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Bokpyr kputepua KypaToBcKoro
IJIAHAPHOCTU I'padOB

A. B. Ckonenkos *

IosTopssa ciosa,
JluireHHbBIE BCAKOIO CMBICTIA,
Ho 6e3 HanpaxeHbA. . .

B. I'pebenmukoB, «IL1ocKOCTEHY

DopmymupoBka kpurepua KypaTOBCKOro MIaHAPHOCTHA TPA(OB XOPOIIO H3BECT-
Ha (BCce HEOOXOUMBIE MOHATHUA U 3Ta (POPMYJMPOBKA HAOMUHAIOTCA B HAYAIE 3a-
MeTKM). /[oKazaTersLCTBa YTOr0 KPUTEPUs, TPUBOAUMEIE B GOJIBIIMHCTBE KHUT, TU60
IIWHHBL, 1100 TPy AHLL. B 5TON 3aMeTKe MBI TpUBEAEM MPOCTOE JOKA3ATEIHCTRO KPU-
repus Kyparosckoro. Ono npunagnexur FOputo Makapsraesy [14] (koTopbint npugy-
MaJl 3TO JOKA3aTeIbCTBO, elle Oy Iy<Iu IMKOILHIUKOM!) U UCHOAB3YeT HEKOTOPHIE UIen
u3 [20, §5]. Ha pycckom s3bike 5TO NOKa3aTEIbCTBO (C HEKOTOPHIME MO IUMDUKALIUI-
mMu) npusefeHo B [5, §1.1]. B HacTosmen 3aMeTke mpuBeJEHO HEMHOT'O GOTEe SCHOE
M3MOXKEHNe TOKA3aTeIbCTBA [5], B KOTOPOM TaKXKe YCTPAHEHBI MeTKWe HETOIHOCTH.
B npuioxennn «3ampeniesHse mo4CUCTEMbBIy TPUBOAATCA (POPMYIUPOBKA OMM3KAX K
kpuTepumio KypaToBcKoro pesyasTaros.

Bripaxato 6aarogapuaocts M. H. Banomy, A. A. 3acrasckomy u B. B. IIpacoaosy
3a TOJIE3HBIE 3aMeduaHusa u obcyxaenus, a Takke b. Moxapy u C. B. MarseeBy 3a
MPEeIOCTABICHHEIE CCBLTK.

HAIIOMUHAHUE: IIJIAHAPHBIE I'PA®BI

I'pagiom (TouHEE, HEOPUEHTUPOBAHHLIM IpadoM (€3 TeTelb U KPATHBIX pedep)
HA3BLIBAETCA KOHEYHOE MHOXKECTBO V, HEKOTOPBLIE NBYXAJIEMEHTHBIE IT0IMHOXKECTBA
(T.e. HEYIOPS JOUEHHBIE TTAPHI) KOTOPOI'O BBLACIEHBL. DJIEMEHTHI MHOXKECTBA, V' HA3BI-
BAIOTCA 8ePWUHAMY TPAda U OOBIYHO N300PAKAIOTCA TOUKAMHA (HATIPUMED, HA ILIOC-
KOCTH). BhifejeHnbie Tapsl BEPIIVH HA3KIBAIOTCA pebpamu Tpada 1 0OLITHO n306pa-
KAIOTCA JOMAHBIMY (I KPUBLIMHU), COCNUHAINMMEA COOTBETCTBYOMUE TOYKA. Ha
U300paXKEeHUN JOMaHbIe MOTYT MEPECEKAThCs, HO TOYKM IepecedeHus (KpoMe ABYX
KOHIIOB PeOpAa) He ABJAIOTCA BEPIIMHAMIU.

*Yactuano nogaepxan Crunenauen Mockosckoro Iocy1apCTBEHHOTO YHUBEPCUTETA A MOIO-
IBIX TIPEIOIaBaTenel u y9ennx, Poccunckum Dorgom DyHgamMenTarbabx VccrenoBanui, rpanTa-
mu Ne02-01-00014 u Ne01-01-00583, I'panTom Ilpesmaenta PD moxaepxku HayuHBIX mkKoax HIII-
1988.2003.1 u nmporpammon PAH «CoBpemenHbIe TPOGIEMBI TEOPETUIECKON MATEMATUKU.

MaTemaTu4eckoe npoceewyeHue, cep. 3, Boin. 9, 2005(116-128)



Bokpyr kpurepua KypaToBckoro miaHapHOCTH IpagoB 117

I'pader G1 u G2 HA3LIBAIOTCA U30MOPPHLIMU, ECTU CYIIECTBYET B3aUMHO OITHO-
3HaYHOE OTOOpaxkenue f MHOX)ecTBa V) BepmH rpada (G Ha MHOXKECTBO Vo BepUINH
rpada G, yIoBIeTROpAWLINEE yCIoBUI: Bepmuubl A, B € V| coemuuensr peGpoM B
TOM ¥ TOIBLKO B TOM caydae, ecau Bepmunbl f(A), f(B) € Vo coeausensr peGpoM.

Cmenemnvio BepIIMHBL rpada HABBIBAETCSA IUCJIO0 BBIXOIANMX U3 Hee pebep.

I'py6o roeops, nodepad manHOro rpada — 3T0 ero dacth. Popmansuo, rpad G
Ha3LIBaeTCA nodepagonm rpada H, ecniu MHOXKECTBO BepiuH rpada G cOqepRuTca B
MHOX)ecTBe Bepmud rpada H u kaxgoe pebpo rpada G asiaserca peGpom rpada H.
ITpu sTom aBe Bepumus: rpada G, coequuennse pebpom B rpade H, He 0613aTeabHO
coequuensl pe6poum B rpade G.

