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It is well-known that any covering space of a Riemannian manifold has the natural

structure of a Riemannian manifold. This article contains a noncommutative generaliza-
tion of this fact. Since any Riemannian manifold with a Spin-structure defines a spectral

triple, the spectral triple can be regarded as a noncommutative Spin-manifold. Similarly

there is an algebraic construction which is a noncommutative generalization of topological
covering. This article contains a construction of spectral triple on the "noncommutative

covering space".
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1 Motivation. Preliminaries

1.1 Prototype. Coverings of Riemannian manifolds

This article proves a noncommutative generalization of the following proposition.

Proposition 1.1. (Proposition 5.9 [14])

1. Given a connected manifold M there is a unique (unique up to isomorphism) universal

covering manifold, which will be denoted by M̃.

2. The universal covering manifold M̃ is a principal fibre bundle over M with group π1(M)
and projection p : M̃→ M, where π1(M) is the first homotopy group of M.

3. The isomorphism classes of covering spaces over M are in 1:1 correspondence with the con-
jugate classes of subgroups of π1(M). The correspondence is given as follows. To each

subgroup H of π1(M), we associate E = M̃/H. Then the covering manifold E correspond-
ing to H is a fibre bundle over M with fibre π1(M)/H associated with the principal bundle

M̃(M, π1(M)). If H is a normal subgroup of π1(M), E = M̃/H is a principal fibre bundle

with group π1(M)/H and is called a regular covering manifold of M.

1.2. If M̃ is a covering space of Riemannian manifold M then it is possible to give M̃ a
Riemannian structure such that π : M̃ → M is a local isometry (this metric is called the

covering metric). cf. [9] for details.

Gelfand-Naĭmark theorem [2] states the correspondence between locally compact Haus-

dorff topological spaces and commutative C∗-algebras.

Theorem 1.3. [2] (Gelfand-Naĭmark). Let A be a commutative C∗-algebra and let X be the
spectrum of A. There is the natural ∗-isomorphism γ : A→ C0(X ).

So any (noncommutative) C∗-algebra may be regarded as a generalized (noncommuta-

tive) locally compact Hausdorff topological space. Articles [12, 18] contain noncommuta-

tive analogs of coverings. The spectral triple [11,21] can be regarded as a noncommutative
generalization of Riemannian manifold. Having analogs of both coverings and Rieman-

nian manifolds one can proof a noncommutative generalization of the Proposition 1.1.
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Following table contains a list of special symbols.

Symbol Meaning

AG Algebra of G-invariants, i.e. AG = {a ∈ A | ga = a, ∀g ∈ G}
Aut(A) Group * - automorphisms of C∗ algebra A
B(H) Algebra of bounded operators on a Hilbert space H

C (resp. R) Field of complex (resp. real) numbers

C(X ) C∗ - algebra of continuous complex valued
functions on a space X

C0(X ) C∗ - algebra of continuous complex valued functions on a topological

space X equal to 0 at infinity
Cc(X ) Algebra of continuous complex valued functions on a

topological space X with compact support

G(X̃ | X ) Group of covering transformations of covering projection X̃ → X [20]

H Hilbert space
K = K(H) C∗ - algebra of compact operators

K(A) Pedersen ideal of C∗-algebra A

lim−→ Direct limit

lim←− Inverse limit

M(A) A multiplier algebra of C∗-algebra A
Mn(A) The n× n matrix algebra over C∗− algebra A

N A set of positive integer numbers
N0 A set of nonnegative integer numbers

G/G′ ⊂ G A set of representatives of a quotient group G/G′

Sn The n-dimensional sphere

Q Field of rational numbers

Z Ring of integers
Zn Ring of integers modulo n

k ∈ Zn An element in Zn represented by k ∈ Z

X\A Difference of sets X\A = {x ∈ X | x /∈ A}
|X| Cardinal number of the finite set

f |A′ Restriction of a map f : A→ B to A′ ⊂ A, i.e. f |A′ : A′ → B
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1.2 Topology

1.2.1 Coverings

Definition 1.4. [20] Let π̃ : X̃ → X be a continuous map. An open subset U ⊂ X is

said to be evenly covered by π̃ if π̃−1(U ) is the disjoint union of open subsets of X̃ each
of which is mapped homeomorphically onto U by π̃. A continuous map π̃ : X̃ → X is

called a covering projection if each point x ∈ X has an open neighborhood evenly covered
by π̃. X̃ is called the covering space and X the base space of the covering.

Definition 1.5. [20] A fibration p : X̃ → X with unique path lifting is said to be regular
if, given any closed path ω in X , either every lifting of ω is closed or none is closed.

Definition 1.6. [20] A topological space X is said to be locally path-connected if the path

components of open sets are open.

Denote by π1 the functor of fundamental group [20].

Theorem 1.7. [20] Let p : X̃ → X be a fibration with unique path lifting and assume that a

nonempty X̃ is a locally path-connected space. Then p is regular if and only if for some x̃0 ∈ X̃ ,

π1 (p)π1

(
X̃ , x̃0

)
is a normal subgroup of π1 (X , p (x̃0)).

Definition 1.8. [20] Let p : X̃ → X be a covering. A self-equivalence is a homeomorphism
f : X̃ → X̃ such that p ◦ f = p. This group of such homeomorphisms is said to be the

group of covering transformations of p or the covering group. Denote by G
(
X̃ | X

)
this

group.

Proposition 1.9. [20] If p : X̃ → X is a regular covering and X̃ is connected and locally path

connected, then X is homeomorphic to space of orbits of G
(
X̃ | X

)
, i.e. X ≈ X̃/G

(
X̃ | X

)
.

So p is a principal bundle.

Corollary 1.10. [20] Let p : X̃ → X be a fibration with a unique path lifting. If X̃ is connected

and locally path-connected and x̃0 ∈ X̃ then p is regular if and only if G
(
X̃ | X

)
transitively

acts on each fiber of p, in which case

ψ : G
(
X̃ | X

)
≈ π1 (X , p (x̃0)) /π1 (p)π1

(
X̃ , x̃0

)
.

Remark 1.11. Above results are copied from [20]. Below the covering projection word is

replaced with covering.

1.2.2 Vector bundles

We refer to [13] for a notion of (locally trivial) vector bundle with base X and an inverse

image of a vector bundle. For any topological space X there is a category Vect(X ) of vector
bundles with base X . If f : X → Y is a continuous map then there is an inverse image
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functor f ∗ : Vect(Y)→ Vect(X ) (cf. [13]). Let π : X̃ → X be a covering projection, and let

E ∈ Vect (X ), Ẽ = π∗E is an inverse image. Any C-(anti)linear map ϕ from Γ(X , E) (resp.
dense C-subspace of X ⊂ Γ(X , E)) to Γ(X , E) naturally induces a C (anti)linear map ϕ∗

from Γ
(
X̃ , Ẽ

)
(resp. dense C-subspace of X̃ ⊂ Γ

(
X̃ , Ẽ

)
) to Γ

(
X̃ , Ẽ

)
.

1.12. Let π : X̃ → X be a covering projection, and let E ∈ Vect (X ), Ẽ = π∗E be an

inverse image. If Ũ ⊂ X̃ is an open subset such that a restriction π|U : Ũ → π(Ũ ) = U
is a homeomorphism. Then there are *-isomorphism C(Ũ ) ≈−→ C (U ) and isomorphism

Γ
(
Ũ , Ẽ|Ũ

)
≈ Γ (U , EU ). If X = Γ (X , E) or X̃ ⊂ Γ

(
X̃ , Ẽ

)
is a dense subspace, ϕ : X →

Γ (X , E) is C (anti)linear map, and then there is a following commutative diagram

X̃|Ũ Γ
(
Ũ , Ẽ|Ũ

)

X|U Γ
(
U , Ẽ|U

)

ϕ∗|Ũ

ϕ|U

≈ ≈

Definition 1.13. The map ϕ∗ is said to be an inverse image or lift of ϕ.

1.14. Let X be a topological space and S the complex linear bundle on X . Suppose that

for any x ∈ X there is the scalar product (·, ·)x : Sx × Sx → C and there is a measure µX
on X . If Γ (M, S) is the space of continuous sections of S then we suppose that for any
ξ, η ∈ Γ (M, S) the map X → C given by x 7→ (ξx, ηx)x is continuous. There is the scalar

product (·, ·) : Γ (M, S)× Γ (M, S)→ C given by

(ξ, η) =
∫

X
(ξx, ηx) d µX

Denote by L2 (X , S, µX ) or L2 (X , S) the Hilbert norm completion of Γ (M, S). There is the

natural representation

C0 (X )→ B
(

L2 (X , S)
)

. (1.1)

Definition 1.15. In the situation of 1.14 we say that S is Hermitian vector bundle.

1.2.3 Locally compact spaces

In this article we consider second-countable locally compact Hausdorff spaces only [16].
So we will say a "topological space" (resp. "compact space" ) instead "locally compact

second-countable Hausdorff space" (resp. "compact second-countable Hausdorff space").

This subsection contains well known facts, I follow to [16].

There are two equivalent definitions of C0 (X ) and both of them are used in this article.

6



Definition 1.16. An algebra C0 (X ) is the norm closure of the algebra Cc (X ) of compactly

supported continuous functions.

Definition 1.17. A C∗-algebra C0 (X ) is given by the following equation

C0 (X ) = {ϕ ∈ Cb (X ) | ∀ε > 0 ∃K ⊂ X (K is compact) & ∀x ∈ X\K |ϕ (x)| < ε} ,

i.e. ∥∥∥ϕ|X \K
∥∥∥ < ε.

Theorem 1.18. [16] Every compact Hausdorff space is normal.

Theorem 1.19. [16] Urysohn lemma. Let X be a normal space, let A, B be disjoint closed

subsets of X . Let [a, b] be a closed interval in the real line. Then there exist a continuous map
f : X → [a, b] such that f (A) = {a} and f (B) = {b}.

Theorem 1.20. [16] Urysohn metrization theorem. Every regular space with a countable basis

is metrizable.

From the Theorems 1.18 and 1.19 it follows that if X is locally compact Hausdorff space

x ∈ X , and B is closed subset of X , such that x /∈ B then there exist a continuous map
f : X → [a, b] such that f (x) = a and f (B) = {b}. It means that locally compact Hausdorff

space is completely regular, whence X is regular (cf. [16]), and from the Theorem 1.20 it

follows next corollary.

Corollary 1.21. Every locally compact second-countable Hausdorff space is metrizable.

Theorem 1.22. [16] Every metrizable space is paracompact.

Definition 1.23. [16] If φ : X → C is continuous then the support of φ is defined to
be the closure of the set φ−1 (C\{0}) Thus if x lies outside the support, there is some

neighborhood of x on which φ vanishes. Denote by suppφ the support of φ.

Definition 1.24. [16] Let {Uα ∈ X}α∈J be an indexed open covering of X . An indexed
family of functions

φα : X → [0, 1]

is said to be a partition of unity , dominated by {Uα}α∈J, if:

1. φα (X\Uα) = {0}

2. The family {supp (φα) = cl ({x ∈ X | φα > 0})} is locally finite.

3. ∑α∈J φα (x) = 1 for any x ∈ X .

Theorem 1.25. [16] Let X be a paracompact Hausdorff space; let {Uα ∈ X}α∈J be an indexed
open covering of X . Then there exists a partition of unity, dominated by {Uα}.
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1.3 Inverse limits of coverings

This subsection is concerned with a topological construction of the inverse limit in the

category of coverings.

Definition 1.26. The sequence of regular finite-fold coverings

X = X0 ←− ...←− Xn ←− ...

is said to be a (topological) finite covering sequence if following conditions hold:

• The space Xn is a second-countable [16] locally compact connected Hausdorff space

for any n ∈N0,

• If k < l < m are any nonnegative integer numbers then there is the natural exact

sequence
{e} → G (Xm | Xl)→ G (Xm | Xk)→ G (Xl | Xk)→ {e}.

For any finite covering sequence we will use a following notation

S = {X = X0 ←− ...←− Xn ←− ...} = {X0 ←− ...←− Xn ←− ...} , S ∈ FinTop.

Definition 1.27. Let {X = X0 ←− ...←− Xn ←− ...} ∈ FinTop, and let X̂ = lim←−Xn be the

inverse limit in the category of topological spaces and continuous maps (cf. [20]). If
π̂0 : X̂ → X0 is the natural continuous map then homeomorphism g of the space X̂
is said to be a covering transformation if the following condition holds

π̂0 = π̂0 ◦ g.

The group Ĝ of covering homeomorphisms is said to be the group of covering transformations

of S. Denote by G
(
X̂ | X

)
def
= Ĝ.

Definition 1.28. Let S = {X0 ←− ...←− Xn ←− ...} be a finite covering sequence. The pair(
Y ,
{

πYn
}

n∈N

)
of a (discrete) set Y with and surjective maps πYn : Y → Xn is said to be a

coherent system if for any n ∈ N0 a following diagram

Y

Xn Xn−1

πYn πYn−1

πn

is commutative.

Definition 1.29. Let S = {X0 ←− ...←− Xn ←− ...} be a topological finite covering sequence.

A coherent system
(
Y ,
{

πYn
})

is said to be a connected covering of S if Y is a connected

topological space and πYn is a regular covering for any n ∈ N. We will use following
notation

(
Y ,
{

πYn
})
↓ S or simply Y ↓ S.
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Definition 1.30. Let
(
Y ,
{

πYn
})

be a coherent system of S and y ∈ Y . A subset V ⊂ Y is

said to be special if πY0 (V) is evenly covered by X1 → X0 and for any n ∈ N0 following

conditions hold:

• πYn (V) ⊂ Xn is an open connected set,

• The restriction πYn |V : V → πYn (V) is a bijection.

Remark 1.31. If
(
Y ,
{

πYn
})

is a covering of S then the topology of Y is generated by

special sets.

Definition 1.32. Let us consider the situation of the Definition 1.29. A morphism from(
Y ′,
{

πY
′

n

})
↓ S to

(
Y ′′,

{
πY

′′
n

})
↓ S is a covering f : Y ′ → Y ′′ such that

πY
′′

n ◦ f = πY
′

n

for any n ∈ N.

1.33. There is a category with objects and morphisms described by Definitions 1.29, 1.32.

Denote by ↓ S this category.

Lemma 1.34. [12] There is the final object of the category ↓ S described in 1.33.

Definition 1.35. The final object
(
X̃ ,
{

πX̃n
})

of the category ↓ S is said to be the (topolog-

ical) inverse limit of ↓ S. The notation
(
X̃ ,
{

πX̃n
})

= lim←− ↓ S or simply X̃ = lim←− ↓ S will

be used.

1.4 Hilbert modules

We refer to [3] for definition of Hilbert C∗-modules, or simply Hilbert modules. For

any ξ, ζ ∈ XA let us define an A-endomorphism θξ,ζ given by θξ,ζ(η) = ξ〈ζ, η〉XA
where

η ∈ XA. Operator θξ,ζ shall be denoted by ξ〉〈ζ. Norm completion of algebra generated
by operators θξ,ζ is said to be an algebra of compact operators K(XA). We suppose that

there is a left action of K(XA) on XA which is A-linear, i.e. action of K(XA) commutes
with action of A.

1.5 C∗-algebras and von Neumann algebras

In this section I follow to [19].

Definition 1.36. [19] Let H be a Hilbert space. The strong topology on B (H) is the

locally convex vector space topology associated with the family of seminorms of the form

x 7→ ‖xξ‖, x ∈ B(H), ξ ∈ H.

Definition 1.37. [19] Let H be a Hilbert space. The weak topology on B (H) is the locally

convex vector space topology associated with the family of seminorms of the form x 7→
|(xξ, η)|, x ∈ B(H), ξ, η ∈ H.

9



Theorem 1.38. [19] Let M be a C∗-subalgebra of B(H), containing the identity operator. The

following conditions are equivalent:

• M = M′′ where M′′ is the bicommutant of M;

• M is weakly closed;

• M is strongly closed.

Definition 1.39. Any C∗-algebra M is said to be a von Neumann algebra or a W∗- algebra if
M satisfies to the conditions of the Theorem 1.38.

Definition 1.40. [19] Let A be a C∗-algebra, and let S be the state space of A. For any

s ∈ S there is an associated representation πs : A → B (Hs). The representation
⊕

s∈S πs :

A → ⊕
s∈S B (Hs) is said to be the universal representation. The universal representation

can be regarded as A→ B (
⊕

s∈SHs).

Definition 1.41. [19] Let A be a C∗-algebra, and let A → B (H) be the universal represen-

tation A → B (H). The strong closure of π (A) is said to be the enveloping von Neumann
algebra or the enveloping W∗-algebra of A. The enveloping von Neumann algebra will be

denoted by A′′.

Theorem 1.42. [19] For each non-degenerate representation π : A → B (H) of a C∗-algebra A

there is a unique normal morphism of A′′ onto π (A)′′ which extends π.

Lemma 1.43. [19] Let Λ be an increasing net in the partial ordering. Let {xλ}λ∈Λ be an
increasing net of self-adjoint operators in B (H), i.e. λ ≤ µ implies xλ ≤ xµ. If ‖xλ‖ ≤ γ for

some γ ∈ R and all λ then {xλ} is strongly convergent to a self-adjoint element x ∈ B (H) with

‖xλ‖ ≤ γ.

For each x ∈ B(H) we define the range projection of x (denoted by [x]) as projection on
the closure of xH. If M is a von Neumann algebra and x ∈ M then [x] ∈ M.

Proposition 1.44. [19] For each element x in a von Neumann algebra M there is a unique partial

isometry u ∈ M and positive |x| ∈ M+ with uu∗ = [|x|] and x = |x|u.

Definition 1.45. The formula x = |x|u in the Proposition 1.44 is said to be the polar

decomposition.

1.46. Any separable C∗-algebra A has a state τ which induces a faithful GNS representa-
tion [17]. There is a C-valued product on A given by

(a, b) = τ (a∗b) .

This product induces a product on A/Iτ where Iτ = {a ∈ A | τ(a∗a) = 0}. So A/Iτ is

a pre-Hilbert space. Let denote by L2 (A, τ) the Hilbert completion of A/Iτ . The Hilbert

space L2 (A, τ) is a space of a GNS representation of A.
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1.6 Connections

Definition 1.47. [5] Let A ρ−→ Ω be a cycle over A, and E a finite projective module over

A. Then a connection ∇ on E is a linear map ∇ : E → E ⊗A Ω1 such that

∇ (ξx) = ∇ (ξ) x = ξ ⊗ dρ (x) ; ∀ξ ∈ E , ∀x ∈ A. (1.2)

Here E is a right module over A and Ω1 is considered as a bimodule over A.

Remark 1.48. The definition of the cycle is given in [5].

Proposition 1.49. [5] Following conditions hold:

(a) Let e ∈ EndA (E ) be an idempotent and ∇ is a connection on E ; then

ξ 7→ (e⊗ 1)∇ξ

is a connection on eE ,

(b) Any finite projective module E admits a connection,

(c) The space of connections is an affine space over the vector space HomA
(
E , E ⊗A Ω1

)
.

1.7 Finite Galois coverings

Here I follow to [1]. Let A →֒ Ã be an injective homomorphism of unital algebras, such

that

• Ã is a projective finitely generated A-module,

• There is an action G× Ã→ Ã of a finite group G such that

A = ÃG =
{

ã ∈ Ã | gã = ã; ∀g ∈ G
}

.

Let us consider the category M G
Ã

of G − Ã modules, i.e. any object M ∈ M G
Ã

is a Ã-

module with equivariant action of G, i.e. for any m ∈ M a following condition holds

g (ãm) = (gã) (gm) for any ã ∈ Ã, g ∈ G.

