space, and let h87 G € G, be a topological embedding of G into
Q. We say that Q is a continuosly containing space for G with respect to the
collection {h : G € G} if the following conditions are satisfied: (1) For any

points z,y € G € G and each neighbourhood U of hg(xy) in @, there exist
neighbourhoods V' and W in Q of hg(m) and hg(y)7 respectively, such that, for
any points z’,y’ € G’ € G such that hgl (') € V and hg' (y') € W, we have
hgl (2'y") € U; (2) For any « € G € G and each neighbourhood U of hg(x_l) in
Q) there exists a neighbourhood V' of hg () in @ such that, for each 2’ € G’ € G
for which hg/(:v’) € V, we have hg/((x’)*l) eU; (3) U{hg(G) :GeGl=Q.

Stavros Iliadis, Lomonosov Moscow State University (Moscow, Russia)
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Below, we shall identify the topological group G € G with the subset hg (G)
of @ and will say that Q is a continuously containing space for G. (See [3].)

Definition. Let @ be a continuously containing space for a collection G
of topological groups and X a topological space. An open continuous mapping
F:Q xX — X is said to be an action of Q on X if for each G € G the
restriction F|lgxx of F onto the subset G x X C ) X X is an action of G on X.

In the formulation of the given below theorem it is used the notion of a
saturated class of spaces, which is introduced in the paper [1] and widely used
in [2]. This notion indicate the realm of spaces in which the given theorem is
considered. So, if in the formulation of the theorem we replace the words “a
saturated class of spaces” by the words, for example, “the class of all completely
regular spaces” or by “the class of all completely regular n-dimensional spaces”
(both classes are saturated), then we obtain two distinct theorems, independent
each of other, that is each of them does not follows from other, but having the
similar proofs. Thus, the words “a saturated class of spaces” in the formulation
of the theorem are not technical conditions, they join distinct and independent
results having a common proof. In the following proposition we indicate some
of the saturated classes of spaces.

Proposition (see [1] and [2]). The following classes, consisting of spaces of
weight < 7, are saturated classes:

(1) the class of all Ty-spaces;

(2) the class of all regular spaces;

(3) the class of all completely reqular spaces;

(4) the class of all spaces of the small inductive dimension ind < n € N;

(5) the class of all spaces of the small transfinite inductive dimension ind <
«, where a s an ordinal;

(6) the class of all countable-dimensional spaces;

(7) the class of all strongly contable-dimensional spaces;

(8) the class of all locally finite-dimensional spaces.

(9) the intersection of any two saturated classes of spaces.

(In the definition of the elements of the above classes (6)—(8) the small
inductive dimension ind is used.)

Theorem. Let S be a saturated class of spaces of weight < T, where T is
a fized infinite cardinal, G an indexed collection of topological groups, which as
topological spaces are elements of S, X a fized topological space of weight < T,
and let for each G € G, Fg : G x X — X be an action of G on X. Then, there
exists an element T of S, which is a continuously containing space for G, and
an action F: T x X — X such that for each G € G, the restriction F|gxx of
F onto the subset G x X C Q x X coincides with Fg.

1. Stavros Iliadis. A construction of containing spaces // Topology and its
Applications, 107 (2000), 97-116.

2. 8.D. Iliadis. Universal Spaces and Mappings. (North-Holland Mathe-
matics Studies 198). — Elsevier, 2005.
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3. Stavros Iliadis. On embeddings of topological groups // Fundamental and
Applied Mathematics, 20:2 (2015), 105-112 (Russian). Journal of Mathematical
Sciences, 223:6 (2017), 720-724 (English).

ON BASICITY OF THE SYSTEM OF EXPONENTS AND
TRIGONOMETRIC SYSTEMS IN GRAND-LEBESGUE SPACES
M.I. Ismailov, V.Q. Alili
migdad-ismailov@rambler.ru, alilivefa@mail.ru

UDC 517.51

This paper is devoted to the study of the basis properties of trigonometric
systems and the solvability of the Riemann problem in the grand-Lebesgue
spaces L”),p > 1. In this paper, a subspace GP) of the space LP),p >
1, is defined and the basicity of trigonometric systems in G”,p > 1.
is established. Grand-Hardy classes H;L),p > 1, are defined, in which
analogues of the Riesz and Smirnov theorems and on the representation
of a function by the Cauchy formula are proved. The solvability of the
Riemann problem in grand-Hardy classes is studied.

Keywords: system of exponents, basicity, grand-Lebesgue space

In the paper we study the basicity of the system of exponents and trigonometric
system in grand-Lebesgue spaces LP). Let Lp)(—ﬂ';ﬂ'), 1 < p < 400, be a grand-
Lebesgue space of measurable on [—; 7] functions f, with the finite norm

1
e [T _ p—<
= su — 121 dt) < 4o0.
I, =, 5w (5 [ 1
f(o+8),x+5 € [-m; 7]

0,z + 9 € R\[-m;7].

We denote by ép)(—ﬂ;ﬂ') a linear manifold of functions f € Lp)(—w;jr) satisfying
the condition ||75f — f[,, — 0,6 — 0. Let GP)(—m;7) be a closure GP (—m;7) in
LP)(—m; ). We have the following

Lemma 1. The space C§°|—m;n] is dense in GP)(—m; )

We consider the basicity of the system of exponent and trigonometric system in
the spaces GP>(—7r; ) and GP) (0; ) respectively. The following statements are valid.

For Vf € LP)(—m; ) and V8 > 0 we assume T f(z) = {

Theorem 1.  Ezponential system {emt}
GP)(—m;m), 1 < p < +00.

Theorem 2. Systems of sines {sinnt}, .\ and cosines {cosnt}
for the space GP)(0;7), 1 < p < +oo.

ez forms a basis for the space

neN, forms bases

The results of the note are obtained in co-authorship with B.T. Bilalov.

Ismailov Migdad Imdad, PhD, Associate professor, Institute of Mathematics and Mechan-
ics of NAS of Azerbaijan, Baku State University, Baku, Azerbaijan
Alili Vafa Gachay, PhD student, Baku Slavic University, Baku, Azerbaijan
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SPECTRAL FUNCTION ASYMPTOTICS OF DIFFERENTIAL
OPERATORS
Z. Kadelburg
kadelbur@moatf.bg.ac.rs

UDC 517.927.25

V.A. Sadovnichii showed that it is possible to use weighted regularized
sums of the roots of a whole function, belonging to the class K, in or-
der to determine spectral function asymptotics for the Sturm-Liuoville
operator. In this talk, we give a survey of some further results in this
direction. Namely, such asymptotic behavior is determined in the case
of the following problems: an even order operator, the Regge operator,
the Orr-Sommerfeld equation, an operator with non-local boundary con-
ditions, the one-dimensional Dirac system, and a second order functional-
differential operator.

Keywords: differential operator, spectral function, asymptotic behavior
MSC: 47E05, 34120

OSCILLATION PROPERTIES OF ONE FOURTH-ORDER
PROBLEM WITH A SPECTRAL PARAMETER IN BOUNDARY
CONDITIONS
E.S. Karulina
karulinaes@yandez.ru

We consider the oscillation properties of one fourth-order problem with a
spectral parameter in boundary conditions.

Keywords: eigenfunctions, oscillation, spectral theory

This work is supported by the Ministry of Education, Science and Technological Devel-
opment of Serbia (no. 174002).

Zoran Kadelburg, University of Belgrade, Faculty of Mathematics, Belgrade, Serbia
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Consider the boundary problem
(ry")" = (a) = Ary,

y(0) = y'(0) =0,
(py)" (1) — ary' (1) = [(py")" — ay'](1) + BAy(1) =0,
where A is a spectral parameter. We show that if all eigenvalues

of this problem are positive, then they are simple, and the derivatives y,, of the corre-
spondent eigenfunctions have n changes of the sign.

Some particular cases of this problem were considered, for example, in [1].

The talk is based on a joint work with Vladimirov A.A.
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2. Viadimirov A.A. On the problem of oscillation properties of positive differential
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SPECTRAL PROPERTIES OF TOEPLITZ OPERATORS
B.B. Koca
basakoca@istanbul.edu.tr

UDC 517

In this talk, we consider Toeplitz operators HP, 1 < p < oo. In
the case of p = 2, Peller [1] obtained estimates for the resolvents of
Toeplitz operators under certain restrictions on their symbols and found
conditions for the existence of nontrivial invariant subspaces and for a
Toeplitz operator to be similar to a unitary operator. It is natural to ask
what happens in the case of p # 2. We study some spectral properties
for Toeplitz operators with unimodular symbols and Toeplitz operators
whose spectra satisfies a certain geometric condition (the so-called the
circular convexity condition).

Keywords: Toeplitz operators, Hardy space, invariant subspace, spectrum
MSC: 47B35, 47A15

References
1. Peller V.V. Spectrum, similarity, and invariant subspaces of Toeplitz opera-
tors//Izv. Akad. Nauk SSSR Ser. Mat. 50 (1986), 776-787.

This work is supported by TUBITAK (no. 19-01-00000).
Beyaz Basak Koca, Istanbul University, Istanbul, Turkey



188 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

ON SPECTRAL PROPERTIES OF THE M-ACCRETIVE
OPERATOR TRANSFORM
M. Kukushkin
kukushkinmv@rambler.ru

UDC 517.984

In this paper we present spectral theorems for some type of a m-accretive
operator transform. The relevance of such consideration is lots of appli-
cations to the semigroup theory and as a consequence of this fact to the
theory of PDE. More precisely, a considered below operator transform
can be reduced to a second order differential operator with a fractional
derivative in the final term.

Keywords: non-selfadjoint operator, sectorial operator, strongly continu-
ous semigroup
MSC: 47A10, 47A07, 47B10

In the paper [1] the spectral properties of perturbed non-selfadjoint and normal
operators were studied. However for applying these results for a concrete operator
we must have a representation of one by the sum of the main part and the operator-
perturbation. It is essential that the main part must be an operator of a special type
either a selfadjoint or a normal operator. If we consider a case where in the repre-
sentation the main part is neither selfadjoint nor normal and we cannot approach the
required representation in an obvious way, then it is possible to use another technique
based on properties of the real component of the initial operator. This is a subject of
our consideration.

Suppose J is a m-accretive operator acting in a complex separable Hilbert space
$, J~! is compact, the operator G is bounded and strictly accretive, D(T) C
D(T™), D(T) = 9, where T := J"GJ. Note that the positive fractional powers of
the operator J are well defined (see [2]). Consider the operator J transform

L:=J"GJ+J% ac(0,1/2). (1)

Using the imposed conditions on the operators J, G we prove that the numerical range
of the operator L belongs to the sector with the vertex situated at the point zero
and the semi-angle 6, 0 < § < /2. We also prove that 0 € P(L). Consider a real
component H := (L 4 L*)/2 of the operator L. It is not hard to prove that H is
selfadjoint and 0 € P(H). Using the technic of the sesquilinear form theory we establish
the compactness property of the operators L™!, H~'. In accordance with the definition
given in the paper [1] we denote by u order of the operator H. As a main result we
obtain the number of theorems that give us a description of the spectral properties of
the operator L. The following theorem is formulated in terms of order x and is devoted

to the Schatten-von Neumann classification.

Theorem 1. We have the following classification

Ilee, p- L,1>2/p, 0< <], .
P 1,1<p<oo

Maksim Kukushkin, International Committee Continental, Zheleznovodsk, Russia
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The following theorem establishes the completeness property of the system of root
vectors of the operator L~!.

~ Theorem 2. Suppose § < w/2; then the system of root vectors of the operator
L=t is complete.

It is a well-known fact that for any bounded operator with the compact imaginary
component there is a relationship between s-numbers of the imaginary component
and the eigenvalues (see [3]). Similarly using the information on s-numbers of the real
component, we obtain an asymptotic formula for the eigenvalues A;(L™'), i € N. This
idea is realized in the following theorem.

Theorem 3. The following inequality holds

STIMETYP <sec? 0 [[STH DY D N(HTY), (n=1,2,..,v), 1< p < o0,
i=1

i=1

where v is the sum of all algebraic multiplicities of the operator L™!.

Moreover, if v = oo and order p # 0, then the following asymptotic formula holds
IM(L™H)| =0 (i7#%%), i = o0, Ve > 0.

Remark 1. Note that if the operator A is the ifinitesimal generator of a Co
semigroup of contractions Ty : $ — ), then A is m-accretive. Hence if in additional
we assume that A™' is compact, then we claim that the Theorems 1-8 are true for the
operator J transform (1), where J := A and the operator G is chosen respectively.
If besides of the made assumptions the semigroup T: is a shift semigroup acting in a
space of Lebesgue square integrable functions, then it is not hard to show that (1) may
represent a differential operator second order with the fractional derivative in the final
term.
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SEMIGROUP AND DISTRIBUTION METHODS IN STUDYING
ABSTRACT STOCHASTIC PROBLEMS
1.V. Melnikova
Irina. Melnikova@urfu.ru

UDC 517.983, 517.982.4, 519.21

Construction of generalized and regularized solutions to abstract stochas-
tic equations with generators of regularized semigroups and infinite-
dimensional white noise are under consideration.

Keywords: semigroup of operators, generalized function, Wiener process
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The research area of stochastic differential equations has occupied one of the pri-
mary areas of pure and applied mathematics for the last three decades providing new
techniques for studying complex systems in mathematical physics, finance, biology,
etc., whose evolution is subject to random perturbations. Among the equations, the
most studied are those that simulate finite-dimensional processes with white noise type
perturbations.

We consider the infinite-dimensional stochastic Cauchy problem

X'(t) = AX () + F(t,X) + B(t, X\)W(t), t € [0,T], X(0) =¢ (1)

with A generating an R-regularized semigroup {V'(¢),t > 0)} in a Hilbert space H
(V(#)u — R(t)u = fot V(s)Auds,u € D(A) C H), B € L(H,H), and H-valued white
noise WW. We pay special attention to the linear problem (F = 0) and A = A(i0/0x).

Generally the problem is ill-posed in H due to properties of A and W [1, 2].

The following approaches to regularization and construction of generalized solu-
tions are considered.

e Construction of solutions to the corresponding integrated problem with It6

integral w.r.t. a Wiener process W, a ”primitive” of white noise W.

e Construction of generalized (in t) solutions to (1) with white noise W, a gen-
eralized derivative of W in spaces of abstract distributions defined by properties of

A.

e Construction of generalized (in random variable w) solutions to (1) with W
defined in infinite-dimensional white noise spaces.

e Construction of generalized (in x) solutions to (1) with A = A(¢9/9z) in Gelfand-
Shilov spaces in the case of Petrovskii well-posed, conditionally well-posed, and ill-
posed problems. Note that due to proven in [3] connection between Gelfand-Shilov
classification and semigroup classification, for equations with A(i9/0z) generating
integrated or convoluted semigroups we can construct generalized in ¢ solutions instead
of generalized in z solutions and conversely.
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ON A DOUBLE-POINT BOUNDARY VALUE PROBLEM FOR A
SECOND ORDER OPERATOR-DIFFERENTIAL EQUATION
S.S. Mirzoev, S.F. Babayeva
mirzoyevsabir@mail.ru, seva_babaeva@mail.ru

In the paper the existence and uniqueness of a class of double-point bound-
ary value problems on a semi-axis is studied for a second order operator-
differential equation of elliptic type. The solvability conditions of these
boundary value problems expressed by the properties of the coefficients
of the given equation.

Keywords: Hilbert space, self-adjoint operator, boundary value problem,
regular solvability.

Let H be a separable Hilbert space, A be a definite-positive self-adjoint oper-
ator with domain of definition D (A). As is known, the domain of definition of
the operator A” (y > 0) becomes a Hilbert space H, with regard to scalar prod-
uct (z,y), = (A'z, A”y), z,y € D(AY). For v = 0 we assume Ho = H and

(1"7 y) = (‘Ta y)()
Denote by Lo (R4; H) Hilbert space of all functions f (¢) determined almost ev-
erywhere in R4 = (0, co) with Bochner quadratically integrable values in H, for which

1/2

sy = | [ IF O] <oc.
0

In what follows all derivatives u/, u” are understood in the sense of distribution
theory [1]. Following the monograph [1] we introduce the Hilbert space

W3 (Re, Hy={u: u" € Ly(Ry; H), A’u€ Ly(Ry; H)}

with the norm

gy, iy = (11 s iy + 14700 g m))
Let us consider in the space H the boundary value problem
—u” (t) + A%u (t) + A’ (1) + Asu(t) = f(t), t€ Ry = (0, 0), 1)
u(0)+u (1) =0. (2)

Definition. Problem (1),(2) is said to be regularly solvable if for any function
f(t) € Lo (R4; H) there exists the function u (t) € W3 (R4, H) that satisfies equation
(1) almost everywhere in R4, condition (2) in the sense of convergence

Jim e (8) + (1= 1), =0,
and it holds the estimation

||“HW22(R+,H) < const ||f||L2(R+;H) .

Sabir S. Mirzoev (Institute Mathematics and Mechanics of NAS of Azerbaijan and Baku
State University, Baku, Azerbaijan

Sevinj F. Babayeva (Institute of Control Systems and Baku State University, Baku, Azer-
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Theorem. Let A be a positive-definite self-adjoint operator, the operators B1 =
A1 A7 and By = Ay A2 be bounded in H and the following inequality holds for them

q= N1 [|B1]l + No || B2 < 1,

where

1
N1:5+\/§, No=1+V2.

Then problem (1),(2) is reqularly solvable.

References
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OSCILLATORY INTEGRAL OPERATORS AND THEIR
COMMUTATORS IN MODIFIED MORREY SPACES WITH
VARIABLE EXPONENT
A.M. Musayev
musayevali07@gmail.com

UDC 517.518

In this paper first we prove Calderén-Zygmund-type integral inequalities
for oscillatory integral operators and their commutators in the modified
Morrey spaces with variable exponent P (')’)‘(Q), where Q2 C R™ are un-
bounded sets. After that we prove the boundedness of these operators on
the spaces L) (Q).

Keywords: Calderén-Zygmund-type integral inequalities for oscillatory in-
tegral operators, modified Morrey space with variable exponent.

MSC: 42B20,42B25, 42B35

The variable exponent analysis is a popular topic which attract many researchers.
This topic is mainly focused on the Lebesgue and Sobelev spaces with variable order of
integrability and operator theory in these spaces. The study of these spaces has been
stimulated by problems of various fields, influenced by many applications, for instance,
mechanics of the continuum medium, elasticity, fluid dynamics, calculus of variations
and differential equations with non-standard growth conditions. In particular, various
results on non-weighted and weighted boundedness in Lebesgue spaces with variable
exponents p(x) have been proved for maximal, singular and fractional type operators.

A distribution kernel K (z,y) is a ”standard singular kernel”, that is, a continuous
function defined on {(z,y) € Q@ x Q : = # y} and satisfying the estimates

|K(x,y)| < Clz—y|™" forall z#y,
K (2,y) - K(z,2)] < 04—

=gt o >0, if |z —y| >2ly— 2z,

A.M. Musayev (Azerbaijan State Oil and Industry University, Baku, Azerbaijan)
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x—¢&|° .
Ko~ Kl < Ol o >0, it o=y > 2o .

Calderén-Zygmund type singular operator and the oscillatory integral operator are
defined by

Tf(z) = ; K(z,y)f(y)dy,

Sf(x) :/QeP“’y)K(x,y)f(y)dy,

where P(z,y) is a real valued polynomial defined on © x Q. Lu and Zhang used
L?*-boundedness of T to get LP- boundedness of S with 1 < p < 0.
The commutator generated by the operator S for a given measurable function b is
formally defined by
[S,0]f = S(bf) —bS(f).
Let p(-) be a measurable function on Q with values in (1, 00). An open set  which
may be unbounded throughout the whole paper. We mainly suppose that

1 <p- <p(z) <ps < oo,

where p_ := essinfcqp(z), pi = esssup,cq p(z). By LP*)(Q) we denote the space
of all measurable functions f(z) on Q such that

Ip(~)(f) = /Q ‘f(x)‘p(ﬁ)dit < 0.

Equipped with the norm

I£lher = mt o> 02 1, (1) <1,

this is a Banach function space. By p'(-) = p(”lf'fll, z € Q, we denote the conjugate
exponent.

P(R) is the set of bounded measurable functions p : Q — [1, 00);

P°9(Q) is the set of exponents p € P(Q) satisfying the local log-condition

A

TR x7yEQ7
—In|z -yl

Ip(z) — p(y)| < lz —y| <

N =

where A = A(p) > 0 does not depend on z, y;
P9(Q) is the set of exponents p € P°9(Q) with 1 < p_ < py < 00;
for  which may be unbounded, by ]P’é‘;g(Q) we denote the subsets of the above sets of
exponents satisfying the decay condition (when © is unbounded)

Let A(z) be a measurable function on Q with values in [0, n]. The variable modified
Morrey space Zp<'>’)‘(')((l) is defined as the set of integrable functions f on 2 with the
finite norms

>

()

p(z) ;1 —0p(x,t
”fHEp(-)A(-)(Q) = xe?lult)>0[t]1p( Vo )foﬁ(x,t)HLP(‘)(Q)7

respectively.
We define the BMO(2) space as the set of all locally integrable functions f with
finite norm

Iflsro = sup |Ber) " /

z€Q, r>0 B(z,r)

|f(y) — fé(z,r)‘dy-
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We define the BMO,.y(Q) space as the set of all locally integrable functions f
with finite norm

||f||BJ\/IO = sup ||(f() _ fﬁ(z»’r))xﬁ(z,r)HLP(-)(Q)
p() )

TEQ, r>0 |\X§<z,r) HLP(')(Q)

Theorem 1. Let Q C R™ be an open unbounded set, p € P29(Q) and 0 < A(z) < n.
Then the singular integral operator S is bounded from the space Zp(')‘A(Q) to the space
Ep(‘M(Q)

Theorem 2. Let Q@ C R™ be an open unbounded set, p € PR29(Q), b € BMO(Q)
and 0 < A(z) < n. Then the singular integral operator [b, S| is bounded from the space
LPONQ) to the space LPON Q).
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REMARKS ON COMMUTING JACOBI TYPE DIFFERENCE
OPERATORS

A.S. Osipov
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We study the situations when two Jacobi operators are self-adjoint and
commute. Both scalar and block Jacobi operators are considered. In the
latter case, some sufficient conditions for commutativity in terms of the
operators’ coefficients are given.

Keywords: Jacobi matrices, difference equations, moment problem, or-

thogonal polynomials
MSC: 47B39, 47A10, 39A70
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In the operator theory, the study of commuting operators remains an actual task.
First we recall that two self-adjoint (possibly unbounded) operators are said to com-
mute if their spectral projections commute [1]. In [2] E. Nelson proved the existence of
two essentially self-adjoint operators A and B in a Hilbert space H having a common
dense domain D such that for all z in D, ABx = BAz, but such that A and B do
not commute. He proved that for the commutativity some additional conditions are
needed. In this note, we study the commutativity issues for some operators generated
by semi-infinite Jacobi matrices with scalar and matrix elements.

We start from the scalar Jacobi operators. Namely, consider two Jacobi matrices:

by ab 0 0 B a2 0 0
Jt = ay bl al 0 . S = a? b2 a0 :
o . e T 0

where a™,b™ € R,a™ > 0,n € Z;, m = 1,2. Denote by L} and L2 the mini-
mal closed symmetric operators the Hilbert space 1?[0,00) (consisting of the com-
plex sequences y = (yn)nzo such that > > | lyn|? < 00), generated by J' and
J? respectively. Also, denote by P*(A) = (P}(\)20,Q'(\) = (QI(N)52, and
P2(\) = (P?(M)20,Q%(N) = (Q7(\)52, the systems of polynomials of the first
and the second kind (see e. g. [3] for details) corresponding to J* and J?. The formal
matrix commutativity J'J? = J?J' (which amounts to commutativity of L} and L3
on the set Dé of finitely nonzero vectors from 12[0, c0)) implies

aZ =kap, b2 =kb,—K; neN; (1)

where k = al /aj, K = kby — b3. In terms of the polynomial systems, this implies that

fﬂmzﬁ(%+m)<ﬁw:%@(%+m) =5 icz,.

As well known ([3]), the defect numbers of L{' are are either (0,0) (self-adjoint or
limit-point case) or (1,1) (limit-circle case). If the relations (1) are fulfilled, then one
can easily check that the defect numbers of L§ and L3 are the same.

Define the domains D™, m = 1,2 as the sets of all vectors y € 1?0, c0) such that
J™y € 1?0, 00). For any y and z from D™ there exists a limit

[y7 Z]gé = nh_{I;o an’ (YnZn+1 — Yn+12n)-

The study of self-adjoint extensions of Jacobi operators in the limit-circle case
allows us to get the following result.

Theorem 1. Assume that LY and L2 are commutative on the set DE). Then,
either they are self-adjoint and commute, or they admit a commutative self-adjoint
extensions. In the latter case these extensions can be determined as follows: Ll :=
Jy on the elements y in D', satisfying the boundary condition:

[y, Q" (0)le — hly, P'(0)]5 = 0;
and LL,; := J%y on the elements y in D?, satisfying:
[y, Q*(Mo)]% — Aly, P*(Mo)]% = 0;

where h is a real number, h = kh.
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We now consider one special class of block Jacobi operators. First, consider two
three-diagonal block matrices

BO,l AS,I 0 B072 AS,Q 0
Ao1 Bin Al Ao Bia2 Al
1 = . 2 = .
To = Ain Baj Y T A2 Bap o
0 0

where Ay, are (n +2) X (n+ 1) complex matrices, rank A, » = (n+1); and By m
- (n+1) x (n + 1) matrices, n € Z4, m = 1,2. Assume that for J} and JZ the
commutativity relations are fulfilled, which implies

An,lAn71,2 = A’ﬂ,2A’ﬂ71,17

An—11Bn—12+ BniAn-12 = An_12Bn-1,1 + Bn2A4n-1,1,
An—l,lA:Lfl,Q + Bn,an,2 + A:L,lAn,Q = An—l,QA:Lfl,l + Bn,QBn,l + A;72An,1~ (2)

Denote by i [0, 00) the Hilbert space of quadratic summable sequences u = (ug, u1,...)
where the vectors u; € C’; with the inner product (u,v) = > 520(uy,v5)ci. Also,
denote by L; and Lo the operators (which act via matrix multiplication on /%[0, co)
), generated by J} and J? respectively. The domain Dy of L; and Lo consists of the
finitely nonzero vectors from 2 [0,00). These are symmetric operators which, as follows
from (2), are commutative on the vectors from Dgy. The study of such operators is
important to the theory of multivariate orthogonal polynomials and multidimensional
moment problem. It was shown in [4] that if L1 and Lo (under some additional
assumptions on the structure of A, ., and B, ) are essentially self-adjoint and
commute, then the corresponding two-dimensional moment problem has the solution,
and a sufficient condition for that was found (Theorem 3). Using the results of [5]-[6],
one can find a number of similar conditions, in particular the following one:
Theorem 2. Assume that L1 and Lo are commutative on Do. Denote

* * * *
E,=A 1A 11+ AL AL 0,

F, = A;,1Bn+1,1 + Bn,lA:LJ + A:L,an+1,2 + Bn,QA:,,Q-
Gn=An114A5 11+ An1245 194+ (Bn1)® + (Bn2)’ + Ah 1 Ani + Al o Ap .

If Z_:Oﬁl,n = oo, where Cn = maz{||Enl;||Ent1ll, |Fnll}, and D1, =

max{Dn, Dni1}, where Dy, = |G ' En—a|| + |Gt Fre1|| + |Gn  Enl| 4+ |G Fr |, then
operators L1 and Lo are essentially self-adjoint and commute.
Finally, note that if the analog of Carleman’s condition is fulfilled for L; and

Ly > ﬁ = o0, then L; and Lo are self-adjoint, but the question of their
n=0 mm
commutativity remains open.
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KOLMOGOROV INTEGRAL AND FOCK APPROACHES TO
WEYL SECOND QUANTIZATION
N.N. Shamarov
nshamarov@yandex.Tu

UDC 517.9

The second quantization method is developed into two directions which
both transform real-valued infinite dimensional classical observables into
symmetric (in proper sense) pseudo-differential operators, acting on
functions and measures (Borel or generalized) defined on an infinite-
dimensional real Hilbert space H.

The first construction deals with only countably additive measures on H
but uses Kolmogorov “indefinite” integral technique; and the second one
uses a version of translation-invariant generalized measure on H (analo-
gous to the finite-dimensional Lebesgue measure) and infinite dimensional
functions-to-functions Fourier transforms leading to the natural Fock CCR
representation.

Keywords: Kolmogorov definite and indefinite integrals, Fock representa-
tion of canonical commutation relations, Weyl pseudo-differential opera-
tors, method of second quantization

MSC: 46N50

The fundamental physical theories continue to inspire deep analytical advances;
in particular the mathematical formulation of renormalization method in physically
interesting models needs further development of functional-analytical methods for reg-
ularizing linear functionals such as traces and integrals [1], and the correspondent ex-
ponentials like determinants [2] and evolutional semigroups [3], [4]. The functional
representations of the Fock space [5] objects in the second quantization [6] methods
are the objects of infinite dimensional analysis being the functions (of infinitely many
variables) differentiated to obtain equations and integrated to obtain solutions [3].
Following to the works of V.Fock and [3], below we accept that the domain of the
functions representing states of secondary quantized system is the separable infinite-
dimensional real Hilbert space H which can be interpreted as a real (configurational)
part of the complex Hilbert space of the (pure) states of a “primary” quantized system
(= of the “one-particle” part of the secondary quantized system’s Hilbert space, which
can be called Dirac—Fock space [5]).

This work is supported by “5-100 Russian Academic Excellence Program”.
Nikolai Shamarov, Lomonosov Moscow State University, Moscow, Russia
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The attempt to exclude generalized measures from the definition, given in [3], of
infinite-dimensional pseudo-differential operators (PDO, which are secondary quan-
tized observables), defined on the space M(H) of some Fomin-smooth [7] countably
additive Borel measures on H, led us to use the construction of the Kolmogorov integral
[8] while in its easy form for the o-additive measures. Namely, like the complex-values
measure on a measurable space (X, ]-') denoted as fm or f(z)m(dz) or [ fm and
defined by F 5 A — (fm)(A fA m(dz) can be called the Lebesgue indefinite
integral of f € L1(|m|) over m, albo in the case When fi € Li(X,F,Imj|) (j =1,....,n)
the function a = af, my; ...; fn,mn : X XF — Cdefined by X X F 5 (z, A) — a(z, A) =
>_; fi(z)m;(A) is called a (Kolmogorov) amplitude (interpreted as the intensity of
transitions from z to A), and its indefinite Kolmogorov integral is denoted by [ a or
by a(z,dy)|y=« such that [[a: F > A= [, a(z,dy)ly=c =3, [, fi(x)m;(dz). In the
following some analytical assumption are omitted and the dlscussmn has an algebraic
character.

Let Q= H=P=H",E=Q x P and let K : E — C be be a polynomial w.r.t.
ortho-normed basis £ = {e;} of H. Then the (P)DOs Ky with the Weyl symbol K
(in the spaces of measures) and K in the spaces of functions on H can be defined by
means of the injective Hilbert Fourier transform [9] (HFt) and its inverse. Let m be a
measure smooth enough along span(€), and ak,m be the Kolmogorov amplitude such
that for any (qo,p) € E

Jo e Wakm(qo,dar) = [, €K (L5, pym(dq);
then K m is such a measure that for each p € P
Jo e (K m)(dg) = Jo el arc,m(qo,dq)lqg = qo -

Let now v : H — C be a smooth enough function. Then K¢ : H — C is such a
function that for each q € Q Kw f (D gy w.q(Dydp1)|p = p1 , where ak y,q is
such a Kolmogorov amplitude that for any g1 € Q and p e P

K(25 pyy(q) = [ e Wag y 4(p, dp1) .

Theorem 1. If K is real valued, then K isa symmetric differential operator on

functions in the sense that Ky has the same coefficients as a differential operator
on measures. Moreover, if AK(q,p) = g(q) for some polynomial g : Q@ — C then
(K)(q) = 9(9)¥(q) and (Knm)(dg) = g(g)m(dg); and if K(q,p) = ple;)" then
K “=" Ky = (=1)"(9¢,;)".

The second construction of PDO uses simple variant of translation-invariant
Schwartz spaces S"(H) = U{SL(H) : L C H,dimL < oo} where R 3 r > 0,
g'(x) = erlel?/2 and, for any finite dimensional subspace L C H, Sp(H) =
{(foPrL) (g oPrr): f e S(L;C)}, Py, denotes orthogonal projector on a closed
linear bubbpace Hy C H . Now the normalized Fourier transform F?™ : §27 (H) >
V= )€ 5’2”( ) of a function ¢r = (foPr)(g* oPr1) (f € S(L;C) can be

defined as ¢f = ¢; where fly) = = [, e i@ WL f(p)dz (y € L) and hence f(z) =
Iz e 2mi(@ y)Lf( )dy (z € L). The “Lebesgue” integration can be also defined as
fH f(PLx)g®™ (PpL x)der = fL y)dy so the space S™(H) carries a complex scalar
product (1,%2)n,m) = [ ¥1(x)Y2(z)dr and its completion is denoted La(H) .

If K is as above and ¢ € SQ"( ) then define

K ¢ f dp 27r7,p(q)f 6727sz(q1)K(q+Q1 p)¢(q1)dq1)
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so K_¢ € S*"(H) again. Endowing the space C*°(H) of all Frechet smooth function
with the topology of convergence of each derivative on each finite dimensional bounded
set, we close the graph of K_ in such a topology and then restrict the closure onto
ST (H) denoting the restriction by Ky .

Theorem 2. If K is real valued then K, is an essentially self-adjoint differential
operator in Lo(H) having the same algebraic property as do K in Theorem 1 up to
constant multipliers: A

if K(q,p) = 9(q) for some polynomialg : @ — C then (K41)(q) = g(q)(q) and if
K(a,p) = p(e)" (llelli = 1) then K = (—52)"(8.)".

Moreover, analytic continuation of each K € E' onto the complezification of E
defines the Fock representation of the canonical commutation relations with the vacuum
vector g" € Lo(H) .
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TRANSFORMATION OF FEYNMAN PATH INTEGRALS AND
QUANTUM ANOMALIES

0O.G. Smolyanov
smolyanov@yandex.Tu
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Feynman path integral need not be invariant with respect to transforma-
tion, which conserve classical action, because the generalized (Lebesgue)
measure, which is used in the definition of the Feynman path integral,
may be not invariant with respect to the transformation. It is shown that
it is the reason of so called quantum anomalies. The statement resolve the
contradiction between results in the books by K. Fujikawa and H. Suzuki
([1]) and P. Cartier and C. DeWitt-Morette ([2]) in favor of the first one.

Keywords: Feynman path integral, generalized measure, Lebesgue distri-
bution, quantum anomaly, classical action

One calls quantum anomaly the situation when the dynamic of the quantum sys-
tem, which is obtained by a procedure of quantization of a classical (Lagrangian or
Hamiltonian) system, whose action is invariant with respect to some transformation,
which we denote by g, is not invariant with respect to the same transformation.

In the talk we show that such loss of invariance is explained by nontrivial transfor-
mation of the Sobolev-Schwartz distribution, which is used in Feynman path integral
representing the dynamic of quantum system.

Feynman path integrals are used to represent solutions to Cauchy problems for
Schroedinger-type equations and also some other objects related to such equations
(for example, regularized traces of differential operators and regularized exponents of
such operators).

Such Feynman path integrals, which are used in the representation of solutions
to Cauchy problem of the Schroedinger equation, can be interpreted as integrals of
the exponent of classical action times a function depending on initial data with re-
spect to generalized measure which is a sort of the Sobolev-Schwartz distribution.
This distribution is translation-invariant and hence can be considered a generaliza-
tion of the Lebesgue measure. According to the well-known A.Weil’s theorem, on
any infinite-dimensional locally convex space there does not exist an analog of the
standard Lebesgue measure: any translation-invariant o-additive o-finite locally finite
Boreal measure on an infinite-dimensional locally convex space is equal to zero. The
invariance of classical action with respect to some transformation does not imply the
invariance of Feynman path integral with respect to this transformation because the
translation-invariant generalized measure in the integral need not be invariant with
respect to this transformation.

One can define the transformation of the generalized measure using the derivative
of this measure along the vector field which generates such transformation. The for-
mulae for transformation of usual measures generated by vector fields can be found in
[3]. One can show that the formulae for generalized measures look quite similar.

We denote the vector field, which generates the transformation g, by h.

This research is supported by Lomonosov Moscow State University. Grant “Modern
problems of mathematics and mechanics” and by visit-professor grant of MPhTI.
Oleg Smolyanov (Lomonosov Moscow State University, Moscow, Russia)
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Let also v be the product of the exponent of the action of the classical system and
the Lebesgue-type (i.e. translation invariant) distribution (generalized measure):

V= es(')Mg;

here S(-) is the classical action and M, is the Lebesgue-type distribution. Let the
symbol v'h denote the derivative of v along the vector field h; then according to the
Leibnitz formula:

Vh=e"O8 () Me + %O tr(h' (1) M.

If the domain of the vector field h is equipped with a Hilbert structure then for
any z from the domain of h, h'(z) is the linear operator in the corresponding Hilbert
space, and the symbol tr(h'(x)) denotes the usual trace of operator.

If the vector field h generates a transformation with respect to which the action
S(-) is invariant, then S’h(-) = 0 and hence v'h = %) tr(h/(-))Mc. If tr(h'(-) # 0
then the derivative of v along the vector field h is not equal to zero. This is just the
origin of the quantum anomalies.

References

1. Fujikawa K., Suzuki H. Path Integrals and Quantum Anomalies. — Clarendon
Press: Oxford, 2004.

2. Cartier P., DeWitt-Morette C. Functional Integration: Action and Symme-
tries. — Cambridge University Press, 2006.

3. Smolyanov O.G., Weizsacker H.v. Smooth probability measures and associ-
ated probability operators// Infinite Dimensional Analysis, Quantum Probability and
Related Topics. — 2013. — 2:1, — pp. 51-78.

CHARACTERIZATION OF ASSOCIATE FUNCTION SPACES
AND PRINCIPLE OF DUALITY
V.D. Stepanov
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We analyse the problem of characterization of function spaces associated to
a given function spaces or cones. The situation is rather different for an ideal,
that is with lattice property, and non-ideal function spaces. Namely, the notion
of associate norm bifurcates for a non-ideal space. We provide several examples
of such a characterization including the weighted Sobolev space of the first order
on the real line. The talk is based on the publications [1-7].
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THE STRUCTURE OF ESSENTIAL SPECTRA AND DISCRETE
SPECTRUM OF FIVE-ELECTRON SYSTEMS IN THE
HUBBARD MODEL. QUARTET STATE
S.M. Tashpulatov
sadullatashpulatov@yandex.com, toshpul@mail.ru, toshpul@inp.uz

UDC 517.984

We consider of the energy operator of five-electron systems in the Hub-
bard model and investigated the structure of essential spectra and discrete
spectrum of the system in the quartet state of the system. (3-10 lines).

Keywords: essential spectra, discrete spectrum, Hubbard model, five-
electron systems, quartet state
MSC: 47Axx

In the early 1970s, three papers [1,2,3], where a simple model of a metal was
proposed that has become a fundamental model in the theory of strongly correlated
electron systems, appeared almost simultaneously and independently. In that model,
a single nondegenerate electron band with a local Coulomb interaction is considered.
The model Hamiltonian contains only two parameters: the matrix element ¢ of electron
hopping from a lattice site to a neighboring site and the parameter U of the on-site
Coulomb repulsion of two electrons. In the secondary quantization representation, the
Hamiltonian can be written as

H= tz a4 @my + UZ a:rnyTam,Ta:rmiam&, (1)

m,y m

where a;‘,‘w and am,y denote Fermi operators of creation and annihilation of an electron
with spin v on a site m and the summation over 7 means summation over the nearest
neighbors on the lattice.

This work is supported by Uz.FFI (no. OT-F2-18).
Sadulla Mamarajabovich Tashpulatov (Institute of Nuclear Physics of Academy of Sci-
ences of Uzbekistan, Tashkent, Uzbekistan)
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The model proposed in [1,2,3] was called the Hubbard model after John Hubbard,
who made a fundamental contribution to studying the statistical mechanics of that
system, although the local form of Coulomb interaction was first introduced for an
impurity model in a metal by Anderson [4]. We also recall that the Hubbard model is
a particular case of the Shubin-Wonsowsky polaron model [5], which had appeared 30
years before [1,2,3]. In the Shubin-Wonsowsky model, along with the on-site Coulomb
interaction, the interaction of electrons on neighboring sites is also taken into account.

The Hubbard model is currently one of the most extensively studied multielectron
models of metals [6]. But little is known about exact results for the spectrum and
wave functions of the crystal described by the Hubbard model, and obtaining the cor-
responding statements is therefore of great interest. The spectrum and wave functions
of the system of two electrons in a crystal described by the Hubbard Hamiltonian were
studied in [6].

The spectrum and wave functions of the system of three electrons in a crystal
described by the Hubbard Hamiltonian were studied in [7].

The spectrum of the energy operator of system of four electrons in a crystal de-
scribed by the Hubbard Hamiltonian in the triplet state were studied in [8]. In the
four-electron systems are exists quintet state, and three type triplet states, and two
type singlet states. The spectrum of the energy operator of four-electron systems in
the Hubbard model in the quintet, and singlet states were studied in [9].

Here, we consider the energy operator of five-electron systems in the Hubbard
model and describe the structure of the essential spectra and discrete spectrum of the
system for sextet and quartet states.

The Hamiltonian of the chosen model has the form

H=A Z a%,wamﬁ +B Z a;‘;wrr,wam,w +U Z a;mamﬁa;,iam,w (2)

m,y m,T,y m

Here A is the electron energy at a lattice site, B is the transfer integral between
neighboring sites (we assume that B > 0 for convenience), 7 = %ej,j = 1,2,...,v,
where e; are unit mutually orthogonal vectors, which means that summation is taken
over the nearest neighbors, U is the parameter of the on-site Coulomb interaction of
two electrons, v is the spin index, v =1 or v =/, 1 and | denote the spin values % and
—%, and a;‘,‘w and am,, are the respective electron creation and annihilation operators

at a site m € Z".

In the five-electron systems exists sextet state, four type quartet states, and five
type doublet states.

The Hamiltonian H acts in the antisymmetric Fock space Hgs.

In the system exists four type quartet states. This states is consists of the next
dateg 1o3/2 P T 2 3/2 _ o+ ot ot ot ot
states “qn, v iiezv = G, O 1O 1O G400 "D pticzy = Fm 4%, Ory G 100100,
3,3/2 P S S 4,3/2 P s P S
D mrtiezy = G4l 1G5 Q8 107100, "G5y jezv = Qp 2Gp 2001050 0] 0. The
subspace 1Hg/2, corresponding to the first five-electron quartet state is the set of all

1 1.3/2
vectors of the form wg/Q = Zm,n,r,t,lez” flm,n,r t,l) qrn/,n,r,t,lEZ”’f € 13°, where
13° is the subspace of antisymmetric functions in the space l2((Z*)%). The restriction
1H§/2 of operator H to the subspace 17—[3/2, is called the five-electron first quartet
state operator.

Theorem 1. The subspace I’Hg/z is invariant under the operator H, and the

operator 1H§/2 is a bounded self-adjoint operator. It generates a bounded self-adjoint

operator 1?3/2 acting in the space 15°. In the quasimomentum representation, the
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operator 1‘,?];1/2 acts in the Hilbert space L§*((T")?) as

1fI§/Qw ={5A+2B Z[cos/\i + cosp; + cosvyi + cosbi + cosmi] (N, w7y, 0,m)+  (3)

=1

+U [f(s»)\‘f'M— 57770777) +f(57l%)\+7 - 579777) +f(snu/7’77)‘+9_ 577])+
TV
+£(s, 177, 0, \+n—5)]|ds, where L ((T*)®) is the subspace of antisymmetric functions
in La((T")).

Using tensor products of Hilbert spaces and tensor products of operators in Hilbert
spaces, we can describe the structure of essential spectra and discrete spectrum of the
operator 1H§/2.

Let Aq Z)\—I—u, Ao Z’Y—‘r@, A3=>\+’I7, Ay :)\—i—’y, As=)X+0.

Theorem 2. Ifv =1 and U < 0, then the essential spectrum of the first five-
electron quartet state operator 1Hg/2 is consists of the union of seven segments:

aess(lﬁgm) = la+c+e b+d+ flUla+c+z3, b+d+z3|U[a+e+ 22, b+ f+22]U[a+ 22+

+23,b+22+23]U[ct+et+z1, dt f+21]U[c+21+ 23, d+21+23]U[e+21 422, f+21+ 28], and
discrete spectrum of operator ng/Q is consists of no more one point: Jdisc(lHq ) =

3/2
{z1 + 22 + 23}, or adisc(ng/Q) = .
Here and hereafter a = 2A — 4B cos %, b=2A+ 4B cos %, c=2A —4Bcos %,
d=2A+4Bcos2, e = A—2B, f = A+2B, 2 = 24 — \/U2+16BQCOSQ%,
2 = 24— \/U2 +16B2cos2 82 5 = A+ 207 + B2

Theorem 3. Ifv =1 and U > 0, then the essential spectrum of the first five-
electron quartet state operator ng/Q is consists of the union of seven segments:

aess(lﬁgm)z [a+c+eb+d+ flUla+c+Z3,b+d+ 23| U[a+ e+ Z2, b+ f+ 22U

Ula+2z2+23,b+22+z3]Ufc+e+z1,d+ [+ z1]U

Ule+21 +2Z3,d+ 21 + 23] U [e + 21 + 22, f + 21 + 23],
and discrete spectrum of operator 1ﬁ§/2 is consists of mo more one point:
adisc(lﬁgm) = {z1 + 22 + z3}, or adisc(lﬁgﬂ) = (. Here z1 = 2A +
VU2 +16B2 cos? 4 5 = 24+ /U2 +16B2 cos? 42, 7 = A — 207§ B2,

Theorem 4. a). If v =3 and U < 0, or U > 0, then the essential spectrum of
the first five-electron quartet state operator 1H§/2 is consists of the union of seven or

. . 17179 . .
four, or two, or single segments, and discrete spectrum of operator H3/2 18 consists
of no more one point.

The analogously investigated the structure of essential spectra and discrete spec-
trum the others quartet states.
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INVERSE SPECTRAL PROBLEMS FOR STURM-LIOUVILLE
OPERATORS WITH COMPLEX WEIGHTS
V.A. Yurko
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We study inverse problems of spectral analysis for second order differen-
tial operators on a finite interval with complex-valued weights and with
an arbitrary number of jump conditions inside the interval. Uniqueness
theorems are proved for this class of nonlinear inverse problems.

Keywords: Sturm-Liouville operators; complex weights; inverse spectral
problems

Let N > 2 be fixed, and let {\,}n>0 be the eigenvalues of the boundary value
problem L for the differential equation

—y"(x) + q(2)y(z) = Mr(2)y(z), =€[0,T), (1)
on a finite interval [0, 7] with the boundary conditions
U(y) ==y (0) = hy(0) =0, V(y) =y (T)+ Hy(T) =0,

and with the discontinuity conditions in interior points b € (0,7), k = 1,N — 1,
0<br1 <ba<...<bn_1<T:

y(bk+0) = dkly(bk*O), y/(karO) = dkgy/(bka)erkgy(bka), k= 1, N — 1. (2)

This work was supported in part by Grant 1.1660.2017/4.6 of the Russian Ministry of
Education and Science and by Grant 19-01-00102 of Russian Foundation for Basic Research.
Vjacheslav Yurko (Saratov State University, Saratov, Russia)
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Here ¢g(z) and r(x) are complex-valued functions, ¢(z) € L(0,T), r(z) = ax for z €
[brk—1,bk), Kk =1,N, by := 0,bn := T, and h, H, ax, dr; are complex numbers, ax # 0,
dk = dkldkg 76 0.

Let ®(z,A) be the solution of Eq. (1) satisfying jump conditions (2) and the
boundary conditions U(®) = 1, V(®) = 0. Denote M(A) := ®(0,1). We will call
M () the Weyl-type function. Let {Ano}n>0 be the eigenvalues of the boundary value
problem Lo for Eq.(1) with jump conditions (2) and the boundary conditions y(0) =
V(y) = 0. Let ar and di;, j = 1,2 be known a priori. The inverse problem is
formulated as follows.

Inverse problem 1. Given the Weyl-type function M (), construct ¢(z), h, H,
dis.

Inverse problem 2. Given two spectra {An}n>0, {Ano}n>0, construct g(z), h,
H, dgs.

These inverse problems are generalizations of the classical inverse problems for
Sturm-Lioville operators with 7(z) = 1 and dg1 = dk2 = 1,drz = 0 (see [1]).

Let us formulate the uniqueness theorems for these inverse problems. For this
purpose together with L we consider the boundary value problem L of the same form
but with different coefficients. We agree that if a certain symbol « denotes an object
related to L, then & will denote the analogous object related to L. Let ar = ax,
dij = dij, j=1,2.

Theorem 1. If M(\) = M()), then q(z) = G(x) a.e. on (0,T), and h = h, H =
H,dys = ds. Thus, the specification of the Weyl-type function uniquely determines
q(x),h, H and dgs.

Theorem 2. If \, = S\n, Ano = /N\no, for all m > 0, then q(z) = ¢(z) a.e. on
(0,T), and h = B,H = H,dk3 = dys. Thus, the specification of two spectra uniquely
determines q(z), h, H and dis.
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Janmast paboTa MOCBSIIEHA U3YYEHNUIO OHON 33a<N 'PAHUTHOTO YIIPAB-
JIeHUsI, CBSI3QHHOM C HArPYKEHHBIM yPAaBHEHHEM TMIIEPOOIIMIECKOr0 TUIIA.
Jloka3zaHa TeopemMa CyIIeCTBOBAHUS PEIIeHUs] PACCMATPUBAEMON 3aqat4u.
ITokazama Takke €ro yCTONYIMBOCTH OTHOCUTEIBHO (BYHKIHIN, BXOISIINX
B 3a71a4y.

Karouesvie caoea: TpaHWYIHOE YIIPABJIEHHWE, HArPYKEHHOE ypaBHEHUE,
ampuopHas OIEHKA, CMeIleHue.

On the existence of a solution to a single boundary control
problem associated with a loaded equation
This paper is devoted to the study of one boundary control problem as-
sociated with a loaded hyperbolic equation type. An existence of solution
for this problem and its stability with respect to the functions, included
to the problem are proved.

Keywords: boundary control, loaded equation, apriori estimate, offset.
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B manHO#T pabore n3y4aercs BOIPOC CYyNIECTBOBAHMS PELICHUA 3aa4d Tpa-
HUYHOTO YIPABJICHUS CMEIEHNEM Ha OJHOM KOHIE MPH 3aKPEMIEHHOM BTOPOM
OpPOLIECCa, OMUCHLIBAEMOrO OJHWM TurepbojndeckuM ypasaeruem. IlocTanoska
3ajlaum TakoBa: HaiiTu Taxyto dbyukmmio p(t) € Wi [0,7T], nia koTopoit cyre-
cryer B npsaMoyroiabauke Qr = (0 < x < 1) x (0 < ¢t < T) perenue ciezyionieit
3a/Ia4K:

st (2, 1) — uge(x,t) — q(z, t)u(zo,t) = f(2,1) 8 Qr, (
u(z,0) = p(x), u(z,0) =(x) npu 0<x <, (2)

u(@,T) =¢1(z), ue(@,T) =v1(x)  npu 0 (

uw(0,t) = p(t), u(l,t) =0 npu 0<t<T, (

Lo(Qr), 0 < £y < | 1 BBINOJIHEHBI YCJIOBUS COIJIACOBAHMS

©(0) = u(0); (1) = 0; ©1(0) = u(T); ¢1(l) = 0.

Ormernm, 40 ypasHerue (1) OTHOCHTCS K KJIACCY HAPYKEHHBIX ypaBHEHHUIT
runiepbosmaeckoro Tumna [1].

Pemenue 3anauu rpanudnoro ynpasienus (1)-(4) nonumaercs B 06001meH-
HOM CMBIC/IE 1 HieTcs B Kiacce Wi (Qr), Buepsbie BBeseHHOM B |2].

Crenyromast TeopemMa JOKA3bIBACTCH METOJIOM, IIPEJIOKEHHBIM B [3].

Teopema. ITycmv T = 2l. Toeda pewenue u3 xaacca VAVQI(QT) 3adawu epa-
Huuro20 ynpasaenus (1)-(4) cywecmeyem.

CaencrBue 1. U3 npouecca doxazamenrvecmea npusedennots meopemol 6oi-
meKaem ouenKa

I = Allwyo2n < Cllallaeas (5)

2de [i(t) = 4(0,t) - epanunnoe ynpasserue 3a0auu 0AR YPAEHEHUA BLIHYHCOEH-
HOLL Koaebanul cmpyrove [4].

Ouenka (5) CBUAETENBCTBYET O DPETYJIAPHOCTU PENICHHs PACCMAaTPUBAEMOI
3871497 TPAHUIHOTO YTIPABJIEHHUS 110 OTHOIEHUIO K AJATHBHOMY BO3MY IIEHHIO
q(x, t)u(zo, t) HEOMHOPOIHOIO BOJHOBOIO OLEPATOPA C CyMMHUPYyeMbIM KO3(du-
uuentom ¢(z,t).

Crnencrsue 2. Mwmeer wmecro ampuopmas omenka |[ufwig,) <
Crllelwzon + letllwyon + 1l s + 191l £210,), KOTOPas cBHAETEABCTBYET
00 ycroituuBocru perrenus 3ama4u (1)-(4) orHOCUTENHHO HAYAIBHBIX U (DUHATD-
HBIX yCJIOBUH.
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NMHBAPUAHTHOE CBOMCTBO OYHKIIN PUMAHA
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TTokazamno, uro cummerpun GyHIAMEHTAIbLHBIX PEIleHUui JIMHEHHOrO ru-
epOOTMIECKOTO YPABHEHUST BTOPOTO TIOPSIIKA, C IBYMsl HE3aBUCUMBIMU TIe-
PEMEHHBIMHU OCTABJISIOT MHBAPUAHTHOM (pyHKIMIO PrMmana compsizkeHHOTO
ypasuenusi. [Ipenmoxen meton mocrpoenns Gpyuknmu Pumana. IIpusene-
HBI IIPUMEPHI €ro puMeHenns. B repmuHax nHBapranToB Jlammaca cdop-
MYJIIPOBAHO YCJIOBUE, KOT/Ia TIPE//Iara€MbIii METOJ TOCTPOeHUs (hYyHKITHN
Pumana menpumvenum.

Karouesvie crosa: dynkmusa Pumana, dyHmamMenTaapHOe pelenne, onepa-
TOp cumMeTpuu, ajaredbpa Jlu

Invariant property of the Riemann’s function

It is shown that the symmetries of the fundamental solutions of the linear
hyperbolic equation of the second order with two independent variables
preserve the Riemann’s function of the adjoint equation invariant. The
method for construction the Riemann’s function is proposed. Examples
of its application are given. The condition, when the proposed method
of the Riemann’s function construction is inapplicable, is formulated in
terms of Laplace’s invariants.

Keywords: Riemann’s function, fundamental solution, symmetry operator,
Lie algebra

B paGore [1] npuMeHHUTEIHHO K YACTHOMY THUIEPOOIHYECKOMY YDPABHEHWIO
BTOPOT'O TIOPSIKA MIPEIJIOXKEH METOI nHTerpupoBanns Pumana. /ljist ero ucmosn-
30BaHUs HEOOXOAMMO MOCTPOUTH (pyHKIHIO PuManHa, sIBASIONYIOCT PeIeHneM
xapakrepucrudeckoii 3agaan ['ypca. Obmero meroga nocrpoenus GpyHkiwmn Pu-
mana He cyuiecrsyer. B pabore [2] gan 10oApoOHbIH aHAIM3 LIECTU U3BECTHBIX
CIIOCOOOB ee TTOCTPOEHWS JIJIsi YaCTHBIX THUIIOB ypasHeHnii. B pabore [3], Ha oc-
HOBE Pe3yJIbTaToB paboThI [4] Mo rpynmoBoit KiaccuduKanuu runepboInIecKnx
YPaBHEHU BTOPOro MOPSAIKA, TIPE/TIOKEHO HAXOAUTh (PYHKINIO PuMana ¢ momo-
I[BI0 CUMMETpHii ypaBHeHus. B Hacrosieil pabore mokazana MHBAPUAHTHOCTH

Pabora BeimosiHeHa npu dbuHaHCOBOH noagep:kke POOU (mpoekt Ne 18-01-00890).

Axcenos Anekcanap Bacumbesnd, a.d.-M.H., mpodeccop, MY umenu M.B. JIomoHOCO-
Ba (Mocksa, Poccus); Alexander Aksenov (Lomonosov Moscow State University, Moscow,
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byukun Pumana oTHOCHTENBHO CHMMETPHIl (DyHIAMEHTATLHBIX PEIICHAR U
MPEJIOKEH METO/T €€ TTOCTPOEHNS.

Paccmorpum obiiee rHeiiHOE rUTIEpOOTNYECKOe ypaBHEHWE BTOPOTO MOPSIJI-
Ka C IBYMS HE3ABUCHUMBIMU MEPEMEHHBIMU

Lu = Ugy + a(xvy)u:c + b(xa y)uy + C(I’y)u = f(xv y) . (1)

Merozn Pumana ocHoBbiBaeTcs Ha cienyomem toxuaecrse: 2(vLu — ul*v) =
(vuy — uvy +2auv); + (Vug — uvg +2buv), . 3oecs L*v = vgy — (av), — (bv)y +cv
— conpsizkennoe ¢ Lu muddepennmanbioe Boipakenune. Meron Pumana cBomgur
3a/1a4y MHTErpupoBanus ypasHenus (1) K HOCTPOEHUIO BCIIOMOTaTEIbHOM (DYyHK-
muu Pumana v = R(x, y; Xo, Yo), YAOBIETBOPAIOIIEH OJHOPOIHOMY COIPKEHHO-
My ypaBHeHnio L*R = 0 u cIeayionuM yCJIOBUAM HA XapaKTePUCTHKAX

(Ry —aR)| =0, (Re —bR)[,_, =0, R(zo,y0; 70, y0) = 1.

=T

C nomowpio Gyakuuu Pumana mis ypasuenus (1) crposdrcsa obuiue perieHust
3asaau Komu u xapakrepucrudeckoii 3aza4u ['ypea, a Takake 4yacTHoe perieHue
HEOIHOPOIHOTO YPABHEHUS.

Oyurnus Pumana o01a1aer CBORCTBOM B3aMMHOCTH

R*(z,9;20,%0) = R(%0,Y0; 7, y) , (2)

rae R*(x,y; xo,yo) — byukius Pumana conpsizKeHHOro ypaBHEHUsI, KOTOPAs B~
JII€TCsl PellleHreM OJHOPOAHOro ypasHenus (1) u yJOBJIETBOPSET CJIELYIOIIUM
YCJIOBHSIM HA XapPAKTEPUCTUKAX

(Ry, +aR")

=z y=yo 0, R ($0>y0;$07y0) =1.

=0, (B +0R))

[Iycrs mamo numeiinoe anddepeHnnaabHoe ypaBHEHNE C YACTHBIMA ITPOU3-
BOJIHBIMH P-I'0 HOPSJIKA

p
Mu= Y Ay(x)D*u=0, x€R™. (3)
|a|=0
3,[1;6(31) IIPpUHATDBI CTaHAAPDTHBIE 0603Haqu1/151: o = (Ckl, N 7O[m) — MYJIBTUUHIEKC

C TIEJIOYNCIIEHHBIMW HEOTPHIIATETLHBIMI KOMIIOHEHTAMH, || = g + + - + Qi

o a [e5] a A,
b —(az) (azm) :

DyHJAMEHTAIbHBIE PElleHNs ypaBHeHus (3) sBJISIOTCA PENIeHUIAME YPaBHE-
HUA

Mu = §(x — %) = 8(z! —ad)---6(z™ — z7) . (4)

Oueparopbl cummerpun ypashenus (3), 06pa3yoliue KOHeYHOMEPHY IO 4acTh
anrebps! JIu onepaTropoB CUMMETPHUE, UMEIOT BUJ,

X =) €00 o+ (K )
=1
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O6o3naunM depe3 X NPOJOIKEHHE HODPHIKa p oleparopa cumMerpun (5).
P
Dyuxuusa A = A(x) yzosiersopsier ToxaecrBy X (Mu) = A\(x) Mu.
P
Cdopmysiupyem ocuoBHO#l pedysbrar paborst [5].

Teopema 1. Aazebpa JIu onepamopos cummempuu ypasrenus (4) A6AAEMCA
nodanazebpotli aszebpv, JIu onepamopos cummempuu ypasrernus (3), eodeasemots
COOMHOWEHUAMU

fZ(XO):O, )\(X0)+ZM:O, i=1,....,m. (6)

Cummerpusvu byHIAMEHTAJIbHbIX pelleHuii (Ui CUMMETPUIMU yDaBHE-
nus (4)) OGylem Ha3biBarb cUMMerpuu ypasHenust (3), yJIOBJIETBODSIOLIUE CO-
orHomerusiM (6).

Paccvorpum ypaBaenue

Lu=6(x —x0)6(y — yo), (7)

omnuceiBaoomiee HyHIaMeHTaIbHbIE perienus ypasHerus (1).
Cdopmynupyem OCHOBHOI pe3ynbrar paboThI.

Teopema 2. Cummempuu @yrnoamenmarviox pewenuts ypasuenus (1)
(usau cummempuu ypashenus (7)) ocmasasrom unsapuarmuoti dynryuo Pu-
MAHA CONPANCEHHOZ0 YPAGHEHUA.

W3 teopemsr 2 caeayer, 4To pyHKIHS PuMaHa COMPszKEHHOTO yPABHEHUS sIB-
JISIETCST MHBAPUAHTHBIM PEIIEHNEM HUCXOIHOTO OJHOPOIHOTO YPABHEHUS OTHOCH-
TEeJIbHO cuMMeTpuit PyHIaMeHTANBHBIX pemennii. @yukius Pumana ncxoaHoro
yPaBHEHUS HAXOJIUTCSA U3 COOTHOIIEHUS B3auMHOCTH (2).

Ha ocroBanmE Teopembl 2 IPeITOXKEeH METO, IOCTpoeHus (pyHKnun Prumana.
IIpuBeieHbl IPUMEPHI €10 IPUMEHEHWUSI.

[IpuBeseno yciaoBue, Koraa mpejiaraeMblit MeTos, mocrpoenns pyuxmun Pu-
MaHa HEMPUMEHUM. YCJIOBHE ChOPMYINPOBAHO B TEPMUHAX WHBAPUAHTOB Jla-
miaca. JlaHo HEKOTOpOe yTOYHEHWE PEe3yJIbTATOB IPYIIIOBON KiracCuUKAIIUU
ypasuenus (1), npusenenHbix B pabore [4].
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O TUIINYHOCTU 1 HETUIINYHOCTN CTEITEHHOT O
IIOBEJEHUS BLOW-UP PEIIIEHUN HEJIMHENHBIX
YPABHEHUSA TUITA SMJEHA - ®AVJIEPA BBICOKOTI'O
IIOPAJIKA B SABUCHUMOCTU OT CITEKTPA
ITIOPO2KJEHHOTO M AKOBUWUAHA

N.B. AcTtamoBa
ast.diffiety@gmail.com

YAK 517.923, 517.925.54

Uccnenyerca acumnroruka "blow-up' pemenuii, To ectb penienuii, yxomsi-
WX B KOHEYHOI TOYKe HA GECKOHEUHOCTh BMECTE CO CBOMMMU TTPOM3BOI-
HBIMH 10 TOpsiaKa n. JJ0Ka3aHO, 9TO aCUMIITOTHYECKOE IIOBEJIEHNE TaKUX
pelleHnii CBA3aHO C XapaKTePOM CIIEKTPa JIMHEHHOIro oreparopa, BO3HU-
KAIOIIEero Py JIMHEAPU3AIINU CBA3aHHON ¢ ypaBHEHNEM TUHAMUYECKO CH-
crems! Ha (n — 1)-MepHOM MHOrOOOpasuu. /Joka3ano, 4ro Ajist c1abo Hesu-
HelHbIX muddepeHmaabHbIX ypaBHeHWI Bce blow-up pemnreHuss uMeioT
CTENEeHHYIO0 aCUMIITOTHKY, a JIJIsi CUJIbHO HEJIMHEHHBIX YPABHEHWUH CTEreH-
HOE TOBEJeHNe TAKUX PENIeHUI HETUIIMYHO: MHOXKECTBO JaHHbIX Komrm,
[OPOXKJAIONIUX PEHIeHUs] CO CTEIEeHHbIM ACUMITOTUYECKUM IIOBEIEHUEM
VIMEET Mepy HYJIb.

Karouesvie ca06a: aCHMITOTUYIECKOE MOBEIEHNE DEIIeHM, KaueCTBEHHbIE
cBoiicTBa, "blow-up ciekTp marpursr Axobu

On the typicality and atypicality of the power-law behavior of
blow-up solutions to nonlinear Emden-Fowler type higher-order
equations depending on the spectrum of a related Jacobian

We study the asymptotics of ”blow-up” solutions, that is, solutions tend-
ing at the end point to infinity with their derivatives up to the n-th order.
It is proved that the asymptotic behavior of such solutions is related to
the nature of the spectrum of a related linear operator. This operator
arises from linearization of a dynamical system on an (n — 1)-dimensional
manifold. It is proved that for weakly nonlinear differential equations all
blow-up solutions have power-law asymptotic behavior, and for strongly
non-linear equations the power-law behavior of such solutions is atypical:
the set of Cauchy data generating solutions with power-law asymptotic
behavior has null measure.

Keywords: asymptotic behavior of solutions, qualitative properties, ”blow-
up”, Jacobi matrix spectrum

PaccmarpuBaercst Henmneiinoe ypasaenus Tuna dmaeHa—Daysepa BbICOKOrO
TTOpSIKA:

y™ =p(z,y. oy )y sgny, n>2, ke (1,00), (1)

Acramosa Wpuna BurroposHa, a.¢d.-M.H., mpodeccop, MI'Y umenn M.B. JlomoHOoCOBa;
POV mmenn I'.B. Ilnexanosa (Mocksa, Poccust) Irina Astashova (Lomonosov Moscow State
University, Plekhanov Russian University of Economics, Moscow, Russia)
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rae dyukuus p(z, &, ..., &,) HENPEPBIBHA 110 BCEM [IEPEMEHHbIM, Y/I0BJIETBOPSET
ycaosuio JIummmia mo nmepeMeHHbIM €1, ..., &,, @ TakKe HepaBeHCTBY 0 < m <
p(x, &1, ..., &n) < M < +00. Beenem obo3nagenue

a=n/(k—-1). (2)

JTi060e MakCUMaIbHO TPOJOJIXKEHHOE BIPABO peienue ypapuenus (1), moaoxu-
TEJIbHOE B HEKOTOPOIi TOUKE BMECTE CO BCEMU CBOUMHU MAGOWUMU (T.€. TOPSIKa,
MEHBIIIE 1) IPOU3BOJHBIME, UMEET BEPTUKAIBHYIO aCUMITOTY B IIPABOIl IpaHu-
ue cpoeil obsiacTu onpezenenus. Panee ObuIo J0Ka3aHo, 4T0 Jjisd n = 2 (cM.
[1, rnasa V|), nna n € {3,4} (cm.|2, rmasa 5.3] u ccpuiku tam na 6osee pan-
HEE PabOTHI), UTO JIO00E TAKOE PEIeHNE MMEET CTEIEHHOE ACHMITOTHYECKOEe
MOBEICHYE:

y(x) = +C(z* —x) (1 +o(1)), = —a* -0, CF 1 = ﬁ(a +7), (3)
=0

rae ©* — mponsBoabHas KoHcranTa. V. T.Kurypamse (cm. [1, 3amaua 16.4]) Gbin
HOCTaBJIEH BOIPOC O CIPABEIJIMBOCTH TAKOIO yTBEPXKIEeHUs Jjia ypaBuerus (1)
0oJiee BBICOKOT'O TIOPSIKA. JTO MPEIANOI0KEHNE OKa3aJ0Ch BEPHBIM JJIsd CJIabo
HenwHeitHoro ypasuenus (1)(cum. [3-4]).

Teopema 1. ITycms n > 4, p € C(R™)\Lip,, ., (R"), p = po >0
npu T — x5, Yo — 00,...,Yn—1 — 00. Toeda cywecmeyem makroe K > 1, wmo
das mobozo deticmeumenvrozo k € (1; K) aoboe blow-up pewenue ypasrerus
(1) umeem cmenennoe acumnmornuseckoe nosedenue (3) das nexomopoeo x™*.

Oxnako 610 goKa3aHo s ypapuenus (1) ¢ p = pg > 0 (cM. moka3aresb-
cTBO B [5] M/ CKOJIb yrOZAHO BBICOKOIO HOPsiAKa n, B [6]— ama n = 12,13, 14,
B [7]— mus upoussosbHoro n > 12), uro upu nekoropom k > 1 310 ypaBnenue
UMEEeT HECTEMEHHOE PEIIEeHUE

y= (2" — )" h(log (z* — x)), (4)

re h — HemoCTOsTHHAST HETTPEPBIBHAS TOJIOKUTEIbHAS TEPUOINIEcKast (DyHKIUS
Ha R.

Oxkazanock, 9To mpu n > 12 acCUMIOTOTHYECKH CTENEHHBIE DEIEHNs yPaBHE-
aus (1) nopsizka n ¢ JOCTaTOYHO CUJIbHON HEJIMHERHOCTBIO IazKe pu p = po > 0
HE TOJIBKO He MCYEPIIbIBAI0T MHOXKECTBA BCex blow-up pernenwuit, HO u ABIAIOTCH
B HEKOTOPOM CMBICJI€ HETUIIMYHBIMEU blow-Up penieHusMu 3TOro ypaBHEHUSI.

ITpu uccaenoBaHUM ACUMITOTUYECKUX CBOMCTB ypasuenus (1) mpu p = pg >
0 (cm. [2, rmasa 5.3]) mcnosnb3oBastoch mocrpoeHne Ha (n — 1)-meproit dazo-
BOil cdepe AMHAMUYECKON CHCTEMBbI, ¥ KOTOPOil ACHMITOTHYECKH CTEIeHHBIM
perienusM ypasHenus (1) cooTBeTCTBOBaIU TPAEKTOPHUHU, CTPEMSIIIUECH K HEKO-
TOPOil HEMOABUKHON TOUKE cHCTeMbI. Ha KOOpAnHATHOI KapTe, MOKPBIBAIOIIEH
001acTh cephbl, COOTBETCTBYIOMIYI0 TOUYKAM C TOJIOXKHUTEILHBIMUA 3HAYECHUSIMU
PEITeHNs U er0 MJIQIIINX TPOU3BOIHBIX, ITA CUCTEMA, IMHEAPU3YETCS B OKPECT-
HOCTH 0CO0O0 TOYKM, U COOCTBEHHBIE 3HAYEHUST MATPUITHI AKOOU YI0BIETBOPSAIOT

YPaBHEHUTO
n—1

H(l+a+j):1:[(a+j+l). (5)
j=0

=0
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XapaxkTep CIeKTpa 3TOH MATPHUIIBI ONPEIe/IAeT moBeaenne blow-up perrennii
ypasrennus (1). Panee 6bu10 mokaszano (cm.[2, riasa 5.1]), 9To ecan ypaBHeHHe
(4) mMeer m KOpHEH ¢ OTPUIATEHLHO AeHCTBUTENBHON YaCThIO, TO yPABHEHUE
(1) umeer m- napamMeTrpuyYeckoe cemeicTBo blow-up perreHuil €O CTENEeHHBIM
ACHMIITOTHIECKUM moBeieHneM. Tak, mpu 5 < n < 11 moka3aHo CymmecTBOBaHIE
(n — 1)-uapamerpudeckoro cemeiicrsa blow-up pemenuii co creneHHoi acumi-
TOTUKON y ypasHenus (1) 1pU HEKOTOPBIX JOLOJIHUTEJbHBIX [IPE/IIOJIOKEHUSIX
orHocuTenbHO GyHKIum p (cMm. [2, rnasa 5.1]). CymecrBoBanne pereHnuii Bu-
na (4) mua ypasuenus (1) ¢ p = pg > 0 CBA3aHO C MOABJIEHUEM il JIFOOOTO
n > 12 npu mekorophix k > 1 mapbl 9YMCTO MHMMBIX KODHEH U HEKOTOPHIMHU
JIOTOJIHATE/IbHBIMU CBOficTBaMu ciekrpa (cM. [5-7]). Oxkaszanoce [8], 4ro mis
JI0KA3aTeJIbCTBA HETUIIMYHOCTU CTEIIeHHOI'O 1OBe/ieHus blow-up perenunii ypas-
wernus (1) ¢ p = pg > 0 TakKe WMCIONB3YIOTCS CBONCTBA KOpHEH ypaBHEHWs
(5).

Teopema 2. Ecau cpedu kopheti ypasrenus (5) Hem wucmo MHUMBLET, HO CY-
wecmeyem no kpatinel mepe 00ur omauywkoili om 1 Kopensv ¢ nososHcumesvbHot
deticmeumesvbHol wacmsvio, mo das A10600G mouwku o € R mnoocecmeo dannoix
Kowwu acumnmomuyecku cmenennvx pewenud ypasuenus (1) ¢ p = pg > 0
uMeem Mepy HYab.

Teopema 3. Ecau cpedu xophet ypasuenus (5) npu o = 0 nem wucmo
MHUMDBLE, HO Cywecmeyem no kpatinetd mepe odun omausubili om 1 Kopeus ¢
NOA0AHCUMENLHOT DeTCMBUMEALHOT YacMbIo, MO cywecmeyem maxoe ky, > 1,
ymo 0aA 100020 k > k, u a10600 mouku xg € R muoocecmeo dannnzr Kowu
ACUMNINOTMUNMECKY cEneRHbix pewenud ypashenus (1) ¢ p = pg > 0 umeem
MEPY HYAD.

Teopema 4. Vpasnenue (5) npu o =0

045 1106020 yeaozo n = 12 umeem no kpatineti mepe 00HY NAPY CONPANHCEH-
HOLL KOPHET C NOAOACUTNEALHOT 0eTCMEUMEALHOT 4aACTbIO;

ons 1106020 Hamyparbrozo n < 62 ne boavuie 00HOT NAPBL CONPANCEHHDBLL
KOpHET ¢ HEOMPUUAMEAbHOT JeTicMEUmesbHol acmbvio;

npu 62 < n < 203 umeem poeno dee NaAPvL CONPANCEHHBLT KOPHEL € NOAO-
oHCuUmMeEnvHoOl deticmeumenbHot Yacmvbro U He UMEET YUCTNO MHUMBLE KOPHET.

Teopema 5. Jlas awboz0 wuyeaoczo n € [12,203] natdemcs ma-
xoe k, > 1, uwmo daa awbozo eewecmeennozo k > k, 6 w060l
mouke xTyo € R muoorcecmeo dannoir Kowu acumMnmomuvecky cmeneH-
MO pewenull ypasuenus (1) ¢ p = py > 0 umeem wmepy Hyav.

JIureparypa

1. Kueypadse U. T., Yanwmypusa T. A. Acumnrornyaeckue CBOUCTBa PeNIeHuil HeaB-
TOHOMHBIX OOBIKHOBeHHBIX auddepennmanbubix ypasuenuit. —M.: Hayka, 1990.

2. Acmawosa H. B. KadecTBeHHBIE CBOWCTBA PENIEHUN KBA3UIMHENHHBIX OOBIKHO-
Bennbix guddepennmanbabix ypasaennii // Kauecrsennsie cpoiicrBa pemennii mud-
depeHIMaIbHBIX YPABHEHUN M CMEKHBIE BOMMPOCHI CIIEKTPAJIHLHOTO aHasm3a. HayuHoe
n3nanue nox pen.V1.B.Acramosoit. —FIOHUTHU-JAHA, M., 2012, —22-290.

3. Astashova I. On Kiguradze’s problem on power-law asymptotic behavior of blow-
up solutions to Emden—Fowler type differential equations // Georgian Mathematical
Journal. . 24:2 (2017), 185-191.

4. Astashova I. On Asymptotic Behavior of Blow-Up Solutions to Higher-
Order Differential Equations with General Nonlinearity // Differential and Difference
Equations with Applications. Springer International Publishing AG. 2018, —1-13.



MarepuaJpr MexKTyHAPOIHOH KOH(EPEHIHH 215

5. Kozlov V.A. On Kneser solutions of higher order nonlinear ordinary differential
equations // Ark. Mat. (1999), 37:2, 305-322.

6. Astashova ILV. On power and non-power asymptotic behavior of positive
solutions to Emden-Fowler type higher-order equations // Advances in Difference
Equations. Springer Open Journal (2013), Ne 2013:220.

7. I. Astashova, V.Vasilev. On Nonpower-Law Behavior of Blow-up Solutions to
Emden—Fowler Type Higher-Order Differential Equations // International Workshop
QUALITDE - 2018, December 1 — 3, (2018), Thilisi, Georgia, 11-15.

8. Acmawosa H. B. O HeTMuM¥HOCTH ACUMIITOTUYIECKH CTENIEHHBIX PeIleHuil ypas-
HeHus Tura dMaeHa-Daysepa BHICOKOTO mopsinka, Asrebpa n anamms, 31 (2019), 1-22.

O EIUHCTBEHHOCTH B KJIACCE T'EJIB/IEPA PEIIIEHUSA
SAJAYN JNPUXJIE OJISd ITAPABOJIMYECKUX CUCTEM B
ITIOJIVOTPAHNYEHHOUN OBJIACTU HA IIJIOCKOCTU

E.A Banepko, M.®. YepemnoBa
baderko.ea@yandex.ru, cherepovamf@mpei.ru

VIK 517.956.4

YcTaHOB/IEHA €IMHCTBEHHOCTH B KJjacce ['ébaepa KIacCHYIeCKOro pelre-
HUA IIepBOU HaYaIbHO-KPaeBOU 3aJadyM AJ1d OJHOMEDPHBIX II0 IIPOCTPaH-
CTBEHHOI nIepeMeHHo# napabonuaeckux 1o Ilerposckomy cucrem BTroporo
MOpsKa B TOJIyOTPAHUIEHHON 00/IaCTH ¢ HErJIaaKOoM OOKOBOM IpaHUIIE.
Karouesoie cao6a: mapaboIuvIecKre CUCTEMBI, TEPBasi HAYAJIHLHO-KPAeBas
3a/1a49a, €IMHCTBEHHOCTH KJIACCHYECKOrO PEIIeHNs, Herjaakas OOKOBas
TpaHAIA

On uniqueness in Holder class of solution to Dirichlet problem
for parabolic systems in a semibounded domain on the plane

We establish the uniqueness in Holder class of a classical solution to
the first initial boundary value problem for spatially one-dimensional
parabolic second-order systems (in sense of Petrovskii) in a semibounded
domain with a nonsmooth lateral boundary.

Keywords: parabolic systems, the first initial boundary value problem,
uniqueness of a classical solution, nonsmooth lateral boundary

Banepko Enena Anexcanaposua, g-d.-M.H., npodeccop, Mexanuko-maremMarudeckuii da-
kyabrer MI'V um. M.B. Jlomonocosa (Mocksa, Poccus); Baderko Elena Aleksandrovna
(Lomonosov Moscow State University, Moscow, Russia)

Yepenosa Mapuna PemoposHa, g.¢d.-M.H., mpodeccop, HanmoHaabHbIH HCCIEI0BATETb-
ckuit yuusepcuter «MockoBcKuit suepreruueckuil nnctutyt> (Mocksa, Poccus); Cherepova
Marina Fedorovna (National Research University ,Moscow Power Engineering Institute,
Moscow, Russia)
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B nomnoce D = {(z,t) € R? 12 € R,0<t < T},0<T < 400, paccmarpusa-
ercsi paBHOMEPHO—TIapabondeckuii mo IleTpoBCKOMY MATPUYHBIN OMEepaTop

LufatufZA (z,)0%u, u= (ur,...,upm), m=1,

o

rne A a;;

— MAaTpHullbl Pa3MEPHOCTHU 1M X 1M, 3JEeMEHTbl KOTOPbIX
i,j=1

ecTh BelecTBeHHble (DYHKIIUH, ONpeJie/ieHHbe B D U Y/I0BIeTBOPSIONITe yC/I0-
BUAM:
a) cobersennbie  umncia i, Marpunsl A2 nomummsiorcs  mepasemcTBy
Rep,(z,t) > § nna mexkoroporo & > 0 u Beex (z,t) € D,r =1, m;
b) al¥) € H**/2(D),a € (0,1),i,j = T,m, k= 0,1,
(HP ﬁ/Q (D) — npocrpancrso [énbaepa, B > 0 — Henesoe 9ucio).

B D sbuenserca nonyorpanudennas obnacrs Q = {(x,t) € D : 2z > g(t)} c
Her/Ia IKoit, BoobIe ToBops, 6oKoBOH Tpanutei X = {(r,t) € Q:x = g(t)}, Tue
dbyHKIMA g yAOBIETBOPAIOT yCIOBHIO:

lg(t + At) — g(t)] < K|AIFD2 ¢t 4+ At € [0,T). (1)

Teopema. ITycmo das onepamopa L evinoanenv. ycaosus a), b) u das 6o-
k0601 2panuybt X — yeaosue (1). [Iyemv u — Kaaccuueckoe pewenue 3adauu

Lu=06%Q, uly= =0, ulz =0
maxoe, wmo u € H'T1+0/2(Q)). Tozdau =0 6 Q.
0
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OI'PAHNYEHHOCTDb HEKOTOPHIX KJIACCOB
MEPUOJNYECKUX IICEBAOANP®PEPEHIINAJIBHBIX
OITEPATOPOB
II1.A. Banrumb6aeBa
sholpan.balgyn@gmail.com

YIK 517.95

VcranasimBaercst L, —OrpaHMYEHHOCTh HEKOTOPBIX KJIACCOB IICEBIOInD-
depeHnuaIbHBIX OI€PATOPOB C CHMBOJIAMHU, HEIJIAJKUMU 10 IIPOCTPAH-
CTBEHHOM nepeMeHHo, Ha d—mepHoM Tope 1pu 1 < p < o0.

Karuesve caosa: ticeBaomudpepeHnmaabHblii  0mepaTop, CHMBOI,
d—MepHBII TOp

The boundedness of some classes of periodical
pseudo-differential operator
L,— boundedness of some classes of pseudo-differential operators with
symbols that are nonsmooth in the spatial variable is established on the
d—dimensional torus for 1 < p < oco.
Keywords: pseudo-differential operator, symbol, d-dimensional torus

Icesnonuddbepennmanbibie oneparopbl (I10), T.€. ONEPATOPLI UMEOIIUE
HPEJCTABICHIE

Tau(e) = 2n) [ alm i@ de,
Rd

MMEIOT BakKHOe 3HAYEHWe B TeoOpHuH O0Mux anddepeHInaIbHbIX OIePATOPOB C

nepeMeHHbIME KO3 hunpenTamu, a Tak:Ke B rapMOHUIECKOM aHAJIU3E.

Hccnenosanme OrpaHuaeHHOCTH (KJIACCOB) IO MEXKLY PA3IUUHBIMA HOPMU-
POBAHHBIMU TIPOCTPAHCTBAMU (DYHKIUI U paCIpeneeHnii — OIHA U3 BaYKHBIX
33149 TEOPUH.

O6bran0 mpeamonaraercs, 910 cumBoa ¢ : R? x R — C omeparopa T, sBs-
ercd IVIAJKUM, KaK [0 IPOCTPAHCTBEHHON IepeMEeHHOR X, TaK U 110 4aCTOTHOMN
LIePEeMEHHOM &, U yJOBJIETBOPSIET HEKOTOPbIM ycJ10BUdaM pocra (yObiBanust).

IIycts N, Z, R, C — MHOXKeCTBa HATYPAJbHBIX, MEIBIX, TEHCTBATEIHHBIX
M KOMILIEKCHBIX umces coorBercrBerHO; Ng = N U {0}; Ry = (0,+00); zq =
{1,2,...,d} (d € N). Ina = = (z1,...,74), ¥y = (y1,...,9q) € R? momoxum
2y = T1Y1 + ... + Taya, |z] = |z]2 = Vaz, () = Vitzr; 2 <y (v < y)
& T < Yp (T < ye) aid Beex k € zg. Janee, T? = (R/Z)? — d-mepubiii Top.

Oycts S(RY) n S'(R?) — mpocrpancrsa Illsapra mpobubx dyHxmmit n
pacmpenesieHnii COOTBETCTBEHHO; f = Fu(f) — npeobpazosanue Dypbe s
f € S'(RY). Hanee s a = (ay,...,aq), v = (71,---,74) € N¢, ncnomnbsy-
€M CTaHIAPTHBIE MYJILTUUHICKCHBIE 0003HAUMCHHUS:

0% f(x)(= 03 f(x)) = O - 03" f(x), rae Dp= 52—, K € 743

Pabora BeInosiHEeHA Ipu (BPUHAHCOBOM mojmep:kke rpanrta AP05133257 MOuH PK.

Banrumbaesa ITlonman Anbamosua, K.p.-M.H., T01eHT, UHCTUTYT MATEeMATHKH W MaTe-
marwaeckoro Mogenmposanmst (Asmarer, Kaszaxcran); Balgimbayeva Sholpan (Institute of
Mathematics and Math Modeling, Almaty, Kazakhstan)
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o} a!
ol =01 +...+aq, al=a1! - ayl; ( ) =—— (y<oa).
v/ AMa=)!

[ycts, mamee, S'(T?) — mpocrpanctso 1-mepmommaecknx (Mo BceM Tiepe-
MEHHBIM) pacrpejelennii, T.e. COBOKymHocTh Beex f € S'(R?) rakmx, [To
(fyp(- + &) = (f,) nusa Beex ¢ € S(Rd) n moberx ¢ € Z<. UssecTHo, uToO
f € 8(T9), ecam u TonbKO ecam supp f C Z<4, 7. e. pactpesenenue f obpamaer-
ca B 0 HA OTKPBITOM MHOXKECTBE Rd\Zd.

Hna f € Li(RY) (€ 8'(RY)) u g € Ly (T9) (C S'(T?)) nmeem

f(&) = [ f)e > %dz, ¢eRY G(€) = [ gla)e > da, ¢ ez
/ f

Td

®@uxcupyem Bektop d = (dy,...,dp,) € N"'n € Nyn < d. Torna « =
(71,...,24) € R = R® x ... x R% npencrasum B BEmE = = (2!,...,2"),
e ¥ = (Tk, 41, .., Tk, ) € R,

Hanee oboznaunm k, = dy +...+d,, ko = 0 u BBezeM MHO)KecTBa K, = {l €
N:k,1+1<I<k},vEz,.

O6o3nauum yepes Ay pasHOCTb IEPBOTO MOPsA/IKa J1/1st byHKuun f (r) : RY —
R 1o v-oit "madke” mepeMeHHoit

Ay f(z) = f(z',..., 2" —y,...,2") — f(z),v €2,y € R,

IIpuBemem oboOIEHNE ONPEIEIEHIS MO/IY I HEIIPEPBIBHOCTH

Oupepnenenne. Habop dynkmmit {wi(t1),w2(t1,t2), ... ,wn(t1,...,tn)} Oy-
JIEM HA3BIBATH MOOYAEM HENPEPLLEHOCNAL, ECIIU CIPABEITUBLI YCIOBHS:
1. s kaxkaoro v € z, dyakuuu wy(t1,...,t,) : (Ry)” — Ry nHeupepbiBHas,
BOI'HYTasi, MOHOTOHHO BO3PACTAIOINAs 110 KAXKJI0U nepeMeHHoi ¢, € z,;
2. w,,(tl, ..., t,) NTHBAPDUAHTHA OTHOCUTEJILHO JIIO00H MEePECTAHOBKY MEPEMEHHBIX
t17 PPN ,t,,;
3. mig KaxkabIx (4, v 1 < p < v < numeeM wy(t1,. .., 1) <2V Fw,(t, ..., t).