IIymem B Tpade HALIBAETCSA KOHEYHAS MOCTEIOBATENLHOCTH BEPIIWH, B KOTO-
pOI‘/JI HI OJJHa BEPIIUHA HE ITIOBTOPAETCA N JI00BIE IBE COCeqHME BEPUINHBI COCIUHEHEI
pebpom. I[[uk.iom HA3LIBAETCA MYyTh, B KOTOPOM IIE€PBAS M MOCAETHAS BEPIIUHBI CO-
equHeHbl pe6poM. I'pad HA3BIBACTCS C8A3HbIM, €CIU JIOOBIE IBE €0 BEPIIUHBI MOXK-
HO coequHUTHL myTeM. ['pad HazwIBaeTCA depesom, €CIU OH CBA3EH W HE COIEPKUT
IIUKJIOB.

Omnepanus nodpazdesenus pebpa rpada mokaszana Ha puc. 1. [IBa rpada HA3LI-
BAIOTCS 20MEOMOPPHHbIMIU, €CIA OT OJHOIO MOXKHO IIEPEUTH K APYTOMY IIPY IIOMOLIA
omepamnun moapas eaeHus pebpa n 00paTHLIX K HuM. Vi, SKBUBAJIEHTHO, €CIM CYIIe-
cryeT rpad G, TOTYUEeHHBIN U3 000UX JAHHLIX TPadOB OMEPAIUAME TI01Pa3 IeTCHU
pebpa.

\ . \
/

Pwuc. 1.

I'pad HA3BLIBAETCA NAGHAPHBIM, €CIN €T0 MOXHO HapUCOBATH HA TIOCKOCTH TaK,
4TOOBI BHYTPEHHOCTH pebep (T.e. pebpa 6e3 UX KOHIIOB) He MEePeceKatuch U He Ca-
MOIIEPECEKANCh.

Hanpumep, m060e nepeso u w0601 rpad, 00pa3oBaHHLIM BEPIIMHAMA U peGpaMu
HEKOTOPOT'O MHOTOTPAHHUKA — TIaHAPHLIE.

Acwo, uro mobon mogrpad mraHapHOro rpada mraHapeH. JcHo Taxxke, YTO TO-
MeoMOpdHBIE IPAdBI ABIAIOTCI WIN HE SBIAIOTCI NIAHAPHBIME OJHOBPEMEHHO.

Eme B XVIII Bexe Jleonapn ODuep noxkasan, uro rpaber K; u Kz (puc. 2)
HE ABJIAIOTCA IIAHAPHBIMUA. JTO MOXKHO JOKA3aTh MyTeM HEOOJLIIOro mepebopa ¢
UCTIONB30BAHUEM Clefyloen Teopems [5, §1, Teopema 1.3].

TEOPEMA 2KOPIAHA. 3aMKKYMaGA HECAMONEPECEKANULAACA KPUBAL (M. e. YuKa)
deaum naockocmy poeno wa dsée wacmu. (IIpu smom 00na wacms o2panuuena, 0pyeas
HE02PAHUUERA, NPUUEM J6€ MOUKY NAOCKOCTIU, He NPUHAIIEHCAUUE KPUBOT, AeHam
6 00nol wacmu moz2da U Moabko mo2da, K02da UL MONCHO COEUHUMb AOMAHOT, He
nepecexawuet Kpusoi).

O6cykeHne n 10Ka3aTeIbCTBO 3TOM TEOPEMHI CM., HampuMmep, B [1].
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K5 K33 @ @

Puc. 2. Puc. 3.

N3 reopembr 2Kopaaua crenyer, 9To 410001 Hapucosawnbili na naockocmu 0e3
camonepeceuvenut 2pag pazbusaem naockoCmy Ha KOHEUHOE YUCAO CEAIHIT Uacmer.
OTHU YaCTU HA3LIBAIOTCA 2PanAMi u300pakenus rpada Ha MWIOCKOCTH. JacTo Takoe
m300PaKeHNe HA3EIBAIOT IPOCTO rPadOM, HO 3TO HETOYHO, TIOCKOJIBKY OJWH 1 TOT XK€
MIAHAPHBIA Fpad MOXKHO HAPUCOBATH HA IIOCKOCTHU PA3HLIMU crocobamu (puc. 3).
Bonee Tounnm TepMuH — naockutl 2pad.

DOPMYJIA DUIEPA. Jaa (u3006padcenus wa NAOCKOCTIU) CEAZH020 NAGHAPHOZO
epaga ¢V sepwunamu, E pebpamu u F epansmu umeem V — E + F = 2.

Joka3aTeqbCTBO U MPUMEHEHUs DTOM TEOPEMEL CM., HapuMep, B [5].

IIpusegem Gosee uasuHOE (HO MO CyTH, AHAJIOTUIHOE BLILIEYKA3AHHOMY) JOKA3a-
TenbcTBO Hemanapuoctu rpada Ki, ocHoBannoe Ha dhopmyne durepa. [lycts rpad
K5 mapucoBaH Ha TIOCKOCTH 6e3 camomepecedeHun. Torga mo dopmymae Juiepa
5—10+ F = 2. 3uaunr, F = 7. [loctpoum 0k0;10 Kaxk 10oro pebpa rpada Ks, napu-
COBAHHOI'0 HA IIOCKOCTH, CTPEIKY BIPABO U CTPEJIKY BAEBO. TOra UMCIO CTPETOK
pasao 2F = 20. Ho mockosbKy IpaHulla KaxXJOU I'PAHU COCTOUT HE MEHee UeM U3
Tpex pedep, TO Yuciao crpenok He Menbine 3F = 21 > 20. [Iporusopeune. OcHOBLI-
BasACh HA TOU K€€, MOXKHO NOKa3aThb HEIUIAHAPHOCTH rpada K33 (ympaxuenue).

lokazaTeabcTBO HemIaHapHocTu rpada K5, OCHOBAHHOE HA MOHATUAN KO duIu-
€HTa IepecedeHns, MOXHO Hautu B [2], [5, §1].