Any morphism ϕ : M→ N in the category M G
Ã

is G- equivariant, i.e.

ϕ (gm) = gϕ (m) for any m ∈ M, g ∈ G.

Let Ã [G] be an algebra such that Ã [G] ≈ Ã×G as an Abelian group and a multiplication

law is given by

(a, g) (b, h) = (a (gb) , gh) .

The category M G
Ã

is equivalent to the category M
Ã[G]

of Ã [G] modules. Otherwise in [1] it

is proven that if Ã is a finitely generated, projective A-module then there is an equivalence

between a category MA of A-modules and the category M
Ã[G]

. It turns out that the

category M G
Ã

is equivalent to the category MA.
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1.8 Spectral triples

This section contains citations of [11].

1.8.1 Definition of spectral triples

Definition 1.50. [11] A (unital) spectral triple (A,H, D) consists of:

• a pre-C∗-algebra A with an involution a 7→ a∗, equipped with a faithful representa-

tion on:

• a Hilbert space H; and also

• a selfadjoint operator D onH, with dense domain Dom D ⊂ H, such that a(Dom D) ⊆
Dom D for all a ∈ A.

There is a set of axioms for spectral triples described in [11,21]. In this article the regularity
axiom is used only.

Axiom 1.51. [21](Regularity) For any a ∈ A, [D, a] is a bounded operator on H, and

both a and [D, a] belong to the domain of smoothness
⋂∞

k=1 Dom(δk) of the derivation δ

on B(H) given by δ(T)
def
= [|D| , T].

Lemma 1.52. [11] Let A be an unital Fréchet pre-C∗-algebra, whose C∗-completion is A. If
q̃ = q̃2 = q̃∗ is a projection in A, then for any ε > 0, we can find a projection q = q2 = q∗ ∈ A
such that ‖q− q̃‖ < ε.

1.8.2 Representations of smooth algebras

Similarly to [15] we define a representation of π1 : A → B(H2) given by

π1(a) =

(
a 0

[D, a] a

)
. (1.3)

We can inductively construct representations πs : A → B
(
H2s

)
for any s ∈ N. If πs is

already constructed then πs+1 : A → B
(
H2s+1

)
is given by

πs+1(a) =

(
πs(a) 0

[D, πs(a)] πs(a)

)
(1.4)

where we assume diagonal action of D on H2s
, i.e.

D




x1

...

x2s


 =




Dx1

...

Dx2s


 ; x1, ..., x2s ∈ H.

12



For any s ∈ N0 there is a seminorm ‖·‖s on A given by

‖a‖s = ‖πs(a)‖ . (1.5)

The definition of spectral triple requires that A is a Fréchet algebra with respect to semi-

norms ‖·‖s.

1.8.3 Noncommutative differential forms

Any spectral triple naturally defines a cycle ρ : A → ΩD (cf. Definition 1.47). In

particular for any spectral triple there is an A module Ω1
D ⊂ B (H) of differential forms

which is a linear span of operators given by

a [D, b] ; a, b ∈ A. (1.6)

There is differential map

d : A → Ω1
D,

a 7→ [D, a] .
(1.7)

2 Noncommutative finite-fold coverings

2.1 Basic construction

Definition 2.1. If A is a C∗- algebra then an action of a group G is said to be involutive if
ga∗ = (ga)∗ for any a ∈ A and g ∈ G. The action is said to be non-degenerated if for any

nontrivial g ∈ G there is a ∈ A such that ga 6= a.

Definition 2.2. Let A →֒ Ã be an injective *-homomorphism of unital C∗-algebras. Sup-

pose that there is a non-degenerated involutive action G× Ã→ Ã of a finite group G, such

that A = ÃG def
=
{

a ∈ Ã | a = ga; ∀g ∈ G
}

. There is an A-valued product on Ã given by

〈a, b〉Ã = ∑
g∈G

g (a∗b) (2.1)

and Ã is an A-Hilbert module. We say that a triple
(

A, Ã, G
)

is an unital noncommutative

finite-fold covering if Ã is a finitely generated projective A-Hilbert module.

Remark 2.3. Above definition is motivated by the Theorem 4.1.

Definition 2.4. Let A, Ã be C∗-algebras such that following conditions hold:

(a) There are unital C∗-algebras B, B̃ and inclusions A ⊂ B, Ã ⊂ B̃ such that A (resp. B)

is an essential ideal of Ã (resp. B̃),

(b) There is an unital noncommutative finite-fold covering
(

B, B̃, G
)

,
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(c)

Ã =
{

a ∈ B̃ |
〈

B̃, a
〉

B̃
∈ A

}
. (2.2)

The triple
(

A, Ã, G
)

is said to be a noncommutative finite-fold covering. The group G is said

to be the covering transformation group (of
(

A, Ã, G
)

) and we use the following notation

G
(

Ã | A
)

def
= G. (2.3)

Lemma 2.5. Let us consider the situation of the Definition 2.4. Following conditions hold:

(i) From (2.2) it turns out that Ã is a closed two sided ideal of B̃,

(ii) The action of G on B̃ is such that GÃ = Ã, i.e. there is the natural action of G on Ã,

(iii)

A ∼= ÃG =
{

a ∈ Ã | a = ga; ∀g ∈ G
}

. (2.4)

Remark 2.6. The Definition 2.5 is motivated by the Theorem 4.2.

Definition 2.7. The injective *-homomorphism A →֒ Ã, which follows from (2.4) is said

to be a noncommutative finite-fold covering.

Definition 2.8. Let
(

A, Ã, G
)

be a noncommutative finite-fold covering. The algebra Ã is

a Hilbert A-module with an A-valued product given by

〈a, b〉Ã = ∑
g∈G

g(a∗b); a, b ∈ Ã. (2.5)

We say that this structure of Hilbert A-module is induced by the covering
(

A, Ã, G
)

. Hence-

forth we shall consider Ã as a right A-module, so we will write ÃA.

2.2 Induced representation

2.9. Let
(

A, Ã, G
)

be a noncommutative finite-fold covering, and let ρ : A → B (H) be a

representation. If X = Ã⊗A H is the algebraic tensor product then there is a sesquilinear

C-valued product (·, ·)X on X given by

(a⊗ ξ, b⊗ η)X =
(
ξ, 〈a, b〉Ã η

)
H (2.6)

where (·, ·)H means the Hilbert space product on H, and 〈·, ·〉Ã is given by (2.5). So X is

a pre-Hilbert space. There is a natural map p : Ã×
(

Ã⊗A H
)
→ Ã⊗A H given by

(a, b⊗ ξ) 7→ ab⊗ ξ.
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Definition 2.10. Use notation of the Definition 2.8, and 2.9. If H̃ is the Hilbert completion

of X = Ã⊗A H then the map p : Ã×
(

Ã⊗A H
)
→ Ã⊗A H induces the representation

ρ̃ : Ã → B
(
H̃
)

. We say that ρ̃ is induced by the pair
(

ρ,
(

A, Ã, G
))

.

Remark 2.11. Below any ã⊗ ξ ∈ Ã⊗AH will be regarded as element in H̃.

Lemma 2.12. [12] If A→ B (H) is faithful then ρ̃ : Ã→ B
(
H̃
)

is faithful.

2.13. Let
(

A, Ã, G
)

be a noncommutative finite-fold covering, let ρ : A→ B (H) a faithful

representation, and let ρ̃ : Ã → B
(
H̃
)

is induced by the pair
(

ρ,
(

A, Ã, G
))

. There is the

natural action of G on H̃ induced by the map

g (ã⊗ ξ) = (gã)⊗ ξ; ã ∈ Ã, g ∈ G, ξ ∈ H.

There is the natural orthogonal inclusion H ⊂ H̃ induced by inclusions

A ⊂ Ã; A⊗A H ⊂ Ã⊗A H.

Action of g on Ã can be defined by representation as gã = gãg−1, i.e.

(gã)ξ = g
(

ã
(

g−1ξ
))

; ∀ξ ∈ H̃.

2.3 Coverings of spectral triples

Definition 2.14. Let (A,H, D) be a spectral triple, and let A is the C∗-norm completion of

A. Let
(

A, Ã, G
)

be an unital noncommutative finite-fold covering. Let ρ : A→ B (H) be

a natural representation, and let ρ̃ : Ã → B
(
H̃
)

be a representation induced by the pair
(

ρ,
(

A, Ã, G
))

. A spectral triple
(
Ã, H̃, D̃

)
is said to be a

(
A, Ã, G

)
-lift of (A,H, D) if

following conditions hold:

(a) Ã is a C∗-norm completion of Ã,

(b) D̃
(
1

Ã
⊗A ξ

)
= 1

Ã
⊗A Dξ; ∀ξ ∈ Dom D,

(c) D̃
(

gξ̃
)
= g

(
D̃ξ̃
)

for any ξ̃ ∈ Dom D̃, g ∈ G.

2.15. Consider the situation of the Definition 2.14. The algebra Ã is a finitely generated

projective A-module, it turns out following direct sum

Ã
⊕

A′ = An.
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Let us define the action of G on An such that

ga = g
(
ã + a′

)
= gã + a′

where a = ã + a′ ∈ An, ã ∈ Ã and a′ ∈ A′. The action of G on An naturally induces an

action of G on EndA An given by

(gϕ) (ã) = g ◦ ϕ
(

g−1ã
)

; where g ∈ G, ã ∈ An, ϕ ∈ EndA An.

There is the natural bijection Mn (A) ≈ EndA An, so there is a natural action of G on

Mn (A). There is a projection p ∈Mn (A) such that

Ã = pAn.

From the definition of the action of G on Mn (A) it follows that g ◦ p = p for any g ∈ G.

The subalgebra Mn (A) ⊂ Mn (A) is dense, it turns out that for any ε > 0 there is an

idempotent f ∈Mn (A) such that ‖p− f‖ < ε. If

finv =
∑g∈G g f

|G|
then following conditions hold:

‖p− f‖ < ε,

g finv = finv; for any g ∈ G.

From the Lemma 1.52 it follows that there is a projection p̃ ∈ Mn (A) which is similar to

finv and p such that following conditions hold:

gp̃ = p̃; for any g ∈ G,

p̃ ∈Mn (A) ,

p̃An ≈ Ã.

Let Ẽ = p̃An be a projective A-module, let Ω1
D be given by (1.6). From the Proposition

1.49 it follows that there is a connection

∇′ : Ẽ → Ẽ ⊗A Ω1
D.

Let us define a connection

∇̃ : Ẽ → Ẽ ⊗A Ω1
D,

∇̃ (ã) =
1

|G| ∑
g∈G

g−1
(
∇′ (gã)

)

The connection ∇̃ is equivariant, i.e.

∇̃ (gã) = g
(
∇̃ (ã)

)
; for any g ∈ G, ã ∈ Ẽ . (2.7)
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Let H∞ =
⋂∞

n=1 Dom Dn, and let us define an operator D̃ : Ẽ ⊗A H∞ → Ẽ ⊗A H∞ such

that if ã ∈ Ẽ and

∇ (ã) =
m

∑
j=1

ãj ⊗ ωj

then

D̃ (ã⊗ ξ) =
m

∑
j=1

ãj ⊗ωj (ξ) + ã⊗ Dξ. (2.8)

The space Ẽ ⊗A H∞ is a dense subspace of the Hilbert space H̃ = Ã⊗A H. It turns out

D̃ can be regarded as an unbounded operator on H̃. Denote by δ̃ a derivation on B
(
H̃
)

given by

δ̃(T̃)
def
=
[∣∣∣D̃

∣∣∣ , T̃
]

.

Denote by

Ã =

{
ã ∈ Ã = p̃An |

[
D̃, ã

]
∈ B

(
H̃
)

& ã,
[

D̃, ã
]
∈

∞⋂

k=1

Dom
(

δ̃k
)}

. (2.9)

From the above equation it turns out:

• Ã is a subalgebra of Ã,

• GÃ = Ã,

• Ã = Ẽ .

Using Ã = Ẽ on can write
∇̃ : Ã → Ã ⊗A Ω1

D

instead of

∇̃ : Ẽ → Ẽ ⊗A Ω1
D.

Lemma 2.16. In the above situation there is the unique G-equivariant connection

∇̃ : Ã → Ã ⊗A Ω1
D.

Proof. It follows from the Proposition 1.49 that the space of connections is an affine space

over the vector space HomA
(
Ã, Ã ⊗A Ω1

D

)
. The space of G-equivariant connections is an

affine space over the vector space HomG
A
(
Ã, Ã ⊗A Ω1

D

)
of G-equivariant morphisms, i.e.

morphisms in the category M G
Ã (cf. 1.7). However from 1.7 it follows that the category

M G
Ã is equivalent to the category MA of A-modules. It turns out that there is a 1-1

correspondence between connections

∇ : A → A⊗A Ω1
D = Ω1

D
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and G-equivariant connections

∇̃ : Ã → Ã ⊗A Ω1
D.

It follows that thee is the unique G-equivariant ∇̃ connection which corresponds to

∇ : A → A⊗A Ω1
D = Ω1

D,

a 7→ [D, a] .

Above reasonings give a following theorem.

Theorem 2.17. If Ã is given by (2.9), H̃ = Ã⊗AH and D̃ is given by (2.8), then a spectral triple(
Ã, H̃, D̃

)
is a

(
A, Ã, G

)
-lift of (A,H, D). There is the unique

(
A, Ã, G

)
-lift of (A,H, D).

Remark 2.18. From (2.7) it follows that the operator D̃ is equivariant, i.e.

D̃
(

gξ̃
)
= g

(
D̃ξ̃
)

; ∀ξ̃ ∈ Dom G̃, ∀g ∈ G. (2.10)

There are two equivalent ways of definition of operator D̃ from the Theorem 2.17:

(a) Looking for an operator D̃ which satisfies to the Definition 2.14,

(b) Application of the equation (2.8).

3 Noncommutative infinite coverings

3.1 Basic construction

This section contains a noncommutative generalization of infinite coverings.

Definition 3.1. Let

S =

{
A = A0

π1−→ A1
π2−→ ...

πn−→ An
πn+1

−−→ ...

}

be a sequence of C∗-algebras and noncommutative finite-fold coverings such that:

(a) Any composition πn1 ◦ ... ◦ πn0+1 ◦ πn0 : An0 → An1 corresponds to the noncommu-

tative covering (An0 , An1 , G (An1 | An0));

(b) If k < l < m then G (Am | Ak) Al = Al (Action of G (Am | Ak) on Al means that
G (Am | Ak) acts on Am, so G (Am | Ak) acts on Al since Al a subalgebra of Am);
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(c) If k < l < m are nonegative integers then there is the natural exact sequence of

covering transformation groups

{e} → G (Am | Al)
ι−→ G (Am | Ak)

π−→ G (Al | Ak)→ {e}

where the existence of the homomorphism G (Am | Ak)
π−→ G (Al | Ak) follows from

(b).

The sequence S is said to be an (algebraical) finite covering sequence. For any finite covering
sequence we will use the notation S ∈ FinAlg.

Definition 3.2. Let Â = lim−→ An be the C∗-inductive limit [17], and suppose that Ĝ =

lim←−G (An | A) is the projective limit of groups [20]. There is the natural action of Ĝ on Â.

A non-degenerate faithful representation Â→ B (H) is said to be equivariant if there is an

action of Ĝ on H such that for any ξ ∈ H and g ∈ Ĝ the following condition holds

(ga) ξ = g
(

a
(

g−1ξ
))

. (3.1)

Example 3.3. Let S be the state space of Â, and let Â → B (
⊕

s∈SHs) be the universal

representation. There is the natural action of Ĝ on S given by

(gs) (a) = s (ga) ; s ∈ S, a ∈ Â, g ∈ Ĝ.

The action of Ĝ on S induces the action of Ĝ on
⊕

s∈SHs. It follows that the universal

representation is equivariant.

Example 3.4. Let s be a faithful state which corresponds to the representation Â→ B (Hs)

and
{

gn ∈ Ĝ
}

n∈N
= Ĝ is a bijection. The state

∑
n∈N

gns

2n

corresponds to an equvariant representation Â → B
(⊕

g∈Ĝ
Hgs

)
.

Definition 3.5. Let π : Â → B (H) be an equivariant representation. A positive element
a ∈ B (H)+ is said to be special (with respect to π) if following conditions hold:

(a) For any n ∈ N0 the following series

an = ∑
g∈ker(Ĝ→G(An | A))

ga

is strongly convergent and the sum lies in An, i.e. an ∈ An;

(b) If fε : R→ R is given by

fε (x) =

{
0 x ≤ ε

x− ε x > ε
(3.2)
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then for any n ∈ N0 and for any z ∈ A following series

bn = ∑
g∈ker(Ĝ→G(An | A))

g (zaz∗) ,

cn = ∑
g∈ker(Ĝ→G(An | A))

g (zaz∗)2 ,

dn = ∑
g∈ker(Ĝ→G(An | A))

g fε (zaz∗)

are strongly convergent and the sums lie in An, i.e. bn, cn, dn ∈ An;

(c) For any ε > 0 there is N ∈ N (which depends on a and z) such that for any n ≥ N a
following condition holds

∥∥∥b2
n − cn

∥∥∥ < ε. (3.3)

An element a′ ∈ B (H) is said to be weakly special if

a′ = xay; where x, y ∈ Â, and a ∈ B (H) is special.

Lemma 3.6. [12] If a ∈ B (H)+ is a special element and Gn = ker
(

Ĝ → G (An | A)
)

then

from

an = ∑
g∈Gn

ga,

it follows that a = limn→∞ an in the sense of the strong convergence. Moreover one has a =
infn∈N an.

Corollary 3.7. [12] Any weakly special element lies in the enveloping von Neumann algebra Â′′

of Â = lim−→ An. If Aπ ⊂ B (H) is the C∗-norm completion of an algebra generated by weakly

special elements then Aπ ⊂ Â′′.

Lemma 3.8. [12] If a ∈ B (H) is special, (resp. a′ ∈ B (H) weakly special) then for any g ∈ Ĝ

the element ga is special, (resp. ga′ is weakly special).

Corollary 3.9. [12] If Aπ ⊂ B (H) is the C∗-norm completion of algebra generated by weakly

special elements, then there is a natural action of Ĝ on Aπ.

Definition 3.10. Let S =

{
A = A0

π1

−→ A1
π2

−→ ...
πn

−→ An
πn+1

−−→ ...

}
be an algebraical finite

covering sequence. Let π : Â → B (H) be an equivariant representation. Let Aπ ⊂ B (H)
be the C∗-norm completion of algebra generated by weakly special elements. We say that
Aπ is the disconnected inverse noncommutative limit of ↓ S (with respect to π). The triple(

A, Aπ, G
(

Aπ | A
) def
= Ĝ

)
is said to be the disconnected infinite noncommutative covering of

S (with respect to π). If π is the universal representation then "with respect to π" is dropped
and we will write

(
A, A, G

(
A | A

))
.
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Definition 3.11. Any maximal irreducible subalgebra Ãπ ⊂ Aπ is said to be a connected

component of S (with respect to π). The maximal subgroup Gπ ⊂ G
(

Aπ | A
)

among sub-

groups G ⊂ G
(

Aπ | A
)

such that GÃπ = Ãπ is said to be the Ãπ-invariant group of S. If

π is the universal representation then "with respect to π" is dropped.

Remark 3.12. From the Definition 3.11 it follows that Gπ ⊂ G
(

Aπ | A
)

is a normal sub-

group.

Definition 3.13. Let

S =

{
A = A0

π1

−→ A1
π2

−→ ...
πn

−→ An
πn+1

−−→ ...