ITycrs cumBon a(x, £) yIOBIETBOPSIET YCIOBUSIM:
I. s moboro v € z,,l €K, u o € v € 7441 U {0}

|08 a(x,6)] < O(€")*,€” e R

IT,. (4 € zn). Hdas moboro v € z,,l €Ky a € v €z U{0} 1 <1y < ... <
v, <n;uy € Rd”l,...,y# € R%u

AL AV 08 a(x, €)] < wu(wl, - lyul) (€))7, € e R

Ormerum paborbl, KOTOPbIE MMEIOT HEMOCPEJACTBEHHOE OTHOIIEHUE K HAIIEMY
pesyabrary. B Henepuonmueckom ciaydae — 3to pesyabrar P. Koiidmana u 1.
Meiiepa [1] u pesynbrar M. $Imazakn [2]. ChopmymnpyeM B Hamux o6O3HA-
YEeHHsIX TeopeMy W3 [2], mephomuecKast BepCchsi KOTOPOil SBJISE€TCS OCHOBHBIM
PEe3yIbTATOM COODITIEHMS.
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Teopema A. Caedyrougue mpu Ycro8us 0MHOCUMEALHO MOOYAET HENPEPHLE-
HOCTNU IKEUBAAEHTVHDL:
1. Jlas kaocdozo v € 7z, umeem

1 1
teo it
/. /wu 1 ) dtl .dtl,<OO,
0 0 b

2. Ecau cumeon a(x, §) ydosaemeopaem ycaosuam I, 1 € z,,, moada coomeem-
cmeywut onepamop T, ozparuven 6 L, das xascdozo 1 < p < oo,
3. Jna waorcdozo cumsona a(x,§), ydosaemsoparouezo ycaosuam 1,11 € z,,
cywecmeyem 1 < p < 0o makoti, ¥mo onepamop o2panuver 6 L.

B nepuonnueckom ciydae ormernM pabory I.B. Bazapxanosa [3], B Koro-
pOit pa3BUThI, B YaCTHOCTH, Pe3yabrarhl u3 [1] Ha ciyuail nepuonudeckux 110
C CHMBOJIAMY, KOTOPBIE SBJIAIOTCS HENJIAIKUMU TI0 TPOCTPAHCTBEHHOM TePeMeH-
HOI U UMEIOT JOCTATOYHO MaJyI0 MNIAJKOCTb IO YaCTHOTHOM NEepeMeHHON.

O6o3HaunM yepe3 v = Y, (R™ x RY) mpocTpancTBo cnMBOIOB @ : R™ X
R? — C Taxux, 4TO BBHIIOIHEHLI yCI0BUSA I, 11, Vi € zy,.

Tycers S = 5, (T™ x Z%) — xmacc cumsomos a : T x Z¢ — C, xoropsie
SABJIAIOTCS Cy)KeHI/ISIMI/I na T¢ x Z? cumsonios a® € L) Taknx, uro V¢ € Z4
bynkmus o) (z,£) ABISETCH TEPHOIMIECKOI MO TPOCTPAHCTBEHHON TepeMeH-
HOW .

Paccvorpum dpopmanbubiiit nceBnoandpepeHnuanbHblii OnepaTop, COOTBET-
cTByOIHil nepuoudeckoMy cumBoiy a : T¢ x Z4 — C

To: u(x) = Toulz) = alx, )u(€)e”™ "

cezd

Cdopmyaupyem OCHOBHOM PE3yJIbTAT.

Teopema 1. Ilcesdoduddeperyuarvroiti onepamop T, oeparuuer Ha Lp(']Td)
npu ecex 1 < p < oo daa mobozo a € L, (T? x Z%) mozda u moavko mozda,
K020a w2, v € z,, ydosaremeopaem ycaosuro Junu:

1 1
(t,. ..
/./%1”)%.%<w
0 0 V
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OBOBIIEHUWE ITPUMEPOB ITEPPOHA 1 BUHOTPAJIA
HEYCTOMYNBOCTU TOKA3ATEJIEN JIAITYHOBA
HA JIMHEVMHBIE JU®PEPEHIINAJIBHBIE CUCTEMBI
C TIAPAMETPUYECKMU BOBMYIIIEHU AMU
E.A. Bapa6anos, B.B. BrikosB
bar@im.bas-net.by, vvbykov@gmail.com

VK 517.926.4

PaccmarpuBaercsa kacc mpaBmibHBIX 1O JIsmyHOBY Jimueinbix audde-
PEHITNAJIBHBIX CUCTEM W TIPOU3BOJIBHBIE WX JIMHEHBIE ImapaMeTpuiecKue
BO3MYIIEHNsI, YOBIBAIOMNE K HY/IIO HAa OECKOHEYHOCTH PABHOMEPHO OTHO-
CHTeJIbHO IIapaMeTpa, IPUHa/AIeKalero HEKOTOPOMY MeTPUIeCKOMY IIPO-
CTPAHCTBY, KOTOpPO€ MOXKeT OBITh Ji00bIM. IlosyteHo mosHOe ommcanve
CITEKTPOB TOKa3aTesell JIsamyHoBa TaKux CUCTEM KaK BEKTOP-GhYHKITHH TTa-
pamerpa.

Karoueswvie caosa: nuneiiHas auddepeHnuabHas CACTEMA, ITOKA3aTe N
JIamyHoBa, paBUIbHASA TIO JIAMYHOBY cucTeMa, HECKOHEYHO MaJjible BO3-
MyIIEeHIA

Generalization of Perron’s and Vinograd’s examples of
instability of Lyapunov exponents for linear differential
systems with parametric perturbations
We consider the class of linear differential Lyapunov regular systems and
their arbitrary linear parametric perturbations vanishing at infinity uni-
formly with respect to the parameter from a metric space, which might be
arbitrary. A complete description of Lyapunov exponent spectra of such

systems as vector functions of the parameter is obtained.
Keywords: linear differential system, Lyapunov exponents, Lyapunov reg-
ular system, infinitesimal perturbations

s 3aaHHOr0 HATYpaJJIbHOTO 711 4epe3 M, 0003HaYMM KJIacC JIMHEHHBIX
nuddepeHnnaaTbHbIX CHCTEM

t=A{)z, zeR", teRy=]0,+00), (1)

C HETNPEPLIBHBIMA U OTPAHWYEHHLIMH Ha, BpeMeHHOH mnomyocu Ry koaddu-
muentamu. ITokazarenn JIsmynosa [1, c. 27| cucrembr (1) ofo3HaumM depe3
A(A) < ... < A\ (4), a gepes P,, — noakJjacce kjaacca M, cocTodaiuil u3 npa-
BUsIbHBIX 110 JIlsnyHoBy cucrem [1, c. 51]. lasiee Mbl OTOXKIECTBIISIEM CHCTEMY
(1) ¢ byunkuueit A(-) u nosromy Gynem nucars A € M,, uau A € P,.

B pa6ore [2] O. Ileppon mocrpoma mpumep cucrembl A € My ¢ orpu-
HATEJbHBIMYU [IOKa3aTe/ My JIAMyHOBA, JJis KOTOPOH CYIIECTBYET TaKas IKC-
NOHEHIMAILHO yObIBAaIOIAs K HYJIO Ha OeckonednocTu 2 X 2-marpuna Q(t)

Bapabanos Esremmit Anekcamaposud, K.d.-M.H., Beaymmuii Haydobifl coTpymHuk, Wn-
cruryr Maremaruku HAH Benapycu (Munck, Benapycs); Evgeny Barabanov (Institute of
Mathematics, National Academy of Sciences of Belarus, Minsk, Belarus)

Brikos Bramgumup Biagucnasosuu, x.d.-m.H., goument, MI'V umenn M.B. Jlomonocosa
(Mocksa, Poccus); Vladimir Bykov (Lomonosov Moscow State University, Moscow, Russia)
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(t71n||Q(t)|| — const < 0 mpu t — +00), 4TO CcTapUHil TOKA3aTe b JIAMyHOBA
BO3MYIIIEHHON CUCTEMBI

b= (Alt)+Qt)z, ze€R?* teRy,

mosIoKuTeNeH. Ipyrumm cjoBaMm, TOKazaTean JIAmMyHOBaA, OTBedYalonne 3a
YCTONYUBOCTD pEIlleHusi, CAMU YCTOWYUBBIMY HE SABJIAIOTCS (JarKe MPU IKCIIO-
HEHIMAJILHO yOBIBAIOIIUX BO3MYIIEHUAX MATPHUIILI KOI(DDUIUEHTOB CUCTEMBI).

Benegcrsue npumepa Ileppona ecrecTBEHHO BO3HUKIIA 33798 O MTOUCKE J0-
CTATOYHO MHUPOKKUX MOJKIACCOB Kiaacca M., mokazarenu JIdimyHoBa cucreMm Ko-
TOPbIX ObLiv Obl yCcTOMYUBbIMU (HE U3MEHSIUCH) LPU yObIBAIOWMX K HYJIIO HA
OECKOHEYHOCTHU BO3MYINEHUAX MATPHUIl Kodddunmentos. [loaroe Bpems mep:ka-
Jlach TUIOTE3a, YTO TAKUM CBOWCTBOM 00J1a/1aeT KJacc P, NpaBUIbHBIX 1O JIs-
MyHOBY CUCTEM — THIIOTE3a, OCHOBAHHAS B CYIIECTBEHHOM Ha (DYHIAMEHTATBHOM
pesysbrare JIsAyHoBa O TOM, 4TO €CJIU Y HeJMHEHHON cucreMbl (IPU ecTecTBeH-
HbIX OIDAHMYEHUAX HA [PABYIO YaCTb) CUCTEMA €8 1epBOro upubiiuzKeHus upa-
BUJIbHAS U 00JI81a€T CBOHCTBOM yCJIOBHOM 9KCIOHEHITHAIBHON YCTONINBOCTH, TO
9TUM K€ CBOHCTBOM (C TEMH ¥Ke PA3MEPHOCTHIO yCTONYUBOrO MHOrOOOpasus u
HOKa3aTesieM aCUMITOTUKM) 00JIaJaeT U HyJIEBOe DelleHre HeJMHEeHHO cucre-
Mot [1, ¢. 53-55]. Tem ne menee, B pabore [3] P.9. Bunorpas upusén npumep
cucrembt A € Py, nokazaresu JIgmyHoBa KOTOPOl H3MEHSIOTCS DU HEKOTOPOM
yOBIBAIOIIIEM K HYJIIO HA OECKOHEYHOCTU BO3MYINEHUN €€ MATpUIbl KO3 duim-
enToB (mokazaresu JIAmyHoBa MPABUILHBIX CHCTEM IIPU SKCIOHEHIUAIBHO YObI-
BAIOIUX BO3MYIIEHUSAX MATPUIIHI KOI(MDDUIIMEHTOB yCTOWIUBEI, KAK ITO CJIEILyeT
u3 Teopembl Bornanosa—I'pobmana).

IIycte M — merpudeckoe mpoCTpaHCTBO. BBemém HyKHBIE B JajbHEHIIEM
Kaaccol E,, u Z, HENpPEepbIBHBLIX 110 COBOKYITHOCTH IIEPEMEHHBIX MATPUIHO3HAY-
HbIX GysKIMi Q(,-): Ry x M — R™ ", Knacc FE,, cocront n3 dysxmmit Q(-, ),
9KCIOHEHIMAJIbHO YOBIBAIOIIUX K HYJIIO TIPU ¢ — +00 PABHOMEDPHO OTHOCHTEIb-
HO [t € M (re. t@m t~'In||Q(t, p)| < const < 0), a knacc Z,, — uz GyHKIMi

Q(t, 1), ybpiBaomux K HyJI10 1pu ¢ — +00 PABHOMEPHO OTHOCUTEJLHO (1 € M.

0600151 cuTyaluio, paccMoTperayo B npumepax Ileppona u Bunorpana,
JUTst Kaxkzaoi cucrembl A € M, onpenennm knacc P"(A; M), cocrosimmii n3
ceMeicTB

&= (At)+ Q(t,p))z, z€R", teRy, 2)

smneiinbix auddepennuanbibix cucreM, rae € M — napamerp u Q(-,-) €
E,, a naga xaxnoit cucremsr A € P, — kmacc V™ (A; M), cocrosmuii u3 ce-
meiictB (2), B KoTOpHIX Q(-,+) € Z,. B cniy aroro mpm Kaxmom (bUKCHPO-
BaHHOM B cemeiicTBe (2) 3uHauenuu p € M nosgydaem juueitnyio muddepen-
MUATHHYI0 CHCTEMY C HENPEPHIBHBIMA OTPAHWYEHHBIMH Ha MOIyocH Kodhdu-
uueHTaMu, nokasaresu JlsamyHoBa koropoit obosnaunM deped A (u; A,Q) <

< A3 A,Q), a snauut, g kaxgoro k = 1,n nonydaem QyHKIMIO
Ae(5A,Q): M — R, KoTopyIo Ha30BEM k-BIM TOKA3aTeJIeM 3TOrO ceMeficTRa,
a takxke BekTOp-byukmmio A(; A, Q): M — R"™, onpelenéHHyi0 paBEHCTBOM
A A, Q) = M1 A, Q) -, \(1 A, Q)" pe M.

CraBsTcs 33724y [OJHOIO OINMCAHUS JJIsd KaXKAbIX n € N U MeTpud4eckoro
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npocrpancrBa M KiaccoB BeKTOP-PYyHKITHI

Vn(M) = {A(,A,Q) ‘ AePy Q¢ Zn}'

Pemenns atux 3amad 6yayT comep;KaTh KaK 9acTHbIE CIy9an npuMeps! Ileppona
u Bunorpaza coorsercreenno. Eciu n = 1, TO onucanug 3TUX KJIACCOB JIETKO
BBITEKAIOT M3 ONPEEeHns TIOKa3arens JIamynosa — ayist 1r060ro MeTpuIecKoro
npocrpancrBa M kaxapiii u3 kiaaccoB P (M) u Vi (M) coBnamaer ¢ Kaaccom
nocrogaabiX pyuknuit M — R. [losromy manee camraem, 9To n > 2.

IIycrs Bekrop-byukuus f(-) = (f1(-),..., fn(-))": M — R™ upunajmexur
knaccy P,(M) win knaccy V;,(M). Tlpusengm Tpu cBoiicTBa BEKTOP-QYHKINN
f(-), KOTOpbIM OHa HEOOXOIUMO JIOJKHA YAOBJIETBOPATH (HUXKE ITU CBOHCTBA
HyMepyioTcs Kak 1), 2), 3)). OnHO CBOWCTBO OYEBH/IHO BBITEKAET M3 OMPEJIeie-
Husl 3TON BekTOP-pyHKuuu: 1) as soboro p € M cupaBeiiuBbl HEPABEHCTBA,
filp) < ... < fu(p). Opyroe cBOHCTBO BBITEKAET U3 TOIO, YTO MATPUIHOZHAY-
Has GyHknusa A orpanudeHa Ha BpeMeHHOH mosyocu: 2) BekTop-pyHKims f(+)
orpanmdena uHa M. Hanpumep, [A(y; A, Q)| < nsup{||A(t)| |t € R+} ana xaxk-
moro p € M. Ilpexe 4emM TPUBECTH TPETHE CBOWCTBO, HATOMHUM, 9TO (DYHK-
must g: M — R nasesaerca [4, c. 224] dbyukuueit kiaacca (*,Gs), ecau Jjist
qmoboro r € R mpoobpas g’l([r,—I—oo)) nosiyuHrepsasa [r, +00) sapigerca G-
MHOXKeCTBOM Merpudeckoro npocrpancrsa M. Kak cienyer uz paborst [5], B KO-
TOPOIi MOJIYYeHO TIOJHOE OMUCAHKNE CIIEKTPOB TToKa3areneil JIanyHosa obmux ma-
PaAMETPHYECKUX CeMEHCTE MMHEeHHbIX uddepeHITnaabHbIX CHCTEM, PABHOMEPHO
3aBUCANIMX OT MAapaMeTpa Ha BPEMEHHOH IOJIyOCH, UMEET MECTO CBOHCTBO 3):
KOMIIOHeHThI fi () BekTrop-byukuuu f(-) npunagnexar kiaaccy (*,Gy).

Teopema 1. Jlas xaocdor n > 2, mempuueckozo npocmpancmea M u
sexmop-pynryuu (f1,..., fn)": M — R", xomopas ydosaemeopsem ceoii-
cmeam 1) — 3), cywecmsyrom maxue cucmema A € M, u MAMPUNHOZHAWHAA
Pynxyua Q € E,, wmo daa noxazamenets Janynosa \i(-) cemeticmea (2) npu
scex k=1,n u p € M cnpasedauen. paserncmea A (1) = fr(u).

Teopema 2. Jlasa xascowr n > 2, mempuueckozo npocmparcmea M u
sexmop-pynryuv (f1,..., fn)": M — R", xomopas ydosaemeopsem ceoii-
cmeam 1) — 3), cywecmeyiom maxue cucmema A € P, u MAMPUUHOZHAUHAH
dynryua Q € Z,, wmo das nokazameset Janynosea A\, (-) cemeticmsa (2) npu
scex k=1,n u p € M cnpasedauen. pasercmea N, (p) = fr(p).

Takum 00pa30M, W3 CKA3AHHOTO BBINIE BBITEKAET, YTO Kjacchl P, (M) u
V(M) coBnagaror Mexky coboil, a UX MOJHOE ONUCAHUE COAEPIKUT

Teopema 3. /laa xasicowr n > 2 u mempuueckozo npocmparcmea M
sexmop-pynryus (f1,..., fn)": M — R™ moada u moavko mozda npunadae-
orcum waaccy Pp (M) (kaaccy V(M) ), woeda ona ydosaemsopaem ceoticmeam
1) = 38). Jaa xascdozo mempuneckozo npocmpancmea M kaace Py (M) (xaacce
Vi(M)) cosnadaem ¢ xaaccom nocmosnnnz gynxyud M — R.
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AHAJINTUYECKOE ITPOIOJI2KEHUE
TMIEPTEOMETPUYECKOMN ®YHKIINN JIAYPUYEJLJIBI FI(DN)
C.A. Be3poaHbIx
sbezrodnykh@mail.ru

YIK 517.5

PaccmarpuBaercs mpobsiemMa aHAIATHYIECKOTO MIPOAOJIKEHUsT (bYHKITIN
Jlaypuuesmnsr F l()N) — 06001eHHO THUTIepreoMeTpudeckoi pyHkimu N me-
pemenubix. [Ipu npoussosibHOM N yKa3aH HOJHBLH HAOOP (GOPMys aHAIHA-
TUYECKOIO MPOJOJIKEHUs dTON (YHKIMU 33 TPAHUIYY €IUHUYHOTO IOJIM-
Kpyra, T/le OHa TIePBOHAYAJLHO OTpejiesieHa B Buae N—KpaTHOTO THUIIEp-
TeoOMeTpUIeCKOTO psima. Takue GOpMyIIbl IPEICTABASIOT ()YHKITIIO FJ(DN) B
nonxoxamux nonobaacrax CV B Buzne Apyrux 0O60OIEeHHBIX TUIIEPTreoMeT-
PUYECKUX PSAOB, SBJISIONIUXCSA PENIEHUSME TOH K€ CUCTEMBI ypaBHEHUI
C 9YaCTHBIMU TTPOU3BOIHBIMHU, KOTOPOIi YIOBIETBOPSET U FJ(DM. Ob6cyxma-
I0TCsl HEKOTOPBIE IIPUJI0XKEHUS.

Karouesvie carosa: Tunepreomerpudeckue GyHKIMA MHOTUX II€PEMEHHBIX,
AHAJMTHTIECKOE TIPOIOJIKEHNe, KOH(OPMHOE 0TOOparkeHme

Analytic continuation of the Lauricella hypergeometric
function FéN)

The problem of analytic continuation is considered for the Lauricella func-
tion F' I(,N), which is a generalized hypergeometric function of N complex
variables. For an arbitrary N, a complete set formulae is given for its
analytic continuation outside the unite polydisk, where the function is
defined originally as an N-variate hypergeometric series. Such formulae
represent FEN) in suitable subdomains of CV in terms of other generalized
hypergeometric series, which satisfy the same system of partial differential
equations as F EN). Some applications are discussed.

Keywords: multiple hypergeometric functions, analytic continuation, con-
formal mapping

PaGora BeimosiHeHa npu dbuHaHCOBOH noagep:kke POOU (mpoekr Ne 19-07-00750).

Besponunix Cepreit Uropesuu, a.¢d.-m.H., PegepanbHbiii uccaenoBaTeabckuii meaTp "Mu-
dopmaruka u ynpasnenune PAH (Mocksa, Poccust); Sergey Bezrodnykh (Federal Research
Center "Computer Science and Control“ of RAS, Moscow, Russia)
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P FY) (ab, ¢; 2) 6
accmarpnuBaemasi B Jokiage dbyukuns Fpy 0 (a;b, ¢; z) OblIa BBegeHa
Hx. Jlaypmaesoii [1] (cum. Takxe [2]) B KauecTBe OAHOrO M3 Hambosee ecTe-
CTBEHHBIX 0000MIeHuii runepreomerpuyeckoii dyukuuu laycca F(a,b;c; z) Ha

crydait N KOMILTeKCHBIX TepeMeHHbIX (21, ...,2y) = z € CV 1 KommiekcHbIx
N

napamerpos (ag,...,ay) =: a € CN, b u c. Onpenenenuem byHKIHH F[() ),

CIIy2KMT CXopgimiica B eununanoM nomkpyre UN = {z: |zl < 1,5 =1,N }

N—KpaTHBIil THTIEPTEOMETPUIECKUN PSIJT

F(N) (a b c: Z) R i (b)‘k‘(al)kl (G‘N) Zkl ZkN . (2 1)
D ) = 1 AN .
» Ik|=0 (C)|k‘k‘1'kN '
cymmuposanue B (2.1) Bengerca no mynbrumbgexcy k = (ki,...,kn) ¢ Heor-
PHIATETbHBIMA HEeNbIMU KOMIIOHeHTaMH k; > 0, j = 1,..., N, nna xoroporo

k| := Z;V:1 k;. Cumsoa IToxrammepa (a)m, := I'(a +m)/T'(a); npu meorpuma-
TesbHBIX M OH paBeH (a)g = 1, (a)m = ala+1)---(a +m —1). B (2.1) npex-
noJjiaraercd, 4ro ¢ ¢ 7~ . O®yukims FDN VAOBJIETBOPAET CJIEIYIONIENl cucreMe
u3 N JiMHEAHBIX ypaBHEHUi ¢ 4aCTHBIMY IIPOU3BOAHBIMHE, cM. [1], [2]:

0%u N 0%u
Zj(l — ZJ)@Tﬁ + (1 — Zj) Z - ka +

+[ (+aj+b)zj] - JZ“ 3zk
— ajbu =0, j=1,N; (2.2

31ech mTpux’ HaJ CyMMOI 03HAYAET, YTO CYMMHWPOBAHUE BENETCS TO k # 7;
napamerpsl a, b U ¢ BXOIAT B BLIPAYKEHUST J1J1sT KOIMDMUIMEHTOB ypaBHeHwii. 13-
BecTHO [1], [2], uTO ObImee pertenne cucremsr (2.2) 3aucut Jgumb or (N + 1)-it
MIPOM3BOJIHHON KOMILIEKCHON OCTOSHHON, TAKKIM 00pa30M, OHA SIBJISETCS Iepe-
onpenenenHoit. OcoObiM MHOKECTBOM M 3TO# CHCTEMBI SABIAETCS 00be THHEHIE
TUTIEPIIIIOCKOCTeH M;T) ={z¢€ c". zj =1}, tae 7 € S :={0,1,00}, m rumep-
nockocreit M = {z € T z; = z1}; 3aeck j, | =1, N, j # l; pacmmpennoe
N —N — —

npocrpanctBo C  ompezensiercss kak C = C x --- x C.

[leHTpaJbHBIM HEPEIIeHHBIM BOMPOCOM s (GyHKIuN Jlaypuuesist FEN)
OCTABAJIACH MPOOAEMA €€ GHAAUMUNECKO20 NPOJOAICEHUA. DTa, TIpodIeMa 3a-
KJIIOYAIOIIAeTCs B TOM, 4To0b! BHe nojmkpyra UY ykasaTsb mpejicraBieHns BIIA

N
F](DN)(a; b,c;z) = ijo Ajuj(asb, c;z), z ¢ UV, (2.3)

rae dyukuun uj(a; b, ¢;z) — 000OIIEHHbIE THIIEPreOMeTPUIECKHe PAIbL (OTIHI-
HbIE OT MCXOAHOH (DYHKIUM), KOTOPbIE, TAKIKE KAK U ng), YJAOBIETBOPSIOT CH-
creme (2.2), a k03bdUIUEHTHI \; 3aBUCAT OT HAPAMETPOB a1, ..., 0N, b, ¢ 1 He
obparuatorcs B Hysib ogaoBpemento. I[Ipencrasienus suzga (2.3) naspiBaior gop-
MYAAGMU AHAAUTIUUECKO20 Npodossicenus. OTMeTuM, 9To B mpaBoil dactu (2.3)
durypupytor (N + 1) ciaraeMbix, MOCKOJIbKY MMEHHO TaKOe YHCJO JINHEHHO
HE3ABUCUMBIX pereHnii umeer cucrema (2.2). dru HGopMyIibl ABIAIOTC IPAMBIM
06061eHreM cooTBercTByOMUX npeacrasiennii [3] miua dbyuxmuu Taycca.
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Hokanax nocssiien pedysnbraram paborbl [4], rue npu UpOU3BOIBHOM HUC-

se N nepemenubix dyukuuu Jlaypudaesisr F j(DN) upejcrasiers Habop dbopmyir
AQHAJIMTUIECKOrO TPOIOIKeHus (2.3), 061aCTH CXOAUMOCTH KOTOPBIX B COBOKYTI-
noctu oxpesator CV \ UV (3a mckmodennem HekoTopbIx rumeprockocteit). K
HACTOAMIEMY MOMEHTY OBLITN W3BECTHBI 9ACTHBIE PE3YIbTATHI, COOTBETCTBYIOIIAE
ciydasam 2-x u 3-x nepemennbix dbyukuuu Jlaypugemnisr F j(DN), cum. [2]. B nokana-
Jle TaKyKe JAHO MPUJIOKEHNE Oy IeHHBIX (DOPMYJT aHATMTHIECKOTO MTPOIOJIIKE-
uus Gyaknun Jlaypuaenasr F [()N) K 3 EKTUBHOMY TOCTPOEHUIO KOH(MOPMHOTO
0TOOpAKEHNsT MHOIOYTOJIbHBIX 001acTel.

B kauecrse upumepa upuseiem (opmyist (cM. [4]), H03BoJIsOILIME AHAIUTH-
YECKU MPOJIOJIKUTE F j(DN) B 06J1aCTH GOJIBIMAX TIO MOJYJIIO TIEPEMEHHBIX, TOUHEe
B o6macte VV :={z:|z] >+ > |an| > 1; |arg(—2;)| < m,j =1,N }, a rax-
xe B obnacrn suga VY = {z : 0(z) € VV}, rne o(z) — pesyasrar geiicraus
HEKOTOPOTO IJIEMEHTA 0 TPYIIIIBI TIEPECTAHOBOK Sy MHOXKeCTBa 13 [N 3JIeMEHTOB.
TIpexk e 4eMm mepeiTn K TAKOMY IIPOJIOIKEHHIO, ONPEAETUM BETAINHBI

J
hj = (al, ceey i1, 1—c+ bv Aj41y- - ’a’N)’ |a17j| = Zk;] Ak |a‘ = |a1’N‘,
_ 1 1 Z1 Zj—1 ~j %
= () Y= (2 ey 2 ),
z1 ZN <j Zj Zi+1 AN

U 3aluIeM cJieayonuii 0600IIeHHbIH MrumepreoMeTpuaeckuii psi [2]:

‘ oo Opgl @k - (@N)ky 5 g
G (a5 b; ¢ 2) = Z\m:o (e, Bl - ky! ! oy (24

rae soipaxkenwe |k;| aas mynstunagekca k = (ki, ..., ky) o3naqaer

. ks - Zi;i ksa

J

N

k;| = ZS:

a mapaMeTp j MOXKET MPUHUMATH 3HadeHus 1, ..., N +1. O01acTbio CXOIUMOCTH
pama (2.4) npu Beex j = 1, N + 1 apaserca exuamanbiii nomakpyr UY. Crpa-

Py

BEJIJTUBO CeIyTolee yTBep KIeHne, TO3BONAIoNee IPOJOIKATE Fy /B 001acTh

VN

Teopema 1. Ecau nwu 00no us wucea b — Y 1_,a;, j = 1, N, ne asasemcs
ueAsM, Mo anarumuueckoe npodoasicenue pada (2.1) e obracmv VN daemcea
dopmyrot

N
Fl()N) (a; b, c;2) = o BjU§m)(a; b, ¢; z), (2.5)

2de Pynryuy L{éoo), Z/l](oo) ONPESEAFIOMEA PABEHCTNEAMU

Z/IO(OO)(a; b, c; z) = (lel

j—1
U o b 2) = () (T )

N
(—z)~™ )FlgN) (a; 1+|a]—¢, 1+ |a]—b; z_l)7 (2.6)

=1 (2.7)

X G(N’j) (hj7b — |a17j,1\, 1-— |al,j| + ba yj(z_l))v

Il
=
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6 (2.6), (2.7) nod F,(DN) u GNI) nonumaromes padw (2.1) u (2.4), Bj umerom
sud

_TOT(b-[a)
P =t T (e fal)’
B, — F(C)F(b — |a1,j—1‘)r(|al,j| - b) j=1,N. (2.8)

(a;)T(B)T(c — b) ’

Dynryuu (2.6), (2.7) obpasyrom noanyro cucmemy AUHETHO HE3ABUCUMDLEL De-
wenuti cucmemni (2.2) 6 obracmu VY.

Ananuruyeckoe nponomkenus Qyakiuu F [()N) B obmacts VY, o0 € SN, na-

ercs dbopwmymoii (2.5) ¢ 3ameHoil B ee mpapoil wacth a Ha o(a) n z Ha o(z).
IIpu 3ToM GyHKIUHI U;Oo)(a(a); b, ¢; 0(z)), j = 0, N, 06pa3yioT moaHbIi HAGOP
JIMHEHO He3aBUCHMBIX pernennii cucrembl (2.2) B obmactu VY,

B 3akiouenmne 0OTMETHM, 9TO Pa3BUTHIN B paboTe MOIXO] MOKET OBITH MPH-
MEeHEeH /I aHAJUTUIECKOTO TTPOTIOKEHU ST, TO—BUINMOMY, JIOCTATOYHO MTUPOKO-
r'0 KJIaCCA TUIEPreOMETPUIeCKUX (DYHKIHI MHOTUX MEPEMEHHBIX, B TOM YHUCIIE,
erte Tpex QyHKIUi FIE‘N), ng) u FéN), BBegennbix k. Jlaypuuesoit [1], [2].
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OB OJJHOM KJIACCE ®PEJATOJIBMOBBIX KPAEBBIX
3AITAY IJI14 BO/JITHOBOTO YPABHEHUSA C JIAHHBIMU HA
BCEM I'PAHUIIE
A.B. Boaraues, A.}0. CaBun
boltachevandrew@gmail.com, antonsavin@mail.ru

YIK 517.9

Wccnenyrorcsa kpaesble 3a7a4n jTsi BOTHOBOTO yPAaBHEHNUs C JAHHBIMU HA
Bceil rpanune. /{aHbl yc/10BUd, [IPY BBIIIOIHEHANA KOTOPBIX KPAEBAs 33149
saBJIsteTCs (HPearoIbMOBOM B MOAXOAANNX (DYHKIMOHAJIBHBIX IIPOCTPAH-
CTBaX. DTH YCJIOBUS CYIIECTBEHHBIM 00Pa30M 3aBUCAT OT CTPYKTYDBI Tpa-
eKTOPU Ie0Ie3U4eCKOr0 HOTOKA.

Karowesoe caoea: BOTHOBOE ypaBHeHHe, (HhPEeAroIbMOB OIEPATOD, SJLIAII-
TUYHOCTD, Fe0Je3UIeCKHUIl II0TOK

On a class of Fredholm boundary value problems for the wave
equation with conditions on the entire boundary

We study boundary value problems for the wave equation with conditions

on the entire boundary. We obtain conditions, which guarantee Fredholm

property of the problem in suitable spaces of functions. These conditions

depend on the structure of trajectories of the geodesic flow in an essential

way.

Keywords: wave equation, Fredholm operator, ellipticity, geodesic flow

PaccmaTpuBaeTca KIace KpaeBbIX 3aJad I BOJHOBOTO yPABHEHHA C JAH-
HBIMU Ha Beell rpanune. MccnenoBanue 3a5a49 TAKOIO THIIA KMEET JABHIOI HCTO-
puto (cm. paborbl Bypruna u Tiobduna, Txona, Cobosesa, ApHosubua u Ap.)
BwMmecre ¢ TeM, 3a/1a9M TAKOTO BUJIA BO3HUKAIOT U B MPHUJIOKEHUAX (HAIPUMED,
nccaeIoBanue 3ama9n JIupuxie Nrpaer BaXkKHYIO pOJIb MPH PEIICHAN 3aJa91 O
PABHOBECHH BPAIIAMOIIEHCA KUIKOCTH).

MpbI mcenemyeM Caeayonyio KpaeByio 3aJ1ady JJisg BOJHOBOIO YPABHEHHS C
JAHHBIMK Ha Beell rpanune. Ilycts M — ryiaJikoe KOMIIAKTHOE PUMaHOBO MHO-
roobpasme, A — HeOTPUIIATEILHBII oneparop Jlamraca-BensrpaMn, acconumpo-
BAHHBIN ¢ pUMAHOBOM MeTpuKkoit Ha M. QuKCUpyeM HEKOTOPOe TOJIOKUTETHHOE
gucyo 7. Ha mumusape [0, 7] X M ¢ koopauHaTamu (t, ) pacCMaTpUBaeTCs Clie-
JIyIOIIasg Kpaepasd 3a/1a4a;

0%u

— 4+ A

ult:():gla (1)
ou

A B— =

<“+ 8t>t_7 92

PaGora BeimosHeHa npu (unancoBol noggepxke PO®U (mpoextsr Ne 16-01-00373, 19-
01-00574) u DFG.

Bosrages Auapeii Baagumuposud, crygent, PYV/IH (Mocksa, Poccus); Andrei Boltachev
(RUDN University, Moscow, Russia)

Capur Artor IOpneBny, n.¢d.-m.H., npodeccop, PYIH (Mocksa, Poccus); Anton Savin
(RUDN University, Moscow, Russia)
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rae g1, go — w3Bectuble Gynkiun sa M, f — bynxmua ua [0,7) x M, a Au B —
(ncesno) nuddepentmanbunie oneparopsbl Ha M mOpaakos 1 u 0 cOOTBETCTBEH-
HO.

B ciyuae oHO# npocTpaHcTBeHHOlN nepementoit (T.e. M = S!) zazaua (1)
ObLIa uccienoBana AaToHeBrndeM. B Hacrosimeil pabore MbL UCCIemLyeM ODIILyI0
curyanuio. 3azady (1) MOXKHO TakzKe MHTEPIPETUPOBATH Kak 0O6paTHYIO 3a/a-
4y i BOJHOBOI'O YDABHEHHUs: 33/IAHO HAYAJBHOE OTKJIOHEHHE M HEOOXOIUMO
HAWTH HAYAJIBHYIO CKOPOCTH IO 33JaHHON JIMHENHOW KOMOWHAIMU OTKJIOHEHUS
¥ CKOPOCTH B MOMEHT BPEMEHU { = T.

OcHoBHOI pe3ynbraT paboThl COCTOUT B YKA3AHUU YCIOBUN Ha KO3 DUIMEH-
Tbl 33124 (1), IPU BBIIOJIHEHUU KOTOPBIX JAHHAS 33242 sBJIAeTCs (DPeirosb-
MOBO# B MOAXOAANIMX (DYHKIIMOHAIBHBIX pocTpancTBax. OKa3bIBAETCs, YTO ITU
YCJIOBHUST CYIIECTBEHHBIM O0PA30M CBS3aHBI CO CBONCTBAMHU IWHAMUKHU TeOIe3U-
9ECKOr0 TIOTOKA Ha KOCHEPHUIECKOM PACCIOEHUN MHOr00Opa3nsi.

Ounumem kparko mian pemenus 3a1a49u (1). CHauasa Mbl IPOBOIAMM PeIyK-
U0 33/1a491 HA, PPAHUILY, TIOJIb3YsICh U3BECTHBIME Pe3yibraTaMu 00 OJTHO3HATHON
pazpemmumocru 3amaan Kommu., Kakoit ke oneparop nojiy4aercs B pe3yibTare

ceenenns 3amaqn (1) mva rpamuiry? OKa3blBAETCs, YTO Ha TPAHUIE TOJIYIACTCH
+itVA

OIepaTop, PABHBIH JUHEHHON KOMOMHAIIUU OIEPATOPOB € C HEKOTOPbIMU
nceBnoandGepeHITnATBPHBIMU OTIEPATOPAMHU, BHICTYTAIONIAMA B KA9€CTBE KOI(D-
dbummenTos. Hamo ormernTs, 94TO OMepaTopst etTVA gpIMI0TCS KBAHTOBAHHBI-
MU KaHOHMYeCKuMU npeobpazoBanusamu (cMm. paborsr Poka, Maciosa, Xepman-
Jlepa) U acCOUMUPOBAHBI C KAHOHUYECKUM I1PEoOPA30BAHMEM KOKACATEIHHOIO
paccaoeHnsT MHOr0OOpa3uss — reOIe3nIeCKUM HOTOKOM. Takum 00pa3om, Mbl
AMeeM JIeJI0 C OIepaTOpOM, KOTOPBINA aCCONUUPOBAH C TPYNIONA, TOPOXKIEHHON
CTEMeHsIMI KBAHTOBAHHOTO KAHOHMYECKOr0 peobpa3oBansi. ®pearoibMOBOCTh
OIIEpaTOPOB TAKOro Buia OblIa HEJABHO UccieqoBaHa B paborax [1,2]. B uuru-
POBaHHBIX PAbOTax OBLIO MTOKA3AHO, ITO B ITOH CATyaIun paboTaeT moIX0/I, CBs-
3aHHBIN ¢ JoKajau3anueil, npumenenuem reopun C*-ajrebp U UX CKPENeHHbIX
npousseenuii (cM. paboThbl AHTOHEBUYA U €r0 MIKOJIbI ). IIpUMeHsst pe3yabTaThl
YKA3aHHBIX PA0O0T, MBI MOIyIaeM YCJI0BUS (DPEAr0JIbMOBOCTH MCXOTHON 32 a9H.
JIureparypa
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IIPUMEHEHUWE METOJA ACUMIITOTUYECKHNX
UTEPAIINN K OJTHOMY CUHIVYJISIPHO BO3SMYIIIEHHOMY
HEJIMHEMHOMY IU®POPEPEHIIMAJIBHOMY YPABHEHUIIO

BTOPOI'O ITIOPAOIKA
E.E. Byk>xaJuésn
bukzhalev@mail.Tu

VIIK 517.928.4

Ha mpumepe 3amaum Kormmm 11 0qHOTO HEJIMHEHHOTO CUHTY/ISAPHO BO3MY-
mEHHOTO g PepeHnaIbHOrO YPABHEHUST 2-TO TOPSIIKA TPOIEMOHCTPH-
POBaHA BO3MOXKHOCTH IIOCTPOEHUS IPUOJIMKEHNN, CXOAAINXCA K TOTHOMY
PElIeHnto KaK B OOBIYHOM, TaK W B aCUMIITOTHYECKOM CMBbICIaX. [locTpo-
eHre TPUO/IMKEHNI U JOKA3ATE/IHCTBO UX CXOJAMMOCTHU OCHOBAHBI HA W€
OJIyOOpaIeHns OIIePATOPOB U IIPUHITUIE CXKUMAOIAX OTOOPaKEHUN.
Karoueswie cnosa: CHHTYISpHBIE BO3MYyIeHnsi, Teopema bamaxa o Hemo-
OBUXKHON TOYKe, METO/, aCUMOTOTUIECKUX UTepanui

Application of the method of asymptotic iteration to a certain
second-order, singularly perturbed nonlinear differential
equation
By an example of the Cauchy problem for a certain second-order, nonlinear
singularly perturbed differential equation, the possibility of constructing
approximations that converge to an exact solution in both ordinary and
asymptotic senses is demonstrated. The construction of approximations
and the proof of their convergence are based on the idea of the semi-

inversion of operators and the principle of contraction mappings.
Keywords: singular perturbations, Banach contraction principle, method
of asymptotic iterations

Paccmorpum 3a7a4y (I0TpUX — MPOU3BOJHAS O IEPBOMY APTYyMEHTY ):

ey (zie) = — [B+2y(w;e)] ey (x;6) — 2a(x) [y(w;€) + P (w;€)), )
1

y(0;e) =1, y'(0;¢) = —1/e,

rye € > 0 — masbiit mapamerp, x € [0,1], a € C1[0,1], @ > 0 na [0,1] u a(0) = 1.
Ecu 661 @ € C*°[0, 1], To Mmerox norpanndubix dbyukuuii (eu. [1]), mo3sosumn
6bL IOCTPOUTD ACHMMITOTHYIECKOE Pa3yozxenue pemenus 3axauu (1):

o0

y(aie) ~ Y& [gile) + Wiz /e)).

=0

Omrako mockomeKy a € C'1[0, 1], To, BooOITE TOBOPS, MOXKHO OIIPEIETHTh TOIBKO
Y ) ) )

e norpanuynbie Gyukuun — o u I (upu 310M BO3MOKHOCTH OLpE/eIeHus

BCEX §; HE CBA3aHA CO CTELEHBIO iaakocru a, u y;(z) = 0, ecan a # 0 na [0, 1]).

PaGora BeimosiHeHa Tpu dbuHAHCOBOH nmoamep:kke POOU (mpoexTt Ne 18-01-00424).
Byxxxanés Esrennit EsremneBumd, k.d.-m.H., goument, MI'YV umenu M.B. Jlomonocosa
(Mocksa, Poccus); Bukzhalev Evgeny (Lomonosov Moscow State University, Moscow, Russia)



230 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

Oyuknus [Iy ymoBreTrBopser HeJUMHEHHOW aBTOHOMHON HAYAIbHON 3a1ate:

10§ (&6) = — [342Mo(&;¢)] 15 (&5 ¢) — 2a(0) Mo (&3 €) + IT5(E; €)),
o(0) =1, TMg(0) = —1.

Yuurbisag pasencrso a(0) = 1, neciozkuo ybeaurnes, aro Io(€) = e¢.
Jna ynknum I1; momydaercs TuHeiiHAS HEABTOHOMHAS HAYATLHAS 381494

I} (&e) = — {3+2e (&) — 2{a(0) + [2a(0) — 1] e ¢} II; (&¢) —

—2d(0)€(e”C +e7%), T0,(0) =TI15(0) = 0, @)

pelenre KOTOpoii MOXKET ObITh 3aMMCAHO ¢ MOMOIb0 GyrKimnr Kormn K:
€ _
(€)= ~200) | KeO¢(e < +e ).
0

rie K(§ )= 7e —§+¢ _ 26 —&4(+2e7 5 —2e7 ¢

,Z[aanemuee uccenoBanre 3329 (1) mpoBenéM mo cxeme, IPeIOKEHHON
B [2] mu1st HENMMHEAHONO CUHIYJISPHO BO3MYIIEHHOIO Y PABHEHU [IEPBOIO IOPAIKA
(mobarnB HEOOXOAMMBIE yCIOKHeHNs). HauHéM ¢ 3aMeHbI TepeMeHHBIX:

w=c& ylwie) =To(§) +e2(§e) = e +ez(&e), £€[0,1/e].
Hns vopoit dbyukuum z(-; &) nmeem:
2(&e)= —{3+2e ¢} (&e) —2{a(e€) + [2a(e€) — 1] e ¢} 2(&e) +
+ f(Z(&e), 2 (5,5),5;5), 2(0) = #'(0) =0,

vie f(v,2,&6¢) =2 a(e€) —a(0)] (e7¢ +e72) —2czv — 2¢ea(ef) 22
Bagaua (3) 9KBUBAJIEHTA UHTEIPAJLHOMY YPABHEHUIO:

(3)

/ K(6,6:9) F(Z/(Gie), 2(Gi€), i) dC = A(E)(2(32), 2 (52))(©), ()
rae K (-, ;¢) — bynknus Komu nuddepenipaibHOro ypasHeHus:
Z"(&e)= —{3+2e ¢} Z'(&e) —2{a(c€) + [2a(e€) — 1] e *} Z(&e). (5)

Caezenue 3a1a4u (3) K ypaBHenuio Bua (4) — vacTHblii ciaydail pacupocrpa-
HEHHOTO MPUEMA, HCIOIb3YEMOTO I TOKA3ATEIHCTBA TEOPEM CyIIEeCTBOBAHUS U
€IUMHCTBEHHOCTH M OOOCHOBAHHUSA ACHMITOTHYECKUX PA3JIOKCHUN PEIIeHHH CHH-
TYJSIPHO BO3MYIIEHHBIX ypasHenuit (cm. [1]). Tlepexon k ypasuenuto (4) mo3ro-
JISIET TIOCTPONTH UTEPAIMOHHYTO MOCJIEI0BATETHLHOCTD {2y, (5 €)}, cxomsmyocs K
pemennio 3anaun (3): 2, (& €) := A(e)(2n-1(€), 2,1 (::€))(€), n € N. lannprit
criocob mpubIrKEHHOTO pernenus 3a1a49u (3) (a Bmecte ¢ TeM u 3axaqu (1)) 06-
JIaTaeT TeM HEeJOCTATKOM, UTO [ ero peann3aiun Heooxomuma pyukinns Ko
ypasHenusi (5), He BbIpaxKaloliasics B jieMeHTapubix Gynkuusax. s ycrpane-
HHsI 3TOTO HeIoCTaTKa mpeobpasyem nnddepeHtmaabHoe ypaBHeHne 1uist (- €):

(&)= — {3+2e7} 2 (&e) — 2{a(0) +[2a(0) — 1] e ¢} 2(&e) +

, (6)
+ f(z' (5;5)»2(6;6),5;6), z(0) = 2'(0) =0,
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rie f(v,z,6¢) = 2e a(e€) —a(0)] e +e X +e(l+2e ) 2] —2e2v —
—2ca(ef) 2?2
Bagaua (6) SKBUBAJIEHTA UHTEIPAJBHOMY YPABHEHUIO:

/Kgc 2(C0), 2(C0), o) dC =2 A(e)(2(5€), 2 (€))(€)

¢ TO# ke yHKIHeH K , 9to u B dhopmyne g [1;. 3amerum, aTo f OTJINIAETCS
or f nomomauTenbubM ciaraembiM 2 [a(e &) — a(0)] (1 + 2e7¢) 2, u3-3a Koro-
POTO UTEPAIMOHHAS TOCIENOBATENBHOCTD {2y, (+;€)}, MOCTPOEHHAST ¢ MOMOMIBIO
OIIEPaTOpPa, fl(s), BOOGIIE TOBOPS, PACXOANTCS TP GOMBIIX 3Ha9eHUAX £. na
TTOJTY Y€HUsT CXOISAIIUXCS TPUOJIMKEHHiT e pa3 mpeobpasyem auddepeHnmuab-
HOe ypaBHeHme i z(+; €), 100aBUB B HEro HOBBIN mapamerp x € [0,1]:

Z(&e) = =32 (&e) — 2a(x) 2(§¢) + 9(2'(§5€), 2(63€), &5 €) —
+ (2 (&e), 2(&e), &se),  2(0) = 2'(0) =0,
re f(v,2,&m,¢) = 2a(z)—2(c€)] 2—2e a(e &) —a(0)] (e S +e %) —2ezv—
—2ea(e€) 22, g(v,2,6e) = —2eCv—2[2a(c€) — 1]e 2.
Bagaua (7) upu kaxaom z € [0, 1] sxkBUBajIEHTa HHTEIPAJTHLHOMY YPABHEHHUIO:

(7)

s = | R G a) A (G, 2),2(Cms ), G d =
— Alr, )25 3,0), 7 (52,))(©),
e h(v,2,Ci,6) = §(v,2,(e) + F0,2,G2,6), B(,7) — dynxuns Komm
b hEDEHITHAIBHOTO YPABHEHNS ¢ TOCTOAHREME K03GbbUIHenTaM:
2'(&5w) = —37/(Ex) — 2a(x) Z(€: 7).

MozKHO JOKa3aTh, 4TO €C/Iu B ypaBHeHUU (8) Ha MECTO & IIOJCTABUTH JIHO0Y IO
dyukuuio € u € co 3navenusmu Ha orpeske [0,1], To moaydurcs ypasHeHue,
pasuocusbroe 3azade (3). [lonaras © = €, UpUXOAUM K ypPABHEHUIO:

2(§¢) = A(e¢€, €)(2(5), 7/ (5€))(§)-

BamMernM, 4TO H3-3a CIAraeMOro §, BXOJAMIErO B h, MTEPAIMOHHAS MOCIEI0-
BATETLHOCTE {2, (+;€)}, mocTpoernas ¢ momonmsio onepatopa A(e&, €), Boobme
TOBOPSI, PACXOIUTCS TIPY MAJIbIX 3HAUeHUsAX £. [1j1 yecTpaneHus mOCIeHEro mpe-
IIATCTBUA Ha oyTn IIOCTPOCHHUA CXOAAINXCA HpI/I6HI/I}KeHI/Iﬁ IIOJIOZKUM

(8)

/ K'(€,0) [((Ge), 2(Ge), (o) d¢ = A'(e) (2(552), 2/ (5€))(6),

G(A () (2(5), ' ())(€), Ale) (2(5), 2/ (5€))(€), & €) = G(e) (2(5 ), 2 (5€))(€),
9 (2(56), 2 (50)(€) + (2 (& 2), 2(6:€), & £ €, ©) = h(e) (2(52), 2/ (556)) (),

u 3aMennM B (8) dbyHKIMIO h Ha onepaTop h (coXpaHUB [IPHU ITOM IOACTAHOBKY
x=c& B agpe K(-,x)):

£ .
:/0 K(& ¢ e h(e)(2(:1¢),2'(6))(¢) d¢ =: A(e) (2(1¢), 2 (1€)) (&),
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MoxkHO m0Ka3aTh, YTO, BO-TIIEPBBIX, MIPU BCEX JOCTATOTHO MAJBIX MTOJOXKH-
TEJILHBIX € UTEPAIHOHHAS MOCIEA0BATEILHOCTD {2, (+;€)}, HOCTpOeHHAS ¢ TIO-
mompio A(e), exompmest K pemennio 3azaun (3) mo mopme C[0,1/¢]: ||2(-,€) —
— 2p(+,€)|| = 0 mpu n — oo, u uTO, BO-BTOPBIX, ||2(+,€) — 2, (-, €)|| = O(e"T1).
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O CUHI'VJIAPHO BOSMVYIIIEHHBIX 3AJJAYAX C KPATHBIM
KOPHEM BHBIPOK/IEHHOT'O YPABHEHU A

B.®. Byrysos

butuzov@phys.msu.ru

YIK 517.928.4, 517.956.8

Ha mpumepe KpaeBoil 3aa9u I8 CHHTYJISIPHO BO3MYIIEHHOU YaCTHIHO
[UCCUNATUBHON CHCTEMBl yPABHEHMU IIOKA3aHBI OCOOEHHOCTH ACHMIITO-
TukH (0 MaJjIOMy MapaMeTpy) PEeIeHus, KOTOPhIe BO3HUKAIOT B CIyYae
KPATHOT'O KOPDHSA BBIPOXKJEHHOI'0 YPaBHEHUS.

Karouesvie c06a: CUHTYISPHO BO3MYIIIEHHBIE 33/Ia9M C KPATHBIM KOPHEM
BBIPO2K/ICHHOI'O ypaBHEHUd, [IOIPDAHUYHBIN CJIOH

On singularly perturbed problems with multiple root of the
degenerate equation

On the example of a boundary value problem for a singularly perturbed
partially dissipative system of equations, the features of asymptotics (by
a small parameter) of the solution arising in the case of a multiple root of
the degenerate equation are shown.

Keywords: Singularly perturbed problems with multiple root of the de-
generate equation, boundary layer

PaGora BeimosHeHa nipu dbuHAHCOBOH mopaep:kke PODU (mpoext Ne 18-01-00424).
Byry3os Bamenturn ®egoposBud, g.¢.-Mm.H., mpodeccop, MI'V mmenu M.B. Jlomonocosa
(Mocksa, Poccus); Valentin Butuzov (Lomonosov Moscow State University, Moscow, Russia)
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Cunrynsaprao Bosmymierabie audQepeHiuaibible YPABHEHUS W CHCTEMbI
YPaBHEHWH aKTUBHO MCCIETYIOTCS, HAUMHAS C CEPEIMHBI MPOITIJIOTO BEKA TIOCTIEe
nosijieHnsi ocHopomnosaramomux pabor A.H. Tuxonosa [1], JI.C. IlouTpsirnna n
E.®. Mumesxo (cM. [2, 3]), M.W. Bummuka u JI.A. Jliocrepruxa [4].

s perieHwit MHOTUX CHUHTYJISPHO BO3MYIIEHHBIX HAYAIbHBIX W KPAEBbIX
3a/1a4 XapaKTePHOH OCOOEHHOCTHIO SBJISETCS HAJIMYUE IMOTPAHUYIHLIX U (UJIn)
BHYTPEHHUX TIEPEXOIHBIX CJIOEB, I7e TPOUCXOAUT OBICTPOE N3MEHEHNE PelleHus.
OauM 13 3P HEKTUBHBIX METOIOB MOCTPOEHUS ACUMIITOTHIECKUX PABIOKEHUIT
peleHnii CUHIYJISPHO BO3MYIIEHHBIX 33184 C IOrPAHUYHBbIMU (BHYTPEHHUMH)
CJIOSAMU IBJI€TCS MeToq, paspaborannbiii A.B. Bacunbesoii [5] ¥ TIOJIY YABIINA
JajbHeliee pa3BuTue B ee paborax, paboTax ee y4eHWKOB W APYTUX yUIEHBIX.
DTOT MEeTOJ yCIEIHO paboTaeT B TeX CJIydasX, KOrjla COOTBETCTBYIOIIEE BbI-
POXK/IEHHOE YDABHEHHE UMEET [IPOCTOI (T.€. ONHOKPATHBIN) yCTORYUBBIA KOPEHb.
IIpu 310M ycsioBuu GbICTPOE U3MEHEHUE PELIEHUs B IOIPAHUYHOM (BHYTDEHHEM )
CJTOe WMEET HKCTIOHEHITHATHHBIN XapaKTep.

B nociiemee Bpems Beercs aKTUBHOE U3YYEHHUE CUHIYJISIPHO BO3MYIIEHHBIX
33724, B KOTOPBIX BBIPOKIECHHOE YPABHEHNE MMEET IBYKPATHBIN MJIM TPEXKPAT-
HBIT KOpeHb (cM., HarpuMep, [6 - 9]). Oka3aI0ch, 9T0 BO MHOTHX TaKHMX 3a1a9aX
[OBE/IEHUE PEIIEHUs] B IOIPAHUYIHOM (BHYTPEHHEM) CJI0€ KAYECTBEHHO OTIMYALT-
Cs OT TOBEJIEHUS B CJIy9ae MPOCTOrO KOPHS BBIPOXKIEHHOTO ypasueHus. [lorpa-
HUYHBIA (BHYTPEHHUI) CJIOH CTAHOBUTCH MHOIO3OHHBIM C PA3JIMYHBIM LOBEJE-
HUEM PEeTTIeHns B PA3HbIX 30HaX. B 9acTHOCTH, B c/Tydae TPEX30HHOTO TIOTPAHUY-
HOTO CJIOS IOrPAHUYHBIE (DYHKIUH B IEPBO# 30HE YOBIBAIOT CTEIEHHBIM 00pa30M
C POCTOM IIOIPAHCJIONHOI EepEeMEHHOIA, 3aTeM cliefyeT Bropas (nepexoaHas) 30-
Ha, B KOTOPO# MPOMCXOIUT M3MEHEHNE MACIITa0a IMOrPAHCIOWHON IepeMeHHON
U Xapakrepa yObIBaHUs IOIPAHUYHBIX (DYHKIMIl, W, HAKOHEI], B TPeTbeil 30He
BO3HUKAET MOTPAHCJIONHAS TEPEMEHHAS C APYTUM MACIITA0OM W C €€ POCTOM
morpaHnyHbie byHKINY yOBIBAIOT SKCIIOHEHIINAIBHO.

Onucannoe TOBEIEHNE PEIIeHUsT JeJIaeT HETPUMEHUMbBIM KJIACCHIECKUN aJl-
roput™m A.B. Bacunwesoii. Paspaboran HOBBIH aJropuTM, MO3BOJISIONIAA CTPO-
UTh €IMHBIE MOTPAHUYHBIE (PYHKIUU CPA3Y I BCEX 30H MOTPAHUIHOTO CJIOs,
YTO OTJIMYAET HOBBIH IOJXO0J OT U3BECTHOIO METOJa COrJIacOoBaHUs (CpaluBa-
HUsl) ACUMITOTUYECKUX PA3JIOKEHU, IIOCTPOEHHBIX PA3/IEJIbHO B PA3HBIX 30HAX.
Hospriit k1acc 3aa4 norpedboBas TakzKe JTaJbHEHIIEro pa3BuThs METOI0B 000C-
HOBAHMS MOCTPOEHHBIX ACUMNTOTHK. (OCHOBHBIM METOJOM y HAC CTaJ ACUMII-
ToTrdeckuii MeTon auddepeHnraIbHBIX HEPABEHCTB, CYyTh KOTOPOTO COCTOUT B
TOM, YTO HUXKHEe W BepXHee PeIleHus 33Ja41 KOHCTPYUPYIOTCS HA OCHOBE TIPeI-
BApHUTEIHHO ITOCTPOEHHOHN (POPMATBLHON ACHMIITOTHKH.

Bce 3t ocoberrOCTH O6YAyT TOKA3aHBI B JOKIA/IE HA IPUMEpe KPaeBoi 3a1a-
qn Jlupuxiie [ CTaroHapHON YaCTUYIHO [IUCCUIATUBHON CHCTEMBI ABYX YPaB-

HEHUii. )
d d
62 (dx,l; - w<x)dz> = F(U,U,I,5),
d
2 = fluvae), @ e (051),

rae € > 0 - majbiil napamerp, a BhIpoxkaenHoe ypasuenue f(u,v,x,0) = 0 umeer
JBYKPaTHBII KOpeHb u = (v, x).
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JECKPUIITUBHBIN TUII MHOYKECTB TOYEK
IIOJIVHEIIPEPBIBHOCTH TOIIOJIOTMYECKOM SHTPOIINN
JNHAMMWYECKUX CUCTEM, HEITPEPBIBHO 3ABUCHAIIINX

OT ITAPAMETPA
A.H. Beroxun
anveto27@yandez.ru

VIK 517.93

s cemelicTBA TUHAMUYIECKUX CUCTEM, HEIIPEPHIBHO 3aBUCHAIINX OT Mapa-
MeTpa, MOJIyYeHO OMMCaHe MHOKEeCTBA TOUeK MOJIyHeIPEePhIBHOCTY CHU3Y
U MHOXKeCTBA TOYeK IOJIyHEeIPePBIBHOCTH CBEPXY TOIOJIOTHIECKOM SHTPO-
WU €r0 CUCTEM, PACCMATPUBAEMON KakK (DYHKIINS IapaMerpa.

Karwesoie ca06a: TOMOJIOTTIECKAS SHTPOIINA

Beroxun Anekcanap Hukosmaepu4, A.d.-m.H., gouert, MI'V umenu M.B. Jlomonocosa,
mpod. xad. ®H-1 "Beicmas marematuka"MI'TY um. H.D. Baymana (Mocksa, Poccus);
Alexander Vetokhin (Lomonosov Moscow State University, Bauman Moscow State Technical
University Moscow, Russia)
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Descriptive type of sets of lower semicontinuity points and
upper semicontinuity points of topological entropy with
continuous dependence on a parameter
For a family of dynamical systems continuously dependent on the param-
eter, a description of the set of lower semi-continuity points and the set
of upper semi-continuity points of the topological entropy of its systems,

considered as a function of the parameter, is obtained.

Keywords: topological entropy

ITycrs (X, d) — KOMMAKTHOE MeTpUYEeCKoe MpOCTpaHcTBo, a f : X — X —
HEempepbIBHOE oToOpazkenne. Hapsiny ¢ ucxomaHoit MmeTpukoit d ompemesnm Ha X
JOTIOJTHUTEJIbHYIO CUCTEMY METPUK

df(z,y) = max d(f'(z),f'(y)), neN zyeX.

0<ig<n—1

O603nauum uepes By(z,e,n) orxpoireii map {y € X : df,(z,y) < £}. Muozxe-
crBo E C X naswiBaercs (f,e,n)-MOKpLITHEM, eCIn

X C U Byf(x,e,n).

zel

ITycts S4(f,e,m) obo3HAUAET MUHMMAJIBHOE KOJMYECTBO 3jieMeHTOB (f,&,m)-
nokpbiTus. Tonoaoeuueckot dHmponueti TUHAMUYECKOR CUCTEMBbI, HOPOXKIEH-
HOIl HenpepbIBHBIM 0TOOpazkeHueM f, HasbiBaercd Beauuuna |1, c. 120]

htop(f) = lim lim llnSd(f,s,n).

e—>0n—oon

Ilo merpuueckomy npocrpancrBy M u HenpepbIBHOMY OTOOPAXKEHUIO
fiMxX—X, (1)

obpasyem yHKIHIO
o htop(f(,uv )) (2)

B pabore [2] nokazano, 410 B ciaydae, Korga M moJHO, [J1isi TOHOJIOrMY€eCcKOi
suTpoumu cemeiicrsa orobpazkenuii (1) MHO)KecTBO TOYeK npocrpancrsa M, B
KOTOPBIX (DYHKIWS (2) TTONyHETPEepbIBHA CHU3Y, COIEPIKUT MIOTHOE B TIPOCTPAH-
crBe M muOXKecTBO THMa Gg.

Bo3HUKAET eCTeCTBEHHBIH BOMPOC: YTO MPEICTABIAIOT COOOH MHOXKECTBO TO-
YeK TOJYHEMPEPBIBHOCTH CHUZY ¥ MHOXKECTBO TOYEK TOTYHEIPEPHIBHOCTH CBEP-
xy byskuuu (2) ¢ TOYKU 3pEHUs JECKPUIITUBHON TEOPUU MHOKECTB?

B pabore [2] Gbuia nosydena dhopmysia s TONOJOIMIECKON IHTPOLUH, KO-
TOpast MO3BOJIAET YCTAHOBUTH

Teopema 1. Jlasa npoudeosvrnozo npocmpancmea M muoorcecmeo mouex
noaynenpepueHocmu cnudy gynryuy (2) asasemcea muoocecmeom muna G,
a4 MHOIHCECTNBO €€ MOYEK NOAYHENPEPHLEHOCTIU CEEPTY — MHOHCECTNEOM MUNG
F,s.

U3 pesysbrara paborst [2] mosydaeM ciienyornyo
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Teopema 2. B cayuae noamoms. npocmpancmea M muosicecmeo mouex
NOAYHENPEPHLEHOCMU CHUZY PyHKyuU (2) ABAAEMCA 6CHOOY NAOMHBM MHOJCE-
cmeom muna Gg.

Yepes B obo3maunm muOKecTBo Kamropa ma orpeske [0, 1] ¢ merpukoii,
UHAYIUPOBAHHON CTAHJAPTHON METPUKON BELIECCTBEHHON HPAMON.

Teopema 3. I[Tycms M = X = B. Tozda das 1106020 6c10dy naommozo mHo-
orcecmea G muna Gg mempuseckozo npocmpancmea M cyuecmeyem omobpa-
ocenue (1) makoe, 4Mo MHONCECTNEO MOYEK TOAYHENPEPHLBHOCTIY CHU3Y PYHK-
yuu (2) coenadaem ¢ muogcecmeom G.

Teopema 4. ITyemv M = X = B, mozda naiidemcs omobpasicenue (1)
MAKe, YIMO MHONHCECTNBO MOUEK NOAYHENPEPHLEHOCTNU c6epTy Pynryuy (2) ae-
AAEMCA NYCTBIM.
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ACUMIITOTUKA 1 METO/], PEH_IEHI/IHU YPABHEHU S
IIYACCOHA B OBJIACTHAX C Y3KOU IIIEJIBIO
B./. Biacos
vlasov@ccas.ru
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W310keH aHAMTUKO-UHUC/IEHHBIN MeTO ] pelenns 3amadu upuxite st
ypasuenus Ilyaccona B mmockux 00/1acTaX, IMEIOMUX Y3KYIO HIeJIb C Ia-
PaJIIeIbHBIMU CTOPOHAMY U JHOM ITPOM3BOJILHOMN (popmbl. MeTosr obecrie-
anBaeT 3 dEKTUBHOE BHIYUCIEHNE PEIIEHNS W ero IIPOU3BO/IHBIX BILJIOTH
JI0 KOHTYPa IIEJIA ¥ TIO3BOJISIET HAXOANThH KO3 (DUIMEHTH MHTEHCUBHOCTH
B YIVIOBBIX TOUYKaxX gHa. C €ro moMoIbio Hal/IeHa aCUMIITOTHKA, PelleHusT
B 00/1aCTH, ero rpaJueHTa Ha JHE MEJH U aCUMITOTUKA KO3hdurmen-
TOB WHTEHCUBHOCTH IMPY CTPEMJIEHUN NMTUPUHBI eI K Hy/Io. [as aHa B
BUJIE JyTW OKPYKHOCTU WU JIOMAHOU KO3 (PUIMEHTHI 3TUX aCHUMIITOTHUK
HalIeHbl B IBHOM BHJE.

Karoueswie caosa: 3amaga Jupuxite, ypasuenne [lyaccona, obmactu ¢ y3-
KUMWY eJIMU, KO3DDUIMEHTH MHTEHCUBHOCTH, aCUMIITOTUKN TIPU CTPEM-
JICHUW TMAPWHBI MEJIN K HYJIIO.

Bnacoes Bnagumup VBanoBud, A.¢.-M.H., IJI. HAYYH. COTPYIHUK, PegepaabHbIil HCCIeT0-
Barenbckuit nentp "Mudopmarnka n Ynpasiaerne® PAH (Mocksa, Poccus); Visdimir Vlasov
(Federal Research Center "Computer Science and Control“ of RAS, Moscow, Russia)
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Asymptotics and analytic—numerical method for solving the
Poisson equation in domains with narrow slits

An analyticnumerical method is presented for solving the Dirichlet prob-
lem for Poisson’s equation in planar domains containing a narrow slit with
parallel sides and a bottom of arbitrary shape. The method provides ef-
fective calculation of the solution and its derivatives up to the contour of
a slit, as well as computation of intensity factors at angle points of the
bottom. By means of the method we obtained asymptotics of the solution
in the domain, asymptotics of its gradient at the bottom of the slit and
asymptotics of the intensity factors as the width of the slit tends to zero.
Coefficients of these asymptotics have been obtaind in explicit form, when
bottom of the slit is a circular arc or a polygonal line.

Keywords: the Dirichlet problems, Poisson’s equation, domains with nar-
row slits, intensity factors, asymptotics as the width of the slit tends to
Zero.

Ob6utacTet ¢ TOHKMUME BKJIIOUYEHUSMH U Y3KUMHE IIEJISIMA OTHOCATCS K KJIACCY
cuHTyIsipHO fedopmupyembix obnacreit [1]-[3]. Kpaessie 3amaun B Takux ob6ia-
CTSIX BO3HUKAIOT B psifie TPOOJEeM MEXaHWKHW U (DU3UKU W BHI3BIBAIOT WHTEPEC
KaK Yy MATEMATHKOB, TAK W Y CIHENHAJUCTOB B COOTBETCTBYIOIIMX MPUKJIIATHBIX
obusacrsax [4]-[8]. BaxubiMu BompocaMu siBisioTcs paspaborka 3hdEeKTHBHBIX
BBIYUCJIUTESIbHBIX METOJIOB [ TAKUX 3329 U HCCIEJOBAHUE ACUMIITOTHK UX
PEIEHUsT U er0 XapaKTEPUCTUK [PU CYXKEHUU [IUPUHbL [EJH.

B nmokisane paccmarpuBaercst 007acTh e, PACIOIOKEHHAS HA KOMTIJIEKCHOM
TJIOCKOCTH 2 = T + ¢y W UMeIoIasd Y3KYIO IIeJib IMMUPUHBI 26 ¢ MapajieIbHBIMI
CTOPOHAMU M JHOM IIPOM3BOIHHON (popMbl. UTOOBI ONpeaenTsh ee, BBEIEM:

1) momybeckonednyio obmacts G. ¢ rpamumedi, cocTosmed w3 mydeit 7= =
{z : ¢ € [-00,0],y = *e} u HemepeceKaroIeicsi ¢ HUIMU YKOPIAHOBOI
JIYTH 0. C KOHIEBBIMU TOYKAMU =+ i€, UTPAOIIEH POIb THA IIEeIu, TPUIeM

G.={z:e2€G1},u

2) kopzanoBy obusiacTb (, cozepzKallyio Hadasio KoopauHar z = 0, rpaHuna
KoTopoii G (cupsmiisieMasi KyCOYHO—TJIa/iKas KpuBas 6e3 TOYeK 3a0CT-
penus) nepecekaercsa ¢ OGe TobKO B To4kax A u D, pacuosioxKeHHbIX
COOTBETCTBEHHO Ha JTydax vl m o .

Torpa obnactb g. onpenensercs Kak nepecedenune G N Ge. Ee rpanuna dg.
COCTOUT U3 JBYX 3BEHbEB, COEJIMHSIOMMXCs B TOYKax A u D: nepsbiM 3BEHOM
SIBJIIETCS KOHTYD Ten ¥ C 0G., comepKammmiicss B (7, a BTOPHIM 3BEHOM — JIyTa,
I' C 0G. Bamenum, aro obsacte G, SBJISETCS PACIIUPEHUEM 00JIACTH . Yepe3
ayry I'. TIpu ¢ — 0 nepsas u3 31ux obsacreii npespamaerca B Go = C\ {x €
[-00,0],y = 0}, a Bropaa — B g9 = G \ {z € [-00,0],y = 0}. Beckoneuno
ylaJleHHy10 To4Ky rpanuiipl 0G. obo3nadum qepes M.

IIycts B 0OmacTu g. 3anana 3amada Jupuxie mjis ypaaenus: [lyaccoma

AU&(Z) = P(Z)a Z € ge; UE(Z) =0, z €; UE(Z) = h(z)v zel, (1)

rae P(z) — NOJMHOM OT T U Y C BelecTBeHHbIMU Kodbdurmenramu, a GbyHKIMs
h € Ly(T'). Ee pemternme U, € C?(g.) N C(g. U~.) yIOBIETBOPAET TPAHITHOMY



238 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

yesosuio Ha I' B embicsie Lo [9]. Pemenue 3amaun (1) cymecrByer u e1uHCTBEH-
HO B COOTBETCTBYIOIIEM MpocTpaHcTBe Xapan [9]. B mambreiimem n3noxeHnn
OrpAHUYUMCsL CIydaeM, KOrJa MOJMHOM B IIpaBoil yactu ypasHenus (1) pasen
KoHCTauTe, P(z) = —a; ciydaii o0LIEro moJMHOMA U3y9aeTCs aHAJOIUIHO.
Juia nocrpoenus pemenus 3a0auu (1) 3amumiem ero B Buge cymmbr Ug(2) =
Q:(2) + ¥ (2) pemenus Q. € C?*(G.) N C(G. N M) ypasnernus Ilyaccona B Ge,

AQ. = —ainG.; Q. = 00ndG\M; Q.(2) = 0.5a(e*—y?)+o(1), z — M, (2)

U pellieHusi ypaBueHus Jlamnaca B ge,
A\IIE(Z):*(I,ZEQE; \Ijs(z):()a Z € Ye; \Ils(z):h(z)st(z)a zel. (3)

Perrenne 3ama4 (2) u (3) cTpouTest ¢ MCHONIB30BaHUEM KOH(GOPMHOTO 0T0G-
paxennst ( = F.(z) obaactu G, va H := {y > 0}, mogunHeHHOr0 HOPMUPOBKE
Fe(Ne) =0, Fo(M) = o0, Fo(z) ~ iy/z, tae N = e N1 —T04Ka Ha JiHE LIE/H 0.
Hns psapa dopm nHa o (B TOM 4mciIe B BUAE JyrH OKPYZKHOCTH HJIM OTPE3KA
npsiMoit) orobpaykerne F. ObLIO TOJIYYEHO B SIBHOM BHIE, NGO BHAYANE GHIIO
Hafieno obpatnoe Kk Hemy JF. ! (manmpumep, 1A Ha B BHJE JyTH OKPY>KHOCTH
— depe3 runepreoMyTpudeckue OyHKIUM, a JJIs1 JHA B BHJIE JOMAHON — depe3
unrerpai Kpucroddens — Isapua), a 3arem oHO 6bLI0 0OPALIEHO.

Just obrmeit GopMbl HA HCIOIB30BAJIOCH Ciegyiomee padsoxkenue. Ilycts
. (z) — xoudopmuoe orobpaxkenne obnactu C\ (v U~ ) na H, orBeuaromee
YCJIOBUSAM HOPMUPOBKH, aHAJOIMYHBIM IPUBEJEHHBIM it Fe; OHO BBIPAXKAECTCH
uepe3 dyaknuoo Jlam6epra. Torma ais F. COpaBeminBO Pa3IOKEHNE

F(2)=0(2)+ Y B [0.(2)] 7 (4)

cxongieecs B G, 3a HCK/IIOYEHMEM MAJIOH OKPECTHOCTH JiHa 0. Jlisg HeKoTo-
pbIX (B TOM 4HC/IE yIOMSIHYTBHIX BbImie) (GopM JHA MOJIYYeHbl PA3IOKEHUA B
OKDECTHOCTH JIHA, OOJIACTH CXOJMMOCTH KOTOPBIX B COBOKYITHOCTH C (4) TIOKDPBI-
paioT Bcio G.. B (4) xoadbdummentsr By, onpeaensioTca TOMbKo hOpMOil THa I
He 3apucaT o1 €, a P_(2) = /2 ®1(e7'2), L. = L1e"/?, rne L1 = max |®(0y)|.

Pemenue 3anaun (2) crpourcs caemyomum obpazom. C MOMOIIBIO MOACTA-
Hoku Q. (2) = 0.5a [e? — y? +0.(2)] (8 ciyuae nonunoma P(z) obuero buja B
ypasaenuu (1) — Gosiee CII0KHO} IOACTAHOBKK) 3aa4a (3) CBOAUTCA K 3ajade
Hupuxse mus ypasrenns Jlannaca orrocurensHo Gbyukimm 0, (z) B obnacru G,
¢ 0ZIHOPOAHBIM yeioBueM Jlupuxiie Ha Beelh 0Ge, 38 UCKIIIOUEHUEM JIHA O, Ha KO-
TopoM rpannvHas GyHKIHA pasHa y2 — 2. [locaenHas 3a/1a4a JerKo pelraeTcsa
C TIOMOIIBIO OTOOpaxkenus JF.

[Tocsie 3Toro pemnienue 3ama4uu (3) crpouTcs ¢ NOMOIIBIO MeToaa [9], onupa-
IOIErocs Ha cieylonue ceoiicra cucrema dyukuuit {Q,(z)}, n € N:

1) AQ,(e,2) =0, z € Gg;
2) Qu(e,2) =0, z € IG;

3) cucrema {Q,(2)}, n € N, aBasercs nonHo#t 1 MuruManbHON B Lo (T).
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pubmuzxkennoe pemenue W (2) samaqu (3) crpourcs B Buje muneitnoit KoM-
6nnannn nepebix K dynkuumit Q, (g, 2), k03 unnenTs KOTOPoOit HAXOAATCS U3
yeaosus ||[WE(2) — h(z); L2(T)|| = min. Tokazano, uro WX (2) — ¥(e,z) npu
K — oo mHa m0o00oM KoMmakTe BHyTpu (G BMECTE CO BCEMH ITPOW3BOIHBIMMU,
npudeM TPHOIMKEHHOE pelreHne MOTHO AudGepeHnupoBaTh U B TOYKAX Y-
I'l e COOTBETCTBYOMIEH TIAJKOCTH. DTO IMO3BOJIMIO JIATH BHICKOI(D(EKTUBHBII
BbIMUCJIUTEJbHBI Mero) pelienus 3aga4du (1).

Kpowme Toro, ¢ moMOIIbI0 U3I0KEHHOTO METO/IA MOTyIeHa CIeTyIONasi, PaB-
HOMEpHAs BHYTDPU (g, ACUMITOTUKA PelleHus 3a7adu (1) npu CyKeHuu IeJiu:

Us(2) = Up(z) — (2m) "t A1(0) E(2) elne + o (¢), e = 0;

suech A1(0) — ko3bdunUeHT UHTEHCUBHOCTY HA KOHIIE Pa3pe3a [l PelleHust
Up, a dyukuus Zq(z) = ImV(z), rne V — kondopmuoe orobpaxkenue o06JiacTu
go na H, ynosnersopsromero yeaosuio V(z) ~ i 22, z — 0. Ionydena rakxe
ACUMTITOTUKA TPaJnenTa B Touke N, IHA IIeIn

grad U.(N.) =i A; (0) F, (Ny) e "2 +0(1), £ —0,

rJie IPeJIoJIaraeTcs, YTo .7-"1/ (N1) cymecrByer. Kpome Toro, ngist nHa B BUAE OT-
pe3Ka, 00pa3yoIIero cO CTOPOHOI MIeJIN YTOJI T(, YCTAHOBJIEH BUJI ACUMITOTUKHI
s K03bUImeHTa MHTEHCUBHOCTH B 9TOM YIJIE; TJIABHBIA YJIeH aCUMIITOTUKHU
umeer nopsiyok 1/2 —1/a.

Hekoropble nipusenentbie pe3ysibrarbl Oblin panee mnoydensbt B [10].
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IIPOBJIEMA HOPMAJIbHBIX JBUXKEHUN MAATHUKA C
TPEHUEM B IITAPHUPE 1 ITOJIOCTHhIO, YACTUYHO
3AIIOJIHEHHOM UJIEAJIBHON >KMNJIKOCTBHIO

B.N. Boiitunkwnii, H./I. KonaueBckuii

victor.voytitsky@gmail.com, kopachevsky@list.ru

YIK 517.98, 517.955

W3yuarorcs crieKTpasibHblE CBOMCTBA JIMHEUHON HAYaIbHO-KPAEBAasd 3aa-
YU 0 MaJIbIX ABUKEHUAX MAATHHUKA C IOJOCTHIO, YACTUYHO 3aIIO/THEHHOI
WIeaTbHON JKUIKOCTHIO, ITPU YIETE CIJI TPEHUs B C(DEPUIECKOM TITapHUDPe.
Jloka3zaHa JUCKPETHOCTH CHEKTPA, CTEIeHHAs aCUMIITOTUKA COOCTBEHHBIX
3HAYCHUII W UX JIOKAJU3aIdsd B II0JIOCe, IIPUMBIKAIONIEel K MHAMOH OCH,
6a3ucHOCTh 110 AGeo-JIuACKOMy CHCTEMBI KOPHEBBIX 9JIEMEHTOB.
Karueswe caosa: 3amada Komu, rums6epTOBO MPOCTPAHCTBO, JTMHEHHBIHI
0omIepaTop, AUCKPETHBIHN CIIEKTDP, ACUMIITOTUKA COOCTBEHHBIX 3HATEHUN

Normal motions problem of a pendulum with friction in the
hinge and cavity partially filled with an ideal liquid

We study spectral properties of the linear initial-boundary value problem
on small motions of a pendulum with cavity partially filled with an ideal
liquid, taking into account friction force in the spherical hinge. We prove
discreetness of the spectrum, power asymptotics of the eigenvalues and
its localization in the strip, Abel-Lidskii basis property of the system of
root elements.

Keywords: Cauchy problem, Hilbert space, linear operator, discrete spec-
trum, eigenvalue asymptotics.

PaccMoTpuM HAXOAAIYIOCST B TOJIE CUJI TSYKECTH THIPOMEXAHWYECKYIO CH-
cremy G C R3, cocrosamiyio u3 TBeporo Tea (MasTHUKA) (2o C TIOTHOCTHIO Py,
3aKPEIJIEHHOTO B HEIMOIBUKHON TOYKE C TOMOIIBIO CPEPUIECKOrO MAPHUPA, U
OJTHOPOHON WIeATHHON HECXKUMAEMON KUIKOCTH ) C IJIOTHOCTHIO P, YACTUIHO
3anoJiHsIoneil moaoctb B MagrHuke. Cuamraem, 9ro rpanuna 0S) B paBHOBEC-
HOM COCTOZHMK COCTOUT U3 TBEpIO creHKu S M IJIOCKOI CBODOIHON IpaHuUIbl
I', mepreHaIuKyIsIpHOM TPSAMOI, COeMMHSAOMNIEN TOUKy moaeca (1 U IEHTD MACC
MaATHHUKA.

Pabora BeinosiHeHa npu (bUHAHCOBOM MO/IEPIKKE BTOPOTO COABTOPA IPaHTOM MwuHUCTEp-
cTBa obpasoBanus u Hayku P® (nmpoekt 14.Z50.31.0037).
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Kopachevsky Nikolay (Taurida Academy of V.I. Vernadsky Crimean Federal University,
Simferopol, Russia)
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B moapu:kHO# cucreme meKapTOBLIX KOOPAUHAT le%m%xé, 2KECTKO CBSI3aH-
HBIX ¢ MasTHUKOM (c opramu {€'}3_ ) mocse THHeapu3almn BO3HAKAET CJIe/Ty-
IOIIas HAYAIbHO-KPAeBast 33/1a4a;

. do L ou .
/rx (dtxr) dm—l—pl/erdQl—i—aw—i—
G

Q1

+ gmiPsd — gpy /(513 x 7)¢dl = M(t),
r

o do ) o
E—i_dt XT7+p; Vp= f7 divi=0 (BQl)’

- = d < — d_’ —
u-n=20 (Ha S), %PQ(SZPQOJ, g(sg :wg’
o¢

G~ oPd ) an). [ car—o,
@(0,2) = %), € Q, ((0,2) =), z €T,

-

5(0) =@°,  8(0) ="

Bnecs 8(t) — yrmosoe mepememenue MasTHUKA, O(t) = db/dt — yrnosas cko-
pOCTh MasiTHUKA, U(t,2) — TMOJe OTHOCWTENBHBIX CKOPOCTEil KuaKkocT, p(t, x)
— OTKJIOHEHUE TIOJIs JABJIEHUH OT PABHOBECHOTO, ¢ > (0 — K03 DUIHEHT TpeHUsT
B mapuupe, m > (0 — Macca MagTHUKA C KUIKOCTbIO, | — paccrosuaue or O 10
LLeHTpA TSIKECTH CHCTEMbL B COCTOSIHIH PABHOBECHs!, P28 — IIpoeKIus 8 Ha IL10C-
KoCTb I, P3§=1- ng ¢(t, ) — manag ByHKIMs, ONUCHIBAIOIIAA OTKJIOHEHUS
CBOOO/HOM IOBEPXHOCTH 2KU/IKOCTH OT PABHOBECHOIO COCTOAHUA B/IOJIb HOPMAJIH
ik, M(t (t) — MOMEHT MaJIOrO TOJIsi BHEIITHAUX CHJI f, HATIO’KEHHDBIX HA TPABUTA-
unonHoe noste § = —gé>, 6 : Ly(I') — Lo OPTONPOEKTOP HA MOANPOCTPAHCTBO
Lo+ dbysKImil, OpTOroHAIbHBIX KOHCTaHTaM Ha .

Ormerum, 4To B Cilydae, KOrjia TPEHHE B LIADHUDE He yuuTbiBaercs (Ciy-
gait @ = 0), 3aga4a usyyanacb padee (cm., naupumep, [1-3]). B uacrHocru,
JIOKA3aHa TEOpeMa O CYIIECTBOBAHUN CUJIBHOIO PEIICHUS 337a9d HA KOHEYHOM
OTpPE3Ke BPEMEHW. YCTAHOBJIEHO, YTO TIPW BBIMOJHEHUH JOCTATOYHBIX YCJIOBHI
JUISE CTATUYECKOM yCTONYIUBOCTH TIO JIMHEHHOMY TTPUOJIAKEHUIO:

Ay :=ml—pagp >0, Ay := (ml — pagr)(ml — pass) — 2pa3y, >0, (1)

rae oy = fr(ﬁle)a:’f dl' = ayj, COOTBETCTBYIOIIAsI ClIEKTpaJIbHAs 3a0ada (a1
peIennii, 3aBUCATIINX OT BPEMEHU IO 3aKOHY e_>‘t) WMeeT JUCKPETHBIN CIeKTp,
COCTOAIMI M3 GECKOHEUHOKPATHOTO HYJIEBOTO COOCTBEHHOTO 3HAYEHUSA W JIBYX
BeTBeil MHUMBIX B3AMMHO COIPSI?KEHHBIX COOCTBEHHBIX 3HAYEHHI C MIpeaeabHOM

TOYKOH 1700 M aCHMIITOTHYECKHM IIOBEICHIEM

78

-1/
AE =i <|4F|> v Y41 +0(1)], k— oo. (2)

IIpu 9TOM MOJIOBHHA COGCTBEHHBIX JTEMEHTOB 00GpPA3yeT OpPTOrOHATLHbL GasHC
B npocrpancrse Hy := Gj (Q1) & C3, rae Gp.5(Q) == {@ = V® € Ly() :
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0P
AP = 0 (B 91)7 =
on
MOXKET UMETH HE 6o.nee JABYX OTpUIAaTEJIHHBIX CO6CTBeHHbIX 3H3HeHHI71, a CUCTeMa

KODHEBBIX 3JIeMeHTOB obpasyer 6asuc Pucca B H;.
IIpu yuére cun tpenusi (r.e. anst o > 0) u BbIMONHEHWH HepaseHCTB (1)

= 0 (ua S)}. Ipu weBbmosnenun ycaosuit (1) 3azaga

CIIeKTpaJIbHad 33/1a9a CBOJAUTCA K W3YUEHHUIO ONEePATOPHOTO Tmyvka B Hi:
(Co — AaP + X\2C1)z =0, % = (V®: &) € Hy, (3)

rne P := diag (0; I3), C TOTOKHTETHHO OIpese/ieH U OTpaHWYeH, a Cs mo-
JIOXKWUTEILHO OMpEeeeH M HEOIPAHUYIEH B H;. dta 331a9a AMeeT JIVMCKPETHBIH
HEHYJIEBOI CIIEKTD, COCTOSIIUI U3 ABYX BETBEH KOMILIEKCHO COTPSIKEHHBIX CO0-
crBeHHBIX 3HaYeHuit B mojoce 0 < Re A < const ¢ coxpaHeHHeM aCHMIITOTHYIE-
ckoro nosenenus (2).