TrOPEMA KYPATOBCKOTO. I'pag asasemcea naanapubim mozda 1w moabko mo-
eda, Ko2da on ne codepacum nodepada, 2omeomopdnozo epady Ks uau K3 5 (puc. 2).

OJTa TeopeMa OBLIA OOBABIEHA TAKKE 3aMEIATEILHBIM COBETCKAM MATEMATUKOM
JleBom CemenoBudem IloHTpArmHBIM (I0KA3aTEIBCTBO HE OMyOIMKOBAHO), a TaK-
ke @punkom u Cumurom. [HosTomMy mHOrga €e HasbBalOT Teopemou IloHTpArHHA—
Kyparosckoro. B 1920-e rogut Kapn Menrep o6saBui, 9to 2pag, cmenens xaxcdoi
BEPULUHBL KOMOPO20 PABHA 3, ABAAENCA NAOCKUM M0206 U MOALKO Mo20a, K02da o1
ne codepacum nodepaga, 2omeomopgdrozo epady Ks 3. Iurarens MoxKeT MONBITATHCA
CaMOCTOATENBHO J0KA3aTh dTOT (GakT (BhITeKaromul u3 TeopeMul Kyparosckoro),
He omupasch Ha Teopemy Kyparosckoro. Kpome Teopembr Kyparosckoro, cymec-
TByeT MHOI'O APYyruX KpurepueB mianapaoctu rpados [20]. Orpomubii uaTEpeC K
TIONCKY KPUTEPUS ILIAHAPHOCTU T'PadOB OOBACHAETCSA, B YACTHOCTHU, HATUIUEM OI-
HOI U3 BeINYANIINX MATEMATUIECKIX PUIOTE3 — IUIOTE3H YeThIpex Kpacok [5, §1].
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1. TIPOCTOE NJOKA3ATEJbLCTBO KPUTEPUA KYPATOBCKOT O

Heob6xomumocts B Teopeme Kyparockoro yxke mokasana. [IpuBemem moxasa-
TEILCTBO AOCTATOYHOCTHU. [IpeAmonoxum, HATPOTHUB, UTO CYIIECTBYET HEILTAHAPHBIN
rpad, He cogepxkaimi noarpados, romeoMopdHbx K5 nntn K3 3. Cpein Bcex Takmx
rpadoB BuiGepeM Tpad G ¢ MUHUMAALHOIM UYUCAOM PEGED.

loxazarenscTBo TeopeMbl KypaToBCKOTO COCTOUT U3 CACAYIOMNX TPEX IMArOB.
[na ux pOPMYIUPOBKY HAOMHUM CICIYIOIIUE ONMpeaeneHusa. f-2pagdiom HA3LIBACTCA
rpad, romeoMopdHsl Gykee 6 (T.e. rpady K3 2). YrBepxgenue «epad G codepmcum
nodepag, comeomopPubiti 2pady H» 6ymeMm COKpaIIeHHO 3anNuCLIBaTh B Buae «G D Hy.
Ounepauuu ydasenus pebpa G — G — e, cmazusanus pebpa G — G/e u ydasenus
sepwunbt G — G — x onpegeneHsr HA puc. 4.

Puc. 4.

ITAT 1 (cAMBIIE TIPOCTOM). W3 xax qou Bepmunbl rpadga G — & — y BLIXOAUT HE
MeHee IByX pebep.
ITAT 2 (CAMBIN BAYKHBIN). [Ina ax060ro pedpa zy rpada G BHITOIHEHO

G-—z—yph.

ITAr 3 (CAMBI KPACUBBIN). I'pad G msomopden Ks mmm K 3.
W3 mara 3 monydaeTcsa TpOTUBOPEUNE, 3aBEPIIAIOINIEE TOKA3ATEALCTRO.

[MOKA3ATEJLCTBO MATA 1. B rpade G — & — y HET U30IUPOBAHHLIX BEPIIUH,
TTOCKOJIBKY OT M30JUPOBAHHOU BepmmHbl rpada G — x — y B rpade G OTXOIUT HE
Oomnee AByX pebep, ITO HEBO3MOXKHO.

B rpade G — & — y HET U BUCAYUX BepIUH. [[eNCTBUTENLHO, €CIU p — BUCAYIAL
BEpIINHA, TO OHA COEAUHEHA U C X, U C Y, MTOCKOJIbKY B rpade G U3 KaxK 10U BePIINHEL
BLIXOAUT HE MeHee Tpex pebep. ['pad G — (zy) mraHapeH MO MUHUMAIBLHOCTH CDa-
¢a G. Hapucyem rpadp G — (zy) Ha mmockocTu 63 CaMOIEPECETIEHNAN U (IIOJPUCYEM»
pebpo zy Baoab pebep pr u py. loxyuum uzobpaxkenne rpada G Ha mwiockocTu 6e3
camornepecedenuu. [IpoTusopeune.
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[JOKA3BATEJBCTBO MATA 2. Hecnoxuo ybeguthes, uro epad G/xy naanapen.
Hencrurensho, ecnu G/zy O K33, 10 G D K33, aecm G/zy D K5, 70 G D Kj unn
G D K33 (puc. 5). osromy mranapuHocTs rpada G /Ty crenyer u3 MUHUMAILHOCTH
rpada G.