}
∈ FinAlg,

and let
(

A, Aπ, G
(

Aπ | A
))

be a disconnected infinite noncommutative covering of S with

respect to an equivariant representation π : lim−→ An → B (H). Let Ãπ ⊂ Aπ be a connected

component of S with respect to π, and let Gπ ⊂ G
(

Aπ | A
)

be the Ãπ - invariant group

of S. Let hn : G
(

Aπ | A
)
→ G (An | A) be the natural surjective homomorphism. The

representation π : lim−→ An → B (H) is said to be good if it satisfies to following conditions:

(a) The natural *-homomorphism lim−→ An → M
(

Ãπ

)
is injective,

(b) If J ⊂ G
(

Aπ | A
)

is a set of representatives of G
(

Aπ | A
)

/Gπ , then the algebraic
direct sum ⊕

g∈J

gÃπ

is a dense subalgebra of Aπ,

(c) For any n ∈ N the restriction hn|Gπ is an epimorphism, i. e. hn (Gπ) = G (An | A).

If π is the universal representation we say that S is good.

Definition 3.14. Let S = {A = A0 → A1 → ...→ An → ...} ∈ FinAlg be an algebraical

finite covering sequence. Let π : Â → B (H) be a good representation. A connected

component Ãπ ⊂ Aπ is said to be the inverse noncommutative limit of ↓ S (with respect to
π). The Ãπ-invariant group Gπ is said to be the covering transformation group of S (with

respect to π). The triple
(

A, Ãπ , Gπ

)
is said to be the infinite noncommutative covering of S

(with respect to π). We will use the following notation

lim←−
π

↓ S def
= Ãπ,

G
(

Ãπ | A
)

def
= Gπ.

If π is the universal representation then "with respect to π" is dropped and we will write(
A, Ã, G

)
, lim←− ↓ S

def
= Ã and G

(
Ã | A

)
def
= G.
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Definition 3.15. Let S = {A = A0 → A1 → ...→ An → ...} ∈ FinAlg be an algebraical

finite covering sequence. Let π : Â → B (H) be a good representation. Let
(

A, Ãπ, Gπ

)

be the infinite noncommutative covering of S ( with respect to π). Let K
(

Ãπ

)
be the

Pedersen ideal of Ãπ. We say that S allows inner product (with respect to π) if following
conditions hold

(a) Any ã ∈ K
(

Ãπ

)
is weakly special,

(b) For any n ∈ N, and ã, b̃ ∈ K
(

Ãπ

)
the series

an = ∑
g∈ker(Ĝ→G(An | A))

g
(

ã∗ b̃
)

is strongly convergent and an ∈ An.

Remark 3.16. If S allows inner product (with respect to π) then K
(

Ãπ

)
is a pre-Hilbert

A module such that the inner product is given by

〈
ã, b̃
〉
= ∑

g∈Ĝ

g
(

ã∗ b̃
)
∈ A

where the above series is strongly convergent. The completion of K
(

Ãπ

)
with respect to

a norm

‖ã‖ =
√
‖〈ã, ã〉‖

is an A-Hilbert module. Denote by XA this completion. The ideal K
(

Ãπ

)
is a left Ãπ-

module, so XA is also Ãπ-module. Sometimes we will write
Ãπ

XA instead XA.

Definition 3.17. Let S = {A = A0 → A1 → ...→ An → ...} ∈ FinAlg and S allows inner

product (with respect to π) then K
(

Ãπ

)
then we say that given by the Remark 3.16 A-

Hilbert module
Ãπ

XA corresponds to the pair (S, π). If π is the universal representation

then we say that
Ã

XA corresponds to S.

3.2 Induced representation

Let π : Â → B
(
Hπ

)
be a good representation. Let

(
A, Ãπ, Gπ

)
be an infinite noncom-

mutative covering with respect to π of S. Denote by Wπ ⊂ B
(
Hπ
)

the Â-bimodule of

weakly special elements, and denote by

W̃π = Wπ

⋂
Ãπ. (3.4)

If π is the universal representation then we write W̃ instead W̃π.
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Lemma 3.18. [12] If ã, b̃ ∈ W̃π are weakly special elements then a series

∑
g∈Gπ

g
(

ã∗ b̃
)

is strongly convergent.

Definition 3.19. Element ã ∈ Ãπ is said to be square-summable if the series

∑
g∈Gπ

g (ã∗ ã) (3.5)

is strongly convergent to a bounded operator. Denote by L2
(

Ãπ

)
(or L2

(
Ã
)

the C-space

of square-summable operators.

Remark 3.20. If b̃ ∈ Â, and ã ∈ L2
(

Ã
)

then

∥∥∥∥∥ ∑
g∈Gπ

g
(

b̃ã
)∗ (

b̃ã
)∥∥∥∥∥ ≤

∥∥∥b̃
∥∥∥

2
∥∥∥∥∥ ∑

g∈Gπ

g (ã∗ ã)

∥∥∥∥∥ ,

∥∥∥∥∥ ∑
g∈Gπ

g
(

ãb̃
)∗ (

ãb̃
)∥∥∥∥∥ ≤

∥∥∥b̃
∥∥∥

2
∥∥∥∥∥ ∑

g∈Gπ

g (ã∗ ã)

∥∥∥∥∥

it turns out
ÂL2

(
Ãπ

)
⊂ L2

(
Ãπ

)
, L2

(
Ãπ

)
Â ⊂ L2

(
Ãπ

)
, (3.6)

i.e. there is the left and right action of Â on L2
(

Ã
)

.

Remark 3.21. If a, b ∈ L2
(

Ãπ

)
then sum ∑g∈Gπ

g
(

ã∗ b̃
)
∈ Â′′ is bounded and Gπ-

invariant, hence ∑g∈Gπ
g
(

ã∗ b̃
)
∈ A′′.

Remark 3.22. From the Lemma 3.18 it turns out W̃π ⊂ L2
(

Ãπ

)

3.23. Let A → B (H) be a representation. Denote by H̃ a Hilbert completion of a pre-

Hilbert space

L2
(

Ãπ

)
⊗A H,

with a scalar product
(

ã⊗ ξ, b̃⊗ η
)
H̃
=

(
ξ,

(
∑

g∈Gπ

g
(

ã∗b̃
))

η

)

H
.

(3.7)

There is the left action of Â on L2
(

Ãπ

)
⊗A H given by

b̃ (ã⊗ ξ) = b̃ã⊗ ξ

where ã ∈ L2
(

Ãπ

)
, b̃ ∈ Â, ξ ∈ H. The left action of Â on L2

(
Ãπ

)
⊗A H induces

following representations

ρ̂ : Â→ B
(
H̃
)

,

ρ̃ : Ãπ → B
(
H̃
)

.
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Definition 3.24. The constructed in 3.23 representation ρ̃ : Ãπ → B
(
H̃
)

is said to be in-

duced by (ρ,S, π). We also say that ρ̃ is induced by
(

ρ,
(

A, Ãπ, G
(

Ãπ | A
))

, π
)

. If π is an

universal representation we say that ρ̃ is induced by (ρ,S) and/or
(

ρ,
(

A, Ã, G
(

Ã | A
)))

.

Remark 3.25. If ρ is faithful, then ρ is faithful.

Remark 3.26. There is an action of Gπ on H̃ induced by the natural action of Gπ on the

Ãπ-bimodule L2
(

Ãπ

)
. If the representation Ãπ → B

(
H̃
)

is faithful then an action of Gπ

on Ãπ is given by

(gã) ξ = g
(

ã
(

g−1ξ̃
))

; ∀g ∈ G, ∀ã ∈ Ãπ, ∀ξ̃ ∈ H̃.

3.27. If S allows inner product with respect to π then for any representation A → B (H)
an algebraic tensor product

Ãπ
XA ⊗A H is a pre-Hilbert space with the product given by

(a⊗ ξ, b⊗ η) = (ξ, 〈a, b〉 η)

(cf. Definitions 3.17 and 3.15)

Lemma 3.28. [12] Suppose S allows inner product with respect to π and any ã ∈ K
(

Ãπ

)
is

weakly special. If H̃ (resp. H̃′) is a Hilbert norm completion of Wπ ⊗A H (resp.
Ãπ

XA ⊗A H)

then there is the natural isomorphism H̃ ∼= H̃′.

3.29. Let Hn be a Hilbert completion of An ⊗A H which is constructed in the section 2.2.

Clearly

L2
(

Ãπ

)
⊗An Hn = L2

(
Ãπ

)
⊗An (An ⊗A H) = L2

(
Ãπ

)
⊗A H. (3.8)

3.3 Coverings of spectral triples

Definition 3.30. Let (A,H, D) be a spectral triple, and let A be the C∗-norm completion
of A with the natural representation A→ B (H). Let

S =

{
A = A0

π1−→ A1
π2−→ ...

πn−→ An
πn+1

−−→ ...

}
∈ FinAlg (3.9)

be a good algebraical finite covering sequence. Suppose that for any n > 0 there is a

spectral triple (An,Hn, Dn), such that

• An is the C∗-norm completion of An,

• There is a good representation π : lim−→ An → B (Hπ),

• For any k > l ≥ 0 the spectral triple (Ak,Hk, Dk) is a (Al , Ak, G (Ak |Al))-lift of

(Al ,Hl , Dl).
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We say that

S(A,H,D) = {(A,H, D) = (A0,H0, D0) , (A1,H1, D1) , ...,

(An,Hn, Dn)}
(3.10)

is a coherent sequence of spectral triples. We write S(A,H,D) ∈ CohTriple.

Let us consider a coherent sequence of spectral triples. Let
(

A, Ãπ, Gπ

)
be an infinite

noncommutative covering (with respect to π) of S. Denote by L2
(

Ãπ

)
⊂ Ãπ the space of

square-summable elements, and denote by Jn = ker (Gπ → G (An |A)). Let us consider a

square-summable element ã ∈ L2
(

Ãπ

)
and denote by

an = ∑
g∈Jn

gã ∈ An.

Let ρ̃ : Ãπ → H̃ be induced by
(

ρ,
(

A, Ãπ, G
(

Ãπ | A
))

, π
)

.

Definition 3.31. In the above situation weakly special element ã ∈ Ãπ is said to by

S(A,H,D)-smooth with respect to π (or S(A,H,D)-smooth if π is the universal representation)
if following conditions hold:

(a) an ∈ An for any n ∈N.

(b) For any s ∈ N the sequence
{

1
M(Ã) ⊗ πs

n (an) ∈ B
(
H̃2s

)}
n∈N

is strongly conver-

gent. (The representation πs
n : An → B

(
H2s

n

)
is given by (1.4)).

(c) The sequence
{

1
M(Ã) ⊗ [Dn, an] ∈ B

(
H̃
)}

n∈N
is strongly convergent and

lim
n→∞

1
M(Ã) ⊗ [Dn, an] ∈ L2

(
Ãπ

)
⊗A Ω1

D ⊂ B
(
H̃
)

, (cf. Remark 3.32).

(d) The element ã lies in the Pedersen ideal of Ãπ, i.e. ã ∈ K
(

Ãπ

)
.

Denote by ãs = limn→∞ 1
M(Ã) ⊗ πs

n (an) in sense the strong convergence, and denote by

W̃∞
π the space of smooth elements. If π is the universal representation then we write W̃∞

instead W̃∞
π .

Remark 3.32. From (3.8) it follows that 1M(Ã) ⊗ πs
n (an) (resp. 1M(Ã) ⊗An [Dn, an]) can be

regarded as an operator in B
(
H̃2s

)
(resp. B

(
H̃
)

).

3.33. There is a subalgebra Ãsmooth ⊂ Ãπ generated by smooth elements. For any s > 0

there is a seminorm ‖·‖s on Ãsmooth given by

‖ã‖s = ‖ãs‖ =
∥∥∥ lim

n→∞
1

M(Ã) ⊗ πs
n (an)

∥∥∥ . (3.11)
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Definition 3.34. The completion of Ãsmooth in the topology induced by seminorms ‖·‖s is

said to be a smooth algebra of the coherent sequence (3.10) of spectral triples (with respect
to π). This algebra is denoted by Ãπ. We say that the sequence of spectral triple is good if

Ãπ is dense in Ãπ . If π is an universal representation than "with respect to π is dropped
and we write Ã instead of Ãπ.

3.35. For any ã ∈ W̃∞
π we denote by

ãD = lim
n→∞

1M(Ã) ⊗
[

Dn, ∑
g∈Jn

ã

]
=

k

∑
j=1

ã
j
D ⊗ωj ∈ L2

(
Ãπ

)
⊗A Ω1

D. (3.12)

If H∞ =
⋂∞

n=0 Dom Dn then for any ã⊗ ξ ∈ W̃∞
π ⊗A H∞ we denote by

D̃ (ã⊗ ξ)
def
=

k

∑
j=1

ã
j
D ⊗ωj (ξ) + ã⊗ Dξ ∈ L2

(
Ãπ

)
⊗A H, (3.13)

i.e. D̃ is a C-linear map from W∞
π ⊗A H∞ to L2

(
Ãπ

)
⊗A H. The space W̃∞

π ⊗A H∞ is

dense in H̃, hence the operator D̃ can be regarded as an unbounded operator on H̃.

Definition 3.36. The coherent sequence (3.10) of spectral triples is said to be regular (with
respect to π) if Ãπ is a dense subalgebra of Ãπ in the C∗-norm topology. If π is the

universal representation then "with respect to π" is dropped.

Definition 3.37. Let (3.10) be a regular coherent sequence of spectral triples. Let S ∈
FinAlg is given by (3.9), and let D̃ be given by (3.13). Let π : lim−→ An → B (Hπ) be a good

representation. Let
(

A, Ãπ, Gπ

)
be the infinite noncommutative covering (with respect to

π) of S. We say that
(
Ã, H̃, D̃

)
is a

(
A, Ãπ, Gπ

)
-lift of (A,H, D).

4 Coverings of commutative spectral triples

The Spin-manifold is a Riemannian manifold M with a linear Spin-bundle S described

in [11,21]. The bundle S is Hermitian. Taking into account than any Riemannian manifold

has a natural measure µ, there is a Hilbert space L2 (M, S) = L2 (M, S, µ) described in 1.14.
If Γ∞ (M, S) is a C∞ (M)-module of smooth sections then there is a first order differential

operator /D on Γ∞ (M, S). Locally /D is given by

/Dξ =
n

∑
j=1

γj (x)
∂

∂xj

where xj (j = 1, ..., n) are local coordinates on M, γj ∈ EndC∞(M) (Γ
∞ (M, S)) are described

in [11,21]. Since Γ∞ (M, S) is a dense C-subspace of L2 (M, S) operator /D can be regarded
as an unbounded operator L2 (M, S). It is shown in [11,21] that

(
C∞(M), L2(M, S), /D

)
is a

spectral triple. For any s ∈ N0 there is a representation of πs : C∞
(

M̃
)
→ B

(
L2 (M, S)2s

)

given by (1.4).
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4.1 Finite-fold coverings

This section contains an algebraic version of the Proposition 1.1 in case of finite-fold

coverings.

4.1.1 Coverings of C∗-algebras

Following two theorem state equivalence between a topological notion of a covering
and an algebraical one.

Theorem 4.1. [18] Suppose X and Y are compact Hausdorff connected spaces and p : Y → X is

a continuous surjection. If C(Y) is a projective finitely generated Hilbert module over C(X ) with

respect to the action

( f ξ)(y) = f (y)ξ(p(y)), f ∈ C(Y), ξ ∈ C(X ),

then p is a finite-fold covering.

Theorem 4.2. [12] If X , X̃ are locally compact spaces, and π : X̃ → X is a surjective continuous

map, then following conditions are equivalent:

(i) The map π : X̃ → X is a finite-fold covering with a compactification,

(ii) There is a natural noncommutative finite-fold covering
(

C0 (X ) , C0

(
X̃
)

, G
)

.

Remark 4.3. The definition of coverings with compactifications is presented in [12].

4.1.2 Topological coverings of spectral triples

Let
(
C∞ (M) , L2 (M, S) , /D

)
be a commutative spectral triple, and let π : M̃ → M be

a finite fold covering projection. From the Proposition 1.1 it follows that M̃ has natural

structure of the Riemannian manifold. Denote by S̃ = π∗S the inverse image of the Spin-

bundle S (cf. 1.2.2). Similarly we can define the inverse image /̃D = π∗ /D (cf. Definition

1.13), and
(

C∞
(

M̃
)

, L2
(

M̃, S̃
)

, /̃D
)

is a spectral triple. We would like to proof that

(
C∞

(
M̃
)

, L2
(

M̃, S̃
)

, /̃D
)

is the
(

C (M) , C
(

M̃
)

, G
(

M̃ | M
))

-lift of
(
C∞ (M) , L2 (M, S) , /D

)
.

4.1.3 Induced representation

Let us consider a family of open subsets {Uι ⊂ M}ι∈I such that

• Uι is evenly covered by π,

• The bundle S is trivial on Uι.
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The space M is compact, so there is a finite subfamily {Uι ⊂ M}ι∈I such that M =
⋃

ι∈I Uι.

Proposition 4.4. [4] A differential manifold M admits a (smooth) partition of unity if and only

if it is paracompact.

From the Proposition 4.4 it follows that there is a finite family {eι ∈ C∞ (M)}ι∈I such that

eι (M\Uι) = {0},
1C(M) = ∑

ι∈I

eι.

For any ι ∈ I there are smooth sections ξ1
ι , ..., ξdim S

ι ∈ Γ∞ (M, S) such that for any x ∈ Uι

the set
{

ξ1
ι,x, ..., ξdim S

ι,x

}
⊂ Γx is a basis of Γx. If s ∈ S is a section then

ξ = ∑
ι∈I

ξ ι, where ξ ι = eιξ.

Otherwise there is unambiguous representation

ξ ι =
dim S

∑
j=1

eιa
j
ι ξ

j
ι

where a
j
ι ∈ C∞ (M). In fact any ξ ∈ Γ∞ (M, S) can be uniquely represented by the follow-

ing sum

ξ = ∑
ι∈I

eι

dim S

∑
j=1

a
j
ιξ

j
ι . (4.1)

For any ι ∈ I we can select an open connected subset Ũι ⊂ M̃ such that Ũι is homeomor-

phically mapped onto Uι. If ẽι ∈ C∞
(

M̃
)

is given by

ẽι (x̃) =

{
eι (π (x̃)) x̃ ∈ Ũι

0 x̃ /∈ Ũι
.

then
1C(M̃) = ∑

g∈G
∑
ι∈I

gẽι.

Moreover there for any ι ∈ I there are sections ξ̃1
ι , ..., ξ̃dim S

ι ∈ Γ∞
(

M̃, S̃
)

which are lifts of

ξ1
ι , ..., ξdim S

ι . Similarly to the above construction any element in Γ∞ (M, S) can be repre-

sented as

ξ = ∑
g∈G

∑
ι∈I

gẽι

dim S

∑
j=1

a
j

(g,ι)

(
gξ̃

j
ι

)
where a

j

(g,ι)
∈ C∞ (M) . (4.2)
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Now we can establish isomorphism

Γ∞
(

M̃, S̃
) ≈−→ C∞

(
M̃
)
⊗C∞(M) Γ∞ (M, S) ,

∑
g∈G

∑
ι∈I

gẽι

dim S

∑
j=1

a
j

(g,ι)

(
gξ̃

j
ι

)
7→ ∑

g∈G
∑
ι∈I

gẽι ⊗
dim S

∑
j=1

a
j

(g,ι)
ξ

j
ι .