Bagaua (3) moxer ObITh CBEJEHA K [IOUCKY COOCTBEHHbIX 3HAYEHUI OIIepaTo-
pa A+ B, r/ie HEOTPpAHWIEHHBIN CAMOCOIPSIKEHHBIN onepaTop A UMeeT IUCKPeT-
HBIi CIIEKTD C OLEHKON COOCTBEHHBIX 3HAUEHWH || < ¢k'/*, a B orpanmues.
Orciona na ocroBaunu Teopem A.C. Mapkyca u B.9. Kannenscona (cum. [4], [5])
KOPHeBbIe 3/IeMeHTHI omepaTtopa A + B obpasytor Gasuc Abena-JIuackoro co
CKOOKaMu TIopsiKa o > 3 B pocTpanctse HE.

Oxumaercsi, 4910 HOJOOHDBIE CIEKTPAJbHBIE CBOMCTBA BBIIOJIHEHbI IS
HAYAIbHO-KPAEBBIX 33729, TOPOXKIEHHBIX MPOOJIEMAMU MAJIbIX JIBUYKEHWMA CH-
CTEM COYUJIEHEHHBIX MAATHUKOB C MOJJOCTSAMH, YACTUIHO JTHOO IETUKOM 3aI0jI-
HEHHBIX OJHOM WJTH HECKOIbKUMHU UJEATHHBIMY KUJKOCTIMHU C YIETOM TPEHUS B
MIAPHAPAX B CIy9Iae CTATHIECKON YCTONYIUBOCTH IO JTUHEHHOMY IPHUOIHKEHUIO
(Cy > 0). B oueparopnoii ¢popme Jrobasi Takas 3a1a4a MOXKET ObITh IIPUBEIEHA
K 3amaque Ko 11 cucreMbl ypaBHEHUH B CyMMe MAJIbOEPTOBBIX MPOCTPAHCTE
H, ® H,

dz
0171 + A1z + gBi1aze = f(b); @
ya
9027; +gBoiz1 =0, 21(0) =29, 2(0) =23,

rae 0 < Cy € L(H;) — oneparop kuneruydeckoii suepruu, Cy € L(Hy) — one-
parop HoTeHnuabHOR 3Hepruu, 0 < A; — oueparop JAMCCULIALMA SHEPIUH, a
Biy u By = —Bj, HeOrpaHUYeHHBIE OLEPATOPHI, CBI3AHHBIE C OOMEHOM MeEXK-
Iy KWHETWYEeCKON W TOTEHIIMAIbHON HEepTusMU cucTeMbl. B moarorosiieHHON
K nybaukanuu pabore [6] mokazana TeopeMa O CHIBHON PAa3PEIIUMOCTU 33713~
qu (4), u3ydeHbl ClIEKTPAIbHbIE CBONCTBA KOHCEPBATUBHBIX CUCTEM, KOIJA BCE
KHUJIKOCTH SIBISIOTCS HIEAJTbHBIMUA W TPEHHWE B INAPHUPE HE YIUTHIBAETCS, B-
YACTHOCTH, TIOJIyUYE€HBI HOBbIE BAPUAIMOHHBIE TTPWHITUITHI )11 HAXOKIEHUS COD-
CTBEHHBIX 3HAYEHUIA.
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VIIPABJIEHUE IIEPEXO/HBIMI IIPOIIECCAMM B OTHOMN
MO/JIEJIBHOM 3AJAYE INHAMWKN PEAKTOPA

H.II. Boakos

npvolkov@yandex.Tu

VIIK 517.518

PaccmaTpuBaioTcst HEKOTOpPHIE 33/1aH YITPABJICHUS TT€PEXOTHBIMU TTPOTIEC-
caMU B dJIepHBIX peakTopax. Vcciemyercs MareMaTHdecKass MOIEJb JTH-
HaMUKHU peakTopa 6e3 o6paTHOl TeIuIoBoii cBA3u. DTa MOJIEIb ONKUCHIBA-
eTcst cucTeMoil mHTerpo-auddepeHnmaabHbIX yPaBHEHUN, COCTOSIIEH n3
HEeCTAalMOHAPHOTO0 aHU30TPOIIHOIO MHOTOCKOPOCTHOIO YPaBHEHHUA IIE€PEHO-
ca ¥ ypaBHeHHs OAJIaHCa 3ama3IblBaomux HeHTpoHOB. Jlokazana ympas-
J9eMOCTh MOCTABJIEHHBIX 330a4.

Karouesvie crosa: YpasieHue, IepexoaHble IPOIECCH B AePHBIX DeakK-
TOpax

The Control of Transient Processes in one Model Problem of
Reactor Dynamics

On some problems controls of the transient processes in nuclear reac-
tors is considered. The mathematical model of reactor dynamics without
thermal feedback is investigated. This model is described by a system
of integro-differential equations consisting of a nonstationary anisotropic
multispeed transport equation and a delayed neutron balance equation.
The controllability of these problems is proved.

Keywords: Control, transient processes in nuclear reactors

Pabora Bermosmena mpu nogaepkke 1IporpaMMbl MOBBLIMIEHES KOHKYPEHTHOCIOCOOHOCTH
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PaccmarpuBaercsa MareMaTudecKas MOJEIb JUHAMUKH peakTopa 6e3 yde-
Ta, 0O6paTHOi TeMmepaTypHoil cBs3u (cM.[1]), KOTOpast ONMMCHIBAETCS CHCTEMOM
HECTAIMOHAPHBIX WHTErpO-anddepennuantbHbIX ypaBHeHnI:

1) HecTalMOHAPHBIM AHWU3OTPOIHBIM MHOTOCKOPOCTHBIM ~KHHETHYECKUM
yPaBHEHHEM MEPEHOCA,

%(x, v, t) + (v, Vi)u(x,v,t) + E(x, v, t)u(x, v, t) =

N
= / J(x,v, v tu(x, v/ t)dv' + Z 2k Rk (x,v,t) + F(x,v,t),
v k=1

2) ypaBHEHHEM 0AJIAHCA 3AIA3/bIBAIOIINX HEATPOHOB

%(x,v,t) = —z,Rp(x,v,t) +/ Je(x, v, v/ t)u(x, v, t)dv' ,\Vk = 1, N,
v

(x,v,t) ED =G xV x(0,T).

B aroit Mmonenn dbyukums u(x,v,t) apasercs GyHKI@eH TIOTHOCTH pachpesie-
JIEHUsT HEHTPOHOB, MPOJIETAIOIINX 4Yepe3 TOUYKY X € (G CO CKOpOCThIO V € V
B MoMeHT BpeMmeru ¢ € [0,T]. @yukunu X(x,v,t), J(x,v,v',t), F(x,v,t) xa-
PAKTEPU3YIOT CBOHCTBA CPEJIbI, B KOTOPOH MPOUCXOIUT TPOIECC MACCOIEPEHOCA.
Konkperno, 3(x,v,t) apagerca kodddunuentom nornomenns, J(x,v, v’ t) —
MHIMKATPUCOH paccesnus, a F(X,v,t) — IIOTHOCTBIO BHYTPEHHUX UCTOIHUKOB
HeHTpoHOB. 37ech G €CTh 00JACTH M3MEHEHHsI TTPOCTPAHCTBEHHBIX KOOPAWHAT,
KOTOpAasi MPeoJaraeTcss OrPAHMIEHHOM CTPOTO BBIMYKJIONH 06JIACTHIO ¢ TPAHU-
neit 0G knacca C'; V — nuana3on m3MeHeHHil CKOpocTell V YacTHIL, SABIAIONIHIL-
Cs1 OrPAHMYEHHBIM 3aMKHYTBIM MHOXKECTBOM, COIEPXKAIIUAMCH B CHEPUIECKOM
cioe {0 < vy < |v] < v1 < oo} . dapa Ji(x,v, V', t) unrerpanos paccesnus
XapaKTepU3yIOT TUIOTHOCTH PACTPEIETICHAS BTOPUIHBIX HEHTPOHOB, 8 (DyHKIUH
Ry (x,Vv,t) — IJIOTHOCTD PACHPEIEIEHIs HOCUTE/IEH 3a1a3/IbIBAIOIINX HEHTPOHOB
k-oit rpymmier Vk = 1, N.

[Tpennonokum, 9TO PACCMATPHUBAEMBIH MPONECC IPOUCXOAUT MPH OTCYT-
CTBUYM BHEIIHUX UCTOYHMKOB YACTHIL; T.€., HAIPUMEDP, BHEINIHEE U3JIy9eHHEe He
MTPOXOANT Yepe3 CTEHKN PEAKTOPa. DTO MPEAOJ0KEeHAE MATEMATHIECKN BhIPa-
JKAETCS TPAHUIHBIM YCJIOBHEM

U(X,V,t) = Oa (X7Vat) €7- X [OaT]a

rae - = {(x,v) € G x V : (v,n, <0)}, and n, - BHENTHss HOPMAJb K TDa-
uune 0G obnactu G B Touke X. 3aJauM HAaYaJbHbIE YCIOBUS JJIsd (DYHKIIUI
u(x,v,t) n Rg(x,v,t):

u(x,v,0) = o(x,v),  (x,v,t) G xV, (1)

Ri(x,v,0) = Ryo(x,v), Vk=1,N, (x,v,t) € G x V.

L7151 TOCTaHOBKY 337 yIpaBJIeHns] HeOOXOIUMO 33/1aTh (PUHAIBHOE YCJIO-
BUHE:

u(xﬂv7 tl) = w(xv V)a (X,V,t) € G x v, (2)
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3aa4n yIpaB/IeHHs IEPEXOIHBIM IPOLECCOM I CHCTEMbI TUHAMUKH PeaK-
TOPa COCTOUT B TOM, YTO HEOOXOAUMO HANTU HEKOTOPHIE YIIPABJIAIONINE BO3IECH-
CTBHS, C IOMOIIBIO KOTOPBIX 3TOT PEAKTOP MOXKET ObITh TIEPEBEIEH 38 KOHEIHOE
Bpems {t1} € (0,7) u3 HAUAIBHOrO COCTOSHUS (X, V) B (DUHAIBHOE COCTOSHIE
Y(x,v).

3anaua ynpasienus 1. Hatmu docmamounvie Ycaosus Ha UCTodHbe 0aH-
HOLE, TIPU KOTNOPLIL UCCACOYEMBLT PEAKNOP U3 HA%AALHO20 cocmoanus (1) mo-
orcem bwmob nepeseder 3a epema {t1} € (0,T) s ueresoe cocmoanue (2),
6Yoyuu ynpasasemuim CMayuonaprot wacmvro f(X, V) PGYHEUUU UCMOuHUK0S8
F(x,v,t) = f(x,v)g1(x,Vv,1), 2de f(x,V) ecmb donycmumoe ynpasasaowee 603-
deticmeue (pacnpedeaennoe cmayuonapHoe ynpasaienue), a gi(X,v,t) - anpuopu
sadannasn Pynryus (Pynkyua Koppexuyuy,).

Bagaua ynpapieHns 1 gBageTcs JTUHERHOM ¢ TOYKU 3PEHHs HOMCKa PACIPe-
JIEJIEHHBIX YIIPABJISIOIIMX BO3AeicTBuil f (X7 v) ¥ B CBO€EH IIOCTAHOBKE UJIEHTUIHA,
obparHoit 3a1at1e B pabore aBTOpa [2].

JloKazaHa TeopeMa CyIIeCTBOBAHUS PEIICHA 3a0a491 yIIPABICHAA 1, T.e. Teo-
peMa 06 yIpaBISeMOCTH MEPEXONHBIMU MPOIECCAME B HCCIELYEeMONR MaTeMaTH-
YECKOH MOJeIM JUHAMHKU PeakTopa. HaiiJieHbl JOCTaTOYHBIE YCJIOBUS €JIMH-
CTBEHHOCTH MCKOMOTO YTIPABJIAIOIIEro BO3melicTeuA. [Ipn M0Ka3aTeIbCTBe JaH-
HOI TEOPEMBI UCTIOIB30BAH METOJ, HICHTHIHBIH METOLY, TIPAMEHEHHOMY B PaboTe
asropa [3].

Hccenenosana Takzke CIelyomas 3a1a49a ylIpaBIeHU:

3anaua ynpasienus 2. Hatimu docmamounvie Ycaosus Ha UCToOHbEe 0aH-
HOLE, TIPU KOTMOPLIT UCCACOYEMBLT PEAKMOP U3 HA%AALHO20 cocmoanus (1) mo-
orcem 6wumo nepeseden 3a epema {t1} € (0,T) 6 yeaesoe cocmoanue (2), 6y-
YU YNPABAAEMBIM CINAYUOHAPHOT wacmbio o(X, V) Kospduyuenma nozaouse-
nua D(x, v, t) = o(x,v)g2(x,v,t), 2de 0(x,v) ecmo donycmumoe ynpasasrouiee
so3deticmeue (pacnpedenentoe cCMALUOKAPHOE Ynpasienue), a gs(X,v,t) - anpu-
opu 3adarnas Pynryus (PYHKYUA KOPPEKUUU NOZAOULEHUSL).

Bagaua ympapieHUs 2 ABIAETCA HEJIMHEHHONW ¢ TOYKU 3PEHHUS MOUCKA Pac-
UpPe/IeJIeHHbIX YUPABJILIOUUX BO3ueiicTBuil o (X, V).

JlokazaHa JIOKaJIbHAsI TEOPEMa, CYIIECTBOBAHUS U €IUHCTBEHHOCTH DENIeHUs
3a/la9u yIpaBJIeHUs 2.
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CIIEKTPAJIBHBIE 3AJAYU C HEJIOKAJIBHBIMUA
YCJIOBUAMU CO SBHAKOITEPEMEHHBIM BECOM
A A. TumanrguHOBa
aa-gimaltdinova@mail.Tu
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Haiinenst cobcTBennbie 3HaMeHUsT U coOCTBeHHbIe DyHKIMM 33131 [TITyp-
ma — JImyBuuis co 3HaKOepeMeHHOM BecoBOM dMYyHKITMEN ¢ PA3HBIMU KOM-
OUHAIMSIMY KPAaEeBbIX WM HEJIOKAJIHHBIX ycaoBmil. IlocTpoeHsl cooTBeT-
CTBYIOILIUE CUCTEMBI COOCTBEHHBIX (DYHKIHI M MCCJIEOBAHBI HA IOJIHOTY
u 0a3UCHOCTD.

Karouesvie cao6a: 0OOBIKHOBEHHBIH 1uddepeHIua IbHbIA OmepaTop, CIIeK-
TpaJIbHAA 33/1a9a, COOCTBEHHbIE 3HAYEHUA U COOCTBEeHHbIE (DyHKIMHI

Spectral problems with non-local conditions with an
alternating weight

The eigenvalues and eigenfunctions of the Sturm-Liouville problems with
an alternating weight function with different combinations of boundary or
non-local conditions are found. The corresponding systems of eigenfunc-
tions are constructed and investigated for completeness and basicity.
Keywords: ordinary differential operator, spectral problem, eigenvalues
and eigenfunctions

PaccmoTpuM 3a1a9y [ ypaBHEHUs
LX(z)=X"(x)+ X -signz- X(z) =0, z € (=,0)U(0,h), l,h>0, (1)

¢ ycaosusimu conpsizkernst X (0 —0) = X(0+0), X' (0—0) = X'(0+0) u oxHoit
U3 CIIEYIOMNX AP KPAEBBIX MM HEJOKAIBHBIX YCIOBHI

X(=1) = X(h), X'(h)=0, (2)

X'(-)=X'(h), X(h) =0wm X(-1)=X(h), X'(-1) = X'(h).

Jns kask1oit m3 Tpex 3a7a9 HaliIeHbl COOCTBEHHbBIE 3HAUEHNST KaK KOPHHU CO-
OTBETCTBYIOIINX TPAHCIEHJAEHTHBIX YPaBHEHNUI (HaNpUMep, COBCTBEHHBIE 3HAUE-
Hust 3ama4n (1)—(2) ects kopunu ypasuenus cos(ph) ch(pl) —sin(ph) sh(pl) = 1).
IMonydensr acumnrorndeckue HOPMYIIBL JJist KOPHEil 9TUX ypaBHEHUI, HaNICHbI
COOTBETCTBYIOIINE CHCTEMbI COOCTBEHHBIX (DyHKIUI U aHajsoru4dHo [1] mccaeno-
BAHBI UX CBONCTBA.
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O TEOMETPUYECKOM METOJAE PEIHTIEHNA HEKOTOPBIX
KPAEBBIX 3A/TAY
10.B. T'imacko
glaskoyv@mail.ru

VIIK 517.946

PaccmoTpena kpaeBast 3aat1a oTHOCHTEIHHO ypaBHeHus I[lyaccorna. Ha ee
ocHOBe chOPMYJIMPOBAHA 33/1a9a KACATEILHO PACIPEIEICHNS HA TDAHNUIIE.
Paccmorpen reomerpuveckuii MeTo1 pemeHus yKa3aHHoU 3agaqau. Merogr
TIPUMEHEH K KPaeBOil 33/1a9e OTHOCUTEIHHO MapabOINIeCKOT0 YPABHEHMSI.

Karwweswie caosa: Ypasuenue Ilyaccona, balayage-meron Ilyankape

Geometrical method for solution some boundary problems

We consider boundary problem for Poisson equation. Problem for bound-
ary distribution is formulated on base of the Poison boundary problem.
Geometrical solution method for the boundary distribution problem is
considered. The method is used for boundary problem for parabolic equa-
tion.

Keywords: Poisson equation, Poincare balayage method

B manHOM COOOIMEHMH MBI PACCMOTPUM CTAIMOHAPHBIA IPONECC ¢ UCTOTHMU-
koM f(X), X € QCV, X ={z,y,z}, 0V =T B pamrax cienymoineil Kpaesoit
3a/1a4K:

DAu(X) =-f(X), X € Q, (1)

DAu(X) =0, X e V'\ Q, (2)
ou(x)| _

on F_O’ 3)

w(X) =up(X) =cf(X), X €Q (4)

3neck D u ¢ obecrieunBaioOT CoBMajeHme padMmepHocteit. Ham ciemayer ompeme-
JIUTD:

u(X)lp = ur(X) (5)

IlepBbiM OOIIENPU3HAHHBIM TOKA3ATEIHCTBOM CYIIECTBOBAHUS PEIEHUS 339U
Hupuxie 1uisi ypaBHeHus Jlarnmaca OTHOCHTEIBHO MOTEHITNAIA ABUICs balayage-
meron A. Ilyankape. Mbl ucnonb3yem ero s pemrenus ykKazaunuoit 3D 3amaqn
(1-5). CyTh ero B 3anonHenun obmactu V cucremoii mapos {%;},i = 1,.... M
u nepepacrpenesnennn 4(X) W3 MAapoB Ha WX TPAHUIBI J0 TEX TOp TOKa BCE
u(X) okaxyrca na . Ilpemmosaraercs, 4o OObeJIUHEHHE YACTEH ITOBEPXHO-
cTeil 00paleHHbIX K ' IPaHUYHBIX [IAPOB U3 CUCTEMBbI {Y;} JOCTATOYHO TOYHO
amnpoxcumupyer I'. Kaxaple 2 u3 mepeceKamomuxcsa MapoB Y;, YJ; ABIAIOTCH
BAPUAHTOM COCTABHON 00JIACTH PACCMATPUBAEMON B AJBLTEPHUPYIOMIEM METOE
Isapua. IIpn sToM B Kazkgoe Y;(| X; MOXKHO TIOMECTHTH JYHOUKY- TO €CTh
BoinoJined kpurepuit [lBapua. B To ke Bpems fonosHurenbabie yeaosus (3-4)

Tnacko I0puit Bnagnenosnd, k.d.-M.H., HUBI[ MT'Y umenu M.B. Jlomonocosa (Mocksa,
Poccmst); Yuri Glasko (Research Computing Center Lomonosov Moscow State University,
Moscow, Russia)
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o orHoinenuto K nocranoBke A. Ilyankape , UMEOT HENbI0 00ECHEYUTh €IiH-
CTBEHHOCTH perrennsi. [Ipu 3Tom, B kKauecTtBe V' Mbl BhiOnpaem kyb. B marmem
cllydae MBI UMeeM JIMHEWHBIH omepaTop 3aja4uu. J1d yCcTONYIMBOCTH CeIyeT
obecrednTh ero KOMIMaKTHOCTh. Tak Ke ClIe/lyeT UMeTh 3HAYUTEIbHYIO alpuop-
HYI0 UH(OPMAIIMIO O UCTOYHKMKE U PACIPEJeJIeHUN Ha rpaHule (B COOTBETCTBUU
C METOZOM PACIIMPSAIONIUXCS KOMIIAKTOB). B kauecrBe obsacru ) BbiGUpaem
BBIIYKJIYIO 001acThb 0e3 1bIpoK. MO2KHO BhIOpATh M HECKOJIBKO TaKuX obsacTeit
HO OHM HE JIOJI?KHBI MEPECEKAThCS WJIN TPAHWUYUTH Apyr ¢ apyrom. Kpome To-
r'0, MPOCTPAHCTBA, JOJIKHBI OBITH HOPMUPOBAHHBIMA. BO3MOXKHO HCITOIH30BAHIE
TUIBOEPTOBBIX MTPOCTPAHCTBE.

YucsieHHO 3a/a49a PEIraeTcs HA CeTKe C IaroM h Ha OCHOBE HTEPAIlNOH-
HOrO muKJa 1o Beeit obmacru VP, VP zanonmena AIIPOKCUMAIUAMU CUCTE-
Mol mapoB {3;},¢ = 1,..., M, KOTOpBIE JAIOTCSI CEMUTOYETHBIMI CXEMAMU THITA
"kpect" {X0},i=1,..., M.

Bagaua (5) paccMOTpeHa U Ha OCHOBE KPaeBoil MpOGIeMMbI [JIs apaboJiu-
9eCcKOro ypasuenusi. Jljisi pemeHus npuMeHsAeTCsl YKA3aHHbBIH BBIIE METO/I.
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HEKOTOPHBIE HOBBIE IIOCTAHOBKU HEJIMHEMHBIX
3AIAY OJId ITAPABOJIMYECKOTO YPABHEHU A
H.JI. Toapaman
nlgold40@Qyandez.ru

YK 517.958

UccoemoBanbl OCTAHOBKY HEJIMHEHHBIX 3a/a49 JJisd  11apaboIMmdecKoro
YPaBHEHHsI C HEM3BECTHBHIM KO3(DUIMEHTOM IIPU IIPOM3BOIHOI IO Bpe-
venu. QHa U3 HUX MPEICTABJIAET CODON CUCTEMY, COCTOANLYIO M3 Kpa-
eBOIl 3a/la4X C I'PAHUYHBIMHU YCJIOBUAMHU II€PBOIO POJA W U3 ypaBHEHU,
3a/1I0Iero 3aKOH M3MEHEHHUs [0 BpeMeHHM HCKomoro kodddurnmenta. B
APYTUX IIOCTAHOBKAX aHAJOTUYHAdA CHCTEMa OTIMIA€TCA BUAOM TI'DAHUY-
HbIX ycuoBmil. JlokazaHa ONHO3HAYHASA DPA3PEIIMMOCTb TAKUX HEJIHHe-
HbBIX CHUCTEM Ha OCHOBE METOIa Pors mn AlIPUOPHBIX OIEHOK B CETOYHO-
HEeIPePHIBHBIX aHAIOrax KaccoB [enbaepa. VccieqoBanue CBA3aHO C Ma-
TEMATUYIECKHUM MOE/IMPOBAaHUEM (l)I/ISI/IKO-XI/IMI/I‘-IECKI/IX 1IpOo1EeccoB € u3Me-
HAIOIMUMUCA BHYTPEHHUMHA XapPaKTEPUCTUKAMU MaTE€PHUAJIOB.
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Some new statements of nonlinear problems for a parabolic
equation

We study statements of nonlinear problems for a parabolic equation with
an unknown coefficient at the time derivative. One of the statements is a
system, which contains the boundary value problem of the first kind and
the equation for a time dependence of the sought coefficient. In the other
statements the corresponding system is distinguished by boundary condi-
tions. For these nonlinear systems, conditions of uniqueness solvability in
a class of smooth functions are proved by applying the Rothe method and
a priori estimates in the difference-continuous analogs of Holder spaces.
The present investigation is connected with the mathematical modelling
of physical-chemical processes in which inner characteristics of materials
are subjected to changes.

Keywords: parabolic equations, boundary value problems, Holder spaces,
Rothe method, a priori estimates, uniqueness solvability

OpHa U3 pacCMOTPEHHBIX ITOCTAHOBOK SBJISIETCS HEJIMHEHHOW CHCTeMO st
HaxoxkaeHus B obmactu () = {0 < z < 1,0 <t < T} bynkumit {u(x,t), p(z,t)}
U3 yCJO0BUNA

c(z, t,u)p(z, t)uy — Lu = f(x,t), (x,t) € Q, (1)
U(ﬂ:‘,t)|$=0 = w(t)a u(x7t)|x=l = U(t)a 0<t<T, (2)
u(x,t)h:o = (P(x), 0<z <, (3)

pt(I‘,t) = ,y('ratau)a (l'ﬂf) S Q7 p(l',t>|t:0 = pO(:L,), 0 < xr < l7 (4)
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B KOTOPBIX PaBHOMEPHO 3JLHITHYecKuil oneparop Lu umeer B
Lu = (a(z, t,u)uy ), — bz, t, u)u, — d(x, t,u)u,

a, b, c,d, f, aTaxxke w, v, @, ¥ 1 p° — H3BECTHLIE (DYHKIUA CBOUX apIyMeHTOB,
a 2 Qmin > 0; c 2 Cmin > O, ,00 2 p?nin > 0; Gmins Cmin, p(r)nin = const > 0.

B zaBucumocru or dyukuuu y(x,t,u), KOTopas IPEANOIAraeTcs 3HAKOLO-
crostuuoit ipu (x,t,u) € D = Q x [—My, My (tme My > max, ,eo lul, My
— [OCTOSIHHAA U3 LIPUHIMIIA MAKCUMyMa J1is KpaeBoii 3amaqn (1)—(3) ), tpebo-
Banue napaboauIHOCTH ypaBHeHust (1) MPUBOIUT K OrPAHUYEHUSIM HA MCKOMOE
pernenne

0< fun < pl1) < max pO@) + T max_o(z,t,u) mpu A(z,,0) > 0, (5)
0zl (z,t,u)€D

0< pin =T max_|y(x,t,u)| < p(x,t) < max p°(x) npn y(z,t,u) < 0. (6)
(z,t,u)ED 0zl
Ecmu y(x,t,u) < 0 B obmactu D, To yciosue (6) HakiaJbIBaeT OrpaHUYeHHe
Ha oTpe3ok Bpemenn [0, 7], Ha KoTOpoM nirercs pemenue cucremsl (1)—(4): 0 <
T< p?nin( max _ |"}/($, ta u)‘)il'
(z,t,u)€D

Jlpyrue paccMOTpEHHbBIE TIOCTAHOBKY OTINYAIOTCSA OT cucTeMbl (1)—(4) Bumom

IPAHUYHBIX YCJIOBMi

a(xat)um|£:0 = g(t)v a(xvt)um‘m:l = Q(t)? 0<t< T, (7)

a(x,t,u)uy — h(t,u)ul|—0 = g(t), h >0, 0<t<T, (8)
a(x,t,u)uy + e(t,u)ul—; = q(t), e 20, 0<t<T.

9T0 HOBBLIA BUJ HEJMHEHHBIX KPAeBBIX 3aJa4 i MapaboHdYecKoro ypabHe-
HUsI TIO0 CPABHEHWIO € KJIACCHYECKUMH TTOCTAHOBKAMM Takux 3agad B [1]. s
UCCIEIOBAHKSA YCAOBUI CYIIECTBOBAHUSA UX IVIAJKHAX PELICHHH HCHOJIb3yeM Me-
rox, mpaMbix Pors. Inst cucrembr (1)—(4) anmpokcumupyromas ee HelnHeHHAS
muddepeHnmaIbHO-paA3HOCTHAS CHCTEMa COCTOUT B onpeeseHun {u, (x), pn ()}

— TpubIMKeHHBIX 3HadeHnit GyHrmit u(z,t) u p(x,t)} B obnactu Q, = {0 <
x <1} XW,, rae w, € [0,T] — paBHOMepHas ceTKa y3J0B t,, ¢ marom 7 = TN 1

CnPrlpi—(ntng )z +bntng+dpun = frn,  (2,t,) € Qr = {0 <z <} xw,, (9)

U/n|:z:0 = Wn, un‘w:l = Un, 0< th < Ta (10)
up(z) = p(x), 0< <], (11)
Pri = Yn—15 (T,t2) € Qry  puln=o = p°(z), 0< 2 <], (12)

THe Gp, bn, Cn, d, — 3HAYEHUS COOTBETCTBYOMNX KOIMDMUIIMEHTOB B TOUKE
(xatnaun)a fa = f(l?,tn), Wn = w(tn)a Un = v(tn)y Tn—1 = ’Y(xytn—laun—l)a
U,z = (un(x) — unfl(x))Tila Ung = duy(z)/d, p7 = (pn(T) — Pnfl(m))Til-

Hust cucrem ¢ rpanuunbivu  ycnoBusamu  (7), (8) auddepenuuanbao-
Pa3HOCTHAS ANMMPOKCAMAIINSA 3TWX YCJIOBHH WMEET COOTBETCTBYIONIWH BUI, B
YaCTHOCTH

AnUngy — hnun|x:0 = Gn, ApUng + enun|x:l = Qn, 0< tn < T7
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rae h, n e, — 3HadYeHusa KO3(PQPUIUEHTOB B IPAHUYIHBIX YCIOBUX IpU t = tp,
U = Up|z—0 ", COOTBETCTBEHHO, U = Up|z—.

JlokazaTeabCTBO PA3pENIMMOCTH COOTBETCTBYIOIIEH MCXOIHON HEJTUHEHHOM
cUCTeMbl MeTOZIOM POT> BRIIOYaeT B ce0si HECKOJIBKO OCHOBHBIX 3TATOB.

Oran 1. Uccneposanue muddepeHinanibHO-PA3HOCTHON KPAEBOH 33/1a49u C
COOTBETCTBYIOMIMMY TPAHUYHBIMHU YCJIOBUSMHE B IIPE/IIOJOKEHUN, 9TO KOIDu-
HUEHT py, () — u3BectHas Gyukuus. [lomyueHne anprOPHBIX OMEHOK B CETOYHO-
HEMPEePBIBHBIX aHAJIOraX KjaccoB Lesbaepa mis u, (), He 3aBUCAIINX OT X, N.

Oran 2. Jloka3aTeJbCTBO CyIIECTBOBAHUS W EIWHCTBEHHOCTH PEIIeHUs
{un(x), pn(x)} Beeii auddepennmanbHO-pa3HOCTHOM CHCTEMBI Ha OCHOBE De-
sysibraroB drana 1. Ilosyuenue anpuopHbIX OHEHOK Juist un,(z) u p,(x) B co-
OTBETCTBYIOIIMX CETOYHO-HEIIPEPBIBHBIX IIPOCTPAHCTBAX, HE 3aBUCIIIUX OT I, 1.

Oran 3. IIpemenbHbIil Iepexom pu 1. — 00 B Au(PEepeHITnaATHLHO-PA3HOCTHON
CUCTEeMe Ha OCHOBE MOJIYYEHHBIX AIIPUOPHBIX OIEHOK, B CUJLY KOTOPBIX CEMEHCTBO
{un(x), pn(x)} aBrserca KOMIAKTHBIM. 3aBEPIICHUE JI0KA3ATEIHCTBA PA3PEIIIU-
MOCTH MCXOIHON HEJTUHEHHON CHCTEeMBI B KJIacce TIAAKUX QyHKITHI.

IMosyyeHue anpuoOpHLIX OLEHOK HA ITUX dTanax lposojurcd B [2, 3] Ge3
TPEOOBAHUN HOMOJHUTEIHLHON TIIAJIKOCTH OT BXOIHBIX JAHHBIX, KOTOPHIE 00LIU-
HO HAKJIAILIBAIOTCS METOAOM POT3. DTO MO3BOJISET YCTAHOBUTH TOYHBIE Iu-
depeHnmaIbHbIe 3aBUCUMOCTH B UCXOJHBIX HEJIMHEHHBIX CUCTEMaX U MOJIYyUUTh
YCJIOBHSI MX OJHO3HAYHON Pa3pernmMocTd B Kiacce rmaakux dynkiuit. Takue
ycaoBus Jisi cucrembl (1)—(4) dbopmynupyer cienyorias

Teopema. IIpednonosicum, wmo:

1) npu (z,t) € Q u wobwx u, |u| < oo, 6ce 6xoduvie dannvie 6 coom-
nowenuazr (1)—(3) aeaarmea ozparuverHoMU GYHKUUAMY 6 00AGCTMAL CE0e-
20 onpedesenuda, npudem rodppuyuenm a(x,t,u) ozpanuven emecme co c60-
UMY NPOUSGOIHULMU NO T U U, 6bNOAHEHd Yeaosus 0 < amin < @ < Gmax,
0< Cmin <c< Cmax ;s .

2) npu (z,t,u) € D dynkyuu a(x,t,u), ax(z,t,u), ay(z,t,u), blx,t,u),
c(z,t,u) ud(x,t,u) nenpepoens 6 cmucae Teavdepa no x ut ¢ NOKA3AMEAAMY
A, A/2 u umerom ozpanuventble NPou3eodHlE NO U; KPOME MO020, NPOU3GOOHAA
co(x,t, 1) oeparuvena, dynryua f(x,t) npunadsencum H ?(Q);

3) dymwyuu w(t) u v(t) npunadiescam H 20, T), pynryuu o(x) u p°(z)
npunadaestcam, coomsememeenno, H>T20,1] uw C1[0,1], 0 < p%. < p°(x) <
P2 ases P2y PO = const > 0; 6biNoANENb YCAOBUA CO2ZAACOBANUA

0(3;7 07 @)po(fﬂ)wt - L‘p'a::(),t:() = f(.’L'7 O)‘I:07

C(LL’, 0) ‘P)PO(-T)Ut - L(p‘a::l,t:() = f(.’l?, 0)|w:l7

4) dynwyua v(z,t,u) 6 yeaosuu (4) snaxonocmoanna npu (v,t,u) € D,
UMEETN, 02ZPAHUNEHHDLE POUSBOOHBIE TNO T, U, KPOME MO0 HENPEPHLEGHA 6 CMBLCAE
Teawvdepa no t ¢ noxasamenem \/2.

Tozda mneaunetinas cucmema (1)—(4) umeem eduncmeennoe pewenue
{u(z,t), p(x,t)}, obaradarwee ceoticmeamu

u(x,t) € HMHV2(Q), |u(:c,t)l2§“’w/2 <M, M =const >0,

plz,t) €CQ), pulat) € C@Q),  pilw,t) € HMA(Q),
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u ydosaemsopaowee ozpanuvenusm (5), (6) 6 3asucumocmu om 3naka
dynryuu y(x,t,u). OMo pewenue MONHCHO NOAYHUMD KK NPEOes DEeWEHUR
{un (), pn(x)} Juddeperyuanrvro-pasnocmuot cucmemor (9)—(12) npu cmpem-
ACHUY Wa2G CETNKY T K HYAO.

AHasiornuHbIe YCIOBUST OMHO3HATHON PA3PENTUMOCTH HEJMHEHHBIX CHCTEM C
rpaHugIHbIME yesosusmu (7), (8) momydensr B [3].

[IpoBemennoe wucciaemOBaHWE CBS3aHO C  MOIEIHPOBAHUEM  (DU3UKO-
XUMHYECKUX MTPOIECCOB, KOTOPBIE COMPOBOXKIAIOTCS W3MEHEHUSIMHA BHY TPDEHHUX
XapaKTEePUCTHK MaTepuayioB. B [3] paccMOTpeHBI MOJEIH JECTPYKIUH Tel-
JIO3AIMTHOrO KOMIO3uTa (T.€., HEOOPATUMBIX HM3MEHEHul €ro MJIOTHOCTU H
KOHIIEHTPAINIT KOMTIOHEHTOR) TIOJ] BO3JIEHCTBHEM BBICOKHX TEMIEPATYD.
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PaccmarpuBarorcs sumHeitHble 00BIKHOBEHHBIE T depeHInaIbHbe ypaB-
HEHMA BTOPOTO TOPSAIKA C TePeMeHHbIME KO dummentamu (mcxommbre
ypasuenus). Hapsny ¢ KaKApIM MCXOIHBIM yPABHEHHEM PACCMATPUBAET-
CsI TOYHO TAKOEe K€ YPABHEHHE TOJIbKO C ITOCTOSTHHBIMU K03d duIimenTamu
(comyrcTBytomee ypasuenme). [loka3ano, 9To 001miee pemenne nCxXoIHOTO
YDaBHEHHH IIPE/ICTaB/IAerCs B MHTerpaabHoil dopMe uepe3 obuiee perne-
HU€ COIyTCTBYIOIIEr0 ypaBHeHUs 1 (DYHIAMEHTAIHLHOE DEIIeHIe HCXOIHO-
ro ypasaenusi. PyHIaMeHTAIbHOE DELIEHNE HAXOAUTCS METOJOM BO3MY-
1ieHuil B Buje OECKOHEYHOr0 3HAKOIIEPEMEHHOIO PS/IA.

Karouesoe crosa: obbikaOBeHHBIE quddepeHmaibHble YPABHEHNS, HHTEe-
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Topbaues Baagumup MBamoBu4, a.d.-M.H., npodeccop, MI'Y umenu M.B. Jlomomoco-
Ba (Mockea, Poccus); Gorbachev Vladimir Ivanovich, Doctor of physical and mathematical
sciences, Professor, (Lomonosov Moscow State University, Moscow, Russia)



MarepuaJpr MexKTyHAPOIHOH KOH(EPEHIHH 253

Paccmorpum nexommoe oObIKHOBEHHOE A pepeHIuaibHoe ypaBHEHNE BTO-
pOTo TopsiiKa ¢ repeMeHHbIMI Kodddummentamn [1]

fo(x)u” + fi(x)u + fo(z)u+ f(x) =0, =z € (0,L). (1)

Ecnu byuknus fo(x), npu mobom z, He 00palaercs B HyJb, TO yPaBHEHNUE
(1) moxHO cBecTH K camoconpszkeHHoil ¢dbopme [2, crp. 241], KoTopoe TakKe
OyJeM Ha3bIBATH MCXOJHBIM yPABHEHHEM

fi(z) _fo _NAf
@)™ T X

[C’(a:)u’]/ +e(@x)u+ X(x) =0, C =exp (2)

IIycrs G(x,&) — dbyHIamMenTanbHOe pelieHre ypaBHeHus (2), To ecTh
[C@)G'(2,)] + e(@)G(x,6) +6(x — &) =0, ,£€(0,L),  (3)

rae 0(x —&) — neavra dyukuus Jupaka [3]. Pemenue ypasuenus (3) nonumaer-
cs B 060611eHHOM cMbicie [4, 5]. B srom ciyuae peuienue ypasrenus (2) MOHO
MPEeJICTABUTH B BUJIE CJIELYIONIell HHTerpaabHoi dbopmMysst [6, 7):

L L

mm=wm+/%u@é@U@%—/G@amw@@, (4)

0 0

e C(€) = C° — C(€), é(€) = e° — e(£), a v(x) — pelenue, TaK HA3BIBAEMOLO,
COITyTCTBYIOIErO YPaBHEHNs € MOCTOSHHBIMU Kodddbunnentamu C° u e®

C'"(x) + e®v(x) + X (z) = 0. (5)

Obiee perienre ComyTCTBYIOIEro ypasaenus (5) umeer Bu:
v(w) = K1e™ + Koem ™+ p(z); A=4] = (6)

rje ¢ — KOMIUIeKCHas eqununa, K1 u Ko — npousBosbHbIE KOHCTAHTHI, a ¢(x)
— YacTHOE PellleHue COILY TCTBYIONEro ypasuenus (5) ¢ mocTosHHbIMU KO3 du-
MUEeHTaM T

_ i AT —iAx _ =i AT
o(x) = Vel [e /X(m)e dx —e /X(x)e dm}

IMoxacrasus (6) B maTerpanbuyo dopmyay (4), moayduM o0inee pereHue
HCXOIHOrO ypaBHeHus (2)

u(z) = K1 A(x) + K3 B(z) + ®(2), (6)
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L
A(z) = e +iX [ Gela,§)C(E) ede - x,§)é(€)edg
/ e
L
Bla) =™~ ix [ Gila 0 e M - / Gl ) e,
0

L L
B(z) = pl(z) + / Gl (. £)C(€) o' (€)dé — / G, €)2(E)p(€)de.
0

0

Koaddunmenter C° u € nosoxkum paBHbIME 3DMEKTUBHBIM XapaKTEPUCTH-
KaMm [5, 8] Tax, ITo

1/(1/C), e / f(a)de/L.

ITocrpoenne dpyHIaMEHTAIHHOTO PEIlleHnsl MCXOJHOTO ypPaBHEHMUs.
Ob1uee pelenue UCXOAHOIO ypaBHEHUs HaxoAurcs 10 Gopmysaam (6), eciau us-
BecTHO (DYHIAMEHTATBHOE pellienne ypasHeHus (3) ¢ mepeMeHHbIME KO du-
nuentamu. OIHAKO 331293 OTHICKAHUS TOYHOTO (DYHIAMEHTAIBHOTO PEIEHNs B
obIIeM Caydae 3aBHCHMOCTH KOI(MPUITHEHTOB OT KOOPAMHATHI BPS, JIH Pa3pe-
umma. [Tosromy Oyaem uckarb npubinkeHHoe pelerue ypapaenus (3) Meroaom
Boamyiuenuit [9, 10]. Jus sroro nepenumem ypasienue (3) ciaenyomum obpa-
30M:

[C(2)G (2,€)] + se(2)G(x,€) + d(z — ) =0, (7)
rjae » — BO3MYIIAQIOMIUNA I1apaMeTp, KOTOPbI B OKOHYATEeJIbHOM pe3yJbTare I10-
JokuM paBHBIM 1. Bymem mckaTh pernrenne ypaBHEHUS (7) B BUJE PsAia MO CTe-
IIeHAM HapaMeTpa .

G(x,&, Z%an§

HaJiee moacraBum 3ToT psij B ypaBuenue (7), cobepeM K03 dUIMEHTHI TIPU 011~
HAKOBBIX CTEIICHAX » U IPHPABHAEM UX K HyJI0. B pesynbrare moaydaeMm pekyp-
PEHTHYIO OCIEeN0BATEILHOCTD yPABHEHUI, KAXKJJ0€ U3 KOTOPBIX JIEMKO HHTErPH-
pyercd B obimeM Bue. KOHCTaHTbI MHTErPUPOBAHUSA ITUX yPABHEHUIT IIOJ1araeM
PABHBIMY HYJIIO, TIOCKOJIbKY HAC yCTPAUBAET JH000€ (DYyHIaMEHTAILHOE PEIeHre
nCXOmHOTO ypasHeHus. Omyckas moapoOGHOCTH BCEX BBIKIAIOK, 3AMHAIIEM TPEI-
crapienne (pyHIAMEHTATBLHOTO PEIIEHAS B BHJIE CIELYIOIEro PAIa;

G(x,o:—h(a:—g)[ o [ s [ et [ S5+
3 3 3 3

*!cd(ill) E/le(@)d@[c‘gz) fe(x4)dx4£/40‘j('z)~-~]. (8)

3
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Eciu C = C° = const. > 0 u e = ¢° = const. > 0, rorga pax (8) cymmu-
pyercst u mosrydaercs (pyHIAMEHTATBHOE PENTEHNE COMyTCTRYIONEro ypaBHEHHs
(5), KOTOpOE MOHUMAETCSA B OOOGIIEHHOM CMBIC/IE. DTO PEIIEHUE MOXKHO HANTH,
HanpuMmep, B Kaurax [11 crp. 198], [12]

h(a;—g)s‘)i (=D* [fﬂ—&]%“_ hz—§) s> . x—¢

@, 8) = -~ 2k + 1)L s - st ’

Coe 50

n=0

rae s° = 1/C°/e® = 1/)\°. Cxonumocts pana (8) ucciaegsoBana B padore [13].
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O CKOPOCTHU CTABUJINBAIINN PEIMTEHWS 3AJTAYN
KOIIIN OJISI TAPABOJIMYECKOTO YPABHEHUS C
PACTYIIIUMU KOPPUIITMEHTAMMU
B.H. lenucos
vdenisov2008 Qyandez.ru

VIIK 517.518

YcTaHaBIMBAIOTCS JOCTATOYHBIE YCIOBUS HA POCT KO3 DUIMEeHTOB mapa-
60JIMIECKOTO YpaBHEHNST BTOPOTO TIOPSIAKA, TTPU KOTOPHIX PelleHne 33 1a9n
Komru crabuimsupyercst K Hy/I10, pAaBHOMEPHO M0 T Ha KayKJI0M KOMITAKTe
K B RN . Takxe 1101y 9aeM J10CTaTOUHbIE YCIOBHS Ha KO3(DUIMEHTDL, IpH
KOTOPBIX pertenve 3ama4un Komm cTabumm3npyeTcs K HyJII0 CO CTETTEHHOMN
CKOPOCTHIO, PABHOMEPHO TI0 T Ha KaXXJI0M KoMIakTe K B RY.
Karoweswie cao6a: MaTeMaTHKa, TapabOINTIECKHUe YDABHEHNSI, DEIIIeHNe 3a-
naun Kouru, crabuan3anys

On stabilization rate of a solution to the Cauchy problem for
parabolic equation with increasing coefficients

We obtain sufficient conditions on the growth of coefficients of a second
order parabolic equation under which a solutions of the Cauchy problem
stabilize to zero uniformly in x on every compact K in R". Additionally,
unimprovable sufficient conditions on the coefficients are obtained under
which the solution of the Cauchy problem stabilize to zero at a power law
rate uniformly on every compact K in RY.

Keywords: mathematics, parabolic equations, solution of the Cauchy prob-
lem, stabilization

B nomynpocrpanctee E = RN x [0,00), N > 3 pacemorpum 3a1aay Kormm

Lu = Luy + (b, Vu) + c(z)u —us = 0, B E(1), (1)
u(z,0) = ug(z), z¢€ RV, (2)
rIe
N N
Liu = Z ai(x)ull Uy > (b, V) sz . (3)
ik=1 k=1

IIpenmonaraercs, 9TO BBIMOJIHEHBI CJIEYIONINE YCIOBUS:

1) kospdpuimentsr B (1) meficTBUTENHHBI, HEIPEPHIBHBI, U YIOBJIETBOPSIOT
ycaosuio Lenbrepa B Kaxkaoit orpanumdennoil nogobmactu D B RN a;, = ag,
(i,k=1,...,N), CyuecTByIOT MOJIOKUTENhHBIE TTOCTOSTHHBIE Ko, k1, Takne, 4TO

N
kob(Je)E* < > am (@))€ < kib(lz))I<), (4)

i,k=1

PaBora Boinosaena npu duHaHCOBOH noepxkKe Poccuiickoro Hay4arnoro ®@onja (poext
Ne 19-11-00223).

Henucos Bacunuit Hukosnaesud, g.¢d.-m.H., npodeccop, MI'Y umenu M.B. Jlomonocosa
(Mocksa, Poccust); Vasilii Denisov (Lomonosov Moscow State University, Moscow, Russia)
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nna V(r)é € RN,

v/2

b(lz)) = A+ 27", el <v < 2,jz]? =22 + ... + 2%. (5)

2)koabdunnentsr by (x)..., by (x) ymormersopsier yciaosuio (B): cyimecTByer
nocrosaHasg B > 0 Takas, 9TO

v—1
2

N
> lbi(z)| < B(1 + 2] (6)
k=1

3)koadbdunuent c¢(x) ynosnersopser ycnosuto (C), r.e. 36 > 0
c(x) < —B% gna Yz € RN, (7)
4) naganbaas byHKIUA uo(T) HempepbIBHA U orpanmdena B RY:

lug(z)| < M,Yx € RN. (8)

Teopema 1. Ecau svnoanens. copmyauposarmsie suwe ycrosus (4)-(8),
mo pewenue 3adawu Kowu (1), (2) umeem npedea:

lim u(z,t) =0 9
Jm u(z,t) =0, (9)

pasromepno no T na kascdom xomnaxme K ¢ RN .

Bameuanme 1. Teopema 1 ABIsSETCSA TOYHON, B TOM CMBICIIE, 9TO HETb3S
3aMeHuTh B eé yTBeprkaenun kommakT K ma sece RY (Cwu. [1]).

B cayuae, korma v = 2 B (5), To Teopema 1 gokazana B pabore [2]. [Tomoxum

K(N-1)+k+B

2-8+VD _ A
=2"2"V" D
k3

S 5 =(2-8)7+p82B3=—.

AB)

CrpaBeyIuBO yTBEPIK IEHUE:
Teopema 2. ITycms 6 (5) v = 2 u 6vinosneno Hepasencmeo

B? >k} (S —1).

Tozda das 410601 Havarvrol Gynkyuu ug(z), ydosaemeopsrowetd ycrosuio (8),
oas pewenus 3adawu Kowu (1), (2) enpasedausa ouyenka:

lu(z, 8)| < M5 Wt >t > 0,M > 0, (10)

pasromepnas no T na aobom xvomnarme K ¢ RV ) .
3ameuanue 2. VI3 npenesbHOrO PaBeHCTBA

lim A(B) = +o0

B—ro00

u u3 ouenku (10) BbITEKaET, 94TO JjIs JIFOOOTO HAIEPE| 3a4aHHOr0 m > 0 MOXKHO
Haiitu > 0 u3 ycaosusa A(S) =m .
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O630py pabor no crabuimsanuu pemeHuit napaboJuIecKux ypaBHeHui 1o-
cesimieHa pabora [3]. AcmMmTOTHKA pereHnii HeMMHEHHBIX NapaboINIecKux
ypaBHeHuit u3yvanach B [4].
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OB OJTHOM 'PAHNYHOW 3AJJAYE TEILJIOIIPOBOJTHOCTN
1 CBSI3BAHHOM C HEW BBIPOXKJIAFOIITEMC S
NHTETIPAJIBHOM YPABHEHUU TUITIA ABEJIA BTOPOTO
POIA
M.T. Hxeunanue, M.A. Pamaszanos, M.I'. Epraiues
muvasharkhan@gmail.com, ramamur@mail.ru, ergaliev.madi.g@gmail.com

YK 517.9

B caydae oceBoit ciMMeTpun, B BHI€ IIEPEBEPHYTOr0 KOHYCA BBIPOK A0~
meiicss 06/1acTy, 1/ TPAHUYHON 3a/a9H TEILIONPOBOJHOCTH YCTAHOBJIEHbI
TEOPEMBI O PA3PENIMMOCTH B BECOBBIX MTPOCTPAHCTBAX CYIIECTBEHHO OIpa-
HuaeHHBIX (QyHKIwi. OHE OCHOBAHBI HA PE3yJIbTATAX II0 MCCJIETOBAHUIO
BOIIPOCOB PA3PENINMOCTHA HEOJHOPOJHOIO BBIPOXK JAIOIIEroCs NHTErDaJIb-
HOTO ypaBHeHUst AGesis BTOPOro poja. IIpuMeHsieTcst MeTOT peryaspu3a-
mun Kapraemana-Bekya n3 Teopun CHHIY/ISIPDHBIX MHTEIDAJIBHBIX ypaBHe-
HUH.

Karouesvie caoea: ypaBHEHUE TeIJIOMIPOBOJHOCTH, BBIPOMXKIAIOIAACA 00-
JIaCTh, MHTErPAIbHBIA orepaTop Abens
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Kazaxcran.
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On a boundary problem of heat conduction and a degenerating
integral equation of Abel type of the second kind related to it
In the case of axial symmetry, in the form of an inverted cone of a de-
generating domain, for the boundary value problem of heat conduction
it has been established theorems of solvability in the weighted spaces of
essentially bounded functions. They are based on the results on the study
of the solvability questions of the inhomogeneous degenerating Abel inte-
gral equation of the second kind. It has been used the Carleman-Vekua
regularization method from the theory of singular integral equations.

Keywords: heat equation, degenerating domain, Abel’s integral operator

B konyce G = {(a:;y,t) 2?4+t <0<t < T} MbI U3yYaeM IPAHUIHYIO
3aja4y JJig ypaBHEHH TeILTOIPOBOIHOCTH

ou o (0?u  O%u
7 - 1
at (a:f * 6y2) W)

C yCJIOBUEM Ha 1I0BEPXHOCTU KOHYCa

u(z,y,t) = ue(z,y,t), Va2+y? =t 0<t<T, (2)

rae uc(x,y,t) — 3amanHas QYyHKIMS.

ITepexonsi K MOJISAPHBIM KOOpAWHATaM B 3ajade (1)—(2) u npeanosaras Bbl-
MOJIHEHUE CBOMCTBA M30TPOITHOCTH MO YIJIOBOU KOOPAMHATE, MOJIydyaeM: HAlTH B
obmacru Q = {(r,t): 0 <r <t,0<t<T} pemenue ypaBHeHUS

ou a9 ou
o o (a) : ®)

YAOBJIETBOPAIOIIETO 'PAHUYHBIM yCJIOBUAM

}%m:uo(t>7 0<t<T, (4)

7}i_lzntu(r,t):ul(t)E1¢C(x,z/,zf)|\/mzt, 0<t<T. (5)

Perrenne rpannanoit 3aga4n (3)—(5) CBOANTCSA K M3YUYEHUIO BOITPOCOB Pa3pe-
IMAMOCTH HEOAHOPOJIHOTO UHTETPAJIBHOT'O YPpaBHEHUA

t
tgo(lt)—i M:f(t),0<t<T<oo, (6)
VT V=T
rJe A — 3aJaHHAA NONOKUTETbHAS NOCTOAHHAs Benuauna, {f(t), t € (0,T)} —

3aganHas QYyHKIAS.

VYpasuenust Buja (6) sBIANMCH IPEAMETOM U3y4eHus MHOrux pabor. Mol
3/IeCh YKayKeM TOJBKO Ha Ciefytoime paborsl [1-5] w cchlimaemcesi Ha MHOTO-
YHCJIeHHbIE WCCIIeJOBAHNS, IATHPYeMble B HUX. B pa6ore [1] mpu mpeamosoxke-
HUH, YTO MOPSIJIOK BBIPOKIEHNUS, ONpeeisieMasi CTeeHbI0 HE3aBUCUMON Iepe-
MEHHOM ¢, SIBJISI€TCA CTPOTO MEHbINe, YeM EIUHUIA, YCTAHOBICHA OJHO3HATHAS
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Pa3pemnMOCTh UHTErPAITBLHOTO ypaBHeHus. B [2| ycTanoBieHb HEoGXOmUMbIE 1
JIOCTATOUHBIE YCJIOBUs, TPH KOTOPBIX OMEPATOP B MPOCTPAHCTBE KBAIPATUIHO
CyMMUDPYeMbIX (DYHKIHUIA TIPEICTABISAETCA B BUIE CYMMbI OIEPATOPA Y MHOXKEHH S
Ha OrpaHuYeHHyIo YHKIMIO U WHTErPAILHOrO OIEepaTopa, U 9Ta CyMMa Ha3bl-
BaeTCs MHTErPAJIBLHBIM OIIEPATOPOM TPeTbero poja. B ypasuenusx u3 [3], [4] u
[5] siapa uHTErpabHBIX OIEPATOPOB HE JI0JIKHBI UMETH OCODEHHOCTEA.

IMopsizok BBIPOXKIEHUST B UCCIIEAyeMOM HaMu ypaBHenuu (6) paBeH exuHune
U S1pO MHTErPAIbHOIO OIIEPATOpa UMEET CJIa0yio OCOGEHHOCTb M OLPEIe/IseT
UHTErpabHBIA onepaTop AGess. Mbl u3ydyaeM BONPOCH PA3PEIUMOCTH yPaB-
Henua (6) B BECOBOM KJjiacce CyIIECTBEHHO OMpaHUYEHHDbIX (pyHKuumit. Mbl Tak-
K€ TIOKA3bIBaeM, YTO MPAHMYHASA 33/[a9a TenaonpoBogHocTh (3)—(5) cBoauTes K
u3ydeHuIo ypaBHenus suja (6).

ITpu onpeneneHHBIX (BU3NKO-TEXHUIECKUX JOMYIIEHNAX [6] rpanndHas 3a-
nada (1)—(2) Momesupyer TeMuepaTypHOe 10Jie B TeJIe IIa3Mbl 3JIEKTPUYECKOrO
paspsala MeXKJy Pa3MbIKAIOIIUMHUACH KOHTAKTAMHU BBICOKOTO HAIPSAKEHUS, HAXO-
JUBIIUXCSA [EPBOHAYAJILHO B 3aMKHYTOM COCTOSHHUM. B CBS3M C TeM, 4TO H3-
MEpHUTh YKA3aHHOE TeMIIEPATyPHOE MOJIe BEChMa 3aTPYAHUTEHLHO, OCTACTCs Ha-
JIeAThCs, XOTs Obl KAYeCTBEHHO, OLEHUTH XapaKTep MPOTEKAIOIIUX TEILIOBbIX
HPOLECCOB € MOMOIIBLIO METOJOB MATEMATHYECKOTO MOJECTHPOBAHUSL.

Panee HamMu M3y4yaauch rpaHUYHbIE 33JA4U TEIJIONPOBOIHOCTH, IOI00HBIE
(1)-(2), B omHOMEPHBIX BBIpOXK Aatonmxcs obnactax [7-10]. A usydaembie B pa-
Gore [11] rpaHUYHBIE 330a9M CBOAATCS K OCOOBIM MHTErDATBHBIM yDABHEHUIM
runa (6). Chopmynupyem 0CHOBHbIE Pe3y/ibTarTbl PabOThL.

Teopema 1. ITyemv t=3/2ug(t), t7/2uy(t) € Loo(0,T). Tozda zparurmasn
sadava (3)-(5) umeem obwee pewenue u(r,t) = CUnom(r,t) + Upart(r,t) €
Lo (Q;77Y2) mee, r=2u(rt) € Loo(Q), C = const, 20e Upom (7, t) U tpart (7, )
ABARNOMCA PEWEHUAMU COOMBEMCMEERHO 00HOPodHo20 (npu up(t) =0, ui(t) =
0) u neodnopodnozo eparuvwnmz 3aday (3)-(5).

B cayuae oceBoii cuMMeTpum U3 T€OpEMBI 1 CIEayeT CAemyommii Pe3yIbTaT.

Teopema 2. ITycmo t~Y/2uy(t) = til/zuc(l’,y,tﬂm:t € Loo(0,T).
Tozda epanuunas 3adawa (1)—(2) umeem obwee pewenue u(x,y,t) =
Cunom(,9,1) + Upare(2,y,1) € Loo(G;(2® + »*)714), mee, (22 +
y?) "V 4u(z,y,t) € Loo(G), C = const, 20e wnom(T,y,1) U Upari(T,y,1) A624-
HMCA PEUWEHUAMU COOMEEMEMEEHHO 00HOPOOH020 (npu uc(x,y,t) = 0) u Heod-
HOPOOHO20 epanusnbix 3aday (1)-(2).

JokazaTenbcTBa TeopeM 1 n 2 OCHOBAHBI Ha CJEAYIONIEH TeopeMe.

Teopema 3. ITycmv t~1/2f(t) € Loo(0,T). Tozda unmeeparvroe ypacnenue
(6) umeem obwee pewenue P(t) = Conom(t) + Ppart(t) € Loo((0,T);t1/2),
m.e., t71V20(t) € Loo(0,T), C = const, 20e Pnom(t) U Ppart(t) Acamomes
peweHuAMY coomeemcmeenno 00nopoodnozo (npu f(t) = 0) u neodnopodnozo
uNmMe2ParvHuLT ypasuenut (6).
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KBA3UCJIVUYAVHBIE IBUKEHUS 1
HEVMHTETPUPYEMOCTBb B CUCTEMAX C 'PVIIIION
CUMMETPUM S*

C.A.doBObIII
sdovbysh@yandez.ru

YIK 517.913, 517.938

Bo mMmOTHMX M3BECTHBIX 3aavUaX MEXaAHUKU MMEIOTCH INKINYIEeCKHUe Tepe-
MEHHBIE; HAJIMYNE TAKOW IIePEMEHHOU PaBHOCHAIBHO CyIIeCTBOBAHUIO OJHO-
mapaMeTpudecKoil rpymnmsl cummerpuil. Mexmy Tem, 0OBIYHO paccMaTpu-
BAIOT JUHAMHUKY He UCXOIHOI CUCTEMBI, & COOTBETCTBYIONIEil TpUBeIEHHOI
CHCTEMBI, TIOJIyIaeMOli PeyKIMei 1Mo TpyIe CHMMETPri (MCKIII0MEHIEM
OUKJ/ITIeCKOi nepemennoit). I1osy9eHnsr IpoCThIe yCI0BUS, IIPU BBIIOJIHE-
HIAW KOTOPBHIX KBA3UCIYyYIANHBIM IBUKEHUAM ITPUBEIEHHON CHCTEMBI COOT-
BETCTBYIOT JBIMIKEHHS C aHAJOTWYHBIMH CBOMCTBAMH B MCXOIHOM cuUCTeMe
¢ rpyunoii cummerpuit S 1, YTO rapaHTHPyeT HEMHTEIPAUPYEMOCTD LIOCe-
Hel.

Karouesvie ca06a: IepBbIil MHTETPAJI, HEMHTETPUPYEMOCTh, KBA3UCIydali-
HblE JBVKEHU, lIPUBEJIEHHAS CUCTEMA
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Quasi-random motions and non-integrability in systems with

symmetry group S*
In many mechanical problems there are cyclic variables. The presence of
such a variable is equivalent to the existence of a one-parameter symme-
try group. However, one usually considers dynamics in a corresponding
reduced system obtained by reduction over the symmetry group (elim-
ination of the cyclic variable), rather than that in the original system.
Simple conditions are obtained, under which to quasi-random motions
of a reduced system there correspond motions in a original system with
symmetry group S*, which guarantees the non-integrability of the latter.
Keywords: first integral, non-integrability, quasi-random motions, reduced
system

Bo MHOTWX M3BECTHBIX 337a9aX MEXAHUKH UMEIOTCS TUKJINYECKNe MepeMeH-
uble. OIHAKO, OOBITHO PACCMATPUBAIOT INHAMUKY HE MCXOMHON CHCTEMBI, & CO-
OTBETCTBYIONIEH NPUBEAEHHON (MJIM IIOHUKEHHOI) CHUCTEMBI, TI0JIydaeMoii pe-
JIYKIWeR mo rpymne cuMMerpuii. B yacTHOCTH, BCe Pe3yIbTATHL O HEMHTErPUPY-
emMocTd (T.e. OTCYTCTBUM HENOCTOSHHOIO AHAJIMTUYECKOIO IE€PBOrO0 UHTErPAJIa)
OTHOCHJIMCh UMEHHO K [IPUBEJIEHHDBIM, & HE UCXOHBIM JIMHAMUYECKUM CUCTEMAM.
Kazkercst eCTeCTBEHHBIM TPENONIOKUTh, 9TO U3 HEMHTErPUPYEMOCTH TPUBEIEH-
HO CHCTEMBI CJIelyeT HEMHTErpupyeMoCcTh ucxomuoi. Ilenpio paborsl mokasa-
TETBCTBO PE3YIBTATOB TAKOTO COPTA TPH ONMPEETEHHBIX MPEIIOI0KEHUIX.

Ucnonp3yercs moaxo, B KOTOPOM HEMHTETPUPYEMOCTD TPUBEAEHHON CHCTe-
MbI OKA3BIBAETCS CJIE/ICTBUEM HAJMYUS WHBAPUAHTHOIO rUIEPOOJIUIECKOrO MHO-
JKECTBA K6A3UCAYUATHOIT TBUKEHNU, ONMUCHIBAEMOTO METOJAMHU CHMBOJIMIECKOI
quHamuky [1]. IIpn 9TOM MBI OPpaHWYMBAEMCST PACCMOTPEHUEM KJIACCUIECKOTO
CJIydast, KOT/Ia TIOHUKEHHAS CHCTeMa — TaMHUJIBTOHOBA, C IBYMsI CTETIEHSIMHU CBO-
60/bl. DTOT cirydail OXBATHIBAET MHOIHE 33190 MEXAHUKH U 3/1€Ch BO3HUKAIOT
CTIeIYIOIIAE XOPOIIO W3BECTHBIE CHTYAIUU, KOIJA MPUCYTCTBUE TPAHCBEPCAIIb-
HO TIEPECEKAIONINXCS CEMapaTPUC TUTIEPOONNIECKUX MEPUOIUIECKUX DPEITeHHiH
U/Wan runepboIMIecKuX MOJI0KEHNH PABHOBECHST BIEYET Hain4dne B (a3o0BOM
MPOCTPAHCTBE CHCTEMbl WHBAPUAHTHOTO MHOXKECTBA KBA3UC/IYJAHBIX TBUKE-
HUN ¥ HEMHTEIPUPYEMOCTh:

1) cayuaii runep6osmueckux nepuogudeckux peinenuii (B.M.Anekcees [1] —
pesysbrar B Haubosiee obLeM Bu/ie)

2) cayuait mosoxkeHust paBHOBecust Trma ceno-bokyce (P.desaneit [2])

3) cayuait mosoxkeHust paBHOBecust THna cemio-ceano (1.B.Typaes wu
JLIL.IIunbuukos [3]; Tpebyercsa Hamuaue X0Tsi Obl IBYX TOMOKJIMHUYECKUX TPa-
€KTOpHUil ¥ BBITOJHEHHE HEKOTOPBIX JOMOJHUTEIbHBIX YCIOBUH HA UX PACIOJIO-
JKEHUe).

IIycrs ucxonmasi cucremMa MMeeT B[,

dz dyp
a Z(2), ar W(2), (1)

rae ¢ (mod27w) — yryoBast (IMKJINYecKas) TepeMeHHasl, a e MPUBEIEHHAs CH-

creMa
dz

== 2(), @
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MOJTy YeHHAsd PEAYKIHEH 10 1), SBASeTCS aBTOHOMHOM raMHUIBTOHOBOM C FraMUIIb-
rounmanoM H(z) m nByms cremensimu cBOGOILI, T1e 2z — (A30BbIE MEpEMEHHBIE.
IMoz, HEMHTErpUPYEMOCTHIO TOHUMAETCS OTCYTCTBUE JOMOJHUTEIHHOrO (HE3aBY-
CHMOI'O C MHTErPAJIOM SHEPTUY NPUBEIEHHON CHCTEMbI) aHAJIMTUIECKOrO IEPBO-
IO WHTErpasa.

IIycrs B cucreme (2) umeercs MHBAPUAHTHOE MHOXKECTBO KBA3HUCILYYalHBIX
nsukennit M. Torpa cucrema (1) uMeer WHBAPUAHTHOE MHOYKECTBO M =
M x St = {(z,%) : z € M}, nexxamee “man” M. Llenpio aBIsgeTcs mOTydeHne
MPOCTBIX KOHCTPYKTUBHO MPOBEPSEMBIX YCJIOBUiL, DU KOTOPBIX MHOXKECTBO M
obasaeT ciIeayomuM CBORCTBOM: JI/Id JIIOOBIX OKpecTHOCTell JI00bIX ABYyX TO-
4ex w3 M wmeerca TpaekTopus B M, mepecexaromas obe 3T okpectHOCTH. [Ipn
Haymmauu chOpMyIHPOBAHHOTO CBOACTBA IUHAMUKA Ha M OKa3bIBaeTcA aHaJo-
ruuna quHamuke Ha M, xors M ue runepGosuuHo (cucreMa HelTpasbHa B Ha-
IPABJIEHUU [UKJIXIECKON KOOPIUHATDI). DTO IO3BOJISET HEIIOCPEICTBEHHO [Iepe-
HECTH HA CJIydail MCXOIHON CHCTEMbI U3BECTHBIE APy MEHTBI, HCIOIb3yeMbIe JIJIst
JIOKA3aTeJIhCTBA HEMHTErPUPYEMOCTH MPUBEIEHHON cucTeMbl. Takum 0b6pasom,
00CyzK1aeMoe CBOMCTBO rapaHTUPYeT MCKOMBIH pe3ysnbrar, 9To cucrema (1) me
MMeeT aHAJIUTUIECKOrO MEPBOr0 WHTErPaJia, HE3ABUCUMOIO C HHTETPAJIOM dHED-
MU IPUBEJEHHOM cucrembl (2).

Pesynbrarbt hoOpMyIUpPYIOTCS OTIETBHO J1Jisi TPEX YHOMSHY THIX BBIIIE CJIyda-
€B, KOT/Ia TTPUBEIEHHAS CUCTEMA UMEeT THUIepOOINIeCKOe MEPUOINIECKOE Pere-
Hue, MO0 HEMOABUIKHYIO TOYKY THUIA CEIJI0-(DOKYC, TUOO0 HETOABUKHYIO TOUKY
THUIIA CEJIJI0-CEIIIO.

1. Ilycre npusenénnas cucrema (2) umeer runepboIMIecKoe TEPUOIUIECKOe
pemenne ['. Torga sta cucrema cBomurcs BOm3u [ Ha bukCHpOBAaHHOM ypOBHE
SHEPruu K TaMUJIBTOHOBOM CHCTEME C OHON CTENneHbI0 CBODOIbI, TEPUOTUIECKH
3aBucsLIeil or HoBoro “Bpemenn” ¢ (mod27). B HeKOTOPbIX KAHOHUYECKU COLPsi-
KEHHBIX [EPEMEHHBIX &,7) TaMUJIBTOHUAH HOCJIEIHEH CUCTEMbl IPUHUMAET BU/L
G(&,n) = Xn + Oy (3meck O BCIOAY O3HAYAET YJIEHBI TIOPSIIKOB k W BHIIIE),
a pemrenne ' 3amaérca ypasuenusvu £ = 0,n7 = 0. [lycrs ypaBuenue s v B
HOBBIX [lepeMeHHbIX npunumMaer Buz dy/de = F(£,n,¢).

Teopema 1. Ilycmov cenapampuco. nepuoduueckozo pewenus I mparceep-
CANbHO NEPECeKaOMen, CALI08AMENDHO, UMEEMCA UHBAPUGHIMHOE MHONCECTNEO0

2m
M. Ecau 6 pasaoowcenuu gynkyuu [ F(E,n,p)dp no cmenenam &,m xeadpa-
0

musHoLl Yaer £ umeem Henyaesol koapduyuernm, mo mroocecmeo M obaa-
daem chopMYAUPOBAHHBLM BVUE CEBOTICMEOM.

2. Ilycrs npusegénHas cucreMa (2) uMmeer mosoxkenue paHoecust O Tuma
cenno-QOoKyC, T.e. C KOMILIEKCHBIMH JISIIy HOBCKUMH IIOKa3aTes M o+ i3, —a £
iB, tie a # 0, B # 0. Torma B HEKOTOPHIX KAHOHUYECKU COMPSIKEHHBIX [EPe-
MEHHBIX X1, Y1, L2, Y2 TAMUIBTOHUAH mpuHUMaeT U H(z) = a(z1y1 + 22y2) +
B(x1y2 — w2y1) + Oa.

Teopema 2. Ilycms cenapampucs. nososicenue pasnosecus O mpanceep-
CANBHO NEPECEKAINTCA, CAeI0BAMEALHO, UMEETNCA UHBAPUGHINHOE MHONHCECTNEO
M. Ecau 6 pasaooicenuu Pynkyuu V(z) no cmenenam xi,y1,T2,Ys K6a0-
PAMUYHBLE YAEHDL, AUHETHBLE NO NAPE NEPEMEHHBIT T1,T2 U NO Nape nepe-
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MEHHOLT Y1, Y2, UMeOM 6ud a1121Y1 + a1221Y2 + A21T2y1 + G22T2Y2, NPpU4ém
Bla11 + age) + alaz; —ai2) # 0, mo muoocecmeo M obaadaem chopmysuposar-
HOLM EbIWE CEOTICTEOM.

3. Ilycrb upusenéunas cucrema (2) umeer nosoxkenue pasuosecust O Tuna
CeJJI0-CeIJI0, T.e. C JeHCTBUTEIbHBIMU JIAMYHOBCKUMU MOKA3ATEIAMEA +A1, + Ao,
e A1 > Ap > 0. Torma B HEKOTOPBHIX KAHOHWMYECKHU COMPSKEHHBIX MEPEMEHHBIX
Z1,Y1, T2, Y2 raMuabronuan npuauMaer sui H(z) = A\1x1y1 + Aaxays + Os. Eciin
qucna Ai, A GJIU3KH Tak, 970 A2 < A2, TO MOKHO JOOHTHCS, 9TOOBI CeapaTpH-
Cbl 33/IaBAJIUMCh ycjaoBusiMu 1 = X2 = 0 u y; = ys = 0, a cucrema Ha HUX
NIPUHUMAJIA JIMHENHBII BU/I.

Teopema 3. Ilycmsb cenapampucs, nososcenue pasnosecus O mpanceep-
CAABHO NEPECEKAIOMCA, NPULEM 20MOKAUHUYECKUE TMPLEKMOPUY 8L00AM 000U-
mu wonyamu 6 O, Kacaacs 6edywus nanpassenutd (m.e. ocel K0OPOUHAM T, Ys,
coomeememeento) u evinoanenve yeaosusa (A.B.Typaes u JLIT ITusvnuros),
20parmMuUpYoOULUE, YMO NPUBEIEHHAA CUCTNEMA UMEEM UHBAPUAHTNHOE MHOHCE-
cmeo M xeasucayuatinor deusicenutd. Ilycmv i, Ao 6AU3KU, G 20MOKAUHUYE-
CKUE MPAEKMOPUY HA KAAHCIOT U3 CENAPAMPUC HE AEHCAM HA HesedYyuelh AUHUY
1 = 0wy = 0, coomsememeenno. Ecau Asai1 — A\ase # 0, 2de a11,a20 —
onucannvie 6 Teopeme 2 xosdduyuernmos 6 pasaooicenuu VU (z), mo MHOMCECTEO
M o6aadaem CHOPMYAUPOBAHHBIM BbLULE CEOTCTIIEOM.

JIureparypa
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O BBIYCJIEHNN CPE,Z[HEfI BPEMEHHOW BbITOABI AJI51
SKCILJIVATUPYEMOMN IIOIIYJIAIINN
A.B. Eroposa
nastik.e@bk.ru

VIIK 517.929

PaccmarpuBalorca Momem IUHAMUKE SKCILUTYATUPYEeMOU MOMYJIAINH, 3a-
JJaHHBIE CUCTEMOU PA3HOCTHBIX ypaBHeHuid. CTaBuTCd 337298 ONTUMAJIb-
HOro cbopa pecypca Ha OECKOHEIHOM IIPOMEXKYTKE BPEMEHU IIPU PA3JIAd-
HBIX OTDAHUYIEHNAX Ha YCJI0BHUd IpoMbIca. VccaenyeTcda cpefHAS BpeMeH-
Had BBITO/Ia OT U3BJIEYEHUS PECYPCA U OIUCHIBAETC CTPATErUS IIPOMBICIIA,
KOTOpasd #ABJIAETCS ONTAMAJIbHOU CPEqu APYIUX CHOCOOOB SKCILIyaTAIIN
TIOILYJIATIAH.

Karuesoie crosa: MOIEThb NOIYJIANINN, ITIOABEPKEHHON IIPOMBICITY, CPeTHIS
BpPEeMEHHas BBITOJA, OTUMAJIbHAA KCILIYATAIHUS

Eroposa Anacracus BnaguMuposHa, MATHCTPAHT, BIaauMupCcKuii TOCYIapCTBEHHBIH yHA-
Bepcurer (Bal'V) (Baagmmup, Poccums); Anastasia Egorova (Vladimir State University,
Vladimir, Russia)
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On calculation of the average time profit for exploited
population

We consider models of dynamics of exploited population, given by the
system of difference equations. The problem of optimal harvesting of
renewable resource at an infinite time interval is put under various re-
strictions on extraction conditions. We investigate the average time profit
from resource extracting and describe a harvesting strategy that is optimal
among other methods of exploitation of the population.

Keywords: model of the population subject to harvesting, average time
profit, optimal exploitation

Ha nmporsskeHnn MHOTHX JIET OCTAeTCs aKTyaJIbHOM MpobJeMa panunoHaIbHO-
r'O ACIIOIB30BAHMS NTPUPOIHBIX PECYPCOB. B mocsemnue roasl MHOKECTBO paboT
HOCBSIIEHO UCCIeJI0BAHUI0 PEsKUMOB JUHAMUKH CTPYKTYPHPOBAHHON IIOILY.Jis-
UMK M MAKCUMU3ALMK JIOX0/Ja OT LPOMBICJIOBOIO BodueiicrBus Ha Hee (cM. [1] u
0630p smreparypsl B [2]). Tax, B [3] aHaInTHUECKN MOKA3aHO, YTO JJIST HEKOTO-
PBHIX ABYXBO3PACTHBIX MOMYJIANNH ONTHMAIBHBIM SABJISIETCA U3bATHE (PUKCAPO-
BAaHHOH MTOJIM OT YHMCJEHHOCTH OCOOEH TOJBLKO OMHON M3 BO3PACTHBIX T'PYII, &
IpH OJHOBPEMEHHOM 3KCILTyaTalliid 060X BO3PACTOB MAKCUMYM JIOXOJ1a He J0-
cruraercda. Hapsiy ¢ 3TUM IPOBOASATCA KCCIEI0BAHUs JOXOAA OT U3BJedYeHus:
pecypca s auddepenimaibHbIX ypaBHEHU U CUCTEM, 3aBUCAIIUX OT CJLydaii-
HbIX mapameTpos [4]. CoBpemenHoe cocrosiHue paboT Mo BOMPOCAM ONTHMAIHHOMN
IOOBIYY pecypca s PA3JINIHBIX MOJIENEH SKCIIyaTHPYEMBIX TIOMYJIAnmil 6otee
no01po6HO onucaHo B [1].

ITpeamosioKum, 4T0 UCCIeLyeMas HEOMHOPOAHAS MOMYJIlus Pa3IeieHa Ha
n > 2 Bo3pacTHbIX KjaccoB. Obosunauum uepes z;(k), i = 1,...,n KOIUIECTBO
pecypca Kaxkaoro u3 kiacca B moment k = 0,1,2,.... Begem muoxkectBo U =
{w:u = (w0),u(l),...,uk),...)}, rae u(k) = (u1(k),...,un(k)) € [0,1]"
U PACCMOTPUM TIOCTIEIOBATENILHOCT U € U KaK yIPaBJIEHUE I TOCTHKEHUS
JIydIIero pe3ysbrara coopa. Torma Mogesb SKCILIyaTuPyeMoil MOMy Isui UMeeT
BH/I

2(k+1) = F((1 - u(k)a(k)), k=01,2,...,

rae z(k) = (z1(k),...,zn(k)) € RE, RE = {z € R" : 2y > 0,...,2, > 0},
(1 —u;(k))x;(k) — xommuecTBO pecypca i-ro Bha, OCTaBINeecs mocie c6opa B
MomeHT k, F(z) = (f1 (z),..., fn(a:)), fi(x) — BerecTBEHHbIE HEOTPHUIIATEIILHBIE
bynknun, 3azanube a5 Beex @ € R rakwe, garo f;(0) = 0, f; € C*(R%}) n
ofi

Zj

marpurna Axkobu ( ) . SIBJIAETCA HEBBIPOXKIEHHOM i Beex = € R},
i,j=1,...,n

IIycts C; > 0 — cTOMMOCTH €IUHUILI PECYPCa KAXKIOTO U3 KJIACCOB, TOTIA
CTOMMOCTB BCeil TOOBIBAEMOM TTPOAYKIIMNA B MOMEHT k paBHA

2(k) =Y Cixi(k)ui (k).
i=1
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Hnsa mobbix w € U u x(0) € R} oupenemum cpednioro epemenyto 6v200y ot
u3BedeHus pecypca (cm. [4])

o1 .1
H(w,2(0)) = klinolo k 4 koo k
OcHoBHAg 3a1a49a JAHHON pabOThHI 3aKI09AETCA B IOCTPOEHUH TAKOIO CIOCOo0a
9KCILUTyATAIMY TOMYJISIIIAY, TPH KOTOpoM 3uavenne pyakmun (1) MmakcumanbHoe.
CMayuoHapHoLM DEHCUMOM IKCTAYAMAUUY TOTYIAINNA HA3bIBAETCH TaKOI
croco6 m1o6bran pecypea, mpu koropom u(k) = u® = (uf,...,ul) € [0, 1]".
Buauajie paccMOTpUM OHOPOAHYIO MOMYJISIIUIO, 3aJaHHYI0 MOJIEIbIO

p(k+1) = f((1—u(k)z(k), k=012 ..,

rie x(k) € Ry — komagecTso pecypca 10 cbopa B Moment k, f € C?(R,) — se-
MIECTBEHHAs HEOTPUIATENbHASA (DYHKIIUS, yaoBIeTBopsitomas ycaosuio f(0) = 0.
Bes orpannyenus obuocTn MoxkeM nojarath C7 = 1, mostomy u3 (1) cienyer,
YTO CPEIHAS BPEMEeHHAs BBITOJa PABHA,

H(w,2(0) = lm 3 ai)ut).

o0

E

VrBepxkaenue 1. ITyemsv d(z) = f(x) — x docmuzaem marcumanrbrozo
3navernus 6 edurncmeennot mouke r* > 0. Tozda daa abozo x(0) u3 wexomo-
poti oxpecmmuocmu mowxu f(z*) maxcumanvroe snavenue dynsyuu H(u, z(0))
pasno H(u*,z(0)) = f(z*) — 2* u docmuzaemca npu cmayuonaprom pesicume

*

axcnayamayuy u*(k) =1 — ,k=0,1,....

x
f(@*)

IIpumep 1. IIpeamnonokum, 9TO MOJETb OJHOPOIHON IKCILIYATHPYEMOiT I0-
MyJISANAN 33IaHa, YPABHEHUEM

zk+1)=4-1—uk)zk) 1 -1 —uk)zk)), k=1,2,....

Dyukius d(x) = 4z(1l — &) — & gocTUraeT MAaKCUMAaJIbHOrO 3HAYEHUS B €J[UH-
crBenHoit Touke z* = 0.375. CorylacHO yTBEPKJIEHUIO 1, MAKCHUMAJIbHOE 3HA-
werme Gyrxmym H (U, 2(0)) Z0CTHTAETCS TPH CTAIMOHAPHOM PEKUME IKCIIIya-
rammu n paBHo f(z*) — x*. Hecmoxuo mocunrars, uro s seex x(0) € (0,1)
BBIIIOJTHEHBI DABEHCTBA

=06 w H(wz(0)) = f(z*) —x* = 0.5625.

i (m.2(0) = £

Teopema 1. IIpednososicum, 4mo 6unosHeHdL CALOYIOULUE YCAOBUA:

1) pynryua D(z) = Y Ci(fi(z)—z;) docmuzaem maxcumarvrozo snavenus
i=1

6 eduncmeennoti mouxe x* € R w xf < fi(z*) # 0 dan mobozoi=1,...,n;
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2) mouka F(x*) asasemcs ycmotinuebm nos0HCEHUEM PAGHOBECUS CUCTE-
o, z(k+1) = F((1 —u®)z(k)), k = 0 npu

0 _ % _ _ '/EylK _ '/E:L
U =1u —(1 7f1($*)’”'71 fn(iﬂ*)>

Tozda das moboezo x(0) us nexomopot oxpecmuocmu mouwku F(x*) dynryus
H (u,z(0)) docmuzaem maxcumarvnozo snauenua

n
H(a*,2(0)) = D(a*) = 3 Ci(fila™) — a7)
=1
NPU CMAYUOHAPHOM Pedicume sxcnayamayuy w* = (u*, ... u*,...).
IIpumep 2. Ilycrs AuHaMuKa ABYXBO3PACTHON MOIYJISIANA OIMUCAHA CHCTE-
MO

(1 - ul)zl(k) + (1 - ul)xl(k)(l — u2)x2(k) —2(1 —uy)%22(k),

4
4(1 — UQ)IEQ(k) + %(1 — ul)xl(k) (1 - U2)1'2(k) - 3(]— - u2)2x%(k‘),

rae 21 (k) — YNCIEHHOCTH MJIAJIEro BO3PACTHOTO KJacca B MOMEHT k, xa(k) —
YUCJIEHHOCTH CTApIIEero BO3pacTHOrO KJjacca, B MOMEHT BpeMeHu k, k — HOMeEp
nepuoga pasmuoxkenus, k = 0,1,2, ..., u; = ui(k), us = us(k) — monu exeroz-
HOT'O IIPOMBICIIOBOTO H3bATHS JIJIs MJAIIIEN0 W CTAPIIEr0 BO3PACTHOIO KJIACCa,
COOTBETCTBEHHO.

Onuiem onruMasibabiil pezkum sxcryaranuu. [lycrs Cp = 3, Co = 2, Toraa
byHRIMSA

7
D(z1,x2) = 921 + 629 + g %182 — 627 — 623

JIOCTHTAeT MaKCHMAJIbHOrO 3HaYeHus B Touke (x7,x3) =~ (0.9791,0.7856).

Coruacuo Teopeme 1, makcumasibhoe 3uadenue dyukuuu H (T, 2(0)) mocru-
raeTcsi MPU CTAMOHAPHOM PEXKUME SKCIUIyaTalh. 3/1€Ch ONTUMAJIbHBIE YIIPAB-
nennd uj ~ 0.6463, u3 ~ 0.4704 n MakcUMaIbHAA CPEJHAS BpEMEHHAsS BBITOIA
H(u*,z(0)) = D(x7},23) ~ 6.7628.
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HAYAJIbHO-TPAHUYHBIE 3AJAYM OJIA
TUITEPBOJINMYECKOTO YPABHEHU A C CUHTYJISISPHBIM
KO®OPUIITMEHTOM
H.B. 3aiinesa
n.v.zaiceva@yandez.ru

VIK 517.95

Jns rumepboImaeckoro ypaBHEHUsI C CHHIYJISIDHBIM Ko3d(ddummernTtom B
NPSIMOYTOIBHOI 001aCTH UCCIeJOBAHBI HAYAILHO-TPAHUIHbIE 33,1291 B 3a-
BHCHMOCTH OT YHCJIOBOI'O IIapaMeTpa, BXOALINero B ypasHenue. Pemenns
nocTpoeHsl B Bune panoB Pypre-Beccena. EnuHCTBEHHOCTD pemneHmit 3a-
a9 IPOBOJUTCS METOI0M MHTErDAIbHBIX TOXKIECTB. Jl0Ka3aHbBl TeOpeMbl
CyIIECTBOBAHUA U yCTOMYMBOCTH PEILICHUN IIOCTABICHHDBIX 33/1ad.
Karouesvie crosa: rummepbomIecKoe ypaBHEHNE, CHHIYIAPHBINA KOodbdu-
[WEHT, HaYaJbHO-IpAHUYHAS 33mada, pax Pypoe-Beccess, pasBHoMepHas
CXOZIMOCTb.

Initial-boundary value problems for hyperbolic equation with
singular coefficient

We research initial-boundary value problems in a rectangular domain for
the hyperbolic equation with a singular coefficient. The solutions are
obtained in the forms of the Fourier-Bessel series. The uniqueness of solu-
tions of the problems are established by means of the method of integral
identities. The existence and stability theorems for the solutions of the
problems are proved.

Keywords: hyperbolic equation, singular coefficient, initial-boundary value
problem, Fourier-Bessel series, uniform convergence.