Puc. 5.

Hapucyeum 6e3 camonepecedenun na miockoctu rpad G/zy (puc. 6). llokpacum B
6enbt BeT pebpa rpada G /xy, BEIXOAAINE U3 BepIIMHEL 2y. V3o6paxenue rpada
G —1z—y = G/xy—ry Ha WIOCKOCTY MOTYYAETCA CTUpaHneM Genbix pedep. Ilokpacum
B YepHBIN LBeT rpaHuny B tou rpamu (m3obpaxenus) rpada G/xy — ry, KoTopasd
comepxkut BepimHy zy rpada G/zy. 3amerum, 94TO0

2PaARUYa 2Pany e moxcem codepacamsv O-nodepaga.

(DT0 yTBEpXK IeHME MOKHO BHIBECTH U3 TeopeMbl 2Kopaana. JIpyroe nokasarens-
CTBO TIOJYYaETCA OT MPOTUBHOTO: €CJIU TPAHUIA T'PAHU COAEpXKUT f-moarpad, To
MOXHO B3fTh TOYKY BHYTPU DTOU TPAHU U COCIUHUTL e€e TpeMmsa pebpaMu ¢ Tpe-
Ms TOYKAMU Ha Tpex «gyrax» f-nogrpada. Ilonyunrcs usobpaxkenue rpada Ks 3 Ha
mrockocTu 6e3 camonepecedenuu. [IpoTuBopedne. )

IMosTomy mocraTouno gokasaTh, 9To B rpade G /xy Bce pebpa aubo Genbie, 1u60
gepubie. [IycTs 510 He Tak. Torga Heokpaiienase peGpa HAXOAATCA B rpaHu rpada
G/xy — ry, He comepxKalieln BepUIMHBL Y. 3HA4UT, rpad B u3 4epHbIX pebep pas-
OUBAET TIIOCKOCTHL HE MEHee YeM Ha ABe Ha JacTu. [losromy mammercsa nuka C u3
YEepHBIX peGep, OTHOCUTEILHO KOTOPOT'O BEPIINHA LY JeKUT (HE YMEHBIIAA OOIIHO-
CTHU) BHYTPHU, a HEKOTOPOE €llle He MOKPAaLIeHHOe peOpO — BHE.

Iokpacum B kpacubin user Bce pebpa rpada G/zy, aexaume BHe uukia C.
Ocrapmmecs pe6pa rpada G /Ty TOKpaCUM B OPAHIKEBHIN [[BET. 3aMETUM, ITO KPac-
HBIE pebpa 00A43aTeTHHO IPUCYTCTBYIOT, & OPAHXKEBBIX MOXKET HE OBITh.

IocTpoennasn packpacka rpada G/zry mopoxpgaer packpacky rpada G (pe6po
xy xpacurca B Genbn user). I'pad G — R, noaydenuwt us rpada G yiaseHuem
KPaCHBIX pebep, MOXHO HAPUCOBATH HA ILIOCKOCTH 6€3 camomnepecedenunr (puc. 7),
Tak kKak G — MUHUMAJILHBIA HELTAHAPHBLIM. MOXHO CINTATL, YTO HA DTOM PUCYHKE
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OpaHXKEBLIE
— _ KpacHbIe

................ 6€JIbIe
JepHbIe

Pwuc. 6. Puc. 7.

6esbie pebpa Jgexar BHyTpu depuoro mukiaa C. [lockonbky o6bequnenue B 4epHBIX
pebep — rpaHuIa TPaHd, TO OHO HE COAepkUT f-moarpada. SHAUUT, KAXK AT KOM-
mouenTa ceasHocTu rpada B — C nepecekaercsa ¢ C' He Gojee UM MO OTHOU TOUKE.
IMosTOoMy MOXHO MEPEKMHYTH KaxKAyl KOMIIOHEHTY cBsasHocTu rpada B — C (Bme-
cTe ¢ opaHxkeBbIMu pebpavu) BHyTpb mukiaa C. Bygem cuaurars manee, uro B — C
U BCe OpaHkeBwIe pebpa Jexar suyTpu nukia C. Hapucosas xpacusie pe6pa Bue C,
Kak 1 usobpaxenus rpada G/zy (puc. 6), moayunm Baoxenue rpada G B mwIoc-
KOCTh. [lony4uenHoe MpOTUBOpEYINe NOKA3BIBAET, uTO (G — & — iy €CTh I'PAHUIIA TPAHA
7 TIODTOMY He comepkut f-moarpada.

[MOKA3ATEILCTBO MATA 3. U3 maros 1 u 2 creayer, aro rpad G — x —y npe-
CTaBIACT COOOU OTHO WM HECKOJIBKO «IE€PEBBEBY, (BEPIIMHAMU» KOTOPBIX CJIyKAT
[UKJBL; TIPY 3TOM U3 KaXKJOU BEPIIMHEL BLIXOIUT HE MeHee AByX pebep (puc. 8). ITo-
sromy B rpade G — x — y CYIMIECTBYET «BUCAUIUNY IUKI, T.e. Muka C, UMEIIIUN C
OCTATLHBEIM I'pad)OM TOIBKO OTHY OOIINyI0 BepmuHy v. B sTom nukiae C' ecTh erme 1o
KparHen Mepe IBe BepIIMHHL P U ¢. Tak kak B rpade G HET BEPIINH, U3 KOTOPHIX BbI-
XOIUT MeHee Tpex pebep, TO Kax Iasd U3 3TUX BEPIIUH P U ¢ COeAuHeHa audo ¢ x, aubo
c y. losromy B 06beauuenun mukiaa C' u pedep, COeIUHAIINX BEPIIUHLL T, Y, P, ],
MOXKHO BBIIEIUTH f-moarpad. SHavuT, Mo mary 2 xkaxmgoe pebpo rpadpa G —z — vy
umeet kouer Ha nukiae C. Tlockonbky rpad G — x — y He COIEPKUT BUCAIUX BEPIITUH,
TO OH coBmnajgaetr ¢ nukaom C'.