Since C∞
(

M̃
)

is dense in C
(

M̃
)

, and Γ∞ (M, S), (resp. Γ∞
(

M̃, S̃
)

) is dense in L2 (M, S),

(resp. L2
(

M̃, S̃
)

) above isomorphism can be uniquely extended up to C-isomorphism

L2
(

M̃, S̃
) ≈−→ C

(
M̃
)
⊗C(M) L2 (M, S) .

Above formula coincides with construction 2.9 of induced representation. If ã⊗ ξ, b̃⊗ η ∈
C
(

M̃
)
⊗C(M) Γ (M, S) ⊂ L2

(
M̃, S̃

)
, µ (resp. µ̃) is the Riemannian measure (cf. [9]) on M,

(resp. M̃) then

(
ã⊗ ξ, b̃⊗ η

)
L2(M̃,S̃)

=
∫

M̃
ã∗ (x̃) b̃ (x̃) (ξ, η)π(x̃) dµ̃ =

=
∫

M
∑

g∈G(M̃ | M)

(
g
(

ã∗ b̃
))

(x) (ξ, η)x dµ =

(
ξ,
〈

ã, b̃
〉

C(M̃)
η

)

L2(M,S)

.

Above equation is a version of (2.6). So the representation ρ̃ : C
(

M̃
)
→ L2

(
M̃, S̃

)
is

induced by the pair
(

C (M)→ L2 (M, S) ,
(

C (M) , C
(

M̃
)

, G
(

M̃ | M
)))

.

4.1.4 Coverings of spectral triples

Operator /̃D (which is an inverse image of /D) can be regarded as unbounded operator

on L2
(

M̃, S̃
)

, and satisfies to conditions (b) and (c) of the Definition 2.14. Clearly C
(

M̃
)

is a C∗-norm completion of C∞
(

M̃
)

, i.e. condition (a) of the Definition 2.14 holds. In

result we have the following theorem.

Theorem 4.5. A spectral triple
(

C∞
(

M̃
)

, L2
(

M̃, S̃
)

, /̃D
)

is a
(

C (M) , C
(

M̃
)

, G
(

M̃ | M
))

-

lift of
(
C∞ (M) , L2 (M, S) , /D

)
.

4.2 Infinite coverings

This section contains an algebraic version of the Proposition 1.1 in case of infinite cov-
erings.
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4.2.1 Coverings of C∗-algebras

Following theorem states an equivalence between a topological notion of an infinite

covering and an algebraical one.

Theorem 4.6. [12] If SX = {X = X0 ←− ...←− Xn ←− ...} ∈ FinTop and

SC0(X ) = {C0(X ) = C0(X0)→ ...→ C0(Xn)→ ...} ∈ FinAlg

is an algebraical finite covering sequence then following conditions hold:

(i) SC0(X ) is good,

(ii) There are isomorphisms:

• lim←− ↓ SC0(X ) ≈ C0

(
lim←− ↓ SX

)
;

• G
(

lim←− ↓ SC0(X ) | C0 (X )
)
≈ G

(
lim←− ↓ SX | X

)
.

(cf. Definitions 1.35 and 3.14 for notation).

4.2.2 The sequence of spectral triples

Let
(
C∞ (M) , L2 (M, S) , /D

)
be a commutative spectral triple, and let π : M̃ → M be an

infinite regular covering. From the Proposition 1.1 it follows that M̃ has natural structure

of the Riemannian manifold. Denote by S̃ = π∗S the inverse image of the Spin-bundle

(cf. 1.2.2). Similarly we can define an inverse image /̃D = π∗ /D (cf. Definition 1.13). Let

G = G
(

M̃ |M
)

be a group of covering transformations of π. Suppose that there is a

commutative diagram of group epimorphisms

G

G1 · · · Gn · · ·

such that

• A group Gn is finite for any n ∈ N,

• ⋂n∈N ker (G → Gn) is a trivial group.

If Jn = ker (G→ Gn) then there is the following commutative diagram of coverings

M̃

M M1 = M̃/J1 · · · Mn = M̃/Jn · · ·

π π1 πn
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Clearly SM = {M = M0 ←− ...←− Mn ←− ...} ∈ FinTop is an topological finite covering

sequence. From the Theorem 4.6 it turns out that

SC(M) = {C(M) = C(M0)→ ...→ C(Mn)→ ...}

is a good algebraical finite covering sequence, and the triple
(

C (M) , C0

(
M̃
)

, G = G
(

M̃ | M
))

is an infinite noncommutative covering of SC(M). Otherwise from the Theorem 4.5 it
follows that

S(C∞(M),L2(M,S), /D) = {
(

C∞ (M) , L2 (M, S) , /D
)
=
(

C∞ (M0) , L2 (M0, S0) , /D0

)
, . . . ,

(
C∞ (Mn) , L2 (Mn, Sn) , /Dn

)
, . . . } ∈ CohTriple

(4.3)

is a coherent sequence of spectral triples. We would like to proof that S(C∞(M),L2(M,S), /D)

is regular and to find a
(

C (M) , C0

(
M̃
)

, G
)

-lift of
(
C∞ (M) , L2 (M, S) , /D

)
. Denote by

S̃ = π∗S the inverse image of the Spin-bundle S.

4.2.3 Induced representation

Similarly to 4.1.3 consider a finite family a finite family {eι ∈ C∞ (M)}ι∈I of positive

elements such that

eι (M\Uι) = {0},
1C(M) = ∑

ι∈I

eι.

and smooth sections ξ1
ι , ..., ξdim S

ι ∈ Γ∞ (M, S) such that for any x ∈ Uι the set
{

ξ1
ι,x, ..., ξdim S

ι,x

}
⊂

Γx is a basis of Γx. Similarly to 4.1.3 we define ẽι ∈ C∞
(

M̃
)

is given by

ẽι (x̃) =

{
eι (π (x̃)) x̃ ∈ Ũι

0 x̃ /∈ Ũι
.

Clearly that elements ẽι are smooth. Similarly to (4.2) we have

ξ̃ = ∑
g∈G

∑
ι∈I

gẽι

dim S

∑
j=1

a
j

(g,ι)

(
gξ̃

j
ι

)
where a

j

(g,ι)
∈ C∞ (M) . (4.4)

However there is substantial difference between (4.2) and (4.4) because first equation op-

erates with finite group G and second one with infinite one. So (4.4) can be regarded as a

point-wise limit. If we regard different finite subsets H ⊂ G we obtain finite sums

ξ = ∑
g∈H

∑
ι∈I

gẽι

dim S

∑
j=1

a
j

(g,ι)

(
gξ̃

j
ι

)
.
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The space of above finite sums coincides with the subspace of sections Γ∞
c

(
M̃, S̃

)
⊂

Γ∞
(

M̃, S̃
)

with compact support. Denote by L2
(

C0

(
M̃
))
⊂ C0

(
M̃
)

the space of square-

summable elements (cf. Definition 3.19). From Cc

(
M̃
)
⊂ L2

(
C0

(
M̃
))

and since Cc

(
M̃
)

is dense in C0

(
M̃
)

it turns out Cc

(
M̃
)

is dense in L2
(

C0

(
M̃
))

. There is a C-linear

isomorphism

Γc

(
M̃, S̃

)
→ Cc

(
M̃
)
⊗C(M) Γ (M, S) ,

∑
g∈G

∑
ι∈I

gẽι

dim S

∑
j=1

a
j

(g,ι)

(
gξ̃

j
ι

)
7→ ∑

g∈G
∑
ι∈I

gẽι ⊗
dim S

∑
j=1

a
j

(g,ι)
ξ

j
ι

where the set
{

g ∈ G | a
j

(g,ι)
6= 0

}
is finite.

If ã ⊗ ξ, b̃ ⊗ η ∈ Cc

(
M̃
)
⊗C(M) Γ (M, S) ⊂ L2

(
M̃, S̃

)
, µ (resp. µ̃) is the Riemannian

measure on M, (resp. M̃) then
(

ã⊗ ξ, b̃⊗ η
)

L2(M̃,S̃)
=
∫

M̃
ã∗ (x̃) b̃ (x̃) (ξ, η)π(x̃) dµ̃ =

=
∫

M
∑

g∈G(M̃ | M)

(
g
(

ã∗ b̃
))

(x) (ξ, η)x dµ =

(
ξ,
〈

ã, b̃
〉

C0(M̃)
η

)

L2(M,S)

.

Above equation is a version of the scalar product given by (3.7). The space Γc

(
M̃, S̃

)

is dense in L2
(

M̃, S̃
)

and Cc

(
M̃
)

is dense in L2
(

C0

(
M̃
))

. It follows that L2
(

M̃, S̃
)

is the Hilbert completion of Cc

(
M̃
)
⊗C(M) L2 (M, S) or, equivalently, L2

(
M̃, S̃

)
is the

Hilbert completion of L2
(

C0

(
M̃
))
⊗C(M) L2 (M, S). So if ρ : C (M)→ L2 (M, S) then the

representation ρ̃ : C0

(
M̃
)
→ L2

(
M̃, S̃

)
is induced by the pair

(
ρ,
(

C (M) , C0

(
M̃
)

, G
(

M̃ | M
)))

.

4.2.4 Coverings of spectral triples

Consider the coherent sequence

S(C∞(M),L2(M,S), /D) = {
(

C∞ (M) , L2 (M, S) , /D
)
=
(

C∞ (M0) , L2 (M0, S0) , /D0

)
, . . . ,

(
C∞ (Mn) , L2 (Mn, Sn) , /Dn

)
, . . . } ∈ CohTriple

(4.5)

of spectral triples given by (4.3). If W̃∞ is a space S(C∞(M),L2(M,S), /D)-smooth elements then

from the condition (d) of the Definition 3.31 it follows that W̃∞ ⊂ K
(

C0

(
M̃
))

= Cc

(
M̃
)

.

For any n ∈N denote by π̃n : M̃→ Mn the natural covering.
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Lemma 4.7. [12] Following conditions hold:

(i) If Ũ ⊂ M̃ is a compact set then there is N ∈ N such that for any n ≥ N the restriction

π̃n|Ũ : Ũ ≈−→ π̃n

(
Ũ
)

is a homeomorphism,

(ii) If ã ∈ Cc

(
M̃
)
+

is a positive element then there there is N ∈ N such that for any n ≥ N

following condition holds

an (π̃n (x̃)) =

{
ã (x̃) x̃ ∈ supp ã & π̃n (x̃) ∈ supp an

0 π̃n (x̃) /∈ supp an
(4.6)

where

an = ∑
g∈ker(Ĝ→Gn)

gã.

Lemma 4.8. Following condition holds

W̃∞ ⊂ C∞
c

(
M̃
)

def
= C∞

(
M̃
)⋂

Cc

(
M̃
)

.

Proof. If ã ∈ W̃∞ then from the condition (a) of the Definition 3.31 it follows that

an = ∑
g∈ker(Ĝ→Gn)

gã ∈ C∞ (Mn) .

From W̃∞ ⊂ Cc

(
M̃
)

and (4.6) it follows that ã ∈ C∞
(

M̃
)

, hence ã ∈ C∞
(

M̃
)⋂

Cc

(
M̃
)

.

Lemma 4.9. Following condition holds

C∞
c

(
M̃
)
⊂ W̃∞.

Proof. Let ã ∈ C∞
c

(
M̃
)

, Let πs
n : C∞ (Mn) → B

(
H2s

n

)
be a representation given by (1.4).

From (4.6) it turns out

lim
n→∞

1Cb(M̃) ⊗ πs
n (an) = πs (ã) (4.7)

in sense of strong convergence. The equation (4.7) means that any ã ∈ C∞
c

(
M̃
)

satisfies

to the condition (b) the Definition (3.31). The manifold is compact, so there is a finite set

{Uι}ι∈I of open sets such that any Uι is evenly covered by M̃ → M and M =
⋃

ι∈I Uι.
There is a partition of unity

1C(M) = ∑
ι∈I

aι; where aι ∈ C∞ (M) . (4.8)
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For any ι ∈ I we select Ũι such that the natural map Ũι → Uι is a homeomorphism. Denote

by eι =
√

aι and let ẽι ∈ C∞
c

(
M̃
)

is given by

ẽι (x̃) =

{
eι (π̃ (x̃)) x̃ ∈ Ũι

0 x̃ /∈ Ũι

From (4.8) it follows that

ã = ∑
(g,ι)∈G(M̃ | M)×I

(geι) (geι) ã (4.9)

or, equivalently, if α̃(g,eι) = geι and β̃(g,eι) = (geι) ã then

ã = ∑
(g,ι)∈G(M̃ | M)×I

ã(g,eι); where ã(g,eι) = α̃(g,eι) β̃(g,eι). (4.10)

The set supp ã is compact, it follows that there is a finite subset Ĩ ⊂ G
(

M̃ | M
)
× I such

that

supp ã
⋂



⋃

(g,eι)∈(G(M̃ | M)×I)\ Ĩ

gŨι


 = ∅,

and taking into account (4.10) one has

ã = ∑
(g,ι)∈ Ĩ

ã(g,eι) = ∑
(g,ι)∈ Ĩ

α̃(g,eι) β̃(g,eι). (4.11)

It follows that from (4.11).
[

/̃D, ã
]
= ∑

(g,ι)∈ Ĩ

[
/̃D, α̃(g,eι)

]
β̃(g,eι) + α̃(g,eι)

[
/̃D, β̃(g,eι)

]
=

= ∑
(g,ι)∈ Ĩ

β̃(g,eι)

[
/̃D, α̃(g,eι)

]
+ α̃(g,eι)

[
/̃D, β̃(g,eι)

] (4.12)

where the equality
[

/̃D, α̃(g,eι)

]
β̃(g,eι) = β̃(g,eι)

[
/̃D, α̃(g,eι)

]
follows from commutativity of

C∞
(

M̃
)

. If a(g,eι), α(g,eι), β(g,eι) ∈ C∞ (M) are given by

a(g,eι) (π̃ (x̃)) =

{
ã(g,eι) (x̃) x̃ ∈ gŨι

0 π̃ (x̃) /∈ Uι
,

α(g,eι) (π̃ (x̃)) =

{
α̃(g,eι) (x̃) x̃ ∈ gŨι

0 π̃ (x̃) /∈ Uι
,

β(g,eι) (π̃ (x̃)) =

{
β̃(g,eι) (x̃) x̃ ∈ gŨι

0 π̃ (x̃) /∈ Uι
,
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and χ(g,eι) ∈ C0

(
M̃
)′′

is the characteristic function of gŨι then from

supp ã(g,eι), supp α̃(g,eι), supp β̃(g,eι) ⊂ gŨι

it follows that

α̃(g,eι) = χ(g,eι)α(g,eι) = α(g,eι)χ(g,eι) = χ(g,eι)α(g,eι)χ(g,eι),[
/̃D, α̃(g,eι)

]
= χ(g,eι)

[
/D, α(g,eι)

]
=
[

/D, α(g,eι)

]
χ(g,eι) = χ(g,eι)

[
/D, α(g,eι)

]
χ(g,eι),

β̃(g,eι) = χ(g,eι)β(g,eι) = β(g,eι)χ(g,eι) = χ(g,eι)β(g,eι)χ(g,eι),[
/̃D, β̃(g,eι)

]
= χ(g,eι)

[
/D, β(g,eι)

]
=
[

/D, β(g,eι)

]
χ(g,eι) = χ(g,eι)

[
/D, β(g,eι)

]
χ(g,eι).

(4.13)

From (4.12) and (4.13) it follows that
[

/̃D, ã
]
= ∑

(g,ι)∈ Ĩ

β̃(g,eι)

[
/D, χ(g,eι)α(g,eι)χ(g,eι)

]
+ α̃(g,eι)

[
/D, χ(g,eι)β(g,eι)χ(g,eι)

]
=

= ∑
(g,ι)∈ Ĩ

β̃(g,eι)χ(g,eι)

[
/D, α(g,eι)

]
+ α̃(g,eι)χ(g,eι)

[
/D, β(g,eι)

]
=

= ∑
(g,ι)∈ Ĩ

β̃(g,eι)

[
/D, α(g,eι)

]
+ α̃(g,eι)

[
/D, β(g,eι)

]
.

(4.14)

where /D is Dirac operator on M. If αn
(g,eι)

, βn
(g,eι)

∈ C∞ (Mn) are given by

αn
(g,eι)

= ∑
g∈ker(G(M̃ | M)→G(M̃ | Mn))

gα̃(g,eι),

βn
(g,eι)

= ∑
g∈ker(G(M̃ | M)→G(M̃ | Mn))

gβ̃(g,eι),

then for any n ≥ N following condition holds

1Cb(M̃) ⊗ [ /Dn, an] = ∑
(g,ι)∈ Ĩ

βn
(g,eι)

[
/D, α(g,eι)

]
+ αn

(g,eι)

[
/D, β(g,eι)

]

From the strong limits limn→∞ α(g,eι) = α̃(g,eι), limn→∞ β(g,eι) = β̃(g,eι) it follows that

lim
n→∞

1Cb(M̃) ⊗ [ /Dn, an] = ∑
(g,ι)∈ Ĩ

(
lim

n→∞
βn

(g,eι)

[
/D, α(g,eι)

]
+ lim

n→∞
αn
(g,eι)

[
/D, β(g,eι)

])

= ∑
(g,ι)∈ Ĩ

(
β̃(g,eι)

[
/D, α(g,eι)

]
+ α̃(g,eι)

[
/D, β(g,eι)

]) (4.15)

where the above limit means the strong convergence. The right part of (4.15) lies in

Cc

(
M̃
)
⊗C0(M) Ω1

/D
⊂ L2

(
C0

(
M̃
))
⊗C0(M) Ω1

/D
, it follows that ã satisfies to the condition

(c) of the Definition 3.31. It turns out any ã ∈ C∞
c

(
M̃
)

is S(C∞(M),L2(M,S), /D)-smooth.
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If C∞
0

(
M̃
)

is the completion with respect to seminorms ‖·‖s given by (3.11) then C∞
0

(
M̃
)

is the smooth algebra of the coherent sequence (4.5) (cf. Definition 3.34). The algebra

C∞
0

(
M̃
)

is a dense subalgebra of C0

(
M̃
)

in the C∗-norm topology, so the sequence (4.5)

is regular (cf. Definition 3.36). If ã ∈ C∞
c

(
M̃
)

and ã /D is given by (3.12), i.e.

ã /D = lim
n→∞

1
M(Ã) ⊗

[
/Dn, ∑

g∈Jn

ã

]
(4.16)

then from (4.15) it follows that

ã /D = ∑
(g,ι)∈ Ĩ

β̃(g,eι) ⊗
[

/D, α(g,eι)

]
+ α̃(g,eι) ⊗

[
/D, β(g,eι)

]
(4.17)

If ξ ∈ H∞ = Γ∞ (M,S) and /D′ is given by (3.13), i.e.

/D′ (ã⊗ ξ) =
k

∑
j=1

ã
j
/D
⊗ ωj (ξ) + ã⊗ /Dξ =

= ∑
(g,ι)∈ Ĩ

β̃(g,eι) ⊗
[

/D, α(g,eι)

]
ξ + α̃(g,eι) ⊗

[
/D, β(g,eι)

]
ξ + ã⊗ /Dξ.

then clearly

/D′ (ã⊗ ξ) = /̃D (ã⊗ ξ) where /̃D is the lift of /D (cf. Definition 1.13).