Teopust KpaeBbIX 334 JIJjisi BEIPOKIAIOMIUXCA YPABHEHUI sIBJISICTCS OJ[HIM
U3 BAYKHEHIITUX PA3Ie/IOB COBPEMEHHON Teopun AuddepeHuaibHbIX yPaBHEHUH
B YACTHBIX MPOU3BOIHBIX, UYTO OOYCJOBJIEHO HCIIOJIH30BAHUEM JAHHOTO KJACCa
yPaBHEHUI B MHOIOYHCJIEHHBIX MPUJIOKEHUIX K 3a/a9aM Ta30BOH JTUHAMUKA
U aKyCTHKHU, TEOPUU CTPYH B TUIPOIMHAMUKE, MEXAHUKE, TEOPUU yIPYTOCTH U
mwiactugHocTu. [lepBas rpanndnass 3a1ada s BhIpOXKIatonuxcs auddepen-
[UAJILHBIX YPABHEHUN B YACTHLIX MPOW3BOAHBIX JIITUNTHYECKOrO THTA C TEpe-
MeHHbIMU KO3 durmenTaMn Brepsble u3ydeHa B padore [1]. Ocoboe mecro B
JIAHHO# TEOpWH 3aHUMAIOT MCCJIEJI0BAaHUs ypaBHEHUT, comepKamux auddepen-
[MUAJBHBIN ormepaTop Beccens, ndydenne KOTOPHIX OBLIO HAYATO B paborax ii-
sepa, Ilyaccona, JapOy. ObumpHoe ucciesoBanue ypaBHEHUI TPEX OCHOBHBIX
KJ1accoB ¢ oueparopom Beccesst upescrasieno B paborax [2-5].

Paccmorpum B nipsimoyronbHoii obmactn D = {(z,t)|0 <z < [,0 <t < T}
koopauHaTHOM Mwiockoctu Oxt, [,T > 0 — 3amaHHbIe JeHCTBUTEIbLHBIE YHCIIA,
rUrnepOoIMIecKoe ypaBHeHHe

k
Opu(z,t) = up — Uge — —uy =0, (1)
x

3aiinesa Haranabs BaagumupopHa, crapriuii npenojgasarens, Kazanckuil ¢emepasibHbIi
yuusepcurer (Kaszanb, Poccust); Natalya Zaitseva (Kazan Federal University, Kazan, Russia)
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0? k 0 . 0

e o + —5- =2 ¥ — (z"u,) — omeparop Beccens, k # 0 — 3amammoe
. Ox x Ox ox

JIeWCTBUTEIHLHOE 9HCITO.

B mammoit paboTe mcciieI0BAHBI IEPBas W BTOpas HAYAJIbHO-TPAHUIHBIE 3~
Jadn jig runepboamyueckoro ypasaenus (1) B npsamoyrosbhoit obaactu D npu
Beex k # 0.

ITocTaHOBKa IIEepBOii HAYAJIbHO-IPAHUYHON 3amadn. Halmu dynryuro

u(x,t), YyooeAemeopAOULYI YCAOBUAM:

u(x,t) € C(D)NC*(D), z"u,(z,t) € C(D), (2)
Opu(z,t) =0, (x,t) €D, (3)
w(,0) = p(@), w(r,0)=1y(), 0<z<l, (4)
u(l,t) =0, 0<t<T,
w0,t) =0, 0<t<T, k<1,

2de p(x), Y(x) — 3adannvie docmamouno zaadkue GyHKYUY, YO0BACTNEOPAIOULUE
yeaosuam o(1) = (1) =0, p(0) =1(0) =0 npu k < 1.

ITocranoBKka BTOpOil HadyaJbHO-rpaHu4dHoO# 3agaun. Hatdmu dynxyuro
u(zx,t), komopas ydosaemeopsem (2)—(4) u ycrosusam:

uy(1,t) =0, 0<t<T,

lim+a:kuw(a:,t)20, 0<t<T, |kl<1,

z—0
w0,t)=0, 0<t<T, k<1,

20e p(x), ¥(x) — 3adannvie docmamouno 2aadkue GynKUUL, YOOEAEMEOPAIOULUE
yeaosuam @' (1) = ' (1) = 0.

MeTomoM HHTErpaIbHBIX TOKIECTB JOKA3AHBI TEOPEMbI €IUHCTBEHHOCTH PEe-
MIEHUI TIOCTABJIEHHBIX 3a4a4. [Iig J0Ka3aTeNbCTBa CYIIECTBOBAHUS PEIICHUS
3a/1a9¥ WCIOJIb3YIOTCS OIEHKU KOI(hMUIINEHTOB PSS U CUCTEMBI COOCTBEHHBIX
¢yHKIHiT, KOTOPBIE YCTAHOBIEHBI HA OCHOBAHUM ACHMITOTHIECKAX (DOPMYJT [T
dyukun Beccens u mymeit aToit pyuknum. [lomydensr 10cTaTOTHBIE YCAOBHUST OT-
HOCHTEJIbHO HAYAJIbHBIX YCJIOBHIA, KOTOPbIE rapaHTUPYIOT CXOJUMOCTH HOCTPO-
€HHOTO DsiJIa B KJIACCE PETYJISApHBIX pertenuit [6, 7]. s kaxaoit 3 3amav q0-
Ka3aHa

Teopema. /[ra pewenus sadavu enpasedausa oyenxa ||ul| < C(||o||+11%]]),
2de nocmoannas C ne 3asucum om dynryud ¢(z) u ().
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OBPATHAS CIIEKTPAJIbHA A 3AJJAYA OJId
JNOPEPEHIIMAJIBHOI'O OITEPATOPA YETBEPTOT O
IIOPAIKA
T.A. 3akupoBa
zakirovaga@susu.ru

VIIK 517.518

Pazpaboran “ucaeHHBIN MeTO ] pelleHnst 00PATHBIX CIeKTPAIBHBIX 3313
JIs TUCKPETHBIX IOJIyOIDAHWYEHHBIX OllepaTopos. B re3mcax mokasaHo
TIPUMEHEHNUE STOTO0 MEeTOIA ISl PEIIeHNs MOIEIbHBIX KPAEBBIX 3a1at JJIsT
OOBIKHOBEHHBIX UM @ epeHITHaIbHBIX OIepATOPOB WYEeTBEPTOrO IOPSIKA.
IIpesncraBiieHbl pe3y/IbTaThl BBIYUCIATEIbHBIX IKCIIEPHMEHTOB.
Karouesvie caro6a: CIEKTpaIbHAS TEOPUSI, TEOPUS BO3MYIIEHHI, 06paTHast
3aJia4a, OIepPaTOpP BBICOKOTO MOPAIKA

Inverse spectral problem for a fourth order differential
operator

A numerical method for solving inverse spectral problems for discrete
semi-bounded operators is developed. The theses show the application of
this method to the solution of model boundary value problems for ordinary
differential operators of the fourth order. The results of computational
experiments are presented.

Keywords: spectral theory, perturbation theory, inverse problem, high or-
der operator

Ha ocuose [1]-[3] B paborax [4]-[6] paspaboran YHCIEHHBI# MeTOH perle-
HUST OOPATHBIX CIEKTPATbHBIX 33144, MO3BOJISIONIHI PEIaTh 00OpaTHBIE 3a1a9n
JUTsl TUCKPETHBIX TOMYOrPAHUYEHHBIX OMepaTopoB. IIpu 3ToM yAamocs mocTpo-
UTh AJTOPUTMbI, KOTOPBIE MOXKHO C MAJbIMU KOPPEKTUPOBKAMHU IIEPEHECTH HA,
3a/a491 ¢ HEOOXOIMMBIM MOPSIKOM, BHAOM JAu(M(PEPEHITNATbHBIX OLIEPATOPOB U
IPAHUYIHBIX YCIOBHUIA.

Bakuposa lanns AmpysiosHa, K.d.-M.H., gonert, IOYpI'Y (Yensabunck, Poccus); Galiya
Zakirova (South Ural State University, Chelyabinsk, Russia)
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[Tokarkem npuMeneHue JJaHHOIO METO/IA HA IIPUMEPE MOEIbHBIX KPAEBbIX 3a-
J1ad 11151 OOBIKHOBEHHBIX MU HEPEHITNATBHBIX OTTEPATOPOB YETBEPTOTO MOPSIIKA.
PaccMmorpuM creKTpaiabHYIO 3372y

Lu = pu, 1)

Gu|r =0, (2)

JUIE TUCKPETHOTO TIOJIYOrPAHUYEHHOTO omeparopa L, 33JaHHOTrO B cenapabesib-
HOM THABOEpTOBOM mpocTpancTBe H ¢ obmacrhio onpenenennsa Dy € H, I' —
rpanuma obigactu Dy,.

Teopema 1.[4] ITycmov L — duckpemnnii noayozparuuenmolii onepamop, deti-
cmeyowul 8 cenapabesvrom 2uabbepmosom npocmpancmee H. Ecau cucmema
Koopdunammuz Gynkuul {pg}e2 | AGAREMCA OPMOHOPMUPOSAHHIIM basucom H
u ydosaemsopaem 3a0aHHbM 04 onepamopa L 00HOpOOHbIM 2PAHUYHBIM YCA0-
suam. Tozda npubrusicenmnvie cobecmeennvle 3HA%EHUA [, onepamopa L waxo-
dames no dopmyaam

fin(n) = (Ln, ¢n) +0n, n €N, (3)

n—1

rie 0, = 3 [fk(n — 1) — fig(n)].

Bocnonb3oBasmmuck TeopeMoit 1, Haitaem

1

I [pols)et? () + p1(5)iy (5) + pa(s)on(s)” +pals)en(s) +
+01(8)9n(s5) | on()ds = i3, i3, = fin(n) = 6. €N

3amuieM MojyvYeHHOe YPABHEHNE B MATPUIHOM BHUIE
AP = /f{(z, s)P(s)ds = f(z), c <z < d, (4)

rae A — oneparop ®@pearosbma,

I?(m;ﬁs) = (Ko(xk,s) Ky (zg, 2(xg, 8) Ks(xg,s) K4(xk,s)>, Kj(zp,s) =

s) K
po(s)
s) N
)
)

@%4 J)( )eon(s), }3(3) _ s , oy € [e,d], f(zn) = 15, [c,d] — orpesok

s
P4( )

cosiepzKarimii He0OXOAMMOe KOJMIEeCTBO MPUOINKEHHBIX COOCTBEHHBIX 3HAYEHUI

cuekTpaibHoil 3aauu (1)—(2).

/\/\/\/—\

Honycrum, uro sapo K(z,s) maTerpanbroro ypasHenusi (4) HempepbiB-
HO W 3aMKHYTO B kBagpare II = [a,b] X [c,d], dynknum f(:c) € Lsle,d],
p;(s) € Wia,b], j = 0,4, n = max(ry,r2,t1,t2). Tounble 3HaueHns 1PABON
4acTu uHrerpaibHoro ypasuenus (4) f(x) nemssecrnbr. Issecrubr rosbko ee
NpUOIMKEHHBIE 3HAYCHNS [ (xk) rakue, 9o ||f — f || La[e,d) < 0. Jaa wmcaenno-
ro pelieHus JAHHOH 3aJa4d UCIOIb3yeTCd peryndapusanusa TuxoHoBa.
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B kauecTBe miutiocTpaluu pacCMOTPHUM CIIEKTPAJIbHYIO 33/1a4dy.

u® 4+ py(s)u=pu, 0<s<1,
u(0) = u'(0) = 0, (5)
u(l) =u/(1) = 0.

Brnecy u € Wi(a,b), pa(s) - rmagxkaa byHKmmEsa. 3a CHCTeMY KOOPIHHATHBIX
dbysxumit {pr(s)}7_, B merome I'anepkuna Bo3bMeM COOCTBeHHBIE (DyHKIUK
CHEKTPaJIbHON 33/1a4u
@ = xp,
¢(0) = ¢'(0) =0, (6)
e(1) =¢'(1) =0,

BuJ, KOTOPbIX u3Becrer. CoOCTBEHHbIE 3HAYEHUsE CleKTPaibHOoil 3aua4u (5)—(6)
BBIUUCISAIOTCS 110 OPMyJIaM A = qé, k =1, 00. B Tabs. 1 mpuBeeHbI pe3yib-
TaThl BHIYUCIUTEIHHOTO IKCIIEPUMEHTA, 110 HAXOXKJIEHNIO 3HAYEHUIl MOTeHInaIa,
D%, B Y3TOBBIX TOUKAX JAUCKPETU3ANUU IPU CIEAYIONNX 3HAUEHUSIX [apaMer-
poB: Ng = 17 - gucso y3si0B auckperusanuu, ¢ = 504, 3358, d = 9135911, 1596,
pa(s) = 82 + 3s + 2. Yepes pS, 0603HACHBI 3HAYCHHUS [ICEBIOPEIICHUS PS B y3-
JIaX JUCKpeTu3aluu. Beauuuusl (, ONpeneasieT mOTOYedHY0 abCOTIOTHOK TO-
I'PEINIHOCTL ITOJIyYE€HHOTO IICEBIOPEIIEHUS p§ H ONpenendiorcd mno (hopMmysiaM

b
G = [#(on) = [ Kalwn, s)pi(s)ds|, n=TN..

Tabunma 1

n Sn pa(sn) | %, Ipa(sn) — 3| Cn

1 0,0000 | 2,0000 | 3,7353 1,7353 1,6703 - 10~ 1T
2 | 0,0625 | 2,1914 | 3,7778 1,5864 1,0987 - 10~2
3 0,1250 | 2,3906 | 3,7499 1,3593 5,9071-10—3
4 0,1875 | 2,5977 | 3,7100 1,1123 5,4734-1073
5 | 0,2500 | 2,8125 | 3,7060 0, 8935 3,8745-10~3
6 0,3125 | 3,0352 | 3,7834 0, 7482 2,6786-103
7 10,3750 | 3,2656 | 3,9236 0, 6580 1,8679-10~3
8 0,4375 | 3,5039 | 4,0571 0, 5532 1,3017 - 103
9 0,5000 | 3,7500 | 4,1115 0,3615 8,8254 - 10—*
10 | 0,5625 | 4,0039 | 4,0571 0, 0532 5,5436 - 104
11 | 0,6250 | 4,2656 | 3,9236 0, 3420 2,8582-10~4
12 | 0,6875 | 4,5352 | 3,7834 0,7518 5,8948 - 105
13 | 0,7500 | 4,8125 | 3,7060 1,1065 1,3703 - 10~
14 | 0,8125 | 5,0977 | 3,7100 1,3877 3,0895-10—*
15 | 0,8750 | 5,3906 | 3,7499 1,6407 4,6141-10~4
16 | 0,9375 | 5,6914 | 3,7778 1,9136 5,9765-10—4
17 | 1,0000 | 6,0000 | 3,7353 2, 2647 7,2014 - 10—4

[IpoBeieHHbIE MHOTOYUCTIEHHBIE BHIYUCIUTEIbHBIE SKCIIEPUMEHTHI 110 BOCCTa~
nossienuio omneparopos [rypma-JIluyBuiis 4erBepTOro mOpsiKOB 110 U3BECT-
HBIM WX COOCTBEHHBIM 3HAYEHUSM, TPUHAJIEKAIX HEKOTOPHIM OTPE3KaM, TMo-
Ka3aJI1 BBICOKYIO BBIYUCIUTENbHYIO 3hMEKTHBHOCTD Pa3pabOTaAHHOIO YMCIIeH-
HOI'O METO/Ia PeIleHnsi OOPATHBIX CIEeKTPAIbHBIX 3324 ITOPOKIEHHBIX JUCKPET-
HBIMU IIOJIyOI'DAHUYEHHBIMU OIEPATOPAMHU.
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O KOPIINTNBHOCTU BO3SMVYIIEHHDBIX
JANOPEPEHIIMAJIBHO-PASHOCTHHBIX YPABHEHUU

E.Il. IanoBa
elpaliv@yandez.ru
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PaccmarpuBatorcs kpaesbie 3agaum st aud hepeHmaIbHO-Pa3HOCTHBIX
YPaBHEHWIT C BO3MYIIEHUSIMY B CABUTAX apryMeHToB. IlosyueHbr HeoOX0-
JMIMBIE U [OCTATOYHBIE YCIOBHUS BBITOJHEHUS HEPABEHCTBA Twia, [ opmHra
B asjrebpamveckoMm Buje. VccsieioBana HelpepbiBHAS 3aBUCUMOCTD Pelie-
HU 3TUX 33739 OT CABUTOB apTyMEHTOB.

Karoueswie caosa: muddepeHnmaabHO-Pa3HOCTHBIE yPaBHEHHUs, KPAeBble
3a/1a4u, CUJIbHAs JUIUIITUYHOCTD
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On coercivity of perturb differential-difference equations
Boundary value problems for differential-difference equations with per-
turbations in the shifts of the arguments are considered. The algebraic
criterion of fulfillment of the Garding-type inequality was established. We
investigated continuous dependence of solutions of these boundary-value
problems on the shifts of arguments.

Keywords: differential-difference equations, boundary-value problems,
strong ellipticity

Paccmorpum kpaesyio 3aga4y 11t anud dbepeHnuaabHO-Pa3HOCTHOTO YpaBHe-

HHUA
n n

Au=— 3" (Rijeug,),, — Y (Rug,),, = f(x) (z€Q), (1)

ij=1 i=1

uwz) =0 (z¢Q), (2)

rae Q— orpaHnveHHast obiactb B R™ ¢ KycouHo-Tia kol rpanuneii, f € La(Q).
Pasnocrasle oneparopsl R;je, R : Lo(R™) — Lo(R™) umeror Bug

J
Rijeu(x) = ajjoulx) + Z aijr(u(zr + ke, xa, ..., xn) +u(z1 — ke, z2, ..., Tp))
k=1

Ru(x) = bou(x) + Y bu(ulx +h)+u(z — h)).
heM\0

3aeck aiji, by € R, a1 = ajik; M — MHOXECTBO BEKTOPOB C II€TOYNCICHHBIMH
KoopauHaramu, € > 0 — masbiii napamerp (manee ¢ — 0). Pemenue u 3anaun
(1)-(2) mmercsa B npocrpancrse CoGonesa H'(Q) u onpee/siercs craniapTHbIM
obpazom.

Teopusi KpaeBbIX 33a4 /i JIUNTHIECKUX aud DepenuanbHo - pa3HOCT-
HBIX YPABHEHHH C NEJTOYHMCIEHHBIMU CIBUTAMH APTYMEHTOB B CTAPIIAX ICHAX
nocrpoera B paborax A.JI. Ckybauesckoro [1],[2].

HaszoBem ypasuenue (1) CHIBHO SJJIUIITUYIECKUM, €CJIU BBINOJTHEHO HEPABEH-
cTBO Tuma l'opaunra:

Re (Au,u)p, o) = arllull® gi ) (Vu € C§°(Q), e > 0).

IMony4yum ycsoBusi paBHomepHoii (0 € > () CHIBHON JIMITUIHOCTH yDaB-
nenuii (1). Boupoc o HenpepbIBHON 3aBUCHMOCTH KOHCTAHTbLI JUIMLITHYHOCTU
u pereHnii GyHKIUOHATBHO- T} dEpEeHIINaIbHBIX YPABHEHNH OT TapaMeTpa &
npu € — 0 BrepBble paccmarpuBadics B [3]. Kpaesbie 3ama4m st BO3MYIIEHHBIX
nuddepeHInaIbHO-PA3HOCTHRIX YPABHEHUI B OJHOMEDHOM CJIydYae MCCJIEI0BaA-
Hbl B [4].

n

J

O6osnaaum ar(n,§) = > (aigo +2 3 aikcos(kn))&g;  (n € R,§ € R™)

ij=1 k=1

Gmin = inEf Re agr(n,€) (n € R,|¢| = 1). Beemem omeparopsr RC : Ly(R™) —
7

Lo(R™), RCu(z) = ammu(z) + Ru(z), RS = PoRCIq : Ls(Q) — La(Q), tae
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Ig @ Ly(Q) — Lo(R™)— omeparop npomomkenus ¢Gysxuun u3 Lo(Q)) HyneMm B
R™, Py : Ly(R™) — Lo(Q)— omeparop cyxenust Gyuxmun u3 Lo(R™) na Q.

Teopema 1. Ypasrenue (1) A6AAMCA CUIHO IAMUNMUNECKUM 6 Q 0AA A10-
6020 3navenus napamempa € > 0 Mo20a u MoAbKO Mozda, K020a KOHMPOALHHIT
onepamop Rg ABNACTNCH NONOHCUMENLHO ONPEIeNEHHDBIM.

) J
O6o3HaunM a?jm = ajjo + 2 kzl @) T PACCMOTPUM TIPEJICIBHYIO 33Jay
n B n
=Y (@), = (Rug,),, = f@) (z€Q), (3)
ij=1 i=1

wz) =0 (z¢Q). (4)

Teopema 2. Ilycmo onepamop RE AGAALMCA NOAOHCUMENDHO ONPEIEAEH-

Hnoum. Tozda das w060t Pynruyuu f € Lo(Q) u arwbom durcuposanmom 3na-

wenuu napamempa € > 0 3adava (1)-(2) umeem eduncmeennoe peurenue us €

HY(Q). Ipu smom ||ju. — Ulim|| g1 gy — 0, € = 0, 2de uiim € HY(Q)— pewenue
sadawu (3),(4).

JIureparypa

1. Skubachevskii A.L. Elliptic functional differential equations and applications.
Basel — Boston — Berlin: Birkhauser, 1997.

2. Cxybauescruti A.JI. Kpaesbie 3aa9u s SJUIANTHYECKUX AU epeHmaanao -
Pa3HOCTHBIX ypaBHEHUH n ux npuioxenus // Yemexu mart. mHayk, 71:5 (2016), 3-112.

3. Rossovskii L.E. Elliptic functional differential equations with contractions and
extensions of independent variables of the unknown function // J. of Mathematical
Sciences, 223:4 (2017), 351-493.

4. Ivanova E.P. Continuouse dependence on translations of the independent
variables for solutions of boundary-value problems for differential-difference equations
// Journal of Mathematical Sciences, 233:6 (2018), 828-852.

O 3BAZTAYE PACCEAdHUA OJIs1 CUCTEM
JIN®PEPEHIINAJILBHBIX YPABHEHUN C OCOBEHHOCTBIO
M.IO. UrnarneB
ignatievmu@info.squ.Tu

YIK 517.984

W3yqaercsa 3amaga paccesHus HA MOJIyOCH I cucTeM auddepeHnnanb-
HBIX YPABHEHWII, NMEIOIINX PETYJISIPHYIO 0COOYIO TOUKY B HyJIe. YCTaHaB-
JIMBAIOTCS CYIIECTBOBAHIE, € IMHCTBEHHOCTh U HEKOTOPBIE CBOICTBA pelie-
uuii Tuna Belis, urpamomux KiI04YeByIo poJib [IPU UCC/IEI0BAHUN IPAMbBIX
7 0OPATHBIX CIIEKTPAJIHHBIX 33a.

Karouesvie caoea: 3amadam  paccesHus, cucreMbl auddepeHImabHbIX
ypaBHEHWit, 0COOEHHOCTH

Pabora BeimosHeHa npu (unancosoi nojgepxke PO®U (mpoextsr Ne 15-01-04864, 16-
01-00015, 17-51-53180) u Muno6puayku P® (mpoexr Ne 1.1660.2017/4.6).

Urrarses Muxann IOpeesnd, k.¢.-M.H., gonent, CT'Y uvenn H.I'. Yeprweimesckoro (Ca-
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On scattering problem for the systems of differential equations
with a singularity

The scattering problem on the semi-axis for the systems of the differential
equations with a regular singularity at the origin is studied. We establish
the existence, the uniqueness and some properties of the Weyl-type solu-
tions which play an important role in investigation of direct and inverse
spectral problems.

Keywords: scattering problems, systems of differential equations, singu-
larity

Paccmorpum cucremy OOBIKHOBEHHBIX nudPEPEHITHAIBHBIX YPABHEHUN BU-
Ja:
y = pBy +x Ay + q(z)y, = € (0,00) (1)

CO CIeKTpaJIbHBIM HapaMeTpoM p, tae A, B, q(x) —n X n - marpuups, n > 2, A, B
nocrosiabl, ¢k (-) € L1(0,00)NLy(0,00), p > 2. B nanbueiimem uepes X, Gyuem
0003HAYATH MHOYKECTBO BHEIUATOHATBHBIX MATPUI-DYHKIUI C TeMEeHTaMy 13
L1(0,00) N Lp(0, 00).

Byzem caurars, uro B = diag(bi,...,bs), gj;(x) =0, aj; =0, b1,..., b, —
Pa3/INUHbIE HEHYJIEBbIE KOMILJIEKCHBIE YUC/IA, HE JIEXKAIINE HA OJHON Mpsamoiil u
TaKue, 9To 22:1 b = 0. IlycTh, KpoMe TOTO, COOCTBEHHBIE 3HAYECHUS [i1, - - - , fbn
MaTpuipl A TakoBbI, 9TO 11 — iy ¢ Z upu j # k, Repj # 0 m Repq < Repg <
-+ < Repy,.

Onpenenenne. Q6o3unaunm depe3 Rip,...,R, [TEepecTaHOBKY dHCEs
bi,...,b, Takyio, uto RepR; < RepRy < --- < RepR,, gepe3 fi,...,fn —
COOTBETCTBYIOIIYIO TEPECTAHOBKY BEKTOPOB €1, ..., €, CTAHIAPTHOrO Oasmuca B

C™. k-m pemenuem runa Beiiss nazosém peenue ¢y (g, x, p) cucremst (1), yao-
BJICTBOPSAIONIEE YCJIOBUSM:

wk(qaxvp) =0 (l‘uk) , T —> 07 ¢k(q,$7p) = eXp(pka)(fk + 0(1)),.13 — O0.

Obo3uaunM
= |J {z:Re(zb;) = Re(zbg)}.
(k,j):j#k
IIycts S - HEKOTOpBIN CEKTOP C BEPIIUHON B HAYAJE KOOPAWHAT, JIEYKAIIUI B
C\ %, n myerb ¢(2) = (c1(2), ..., cn(2)) ne(z) = (e1(2),...,en(2)) bynmamen-
TaJbHbIE MATPUIBI HEBO3MYIIIEHHON CACTEMBbI

d
& _ By+ 2z tAy, z € S,
dz

TaKHe€ 49TO

er(z) = exp(zRy)(fr +0(1)), z = 00, cx(z) = 2"*(hr +0(1)), z — 0,

rme hp - COOCTBEHHBI BEKTOP MaTpUIbl A, COOTBETCTBYIOIIHI COO-
CTBEHHOMY 3HAYEHUIO [i;. DyJeM TOBOpPUThH, YTO B CceKTOpe S BbI-
[OJIHEHO  YCAOBUE UHPOPMAMUSHOCTNY, €CIu i Kaxkjaoro k = 2n

det(e1(2),...,ex—1(2),ck(2),...,cn(2)) #0.
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Teopema 1. I[Tycms 6 cekmope S 6bNOAHEHO YCAOBUE UHPOPMATNUCHOCTIU.
Tozda dasn waorcdozo k = 1,n k-e pewenue muna Belias cywecmeyem u eoun-
CMEeHHO npu 6cex p € S, 3a UCKAMOUEHUEM, OBIMb MOIHCEM, HEKOMOPO20 HE
bonee uem cuémnozo mmooicecmsa. Ecau ¢ = 0, mo pewenue muna Betiag cy-
wecmeyem u eQUHCMBEHHO NPU 8cex p € S.

Omnpenennm dyHKIMNT:
Wo(€) = (1 — [N+ [€, €] <1, Wo(€) == (Wo (€71) 7 1€ > 1,

Wi(§) = Wo (§") exp(Ri€), [€] <1, Wi(§) = exp(Ri), [§] > 1,
k =1,n. Yepe3 W () o6o3nauumM MaTpuiLy

Yenosumest gepes Cp(S) 0603HauaTh TPOCTPAHCTBO (DYHKIMIA, HENIPEPHIBHBIX
no p € S u crpemanmuxca K 0 npu p — oo. Amanormano, epes Co(l), rae [ -
HeKoTOpbIt ayd Buma {p = zt,t € [0,00)}, 2 € S\ {0} Gynem obosmagars
MPOCTPaRCTBO (DYHKIMI, HEMPEPHIBHBIX Ha | M cTpemsimuxcsa K 0 ipm p — co.
Yepes H(l) obo3naunm npocrparctso Co(l) N La(1).

CocraBum u3 perrennii Tumna Beitas marpuiy

’l/)(qaxa ,0) = (1/)1((1’13, p)a ) ¢H(Q7I7p))

Teopema 2. I[Tycms 6 cekmope S 6bNOAHEHO YCAOBUE UHPOPMATNUCHOCTIU.
Tozda cnpasedauso npedcmasaenue:

U(g,z, p) = W(px)(0,z, p)(W(pz)) " B(q, =, p),

2de
5jk + djk(qa z, p)

1+ di(q,z,p)
ik - cumson Kponexepa, dj, dy, € C(X,, BC([0,00),Co(S))) u daa arwbozo ay-
wa l ={p=zt,t €[0,00)}, z € S\ {0} oepanuuenua dji|,, di|, npunadaescam
C(X,,BC([0,00), H(1)))-
IMosyyennble pesysbrarbl sBsiOTcd 0000LIeHMeM pe3ysubraros [3], rue uc-
cienoBaack ciucreMa (1) ¢ abcomoTHO HempephIBHBIME Kodb dunnentamu ;i (-).

5jk(qaxa ,0) =
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OB UCCJIEJOBAHIN YCTOMYNBOCTU CUCTEMBI
YIIPABJIEHUA MAATHUKOBOI'O TUITA
E.B. Uronunna
elenaigonina7@mail.Tu
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VccnenoBana yCTOMYINBOCTD CUCTEMBI YIIPABJIEHNS OOPATHBIM MasTHIHKOM,
onucbiBaeMoii Mozenbio Takaru—CyreHo, ¢ momonibio Meroma GyHKIUH
JISIIyHOBa M MOCTPOEHUS JIOTUIECKOr0 PEryJsIATOoPA.

Karouesvie cr06a: 06paTHBI MATHUK, JIOTUIECKUN PEryIsaTOpP, YCTONYIN-
BOCTH, cTabuam3amnus, Momaeab Takaru—CyreHo.

On the study of the stability of the control system of the
pendulum type
The stability of an inverse pendulum control system described by the
Takagi-Sugeno model is investigated using the Lyapunov function method
and the construction of a logic controller.

Keywords: reverse pendulum, logical controller, stability, stabilization,
Takagi-Sugeno model

N3y4ennio muddepeHnuasbHbIX MOIEIeH MAsSTHUKOBBIX CHCTEM B HACTOSI-
Iee BpeMsi YIeJisieTCss OTPOMHOE BHUMAHHE B CBSI3U C TEM, YTO OHH HCIOJIb-
BYIOTCH JJIsl OLMCAHM IIMPOKOIO KJACCa yUPaBJsdeMbIX 00beKTOB (LIaraioniue
pPOBOTHI, TEXHUYIECKNE CPEJICTBA — MTOKAPHBIE BEPTOJIETHI C BOTOCOPOCHBIM KOB-
IIOM, MOPTAJbHBIE KPAHBI, TUPOCKYTEPDI) U MPOIECCOB (yIpaBIeHHE 3aIlyCKOM
U TIOJIETOM DAKET).

B pabore mpejioxkeH MOAXOJ, K HCCJIEJOBAHUIO yCTONYMBOCTH CHCTEMBI
yOpaBJIeHNUsT MASTHUKOBOTO THIA, OCHOBAHHBIN HA ANMMPOKCUMAIINN WMCXOIHON
Mojestn Moziesibio Takarn—CyreHo i TTOCTPOEHHUH JIOTHIECKOTO PeryJisitopa, ocy-
IecTBIIsAONEro yupasienue. PaccmarpuBaercs nuddepenimaibaas MOJelb,
OMUCHIBAOIIAS JIMHAMHUKY OOPATHOIO MASTHUKA, MPUKPEILIEHHONO K TOPU30H-
TAJBHO JIBUTAIOIIEHCS TeIeXkKKe:

Z1(t) = wa(t),

amlz?(t) sin(2x (t))

() = gsin(zy(t)) — 5 ~acos(z(t))u(t)
2(t) = 4 — amlcos?(z1 (1)) L — amlcos?(z1 (1))’ W)

rae z1(t) — yron (B pajguaHax) OTKJIOHEHHs MasgTHUKA OT BEPTHKAJILHON OCH,
xo(t) — yrioBas cKopocTb, g = 9,8 M/c? — rpaBUTAIMOHHASA IOCTOSHHASH, M
— Macca mMasiTHuKa, M — macca mesiexxku, 2] — JJIMHA MasTHUKA, U — CHJIA,
npuKJIaabiBaemas K resexkke (B HproroHax), a = mi 77 - 3aj1ata 3aKII09aeTCs B
CTaOMIIN3AIMN U YIAEPKAHUN MasITHUKA B BEDXHEM HEYCTONYMBOM BEPTHKAIHHOM

[IOJIOYKEHUM 38 CYeT BO3/IeHCTBUA, OKa3bIBAEMOI'O PEryaaTOPOM Ha TeleXkKKY.

Hrouuna Enena BuktoposHa, K..-M.H., JOIEHT KadeIpbl MATEMATHYIECKOTO MOIAETHPOBA-
HUs U KOMIbIOTEpHBIX TexHosoruit, ET'Y nvmenn .A. Bynuna (Emen, Poccus); Elena Igonina
(Bunin Yelets State University, Yelets, Russia)
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C noMompio HpoLesypbl ALNPOKCUMAIMH, OLHUCAHHONR B pabore [1], cucre-
Ma auddepennmanbubx ypasaennit (1) mpusoanTes K Buay momenan Takarn—
Cyreno:

I11: Ecnu 24 (t) upubnusurensuo pasuo 0, To #(t) = Ajx(t) + Biu(t).

I12: Ecau 24 (t) npuban3uTeabHO PABHO

=2 (Il < 3) @)

10 &(t) = Agx(t) + Bou(t), rue

0 1 0 1
Al_{zg 0]’ AQ—[QQ 0]7

41/3—aml 7w(4l/3—amlpB?)
0 0
Blz[ " }7 BQ:[ o } B = cos 88°.
4l/3—aml T 4/3—amlip?>

Jlormveckuii perynsimop, TMOIYYEHHBIH C TMOMOIIBIO TPOIEIYPhI MapalIebHOM
pacIpe/iesieHHONH KOMIIEHCAINH [2], onpeesisieTcst IpaBUIaMy BH/IA:

IT1: Ecom 24 (t) npubamsnreasro pasHo 0, To u(t) = Fiz(t).

I12: Ecn 21 (t) npubnusurensuo pasuo +3 (|z1] < 5), 1o u(t) = —Fex(t),
e Fy, Fy, — marputibl K03 DUITMEHTOB yCATEHHSI.

Torga obree 3agaHMe JTOTHIECKOTO PETYISTOPA, CTAOUIN3UPYIOMIErO CHCTE-
My, IPEJICTABUMO B BUIE

u(t) = —hi(z1(t)) Frz(t) — ha(z1(t) Faz(t), (3)

rae hy u ho — pyuknun npuHaaekHoCcTH A1 mpasuit 111 u 112 coorBercrBenHO,
u hy + hy = 1. JIna uccnenoBanust yCTORUnBOCTH MOmenu (2) ¢ JIOTMYECKUM
peryasitopoM (3) mcronb3oBaHbl pe3yiabrarkl paborsl [2]. ITocrpoena dyHKIMs
JlanyHoBa Buaa:

V(x(t)) = ha(z1(t)a" () Pra(t) + ha(wa(t)) 2" (t) Poa(t),

rje P, Py — HOJI0XKUTEIBHO Onpe/esieHHbie MaTpulibl. C MOMOIIBIO YUCIEHHOTO

Mmeroza Jloycona [3, 4] mpoBeIeHO KauecTBEHHOE NCCIIeIOBAHNE DEIeHNi crucre-

MBI TuddepeHnnanbHbIX ypaBHeHuit (2) ¢ yuerom (3) — (4). Jias KOHKPETHBIX

HA4YaJbHBIX YCJIOBUI U 3HAYEHU TapamMeTpoB cucreMbl m = 2 K1, M = 8 kr, 2l =

1 M ompeeIeHbI MOTOKUTENIHHO OMPEIeIEHHBIE MATPUIILT Py, Po, m MaTpunst Fi,

F,, obecnieuuBaioiiye ycjaoBue aCUMITOTHYECKON yCTOWIMBOCTH cucTeMbl (2).
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B nacrosmeit paboTe ycTaHABINBAETCS MOYTHU-IIEPUOAUIHOCTH 0000ITEH-
HOrO M KJIaCCHYECKOrO peureHus naToil (B 9acTHOCTH, YeTBEPTOH) CMme-
MIAHHBIX 3329 JjIsd YpaBHEHWS JIWHAMUKU TPEXMEPHOTO YIPYTOro TeJia
(ypaBuenus Jlawme).

Karouesvie ¢A06a: TTIOYTH MEPUOIAIHOCTD, 00OOIIEHHBIE U KJIACCHYECKUE
pellleHus, CMELIAHHbIe 33/1a491, ypaBHeHud Jlame

On the almost-periodicity solution of the fourth (fifth) mixed
problem for the system of the Lame equations
In this paper, we establish almost periodic generalized and classical solu-
tions of fifth (in particular, fourth) mixed problems for the equations of
dynamics of a three-dimensional elastic body (the equation of Lame).
Keywords: almost-periodicity, generalized and classical solutions,mixed
problems, Lame’s equation

IIycrb — HekoTOpOe GaHAXOBO MPOCTPAHCTBO (B YACTHOCTH, IUILOEPTOBO
upocrpancrso). Hamomuuwm [1] onpejesenue 1o4Tu- HepuoguIHOCTH:

Ounpenenenue 1. Oyuxnua f(t), menpeposaas npu t € J = (—o0,00),
CO 3HaueHHeM u3 B Ha3bIBAETCSA MOYTH-TIEPUOAUYIECKON (B JajbHEHIeM COKpa-
MIEHHO 11.-11.) dyHKIuelr B B, ecau 1yt i06oro € > 0 CymecTBYeT MOJIOXKM-
TeJIbHOE YHCIIO [, Takoe, 4To B J000M mHTEepBasie l. = (a;a + ) qnwmsb [ |
le € J = (—00,00), Haitnercsa auciao T = Ty(€) (€-MOYTH TEPUOL), A7 KOTOPOTO
uepasencrso || f(t + 1) — f(t)|| < € Bbwonuserca aus Beex t € J = (—00,00).
(|| - |l-mopma B B). C. Boxwep [2] moka3a, uTO ecii MHOYKECTBO 3HaueHwil 1 (4
dbyuxmpn f(t), t € J = (—00,00) OTHOCHTENEHO KOMIIAKTHO B B ¥ CylIecTByeT
nocTosiHHas o > 0 Takas, 910 [ JI00ro t € J mMeeT MeCTO HEPaBEHCTBO

nf[|f(t+7) = FO > osuplf(E+7) = FOI (1)

Ucmarn Myxammapxos, g.¢db.-m.H, npodeccop, WUIIC (dymanbe, TaKukucraH);
Muhammadjon Ismati (Institute of Enterpreneurship and Service of Tajikistan, Dushanbe,
Tajikistan)

Ucmaros Habumkon MyxammaaKkoHoBHY, K..-M.H, mouent, UIIC (dymante, TamKu-
kucras); Nabijon Ismatov Muhammadjonovich (Institute of Enterpreneurship and Service of
Tajikistan, Dushanbe, Tajikistan)
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10 f(t)-1.-u. byuxkuus B B.
[IycTs Temeps TpeOyeTcs HAWTH PEIeHWE MATOW CMENMIaHHOW 33aJa4u I
CHCTeMbl YPaBHEHUN JUHAMUKU U30TPOIHOIO OJHOPOIHOI'O YIPYIOro Teja:

puy = A*u(z,t) + f(z,t), (x,t) € Qs (2)
U(.’E,O) :QO(QJ), ut(x70) :Wfﬂ)a reQUS (3)
IN® + o (2)]u |r,= 0, (4)

Baech @, ¥ u f(x,t) — 3ananubie BeKTOp-PyHKIMH, () — KOHEYHAs TPEXMEPHAs
cBsi3HAs 00J1acTh ¢ rpanunei S runa JlamyHosa,

k(") k(") o
NW =7 = Ty (%,n(m))
3x3
— OIEePaTop MCEBAOHANPSIKEHNSI, B KOTOPOM
k 0 0 0 7]
T = i(@) 57— + k(@) 53— —ni(x) 5 — + s

k = p(v + p)(v + 3u)~!, o(x) — BemecrBennas HempepbIBHAS MOJOKHTEb-
HO Olpe/esieHHas MaTpula pasmepa 3 X 3, 3agannas na S. Ussecrno [3], uro
upu k = p nomyumm oneparop nanpszkennsa T B wacraocru, npu o(z) = 0
noyunm getseproe Kpaesoe yciosue Ny [p= 0.

st Kaccuveckoro pelenus cMerannoii 3ajgauun (2)-(4) umeer mecro

Teopema. ITycmb navarvuse sexmop-pynryuu @(x) u Y(x) ydosaremsopa-
10M CACOYOUUM YCAOBUAM:
1) Bexmop-gynryua o(x) nenpepwena 6 obaacmu ) u obaadaem 6 2moi
06AGCTNYU HENPEPBIBHBIMYU NPOUSEOOHBIMYU 00 3-20 NOPAOKG U UHMEZDUDYEMDL-
MU ¢ K6a0PATOM TNPOUIBOOHILMU Yemeepmozo nopadka. Kpome mozo, [N +
ol(x)ls = [N® + ] A% ()]s = 0.
2) Bexmop-gpynruyus (x) nenpepwena 6 obaacmu §) u obaadaem 6 3mol
00AGCTNYU HENPEPBLEHBIMU NPOUSEOOHBMYU 00 2-20 NOPAOKG U UHMEZDUPYEMDL-
MU € K6adpamom npou3codnumu mpemvezo nopadka. Kpome mozo, [N 4
o]y (z)|s = 0.
3) Bexmop-dpynxyus f(x,t) nenpepwena 6 obaacmu Qr u das Vt € [0,T] no
x obaadaem 6 amoti 0baacmu HENPEPHLIEHBMU NPOU3BOIHLLMYU J0 2-20 NOPAJ-
KG U UHMEZPUPYEMBIMU C KEGOPATMOM NPOUIEOOHBIMU MPEMBELO NOPAIKG U
[N 4 o] f(x,t)|r = 0. Kpome mozo f(x,t) dymsyua asasemca nowmu ne-
puoduueckoli no t co 3naueruem 6 npocmpancmee Lo.

Tozda cywecmeyem eOuHCMEEHHOE NOUMYU NEPUOIUECKOE KAACCUHECKOE Pe-
wenue cmewarnot sadawu (2)-(4).

JokazarenbcrBo TeopeMbl OCHOBBIBACTCs Ha, pe3ysibrarax padbor [4-6].

3amevyanud.
1. Ananornunoe yTBepKaeHNe Tpu 6osiee CIaObIX OIPAHWYEHUSIX UMEET MECTO
u 771t 0600IIeHHOrO perenust 3aaaun (2)-(4).
2. Ilonmyvennbie pe3yabTaThl AHAJOTUIHBIM 00PA30M TEpeHOCcATCs Aad N = 2 u
N (> 3)-mepHbIX 00sacTeil.
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enpio uccmemoBanmst ABAIIOTCA Pa3padOTKa AJTOPUTMA METOIA PeryJisd-
pusanun JIomoBa st mHTErpo-aud depeHImaIbHBIX CHCTEM C OBICTPO OC-
MULIIPyomuMu Ko3d dburmentamu u onucanve 3H@eKTOB, BHI3BAHHBIX
HAJIMYAeM WHTEerpajJbHOro 4ieHa. B moksame obCcykaaercs ciaydail ot-
CYTCTBUA PE30HAHCA, T. €. CAyYaii, KOrJa IeJIOUYUC/IeHHad JIMHeHad KOM-
OWHAIWS IaCTOT OBICTPO OCIIU/IIMPYIONEro KO3(hdUImeHTa He COBIMAIAeT
C YaCTOTOH CIIEKTPA HPEJEIbHOIO OlePATOPA.

Karowesoie €A08a: CUHI'YJIPHO BO3MYII[EHHbI, HMHTErpo-
g depeHmaibHble  ypaBHEHUs, OBICTPO OCIMJLIUpYIOmue KO3(pdu-
TUEHTHI, Peryadpusanud, aCUMIITOTHYeCKad CXOIUMOCTb

Integro-differential singularly perturbed equations with rapidly
oscillating coefficients

The aim of the study is to develop the Lomov’s regularization algorithm
for integro-differential systems with rapidly oscillating coefficients and a
description of the effects caused by the presence of an integral term. The
report discusses the case of lack of resonance, i.e. the case when the integer
linear combination of frequencies of the fast oscillating coefficient does not
coincide with the frequency of the spectrum of the limit operator.
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IIpu wucciemoBannyu PA3IUIHBIX BOMPOCOB, CBA3AHHBIX C JIUHAMHYECKOU
YCTORUMBOCTBIO, CO CBOMCTBAMHU Cpel C MEePUOANYECKON CTPYKTYPOM, TIpU MC-
CJIEJIOBAHUU JIPYTUX MPUKJIAIHBIX 337a9, MPUXOIUTCA UMETHh 1ea0 ¢ mudde-
PEHIHAIBHBIMA YPABHEHUSAMHE C OBICTPO OCHUJLIMPYOMuMEA KO3dumeHTamu.
Acumnrorudeckue wHTErpupoBanue IuddepeHnuaIbHbIX CUCTEM yPABHEHU
¢ TakuMu KO3 PUIIMEHTaMH MTPOBOIUINCH METONOM paciierienns Pernenko-
M kuna-Hukonenko [1-2] u meronom perynspusanuu Jlomosa [3-4]. B nacros-
et paboTe BrepBbIe UCCIEAYETCS CUCTEMA HHTErPO-aud HepeHInaaIbHBIX YPaB-
HEeHUil BUIA

t

e% — A(t)z — eg(t) cos @B (t)z — /K(t, s)z(s,e)ds = h(t), (1)

to

z(tg,e) = Note [to, T,

rie z = {z1,22}, h(t) = {h1(t), ha(t)}, B'(t) > 0, w(t)>0 (Vt € [to,T]), g(t) —
ckangpuasa byakius, a A(t) u B(t) —(2 x 2)- marpunsi, npudem A (t) =

0 1 0 0 .0 - 5
( _2(8) 0 ) , 20 = {21,22} , € > 0 — magbrit napamerp. Ilpenenbubrii ome-
parop A (t) mmeer cmextp A (t) = —iw(t), A2(t)= + iw(t), gacrora GwICTPO
OCHIMJIIMPYIOIIEro KocuHyca paBHa ['(t). @yukumum A3(t) = —iff'(t), A(t) =

+i8'(t) 0ObIYHO HA3BIBAIOT CIEKTPOM OBICTPO OCIUJLIUPYOMIEro Koadbdumen-
ta. lenbio uccaegoBafus ABIIIOTCA pa3pabOTKa aJTOPUTMA METOHA PEry IspH-
3allui OJid TaKHUX CHUCTEM H OIIMCaHue S(b(i)eKTOB, BbI3BAHHbLIX HAJUYUEM WH-
TerpaJibHOTO 4ieHa. B jmokiraze obcyKaaeTcs ciydail OTCyTCTBHSA PE30HAHCA,
T. €. CAydYail, KOrQa MeJ0YNCIeHHAs JTHHEeHHAS KOMOUHAIINS YACTOT OBICTPO OC-
MUJLIAPYIOMEro Koddg punmenTa He COBMANAET € 9aCTOTOH CNEKTPa MPeIeIbHOTO
oneparopa. [IpeanonararoTcs BBITTOTHEHHBIMA CJIEIYIONINE YCIOBUS:

1) w(t), B(t), g(t) € C= ([to, T], C'), h(t) € C= ([to, T}, C?),

B(t) € C™ ([to, T), C**?) , K(t,s) € C* ([to, T], C**?),

2) nnst Vt € [to, T] m Bcex n3 # Ny WMEIOT MECTO HEPABEHCTBA

ng)\3(t) + 7’L4)\4(t) 7é )\j(t), )\k(t) + ng)\g(t) + n4)\4(t) 75 )\j(t), k 7é j, k‘,j = 1, 2,

JUTsl BCeX MYJBTHUHIEKCOB 1 = (n3,ny4) ¢ [n| = n3 +ng > 1 (ng u ngy — uennie
HEOTPUIIATETHHbIE YUCIIA).

VYcsioBue 2) Ha3bIBAIOT YCJIOBUEM OTCYTCTBHs pe3oHanca. Ilocie BBemeHus
t
PeryIApu3NPYIOMNX TTePeMeHHBIX T; = %f Aj(0)do = ijm, j = 1,4 u peryns-

PU3aIUNA UHTErPAJIBHOIO OIIePaTopa CTpOI/It’i)‘CH pacIIIpeHHasd CUCTEMA, UMeIoas
BHUJI PETYISPHO BO3MYIIEHHON 3a/1a9H, pereHne KOTOPOi ompeenseTcs B BUIe
CTENEeHHOTO Psifia 10 CTEIeHsM MaJioro mapamerpa. PaspabarbiBaercs teopus
HOPMAJILHON M OJHO3HAYHOW PA3PENIMMOCTH WTEPANUOHHBIX 3334 /I KOI(]-
GbUIIMEHTOB 3TOTO PAfa W JOKA3HIBAETCS ACHMIITOTHYIECKAsT CXOIUMOCTD CYIKe-
HUs 3TOrO psasa (Ha Peryadapu3upyoNUuX NEPEMEHHBIX) K TOYHOMY DEeIeHUIO
ucxoaHoi 3amaun (1), 06CyKIaeTcs BIUsSHUE WHTEIPAIBHOrO YJjI€Ha Ha CTPYK-
TYPY aCUMITOTUKH.
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B nokiiazie paccMaTpuBaIOTCs CIIEKTPAJIbHBIE CBONCTBA JIMHEHHOTO OIepa-
Topa L, COOTBETCTBYIONIETO KPaeBoil 3aqade aist inHeitHoro nnddepen-
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Absence of a finite spectrum of regular boundary value
problems for differential equations

In this work it is discussed the spectral properties of the linear operator
Lg corresponding to the boundary value problem for a linear differen-
tial equation defined by a differential expression in the domain Q C R"
with homogeneous boundary conditions.The coefficients of a differential
expression are assumed to be infinitely differentiable, the operator Lq is
invertible, and its inverse Lél is compact in L2(2). A question when
the spectrum of the operator Lq is either empty or an infinite set is con-
sidered. It is studied a question of the absence of a finite spectrum of
boundary value problems for general differential equations.

Keywords: linear operator, spectrum, differential operator, boundary
value problem

XO0poIIo U3BECTHO, UTO CIIEKTPAIbHOE pa3yioxkenne auddepeHnaIbHbIX Onepa-
TOPOB UMeeT U (PYHIAMEHTATBHYIO W TPUKJIAIHYI0 3HATUMOCTD.

B Toxe Bpems mpobiieMa KOHEIHOCTH CIIeKTpa JaudepeHnuaabHbIX onepa-
TOPOB, MOPOKIEHHBIX PETYISIPHBIMU KPAEBBIMHU YCJIOBUSIMUA OCTAETCST OTKPBITOM
npobsremoii. /1o cux mop He W3BECTHO MPUMEPOB KOPPEKTHBIX JIUHEHHBIX Kpa-
eBBIX 33/1a4, NMEIOIINX KOHEYHOE YHCIO CODOCTBEHHBIX 3HaveHuii. B pabore [1]
Kanbmenos T.II. u Cyparan [I. goka3aiau OTCYyTCTBHE KOHEYHOIO CIIEKTPA Yy
KPAEeBbIX 3aJa4 JJIs [MIMPOKOro Kiacca JudepeHnuaabHbIX YPABHEHUN IpU
MPEMTONIOKEHNUN, YTO B HEKOTOPOH JOCTATOYHO MAJIONH dacTu 00JacTh KOdp-
bUIMEHTHI MCCIEYEMOr0 YPABHEHNS SBJISIOTCSA MOCTOSHHBIMU. B HacTOsimem
JIOKJIQJIe 9TO OIPAHUYEHUE CHUMAETCs, HO Tpedyercs Oeckoneunas auddepen-
IUPYEMOCTh KO (DUIMEHTOB ypABHEHNSA.

I[Mycrs Q C R™ — koneuHasi obnacTb. PaccMoTpuM ClIeayiomyo KpaeByto
3a/1a4y.

Bagaua ). Hatimu pewenue ypasreHus

Lu= Y an(x)Du = f(x), (1)

lal<p
1y00BACEOPAIOULEE KPAELEOMY YCAOBUIO
Qulan =0, (2)

2de ) — Aunetinvill 2paruuHbLl onepamop, onpedesernvill Ha cAedaT GYHKUUY U
U ee npouseodnur 0o nopadka p — 1 na epanuye OS).

Yepes Lg 0603nauum 3ambikanue B L2 () nuddepennuanbuoro oneparopa,
3a1aHHOrO BhipaskenneM (1) Ha juHefinom MHOTOOGpasun ynkmmit u € CP(1),
yZOBJIeTBOpsAIONMX ycaoBusM (2). B mokjaje mpeanoaaraercs, 9To 00paTHbIl
OTIepaTop Lél CyIIECTBYeT, onpeesieH Ha BeceM Lo (§)) u gBJisgercst KOMIIAKTHBIM.
B sTom cmyuae criexTp onepaTopa Lg MOXKeT COCTOATH TOMBKO W3 COOCTBEHHBIX
3Ha4YeHU.

OCHOBHBIM pPE3YIBTATOM JOKJIAIA SABJISETCS JTOKA3ATEIHCTBO, UTO TIPU HEKO-
TOPBIX ODIMUX TTPEITIOJIOKEHUSIX OTHOCUTEIHHO AudPepeHInaabHOro OrmepaTopa,
L, ou 6yzet ub0O BOJIBTEPPOBBIM (T.€. He IMeeT COOCTBEHHBIX 3HATEHUIR), 100
KOJTUIECTBO €ro COOCTBEHHBIX 3HAYEHMI Oy1eT 6€CKOHETHO.
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On inverse problems of simultaneous determination of the
lower coefficients in a parabolic equation
We investigate the unique solvability of simultaneous determination of two
lower coefficients in a parabolic equation with one spatial variable under
various conditions of integral observation.

Keywords: inverse problems, parabolic equations, integral observation
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B noknaze paccmarpuBaroTcs e oOpaTHBIE 384291 OJHOBPEMEHHOIO OIpe-
nestenust KO3(MMUIMEHTOB IepeI U U U, B TApabOIMIECKOM YPABHEHUN C ABYMSI
HE3aBUCUMBIMU MTEPEMEHHBIM.

ObparHag 3ama4ya 1.

Oupenenurs tpoiiky dynkuumit {u(t, x),b(z),c(x)}, yaoBiersopsiommx B
Q =10,7T] x [-,1] ypaBuenuto

DUt — Uy + D(2) Uy + c(x)u = f(t,z), (t,x) € Q; (1)
KPaeBbIM YCJIOBUSAM
w(0,2) = uo(x), z € [-1,1]; wu(t,—1) = p1(t), u(t,l) = p2(t), t €10, T]; (2)

U YCJIOBUSIM WHTETrPAJIBHOTO HADJIIOIEHUST

T T
/ﬁmmmwﬁ:wu»/ummnwu:ww rel-Ll. (3)
0 0

O6parHag 3ama4va 2.
Omnpeznennrs Tpoiiky byskunit {u(t,x),b(t),d(t)}, yrosaersopsomux B Q
yDABHEHHIO

e — alt, @) + by + c(thu+ d(t,a)u = f(t,x), (La) €@ (4)
KPaeBbIM yCJIOBUAM
w(0,2) = up(2), @ € [~ U ult,~1) =u(t,)) =0, t€ [0,T);  (5)

%1 yCJIOBI/IHM I/IHTeraJH)HOFO Ha6ﬂ}0ﬂeHI/Iﬂ
Juttajw@)de =ot), [utto@de=v, te0.1.  ©

B oboux ciaywasix paccMaTpmBaioTCst 0000mieHHBIe permtenust: u(t,x) €
W21 ’Q(Q), dbyHKIME b ¥ ¢ OrpaHUYEHBI, COOTBETCTBEHHO, Ha [—[,[] B ciydae 06-
parmoii 3agaau 1 u ua [0, 7] B ciyTae oOpaTHOi 3amatu 2.

JloKa3aHbl TEOpEMBI CYIIECTBOBAHWUS W C€IWHCTBEHHOCTH PEITeHUsT JTAHHBIX
0OpaTHBIX 3a,0a¢.

s Karkmoi M3 pacCMaTpUBAEMBIX OOPATHBIX 33749 MBI TAKKE TTOIyTaeM
OLIEHKW MAKCHMYMOB MOJYJIEH HEM3BECTHBIX KOI(DPUITMEHTOB yPABHEHNS C KOH-
CTAHTAMMW, SIBHO BHINACAHHBIMYU 9€PE3 BXOIHBIE JTAHHBIE 00PATHBIX 3aad.

Kpome TOro mpuBOmATCS HETPUBUAILHBIE TPUMEPHI OOPATHBIX 33749, K KO-
TOPBIM MPUMEHUMBI TOKA3AHHBIE TEOPEMbI CYIIECTBOBAHNS W €INHCTBEHHOCTH.

Pabota siyisieTcst TpOJIOIKeHNeM necieoBannii aBropa [1, 2|, rae 6pm mo-
JIy9eHBI TEOPEMBI 00 OTHOZHAYHON Pa3permMMOCTH OOPATHBIX 34044 OJTHOBPEMEH-
HOTO OIpEIEIeHUsT TPABOi YaCTh W OJHOTO U3 MJIAAMHAX KO3(MDMHAINEHTOB B Ta-
paboOIMIeCKOM YpaBHEHUH.
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Coercitive solvability of nonlinear systems of differential
equations of second order with matrix coefficients in the
weight space
The work is dedicated to the coercitive solvability of nonlinear systems
of differential equations of second order with matrix coefficients in the

weight space.
Keywords: Coercitive estimates, the solvability of nonlinear operator,
weighted space.

IIycrs p(x) - nosoxkurenbuas GyHKims, oupeeientas 8 R™, [ - nekoropoe
narypambaoe unciao. Cumsonom Lo ,(R™)! - 0603HaMMM NPOCTPAHCTBO BEKTOD-
dbysxumit u(z) = (ui(x),...,w(z)),uj(z) € Lo(R™),(j = 1, I) ¢ xoneuanoit HOp-
MOt

1
2

u; " = ; x)|u;(x)|>d
s LR = 03 [ otohusald

Kapumo Omummxkon XynoitbepameBud, K.d.-M.H., JIOIEHT, VHCTUTYT MaTeMaTHUKU
nm. A.Jlxypaesa ([ymanGe, Tamxunkucran); Olimjon Karimov (A.Juraev Institute of
Mathematics, Academy of Sciences the Republic of Tajikistan, Dushanbe, Tajikistan)
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IIpocrpancrso Lg’p(R")l SABJIAETCHA THIHOEPTOBBIM [IPOCTPAHCTBOM, U B HEM
CKaJISIPHOE TIPOM3BEIEHNE OMPEIENISIETCST C MOMOIIBI0 PABEHCTBA

l
ol =Y [ ey (a)o s

Paccmorpum B npoctpanctse Lo ,(R™)! nuddepentumanbipiii oneparop

n

0 Ou(x)

L ==-2 5 (‘“J‘(“f) Ge ) TV @) = f@), @eR) ()
IIpeamomoxknM, 9T0 KOIP@HUINEHTH a;; ONepaTopa ABIAIOTCA KBaJIPATHBI-

MHI MaTPHIAMH TIOpsAaKa | ¢ snemenTamu u3 Kiacca C(R™) U yI0BIETBOPSIOT

CHEYIONIUM YCIOBUSIM:

a;; = aj;, Imag; =0,

la;j| < o1, Va;j <o, (x€R"i,j=1n),
n n

Z |5i:C'12 < xa Z <aij(x)5i75j§cl> ((x € R"),¥s = (s:)i_y, s € C"),

i=1 i,j=1

a snavenns V(z,w), © € R",w € C! apigiorca KBaJPaTHBIME II0JOKHTEIHHO-
OTIPEeIe/IEHHBIME SPMUTOBLIME MaTpuiamu u3 End C!, xomcranThl 0q,09,x1 B
3TUX YCJIOBUAX HE 3aBUCAT OT T U S.

Ounpenenenne. VYpasuenue (1) wu coorBercrBytonmii emy audde-
PEHIIMAJIbHBIN ~ OlepaTop Ha3bIBAIOTCA Dpa3/leIUMbIMU B L27p(R”)l, ecu

S0 (aij(x)ag;?),V(x,u(x))u(x) € Ly(R"' mna veex u(z) €

i,j=1 da,
Ly ,(RM)!' N W2, (R")! rakux, uro f(z) € Lo ,(R")".

YuaurbiBas f)e3yanaT o pazuenumocru oneparopa (1)(Teopema 1 [6]), moury-
YUM CJIEYIOIUI Pe3yIbTaT:

Teopema 1. [Tycmo onepamop (1) pasdeasemces 6 npocmparncmee Lg’p(R")l,
a eecosas Pynxuua p(x) u nososicumenvras Pynxyua ¥(z) € C1(R™) ydosae-
MEOPAIOTN, HEPAGEHCTNEAM

ov 1
[0 (@) 5 VRl < o,
_ 3p _1
W) ==V 72| < 6,
I (@) 5, VR < 8

Tozda npu 6uNOAHEHUY YCAOBUT
n(67 +62) < 2o, naoix1 <1, a>0
cucmema Juddepernyuarvnns ypasnenus (1) npu ecex f(x) € Lo ,(R™)! umeem

e0UHCMBEHHOE PEWEHUE 8 NPOCTNPAHCNEE L27P(R")l.
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OB O/THO3HAYHOM PA3PEIIIMMOCTY OBOBIIIEHHOTI'O
AHAJIOTA HAYAJIBHO-TPAHUYHOM 3AJIAYN
KOJIEBAHUN BAJIKU, OJANH KOHEIL KOTOPHI
3AZIEJIAH, A IPYTOM IITAPHPHO 3AKPEILJIEH, B
KJIACCAX COBOJIEBA B MHOTOMEPHOM CJIYUAE
III.T'. Kacumos, ¥.C. MagpaxumoB
shokiraka@mail.ru, umadrazimov@mail.Tu

YIK 517.958:624.04

B nmamnoit pabore m3ytueHa 3a7ada C HAYAIBLHO-TPAHUYIHBIMU YCIOBUSIMUI
I7IsT ypaBHEHUs KojaebaHui 6aIKU O/IMH KOHEIT, KOTOPOH 3a/e/1aH, a APyToi
MIAPHUPHO 3aKPEIIEH B MHOIOMEPHOM ciry4ae. /loka3aHbl TeopeMbl eIuH-
CTBEHHOCTH, CyIIeCTBOBAHUS [TOCTABIEHHON 3aa4n B kiaccax Cobosiesa.
Pemnrenne nHagambHO-TpaHUYHON 337a9M MOCTPOEHO B BUIE CYMMBI Dsiia
0 cucreMe COOCTBEHHBIX (DYHKIMI MHOTOMEDHOHN CHEKTPAIBLHON 33124,
IToka3zamo, 4TO 3Ta CHCTEMa COOCTBEHHBIX (DYHKIWIl SIBJISETCS ITOJHON U
obpasyer 6a3uc Pucca B npocrpancrsax Co6osiesa. Ha ocaoBanuu notso-
TBI CHCTEMBI COOCTBEHHBIX (DYHKIINU II0JIy9YeHA TEOPEeMa €IUHCTBEHHOCTH
pelleHud NOCTABJICHHOU HAYaJJIbHO-TPDAHUYIHON 3aa4H.

Karwesoe caosa: ypaBHeHre 0aJIKy, HA9aIbHO-IDAHNTHAS 33434, CIIEK-
TPAJIbHBII MeTOH, COOCTBEHHbIE 3HAYEHUs, COOCTBEHHbIE (DYHKIIWH, II0JI-
HoTa, 6a3mc Pucca, eMHCTBEHHOCTH, CyIIECTBOBAHYE, PSII.

Pa6oTa Bemmosaera npu (GpuHAHCOBOM nogaepxke PY3@OU (mpoext Ne OT-0-4-(364-32)).

Kacumos Ilakup6baii 'annaposud, a.d.-M.H., 1.0. npodeccopa, HYY3 nmenu Mupzo Viy-
r6eka (r.Tamxkent, Y36exucran); Kasimov Shakirbay Gapparovich (National University of
Uzbekistan, Tashkent, Uzbekistan)

MagpaxumoB Ywmpbek CobupoBud, AOKTOpaHT, HYVY3 wumenu Mup3o VYnyrbeka
(r.Tamxkent, VYsbexucran); Madraximov Umrbek Sabirovoch (National University of
Uzbekistan, Tashkent, Uzbekistan)
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On the unique solvability of a generalized analogue of the
initial-boundary problem of beam oscillations with one end,
which is embedded, and the other is hinged fixed ends in
Sobolev classes in the multidimensional case
In this paper, we study a problem with initial-boundary conditions for
the equation of beam oscillations, one end of which is embedded and the
other is pivotally fixed in the multidimensional case. The theorems of
uniqueness, the existence of the problem in Sobolev classes are proved.
The solution of the initial-boundary problem is constructed as a sum of
a series in the system of eigenfunctions of the multidimensional spectral
problem. It is shown that this system of eigenfunctions is complete and
forms a Riesz basis in Sobolev spaces. On the basis of the completeness
of the system of eigenfunctions, a uniqueness theorem is obtained for the

solution of the initial-boundary value problem posed.

Keywords: beam equation, initial-boundary problem, spectral method,
proper values, eigenfunctions, completeness, Riesz basis, uniqueness, ex-
istence, row.

Muorue 3aga49n 0 KoJIe0aHUSAX CTEPKHEH, OANOK M IJIACTUH, KOTOPBIE HMe-
10T GOJIBITTOE 3HAYEHNE B CTPOWTEIHHON MeXaHWKe, MPUBOAAT K Jnd depeHtiy-
aJIbHBIM yPABHEHUSIM 00Jiee BHICOKOTO mopsiaka. OTMETHM TakiKe, ITO K ypaB-
HEHHIO KoJiebaHmit 6aKn MPUXOAAT BO MHOTHX 33/@a4ax IPU PACUeTe yCTOHIn-
BOCTH BDPAIIAIOMIMXCA BATOB W M3ydeHUH BHOpanuu Kopabieit [1]-[6]. B naxnnoit
pabore paccmaTpuBaerca Oosiee 00Iiee ypaBHEHUE BHIA

4dm
.mm@,+&§jamf’=ﬂ%m<%wenmem 1)
Jj=1 J

p—1<a<p; m, peN,cHaYaTbHBIMA U KPAEBBIMH YCJIOBUSIMU

Dgtiiu(yvt”t:o = wi(y)a 1= 1727"'7]93 (2)
04ku£gt) 64k+i:’(3{7t) _ 0
S T N 0
| g, UTuD| g k=0, m 1, j=TLN
Oy; =l Jy; + - ’ ’ ’ PEAR)

rae (Y,t) = (Y1, Yjy s Ynst) € I x (0,7), IT = (0,1)N, T > 0 — 3anannbie
nosioxkurenbuble yncaa u f(y,t), ¢;(y), i = 1,2,...,p — 3anaunbie dyHKUMUU.
3neck DS u(y,t) mpobHast Tpon3BoaHast B cMbiciae Pumana—JInyBusis.
Bynem uckars pemerie u(y,t) sazaun (1)—(3) B BHIE pa3NOXKEHWS B Psijl
@ypoe u(y,t) = Z Z Ty (8) Vnyn (¥), T8 Ty oy (8) — wODD-
n1=0 ny=0
bUIMeHTs pAIa, {vn(y), n e Z+N} — cucreMa, COOCTBEHHBIX (DYHKIHIT MHOTO-

MEPHOH CHeKTPaJIbHOU 3a/1a4u:

a4m
§j — o (y) =0, (4)

7j=1



292 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

9" v(y) O™ o(y) —0
B ) 5y R F1 =Y
Y =0 (5)
9" u(y) oM 20 (y) ;
Byt ) TooARER =0, k=0, m—-1, j=1,N.
J Y=l Y ;=1

Cobcrennble 3navenus 3azadu  (4), (5) ounpezpensorcs 1o dopmyie

N
Amy.omy = a? > d*™ rne dpm; - KOPeHb TPAHCIEHIEHTHOrO ypaBHenus tgld =
—

’ITL7 )
J
thld. 910 ypaBHEHHWE WMEET CYETHOIO MHOXKECTBO KOpHEH dy < di < -+ <
dyp, < ---, IPU 3TOM CIPAaBEIJINBA MPU OOJBIINX N ACUMITOTHYECKAs (HOpMyIIa

_ 7mn s —27mn -
dp ="+ 5 + 0] (e ) . B pesysibrare HaiijieM COOTBETCTBYIOILYIO CUCTEMY
COOCTBEHHBIX (DYHKITHH

N
{Um1~~mN (‘Tlv"'7$N)}(m1,“.,mN)€NN = HXmJ(mJ) ) (6)
J=1 (ml,...,mN)€Z+N
rae
1 1 (sind,. (l—x) shdy, (I —x)
X, (z) = il e - ; L m;=0,1,....
()= === ( it o 1 shdy, | ™

(7)
Hopma B mpocrpancree W3 (0,1) BBOmmTCH mO dbopmyrme ||f||‘2,vs(0 =
2 o012 2
12000y + 1D flI7, 0.y » TA€ 8 - HPOU3BOIBHOE HATYPATILHOE HHCIIO.

Teopema 1. Cucmema cobcmeennvx Pynryut (6) cnexmparvholi 3a0auu

(4), (5) asasemes noanot opmonopmuposatoill cucmemot 6 kaacce Coboaesa
281,252,...,231\7
w5 (I1).

Teopema 2. Cucmema cobcmeennvir Pynryui (6) cnexmpasvhol 3a0a4u
(4), (5) obpasyem 6asuc Pucca 6 npocmpancmee Coboaesa H51:52:-5N (II).

Caencreue 1. Ecau s; > k + %,k > 0,k € Z, mo pad Qypve Pynk-
yuu f(z) € How52-58 (I1) N CF (I1) no cucmeme cobemeennnx dynxyui (6)
cnexmpaavnoti sadawu (4), (5) crodumes no nopme npocmpancmea CF (I1)
Pymeyuu f (z).

Mst nosmyunm eauHCTBeHHOE pemtenne 3ana4du (1) — (3) B Buze psaga

o0

[e’e) p
U(y,t) = Z cee Z |: on,(ml...mN)ta_]Ea,ozfjJrl(le‘..mNta)‘i‘ (8)
m1=0 j=1

mN:0
t
+/(t7T)a_lEa,a[ﬂml...mN(t*T)a]fml...mN(T)dT 'Uml...mN(ylv'-'vyN)-
0

Borsacaum yCJIOBUS Cy11E€CTBOBAHUA peleHus u3 KJacca
SN0
Wyt#2 2 NP (T % (0,1)) . TIo reopeme Bioxkerns CoboseBa ycioBue

oo o0 P
Z Z Zsojs(mlmmzv)ta_jE%a—j-‘rl (Hmy.ma ™) + (9)

m1:1 mN:1 j=1
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¢ 2 N
+ / (t - T>a71Ea,a [Mm1.-.7nzv (t - T)Q] Sy oomn (T H 1 + d%k < 0.
, k=1
ABJIACTCA JOCTATOYHBIM yCJIOBUEM CYHIECTBOBAHUA PETyJIAPDHOTO PDElleHnd 3a/1a-
am (1) (3) w3 xmacca W52 "% (I1 x (0,1)) ¢ nokazaTenem sy = ... = sy =
dm+ 5,0 =—[-al.

Teopema 3. Ilycmv nauwasvnve dynkuutd o;(y),i = 1,2,...,p, u npasyio
wacmo f(y,t) ydosaemeopsem ycaosuro (9) npu xasrcdom t > 0. Tozda pezy-
aaprsie pewsenue 3adawu (1) — (8) us waacca W32 (Q) ¢ nokasamenrem
s1 =8 = ..=sy =4m+ 5,0 = —[—a] cywecmeyem, eduncmeenno u
npedcmasasemcs 6 sude pada (8)
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O IIOBEJEHUU PEIIIEHUN YPABHEHUS C JIBYMS
BOJIBIIINMU 3AITIA3/IbIBAHU MU

N.C. KamreHKO
iliyask@Quniyar.ac.Tu

YK 517.9

B pa6ore m3y4aercsa mokanbHas auaHaMuka auddepeHmaabHor0 ypaBHe-
HUsL C ABYMS. ACUMIITOTUYECKH OOJIbIIUMU LIPOLIOPLMOHAIBLHBIMU 3a11a3/1bl-
BaHUAMU. B 3aBUCHMOCTH OT TapaMeTPOB BHIIAEIEHB KPUTUIECKUE CIIydan
B 3371a49€ 00 yCTORYUBOCTH COCTOSIHUS PAaBHOBECUdA. BO BCEX KPUTUIECKUX
CJIydasx HOCTPOEHBI ClenuasbHble ypasHeHus (KBa3uHOpMaJibHbIE (BOD-
MbI), PENIeHUusT KOTOPBIX OMPEIEIAIOT ACUMITOTHKY DENIEHUH MCXOIHOTO
YDABHEHHSI.

Karoweswe caosa: 3ana3apiBanme, auddepeHnnaabHble YPABHEHN, CHH-
Ty/IsIpHOE BO3MYIIEHUEe, HOpMaJbHas (hopMa

PaGora BeimosiHeHa Tpu buHAHCOBOH moamep:kke POOU (mpoexTt Ne 18-29-10043).
Kamenko Wnbsa Cepreeeud, a.d.-m.H., gonert, Apl'Y um. ILT. demmposa (SIpocnasns,
Poccus); Ilia Kashchenko (P.G. Demidov Yaroslavl State University, Yaroslavl, Russia)
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Behavior of solutions of equation with two large delays
The local dynamics of differential equations with two asymptotically large
proportional delays is studied. Depending on the parameters critical cases
in the problem of the stability of the equilibrium state are identified. In all
critical cases special equations (quasinormal forms) are built. Their non-
local dynamics determines the local behavior of solutions of the original
equations.

Keywords: delay, differential equations, singular perturbation, normal
form

PaccMOTpUM ypaBHEHWE € JIBYMs 3AITa3IBIBAHASAMA
t+zx=ax(t—T)+bx(t—Th)+ F(z,2(t = T),z(t —T1)), T,7%>0. (1)

Baech x(t) ckangpuas (yHkuus, a u b HeKOTOpble HOoCTOsiHHbIe. DyHKIWMs
F = F(z,y,z) upeanonaraerca Henumueiinoit, r. e. F(0,0,0) = F.(0,0,0) =
£,(0,0,0) = F(0,0,0) = 0. OctoBHOE HPE/IIIOJIOKEHUE COCTOUT B TOM, 41O 00a
sanasabiBanus 1w 1] TPOMOPIHOHATBHBI IPYT APYTY W JOCTATOYHO BEJIUKH,
T. €.

T=c', Ti=To+e"k), 0<e<l, ko>=1, a>0.

IMocraBum 3aja4y OUPEAEIUTD LIOBEJEHUE DEILEHUil B HEKOTOPOIl MaJioii (HO He

3aBUCAIICH OT £) OKPECTHOCTH HYJIEBOIO COCTOsIHWE paBHOBecus. Merom uccie-

JIOBaHMs Ga3Mpyercss Ha TaK HA3BIBAEMOM METOJe KBa3WHOPMAasbHBIX (dbopm [1].
Breaem B paccmorpenne GpyHKITHIO

R(Q) = acos 2+ bcos koS

n obosHaunM uepe3 Ry = Ro(a,b) cynpemy™m (st MppaimoHanIbHbIX ko) min
MaKCUMyM (JIJIsl paIlMOHAIBHBIX ko) 9TOH hyHKIMH.

Teopema 1. [Tycmov Ry < 1, mozda 0as 6cex docmamowHo MAABLT € HYAEEOE
cocmoanue pasrosecus (1) acumnmomuuecku yermotvueo.

Ecau orce Ry > 1, mo das 6cex docmamouno MAABE € HYAEBOE COCTNOAHUE
pasnosecus (1) neycmotinuso.

OcnoBHOE cojiepkanue paborbl MocBsIeHo ciydaio Ry = 1. IIpu srom yemo-
BUM DECKOHEYHOE KOJIMYECTBO KOPHEH XapaKTEepUCTHYECKOrO YPABHEHWS CTpPe-
MUTCS K MHUMOW ocu mpu € — 0, TakuMm 00pa3oM BCE KPUTUYECKHE CJIydan
B 3a/iade 00 yCTONYMBOCTH CTAIMOHADA MMEIOT OECKOHEYHYIO Pa3MepHOCTh. B
KayKJOM U3 HUX UCXOJHAS 3a7a9a CBOJUTCA K aHAJIOrY HOPMATBHONU (hOPMbI —
YPABHEHHUIO MAPabOIMIECKOr0 THUIA, KOTOPOE HE COMEPXKUT MAJIBIA ImapamMerp
[1]. Permennst 5Tux ypaBHeHWe JOCTABJISIIOT TJIABHBIN YIEH aCHMTOTHYECKOTO TI0
HEBSI3Ke MTPUOIMKEHUST UCXOTHONW 3a1a49H.

JIurepaTtypa
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KPAEBBIE BAJAYN OJ1A4 KBABHPHHEPBOHH‘IECKHX
YPABHEHUU
A .N. KoxaHoB
kozhanov@math.nsc.ru

VIIK 517.946

M3yuaercs KOPPEKTHOCTH KPAEBBIX 3a7aY IS KBAZUTHIEPOOTNIECKUX
YPaBHEHMI BBICOKOTO IIOPAIKA.

Karwwesoe caosa: KBa3UruepObOIMIecKrne ypaBHEHNs, KPaeBble 3314,
perysgpHbIe DelleHusd, CyIeCTBOBAHUE, eMHCTBEHHOCTD.

Boundary-value problems for quasihyperbolic equations
We study the correctness of boundary value problems for high order quasi-
hyperbolic equations.
Keywords: quasihyperbolic equations, boundary value problems, regular
solutions, existence, uniqueness

Kpazurunepbosmdeckumu ypaBHeHusiME OyaeM HA3bBaTh nuddepeHinaib-
HbIE YPABHEHUS BHUIA

9%Py

— (_1)\p+1
Lu = (-1) 9720

— Au= f(z,1)

C JUIMOTUYECKUM OMeparopoM A BTOPOro HOPSJKA, AEHCTBYOINUM IO MPO-
crpancTBeHHbiM liepeMeHHbiM (A ~ A), U ¢ HATyPaJIbHBIM YUCJIOM P TAKHUM,
ato p > 1 (npu p = 1 januble ypaBHEHUS ABJSIOTCA OOBIYHBIME TUNIEPOOIHYE-
CKUMU yPABHEHUSIMHU).

B macrosiem 1oKIane U3/1araloTCd Pe3ysIbTaThl [IOCJIEIHEr0 BPEMEHH, CBS-
3aHHbBIE C [IOCTAHOBKOI M PA3pEIIMMOCTBHIO KPAEBbIX 33/a4 /s KBa3UIUIIepOo-
JINYECKUX YPABHEHUH B OrPAHUYEHHOM IUJIWHApPE. B 94acTHOCTH, OMUCHIBAIOTCS
HOBBIE KOPPEKTHbBIE 33Ja49U — 33/a49d, B KOTOPhIX mpu ¢t = 0 3amatorcs p + 1
ycnosue, ipu t = T — p — 1 ycnosue. Jlanee MOKa3bIBAETCsI, ITO 3a0a4UN HA COO-
CTBEHHbBIE 3HAYEHUS /IJI KBA3UTUIIEPOOJNIECKUX YPABHEHUN C STUMU K€ YCJIO-
Busimu 11pu t = 0 u upu ¢ = T uMeIoT cueTHOe MHOXKECTBO JAefICTBUTEIbHBIX COD-
CTBEHHBIX YHCEJI. /JOMOSHUTENIHFHO N3yYaloTCs KPAeBble 331a49n JIJIsi HEKOTOPBIX
KJIACCOB KBA3UTUMEPOOTMIECKUX YPABHEHUN C PA3PHIBHBIMU KO3 DUIIHEHTAMY.

Pabora BeimosiHeHa npu dbuHaHCOBOH noagep:kke POOU (mpoekr Ne 18-51-41009).

Koxanos Anekcanap Wsamoudu, m.p.-M.H., mpodeccop, VHCTUTYT MaTE€MATHKH HUM.
C.JI. Cobomera CO PAH (Hosocubupck, Poccus); Kozhanov Alexandr (Sobolev Institute of
mathematics SB RAS, Novosibirsk, Russia)
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O PEIIIEHUSX SJIJIMIITUYECKNX YPABHEHUI C
IIEPEMEHHBIMU ITIOKA3ATEJISIMU HEJIMHEMHOCTEN 1
JAHHBIMU B BUJE MEPBI B IIPOCTPAHCTBE RV

JI.M. KoxXeBHuUKoBa
kosul@mail.Tu

YAK 517.956.25

B npocrpancrse R™ paccMarpuBaioTcs aHH30TPOIHbBIE SJLIUITHICCKUE
YPaBHEHUS BTOPOTO MOPAOKA C TEPEMEHHBIMA TMOKA3aTe/IAMHA HEJIMHEITHO-
cTeil U IpaBoOil 9acThio B Buae qud@y3HOI Mepsl. B aHM30TPOIHBIX IIPO-
crpaucrBax Cobosnesa-Opiinya ¢ nepeMeHHBIMYU IOKA3ATE/AMHI JT0KA3AHO
CYIIEeCTBOBAHUE SHTPOIUITHOIO PEIIeHUs. YCTAHOBJIEHO, YTO IIOCTPOEHHOE
SHTPOIMIHOE PEIIEHNE ABJIAECTCA PEHOPMAJIN30BAHHBIM PEIICHUEM.

Katouesbie ¢A06a: aHA3O0TPOIHOE JLTANTAYECKOE yPABHEHWE, SHTPOIHii-
HOE DeIllleHre, PEHOPMAJIM30BAHHOE DEINEHHe, CyNIECTBOBAHUE DPENIeHusd,
TepeMeHHbIN moKa3aTe b, auddy3Has Mepa

On solutions of elliptic equations with variable exponent
nonlinearity and and measure data in space R"

In the space R", second-order anisotropic elliptic equations are considered
with nonlinear variables of exponents, and the right-hand side as a diffuse
measure. The existence of an entropy solution is proved in anisotropic
Sobolev — Orlicz spaces with variable exponents. It is established that the
obtained entropy solution is a renormalized solution.

Keywords: anisotropic elliptic equation, entropy solution, renormalized
solution, existence solution, variable exponent, diffuse measure

B unpocrpancree R" = {x = (z1,22,...,Zn)}, 7 = 2, paccMarpuBaercs
AHU30TPOIHOE JIMIITUIECKOE YPABHEHUS BHIA

—diva(x,u, Vu) + |ulP" "2y 4+ b(x,u, Vu) =, x € R", (1)

¢ orpaHWYeHHON Mepoit Pajona p cmenraabHOTO BUIA.
Bsenem nmpocrpancTBo

CtTR") ={peCR") : 1<p” <p" < +oa},
raep” = inf p(x), p* = sup p(x). Tosozim T () = (p1(-),pa(), -, pal-)) €
X v xERM

(CT®R™M)", B() = (po(-), B()) € (CT(R™))™+! u onpenesnm

p+(x) = max p;(x), x€R"

1=1,n

PaBora BeimosiHeHa npu dbuHaHCOBOH noaepkke PODU (mpoexr N 18-01-00428).

Koxesuukosa Jlapuca MuxaitaoBua, a.¢.-M.H., npodeccop, CrepauTaMakCKuil duana
BamI'V (Crepnmramaxk, Poccus); Larisa Kozhevnikova (Sterlitamak Branch of Bashkir State
University, Sterlitamak, Russia)



MarepuaJpr MexKTyHAPOIHOH KOH(EPEHIHH 297
Hycrs B () = (po();p1(-); s Pn(-)) € (C*(R™))" !, anuzorponnoe npocrpan-

ctBo CoboJIeBa ¢ MepeMeHHBIME MOKA3ATeIIMH Wlp> (.)(R”) OIpeieIMM KaK Io-

nosnenue npocrpancrsa C§°(R™) no Hopme

Pollws, ey = 1oy + 2 Nl
=1

Hepes Ly () (R™) oboznaunmm mpoctpanctso L, (y(R™) x ... x L, (R") ¢
HOpPMOWI
VllLs @ = VIl = lvtllp, o+ AHllonllp, s v= (01,0 v0) € L (R?).

MHuoecTBO orpammaenusx Mep Pamona obosmammv MO(R™). Mepy u €
MP(R™) wazosem mucddysHoit mO emkocTH Capg (., (5)() — eMKOCTH), €C-
au u(B) = 0 mua awo6oro Gopesesckoro mMuHoxkecrBa B C R™ rtakoro, 4rto
Capg (. (B,R") = 0. 3necn P() — emrocrs xommakra K 10 OTHOWEHHIO K
R"™ ompenensiercss popmyaoii

Capg (. (K,R") = Spf?(t"K)/P(x,v, Vo)dx,
R

Spiy (K) = {v € Co(R™)

rU}XK}a

n
e P(x, s0,8) = P(x,8)+[s0[P°™), P(x,8) = 3 |s4]P¢™), xx — xapakrepuctue-
i=1
ckasa ¢pynxius mHoKkecTBa K. Torma ?() — éMKOCTh OOpPeIeBCKOr0 MHOKECTBA
B C R"™ no ornormenuio k R™ onpeessiercs paBeHCTBOM

Capg (., (B,R") = sup{Capyg () (K,R") | B D K, K xommnaxr}.

Yepes M%(v)(R") 0003HAYKMM TPOCTPAHCTBO BCEX OTPAHUYEHHBIX Mep Pa-
mona audPy3HBIX IO B() — emkocru. Jlokazano, uro ecim p € Li(R™) +
Wg}(.)(R") (Wg}(.)(R") — MIPOCTPAHCTBO COMLPSIKEHHOE K W%)(‘)(R")), TO [t €
M%(.)(R"). Tpencrapaenne nuddy3HO0l Mepbl [ € Mg(,)(ﬂ) JIJIST OTPAHUYCH-
Hoit obaacru € nosydeno B paborax [1], [2].

[Ipeamonaraem, 9To

p+(x) <po(x), x€R", (2)
n QYHKIAN
a(x, s0,8) = (a1(x, 80,8), - .., an(x,80,8)) : R" Xx R x R” — R"™,

b(x,80,8) : R" X R x R" - R,

Bxojgue B ypasHenue (1), kapareomopuesbl. IIycTh CyIecTByloT HeOTpuUIia-
renbHble Qyaknun O; € Lp;(‘)(R”), ¢ € L1(R™), HenpepbiBHbIE HEyObIBAIOIIUE
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byukuuu @; : RT — RT\ {0}, ¢ = 1,...,n, n0ojg0KuTEIbHOE YUCJIO T TAKHE,
4uTo TpH T.B. X € R™, m7s Becex sg € R, s,t € R” cnpaBeanBbl HEPABEHCTBA!

as(50.8)| < @llsol) (Pe,) /%0 4+ @,(0)), i=Toooms (3)

(a(x, 80,8) — a(x,80,t)) - (s—t) >0, s#t; (4)
a(X, 505 S) 82 EP(Xa S) - ¢(X) (5)

n
Baech st = > Siti, s =(S1,..+,8n), t = (1, ., tn).
i=1

Kpowme Toro, mycrhb cymectByer Heorpunaresibias dyaxima Py € Ly (R™),

HenpepbiBHas HeyobBalomas pynxmug b : RT — RT rtaxue, uro npu m.s. X €
R"™, nast Bcex sg € R, s € R" cnpaBeaiuBhl HEpaBeHCTBA!