IMockonabky B rpade G U3 KaxkIOU BEPIINHBLI BEIXOIUT HE MEHee Tpex pebep, To
Jao6as BepmmHa, nukaa G — © — y coenuHena, aubo ¢ x, aubo C .

Ecau Bepmmua v mukiaa G —x —y cOeIUHEHA C & U He COEIUHEHA C §f, TO COCETHA C
U BEPIINHA ¥ [UKIA HE COCIUHEHA C - (MOCKOJIBKY B IPOTUBHOM caydae rpad G —vx
TIAHAPEH MO0 MUHUMAJIBLHOCTHU rpada G, 3HaUuT, MBI MOXeM N06ABUTHL Pedpo v K
BJIOXXEHHOMY B ILIOCKOCTB rpady G —vT U HOLYIUTD BIOXKEHNE B ILIOCKOCTH rpada G).
[MosTomy am60

— mobas BepmHa mukiaa G — ¢ —y coenunena B G u ¢ ¢, u ¢ y, 1160
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Puc. 8. Pwuc. 9.

— BepUIUHEL MUKIa G — I — I, COEMUHEHHLIE C & U COGIUHEHHBIE C Y, YePEeaYIOTCA B IO0Th
STOrO IUKJIA.
B nepsom caygae G = Kj, Bo Bropom G = K3 3. O

3amerum, 4TO B JoKaszaTeabcTse us [5, 1.1] umetorcs caenyomue serounoctu. Ha
c. 23 He noKa3aHo, 9TO «rpad F' pa3zbuBaeT MIOCKOCTL HE H0jee IeM Ha, IBe IaCTIy —
BeIb MPAHUIIA CPAHU MOXKET Pa30uBaTh IIOCKOCTH 60Jee YeM Ha aBe dactu (puc. 8).
Ha c. 24 ne nokaszano, 9To «106as BepumHa nukia C coequHeHa pebpoM ¢ BEPIITHON

2 WK C BEPIIUHOU Y» — BEIb 3Ta BepunHa Mukia C1 MOXKET COeqUHATHCA C APYTUMA
Bepumuamu rpada G — x — y. Ha c. 25 #e goxasano, uto «rorga rpadp G umeer
TaKOU BUI, KaK Ha puc. 11» — Beas epmuHsl mukiaa C' MOIyT COeIUHATLCA pebpaMu

mcx ucy. B xoHue noxazarenbcTea JeMMHl 3 u3 [14] He oObacHeHo, modemy G
ABIAETCA 3-IPU3MON, & He moarpadoM rpada Ha puc. 9. Bce ykazaHHbIE HETOYHOCTH
HECYIIECTBEHHLI U JIEMKO YCTPAHAIOTCA (CM. MOKA3ATEILCTBO B HACTOALICH 3aMETKE).

SATAYA. [pugymManTe amrOpUTM PACTO3HABAHUA MIAHAPHOCTH Tpada, OCHOBaH-
HBIU HA TIPUBEIEHHOM JOKA3ATEALCTBE, U OLEHUTE €r0 CI0XKHOCTS. [l 5TOro MoxkeT
MPUTOAUTHCA CICAYIOIEE U3MEHEHNE TTPUBEIEHHOIO [OKA3ATEIbCTBA, HE COMEPKAIIEe
MIPEANONOXKEHUA O MPOTUBHOM U TO3TOMY HE BKIIOYAOIIEE PAOOTHL ¢ HECYIIECTBYIO-
muMu o0wekTamu. I'pad, monydenusm u3 rpada G IpOU3BOILHON TOCIEAOBATEIBLHO-
CTBIO OTIEPAIVN yIAJEHUA PeOpa WM BEPIIVHLI WA CTATUBAHUA peOpa, HA3LIBACTCA
munopom rpada G. fcuo, 9T0 MUHOD mIAHAPHOrO rpada mranaper. MoxXHO moka-
3bIBATH TeopeMy KypaToBCKOrO B 3KBUBAIEHTHOU (POPMYJIMPOBKE, MOJYUIEHHOU U3
cirenytomero dakra: 2pad ne codepacum nodzpada, 2omeomopPuozo Ky uau Ks 3
& epad ne umeem munopa, uzomoppuozo Ks uau Ks 3. llycts G — nenaanapnoiil
epad, 10601 Munop Komopozo naarapen. JoCTATOUHO T0KA3aTh, YT0 G M30MOpdeH
K5 numn K33, 9TO JenaeTcsa aHAJIOTUYIHO IPUBEAEHHBIM BEIIIE PACCY K ICHUAM.