Since the space C∞
(

M̃
)⋂

Cc

(
M̃
)

is dense in C0

(
M̃
)

, we have the following theorem

Theorem 4.10. Following conditions hold:

• The sequence of spectral triples

S(C∞(M),L2(M,S), /D) = {
(

C∞ (M) , L2 (M, S) , /D
)
=
(

C∞ (M0) , L2 (M0, S0) , /D0

)
, . . . ,

(
C∞ (Mn) , L2 (Mn, Sn) , /Dn

)
, . . . } ∈ CohTriple

given by (4.3) is regular (cf. Definition 3.36),

• The triple
(

C∞
0

(
M̃
)

, L2
(

M̃, S̃
)

, /̃D
)

is the
(

C (M) , C0

(
M̃
)

, G
(

M̃ | M
))

-lift of

(
C∞ (M) , L2 (M,S) , /D

)

(cf. Definition 3.37).
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5 Coverings of noncommutative tori

5.1 Fourier transformation

There is a norm on Zn given by

‖(k1, ..., kn)‖ =
√

k2
1 + ... + k2

n.

The space of complex-valued Schwartz functions on Zn is given by

S (Zn) =
{

a = {ak}k∈Zn ∈ CZn | supk∈Zn (1 + ‖k‖)s |ak| < ∞, ∀s ∈ N

}
.

Let Tn be an ordinary n-torus. We will often use real coordinates for Tn, that is, view Tn as
Rn/Zn. Let C∞ (Tn) be an algebra of infinitely differentiable complex-valued functions

on Tn. There is the bijective Fourier transformations FT : C∞ (Tn)
≈−→ S (Zn); f 7→ f̂

given by

f̂ (p) = FT( f )(p) =
∫

Tn
e−2πix·p f (x) dx (5.1)

where dx is induced by the Lebesgue measure on Rn and · is the scalar product on the

Euclidean space Rn. The Fourier transformation carries multiplication to convolution, i.e.

f̂ g (p) = ∑
r+s=p

f̂ (r) ĝ (s) .

The inverse Fourier transformation F−1
T

: S (Zn)
≈−→ C∞ (Tn); f̂ 7→ f is given by

f (x) = F−1
T

f̂ (x) = ∑
p∈Zn

f̂ (p) e2πix·p.

There is the C-valued scalar product on C∞ (Tn) given by

( f , g) =
∫

Tn
f gdx = ∑

p∈Zn

f̂ (−p) ĝ (p) .

Denote by S (Rn) be the space of complex Schwartz (smooth, rapidly decreasing) func-

tions on Rn.

S (Rn) =
{

f ∈ C∞(Rn) : ‖ f‖α,β) < ∞ ∀α = (α1, ...αn) , β = (β1, ...βn) ∈ Zn
+

}
,

‖ f‖α,β = sup
x∈Rn

∣∣∣xαDβ f (x)
∣∣∣

(5.2)

where

xα = x
α1
1 · ... · xαn

n ,

Dβ =
∂

∂x
β1
1

...
∂

∂x
βn
n

.

The topology on S (Rn) is given by seminorms ‖ · ‖α,β.
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Definition 5.1. Denote by S ′ (Rn) the vector space dual to S (Rn), i.e. the space of contin-

uous functionals on S (Rn). Denote by 〈·, ·〉 : S ′ (Rn)× S (Rn) → C the natural pairing.
We say that {an ∈ S ′ (Rn)}n∈N is weakly-* convergent to a ∈ S ′ (Rn) if for any b ∈ S (Rn)
following condition holds

lim
n→∞
〈an, b〉 = 〈a, b〉 .

We say that

a = lim
n→∞

an

in the sense of weak-* convergence.

Let F and F−1 be the ordinary and inverse Fourier transformations given by

(F f ) (u) =
∫

R2N
f (t)e−2πit·udt,

(
F−1 f

)
(u) =

∫

R2N
f (t)e2πit·udt (5.3)

which satisfy following conditions

F ◦ F−1|S(Rn) = F−1 ◦ F|S(Rn) = IdS(Rn).

There is the C-valued scalar product on S (Rn) given by

( f , g) =
∫

Rn
f gdx =

∫

Rn
F fF gdx. (5.4)

which if F -invariant, i.e.

( f , g) = (F f ,F g) .

5.2 Noncommutative torus Tn
Θ

Let Θ be a real skew-symmetric n× n matrix, we will define a new noncommutative

product ⋆Θ on S (Zn) given by
(

f̂ ⋆Θ ĝ
)
(p) = ∑

r+s=p

f̂ (r) ĝ (s) e−πir · Θs. (5.5)

and an involution

f̂ ∗ (p) = f̂ (−p)).

In result there is an involutive algebra C∞
(
Tn

Θ

)
= (S (Zn) ,+, ⋆Θ ,∗ ). There is a tracial

state on C∞
(
Tn

Θ

)
given by

τ ( f ) = f̂ (0) . (5.6)

From C∞
(
Tn

Θ

)
≈ S (Zn) it follows that there is a C-linear isomorphism

ϕ∞ : C∞ (Tn
Θ)

≈−→ C∞ (Tn) . (5.7)

such that following condition holds

τ ( f ) =
1

(2π)n

∫

Tn
ϕ∞ ( f ) dx. (5.8)
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Similarly to 1.46 there is the Hilbert space L2
(
C∞
(
Tn

Θ

)
, τ
)

and the natural representation

C∞
(
Tn

Θ

)
→ B

(
L2
(
C∞
(
Tn

Θ

)
, τ
))

which induces the C∗-norm. The C∗-norm completion
C
(
Tn

Θ

)
of C∞

(
Tn

Θ

)
is a C∗-algebra and there is a faithful representation

C (Tn
Θ)→ B

(
L2 (C∞ (Tn

Θ) , τ)
)

. (5.9)

We will write L2
(
C
(
Tn

Θ

)
, τ
)

instead of L2
(
C∞
(
Tn

Θ

)
, τ
)
. There is the natural C-linear

map C∞
(
Tn

Θ

)
→ L2

(
C
(
Tn

Θ

)
, τ
)

and since C∞
(
Tn

Θ

)
≈ S (Zn) there is a linear map ΨΘ :

S (Zn)→ L2
(
C
(
Tn

Θ

)
, τ
)
. If k ∈ Zn and Uk ∈ S (Zn) = C∞

(
Tn

Θ

)
is such that

Uk (p) = δkp : ∀p ∈ Zn (5.10)

then
UkUp = e−πik · ΘpUk+p; UkUp = e−2πik · ΘpUpUk. (5.11)

If ξk = ΨΘ (Uk) then from (5.5), (5.6) it turns out

τ (U∗k ⋆Θ Ul) = (ξk, ξl) = δkl , (5.12)

i.e. the subset {ξk}k∈Zn ⊂ L2
(
C
(
Tn

Θ

)
, τ
)

is an orthogonal basis of L2
(
C
(
Tn

Θ

)
, τ
)
. Hence

the Hilbert space L2
(
C
(
Tn

Θ

)
, τ
)

is naturally isomorphic to the Hilbert space ℓ2 (Zn) given

by

ℓ
2 (Zn) =

{
ξ = {ξk ∈ C}k∈Zn ∈ CZn | ∑

k∈Zn

|ξk|2 < ∞

}

and the C-valued scalar product on ℓ2 (Zn) is given by

(ξ, η)
ℓ2(Zn) = ∑

k∈Zn

ξkηk.

The map ΨΘ : S (Zn)→ L2
(
C
(
Tn

Θ

)
, τ
)

can be extended up to the map

ΨΘ : C (Tn
Θ)→ L2 (C (Tn

Θ) , τ) . (5.13)

From (5.8) it follows that for any a, b ∈ C∞
(
Tn

Θ

)
the scalar product on L2

(
C
(
Tn

Θ

)
, τ
)

is

given by

(a, b) =
∫

Tn
a∗commbcommdx (5.14)

where acomm ∈ C∞ (Tn) (resp. bcomm) is a commutative function which corresponds to a

(resp. b). An alternative description of C
(
Tn

Θ

)
is such that if

Θ =




0 θ12 . . . θ1n

θ21 0 . . . θ2n
...

...
. . .

...

θn1 θn2 . . . 0


 (5.15)
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then C
(
Tn

Θ

)
is the universal C∗-algebra generated by unitary elements u1, ..., un ∈ U

(
C
(
Tn

Θ

))

such that following condition holds

ujuk = e−2πiθjkukuj. (5.16)

Unitary operators u1, ..., un correspond to the standard basis of Zn.

Definition 5.2. Unitary elements u1, ..., un ∈ U
(
C
(
Tn

θ

))
which satisfy the relation (5.16)

are said to be generators of C
(
Tn

Θ

)
. The set {Ul}l∈Zn is said to be the basis of C

(
Tn

Θ

)
.

Definition 5.3. If Θ is non-degenerated, that is to say, σ(s, t)
def
= s ·Θt to be symplectic. This

implies even dimension, n = 2N. One then selects

Θ = θ J
def
= θ

(
0 1N

−1N 0

)
(5.17)

where θ > 0 is defined by θ2N def
= det Θ. Denote by C∞

(
T2N

θ

) def
= C∞

(
T2N

Θ

)
and C

(
T2N

θ

) def
=

C
(
T2N

Θ

)
.

5.3 Geometry of noncommutative tori

Denote by δµ (µ = 1, . . . , n) the analogues of the partial derivatives 1
i

∂
∂xµ on C∞(Tn)

which are derivations on the algebra C∞(Tn
Θ) given by

δµ(Uk) = kµUk.

These derivations have the following property

δµ(a∗) = −(δµa)∗,

and also satisfy the integration by parts formula

τ(aδµb) = −τ((δµa)b), a, b ∈ C∞(Tn
Θ).

The spectral triple describing the noncommutative geometry of noncommutative n-torus
consists of the algebra C∞(Tn

Θ), the Hilbert space H = L2
(
C
(
Tn

Θ

)
, τ
)
⊗ Cm, where m =

2[n/2] with the representation of C∞(Tn
Θ) given by π⊗ 1B(CN). The Dirac operator is given

by

D = /∂
def
=

n

∑
µ=1

∂µ ⊗ γµ ∼=
n

∑
µ=1

δµ ⊗ γµ, (5.18)

where ∂µ = δµ, seen as an unbounded self-adjoint operator on H and γµs are Clifford

(Gamma) matrices in MN(C) satisfying the relation

γiγj + γjγi = 2δij IN .
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There is a spectral triple

(
C∞(Tn

Θ), L2 (C (Tn
Θ) , τ)⊗Cm, D

)
. (5.19)

There is an alternative description of D. The space C∞ (Tn) (resp. C∞
(
Tn

Θ

)
) is dense in

L2 (Tn) (resp. L2
(
C∞
(
Tn

Θ

)
, τ
)

), hence from the C-linear isomorphism ϕ∞ : C∞
(
Tn

Θ

) ≈−→
C∞ (Tn) given by (5.7) it follows isomorphism of Hilbert spaces

ϕ : L2 (C (Tn
Θ) , τ)

≈−→ L2 (Tn) .

Otherwise Tn admits a Spin-bundle S such that L2
(
T2, S

)
≈ L2 (Tn)⊗ Cm. It turns out

an isomorphism of Hilbert spaces

Φ : L2 (C (Tn
Θ) , τ)⊗Cm ≈−→ L2 (Tn, S) .

There is a commutative spectral triple

(
C∞ (Tn) , L2 (Tn, S) , /D

)
(5.20)

such that D is given by

D = Φ−1 ◦ /D ◦Φ. (5.21)

Noncommutative geometry replaces differentials with commutators such that the differ-
ential d f corresponds to 1

i [ /D, f ] and the well known equation

d f =
n

∑
µ=1

∂ f

∂xµ
dxµ

is replaced with

[ /D, f ] =
n

∑
µ=1

∂ f

∂xµ

[
/D, xµ

]
(5.22)

In case of commutative torus we on has

dxµ = iu∗µduµ

where uµ = e−ixµ , so what equation (5.22) can be written by the following way

[ /D, f ] =
n

∑
µ=1

∂ f

∂xµ
u∗µ
[

/D, uµ
]

(5.23)

We would like to prove a noncommutative analog of (5.23), i.e. for any a ∈ C∞
(
Tn

Θ

)

following condition holds

[D, a] =
n

∑
µ=1

∂a

∂xµ
u∗µ
[
D, uµ

]
(5.24)
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From (5.18) it follows that (5.24) is true if and only if

[
δµ, a

]
=

n

∑
µ=1

∂a

∂xµ
u∗µ
[
δµ, uµ

]
; µ = 1, . . . n. (5.25)

In the above equation ∂a
∂xµ

means that one considers a as element of C∞ (Tn), takes ∂
∂xµ

of

it and then the result of derivation considers as element of C∞
(
Tn

Θ

)
. Since the linear span

of elements Uk is dense in both C∞
(
Tn

Θ

)
and L2

(
C
(
Tn

Θ

)
, τ
)

the equation (5.25) is true if
for any k, l ∈ Zn following condition holds

[
δµ, Uk

]
Ul =

∂Uk

∂xµ
u∗µ
[
δµ, uµ

]
Ul .

The above equation is a consequence of the following calculations:
[
δµ, Uk

]
Ul = δµUkUl −UkδkUl = (k + l)UkUl − lUkUl = kUkUl ,

∂Uk

∂xµ
u∗µ
[
δµ, uµ

]
Ul = kUku∗

(
δµuµUl − uµδUl

)
= kUku∗

(
(l + 1) uµUl − luµδUl

)
=

= kUku∗µuµUl = kUkUl .

For any k ∈ Zn following condition holds

u∗µ
[
δµ, uµ

]
Uk = u∗µδµuµUk − u∗µ uµδµUk = u∗µ

(
(k + 1) uµUk − kuµUk

)
= Uk

it turns out

u∗µ
[
δµ, uµ

]
= 1C(Tn

Θ)
(5.26)

5.4 Finite-fold coverings

5.4.1 Basic construction

In this section we write ab instead a ⋆Θ b. Let Θ be given by (5.15), and let C
(
Tn

Θ

)
be a

noncommutative torus. If k = (k1, ..., kn) ∈ Nn and

Θ̃ =




0 θ̃12 . . . θ̃1n

θ̃21 0 . . . θ̃2n
...

...
. . .

...

θ̃n1 θ̃n2 . . . 0




is a skew-symmetric matrix such that

e−2πiθrs = e−2πiθ̃rskrks

then there is a *-homomorphism C
(
Tn

Θ

)
→ C

(
Tn

Θ̃

)
given by

uj 7→ v
k j

j ; j = 1, ..., n (5.27)
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where u1, ..., un ∈ C
(
Tn

Θ

)
(resp. v1, ..., vn ∈ C

(
Tn

Θ̃

)
) are unitary generators of C

(
Tn

Θ

)

(resp. C
(

Tn
Θ̃

)
). There is an involutive action of G = Zk1

× ...×Zkn
on C

(
Tn

Θ̃

)
given by

(p1, ..., pn) vj = e

2πipj
kj vj,

and a following condition holds C
(
Tn

Θ

)
= C

(
Tn

Θ̃

)G
. Otherwise there is a following

C
(
Tn

Θ

)
- module isomorphism

C
(

Tn
Θ̃

)
=

⊕

(p1,...pn)∈Zk1
×...×Zkn

v
p1
1 · ... · v

pn
n C (Tn

Θ) ≈ C (Tn
Θ)

k1·...·kn

i.e. C
(

Tn
Θ̃

)
is a finitely generated projective Hilbert C

(
Tn

Θ

)
-module. It turns out the

following theorem.

Theorem 5.4. [12] The triple
(

C
(
Tn

Θ

)
, C
(

Tn
Θ̃

)
, Zk1

× ...×Zkn

)
is an unital noncommutative

finite-fold covering.

5.4.2 Induced representation

Similarly to (2.6) we consider following pre-Hilbert space

C
(

Tn
Θ̃

)
⊗C(Tn

Θ)
L2 (C (Tn

Θ) , τ)

and denote by H̃ its Hilbert completion. There are dense subspaces C∞
(

Tn
Θ̃

)
⊂ C

(
Tn

Θ̃

)
,

C∞
(
Tn

Θ

)
⊂ L2

(
C
(
Tn

Θ

)
, τ
)
, hence the composition

C∞
(

Tn
Θ̃

)
⊗C∞(Tn

Θ)
C∞ (Tn

Θ) ⊂ C
(

Tn
Θ̃

)
⊗C(Tn

Θ)
L2 (C (Tn

Θ) , τ) ⊂ H̃

is the dense inclusion. Otherwise C∞
(

Tn
Θ̃

)
⊗C∞(Tn

Θ)
C∞
(
Tn

Θ

) ∼= C∞
(

Tn
Θ̃

)
it follows that

there is the dense (with respect to the topology of the Hilbert space) inclusion

C∞
(

Tn
Θ̃

)
⊂ H̃.

If ã, b̃ ∈ C∞
(

Tn
Θ̃

)
then from (2.6) it turns out

(
ã⊗ΨΘ

(
1C(Tn

Θ)

)
, b̃⊗ΨΘ

(
1C(Tn

Θ)

))
H̃
=

=

(
ΨΘ

(
1C(Tn

Θ)

)
,
〈

ã, b̃
〉

C
(

Tn
Θ̃

) ΨΘ

(
1C(Tn

Θ)

))

L2(C(Tn
Θ),τ)

=

=
∫

Tn


 ∑

g∈Zk1
×...×Zkn

g
(

ã∗comm b̃comm

)

 (x) dx =

∫

T̃n
ã∗comm b̃comm (x̃) dx̃
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where ãcomm ∈ C∞ (Tn) (resp. ãcomm) is a commutative function which corresponds to ã

(resp. ã). Above formula coincides with (5.14). Taking into account that C∞
(

Tn
Θ̃

)
is dense

in the Hilbert space L2
(

C
(

Tn
Θ̃

)
, τ̃
)

one has an isomorphism

H̃ ≈ L2
(

C
(

Tn
Θ̃

)
, τ̃
)

(5.28)

of Hilbert spaces. Thus if ρ : C
(
Tn

Θ

)
→ L2

(
C
(
Tn

Θ

)
, τ
)

then ρ̃ : C
(

Tn
Θ̃

)
→ B

(
L2
(

C
(

Tn
Θ̃

)
, τ̃
))

is induced by the pair
(

ρ,
(

C
(
Tn

Θ

)
, C
(

Tn
Θ̃

)
, G
(

C
(

Tn
Θ̃

)
| C
(
Tn

Θ

))))
.

5.4.3 Coverings of spectral triples

Let us consider following objects

• The spectral triple
(
C∞(Tn

Θ), L2
(
C
(
Tn

Θ

)
, τ
)
⊗Cm, D

)
given by (5.19),

• An unital noncommutative finite-fold covering
(

C
(
Tn

Θ

)
, C
(

Tn
Θ̃

)
, Zk1

× ...×Zkn

)

given by the Theorem 5.4.

Let ϕ∞ : C∞
(
Tn

Θ

) ≈−→ C∞ (Tn) be a C-linear isomorphism given by (5.7) and suppose

that x1, ..., xn ∈ C (Tn) are unitary generators of C (Tn). Let πcomm : C (Tn) → C
(

T̃n
)

be a *-homomorphism which corresponds to a finite-fold covering of commutative torus.
Clearly T̃n ≈ Tn. We suppose that πcomm is given by

xj 7→ y
k j

j .

where y1, ..., yn ∈ C
(

T̃n
)

are unitary generators of C
(

T̃n
)

. There is a topological covering

ϕ : T̃n → Tn induced by *-homomorphism πcomm. There is a commutative spectral triple(
C∞ (Tn) , L2 (Tn, S) , /D

)
given by (5.20). Denote by S̃ = ϕ∗S, /̃D = ϕ∗ /D inverse images of

the Spin-bundle S and Dirac operator /D (cf. 1.2.2, 1.13). From (5.28) it turns out that the

representation ρ̃ : C
(

Tn
Θ̃

)
→ B

(
L2
(

C
(

Tn
Θ̃

)
, τ̃
)
⊗Cm

)
is induced by

(
ρ,
(

C (Tn
Θ) , C

(
Tn

Θ̃

)
, Zk1

× ...×Zkn

))
,

where ρ : C
(
Tn

Θ

)
→ B

(
L2
(
C
(
Tn

Θ

)
, τ
)
⊗Cm

)
. Otherwise there is a natural C-linear

isomorphism

ϕ̃ : L2
(

C
(

Tn
Θ̃

)
⊗ Cm, τ

) ≈−→ L2
(

T̃n, S̃
)

of Hilbert spaces. Denote by

D̃ = ϕ̃−1 ◦ /̃D ◦ ϕ̃.