1b(x, 50,9)| < Bl([s0]) (P(x.5) + Po(x)) (6)
b(x, s0,8)s0 = 0. (7)

Bynmem cawrarh, 9TO MEpA ji MMEET B
p=f+fo—divl, f € Li(R"), fo€ Ly (R"), £=(fi,..., fa) € Ly, (R").

ITo mokazanHOMY Takast Mepa p ABJjsieTcs quddy3HOi Mo ?() — €MKOCTH.
Beozs obosnauenue a(x, so,s) = a(x, g,s) + f, u3 ypasuenus (1) nonyuaem

—diva(x, u, Vu) + [u[P?® "2y 4+ b(x,u, Vu) = f + fo.

IMpumenss nepasenctso FOwura, jierko 3amerutsb, 9t0 hyHKIusa a(x, Sg,s) TaK-
ke noguunserca ycaosusim suza (3)—(5). Tlostomy B pabore paccmarpuBaercs
ypasuenue (1) ¢ mepoit

pw=f+fo, fe€Li(R"), fo€ Ly R"). (8)
Ompenemnm dyraknuio Ty (r) = max(—k, min(k,r)). Beegem obosnadeHme
(u) = [ udx. Tepes T%(‘)(R”) 0003HAYUM MHOYKECTBO U3MEPUMBIX (DyHKITHi

Rn
u: R™ — R rakux, aro Tj(u) € W%(,)(R”) npu sobom k > 0.

Ounpegnenenune 1. Iumponuitinom pewenuem ypasnenus (1), (8) HasbiBaer-
cst byHKIMd u € 7%(_)(]1%") TaKasi, ITo
1) B(x) =b(x,u, Vu) € L1(R"™);

)

2) mpm Beex k > 0, £ € C(R™) cripaBeinBo HepaBeHCTRO:

((b(x,u, V) + [ulPe 20 — f — fo)Th(u — €)) + (a(x, u, V) - VT (u — €)) < 0.

Onpenenenune 2. Penopmasusosarnvim pewernuem ypasnernus (1), (8) ua-
3bIBaercst GYHKIUSA U € Té(A)(R") TaKast, YTO BBIMOJHEHO ycJoBue 1) ompese-
nenns 1,

2) limp, o0 J P(x, Vu)dx = 0,
{h<|ul<h+1}
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3) nya moboit rnagkoit bynknun S € WL (R) ¢ KOMIAKTHBIM HOCHTETEM W
mo6oit ynknun £ € C} () cparseInBo paBeHCTRO:

(b, u, V) + [P 20 — f — f0)S(u)€) + (a(x, u, Vu) - V(S(u)€)) = 0.

OCHOBHBIM DPE3yJIBTATOM PAOOTHI SABJIAIOTCS CJIETYIOIIIE TEOPEMBI.

Teopema 1. ITycmo svinoanens. yeaosus (2)-(7), moeda cywecmeyem sh-
mponuiinoe pewenue ypasuenus (1), (8).

Teopema 2. ITycmsv evnoanens, ycaosus (2)—(7), mozda snmponuiinoe pe-
wenue, Nocmpoennoe 6 meopeme 1, AGAACMCA PEHOPMAAUSOEAHHBLM DEULEHUEM

ypasnenua (1), (8).
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JloKJ1a/1 MOCBSIEH MeTO[aM PelleHHs 33/a9 MHOIMOKPUTEPUAIHLHON OIl-
TUMU3AIWY 15T MOJEJIeH CUCTEM YIIPABJIEHNS, OMNCHIBAEMBIX OOBIKHOBEH-
HbIMU Tud G ePEeHITHATHHBIMI U PA3HOCTHBIMHA ypaBHeHuSMHU. 11o100HbIE
3a/1a91 HEPEJKO PEHIAIOTCH IIyTeM CBEJEHUS UX K ONTUMU3AIUU COBOKYII-
HOCTY CKaJIIPU30BAHHBIX CBEPTOK BEKTOPHOTrO Kpurepus. B To e Bpems,
B PeaJIbHBbIX BEKTOPHBIX 33/1a9aX HeOOXOIuMM aHa/Iu3 BCell rpaxuns: 1la-
pero. C 310l 1esbio, B faHHON paboTre NpearaeTcs MeTOZ BEKTOPHOIO
JMHAMIYECKOT0 IPOrPAMMUPOBAHMS, MO3BOJISIONINI OMICATH JBOJIIOIHAIO
apeToBCKOro (PPOHTA MIPHU MOMOIIYM BEKTOPHOTO AHAJIOTa SBOIIOIUOHHOTO
ypaBuenus tuna [amunbrona-fkobu-Bennvana.

Karouesvie caosa: amuiabronos ¢dhopmasin3M, BEKTOPHAS OITUMU3ALMS,
AUHAMWYECKOe TporpamMmupoBanue, ¢pport Ilapero

Pa6ota BeinosnHeHa npu dhuHaHCOBOH Hoagep:kke POOU (npoext Ne 16-29-04191 odu_ ).
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A vector-valued version of the Hamiltonian formalism

This report introduces methods of optimalizing the solutions to problems
of controlled dynamics under multiple criteria. Though such problems
are usually approached by scalarization of the vector-valued cost, in most
realistic cases, the actual demand is the the analysis of the whole Pareto
front and its evolution. Such demand is reached in this paper by intro-
ducing a vector-valued multiobjective dynamic programming, based on
vector-valued version of the Hamilton-Jacobi-Bellman equation.
Keywords: Hamiltonian formalism, multiobjective optimization, dynamic
programming, Pareto front

B mepBoit vactTu goK1a/1a pacCMaTPUBAETCA AUCKPETHAS TUHAMUYECKAs CH-
cTeMa € BEKTOPHBIM KPHUTEPUEM CJIEYIOIIETO BUIA:

Tt4+1 :f(t,:ct,ut), t:O,...,’ﬁfl,

zo = z°,
U € P,
Ji(0, 2, u) 9—1
: =T, xu) =Y L(r,2;,u.) + @(zy) — Min,
Tp (¥, x,u) =0

zGR",uERm;j,E,QBERP,

e nox J (9, x,u) — Min nonuMaercs 3aja4a OTbICKaHUs TpaHuilbl Ilapero
MHOKECTBA BCEX BO3SMOXKHBIX (B CHITY YCJOBHH CHCTEMBI) 3HAYEHWH MHOTOMEp-
Horo ¢yukimonana J (9, z,u). Caenyst repmunosioruu [2], 101 LAPETOBCKUM
GPOHTOM MHOKECTBA B YHOPAJZOYEHHOM MTPOCTPAHCTBE OyIeM TOHUMATh TOM-
MHOXKECTBO €r0 HeJOMUHHPYEMBIX IO MOPAIKY TOYEK.

Jlyig 370l cucTeMBbl ObLT BBEIEH BEKTOPHBIH aHalor (byHKIMU HEHbI B BUIE

91
9(0@0) = Min ZE(T, T ur) + G(xy)|ro = 2%, up € Py
7=0

U II0Ka3aHO, YTO IIPU BbIIIOJHEHUU OIIPEEJIeHHbIX YCJIOBUI PeryJjIApHOCTH /1
MapeToBCKOTO (PPOHTA MHOTOKPUTEPHUATBHON ONMTUMWU3AIMOHHON 3a1a9u CIIpa-
BE/IJINB BEKTOPHBIN TMPUHITAI ONTUMAJIBHOCTH B CJeAyIomneil hopme:

t
V(0,2°) = Min ZE(T,%T,uT)+ﬁ(t+1,xt+1) Ur €EPrp, t=0,...,9— 1.
7=0

Boin monmyden AucKpeTHBIE BEKTODHBIM aHAJIOT ypaBHeHWs Bennimana s
BBEJIEHHON (DYyHKINU TIEHBI:

lj(t,x) zMin{E(t,x,u) —l—ﬁ(t—i— 1,xt+1)‘u € Pt}, t=0,...,9 -1,
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Ha npumepe omgsOoMepHO# CTaIMOHAPHON JTUHEHHONH CHCTEMBI C JUCKPETHBIM
BpeMeHeM TIPOJEMOHCTPUPOBAHO, UTO, B CHJIY BEKTOPHOM MPUPOILI 3aIa4H, TO-
CTpOeHHasi cucrema ypaBHenuii Tuna [avuibrona- Axkobu-Bemnivana sBisercs
JIVIITb HEOOXOAMMBIM, HO HE JOCTATOYHBIM YCJIOBHEM JIst OTHICKAHUS (DyHKIUU
mmenbl. B obmmem ciaydae oHA HE MO3BOJISIET OJHO3HAYHO OIPEIETUTh MCKOMYIO
rpanumy [lapero permaemoit 3ama9mn.

B cBs13u ¢ 3TuM ObLIT IPEIJIOXKEH METO/, TAPAHTHPOBAHHOTO TOYEIHOTO OIIEHH-
Bauus rpanunbl [lapeTo, MO3BOJAIONINI CBECTH TIOIYUYEHHBIH paHee BEKTOPHBIN
anajor ypaBHenns Bennmana K HaOOpY CKaJISPHBIX 33134, PEIEHNe KaxKI0i
73 KOTOPBIX PEICTABIISAET CO00M €IMHCTBEHHYIO TOYKY NCKOMOTO ITAPETOBCKOTO
dponTa.

3arem OblL1a pacCMOTPEHA MHOIOMEpHAsl II0OCTAHOBKA 333491 JOCTHXKUMOCTH
JIJIsi CUCTEMbl C JIMCKPETHbIM BPEMEHEM U yCTAaHOBJIEHO B3aUMHO-OJHO3HAYHOE
COOTBETCTBUE MEXKJY PEIICHUSMHU 33Ja9U B KJIACCUUECKOH (CKAIAPHOIN) U BEK-
TOPHOI TOCTAHOBKAX. B wacTHOCTH, OBLIIO TPOJEMOHCTPUPOBAHO COBIIAIEHNUE JIN-
HUM YPOBHSA IBYX COOTBETCTBYIONIUX (DYHKIIMIA TIEHBI:

X(t;0,ANB) = {x: 1En)in {dZ(xo,AﬂB) ’xtzx} <0} =
ul-),xo

_ . : d2($07A) _
=<{z: Min (dz(xo,B) e =2, <0p,

rae X (t;0, AN B) — UCKOMOE MHOXKECTBO JIOCTUZKUMOCTU CUCTEMbI B MOMEHT
BpEMEHN { TIpU 33JaHHOM HadajgbHOM MHOKecTBe X0 = AN B.

B 3akarounTenbHOM YacTh TOKIa a Obliia PACCMOTPEHA, 33/1a4a YITPABJIEHUST
CHCTEMOil B HEIIPEPHIBHOM BPEMEHU MDY HAJUYIUU BEKTOPHOTO KPUTEPHUS CJIETY-
OIIEro BUJIA:

z(0) = 2°,
u(t) € P(t),
T (9, x,u) 9
: =J0, z,u) = / C(7, 2(7), u(7))dr + @(x(9)) — Min,
Tp (¥, z,u) 0

xGR",uERm;j,L_:gBGRp,

s Takoi MOCTAHOBKH 337a4i ObLIT BBEJEH BEKTODHBIN aHajor (hyHKIUU
[IEHBI, TPOJIEMOHCTPUPOBAHO BBHIMTOJIHEHNE MMPWHIINITY, OMTUMAJIFHOCTH JJIs IPa-
munbl llapero m mosyden BeKTOPHBIN anajor ypasHenus [avmwurona-Axkobu-
Bennvana B ¢popme 3BOTONMUOHHOTO YPABHEHUST:

t+06
Jim %h V¢, z), Min /E(s,x(s),u(s))ds+v(t+5,x(t+5))
t

0,
6—+0
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rae h(-,-) — merpuka Xaycuopda.
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Paccvarpusaerca napabosimieckas CHCTEMAa BTOPOIO IIOPHAIKA HA ILIOC-
KOCTH B 00JIACTH C HErJIa KON OOKOBO rpammreil. MeTogoM TpaHMTHBIX
WHTErpaIbHBIX yPaBHEHHI yCTAaHOB/IEHA PAa3peInMOCcThb 3amaqan Jupuxite
C HeIpepbIBHBIMYU IpannyHbiMu GyHKImamu. VcciaemoBana riiaxocTb 1o-
JIY<I€HHOTO PEIIeHNsI, €CJIM IPAHNTIHbIE (DYHKINHN YI0BIETBOPSIOT YCIOBHIO
Tesbaepa.

Karoweswie caosa: cucremsr qud depeHInaaIbHbIX ypaBHeHHI Tapabotmntae-
CKOro Tuma, 3amga4a Jupuxie, ann3orpoiHsle npocrpancrsa [enbaepa

Solvability of the Dirichlet problem for a parabolic system on a
plane

A second order parabolic system is considered in a domain with a non-
smooth lateral boundary on a plane. The boundary integral equations
method is used to establish the solvability of the problem with continuous
boundary data. The smoothness of the obtained solution is studied if the
boundary functions satisfy the Holder condition.

Keywords: systems of parabolic type, Dirichlet problem, anisotropic
Hoélder spaces

B nosnoce D =R x (0,T), 0 < T < o0, paccmarpusaercs napabojiuieckast
cucTeMa
Lu = 0yu — A(z)0%u,

e u = (u,...,um)’, A(z) = (aij(w)){ ;. Jas oneparopa L npemmomaraercs
BBITIOJTHEHHBIMHA YCJIOBUS a) PABHOMEDHON MapaboJuTHOCTH, TO €CTh COOCTBEH-
Hble 3HaYeHus A\ (2) marpunbl A(z) yI0BJIETBOPAIOT HEPABEHCTBY

Rep(z) 2 p>0 VreR; (1)

Konéukos Anapeit Hukonaesud, x.¢d.-m.H., npodeccop, PT'Y (Pssars, Poccust); Andrey
Konenkov (Ryazan State University, Ryazan, Russia)
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6) upunajexuocru K03 duiumentos npocrpancrsy [enabaepa:
a;; € C*(R), 0<a<l. (2)

B momnyorpannuennoit obmactu Q = {(x,t) € D|z > ¢(t)} paccmarpusaeMm
zdagauay dupuxie

Lu = 0 B (,
uz,0) = 0,  @>g(t), (3)
u(g(t),z) = (), 0<t<T.

B [1] anst mmupokoro Kiacca mapaboInvgeckux CHCTEM YCTAHOBIIEHO CYIIECTBO-
BaHNe M €IUHCTBEHHOCTh pellleHuii KpaeBbix 3a1a4. BokoBas rpanuna objaacrtu
OPEIIOIaraaach JOCTATOYHO TIaAKoi. B gacrnocTH, myis napaboaudecKux CH-
CTeM BTOPOrO MOPAIKa HCCICIOBAIMCH PEIeHUs U3 MIKAJIbl AHH30TPOIHBIX IIPO-
crpancts Tennaepa H™T®(m+e)/2(Q) m > 2.

B [2], [3] ycranosaena pazpemumMocTs 3ama4u Jupuxiie AJ1s mapaboIndecKoit
cucTembl Ha miockocTH B mpocrpancTse C11/2(Q). Taxke Gbita mcceoBana
IJIAKOCTD TOTydenHoro pemenns B H '+ (1+9)/2(Q). TIpu srom paccmarpusa-
Jch obaacru ¢ HernaaKkumu 60KOBbIMK IpaHuiiamu Buga & = ¢(t), rae QyHKius
g yZIOBJIETBOpsieT ycaosmuio 2KeBpe

g€ HIF2([0,17). (4)

MeTomoM rpaHWYHBIX WHTETPAJILHBIX yPaBHEHUH OBLIO JOKA3aHO CYIIECTBOBA-
HUE PENIEHNUS W €ro PEJACTABAMOCTD B BAJIE CYMMBI TIOTEHIIUATIOB IIPOCTOTO CIIOS.

O6o3nauum vepes I'(z,£,t — 7) dyngamenranbHoe pemienue oneparopa L.
s MIIOTHOCTH (o, 33JaHHON HA OOKOBOI TpaHuile odsactu ), MbI BBOIUM MO-
InGUIMPOBAHHDIH TOTEHINAI TBOWHOTO CJIOST

We(z,t) = / O (T, €.t — ) A(E) aeg(ryolr) dr.

OrMerum, 9T0 OPU HAJOKEHHBIX yCJOBHAX Ha Koddduiumentor oneparopa L
dyHIaAMEHTATIBPHOE pEIeHne He WMEET, BOODIIE TOBOps, MPOM3BOMHON MO Tepe-
MenHoit . Mol ycranasusaer, uro dyukuus ['(z, €, 1) A(§) aBisercs HenpepbiB-
o nuddepentupyemoit mo € mpu ¢t > 0.

Teopema. IIycmo das onepamopa L svinoanens. yeaosus (1), (2), das 6o-
K060T 2panuyb, 6uinoaneno ycaosue (4), epanunnas gymnkuyus ¢ € C([0,T]),
©(0) = 0. Tozda cywecmesyem ozpanunennoe 6  pewenue u € C(Q) sadauu Ju-
puzse (8), npedcmasumoe 6 sude MOUPUUUPOBAHHO20 NOMENHUUAAG 80THOZ0
cn04 ¢ naomuocmato p € C([0,T)), ¢(0) = 0. Jaa amozo pewenus cnpasediusa
oyenxa

lulle@) < CllYllew)-

Ecau npu smom 1 EiH“/2([O, T)), mo yxasannoe pewenue NPUHAOAEHCUN NPO-
cmpaHcmaey HO"”‘/Z(Q) U CNPABEIAUBE OUEHKA

lull graar2@y < ClYI grarz(o,1)-
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AHnajiornyHoe yTBep:KJeHHE IIOJy4YeHO U JJjisd OIPaHMYeHHO obsiactu ) =
{(z,t) € D] gi(t) <z < ga(t)}-
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Pabora nocssineHa ONMCAHUIO ACUMIITOTUYECKUX DPA3JI0KEHUN pelneHuit
OOBIKHOBEHHBIX JIMHEHHBIX r((hepeHnmaIbHbIX yPaBHEHUN C TOJIOMOPdh-
HBIMU KO3 dUTMEeHTaMr B OKPECTHOCTH HPPEryAsSpPHOM 0CO00M TOYKH.
IIpuBogurcst BUJ aCUMIITOTUKY PELIEHHUs] B OKPECTHOCTH HECKOHEUHO y/1a-
JIEHHO 0COOOM TOUKH.

Karueswie caosa: nuddepeHmaibHbie ypaBHEHUST

Poincare problem. Asymptotics of solutions of linear
differential equations with holomorphic coefficients in the
neighborhood of irregular singular points
This study is devoted to the description of the asymptotic expansions of
solutions to ordinary differential equations with holomorphic coefficients
in the neighborhood of an irregular singular point. An example of irregular

singular point in infinity is consider.

Keywords: differential equations
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(Mocksa, Poccust); Maria Korovina (Lomonosov Moscow State University, Moscow, Russia)
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[Ipobaema mpeacraB/ieHns AaCAMIITOTUKY PEIIEHNAST YPABHEHUA C TOJTOMOPd-
HbIME KO3 DUIMEHTAMNT B OKPECTHOCTH UPPETYISIPHON 0CO00H TOUKY BIEPBHIE
6eu1a chopmyamrposana A. ITyankape B paborax [1],[2]. B atux padorax paccmar-
pUBAJIUCH ypaBHeHNs He(DYKCOBA THUIIA, U BIIEPBBIE OBLIO TIOKA3AHO, YTO PEIIEHNE
YPaBHEHHS C TOJTOMOPMHBIME KO3D(DUITHEHTAMH B OKPECTHOCTH UPPEryIsipHOIt
0cO00it TOYKHM B HEKOTOPBIX CJIydasX MOXKET PA3JararTbCs B aCUMITOTHYECKUI
psa. IIpobnema Ilyankape cocTouT B TOM, 9TOOBI HAWTHU BU/I, ACHMIITOTHICCKAX
PA3JIOKEHUH I MPOW3BOJBHBIX JTUHEHHBIX YPABHEHHU C TOJOMOP(MHBIMEU KO-
s dunmeHTamMmn.

B nmammoit pabore mpuBOANTCS KaIacCuPUKAIIA OCOOBIX TOUEK, U PACCMATPH-
BAIOTCsI COOTBETCTBYIOIIHE MM ACUMIITOTHYECKHE PA3JIOXKEeHUsl. A MMEHHO pac-
CMaTPHUBAIOTCA OOBIKHOBEHHBIE I depeHImaabHble yPaBHEeHH

by (1) (;)7lu(r) bt b (1) (;)iu(r) bt (Mu() =0,  (21)

3neck b; (r) aBasirorcst roIOMOPMHBIMA DYHKIUSMA.

Eciu xosdduinent npu crapiieii npousBoaHoii b, (1) obpamaercs B HOJIb
B HEKOTOPOH TOUYKE, 6€3 OrpaHMYEHUs OOIIHOCTH MOYKHO CYHTATH, 9TO 3Ta TOY-
ka r = 0, To ypasuenue (1), BooGiie roBops, umeer OocoOOEHHOCTH B HyJje. B
9TOM CJIy9ae HOJIb MOXKET OBbITH PEryJIAPHON WU UPPEryaapHOil 0CODOIT TOUKOIL.
Vpapuenue (1) MokKeT ObITH CBEJEHO K YPABHEHUIO BUIA

- d
Hu=H{(r —r* 1= )u=0 2.2
u (r, r o u , (2.2)
e H — muddepennraabHbII omepaTop ¢ roaoMopdHbIME KO3 DuneHTaMmu
n
H(r,p) =) b (r)p'
i=0

3mecw ) (r) — coorBercrByionme rosoMopdubie GYHKIME. k — [ea0e 9HCIIo,
npudeMm k >= —1. OueBuaHO, 9TO 3HAUYEHNE Kk OMpEIe/seTCs HEeOMHO3HAYHO. B
3aBUCHMOCTH OT MUHUMAJILHOTO 3HAYEHUSA k MOXKHO pa30UTh yYPAaBHEHUS HA TPU
THIA, KAXKIOMY U3 KOTOPBIX COOTBETCTBYET CBOI THIT ACUMIITOTHK.

K mepBoMy Tumy ormecem Te ypaBHEHWHS, Jjisi KOTOPBIX k = —1. B stom
caydae MbI UMeeM HEeBBIPOXKIeHHBIE nuddepeHInaabHbie YPaBHEHUs], PEITCHU S
KOTOPBIX HE UMEIOT OCOOEHHOCTEH B HYJIE.

B ciygae k = 0 ypaBHEHUS ABJISIIOTCS BBIPOXKICHHBIMU. k = (0 — perysipHas
ocobasi TOYKa, ACHMIITOTUKA, PEIIEHUS SIBJISIETCs] KOHOPMAJThHOM!.

k € N — upperyiaspHble OCOOEHHOCTH. JTH YPABHEHUS HA3BIBAIOTCS ypPaB-
HenusMu HedykcoBa Tuma. IIppmepom acuMnToTuK HEPYKCOBA, THIIA SABJISIOTCS
ACUMIITOTUKY BUIA

k—1 j e’}

Doew (X T ) @3
j=1

i=1 =0

Hedykcossl acumMnToTnKy B (3) COOTBETCTBYIOT CJIy4Yar0, KOIJa MHOTO-
anen H (0,p) uMeeT TOIBKO NPOCTBIE KOPHU. 31€ech epes - blr! obosnaden
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acUMIITOTUYECKUI psa, pj,j = 1,...,n — KODHU MHOro4JjieHa, ai_i, 0 — HEKOTO-
pble Imnca.

Ecsn muorousien H (0, p) nmeer KpaTHble KOPHHU, U k = 1 TO acMMNTOTHKA
B OKPECTHOCTH UPPEryJApHO#l TOYKH p; COOTBETCTBYIONIEH KPATHOMY KOPHIO,
OyZeT MpeicTaBUMa B BUIE CyMMbI KOHOPMAJIbHONH ACHMITOTUKU U ACHMIITO-
THYCKOTO PA3JIOXKEHUsT BUIA

o0

) T bt 2.4
;exp " + ; - | r Z i (2.4)

" 1=0

[Ipumepom Takoit 0co0O# TOUKH SABIAECTCA OECKOHETHO yIaIeHHAS TOIKA JI/Ts
yPABHEHWST

(C;;)nu(x) + .t a; (2) (jm)iu(x) + .. tag(@)u(x) =0 (2.5)

31ech KO3 bumenTs! a; () peryJaspHbl Ha GECKOHEUHOCTH, ITO O3HAYAET,
YTO CYIIECTBYeT TaKas BHEIIHOCTH Kpyra |z| > a, uro dyskumm a; (), i =
0,1,...,n — 1 paznaraiorcag B Heil B CXOUMAIIUECH CTEIEHHbIE Dbl a; (r) =

> Uy 5 oy 2
> j—0 77+ Ypapenue (5) IyTem 3aMeHbl ¥ =  IPUBOJMTCA K ypasHeHuio (2)
upu k = 1. A 3uauur upexcrasisier coboit cymmy acumuroruku (4) u Ko-
HOpMaJIbHON acuMnTOTHKH. Brepsble 3Ta 3a7ava paccMmarpuBaiach B pabore
Towms|[3].

Eciu k > 1 u p; xopers MuOrounena H (0, p) fBsgercs KpATHBIM, TO aCHMII-
TOTHWKA PEIIeHnsl MOYKeT OBITh TPEeJACTABIMA B BUE KOHOPMAJIHHON aCHMIITOTH-
KJ ¥ aCHMITOTUYECKOrO PA3JI0KEHUS

] km—uv Oéj oo )
>oexp (4 Y s DI (2.6)
j i=1 " 1=0

T'unoresa. Bce acumnmomuru pewenus ypashenus (1) npedcmasumov 6
sude cymmol Hedyrcosot acumnmomury (6) u KOHOPMAALHOT ACUMNMOMUKU.
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OBb OBOBU.];EHHOfI 3AIJAYE HEVUMAHA JJId
QJIJINIITUYECKOI'O YPABHEHUI A BBICOKOTI'O ITIOPSAAKA
HA TIJIOCKOCTUN
B./1. Komnranos
koshanov@list.ru

YIK 517.9

s 3/umnTudeckoro ypasHeHHst 2l—ro mopsifka, crapinue Kodddum-
€HTBI KOTOPOT'O IIOCTOAHHBI, B OJHOCBA3HOM 00/IaCTH C TJIAKON I'paHUIIEH
PacCMOTpeHa KpaeBast 33/1a%a, ¢ HOPMAJIbHBIMY MPon3BoIHbIME (kj —1)—
mopanka, j = 1,...,5, rme 1 < k1 < ... < k; < 2. Ilpu k; = j ona me-
pexonut B 3amady Hupuxne, a npu kj = j + 1 — B 3amaay Helimana. B
paboTe MOKa3aHa SKBUBAJIEHTHOCTH YCJIOBUH (DPEArOILMOBOCTH C YCIOBH-
€M JIO0IIOJIHUTEIbHOCTH, T.e. ¢ ycaoBueM lllamupo-Jlomaruickoro.

Karouesoie cr06a: S37IANITHYIECKOE yPABHEHNE, KPAaeBasd 3a1a9a, HOPMAJIb-
HBIE TIPOU3BOIHBIE, (PPEATOIBMOBOCTE 334a4H, (GOPMYIa HHICKCA

On the generalized Neumann problem for the high order
elliptic equation on a plane

For the elliptic equation of 2l—th order with of constant real coefficients
we consider boundary value problem of the normal derivatives (k; — 1)
order, j = 1,...,l, where 1 < k1 < ... < k; < 2. When k; = j it
moves into the Dirichlet problem, and when k; = j + 1 it moves into
the Neumann problem. In this paper, we prove the equivalence of the
Fredholm condition with the complementarity condition, i.e. with the
condition of Shapiro-Lopatinskij.

Keywords: elliptic equation, boundary value problem, normal derivatives,
Fredholm problem, index formula

B moknaze wmcciaemyercs SJIMNTAYECKOE ypaBHEHWE 2[-r0 TOPSIKa B OIHO-
cB4A3HOI obnactu D

o
Z 33521 ray Z ark(xay)m = f(z,y),(z,y) € D (1)

o<r<k<2l—1

¢ koadbunuentamu a, € R u a,p, € CH(D), T =0D € C?*, 0 < p < 1.
Bamaua S. O6obOmenHas 3ama4da Helimana 3aK/II09aeTCA B OTHICKAHUH Pe-
urenus u(z,y) ypasaenus (1) B obsactu D 110 KpaeBbIM yCJIOBUAM

oFi—1y

W :g], j:17...,l, (2)
r

Pabora BrimonneHa npu dunHaHCOBOM noggepxkke Komurera Hayku MOH Pecny6iukun
Kazaxcran (rpaar AP05135319).

Komanos BakreiToek JlanebekoBud, a.d.-M.H., npodeccop, [yraBHBIi Hay4HBIH COTDY-
HUK WHCTHTYyTa MATEMATHKM M MATEMATHIECKOro MojenupoBamus (Anmaroi, Kaszaxcram);
Bakytbek Koshanov (Institute of Mathematics and Mathematical Modeling, Almaty,
Kazakhstan)
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rIe n = ng + ing O3HAYAET eIUHHIHYIO BHEIIHIOK HOPMAJb M HATYPAJIbHbIE k;
noguuHeHb! yenoBuio 1 < ky < ko < ... < k; < 21.
Hopmaubhas npoussoasas (0/0n)” nopsiika r NOHUMAETCs [PAHUYHbBIN O11e-

parop

U AHAJIOMMYHBINA CMBIC] HUMEET IPAHUYHBIH omneparop (J/0e)” 1O OTHOLIEHHIO K
€JIMHUYHOMY KACATEJIbHOMY BEKTOPY € = e + ies = i(ny + ing).

ITocranoska 3To#t 3ama4u npu k41 —k; = 1 1719 HOTUTapMOHIYIECKOTO YPaB-
Henus Oblia usydena A.B. Buuaise B pabore [1], rue upu k1 > 2 ona na3sana
obobrmennoit 3amade Hetimana. pyroit BapuanT 3agaun Helimana, OCHOBaHHBIN
HA BAPMAIMOHHOM IIPUHIHIE, O panee mpeaioker A.A. lesunbiv [2]. B knac-

ce
21

o a2lu
ue C?'(D)NCH D), Y apsgrras €CF
= 0x¥TToy

(D),

3amada (1), (2) 6buia mcciemosana B [3]. O4ueBHAHO, STOT KJIAcC 3aBUCHT OT
crapmmx Koabdunmentos a, ypasaerna (1). B Gomee yzkom xmacce C2H# (D)
aTa 3amada ObLia paccMoTpeHa B [4]. B mokmame mokaswplBaeTcsi, 9TO yCJIOBHE
dpearonbmosocru 3amaun (1),(2) 9KBEBAIEHTHO U3BECTHOMY [5] yCIOBHIO J0-
nonauTenbaoctu (wau lamupo— Jlonmarunckoro). Takske npusenena hopMyiia
ee nHzekca ind S ymo0HOTrO Jjis WCIIOTH30BAHUS.

Teopema 1. ITycmo mnozouaen det Wy(Ca, ..., (m) nepemeruois C1, - .., Cm
onpedeasemces 6 (4) no eexmop- dynkyuu

g5(z) = 2R 1< <, (3)

U NYCMb Nj — HAUSHLCWLAA CTNENEHD, ¢ KOMOPOU (j 6T0OUTN 8 IMOT MHOZOUAEH.
Tozda pynxyus

Py =1]"

=

) I/1—t V,n—t
14 tv;)™ det W, 4
(g daw, (20l t)

ABNAACMNCA MHO2OYACHOM CMENEHU L = N1 + ...+ Ny
B smux 060snauenusz yeaosue gpedeosvmosocmu sadavu (1), (2) ceodumcs
K Momy, umo mnozousen P ne umeem nyaetl na seuecmeentoti ocu, a ee underc

daemcs, opmyaroti
x=4 (—N + Zi<j lllJ) , (5)

2de N ecmb qucao wysetl 9moz20 MHO204AEHE 6 8EPIHET NOAYNAOCKOCTNU, B3ATNOE
C Yuemom UxT Kpamuocmu.

JIOK 18T OCHOBAH Ha, pE3Y/IhTaTaX COBMECTHBIX UCCJIEI0BAHUI ¢ TpodeccopoM
A.TI. ConmaroBbim.
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NHTETPUPYEMBIE KBA3UJINMHENHBIE
ABYMEPN30BAHHBIE NEIIOYKU N
XAPAKTEPUCTUYECKHWE AJITEBPHI

M.H. KysHenoBa
mariya.n.kuznetsova@gmail.com

YK 517.518

Ormucanbl UHTETPUPYEMBIE CIIyYal KBA3UIMHEHHBIX IBYMEPU30BAHHDBIX 11€-
MOYEK BUJA Un,zy = P(Unt1,Un,Un—1)Unz + T(Unt1,Un, Un—1)Un,y +
q(Un41, Un, Un—1). B KawecTBE KpHUTEpMA MHTErPUPYEMOCTH MOHMMAETCS
HajMare OECKOHEYHOTO YHMCJa PeAYKIWI B BUIE CACTEM THUTEpOOImYe-
CKOrO TWIa, WHTErpupyembix B cmbicye dapOy. Ilpu ucciaemoBanvu ru-
1epOOITMIECKUX CUCTEM IIPUMEHSIOTCS XapaKTepucTuIecKue aaredpot Jlu-
Paitrxapra.

Karowesoie caosa: qByMepU30BAHHAS IIENIOYUKA, HHTEIPUPYyeMast PeIyKIus,
XapaKTepucTuIeckas aaredpa Jlu, BEIPOXKIEHHOE yCaoBUe 0OPHIBA, MHTE-
rpupyemas 1o Jlapby cucrema

Integrable quasilinear two-dimensional chains and
characteristic algebras

Integrable cases of quasilinear two-dimensional chains of the form

Un,zy = p(un+17 Un, u’nfl)u’ﬂvﬂ? +T(un+17 Un, u’nfl)uﬂwy +q(u’ﬂ+1 y Un,y un,1)
are described. As an integrability criterion we accept the existence of an
infinite number of reductions, which are hyperbolic type systems inte-
grable in the sense of Darboux. Hyperbolic systems are studied by means
of the characteristic algebras Lie-Rinehart.

Keywords: two-dimensional lattice, integrable reduction, characteristic Lie
algebra, degenerate cutting off condition, Darboux integrable system

HccnenoBanue BEIIOIHEHO 33 CIeT rpanTa Poccuiickoro mayroro ¢gouaa (mpoekrt Ne 15-
11-20007).
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(Vda, Poccus); Mariya Kuznetsova (Institute of Mathematics, Ufa Federal Research Centre,
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B nacrosiee BpeMst aKTyaIbHOM SBJISETCA 33,149 KJIACCH(DPUKAIUN YPaBHE-
HU# TUMA IBYMEPW30BAHHON 1enouKu Toab

Un,zy = f(un-i-lvun)un—hun,my un,y)’ —o0 < n < o0, (1)

IIpeanonaraercs, uro dyukuusa f = f(x1, T, - T5) ABIAETCS AHATUTUIECKON
B HeKkoropoii obnactu D C C5. Uckomas DyHKIUA Uy, = Up(T,y) 3aBUCHT OT
BEIIECTBEHHBIX IIePEMEHHbIX X,y U [eJIOI epEeMEeHHON Nn.

B macrosiei pabore ncciemyercst moakaace menodek (1) ciemayrorero suma:

umwy = p(un+17 Unp, un—l)umw + T(un-&-h Up, un—l)un,y + q(un+17 Un, un—1)~ (2)

Dyuxiyu p(r1, Ta,3), (21, T2, x3), (1,22, T3) IPEANOIATAIOTC AHATUTAIE-
CKHEMH B HEKOTOpoit obractu D C C3.

MHOromepHbIE yPABHEHHS SIBISIOTCA CJIOKHBIMU OOBEKTAMHU IS UCCIIEI0-
BaHWsA U, TeM OoJtee, s Kinaccudukanuu. M3BectHo, 94T0 cymmecTBoBanue 6071b-
MTOTO YMCJIA MHTErPAPYEMBIX PEAYKIWHA YKA3BIBAECT HA WHTETPUPYEMOCTH ypPaB-
HeHus (cM., HampuMep, pabory [1], B KOTOPO# CyIecTBOBaHHE WHTEIPUPYEMbIX
PEeNyKIMA IUIPOJMHAMAYECKOTO THUIIA PACCMATPUBAETCA B KAYECTBE NPU3HAKA
unrerpupyemocru). B Hacrosieii pabore Mbl HCIIOJIb3yeM AHAJIOTUYHYIO UIEIO -
Ha3bIBasA YPABHEHNE MHTErPUPYEMBIM, €CJM OHO JIONYCKAeT OECKOHEYHbBIN KJ1aCcC
PeNyKIMil B BUAE CHUCTEM THUIEPOOINIECKOTO THIA, WHTETPHPYEMBIX B CMBICTE
Ilap0y.

ITpu onucammm mETEerpEpyembix mo lapOy cucrem ypaBHEHHWH TunepOOsn-
YECKOTO THIIA JABHO HCIOJL3YEeTCsl MOHATHE XaPAKTEPUCTUIECKOH anreOpnl Jlun
[2]. IIepexon k Gomee obuum anrebpam Jlu-Paiinxapra [3] orkpbiBaer HOBBIE
BO3MOXKHOCTH [4, 5, 6].

VYenoBue 06pbiBa ug = (i, y) HA3BIBAETCSA BHIPOXKIEHHBIM YCIOBHEM 00PLIBA,
s nenodku (1), ecom ono ceoauT (1) K ABYM HE3aBUCHMBIM NOJIyOECKOHEUHBIM
[IEeTTOYKaM, OMpPEIeIeHHBIM Ha WHTepBatax —oo < n < 0 m 0 < n < +oo,
COOTBETCTBEHHO.

Houycrum, uro s nenouku (1) cylwiecrByior BbIPOXK/JIEHHbIE YCJIOBUs 00-
pBIBA B BYX pasHbiX Toukax n = Ny, n = Ny. Torna nemouka (1) cBomurcsa K
KOHEYHOH CECTeMe THIEpOOIMIECKOrO THIA!

UN, = 901($ay)7
Un,zy = f(un+1a Un, un—laun,xaun,y)7 N; <n < Ny, (3)
un, = 2(2,y).

Onpenenenue 1. I[enouxa (1) nasweaemes unmezpupyemoti, ecau cyuie-
cmeyom PYHKEUUY 1 U P2, MAKUE, 4Mo 0Af 4100020 66100PA NAPBL UEALT YUCEN
Ny, Ny, 20e N1 < Ny — 1, cucmema eunepbosuueckozo muna (3) ASAAECMCA Wh-
mezpupyemoti no apby.

Boubioit kiacc unrerpupyeMbix nenovek suzaa (1) upexacrasien B pabore
[7], rae onu GblLiau UccIeNOBAHBL B PAMKAX CUMMETPUIHOIO 10AX0/a. BaxKubiM
ABJIgeTcss TOT (PAKT, UTO BCE YPABHEHHUS W3 ITOTO KJIACCA SBJISIOTCS WHTETDU-
pyembivu B cmbicsie Ompenenennst 1. Kak m3BecTHo, naTerpupyemsie mo JlapOy
cHCTeMbI 001a1a10T TOYHBIM perernneM. ClienoBaTebHO, THIEPOOINIecKast CH-
crema (3) 0bsaaeT TOYHBIM PEIeHHEM, KOTOPOE MOXKET ObITh [POIOJIZKEHO 0
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pewienus ucxoauoit uenodku (1). B cuiy Toro, uro seibop N1, No npousBolies,
MCXOIHAS IEMOYKA, NMEET MHOXKECTBO YACTHBIX PENTEeHUA.

B paborax [5, 6] O onucaHbl HHTErpUpyeMble B cmbicie Onpeaenenns 1
JIByMEPU30BAHHbIE KBA3UIUHEHHDIE [ETOYKH BUIA

Un,zy = Qnln zUny T PnlUn,z + Tnlny + Gn, (4)

oy,
Oun 41

TIpH yCJIOBUU, YITO # 0. 31ech K03DMUIUEHTHI 3aBUCAT OT TPEX TOCTE-

JIOBATEJIbHBIX TIEPEMEHHBIX (X = (Upp1, Un, Un—1), Pn = P(Unt1,Un, Un—1),
T = T(Un 1, Uns Un—1)5 Gn = q(Unt1, Un, Un—1)-

B nannoit pabore paccMarpuBaercs 4acTHbI ciay4dait (2) nenouku (4), koraa
Qly, TOZKJIECTBEHHO paBHA HyJ1i0. Mbl TpeOyeM, 9TOObI BBIIOJIHSIUCH CJIELYOIne
YCIIOBHUST: XOTs OBI OJTHA W3 MTPOU3BOIHBIX

Opn 0 Opn
8un+1 ’ aunf 1

70 ()

He PaBHA HYIJIIO.
[naBabIM pe3ysibraToM pabOThI SABISETCHA CIELYOMast

Teopema 1. Ecau yenouka (2), (5) unmeepupyema 6 cmwcae Onpedeserus

1, moz2da ona NPuUGOIUMCA NOCPEICNEOM MOUEUHBLLT NPeodpasosanuts K 00Hol
U3 CAeQYULUL:

Up,zy = (eunfunfl _ eunﬂ*un)umm (6)

Un,zy = (_un-i-l + 2un - un—l)un,w- (7)
Henouku (6), (7) 6buiu usBecrubl panee (cM. [7]).
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JIOKAJIBHBIE ATTPAKTOPBI YPABHEHUNA
KAHA - XWJIJIMAPOA
A .H. Kynukos, I.A. Kyaukos
kulikov_d_ a@mail.ru, anat_kulikov@mail.ru

VIK 517.518

PaccmarpuBaercs ypasuenme Kanma— Xwuanmap/ia BMecTe C TpeMsi THIIa-
MU KpaeBbiX ycjioBuil. Bo Bcex KkpaeBbix 3aj1adax U3y4eH BOLIPOC O Cylie-
CTBOBAHWH, YCTONINBOCTH ¥ ACUMIITOTUIECKOM TIPEICTABIEHUH TPOCTPAH-
CTBEHHO HEOJIHOPOJHBIX COCTOAHUI paBHOBecHs. VICIOIb30BaH METOM, Ka-
4eCTBEHHOM Teopun 6ECKOHEYHOMEPHBIX JUHAMUYECKUX CUCTEM.

Karoueswie carosa: ypasuernne Kana— Xunmuapma, ycroianBocts, 6udyp-
KaIliu, aCUMIITOTUKA,

Local attractors of Cahn— Hilliard equation
The Cahn— Hilliard equation is considered with 3 types of boundary con-
ditions. For all boundary value problem the questions about existence,
stability and asymptotically representation of spatial nongomogeneous so-
lutions are studied. Qualitative theory methods for infinite-dimensional
dynamical systems are used.

Keywords: Cahn—Hilliard equation, stability, bifurcations,asymptotic

PaccmoTrpeno n3BecTHOE B MaTeMaTUUeCKOH (hu3nke ypaBHEHUe
3
U = (—Ugz — AU+ U )y (1)

KOTOpO€e NPUHATO HasbiBaTh ypasHenueMm Kana—Xuiuapza [1] u Buepsbie 1o-
SBUIOCH B (DUBMYECKONW XMMUM B CBSI3M C U3YYEHHEM DEAKIMI B JIBYXKOMIIO-
HEHTHBIX cpefax [2]. B ypaBuenwn (1) HemspecTHast GYyHKIMNS 3aBUCHT OT OTHON
MPOCTPAHCTBEHHON TiepeMenHoit x. st mpunoxkenwuii, ObITh MOXKeET, DOJIee ax-
TyaJleH BapuaHT, Koraa u = u(t, T,y) U pacCMaTpUBAETCs yPABHEHUE

uy = A(—Au — au + u?),

roe A — omeparop Jlamaaca 1o MpOCTPaHCTBEHHBIM TIEPEMEHHBIM, HO B PAMKaX
JIAHHOTO COOOITEHNS OTpaHnYnMCs n3ydenneMm ypapuenns Kana— Xwuimapaa B
dopme (1) BMeCTE € KPAeBbIMHU YCIOBHAMHU CJIELYIONMX TPEX THIOB [1,2]

u(t,0) = u(t, ™) = Uy (£,0) = Uy (t,m) = 0, (2)
Ug (£,0) = ug (6, 7) = Ugaa (¢,0) = Ugge (¢, 1) =0, (3)
u(t,x 4 2m) = u(t, x). (4)

PaBora BeimosiHeHa nipu dbuHaHCOBOH noaep:kke POOU (mpoexrt Ne 18-01-00672).

Kynukos Amarosmmit Huxonaeswu, n.d.-m.H., npodeccop, Apl'Y ummenu IL.I. Hemumgo-
Ba (fpocnasnb, Poccus); Anatoly Kulikov (Demidov Yaroslavl State University, Yaroslavl,
Russia)

Kynukos [Imurpuit Araronsesnd, K.¢.-M.H., gonent, Apl'Y umenn ILT. Temunnosa (fpo-
cnaBib, Poccus); Dmitry Kulikov (Demidov Yaroslavl State University, Yaroslavl, Russia)
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Ecyin obparurbes K kpaesoii 3agade (K3) (1), (2), To npu ee ananmmse Bo3-
HUKAET JOCTATOYHO CTaHmapTHas OudypkamuonHasa 3amada. K3 (1), (2) ume-
eT MPOCTPAHCTBEHHO OIHODOAHOe cocrosine pasHoBecus u(t,z) = 0. Ilpm
a € (—00,1] OHO aCHMOTOTHYECKH YCTOWYHMBO W TIPH TIE€PEXOJE a B HHTEPBAI
(1,00) Tepsier yCTOHYMBOCTD.

Teopema 1. Cywecmeyem makoe €9 > 0, wmo npu ecex € € (0,&9) u a =
1+e K3 (1), (2) umeem déa acumnmomumecky Yycmotuuesis npocmpaHcmeenHo
HEOOHOPOIHBIT COCTNOAHUA PABHOBECUS

3 3
ug(z,e) = 12%51/2 sinz £ %53/2 sin 3z + o(e3/?).

B uHbIX TepMHMHAX NPH YKa3aHHBIX G peajmu3yercs OnmdypKalus TUIA "BHJI-
ka" (uiu 6udypranus Toopunra—IIpuroxuna).

Wnas curyanus BozHukaer npu ananuze K3 (1), (3). K3 (1), (3) umeer oguo-

HapaMeTpUyYecKoe ceMeiicTBO OJHOPOAHBIX COCTOAHMN paBHoBecus u(t, z) = «, a

1 us
rakzke unrerpan Mo(u) = o [ u(t,z)dx = o, € R u npoussonbuo. Hammaue
To

nnTerpana Mo(a) = o 03HAIAET, 9TO COXPAHAETCSA MTPOCTPAHCTBEHHOE CPETHEE,

a MpU HAJIMYWN YCJIOBHI HEMPOHUTIAEMOCTH (3) MOXKET GBITH MPOUHTEPIPETHPO-

BaHO KaK CJIeJICTBHE 3aKOHA COXPAHEHUS MaCChI.

a—1—n~e
3

e € (0,e0),0 < g << 1,7 = £1 u coorBercTBy0OMUil 3HaK y v OyJeT BbIOpaH

Ho3Hee.

IIycrs a € (1,00). IMonoxum o = afe) = =+ ,ap = afe), Te

Teopema 2. Cywecmseyem maxoe €9 > 0, wmo npu ecex e € (0,e0) u ar060Mm
a>1K3 (1), (3) umeem dea npocmpancmeento HeoOHOPOOHBLT COCTNOAHUA
PasHoBeECUA

us(z,e) = a(e) £ /%1 (z) + evy + 3?03 (z) + o(%/?), (5)
vi(z) = (1)1/2 cos z,ve(x) = a0y cos 2z,
Y 1 3,1
v3(z) = (3)3/23—2(60% —1)cos3x, d = 5(5 —ad).
Pewenua (5) cywecmeyrom, ecau d # 0 u npu d > 0 (ewbupaem v = 1) co-
cmoanua pasnosecus (5) yemotuusn, a npu d < 0(y = —1) onu weycmotuusoL.

Hodueprném, wmo d > 0, ecau of < 1/2.

Urax, mpn ag € (—1/v/2,1/+/2) onmomapamerpudeckoe CemeiCTBO TIpo-
CTPAHCTBEHHO HEOJHOPOIHBIX COCTOSIHUI paBHOBecHs (5) GOPMHUDYIOT aBa JIO-
KambHBIX arTpakTopa My (g)(dimMy () = 1). lpu |ag| > 1/v/2 nomygaem yxe
napy JIOKaJbHO WHBAPUAHTHBIX CelIOBbIX MHOroobpasus M (e). IIpu rakux
ap(a(e)) GyayT yCrofiuuMBbIMU IPOCTPAHCTBEHHO OJHOPOJHBIE COCTOSHUS PAB-
HoBecust u(t, z) = a(e).

Ananoruunsiii pesynasrar uMeer mecro g K3 (1), (4). Ona umeer upwu
COOTBETCTBRYMOIEM BHIOODE ap(a(€)) M a > 1 ABymapamMeTpudeckoe cemMeiicTBO
MPOCTPAHCTBEHHO HEOTHOPOIHBIX COCTOSIHUI DABHOBECHUST

u(z,e, ) = ale) + 201 (x4 ) + eva(z 4 @) + 7 2v3(z + @) + 0o(e3/?), (6)
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rae ¢ € Rye € (0,e9),0 < g9 << 1, a dyukuuu vi(x),ve(x), vs(x) Gbuin ykasza-
HBI B (DOPMYIUPOBKE TEOPEMBI 2.

Ipu |ag| < 1/v/2 asynmapamerpudeckoe cemeiictso (6) obpasyer aBymep-
Hbiil arTpakrop Ms(e) u ero dhopmMupyolue NPOCTPAHCTBEHHO HEOAHOPOIHBIE
COCTOSIHUS PABHOBECHUS YCTONYMBBI (IPH 3TOM B COOTBETCTBYOMMX (HOpMysax
v=1).

Eciu xe |ag| > 1/v/2, 10 moaydaeMm AByMEPHOE JIOKAJIBHOE MHBADHAHT-
HOEe MHOroobpaswue, chOpMUPOBAHHOE HEYCTONIHUBBIMU TMTPOCTPAHCTBEHHO HEOI-
HOPOJHBIMU COCTOAHUAMU PABHOBECHIA.

O6ocHOBaHUE PE3YIHTATOB UCIOIB3YET METO/I HHTErPATBHBIX MHOT00OPa3uii,
TEOPUI0 HOpMaJIbHBIX (opM [3,4].
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Haiinens! co6CTBEHHBIE 3HAUEHHUS CIIEKTPAJIHHON 33a9N JJIsT BHIPOXK A~
IOIIErocd OIepaTopa CMENIAHHOTO THIIA U IOCTPOEHA COOTBETCTBYIOIAA
cucTtemMa COOCTBEHHBIX (DyHKIHIL

Karouesvie cr06a: ypaBHeHNE CMELIAHHOIO THIIA, CIIEKTPA/IbHAA 33244,
cOOCTBEHHBIE YINC/Ia, COOCTBEHHbIE (DYHKIINHN, TTIOTHOTA

Construction of a system of eigenfunctions of the
Tricomi-Neumann type problem for a degenerate operator of
mixed type
Eigenvalues of the spectral problem for the degenerate operator of mixed
type are found and the corresponding eigenfunctions system is con-

structed.
Keywords: equation of mixed type, spectral problem, eigenvalues, eigen-
functions, completeness

Kyukaposa Atiryss Haunesna, k..-M.H., gomeHT, Bamkupckuii rocyjapCTBEHHBIH yHU-
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Paccmorpum ypasaerue

Lu=sgny - [y ues + uyy + Nsgny - |y|™u =0, (1)
rae A € C, m > 0, B obuacru D, orpanudennoii: 1) "HopmasbHoii"kpusoii Ty :
22+ %y% = 1, sexkameit B BepxHeil MOTynI0CKOCTH Y > () ¢ KOHIITAMHE B TOYKAX
A1(—1,0) u Ax(1,0); 2) xapaxkrepucrukamu OC (z — 2(—y)® = 0) u CA,
(z + i(;y)a = 1) ypasuenus (1) upu y < 0, rue C' = (%,—(%)i), 0 = (0,0),

— m+
O6?)3H3HI/IM Dy=Dn{y>0}, Dy=DnN{z >0,y <0}.
B obsactu D ayis ypashenus (1) mocraBuM CJIeNyIOILyI0 CHEKTPAJIbHYIO 3a-
Jaqy.
Bagava. Haildmu 3HaUEHUA KOMNAECKCHOZ0 NAPAMEMPE A U COOMBEMEMEY-
rowue um PGynryun u(z,y), Yyolosaemeopasousue Yeao6UuAM:

u(z,y) € C(D)NCYD)NC?*(DyuU Dy), (2)

Lu(z,y) =0, (z,y) € Dy U Dy, (3)

u(z,y) =0, (z,y) €T, (4)

uy(2,0) =0, -1<x<0, (5)

u(z,y) =0, (x,y) € OC. (6)

Ilycts v, = g—f—i—i—n, n=0,1,2,.., 8= m Torga cobCTBEHHBIE 3HAYEHUS

An,m OLpeesoTcs Kak Hynu pyukuun Beccens J,, (N), T.e. m —if KOpeHb ypas-
uenns J,, (A) = 0. CoOTBETCTIBYIOmAs CHCTEMa COOCTBEHHBIX (DYHKITUH 33K
(2)-(6) mmeer BHL

Un,m (T, Y) =

Cnnt P Ty, M) (sin £V 28 (F(3 + yn, & — v, 5 — Bysin® £)

L(ya +B)T(5 — B) L0
T(+ B+ — gy B+ 8=, 5 + Bisin® 5), (r.9) € Do,

2
S L+ TG+ 3
Bo—(B+) 7 () 2
e e o T+ B)

), (0,0) € Dy.

~—

| =

1
F(ﬁ+7na§+7nal+2'7n;

(2.1)
TIIE Cp . — JEWCTBUTEIHHBIE TNCIA.
Orvernm, urto pamee B paborax [1]-[4] mocrpoensr  coberren-
wole Gyakmun 3amad Tpukomu, Tpuromu—Heitmana wu Temnepcrenra.
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ATIOCTEPUOPHAA OLIEHKA TOYHOCTHM HAXO2K/TEHU 51
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O6paTHas 3a1a9a HAX0XK AEHUST NCTOYHUKA PEIIAETCS M0 CXeMe PeryJisipu-
30BAHHOrO IIPOEKIIMOHHOTO METONA C AIOCTEPHOPHOI OLEHKON TOYHOCTH,
KOTOPasl BBIMHUC/IAETCH € MOMOIIBIO HOBOTO, «GBICTPOro», aaropuTma.
Karoueevie cr06a: ypaBHEHHsS B YaCTHBIX IPOU3BOHBIX, HEKOPPEKTHBIE
3a/a4u, al0CTEPUOPHAs OLEHKA TOYHOCTH

A-posteriori error estimate in source recovery for linear PDEs
The inverse source problem is solved according to the scheme of a reg-
ularized projection method with an a-posteriori error estimate, which is
calculated using a new “fast” algorithm.

Keywords: partial differential equations, ill-posed problems, a-posteriori
error estimate

1. Paccmorpum npamyio 3adawy: Haiitu pemenune u(x,t) € U ypaBHeHus B
9aCTHBIX MPOM3BOAHBIX Diu(X,t) = Lyu(x,t) + g(x,t)f(x), x € G, t > 0 B 06-
nactu G C RN mpu Bbmonnennn rpanmdambIX yenopmit Lyu(x,t) = a(t), x €
O0G, t > 0, u navanbubix ycaosuil diu(x,t)|i=0 = b(x), x € G. 3uecs Dy, L,
— mureitabe guddepernnanLHBIe OepaToOphl TIO TTEPEMEHHbIM ¢ U X COOTBET-
CTBEHHO, JEHCTByIOmMe n3 OaHaxoBa MpocTpaHcTBa U B 6aHAXOBO MPOCTPaH-
crBo V, I, di — nuneitabie nuddepeHmanibHbie ONepaTopbl, JeHCTBYONINE U3
U B 6anaxosbl npocrpanctsa V, u Vi, @yakuuu ucrounuka g(x,t), f(x) rako-
Bbl, 40 ¢(X,t)f(x) € V, f(x) € V,. Cunraem, uro upsmMas 3a1a4a KOPPEKTHO
HOCTABJICHA B YKa3aHHDBIX (DYHKIMOHAJbHBIX IPOCTPAHCTBAX, T.€. OHA OJHO3HAY-
HO Dpa3peniMa M ycToiiumBa s JaHHBIX ¢(X,t), f(X),a(t),b(x) u3 31Ux Mpo-
crpancTs. B ganbheiiniem mbr pukcupyem ussectabie ysrmuu g(x, t), a(t), b(x)

Pa6ora Beimonuena npu duraHCOBOH momgepxkke PODU (mpoexrs: N 17-01-00159-a n
19-51-53005-'®EH-a), a rakxke I[IporpaMmbl mOBBHIIEHHS KOHKYpeHTOCIOCOOHOCTH Hamwmo-
HAJIBHOTO HCCJIEAOBATENBCKOrO simeproro yHupepcurera MU®U (MOCKOBCKOrO HHIKEHEPHO-
dusuueckoro uucTUTyTa), HpoekT N 02.203.21.0005 or 27.08.2013.

Jleonos Anexkcangap Cepreesud, a.d.-M.H., npodeccop, HaruoHaIbHBIA HCCIEI0BATEb-
ckuil speprerit yamBepcurer MUDU (Mockea, Poccmsi); Alexander S. Leonov (National
research nuclear university MEPhI, Moscow, Russia)
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u Oyzaem 0003HAYATDH JIMHEHHBIN OrPAHUYEHHBIN OIEPATOP PeIleHus MPAMON 3a-
JIAUN C PA3IUIHBIMU TOMYCTUMBIME yHKImaAME f(xX) Kak A: u = Af.

2. Hac unrepecyer obpamnas 3adawa: caurasi, 4TO PeLIEHUE MPSAMOI 3a/a-
YU YJOBJETBOPSIET ITOMOJHUTENIBHOMY YCIOBUIO Bu = F, HafiTh HeM3BECTHYIO
dynkuuio ucrounuka f(x) € V,. 3uecs B — juHelHBI OrpaHUYeHHbBIH Onepa-
Top, AefictByitomuii u3 U B 6anaxoBo npocrpanctBo W, a F' € W — u3BecTtHbIit
9JIEMEHT. 3312491 TAKOI'0 POJIa MHTEHCUBHO u3y4arorcs (cM., Hanpumep, [1]). Ouu
YACTO OKA3BIBAIOTCS HEKOPPEKTHO MOCTABJIEHHBIME, U IS UX PelleHus: Tpedyer-
Cs1 MPUMEHSITH METOJIBI PETYISIPU3AINH. B TaHHOM CIydYae MbI UCTIOMB3YEM CJie-
npyitommii moaxon. Ilpeamosokum, uTo obparHast 3ajada, T.e. JUHEHHOe orepa-
topHoe ypasnernue B(Af) = F, umeer emmrcTBennOE pemenne f(x) € V... Bynem
pemars ypaBHenue (hpopMaibHO C MOMOIIBI0 PA3HOBHUIHOCTH TPOEKITHOHHOTO Me-
TO/Ia, OIUCAHHOM, Haupumep, B [2]. st 310ro 1peanonoxum, 4To ClpaBeiiiBo
pasnoxkenue f(x) =Y po, fepr(x) no 6asucy {¢k(x)}22, C Vi. Annpokcumu-
pyem f snementamu f,(x) = > ,_, frr(X) 1 BbIMECTIM NPUGITHKEHHO PA3IO-
kenust snemMenToB B(Apy) u F o 6asucy {172, C W: B(Apy) = > -, A,
F =~ Z;L Fpy);. Torna npubnnzkeHHOE ypaBHEHHE I HAXOXKIEHUS MCTOTHH-
Ka mpuHEMaer Bua y ., A fr = Fi, 1 = 1,...,m. Hrak, Tounoe oneparoproe
ypasHeHue O6paTHOI/I sagauun B(Af) = F CBOJMTCH K KOHEYHOMEPHOMY ypaBHe-
mmio Af = Fe MaTpueit A = [Ay) u cronbuamn f = [fi] € R", F = [F] € R™.
IIpu sTOoM mamubIE F sroro YPaBHEHMS MOTYT OBITH 33/IaHbI C OMHUOKOM, T.e. U3-
Becren LpubzKennbiil saement Fy € R™ u ouenka ero tounocru 8 > 0 Takue,
aro ||F — Fj|| < 6.

Pemmm ypasuenue Af = F' ¢ npubiukeHHbIME JaHHBIME Fy, HCIONDB3ys,
HAIIPUMEpP, METOJ, perynﬁpnsalmn A.H.THXOHOBa, U IOJIy9UM KOHEYHOMEPHOE
IpUOIUKEHHOE PEIICHUE f,] [ fk ] n = (6,1/n,1/m) Hameit 3amaun, n Janee
— IpUGIMKEHHBIH d1eMenT [, (x) = > 7, f,gn)apk (x). Ilpn azekBaTHOM BBHIGOPE
napamMeTpa pPeryadpu3aliii TaKol MOIXo[ 0becrednBaeT CXOAUMOCTh fp(x) —
f(x) B upocrpancrse V,, npu n — 0 (cm., mHanpuwmep, [2]).

3. Ionyuus npubnuzkenHoe pemienne f,(X) paccMaTpuBaeMoil HEKOPPEKTHO
[MOCTABJIEHHON 3a/1a9d, Mbl CTAJIKUBAEMCs C TPOOIEMON OMEHKH €ro TOYHOCTH.
B GombimuHCTBE PAbOT IO PEIIeHUI0 HEKOPPEKTHBIX 330ad JAI0TCI Meopemi-
yeckue anpuopnuie ouenky moynocmu. OHU, KaK TPABMUIIO, MOJYYIAIOTCS TPH
OYeHb YKECTKUX JOTOJHUTEIHHBIX OTPAHUYEHUAX HA MCKOMOE perrerne. Kpome
TOTO, 3T OIEHKHU 3aYaCTYIO0 COAEPKAT KOHCTAHTHI, MPAKTUIECKOE BBIUYUCIEHUE
KOTOPBIX 3aTPYAHUATENLHO. [109TOMY TOMYYUTh APUOPHYIO ONEHKY TOYHOCTH B
BHJIE YHCJIA B DOJBIIMHCTBE CIydaeB HEBO3MOxHO. Kak anbrepHaTuBa, B I0-
cJejiHee BpeMs PA3BUTA TEOPUS ANOCMEPUOPHBLIL OUEHOK TOYHOCTY PEIIeHU
HEKOPPEKTHBIX 3a7a4. Mbl GyJeM HCIONB30BaTh JJIsT OLEHKN TOAX0A 13 [3].

Hanee Be3ne || - ||, (v, ) — HODMBI 1 cKaNSPHBIE TPOU3BEIEHUS B €BKIINIOBBIX
npocrpancreax E™, E™. Buas f,(x), Beraucaum Benmuuns: A, = [|Af, — F5],

R, = ||f,l|. Beenem muoxecrso F, = {f € E" : [|Af — F5|| < CAmeﬂ <
CR,}, rae C' > 1 3amannas KOHCTAHTA, U IPEJIOJIOKIM, UTO SJIEMEHT f e
E", onpemendronuii TpOeKII0 TOYHOTO pelterrus f(X) Ha IMOAIPOCTPAHCTBO
span (1, ..., ), IPUHALIEKUT MHOXKeCTBY J,. Torna cnpaBeninBo HepaBeH-
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CTBO
1y = FIl < sup{|[fy — Il e Fp} ™ em), (1)

u bysruys £(1) ecTb 240004bHAA ANOCMEPUOPHAL OUEHKE MOoYwHOCMU [3] KOHEY-
HOMEPHOTO NPUOJIMKEHHOTO PEIIEHUS f,,. Ee MoxKHO HaliTH, pemas SKCTpeMaib-
HyI0 3a1a4y (1) C TIOMOIIBI0 U3BECTHBIX YUCIEHHBIX METOIOB ONTUMU3AINN.
4. B nokmnaze npeajiaraercsa HOBbIH aJrOpUTM IPUOINKEHHOIO PEIIEHU 3a-
saau (1). Mycrs 0, = F5—Af,, Dl=(C*-1) Hf)nHz ;12 =(C?=1)R}. Mnsa snemen-
(@, f)2+72 —(w, f)

TroB W € E",||w|| = 1, BBeieM byHKIHOHATIBI t%l)(u?) = I > 0,
A, ,,)24D2|| A |24 (A, Dy
t%A) (w) = \/( ) +||£7!H2 [ ) > 0. OnpemenM Tak»Ke BETUINHY
po(n) = sup{&, [t{M (@), 50 ()] : ||| = 1}, (2)
w
e &,(a,b) = \/% a,b>0,veN.

Teopema 1. Cnpasedauso nepasencmeo p,(n) < &(n) < 27 p,(n).

Takum obpasom, Benununsa p,(n) ecrb oneHka st £(1) ¢ OTHOCHTEIBHOI
TOUHOCTDIO € = 27 —1, Koropas ynpasisercs YucjoM v (Harpumep, B3gs v = 60,
nosyuum € =~ 0.0116). Huciso p, (1) MOXKHO IPUHATH KAaK IPUOIIMKEHHYIO AII0-
CTEPUOPHYIO OIEHKY TOYHOCTU PEIEeHW pPacCMaTpuBaeMoil oOpaTHOM 3agadun
ompeie/IeHns UCTOUHUKA,. TaKo# MEeTO/] arOCTePUOPHON ONEHKH TOYHOCTHU ABJIs-
ercsa ropasno Gojiee GbicTpOelcTBYIOIUM (B CpeaHeM, B 3 — 5 pa3, B 3aBHCH-
MOCTH OT DelaeMoil 3a/1a4n), YeM paHee MPeJJIOKeHHbIe. DTO CBA3aHO C TeM,
470, B oTsinumu oT 33124 (1), B 9kcTpeMasibHOll 3a1a4e (2) HAXOXKIeHUS YUCIa,
pv (1) uMeercs Jmib 04HO npocroe orpanudenue. Jderanu peienus 3ana4u (2),
KDATKO M3JIO’KEHHBIE B paboTe [4], KOHKPEeTH3NPYIOTCS B JOKJIaIe st 0OpATHOMN
3a/1a49¥ OIPEJIEJIeHNs] UCTOYHUKA.

5. B noknaze mpuBOAATCS NMPUMEPHI YUCJEHHOTO PENIeHUs 10 Mpejiarae-
MO# MeTo/uKe 00paTHOM 331891 HAXOXK/JEHUs UCTOYHUKA B HAYAJbHO-KPAEBbIX
3a/1a49ax JJisl yPABHEHUS TEIJIONPOBOJHOCTH U KOJEOAHWIA, BKIIIOUAs AMOCTEPH-
OPHYIO OLEHKY TOYHOCTH MOJIy9aE€MbIX DEIIeHUii ¢ TOMOIIBI0 BEJIUIUHBL 0y, (7).
B npumensieMOM BapuaHTE IPOEKIIMOHHOIO METO/Ia UCIOJIL3YIOTCS CILIaliHOBbIE
6a3uChl METOIA KOHEYHBIX 37eMeHTOB. [IpemiaraeMas METOIMKA MPUMEHAMA C
HeOOJIbLIMMY M3MEHEHUSIMU U JIjIsi HAXOXK/eHus ucrodHuka supa g(x,t)f(t) ¢
Hem3BecTHON (byHnkumeit f(t).
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O HEJIOKAJIBHBIX IIOJCTAHOBKAX /1JId YPABHEHUN
JINYBNJIJIA

A .H. Muponos, JI.B. MuponoBa
miro73@mail.ru, lbmironova@yandex.ru

VIK 517.956, 517.958

Ilosmyuensr meokaabHBIE TTpeoOpasoBanust Tumna Koyma-Xomnda, mepeso-
Aduye ypaBHeHUA J-[I/IyBI/IJ'I.HSI C TpeMd U Y€TbIPbMA HE3aBUCUMbIMU II€pe-
MEHHBIMU B IpocTeiimue ypaBHeHus Buamku. IlocTpoeHb! pemenns yka-
3aHHBIX ypaBHeHui JIuyBuiis, cofepKaliue IpOu3BOIbHbIE (OYHKIINM.

Karwwesoe crosa: ypasuenue Jluysuns, ypasHenune Buanku, Hesl0KaIb-
HOE I[IpeoOpa3oBaHue

On nonlocal substitutions for Liouville equations

We obtained the non-local transformations of the Cole-Hopf type, which
transfer the Liouville equations with three and four independent variables
into the Bianchi equations. The solutions with arbitrary functions of these
Liouville equations are constructed.

Keywords: Liouville equation, Bianchi equation, non-local transformation

YpaBuenue
Ugyz = Ae" (1)

MOKET PACCMATPUBATHCH KAK TPEXMEPHBINH aHAJIOr ypaBHeHus JIuyBuiis
Ugy = Aev. (2)

VYpasuenue (2), B 4aCTHOCTH, UI'DAET KJIIOYEBYIO POJIb B 33/1a4€ IPYLIIOBOI KJlac-
cndmkanuy runepboOINIECKUX ypaBHEHNi BTOporo mopsiaka [1, c. 116-125]

Vay + a(z,y)ve + bz, y)vy + (2, y)v = 0.

Muponos Aunekceit Hukomaesud, a.¢.-Mm.H., npodeccop, Emabyxkckuit macrutryr KDY
(Enabyra, Poccus); Alexey Mironov (Yelabuga Institute of Kazan (Volga region) Federal
University, Yelabuga, Russia)

Mupouosa JI10608s Bopucosna, K.d.-M.H., q01enT, Enabyxckuit uacruryt KOV (Exaby-
ra, Poccus); Lyubov Mironova (Yelabuga Institute of Kazan (Volga region) Federal University,
Yelabuga, Russia)
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Ypasrenne (1) mCmONB3yeTcs NPH H3yUeHHU TPYNIOBBIX CBOHCTB ypaBHEHU:
Buanku Tpernero nopsiika [2]

Vpyz + (T, Y, 2) Uy + b(2, Y, 2)vy. + (@, Y, 2)Vzz+
+d(z,y, 2)vs + e(z,y, 2)vy + f(2,y, 2)v: + g(z,y, 2)v = 0.

34ech MOCTPOEHO HEJIOKAJIbHOE MPeo0pa3oBaHKe, MEPEBOJAINEe ypaBHEHUE
(1) B upocreiimee ypasHenue Buanku

Vpyz = 07 (4)

KOTOPOe MMeeT 3aBHUCHINEe OT TPEeX MPOU3BOJBHBIX (DYHKIWIT obIiee perneHue
BU/IA
v=alz,y)+ Bz, 2) +7(y, 2)- (5)

IIpu 3TOM HCHOMB3yeTCA AJTOPUTM, OCHOBAHHBIA Ha MPUMEHEHUH IPYIHOBBIX
MeTozoB [3, ¢. 237-241].
VYpasuenue (1) pouyckaer anre6py Jlu ouneparopos

X =&(2)02 +n(y)0y + ((2)0: — (§'(x) +1'(y) + ¢'(2))Ou,

rae (x), n(y), ((z) — nponsBoIbHBIE DYHKINH.
C mpyroii croponbr, ypasuenue (4) pomyckaer ajiredpy Jlu oneparopos

Xo = &(2)0x +1(y)0y + ((2)0:,

rae (), n(y), ((z) rakxke nmpoussobHbl. Kpome TOro, Kak BCAKOe JIMHEHHOE
ypaBHeHue, ypaBaenue (4) monyckaer oneparop pacrsikenusd Y = v0,.

B ¢BsI3u € 3THM TPEANONOKHUM, ITO CYIIECTBYET HEJTOKAIBLHOE MPEodpa30Ba-
HEE

u = (v, Vg, vy, V) (6)

Takoe, 4To cucrema ypasuenwuii (1), (4), (6) monyckaer anre6py Jlu oneparopos
X =¢(@)0: + )0y +((2)0: — (€'(z) +0'(y) + ¢'(2))0u; Y =00,
JIO/IZKHBI BBIOTHATHCA COOTHOIIEHUS

V(= @)lu=p = 090 + vapu, +vypu, +v:00. =0, (7)

)1((” - ‘P)|u=w = _(5/ +n' + C/) + élvﬂpvm + nlvy@vy =+ C/Uz@vz =0, (8)

re )1( , }1/ — TIepBBIe MMPOJOJIKEHNs ormepaTopoB X, Y.

YaursiBas, yro GyHKIms v umeer Buj (5), u3 (7)—(8) momydyaem cucremy

(a+B+7)py + (z + Ba)po, + (o + Vy)WUy + (B2 +72)00, =0,
(& +n+ )+ (ax + Br)po, + n,(ay + Vy)va + (B2 +72)p0, =0,

KOTOPOIi y/IOBJETBOPSIET COOTHOIIIEHHE

CULVY U,
U = @(v,vy,0y,0;) =In —3
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IMoucranoska (9) B ypasuenue (1) ¢ yuerom (5) upusour k dopmyie, oupe-
Jenstoneil kjaace pernenuii ypasaenus (1), 3aBUCSIINX OT TPEX MPOU3BOJIBHBIX

dbyHKIM
s (G ADEOED Y
A (fr(@) + f2(y) + f3(2))?
Baecy fi1(z), f2(y), f3(z) — nupoussosbubie HeupepbiBHO AubdepeHuupyembie

dbyHRIMA.
Awanornaso MoxkeT OBITH PACCMOTPEHO yPaBHEHHUE

u
Ugyzt = Ae'.
C HOMOIIBIO HEJIOKAILHON MOACTAHOBKH IIOCTPOEHO €0 PEIeHne

W ETI LY 0 CY
A (fi(z) + fa(y) + fa(z) + fa(t)* )’

rae fi1(x), fa(y), f3(2), f1(t) — npousBosbHBIE HENpepbIBHO auddepeniupye-
MbIe (PYHKITHAH.
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O KOPPEKTHOCTU CMEIITIAHHOM 3AJJAYN JJIs1
AHU3O0OTPOITHOTO ITAPABOJIMYECKOT'O YPABHEHUS C
JINO®PY3IHON MEPOI
®D.X. MyKkMUHOB
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PaccmarpuBaercs mepBasi CMeniaHHas 33/a4a JjIsd aHH30TPOITHOTO Mapa-
Oosimaeckoro ypasuenus ¢ muddy3HO0# Mepoil B IpaBoil 9acTu. Y paBHEHUE
VIMEET TIEPEMEHHBIE TTIOKA3ATEIN HEJIMHEHHOCTH. YCTAHOBJIEHA, HOBAsl BEp-
cuga q)OpMy.TH)I I/IHTeI‘pI/IpOBaHI/IH II0 9aCT4dM B BUIe ABYX Hepa,BeHCTB. OHE‘L
I103BOJIAJIAQ prOCTI/ITb I0Ka3aTeJIbCTBO CyII_LeCTBOBaHI/ISI penieHnud 3a/J1a494.
Ono He wucnob3yeT ocpennenne Jlammeca. /loka3ama Takke eIMHCTBEH-
HOCTD PEIIeHUud 3aJda49u.

Karueswve caosa: nuddysHas mepa, CyIIeCTBOBAHWE PEIIEHUS, €IUH-
CTBEHHOCTD pelleHus, napaboanueckoe ypaBHenue, hOPMyYIa HHTErPUPO-
BaHUA 110 9aCTAM.

Pabora BeimosiHeHa npu dbuHaHCOBOH noagepkke PODU (mpoexr Ne 18-01-00428 a).

MyxmunoB @aput Xam3aeBud, A.d.-M.H., BeAyIuit Hay4dHbi coTpyaunk, UMBI] YOUIT
PAH (Vda, Poccus); Farit Mukminov (Institute of Mathematics with Computer Center of
the Ufa Science Center of the Russian Academy of Sciences State , Ufa, Russia)
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On the correctness of a mixed problem for an anisotropic
parabolic equation with a diffuse measure

The first mixed problem for an anisotropic parabolic equation with a
diffuse measure on the right-hand side is considered. The equation has
variable nonlinearities. A new version of the integration by partformula
is established in the form of two inequalities. It allowed us to simplify the
proof of the existence of a solution to the problem. It does not use the
Landes averaging. The uniqueness of the solution of the problem is also
proved.

Keywords: diffuse measure, existence of a solution, uniqueness of a solu-
tion, parabolic equation, integration formula by parts.

[Iycrpb 2 — npousBo/bHAs OrpaHnyYeHHas 001acTh npocrpancrsa R™, n > 1.
B mununapudeckoit obmacru DT = (0,T) x  paccmarpubaeTcs mnepsas cMe-
IMaHHAs 331a4a JJIs yPABHEHWS BUIA,

up = diva(z, u, Vu) + b(z,u, Vu) + pu, a = (ay, ..., an), (1)
u(t, ) S:O, S ={t>0} x99, (2)
u(0,x) = up(x) € L1(9). (3)

Dyukiys a(z,T,y) — YAOBJIETBOPSET YCIAOBUAM
n
a(a,r,y) -y > 80S(x,y) — CF(x), VreR, yeR", S(z,y) =3 |yl"®,
i=1

_ 1 1
|aj(.r,'l", y)|pj(z) g C(F(Jf) + ‘T|q + S($7y))) —_ + — = la .] = 1a sy 1
p; pj
npu Beex € R, y € R™ x € Q; 3necy F(z) € L1(Q),
q < Poo = max{p;}, p; = inf{p;(x),z € Q}.

Brinosineno ycjioBu€ MOHOTOHHOCTH

(a(:c,r, y) - a(:n,r, Z)) ’ (y - Z) >0,y 74‘ 2

IIycTs
lb(z,r,y)| < F(z); VreR, yeR", ze

Ipocrpancreo W3 (DT) onpepensercs kax nomonHeHue IpOCTPAHCTBA
C3(DT) no nopme

n
[l pry = D uallpiy,07 = [IVullp,pr-

i=1

Teopema 1. ITycms 6vinoanens, nepevuciennoie sviue ycrosud. Toeda cy-

wecmeyem penopmanuszosannoe pewenue sadawu (1) — (3) ¢ npasot wacmoro
suda p = f +divG + g, 2de f € L1(DT), G; € L,(DT), g € Wg’l(DT).
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Jloka3aTenbCTBO OMUPAETCA HA YCTAHOBJIEHHYIO B padoTe jJeMMy 00 WHTe-
TPUPOBAHUU TIO YACTSM :

JIlemma 1. ITycmo B(r) — nenpepvisnas HeybbL8a10Wa% GYHKUUL, U USME-
pumvie gynwyuu v : DT — R, vg : Q — R maxosw, wmo B(v) € Li(DT),
B(z,v0) € L1(Q). Hyems z € (I/i/g*l(DT))’ + Li(DT), k = 0,1, u evnoaneno
HEPABEHCTMBO

(=DF[(B(v) = Bwo))ge] = (2, 9)pr — cllplloo

npu ecex neompuyamesvunz ¢ € C((—1,T) x R™). Tozda

v

(*1)’“[%/’%(?)6&5(7’)1 2 (2, h(v)e) pr — cl|h(v)@]loo

Vo

npu ecex neompuyameavunz p € CH((—1,T) x R™) u neompuyamesdnuvz oepa-

HUMEHHOLE PYHKUUAT h(S), MOHOMOHHLIL U AUNWUYUESHT N0 S, TMAKUT, %MO
10,1/ nT

Vh(v) € Wy (D).

[Ipu mononHUTEIHHOM yCIIOBUT

(a(t,z,r,y) —a(t,z,7,2)) - (y — 2)+
+C(m)(F(t,z) + |a(t,z,ry) - y| + |a(t, z, 7, 2) - z|)|r — 7| = 0,

rae C'(m) — menpepoiBHasg dynkmms, ||, |7] < m, — qoka3aHa €MHCTBEHHOCTD
pereHust 3a/1a49Hu.
Hacrosimast pabora 0600Imaer pe3ysbTaThl, oIy e HHbe B [1].
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HEKOTOPBIE CUHT'VYJISPHBIE HEPABEHCTBA,
BO3HUKAIIOIIINE B MOJIEJISIX HEMPOCETEI:
TJIOBAJIbBHA YA PASPEIIINIMOCTD
A.B. MypaBHUK
amuravnik@Qyandez.ru

YIK 517.9

PaccmarpmBaerca 3amava Komwm [y CHHIYSISIDHBIX  KBA3MINHEHHBIX
muddepeHnraabHO-CBEPTOYHBIX HEPABEHCTB I1apabo/IMIecKOro THIIA, BO3-
HUKAIOIUX IIPY OIIMCAHNYI HEPOHHBIX ceTeil, IIpoeccos peakmu—auddy-
3UU U HEJIOKAJIHHBIX (PA30BBIX MEPEXOI0B. YCTAHABIMBAIOTCS T0CTATOTHBIE
yCJIOBUSI OTCYTCTBUS ee IJI00aJIbHBIX pemieHuil 3amatu Kommwm, T.e. He0O-
XOIMMble YCJIOBUS €e IJI00aIbHON Pa3PenmMOCTH.

Karouesve caosa: dyuknnonanspHO-auddepenpaibHble yPABHEHUS B
YaCTHBIX TMPOM3BOIHBIX, KBA3WJ/IMHEWHBIE YDPABHEHUsI, TMapabo/ndecKue
YPaBHEHHsI, OTCYTCTBHUE TJIOGATBHBIX pemeHuit

Singular inequalities arising in neural-network models: global
solvability

The Cauchy problem for singular quasilinear parabolic differential-con-
volutional inequalities describing neural networks, reaction—diffusion pro-
cesses, and nonlocal phase transitions is considered. Sufficient conditions
of the nonexistence of its global solutions, i.e., necessary conditions of its
global solvability, are found.

Keywords: partial functional-differential equations, quasilinear equations,
parabolic equations, nonexistence of global solutions

B nosynpocrpancrse R™ x [0, +00) paccmarpubaercs 3agada Korum

Oou " ou\?

— > . _ w

T AU+j§:1 aj(w,t,u) (a$j> + b(x, t,u) K*u®, (1)
u‘ = uo(z). (2)

t=0
HuddepentmanbHbie OmepaTopbl PACCMATPUBAEMOIt 3aTa91 BOSHIUKAIOT IIPH Ma-
TEMATUIECKOM MOJIEJIMPOBAHUY HEHPOHHBIX CeTell, mporeccoB peakuuu—iaudady-
3WHW W HEJIOKATLHBIX (a30BhIX MepexonoB (cum., Hamp., [2]).
Jloka3bIBaeTCst CIeyiolee yTBepKIeHNe.

Teopema 1. IIpednonooicum, wmo o > —1, 0 < B < n, ud™ € Ly jo.(R")
u cywecmeylom makue noaoxcumenrvivie C u Rg u maxoe weompuyamens-

HOE 7Y, UMO HEPABEHCIE0 f\fKR uO"H(Jc)da: > C'RY swnoanaemcsa 0is 2100020

Pabora BoImosiHeHA npu (PUHAHCOBOH moAmepxkke MunucTepcTBa 00pa30BaHUS H HAYKHU
P® no IIporpamMme nossiiienus: KoKy penTocnocobroctu PYJIH «5-100» cpeay BeayImux Mu-
POBBIX Hay4HO-06pPA30BATENbHBIX IeHTPOB HA 2016-2020 rr, a Takyke IpU MOLIEPIKKE IPAHTA
IIpesugenta Poccuiickoit @eneparmun HI11-4479.2014.1 u rpanta POPU 17-01-00401.

Mypasuuk Augpeit Bopucosud, a.¢d.-M.H., pykoBoguTens npoekta, AO «Koumnepu «Co-
3Be3nmes (Bopomex, Poccus); Andrey Muravnik (JSC “Concern “Sozvezdie”, Voronezh,
Russia)
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R us (Ro,+o0). IIpednonoocum, wmo a;(xz,t,s) > g, j = 1,n, b(z,t,s) >
s

————— a ¢ynkyua K(x) oepanumuena cnusy sdpom Pucca |x|°~". Tozda,
(a+1)s>

ecau v = n, mo 3adava (1)-(2) He umeem KAGCCUNECKUT NOAOHCUMENLHBLT
pewenul npu Ycaosuu, 4mo w > o + 1, a ecau v < n, mo 3adaua (1)-
(2) e umeem KAQCCUMECKUT NOAONCUMENLHUT PEWEHUT NPU YCAOBUU, MO

2
1<L<1+L'
a+1 n — max{y, 8}

910 yrBepKaenue (obobiaromiee pe3yapTarbl paborsl [1]) qaer Gosee cuib-
HbIE PE3YJIbTAThl, YeM AHAJIOTUYHOE YTBEPIKJICHHUE JIJIsi COOTBETCTBYIOIIUX 4YPa G-
Henuti — eCJd YCJIOBHEe TapaHTUPYeT OTCYTCTBHE IIOOATBHBIX PEITeHmit
(HECTPOrOro) HePaGeHcmea, TO IPU TOM K€ CAMOM YCJIOBUM COOTBETCTBYIOIIEE
ypaerenue TeM 6ojiee He UMeeT IIODANbLHBIX PerIeHni.

JIureparypa
1. Mumuduepu 3., IHlozoocaes C.H. JluyBuiieBbl TEOPEMbIL JJIs HEKOTOPBIX KJIAC-
COB HeJIMHEHHBIX HeJoKaJdbHEIX 331au // Tp. MUAH, 248 (2005), 164-184.
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PA3SPEIINMOCTD INEPNONYECKO KPAEBOW 3A/IAYN
NI JN®OEPEHIINAJIBHOI'O YPABHEHUSI B YACTHBIX
IIPOM3BOJHBIX TPETHEI'O IIOPSIJIKA

H.T. OpymbaeBa, A.B. KenpaubekoBa
OrumbayevaN@mail.ru, keldibekova _a_bQ@mail.Tu

YIK 517.956

B nacrosmeit pabore nccieyoTcs BOIPOCHL CyIIeCTBOBAHNS PEIIEHUS I1e-
PUOIMYECKO KpaeBoil 3a/1adu jisi CUCTEMBI auddepeHImaIbHOr0 ypaB-
HEHHd B YACTHBIX IPOMU3BOSHBIX TPEThero HopdlKa W Ipeasaraercd Me-
TOZ, IIOCTPOEHHSI ee MPHUOJIMAKEHHOIO PEelIeHUs. YCTAHOBJIEHBI TOCTATOY-
HbIEe YCJIOBHSA CYII€CTBOBAHHUSA W €JUHCTBEHHOCTH PeNIeHUs HMCCJeILyeMoit
3a/1a499.

Karouesvie crosa: nuddepennunaibabie ypaBHEHNS B YACTHBIX IIPOU3BO/I-
HBIX, QJITOPUTM, TIEPUOIUIECKAsT KPACBasd 33129

PaGora soinonnena npu dunancopoit nomgep:xkke MOH PK (rpant AP05132262, rpant
"JIyamu#i npenogasaress BY3a').

OpymbaeBa Hypryn TymapbekoBrHa, K.d.-M.H., jgoreHT, Kapl'V uMenm akajeMHuKa
E.A. Byxerosa (Kaparamga, Kaszaxcram); Nurgul Orumbayeva (Buketov Karaganda State
University, Karaganda, Kazakhstan)
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Karaganda, Kazakhstan)
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Solubility of a periodic boundary value problem for a
differential equation in partial derivatives of the third order

In this paper, we study the existence of a solution to the periodic boundary
value problem for a system of partial differential equations of the third
order and propose a method for constructing its approximate solution.
Sufficient conditions for the existence and uniqueness of the solution of
the studied problem are established.