IIPUTOXKEHUE: 3ANPEIIEHHBIE IOJCUCTEMEBI

Ecnu mekoropas mogcuctema cuctemMbl N He peanusyema B apyrou cucteme M,
1o u N mHe peasusyema B M. EcrecTBennas uaes — MONBITATHCA HAUTH CIMCOK «3a-
IpeeHHsxy cucreM N1, ..., N, He peaaudyeMblx B M, cO CIeqyIOMNUM CBOXCTBOM:

das moeo, umobvl cucmema N 6viaa peasusyema 6 M neobrodumo u docmamou-
10, umobvr N ne codepicana Hu 000t U3 IMUT 3ANPEWEHHBITY NOOCUCTIEM.
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Kraccuaeckun mpumMep TeopeMbl TaKoro poaa — Teopema Kyparosckoro. B Tep-
MIHAX 3aIpelleHbIX TOACUCTEM MOXKHO TaK¥Ke OMUCATh MHOT'O IPYT'HUX KJIACCOB I'Da-
doB (mm 6oee 06X OGLEKTOB).

Hampumep, Tak MOxHO omumcarh rpadbl, BIOKKAMEBIE B TJAHHOE 2-MHOr00Opa3ue
[17]. OHAKO CHIMCOK 3AIpEIEeHHBIX TOATPAdOB I BIOKUMOCTH I'pada B auct Méou-
yca cogepxkut neasrx 103 rpada [11]. [Jaxe cymecTBoBaHUE TAKONO KOHEIHOT'O CIIUC-
Ka /1 MPOU3BOMBHOTO 2-MHOT006DA3Ns UMEET OdUeHb IIMHHOE T0KA3aTeIbCTBO [7,
17]. TloaTOMy MHTEPECHBI U APYTHE CIOCOOH! IPOBEPKY BIOKUMOCTHU IPadOB B ILTOC-
KOCTb U IPYyTue 2-MHOrooOpasus.

Tax e MOXHO omucaTh rpadsl 1 Hake MEAHOBCKAE KOHTUHYYMBI, 6a3UCHO BIO-
xumbie B R? [13,19)].

IIpusegeM GOPMYJMPOBKU HEKOTOPHIX APYTUX PE3YJIbTATOB (IOKA3aTEIbCTBA
OCTaBJIAEM YATATENI0 B KaJecTBe 3aj4ad). 1e (pOpMyJIupOBKY, B KOTOPHIX BCTPEYa-
I0TCA HEM3BECTHHIE YUTATENI0 OOBEKTHI, OH MOXET UT'HOPUPOBATh.

TEOPEMA IITAPTPAHA — XAPAPU. I'padp G mModkcHO HAPUCOBAML HA NAOCKOCTIU
be3 camonepecewenutt max, umoobvl on Obia epanuyet Hexomopot OTHOU 2panu, Mmo-
2da u moavkro mozada, xo2da G ne codepxcum 0-nodepada.

Haszosem mecamonepecekatommuucsa nuki C' B cBasHoM rpade G epanuunbim, ecian
cylecTByeT u3oOpaxkenue 6e3 camornepecedenuu rpada G HA MIOCKOCTH, NPU KO-
Topom muka C' m306paxkaeTcsa rpanuiierl HekoTopou rpanu. Caeqyoimm pe3yabTaT
MOXKHO BEIBeCTHU 13 Teopembl KypaTosckoro.

OTHOCUTEJBHAA BEPCUA TEOPEMBI KYPATOBCKOTO. I[[uxa C asasemca epa-
HUUHBLM 0200 U4 MoAbKo mozda, kKoz2da 2pad G naanapen u yuka C ne codeprcumca
6 nodepade 2paga G, xax na puc. 10 wau 11.

Puc. 10. Pwnc. 11.

A BOT caemymooIUR pe3yabTAT MPOIIE TOKA3LIBATL, HE UCTOML3ysa Teopemy Kypa-
TOBCKOTO.

TEOPEMA O 8 M 0. ITycmb 6 2pafde G dasn Kaxcdoth sepuumnbl yka3an yuKiuue-
ckuti nopador evizodswur uz nee pebep. I'pad G ¢ YyKAZAHHBIMY YUKAUUECKUMU 10~
PAOKAMU MOHCHO U300Pa3UMb Oe3 camonepeceuenut na NA0CKOCMU Mmax, ¥moovl 0as
KancAotli seputunbl 00£00 BLITOAWUL U3 Hee pebep No uacosol cmpedke co8nadaa
Obl € YKAZAHHBIM YUKAUYECKUM NOPAJKOM, MOo20a U MoabKko mozda, ko2da G ne co-
OEPAHCUM «BOCOMEPKUY UAU «OYKBBL By, YUKAUYECKUE NOPAIKY HG KOMOPLIL 300GHb
puc. 12.
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Puc. 12.

[Ba Baoxenus (T.e. m3obpaxenusa 6e3 camonepecedennin) f, g OMHOTO U TOTO XK€
rpada B MIOCKOCThb HABBIBAIOTCA U30MONHbIMU, €CIA OTHO MOXKHO TaK HEMPEPLIBHO
mpoaedOpMAPOBATE B IPYrOe, 9TOOH B IPOLECCe Ne(POPMAIMN MBI BCE BpEMS UME/TH
6Bl BIOXKeHUe ((pOpMATbHOE OMpEeNeIeHne CM., HanpumMep, B [4,5]).

TEOPEMA MAKJIENHA — D IKUCCOHA. /[8a 8a0dcenus 8431020 2pafda 6 nioc-
KOCMb U30MONHKbL MO20aG U MOALKO Mo20a, K020a UL CYHCerus Ha 106017 necamonepe-
ceKaoWulcs YuKa u na 4000% mpuod uzomonubt (M. e. ne MaKoswvl, Kax Ha puc. 13)

[16].
2 3 3 3
3 1 2©1 1)\2 2)\1
(a)

(b)
Puc. 13.