Clearly C∞
(

Tn
Θ̃

)
is dense in C

(
Tn

Θ̃

)
and operator D̃ satisfies to conditions (b), (c) of the

Definition 2.14. In result one has a following theorem.
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Theorem 5.5. The triple
(

C∞
(

Tn
Θ̃

)
, L2

(
C
(

Tn
Θ̃

))
, D̃
)

is a
(

C
(
Tn

Θ

)
, C
(

Tn
Θ̃

)
, Zk1

× ...×Zkn

)
-

lift of
(
C∞(Tn

Θ), L2
(
C
(
Tn

Θ

)
, τ
)
⊗ Cm, D

)
.

Similarly to (5.24) for any ã ∈ C∞
(

Tn
Θ̃

)
following condition holds

[
D̃, ã

]
=

n

∑
µ=1

∂ã

∂xµ
u∗µ
[
D, uµ

]
(5.29)

where u1, . . . , un are unitary generators of C∞
(
Tn

Θ

)
.

5.5 Moyal plane and a representation of the noncommutative torus

Definition 5.6. Denote the Moyal plane product ⋆θ on S
(
R2N

)
given by

( f ⋆θ h) (u) =
∫

y∈R2N
f

(
u− 1

2
Θy

)
g (u + v) e2πiy·vdydv (5.30)

where Θ is given by (5.17).

Definition 5.7. [7] Denote by S ′ (Rn) the vector space dual to S (Rn), i.e. the space of

continuous functionals on S (Rn). The Moyal product can be defined, by duality, on larger
sets than S

(
R2N

)
. For T ∈ S ′

(
R2N

)
, write the evaluation on g ∈ S

(
R2N

)
as 〈T, g〉 ∈ C;

then, for f ∈ S we may define T ⋆θ f and f ⋆θ T as elements of S ′
(
R2N

)
by

〈T ⋆θ f , g〉 def
= 〈T, f ⋆θ g〉

〈 f ⋆θ T, g〉 def
= 〈T, g ⋆θ f 〉

(5.31)

using the continuity of the star product on S
(
R2N

)
. Also, the involution is extended to

by 〈T∗, g〉 def
= 〈T, g∗〉. Consider the left and right multiplier algebras:

Mθ
L

def
= { T ∈ S ′(R2N) : T ⋆θ h ∈ S(R2N) for all h ∈ S(R2N) },

Mθ
R

def
= { T ∈ S ′(R2N) : h ⋆θ T ∈ S(R2N) for all h ∈ S(R2N) },

Mθ def
= Mθ

L ∩Mθ
R.

(5.32)

In [7] it is proven that

Mθ
R ⋆θ S ′

(
R2N

)
= S ′

(
R2N

)
and S ′

(
R2N

)
⋆θMθ

L = S ′
(

R2N
)

. (5.33)

It is known [10] that the domain of the Moyal plane product can be extended up to
L2
(
R2N

)
.
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Lemma 5.8. [10] If f , g ∈ L2
(
R2N

)
, then f ⋆θ g ∈ L2

(
R2N

)
and ‖ f‖op < (2πθ)−

N
2 ‖ f‖2.

where ‖·‖2 be the L2-norm given by

‖ f‖2
def
=

∣∣∣∣
∫

R2N
| f |2 dx

∣∣∣∣
1
2

. (5.34)

and the operator norm

‖T‖op
def
= sup{ ‖T ⋆ g‖2/‖g‖2 : 0 6= g ∈ L2

(
R2N)

)
} (5.35)

Definition 5.9. Denote by S
(
R2N

θ

)
(resp. L2

(
R2N

θ

)
) the operator algebra which is C-

linearly isomorphic to S
(
R2N

)
(resp. L2

(
R2N

)
) and product coincides with ⋆θ . Both

S
(
R2N

θ

)
and L2

(
R2N

θ

)
act on the Hilbert space L2

(
R2N

)
. Denote by

Ψθ : S
(

R2N
) ≈−→ S

(
R2N

θ

)
(5.36)

the natural C-linear isomorphism.

5.10. There is the tracial property [10] of the Moyal product

∫

R2N
( f ⋆θ g) (x) dx =

∫

R2N
f (x) g (x) dx. (5.37)

The Fourier transformation of the star product satisfies to the following condition.

F ( f ⋆θ g) (x) =
∫

R2N
F f (x− y)F g (y) eπiy·Θx dy. (5.38)

Definition 5.11. [10] Let S ′
(
R2N

)
be a vector space dual to S

(
R2N

)
. Denote by Cb

(
R2N

θ

) def
=

{ T ∈ S ′
(
R2N

)
: T ⋆θ g ∈ L2

(
R2N

)
for all g ∈ L2(R2N) }, provided with the operator

norm
‖T‖op

def
= sup{ ‖T ⋆θ g‖2/‖g‖2 : 0 6= g ∈ L2(R2N) }. (5.39)

Denote by C0

(
R2N

θ

)
the operator norm completion of S

(
R2N

θ

)
.

Remark 5.12. Obviously S
(
R2N

θ

)
→֒ Cb

(
R2N

θ

)
. But S

(
R2N

θ

)
is not dense in Cb

(
R2N

θ

)
, i.e.

C0

(
R2N

θ

)
( Cb

(
R2N

θ

)
(cf. [10]).

Remark 5.13. L2
(
R2N

θ

)
is the ‖ · ‖2 norm completion of S

(
R2N

θ

)
hence from the Lemma

5.8 it follows that

L2
(

R2N
θ

)
⊂ C0

(
R2N

θ

)
. (5.40)

Remark 5.14. Notation of the Definition 5.11 differs from [10]. Here symbols Aθ ,Aθ, A0
θ

are replaced with Cb

(
R2N

θ

)
,S
(
R2N

θ

)
, C0

(
R2N

θ

)
respectively.

Remark 5.15. The C-linear space C0

(
R2N

θ

)
is not isomorphic to C0

(
R2N

)
.
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There are elements
{

fnm ∈ S
(
R2
)}

m,n∈N0, described in [7], which satisfy to the following

proposition.

Proposition 5.16. [7, 10] Let N = 1. Then S
(
R2N

θ

)
= S

(
R2

θ

)
has a Fréchet algebra isomor-

phism with the matrix algebra of rapidly decreasing double sequences c = (cmn) such that, for each

k ∈ N,

rk(c)
def
=

( ∞

∑
m,n=0

θ2k
(

m + 1
2

)k (
n + 1

2

)k
|cmn|2

)1/2

(5.41)

is finite, topologized by all the seminorms (rk); via the decomposition f = ∑
∞
m,n=0 cmn fmn of S(R2)

in the { fmn} basis. The twisted product f ⋆θ g is the matrix product ab, where

(ab)mn
def
=

∞

∑
k=0

amkbkn. (5.42)

For N > 1, C∞
(
R2N

θ

)
is isomorphic to the (projective) tensor product of N matrix algebras of this

kind, i.e.

S
(

R2N
θ

)
∼= S

(
R2

θ

)
⊗ · · · ⊗ S

(
R2

θ

)

︸ ︷︷ ︸
N−times

(5.43)

with the projective topology induced by seminorms rk given by (5.41).

Remark 5.17. If A is C∗-norm completion of the matrix algebra with the norm (5.41) then
A ≈ K, i.e.

C0

(
R2

θ

)
≈ K. (5.44)

Form (5.43) and (5.44) it follows that

C0

(
R2N

θ

)
∼= C0

(
R2

θ

)
⊗ · · · ⊗ C0

(
R2

θ

)

︸ ︷︷ ︸
N−times

≈ K⊗ · · · ⊗ K︸ ︷︷ ︸
N−times

≈ K (5.45)

where ⊗ means minimal or maximal tensor product (K is nuclear hence both products

coincide).

5.18. [10] By plane waves we understand all functions of the form

x 7→ exp(ik · x)
for k ∈ R2N . One obtains for the Moyal product of plane waves:

exp (ik·) ⋆Θ exp (ik·) = exp (ik·) ⋆θ exp (ik·) = exp (i (k + l) ·) e−πik·Θl (5.46)

5.19. The equation (5.46) is similar to the equation (5.11) which defines C
(
Tn

Θ

)
. This fact

enables us to construct a representation π : C
(
Tn

Θ

)
→ B

(
L2
(
R2N

))

π : C (Tn
Θ)→ B

(
L2
(

R2N
))

,

Uk 7→ exp (2πik·)
(5.47)

where Uk ∈ C
(
Tn

Θ

)
is given by the Definition 5.2.
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5.20. Let us consider the unitary dilation operators Ea given by

Ea f (x)
def
= aN/2 f (a1/2x),

It is proven in [10] that

f⋆θ g = (θ/2)−N/2E2/θ(Eθ/2 f ⋆2 Eθ/2g). (5.48)

We can simplify our construction by setting θ = 2. Thanks to the scaling relation (5.48)

any qualitative result can is true if it is true in case of θ = 2. We use the following notation

f×g
def
= f⋆2g (5.49)

Definition 5.21. [10] We may as well introduce more Hilbert spaces Gst (for s, t ∈ R) of

those

f ∈ S ′(R2) =
∞

∑
m,n=0

cmn fmn

for which the following sum is finite:

‖ f‖2
st

def
=

∞

∑
m,n=0

(m + 1
2 )

s(n + 1
2 )

t|cmn|2.

for Gst.

Remark 5.22. It is proven in [7] f , g ∈ L2
(
R2
)
, then f × g ∈ L2

(
R2
)

and ‖ f × g‖ ≤
‖ f‖ ‖g‖. Moreover, f × g lies in C0

(
R2
)

: the continuity follows by adapting the analogous
argument for (ordinary) convolution.

Remark 5.23. It is shown in [7] that

S
(

R2
)
=

⋂

s,t∈R

Gst. (5.50)

5.24. This part contains a useful equations proven in [7]. There are coordinate functions

p, q on R2 such that for any f ∈ S
(
R2
)

following conditions hold

q× f =

(
q + i

∂

∂p

)
f ; p× f =

(
p− i

∂

∂q

)
f ;

f × q =

(
q− i

∂

∂p

)
f ; f × p =

(
p + i

∂

∂q

)
f .

(5.51)

From q× f , f × q, p× f , f × p ∈ S
(
R2N

)
it follows that p, q ∈ M2 (cf. (5.32)). From (5.33)

it follows that

q×S ′
(

R2N
)
⊂ S ′

(
R2N

)
; p×S ′

(
R2N

)
⊂ S ′

(
R2N

)
;

S ′
(

R2N
)
× q ⊂ S ′

(
R2N

)
; S ′

(
R2N

)
× p ⊂ S ′

(
R2N

)
.

(5.52)
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If f ∈ S ′
(
R2
)

then from (5.51) it follows that

∂

∂p
f = −iq× f + i f × q,

∂

∂q
f = ip× f − i f × p (5.53)

If

a
def
=

q + ip√
2

, a
def
=

q− ip√
2

,

∂

∂a

def
=

∂q + i∂p√
2

,
∂

∂a

def
=

∂q − i∂p√
2

,

H
def
= aa =

1

2

(
p2 + q2

)
,

a× a = H − 1, a× a = H + 1

(5.54)

then

a× f = a f +
∂ f

∂a
, f × a = a f − ∂ f

∂a
,

a× f = a f − ∂ f

∂a
, f × a = a f +

∂ f

∂a
,

(5.55)

H × fmn = (2m + 1) fmn; fmn × H = 2(n + 1) fmn (5.56)

a× fmn =
√

2m fm−1,n; fmn × a =
√

2n + 2 fm,n+1;

a× fmn =
√

2m + 2 fm+1,n; fm+1,n × a =
√

2n fm,n−1.
(5.57)

It is proven in [7] that
∂j ( f × g) = ∂j f × g + f × ∂jg; (5.58)

where ∂j =
∂

∂x j
is the partial derivation in S

(
R2N

)
.

5.6 Infinite coverings

Let us consider a sequence

SC(Tn
Θ)

=

{
C (Tn

Θ) = C
(

Tn
Θ0

)
π1

−→ ...
π j

−→ C
(

Tn
Θ j

)
π j+1

−−→ ...

}
. (5.59)

of finite coverings of noncommutative tori. The sequence (5.59) satisfies to the Definition
3.1, i.e. SC(Tn

Θ)
∈ FinAlg.

5.25. Let Θ = Jθ where θ ∈ R\Q and

J =

(
0 1N

−1N 0

)
.
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Denote by C
(
T2N

θ

) def
= C

(
T2N

Θ

)
. Let {pk ∈ N}k∈N be an infinite sequence of natural

numbers such that pk > 1 for any k, and let mj = Π
j
k=1 pk. From the 5.4 it follows that

there is a sequence of *-homomorphisms

Sθ =

{
C
(

T2N
θ

)
→ C

(
T2N

θ/m2
1

)
→ C

(
T2N

θ/m2
2

)
→ ...→ C

(
T2N

θ/m2
j

)
→ ...

}
(5.60)

such that

(a) For any j ∈N there are generators uj−1,1, ..., uj−1,2N ∈ U

(
C

(
T2N

θ/m2
j−1

))
and gener-

ators uj,1, ..., uj,2N ∈ U

(
C

(
T2N

θ/m2
j

))
such that the *-homomorphism C

(
T2N

θ/m2
j−1

)
→

C

(
T2N

θ/m2
j

)
is given by

uj−1,k 7→ u
p j

j,k; ∀k = 1, ..., 2N.

There are generators u1, ..., u2N ∈ U
(
C
(
T2N

θ

))
such that *-homomorphism C

(
T2N

θ

)
→

C

(
T2N

θ/m2
1

)
is given by

uj 7→ u
p1
1,j; ∀j = 1, ..., 2N,

(b) For any j ∈ N the triple

(
C

(
T2N

θ/m2
j−1

, C

(
T2N

θ/m2
j

)
, Zp j

))
is a noncommutative

finite-fold covering,

(c) There is the sequence of groups and epimorphisms

Z2N
m1
← Z2N

m2
← ...

which is equivalent to the sequence

G
(

C
(

T2N
θ/m2

1

)
| C
(

T2N
θ

))
← G

(
C
(

T2N
θ/m2

2

)
| C
(

T2N
θ

))
← ...

← G

(
C

(
T2N

θ/m2
j

)
| C
(

T2N
θ

))
← ... .

The sequence (5.60), is a specialization of (5.59), hence Sθ ∈ FinAlg. Denote by ̂C
(
T2N

θ

) def
=

lim−→C

(
T2N

θ/m2
j

)
, Ĝ

def
= lim←−G

(
C

(
T2N

θ/m2
j

)
| C
(
T2N

θ

))
. The group Ĝ is Abelian because it

is the inverse limit of Ablelian groups. Denote by 0
Ĝ

(resp. "+") the neutral element of Ĝ

(resp. the product operation of Ĝ).
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5.6.1 Inverse noncommutative limit

There are the equivariant representation

π̂⊕ : ̂C
(
T2N

θ

)
→
⊕

g∈J

gL2
(

R2N
θ

)
(5.61)

and an inclusion Z2N → Ĝ described in [12].

Theorem 5.26. [12] Following conditions hold:

(i) The representation π̂⊕ is good,

(ii)

lim←−
π̂⊕
↓ Sθ = C0

(
R2N

θ

)
,

G

(
lim←−
π̂⊕
↓ Sθ | C

(
T2N

θ

))
= Z2N .

(iii) The triple
(
C
(
T2N

θ

)
, C0

(
R2N

θ

)
, Z2N

)
is an infinite noncommutative covering of Sθ with

respect to π̂⊕.

5.6.2 Induced representation

Denote by L2
(
C0

(
R2N

θ

))
⊂ C0

(
R2N

θ

)
the space of square-summable elements (cf. Defi-

nition 3.19). Clearly S
(
R2N

θ

)
⊂ L2

(
C0

(
R2N

θ

))
and since S

(
R2N

θ

)
is dense in L2

(
R2N

θ

)
in

the topology of the Hilbert space, L2
(
C0

(
R2N

θ

))
is also dense in L2

(
R2N

θ

)
. Similarly to

(3.7) we consider following pre-Hilbert space

L2
(

C0

(
R2N

θ

))
⊗C(T2N

θ ) L2
(

C
(

T2N
θ

)
, τ
)

and denote by H̃ its Hilbert completion. From the dense inclusions S
(
R2N

θ

)
⊂ L2

(
C0

(
R2N

θ

))
,

C∞
(
T2N

θ

)
⊂ L2

(
C
(
T2N

θ

)
, τ
)

it follows that the composition

S
(

R2N
θ

)
⊗C∞(T2N

θ ) C∞
(

T2N
θ

)
⊂ L2

(
C0

(
R2N

θ

))
⊗C(T2N

θ ) L2
(

C
(

T2N
θ

))
⊂ H̃

is the dense inclusion. Otherwise S
(
R2N

θ

)
⊗C∞(T2N

θ ) C∞
(
T2N

θ

) ∼= S
(
R2N

θ

)
it follows that

there is the dense (with respect to the topology of the Hilbert space) inclusion

S
(

R2N
θ

)
⊂ H̃.

51



ã, b̃ ∈ S
(
R2N

θ

)
then from (3.7) it turns out it turns out

(
ã⊗ 1C(T2N

θ ), b̃⊗Ψθ

(
1C(T2N

θ )

))
H̃
=

=


1C(T2N

θ ), ∑
g∈Z2N

g
(

ã∗ b̃
)

Ψθ

(
1C(T2N

θ )

)



L2(C(T2N
θ ),τ)

=

=
∫

T2N


 ∑

g∈Z2N

g
(

ã∗comm b̃comm

)

 (x) dx =

∫

R2N
ã∗comm b̃comm (x̃) dx̃

where ãcomm ∈ S
(
R2N

)
(resp. b̃comm ∈ S

(
R2N

)
) is a commutative function which cor-

responds to ã (resp. b̃). Above equation coincides with (5.37). Taking into account that
S
(
R2N

θ

)
is dense in L2

(
R2N

θ

)
one has an isomorphism

H̃ ≈ L2
(

R2N
θ̃

)

of Hilbert spaces. Thus if ρ : C
(
T2N

θ

)
→ L2

(
C
(
T2N

θ

)
, τ
)

then both

ρ̂ : ̂C
(
T2N

θ

)
→ B

(
L2
(

R2N
θ̃

))
,

ρ̃ : C0

(
R2N

θ

)
→ B

(
L2
(

R2N
θ̃

))

are induced by (ρ,Sθ, π̂⊕) .

5.6.3 The sequence of spectral triples

Let us consider following objects

• A spectral triple of a noncommutative torus
(

C∞(T2N
θ ),H = L2

(
C
(
T2N

θ

)
, τ
)
⊗ C2N

, D
)

,

• A good algebraical finite covering sequence given by

Sθ =

{
C
(

T2N
θ

)
→ C

(
T2N

θ/m2
1

)
→ C

(
T2N

θ/m2
2

)
→ ...→ C

(
T2N

θ/m2
j

)
→ ...