Keywords: differential equations in partial derivatives, an algorithm, a
periodic boundary value problem

Ha Q = [0, X] x [0, T] paccMaTpuBaeTcs MEePUOAUIECKAT KPAeBast 33Jata

T AT Bl f(0), (1) €O 1)
Bz2ar Dt gz T B U T AL LT, ’

u(z,0) =u(zx,T), = e€l0,X], (2)

w06y =0, 2900 — o), re o1, ®)

rae (n x n) - marpuust A(z,t), B(x,t), n-Bekrop-pynakuuu f(z,t) HenpepbBHbI
Ha (2, n-BekTop-byHKIMU ©(t), 1(t) HenpepwiBHO-ANdbEpeHIpyemsr Ha [0, T,
n
saeco |lu(z, t)|| = max |u;(z,t)], [|A(z,t)]] = max }° |aj;(z,1)].
i=1,n i=1,nj=1
Jns HaxoxkpeHnst perennsi BeeneM byHKuno v(x,t) = gig W TIPUMEHSIEM
meron, napamerpusanuu [1]. ITo mary h > 0 : Nh = T npoussejem pa3buenue
N

[0,T7)= U [(r—1)h,rh), N = 1,2, .... Ilpu arom obnacts §) pazéusaercs vHa N

r=
qacreit. Yepes v,.(z,t), z.(z,t), u,(z,t) 0603HAYMM, COOTBETCTBEHHO, CyXKEHHE
dbyuxmpn v(x,t), u(z,t) Ha Q. = [0,w] X [(r — 1)h,rh), r =1, N.

Yepes A,.(z) obo3nauum 3uadvenue dbyukuuu v.(x,t) upu t = (r — 1)h, Te.
Ar(z) = v (x, (r—1)h) u caenaem 3ameny|2| v, (z,t) = v.(z,t) — A (), r = 1, N.
TMonyunM SKBUBAJIEHTHYO KPAEBYIO 33,144y € HEM3BECTHBIMU DYHKIMAMI A, (2):

W Al 0+ A, OA (@) + B, (e, ) + 1), (4

Up(z, (r—1)h) =0, z€[0,w], r=1,N, (5)

Ar(x) — An(x) — t_l)ijrp_oﬂN(x,t) =0, z€l0,w], (6)

As(z) + tahsri?foﬂs(x’t) —Asy1(x) =0, z€0,w], s=1,N-1. (7)
z €

up(x,t) = o(t) +¢Y(t)x +//Ur(n,t)dnd§, (x,t) €Qr, 7=1,N, (8)
00

rae (7)- ycioBue ckienBanust (QYyHKIUI BO BHYTPEHHUX JIMHUSX DA30MEHUS.
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Bazgaqa (8),(9) upu dukcupoBanubix A\ (), ur(2,t) gBisercs ogHoIapaMer-
puUecKuM cemeiicTBoM 3amad Ko st cucreM 0OBIKHOBEHHBIX quddepeniim-
AJIbHBIX ypaBHeHWi, rie x € [0, w], n SKBUBAJIEHTHA WHTEIPATIBHOMY YPaBHEHHIO

Uy (z, 1) / Az, 7)0,(z, 7)dT+
(r—=1)h

t
/ A l’ T dT )\ ( ) / F(SC,T, u’l“)dT7 (9)
(r—=1)h (r=1)h

rae

t
F(x,7,u.)dr = / B(x, )u.(x,7)dr + / f(z,7)dr.
(r—=1)h (r—=1)h (r—=1)h
Iepexons B mpasoii yactu ypasHenus (9) k npeneny npu t — rh— 0 u mogcras-

nsasi B ypaBHenusi (6), (7), nias HemssecTHbIX dyHKIMH A\ (2), 7 = 1, N nomyunm
cucremy (pyHKIMOHAIBHBIX YPABHEHWIA:

Q(z, h)\(x) = —F(z, h,u) — G(x, h, D). (10)

3aech ssementbl Marpuiibl Q(z, h) onpenessiorcs depe3 A(z,t). dus Haxox-
nenusi cucreMbl u3 Tpex Gynkmmit {A.(x), (2, 1), ur(z,t)}, r = 1, N, umeem
3aMKHYTYIO CHCTeMY cocrosiyto n3 ypasrenuii (10), (9) n (8).

Ipeanonaras ob6parumocts marpunst Q(z, h) npu Beex = € [0,w], u3 ypas-
nenns (10), rae u.(x,t) = o(t), v.(x,t) = 0, HAXOAUM

AO(z) = —[Q(z, h)] {F(x,h,¢) + G(x,h,0)}.

Ucnons3ys ypasHenne (9), npu A.(z) = )\9)(913)7 HalmemM QyHKIUH

t

7O (x, 1) / Az, m)dr - N (2) + / F(z,7,¢)dr, r=1,N.

(r—=1)h (r—=1)h

DyuKIUN u&o)(x, t),r =1, N, onpefensiorcs: n3 cooTHoinenns (8).

VeaoBus Caeayomero yTBepiKaeHus 00eCIeInBAI0T OCYIIECTBUMOCTD M CXO-
JMMOCTb TIPEJITIOKEHHOTO aJIFOPUTMA, & TAKIKE OMHO3HATHYIO PA3PEIUMOCTh 3a-
maan (4)-(8).

Teopema 1. Ilycmo npu nexomopwzr h > 0 : Nh = TN = 1,2,..,
(nN x nN) mampuya Q(x,h) obpamuma npu ecex x € [0,w] u BLNOAHAIOMCA
HEPABEHCMBA
1) 11Q(z, M) ~H| < y(z, h);

2) a(x)q(z,h) <p <1, q(x,h)=h[l+a(x)y(z,h)h],a(z) = e, [ Az, )]].
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Tozda cywecmsyem eduncmeennoe pewenue 3adawu (4)-(8) u cnpasedauen
OUEHKU

0) max Ni(2) ~ AO @) + max  swp [T, t) — 5 (2, 0)] <
r=1,N r=1,N te[(r—1)h,rh)
°° 1
< oz, h)b(x) ,(/ / o, h dnd§> / / (1, h)dnde X

2k1

xmaX{ max |[(t)]], max [[¢(2)]], max ||f($,t)||}7

te[0,T] t€[0,T] (z,t)eQ

b) max  sup flui(e,t) —ul (2, 1)]| <
r=1,N te[(r—1)h,rh)

r=1,N te[(r—1)h,rh)

j j (max N = AP @)l + max  sup |51 (,6) -5 (0, >||)dnds,
0

x,h z,h)h
E=1,2,.0, e ba) = max [|B(e,0)ll, or,h) = et

)

V(e h) = [cf(x, Ba(z,h) + (. h)h} la() + b(x)]o(a),

x

p(ﬂﬁ)=maX{[b(ﬂf)Jrl}cz(ﬂf,l”b)ﬂﬂr//5 n,h) +(n, )h}dndf}x
0 0

xmax{ mae [[o(t)]. max (o), max ||f<x,t>||}.

te[0,T] t€[0,T] (z,t)eQ

B cuny sxBusanentaocru 3ama4 (1)-(3) u (4)-(8) u3 Teopembr 1 ciemxyer
Teopema 2. ITycmo evinoanens, ycaosus meopemor 1. Tozda cywecmeyem
eduncmeennoe pewenue u*(x,t) 3adawu (1)-(3).
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AIIMTPOKCUMAIINS SPTOANYECKUX MEP
I'.C. Ocunenko
george.osipenko@mail.Tu

VIK 517.938

PaccvarpuBaercs quckperHas AUHAMUYIECKAS CUCTEMA, TOPOXK IEHHAS I'0-
meomopdusmom f Ha KoMmakTHOM MHOroobpasuu M. CumsBonumdeckuit
o6pa3 (G OUHAMHMYECKON CHCTEMBI 3TO OPHEHTHPOBAHHBIA rpad ompeme-
JIEHHBIN 110 KOHEYHOMY MOKPBITHIO MHOTOOOpa3us 3aMKHYTHIMU s4eiika-
vu. I[Toroku Ha rpade G aBag0TCA aHAJI0OraMu MHBAPUAHTHBIX Mep. Ecm
JAUAMeTpP TMOKPBITUS TOCTATOYHO MaJjl, TO TMOTOKH AITPOKCUMHUPYIOT WH-
BapuaHTHbIE Mepbl. IIpocToit moTok Ha G TIOPOXK/IEH IUKIOM 0e3 IOBTO-
penuii. ITokazaHo, 4T0 1POCTHIE LOTOKHU ALIIPOKCUMUPYIOT 3PrOAUYECKUue
MepHI.

Karouesvie caosa: cuMmBosimgeckuil obpa3, moroku Ha rpade, ciaabas To-
TIOJIOTUH, IIPOCTOU IIOTOK.

Approximation to the ergodic measures

The discrete dynamical system generated by the f homeomorphism on
the compact manifold M is considered. The symbolic image G of the
dynamical system is an oriented graph defined by the finite covering of
a manifold by closed cells. The flows on the graph G are analogues of
invariant measures. If the diameter of covering is small enough then the
flows approximate invariant measures. A simple flow on G is generated
by a loop without repetitions. It is shown that simple flows approximate
ergodic measures.

Keywords: symbolic image, flow on graph, weak topology, simple flow.

Ilycts f : M — M romeomopdn3M KOMIIAKTHOTO MHOT00Opa3us M, KOTo-
pBIil TOPOXKIAET JUCKPETHYIO JTUHAMUYIECKYIO CUCTEMY

Tpg1 = f(@n)- (1)

B ocHOBeE JanbHERIIEro H3/I0KEeHUST JIE2KUT TOHSTHE CUMBOJIMIECKOr0 06pa3a 1u-
HAMUYECKON CHCTeMBI [1], KOTOpOe COeNHNIO B ce6e CHMBOINYECKYIO TUHAMUKY
[2] n uncnennbre MeTompl [3].

IMycrs C = {M(1), ..., M(n)} ectb KOHEUHOE TOKPBITHE MHOrOOOpa3us M 3a-
MKHYTBIMH TTOAMHOKecTBamu, M (i) Oyzem Ha3bIBAThH stueiikoil nHaekca i. Cum-
BOJIMYECKUI 00pa3 IMHAMUYIECKON CUCTEMbI [t MOKPbITHsA C' eCTh OPUEHTUPO-
BaHHBI rpad G ¢ BepumHamu {i} coorBercrByomuMu saeiikam {M(i)}. Bep-
UIMHBL { ¥ j CBsI3aHbI OPUEHTUPOBAHHBIM PeOPOM (1yroii) ¢ — j TOraa u TOJIbKO
TOr/a, KOrja

FOM(@)) [ M(j) # 0.

Pabora BeimosiHeHa npu dbuHaHCOBOH noagep:kke PODU (mpoexkt Ne A 19-01-00388).

Ocunenko Teopruit Cepreesud, mg.¢.-m.H., mpodeccop, Puauan MIY B Cepacromo-
se (Kpev, Poccus); George Osipenko (Sevastopol Branch of Lomonosov Moscow State
University, Crimea, Russia)
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He orpanunyuBas oO1IHOCTH, MOXKHO CUUTATD, YTO sideiiku M (i) sBJILIOTCH MHO-
TOrPAHHUKAME, KOTOPHIE MEPECeKAIOTCS 10 TPAHUYHBIM JUCKaM. IIycTh YuCiIo
d = diam(C) ectb HanGONBINI W3 AUAMETPOB S9eeK, KOTOPOe HA30BEM JIHa-
MerpoM nokpeiTust C'. O003HAYNM MHOYKECTBO BCEX f-MHBAPUAHTHBIX HOPMHUPO-
Bauubix Mep M(f). Muoxkecrso M (f) siBisiercs BbITYKJIBIM 3aMKHYTBHIM KOM-
MAKTOM B CJIab0i TOMOIOruH, KPARNHUME TOYKAME 9TOI0 MHOXKECTBA SABJISIOTCS
PrOJUYECKHE MEPbI.

ITorokom Ha rpacde G HaswpiBaeTCs pacmpenenenue {m;;} na ayrax {i — j} ta-
Koe, 94To m;; = 0, Zij m;; = 1 u As1a m1000#f BEPITUHBI ¢ TMEET MECTO PABEeHCTBO

kai = me (2)
k J

MuoxkecrBo morokos Ha rpade G 06pa3yior Bbinykjoe MHOxecTBO M(Q) ¢
€CTECTBEHHON orepanueil CJa0KeHus.

13 nokpeitust C' moctponm pasouenne C* = {M* (i)}, npunuckiBasi rpaHnd-
HBbIE JUCKH K ONHOH M3 NPUMBIKAIONINX fAdeeK. ECIM uMeeTcs WHBapUaHTHAA
Mepa (i, TO IPUIHUCHIBadA KaxKJION JIyre ¢ — j Mepy

mag = u(M* (1) N f7HM () = p(f (M7 () N M*(5)), (3)

MOJIyYMM TIOTOK Ha, CUMBOJINYECKOM obOpase. Tak ompemeseHo oToOpazkeHne u3
MPOCTPAHCTBA WHBapMaHTHBIX Mep M (f) B mpocrpancTBo norokos M(G) Ha
cumMBoJimaeckoM obpase (. Paccmorpum obparnoe moctpoenwe. Ilycrs HA cuMm-
BosmIecKoM obpase G ompernesieH MOTOK m = {m,;}, Torqa Ha MHOrOOOpa3uu
M MOXKHO OIpeJIeTUTh Mepy i, mojaras s jaroboro u3mepumoro A C M

e v — HopmupoBanHas Ha M Mepa Jlebera. Boobime rosopsi, mocTpoeHHas Mepa,
|4 HE SIBJISI€TCS MHBAPUAHTHON /UTst f, OHAKO, CIIeIYIOIIAs TEOPEMa YTBEPIKIAET,
YTO MOCTPOEHHAsI MEPA (i AIIPOKCUMUPYET HHBAPUAHTHYIO MeEpYy.

Teopema 1. [4] [as w0601 oxpecmuocmu (8 caaboti monoaoeuu) U mHo-
orcecmea M(f) natidemesa nosodrcumenvroe wucao dy makoe, 4mo OAf 6CAK020
pasbuenua C' ¢ marxcumasvrom duamempom d < dy u A100020 NOMOKa M Ha
cumsoauveckom obpade G, nocmpoennozo omuocumeavno pasbuenus C, mepa
[, NOCMPOEHHAA CO2AGCHO (4) Mo m, aescum 6 oxpecmuocmu U.

[Mepuopmaeckuit myth w = (ig — 43 — ig — -+ — i = i9) Ha G Ha3bIBa-
eTcsl TPOCTHIM WJIH TIUKJIOM, €CJIN BCe BepIUHbI {i;, t = 1,2,..., k} pasnuuHsI.
ITpocroii myTh w NOPOXKAAET MPOCTOl OTOK 1M (W), COCPEIOTOUEHHBINH HA W Ta-
KO, 9T0 m;; = 1/k 1 Bcex Iyr mMePHOAUTECKOro MyTH w U Mm;; = 0 1 Bcex
ocTabHBIX Jyr. IIpocToil MOTOK HE PACKIAABIBAETCS B CYMMY JIPYTHX TOTOKOB
U ABJAETCSA KpaiiHeil Toukoil MHOXKecTBa motokoB M (G) ma G.

[Iycts Q u G — opuentupoBauubie rpadsl, s : Q — G aBisieTcs 0TOOpaKe-
HUEM OPWEHTHUPOBAHHBIX IpadOB U CyiecTByeT moToK m Ha (). Torma orobpa-
KEHUE § HHAyIupyeT moTok m* = s*m uma G takoii, uro mepa ayru i — j € G

BBIYHCISIETCS KaK
* p—
my; = E Mpq,

s(p—q)=i—j
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rae cymMma Gepercs mo BCeM JAyraM P — ¢, KOTOpbIe OTOOPaXKAIOTCI HA § — J.
Ecam ayra i — j we mmeer mpooGpason, To m;; = 0. Obpas s*(M(Q)) apngaerca
BBIMTYKJIBIM MHOrOrpaHHukoM B M(G).

ITycts mokpbitne C' momBepraercss TMONpasOMeHuIo, T.e. KasKIas saeiika
M (i) pasbuBaercsa Ha meckosbko sueek M (il), M(i2), ... rmak, uro M(i) =
Uy M (ik). Taxum o6pa3oM, Mbl HOIyIaeM HOBOe MOKpbITre NC U HOBBIH CHM-
Bosmaeckuii o6pa3 NG. Hymepanus sepumn va G u NG 3anaercs B Buge {i} n
{(ik)}, coorBercrBenno. EcrecrBennoe orobpaskenne s : NG — G nMeer oveHb
npocroit Buz s(ik) = i. DT0 OTOOpaAKEHUE ABJIAETCS 0TOOPAIKEHUEM OPUEHTUPO-
BaHHBIX rpadoB. OTobpazkeHne s MO3BOJISET MEPEHECTH JTIO00H TOTOK 33 IaHHBII
Ha NG B mOTOK 3aJaHHbIA Ha G, KaK 3TO OIMCAHO BBIIIE, T.€. IOCTPOUTH OTO0-
pazKeHue

s*: M(NQ) — M(G),

rae M(G) u M(NG) muO)ecTBO OTOKOB Ha G 1 NG, COOTBETCTBEHHO.
Temepb paccmoTpuM moceoBaTe bHbIe noapasouenns Cy, Cy, C3, ... Ta-
KHe, 9TO MAaKCHUMAJIbHBIN AuaMeTp sdeek paszomenwmii di, do, d3, ... CXOmWT-
ca K mymo. IIpu srom, kaxaoe nokpeitue Cy COCTOUT U3 si9€eK, KOTOPBIE siB-
JISTIOTCS MHOTOTPAHHUKAMU, TIEPECEKAIONIUMUCS TIO0 TPAHUYHBIM JUCKaM. Takast
MTOCJIETOBATEIFHOCTD TTOPOXKIAET TTOCIEI0BATETHHOCTh CUMBOIMIECKUX 00PA30B
G1, Go, Gs, ..., ux orobpaxennit s : Gy — Gi_1 1 0TOOpaKEHUI TTOTOKOB

s* M(Gk) — M(Gk_l).

Iycrb Ha KazkJI0M CHMBOJMuecKOoM obpase G BbiOpan morok mF € M(Gy),
nprdem notoku {m*} cormacopanbr, T.e.

8*(mk+1) _ mk.

Ucnonb3ysa mepy JleGera, mocrpoum Mepy g 1o dbopmyste (4) ams kaxmoro k.
B pesyubrare nosydena nocsenoBaresibHOCTh Mep { g} Ha MHOroo6pasuu M.

Teopema 2. ITycmv Cy — nocaedosamenvhvie nodpasbuerus maxue, 4mo
MaKcumarvrol duamemp aveex di — 0. Ecau mF coenacosannas nocaedosa-
MEALHOCTID TPOCMBLT TOMOKO8 HA CUMB0AUNECKUT 00pasax G, mo cyuecmsy-
€M UHBAPUAHIIHAA MEDG,

p= lm gy,
k—o00
KOMOPAA ABAAECNCA IP200UHECKOT.
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O MAKCHUMAJIBHOM PEI'VJISIPHOCTU
DQJIJINIITUNYECKOTI'O YPABHEHUA CO CMEIITEHUEM
K.H. Ocnianos
kordan.ospanov@gmail.com

B mokmae 06Cy)JAI0TCS BOIPOCH OHO3HAYMHON PAa3PENIMMOCTHA B THIIb-
0epTOBOM IIPOCTPAHCTBE OJHOM IIO/IYIIEPHOAMYECKON 3aJadi Ha II0JI0Ce
AJ1 ABYMEPHOT'O CHHTYJIAPHOI'O SJIJIMIITUYIECKOTO0 YPpaBHEHUA BTOPOTO II0-
PSAKA C HEOTPAHWYIEHHBIM MTPOMEXYTOUYHBIM Ko3ddurmentom. IIpesamo-
JIaraeTcs, ITO HEKOTOPOe CpPeIHEee OT IIPOMEXKYTOUHOro Kodddurmenrta
ypaBHEHHsI DBICTPO PACTET OKOJIO DECKOHEYHOCTH W HE KOHTPOJIUPYETCH
npyrumn koaddunmentamu. Vccreayemoe ypaBHEHNE BCTPEYAETCS B 3a-
Jadax CTOXaCTUYECKOTO aHaJIM3a, OMOJI0Oruu U (PUHAHCOBOM MaTE€MaTUKH.
s pemienust ypaBHEHUs ITOJIy9eHA OIEHKA MAKCUMAJIbLHON PerysispHO-
ctu. Pamee Takme pe3yabTaThl TOJIYYE€HBI TOJIBKO B CJIyYae JIMHEIHOTO 1
O/IM3KOTO K JIMHEHHOMY POCTa MPOMEXKYTOUIHOTO K03 durmenta B pabo-
rax A. Lunardi u V. Vespri (1997), P.J. Rabier (2005), M. Hieber, L.
Lorenzi, J. Priiss, A. Rhandi u R. Schnaubelt (2009).

VCPEJHEHUE MAKCUMAJIbBHBIX MOHOTOHHBIX
OIIEPATOPOB CTEIIEHHOTO POCTA C
OCIUJIJINP YIOIINM ITOKA3ATEJIEM

C.E. ITacTtyxoBa
pas-se@Qyandez.ru

YIK 517.956.25

Tlonyuerno ycpenuenne 3amaun Tupuxie B obmactu u3 R™ mgias siumwmrrde-
CKOTO MAKCHMAaJIbHOTO MOHOTOHHOTO Omeparopa .Ae, yI0BIETBOPAIOMIETO
CTEIIEHHBbIM OII€EHKaM POCTa C II€PEMEHHBbIM IIOKa3aTeIeM, KOr/a IIOKa3a-
Tesb POCTA Pe(Z), & TaK¥Ke CUMBOJI OMEpaTropa A. OCIMUUPYIOT ¢ Ma-
JIBIM IIEPHOJIOM € IO IPOCTPAHCTBEHHOM IlepeMeHHo# x. IIpemensabIM ITpn
€ — 0 Oyzer MakCUMaJIbHBIA MOHOTOHHBIN OrepaTop A, CUMBOJ KOTO-
poro He 3aBUCUT OT T U HOI[‘-H/IHeH OL€EHKaM pPOCTa HECTEIEHHOTO TUllia C
BBILYKJI0H (yuxnueit f(£) — pesymbraroM ycpemuenus cremenu |€|Ps(®).

Karouesoe cao6a: mepuogmaeckoe yCpeaHenne, MaKCUMAJIbHBI MOHOTOH-
HBI 0IepaTop, IePEMEHHBIN ITOKA3aTe b POCTa

Ocnanos Koppan Haypexamosu«, g.¢.-m.H., mpodeccop, Espasuiickuil HarmoHaIb-
ueiii yuusepcuter uMm. JLL.H. Dymumnesa (Hyp-Cynran, Kazaxcran); L.N.Gumilyov Eurasian
National University

[MTacryxosa Ceernana Esremnesna, a.d.-m.H., npodeccop, MUPDA-PTY (Mocksa, Poc-
cus); Svetlana Pastukhova (MIREA — Russian Technological University, Moscow, Russia)
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Homogenization of maximal monotone operators with
oscillating growth exponent

We consider the Dirichlet problem for an elliptic maximal monotone op-
erator A. satisfying growth estimates of power type with a variable expo-
nent. This exponent p.(x) and also the symbol of the operator A. oscillate
with a small period € with respect to the space variable x. We prove a
homogenization result for this problem obtaining, in the limit as ¢ — 0,
a maximal monotone operator A. The symbol of A does not depend on
x and satisfies new type growth estimates casted in terms of a convex
function f(¢) which arises via homogenization of the polinomial |¢[P=(®).
Keywords: periodic homogenization, maximal monotone operator, growth
conditions with a variable exponent

1° B orpanmdennoit obsactu 2 C R", rge n > 2, BBegém kitaccsl pyHKIUH
LPO(Q) = {v € LY(Q) : ju(@)|"™) € L' ()},

WO (@) = {u € Wi (9) s Du € LA (@),

rze nokasarenas p : 2 — R ects m3mepnmas QyHKIHSA, yAOBIETBOPSIOMAS yCIO-
Buio 1 < o < p(+) € B < oo. Hagenéunbie Hopmamu Jlrokcembypra

p(x)
lollzaor @y = int 2> 0 W e <l
Q
Hu||W01vP(')(Q) = |[Dul| vy (@)

310 OymyT pediekcuBHbIe cenmapabenbable BamaxoBbl mpocTpancTBa. Teopus
9THX TPOCTPAHCTB M3JIOXKEHA, HampuMmep, B 0030pHOil crarbe [1] n KHure [2].
Otmernm ocobennocts mpocrpancrsa Coboresa W = VVO1 P (‘)(Q) C IepeMeH-
HBIM MOPAZKOM: B HEM, BOOOIIE roBOps, He MIOTHBI QyHKImu Kaacca C§°(€2).
Eciu onpenenurs apyroe npocrpancrBo CobosieBa H = Hé P (')(Q) KAaK 3aMbl-
kanme kiacca C5°(2) 8 W, to B obmem caydae W # H. Hecornanenne 3Tux
OPOCTPAHCTB TPUHATO HA3BIBATL afiexmom JIaepenmbesa, U rOBOPAT, U4TO TIO-
kazaresb p(-) peeyasapen, eciu W = H.

2° ns 3amanunoii Bekrop-dyukuuu h € L>(Q) paccmorpum B obmiacru (2
nuddepeHEanbHOe BKIIOYEHNE ¢ HyJIeBBIM IPAHUYHBIM yCaoBreM Jupuxie

= Wol’pi(')(Q),

g:(x) € ac(x,Du.) mnams. x €€, (1)
/gE-Dvdajz h-Dvdz VUEWOI’IJE(')(Q).
Q Q

3aech dbyukunm p(-) and a(+, §) neproandnsr Ha R™, X sueiika MepuoguIHOCTH —
eauanynbiii Ky6 Y = (0, 1)"; romorerueil mosydaem e-nepuogudeckue dbyHKIMn

pe(x) = p(a/e), ac(z,§) = a(z/e, ), € € (0,1].
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Orobpaxenue a : Y x R"™ — R™ muorosnaunoe (r.e. B kadecrse "3HadeHuil
orobpaskenus"uMeeM MHOKeCTBa U3 R™, HeOOA3ATEIHLHO TOUYEUHDBIE) U YIOBJIE-
TBOPSIET YCJIOBUSAM MaKCUMAJBHOW MOHOTOHHOCTH MO &, & TaK¥Ke U3MEPUMOCTHU
[0 COBOKYITHOCTH MEPEMEHHBIX, KPOME TOT'O, BBITIOJIHEHBI OIIEHKN KOIPIIUTHBHO-
CTH U POCTA

clleP® < €n+my, el @ < €n+mo (2)

i B, ¢ € Q uoBcex £ € R” un € a(x,§) ¢ koucrauramu cq,c2,> 0 u
my,ms > 0 (37ech W BCIOAY Jajiee MITPUXOM OBO3HAYAEM COMPSIYKEHHBIH TI0
Ténpnepy nokasarens, T.e. p'(z) = p(x)/(p(x) — 1)). Takoro poma MHOro3Ha4-
HBbIE MOHOTOHHBIE TI0 £ OTOOpasKeHHs, 3aBHCAIINE TAKXKE OT MPOCTPAHCTBEHHOM
nepeMeHHOH ¥, Gomee meTampbHO omucaHbl B [3], rae m3ydamach G-CXOmMMOCTH
MOHOTOHHBIX OMEPATOPOB € MOMOOHBIMU CUMBOJaMu. VI3 (2) BBITEKAIOT ONEHKH
st ae (z,€) ¢ mokasaresem p.(x) W TeMH ¥Ke KOHCTAHTaMMU C;, M;, & WMEHHO,

cl€)Pe@ <€+ my, 02|77|p/5(w) <E-m+mo (3)

st LB, ¢ € ), a Takke Beex £ € R™ n 9 € a.(x,§).

B zaznade (1) mamo waiitn mapy byHkumii (ue, ge), yIOBIETBOPSIONX TPEM
YKa3aHHBIM YCJIOBHAM. IIpH CIIeTaHHBIX BBIIIE TPEIIOIOKEHUAX CYIIECTBYET, IO
Kpaiiueit Mepe, OmHO pemenne 3a1aun (1), TPU TOM CIIPABEITUBBI ONEHKH

|Du6\”€(f’3) dr < e, / |ge‘p;(m) dr < e,
Q Q

rae ¢ > 0 He 3aBucuT OT €. Brarogaps stuM omenkam, uMeeM clabyio CXOAU-
MOCTb (XOTs Obl 110 II0/IIOCIIEJ0OBATEIbLHOCTH)

ue —=u B W), g.—g s L7(Q). (4)

OcHOBHasE TPYIHOCTb — HANTH CBA3b MEXK/y IPEIeIbHbIMU dj1eMenTamu B (4).

3° B cayuae omnoznaunoro orobpaxkenus a(zx,-) 3azada (1) yuporiaercs:
HOTOK ge = ac(x, Du.) naxogurcs 1o GyHKUMU U, OQHO3HAYHO U auddepeniy-
aJIbHOE BKJIIOUEHME TIPEBPAIIAETCS B ypaBHeHUe B ¢y1aboit popme

ue € Wy *(9), /

ac(x,Du.) - Dvdx = / h-Dvdx Yve Wol’pi(')(Q). (5)
Q

Q

B (5) BBeueno rak naspiaemoe W-peuienue 3aga4du Jupuxiie /118 MOHOTOHHOIO
yPABHEHWST

diva.(x,Du.) = divh (6)

B obnactu . Bamenss B (5) mpocrpancrso Wo*)(Q) ma Hy?P<")(Q), npu-
xomuM K H-pemenuto ypasuenus (6). W- u H-pelieHusi MOryT HE COBIIQJIATh.
Taxum obpazom, apdekT JlaBpenTreBa BiaedéT 0cobOro poia HeeInHCTBEHHOCTh
JlJIsl yPABHEHUI C IIEPEMEHHBIM IIOPsIIKOM HeJmHeRHOCT]: 3amady Jupuxite miis
YPABHEHWST MOYKHO CTABUTD, IO KPaiHeill Mepe, IByMs criocobaMu u 00e TmoCTa-
HOBKM KOPDEKTHBI. 3azada (5), a Takwxke €€ aHajor jjia H-perneHus: UCCiIemno-
BaHbI B [4], roe mokasaH pesysbrar 00 ycpeAHeHHW ypaBHeHHs (6) ¢ yderom
sdderra JlaBpenrnesa. s KaxK0ro Tuna penieHuil HalieHa CBOs MPOIEIyPa
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ycpeanenus. Hanpumep, ycranoBiieHa cXoAuMOCThb (B OLPEIEIEHHOM CMBbICJIE)
npu € — 0 pemennii v, 3amaun (5) K PENIEHAIO U 381891

UEWJ(Q), /Qa(Du)-Dvdxzfgh-Dvdx V'UEWOf(Q). (7)

Buecr W (Q) = {v e Wy H(Q) : f(Dv) € Ll(Q)} ects mpocrpanctso Coboe-
Ba, B KOTOPOM mHTErpupyemocts no Qpaudy 3amana Beimykiaoi dyakmumeit f(€).
MonoronubIit cuMBon a(§) n Beimykias GyHkms f(£) onpemensitores ¢ MOMO-
IIBIO 33144 Ha T9eiiKe MepHOINTHOCTH Y | Kayk1as U3 KOTOPBIX KOpPeKTHA. Kop-
pPeKTHOCTD 3aaun (7) obecredeHa OleHKaMK

a(§) - &= c(f(§) —1), [ (a(§) <C(f(§)+1), (8)

rae kouctanTel C, ¢ > 0 u f* — dbynknus, conpskénnas mo Penxesnio ays f.
4° B obuiem cayuae ycpeanennoit quisi (1) Gymer ogHopoaHas 3amada

ue W),

g(x) € a(Du(x)) mnguns. x €€, 9)

/g~Dvda::/h'Dvdx Yo e W (Q).
Q Q

Ipenenbubie snementst u3 (4) apisgorcs perrenueM 3aga4u (9). Yerosus pocra
(3) TpanchopMuUpPyIOTCA B IpEee B yCIOBUsS HECTENEHHOTO TUTIA

caf(§) <E-v+my, cof (V) <E-v+m

st Beex € € R™ u v € a(€). Dro aHamor coorHomeHnii (8) mpu ycpeaHeHun
MAKCUMaJIbHBIX MOHOTOHHBIX OIEPATOPOB.

HNccnemoBanme TpeaenbHOTO NOBeIeHns pernennii 3aaaqm (1) B cayaae pery-
JisipHOro 1nokasaresis p(-) nposeaeno copmectro ¢ B. Kpano Iuar.
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CXOJMMOCTD PEIIEHUN KBA3NJIMHENHOI'O
QJININIITUNYECKOTO YPABHEHUSA B OBJIACTU C
IIIAPOBO IIOJIOCTBIO
C.B. IMTukynnun
spikulin@gmail.com

VIIK 519.632.4

Bagaua Jupuxie [ KBa3WJIMHENHOIO SJUUIMIITUYECKOrO YPABHEHUs BTO-
POro TOpsAIKa C OINEepaTOPOM THIIA P—JIAllJIACHAaHa B TJIABHONW YaCTU pac-
cmarpuBaercd B obsactax {)e, COepKammUxX MapoOBYIO IOJOCTh MAJIOTO
pa3mepa &, pudeM (PYHKINUS B KPAE€BOM YCJIOBUM Ha TPAHUIIE TIOJIOCTH
3aBUCHAT OT TIapaMeTpa £, a yCJoBHe Ha Trpanurie 0§} COOTBETCTBYIOIIEH
obJtacTu 6€3 IMOJIOCTH SIBJISIeTCS OJJHOPOIHBIM. YCTAHOBJIEHBI JTOCTATOYHBIE
YCJIOBHsI CXOIMMOCTH K HYy/IIO cemeiicTBa permenuit {u.(x)} sToit 3amacm
npu ¢ — 0 B MHTErpajbHON HOPME, W TOJIyYEHA OIEHKA CKOPOCTU ITOM
CXOUMOCTH.

Karouesvie ca06a: KBa3uIUMHEHHbIE SJUIMITUYECKUE YDABHEHUS, P—
JTariacuaH, 3agada JIupuxiie, 0600IeHHbIE PEeIeHusl, CXOINMOCTh Perie-
HHUW

Convergence of the solutions of a quasilinear elliptic equation
in a domain with a spherical cavity

The Dirichlet problem for a second order quasilinear elliptic equation con-
taining an operator of p—Laplacian type in its main part is considered in
domains . with a spherical cavity of small size €. The form of the func-
tion in the condition on the cavity’s boundary depends on e, while the
condition on the boundary 902 of the domain with no cavity is homoge-
neous. For € tending to zero sufficient conditions are established for the
convergence of the family of solutions {uc(z)} to the zero solution in
with respect to an integral norm. A convergence rate estimate is obtained.
Keywords: quasilinear elliptic equations, p—Laplacian, Dirichlet problem,
generalized solutions, convergence of solutions

B gumnmmnessix obacrsax ). eBkaunaoBa nmpocrpancTsa R™, n > 2, momyden-
HBIX IPU KaXKIOM 3HAYEHHH MAaJIOro IapaMeTpa € UCKJIIOYEeHUeM U3 OrPAHUYeH-
HO#t suinuesoit obuacru ) C R™ mwapa B(e) paguyca € ¢ LeHTPOM B HEKOTOPOIt
buUKCHPOBAHHON TOUKe y € {2, paCCMOTPUM CJIEAYIONIyIo 3ama4dy dupuxie majs
KBa3UJIMHEHHOTO SJIITUTNITHYECKOTO YPABHEHUS:

div (| grad ue (z)|P72 A(z) - grad us(z)) — a(z) Juc ()| ue(z) =08 Q, (1)
ue(z) = p(x) ma 99, us(x) = e (x) ma O0B(e), (2)
e @ = (21,...,2,) € R, p(z) € Wy P(09), p(x) € W, /P (0B(e)) —

HEKOTOpbIE (3amanuble) orpanndenable Gynxmuu xkoabdumuenr a(r) — u3me-
pumas GyHKIusS Ha ), yIOBIETBOPSIONIAs HEPABEHCTBY

a(x) = ag = const, x € Q,

Muxynur Cepre#t Biagumuposud, x.d.-M.H., cTrapmuil zHayas. corp., BIl ®UII UV PAH
(Mocksa, Poccus); Sergey Pikulin, (CC RAS, Moscow, Russia)
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A(x) — cuMMerpuHast IONIOKUTEIBHO oupeienennas Marpuna ||a;; ()|, i, =
1,...,n, c n3MepnMbIMI K03bdUITEHTAMI @;;(L) U CO CIEKTPOM, OTAETEHHBIM
OT HyJs, T.€.

aij(a:) = aji(x), )\71 |£|2 < Z aij(sc) Ez’ f]' <A ‘€|2, S Q, A = const > 0.

ij=1

Omnpegenenne. Oynryus ue () € WP (Q)NL>(Q,) nasweaemca 06obusen-
HoLM pewenuem 3adawu (1), (2), ecau epanuansie yeaosus (2) ydosaemeopsrom-
ca 8 emuiene caeda, u Vip(x) € C§°(Q:) 8vnoaneno unmezpasbHoe morcoecmso

I Ou. O
p—2 - €
/Q | grad u. (z)| E a;j(x) 9z, 01 dx+

. ij=1

+ / a(x) [ue(2)|7 ue(x) h(x) do = 0.

€

O6o6enHoe perenue 3ama4n (1), (2) cymecrByer n eauHCTBEHHO (CM., Ha-
upumep, [1, Ch. 4]).

B pabore [2] nosydenbl gocrarounbie ycjaoBus cxopumoctu upu € — 0 pe-
mennii u.(x) 3amaum (1),(2) npu n > 3 w p = 2 K pemennto u(zr) 3ama9n
Hupuxie B obmactu  nyist ypaHenus (1) ¢ kpaeBbiM yeiosueM u(z) = ¢(x) Ha
0. A uMmeHHO, P YCJIOBUHU, YTO MOKA3ATEIb ¢ JTOCTATOYHO BEJIUK, MOKA3AHA
CXOIMMOCTDb TAKHX PEIeHn# K yKa3aHHOMY Ipeaeny B HopMme L°°, a Takxke B
HOAXO/SIIEH MHTEIPAJIbHOI HOPME, IJleé HOPMY BbIYHMCJIEHBI 110 001acTh §2. C uc-
KJIFOUEHHOH OKPECTHOCTRIO TIOJIOCTH B(g) ompesiesieHHoro pasmepa (Majioro mpu
e — 0). Ilpu 3ToM (aKT CXOAUMOCTHU DPEIIEHUI OCTAETCS CIPABEIIUBHIM HE3a-
BUCHUMO OT TOI'O, HACKOJIBKO OBICTPO pacTyT HOpMbI GyHKIMA . () B KpaeBoM
ycnosuu (2) npu € — 0. Ilonydennbie pe3yabrarbl ONUPAIOTCS, B 9aCTHOCTH, HA
anpuopuyio onenky Kouaparsesa — Jlamguca perienus moryJImHEHOIO ypaBHe-
HHS 9€Pe3 PACCTOAHME 10 Ipanunbl obnactu (cM. [3]).

B macrosmem mOKIaIe HEKOTOPBIE W3 PE3yIbTaTOB paboThI [2] pacmpocTpa-
HeHbl HA ciydail n > 2,p € (1,n). B wactHOCTH, CIpaBesIuB CIeLyIomuii pe-
3y/IbTAT.

Teopema. Paccmompum 3adawy (1), (2) npun = 2,p € (1,n), ¢(x) =0 na
09), u NPednoroAHCUM, 4MO BBINOAHEHO HEPABEHCTNEO

n -+
> p.
n—p

(3)
Tozda npu ¢ — 0 umeem

(Igrad e () + a(a) [ue (@) 1) dz = O(e"—P@D/a=D) (1)

Q\B(2€)

OTmMeruMm, 94TO MOKa3aTe/b CTENEHN B IPABOii 4acTu cooTHOmenus (4) moJio-
JKuTeNeH B cuity (3), caeloBaTeIbHO ero JieBasi 4acTh CTPEMUTCH K HYJIIO.
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CTABMJIN3AIINSA PEIITEHNSI BUIA ®POHTA 3AJAYN
PEAKIINA-INPPY3USI-ABEKIINA
E.B. IloaexaeBa, H.T. JleBamroBa, /I.1. Ky3HenoBa
pel789@yandex.ru, natasha@npanalytica.ru, doral3ku@gmail.com

YIK 519.633.2

PaccmarpmBaercs BOmpOC O CTa0WIM3anyy peNIeHwWsT BuAa (poHTA
HAYAJIbHO-KPAEBOIl 33/1a9M TUIA, peakius-aud Gy3usi-a BeKims Ha 0eCKo-
HeYHO 0OJIHIIOM BPEMEHHOM IIPOMEXKYTKE K PENIeHUI0 COOTBETCTBYIOIIEN
cTarmoHapHO 3aMaun. Teopema 0 CTAOMIM3AINN PENTEHNs TOKA3BIBAETCS
C HCIIOJIb30BAHWEM IOHATHN BEPXHErO0 U HUXKHErO PElIeHui U CJIeJCTBUM
W3 TeopeM CpaBHeHWs. BepxHee m HIKHee DelleHus KaxkKI0H n3 3a1ad
CTPOATCS KaK MOTU(PUKAINN ACUMITOTUIECCKUX TTPUOIMAKEHUI pereHnit
ITUX 33/1a4.

Karoueswie caosa: 3amada peakmus-aud dy3usi-aIBeKIsl, PENleHne BIIA
bpoHTa, BHYTPEHHUI II€PEXOMHBIN CJION, BepXHEe W HIKHEe PEeIIeHUsd,
ACHMITTOTHYECKOE TIPUOJINKEHIE

Stabilization of a front form solution of the
reaction-diffusion-advection problem

The question of stabilization of a front form solution to the initial-
boundary value problem of reaction-diffusion-advection type at infinitely
large time interval to the solution of the corresponding stationary problem
is considered. The theorem on stabilization of a solution is proved using
the concepts of upper and lower solutions and comparison theorems corol-
laries. The upper and lower solutions are constructed as modifications of
the asymptotic approximations of problem solutions.

Keywords: reaction-diffusion-advection problem, front form solution, in-
ternal transition layer, upper and lower solutions, asymptotic approxima-
tion
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UccnenoBanue perennii ypaBHeHu# peakiusa-anddy3ust-aIBeKIus ABIIsIeT-
csl BAXKHOM 3aJa4eil maremMaTndeckoil pmsnkn. B gacTHOCTH, GOMBINTON MHTEpEC
MIPEICTABJISIOT PEIeHusi, 001aIa0IIe OOMbITUM IPAJIMEHTOM B HEKOTOPOil 00-
JIACTHU, TIUPUHA KOTOPOW MHOIO MEHBINE JMHEHHBIX PA3MEPOB MHOXKECTBA, HA
KOTOPOM IOCTaBJIEHA 3aja9a. JTa 00JACTb HA3BIBAETCS BHYTPEHHUM MEPEXOJI-
HbIM cjioeM. Eciu mosioKeHune mepexoHOr0 CJI0d M3MEHSEeTCsl CO BPEMEHEM, TO
€ro TakzKe Ha3bIBAIOT (PPOHTOM.

PaccmorpuM  cieyoomiyio HAaYaJbHO-KPAEBYIO 3a7ady [JIsi YPaBHEHUS
peaktus-and Py3us-a BeKIH:

0u  Ou ou
Eﬁia*A(uax)£+B(uvx)a IG(O,l), tG(OvT]a .
u(0,t,e) =u®, wu(l,t,e)=u', te0;T), (1)

u(z,0,8) = uinit(z,€), x€[0;1].

3necy A(u,x) m B(u,z) — nocrarouno raaakue dyskimu B obnacru (u,x) €
I, x [0;1], I, — HEKOTODKIH MPOMEKYTOK M3MEHEHNS MMepeMeHHo# u, € > 0 —
MaJiblit mapamerp, 1 > 0.

Bynmem wcemenosarh BOMPOC O CTAOWIW3AINW TIpU ¢ — OO PEIeHus BUIA
dponra HaYaIBHO-KPaeBoil 3a1aun (1) K PEIIeHnIO ¢ BHYTPEHHUM MEPEXOJIHBIM
CJI0eM COOTBETCTBYIOMIEH CTAIMOHAPHON 3aJa9K

d*u

du
2 _ 4 o
ety = Alu,)

o + B(u,z), z¢€(0;1),u(0,e) =u°, u(l,¢) = u'. (2)

[ToTpebyem BBITIOHEHHUST CJIEIYIONINX YCIOBUN.

Ycnosue Al. Ypasuenue

A(u7x)d—u + B(u,z) =0

dx
0 0) = u° 0;1 -
¢ JONOAHUMENLHOLMYU YCAOBUEM U u? umeem na ompesxe [0;1] pewe
nue u = ©7)(x), a ¢ donoanumervuvim yerosuem u(l) = u' — pewenue

u = o) (2), npuvem

e (@) < e P(2), =z €0;1],

A (go(_)(x),x) >0, A (ga(+)(a:),x) <0, ze€l0;1].

Paccmorpum cyiecTBOBaHMe pellieHnsi B BUJE ABUKYIerocs OpoHTa, T.€. pe-
IIEeHN A, UMEIOIIEr0 BHYTPEHHU MEPEXOTHbBIN CJI0H, KOTOPBIA B KaXKJIbIii MOMEHT
BPEMeHH ¢ JIOKATT30BaH B OKpecTHOCTH ToUkH Z(t, ¢) € (0;1). Cnesa or ykazan-
HO#l OKkpecTHOCTH perrenne u(x,t,¢) 3agaun (1) 6musko k dynkuuu (7 (), a
cipapa — x bynxmm @) (z). Byaem npemonaraTh, 9To B HAUATLHBIH MOMEHT
BpPEMeHH yiKe cymiecTByeT chOpMUPOBaHHBIH (DPOHT, T.e. DYHKIUSA Uinit (T, €)
AMeeT BHYTDEHHUH IIepexXOIHBIA CJIOH B OKPECTHOCTH HEKOTOPON TOYKHU Tog OT-
pe3ka [0; 1].
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Ycaosue A2. IIycmo cywecmeyem muoscecmeo X C (0;1) dymmyud x(t),
maxuz, wmo npu ¢ 7) (2(t)) < Q < ) (2(t)) evnoanaromea nepasencmea

Q
d
[ a0 - vyas >0 v =22
PP (z(t))
Ycaoue A3 Ilycmov 3adawa Kowu
o) (z0)

d. Iz A(U,l’())du

= e 20(0) = Zoo

dt ™) (z0) — o) (z0)

umeem pewenue To(t), maroe wmo xo(t) € (0;1), ¢ € [0;T).

B pabore [1] mocrpoero acumnrorndeckoe npubanxkenne, Uy, (x,t, €) petie-
Hus 3a1aun (1) kak cymma GyHkumu 4(z, ), ONUCHIBAIONIEH MOBEIEHNUE Dellie-
HUsl BAAJM OT IIEPEXOIHOrO CJiosi, u dbyHKImuU nepexognoro ciaos, Q(&,t, ), rue
¢ = (x — %(t))/e — pacranyras nepemennas. Takxke B [1] gokazaHO, 4TO 1IpU
BbINOJIHEeHUH ycaoBuii A1-A3 1py J0CTATOYHO MaJIbIX € CYHIECTBYeT PEeLleHHe
3agaun (1) ¢ TAKMM aCUMIITOTHYECKUM TIpUOInKenneM. J[0Ka3aTebCTBO IPOBe-
JIEHO TTPH TIOMOIIA ACHMITTOTHYECKOTO MeTOa, M depeHnmatbHbIX HEPABEHCTE,
CYTh KOTOPOTO 3aKJII0YAETCA B IIOCTPOCHAN BEPXHErO ¥ HUKHETO PEIICHHH 3a,1a-
an (1), a umenno, byskmmit 3, (z,t,z,V)e) u ay,(z,t,2,V,€) cooTBeTCTBEHHO,
KOTOpBbIE CTPOATCA KaK MOAUMDHUKAINN ACHMITOTHICCKOTO IIPUOIINKEHHUS:

e T = X, 1(t,e) —e" 16, 2 = X,,_1(t,e) + " 15, X,,_1(t,€) — acummro-
Trudeckoe npubsuzKenue nojoxenus dponta (t), V = dz/dt, £ = (v — T)/e,
V =dz/dt, £ = (x — x)/e. Koncranra 6 > 0, a rakxke Gyukimmn p(z) u ¢;(§),
i = 0,1 onpesensIoTcss TAKMM 06pa30M, IT00bI (DYHKIINHI (v, U 3, YIOBIETBOPS-
JIM OTIPEJeNIeHIIO HUKHETO M BEPXHETO DEINeHHil COOTBETCTBEHHO.

B pabotre [2] n0Ka3aHO CyIIECTBOBAHHE W ACHMITOTHYECKAs yCTOHIHBOCTD
peuienus 33/a4u (2) Kak CralMOHApHOro pelneHus 3a4a4u (1) upu BblIOJHEHUU
yenosuit A1, A2 (npu V = 0) u ciexyrommero ycaosusa A3’

Yciaoue A3’. [Tycmov ypasrenue

SO(Jr)(IO)
/ A(u, zo)du = 0 umeem pewenue o € (0;1).
() (z0)

Tem ke cmocoboM, 4ro W B pabore [3] J€rKO yCTAHABIMBAETCS, HUYTO
00/1acTh BJIMAHMA pelleHus CTalMOHAPHONR 3aJadi He MeHbIIe OTPe3Ka
ar(z,00,2,0,€), B1(x,00,Ts,0,€), riie x, u Ty — 3HaYEHUA T U T UpU t — 0O.

[esibio Hacrosiei paboTbl ABILETCA JOKA3ATELCTBO CIey0Iel TeopeMbl:

Teopema. ITpu 410607 2400%00 HAUaAAHOT GYHKUUY Uinge 3adavwy (1), ae-
oicaweti mesicdy eeprrum pewenuem B1(z,0,,V, €) sadavwu (1) u nustcrum pe-
wenuem o (x,00,Ts,0,¢) 3adawu (2), pewenue 3adawu (1) cmpemumncs k pe-
wenuwro 3adavu (2) npu t — 0.
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O IBYXTOYEYHBIX ®OPMVYJIAX CPEIHUX 3HAYEHUM
JAJIAd QJIJINIITHNYECKNX YPABHEHVUN B HEEBKJINN/TOBBIX
ITPOCTPAHCTBAX

N.II. ITosioBuakuu, M.B. ITonoBunkura, A.JI. Myraanos

muglanov_artem@mail.ru, polovinkin@yandez.ru,
polovinkina-marina@yandex.ru
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C momompio Meroma crycka Amamapa, (hOPMyIbl CpeIHero 3HAYEHWs
Bumnanze-Haxymesa, mpeobpa3oBanmuii Jlakca-Dusuiica, oIy YeHbl By X-
To4YeuHble (POPMYJIBI CPEIHEr0 3HAYCHUS [ SJUIMITUIECKAX yPABHEHUH
Ha cdepe u B mpocTpaHcTBe JI06aueBCKOTO

Karoueswvie caosa: dopmyna cpeamero, omeparop Jlammaca-Bempsrpamm,
MeTOJ CIIyCKa,

On two-point mean-value formulas for some elliptic equations
in non-Euclidean spaces

Using the Hadamard descent method, the Bitsadze-Nakhushev mean-
value formula, the Lax-Phillips transformations, we obtained two-point
mean-value formulas for elliptic equations on the sphere and in the
Lobachevskiy space

Keywords: mean-value formula, Laplace-Beltrami operator, descent
method
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Curenys uzBecrnoit koncrpykimu A.B. Bumaaze u A.M. Haxymesa, paccmor-
pum ase toukn (xU), 7)) e R j = 1,2 rre 9 = (x (j),xgj), .. .,thj)), j=
1,2, yIOBIETBOPAIOIIUE YCJOBUIO HEIYCTOIO IEPECEUEHUsi CBETOBBIX KOHYCOB
XM = x| < |7 — 73|, TTocrpoum marpuny A(dim A = n x n) no ciemyro-
meMy mpasmity. 3aduKcupyeM Kakoi-uuOyab uagexc ¢ € {1,...,n} u monoxkum
a;; = (X§1) (2))/|X(1) xP|, j = 1,...,n. Ocrabimecs MO3UIME MATPHIIBI
A szamomunm ucxons u3 yeaosuit AAT =1, detA =1, tne AT — marpura,
TpaHcnonuposannas Kk marpune A, I = ||§;;|| — enunuunas marpuna, 6;; —
cumBon Kpomnekepa. Ilycts A; — maTpunia, mojydeHnyst u3 MaTpuibl A 3ame-
HOIT -TO cTONGNA Hynavm. Beenem ycpemmasmomuii omepatop S, u omepatop By
mo dhopmysam

S = Spv = \/7r1*”f| o) dwe, |x —x@| >0,

S" = Spv=(n) fig12, (x< +§ (r® + 7)) /2) dwe, xV = @),

B"w=Bjv=p (0/(2000))" "% (1/0S,v), n = 1(mod2),

B"w=Blvy=n"1/? (8/(2000))"* Jy Sevdf/+/0* — 62, n = 0(mod2),
re dwe — 9JeMeHT TIomaau nosepxuocti cdepsr || = 0 B R,

7D — 7@ g,V — y®@) NERC) )
T O —x@ /O - r@)2 — [ D — @2 g A
o= (Tu) +T<2>> 12— D = @g /\/ 7 — 7 @)2 _ |y () — (@2,
Paccvorpum B mpoctpanctee R = {z = (21,...,2,,2) = (2,2)},n >

2, muoxkecto S, = {(x,2) € S, : z = /1 —[z[*} — BepxmOI0 nONOBHHY

n n

cepsr ¢ merpukoit ds? = > Y (0ix + xixy /2% )dz;dxy, m oneparopom Jlammaca-
i=14=1

BenwTpamu B 3T0i MeTpuke A,,.

Bresem B paccMoTpenne orobpaykenue S, x R — R" ! (mpeo6pazosanmue I1.
Jlakca n P. ®umnnnca) ¢ momorsio dopmyn 7 = 74 (x, z,t) = £ sint/(z F cost),
X = x+(z, z,t) = £x/(z F cost), tae x = (X1,---,Xn). BBEIEM Takxke 3aMeHy
bynaxman u(z, 2,t) = (z — cost) =D/ 2y(x(z, 2,t), 7(x, 2, 1)).

Teopema 1. Jas mobwx deyz mouer (z(D, 21, (2 23)) e S, u mobwz
dsyx snavenuti t(), t2) € (0,27], ydosaemesopaowus yerosuro

(zW2® 4 2Mz®@ _cos(t® — @) /(2 — costD) (2 — cost@)) > 0,

peayaaproe pewenue u(x) ypasrenus A,y u—((n — 1)/2)2 u = 0 ydosaemesopaem
Ppopmyne cpedHezo 3HA%EHUA

(2 F cos tM) =172z (D) 4 (23 F cos tP)=D/2y (2 2)) =

= Bl (0(a(, 1), 206 7))y 0= /() — @) — [y —x@)]2/2.

Paccmorpum peasnuzanuio I reomerpuun JIoGadeBCKOro Ha MOJTYyITPOCTPAH-
cree R = {z = (21,...,2p-1,2,) = (', 2,) : ©, > 0},n > 2, ¢ MeTpuKOii
ds? = dx? /2% u oneparopom Jlamnaca-Berbrpavu Ary.
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Teopema 2. Jaa amobwiz deyx movex D, £ € II u aobwx deyx srnavernud
tW) 4 t?) € R, ydosremeoparowur ycioeuo

& @ e @ MW@
(2P et — M et ) (2P et — 2@ ety — et AL > 0,

peeyasproe pewenue u(x) ypasuenus Apu+((n — 1)/2)2 u = 0 ydosaemeopsem
dopmyae cpedHezo 3HAYEHUS

et(l)(17n)/2u(m(1)) + et(2)(1fn)/2u(l,(2)) _ Bg(fu(ﬂf(Xﬂ'))),

= X = VPP )t = RS = (0

OIITUMAJIBHOE YIIPABJIEHVE U ITPUHIINII
MAKCUMVYMA B (B) - IPOCTPAHCTBAX

A N. TIpuaenko
prilepko.ai@yandex.Tu

YIK 517.977.1, 517.977.5

IIpumenstercs BUME meron m MeTO MOHOTOHHBIX OTOOPAYKEHUN K M3Y-
9eHmIo 331249 HAO/IOeHns n ynpassienus. B (B) —mpocTpancTse nccmemy-
eTCs ypaBHEHHE IIEPBOTO POda, KaK 3aJa4ua HAOJ/IIONEHWS, IPU ITOM CO-
IpSAKEHHOE ypaBHEHMEe HA3bIBAeTCA 3afadeil ympasieHud. Jlnsa cioydas
peduekcuBrbIX (B)—TIpOoCTpaHCTB MOKA3aH KPUTEPHil yIPABIAEMOCTH U
abCTPAKTHBIA IPUHIUIT MAKCAMYMa.

Karouesvie crosa: 3amada ynpaBieHus, 334a49a HAOJIIOIEHN, OIMTUMAIb-
HOEe yIIpaBJIEHUE, ITPUHIUIT MaKCUMyMa

Optimal control and maximum principle in (B)—spaces

The BUME method and the monotone mapping method are applied to
the study of observation and control tasks. In (B)—space, an equation of
the first kind is investigated as a problem of observation, and the adjoint
equation is called a control problem. For the case of reflexive (B)—spaces,
the criterion of controllability and the abstract maximum principle are
proved.

Keywords: control problem, observation problem, optimal control, maxi-
mum principle

IIpunenko Amexkceit Usanosud, f.¢.-M.H., mpodeccop, MI'Y umenun M.B. Jlomonocosa
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Beeuém 3azauu nabuionenusi u yupasienuss B (B)—npocrpancrsax, cuu-
Tas MPOCTPAHCTBA DPEMIEKCUBHBIMU ¥ BEIIECTBEHHLIMU. IIyCTh JaHO YHCIIO
T € (0,+0); J = (0,T). Beeném (B) —npocrpancrsa F, E] n UX CONPsiKEHHbIE
E', E', upeanosaras ux He3aBucaiumu ot Bpemenu ¢. Kpome toro, seeném (B) —
MPOCTPAHCTBO 3JIEMEHTOB, 3ABUCSIIUX OT BPDEMEH! ¥ MPUHAMAIOIIAX 3HAYECHUS B
E1, o6o3uauus ero Ur = B(J, E1), a Tak:Ke CONPsKEHHOE K HEMY IIPOCTPAHCTBO
Ul = (B(J, E1))". B cuny pedaexcusnocru upocrpancrs umeem (Ur) = Urp, a
(B) —mpocrpamcrso U, GymeM Ha3bIBATD IPOCTPAHCTBOM YIPABJICHUI.

Hns smmetinoro omeparopa Ap u ero compsizxénnoro (mo Bamaxy) A’ pac-
CMOTPHUM COOTBETCTBYIOIIME yPABHEHUS TIEPBOTO POJA KAK 3a0a91 HAOIIOIEHUS
U yUPAaBJIECHUS.

Bagaga Habarogenusd. [loiyunrs 06parHoe HepaBeHCTBO (T.e. OrpaHuYeH-
HOCTh CHU3Y) JJIsl yPABHEHUS

Are=u, rne e€ kb, u(t) eUr= B(J, E‘1>7 Ar € ﬂ(E,UT) (1)

3amaua ynpasienusi. [Ins nansoro snementa ¢ € E'\ {0} naiitn yHK-
nuio v’ € U, u3 ypaBHeHUs

b = e Ay € LU, ) ©)

Pemenne 3amaau (2) u, € U} npu duxcuposannom e’ # 0 Ha3bIBaeM TOY-
HbIM yupapsienueM (Ujid yupasjieHueM ), a dyepe3 U, 0003HaYuM MHOXKECTBO BCEX
yupasmenuit U, C Ul. Yupasienue ¢ MUHUMAILHOR HOPMO# (T.€. HOPMAJIbHOE
no TuxoHOBy perenvie (2)) Ha3bIBAEM ONTUMAJIBHBIM YIPABIeHNeM 3a1aun (2)
u oboznaTaem ug, Takum obpasom, ||ug v, = inf{|[w.llu; | Vu. € Us}.

Teopema 1. [Kpurepuii ynmpaBisieMOCTH W ONTHMAJIBHON YIPABISEMOCTH]
Iycmo dano peduaercusnoe (B) —npocmpancmeo Ur = B(J, E1) u ezo conps-
orcénnoe Ul Caedyrowsue ymeepocoenus sK6uBaACHIMbL:

1. cywecmeyem nocmoarnas ur > 0 maxas, wmo dan ecexr e € E evinoans-
emca nepasencmeo ||Arelluy = prllelg;

R(AT) = R(AT), N(AT) = 0,'
(A7), || < 1/pr, m.e. 3adava (1) nenpepwieno nabmodaema;

pewenue 3adawu Habarwdenus (1) eduncmeento u Yemolwueo;

cywecmeyem pewenue 3adanu ynpasiernus uy, 7= 0 npu e’ € E'\ {0};

S St o

npu mobom € € E'\ {0} mmnoocecmeo ecex ynpasaenuti U, # (0, 2de
U, = (A)te! — ecmv sammnymoe evinykaoe muosicecmeo 6 Uh;

7. npu arwbom € € E'\ {0} cywecmeyem onmumanrvroe ynpasaenue ul #
0 npuuém MHOIICECTNEO 6CET ONMUMAALHYT ynpaésenut US # () ecmo
3amrnymoe sunyk.aoe nodmmosicecmeo U, C Ul ecau npocmpancmea Ur,
Ul evinyravie;

8. npu awbom € € E'\ {0} cywecmeyem eduncmeennoe onmumanvroe
ynpasaenue ul % 0, m.e. MUHUMAABHOE TO HOPME YNPABACHUE, ECAU NPO-
empancemea Ur, Ul empozo ewnyk.avie.
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g uccnenoBanust CBOUCTB ONTUMAJIbHBIX yipasieruit, kpome BUME wme-
Tozma [1, 2] MBI NpUBIEKaeM MeTOM HETMHEHHBIX MOHOTOHHBIX OTOOPasKeHMil 1
omepatop Pucca.
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O HEKOTOPBHIX YCJIOBUAX PASPEIIINMOCTNI
HEJIOKAJIBHBIX 3AJTAY OJIA THUITEPBOJINMYECKUX
YPABHEHUU

JI.C. Ilyabkuna
louise@samdiff.Tu

VIIK 517.95

B nmokmame paccmarpuBaeTcs 3a/ada Ay TUEPOOTIMIECKOTO yPABHEHUS
C HEJIOKAJIbHBIMU WHTETPAJIbHBIMA YCJIOBUAMU. BBI60p MeTOJa MCCJIEId0-
BaHUA Pa3pPEIIUMOCTHA HeJIOKAJIbHON 3a/1aY1 3aBUCHUT OT BHU/Ia UHTErPAJIb-
HOro ycsoBus. B mporecce pa3paboTku MeTo10B, 3 (HEKTUBHBIX UMEHHO
A1 HEJIOKAJIbHBIX 3314, 6I>IIILI BBLOEJIEHBI UHTETPAJIbHbIC YCJIOBUA Pa3-
JIMIHBIX TUIIOB, OTJIMYAIONNECHd BUJI0M BHEUHTEIDAJIBHBIX CJIara€MbIX WJIA
azxKe UX OTCYTCTBUEM. ,Z[aanef/'ImI/Ie ucc/jae10BaHud 1mokKa3aJjim, ITo yCJjo-
BUA PA3PENMUMOCTA HEJIOKAJIbHBIX 3a/1a9 aHAJIOTUYHBI YCTIOBUAM PETYJIAPD-
HOCTH KPaeBbIX YCJIOBUH yTst qudHepeHImaIbHOTO OMepaTopa.

Karowesoie caosa: runepbOMtecKre ypaBHEHUsI, HEJIOKAJbHBIE 3aa4H,
peryjagpHbIe KPaeBble yCIOBUA

Jliogmuna Crenanosua [Tynbkuna, a.¢.-M.H., mpodeccop, (CaMapcKuil HAIMOHATILHBIN HC-
cremoBaTennbckuit yausepenrer nmenn akagemuka C.I1. Koposera, Camapa, Poccus); Ludmila
Pulkina (Samara Samara National Research University, Samara, Russia)
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On certain conditions for solvability of nonlocal problems for
hyperbolic equations

In this talk, we consider a problem with nonlocal integral conditions for
a hyperbolic equation. A method we choose to prove the solvability of
certain nonlocal problem depends on a kind of integral conditions. The
kind of an integral condition is defined by a form of the terms outside the
integral. Following analysis shows that conditions for solvability of the
nonlocal problem are analogous to regularity of boundary conditions for
differential operator.

Keywords: hyperbolic equations, nonlocal problems, regular boundary
conditions

Paccmorpum B obuactu Qr = (0,1) x (0,7) 3anady jjisi runepboImIeckoro
ypPaBHEHUS

uge — (a(x, t)ug) + c(x, t)u = f(z,t) (1)
¢ HadanbHBIME JaHHBIME U(z,0) = @©(x), w(x,0) = (x) 1 HENTOKAIBHBIMA
YCJIOBUAME

!
/ Ki(z)u(z,t)de =0, i =1,2. (2)
0

VYceaoBus (2) Ha3BIBAIOTCS UHTEIPAJILHBIME YCJIOBUAMU TI€PBOTO posa. Mccieno-
BaHHE PA3PENMOCTH 3a1a49 C YCJIOBUAMHU TaKOro BHJAa CTAJIKHUBAECTCA C MHO-
I'MMHA TPYAHOCTAMHA U AEMOHCTPHUPYET HEIIPDUMEHUMOCTDb KJIaCCUIE€CKUX METO/10B
0BOCHOBaHMsI PA3PENMMOCTH KpaeBbiX 3a1ad [1]. OgHako ecin MHTErpagbHbIe
yC.HOBI/IH UMEIOT BUJL

1 1
s (0,4) + /O K (@)u(e, Dda = 0, (i, 1) + /0 Ko(@)u(e, iz =0 (3)

njan

! l
u(0,¢) +/0 K (z)u(z, t)dz =0, u(l,t) —I—/O Ky(z)u(z,t)de =0, (4)

TO €CTh ABIAIOTCA YCIOBHSIMHA BTOPOTO POJA, TO MOXKHO MOAW(DHUIINPOBATL W3-
BECTHBIE METOMBI ITOKA3ATENIbCTBA PA3PENIMMOCTH TaK, 9TO yIAETCs MOJYyYUuTh
aNpUOpPHBIE ONEHKM, Ha KOTOPBIX 0a3upyercs J0KA3aTeIbCTBO, TPUMEHSST MHO-
rme KIACCHIECKUEe TIPUEeMbl. BO3HWK BOPOC, HETB3s JIM CBECTH yCIOBHA (2) K
ycaoBusim (3) unu (4). Okazanoch, 4TO [PU ONPEJEeHHbIX OIPAHUYEHUAX Ha,
dbyukumu K;(z) 310 caenars MoxuO [2]. HensbeKHO BO3HUKIIO YKETAHUE OCIIa-
6uth ycaoeus Ha K;(x) n paccMorpers Gosiee 00Iue Crydan CBeIeHHUs YCIOBH
MEPBOTO POJIA K yCAOBUSIM BTOPOTO POJA, T.€. K TAKAM, KOTOPBIE COIEPKAT KPO-
Me MHTETrPaIbHOIO ONMEPATOPa CJEJ PEIIeHHS WM €r0 IPOU3BOIHBIX.
[pennonoxus, aTo u(z,t)— pElIeHWe HEJOKATHHON 3a71a9d C YCIOBUAMU
(2), npounrerpupyem (1), ymMHO)KeHHOE TpeaBapuTeabro Ha K;(z) mo = or 0
no 1. Homyuum coorromennsi aju,(0,t) + byug(l,t) + agu(0,t) + bou(l,t) +
fol Piudz = g1(t) m c1ug(0,t) + dyiug(1,t) + cou(0,t) + dou(l, t) + fol Poudr =
g2(t), B koTopbix Koddduimentsl, sapa P;(x,t) u npasbie yactu g;(t) BbI-
paxatorcst yepe3 koadbduuuentol ypasuenus (1) u K;(x). D91u coorHomeHust
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upu P; = 0,9; = 0 cosuajaior ¢ kpaesbiMu yciaoBuamu ([3], c. 53 ), ko-
TOpBLIE TIPU BHITIOIHEHUHW HEKOTOPBIX YCIOBWil ABIAIOTCA peryaapubiMu. Oka-
3a/10Ch, YTO YCJIOBHUS DPETYAAPHOCTH KPAEBLIX YCJIOBHM, 3AIMCAHHBIE B TEPMU-
HAX MOCTABJIEHHON 3314, ABJISIOTCSA YCJIOBUIMHU PA3PEIIMMOCTH HEJIOKAIbHBIX
3aa4 ¢ COOTBETCTBYIOIIMME HHTErPAJLHBIMEA yCIOBHAMH. Hampumep, ycmo-
BHE PeryJapHOCTH aid; — bic; # 0 i Hameil 3ajady OPHHEMAET BHJT
K1(0)K5(l) — K1(1)K2(0) # 0 u nossomsier cBectu ycmoBus (2) K yCIOBUSAM
BTOpOrO poza s (0,t) + anu(0,t) + anpu(l,t) + fé Hy(z,t)u(z, t)de = hy(t),
Ug (, 1) + ao1u(0, 1) + agau(l, t) + fol Hy(z,t)u(z,t)dr = ha(t). OnHoznaunas pas-
PEIIMOCTh 33JIa4M ¢ TAKUMW YCIOBUAMH JoKasaHa B [2]. Tam ke mosyveHsr
YCJIOBHSI, TP BBITIOJHEHAN KOTOPBIX CIEAYET W Pa3peniuMOCTh 33a9h C WHTE-
rpaJIbHBIMU YCJIOBUAMU TIEPBOroO poga (2).
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NCCJIEAOBAHUWE BOJIBTEPPOBBIX
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VcraHoBileHAa KOPPEKTHAsI DPAa3pelInMOCTh HAYAJIbHBIX 33739 s ab-
CTPAaKTHBIX UHTErpo-auddepeHnmraabHbIX yPaBHEHUN € HeorpaHUYeH-
HBIMH OLEPATOPHbIMU KOddduimenraMu B I'mJibOEPTOBOM IIPOCTPAH-
CTBE, a TaKyKe MPOBOAWTCS CIEKTPAJbHBIN aHAJIN3 OmepaTop-QyHKITHI,
ABJIMIONIUXCSA CAMBOJIAMM YKA3aHHBIX ypaBHeHuil. V3ydaemble ypaBHe-
HUS IPEACTABIAIOT C000il abcrpakTHyi0 GOpMY JIMHEUHBIX HHTErPO-
v depeHmaIbHbIX YPAaBHEHN B YACTHBIX TTPOU3BOIHBIX, BOZHUKAIOIIIX
B TEOpUU BA3KOYIPYIOCTU U TEOPUU PACIPOCTPAHEHUs TEILIA B CPEIax C
HAMATBIO.

Karouesvie caosa: uaTerpo-muddepennuaabHble ypaBHEHNsA, OLEPATOD-
GbYHKINHU, CTIEKTPAJIBHBIN aHAINAS

Pabora BeinosiHeHa npu GUHAHCOBOH nozguepkke rpanTta IIpesugenrta Poccutickoit ®epe-
panuu AJsi FOCYAApPCTBEHHON MOJAepKKH BeAyIUX HaydIHBIX IMIKOJ Poccuiickoit ®enepariun
(npoexT Ne HITI-6222.2018.1).

Payrnan Hanexxpa Anexkcanaposra, K.d.-M.H., gomert, MI'Y umenn M.B. Jlomonocosa
(Mocksa, Poccus); Nadezhda Rautian (Lomonosov Moscow State University, Moscow, Russia)
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Analysis of Volterra integro-differential equations with singular
kernels

We establish the correct solvability of the abstract integro-differential
equations with unbounded operator coefficients in Hilbert space are stud-
ied. The spectral analysis of operator-functions that are the symbols of
the considered equations are developed. These equations are the abstract
form of the linear partial integro-differential equations arising in viscoelas-
ticity theory and the theory of heat transfer in media with memory.
Keywords: integro-differential equations, operator-functions, spectral the-
ory

Henbio HACTOsAIEN PAOOTHI ABISAETCH U3yUYEHHE ACHMITOTAIECKOTO MOBEe-
HUs pernennit naTerpo-auddepeHnalbHbIX yPABHEHUN HA OCHOBE CIIEKTPAJIb-
HOI'O aHAJMW3a UX CUMBOJIOB. B pabore paccMarpuBarOTCs ypPaBHEHHHA CJIEIYIO-
111eT0 BUIA

d?u(t)
dt?

+ A?u(t) — /t K(t — 5)A%u(s)ds = f(t), teRy,
0

rae A — caMOCOIPSAXKEHHDIA 110JI0KUTE/bHBIA OLeparop, AeACTBYOMUA B cena-
pabesibHOM rubbepTOBOM IpocTpancTBe H , nMeronuit KOMIAKTHBIN OOpaTHBII.
Ckansiprast byukims K(t) qonyckaer mpescraBienne

K(t) = / e du(),

rae dj - 10JIOXKUTEJIbHASL MEPA, KOTOPOIl COOTBETCTBYET BO3PACTAIOLIAs HEIPe-
pbiBHAs cripaBa (BYHKIWS pacupenesenus . VIHTerpajg moHUMaeTcs B CMBICIIE
Crunbrbeca. [lomydenst npeacTaBIeHns CUIBHBIX PENEHU YKA3aAHHBIX YpaBHE-
HUH B BUJIE CyMMBI CJIaraeMbIX, OTBEYAIOIINX BEIIECTBEHHONH U HEBEIEeCTBEHHON
JacTsIM CIIEKTPa Omeparop-(pyHKIu, sSBSIONINXCA CHMBOJAMUA 3THX ypPaBHE-
muit (eMm. [1], [2]). YKa3aHHbIE IPEACTABICHUS ABIAIOTCA HOBBIME JJISL JAHHOIO
KJ1acca WHTErpo-auddepeHImaIbHbIX YPABHEHNH.
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OILIEHKA ITPOMBICJIOBOI'O JOXOJA B
CTOXACTNYECKUX MOAEJISAX CBOPA
BO3OBHOBJIAEMOTI'O PECYPCA
JI.A. Poauna
LRodina67@mail.ru

YK 517.935

PaccmarpuBatorcss Mojenn SKCILUIyaTHPYeMON TMOMYJIAIWM, 33/IaHHbIE
YPaBHEHHSIMHU CO CiydailHbiMu mapamverpamu. llpenmosaraem, 4ro nen-
HOCTBb HO3JHEe IOJIyvdaeMoOil BBITOABI OT U3BJIEYEHUdA pecypca CHUXKAaeTCH,
IO3TOMY PACCMATPUBAEM IIPOMBICIOBBIIN T0X0T 38 6€CKOHEYHOE 9rCI0 COO-
POB € y4eToM IUCKOHTUPOBaHUdA. 1IoIy9eHbl OLeHKU CPeqHero J0X04a OT
IPOMBIC/Ia, BBIIOIHEHHbIE C BEPOATHOCTHIO €IMHUIIA.

Karouesoie caoea: cTOXacTUHIecKne MoJeau cO0pa, BO30OHOBIISIEMBIA pe-
cypce

Estimation of the trade income in stochastic models of
harvesting of a renewable resource

We consider the models of exploited population given by the equations
with random parameters. We assume that value after received profit from
resource extraction decreases, therefore we consider the trade income for
infinite number of gathering taking into account discounting. We received
the estimations of the average trade income, true with probability one.
Keywords: stochastic models of harvesting, renewable resource

3a/auu MOJEIMPOBAHKMA W OINTUMHU3AIUU IKCILIyaTAMd BO30OHOBJISIEMOTO
pecypca HA9YAJIW BBI3BIBATH WHTEPEC YIEHBIX, HAUYMHAS C CEMUIECATHIX TOIOB
nporioro Beka. Tak, B onHO# n3 mepBHIX pador [1] mokaszaHo, 9TO CTOXACTH-
YECKY0 PHIOHYIO MOIYJISINI MOYKHO IKCIUIYaTUPOBATH TOJBKO 10 JOCTHKEHUS
ONIPEJIETIEHHOTO YPOBHS, He 3aBUCSINETO0 OT TEKYIIEro pa3mepa NOomyisanun. B
[2], [3] ouucan crnocob mobbIYM pecypca, IpU KOTOPOM IIOCTOSIHHO COXPAHSAETCS
HEKOTOpas 4aCTb HOIYJANMH, HEOOXOMMMas JJisd €e JaJbHEeHIero BOCCTaHOB-
JIEHWST ¥ C BEPOSAITHOCTBHIO €IWHUIIA CYIIECTBYET MOJIOKUTEIbHBIN Mpemes Cpe-
Hell BpeMeHHO# BBIroabl. MHOXKECTBO paboT MOCBSIIEHO BOIPOCAM ONTHMAIBHOM
SKCILUTYATAIIAN TIOMY/ISIIAN, B KOTOPBIX CIyYaiHBIM BO3JEHCTBHAM MOIBEPIKEHBI
pasMep HoIyJsuuu, Ko3GOUIUMEHT POXKIAEMOCTH UK NeHa IPoAyKiuu (cM. 06-
30p smreparypsl B [4]).

[MpenmonaraeM, 9TO MpU OTCYTCTBAM SKCILIyATAIAN PA3BUTHE TOMYJIAINAN
3a/IaHO ypaBHeHWeM & = ¢(x), a B MOMEHTBI BPEMEHHU T, TPOMCXOTUT cOOp pe-
Cypca, Ipy 3TOM W3 MONYJIAIUU U3BJIEKAETCA HEKOTOpas CilydaiiHas J0Js Vg,

k=1,2,.... CauraeM, 4TO JAJIMHLI HHTEPBAJIOB O = T — Tp_1 MEXKIY MOMEH-
TaMHU HU3bATHN Tk ABJIAIOTCA CHy‘I&fIHbIMI/I BE€JINYNHAMU U KOJIMYECTBO U3BJIE-
YEeHHOTO PeCcypca 3aBUCUT OT CAYHANRHBIX TapaMeTpoB vg, k = 1,2,.... Ilycts

MMeeTCsI BO3MOYKHOCTD BJIUSITEH Ha TMPOIECC cOOpa TaKuM 00pa30M, 9TOOBI OCTAHO-
BUTb 3ar0TOBKY, €CJIM €€ JI0Jid OKAXKEeTCs JOCTATOYHO GOJIbIoil (6oblie HEKO-
rToporo 3uavenus uy € [0,1) B MOMEHT Tj), TOrJa 4acTb PECypPCa COXPAHUTCS

Ponuna Jlrogmuna sanosua, a.¢d.-m.H., mpodeccop, Bal'V umenun A.I. u H.I'. Crosero-
BbiX (Bnagumup, Poccus); Lyudmila Rodina (Vladimir State University, Vladimir, Russia)



350 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

JIJIs yBeJTMYIeHusT pasdMepa ciemytomero cbopa. B srom ciaydae mons moObiBae-
Moro pecypca Oyzner pasHa £, = (v, up) = Vg, ecam vy < up 1 L = up, ecan
v = ug. Takum 06pa3oM, MbI PaCcCMATPUBAEM IKCILIYATUPYEMYIO MOTYJISAIUIO,
JUHAMUKa KOTOpOi 3aJana auddepeHnuaIbHbIM YPABHEHHEM € WMITYJIbCHBIM
BO31€HCTBUEM

& =g(x), t#m,
(E(Tk):(].—ek)-l'(Tk—O), k:1,2,...,

rae 7o = 0, Op = 7 — -1 € O = [aq, B1], 0 < a1 < Bi; vp € Q2 C [0, 1]. Lpen-

HoJaraeM, 49TO pelleHus JaHHOTO yPaBHEHHS HENpepbIBHBI CIIpaBa, (DYHKIHA

g(z) onpenenena u HenpepbisHO Muddepenmupyema g Beex T > 0.
0O603Ha4UM Gk = (6‘17 ey Hk)7 fk = (61, ce ,gk),

z(e — 0) = Xy = Xp (O, ly—1,20), (%) = 2k = 2k (O, b, T0),

rorma x = (1 — )Xy, tme k = 1,2,.... Hyets 0 = (01,...,0k,...), { =
(b1, L, ...). Jns moboro xg > 0 BBeZeM B paccMoTpeHre (DYHKIHIO

H, (0_, Z, ‘TO) = ZngkefaTk — ZXk (e_k’g_k_l,xo)gkefa’rk,
k=1 k=1

PABHYIO JOXOLy OT HM3BJICYCHHS PECYPCa Ha GECKOHEIHOM IPOMEXKYTKE BPEMEHH.
TTokazarens aucKOHTHPOBaHWSA o > ( yKa3bIBAET 371€Ch HA TO, 9TO HMEHHOCTH
MO3IHEE TIOIYIaeMOTO JOXOIA, CHAKAETCS.

Oupenenum BepOATHOCTHOE TPOCTPAHCTBO (X, 2, (1) KaK mpsiMOe IPOU3BeJIe-
HUEM BEPOATHOCTHBIX mpocTpancTs (21,21, p1) u (o, s, ua). 3aecs X1 o3na-
4aer MHOXKECTBO YHUCJOBBIX mocjenoBaresnbnocreit § = (01,...,0k,...), rue
0 € Qq, cucrema MuOXKeCTB 2 ABJAETCA HAMMEHbINEH CUrMa-aaredpoit, no-
POKICHHON ITUIMHIPUYECKAMI MHOXKECTBAMHA

Eki{96212016[1,...,0k61k}, rie Iii(ti,si], i:17...,k,

a BEPOSITHOCTHASI MEPa (i1 ONpeIeNIeHa CJEIyIomuM obpasoM. JIjisi KarKI0ro
npomexkyTKa I; ompemennm BeposaTHOCTHYI0 Mepy fi1(l;) = Fi(s;) — Fi(ts),
i =1,2,... c momompbio pyHKInn pacupenenerns Fi. Ha anrebpe mumuuapu-
yeckux MHOXKecTB nocrpoum mepy fir(Ey) = p1(lh) - ... - g1 (I ), Torga B cuiy
reopembl A. H. Konmoropora Ha n3mepnmMom mpoctpancTse (31, 20;) cyiecTBy-
€T eIMHCTBEHHAs] BEPOSITHOCTHASI MEPa, [i1, KOTOPAs SIBJISETCS MPOIOJZKEHUEM
MepHBI [1; Ha curMa-aiareopy 2. Takum ke 00pa30M ONMPEIENISTEM BEPOSITHOCT-
HOoe npocTpalcTBO (Yo, Ao, o), rae Yo = {v : v = (vi,...,0%,...)}, vp € Qo
U Mepa [l 33jiaHa ¢ noMmomnipio GyHKIuN pacupeaenenus Fp. Ormernm, 910
Y=31 X9 = {O'ZO': (wl,...,wk,...)}7 rae wig = (Hk,vk) € 0= x .
O6Gosnaunm dwepes ¢(t,xo) perenne ypasHeHust & = g(x), yIOBIETBODSI-
omee HavanbHoMy yeiaosuio p(0,29) = xo. lycers 0 € 4, Torma dbyHkms
©(0,x) aBaserca caydailHOl BeJUYUHOlM, 3a1aHHON Ha MHOXKecTBe )1. IToso-

w0, )

wuM u(z, p(f,x)) =1 — . Pacemorpum dynkIimio

v, ecm v < u(x,(0,7)),

tw, o) = E(v,u(m,gp(@,x))) - u(z,o(0,2)), ecm v = u(z, (0, 2)),
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KOTOpasl sBJIAETCs CJIy4YaliHON Bem4auHON Ha MHOXKecTBe 2 = Q1 X Q.

VYcaoBue 1. Ypasuenue & = g(T) umeem acumnmomuiecky ycmoluueoe
pewenue p(t) = K u unmepsaa (K1, Ka) asasemes obaacmovio acumnmomuse-
cxotl yemotinusocmu amozo pewenua (0 < K < K < K).

JIemma 1. ITycmo swnoaneno ycaosue 1. Tozda dasn aobwx x € (K1,K),
xo € [2,K] cywecmsyem ynpasaenue @ € U maxroe, wmo 0as 6cexr o € X

Zap O, x)l(wg, x)e” *™ < H, (9_ 7 <K- Zf (wg,x)e” ¥k,
k=1 k=1

Bsenem criemyrormue 0603HATIECHAST:

P = (07, .. 0P, .., P = (8, ), TP =P 0P p=1,2,...

o0
N VI . Y vy — p -
Torma Ho (67,07, 20) = > Xi (01,0, z0) he " . Bykpoit M Gyzem 0603Ha-
k=1
YaTh MaTeMAaTHIeCKOe OKUTAHIE CITydaifHON BEeTMIHHEL

Teopema 1. [Tyemsv evnoaneno ycaosue 1. Tozda das mobwz x € (K1, K),
zo € (z, K) natidemes ynpasaenue o € U maxoe, wmo das nowmu eécex o € ¥
BHINOAHEHDL HEPABEHCTNEA

M (8, z)l(w, z)e™?) < lim *ZH (07,77, 20) < K~M(€(w,x)e“"9).

1— Me—ab n—oo M £ 1— Me—ab

PaccmarpuBaercs Takke 3a1a4da BeIiOOpa yrpasienus 4* € U, npu KOTOPOM
OIEHKA CHU3Y JJId CPEJHEro NOXOHA OT U3BJIEYEHHS PECypCa ABIAETCA MAKCH-
MAaJIbHOM.

JIutepaTtypa

1. Reed W.J. Optimal escapement levels in stochastic and deterministic harvesting
models // Journal of Environmental Economics and Management, 6 (1979), 350-363.

2. Poouna JI.M. OntuMusanusi cpegHeil BpeMeHHON BBITOIBI I BEPOSATHOCTHOM
MOZIETA IOy IAMH, TOABEPKEHHON npombicay // Bectn. Ymmyprek. yu-ta. Marew.
Mex. Komubior. mayku, 28:1 (2018), 48-58.

3. Poduna JI.H. CBoiicTBa CpeIHEH BPEMEHHOM BHITOIBI B CTOXACTHYECKUX MOIEITX
c6opa Bo306HOBIIsIEMOr0 pecypca // Becrr. Yamyprck. yu-ta. Marem. Mex. Komnbior.
nayku, 28:2 (2018), 213-221.

4. Jensen F., Frost H., Abildtrup J. Fisheries regulation: A survey of the literature
on uncertainty, compliance behavior and asymmetric information // Marine Policy,

1 (2017), 167-178.



352 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

HAYAJIbBHO-TPAHUYHAA 3AJAYA OJI1d TPEXMEPHOTIO
YPABHEHUSA CMEIITAHHOT O
ITAPABOJIO-TUITIEPBOJINMYECKOT O TUITA
K.B. Caburos
sabitov_ fmf@mail.Tu

VIK 517.95

B paboTe mj1st ypaBHEHUsT CMENTAHHOTO TapabosI0-TUepObOoTMIecKOro THTIA
B [IPSIMOYIOJIHOM IapaJijiesieluie e u3yYeHa Ha9aIbHO-IDAHITIHAS 33,12~
4a. YCTAaHOBJIEH KPUTEPUl eqUMHCTBEHHOCTH. Perierne mocTpoeHo B Bue
CYMMBI OPTOTOHAJILHOTO psima. I[Ipm 060CHOBAHMM CXOIMMOCTH PsiIa BO3-
HUKJIa Tpo0jieMa MaJIbIX 3HaAMEHATe eil. YCTaHOBJIEHA OIIeHKa 00 OTIe/IeH-
HOCTHU OT HYJ/Id C COOTBeTCTByIOH.[eﬁ aCI/IMHTOTI/IKOI./)I7 9TO IIO3BOJIMJIO JOKa~
3aTh CXOOWMOCTH DAJA B KJIACCE PETYIAPHBIX DENeHWA W yCTOWYIMBOCTH
PeIIeHns] OTHOCUTEJIHbHO TPAHUIHBIX (OYHKIIN.