DTy TeopeMy yAOOHO CHAYAIA NOKA3ATH A AEPEBBEB, & MOTOM CBECTU OOIIUN
CIYyYal K CIYYalo NepeBbeB Iy TeM BLIIETCHNA MAKCUMAILHOrO nepesa. Teopema Maxk-
JenHa — O IKUCCOHA CIPABEIINBA TAKXKe MJIA MOJUDAPA WIN NAXKe MeAHOBCKOTO KOH-
tuayyma G.

Teopema Maknenua — 3 gkuccona (6e3 yTBepK A€HUA B CKOOKAX) CIPABEIJINBA 1
BJIOXKEHWN B Chepy, TOP U APYTUE 0PUEHMUPYEMbLE 2-MHOT006Pa3NA (JOKAZATEILCTBO
AHAJOTUIHO). 3aMETUM, UITO M100asa M30TONuA rpada Ha 2-MHOT000Pa3uu 00HBeMIeMa
[C. B. MaTBeeB, 1yacTHOE COOOIIEHNE].

TEOPEMA BADPA — DNIITEAHA. /8e 3amKHymble HECAMONEPECERANOUUELCA KPU-
8ble Ha 2-MH02000PA3UL 20MOMONHBL MO20G U MOALKO Mo20a, K020a OHU U30MON-
nor [10].

Teopema Baspa— dnmrenna CBOIUT BOMPOC O KAACCUDUKAIINYA BIOKEHUN OKPY K-
HOCTH B 2-MHOr0OOpasue N (4, TeM CaMbIM, TIPOU3BOJBLHOIO rpada B OPUEHTUPYE-
Moe 2-MHOrooGpasue) K BOIPOCY O peanudyeMocTu 3aeMeHTOB 71 (N) BIOXeHHBIMU
okpyxuocTamu. Ho mociegHuu BOIpoC 09€Hb CJIOXKEH.

3AMAYA. (a) ChopMyIUPYUTE U JOKAKUTE AHAJIOT DTOU TEOPEMEI [JIA BIOKEHUN
B cdepy.
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> >

Puc. 14.

(b) IlpusegeM Apyroe onucaHue BIOKEHUN MPadOB B IIOCKOCThL C TOYHOCTHIO 1O
mzoronuu. ['pad HazwmBaeTca (BepmmHHO) K-C6A3HbIM, €CIU OH OCTAETCA CBA3HBIM
HOCIe yaaTeHus J060u k — 1 BePIIMHEL U PACIALAETCA TOCIe Y IAJICHIS HEKOTOPHIX k
BepuwH. [Jokaxure caenyoume meopembt Yumuu [21].

JIto60€e BIOXKEHnE TIPOM3BOJBLHOIO TPEXCBAZHOTO rpada B Chepy MOKET OBITH MO-
JIY9€HO U3 JHO60r0 APYroro KOMIO3UIUEH U30TONNA U OCEBBIX CUMMETPU.

Jlro60e BIOXKEHUE TBYCBA3HOTO rpada B chepy MOKET OBIThH MOTYUIEHO U3 TH060T0
IPYTOrO KOMIIO3UIEN M30TOMUN U «IePeBOpaduBanuy 6J0KOBy (puc. 14).

OmnpenenuTe onepamuy, Mpyr MOMOIIA KOTOPEIX MOXKHO NOTY9IATh JTI0O0E BAOKCHUE
1-csiznoro (& cBsa3HOrO) rpada B cdepy us aoboro apyroro. Cueranre TO ke u 111
0-cBasHOrO (< HpPOM3BOIBLHOIO) rpada. TakuMm 06pa30M MOLYUUTCA OMUCAHWE BCEX
BJIOXKeHuU rpada B cdepy (C TOIHOCTHIO IO U3OTOIHOCTH).

Momusap (CUHOHUM: TEIO CHUMILTANUAILHOTO KOMILIEKCA) — DTO MHOTCOMEPHBIN
amasor rpada. dPopManbHOe ONpefereHne CM., HampuMep, B [5, §8]. Yike nBymepHbIe
OIS IPBI — UHTEPECHBIE U CJI0XKHBIE OOBEKTHI, IPO KOTOPHIE MMEETCS HECKOIBKO

3HAMEHUTHIX ¥ OYEHb TPYAHBIX HepemeHHbX mpobuem [4]. TlosTomy yausBuTeasHo,
YTO UMEETCS CICAVIOIMINN PE3YIbTAT.

TEOPEMA XAJUHA — FOHTA. Hoausdp eaoxcum 8 chepy S? mozda u moavko
/4 Py

moeda, K02da on ne codeprcum epagdos Ks, K33 uau 3owmurar U? (puc. 2 u 15)
[12,15].

Puc. 15.

B 5T0oM pesyabpTaTe nHTEpPECHA UL YACTH «TOTJA» U JULIB [JIs TBYMEPHBIX [T0JIU-
2apoB. OHa MOXET OBITHL HECTOXKHO JOKA3AHA TTO CICAYIOMEeMY mIaHy. [IlyCcTh CBA3HLIN
2-nommaap N % S? me cogepxut Ks, K3 3 nmm U?. PaccMoTpuM 00beguHeHne N IBY-
MepHBIX rpaHent 2-mommaapa N. ITockoabky kaxabm u3 rpadgos Ky u K3 3 BIOXKIM
u B Top, u B Juct Mé6uyca, To N ecTb HeCBA3HOE O0BEIUHEHNE IUCKOB. SAMEHIIM
KaXK IBIA TUCK Ha «komecoy. [lomyuenusu rpad mianapen. [lo Broxenuio 3toro rpada
B IUIOCKOCTB JIET'KO MIOCTPOUTE BJIOKEHUE TOMUAApa N B MIOCKOCTb. DTO JOKA3ATE b-
CTBO (BUANMO, ABASIOMEECT (HOILKIOPHBIM) TPOIIE TpeacTaBIeHHoro B [12] u Tem
6oxee B [15].
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ay =

a1

a1 CK3’3 CKs

Puc. 16.