}
∈ FinAlg.

given by (5.60).

Otherwise from the Theorem 5.5 it follows that

S(
C∞(Tθ),L2(C(T2N

θ ),τ)⊗C2N
,D
) = {

(
C∞ (Tθ) , L2

(
C
(

T2N
θ

)
, τ
)
⊗ C2N

, D
)

, . . . ,

(
C∞

(
T2N

θ/m2
j

)
, L2

(
C

(
T2N

θ/m2
j

)
, τj

)
⊗ C2N

, Dj

)
, . . . } ∈ CohTriple

(5.62)

is a coherent sequence of spectral triples. We would like to proof that

S(
C∞(Tθ),L2(C(T2N

θ ),τ)⊗C2N
,D
)
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is regular and to find a
(
C
(
T2N

θ

)
, C
(
R2N

θ

)
, Z2N

)
-lift of

(
C∞ (Tθ) , L2

(
C
(
T2N

θ

)
, τ
)
⊗ C2N

)
.

If ρ : C (Tθ)→ B
(

L2
(
C
(
T2N

θ

)
, τ
))
⊗C2N

is the natural representation then from the 5.6.2

it turns out that
ρ̃ : C

(
R2N

θ

)
→ B

(
L2
(

R2N
θ

)
⊗ C2N

)

is induced by (ρ,Sθ, π̂⊕). Let us consider a topological covering ϕ : R2N → T2N and a

commutative spectral triple
(
C∞
(
T2N

)
, L2

(
T2N, S

)
, /D
)

given by (5.20). Denote by S̃ =

ϕ∗S, /̃D = ϕ∗ /D inverse images of the Spin-bundle S and the Dirac operator /D (cf. 1.2.2,
1.13). Otherwise there is a natural isomorphism of Hilbert spaces

ϕ̃ : L2
(

R2N
θ

)
⊗ C2N ≈−→ L2

(
R2N

)
⊗ C2N

.

Denote by

D̃ = ϕ̃−1 ◦ /̃D ◦ ϕ̃.

5.6.4 Smooth elements

Following lemmas will be used for the construction of the smooth algebra.

Lemma 5.27. [12] Following conditions hold:

(i) Let
{

an ∈ Cb

(
R2N

θ

)}
n∈N

be a sequence such that

• {an} is weakly-* convergent (cf. Definition 5.1),

• If a = limn→∞ an in the sense of weak-* convergence then a ∈ Cb

(
R2N

θ

)
.

Then the sequence {an} is convergent in sense of weak topology {an} (cf. Definition 1.37)

and a is limit of {an} with respect to the weak topology. Moreover if {an} is increasing

or decreasing sequence of self-adjoint elements then {an} is convergent in sense of strong
topology (cf. Definition 1.36) and a is limit of {an} with respect to the strong topology.

(ii) If {an} is strongly and/or weakly convergent (cf. Definitions 1.36, 1.37) and a = limn→∞ an

is strong and/ or weak limit then {an} is weakly-* convergent and a is the limit of {an} in
the sense of weakly-* convergence.

Lemma 5.28. [12] Let Gj = ker
(

Z2N → Z2N
mj

)
. Let ã ∈ S

(
R2N

θ

)
and let

aj = ∑
g∈Gj

gã (5.63)

where the sum the series means weakly-* convergence. Following conditions hold:

(i) aj ∈ C∞
(
R2N

)
,

(ii) The series (5.63) is convergent with respect to the strong topology (cf. Definition 1.36),
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(iii) There is a following strong limit

ã = lim
j→∞

aj. (5.64)

Lemma 5.29. The system of seminorms ‖·‖s given by (3.11) is equivalent to the system of semi-

norms ‖·‖(t1,...,t2N) given by

‖ã‖(t1,...,t2N)
def
=

∥∥∥∥∥
∂t1+···+t2N

∂x
t1
1 . . . ∂x

t2N
2N

ã

∥∥∥∥∥
op

where t1, . . . t2N ∈ N0, and ∂t1+···+t2N

∂x
t1
1 ...∂x

t2N
2N

means partial derivation of ã regarded as element in

S ′
(
R2N

)
and ‖·‖op is the operator norm given by (5.39).

Proof. Operators 1Cb(R2N
θ ) ⊗ πs

j

(
aj

)
∈ B

(
H̃2s

)
from the condition (b) of the Definition

3.31 can be regarded as matrices in M2s2N

(
B
(

L2
(
R2N

)))
, so we will write

1Cb(R2N
θ ) ⊗ πs

j

(
aj

)
=
(

m
j
αβ

)
α,β=1,...2s2N

∈M2s2N

(
B
(

L2
(

R2N
)))

From (5.29) it follows that

[
Dj, aj

]
=

2N

∑
µ=1

∂aj

∂xµ
u∗µ
[
D, uµ

]
=

2N

∑
µ=1

γµ
∂aj

∂xµ
u∗µ
[
δµ, uµ

]
(5.65)

where u1, . . . , un are unitary generators of C∞
(
Tn

θ

)
If s = 1 then from (5.18) (5.29) it

follows that for any α, β element mαβ is given by

m
j
αβ = aj

or there is µ ∈ {1, . . . , 2N} such that

m
j
αβ =

∂aj

∂xµ
u∗µ
[
δµ, uµ

]
(5.66)

and taking into account (5.26) one has

m
j
αβ =

∂aj

∂xµ
. (5.67)

From ã ∈ S
(
R2N

θ

)
and the Lemma 5.28 for any µ = 1, . . . 2N the sequence

{
∂aj

∂xµ
∈ C∞

(
T2N

θ/m2
j

)}

j∈N

is strongly convergent and following condition holds

lim
j→∞

∂aj

∂xµ
=

∂ã

∂xµ
.
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Hence if m
j
αβ is given by (5.66) then there is a following strong limit

lim
j→∞

m
j
αβ = m̃αβ =

∂ã

∂xµ
u∗µ
[
δµ, uµ

]
=

∂ã

∂xµ
(5.68)

where m̃αβ is element of matrix which represent π1 (ã). From (5.65) and the Lemma 5.28

one has a strong limit

lim
j→∞

1Cb(R2N) ⊗
[
Dj, aj

]
=

2N

∑
µ=1

∂ã

∂xµ
u∗µ
[
D, uµ

]
=

2N

∑
µ=1

γµ ∂ã

∂xµ
. (5.69)

It follows that from (1.4) and (5.66) if s = 2 then the matrix which corresponds to π2
j

(
aj

)

for any µ = 1, . . . , 2N contains a submatrix

[
Dj,

∂aj

∂xµ

]
.

For any ν = 1, . . . , 2N the above submatrix contains an element given by

m
j
αβ =

∂2aj

∂xν∂xµ
u∗ν [δν, uν] =

∂2aj

∂xν∂xµ
. (5.70)

From the and the Lemma 5.28 one has a strong limit

lim
j→∞

∂2aj

∂xν∂xµ
=

∂2 ã

∂xν∂xµ
,

so the matrix
{

mαβ

}
contains an element ∂2 ã

∂xν∂xµ
. Similarly for any multiindex (t1, ..., t2N) ∈

(
N0
)2M

there is s ∈ N such that 1Cb(R2N
θ ) ⊗ πs

j

(
aj

)
∈ B

(
H̃2s

)
is represented by a matrix

(
m

j
αβ

)
α,β=1,...2s2N

∈M2s2N

(
B
(

L2
(

R2N
)))

such that there are α, β such that

m
j
αβ =

∂t1+···+t2N aj

∂x
t1
1 . . . ∂xt2N

2N

. (5.71)

From the and the Lemma 5.28 it follows that for any s ∈ N there are strong limits

m̃αβ = lim
j→∞

m
j
αβ =

∂t1+···+t2N ã

∂x
t1
1 . . . ∂x

t2N
2N

, (5.72)

so one has the strong limit πs (ã) = limj→∞ πs
(
aj

)
for any s ∈ N. The operator 1Cb(R2N

θ )⊗
πs

j

(
aj

)
∈ B

(
H̃2s

)
is represented by a matrix

(
m

j
αβ

)
α,β=1,...2s2N

∈M2s2N

(
B
(

L2
(
R2N

)))
it
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follows that the norm ‖πs (ã)‖ of πs (ã) is equivalent to the system of operator norms of

its matrix elements given by

∥∥m̃αβ

∥∥ =

∥∥∥∥∥
∂t1+···+t2N ã

∂x
t1
1 . . . ∂x

t2N
2N

∥∥∥∥∥
op

. (5.73)

Lemma 5.30. Any ã ∈ S
(
R2N

θ

)
satisfies to the conditions (b), (c) of the Definition 3.31.

Proof. (b) Follows from the Lemma 5.29.
(c) From (5.69) it turns out that

lim
j→∞

1Cb(R2N
θ ) ⊗

[
Dj, aj

]
=

2N

∑
µ=1

∂ã

∂xµ
u∗µ
[
D, uµ

]
(5.74)

If L2
(
C0

(
R2N

θ

))
is a space of square-summable elements (cf. Definition 3.19) then S

(
R2N

θ

)
⊂

L2
(
C0

(
R2N

θ

))
. Taking into account ∂ã

∂xµ
∈ S

(
R2N

θ

)
, u∗µ

[
D, uµ

]
∈ ΩD and (5.74) one has

lim
j→∞

1Cb(R
2n) ⊗

[
Dj, aj

]
∈ L2

(
C0

(
R2N

θ

))
⊗C(T2N

θ ) Ω1
D.

Corollary 5.31. Let fmn ∈ S
(
R2

θ

)
be given by the Proposition 5.16. If ã ∈ S

(
R2N

θ

)
is such that

ã = fm1n1 ⊗ · · · ⊗ fmNnN ; (cf. (5.45)) (5.75)

then ã is a S(
C∞(Tθ),L

2(C(T2N
θ ),τ)⊗C2N

,D
)-smooth element with respect to π̂⊕.

Proof. From the Proposition 5.16 it turns out that fm1n1 , . . . , fmNnN are rank-one operators,
hence ã = fm1n1 ⊗ · · · ⊗ fmNnN is also a rank-one operator. So ã lies in the Pederesen ideal

of C0

(
R2N

θ

)
, i.e. ã satisfies to the condition (d) of the Definition 3.31). The conditions (a)

follows from the Lemma 5.28 conditions (b), (c) follow from the Lemma (5.30)

5.32. If ã is a S(
C∞(Tθ),L2(C(T2N

θ ),τ)⊗C2N
,D
)-smooth element with respect to π̂⊕ then from

(5.74) it follows that if ãD is given by (3.12) then

ãD = lim
j→∞

1Cb(R
2n) ⊗

[
Dj, aj

]
=

2N

∑
µ=1

∂ã

∂xµ
u∗µ
[
D, uµ

]
(5.76)

For any ξ = (ξ1, . . . , ξ2N ) ∈ C∞
(
T2N

Θ

)
⊗ C2N ⊂ L2

(
C∞

(
T2N

Θ

)
, τ
)
⊗ C2N

the operator D̃

given by (3.13) satisfies to the following condition

D̃ (ã⊗ ξ) =
2N

∑
µ=1

∂ã

∂xµ
u∗µ
[
D, uµ

]
ξ + ãDξ =

2N

∑
µ=1

∂ã

∂xµ
⊗ γµξ + ã⊗

2N

∑
µ=1

γµ ∂ξ

∂xµ
,
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and taking into account (5.58) one has.

D̃ =
2N

∑
µ=1

γµ ∂

∂xµ
. (5.77)

The given by (3.11) seminorms ‖·‖s satisfy to following equation

‖ã‖s = ‖πs (ã)‖op (5.78)

where

πs (ã) =

(
πs−1 (ã) 0[

∑
2N
µ=1 γµ ∂

∂xµ
, πs−1 (ã)

]
πs−1 (ã)

)
.

Lemma 5.33. Let ã be a S(
C∞(Tθ),L2(C(T2N

θ ),τ)⊗C2N
,D
)-smooth element with respect to π̂⊕ given

by (5.61) (cf. Definition 3.31) then ã ∈ S
(
R2N

θ

)
.

Proof. Let ã is a S(
C∞(Tθ),L2(C(T2N

θ ),τ)⊗C2N
,D
)-smooth element with respect to π̂⊕ given by

(5.61) (cf. 3.31). From the condition (d) of the Definition 3.31) and the Theorem 5.26 it
follows that ã ∈ K

(
C0

(
R2N

θ

))
. Otherwise from C0

(
R2N

θ

)
≈ K (cf. (5.45) ) and taking into

account that any b ∈ K (K) is a finite-rank operator, one concludes that ã is a finite-rank
operator. From this fact and (5.45) it turns out that

ã =
M

∑
j=1

ãj, where ãj = ã
j
1 ⊗ · · · ⊗ ã

j
N ∈ C

(
R2

θ

)
⊗ · · · ⊗ C

(
R2

θ

)

︸ ︷︷ ︸
N−times

,
(5.79)

where ã
j
1, . . . ã

j
N ∈ C

(
R2

θ

)
are finite-rank operators. Let us select the representation (5.79)

such that M is minimal. If a ∈ C0

(
R2

θ

)
is a finite-rank operator then it can be represented

by the following matrix

a = u




λ1 0 . . . 0 0 . . .

0 λ2 . . . 0 0 . . .
...

...
. . .

...
... . . .

0 0 . . . λr 0 . . .

0 0 . . . 0 0 . . .
...

... . . .
...

...
. . .




v (5.80)

where u, v are finite-rank partial isometries. Above operator can be represented by follow-
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ing way

a =
r

∑
k=1

αkβk, where αk, βk are given by

αk = u




0 . . . 0 0 . . .
...

. . .
...

... . . .

0 . . . |λk| 0 . . .
0 . . . 0 0 . . .
...

... . . .
...

. . .




,

βk =




0 . . . 0 0 . . .
...

. . .
...

... . . .

0 . . . λk
|λk | 0 . . .

0 . . . 0 0 . . .
...

... . . .
...

. . .




v.

(5.81)

Above equation is equivalent to

αk =
∞

∑
m=0

αmk fmk,

βk =
∞

∑
m=0

βkm fkm

(5.82)

where
{

fmk ∈ S
(
R2

θ

)}
m,k∈N0 are given by the Proposition 5.16. From the above equation

it follows that αkβk is a bounded operator if and only if

∞

∑
m=0

|αmk|2 < ∞,

∞

∑
m=0

|βkm|2 < ∞.

From the Remark 5.22 it turns out αkβk ∈ C0

(
R2
)
. From this fact and taking to account

equation (5.81) one concludes that any term of the finite sum (5.79) lies in C0

(
R2
)
. It

follows that ã ∈ C0

(
R2N

)
. Denote by

aj = ∑
g∈ker

(
Z2N→Z2N

mj

) ã.

From the condition (a) of the Definition 3.31 it turns out that aj ∈ C∞
(

T2N
θ/mj

)
. It follows

that aj corresponds to a smooth function aj ∈ C∞
(

T2N
mj

)
. Otherwise aj can be regarded as
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a smooth periodic function on R2N and aj is a distribution, i.e. aj ∈ S ′
(
R2N

)
. From the

proof of the Lemma 5.29 one can write

1Cb(R2N
θ ) ⊗ πs

j

(
aj

)
=
(

m
j
αβ

)
α,β=1,...2s2N

∈M2s2N

(
B
(

L2
(

R2N
)))

.

From (5.72) it follows that for any multiindex (t1, . . . t2N) ∈
(
N0
)2N

there is s ∈ N such

that 1Cb(R2N
θ ) ⊗ πs

j

(
aj

)
∈ B

(
H̃2s

)
is represented by a matrix

(
m

j
αβ

)
α,β=1,...2s2N

∈M2s2N

(
B
(

L2
(

R2N
)))

such that there are α, β which satisfy to the following equation

m
j
αβ =

∂t1+···+t2N aj

∂x
t1
1 . . . ∂xt2N

2N

. (5.83)

From the condition (b) of the Definition 3.31 following conditions hold:

• For any multiindex (t1, . . . , t2N) ∈
(
N0
)2N

there is the following limit

m̃αβ = lim
j→∞

m
j
αβ

in the strong topology (cf. Definition 1.36).

• The limit corresponds to a bounded operator with respect to the operator norm
(5.39).

From (ii) of the Lemma 5.27 it follows that the strong topology limit is m̃αβ = limj→∞ m
j
αβ

is the limit in sense of the weak-* convergence, so one has

m̃αβ = lim
j→∞

m
j
αβ =

∂t1+···+t2N ã

∂x
t1
1 . . . ∂x

t2N
2N

. (5.84)

and right part of (5.84) corresponds to a bounded operator, i.e. ∂t1+···+t2N ã

∂x
t1
1 ...∂x

t2N
2N

∈ B
(

L2
(
R2N

))
.

If one considers a factorization (5.79)

ã =
M

∑
j=1

ãj, where ãj = ã
j
1 ⊗ · · · ⊗ ã

j
N ∈ C

(
R2

θ

)
⊗ · · · ⊗ C

(
R2

θ

)

︸ ︷︷ ︸
N−times

such that M is minimal then all partial tensor products

Pj = ã
j
2 ⊗ · · · ⊗ ã

j
N ∈ C

(
R2

θ

)
⊗ · · · ⊗ C

(
R2

θ

)

︸ ︷︷ ︸
(N−1)−times

; j = 1, . . . , M
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are linearly independent. Similarly to 5.24 for jth term of the tensor product

C
(

R2
θ

)
⊗ · · · ⊗ C

(
R2

θ

)

︸ ︷︷ ︸
N−times

we denote by pj, qj coordinates which satisfy to (5.51) - (5.52). One has

∂

∂p1
ã =

M

∑
j=1

∂

∂p1
ã

j
1 ⊗ ã

j
2 ⊗ · · · ⊗ ã

j
N .

Elements Pj are linearly independent, it follows that if any term in the above sum is un-

bounded with respect to the norm (5.39) then all sum is unbounded. So ∂
∂p1

ã
j
1 is bounded

for any j = 1, . . . M. Otherwise ã1
1 is a finite-rank operator it follows that ã1

1 can be repre-
sented by (5.81), i.e.

ã1
1 =

r

∑
k=1

αk × βk (5.85)

Otherwise taking into account (5.53) one has

∂

∂p1
ã

j
1 =

r

∑
k=1

−iq1 × αk × βk +
r

∑
k=1

αk × βk × iq1. (5.86)

From (5.81) it turns out that all terms in (5.86) are linearly independent, so if one or more

terms are unbounded (with respect to the norm (5.39)) then the whole sum is unbounded.
Otherwise q1 × αk × βk is unbounded if and only if q1 × αk is unbounded. Similarly

αk × βk × q1 is unbounded if and only if βk × q1 is unbounded. From this fact it turns out

that all operators

q1 × αk, βk × q1

are bounded. Similarly one can prove that following operators

p1 × αk, βk × p1

are bounded. Clearly if

a1 =
q1 + ip1√

2
; a1 =

q1 − ip1√
2

then operators

a1 × αk, βk × a1, a1 × αk, βk × a1,
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are bounded. Similarly to (5.54) we define H1 = a1 × a1 − 1. For any m, n ∈ N a distribu-

tion ∂m

∂m p1

∂n

∂nq1
ã1

1 is a bounded (with respect to (5.39)) it follows that for any l ∈N following

distributions

H1 × · · · × H1︸ ︷︷ ︸
l−times

×αk, βk × H1 × · · · × H1︸ ︷︷ ︸
l−times

are bounded operators. From (5.56) and (5.82) it follows that

αk =
∞

∑
m=0

αmk fmk,

βk =
∞

∑
m=0

βkm fkm,

H1 × · · · × H1︸ ︷︷ ︸
l−times

×αk =
∞

∑
m=0

(2m + 1)l αmk fmk,

βk × H1 × · · · × H1︸ ︷︷ ︸
l−times

=
∞

∑
m=0

(2m + 1)l βkm fkm,

hence operators H1 × · · · × H1︸ ︷︷ ︸
l−times

×αk and βk × H1 × · · · × H1︸ ︷︷ ︸
l−times

are bounded if following con-

ditions hold:

∞

∑
m=0

(2m + 1)2l |αmk|2 < ∞,

∞

∑
m=0

(2m + 1)2l |βkm|2 < ∞

Form the Definition 5.21 it follows that for any s ∈ N following conditions hold:

αk ∈ G2l,s, βk ∈ Gs,2l

Since we can select arbitrary l and taking into account (5.50) one has

αk × βk ∈ S
(

R2
)

.