Karouesbie caosa: ypaBHEHVE CMEITAHHOTO TUTA, HAUAJIHHO-TPAHUYHAS 32~
Jada, KpUTEPHAl eIMHCTBEHHOCTH, CyIIeCTBOBAHNE, PsJl, MaJIble 3HAMEHa-
TeJIH, yCTOMYINBOCTD

Initial-boundary problem for a three-dimensional equation of a
mixed parabolic-hyperbolic type
Short abstract. In the work for the mixed parabolic-hyperbolic type equa-
tion in a rectangular parallelepiped, the initial boundary problem was
studied. The uniqueness criterion is established. The solution is con-
structed as the sum of the orthogonal series. In justifying the convergence
of the series, the problem of small denominators arose. An estimate on
separation from zero with the corresponding asymptotics is established,
which allowed us to prove the convergence of a series in the class of reg-
ular solutions and the stability of the solution with respect to boundary
functions.
Keywords: equation of mixed type, initial boundary problem, uniqueness
criterion, existence, series, small denominators, stability

PaccmorpuM ypaBHEHWE CMEIIAHHOTO MapabosIo-rUepOoIndecKoro THIa,

Lu — ut_uxw_uyy+buzo7 t>0, (1)
uttiuacxiuyy+bu:0, t<0,

B obnacTtu
Q = {(Ivyat” (Iay) € D7 te (70‘7ﬂ)}7

rie
D ={(z,y)|0<z<p, 0<y<q},

Pa6ora Beinosnnera npu dpuHaHCOBOH nognepxke PODU (mpoext Ne 17-41-020516).

Caburos Kamuiab Bacuposud, 1.¢d.-M.H., mpodeccop, Crepautamakckuit dunmaa baml'y;
Crepnauramakckuil dunman UCU PB (Crepautamak, Poccus); Kamil Sabitov (Sterlitamak
Branch of Bashkir State University, Sterlitamak branch of the Institute of Strategic Studies
of the Republic of Bashkortostan, Sterlitamak, Russia)
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a, B, p, ¢ — 3a7aHHBIC II0JIOZKUTEIbHbIE IefiCTBUTeIbHbIe Yicia, 1 b — 3amanHoe
J1000€ IeiiCTBUTEILHOE YNCIIO.

HauasibHo-rpannvHas 3amada. Hatmu gynryuro u(z,y,t), ydosaemso-
DAIOWYIO CALOYIOULUM YCAOBUAM:

u(z,y,t) € CHQ)NC*(Q+ LU Q-); (2)
Lu(z,y,t) =0, (2,y,t) € Q+ UQ—; (3)
u(@,y, )|, = wlz,y,t)],_, =0, —a<t<p; (4)
u(@,y,b)],_y = ul,y,t)|,_, =0, —a<t<p; (5)
u(z,y,t)|,__, =v(x,y), (z,y)€D, (6)

2de Y(x,y) — 3adannas docmamowno 24a0Kaf PYHKUUA, YO0BAENEOPAIOULUE
YCAOBUAM COZAGCOBAHUA C 2paHuuHuimy dannoimy (4) u (5).

Ormerum, 9To 3a7a4a TpUKOME W ee aHAJOTU I yPaBHEHWH CMeIlaH-
HOro napaboso-runepboJnyeckoro TUIla U3y4auch MHOIMMU aBropamu |[1-3]
(cMm. Gubsmorpaduio ykasaHHbIX pabOT) B JIByMEPHbIX 00JIACTAX, B KOTODbLIX
runepbo/IMYecKas 4acrb Lpejacrapiger coboil "rpeyrojibHuk" , orpaHuyYeHHbII
XapaKTEPUCTUKAMU YpaBHEHUs U juHuel m3aMenenus tuna t = 0. B paborax
[4-7] u3yueHsr aHaIOrNM HAYAIBHO-TPAHWYHBIX 33729 JJIsS ypaBHEHHUIT mapaboJio-
runepOOTMIECKOr0 THITA B IIPAMOYTOTBHBIX 00TACTIX.

B nannoit paboTe yCTAHOBIEH KPUTEPHIi €JIMHCTBEHHOCTH PEIIEHH, a CAMO
pelleHne MOCTPOEHO B BHJIE CYMMBbI Psijia 110 COOCTBEHHBIM (DYHKIUAM JIBYMEP-
HOI CTieKTpasbHOl 3aa4un oneparopa Jlammaca. [Ipu 060CHOBAHNY CXOIMMOCTH
psa BO3HWKAET mpobjeMa MajIbIX 3HAMEHATeel OT IBYyX TMepeMeHHBIX Goiree
CJIOXKHOM CTPYKTYPBI, 9€M B paHee W3BECTHBIX paboTax. B cBs3u ¢ yem ycTaHOB-
JIEHA OIEHKA 00 OTIENEHHOCTH OT HyJ/sl MAaJbIX 3HAMEHATETeH, Ha OCHOBAHWH
KOTOpOil JIOKa3aHa CXOAMMOCTH psaja y Kiaacce dynknuit C?(Q) mpu HekoTo-
PBIX YCIOBHSIX OTHOCHTENHHO DYyHKIMK ¢ (x,y), & TaK¥Ke MONyUeHbl OeHKH 00
YCTONYMBOCTHU DEITIEHUs] TT0 OTHOIIEHUIO TPAHUYHOMY YCJIOBHIO.

31ech puBeneM psij Pe3yJIbTaTOB.

Teopema 1. Ecau cywecmeyem pewenue 3adauu (2) — (6), mo ono edun-
CMBEHHO MOALKO M020a, K0200 NPU BCEX M U T BHNOAHEHL YCAOBUA

Ommn (@) = €08 M@ 4+ A sin A # 0, (7)

A2 = b+ 2 (’;)Z(’;)Q . (8)

Ormerum, uTo B ambHeiimem B (8) Gymem cumtath, 9to b = p? > 0 (1 = 0),
Tak Kak ecan b < (0, TO HaYMHASA C HEKOTOPBHIX HOMEPOB N > Ng WX m >
™Mo npaBag 9acTh (8) IPUHUMAET TOJIBKO IIOJIOKUTEIbHBIE 3HAUEHUS, T.€. 3HAK
ko3 durnenTa b He BAMIET HA MOJTYyIEHHBIE PE3YIbTATHI.

IIpu cobmionennn ycnosuii (7) pemtenne 3aga49u (2) — (6) dbopmanbHo onpe-
gensercd psagom @ypoe

20e

u(z,y,t) = Z U (8)Vmn (2, Y), (9)
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e KO3 PUIMEHTHI HAXOIATCA 1Mo popmyie

—5%" e Xmat, t>0,
i (8) = { @)

M(COS Amnt — A SI )\mnt), t <0,
Omn ()
2 . mmxr . nmy
'szmn = //w T, Y)Umn\T, Y dl’dya Umn\T,Y) = ———SIn S —.
| (, y)vmn (@, y) (z,y) N » .

3aMeTnM, YTO BHIPDAYKEHHUE Oy, (<) ABISETCS 3HAMeHaTeneM Koaddhmuimen-
TOB psga (9) W JIerko MmokKasarb, 4TO ypaBHEHHE Opmn(a) = 0 mMeer cueTHOE
MHOKECTBO HyJIeli OTHOCHTEJIHLHO . B CBsI3m ¢ 3TMM BO3HMKaeT mpobJjemMa Ma-
JILIX 3HaMeHaTeseil OT JByX IIepeMeHHBIX 1 U m 6ojiee CI0KHOH CTPYKTYPHI,
94eM B IUIOCKOM ciiydae [4-7].

JIemma 1. ITycmsb n > m u omuowenue q/p payuonasvho. Ecau & = afq
— NPOUZBOABHOE TOAOHCUMEALHOE PAUUOHAABHOE HWUCAO0, Th.e. & =1/s, 1, s €N,
(r,8) =1, u 66MOAHEHO HEPABEHCTNEO

w2rpq)?® + (2p)*rqrs < 373,

mo cywecmaeyrom mnoAOHCUINEADHDBLE TLOCTNOAHHDLE CO U no (’I’LO S N), maxue,
4Mmo nNPpu 6Cexr N > Ny U A1000M gﬁuwcupoeannmm m cnpaeet?/tuea OUEHKG

[0mn (@)] = Co.

Teopema 2. [lTycmbv nocmosnmnvie &, (L, P = q YI0BAECMEOPAIOM YCAOEU-
am aemmv 1, a gynwyua (z,y) € C°(D) u(0,y) = ¥uu(0,y) = ¥(p,y) =
we(Py) = 0,0 <y < g, P(,0) = Yy (2,0) = P(z,9) = Pyy(x,q) = 0,
Vrayy(,0) = Yazyy(z,q9) = 0, 0 < = < p. Toeda, ecau dpn(a) # 0 npu
n = 1,ng, mo cywecmeyem eduncmeennoe pewenue 3adauu (2) — (6) u ono
onpedeasemces padom (9).
Teopema 3. IIycmo evinoanenv, ycaosus meopemv, 2. Tozda s pewenus

(9) 3adawu (2) - (6) cnpasedausv, oyenxu
lu(@, 9, )| Loy < Crll(e, y)llwy o)

(e, v, )l o) < Callt@,9)los -

2de C1 u Cy — noaootcumenvhvle NOCMOAHHDBIE, He 3a8UCAUUE OM HYHKUUY
U(2,y).
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MHOT'OIEPNOANYECKOE PEIIIEHUE IIOJIYJIMHENHON
Dp-CUCTEMBI

2K. CaprabanoB, A.A. KynbxXymueBa

sartabanov2@mail.ru, aiman-80@mail.Tu

YIK 517.925

Paccmorpena smneitnas cucrema ¢ oneparopom auddepeHmpoBaHus 10
HAIMPABJIEHUIO TJIABHON JUATOHAJM MTPOCTPAHCTBA BPEMEHHBIX TIEPEMEH-
HBIX. YCTAQHOBJIEHBI YCJIOBUsI CYIIECTBOBAHUS MHOTOIIEPHOINIECKOTO pPe-
meHud JUHEHHON CUCTeMBI.

Karowesoe caosa: numeiiHas cuctema, anddepeHnnanbHblil 0nepaTop,
MaTPHUIa MOHOAPOMUH, MYJIbTUINIMKATOD, MHOTOIIEPUOINIECKOe pelIeHne

Multiperiodic solution of a semi-linear D.-system
We considered a linear system with differentiation operator in the direc-
tion of the main diagonal of the space of time variables. The conditions for
existence of a multiperiodic solution of the linear system are established.
Keywords: linear system, differentiation operator, monodromy matrix,
multiplier, multiperiodic solution
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Paccmorpum sinHeliny10 HEOMHOPOAHYIO CHCTEMY

Dex = P(1,t)x + f(7,1) (1)
¢ mdddepentpamnbubm oneparopom D, = = + (e, 2, re 7 € (—00,+00) = R
ut=(t1,...,t;m) € R™ — BpeMeHHbIE [IEDEMEHHBIE, (, ) — CKaJISIPHOE [IPOU3BE/Ie-
aue m-sekropos ¢ = (1,...,1) u % = (%, - %), x = (21, ..., Tp) — UCKOMAS

dbyHKIHA.
Honycrum, uro marpuna P(7,t) u 3anannas Bekrop-gyukuus f(7,t) obia-
JAIOT CJIEAYIOIIUMY CBORCTBAMMU:

P(r 4 0,t + kw) = P(r,t) € C4 (R x R™), ke zZ™, (2)
Fr+0,t+kw) = f(r,t) € CGVRx R™), ke z™, (3)

rae 0 = wog, W1, .., Wy, — PAIMOHAILHO HECOM3MEPHUMBIE IIOJIOZKUTENbHbIE TIOCTO-
suuble, kw = (kiwi, ..., kmwm) — KpaTHbIH BekTop-niepuon, k = (ki,...,kn) €
Z™, Z — MHOXKECTBO TIeJTbIX YHCeJI.

[TocTapum 33129y O BBISICHEHWH YCJIOBHI CyIIECTBOBAHUS MHOTONEPHOIATE-
ckoro pentenus cucrembr (1).

Jljist pelenust moCTaBIEHHON 38,1841 CHAYAJIO UCCIELyeM YCJIOBUS CYIECTBO-
BaHMsI MHOI'OIIEPUOIMYECKOIO PELIEHUsI COOTBETCTBY FOIIEH OHOPOIHOM CUCTEMbI

D.x = P(r,t)x. (4)

Herpyauo nokazare, yro marpunant X (7,t,0) cucrembr (4) obiagaer cBoii-
CTBAMU:

X(r+0,t,0)=X(1,t,0)X(0,0,0),
X(r,t + kw,0 + kw) = X(7,t,0), keZ™,

roe o =t — eT.

Marpuuy X(0,0,0) nasosem marpuueii monogpomuu. IIpemonoxum, 4ro
MaTpuna MoHompomun X (0,0,0) wMeerT BelnecTBeHHBIH Jorapudm. 3HAUNT
MOXKHO BBIOPATH 3aMKHYTHIN KOHTYP 7y, KOTOPBI# OyIeT OKPYyZKAaTh CIEKTP MaT-
PHUIIBI MOHOJAPOMUHM, HO HE OyJeT OXBATHIBATH HYJIb, & 3aTEM OIIPEIE/IUTH HA HEM
OTHO3HAYHYTIO BETBb In A M MOCTPOUTH JIOrapudM MATPHUIIBI MOHOJIPOMHUHU COOT-
HOIIIEHUEM

InX(0,0,0) = —%]flm[xw,a, o) — AE] " d), (5)

rae A; = p;(0) — cOOCTBEHHbIEe 3HAUEHHsI, IMEIOIIIe KPATHOCTH N, j = 1, 1.
CobcrBenmble 3nadenns p; (o), Marpunanra X (0, 0, o), onpenenseMbre BEKO-
BBIM yPaBHEHHEM

det [pE — X(0,0,0)] =0

HA30BEM MYJILTUILIMKATOpaMu cucrembl (4), E — ejuHudHas MaTpuUlia.
CripaBeI/IMBO CIEIyIOmee y TBEpK ICHNE.
Teopema 1. /las mozo wmobws cucmema (4) npu yeaosusx (2) u (5) ume-
A0 HETMPUBULALHOE MHOZOTEPUOIUNECKOE PEWEHUE HE0OT00UMO U JOCTRATIOWHO,
uMobbL MO KPaTinoti Mepe 00UN U3 MYALMUNAUKAMOPOS €€ Obla PAGEH eQUHULE.
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Juist uccieoBanusi MHOIOILIEPUOAMYECKOro pentenus cucrembl (1) upeanoso-
KM BBITIOJTHEHHBIM yCJIOBHE

det [X(T +0,t,0) — X(7,t,0)] #0, (1,t,0) € Rx R™ x R™ (6)

06 OTCYTCTBHH -TIEPHOJMIECKOrO 10 7 DEIIeHusi CHCTeMbI (4), OTJINYHOrO 0T
HYJIEBOTO.

B uacrrocru, yciosue (6) mMeeT MeCTO ecadm BCe MYJIBTUILIHKATOPHL p(0)
COAEPKATCHA BHYTPU €AMHUYHOIO KPYIa KOMILIEKCHO! [IJI0CKOCTH.

ITycrs marpuna G(7,t, 8,0 + es) nMeeT Buj

G(r,t,s,0+es) = [X N (r+06,t,0) = X N(1,t,0)] " X (5,0 +es,0). (7)

Teopema 2. [Iycmo ewunoanensvs yeaosus (2), (3), (5). Toeda npu ycaosuu
(6), 6 wacmnocmu, k0204 6ce MYALMUNAUKAMOPH, cucmemss (4) HATodamces
shympu edunuunozo kpyea |p(o)] < 1, mo cucmema (1) umeem eduncmeen-
Hoe muoznepuoduneckoe pewenue x*(7,t), Komopoe ¢ nomouybro mampuyss (7)
MOHCHO npedcmasums 6 eude

T+0
¥ (r,t) = /G(T,t,s,a—l—es)f(s,a—|—es)ds.

T

Jlamee, METOIOM CXKATHIX OTOOpasKeHU Teopema 2 0000IaeTcs Ha, Caydait
MOJTYINHEIHOM crCTeMbI, Koraa BeKTop-byHKuus f Hapsiay c (7,t) 3aBHCHT OT
MNCKOMO# (DYHKIUH .

Jokanaz nocBsien nanbHeifieMy pa3BuTuio pesyabraros pabor [1-2].
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YCTONMYNBOCTD PEINIEHUN JV®PEPEHIINAJIBHBIX
CUCTEM 110 JIAIIYHOBY U 110 ITEPPOHY
N.H. Ceprees
igniserg@gmail.com

VK 517.926.4

Hosoe mousitue ycroiranocTu 1o [leppoHy cpaBHUBAETCS C KJIACCHIECKIM
MOHSITHEM yCTOMYnBOCTH 110 JIsmyHoBy. IloIy9eH moIHbBIi CIIMCOK JTOTIYe-
CKUX CBsI3€ell MEeXK/1y HUMU U yKa3aHbl UX OCOOEHHOCTH Jjis HEKOTOPBIX TH-
moB cucteM. OOHAPYKEHO COBMAJIEHNE BO3MOYKHOCTEH JIJIsT MCCIIe0BAHUS
PA3IUYHBIX BUIOB YCTONYMBOCTH T10 TIEPBOMY TIPHUOJIMKEHUIO.

Karowesoie caosa: ycToirauBoCcTs 110 JIamyHoBy, mokasaresnu [leppona, mep-
BO€ IIpuOIMKeHre

Lyapunov and Perron stability of solutions to differential
systems
The new concept of Perron stability is compared with the classical concept
of stability according to Lyapunov. A complete list of logical connections
between them is obtained and their features for some types of systems are
indicated. The coincidence of the possibilities in studying various types
of stability by the first approximation is found.

Keywords: Lyapunov stability, Perron exponents, first approximation

st 3aannoit okpectHocTn Hynss G C R™ paccMoTpuM JIONyCKAIOIYI0 HY-
AEB0E PEULEHUE CHCTEMY

= f(t,x), f(t0)=0, f fieCR"xG), R'=][0,00). (1)

Yepes Ss(f) Oyuem 0603Ha4aTH MHOKECTBO BCEX HENPOOOAINCAEMBLT HEHYACEHLT
permennii  cucreMmsbl (1) ¢ Havasbromy yeaosuamu |2(0)] < 4.

Omnpegesenne 1 [1, 2]. Craxewm, uro Jjist cucremsr (1) mmeer Mecto ciery-
IOLIee NEPPOHOBCKOE C80TUCME0 YCMOTHUBOCTU:

1) yemotuusocms no Ileppony, ecniu aus moboro € > 0 cymecrsyer Takoe
d > 0, uro moboe perenne x € Ss(f) ymopierBopsier TpeGOBAHMIO

lim [2(t)] < (2)

t—o0

(ecsin pelienue onpejiesieHo He Ha Beell nosyocu RT ) To TpeGosanue (2), kKak u
rpeboBanue (3) HUKe, CIUTAEM HEBHLNOAKEHHDLM 110 OLPEIEJICHHUIO);

2) acumnmomuueckas ycmotuusocms no Ileppony, eciu CymecTByeT Takoe
d > 0, uro moboe pererne x € Ss(f) ymopierBopsier TpeGOBAHMIO

lim |2(t)| = 0; (3)

t—o0

3) neycmotinusocms no Ieppony, eciu Her ycroiiuusocru no Ileppony;

Ceprees Urops Hukomaesudw, g.d.-m.H., mpodeccop, MI'Y umenum M.B. Jlomonocosa
(Mocksa, Poccus); Igor Sergeev (Lomonosov Moscow State University, Moscow, Russia)
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4) noanas neycmotuusocms no Ileppony, eciu cymiecrsyor rakue £, > 0,
9T0 HU OfHO pernerne x € Ss(f) He yaoemerBopsier TpeboBanuio (2).

Ounpenenenune 2 [3]. s KaxKioro u3 4eTbIPéX 1EPPOHOBCKUX CBOMCTB
YCTOWYIMBOCTH M3 ONpeJiesieHnsi 1 YCTAaHOBUM €ro AANYHOSCKUl aHAJIOT: Yemoi-
YUBOCTND, ACUMNIMOTMUYECKYIO YCMOTYUBOCTIL, HEYCMOUNUSOCTID T NOAHYIO
Heycmotuusocms no JIANYHO8Y, — BCe OHU MOy IAIOTCS 3aMEHO HIKHErO mpe-
Jesia B TpeboBanusax (2) u (3) TOYHOI BepXHeil IPaHbIO U COOTBETCTBEHHO TOY-
HBIM IIPEJIEJIOM C JI0DABIEHHEM YCJIOBUS YCTOHYUBOCTH 11O JIAIyHOBY.

Omnpegenenne 3 [3-5]. [oxasameaamu Ileppona (1930) u JLanynosa (1892)
dynxmum x : RT — R™ HA3BIBAIOTCA COOTBETCTBEHHO BEJIMIWHEBI

1
= tl_l)rgofln|:1c(t)|.

r(o) = lim Tnjz(), A

IlepponoBckue cBOiicTBa yCTONYMBOCTU CBHA3AHbBI C MOKa3aressMu lleppona
aHEA02UYHO TOMY, KaK JIATTYHOBCKME — C TIOKazaTenamu JIamyHora.

Teopema 1 [2]. Ecau das nexomopozo § > 0 nokazameau Ileppona (Jlany-
noea) ecex pewenul x € S5(f) cucmemv, (1) ompuuamesvrv, Mo oHa acumn-
momuuecky ycmotuusa no Ieppony (coomseememeenno no Jlanyrosy, npasda,
npu JONoAHUMENLHOM YCA06uy €€ yemotivusocmu no JIanynosy), a ecau noao-
HCUMEALHB, — MO OHa 6noane Heycmotiuusa no Ileppony (no Jlanynosy).

Mek 1y TIeppOHOBCKMMU U JISITYHOBCKUMU CBOMCTBAME YCTONYIUBOCTHU U3 OII-
penenennit 1 u 2 nefiCTBYIOT €CTECTBEHHBIE A02UYECKUE CEA3U.

Teopema 2 [1, 2]. Jlwobaa cucmema (1):

1) aubo yemotiwusa no Ieppony (no Jlanynosy), aubo neycmoluusa;

2) ecau acumnmomuuecku yemotwuea no Ileppony (no Jlanynosy), mo u
YCmotiuuea, 6 ecal 6NOAHE HEYCMOTUUBA, MO U HEYCMOTUUsa;

3) ecau yemotivusa (acumnmomuuecku) no Jlanynosy, mo u no Ileppony, a
ecau weycmotuusa (enoane) no Ileppony, mo u no Jlanynosy.

Teopema 3 [2]. Jlw6oe cowemanue ceoticme ycmotiuusocmu no Ileppony
u no Jlanynosy, ne npomueopevauiee meopeme 2, peasusyemcs Ha Hexomopos
AUHEUHOT cucmeme
i= A, sup [|AW)] < oo. (4)
teRT

HawGoee codeporcamenvrvimu TPEICTABISIIOTCS CJIEIYIONINAE IBA COTETAHUSI:

1) ycroituusocrs 110 JlanynoBy Bmecre ¢ acumnroruydeckoii — no Ileppowny;

2) nonuas HeycroiuusocThb mo Ileppony (a Torma u mo JIgamyHoBy).

B ciyuae a8moHomMHOU CHCTEMBI JIOTHIECKUE CBA3UM MEXK/y Da3IHuIHBIMU
CBOWCTBAMH YCTONYMBOCTH OKa3bIBAIOTCS HECKOJIBLKO Gosiee KeCTKNMH [2, 6].

Teopema 4. Q0HOMEPHAA AEMOHOMHAA CUCTREMA YCmotuuea (acuMnmo-
muvecku) uau neycmotiuuea (enoane) no Ileppony, ecau u mMoAbKo ecau ona
Yemotuusa (acumMnmomusecky) usu weycmotuusa (6noane) no Janynosy.

Teopema 5. Aemonomnas cucmema enoane neycmotinvuea no Lleppony, ecau
U MOALKO ECAU OHG BNOAHE HEYCOUYUBa No JIanyHnosy.

Teopema 6 [7]. Cywecmeyem 06ymepHas aBMOHOMHAA CUCTNEMEA, ACUMT-
momuyecku ycmouvueas no Ileppony, no neycmotivusas no Jlanynosy.
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B cayuae aunetnot cucrembl Bupa (4) (¢ He 06g3aT€JbHO OrpaHUYEHHOl
dbyuximeii A) cBoficTBa yCTORUMBOCTH TaKKe NMEIOT CBOM OCOGEHHOCTH [8].

Teopema 7 [1]. JTunetinas asmonommas cucmema (4) yemotnusa (acumn-
momuuecku) uau neycmotinuea (enoane) no Ileppony, ecau u Moabko ecau oHa
yemotiuusa (acumnmomusecky) usyu weycmotuusa (6noane) no JIanynosy.

Teopema 8 [2].Cywecmeyem npasuavnaa (cm. [3]) cucmema (4), acumn-
momusecky yemotuusas no Ieppony, no enoane neycmoliwusas no JIanyrosy.

OuHUM U3 OCHOBHBIX MemM0d08 JIANYHO6a sABIIAETCH UCCIEe0BAHUE YCTONYU-
BOCTH CHCTEMBI 110 €€ TIepBOMY TPUOIMKEHUIO.
Onpenenenne 4 [3, 4]. IIycrs B cucreme (1) BBIIENIEHA AUHETHAA IACTD

flt, ) = A(t)x + h(t, ),  A(t) = f(t,0), ()
[IPU JOMOJTHUTETBHOM YCIOBUHU PABHOMEPHOT MAAOCTNY HEJTMHEHHON 106aBKU

sup |h(t,x)| =o(z), = —0. (6)

teRT

Tor/ia COOTBETCTBYIONIYIO JUHEHHYIO CHCTEMY HA30BEM €6 nepevim npubaudice-
HUueM, a eciiu Beskas cucrema (5) ¢ DUKCUPOBAHHBIM IIEPBBIM IIPUOJIUKEHUEM
006J1a1aeT JAHHBIM MEPPOHOBCKUM WU JISIIYHOBCKAM CBOMCTBOM YCTOHYNBOCTH,
TO CKazKeM, 4TO 3TO IIepBoe HpubiuzkeHue obecnedusaem IaHHoe CBOHCTBO.

Be3 TpeboBanus paBHOMEpPHOH MAaJOCTH IOOABKH IIOCTEIHEE OIMpeIeeHne
OKA3bIBAETCS HECCO0EPHCAMENLHBIM.

Teopema 9 [9, 10]. Ecau 6 onpedeaeruu 4 cnams ycaosue (6), mo nuxaroe
NEPEoe NPUBAUICEHUE HE CMONCE, 0BECTEeNUMb HU 00H020 U3 NEPPOHOGCKUT UMY
AANYHOBCKUT CE0TCME YCmotuueocmu 6006ue.

Bce cBoiicTBa ycTONYNBOCTH, B OT/IMYHE OT CBONCTB HEYCTOWIUBOCTH, 0OEC-
[EYUBAIOTCH B TOYHOCTH O00HUMU U TEMU HCe EPBbIMEU PUOJINKEHUSIMHE.

Teopema 10 [2, 9, 10]. Ecau dannoe nepsoe npubausicerue obecnenusa-
em zoms 6ot 00HO U3 YeMuPET c60TUCME: YCMOUUUBOCTND UAU ACUMNIMOMUYE-
ckY10 yemotwusocms no Ileppony uau ycmoiuusocms Uit ACUMNMOMUYECKYIO
ycmotuusocmd no JIanynoey, — mo oHo obecnewusaem U 0CMANbHBIE MPU.

Teopema 11 [9, 10]. Cywecmsyem acumnmomuuecku yemotuusasn no Ilep-
pony cucmema (4), 0becnenusawas nosnyo Heycmotwusocms no Jlanynosy.

Teopema 12 [9, 10]. Cywecmsyem ne énoane neycmotinueas wu no Ilep-
pony, nu no Jlanynosy cucmema (4), obecnenusarowas HEYCMOUYUSOCTG U 1o
Ileppony, u no Jlanywrosy.
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KPAEBBIE 3AJAYN OJI51 BBIPOXK JAIOIITETOCHA
YPABHEHUA CMEIOTIAHHOT O
ITAPABOJIO-TUIIEPBOJIMYECKOI'O TUITA

C.H. Cugopos

stsid@mail.Tu

YIK 517.95

s ypaBHEHHsI CMEIIAHHOTO Iapab0JIo-TUIepOOJINTIeCKOr0 THUIIA CO CTe-
II€HHbIM BBIPDOXK/IE€HWUEM Ha JIMHUW U3MEHEHUdA THIIAa U3YY€Hbl HaYaJ/JIbHO-
rpaHuYHasg 1 OOpaTHasd 334U 10 OLIPEIEJIEHUI0 COMHOXKUTEIEH IIPAaBbIX
JacTeil, 3aBucAIUX 0T BpeMeHn. Ha ocHoBe (pOpMysIBI pemieHust IpsiMoit
3a7a9u pemenne o0PATHON 331291 S9KBUBAJIEHTHO PEIyIIMPOBAHO K Pa3pe-
IMINMOCTHA HArPY’KEHHBIX HHTErPAJIbHBIX ypasHenwil. Vlcnosb3yst Teopuio
UHTETPaJIbHBbIX ypaBHeHHﬁ, JTOKa3aHbl TEOPEMbI €IMHCTBEHHOCTHU U CyIle-
CTBOBAHWS DPEIeHrs MOCTABJIEHHON OOpAaTHON 33/1a4M M yKa3aHa siBHAs
dopmyna penreHus.

Karowesoie cao6a: ypaBHEHHE CMENIAHHOTO IIAapab0JIO-TUIEPOOIIHTIECKOrO
THUIA, HAYAJIbHO-TPAHWIHAs 33/a4a, 00paTHas 33a/a9a, eJUHCTBEHHOCTb,
CYIIIeCTBOBAaHNE, PSJI, MAJIble 3HAMEHATEIN, MHTeTrpaJIbHbIE YPABHEHNS.

Cumopos Craunuciaas HukonaeBud, K.d.-M.H., cac, Crepauramakckuii dununaa ICU Phb;
Crepnauramaxckuil dunuan Baml'V(Crepautamax, Poccus); Stanislav Sidorov (Sterlitamak
branch of the Institute of Strategic Studies of the Republic of Bashkortostan, Sterlitamak
Branch of Bashkir State University, Sterlitamak, Russia)
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Boundary value problems for a degenerate equation of a mixed
parabolic-hyperbolic type

Short abstract. For the equation of a mixed parabolic-hyperbolic type
with power degeneration on the type change line, the initial-boundary
and inverse problems of determining the factors of the right-hand parts
depending on time are studied. Based on the formula for solving a direct
problem, the solution of the inverse problem is equivalently reduced to
the solvability of loaded integral equations. Using the theory of integral
equations, the theorems of uniqueness and the existence of a solution to
the inverse problem are proved and an explicit formula for the solution is
given.

Keywords: equation of mixed parabolic-hyperbolic type, initial-boundary
value problem, inverse problems, uniqueness, existence, series, small de-
nominators, integral equations.

Paccmorpum ypaBHEHHE CMEITAHHOTO THIIA
Lu = F(x,t), (1)

3/1€Ch

_ )t U — s, _ JA@)a(t), >0,
Lu B {(_t)mumz — Utt, F(x7 t) B {f2($)92(t), t < 0»

B TIPSIMOYTOJILHOM 00IacTH
D={(z,)|0<z <], —a<t<p}

rae n, m, I, @,  — 3aJaHHbIE MOJOKUTE/IbHBIE JefCTBUTE/bHBIE Yucaa, f;(x),
i = 1,2, — usBecTHBIE (DYHKIUH B IIOCTABUM CJIEIYONITE 3aIa9H.

Bamaua 1. Hatimu gynxyuto u(z,t), yoosaemeopaowyro cAedyouum yeio-
BUAM:

u(w,t) € C(D) N Cy (D) N Ch(D) N C3(Dy) NC*(D-); (2)
Lu(z,t) = F(x,t), (z,t)€ Dy UD_; (3)
u(0,t) =u(l,t) =0, —a<t<pf; ulr,—a)=0, 0<z<], 4)

2de F(x,t) — sadannaa docmamouwno eaadkan Pymkuyus, Dy = D N {t > 0},
D_=Dn{t<0}.
Bagaua 2. Hatmu gynkyuu u(x,t), g1(t), go(t), ydosaemeoparougue ycao-
suam (2) — (4) u
g1(t) € C0,8], g2(t) € C[—«,0];
u(zo,t) =h(t), 0<mo<l, —a<t<p,

sdecv fi(x), i = 1,2, h(t) — useecmuvie Pynryuu, Ty — 360aHHAL MOYKA U3
unmepsaaa (0,1).

OTMernM, 9TO HAYAILHO-TPAHUIHAS 3a0a49a 1 71 OJHOPOIHOTO YPABHEHUS
(1), r.e. korma F(z,t) = 0 nzydena B paborax [1 — 3], a korma F(x,t) # 0 — B
paborax [4, 5]. B paborax [6, 7] 6bu11 n3y4eHbl 0OpaTHBIE 33/Ja49H JJis Y PABHEHHUS
(1) mo orbickanuto byukuuii u(z,t) u f;(x), korga g;(t) = 1. A B crarbax [8,
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9] paccmorpena obparnas 3aj1ada 2 mis ypasHenus (1), korma n > 0, m =0 u
n=20,m>0.

B mammoit pabore n3ydena obpaTHas 3a7a4a 2 IO OTHICKAHUIO COMHOMKUTE-
Jiell IPABOil 4acTU ypPaBHEHHS CMEIIAaHHOIO 1apadoJIo-ruiepOoInIecKOoro THiia
CO CTEeTeHHBIM BBLIPOXK/EHWEM Ha JIMHUW W3MEHEHWs THIIA, UCCJeOBaHUE KO-
TOPOU NPOBOAUTCA HA OCHOBE DEIEeHWd NMPAMOIl HAYaJIbHO-TPAHUYHON 3318491
1. Pemtenne 3T0it 331841 MOCTPOEHO B BUE CYMMbI OPTOIOHAJIBHOTO Psifia, MPU
000CHOBaHWY CXOIMMOCTHU KOTOPOr'O BO3HUKAET MPObJIeMa MaJIbIX 3HAMEHATEIEM.
B cBsa3u ¢ yem, ycraHOB/I€HBI OLEHKH 00 OT/IEJIEHHOCTH OT HYJIs MAaJIbIX 3HAME-
HaTEJel ¢ COOTBETCTBYIOIIEH ACHUMITOTUKON, KOTOPBIE MO3BOJISIIOT 000CHOBATH
CXOIMMOCTD DA B KJacce PeryspHbix perienuil ypasuenus (1). Ha ocrnose
GbopMyIIbl perenns ITOHM 3a7a4yu pereHne O0paTHON 3a7a49u 2 SKBUBAJIEHTHO
PEeIyIUPOBAHO K PAa3PeInMOCTH HAIPYKEHHBIX WHTErpajbHbIX ypasHenwuit. Vc-
[10JIb3Ys TeOPUI0 MHTEI'PAJIbHBIX yPaBHEHUN JIOKa3aHbl COOTBETCTBYIOIIUE TEO-
PEMBI € TMHCTBEHHOCTH ¥ CYIIECTBOBAHUS PEITEHU TOCTABIEHHBIX OOPATHBIX 3a-
JIad ¥ YKA3aHbI SBHBIE (DOPMYJIBI PEITEeHHUS .
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O TEOPEME BOJIA-IIEPPOHA O CYIIIECTBOBAHUNU
MNPEJIEJIOB PEIIIEHUN /JIsI TUBPUIHBIX JINMHENMHBIX
OYHKIIMOHAJIBHO-IM®PEPEHIIMAJIbHBIX CUCTEM C

IIOCJIEJENICTBUEM
II.M. CumoHoB
simpm@mail.ru, simonov@econ.psu.Tu

YAK 517.977

B Te3ucax mpomosKaeTcs wu3ydeHWe THOPUIHON JIMHEHHON cucre-
MBI (DYHKIMOHAIHHO- T (P epeHIHaTIbHBIX YPABHEHUI C II0C/IeIefCTBH-
em (IVICOOVII). I'mbpuaHOCTh 3746CH NOHMMAETCS TAaK: IEPBad CH-
CTeMa YpaBHEHUI IO YACTH IE€PEMEHHBIX SIBJISIETCS CUCTEMA JIHMHEeH-
HBIX QYHKIMOHAIBHO-Aud depeHnnaIbHbIX yPABHEHNUN C I0C/Ie1efiCTBIeM
(JI®IYII), no apyroit 9acTé NEPEMEHHBIX — CUCTEMA, JINHEHHBIX PA3HOCT-
HBIX ypaBHeHme ¢ nocaeneicrsuem (JIPVII), Bropas cucrema ypaBHEHHIA
10 YJaCTH IIepeMEeHHBIX daBjigeTcsa cucreMa JIPVYII, o apyroit wactu nepe-
menubix — cucrema JIOIVII. Bo3nukaer cucrema aByx ypaBHEHUil ¢ 1By-
Ms Hem3BecTHBIME. [Ipumenen W-meron H.B.A36eneBa K 1ByM ypaBHEHU-
aMm. VI3y4ueHbl 1Ba MOJETbHBIX YPaBHEHHS: OOHO — 3T0 cuctema JIDVII,
BTOpOoe — 310 cucrema JIPVII. I3yuenst 6anaxoBbl HPOCTPAHCTBA IPABBIX
JacTeil u pemeHnii. 9TO MPOCTPAHCTBA (DYHKIMI NCUE3AI0IMNX Ha OECKO-
HEYHOCTH, U APYTroe — IPOCTPaHCcTBA dYyHKIMM, NMEIOIIuil Ipeges Ha bec-
koneunoctu. VI3Bectubl Teopembl Bosist — Ileppona 06 acumirrorudeckoi
YCTOMYIMBOCTH U O CYIIeCTBOBAHWM IpenesioB pemenuit g JIOIVYII us
pabor H.B. Asbenesa, JI. M. Bepesauckoro, IT. M. Cumonosa u A. B. Yu-
crakosa [1], [2]. D1u pesynbrars: Gbuiu noydens: B crarbe Jis JIPYII u
st DJICO/IVIL. B re3ucax Takue pe3ybTaThl IOJIYyUIEHBI OBLIN IIEPEHO-
com ¢ cucrem JIOVII. B cinygae cucremsr I'VICOIYII yranocs cBe3tu K
OAHOMY ypaBHEHUIO B npocrpancrse dbynknuii na noayocu (x JIDOIVII)
WJIA CBE3TU K OJHOMY YPABHEHHIO B IIPOCTPAHCTBE (DYHKIMN HA CIETHOM
muoxecrse (k JIPVYII).

Karuesoie caosa: Teopema Boss—Ileppona, rubpuanas JuHedHAsS CUCTE-
Ma pyHKIHOHATHLHO-AU) DEPEHITNATIBHBIX YPABHEHUH C MOCTeIeHCTBIEM,
MeTO/, MO/IEJIbHBIX YPABHEHUI, Pa3peIInMOCTh B 11aPAaX IIPOCTPAHCTB, Cy-
IIEeCTBOBAHUE IIPENE/IOB PEelIeHnid.

On a Bohl—Perron theorem on the existence of solution limits
for hybrid linear functional differential systems with aftereffect
The theses continue the study of a hybrid linear system of functional
differential equations with aftereffect (HLSFDEA). Hybridism here is un-
derstood as follows: the first system of equations with respect to a part
of the variables is a system of linear functional differential equations with
aftereffect (LFDEA), the other part of the variables is a system of linear
difference equations with aftereffect (LDEA), the second system of equa-
tions with respect to some variables is the LDEA system, for the other part
of the variables is the LFDEA system. There is a system of two equations
with two unknowns. The W-method of N.V. Azbelev is applied to two

PaGora BeimosHeHa npu GuHAHCOBOH nmoanep:kke PODU (mpoext Ne 18-01-00332 A).
Cumonos Ilérp Muxaiinosud, g.¢d.-M.H., npodeccop, IITHNY (Ilepms, Poccus); Pyotr
Simonov (Perm State National Research University, Perm, Russia)
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equations. Two model equations are studied: one is the LFDEA system,
the other is the LDEA system. Banach spaces of right-hand sides and
solutions are studied. These are spaces of functions vanishing at infinity,
and the other is a space of functions having a limit at infinity. Known
Bohl — Perron theorems on asymptotic stability and on the existence
of the limits of solutions for LFDEA from the works of N.V. Azbelev,
L. M. Berezanskii, P. M. Simonov and A.B. Chistyakov [1], [2]. These re-
sults were obtained in an article for LDEA and for the HLSFDEA. In the
theses, such results were obtained by transfer from LFDEA systems. In
the case of the HLSFDEA system, it was possible to reduce to one equa-
tion in the space of functions on the semi-axis (to LFDEA) or to reduce
to one equation in the space of functions on the countable set (to LDEA).
Keywords: theorem of Bohl—-Perron, hybrid linear system of functional
differential equations with aftereffect, method of model equations, solv-
ability in pairs of spaces, asymptotic stability, existence of the limits of
solution.

Bocnonb3yemcest oboznadenuem crareit [3]-[6].

Huxe mpenmomaraem, 9To mpocrpancTtBO B comepkur Bee (PyHKIMH KOH-
CTaHTHI, a MOAIPOCTPAHCTBO By He CONEPKUT OTIMYHBIX OT HyJIs KOHCTAHT.

Byzmem roBopuThH, YTO BEKTOD z(oo):(B)—tanOl<> z(t) ects “B-npeden’ dyuximm
z € B, ecau pasnocrb z — z(00) UpUHAMIEXKUT HpocTpaHcTBy By, T.e. eciu
Tim [z — 2(o0)}¥|lm = 0.

Ecin B = L, To Torma z(oo) = VI;Eii}iicm z(t). Yepes B; o6o3Haunm mpo-
crpancTBo dyukuuit z € B, g kax10it u3 KoTopbix cyiecrsyer B-npejen ¢
HOpMOii || z||B, = ||z||B- AHamornumno onpenenum mpocrpancrso C) TakuxX HyHK-
mnit x € C, nys KasKaoi u3 KOTOPBIX CYIIECTBYET tllglo z(t) = z(c0) € R ¢
ropmoit [|zfle, = [lzf|c-

OTHOCHTETbHO MOJEIbHOTO ypapHenns L§;x = z u npoctpanctsa B 6yzem
HPEIIOJIAraTh, 9TO

a) omeparop Komm Wi neiicreyer u3 npocrpancrsa B; B npocrpancrso C)
U OrpAHUYEH;

6) cToabubl byHIAMEHTATHHON MATPUILI U1 TPUHAJIEKAT TPOCTPAHCTBY
C.

OTu ycnoBHA O3HAYAIOT, YTO HMMEET MECTO HEIPEPLIBHOE BJIOXKEHHE
D(£Y,,B;) C C;. Cnemopatennro, mpesmonaraercs, uTo (yHIaMeHTaTbHAS
marpuna Uy nmeer koreuHsrit npenen Uy (0o) = tli)rglo Ur1(¢).

Nwmeer mecto menpepbisHoe Baoxkenue D (LY, B) C C.

31ech Mpe/InosaraeM, 9To MPOCTPAHCTBO b conepKuUT Bee (DYHKITNN KOHCTAH-
THI, a TIoaTpocTpancTBO b’ He COmepKUT OTAMYHBIX OT Hyasa KoHcTaHT. Yepes
b! o6o3mauumM mpocrpancTBo byHKIM g € b, 118 KaxK10it U3 KOTOPHIX CyIIie-
crByer b-upezen g(oo) ¢ nopmoii |||l =|9]lb-

Nnave rosops, mpocTpancTso bl cocrour m3 Bcex dymkimit g € b, crpe-
manmxca nupu n — 0o, n € N, npezneny g(co) mo mMerpuke IpoCTpaHCTBA b,
IpUYeM HeTPYIHO II0KA3aTh, 4To b! gBIgercs 3aMKHYTBIM MOIIPOCTPAHCTBOM
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upocrpascrBa b u coBnajaer ¢ 3aMblKaHueM 10 HOpME || - ||p JuHeiiHoro MHO-
roobpasust Bcex pUHUTHLIX PyHKINH g € b 1 GyHKIM KOHCTAHT. AHAJIOrUIHO
OTIpeiesTsteM POCTPaHCTBO bl.

Bcrogy Oynem mpesmosiararh, 9To JJIsi IPOCTPAHCTBA b U MOJIEIBHOTO ypaB-
Henust L5 = U BBINOTHEHBI YCIOBHSL:

a) oneparop Koum Was geiicTsyer u3 npocrpancrsa bl B npocrpancrso Kf)oo
U OrPaHUYEH;

6) crosbme! dbyHIaMenTambHON MaTpuihl Usy ypasrenus Loy = 0 mpunaji-
nexat npocrpancTsy £L_,.

Taxum 06pa3oM, mMeeT MecTo HempepbiBHOe Bioskerne D (L9, bl) C ¢, u
cyuiecrBoBanue npejesos lim y(n) = lim y[n] = y(oco) Beex pewenuii ypas-

n—oo n—oo

nerns L9,y = g B caydae g € bl.

Uwmeer Mecto HenpepbiBHOe Biokenne D(LYy, b) C log.

Cdopmynupyem pacmpocrpanenne Teopembl Bomnst — [leppona Ha ypaBHeHue
L{z,y} ={f, g}

Teopema. Onepamopv. L12 : D(L£9,,b) — B, Lo : D(£Y,B) — b deii-
cmeytom u ozpanusen, npuvem Li2(D(LY,,bY)) C By, Lo1(D(LY,B;)) C bl.
IIycmo ypasnenue L1z = f D(LY), B)—ycmotivueo u ypasnenue Losy = g
D(£Y,,b)—ycmotinueo, a onepamopw L11 : D(L11) — L, Loz : D(L22) — £
detiemeyem us npocmpancmea D(LY}, B;) u D(LY,,b!) 6 npocmpancmea B u
bl u ozparunens. ITycmo, daree, ypasrenue Lix = (L11 — L12Co2Lo1)x = f1
D(£Y,,B)—ycmotinueo u onepamop L1Wi1 : By — By oepanunen. Hau, nycmo
ypaenenue Lox = (Log — L21C11L12)y = g1 D(LY, b)—ycmotinuso u onepa-
mop LoWas = bl — bl ozpanunen. Tozda ypasnenue L{x,y} = col{f,g} 6ydem
D(Lo, B; x b!)—ycmotinuevim.
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O KOMITIO3UIIMOHHOM METOAE B TEOPUU OIIEPATOPOB
IIPEOBPA3OBAHUYA
C.M. Curnuk
sitnik@bsu.edu.ru

YK 517.95

HeobxoaumocTs Teopuu onepaTropos npeobpa3oBaHus JOKa3aHa O0JIbIINM
gucaoM ee putoxkennii. Oco0yI0 poJIib METOIBI OTIEPATOPOB MTPEOOPa30Ba-
HUS UTPAIOT B Teopun aud depeHrmaIbHbIX yPABHEHUN PA3TUIHBIX TUTIOB.
B mokmage 6ymyT n3/102KeHBl PE3yIbTATHI, IOy Y€HHbIE B 9TOM HAIIPABJIe-
HHUU B IIOCJIeJHUE T'OJbI.

Karouesoie caosa: onepaTopsl Tpeobpa30BaHMs, MHTETPAILHBIE TTpeodpa-
30BaHUs, CIeIHaJbHbe (DYHKINY, KOMIO3UIINOHHBIN MeTOs,

On composition method in transmutation theory
The importance of transmutation theory is demonstrated by many appli-
cations. The most valuable its role is in differential equations theory. In
the report the results will be considered in transmutation theory which
were stated recently.
Keywords: transmutations, integral transforms, special functions, compo-
sition method

B nokmaje Gymer pacckasaHO OCHOBHOe cojep:kanue MoHorpadbwmit [1] n [2],
MIPX ITOM JOCTATOYHO MOAPOOHO M3/I0KEH KOMIIO3UIIUMOHHBIM METO/T OMEPATOPOB
npeobpazosanuit. Monorpadus [1] cocraBiena u3 0KTOpcKoii quccepramnuu Ba-
siepust Bsuecnasosuua Karpaxosa (1949-2010) u yacru JOKTOPCKO# Juccepra-
nun C.M.Curnuka, 3ammumnénnoit B 2016 r. Ciaemgyer oTMeTuTh, 9To 06a aBTOpA,
YUIUTE/Ib ¥ €r0 YYEHUK, MPUHAIJIEKAT IITKOJIE W3BECTHONO BOPOHEXKCKOTO MaTe-
Maruka Vpana Ajekcanaposuyda KunpusiHoBa, moayduBmiero (hyHIaMeHTATb-
HBIE Pe3yIbTATHI A1 AuddepeHInanbHbIX YPaBHeHni ¢ onepaTopaMu becces
[0 OJ[HOM WMJIK Y9aCTH [EePEMEHHBIX.

Nsnoxkum 6osee nmoapobuo comnepxanue [1]. Monorpadus nocssiiena npu-
JIOXKEHUSIM METO/Ia OIEPATOPOB IMPeodPa30BaHUA K HCCAeT0BAHUIO auddepeH-
[UAJIbHBIX ypaBHeHUil ¢ ocobeHHOCTsIME B KOd(ddunuenrax. Ocoboe BHUMAHUE
yaesnsiercs nudGepeHITnaTbHbIM YPABHEHUSIM B YACTHBIX TPOU3BOIHBIX C OMEPa-
topamu Beccemns. Mororpadus comep:KuT mogpoOHOe BBEIEHUE B TEOPHUIO OIe-
PATOpPOB MPeOBPA3OBAHUSA U TOCTATOYHO ODIIUPHBINA CIUCOK JIUTEPATYPHI.

Teopust oepaTopoB MPEOOPA3OBAHNUS STBJISIETCS XOPOITIO Pa3pabOTAHHBIM Ca-
MOCTOSITE/IbHBIM PA3/IEI0OM MATEMATUKU. SHAYUTEHHBIA BKJIA B 9Ty TEOPHUIO U
eé mpuioxkenusi K 1udHepeHIraTbHbIM YPABHEHUIM ¢ YACTHBIMU TPOU3BOTHBI-
MH BHeCTH paboThl BOPOHEXKCKOro Maremarnka Bamepus BadecrnaBosumua Ka-
TpaxoBa. K unciy Bazkubix pe3ynbraToB B.B. KarpaxoBa ciemyer oTHecTH mc-
CJIeJIOBAHIE BECOBBIX U CIEKTPAJIBHBIX 33134 1 quddepeHnnaabHbIX ypaBHe-
HUW ¥ CUCTEM C OrepaTopamu Beccelsi ¢ UCIOIb30BaHINEM TEXHUKHU OMEPATOPOB
Ipeodpa3OBAHUSI.

Curauk Cepreit Muxaitnosuy, x.¢d.-M.H., gouent, Besropoackuil rocysapCcTBeHHbIH yHE-
Bepcurer (Benropon, Poccust); Sergei Sitnik (Belgorod State University, Belgorod, Russia)
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Ocobo caemyer BoiaeauTs BBeaéuubiit B.B. KarpaxoBbim HOBBINM Kiace Kpa-
eBBIX 33Ja4 I ypaBHeHus llyaccomHa, permennsi KOTOpOro MOTYT WMETh CyIIe-
cTBeHHbIE 0cOOeHHOCTH. Ha OCHOBE BBEJIEHHOTO MM HOBOTO KJIACCA OMEPATOPOB
npeodpa3oBaHusd, MOIyIaeMbiX n3 u3BeCTHbIX oneparopoB Conumna u Ilyaccona
KOMIIO3UIUAME € ApOoOHBIMEU nHTerpasavmu Pumana—/Inysusis, B.B. Karpaxo-
BbIM ObLIH BBEJEHBI CIENuaIbHble (QYHKIMOHATbHBIE IPOCTPAHCTBA, CONEPHKA-
e (PyHKIUU ¢ CYIIeCTBEHHBIME OCOOEHHOCTSIME, JIOKA3AHBI JIJIsi HUX TEOPEMbL
BJIOYKEHUsI, TIPSIMbIe ¥ O0OpATHBIE TeOpeMbl 0 caenax. s dbyuknuii 6e3 ocobeH-
HOCTell yKa3aHHbIE TTPOCTPAHCTBA cBoAATca K mpocrpanctsam C.JI. Coboiresa,
TaKAM 00PA30M SIBJISSACH UX MPAMBIMU 00001meHnaMu. 111 KOpPEKTHOCTH 33,03
¢ cymecrBenHbIMU ocobennocTsiMu B.B. KarpaxoBbim Ob110 IpeaiozkeHo HOBOE
€CTECTBEHHOE KPAEBOE yCJIOBHE BO BHYTPEHHEH TOYKe 00JIacTH, KOTOPOE 3aKJII0-
YaeTcss B 33JaHWM TPeesia CBEPTKY PEIleHusi ¢ HEKOTOPHIM CJIAYKUBAIOIIIM
anapom tuna gapa llyaccoma. Mbr mpeajaraeM Ha3bIBATh 3TO HOBOE KPAeBOE
ycaosue «K-cmemoms» B decth B.B. KarpaxoBa, KOTOpBIl BBEN 3TO yC/IOBHE U
OAPOOHO M3y4UnI KpaeBbie 3aa4u ¢ HuM. B Tepmmaax «K-cmemay momygaercs
[IOJTHAS XapaKTepu3alus pemreHuil ypasHenus Jlamiaca ¢ BayTpenueil ocoboit
TOYKON, B TOM YHCJIE JJIs PEIIeHnii C CYIIeCTBEHHBIMU OCOOEHHOCTSIMU B ITOMN
touke. /1t JaHHOM 3a/1a9M B yKa3aHHBIX (DYHKIMOHAIBHBIX TTPOCTPAHCTBAaX B.
B. KarpaxoBbim Oblia [J0Ka3aHa KOPPEKTHOCTH MTOCTAHOBKU. JTOT PE3YJIbTAT
0000IIAeT TEOPEMBI O PA3PEIIUMOCTH JJUTUINITHIECKUX ypaBHeHuii B Kinaccax C.
JI. Cobonesa nys rnaakux pertennii 6e3 ocobernnocreit. Kpome Toro, B mociery-
omux padorax B. B. Karpaxosa ¢ coaBropamu ObLIu paccMOTPEHbI 0000IeHN s
HOBBIX KPAEBbIX 3344 IJIsi yPABHEHMUIA ¢ OmepaTopaMu Beccesist u CHHTYISpHBIM
MTOTEHITNAJIOM, JIjIst 00JIaCTel B MPOCTPAHCTBAX JI00aIeBCKOrO U CJIyUast yTIIOBBIX
TOYEK Ha IPAHUIE O0TaCTH.

[MpuBeném coieprkanue KHUTH IO TIIABaM.

Tnasa 1. Beenenue (ucropuveckue cejenusi, pyHKIUMOHAIBHBIE IPOCTPAH-
CTBA, CIENUATbHBIE (DYHKIUH, HHTErPATbHBIE TPEOOPA3OBAHNUS).

InaBa 2. Oneparopsr npeobpaszoanust Connna—Illyaccona—/lenbcapra u ux
MOIU(PUKATIAM.

[nasa 3. Teopusi oneparopos npeodbpazoBanus Bymimana—dpeiin.

[lnasa 4. O61iue BecOBbIE KPAEBbIE 33/1a49U JIJsl CHHTYJISPHBIX 3JJTANTHYECKUX
YPaBHEHMUIL.

naBa 5. HoBbie kpaeBbie 3ama4n 1718 ypaBHeHus [lyaccona ¢ ocobeHHOCTSIMU
B M30JIMPOBAHHBIX TOYKAX.

FnaBa 6. KoMno3umuonHbIil METO MOCTPOEHUS CIJIETAIOMIAX COOTHOIIEHUN
MeXKay pemreHuaMu TudOepeHnuaTbHbIX YPABHEHUN ¢ 0COOEHHOCTAMHI B KO-
durmenrax.

Inasa 7. Ilpunoskenns MeTo1a OmepaTopoB MpeoOpa30BaHNA K OIEHKAM pe-
menunit ayisa auddepeHuasbHbIX yPaBHEHNI ¢ IEpEeMeHHbIME KOddduimenTaMmu
u 3agage E.M. Jlapauca.

Cuucok sureparypsl B [1] conepxkut 0kos10 650 CChUIOK.

B wmonorpaduu [2] uzsaraoorcs Kak M3BECTHbE, TAK U HEJIABHO LO-
JIyUYE€HHBbIE pe3yJbTaThl TEOPUW OMEPATOPOB MPEOOPA3OBAHUS, MPEICTABIISIO-
meit coboit MOTHOCTHIO O(POPMUBITIHHCA CAMOCTOSTEIHHBIN pa3Ies MaTeMaTH-
KU, HAXOIAMMICSH HA CThiKe AuddepeHnna bHbIX, NHTEIPATbHBIX U HHTEPO-
nuddepeHnraabHbIX ypaBHEHNH, (PYHKIIMOHAIHHOTO AHAIN3a, TEOpun (PyHK-
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1uif, KOMIUIEKCHOIO AHAJIN3a, TEOPUU CIenuaibHbIX (GyHKIu u JIpoOHOrO
uHTErpo-audGepeHImpOBaHNsT, TEOPUN OOPATHBIX 33aY U 33,129 PACCESTHUS.

JIureparypa

1. Kampazos B.B., Cumnux C.M. Merox oneparopos npeobpa3oBanus U KPA€BbIe
3a/1a9M Il CHHTYJISIPHBIX JUIANTHYeCKuX ypasHeHuit // CoBpeMeHHasi MaTeMaTHKA.
DynnamenTarbHbIe HATpaBierns, 64:2 (2018), 211-426.
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PA3PEIIINIMOCTBb OBPATHOW 3AIAYM OIIPEIEJIEHU S
NCTOYHUKA C KOMIIAKTHBIM HOCHUTEJIEM B
YPABHEHUMU TEIIJIOITIPOBOJHOCTN

B.B. CosnoBbeB
soloviev.vyacheslav@gmail.com

VIIK 517.95

PaccmarpuBaercs obpaTHas 3aJa4a Olpe/ie/ieHrs ICTOYHIKA B Yy PABHEHUN
TEIJIONPOBOIHOCTH TSI CJIy9asi TEepBOM KPAeBOM 33aJa9M B OJHOMEPHOM
caydae. B kagecTBe momosmHuMTENbHON MHGOPMAIN O PENIEHUM IIPSIMOM
3aza9u (Iepeonpee/IeHn ) IPEII0IAraeTCa N3BECTHBIM CJIe[T €€ PEIIeHHst
B (UHAIBHBII MOMEHT BpDEMEHM Ha HEKOTOPOM oTpeske. Ilomyuensr mo-
CTATOYHBbIE YCJIOBUS CyIIeCTBOBAHUS €JUHCTBEHHOI'O peIlleHus OOpaTHOM
3agaun. PaccMoTpenue 3a1a49u IPOBOAUTCH B Kiraccax (YHKIMHA yJ0BJIe-
TBOPSIIOIINX ycaoBusaM [énbaepa.

Karoueswie caosa: obpaTHas 3a7ada, ypPaBHEHME TEILUIONPOBOIHOCTH, ITe-
peompeneieHNe.

Solvabiliti of the inverse problem of finding source with
compact support in the heat equation.

The inverse problem of source determination for the heat equation in case
of the first boundary problem in one dimensional case is studied. The
trace of the solution to the direct problem on a segment in the last time
is used as additional information (overdetermination) about this solution.
Existance and uniqueness therems for the solution to the inverse problem
are proved. The inverse problems are considered in the class of smooth
functions with the derivatives satisfying the Holder condition.

Keywords: inverse problem, heat equation, overdetermination

ConosbeB Bsauecnas Bukrtoposud, a.d.-M.H., ipodeccop, HalmuoHaabHBIA HCCIEI0BATENb-
ckuil sinepusiii yEmeepcurer «MUDU» (Mockea, Poccus); Vyacheslav Solov’ev (National
Research Nuclear University «MIPhI», Moscow, Russia)
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IIycts T > 0,1 > 0,0 < a < b < [,0 < a < 1- (ukcupoBaHHbIe YUCIIA,
Qr = (0,1) x (0, T]- TPAMOYTOIHHUK Ha TIOCKOCTH TIepeMeHHbIX (z,t). B mps-
moyrosbhuke 7 = [0,1] x [0,7] paccMoTpum 06paTHYIO 3a7ady ONpeieIeH s
napbl GyHkumil (u, f) U3 ycaoswmii:

U — Ugy = f(x)h(x,t) + g(z, 1), (z,t) € Qr, (1)

U(QL'70) = (p(éﬂ),l’ € [O,Z],U(O,t) = Nl(t)vu(lvt) = MQ(t)at € [OvT]v (2)
w(z, T) = x(x),z € [a,b]. (3)

Bynem mpeanosnarars, uto Bxoasuiaa B ypasuenue (1) dbyuxmus f(x) moxer
OBITH OTJIMYHON OT HyJIsl TOJTBKO HA OTPE3Ke [a,b], TO eCTb HOCHTENb 3TOH
GYHKIUKM IpUHALIEXKUT 3TOMy orpe3ky. OnpepenuM OpaAMOyroabHUKH Pr =
[a,b] x (0,T],Qr = [0,a] x (0,T) U [b,1] x (0,7]. Oupenesum npocrpancrso
byHKIMIA:

U(Qr) = {u € C(Qr) s u € Oy (Qr) N C2Hottel2(pryn C2Het+e/2(Qr))

Tak Kak JaHHOe POCTPAHCTBO MYHKIIHUIT He SABJISAETCS OOIEIPUHSTHIM DU U3Y-
genun 33124 (1)-(2) To, chopmynupyem cHadana, TEOpPEMY CYIIECTBOBAHUS M
€JIMHCTBEHHOCTH Delenus npsamMoit 3aza4uu (1)-(2) B srom kiacce dbyHkimii.

Teopema 1. ITycms cnpasedauent ycrosus b, hy € C42(Qr), f € C[a,b].
Tozda npamas 3adava (1)-(2), das mobwz dynkyud py, pe € C[0,T], ¢ € C[0,1],
ydosaemeoparowur ycaosuam cozaacosanud f11(0) = p(0), u2(0) = ¢(1), umeem
eduncmeennoe pewenue 8 kaacce gynwyut U(Qr).

Permrennem obparHroit 3a1a4an (1)-(3) 6ynem nasbsarh napy dysxumit (u, f) €
U(Qr) x C*[a,b] ynosnersopsrouryio ycaosusm (1)-(3).

Teopema 2. Ilycmo cnpasedauen, ycaosus h,hy €  C2(Qp),
h(z,t)hi(x,t) = 0,(z,t) € Qp. Toeda obpamnas 3adaua (1)-(3) ne moocem
UMEMb 08YT PASAUMHLT PeweHuli 6 Mom U MOALKO 6 MOoU CAYae, K020a ompe-
30% [a, b] npunadaesrcum nocumenro pynxyuu h(x,T). Ecau, donoanumensvro x
amum yeaosuam wa Gynkyuro h, eunoaneno nepasencmso |h(x,T)| = hr > 0,
mo obpamuan 3adaua (1)-(3) umeem eduncmeennoe pewenue 0aa 006uL Gyrk-
yuti p1,pe € C0,T),¢ € C[0,1],x € C?%a,b] ydosaremsoparowuz ycroeusam
CO2AACOBANUA.
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O HEKOTOPHBIX HEJIOKAJIbHBIX KPAEBBIX 3AJAYAX
C T PAHNYHBIMU OIIEPATOPAMMN APOBHOTIO ITIOPAOdKA
B.X. Typmeron
turmetovbh@mail.ru

YIK 517.956

B macrosmeit paboTe MCCIeAYIOTCS BOIPOCH! PA3PEIINMOCTH HEKOTOPBIX
HEJIOKAJIbHBIX KPAeBBbIX 3339 /I MOJMTaPMOHUYECKOrO ypaBHEHus. B
KavIeCTBe TPAHUIHBIX OIEPATOPOB PACCMATPUBAIOTCS ONEPATOPHI IPOOHO-
ro qud depennupoanus Tuna Agamapa. JlokazaHbl TEOPEMBI O CYIECTBO-
BAHUS U €IUHCTBEHHOCTU PEIIEHHs UCCIEyeMbIX 331a4.

Karouesvie caosa: npobHasi IPOM3BOIHAS, HEJOKAJbHAA 33/a9a, OPTOro-
HaJIbHAS MATPUIIA, TOJIUTAPMOHIYECKOE YPABHEHIE

On some nonlocal boundary value problems with
fractional-order boundary operators

In this paper, we study the solvability of some non-local boundary value
problems for a polyharmonic equation. Fractional differentiation opera-
tors of the Hadamard type are considered as boundary operators. The
theorems on the existence and uniqueness of the solution of the studied
problems are proved.

Keywords: fractional derivative, nonlocal problem, orthogonal matrix,
polyharmonic equation

IIycrs = {z € R" : |z| < 1} — exuuuunpiii wap, n > 2, 0 — exunudHasa
chepa, u(r) — rnagras bynkmua B Q, r = |z],0 = £,6 = rdir mp>0.
Beeuewm oneparopnr Tuna Anamapa [1]:

Jilul(z) = ;(_OI;) /0’" (hl ;)Oﬁl T tu(r)dr,a > 0,

Dilul(z) = r=Jg " [67[ru]] (z),p =1 <a<pp>1

IIycrs S - neiicrBurenbuag oproronaibuas Marpuna SST = E. Ipeamnono-
JKUM TaKyKe, UTO CyMIeCTByeT Takoe Harypaibroe [ € N uro S = F.
IMycrs 0 < a < 1. Pacemorpum B obactu ) Cleayonyo 3a1ady

(=A)™u(z) = f(z), © € Q, (1)
Dg+ku(_‘1,‘) + asz+ku(Sa:) =gr(z), €0V k=0,1,....,m— 1. (2)

Pemenmem 3amaun (1),(2) nasosem dyrxmmo u(x) € C?™(Q) N C(Q), aus
KOTOPOii ij‘*‘ku(m) e C(N),k=0,1,...,m — 1 u yIOBIETBOPSIONLYIO yCIOBHUIM
(1),(2) B KITACCHYECKOM CMBICJIE.

Pa6ora Bemoneena npm <¢unapcoBoil mnopmepxke rparra MOH PK (mpoekr Ne
AP05131268).

TypmeroB Barupxan Xynpaiibeprenosud, ma.¢p.-M.H., nupodeccop, MexXIyHAPOTHBIH
Kazaxcko-rypenkuii ymmsepcmrer umenm A.Slcasm (Typkecram, Kaszaxcrarn) Batirkhan
Turmetov (A. Yasawi International Kazakh-Turkish University, Turkistan, Kazakhstan)
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Bagaga (1),(2) B cinydae g > 0 ABIAETCH HEJIOKAJIbHBIM AHAIOIOM 33/a49H
PoGena, a B ciyuae p = 0 HeJOKaIbHBIM aHajioroMm 3amadn Heilimawa. Ilpu
ar =0,k =0,1,...,m — 1 nannas 3ana4a n3ydena B pabore [2].

Teopema 1. IIycmov p > (),aﬁC #4141, k=0,1,.m—-1,0< A< 1u
f(z) € CMYQ), gr(x) € CMH1=F(00), k = 0,1,...,m — 1. Toeda pewenue
sadawu (1),(2) cywecmeym u eOUHCMBEHHO.

IIycTs
11 1. 1
0 2 4 . 2(m —1)
A—] 0 22 42 L 2m-1P
0 2m=1 gm=1 = [2(m—1)]"""

Yepez Aj,j =0, ...,m—1, 0603Ha4UM OLIPEJETUTENb MATPHUIIB, IIO/IY IEHHOI
u3 mMarpunpl A yjasenuem 1epBoro crosibua u crpoku (j + 1). B wacrHocTH,

Ag = |A| = detA. Jlerko nokasars, uro |A| # 0.

Teopema 2. Iycmo ;= 0,0 < o < Lial, # £1,0 < A < 1 u f(z) €
CMLU(Q), gr(z) € CMH™=1=KO0), k = 0,1,...,m — 1. Tozda das cywecmesosa-
nus pewenus 3adavu (1),(2) neobrodumo u docmamouwno biNOSHERUA YCAOBUA

[ 0=y fiea@ite =Y e [ gier(@is,
k=1

o0 o0

" ((m —1)12
4m=H((m — 1)!
o) = T3 f) (), e = (1) A T
fi Ot( ) 2m [f]( )7 k,m ( ) k (1+CL[€)‘A|
Ecsn pemenue 3a1a4m CyIecTByeT, TO OHO €JMHCTBEHHO C TOYHOCTHIO JI0
HOCTOSTHHOI'O CJIAraeMoro.
B cayuae o = 1 ucnoub3ys pesyibrarsl paborsl [3] ycioBue paspemmmocTu
zagaan (1),(2) MOXKHO yTOUHUTD.
Teopema 3. Ilycte a = 1, = 0,at #+1,k=0,1,..,m—1,0<A<1mu
f(x) € CMYQ), gr_1(x) € CMH™1=K(9Q), k = 0,1,...,m — 1. Torga mus cy-
niecrBoBanust perenus 3ana4du (1),(2) HeoOX0AMMO U JOCTATOYHO BbINOJHEHMs

yCJIOBUSL X
(L= fal?)™
/ Gm oy @ dr =
Q

B /i(_l)k+1 ( o )Qm_%_mgk_l(x) ds,.

1+ ay,
aq k=1

Ecan pemenue 3aJa49u CyHieCTByeT, TO OHO €AUHCTBEHHO C TOYHOCTBHIO IO
IIOCTOAHHOI'O CJIara€MoOro.

JIureparypa
1. Kilbas A. A., Srivastava H. M., Trujillo J. J. Theory and Applications of
Fractional Differential Equations. — North-Holland: Elsevier, 2006.
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2. Typmemos B.X. O pa3pemnMocTyu HEKOTOPHIX KPAEBbIX 33124 [1JIsi HEOIHOPOJI-
HOT'O MOJINTaPMOHUYECKOTO yPABHEHHs ¢ TPAHNYHBIME OllepaTopamu tuna Anamapa //
Hudd. ypas. , 53:3 (2014), 343-354.

3. Kapawux B.B. O06 ycnoBusgx pa3pemnMocTu 3aga4un Helimara /11t o IurapMOHu-
9eCcKOro ypasHeHud B equauaHOM mape // Cub. xkypH. namycTp.marem., 16:4 (2013),
61-74.

SAJAYA TUIIA 3AJAYN JNPUXJIE B
ITIOJIYVBECKOHEYHOM ITAPAJIJIEJIEIIUITIEJE OJIA
QJVINIITNYECKOI'O YPABHEHN I C TPEMA
CUHI'VJIAPHBIMU KOP®PUIIMEHTAMMN

A.K. ¥Ypunos, K.T. Kapumos

urinovak@mail.ru, karimovk80@mail.ru

VIIK 517.518

Kparkasa amporamus. [las TPEXMEPHOrO JUIMITUYECKOIO YPABHEHHS C
TpeMsi CHHTY/ISIPHBIMU K03(M P unmeHTaMu B 01y0eCKOHETHOM MapaJiiese-
UIIe/ie UCCIeI0BaHa KpaeBas 3aja4da Tuma 3aaadu Jupuxie. Exuacreen-
HOCTb U CymecCcTrBOBaHue peleHud 3a/a4u, J0Ka3aHa C HUCII0JIb30BaHUEM
METOJa CIIEKTPAJIbHOI0 AHAJINA3A.

Karouesvie crosa: cuaryasapHaerii K03d dumuenT, mory0eCKOHedIHbIH mapaJsi-
JIeJITIATIE T, CIeKTPAJIBLHBINA MeTO,.

The problem of the type Dirichlet problem in a semi-infinite
parallelepiped for an elliptic equation with three singular
coefficients

Short abstract. For a three-dimensional elliptic equation with three singu-
lar coefficients in a semi-infinite parallelepiped, a problem of the Dirichlet
problem type was investigated. The uniqueness and existence of the so-
lution of the problem is proved using the method of spectral analysis.

Keywords: singular coefficient, semi-infinite parallelepiped, spectral
method.

Vpuuor Axmakon Kymakosud, 1.¢.-M.H., npodeccop, Pepranckuii rocyJapCTBEH-
el yrusBepcurer (Pepranma, Ysbekucran); Akhmadjon Urinov (Ferghana state University,
Ferghana, Uzbekistan)

Kapumor Kamonunaun Tyitunbaeud, K..-M.H., @epranckuii rocyJapcTBEeHHBIN YHUBEP-
curer (Deprana, Y3bekucran); Kamoliddin Karimov (Ferghana state University, Ferghana,
Uzbekistan)
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Paccmorpum cirefyioinee TpexMepHOe JUTMITHYECKOE yPABHEHHE C TPeMsi
CUHTYJISPHBIMEU KO3 puimeHTamun

2 2 2
Lu = upy + tyy + sz + —aum + —ﬂuy + luz =0 (1)
T Yy 2z
B obmacrm Q= {(z,y,2): x €(0,a),y € (0,+00), z € (0,¢)}, rme
aﬁ,’y,aceRnpnqua,ﬁ7<l/2a>0c 0; u = u(z,y,2)—

Hen3BecTHas (PyHKIHS.
Bamaua D*°. Haiitu bynkuuio u € C ([0,a] x [0,00) x [0,¢]) N C? (Q), ymo-
BJleTBOp#oLLy0 ypasuenuto (1) B obsactu §) U KPaesBbIM yCJIOBUSM

u(0,9,2) =0, u(a,y,2) =0, 0<y<oo, 0<z<¢
u(r,y,0) =0, u(z,y,¢)=0, 0<z<a, 0<y<oo;

u(xz,0,2) = f(z,2), lim u(z,y,2)=0, 0<x<a, 0<2z< g
Yy—00

rae f (z,z) — 3ajannas HenpepbiBHas GyHKIMS.
B pabore nokazama ciemyormas

Teopema. IIycrs byukuus f (z,2z) yuoBiersopser ycjioBusim

f(O,Z):f(a,z):f(x,O):f(x,c) =0,

82
0x0z

[x2a227fm (z, z)] € C([0,a] x [0,8]),

[ Zof (x, z)] =0,

0
: 2« 2a
inr%)a: P2 (2% fo (2, 2)] = iln}l T

[2*7f. (z,2)] = lim

z2—vc 2270z

[ 2 f, (, z)] =0.

Torna pemenne 3amauun D> cymecTByeT, IMHCTBEHHO W OIpeessieTcs (op-
MYJION

= - o _ On Onm?
u(m,y,z):ZZml/z Zl/Z ’YJI/Zfa( >J1/2 ’Y( c )X

=1m=1

lim
20 2279z

><Ii{l/Q—ﬂ ( )‘nmy> frms

rae J; () — dynkuua Beccens mopsiaka | nepsoro poza,

4 C a
Trm = //f (z,2) 22X, (x) 2% Zpm (2) ddz,
J§/2 « (Un) J§/2—'y (6”7") s
X, (z) = 11/2_‘“]1/2,& (onx/a), n €N,
Znm (2) = Z1/2_’YJ1/27,Y (6nmz/c), n,m € N,
Opn W Opm— 3aHYMEPOBAHHBIE B IIOPAJKE BO3DACTAHUSA  IIOJOKHTE]b-

uple mymu dynkumit Jijs_o (¥) u Jipo, (2) coorsercrsemno; K, (z) =
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2172V K, (2) /T (v), v > 0[2]; T (z) — Tamma dynxmua Jiinepa, K;(r)— dynk-
st Makmonanbaa [1].
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ACIMIITOTNYECKOE ITPEJACTABJIEHUE IIEPBOT'O
COBCTBEHHOTI'O SBHAYEHUA 3AJAY POBEHA

A.B. ®uanHoBckuii

flnv@yandex.com

YIK 517.956.226, 517.956.227

W3yuaercsa moBemeHme mepBOro COOCTBEHHOIO 3HAYEHUS KPAEBOI 3a1a<n
PoGena Au+ Au = 0, x € Q, g—:j +au =0, x € I', B orpanndennoit 06-
gactu 2 C R™, n > 2, ¢ rmaakoit rpanuneit I' (v — equamanbiit BekTop
BHEMHeH HOpMay K Of), @ — BEIEeCTBEHHBINH MapamMeTp). YCTaHABIMBA-
eTcd AaCUMIITOTUYIECKOE PA3JI0KEHUE MEePBOro COGCTBEHHOTO 3HAYEHUS TIO
CTeleHsAM CIEKTPAJIbHOIO IapaMerpa upu o — +00. Joka3biBaoTcs Tak-
JKe IBYCTOPOHHIE OIIEHKN PA3HOCTH COOCTBEHHBIX (yHKImiT 3a1a4 PobGena

u Tupuxie.

Karoueswie caosa: omeparop Jlamnaca, 3amaga Poberna, cobcrBennbie 3HaA-
qeHust, COOCTBEHHBIE (DYHKITHN, TApAMETDP, ACUMITOTUIECKOE PA3JIOKEHE,
IBYCTODOHHHE OII€HKU

Asymptotic representation for the first eigenvalue of the Robin
problem

We study the behavior of first eigenvalue of the Robin boundary value
problem Au+ Au =0, xz € (, %+o¢u:(), x €T', where Q CR", n > 2,
is a bounded domain with smooth boundary I', v is the outward unit
normal vector to 0f2, « is a real parameter. We obtain the power-type
asymptotic expansion to the first eigenvalue of this problem for @ — +o0.
Also we prove two-side estimates to the difference between Robin and
Dirichlet eigenfunctions.

Keywords: Laplace operator, Robin problem, eigenvalues, eigenfunctions,
asymptotic expansion, two-side estimates

OununoBckuil Anekceit Bnagucnasosud, a.¢.-M.H., npodeccop, MI'TY umenu H.D. Ba-
ymana (Mocksa, Poccus); Alexey Filinovskiy (Bauman Moscow State Technical University,
Moscow, Russia)
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Bynem paccmarpuBarh criekTpasibabe 3aga4dn Pobena

Au+du=0, z€Q, (1)
<@ + au) =0, a€eR, (2)
v el
n dwpuxe
Au+du=0, z€Q, (3)
u|w6f‘ = Oa (4)

B orpanuyennoit obsactu 2 C R™, n > 2, ¢ riagkoii rpanwureit [, v — equanaabIit
BeKTOp BHemHel HopMasu K I'. O6osnaanm depes Mi(a) nmepsoe cobersennoe
smadenme 30291 Pobena (1) — (2), a wepes AP — meproe cobeTrennoe 3matenye
samaun Jupuxie (3) — (4). B paborax [1] — [3] 6b10 momydeHo ciemyroree

PaBEHCTBO:
auP\? 1 1
)\f"'(a))\?/r<gyl> dsa+0<a), a — 400, (5)
D

rae uy () — mopmupoBanuast B Lo((2) mepsast cobcrBenHas (HyHKIHUS 337250
Hupuxie (3) — (4).
Teopema 1. ITycmo f € Ly(Q), g € HY/?(T) u evinoanaemcs pasencmeo

D
/u{jfdx—i—/aaﬁgdsZO.
Q r ov

Tozda cywecmeyem eduncmeennoe obobuennoe pewenue v € HY(Q) xpaesoti
3adanu

Av+ I \Pv=f zeQ, (6)
U|:E€F =9, (7)

ydosaemeopsrousee Yca08u0

/ vul dr =0, (8)
Q

U 0AA HE20 UMEET MECTO oueHKa

vl @) < Cr (1o + gl iz ry) -

[Ipumensst Teopemy 1, TOMy9aeM CJIeIyIOmee AaCMMITOTHIECKOE PA3IOKEHNE,
yroungioriee (5).

Teopema 2. /[as cobcmeentozo snauenus Ny cnpasedaueo acumnmomure-
ckoe npedcmasaerue

auP\?> 1 ouP v 1 1
R(.\ _\D _ 1 z_ 1
AT(@) =M /F<8z/> dsa /1*(‘)1/ v Soﬂ—ko(c@)7 ©)
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o — 100,

2de v — 0600WEHHOE PEeweHUe KPaesoT 3a0a4u

D 2
Av+)\?v—/r<aau;> dsuf, x€Q,

oub
U|JL‘€F = - v )

ydosaemeopsirowee ycarosuro (8).

Tak xax moBepxHOCTH I' IagKasi, TO BCe BXOISIIINE B MPAaBYIO 9acTh (Hop-
mysibl (9) uHTErpasibl UMEIOT cMbICa (CM., Haupumep, [5], reopema 7.1.3).

O6osznaunm wepes {A\F(a)}22 | nocienosarebHOCTh COBCTBEHHBIX 3HATEHMIT
sajaun Pobena, a yepes {AP}2° | — nocsienoBaTenbHOCTh COGCTBEHHBIX 3HAYE-
uuit 3agadn Jupuxie Au + Au = 0, x € Q, u = 0, x € T'. Cobcreennbie
3HAYEHUS CYUTAEM 3aHYMEPOBAHHLIMU B [IOPAJIKE BO3DACTAHUS C YIETOM Kpa-
trocreit. [Tycrs {uﬁa}?;l u {uP }2° | — cooTBeTCTBYIONIIE OPTOHOPMUPOBAHHbIE
(B L2(§2)) mocnemoBarenbHOCTH cOOCTBEHHBIX QyHKIWMI 3amau Pobena n Tnpu-
xsie. O6o3nauum 4yepe3 m(\) KpaTHOCTh cOOGCTBEHHOrO 3Havenus A. g Beex
«a € R bynem mosararb

/ ukR)aukD dr > 0.
Q

Teopema 3. (cm. [4]) Hyems m(A\P) =
MaKoe, WMo NPu 6CeT & > (v, BUNOAHEHO M(A

1. Tozda cywecmeyem oy € R,
() =1 u cnpasedausvi oyenru

02 03
5 S ui 0 = ui 12 (o) < -

2de Cy, C35 — nosostcumensvHsie NOCMOAHKLE, He 3a6UCAULUE OM, (L.
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Ob OJHOM METOAE ITOCTPOEHUS ITAPBI JTIAKCA
A.P. XakumoBa
aigulya.khakimova@mail.ru

VIK 517.9

B pa6ore 06cyxkmaercss mpsiMoil MeTo/1 IOnCKa mapsl JIakca s HeanHe-
HOI'O MHTEIPUPYEMOI'0 ypaBHEHUs. B KadecTBe [1€pBOIro ypaBHEHUS L1APbl
Jlakca Gepercsi TuHeapu3aIms PACCMATPUBAEMOTO HEJIMHEHHOTO ypaBHe-
Hust. BTopeiM ypaBHeHWEM TIapbl Oy/1eT 00bIKHOBeHHOE ud depeHnmaib-
HOE ypaBHEHHME COBMECTHOE C JIMHEAPU30BaHHBLIM ypaBHeHuem. d1o OY
MOYKHO BBIOpPATh TaK, 4TO IMOJIyUY€HHAS Mapa JeHCTBUTEHHO OyIeT mapoit
Jlakca Ajs MCXOIHOTO HEJIWHEHHOTO ypaBHEHWs, B TOM CMBICJIe, 9YTO OHA
COBMECTHA TO/a U TOJIbKO TOTJIa, KOI/a BblosHAeTcs ypasuenue. [Tosy-
JeHHas Tapa Jlakca mmeer 6ojiee BHICOKUIA TTOPSIIOK, YeM OOBIYHAS TIApPa,
OJIHAKO TIOHMKEHUEM IMOPSAIKA OHA CBOAUTCH K OOBIYHOM.

Karoueswie cao6a: HeIuHEHHbIE UHTETPUPYEMbIE YDABHEHUS, JTHHEAPU30-
BAHHOE ypaBHEHUE, NHBAPUAHTHOEe MHOroo0pasue, mapa Jlakca

On a method for constructing a Lax pair

The paper discusses the direct search method for the Lax pair for a non-
linear integrable equation. The linearization of the nonlinear equation
under consideration is taken as the first equation of the Lax pair. The
second equation of the pair will be an ordinary differential equation con-
sistent with the linearized equation. This ODE can be chosen in such a
way that the resulting pair is indeed a Lax pair for the original nonlinear
equation, in the sense that it is consistent if and only if the equation is
satisfied. The resulting Lax pair has a higher order than a regular pair,
but by decreasing the order it reduces to the usual one.

Keywords: nonlinear integrable equations, linearized equation, invariant
manifold, Lax pair

[Tapa Jlakca siBiIsieTcst Ba2KHBIM WHCTPYMEHTOM HUCCJIEIOBAHWS HEJIUHEITHBIX
ypaBuenuit. OHa MO3BOJISET HAXOAUTH TAMUJIBTOHOBY CTPYKTYPY, HWHTEIPAJIBI
JIBUZKEHWSI, BBICIIHE CHMMETPHUH, TOYHbIE U ACHMIITOTHYCCKHUE DEIIeHUs] U T.1I.
Paszpaborka HOBbIX MeTOIOB HOKMCKA 11ap Jlakca ocraercs akTyajbHON, HECMOTPS
HA TO, YTO UMEIOTCsl PA3JINUHBIE CIIOCOObI PeIlieHus ITOH 3a1a49u (CM., HATPUMED,
[1] - [4)).

Joknay ocHOBaH Ha pe3yJbraTax, MOJY4YeHHBIX B Hammx paborax [5] - [10],
B KOTOPBIX pa3padoTan crocod moCTPOeHus MPeICTaBIeHus Jlakca, HCIoIb3yio-
it noustue cummerpun. Kparko uziokuM cyrb Meroa.

Paccmorpum HenmuHEHOE ypaBHEHNE B YACTHBIX MPOU3BOIHBIX BUIA

A
up = fz,t,u, U, Ugsy - ., UR), Uj = pt (1)

HccnenoBanue BEIIOJIHEHO 33 CIeT rpanTa Poccufickoro mayroro ¢gouaa (mpoexkrt Ne 15-
11-20007).

XakumoBa Affryns PuHaToBHA, HHXKeHep-HCCIeA0BaTEeNb, VHCTUTYT MAaTeMAaTHKHU C BBI-
anciurensHeiM nerTpom YOUIT PAH (Vda, Poccus); Aigul Khakimova (Institute of
Mathematics, Ufa Federal Research Centre, RAS, Ufa, Russia)
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Jluneapusyem ypasuenue (1)

_(of  9f o e 9 pr
Ut<8u+8u$Dx+8usz+ Jrausz U. (2)

Paccmorpum obbikHOBeHHOE M HEpEeHITHATHHOE yPABHEHNE
Um = F(x7 t’ U? UZE? UEI) MR Um—lvua umaumma R 7u’n)7 (3)

rae U = U(x, t) uckomas Gyukuus, a Gbysximsa v = u(x, t), aBIrOIaacsa HEKO-
TOpbIM perenueM ypashenus (1), Bxouut B (3) B KadecrBe QPyHKIMOHAILHOIO
napaMeTpa.

Ounpenenenune Ypasuenue (1) onpedeasem o06obusernoe uUHBAPUAGHMHOE
mnozoobpazue (OUM) das ypasuenus (1), ecau ycaosue

D' Ur = DiUnl (1) (2),3) = 0

BUNOAHACTNCA TOHCIECTNBENHO 0% 6cex 3nadenuli nepemennos {u;} w U, Uy,
o Ut

31ech mepeMeHHbie Uy, Up U WX TPOW3BOHBIE 110 & 3AMEHSIOTCS B CHILY yPaB-
nernii (1) u (2), a nepemennsie Uy, Upt1,... — B cuny pasercrsa (3). ITo-
ckosbKy nepemennbie T, t, U, Uy, Upy, ..., Un—1, U, Uz, Ugz, -, Un, Uptl,
...B ypaBHeHun (3) sABJSIOTCS HE3ABUCHMbIMM, 33/1a4a OThICKAHUs (DYyHKIUU
F(z,t,U, Uy, ..., Upn—1;U,Uzg, ..., Uy,) SBISETCS TIEpEONpeeseHHol 1 dddex-
THUBHO pPEHIaeTCA.