B TepMumHax sanpemeHHBIX MOLCUCTEM MOXKHO TAKXKE OMUCATH (KOMIIAKTHO 6ec-
KOHEYHBIE T'padbl (T.e€. JOKAJIBHO CBA3HBIE KOHTUHYYMBI), BJIOXKUMEIE B ILIOCKOCTb.
Konwmunyym — KOMIAKTHOE CBA3HOE METPUYIECKOE IPOCTPAHCTBO. KOHTHHYYMEI ec-
TECTBEHHO MOABJIAKTCA TIPU U3YICHUN TUHAMUIeCKUX cucTeM (maxe rmagkux!). Kon-
TUHYYM HA3BbIBACTCA A0KAAGHO CBA3HbIM (MIN KOHTUHYYMOM IleaHo), eciu [/ Jio-
OBIX €ro TOYKM T U ee OKpecTHOCTH U CylIecTByeT Takas MEHbIIAs OKPECTHOCTH
V Touku x, 94TO aI00BIE NBE TOYKYU U3 V COENUHAIOTCSI HEKOTODPBIM IIyTEM, LEJINKOM
aexamuM B U (win, SKBUBAJIEHTHO, €CJY OH ABJIACTCA HEIPEPLIBHLIM 00Pa30M Iyru).
JIoKaTbHO CBA3HBIE KOHTUHYYMBI MOTYT ObITH OY€Hb CIOXKHO yCTpoeHs! [3]. TTooTomy
VAUBUTEILHO, IYTO UMEETCA CACAYIONUNA PE3yILTaT.

TEOPEMA KJIDUTOPA. JI0oKaibHO CEA3HbIT KOWMUNYYM 6.40%cuM 6 cPepy S2 mo-
2da u moabko mozda, Ko2da on ne codeprcum xonmunyymos Ks, K33, Cr, u Cr, 4
(puc. 16) [8,9].

IIOCTPOEHUE JIOKAJTLHO CBA3HBIX KOHTUHYYMOB Cg, 1 Ck, ,. Boabmenm pe6-
po ab rpada K5 u ormerum Ha HéM HOBYIO Bepuhy a’. [lycte P = K5 —(ad'). llycto
P,, xommus rpada P. O603HayMmM Yepes ap u a!, BepumHsl rpada P,, cooTBeTCcTBYyIO-

mue a u a’. Torga
Cr,=P |J P ) P )UT
=0

a)=az ab=a3
rge {P,} — mocnenoBaTeqbHOCTD IpadOB Ha MIOCKOCTH CO CTPEMSALMMUCS K HYJTIO

IMaAMeTPaMu, CXOMAMAACA K Touke 2 ¢ LIS, P,,. ToIHO Tak ke MOXHO ONPEIeIUTh
koHTHHYYM (K, 5, B3aB BHAUATE K33 BMecTO K.

,HOKASATEJIBCTBO HEBJOXKUMOCTHU B TEOPEME KJIDMTOPA. rZ[OKa}KeM HEBJIO-
xumocTh kKoHTuHYyMa O, (10KazaTenbcTBo HepnokuMocTu kouTuHyyMa C, , aHa-
noruaro). IlycTs, manporus, f : Ck, — R2 — Broxenue. [na oxpyxuoctn C C Ck,
u mogmuoxecTBa X C Ok, — C o6o3naunm depe3 C * X yTBepxKIeHUe

«fX aemcum sne fC».
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Mycts S,, — okpyxHOCTL B P,, cocTaBnenHas u3 pebep, He COIePKAIINX BEPIINH
an u a),. Tak xak S,, cxomurea k ¢ = 0, To Sy, * 1 nas gocraTouno Gomsmioro n. Tak
kak fI — nyte mexay fOu f1, nexamuu Bue fSy, T0 S, *0. Tak xax S, cxoauTcs x
x =0, 710 S, %Sy, u Sy *S; Ana gocraTodno Goasmmx m < I. Ho Torga Sy, *{am, al, },
a BTO MPOTHUBOPEUUT TOMY (PAKTY, UTO IIA JI060ro Bioxenns g : P — R? Touku ga
7 ga' nexaT 1Mo pasHBIE CTOPOHEI OT 06pasa gS. O

OTmernM, uTo B Teopeme KypaTorckoro moxuo 3ameHnTs R? Ha S?, a B Teopeme
Maxaenna — O IKICCOHA — HET.

3aMeTuM, YTO He CYIIECTBYET KOHEYHOI'O CIUCKA, 3AMPEIIEHHBIX MOJIUIPOB IJIA
BJIOXKUMOCTH 2-MepHOro moamdapa B R® mmm n-mepHOro mommasapa B R27, roe n > 2
[18]. HosTOMY HPUXOAUTCA PACCMATPUBATL APYLHUE NPEIATCTBUAA K BIOKUMOCTH.
Nurepecuo, 4T0 OMHO U3 CAMBIX MOJE3HBIX MPEMATCTBAN CTPOUTCA C TOMOIIBIO KOH-
PuYpauBOHKO20 NPOCMPARCMEa YIOPITOUECHHBIX Map PA3IUYHBIX TOYEK JTaHHOTO
IpPOCTPaHCTBa [6].
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