From (5.85) it turns out that

ã1
1 ∈ S

(
R2
)

If we consider representation (5.79)

ã =
M

∑
j=1

ãj, where ãj = ã
j
1 ⊗ · · · ⊗ ã

j
N ∈ C

(
R2

θ

)
⊗ · · · ⊗ C

(
R2

θ

)

︸ ︷︷ ︸
N−times
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then similarly to the above construction one can prove that

ã
j
k ∈ S

(
R2
)

; j = 1, . . . , M, k = 1, . . . N.

From (5.79) it follows that

ã ∈ S
(

R2
θ

)
⊗ · · · ⊗ S

(
R2

θ

)

︸ ︷︷ ︸
N−times

⊂ S
(

R2N
)

.

where one means the algebraic tensor product.

Lemma 5.34. Denote by C∞
0

(
R2N

θ

)
the smooth algebra of S(

C∞(Tθ),L2(C(T2N
θ ),τ)⊗C2N

,D
) with

respect to π̂⊕. Following condition holds

S
(

R2N
)
⊂ C0

(
R2N

θ

)
.

Proof. Let I0 =
(
N0
)2

and let I = IN
0 . For any ν =

((
mν

1, nν
1

)
, . . . ,

(
mν

N, nν
N

))
∈ I we denote

fν
def
= fmν

1nν
1
⊗ · · · ⊗ fmν

N nN
∈ S

(
R2
)
⊗ · · · ⊗ S

(
R2
)

︸ ︷︷ ︸
N−times

⊂ S
(

R2N
)

where we mean the algebraic tensor product. Indeed S
(
R2N

)
is the projective comple-

tion of the above algebraic tensor product with respect to seminorms rk given by (5.87).

From the seminorms (rk) given by (5.41) it turns out that S
(
R2N

)
is a space of C-linear

combinations

∑
ν∈I

cν fν; where cν = c((mν
1 ,nν

1),...,(mν
N ,nν

N))
∈ C

such that for any k = (k1, . . . , kN) ∈
(
N0
)N

following condition holds

rk

(
∑
ν∈I

cν fν

)
=

(
θ2(k1+···+kN) ∑

ν∈I

|cν|2
N

∏
p=1

(
mν

p +
1
2

)kp
(

nν
p +

1
2

)kp
)1/2

< ∞. (5.87)

If M ∈ N and and IM ⊂ I is a finite subset such that

IM = {((mν
1, nν

1) , . . . , (mν
N , nν

N)) ∈ I | mν
1, nν

1, . . . , mν
N, nν

N ≤ M} (5.88)

then (5.87) is equivalent to

∑
ν∈I\IM

|cν|
N

∏
p=1

(
mν

p +
1
2

)kp
(

nν
p +

1
2

)kp
< ∞.

From the above equation and (m + n + 1)k
< 2k

(
m + 1

2

)k (
n + 1

2

)k
, ∀m, n, k > 1. it fol-

lows that for any M > 1 and l > 1 following condition holds

∑
ν∈I\IM

|cν|
N

∏
p=1

(
mν

p + nν
p + 1

)l
< ∞. (5.89)
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From the Lemma 5.29 it turns out that the system of seminorms ‖·‖s given by (3.11) is

equivalent to the system of seminorms ‖·‖(t1,...,t2N)
given by

‖ã‖(t1,...,t2N)
def
=

∥∥∥∥∥
∂t1+···+t2N

∂x
t1
1 . . . ∂xt2N

2N

ã

∥∥∥∥∥
op

This lemma is true if for any (t1, . . . , t2N) ∈
(
N0
)2N

from

∥∥∥∥∥
∂t1+···+t2N

∂x
t1
1 . . . ∂x

t2N
2N

ã

∥∥∥∥∥
op

< ∞

it follows that for any ε > 0 there is a finite subset I f ⊂ I such that

∑
ν∈I\I f

|cν|
∥∥∥∥∥

∂t1+···+t2N

∂x
t1
1 . . . ∂x

t2N
2N

fν

∥∥∥∥∥
op

< ε. (5.90)

Let us replace coordinates x1, . . . , x2N with coordinates p1, q1, . . . , pN, qN such that pj, qj

are coordinates on jth term of the product S
(

R2
)
⊗ · · · ⊗ S

(
R2
)

︸ ︷︷ ︸
N−times

⊂ S
(
R2N

)
. From the

equation
∂t1+···+t2N

∂x
t1
1 . . . ∂x

t2N
2N

fν =
∂t1,t2

∂p
t1
1 ∂qt2

1

fmν
1 ,nν

1
⊗ · · · ⊗ ∂t2N−1,t2N

∂p
t1
N∂qt2

N

fmν
N ,nν

N
(5.91)

it follows that
∥∥∥∥∥

∂t1+···+t2N

∂x
t1
1 . . . ∂x

t2N
2N

fν

∥∥∥∥∥
op

=

∥∥∥∥∥
∂t1,t2

∂p
t1
1 ∂qt2

1

fmν
1 ,nν

1

∥∥∥∥∥
op

· ... ·
∥∥∥∥∥

∂t2N−1,t2N

∂p
t1
N∂qt2

N

fmν
N ,nν

N

∥∥∥∥∥
op

. (5.92)

Our proof can be simplified if we use scaling construction 5.20, i.e. we set θ = 2. Indeed
many quantitative results does not depend on θ. Similarly to (5.49) we write f×g instead

of f⋆2g. Moreover one can use given by (5.54) coordinates a, a instead of p, q. From (5.55)
it follows that

∂ f

∂a
= −a× f + f × a,

∂ f

∂a
= a× f − f × a,

and taking into account (5.57) one has

∂ fmn

∂a
= −
√

2m + 2 fm+1,n +
√

2n fm,n−1,

∂ fmn

∂a
=
√

2m fm−1,n−
√

2n + 2 fm,n+1.

If t1, t2 ∈ N0 and |t| = t1 + t2 then from the above equations and ‖ fmn‖op = 1 it follows
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that
∥∥∥∥

∂t1,t2

∂at1 ∂at2
fmn

∥∥∥∥
op

≤

≤
(√

2m + 2 + |t|+
√

2n + |t|
)t1

(√
2m + |t|+

√
2n + 2 + |t|

)t2

<

< (2m + 2n + 2 + 2 |t|)t1 (2m + 2n + 2 + 2 |t|)t2 = (2m + 2n + 2 + 2 |t|)|t| .

(5.93)

If m, n ≥ M then

(2m + 2n + 2 + 2 |t|)|t| ≤
(

4M + 2 + 2 |t|
4M + 2

)|t|
(2m + 2n + 2)|t| (5.94)

Let us consider a differential operator

P =
∂t1+···+t2N

∂a
t1
1 ∂a

t2
1 . . . ∂a

t2N−1
N ∂a

t2N
N

= P1 ⊗ · · · ⊗ PN =
∂t1,t2

∂a
t1
1 ∂a

t2
1

⊗ · · · ⊗ ∂t2N−1,t2N

∂a
t2N−1
N ∂a

t2N
N

, (5.95)

and denote by |t| = t1 + · · ·+ t2N. If M ∈ N and IM is given by (5.88) then from (5.94) it
turns out

∑
ν∈I\IM

|cν|
N

∏
p=1

(
2mν

p + 2nν
p + 2 + 2 |t|

)|t|
<

<

(
4M + 2 + 2 |t|

4M + 2

)|t|
∑

ν∈I\IM

|cν|
N

∏
p=1

(
2mν

p + 2nν
p + 2

)|t|
.

From (5.89) it follows that right part of the above equation is convergent, hence one has

∑
ν∈I

|cν|
N

∏
p=1

(
2mν

p + 2nν
p + 2 + 2 |t|

)|t|
< ∞ (5.96)

From (5.93) and (5.96) it follows that the series

∑
ν∈I

cνP fν

is ‖·‖op-norm convergent (cf. (5.35)) , so the series ∑ν∈I cν fν is convergent with respect to

seminorms ‖·‖s given by (3.11).

5.6.5 Covering of spectral triple

Following theorem completely describes infinite coverings of noncommutative tori.
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Theorem 5.35. Let S(
C∞(Tθ),L2(C(T2N

θ ),τ)⊗C2N
,D
) ∈ CohTriple be a coherent sequence of spectral

triples given by (5.62). Let π̂⊕ : ̂C
(
T2N

θ

)
→ ⊕

g∈J gL2
(
R2N

θ

)
be an equivariant representation

given by (5.61). Following condition holds:

(i) If C∞
0

(
R2N

θ

)
is the smooth algebra of S(

C∞(Tθ),L2(C(T2N
θ ),τ)⊗C2N

,D
) with respect to π̂⊕

then C∞
0

(
R2N

θ

)
is the completion of S

(
R2N

θ

)
with respect to seminorms given by (5.78),

(ii) The sequence S(
C∞(Tθ),L2(C(T2N

θ ),τ)⊗C2N
,D
) is regular with respect to π̂⊕,

(iii) If D̃ is given by (5.77) then the triple
(

C∞
0

(
R2N

θ

)
, L2

(
R2N

)
⊗C2N

, D̃
)

is the
(
C
(
T2N

θ

)
, C0

(
R2N

θ

)
, Z2N

)
-lift of

(
C
(
T2N

θ

)
, L2

(
T2N

)
⊗ C2N

, D
)

.

Proof. (i) From the Lemma 5.34 it follows that C∞
0

(
R2N

θ

)
is contained in the completion

of S
(
R2N

θ

)
with respect to seminorms given by (5.78). From the Lemma 5.33 it turns out

S
(
R2N

θ

)
⊂ C∞

0

(
R2N

θ

)
.

(ii) The algebra S
(
R2N

θ

)
is dense in C0

(
R2N

θ

)
, so C∞

0

(
R2N

θ

)
is dense in C0

(
R2N

θ

)
.

(iii) Follows from the construction 5.32.

6 Isospectral deformations and their coverings

A very general construction of isospectral deformations of noncommutative geometries

is described in [6]. The construction implies in particular that any compact Spin-manifold

M whose isometry group has rank ≥ 2 admits a natural one-parameter isospectral de-
formation to noncommutative geometries Mθ . We let (C∞ (M) ,H = L2 (M, S) , /D) be

the canonical spectral triple associated with a compact spin-manifold M. We recall that
A = C∞(M) is the algebra of smooth functions on M, S is the spinor bundle and /D is the

Dirac operator. Let us assume that the group Isom(M) of isometries of M has rank r ≥ 2.

Then, we have an inclusion
T2 ⊂ Isom(M) ,

with T2 = R2/2πZ2 the usual torus, and we let U(s), s ∈ T2, be the corresponding
unitary operators in H = L2(M, S) so that by construction

U(s) /D = /D U(s).

Also,

U(s) a U(s)−1 = αs(a) , ∀ a ∈ A , (6.1)

where αs ∈ Aut(A) is the action by isometries on the algebra of functions on M.
We let p = (p1, p2) be the generator of the two-parameters group U(s) so that

U(s) = exp(i(s1 p1 + s2 p2)) .
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The operators p1 and p2 commute with D. Both p1 and p2 have integral spectrum,

Spec(pj) ⊂ Z , j = 1, 2 .

One defines a bigrading of the algebra of bounded operators in H with the operator T

declared to be of bidegree (n1, n2) when,

αs(T) = exp(i(s1n1 + s2n2)) T , ∀ s ∈ T2 ,

where αs(T) = U(s) T U(s)−1 as in (6.1).

Any operator T of class C∞ relative to αs (i. e. such that the map s → αs(T) is of class

C∞ for the norm topology) can be uniquely written as a doubly infinite norm convergent

sum of homogeneous elements,
T = ∑

n1,n2

T̂n1,n2 ,

with T̂n1,n2 of bidegree (n1, n2) and where the sequence of norms ||T̂n1,n2 || is of rapid decay
in (n1, n2). Let λ = exp(2πiθ). For any operator T in H of class C∞ we define its left twist

l(T) by

l(T) = ∑
n1,n2

T̂n1,n2 λn2 p1 , (6.2)

and its right twist r(T) by
r(T) = ∑

n1,n2

T̂n1,n2 λn1 p2 ,

Since |λ| = 1 and p1, p2 are self-adjoint, both series converge in norm. Denote by

C∞ (M)n1,n2
⊂ C∞ (M) the C-linear subspace of elements of bidegree (n1, n2).

One has,

Lemma 6.1. [6]

a) Let x be a homogeneous operator of bidegree (n1, n2) and y be a homogeneous operator of
bidegree (n′1, n′2). Then,

l(x) r(y) − r(y) l(x) = (x y − y x) λn′1n2 λn2 p1+n′1 p2 (6.3)

In particular, [l(x), r(y)] = 0 if [x, y] = 0.

b) Let x and y be homogeneous operators as before and define

x ∗ y = λn′1n2 xy ; (6.4)

then l(x)l(y) = l(x ∗ y).

The product ∗ defined in (6.4) extends by linearity to an associative product on the linear
space of smooth operators and could be called a ∗-product. One could also define a
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deformed ‘right product’. If x is homogeneous of bidegree (n1, n2) and y is homogeneous

of bidegree (n′1, n′2) the product is defined by

x ∗r y = λn1n′2 xy .

Then, along the lines of the previous lemma one shows that r(x)r(y) = r(x ∗r y).
We can now define a new spectral triple where both H and the operator D are unchanged
while the algebra C∞ (M) is modified to l(C∞ (M)) . By Lemma 6.1 b) one checks that

l (C∞ (M)) is still an algebra. Since D is of bidegree (0, 0) one has,

[D, l(a)] = l([D, a])

which is enough to check that [D, x] is bounded for any x ∈ l(A). There is a spectral triple

(l (C∞ (M)) ,H, D).

Denote by C (Mθ) the operator norm completion (equivalently C∗-norm completion) of

l (C∞ (M)), and denote by ρ : C (M) → L2 (M, S) (resp. πθ : C (Mθ) → B
(

L2 (M, S)
)

)
natural representations.

6.1 Finite-fold coverings

6.1.1 Basic construction

Let M be a spin - manifold with the smooth action of T2. Let π : M̃→ M be a finite-fold
covering. Let x̃0 ∈ M̃ and x0 = π (x̃0). Denote by ϕ : R2 → R2/Z2 = T2 the natural

covering. There are two closed paths ω1, ω2 : [0, 1]→ M given by

ω1 (t) = ϕ (t, 0) x0, ω2 (t) = ϕ (0, t) x0.

There are lifts of these paths, i.e. maps ω̃1, ω̃2 : [0, 1]→ M̃ such that

ω̃1 (0) = ω̃2 (0) = x̃0,

π (ω̃1 (t)) = ω1 (t) ,

π (ω̃2 (t)) = ω2 (t) .

Since π is a finite-fold covering there are N1, N2 ∈ N such that if

γ1 (t) = ϕ (N1t, 0) x0, γ2 (t) = ϕ (0, N2t) x0.

and γ̃1 (resp. γ̃2) is the lift of γ1 (resp. γ2) then both γ̃1, γ̃2 are closed. Let us select

minimal values of N1, N2. If prn : S1 → S1 is an n listed covering and prN1,N2 the covering
given by

T̃2 = S1 × S1
prN1

×prN2−−−−−−→→ S1 × S1 = T2

then there is the action T̃2 × M̃→ M̃ such that
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T̃2 × M̃ M̃

T2.×M M

prN1N2
× π π

where T̃2 ≈ T2. Let p̃ = ( p̃1, p̃2) be the generator of the associated with T̃2 two-
parameters group Ũ (s) so that

Ũ (s) = exp (i (s1 p̃1 + s2 p̃2)) .

The covering M̃→ M induces an involutive injective homomorphism

ϕ : C∞ (M)→ C∞
(

M̃
)

.

Since M̃→ M is a covering C∞
(

M̃
)

is a finitely generated projective C∞ (M)-module, i.e.

there is the following direct sum of C∞
(

M̃
)

-modules

C∞
(

M̃
)⊕

P = C∞ (M)n (6.5)

such that
ϕ (C∞ (M))n1,n2

⊂ C∞
(

M̃
)

n1 N1, n2N2

.

Let θ, θ̃ ∈ R be such that

θ̃ =
θ + n

N1N2
, where n ∈ Z.

If λ = e2πiθ, λ̃ = e2πiθ̃ then λ = λ̃N1 N2 . There are isospectral deformations C∞ (Mθ) , C∞
(

M̃
θ̃

)

and C-linear isomorphisms l : C∞ (M) → C∞ (Mθ), l̃ : C∞
(

M̃
)
→ C∞

(
M̃

θ̃

)
. These iso-

morphisms and the inclusion ϕ induce the inclusion

ϕθ : C∞ (Mθ)→ C∞
(

M̃
θ̃

)
,

ϕ
θ̃ (C

∞ (Mθ))n1,n2
⊂ C∞

(
M̃

θ̃

)
n1 N1, n2 N2

.

Theorem 6.2. [12] The triple
(

C (Mθ) , C
(

M̃
θ̃

)
, G
(

M̃ | M
))

is an unital noncommutative

finite-fold covering.

6.1.2 Induced representations and finite-fold coverings of spectral triples

Following facts are evident:

• If both ρ : C (Mθ) → B
(

L2 (M, S)
)

and ρ̃ : C
(

M̃
θ̃

)
→ B

(
L2
(

M̃, S̃
))

are natural

representations then ρ̃ is induced by
(

ρ,
(

C (Mθ) , C
(

M̃
θ̃

)
, G
(

M̃, M
)))

,
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• If the spectral triple
(

C∞
(

M̃
)

, L2
(

M̃, S̃
)

, /̃D
)

is a
(

C (M) , C
(

M̃
)

, G
(

M̃ | M
))

-lift

of
(
C∞ (M) , L2 (M, S) , /D

)
then the noncommutative spectral triple

(
l̃C∞

(
M̃
)

, L2
(

M̃, S̃
)

, /̃D
)

is a
(

C (Mθ) , C
(

M̃
θ̃

)
, G
(

M̃ | M
))

-lift of
(
lC∞ (M) , L2 (M, S) , /D

)
.

6.2 Infinite coverings

Let SM =
{

M = M0 ← M1 ← ...← Mn ← ...
}
∈ FinTop be an infinite sequence of spin

- manifolds and regular finite-fold covering. Suppose that there is the action T2×M→ M
given by (6.1). From the Theorem 6.2 it follows that there is the algebraical finite covering

sequence

SC(Mθ)
=
{

C (Mθ)→ ...→ C
(

Mn
θn

)
→ ...

}
.

So one can calculate a finite noncommutative limit of the above sequence. This article does

not contain detailed properties of this noncommutative limit, because it is not known yet
by the author of this article.
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