B mammx paborax paccMaTpUBAIOTCS CAEAYIOIMME IBA KJACCA ODOOIEHHBIX
WHBAPUAHTHBIX MHOTO00pA3Mii:

1. Z aij()\,u, U, . )UZUJ + k=0;
4,j=0

m
2. Zaj(/\,u,ul, . )UJ = O,
j=0

e k, A — TIpPOU3BOJILHBIE TTOCTOSTHHBIE.

B nepsom ciyuae, korgpa OUM 3amaercs HesiuHETHBIM ypDABHEHHEM, CHCTEMA,
ypasuennii (2)-(3) obpasyer HeamHeitnyo napy Jlakca mis ypasHenus (1), Ko-
TOpast MPOCTHIMU TPE0OPA3OBAHUSIMH CBOJINTCS K JIMHeHOi. Bo BTopowm ciytae,
korma OUM 3amaercs jiMHedHbIM ypaBHEHHEM, U3 PaBeHCTBA (2) JIErKO BBIBO-
JIATCS TAKOM BAYKHBIN B TEOPUU MHTEIPUPYEMOCTH OOBEKT, KAK OMEPATOP PEKYP-
cun. DPPEeKTUBHOCTH METOIA TTOCTPOEHUS Aapbl JIakca U oneparopa pekypcun
anmpoOUpoBaHa Ha MHOTOYHMCIIEHHBIX mpuMepax (cM. [5] - [10]).
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B macrosimeit paboTe HaiIeHBI yC/JIOBHS PABHOMEPHOUW CYMMHUDPYEMOCTH
cpemunx Pucca criekTpasibHBIX pa3sioKeHwil GyHKIUH, TPUHAITEKANAX
kmaccy Hukomnckoro Hy'.

Karoueswvie caosa: oneparop llIpémunrepa, cnekTpajbHBIE PAa3JIOXKEHUS,
cpemuue Pucca.
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On spectral decompositions of functions from Nikolsky spaces
with respect to eigenfunctions of the Schrédinger operator in
3-dimensional domain
This paper is devoted to establish uniformly summability conditions for
the Riesz means of spectral decompositions of functions from Nikolsky

spaces Hp'.
Keywords: the Schrédinger operator, spectral decompositions, the Riesz
means.

B npowussonbHOil Tpexmepueil obsactu ) paccMOTPHM HEOTPUIATEIBHYTO
dyuxmmio g(z) > 0 n q(x) € La(R2). Oboznaunm uepe3 {u,(z)} moanywo op-
TOHOPMUPOBAHHYIO CUCTEMY COOCTBEHHBIX (DYHKIUT IPOU3BOJIILHOIO HEOTPUIIA-
TEJIbHOIO CAMOCOIPSKEHHOro pacipenus oneparopa Hpénunrepa —A + g(x)
C YUCTO TOYEIHBIM CIHEKTPOM, COCTOSIIUM U3 COOCTBEHHBIX 9ucen A, = 0.

It mo6oit byukiuu f(x) € Lo(2) u obosuadum yepes f, ee koaddunuen-
o1 @ypbe no cucreme {u,(z)} u BBemem cpennne Pucca paga @ypoe Gynkimn
f mopsiaka s > 0 :

B = 3 (1- ) fun @ m

st KaxK10ro KOMIakTHoOro noamuoxecrsa K C € oboznauum yepe3 Sk (t)
CJIELYIONYI0 BEJMYUHY:

s = | sw [ lawPay
reKCQ
ly—z|<t
IlycTs
IS
t
Q) = g€ L) : /ydt<+oo, KcCQt>0.

0

OCHOBHBIM PE3yJILTATOM JAHHOMN PAOOTHI SBJISETCS CJIELYIONAs:

Teopema. ITycmo Q) - npoussoavras obaacmo, g € Q(), {un(x)} - noanas
OPMOHOPMUPOBAHHAA CUCTNEMA CODCTNEEHHBLL PYHKUUT NPOU3BONLHOZO HEOM-
PUYAMEABHO20 CAMOCTPANCEHH020 pacwuperus onepamopa —A + q(x) ¢ wuemo
moueunsim cnexmpom A = 0.

IIyemoy f(x) - npoussosvnas Pynruus, Yoo6AEMBOPAIOULAHL CACOYIOULUM
mpem mpebosanuam: 1) f(x) Punumna 6 obaacmu Q; 2) f(x) npunadaescum
6 obnacmu Q xaaccy HS () npu o = 1 — s, 2de s 3axaoueno 8 unmepsane
0 < s <1; 8) 6 nekomopoti codeporcawets 6 Q obnacmu D pynruyusa f(x) npu-
nadaestcum waaccy Hy (D) npu a > 1—s, pa > 3. Tozda pasnomepro omnocu-
meavHo T 6 Kascdotli cmopozo enympenneti nodobaacm D' obaacmu D umeem
MECMO PABEHCME0

lim B f(x) = f(z).
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JokazaTeabCTBO TEOPEMBI TIPOBOAUTCS METOIOM Pa3pabOTAaHHBIM aKaIeMHU-
kamu Unbunbiv B.A u Asnumossiv ITT.A (em [1]-[4]), va ocrose dopmyist cpes-
HEro 3HaYeHus JJisi COOCTBEHHBIX (DyHKIIHIA.
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B pabore paccmarpuBaeTcs CrieKTpasibHas 3aa4qa tuna CTeKI0Ba Ha CO-
equnennn AByX obsmacteil. IlocTpoeHbl acHMITOTHKU COOCTBEHHBIX 3HA-
YeHUH 1pU CTPEMJIEHUU MAJIOro IapaMerpa, XapaKTepusyIolulyl0 MUKDPO-
CTPYKTYpPY Ha uHTepdeiice, K HYIIIO.

Karoweswoe caosa: 3amaga CreksioBa, muddepeHnuaabuble ypaBHEHNS,
CIIEKTPAJIbHAS TEOPHUI

On the Steklov Sieve

We consider the Steklov type spectral problem on a junction of two do-
mains. We construct the asymptotics of eigenvalues as the small param-
eter characterizing the microstructure of the interface, tends to zero.

Keywords: Steklov problem, differential equations, spectral theory

PaBora BeimosiHeHa npu dbuHaHCOBOH noaepkke PODU (mpoext N 18-01-00046).

Yeukwun I'puropuit Anekcanaposud, a.d.-M.H., mpodeccop, MI'Y umenu M.B. Jlomonoco-
Ba (Mocksa, Poccus); Gregory A. Chechkin (Lomonosov Moscow State University, Moscow,
Russia)
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O6osnaunm uyepes  obnacrs B R?, rpanuna xoropoit I' asjigerca riaKoi
W B OKDECTHOCTH KOHIOB OTpeska I'y = [—1; 1] ma ocn aGemmce cosmamaer ¢
TMPSAMBIMA T = —% nxr = % coorBercTBeHHO. OOO3HAYNM HEMYyCTOU yIaCTOK
rparnnpt e = {x € ' : 25 > ¢} s mekoToporo GuKCHpoBaHHOTO ¢ > 0 U MyCTh
[y =T\T,.

I[Mycrs Q — npaMOYrobHUK {x €ER?:z, € (—%, %) ,To € ( he, ha)} B
— IPAMOYTOJBHHK {{ ER?2:¢ € (—%; %) €0 € ( g, %)} HaHOMHI/IM, uTo € =
ﬁ, rne N € N. O6osnaunm B = {x € Q: e (z1—j,22) € B}, j €Z, B. =
(U B? u paccmorpum noniocy ¢ Kanamamu Q. := Q\ Be. BepTukambuyio rpanuity
j
kanasoB obozHaunm . = OB, N Q. Ompenennm obmacts €. xax Q \ Q. (cm.
puc. 1). O6o3naunm I'§ = {x el |za| > —} nY.,= {x € 0Q: : |x2| = 75}

[pocrpancrso H'(Qe, T'2) onpenermy xak 3ambikanue muaoxectsa C(€),)
dbywuxmit, paBHBIX HYI0 B OKpecTHOCTH ['9, 0 HOpMe H!(€2.).

r Q,

s
>

[ ]
=

o[~

Bl

Puc. 2.1: Crpykrypa obnactu 2.

Paccmorpum crieayroIyio crekTpaibHyo 3aaady tumna CTeksiosa
—Au. =0 B €,
e — 0 Ha FQ,

Gue — ma Y. UTS,

8“5 = A.u. Hall,.

31ech u gajiee v — BEKTOP €IMHUYHON BHELIHEH HOpMaJId.

CroexrpanbHas 331a4a g oneparopa Jlammaca B orpanu<dentoit ob1acTu ¢
ycioreMm CTeKJIOBa HA YACTH TDAHUIIHI SBJISETCS CAMOCOTPSKEHHOM, Pe30JIh-
BEHTA COOTBETCTBYIOIIETO ONEpPaTopa KOMMAKTHA W IMOJOXKHTedbHA. [loaTomy,
sazava (1) umeeT AUCKpeTHBINA coekTp, yxoasumii B 0o. O6o3HauuM cOGCTBEH-
Hble 3HAYEHMs ITOW 33/1a4H, IIepeHyMepPOBAHHbIE C y4eTOM KPaTHOCTHU, Uepe3
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Ae,ls Ae,25- -3 Aejy - —F 00, & COOTBETCTBYIONHE COOCTBEHHbIE (DYHKITUH depes3
Ue,1y Ue,2, - - - Ue j, ... Cremylolee ycIoBne HOPMUPOBKH ABJIACTCA €CTECTBEH-
HbIM 171 3a7a49nd (1):

v/
/Us7iue,j dxg = 0,

Ie

r;[eéfzlecnni:j,no,ecm&i;ﬁj.

B nmanbHefimmeM MBI TaKzKe HCIOIb3yeM OOO3HadeHMe [u] I CKadka (QyHK-
muu v Ha Iy, Bamauy (1) u BO3HMKAWOIIME HUXKE 33Ja4d CO CKadyKoM Ha I'q
OyJeM HOHMMATb B CMBICJIE HHTEIPAJLHOTO TOXKIAECTBA, COOTBETCTBYIOIIUE pPe-
meHus npuHajTeskar mpocrpanctey H1(Q,Ty).

B [1] 6110 MOKa3aHO, 9TO ycpeaHeHHas 3amada mist (1) mpuHUMaer Bu

—AUO =0 B Q,
Uy = 0 Ha FQ,
3u0
E =0 Ha F3, (2)
[UO] =0 Ha F1,
l:aUO:| = —Qh)\ouO Ha Fl.
3:52

DTa 3a/1a9a CAMOCOIPs KEHHAs M UMeeT JucKpeTHbiit ciuekrp. CoorBercrByomniue
COOCTBEHHBIE YUCIA Ag ), 3AHYMEPOBAHHbBIE C y4eTOM KPATHOCTHU, CIPEMATCH K
+oo mpu k — co. Boutee Toro, kKak wacTtHblii caydaii [1, Theorem 3.1] momyvaem
CJIeTYIONIee yTBEPK ICHHE.

OrMeruMm MHTEPECHYI0 0COOEHHOCTD IpeesibHOl 3ana4au (2). Koaddunuent
B CIEKTPAJIbHOM YCJIOBUM B 3TOIl 33Jade 3aBUCUT OT Hapamerpa h (TOJIIuHbI
LIEPErOpO/IKK), HO HE 3aBUCUT OT 1IAPAMEIPA G, XAPAKTEPU3YIOLIEro LUMPUHY
orsepcruii (cM. dopmyny (11) B [1]). BaBrcHMOCTb OT a TPOSIBISAETCS TOJIBKO
B CJIEIYIONTNX UJEHAX ACHMITOTHYECKOTO PA3JIOKEHUsS COOCTBEHHBIX TMap. ITO
CBSI3aHO € TeM, 9TO KOI(DDUIHEHT B TPEIETLHOM CIEKTPATLHOM YCIOBUH OIPe-
nensgercs 3p@PEeKTUBHON JTUHON BEPTUKATHHON TaCTH IPAHUIIBI IEPETOPOIKU B
JIONPEJIEBHON 3a/1a49e. Dra 3DdEeKTUBHAS JJIMHA HE 3aBUCUT OT HAPAMETPA a.

Nmeer MecTo crenyromast Teopema (cM. [2]).

Teopema 1. ITycmov A\g — n-kpammuoe cobemeennoe snauenue 3adaywu (2),
O]
uy’ — coomeemcmeyrowue Hopmuposarmse cobcmeennse dynkyuu. Tozda

6 i A sadavu (1 B A
ACUMNMOMUKY, cOOcMEEHHHT 3Havenul Ne’ 3adavwu (1), crodawuxcs £ Ao npu
e — 0, umerom eud

AD = Ng 4+ Al 4 o(e37m),
20e )\gl) onpedessemes paseHcmeom

2 2

U] 0)
Ouy =34 Ouy 7
0xo O0x1
Ly(Ty) Ly(Ty)

) :1—a
2

Bah/\g +
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Konemanmot Agp, Bap AGHO 8bIMUCARKIOMCA, G [L — CKOAb Y200HO MaAAOE NOAO-
HCUMENDHOE YUCAO.

Baarogapuoctu. Pe3synbrarsl padorbl nosydensl coBmectHo ¢ P.P. la-
gpunbimuabiM, ALJL Ilaraunkum, Y. Amirat, O. Bodard.
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KYCOYHO-JIMHEVMHOE MUHUMAKCHOE PEIIIEHUE
YPABHEHUA TAMNJIBTOHA - AKOBM C HEOJHOPO/HBIM
TAMNJIBTOHNAHOM

JI.T. IITarajsioBa

shag@imm.uran.ru

YIK 517.955

PaccmarpuBaercs tepmunanbaas 3amada Komu s ypasmenust [amuan-
ToHA — SIKOOU ¢ HEOTHOPOHBIM I'aMUJIbTOHUAHOM. ['aMUIBTOHMAH U TEp-
MUHAIbHAS (DYHKIWS IIPEIIIOIAraloTCs KyCOYHO-JIMHEHHBIMI, a pa3Mep-
HOCTH (a30BOTO TPOCTPAHCTBA paBHA aBYM. [Ipemioxken nu 060CHOBaH KO-
HEYHBIH aJIrOPUTM TOYHOrO MOCTPOEHHUS MUHHMAKCHOIO /MM BA3KOCT-
HOTO peIleHusi. AJIrOpUTM COCTOUT M3 KOHEYHOTO YHCJIA TTOCTIEI0BATE b
HBIX ITAMOB, HA KAXKJOM M3 KOTOPHIX PEIIAIOTCH JTEMEHTAPHBIE 33a4n
HECKOJIbKHAX THUIIOB M OCYIIECTBJIAETCS HEIPEPbIBHAA CKJIEeKa peleHuit
THX 3a1ad. Perrenue, mocTpoeHHOe B pe3y/bTaTe PeAJN3aIy aJrOpPUT-
Ma, SABJISIeTCS KYyCOYHO-TUHEHHON (yHKImed.

Karouesvie caosa: ypauenne ['ammabrona — fkobu, MUHUMAaKCHOE pele-
HUe, BI3KOCTHOE PeleHne, KyCOYHO-TMHEHHbIE (DYHKINN, aJTOPUTM

Pa6ora BemmosnHena npu dhuHaHCOBOR nognepxke POOU (nmpoext Ne 17-01-00074).

[Taranosa JIrob6op I'enHajgbeBHA, K.p.-M.H., c.H.C., UHCTUTYT MaTeMaTUKU U MEXaHHU-
ku um. H.H. Kpacosckoro ¥YpO PAH (Exarepun6ypr, Poccus); Lyubov Shagalova (N.N.
Krasovskii Institute of Mathematics and Mechanics of the Ural Branch of the Russian Academy
of Sciences, Yekaterinburg, Russia)
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Piecewise linear minimax solution of Hamilton —Jacobi
equation with nonhomogeneous Hamiltonian

The terminal value Cauchy problem is considered for Hamilton - Jacobi
equation with nonhomogeneous Hamiltonian. The Hamiltonian and the
terminal function are piecewise linear, and the dimension of state space is
two. A finite algorithm for the exact construction of the minimax and/or
viscosity solution is proposed and justified. The algorithm consists of a
finite number of consecutive stages, at each of which elementary problems
of several types are solved and the continuous gluing of these solutions
are carried out. The solution built by the algorithm is a piecewise linear
function.

Keywords: Hamilton — Jacobi equation, minimax solution, viscosity solu-
tion, piecewise linear functions, algorithm

PaccmarpuBaercs ciemyrormas TepMuHaabHas 3amada Ko,

Ow(t, x) Ow(t,x) "
—_— — = <
N +H< p 0, t<¥, 2e xR, (1)
w(,z) =0(z), =€R". (2)

31ech ¥ — 3aaHHOE MONOKUTENBHOE IHCI0, raMuabToRuan H () HenmpepoiseH,
a dynkuns o(-) — ummunesa.

N3gectro [1], uro mumHMMakcHOe (Bsi3kocTHOE [2]) pemrenme w(-) 3amaun
(1),(2) cymecrByer u eauucTBeHHO. Ecn xors 661 oqaa u3 dyukmit H(-) nin
o (+) ABSIETCS BBITYKJIOH UM BOTHYTOM, MOYKHO BBITUCATE SIBHBIE (DOPMYJIBI [ITIs1
pelienus, UCIOJb3ys usecrublie dhopmysbl Xonda — Jlakca [3,4] u Iuenunyno-
ro — Caraipak [5]. Ognako B obweM ciydae 1101y4uTh siBHble (DOPMYJIbL JJist
pelleHus He yIaeTCs.

B [6,7] 6bw1 pa3paboTaH KOHEUYHbIH aJrOPHTM TOYHOTO MOCTPOEHWs] MWHW-
MaKCHOTO PElIeHHs B CJIydae, KOLJa Pa3MepHOCTh (ha30BOro IPOCTPAHCTBA, PAB-
Ha ABYM, a ramuiibronuan H(-) u Gyukius o(+) sBIL0TCS KYCOUHO-JIMHETHBIMU
U yJOBJIETBOPAIOT yCJIOBUAM IIOJOKHUTEIbHON OJHOPOSHOCTH

o(Ar) =Ao(x), z€R", A€ R, A>0, (3)

H(As) =AH(s), s€R", XAeR,A>0. (4)

B [6,7] ycnoBue (4) 6bin0o cymiecTBeHHBIM. B Hacrosmieit pabore 3amada
(1),(2) raxkke paccMaTpuBaeTcs B CJydae ABYMePHOro (ha3oBOro HPOCTPAHCTBA
U KyCOYHO-JMHENHbIX BXOmubIX Janubix. Ho ceifdac He Tpebyercs BbIIOJHEHUE
ycnoBus (4) OIHOPOIHOCTH FraMUIBTOHUAHA.

[Ipeaaraercst aJirOPUTM TOYHOTO MOCTPOEHUSI PEIIEHUsT. AJITOPUTM 3aKJIIO-
qaeTcd B MOC/Ie0BATETbHOM PeIleHNH 3/IeMEeHTapHBIX 33/1a4 HECKOIbKUX TUIIOB
¥ HEeIpepbIBHON CKJeiike 3Tux perneruii. IlocTpoeHHOE MEUHUMAKCHOE peIleHne
ABJISIETCS KyCOYHO-THHENHOHN (hyHKIHeH.

[Ipennaraembrit aaropuT™, TPEACTABISIONINNA CAMOCTOSATEILHBIN WHTEpeC,
MOXKET OBITH MCIOJIB30BAH /I KYCOYHO-JIMHEHHONW ANMPOKCUMAIIANA MUHUMAKC-
HBIX (BA3KOCTHBIX) perenuii ypasuenuii Lamunbrona- fIkobu ¢ raMusibTOHUAHA-
MU OOIIEro BUJA.
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NMHTEIPUPYEMBIE TVHAMWYECKNE CUCTEMBI C
ANCCHUIIAIIMEN CO MHOT'M 9YMNCJIOM CTEIIEHEUN
CBOBO/1bI
M.B. IITamosiua
shamolin@rambler.ru, shamolin@imec.msu.ru

YIK 517.9, 531.01

B paboTte moka3aHa MHTErpUpPyeMOCTh HEKOTOPBIX KJIACCOB TMHAMUYECKUX
CHCTeM Ha KAaCaTeIbHOM PACCIOEHHN K MHOTOMEPHOMY MHOTO0ODPa3MIo.
IIpu sTOoM cumioBbIE 11071 00/I3IAI0T HEPEMEHHON auccurianueir u 0600-
AT paHee pacCMOTPEHHBIE.

Karoueswvie cao6a: TUHAMAYECKAsT CUCTEMA, IWCCUIAIUS, WHTErPUpye-
MOCTbH, TPAHCIEHIEHTHBIA IIePBBIIl MHTErpaJsI

Integrable dynamical systems with many degrees of freedom
and dissipation

In this study, we show the integrability of certain classes of dynamic sys-
tems on the tangent bundle to a multi-dimensional manifold. In this case,
the force fields have variable dissipation and generalize the cases consid-
ered previously.

Keywords: dynamical system, dissipation, integrability, transcendental
first integral
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B 3ajjaqax nuHaMuKy M3y9aroTCsl CUCTEMbL CO MHOIMMHE CTEIIEHSME CBOOOIbI
¢ muccunanueil (¢ TpOCTPAHCTBOM MOJIOXKEHUHA — MHOTOMEPHBIM MHOT000pa3u-
em). Ux $ha3oBbIMU MPOCTPAHCTBAMHU CTAHOBATCS KACATEIbHDIE PACCIOCHUS K
JMaHHBIM MHOTOOOpasmsaM. Tak uzydenune n-MepHOro 000DIIEHHOTO cheprIecKo-
IO MAITHUKA B HEKOHCEPBATUBHOM ITOJIE€ CHJI IIPUBOJUT K IHHAMUYECKOM CHCTEME
Ha KacaTejabHOM paccioenuu K (n—1)-mepuoit cdepe, 1pu 310M METPUKA CLELM-
AJILHOI'O BUJIA HA HEil MHJLyIMPOBAHA JOLOJHUTEIbHON I'PYLILON cuMmMmerpuit [1,
2]. BeiennM Tak¥Ke 331491 O JBUKEHAW TOYKU TI0 MHOTOMEDHON TIOBEPXHOCTH,
[IPU 9TOM METPUKA Ha HEN WHIYIMPOBAHA €BKJIMIOBOW METPUKON BCEOOHEMIIIO-
II[Eero TPOCTPAHCTBA.

Paccmorpum cucremst ¢ 1 crenensivmu cBo6oapbl (&, 81, - .., Bn_1), (Zn, -+, 21)
— KBa3UCKOPOCTH, HAJINYME AUCCUTIANUY (3HAKOIIEPEMEHHOMN ) XapaKTepu3yeT KO-
saddunment bd(a) B nepsom ypasuenuu, F'(a) — BHelinee cuiioBoe 1oie:

&= —z, +bd(a),

2y = F(a) + Ty (e, B) f*(@)zn_1 + T5y(a, B) f2()g?(B1) 23 +
AT (e, B) 2 (@)g? (B1)R? (Ba) - - i%(Bn—2) 27,
ino1 = [2T1(a) + Df(a)] zn—12n — Tao(a, B) f(a)g*(B1) 2o —
- Fifl,nfl(chﬁ)f( )g (51)h2(52) Zg(ﬂn 2)Z1a ceey
Zo = [2I'1 () + Df(a)] 2220 — [21'2(B1) + Dg(B1)] f(a)z22n-1 —
— [2Tn—2(Bn—3) + Dr(Bp-3)] f(@)g(B1)h(B2) - .. $(Bn-a)z223— (1)
Iz %n (e, B) f()g(B1)R(B2) - . . 7(Br—3)i *(Bn—2)i,
21 = [2T'1(e) + D f()] 2120 — [2T2(B1) + Dg(B1)] fr(a)z12n-1—
— [2I'5(B2) + Dh(B2)] f(a)g(B1)z12n—2 — ...
— [2Tn—1(Bn—2) + Di(Bn—2)] f(a)g(B1)h(B2) - . . 7(Bn-3) 2122,
B = zn-1f(a), B2 = zn_2f(a)g(B1), Bs = zn-sf(a)g(B1)h(Ba), ..,
Bt = 21 (@)g(B)R(B2) - i(Bn—2);

3/1€Ch BCEBO3MOKHBIE || — KO3 DUIMEHTHI CBA3HOCTH (A30BOr0 MPOCTPAHCTBA,
D — nuddepenmuposanue, yakuun f, g, h, i, ... — LIaJKHE.
[Torpebyem BBITOTHEHNE CIEAYIONIAX PABEHCTB:

'ty (o, B) = ng(a,ﬂ)gz(ﬂl) =...= Fg—l,n—l(avﬂ)gz(ﬂl)hQ(ﬁQ) cee =

=T,(a), 2Ty (a) + w +Tn(a)f2(a) = 0. 2)

it nosnHoro unrerpuposanus cucrembl (1) Heob6xonumMo 3HaTb, BOOOIIE 10~
BOps, 2n — 1 HE3ABUCUMBIX TIEPBHIX HWHTErpaAJIOB. OIHAKO MOCIE CIEAYIONEH 3a-
MEHBI TIePEMEHHBIX

)
(

_ _ /.2 2 _ 2
Wy = Zpy Wn—1 =1/27+ ...+ 2, 1, Wh—2= ;a
1
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z3 o Zn—1
, Wi )

ﬁ’ .. —_— —
VA2 4.2y

cucrema (1) pacnagaerca cieayiomum obpa3oM:

Wn—-3 =

& = —wy, + bd(a), Wy = F(a) + Thla) f2(a)w?_,

u'm71 = |:2F1<a) + dln('[ié(a)] Wp—1Wn, (3)

g = Fwy_1y/1+ w2f(@) ... 20511 (Bs) + Dj(B)],
55::I:\/Tiwgf(a)...,s:l,...mfl (4)
Bror = £——"=L f(a)g(B)R(Bs) . - i(Bn—2), (5)

\/ L+wy_,

rae B cucreme (4) cumBoOJIOM “...”7 NOKa3aHBI OJMHAKOBbLIE YIeHBI, & (DYHKIMs

j(Bs) — onna w3 dbyukuwmii g, h, . .., 3aBUCALIAA OT COOTBETCTBYIOIIEro yria .

Buano, uro must nosHoii unrerpupyemoctu cucremsl (3)—(5) qocrarodHo yka-
3aThb /B4 HE3ABUCHMbIX LIEPBbIX UHTErPAJa cucreMbl (3), 110 OMHOMY — JJisd CH-
creM (4) (MeHsiA B HUX HE3ABUCUMbBIE IEPEMEHHDIE; UX 1 — 2 IITYKH), ¥ JOTOIHHI-
TeJIbHBIN IEPBbIl HHTErpaJl, “npuBsasbiBaionmii’ ypasuenue (5) (T.e. Bcero n+1).

Teopema. Ilycmo das nexomopwr kK, A € R ewnosnsiomes pasencmea
(o) f?(a) = kdln |§(a)|/da, F(a) = M\dé?(a)/2da. Tozda cucmema (1) npu
BUUNOAHERUY Ycrosul (2) obaadaem noanvim nabopom (n + 1) nesasucumuir,
6000UE 2060PA, MPAHCULHOCHIMHBLE NEPELLL UHMEZPANOS.

B wacrrocTn, npu £ = —1 cucrema (3) mMeeT CIIeTyTONHil TepBhIi HHTETPAT:
2 2 2
w? +w?_, — bwyd(a) + o («
O1(Wn, Wp_1;0) = — n-1 nd(@) () = (] = const.
wp—10()

JIOTOTHUTEIbHBIN TIEPBBIA WHTErpasl Jjis CHCTEMbI (3) MMeeT CJIeAyIOuii
CTPYKTYPHBII BUI:

Wy Wy
Oz (Wp, wp—1; ) =G <5(a), m, 6(a)1> = (5 = const,
u npu kK = —1 oH Halizercs u3 KBaaparypsl (u, = w,/d(a))
(b — up)duy,

nfg(a)] = / 2(A — buy, +u2) — Co{Cy + \/CF — 4(uZ — bu, + N)}/2

IepBbie unrTerpasbt A cucrem (4) uMeroT Bu

JITw?

Ost2(ws; Bs) = ECAR =Cs42 =const, s=1,...,n—2,
S S
rae Us(Bs), s=1,...,n— 2, — Hekoropble riagkue GyHKIuu. A A0N0JHUTE b
HbLA LepBbIi uHTerpas, “upussssiBaowuii’” ypasaenue (5), umeer Bul

Ci(b)
JCR 2,0 - C2

Bn—2
Ony1(w2, w0, B) = Br_1 i/ db = C), 41 = const.
n—20
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s cucteM ¢ guccumanueil TpaHCIeHIeHTHOCTh (PYHKITNI KaK IMePBbIX HH-
TerpajioB HACJEIyeTCd U3 HAJTUIU MTPUTATUBAIONINX TTPEIeTHHBIX MHOMKECTB.
Beigennm BaxkHbIe ciydan 1is GyHKIMN (o), OMpeaessonmeii MeTpuKy:

cos o
fla) = 22, ©)

1
flo) = cosasina’ (7)

Cayuaii (6) dopMupyer cucTeMbl, COOTBETCTBYIOIINE JIBUKEHUIO JTAHAMU-
9EeCKH CUMMETPUYHOro (n + 1)-MepHOro TBepaoro Teja Ha HYJEBBIX YDPOBHSX
NUKJIMYECKUX MHTErpajioB B HekoncepsarusHom nosie [1, 2]. Cayugait (7) dop-
MHUPYET CHCTEMbI, COOTBETCTBYIONIME JBMXKEHHIO MATEPUANBHOW TOYKH HA Ti-
MepHOit cdepe TakKe B HEKOHCEpBATHBHOM Toie. B ciayuae (6), ecnn §(a) =
F(a)/cosa, o cucrema ommchiBaer npuxkenne (n + 1)-MepHOTO TBepAOro Te-
ga B cuioBoM moste F(a) moxm meiictBueM ciepsmieit cunet [3]. B wacrrocTH,
ecin F(a) = sinacosa, 6(a) = sina, To cucrema onmchBaeT O6OOIIEHHBIH
(n + 1)-mepubrii cepryaecknii MAATHUK B HEKOHCEPBATHBHOM MOJIE CUJI B 004~
JIAET HOJIHBIM HAOOPOM TPAHCUEHICHTHDIX [IEPBbIX HHTEIPAJIOB, BLIPAXKAIOIIMXCH
Jepe3 KOHEYHYI0 KOMOWHAINIO 3JIEMEHTAPHBIX (DYHKITHAN.
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B nmoxnaze paccmarpuBaercs meTos penternst aud GepeHnuaaIbHOT0 ypas-
HEHUs C JIEBOCTOPOHHEH JIPOOHON 11pon3Bo/iHOM Beccesis, ocHOBaHHBIN Ha
npuMeHeHnN npeobpa3oBanus Meiiepa.

Karoweswoie caoea: mpobHbIl omeparop Beccessi, npobroe muddepen-
MajIbHOE ypaBHEHME, TWIlepreoMerpudeckas (GhyHKIms, mpeobpa3oBanue
Meiiepa

MMumkuna Jauua Jleonn oBHA, K.(.-M.H., foneHT, Boponexxckuit ['ocygapcreenusrit Yuau-
Bepcurer (Bopounex, Poccus); Elina Shishkina (Voronezh State University, Voronezh, Russia)
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Method for differential equations with fractional Bessel
derivative
In the report we discuss a method for solving a differential equation with
a left-sided fractional Bessel derivative. This method is based on the
application of the Meijer transform.
Keywords: fractional Bessel operator, fractional differential equation, hy-
pergeometric function, Meijer transform

Huddepenruanbabie ypaBHenus ¢ ApoOHO# mpou3BoanHoit Beccens moasiis-
I0TCsl B PA3JIMYHBIX OOJIACTAX UCCICIOBAHUN M WHIKEHEPHBIX MPUJIOKEHUH (CM.
[1,2]), HO, 1O HACTOSIIErO MOMEHTA, HE CYIIECTBOBAJIO MPOCTHIX M OOIIMX METO-
JIOB JIjIs PEIeHus TaKuX ypaBHeHuii. B 9To#t pabore mpeacTaBjeH MeTOmd, KO-
TOPBIN MOAXOAUT JJis IMAPOKOrO KJIACCA HAYAIBHBIX 3a1a4 i JudbepeHtm-
aJbHBIX YPaBHEHUII ¢ ApoOHO# mpou3Boauoit beccens. Meron ucmonb3yer meTos
npeobpa3osanust Meiiepa u ocHoBaH Ha (Gopmyse mpeobpa3osanust Meiiepa mjst
JIpobHoi mpon3BoaHoit Beccens.

Paccemorpum muddepentmanbabiii oneparop beccesst

d

B,=D?>+%D, wvz0, D=2,
T dx

u ero apoGuble crenenu (B,)*, o € R.
ITycrs f uarerpupyema mo (0,00) ¢ Becom x

(B, o M) (@)=(IBJ oy f)(z) =

- 1 T g\ x2_y2 200—1 -1 . ' y2
0

HA3bIBAECTCA JIEBOCTOPOHHUM JAPo6HBIM MHTerpaJjiom Beccens na nmomyocn
[0, 00) nopsaka a.

B (1) dyukuns o F(a,b; ¢; z) — 310 runepreomMerpudeckasi GyHKIWs, OTpe-
JIeJIEHHBS Jist |z| < 1 CTENeHHBIM PsiioM

dotv o > 0. NnTerpan

n=0 n '

51 KOMIUIEKCHOTO aprymMenTa z ¢ |z| > 1 dyukuns oF (a, b; ¢; z) MoxkeT GbITh
AHAJIMTUIECKH TTPOJOJIKEHA TI0 JIFO0OMY ITyTH B KOMIUIEKCHOMH TIJIOCKOCTH, KOTO-
pbIii m36eraeT TOYEK BeTBJIeHUsA 1 m oo.

JleBocToponHusisi apobHas mpom3BogHas Beccesns na nosyocu [0, 00)
HOPSAIKA ( OLUPEIE/IACTC PABEHCTBOM

(Byo+f)(@) = (DBoy f)(x) = By (IB) o f)(x),  n=la]+1

TTonpoGree 0 TPOGHBIX TPOM3BOAHBIX Beccerns cm. [3-7].
ITycrs C*° = C*°(0,00). B [4] mpencrasiensr mpocTpancTBa

dk
Fp:{@ECm:xkdfELP(O,OO)Hka:O,l,Z,...}, 1<p <o,
x
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dk
Fo = {ap e C*™ :xkd—f — Onmpux — 0+ unpux — comnak = 0,1,2,...}
x

u
Fp7u={<p1$_#<p(m)€Fp}, 1<p<oo, uweC,

npucnocobIeHHbIe Jis paboTel ¢ oneparopamu Buga By, , o € R.

[Tpusenem Teopemy u3 [4].

Teopema 1. I[Tycmov o € R. Jaa 6cex p,p u v > 0 maxuz, wmo ,uy%f2m,
I/#%*ﬂ*?ﬂkkl, m=1,2... onepamop B}, A6AAEMCA HENPEPHLEHBIM NUHETHBLM
omobpasrcenuem usz Fy, 1 6 Fy, ,_oq. Ecau, xpome mozo, 200 # p — % +2m u
v—2a# % —p—=2m+1, m=1,2.., mo By, — eomeomoppusm us Fy, ji na
Fp 20 ¢ obpamnvim B, G, .

WaTerpanbaoe mpeodpa3oBaHue C siIpOM, IPEACTABIAOMEIM co00it Momudm-
nuposannyio Gyuknuio Beccessi Broporo poma K vo1, U > 1 maspiBaeTcs mpe-
obpasoBanueM Meiiepa n nmeer Bu

n 8
KO = FO = [ b @) it dr, me ko(t) = ZHET V),

0

Hycts f € L(Ry) u f(t) = o(tP72) mpr t — +0, tme 8 > ¥ — 2 ecam
v>1upf > —1ecm v = 1. Kpome toro, nycrs f(t) = 0(e?) npu t — +oc.
Torma mpeobpasosanne Meitepa Takoit GyHKIUN CYIMIECTBYET IMTOYTH BCIOMY JI/Ist
Re¢ > a (cm. [8], crp. 94).

Eciu 0 < v < 2 u F(§) ananuruueckas Ha nonaynsockoctu H, = {p € C :
p=a,a<0us? 'F(¢) —, |¢] = 400, paABHOMEPHO IO arg s TO Jis BCEX C,
¢ > a obparHOe Tpeobpazoanne Meiiepa K, 1 onpenensgerca paBeHCTBOM

ct+100
— N B
K== [ @i eaede me i) =20 10,

13 — momndunmposannas Gyrkuns Beccesnst mepsoro posa.
Teopema 1. Ecau f € C?", n = [a]+1 u ona maxosa, wmo npeobpasosanue
Metiepa om wee cywemceyem, mo

n—1

KB, 1) = €K - 271 (Y52 ) @B 0,

k=0

Dopmyaa (2) ucnonb3yercs Jis pernenus uddepeHIuanbHbIX yPaBHEeHui
C JIEBOCTOPOHHEH ApobHoit mponssoanoii Beccens.

IIpumep. llycts 0 < o < 1. Paccmorpum 3amaqy

By f(x) = Af (@), (3)

B3 oL f(0) = a. (4)
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Ipumenss upeobpazosanue Meiiepa, yuurbiBas dhopmyiy (2), nossydum

-1
EUFEO-AFO=F  um F@):a@i—_x
e
F(©) / by (@6) fla)a” da = 72 / f@)e e da = T Lfaf@)(©)

a L — npeobpaszosanue Jlamnaca. Torma
2a 1
L = —
(S (@)(6) = = g

Nmeer mecto dopmyna (em. [9], crp. 21, dbopmya 1.80)

57—5
EFN

/e—fxxff—lE%ﬁ(iAxW)dm = Re(€) > |A[Y7.
0

B mamem ciygae nmeem

2
f(JC) — 70’3320472E206720¢()\17201)7

7r
9T0 M JaeT pemenue 3anaqn (3)—(4).
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IIPUBJINZ2KEHHBIE ®OPMVYJIbL 1 AJITOPUTMBI |
IIOCTPOEHU A NEHTPAJIbBHBIX MHOT'OOBPA3UU

M.T. FOmarynos, M.®. ®a3iabITAUHOB
yum_ mg@mail.ru, fazlitdin_ marat@mail.ru

VIIK 517.91

B mokaze o6cyxmaioTcs HOBbie (POPMYIIBL M AJITOPUTMBI TIOCTPOEHMUS TI€H-
TPAJIbHBIX MHOTr000pa3uil B 33/1a4e O JIOKAJIbHBIX OudypKranusax B guHA-
MuUeckux cucremax. IIpemmaraembie aaropuTMbl u (GOPMYIIBI TO3BOISIOT
mpoBOaUTH 3P HEKTUBHBIN KadeCTBEHHBIN aHam3 Oudypramuil B TepMu-
HaX UCXOJHBIX yPaBHEHUII.

Karowesoie caosa: fuHaMudecKasi CUCTeMa, TOYKa paBHOBecus, Oudypka-
s, IIEHTPAJIbHOE MHOT00Opa3He.

Approximate formulas and algorithms for constructing central
manifolds

In this paper, new algorithms for constructing central manifolds in prob-
lem on local bifurcations in dynamical systems are obtained. The pro-
posed algorithms and formulas allow for an efficient qualitative analysis
of bifurcations in terms of the original equations.

Keywords: dynamical systems, equilibrium point, bifurcation, central
manifold.

B noxknaze npeuiaraercs obmias cxema, IO3BOJISIONIAs IOy YU Th HOBbIE IIPH-
OmrKeHHbIE (OPMYJIBI I IEHTPATHHBIX MHOT00OPA3Wi TUHAMUYECKUX CHCTEM
B TEPMUHAX UCXOAHBIX ypaBHeHuil. OCHOBHBIMEM OOBEKTAMU HCCJIETOBAHUS SIB-
JIAI0TCA:

— JlunamMuvyeckme CHCTEMbI C HEIPEPHIBHBIM BPEMEHEM, OIMHUChIBAeMbIe Aud-
depeHnraIbHbBIM yPABHEHUEM

Ccll—jlf:Aac—ka(x)7 r € RN, (1)
rae A — kBaaparTHas marpuna, a Gyakuus a(z) asagerca C™-rinaakoit (m > 1)
u ynosjiersopsier pasencrsam: a(0) = 0 u a’(0) = 0. Ilpeanonaraercs, 4To TOUKa,
pasaoBecusi © = 0 cucrembl (1) gBisercsa zerunepboIMIECKOi, T.e. Marpuna A
UMEeET OJHO MJIM HECKOJIbKO YUCTO MHUMbBIX COOCTBEHHBIX 3HAYEHMUIA.
— JIMHAMWYECKHUE CUCTEMBI C JUCKPETHBIM BPEMEHEM, OTIUCHIBAEMbIE YPABHE-
HUEM
Tpi1 = Az, +a(z,), n=0,1,2,..., zeRY, (2)

rae A — kBaaparHas marpuua, a Gyakuus a(z) asiasercs C™-raaakoit (m > 1)
u ynosaersopsier pasencram: a(0) = 0 m a’(0) = 0. Ilpeanonaraercs, 9To TOIKA

FOwmarynos Mapar l'asizoBuy, x.¢d.-M.H., npodeccop, Bamkupckuii rocyjapCTBeHHLIN yHE-
Bepcurer (Yda, Poccusa); Yumagulov Marat Gayazovich (Bashkir State University, Ufa,
Russia)

®aznpiTauEOB Mapat @rropoBud, acIUpaHT, BaIMKUPCKUN rOCY/JapCTBEHHBIM YHIUBEPCH-
ter (Vda, Poccus); Tnasusiit cienmanuct, NaznpovuedTs HTIT (CauxkT-IletepGypr, Poccnus);
Fazlytdinov Marat Flurovich (Bashkir State University, Ufa, Russia; Gazpromneft STC, St.
Petersburg, Russia)
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pasuoBecust © = 0 cucrembl (2) sBisercsd HerunepboaIMIecKoil, T.e. Marpuna A
UMEET OIHO UJIM HECKOJILKO COOCTBEHHBIX 3HAUEHUH, PABHBIX 1 MO MOIYJIIO.

OrpanuunMcst 3/1eCh TPUBEIECHUEM HEKOTOPBIX PE3YIbTATOB OTHOCHTEIHLHO
3a/1a49¥ NOCTPOEHHUsI IIEHTPAIBLHOrO MHOroo6pasus 1yis cucremsl (1). Byaem cuu-
TaTh, YTO HEJMHEHHOCTHh B IIPABONl yacTu ypasHenus (1) mpeicraBuma B BUIE
a(z) = az(x) + as(x) + as(z), rue az(z) comep:KUT KBajpATUYHBIE O T CJla-
raempie, as(r) — caaraembre TpeTheit crenenn, a a4(x) seasiercs C™-raaakoi n
yaoBeTsopsier coornomtenuio: ||as(z)|| = O(||z||*) npu x — 0.

[IycTh CHEeKTp o MaTPHILI A COCTONT U3 JBYX HEMYCTBIX UacTeit: o = ogUo?,
IJIE 0 COMEPIKUT COOCTBEHHBIE 3HAYEHNSI, BEMIECTBEHHBIE YACTH KOTOPBIX PABHBI
Hys10, a 00 — ocranbuble cobcrsennble 3nadennd. MuoxkecTso 0¥ Takzke cocTo-
ur u3 apyx vacreit: 00 = o_ U o™, rjie MHOXKECTBO 0_ COLEPKUT COBCTBEHHbIE
3HAMEHNS, BEIeCTBEHHDBIC YaCTH KOTOPBIX OTPHIATENLHEI, 8 0 — COOCTBEHHEIC
3HAYEHUsI, BEIIECTBEHHBIE YaCTH KOTOPBIX MOJIOKUTEIbHBI. O003HAYUM Uepe3
Ey, E_ n E' — KopHeBBIe TOAMPOCTPAHCTBA MATPHILI A, OTBeTafoMmye, COOTBeT-
CTBEHHO, 9acTaM 0g, 0_ U o ee cuektpa. Ilycts ko, k_ u k+ — 3To pasmeprocTn
noxmpocrpancts By, E_ u ET;torma kg +k_ +kT=Nul<k <N -1.

Ipocrpancteo RN mupexncramasercs B Buge mpsamoit cymmbr RY =
Eo P E_ @ E+ wnsapnantawx ayis oneparopa A : RN — RN noampocrpancts
Ey, E_ n E*. llonoxnu taxke E° = E_ @ E*; torma RY = Ey @ E°. O6o-
smaunM, yepes Py : RY — Eyu P° : RNV — E° coorsercrByiomue omeparops
IPOEKTHPOBAHUS.

Teopema 0 meHTpaNbHOM MHOTOOGpaswn (cM., Hampumep, [1]) yTBepxaer,
470 cymecTByer dp-okpectHocTh T(0,00) Toukn x = 0 Takas, uro cucrema (1)
umeer B nape 1'(0,00) riaakoe uHBapuaHTHOE ko-MepHOe MmHOrooOpasue W,
KoTopoe B Touke x = () Kacaercs noamnpocrpanctsa Fy. Muoroobpasue W, na-
3BIBAIOT UEHMPAALHbLM MHO2000pasuem cucrembl (1). B ecrecrBenHOM cMbicsie
BCSl HETPUBUAJIHHAS IUHAMUKA CUCTEMbI (1) B OKPECTHOCTH TOYKM PABHOBECHS
x = 0 cocperoToveHa Ha MEHTPATHHOM MHOTOOOPA3NH.

Ienrpasnbuoe Muoroobpasue W, cucremsl (1) MOKeT ObITH JIOKAIHHO 3aaHO
PABEHCTBOM

We={z:z=u+y) | ueEy, P(u)eE’, (0)=1¢'(0)=0},

rae dbyHkuus v = ¢ (u) ABIsSETCS TIAIKOMN.

OrpanmymMcs I TPOCTOTHI PACCMOTPEHHMEM Cydasd, KOTJa MaTpuna A
HMEeT IIPOCTOe COOCTBEHHOE 3HadeHwe () M HE MMEET APYTHX YUCTO MHHMBIX
coOCTBEHHBIX 3Ha4UeHM. B 3TOM cilydae cymecTByioT COOCTBEHHBIE BEKTOPBI €
U g MaTpunpl A U TPAHCIOHUPOBAHHON MATPUIILI A* COOTBETCTBEHHO, OTBEYA-
IOIIME TPOCTOMY COOCTBEHHOMY 3Hadenuio 0 U yJOBJIETBOPAIOIINE PABEHCTBAM
llell = 1, (e,g) = 1. lomnpocrpancrso Ey sBjsieTcss OJHOMEPHBIM; OHO COIEP-
2KHUT BeKTOD e. Oneparopbl IPOEKTHPOBAHKSA 3/€Ch OIIPEIENAI0TCA PABEHCTBAMI
Pyx = (z,9)e, P’ =1—P,.

Honosxum By = —A + Py . Tlo mocrpoenmio omepatop By : RY — RN 06-
paTum, mprdeM noampoctpancTsa Eg n EC waBapuanTae! aja mero. I[Tomoxknu,
Jlasee, U1 KpaTKOCTH: ag = az(e),as = as(e),al = ah(e); 3aech ah(r) — mat-
puna Jdkobu Bekrop-byHkmu as(x).
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Teopema 1. Ilycmv mampuya A umeem npocmoe cobcmeentoe 3HaueHUe
0, a sewecmsenHbie acmMu OCMAALHBL e COOCTNEEHHBIT 3HAYEHUT HE PABHbL
nyato. Tozda yenmpanvroe mrozoobpasue W, cucmemns (1) mootcem 6voms onu-
CAHO PABEHCTNEOM

We={x: x=ce + 20y + 34h3 + 124(5)},
ede € - maawili napamemp,
Yo = By ' Play, 3 = By ' P°—2(as, g)¥2 + abibs + as),

a dynryua 124(5) ABAAEMCA  2A00K0T U YJ0BAEMBOPAEM  COOMHOUWEHUI):
[Pa(e)ll = O(e"), e = 0.
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ON THE SOLVABILITY OF PERIODIC PROBLEM FOR
LOADED PSEUDOPARABOLIC EQUATION OF FOURTH
ORDER
A.T. Assanova, Z.M. Kadirbayeva
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UDC 517.95

A periodic problem for a system of loaded pseudoparabolic equations of
fourth order is considered. By method of introduction additional functions
original problem is reduced to equivalent problem, consisting of periodic
problem for the system of loaded hyperbolic equations of second order and
integral relations. Algorithms for finding solution to equivalent problem
are proposed and conditions of their convergence are obtained. Condi-
tions of unique solvability to periodic problem for the system of loaded
pseudoparabolic equations of fourth order are established in the terms of
initial data.
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Consider on the domain Q = [0, 7] X [0,w] the periodic problem for the system of
loaded pseudoparabolic equations of fourth order

*u 3 9 iy 9ty
5357 = Z{Ai(t, "E)i@x‘*—i + Bi(t,l‘)m} + Ot z)u + f(t,z)+
=1

330 TG ) B o)

()

j=1%i=1 t=t;
ol O*u(T
/lg(xo:; x) = ua(x:; m) ) € [07 w}, (2)
2
% ’1:0: 1/10(t)» auéi;x) z:0: ’(/)1 (t)7 u(t7 O) = 1/)2('5), te [07 T]v (3)

where u(t,z) = col(ui(t, z), uz(t, ), ..., un(t,z)) is unknown function, the n x n ma-
trices A;(t,z), Bi(t,z), i = 1,3, C(t,x), and n vector function f(¢,z) are continuous
on ), the n X n matrices K; j(z), L; j(z), M;(z),i=1,3, j = 1,m, are continuous on
0,w], 0=ty <ti <..<tm-1<tm=T, the n vector-functions 1s(t), s = 0,2 are
continuously differentiable on [0, 7.

Let C'(£2, R™) be the space of continuous vector functions u : @ — R™ on Q with
norm |lullo = max ||lu(¢, z)||.

(t,x)e

A function u(¢, z) € C(Q, R™), having partial derivatives
61+J o
WEC(QR”) i=T,3, j=0,1,
is called a classical solution to problem (1)—(3) if it satisfies to system of loaded pseu-
doparabolic equations (1) for all (t,2) €  and meets the conditions (2) and (3).
Various problems for the different classes of partial differential equations of fourth
order are investigated in the works of many authors [1-7].
Introduce a new unknown functions in the following form

O*u(t du(t
wite) = Tpa ) = PED, D) = uita)

Taking into account of second and third conditions in (3), we have

x z &

na(te) = 1(0) + [ 016, valt.) = va(t) + v ¢ m+//vlt€1 de 1 de.
0

0

Then problem (1)—(3) is reduced to a following problem

2
gxg; - Al(t,x)% + Bi(t, x)% + Ao(t,z)v1 + f(t,2)+
+Z{K1,j(m)w + Ll’j(q;)% + Kay@uta))|  +
- ’
+F1(t,m,1}2,1}3)+F2(ZE,’U2,’U3), (4)
0v1(0,z)  Oun(T,x)

o~ o o ccbel )
v1(t,0) = Yo(t), e [o, T] (6)
s—2 CL‘

0s(t,2) = Yoor () + 3 Ye1alt —,+/ ot E)ds, s=23, (7)
=1

0
where  Fi(t,z,v2,v3) =
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= A3(t7 LB)UQ(t, x) + BQ(ta x)% + B3(t7 I)W + O(t7 l’)U?,(t, J?),
Fy(x,v2,v3) =
= 55 {Kas()en(t,n) + Lay(0) 225 4 Lo (@) 2552 4 My (@ost ) Y|,
j= =t
We also consider an auxiliary system of loaded hyperbolic equations second order
9%v; ov QL

= Al(t,x)a—; + Bi(t, z) 8; + As(t, z)vi+

# 3 (K@ 28D 41 @) P @ t,) )

+9(t,z)  (8)
t:tj
with conditions (5) and (6).

Here the function g(¢,z) € C(Q, R™).

The following assertion is true.

Theorem 1. Let

1) the n x n matrices A;(t,x), Bi(t,z), i = 1,3, C(t,z), and n vector function
f(t,z) are continuous on §;

2) the n x n matrices K; j(x), L; ;(z), M;(z), i = 1,3, 7 = 1,m, are continuous
on [0,w];

3) the n vector-functions s (t), s = 0,2 are continuously differentiable on [0,T];

4) the periodic problem for system of loaded hyperbolic equations second order (8),
(5), (6) is uniquely solvable for any g(t,z) € C(Q, R™), and o(t) € C*([0,T], R™).

Then periodic problem for the system of loaded pseudo-parabolic equations of fourth
order (1)-(4) has a unique classical solution.

Proof of Theorem 1 is proved analogously of proof Theorem 1 in [§].

A questions of unique solvability, well-posedness to system (8) with conditions (5),
(6) and impulse effects are investigated in [9-10]. Conditions of unique solvability to
considered problem are established in the terms of initial data.
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We consider a second order functional-differential pencil with delay and
study the inverse problem of recovering its coefficients from subspectra of
two boundary value problems with one common boundary condition.
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Consider the functional-differential equation

y' (@) + p*y(z) = (g0(2) + 2pa (2))y(z —a), 0<z<m, (1)

where p is the spectral parameter and a € [7/2,7), while ¢, (x) € W3[0, ] are complex-
valued functions and ¢, (z) = 0 on (0,a), v = 0,1. For simplicity we assume that
[T q1(x) dz = 0. For j = 0,1 let {p, ;} be the spectrum of the boundary value problem
L;(qo,q1) for equation (1) with the boundary conditions

y(0) =y (m) = 0. (2)
Theorem 1. For j =0,1 and n € Z\ {0} the following asymptotics holds:
0 wo 0 jWi . 0 Xn,j
Pn,j = Pnjt+ o COSPn.g@ + (—1)]% sin py, ;a + ij wj € C, {sn;} € Lo,

where py, ; = n — sgn(n)j/2. Moreover, wo = [ qo(z) dz and w1 = q1(m)/2.

Let {nx}ren be an increasing sequence of natural numbers. Consider the following
inverse problem (IP): Given the subspectra {p+n, j}tren, j = 0,1, find the functions
(), ().

The classical results in the inverse spectral theory are known for differential oper-
ators (see, e.g., the survey in [1]). For example, the inverse problem for the pencils
(1), (2) without delay (i.e. when a = 0) from the complete spectra was studied in
[2]. For functional-differential operators and pencils as well as for other classes of

This work was supported in part by the Russian Ministry of Education and Science (Grant
no. 1.1660.2017/4.6) and by RFBR (Grant no. 19-01-00102).
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nonlocal ones the classical methods of the inverse spectral theory usually do not work.
For Sturm—Liouville-type operators (i.e. when ¢i(z) = 0) with delay inverse problems
were studied in [3-12]. We note that the case a € (0,7/2) is much more difficult.
Some aspects of the inverse problem for a € (27/5,7/2) when ¢1(z) = 0 were studied
in [8-11].

Lemma 1. Specification of the subspectra {p+n, j}ren, j = 0,1, uniquely deter-
manes the numbers wj, j = 0,1, by the formula

0 ;0 0
wo .1 a . sinp”, ja  sin a 0 —
=msin” = lim ng Pt Prg.0 P Pr0 1 (3)
w1 k—oo COSP_p, 18  —COSPp, 0Q || Pony,1 — P—ny,l
Put no := 0, n_x := —ni for £ € N and introduce the sequences {0k7j}k€z7.,

j=0,1, where Zo = Z\ {0} and Z; = Z, in the following way:
Ok,0 = Pngi1,00 kK < =2, Oko=pn,_ 1,0, k23, Ok1 = png1s  |K[EN,  (4)

0_1,0 = Pny,0, O1,0 =020 =0, 00,1 = 0. (5)

Without loss of generality we assume that 6_x ¢ # 0,0 and 0_5 1 # 0 for all n,k € N
and that multiple values in the sequences {0, ;}rez; are neighboring, i.e. 0 ; =
Okt1,; = ...0k+mk1j71’j, where my,; is the multiplicity of 0y ;.

We also introduce the sets

So = {k : 01@70 7é ek_l,o,k € Zo \ {1}} @} {1}, S = {k : 191@71 7é 9}6_171,k c Z}

and the systems of vector-functions A; = {(cx;(2), sx;(x))}rez;, j = 0,1, where
(2) = = cos () = L
Ck4v,j\T) = —F— px ,  Sk+v () = 5— s px
! dp” =055 dp” p=0y ;

for ke S; and v =0, mp,; — 1.

Lemma 2. (i) The system Ao is complete in (L2(0,b))? if and only if the system
{cosniz}riien is complete in L2(0,b).

(i) The system A1 is complete in (L2(0,b))? if and only if the system {sin(ni —
1/2)x}ken is complete in L2(0,b).

(i) The system Ao is a Riesz basis in (L2(0,b))? if and only if so is the system
A = {(0,2)} U {(cos nxz,sin nyz}rez.

(iv) The system A1 is a Riesz basis in (L2(0,b))? if and only if so is the system
AY = {(cospgkylx,sinp?bk’lcc}kez, where pd 1 = 0.

Theorem 2. Specification of the subspectra {p+n,.;}ren, j = 0,1, uniquely deter-
mines the functions qo(x) and q1(z) if and only if each of the systems {cos nkT}rt1en
and {sin(nr — 1/2)x}ren is complete in L2(0,7 — a).

Corollary 1. For any fixed a € [w/2,m), specification of the subspectra
{p2k,j }kjen, § = 0,1, uniquely determines the functions qo(x) and qi1(x).

The following theorem gives sufficient conditions for solvability of IP.

Theorem 3. Fiz a € [7/2,7). Then two arbitrary sequences of complex numbers
{tr,j}ikjen, § = 0,1, are subspectra of some boundary value problems L;(qo,q1), j =
0, 1, respectively, if the following two conditions are fulfilled:

(i) There exists an increasing sequence of natural numbers {ni}ren such that

Ak, j

0 wo 0 j Wi .0
Mk,j = P, + ——COSpy,, ja+ (—=1) ——sinp, .a+ i} € lo
J Nk yJ TNk Ny J ( ) TNk Nk yJ nk I { J} )

where |k| € N, wo,w1 € C and n—p = —ny for k € N;
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(i) Each of the systems A?, j = 0,1, constructed by the sequence {ny}ren from
(i), is a Riesz basis in (L2(0,m — a)).

Under assumption (ii) of Theorem 3 the solution of the inverse problem can be
found by the following algorithm.

Algorithm 1. Let the subspectra {p+n,.;}ren, § = 0,1, be given. Then:
1) Find the numbers wo and w1 by formula (3);
2) Construct the sequences {B,j}rez; € l2, § = 0,1, by the formula

Brtv, = G);V)(@k,j), keS;, v=0,my;—1,
where the numbers 0y ; are determined in (4) and (5), while
Oo(p) = —psin pm + wo cos p(m — a) — wy sin p(m — a),

O1(p) = —pcos pm — wo sin p(m — a) + wy cos p(m — a);
3) Find the functions wj,(x) € L2(0, 7 — a), j,v =0, 1, by the formulae

wjo(x) = Z /BijZj (x), wj(z)= Z ﬁkjSZj (),

kEL; keZ;

where the system {(ck;(t), s%;(t))}rez; is biorthogonal to the Riesz basis Aj;
4) Construct the functions qo(x) and qi(z) by the formulae

woo(m + a —2x) —wii(r +a —2z), x€ (a, E),

qo(z) = —
woo (22 — 7 — a) + w11 (2 — 7 — a), JJE(ﬂ- a,w),

q1(x) = 2wy — /7r u(t) dt,

wio(m + a — 2x) + wor(w +a —2x), =z € (a,ﬂ-_a),
u(t) =2

wio(2z — T —a) —wo1(2z — 7T —a), x€ (ﬂ;aﬂr).

Analogous results for Sturm—Liouville-type operators with delay were obtained in
[12].

References

1. Yurko V.A. Method of Spectral Mappings in the Inverse Problem Theory.
Inverse and Ill-posed Problems Series. — Utrecht: VSP, 2002.

2. Buterin S.A., Yurko V.A. Inverse problems for second-order differential pencils
with Dirichlet boundary conditions // J. Inverse Ill-Posed Probl. 20 (2012), 855-881.

3. Pikula M. Determination of a Sturm—Liouville-type differential operator with
delay argument from two spectra // Mat. Vesnik 43:3-4 (1991), 159-171.

4. Freiling G., Yurko V.A. Inverse problems for Sturm-Liouville differential opera-
tors with a constant delay, Appl. Math. Lett. 25 (2012), 1999-2004.

5. Vladic¢ié V., Pikula M. An inverse problem for Sturm—Liouville-type differential
equation with a constant delay // Sarajevo J. Math. 12:1 (2016), 83-88.

6. Buterin S.A., Pikula M., Yurko V.A. Sturm-Liouville differential operators
with deviating argument // Tamkang J. Math. 48:1 (2017), 61-71.

7. Ignatiev Ignatiev M.Yu. On an inverse Regge problem for the Sturm-Liouville
operator with deviating argument // J. Samara State Tech. Univ., Ser. Phys. Math.
Sci. 22:2 (2018), 203-211.



402 “CoBpeMeHHbBIE TTPOOIEMBI MATEMATHKH H MEXAHUKH’

8. Bondarenko N., Yurko V. An inverse problem for Sturm-Liouville differential
operators with deviating argument // Appl. Math. Lett. 83 (2018), 140-144.

9. Bondarenko N.P., Yurko V.A. Partial inverse problems for the Sturm—Liouville
equation with deviating argument // Math. Meth. Appl. Sci. 41 (2018), 8350-8354.

10. Viadici¢ V., Pikula M., Vojvodi¢ B. Inverse spectral problems for Sturm—
Liouville operators with a constant delay less than half the length of the interval and
Robin boundary conditions // Res. Math. 74:45 (2019).

11. Yurko V.A. An inverse spectral problem for second order differential operators
with retarded argument // Res. Math. 74:71 (2019).

12. Buterin S.A., Yurko V.A. An inverse spectral problem for Sturm—Liouville
operators with a large delay // Anal. Math. Phys. 9:1 (2019), 17-27.

MICROLOCAL GEOMETRY MAKES GLOBAL STRUCTURES
IN POROUS MEDIUM
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We consider the problem of connectedness in the metric space which model
is “porous medium”. The main question is the description of measure for
quantity of global connections between two points in the space provided
the local distribution of connections in microstructure is given. A porous
medium is a network of intergrain channels formed by internally connected
intermediate spaces between particles.

Keywords: porous medium, intergrain channels

Mathematically this problem directly connected with behavior of solutions for the
conservation laws systems of quasilinear Equations

n (8)
Oug(z,1) OF;
= ", , i 1
En +J§:1 Bz 0, z€R t>0, pgecC (1)

Here the given typically nonlinear functions Fj(m define the local connectivity in
the medium. The analysis of global geometry in “porous medium” is directly related
to the structure of singularities of solutions to the Eq. (1). The main description
of above is based on so-called functional solutions theory in the algebraically adjoint
space to the L{°° equipped by the Tikhonov topology [1].

Natural examples of above problems are investigated in description of global struc-
tures produced by connected pores in matrix of oil-containing sands and similar prob-
lems arise in research of materials of nuclear reactors under influence of neutron flow.

Those problems are close to the description of structures in multidimensional bil-
liard game.
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The description of global structures in the above examples connected with solutions
of Smoluchowskii kinetic Equation [2], which is directly leads to the non-local Hopf
Equation

oF OF
EWL[F*F(OJ)]{TP—O, (p>0,t>0),

for density distribution function of global conductivity paths in structure of porous
medium.

Directly these phenomena involve processes of cracks growth in the structure of
materials due to their mutual intersections (coagulation of growing cracks with the
formation of defects, comparable to the size of the engineering objects is the phe-
nomenon of their destruction). This is related to the tasks of destruction dynamics
and its prognosis to prevent possible disasters on aerospace devices and pipelines of the
first circuit of nuclear power plants during their cyclic freezing-thawing. The latter is
especially true for nuclear reactors with heavy metal coolant, where phase transitions
are a source of pressure surges on the pipes, generating the development of cracks.

The above phenomenon connected with transition of the conservation relationship
into relation of dissipation in Egs. (1). The great interest is the study of the stationary
problem for the size distribution function of poresf, which is written as [2]:

% /OH D(p — pa, pa) f(pe — pa) f(pr) dps —
— 1) [ Bl ) Fn) o+ a() =0, wE BT, (2)

where given a non-negative function g(u) defines the intensity, with which pores of size
@ = 0 are introduced into the medium containing growing pores due to their mutual
crossings.

Such solutions do not belong to the conservative set of Smoluchowski collision
operator (2), and therefore they lie in the set of dissipation. Such problems arise when
describing the growth of pores in metals when irradiated by fast neutron flux that
during collisions with atoms in crystal lattice provide holes. In this case, neutrons
are source of particles (holes). These holes during their thermal movement meet each
other and coagulate. Mathematical modelling of jet engines has to take into account
coagulation of sticky particles, which arise in the combustion process.
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CONFORMAL SPECTRAL ESTIMATES OF THE
DIRICHLET-LAPLACIAN
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We study spectral estimates of the Dirichlet-Laplacian in bounded pla-
nar domains and obtain spectral gap estimates in terms of the conformal
(hyperbolic) geometry.

Keywords: Dirichlet-Laplacian, spectral gap, conformal mappings
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This note is dedicated to estimates of the eigenvalues of the Dirichlet-Laplacian

Pu  d%u
u ((%2 + ay2>’ (z,y) € Q, uloa =0,

in terms of the conformal geometry of Q C R2.

By Riemann’s mapping theorem there exists a conformal mapping ¢ : D — Q of
a simply connected domain © C R2,  # R2, onto the unit disc . Recall that Q is
called a conformal a-regular domain if ¢’ belongs to the Lebesgue space L*(D), for
some a > 2 [1]. This definition does not depend on choice of a conformal mapping
¢ : D — Q and can be reformulated in terms of the hyperbolic metrics [1]. A class of
conformal regular domains includes Lipschitz domains and also some fractal domains
like snowflakes.

Our machinery is based on the spectral stability estimates of the Dirichlet-Laplace
operator [1] and the geometric theory of composition operators on Sobolev spaces
[3]. On this way we obtain asymptotically sharp lower estimates of the spectral gap
between the first two Dirichlet eigenvalues in conformal a-regular domains [2].

Introduce the notations:

2(p—1) at2 1

inf (p — 1) P T 2a 4P
Ya = 1 ,
pe(5225.2) \2— P I'(2/p)L'(3—2/p)

V2(©Q,9) = inf [(lle" | L@+ 18 | L* @) " = & | L*)ll],

where the infimum is taken over all conformal mappings ¢ : D — Q and ¢ : D — Q.
The quantity V.(Q2, Q) measures a “distance” between Q and Q in terms of L*-norms
of conformal homeomorphisms.

Theorem 1. Let Q C R? be a conformal a-reqular domain of area w. Then the
spectral gap for Dirichlet-Laplacian satisfies

A2(Q) = M(Q) > Ae(D) = M(D) — (A + DA(D,)a V2 (D, Q)

where Ay = 2.539 and D, is the largest disc inscribed in €.
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Also we obtain asymptotically sharp lower estimates of the Payne-Pdlya-
Weinberger ratio of eigenvalues of the Dirichlet-Laplace operator in conformal a-
regular domains [2].

Theorem 2. Let Q C R? be a conformal a-reqular domain of area w. Then the
ratio of the first two eigenvalues of the Dirichlet-Laplacian satisfies

A2(2) /\2() XA (D))va Ve (D, )
A(©Q) 7 Ai(D) + A3 (D)1 VE(D, Q)

>\2(D)

where A = B

~ 2.539 and D, is the largest disc inscribed in Q.
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The idea of reducing the stabilization problem for a parabolic equation by means
of boundary controls to the solution of an auxiliary boundary value problem (BVP)
in the extended domain of independent variables belongs to A.V. Fursikov [1]. At the
same time, recently, the so-called loaded differential equations [2], [3] are actively used
in problems of mathematical modeling and control of nonlocal dynamical systems.
In this paper, we investigate stabilization problems for the loaded two-dimensional
thermal conductivity equation.

Statement of the problem. Let Q = {z,y : —7/2 < z,y < 7/2} be a domain
with a boundary 99Q. In the cylinder @ = Q x {t > 0} with lateral surface ¥ =
09 x {t > 0} we consider the BVP for the loaded heat equation

Ut — Au—i—ocu(O,y,t) +5u(1’707t) =0, {x7y>t} € Q7 (1)
U(l",ya O) = Uo(.’E, y)7 {x7y} €, (2)
u(z,y,t) = p(z,y,t), {z,y,t} € 5, (3)

where «, 8 € C are given (in general case are complex) constants, uo(z,y) is given
function. The aim is to find a function p(z,y,t) such that a solution of the BVP
(1)—(3) satisfies the inequality

[w(@, Y, )]l 1, ) < Coe™ ", o >0, ¢ >0. (4)

Note that here o is a given constant and Cj is an arbitrary bounded constant.
Auxiliary BVP. Let Q1 = {z,y: —7 <z,y < 7w} and Q1 = Q1 x {¢t > 0}.

z— Az + az(07y7t) + /BZ(I',O,t) = 07 {xvya t} € Qla (5)

Z(l‘7y,0):250($,y), {I,y} €, (6)
8<7)Z(—7r,y,t) a(J>Z(ﬂ—7y7 t)
9z ) = 9r ) ’ {yat} € (77‘-771—) X {t > O}a
8(j)z(a:, —m,t) a(j)z(x,ﬂ,t)
Ay T Ty
The problem is to find an initial function zo(z,y) such that a solution of the BVP
(5)—(7) satisfies the inequality

, {z,t} € (—m,m) x {t >0}, j=0,1. (7)

ot

||Z($,y,t)||L2(Ql) <Coe 7", 0>0,t>0. (8)

We recall, as we indicated above, that here o is a given constant and Cj is an arbitrary
bounded constant.

Spectral problem for the loaded twodimensional Laplace operator. Let
us search a solution of the problem (5)—(7) in the form

Z(xvyvt) = Z Zkl(t)wkl(‘rvy)v (9)

k,lEZ

where {¢ni(z,y),k,l € Z} is a biorthogonal basis of the space L2(€:) and Z =
{0,+1,£2,...}. The following two spectral problems are considered for the construc-
tion of the biorthogonal basis {¥ri(z,y), k,l € Z} in the domain ©; = {z,y : —7 <
< m - <y <

—A(p(l’, y) + OJQD(O, y) = )\QD(I,y),

Fo(—my) _ Fo(ry) ez, —m) & ez,
OxJ oxi Oy’ dyi
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—Ap(x,y) + ap(0,y) + Beo(x,0) = Ap(z,y),
y . : . (11)
Yo(=my) _ Po(my) o, —m) _ oz, )
OxJ o Qa7 Oyl S oy
where 5 = 0,1, A is the Laplace operator, «, 8 € C are given complex numbers, A € C
is a spectral parameter. The following propositions are valid.
Theorem 1. (a). Let VI € Z : o # 12. Then a system of eigenfunctions and
eigenvalues of the problem (10) is defined in the form:

{w(w, y) = (e“” + %)ei’“y, A =P+ K, 1eZ =7\{0};

oro(z,y) =™, Ao =a+ k> (1=0), ke Z}. (12)

(b). Let 3o € Z: a=13. Then a system of eigenfunctions, associated functions
(marked with ~) and eigenvalues of the problem (10) is defined in the form:

il a i
{%Okl(%y) = (el TR_ a)e M =Pk Le 2y = 2\ (£ )
pri(@,y) = €, Gy (@,9) = O Ny = a kK (a = B), ke Z).  (13)

Theorem 2. (a). LetVk, 1 € Z: B #k* a# 1% Then a system of eigenfunctions
and eigenvalues for the problem (11) is defined in the form:

{%l(m’y) - (eilz * 2 i a) (eiky + kz/i 6),

%, oo =B+1% 1€

A=k 412 k 1eZ; e+
ety B Mo=k+4a, keZ;1 /\go:a+6}. (14)
k2 _67 ) , )
(b). LetVk €Z: 8 #k? and 3o € Z: a =13. Then a system of eigenfunctions,

associated functions (marked with ~) and eigenvalues for the problem (11) is defined
in the form (where Z) = Z'\{%lo}):

)(eiku B ),Akl:k2+z2,kez',lezg;

foute = (¢ + 522 (0

(e

B
K2 — B

0 =1, k€ Zs poo(w,9) = 1, Gy (0,9) = ™% Doty =at B} (15)

B ~ ilox 7
50 Phig (r,y) = 10 (7 4

© 5 )s duio =7 +

wrio (T,y) = e +

(c). LetY1€Z: a#1* and I ko €Z: B =ki. Then a system of eigenfunctions,
associated (marked with ~) functions and eigenvalues for the problem (11) is defined
in the form (where Zy = Z'\{£ko}):

{w(x,y) = (e“”” + Pfa)(e"’““r kQﬂfﬂ)’ M=K+ keZy lel

« ~ 2 il o
a7 <p;ctgl(x7y) = ei koy(el + j)7 )\kol = /B+l27

12 — 12

B=kd, LEZ; prpo(x,y) =1, Proo(a,y) = ™Y Aggo = a + 5}' (16)

Prot(z,y) = "' +
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(d). Let ko, lo €Z: B =kE, a=13. Then a system of eigenfunctions, associ-
ated functions (marked with ~) and eigenvalues for the problem (11) is defined in the
form:

{Wkl(x,y) = (eim + ZQC_YQ) (eiky + %)7 A=k +1 kel leZi;

o ~+ +ikoy [ ilx
avsokol(xvy):e 0 (6 +

127
g
K — B

ilx «
Prot(T,y) = " + fa) Aot = B+ 12,

2
o+ kz, k€ Z5; Prolo (T, y) =1,

B
K2 — B

ke ZIQ; @kolo (x,y) — eiiloac7 @kolo (x7y) _ eiiloaciikoy7 Akolo = a4+ ,6} (17)

B=kd, 1 € LY; puilz,y) =™ +

@kolo (m,y) _ eiikoy, Akolo =a+ ﬁ; @k}lg (m,y) _ eiilox (eiky + )7 a4 k27
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The algorithm by A.B. Vasil’eva and V.F. Butuzov (Differ. Uravn. 1970,
6(4), 650-664 (in Russian)) for constructing asymptotic solution of the
initial value problem for weakly non-linear differential equation with a
small parameter standing before the derivative in the case of a singular
matrix A(t) standing in front of the unknown function is formulate here
with the help of the orthogonal projectors onto ker A(t) and kerA(t)’ (the
prime denotes the transposition). Such approach essentially simplifies
understanding the algorithm of the asymptotics construction.
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An asymptotic solution, containing boundary functions, for the initial value prob-
lem for weakly non-linear differential equation in a real m-dimensional space

dx

e = Alt)r +ef(z,t,e), tel0,T], (1)

z(0,¢) = 2°, (2)

where = z(t,e) € X, the matrix A(t) is singular, and for its discrete analogue has
been constructed in [1]. The results from this paper are also presented in [2] and [3]. In
these publications, the cause of studying equations of the last form is also explained.

Here and further € > 0 means a small parameter and the m x m matrix A(t) and
the m-dimensional vector-functions f(z,t,¢) are sufficiently smooth with respect to
their arguments.

In contrast [1], we use the projector approach for constructing asymptotic solu-
tion of problem (1),(2). It allows us to represent the algorithm of boundary functions
method for constructing asymptotic solution of initial value singularly perturbed prob-
lems in a critical case more clearly than in [1].

Note that the projector approach has been used in [4] for constructing the zero
order asymptotic solution for a singularly perturbed linear-quadratic control problem
in the critical case.

We will assume the same assumptions as in [1] that the matrix A(¢) has for each
t € [0, 7] m eigenvalues A1 (t), A2(t), ..., Am (t) and they satisfy the conditions

1. \j(¢) =0for j =1,2,...,k, k < m.

2. All k eigenvectors vi(t),va2(t), ..., vk (t) of the matrix A(t), corresponding to
Aj(t) =0,7=1,2,..., k, are linearly independent.

We will use here eigenvectors having the same smoothness as the matrix A(t).

Following to [1], we will seek for the asymptotic solution of problem (1), (2) in the
form

z(t,e) = T(t, e) + lx(r, ), (3)

where Z(t,¢) =3, e/T;(t) is a so-called regular series, Iz(7, &) = 250 eIz (7) is
a so-called boundary series, 7 = t/e. Functions II;z(7) are boundary functions in the
vicinity of ¢ = 0. They will be find as in [1] with the help of the additional condition
Iz(t) — 0 as 7 — 4o0.

Further we will use the decompositions of the space X into the orthogonal sums

X = kerA(t) ® imA(t) = kerA(t) @ imA(t).

The prime denotes the transposition. Orthogonal projectors P(t) and Q(t) of the
space X onto the subspaces ker A(t) and kerA(t)’, respectively, corresponding to the
decompositions of the space X into two last orthogonal sums, will be applied.

The following two conditions are yet assumed.

3. For each ¢ € [0,T] the operator (I — P(t))A(t)(I — P(t)) : imA(t)" — imA(t)
is stable, i. e. all eigen values of this operator have negative real parts.

By I, as usually, we mean the identity operator.

4.The initial value problem

d(P(t)Zo(t)) _

500 — (@ pe)~ @ (- 2D paym )+
PR, 4,0) + (1 - PE) T Pi7o(0)

P(0)Z0(0) = P(0)(z° — Ioz(0))

has a unique solution on the segment [0, T].
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Substituting expansion (3) into (1),(2) and equating terms of the same order of
e, separately depending on ¢ and 7, we get as in [1] equalities for terms of series (3).
Decomposing them with the help of the orthogonal projectors P(t) and Q(¢) we obtain
the next assertion.

Theorem 1. Under assumptions 1-4 the asymptotic solution of problem (1),(2)
in form (3) can be constructed with the help of orthogonal projectors onto kerA(t)
and kerA(t)’. The order of finding asymptotics terms is following: (I — P(t))Z;(t),
(I — P(O)L(r), PO)TLa(r), P(2)3;(t), § > 0.

In particular, for finding the zero order approximation we have the following

. — d(I—P(0))Igx(T
relations (I — P(t))a@o(t) = 0, =0z — (1 p(0))A(0)(I — P(0))Toz(7),
(I—P(0))Ioz(0) = (I —P(0))z°, P(0)Ilox(r) = — [°° P(0)A(0)(I — P(0))Iloz(s) ds.
The function P(t)To(t) is determined with the help of equalities from condition 4.
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Currently, there is a growing interest in the reaction-diffusion-advection equations
with the so-called modular nonlinearity or modular advection. This is due to inter-
esting applications of such mathematical models. The details of derivation of Burgers
equation with modular nonlinearity one can find in [1]. Such problems are typical for
numerous applications of nonlinear wave theory where they describes modular waves
propagating in a non-dispersive medium (see [2], [1], [3] and references therein). The
present work extends these models to a new class of mathematical and applied prob-
lems and provide rigorous mathematical results in the study of such problems. We
consider the singularly perturbed periodic boundary value problem

&u  Ou O\ul _

for (z,t) € D:={(z,t) € R®: -1 <z < 1,t € R},
u(—1,t,e) =u' (), u(l,t,e) =u(t) for teR,
u(z,t,e) =u(z,t+T,e) for teR, —-1<z<1, (1)

where ¢ is a small parameter. The functions B, u(™) and «*) are sufficiently smooth
and T-periodic in t. The equation in (1) has so-called modular nonlinearity or modular
advection.

Define the domains Dr := (t,z) € (R] x (=1;1), DS = (t,z) € (R] x
(=1;2%), D(TH = (t,z) € (R] x (z*;1), where z* = z*(t) is a T-periodic function,
-1<z*(t)<1,t€R.

Definitin.
The periodic function u(z,t,e) € C (Dr) N C'(Dr)NCH? (D§T> U Déf)) is called a

solution to the problem for (1), if it satisfies the equation (1) in each of the Dgpw, as
well as the boundary conditions.

We assume
(Ao). B, u'™) and v are sufficiently smooth and T-periodic in t. Suppose also that
u () <0, wP(t)>0 for teR.

If we put € = 0 in equation (1) we get the so-called degenerate equation

oy Blu,a,1) =0, (2)

where ¢ has to be considered as a parameter. Equation (2) is studied with one of the
following initial conditions from problem (1)

u(—1,t) =u' () for teR, (3)

u(1,t) =uP(t) for teR. (4)
Concerning these initial value problems we assume
(A1). The problems (2), (3) and (2), (4) have the solutions u = o) (x,t) and
u = @M (x,t), respectively, which are defined for (z,t) € D, are T-periodic in t and
satisfy
o (@, t) <0< Pz, t) for (x,t) €D.

To formulate the next assumptions we introduce the function I(z,t) by
I(z,1) == o7 (@, 1) + (2, 1),

and suppose
(A2). The equation I(x,t) = 0 has a smooth solution x = xo(t) which is T-periodic
and obeys the conditions —1 < zo(t) <1 for t € R.
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(A3). The function xo(t) ) satisfies the condition

%(ajo(t),t) <0 for te€R,
that is, o(t) is a simple root of the equation I(x,t) =0 for all t € R.
Our main result is the following theorem.

Theorem 1. Let the assumptions (Ao)—(As) be satisfied. Then, for sufficiently
small e, there exists a solution u(z,t,€) of problem (1) such that for any small but
fized § we have the limit relation

o (x, ) for x€[0,z0(t) — 4], t € R,
liH[l) u(x, t,e) =
e—

o) (z,t) for x € xo(t)+6,1], t € R.

We can give a more precise description of the solution with an interior layer by
using proposed asymptotic approximation construction.

The constructed asymptotic can be used to get asymptotic solution of some in-
verse coefficient problems. In particular, we illustrate our approach by considering
the problem (1) for the reaction term B(u,z,t) = g(z)f(¢) for some natural data of
observations and a priori information.
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Some classical (spectral direct and spectral inverse) problems for elliptic
differential operator with singular coefficients are considered. The Green’s
function approach and the estimates for the normalised eigenfunctions
played the crucial role in this work.
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This work deals with the spectral problems (direct and inverse) for elliptic differen-
tial operators with singular coefficients. We consider on the smooth bounded domain
Q C R",n > 1, the differential operators of order 2m

Hom(2,0) = (=A)"+ > (=1)!*10%(aas(2)d"),

la]+[B]<2m
where |O“7 |/B‘ <M, Gap = Aap € LP(Q) with

p:ma 1Bl >m — 3,

P=mosars ol >m—5, |Bl<m -3,
P> gsiare lal=m =%, |Bl<m—% or |[Bl=m-—4,

p=1 J|af<m-—3.
Under these (quite weak) conditions for the coefficients of Ha, the Garding’s inequality
is proved
(Homu, u)p2(q) = clH“”%VQm(Q) - 02||u||2L2(Q)7

where 0 < ¢1 < 1,c2 > 0. It implies the existence of the Friedrichs self-adjoint exten-
sion with pure discrete spectrum { A } 3=, and corresponding normalized eigenfunctions
{¢r(x)}5; which form the o.n.b in L?(Q).

Assuming some additional conditions for the coefficients of Hs,,, namely aqp €
W5 () with (la > [8])

p:#,wa 18] >2m — 3,
p=2, |af<2m-—3%,

the following result holds

Theorem 1. Suppose that the coefficients of Hay, satisfy all above mentioned
conditions. Then for any function f € WS’{}(Q)

Jim 1 f(2) = Y Sutr(@)lwzm o) = 0.

Ap <A

In particular, if 4m > n then

lim > fidr(z) = f(2)

A—o0
A <A

holds uniformly in x up to the boundary of ).

The classical estimates of the Green’s function allows to obtain the following clas-
sical (but for operators with singular coefficients) result.

Theorem 2. Suppose that the coefficients ang(x) of Ham satisfy the conditions

(Il = 181)
aas(z) €W(Q), n<p<oo, |B>1,
aa(x)EWq‘o‘l(Q)7 %<q<oo, 2m<n; p=1, 2m>n.

Then for any function f € W5,(Q), s > 3,

Jim D7 frdr(w) = f()

A <A

holds uniformly in x up to the boundary of Q).
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Let H be an operator on the finite interval (a,b) of the form

_% +p(33)i + (q(z) — p'(2))

H =
2 dx

where ¢ € L?(a,b) is real, p € L"(a,b),p’ € L*(a,b),1 < r < oo, is complex. Then
for any function f € W5 (a,b) with s > % its Fourier series in eigenfunctions of the
Dirichlet problem converges uniformly and absolutely on [a, b].

Another part of this work concerns to the inverse spectral problems for Hs and
H, from above. Such problems can be formulated as follows: (1) do the Dirichlet-to-
Neumann map for H4 and Hs uniquely determine the coefficients of these operators?
(2) do the Dirichlet eigenvalues and the derivatives of the normalized eigenfunctions
at the boundary of these operators uniquely determine their coefficients? It turned
out that these two problems are very connected to each other. The first result is: the
knowledge of the Dirichlet eigenvalues and the derivatives of the normalized eigenfunc-
tions at the boundary up to some order uniquely determine the Dirichlet-to-Neumann
map corresponding to these operators. The second result is: the knowledge of the
Dirichlet-to-Neumann map uniquely determine the coefficients of Hs and Hz. These
results state an analogue of the Borg-Levinson theorem for the Schrdodinger and for
the magnetic Schrodinger operators. Rewriting Hy in the equivalent form as (n > 2)

Hy = A® +iV(V(AV)) +iV(AA) — V(FV) — 2iGV —iVG + V

with vector-valued functions A and G, and with scalar functions F' and V', we assume
now that all these coefficients are real-valued and satisfy the following quite general
conditions:
Alx) € W, (), F(z) € W(Q), G(z) € W, (),
V(@) € Ly(Q), p>3, n>2
with the same value of p.
The Dirichlet-to-Neumann map A, which is defined as

Mdfo, i} (@) := {0, (Au)(z), —Au(2)}, = €09,

plays the crucial role in our considerations.
Theorem 3. Under the conditions for the coefficients and under the following
conditions: for each k =1,2,... and for x € 02

)\k(AhFl:Gl,Vl) = Ak(F27G27 ‘/2)7
ay(A1V(Z)k($U; A17F17G17 ‘/1)) = aV(A2v¢k(x;A27F27G27V2))7
App(z; A1, F1,G1, V1) = A¢w (x5 Az, Fa, G2, Va).
8UA¢k(I;A1,F1,G1, Vl) = 8VA¢]9(1,‘;A2,F2, GQ,VQ)
we have that for all A big enough

AV {fo, f1r} = AP {fo, fr}-

The next theorem states the main result of the inverse spectral problem for operator
Hy.

Theorem 4. If A; =0, F; € W2 (Q), G; € Wi(Q) and V; € L*=(Q), and for
each k =1,2,... and x € 90N

Ak(FlaGla‘/l) = )‘k(FQvG27V2)7
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A(bk(l';Fl,Gl, ‘/i) = A¢k(xa F27G27 ‘/2)7
(’9,,A<bk(x;F1,G1, V1) = 8VA¢k(JZ;F2,G2,V2),

then
Fi(2) = Ba(@), Gi(x) = Ga(a), Vi(a) = Va(a)

a.e. in €.
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In order to calculate a priori or a posteriori error estimates for solutions of an
ill-posed operator equation with an injective operator we need to describe a set of
approximate solutions that contains an exact solution. After that we have to calculate
a diameter of this set or maximal distance from a fixed approximate solution to any
element of this set.

We will describe three approaches for constructing error estimates and also their
practical applications.

1) Error estimates for quasisolutions on a given compact set [1, 2]. This method
can be generalized for inverse problems on Banach lattices [3].

2) A posteriori error estimates in the method of extending compacts [2, 4]. This
method can be generalized for nonlinear ill-posed problems [5]. Using the Lagrange
principle optimal a posteriori error estimates can be constructed [6, 7].

3) Extra-optimal regularizing algorithms proposed by A.S. Leonov [8].
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